SUPPLEMENTARY MATERIAL

The explicit formulas presented on the following pages were typeset using latex
source generated by an automated script that reads an executable version of verified
source code; they should thus be free of the typos that unfortunately plague many of
the formulas one finds in the literature. Magma source code for the formulas and an
implementation of all the algorithms in this article can be found at the author’s website,
along with scripts that verify their correctness.



TYPICALADDITION: div[us,vs,n5] ~ div[u,,v;,0]+div[u,, v,,0] with ged(uy,u,) = 1.
1. Compute r := Res(uy,u,) and i(x) = i;x? +i;x + iy :=ru;’ mod u, (and wy :=uy; —uy,).  [15M+12A]

b1 i =Uyg— Uy L= Uy —Uyy;  Woi=Up —Up; 3=t —UypWy;
ty =t —UnWp; L5 = Uplz—1ty; e = UyWot+Uyts;
Ig 1= t4ts —taly; 11 1= Wolg—tyls; Iy 1= Wols—tyts3;

r = tylo — Uyo(L3iy + Wolh);

2. Compute q(x) = gyx? + ¢, x + ¢ :=r(v, —vy)u;" mod u,. [10M+30A]

b 1=V —Vig; Lai=Vin—Vors L3 i=Vip— Vo U4 i= bl ts =ty G = lgly; by 1= Ugte
tg:=ty+tett;—(ty+t5)(iy +13);  to:=UpF+up; tio:=(to+undts—te); ty:=(to—us)(ts+tg);
Qo = ts —Uypls;

qq =ty —ts + (t1 —tyo)/2—t; + (8, — £2)(ip +11);

Q= te—qo —ty + (t — t3)(io + 1) — (t10 + t11)/2;

3. Compute t; :=rq,¥,; via (1), and wy :=c L =q,/r, Wy =c=71/qy, Ws:=c2, w,:=(20,)7".
Then compute s(x) = x> +s;x +54 := c(v, —v;)u;" mod u, and 5. [1+18M+5A]

ty:=(r+ 1 + qu(rwo + Qatipy — quuupy —qo);  tp 1 =2ty;  t3:=71qy;
If t, =0 or t; = 0 then abort (revert to ADDITION).

ty:=1/(tt3);  tsi=tyty; tei=rts;

Wy =G0 Wy i=Tle Wi i=W) Wy i= oty

So = teqo; 1= Leq1;

Va3 1= thts;

4. Compute z(x) = x° 4+ z,x* + 233> + 2,x% + 2, x + 20 1= su;. [4M+15A]

te:=So+s1; tpi=uUpgtuyy; tri=te(tytupn); tyi=(t—up)(So—s1); b4 i =1Usy;
Zo 1= UpgSo; 21 = (B —1t3)/2—ts; 2= (ty +t3)/2—3+Ujg; B3 := Uy +Sg+ty; 24 1= Upp +55;

5. Compute uy(x) = x* + U5 X + Uy x® + gy x +uyg 1= (s(z + 2cv,) — A (f —vH)/uy)/u,. [14M+31A]

Ugs = Z4 81— Upy;

Lo 1=38124; 1y 1= Uppllys;

Uy 1= 23+ to+Sg— W3 — Uy — t1;

by i=Uplyp; L3 i= (Uyy +Up)(Ugy +Ugs) — 8 — Lp; L4 1=2wy;

ts 1= t4Vi; g :=5S0%3; by :=(Sq+s1)(23+24)—ty—tg;

Uyy 1= 2y + by + b5+ Wsllyp — Uy — L3

Ugo := 21 +51(ts +2) + te + taviy —ws(fs +uf, —uyy) — Upgllys — by — Uppllys;

6. Compute ¥,(x) = x* + V3% + T40x2 + V1% + Ty 1= —V, = v; +u, + ¢ (z mod uy). [6M+10A]

t1 1= Uyz — 24 + Wy

Vao 1= V1o + W1 (20 + Ugot1);

Va1 1= V11 FWi(2 — Uy +Us tq);
Vap 1= Vip + W1(25 —Usy +Usstq);

7. Compute us(x) = x> + uspx? + sy X + Usg 1= (2043) " (V7 — f)/uy. [9M+17A]

Usy 1= V43/2 + Wy (2745 — f6) — Uys;
Usy 1= Wy(2(V41 + Va3 Vn) — f5) — Usaliys — Usp;
Usg := W4(‘722 + 2(Tag + Vs Va1) — f4) — Usy Uz — Usplisy — Uyy;

8. Compute v5(x) = Vyx? + Vg1 X + Vs := ¥, mod us. [3M+6A]

1 3= Usy — Vy3;
Vsg := Va0 T L1lso;
Vs1 1= Va1 —Usg Tt E1lsy;

Vsy 1= Vgp —Usy + L1lsy;

9. Output div{ug, vs,3 —degus]. [Total: I+79M+126A]




TYPICALDOUBLING: div[us,vs,n,] ~ 2div[u,,v;,0] with ged(u,,v,) = 1.
1. Compute r :=Res(u;,v;) and i(x) = i,x® +i;x +ip :=rv;' mod u; (W :=vy; —ujpvyy).  [15M+9A]

Wo 1= Vi —UppVip; [ 1= Vo —UpVips 3= UpWo— 1y By 1= UgVip H U We;s
lo = Woly — ol 1 i=Vily —Vialyl 1 1= VinWo = Viply
r 1= vyglp — Usg(Woly + Vipi1);

2. Compute p(x) = pyx? +p;x +po :=w:=(f —v})/u; mod u; (w; :=u2,, wy :=w; +f). [11M+24A]

Wy ::U%ZQ ty:=2Ujp; t3:=3uUy; Wy i=wit S ts =2t —fs; tei=2Upy; by =ty — Wy
Do = fs + te(t; —wi) —ty;
P1 = fatupts _Vlzz —uy1(2f — t3) —wy(ty + t3);

Do = fy —uy (Wit —ts) — tawy —Upppy — 2V41Vyy;

3. Compute q(x) = gyx* + ¢;x + qo :=r((f —v3)/u;)v;" mod u;. [10M+28A]
(Wg i=uyg +uy; + Uy, Wy i=Up—Uy +Usp)

ty:=1i1py;  ty:=1iopo; t3:=1Ps; t4:=Upats; ts:=(i3 +i)(p1 +Pa) —t1 —t3—ty e 1 =Ujgts;
ty i =UpptUpp; W3i=ty+up; Wai=t;—uy; b i=walts+ts);  thg = wylts —t3);

qo =ty —te;

qy :=ty+ (i +i)(po + p1) + (t11 — t10)/2—t1 — ty;

Qo :=ty + te + (g +15)(po + pa) — to — t3 — (t1o + t11)/2;

4. Compute t; :=2rq,¥,; via (2), and wg :=1/c, wg:=c,w; :=1/7,;. [1+18M+7A]
Then compute s(x) = x? +5,x + 5, := q/(2r) made monic and ¥,;.

— o — 2. — 2. — ;
to:=2r; t;:=t5; ty:=q5; t3:=t;—qoqy+q1(2tg +qq —qaltys) + taliyy;
If g, = 0 or t; = 0 then abort (revert to ADDITION).
ty:=1/(toqats); ts:=tsty; L :=tots;

Ws 1= tots; Wei=1lils; Wy i=lilyly;

So i=teQo; S1:=teq1; Va3 1= tats;

5. Compute z(x) = x° + z,x* + 2,x% + 2,x% + 21X + 55 1= su5. [4M+12A]

t1:=wsso+51);  ty i =wyulso—s1); by i=1Upsy;
2o i=Solyg; %1 :=(t; —t5)/2—t3; 2Zp:=(t; +65)/2— 35+ Uyp; Z3:= Uy +Sg+1t3; 24 1= Uy +53;

6. Compute 1,(x) = x* + g X + U x® + Uy X +uyg 1= 5> — (*(f —v2)/uy — 2csv;)/u;. [8M+14A]

t = VpWes =W

Uyz 1= 25,3

Uyy i= 28, +sf —ty;

Uyy 1= 2(5081 +Uppty + t1);

Uyp := 5(2) + 2(wowe +51t1) — ty(w, + 2(w; —uy,));

7. T4(x) = T3 x3 4+ V40x% + Vg1 x + T4 := =D, = v; + 1y + ¢ (2 mod uy). [6M+10A]

b1 1= Uyg — 24 + We;

Vao 1= V1o + Ws(2 + Ugot1);

Va1 1= V11 F W2 —Uyo +Us t7);
Vo 1= Vig + Ws(2y — Uyy + Usptq);

8. us(x) = x® + usyx® + sy X +usg 1= (2043) ' (VF — f)/u,. [7M+17A]

Usy 1= Va3 /2 + Wy (Tsy — f6/2) —t4s;
Usy 1= Vgp + Wy (Tag — f5/2) — Uspliys — Usy;
Usy = Vg + W7((‘7§2 — f4)]2 + V40) — Us Uz — Usplisy —Uyy;

9. v5(x) = verx? 4 vy X + Vg := ¥, mod us. [3M+6A]

ty = Usy — V33

Vso 1= Vg0 + t1Uso;

Vs 1= Vg —Usp + t1Usy;
Vsp 1= Vgp — Usy + L1Usy;

10. Output div[uy,, v,,3 —degu,]. [Total: 1+82M+127A]




TYPICALNEGATION: div[u,,V,,0] ~ —div[u;,v,0].

1. Compute 7;(x) = —x* + ¥;,x2 + 1, x + ¥ := v; — V + (V mod ;). [3M+5A]
Vig i:=Vip—Up + U%Z;
Vi 1= V1 — Uy + Uy U
Vi 1= Vig + Ujgla;
2. Compute uy(x) = x% + upy X% +Uup X + Uyg := (f +20.) ' (f —92)/u;. [1+8M+14A]
ty:=2Vy;  tyi=fettg;
If t; = 0 then abort (revert to NEGATION).
t3:=1/ty;
Upy = t3(f5 +2011) —upa;
— - 52 .
Uy = t5(fy + 2750 — V12) — Uy — Upplpy;
Ugg = t3(fs — t1711) —Ugg — Upylpy — Uppllyy;
3. Compute v,(X) = Vay X2 + Vo1 X + Vo := ¥; mod u,. [BM+5A]
Vop 1= Ty —u§2 + Uy
Vo1 1= V11 — UpqUpy + Uy
Voo 1= V19 — Upplzg;
4. Output div[u,, v,,0]. [Total: I+14M+24A]
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