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A new proof is given for the correctness of the powers of two descent method for computing discrete
logarithms. The result is slightly stronger than the original work, but more importantly we provide a
unified geometric argument, eliminating the need to analyse all possible subgroups of PGL;([F,). Our
approach sheds new light on the role of PGL,, in the hope to eventually lead to a complete proof that
discrete logarithms can be computed in quasipolynomial time in finite fields of fixed characteristic.

1. Introduction

In this paper we prove the following result.

Theorem 1.1. Given a prime power q, a positive integer d, coprime polynomials ho and hy in F a[x] of
degree at most two, and an irreducible degree £ factor I of h1x9 — hyg, the discrete logarithm problem in

Fyae = Fyalx]/(I) can be solved in expected time gloa t+0@),

It was originally proven in [GKZ18] when g > 61, g is not a power of 4, and d > 18. Even though
we eliminate these technical conditions, the main contribution is the new approach to the proof. The
theorem represents the state of the art of provable quasipolynomial time algorithms for the discrete
logarithm problem (or DLP) in finite fields of fixed characteristic. The obstacle separating Theorem 1.1
from a full provable algorithm for DLP is the question of the existence of a good field representation:
polynomials kg, i1 and I for a small d. A direction towards a full provable algorithm would be to find
analogues of this theorem for other field representations, but this may require in the first place a good
understanding of why Theorem 1.1 is true.

The integers ¢, d and £, and the polynomials /g, &1 and I are defined as in the above theorem for the
rest of the paper. The core of that result is Proposition 1.3 below, which essentially states that elements of
[F,qe represented by a good irreducible polynomial in Fga[x] of degree 2m can be rewritten as a product
of good irreducible polynomials of degrees dividing m — a process called degree two elimination, first
introduced for m = 1 in [GGMZ13].

MSC2010: 11Y16.
Keywords: discrete logarithm, finite field.

343


http://msp.org/obs
http://dx.doi.org/10.2140/obs.2019.2-1
http://dx.doi.org/10.2140/obs.2019.2.343
http://msp.org

344 THORSTEN KLEINJUNG AND BENJAMIN WESOLOWSKI

Definition 1.2 (traps and good polynomials). An element T € ﬁq for which [Fa(7) : F e] is an even
number 2m and h(t) # 0 is called

(1) a degenerate trap root if (ho/ h1)(t) € Fyam,

(2) a trap root of level 0 if it is a root of hx9 — hg, or

(3) a trap root of level dm if it is a root of 7 x4 — hy.

Analogously, a polynomial in Fq [x] that has a trap root is called a trap. A polynomial is good if it is not
a trap.

Proposition 1.3 (degree two elimination). Given an extension k /¥ a of degree m such that dm > 23, and
a good irreducible quadratic polynomial Q € k[x], there is an algorithm which finds a list of good linear
polynomials (Lo, ..., L,) in k[x] such thatn < q + 1 and

n
Q=mhLy' J]L: modlI,
i=1

and runs in expected polynomial time in q, d and m.

The difficulty of proving Theorem 1.1 lies mostly in Proposition 1.3. We recall briefly in Section 1B
how the proposition implies the theorem. The main contribution of the present paper is a new proof of
Proposition 1.3, which hopefully provides a better understanding of the degree two elimination method,
the underlying geometry, and the role of traps. The action of PGL, on the polynomial x¢ — x became a
crucial ingredient in the recent progress on the discrete logarithm problem for fields of small character-
istic, since [Joul4] (and implicitly in [GGMZ13]). While the proof in [GKZ18] resorted to an intricate
case by case analysis enumerating through all possible subgroups of PGL;([F,), we provide a unified
geometric argument, shedding new light on the role of PGL,.

1A. Degree two elimination algorithm. The key observation allowing degree two elimination is that a
polynomial of the form ax?*! 4+ Bx? 4+ yx 4 & has a high chance to split completely over its field of
definition. Furthermore, we have the congruence

ax?™ 4+ Bx9 + yx +8 = h (axho + Bho +yxhy +8h1) mod I, (1-1)

and the numerator of the right-hand side has degree at most 3. Consider the Fq-vector space V spanned
by x?t x9 x and 1 in Fq [x], and the linear subspace

Vo =f{axi™ +Bx? + yx +8 € V | axho+ Bho+ yxhi +8h;1 =0 mod Q}.

As long as Q is a good irreducible polynomial, V is of dimension two. The algorithm simply consists
in sampling uniformly at random elements f € Vo (k) (or equivalently in its projectivisation Pb(k)) until
f splits completely over k into good linear polynomials (L1, ..., Lgeg 7). Since f € Vj, the polynomial
Q divides the numerator of the right-hand side of (1-1), and the quotient is a polynomial L of degree
at most 1. The algorithm returns (Lo, ..., Lgeg f)-
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To prove that the algorithm terminates in expected polynomial time, we need to show that a random
polynomial in Vg (k) has good chances to split into good linear polynomials over k. In this paper, we
prove this by constructing a morphism C — PL, where C is an absolutely irreducible curve defined
over k, such that the image of any k-rational point of C is a polynomial that splits completely over k.
This construction is the content of Section 4. Absolute irreducibility implies that C has a lot of k-rational
points, allowing us to deduce that a lot of polynomials in IPIQ(k) split over k. This is done in Section 5.

1B. Proof of Theorem 1.1. We briefly explain in this section how Proposition 1.3 implies Theorem 1.1.
Consider the factor base

§=1{f ebglx]ldeg f =1, f#0}U{}.

First, the following proposition extends the degree two elimination to a full descent algorithm from any
polynomial down to the factor base.

Proposition 1.4. Suppose d > 23. Given a polynomial F € F,a[x], there is an algorithm that finds
integers (o r) reg such that
F= ]_[ £ mod I,
fes

and runs in expected time ¢'°82¢+0@),

Proof. This is essentially the zigzag descent presented in [GKZ18]. We recall the main idea for the
convenience of the reader. First, one finds a good irreducible polynomial G € F,«[x] of degree 2¢ such
that ¥ = G mod [ (this can be done for e = [log,(4€ + 1)]; see [Wan97, Theorem 5.1] and [GKZ]18,
Lemma 2]). Over the extension ﬂ:qdze—l , the polynomial G splits into 2°~! good irreducible quadratic
polynomials, all conjugate under Gal([quzefl /F4a). Let Q be one of them, and apply the algorithm of
Proposition 1.3 to rewrite Q in terms of linear polynomials (Lg, ..., L,) in FWH [x] and &;. For any
index i, let L} be the product of all the conjugates of L; in the extension [quze—l /Fg4a. Then

n
F = h%HLE)_l HL; mod 1,
i=1
and each L] factors into good irreducible polynomials of degree a power of two at most 2¢~!. The descent
proceeds by iteratively applying this method to each L’ until all the factors are in the factor base §. [

Then, as in [GKZ18, Section 2], the descent algorithm of Proposition 1.4 can be used to compute
discrete logarithms, following ideas from [EG02] and [Diell]. To compute the discrete logarithm of
an element / in base g, the idea is to collect relations between g, & and elements of the factor base by
applying the descent algorithm on g%h” for a few uniformly random exponents o and S (note that in
practice one descent is usually sufficient, when complemented by an independent heuristic computation
for the factor base elements).

That proves Theorem 1.1 for d > 23. To remove the condition on d, suppose that d < 22, and let
d’ < 44 be the smallest multiple of d larger than 22. Let I’ be an irreducible factor of 7 in F 4@ [x]. The
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DLP can be solved in expected time ¢'°2(eg/)+0(d) — glog (+0(D) jp the field F 4 1x1/(I"), and therefore
also in the subfield F,«[x]/(1).

2. The action of PGL; on x4 — x

As already mentioned, a crucial fact behind degree two elimination is that a polynomial of the form
ax9t! 4+ Bx9 + yx + & has a high chance to split completely over its field of definition. This fact is
closely related to the action of 2 x 2 matrices on such polynomials.

Definition 2.1. We denote by « the action of invertible 2 x 2 matrices on univariate polynomials defined

ab _ deg f ax+b
(c d)*f(X)—(cx+d) ¢ f(cx—i—d)'

as follows:

Consider the Fq -vector subspace V spanned by x? 1 x4, x and 1 in Fq [x]. The above action induces
an action of the group PGL, on the projective space P(V), which we also write x. Parametrising the
polynomials in P(V) as ax9t! 4+ Bx? 4 yx + 68, let S be the quadratic surface in P(V) defined by the
equation «é = By. This surface is the image of the morphism

(/8 P! x P' — P(V):(a,b)— (x —a)(x —b)!.

Note that to avoid heavy notation, everything is written affinely, but we naturally have ¥ (oo, b) = (x —b)4,
Y(a,00) =x —a and ¥ (00, 00) = 1. More generally, we say that f(x) € V has a root of degree n at
infinity if f is of degree g 4+ 1 — n. Now, the following lemma shows that apart from the surface S, the

polynomials of P(V) form exactly one orbit for PGL,.
Lemma 2.2. We have P(V)\ § = PGL; » (x? — x).

Proof. First, notice that both S and P(V) \ S are closed under the action of PGL,. In particular,
PGL, x (x4 —x) S P(V)\ S. Let f(x) € P(V)\ S. Suppose by contradiction that f(x) has a double
root r € P!, and let g € PGL, be a linear transformation sending O to r. The polynomial g » f(x) has a
double root at 0, so has no constant or linear term, and must be of the form ax9t! + Bx4,soitisin S, a
contradiction. Therefore f(x) has g + 1 distinct roots. Let g € PGL; send O, 1 and oo to three of these
roots. Then g » f(x) has a root at 0 and at 0o so is of the form Sx? + y x, and since it also has a root

at 1, it can only be x? — x. (Il

This result implies that most polynomials of P(V') are of the form g » (x? — x), which splits completely
over the field of definition of the matrix g.

3. The role of traps

Consider a finite field extension k/F,« of degree m. Let O be an irreducible quadratic polynomial in
k[x] coprime to ;. Let a; and a, be the roots of Q in Fq. The degree two elimination aims at expressing
Q modulo hx9 — hg as a product of linear polynomials. To do so, we study a variety [P’1Q c Pv)
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parametrising polynomials that can possibly lead to an elimination of Q (i.e., such that Q divides the
right-hand side of (1-1)). In this section, we define IP’IQ and show how the notion of traps and good
polynomials determine how it intersects the surface S from Lemma 2.2.
Recall that V is the Fq -vector subspace V spanned by x¢*!, x4, x and 1 in [_Fq [x]. Consider the linear
map
1—1,

VR m:] T (3-1)
p:V—>TF,x : }
1 ! x4 > ho/hy,

x99t s xho/hy.

We want |]3’1Q to parametrise the polynomials f e_V such that ¢( f ) is divisible by Q. For any P € Fq [x]
coprime with iy, write pp = 7p o @, where 7p : [, [x][hl_l] — [F4[x]/ P is the canonical projection. We

can now define IP’IQ as
Py = P(kergg). (3-2)

The variety [P’}2 is the intersection of the two planes P (ker ¢,_,,) and P(ker ¢x_,,).

Lemma 3.1. If Q is not a degenerate trap, then |([l3’1Q ns) (Fq)l = 2, and these two points are of the form
Y (a1, by) and Y (az, by), with ay # ay and by # bs.

Proof. For a € {a;, a;}, we have

P(ker pc—a) NS = Yr({a} x P U w(Pl ) {Z—O<a>1/"}>'
1

Since the polynomial Q is irreducible, we have a; # a;. Furthermore, assuming that Q is not a degenerate
trap, we have (ho/h1)(ay) € k, and thereby (ho/ h1)(ay) # (ho/ h1)(az). Therefore [P’lQ NS is equal to

P(ker g_a) NP(ker gy _ap) NS = {w(al, Z—fmz)”q), llf(az, Z—?mol/q)}. 0

In particular, when Q is not a degenerate trap, IPIQ is exactly the line passing through the two points
s1 =¥ (a1, by) and 5o = V¥ (az, by). We get a k-isomorphism P! - [P’lQ to = 51 —asy. For this reason the
two points s and s, play a central role in the rest of the analysis, and the following proposition shows
that they behave nicely when Q is a good polynomial.

Proposition 3.2. Let Q be a good polynomial. Then ([P’IQOS) (Fq) ={s1, $2}, where s = (x —ay)(x — by)?
and sy = (x —ap)(x — by)4, and the roots ay, a>, by and b, are all distinct.

Proof. From Lemma 3.1, we can write (IP"Q N S)(Fq) = {s1, 52} with a; #a and by # b,. If a; = b, or
ap = by, then Q divides x9h; — hg, a trap of level 0. Now, suppose a; = b; (the case a, = b is similar).

Since a; and a, are the two roots of Q, and Q divides (x —a;)(hg — afhl), then ay is a root of hg — afhl.
dm+1

We get that hg(ap) = ai’hl (ap), so ay is a root of hyx4 — hyg, a trap of level dm. U
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4. TIrreducible covers of [P’IQ

In this section we suppose Q is good, and we consider the polynomials s; = (x —ay)(x — b;)? and
§» = (x —az)(x — bp)? as defined in Proposition 3.2, where a;, a;, b1 and b, are all distinct. Consider
the variety [P’lQ from (3-2).

Recall that our goal is to prove that a significant proportion of the polynomials of PlQ(k) split com-
pletely over k. As mentioned in Section 1A, our method consists in constructing a morphism C — P,
where C is an absolutely irreducible curve defined over k, such that the image of any k-rational point of
C is a polynomial that splits completely over k. The absolute irreducibility is crucial as it implies that
C has a lot of k-rational points. The idea is to consider the algebraic set

C ={(u, ry,ry, r3) | r1, ra, r3 are distinct roots of u} C [P’lQ x P! x P! x P!,
and the canonical projection C — P1Q.
Proposition 4.1. If (u, ry, r2, r3) € C(k), then u splits completely over k.

Proof. Suppose that (u, r1, 3, r3) is a k-rational point of C. From Lemma 2.2, we get u = g * (x7 — x),
where g is the matrix g € PGL, (k) sending the three points 7y, r; and r3 to 0, 1 and oc. In particular, the
set of roots of u is g*I(IPI([Fq)), which are all in P! (k). O

In the rest of this section, we prove that C is absolutely irreducible (Proposition 4.6). The strategy is
the following. Instead of considering C directly, which encodes three roots for each polynomial of PL

we start with the variety
X ={(u,r)|u(r)=0}C Py x P,

which considers a single root for each polynomial. We can then “add” roots by considering fibre products.
Recall that given two covers v: Z — Y and u: Z' — Y, the geometric points of the fibre product Z xy Z’
are pairs (z, z') such that v(z) = u(z’). In particular, the fibre product over the projection X — [P’lQ is

X xp X = {((u1, 1), (2, r2)) | ui(r1) =0, uz(r2) =0, u; = us}
={(u,r1,r2) u(r) =0,u(r) =0}

This product X Xpl X contains a trivial component, the diagonal, corresponding to triples (u, r, r).
The rest is referred to as the nontrivial part, and we prove that it is an absolutely irreducible curve
(Corollary 4.3). Iterating this construction, the fibre product (X x P, X)) xx (X x R, X) (over the projection
X Xpl) X — X to the first component) encodes quadruples (u, r1, r2, r3). Therefore, the curve C naturally
embeds into the nontrivial part of this product. We prove that this nontrivial part is itself an absolutely
irreducible curve (Lemma 4.5).

Instead of the projection X — P!, we work with an isomorphic cover 6. It is easy to see that the
canonical projection X — P! is an isomorphism, with inverse r > (s(r)s; — s1(r)s2, r). Through

~

the isomorphisms X = P! and [P’lQ = P!, this projection is isomorphic to the cover 6 in the following
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commutative diagram (where, again, the morphisms are written affinely for convenience):

u,r)——u

(u,r) X PIQ S — oSy
L]
r P! . P! o

ri———=s1(r)/s2(r)

For convenience, consider 6 as a cover X| — Xo, where Xo = X; = P'. As a first step, we study the
induced fibre product X x x, X;. It contains the diagonal A, isomorphic to X;. We wish to show that
Y, =X xx, X1\ A} is absolutely irreducible. The second step consists in showing that X, x x, X2\ Aj is
also absolutely irreducible, where X is a desingularisation of Y, and A; is the diagonal. The following
lemma provides a general method used in both steps.

Lemma 4.2. Let Y and Z be two absolutely irreducible, smooth, complete curves over k, and consider
a covern: Z — Y. If there exists a point a € Z such that n is not ramified at a and #(n~'(n(a))) = 2,
then Z xy Z \ A is absolutely irreducible, where A is the diagonal component.

Proof. By contradiction, suppose that Z xy Z \ A is not absolutely irreducible, and can be decomposed
as two components AU B. Let pr: Z xy Z — Z be the projection on the first factor. Since Z xy Z is
complete, both A and B are complete, so we have pr(A) = pr(B) = pr(A) = Z. Observe that pr‘l(a)
consists of #(n‘1 (n(a))) = 2 points, so one of them must belong to two of the components A, B and A.
That point must therefore be singular in Z xy Z, contradicting the fact that » is not ramified at a (recall
that a point (z1, 72) € Z Xy Z is singular if and only if 5 is ramified at both z; and z5). (|

Corollary 4.3. The curve Y, = X| xx, X1\ A1 is absolutely irreducible.

Proof. First observe that 6 is ramified only at b; and b, (as can be verified from the explicit formula
0(r) = s1(r)/s2(r)). In particular, it is not ramified at a;. Since #(6 ~'(0(ay))) = #{ay, b1} =2, we apply
Lemma 4.2. U

Lemma 4.4. The desingularisation morphism v : X, — Y, is a bijection between the geometric points.

Proof. It is sufficient to prove that for any singular point P on Y;, and ¢ : Y, — Y, the blowing-up at P,
the preimage ¢! (P) consists of a single smooth point. Up to a linear transformation of X; = P!, we
can assume that s; and s are of the form s1(x) = (x — 1)x? and s(x) = x — a, for some a # 0, 1. The
intersection A of the curve Y, with the affine patch A% C P! x P! is then defined by the polynomial

_s1(0)82(y) —si(y)2(x)  xIx—D(y—a)—yI(y—1)(x —a)
xX=y xX—y ’
It remains to blow up A at the singularity (0, 0) (which corresponds to (by, b;) through the linear trans-

fx,y)

formation), and check the required properties. This is easily done following [Har77, Example 4.9.1], and
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we include details for the benefit of the reader. Let ¥ : Z — A? be the blowing-up of A? at (0, 0). The
inverse image of A in Z is defined in A? x P! by the equations f(x, y) =0 and ty = xu (where ¢ and
u parametrise the factor P1). It consists of two irreducible components: the blowing-up A of A at (0, 0)
and the exceptional curve ¥ ~!(0, 0). Suppose 7 # 0, so we can set = 1 and use u as an affine parameter
(since f is symmetric, the case u # 0 is similar). We have the affine equations f(x, y) =0 and y = xu,
and substituting we get f(x, xu) = 0, which factors as

Dxu—a) —ul(xu—1)(x —a)

1—u

fx, xu) =x97" -

The blowing-up A is defined on t = 1 by the equations g(x, u) = f(x,xu)/x?~' =0and y = xu. It
meets the exceptional line only at the point # = 1, which is nonsingular. ]

The projection X; xx, X1 — X on the first component induces another cover 6, : X, — X, through
which we build the fibre product X, x x, X2. As above, it contains a diagonal component A; isomorphic
to X».

Lemma 4.5. The curve Y3 = X xx, X2\ Az is absolutely irreducible.

Proof. Let v : X, — Y be the bijective morphism from Lemma 4.4. Since 0, is only ramified at b, and b,
the cover 6, is ramified at most at the points v=L(b;, b)) and v (a;, b;) (fori € {1,2}). In particular, it is
not ramified at v='(by, a;). Since #(0; ' (B2(v= (b1, 1)) = #{v" (b1, a1), v (b1, b1)} = 2, we apply
Lemma 4.2. U

Proposition 4.6. The curve C is absolutely irreducible.

Proof. Let v : X, — Y, be the morphism from Lemma 4.4. It is an isomorphism away from the
singularities of Y5, so
C— Ys:(u,ri,ra,r3) > (0 (r1,r2), v (r1,73))

is a morphism. It is an embedding, and the result follows from Lemma 4.5. ([l
5. Counting split polynomials in [P’IQ

Recall that we wish to prove Proposition 1.3 by showing that I]j’lQ(k) contains a lot of polynomials that
split into good polynomials over k. The results of Section 4 allow us to prove in Theorem 5.1 that a lot of
polynomials in [FDlQ(k) do split. We then show in Proposition 5.2 that all these polynomials are coprime,
which implies that bad polynomials cannot appear too often.

Theorem 5.1. Let k/FF,a be a field extension of degree m, and Q be a good irreducible quadratic polyno-
mial in k[x] coprime to hy. If dm > 23, there are at least #k/2q> polynomials in IP’IQ that split completely
over the field k.

Proof. Let® : Y3 — [P”Q be the cover resulting from the composition of the successive covers of Section 4.
Let S3=07! (I]j’é2 N S). The embedding C — Y3 from Proposition 4.6 has image Y3\ S3. The morphism

w:Ys— PP x P 07y, ), vy, 13)) e (11, 72, 73)
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restricts to an embedding of Y3 \ S3. Let A be the intersection of p(Y3) with the affine patch A3, The
curve A is a component of the (reducible) curve defined by the equations 6 (r1) = 0(r,) and 6(r1) = 0(r3).
Therefore A is of degree at most 4(g + 1)2. If B is the closure of A in P, then [Bac96, Theorem 3.1]

shows that
|#B(k) —#k — 1| < 16(q + 1)*V#k.

Since Y3 is complete, 1 (Y3) is closed, so all the points of B \ A are at infinity, and there are at most
deg(B) < 4(g + 1)? of them. Also, at most 2(¢> — ¢) points of B are in 1(S3) (because #S =2 and ©
is of degree ¢* — ¢). Therefore,

#C (k) = #(Y3\ S3) (k) > #k + 1 — 16(q + D)*V#k —4(q + 1> = 2(¢° — ¢).

Since g > 2 and dm > 23, we get #C (k) > #k /2. From Proposition 4.1, and the fact that the map © is
g> — q to one, we get that at least #k /2¢> polynomials in PlQ split completely over k. (Il

Let ¢ be the morphism defined in (3-1).

Proposition 5.2. Suppose Q is a good polynomial. For any two distinct polynomials f and g in [P’IQ(R),
we have ged(f, g) =1 and ged(h1o(f), hip(g)) = Q.

Proof. Let s; and s, be as in Proposition 3.2. They have no common root. Since f and g are distinct,
all the polynomials of [P"Q are of the form af + Bg for (« : B) € PL. Then, if r is a root of f and g, r
is a root of all the polynomials of [P’lQ. In particular, it is a root of both s; and s, a contradiction. This
shows that ged(f, g) = 1.

Similarly, if a polynomial 4 divides h1¢(f) and h1¢(g), it must also divide both

hi(s1) = (x —a)(ho—blhy) and hip(s2) = (x —az)(ho — b3 hy).
Since ho — b{hy and hg — bl hy are coprime, h must divide Q. O

Proof of Proposition 1.3. As discussed in Section 1A, it is sufficient to prove that a uniformly random
element of [F"1Q(k) has a good probability to lead to an elimination into good polynomials. A polynomial
fe [P’lQ(k) leads to an elimination into good polynomials if f splits completely over k into good linear
polynomials, and ¢( f) is itself a good polynomial.

Let A be the set of polynomials of [P’lQ(k) that split completely over k. From Theorem 5.1, A contains
at least g3 /2 elements. Trap roots T occurring in A or ¢(A) must be roots of hx? — hg, or of

hlx‘fdn+l — ho for n | m/2, or satisfy (ho/h1)(7) € [qum/2. There are at most q(dm/2)+3 such trap roots.

From Proposition 5.2, any trap root can only occur once in A and in ¢(A). So there are at most 2¢@"/2+3
polynomials in A for which trap roots appear. Therefore, the number of elements in A leading to a good

reduction is at least

%qdm—’g’ _ 2q(dm/2)+3 > %(qdm—:i _ 4qdm—8) > %qdm—3

’

using dm > 23. Since IP’IQ(k) contains g% + 1 elements, the probability of a random element to lead to
a good elimination is 1/0(g?). U



352

THORSTEN KLEINJUNG AND BENJAMIN WESOLOWSKI

Acknowledgements

Part of this work was supported by the Swiss National Science Foundation under grant number 200021-

156420.

[Bac96]

[Diel1]

[EG02]

[GGMZ13]

[GKZ18]

[Har77]
[Joul4]

[Wan97]

References

Eric Bach, Weil bounds for singular curves, Appl. Algebra Engrg. Comm. Comput. 7 (1996), no. 4, 289-298.
MR 1464543

Claus Diem, On the discrete logarithm problem in elliptic curves, Compos. Math. 147 (2011), no. 1, 75-104.
MR 2771127

Andreas Enge and Pierrick Gaudry, A general framework for subexponential discrete logarithm algorithms, Acta
Arith. 102 (2002), no. 1, 83-103. MR 1884958

Faruk Gologlu, Robert Granger, Gary McGuire, and Jens Zumbrigel, On the function field sieve and the impact
of higher splitting probabilities: application to discrete logarithms in Fy1071 and F,3164, Advances in cryptology—
CRYPTO 2013, II, Lecture Notes in Comput. Sci., no. 8043, Springer, 2013, pp. 109-128. MR 3126472

Robert Granger, Thorsten Kleinjung, and Jens Zumbrigel, On the discrete logarithm problem in finite fields of
fixed characteristic, Trans. Amer. Math. Soc. 370 (2018), no. 5, 3129-3145. MR 3766844

Robin Hartshorne, Algebraic geometry, Graduate Texts in Math., no. 52, Springer, 1977. MR 0463157

Antoine Joux, A new index calculus algorithm with complexity L(1/4+ o(1)) in small characteristic, Selected areas
in cryptography—SAC 2013, Lecture Notes in Comput. Sci., no. 8282, Springer, 2014, pp. 355-379. MR 3218492

Daqing Wan, Generators and irreducible polynomials over finite fields, Math. Comp. 66 (1997), no. 219, 1195—
1212. MR 1401947

Received 21 Feb 2018. Revised 18 Jun 2018.

THORSTEN KLEINJUNG: thorsten.kleinjung@epfl.ch
Laboratory for Cryptologic Algorithms, School of Computer and Communication Sciences, Ecole Polytechnique Fédérale de
Lausanne, Lausanne, Switzerland

BENJAMIN WESOLOWSKI: benjamin.wesolowski@Qepfl.ch
Laboratory for Cryptologic Algorithms, School of Computer and Communication Sciences, Ecole Polytechnique Fédérale de
Lausanne, Lausanne, Switzerland

:'msp


https://doi.org/10.1007/BF01195534
http://msp.org/idx/mr/1464543
https://doi.org/10.1112/S0010437X10005075
http://msp.org/idx/mr/2771127
https://doi.org/10.4064/aa102-1-6
http://msp.org/idx/mr/1884958
https://doi.org/10.1007/978-3-642-40084-1_7
https://doi.org/10.1007/978-3-642-40084-1_7
http://msp.org/idx/mr/3126472
https://doi.org/10.1090/tran/7027
https://doi.org/10.1090/tran/7027
http://msp.org/idx/mr/3766844
http://msp.org/idx/mr/0463157
https://doi.org/10.1007/978-3-662-43414-7_18
http://msp.org/idx/mr/3218492
https://doi.org/10.1090/S0025-5718-97-00835-1
http://msp.org/idx/mr/1401947
mailto:thorsten.kleinjung@epfl.ch
mailto:benjamin.wesolowski@epfl.ch
http://msp.org

VOLUME EDITORS

Renate Scheidler Jonathan Sorenson
University of Calgary Butler University
Calgary, AB T2N 1N4 Indianapolis, IN 46208

Canada United States

The cover image is based on a design by Linh Chi Bui.

The contents of this work are copyrighted by MSP or the respective authors.
All rights reserved.

Electronic copies can be obtained free of charge from http://msp.org/obs/2
and printed copies can be ordered from MSP (contact@msp.org).

The Open Book Series is a trademark of Mathematical Sciences Publishers.
ISSN: 2329-9061 (print), 2329-907X (electronic)

ISBN: 978-1-935107-02-6 (print), 978-1-935107-03-3 (electronic)

First published 2019.

:'msp

MATHEMATICAL SCIENCES PUBLISHERS
798 Evans Hall #3840, c/o University of California, Berkeley CA 94720-3840
contact@msp.org http://msp.org


http://msp.org/obs/2
mailto:contact@msp.org
mailto:contact@msp.org
http://msp.org

THE OPEN BOOK SERIES 2
Thirteenth Algorithmic Number Theory Symposium

The Algorithmic Number Theory Symposium (ANTS), held biennially since 1994, is the premier inter-
national forum for research in computational number theory. ANTS is devoted to algorithmic aspects of
number theory, including elementary, algebraic, and analytic number theory, the geometry of numbers,
arithmetic algebraic geometry, the theory of finite fields, and cryptography.

This volume is the proceedings of the thirteenth ANTS meeting, held July 16-20, 2018, at the University
of Wisconsin-Madison. It includes revised and edited versions of 28 refereed papers presented at the
conference.

d AU
Angelica Babei
Jens-Dietrich Bauch
Alex J. Best

Jean-Francois Biasse

Sam Schiavone
Andrew Shallue
Jeroen Sijsling
Carlo Sircana

Alin Bostan Tommy Jonathan Sorenson
Reinier Broker Everett Pierre-Jean Spaenlehauer
Nils Bruin DEWITe! Andrew V. Sutherland

Xavier Caruso
Stephanie Chan

Kiran S

Nicholas Triantafillou
Joris van der Hoeven

Qi Cheng Christine Van Vredendaal
Gilles Christol John Voight
Owen Colman Daging Wan
Edgar Costa Lawrence C. Washington

Philippe Dumas
Kirsten Eisentrager
Claus Fieker
Shuhong Gao

Jonathan Webster
Benjamin Wesolowski
Yinan Zhang
Alexandre Zotine



	1. Introduction
	1A. Degree two elimination algorithm
	1B. Proof of Theorem 1.1

	2. The action of PGL2 on xq-x
	3. The role of traps
	4. Irreducible covers of P1Q
	5. Counting split polynomials in P1Q
	Acknowledgements
	References
	
	

