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infinite loop space theory. As part of this, the authors gave a series of talks
outlining the main theorems of the theory, together with their proofs, in the case
of infinite perfect fields. In winter of 2021/2, Bachmann taught a topics course
at LMU Munich on strict Al-invariance of framed presheaves (which is one of
the main theorems, but was not covered in detail during the Thursday seminar).
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1. Introduction

We shall assume knowledge of the basic notions of unstable motivic homotopy
theory; see, for example, [6, §2.2] for a review and [2] for an introduction. We shall
also use freely the language of co-categories as set out in [27; 28].

Given a base scheme S, we have the presentably symmetric monoidal co-category
Spc(S) of motivic spaces, and a functor Smg — Spc(S) which preserves finite
products (and finite coproducts). We write Spc(S), = Spc(S)x, for the presentably
symmetric monoidal oco-category of pointed motivic spaces; we use the smash
product symmetric monoidal structure. Let I]J’]g be pointed at 1; this defines an
object of Spc(S),. We write £°° : Spc(S). — SH(S) for the universal presentably
symmetric monoidal co-category under Spc(S) in which P! becomes ®-invertible.
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2 TOM BACHMANN AND ELDEN ELMANTO

Denote by SH(S)"*T ¢ SH(S) the closure under colimits of the essential image of
the functor X°°.

The aim of motivic infinite loop space theory is to describe the category SH.(S) e,
It turns out that there is a good answer to this problem if § = Spec(k), where k
is a perfect field. This uses the notion of framed transfers, first discovered by
Voevodsky [36]. The theory was taken up, and many important results proved, by
Garkusha—Panin [18] and their numerous collaborators; see, for example, [1; 10; 12;
17; 20]. Unfortunately their results rely on a process called o -stabilization which
interacts poorly with symmetric monoidal structures. (This is somewhat similar to
the problem of constructing a good smash product of spectra in the early days of
stable homotopy theory.) This problem was overcome by Elmanto—Hoyois—Khan—
Sosnilo—Yakerson [15]; their main contribution is the invention of the notion of
tangentially framed correspondences and an accompanying symmetric monoidal
oo-category Corr™ (k).

Using this category, motivic infinite loop space theory can be stated as follows.

Theorem 1.1. For a perfect field k, there exists a canonical, symmetric monoidal
equivalence of co-categories

Spel™ (k)& =~ SH (k)"

Here Spc'(k) is a category obtained from Corr™(k) by the usual procedure
(consisting of sifted-free cocompletion and motivic localization); it is semiadditive
and Spc'™ (k)P denotes its subcategory of grouplike objects.

The principal aim of these notes is to explain how to prove this theorem, assuming
that k is infinite. Our secondary aim is to reformulate some of the technical results
of [1; 10; 12; 17; 20] (those that we need in order to prove Theorem 1.1) in the
language of co-categories. As it turns out, this simplifies many of the statements
and also many of the proofs. Given this focus, we do not treat here the construction
of the category Corr' (k) and we refer freely to [15] for this and many basic results
about framed motivic spaces. We also do not discuss alternative (1-categorical)
approaches to the theory [16; 19].

Organization. The proof of Theorem 1.1 consists mainly in two steps. Firstly
we show that there is an equivalence SH™ (k) ~ SH(k); here SHT (k) is obtained
from Spcft (k) by inverting the framed motivic space corresponding to P!. This is
known as the reconstruction theorem. Then we show that the canonical functor
Spcfr(k) — SHY k) ~ SHK) is fully faithful. This is called the cancellation
theorem.

In Section 2 we prove the reconstruction theorem modulo a technical result,
known as the cone theorem. We then spend all of Section 3 on proving the
cone theorem. In Section 4 we prove the cancellation theorem, modulo strict
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Al-invariance of framed presheaves. In Section 5 we prove strict A!-invariance (of
Al-invariant framed presheaves over infinite perfect fields).

Notation and scope. It is not our intention to faithfully reproduce the results,
arguments or notation from any of the many references. Instead our aim is to
outline the theory of motivic infinite loop spaces (over a perfect field) from the
perspective of co-categories. Consequently we follow notation and terminology
from [15], and not other references. In particular by framed correspondences we
mean the co-categorical version as devised in [15]; sometimes we may add the word
“tangentially” for clarity but often we may not. When referring to Voevodsky’s
original notion, we speak about equationally framed correspondences.

2. The reconstruction theorem
Primary sources: [15; 18].

2A. Setup. Let S be a scheme. Recall from [15, §4] that there is a symmetric
monoidal, semiadditive co-category Corr'(§) and a symmetric monoidal functor
y :Smgy — Corrfr(S).1 It preserves finite coproducts [15, Lemma 3.2.6] and is
essentially surjective (by construction); we refer the reader to [15, 3.2.2] for the
most important properties. We denote by y* : Px(Smg,) — Px(Corr™(S)) its
sifted cocontinuous extension.” Write Spc(S), for the localization of Px (Smg.)
at the generating motivic equivalences, that is, (generating) Nisnevich equivalences
and Al—homotopy equivalences, and Spcfr(S) for the localization of Py (Corrfr(S )
at the images of the generating motivic equivalences under y*. Let P! € Spc(S), be
pointed at 1. Recall that for any presentably symmetric monoidal co-category C and
any object P € C there is a universal presentably symmetric monoidal oco-category
under C in which P becomes ®-invertible [33, §2.1]; we denote it by C (P

The following is the main result of this section, which we will give a proof of
assuming the comparison results explained in 2E.

Theorem 2.1 (reconstruction). The induced functor
y*: Spe($)LPH ™= Spe )y *®H ]
is an equivalence.

We write SH(S) = Spc(S),[(PH) '] and SHT(S) = Spc™($)[y*(PH~!]. We
shall prove the result when S = Spec(k) is the spectrum of an infinite field. The
result for general S is reduced to this case in [25] (using [15, §B]).

IRecall that for a category with finite coproducts and a final object *, Cy C Cy; denotes the
subcategory on objects of the form ¢ | | *. We mainly use this in conjunction with the equivalence
Py (C+) =~ Px(C)x [6, Lemma 2.1].

ZWe denote by Ps; (C) = Fun* (C°P, Spc) the nonabelian derived category of C.
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Remark 2.2. While SHT(S) appears to be a more complicated co-category than
SH(S) (the co-category of motivic spectra), the point of motivic infinite loop space
theory (and the rest of this note) is to give explicit formulas for mapping spaces
in SH(S), at least when S is the spectrum of a perfect field. More precisely: the
functor Spc(S). — SH(S) is far from being fully faithful, while the cancellation
theorem Theorem 4.3 asserts that the functor S pcfr(S ) = SHT(S) is fully faithful
on grouplike objects.

2B. Preliminary reductions. The functor y* preserves colimits by construction,
so has a right adjoint y,. The stable presentable co-category SH(S) is compactly
generated by objects of the form XX A (PH™ for X € Smg and n € Z. Sim-
ilarly SHT(S) is compactly generated by YH(EFXA (PH”m). Tt follows that
Vi ! SHT(S) — SH(S) is conservative and preserves colimits.

Conservativity of y, implies that in order to prove that y* is an equivalence, it
suffices to show that it is fully faithful, or equivalently that the unit of adjunction
u :id — y,y* is an equivalence. Indeed the composite

Vi =L VY Ve T v
is the identity (y* and y, being adjoints), the first transformation is an equivalence
by assumption, hence so is the second one, and finally so is the counit ¢ since y; is
conservative.

Since y, preserves colimits, the class of objects on which u is an equivalence
is closed under colimits. Hence it suffices to show that « is an equivalence on the
generators.

Given any adjunction y* : C < D : y, with y* symmetric monoidal, the right
adjoint y, satisfies a projection formula for strongly dualizable objects: if P € C
is strongly dualizable, then there is an equivalence of functors y,(— ® y*P) ~
v:(—) ® P. Indeed we have a sequence of binatural equivalences

Map(—, yx(= ®y*P)) =~ Map(y*(-), —®y*P)
~Map(y*(—Q® P"), —)
~Map(—® P, yx(—))
~ Map(—, y«(—) ® P),

and hence the result follows by the Yoneda lemma.
Since X®°P! € SH(S) is invertible and hence strongly dualizable, in order to
prove Theorem 2.1 it is thus enough to show that for every X € Smyg, the unit map

XX =y XX € SH(S)

is an equivalence. Using Zariski descent, we may further assume that X is affine.
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2C. Recollections on prespectra. Let C be a presentably symmetric monoidal oco-
category, and P € C. We denote by Sp™(C, P) the oo-category whose objects are
sequences (X1, X», ...) with X; € C, together with “bonding maps” PR X; — X;41.
The objects are called prespectra. The morphisms are the evident commutative
diagrams. We call X = (X,,), € SpN (C, P) an Q-spectrum if the adjoints of the
bonding maps, X; — QpX;4, are all equivalences. Here Q2p : C — C denotes
the right adjoint of the functor Xp := P ® (—). We denote by LstSpN C, P)C
SpV(C, P) the subcategory of Q-spectra. The inclusion has a left adjoint which we
denote by Ly : SpN C,P)— LstSpN (C, P); the maps inverted by L are called
stable equivalences.

Remark 2.3. If P is a symmetric object, i.e., for some n > 2 the cyclic permutation
on P®" is homotopic to the identity, then LstSpN (C, P) ~C[P~']. This is proved
in [33, Corollary 2.22]. See also [22, Theorems 10.1 and 10.3].

2C1. Spectrification. There is a natural transformation
TpQp — id —> QpTp.
Using this we can build a functor Q1 : Sp™V(C, P) — SpV(C, P) with the property
that for X = (X,,), € SpN(C, P) we have Q1(X), = QpX,,+1. There is a natural
transformation id — Q. Iterating this construction and taking the colimit we obtain
id— Q:= co}lim o7

The following is well known (see, for example, [22]).

Lemma 2.4. Let X € SpN (C, P).
(1) The map X — QX is a stable equivalence.

(2) If Qp preserves filtered colimits (i.e., P € C is compact), then QX is an
Q-spectrum.

2C2. Prolongation. Let F : C — C be an endofunctor. Following Hovey [22,
Lemma 5.2], we call F prolongable if we are provided with a natural transformation
7: XpF — FXp; we denote the data of a prolongable functor as a pair (F, 7).
Equivalently, we should provide a natural transformation F — QpFXp. In any
case, there is an obvious category of prolongable endofunctors (having objects the
pairs (F, t) as above). Any prolongable functor (F, t) induces an endofunctor

F:Sp(C, P) = SpM(C, P), (Xp)n > (FXu)n-
The bonding maps of F X are given by
SpF(Xy) 2 F(ZpXn) =5 F(Xu11),

where b, : Xp X,, = X, 41 is the original bonding map.
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Example 2.5. The functor F,, = Q', ¥ is prolongable by QpuX’, : F, — QpF, Xp,
where u : id — Qp X p is the unit transformation. One checks easily that
F, XX >~ Q{"E%X.

The transformation ', u X% defines a morphism F,, — F, 1 of prolongable functors;
let F5 be its colimit. Then one checks that

FuoX®°X ~ OX°X.

Example 2.6. The functor F' = X p can be prolonged a priori in (at least) two ways:
via the canonical isomorphism 7] : XpF = X pXp = FXp and via the switch map
T Xpgp —> XZpgp. Then F| ~ F, as prolongable functors if and only if the switch
map on P ® P is the identity. (Sometimes F] is called the fake suspension functor.)

Example 2.7. Let F : C — C be a lax C-module functor, so that in particular for
each A € C we are given a transformation ¥4 F — FX,4. Specializingto A = P
we obtain a prolongable functor F, natural in the lax C-module functor F. The
functor F,, (from Example 2.5) is a lax C-module functor, via

A®@Hom(P®", P®" @ X) - Hom(P®", P®"® A® X), “@® f)rca® f,

where ¢, denotes the “constant map at a”.

Suppose that P is strongly dualizable with dual P". Then F,, and F, have equiv-
alent underlying functors. However, their prolongation are described in different
ways. The functor F;, can be written as
pPYE" @ PP s PYE @ PE" Q@ PV Q P

0324; P\/®n ® 224 QP® P®n ~ P\/®n+1 ® P®n+1.

On the other hand the prolongation of F,, can be written as

u

P\/@I’l ® P®ﬂ LN Pv®n ® P®l’l ® P\/ ® P
7123 P\/ ® Pv®n ® P®n QP ~ Pv®n+1 ® P®n+1.

They are isomorphic if and only if the (n+1)-fold cyclic permutation acts trivially
on P+l

Example 2.8. Let id —> F; 2> id be a retraction of prolongable functors. Since
p : F1 — id is a morphism of prolongable functors, the following square commutes:

QpEp=F 2 QuFT, =032

Pl QPﬂEPl

id — s F=QpZp.

Hence up >~ QppuXp ~idg,x, and so u and p are inverse equivalences.
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Remark 2.9. The prolongations using lax module structures interacts more reason-
ably with categorical constructions than the one via units of adjunction. For this
reason it is more natural to have a retraction id —— F; - id. If P is 2-symmetric
(i.e., the switch on P®Z is the identity), then F; =~ I~71 and u’ >~ u, under this
equivalence. Hence u’ and p are inverse equivalences. This holds more generally
if P is n-symmetric for any n > 2; this is the content of Voevodsky’s cancellation
theorem. See Theorem 4.7 in Section 4.

2D. Notions of framed correspondences.

2D1. (Tangentially) framed correspondences. We have the lax Smg, -module func-
tor

AT :Smg. — Ps(Smg)y, Xy vy X,

(Sections of A"(X) over Y are called (tangentially) framed correspondences from Y
to X, but we will not use this terminology much. We will usually drop the adjective
“tangentially”.) We extend this to a sifted cocontinuous functor

A" : Ps(Smg), > Px (Smgy) — Px(Smyg)..

Of course y,y* is already sifted cocontinuous, so AT ~ y,»* and this is just a
notational change.

2D2. Equationally framed correspondences. There are explicitly defined lax Smg. -

module functors [15, §2.1]
AT - Smg, — Py (Smg)s

and natural transformations o : h¢™" — e+l (Sections of A°™" (X) over Y are
called equationally framed correspondences from Y to X of level n.) We denote by

R Py (Smg), — Py (Smy)s
the sifted cocontinuous extensions, and by
R P (Smg), — Py (Sms)«
the colimit along o. We will elaborate on this in Section 3C.

2D3. Relative equationally framed correspondences. Let U C X € Smg be an open
immersion. There are explicitly defined presheaves

R (X, U) € P (Smgy);

they depend functorially on the pair (X, U) and are lax modules, in a way which
we will not elaborate on. (Sections of A" (X, U) over Y are called relative
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equationally framed correspondences from Y to (X, U) of level n.) For us the most
important case is where X = X’ x A" and U = X' x A"\ X’ x {0}; we put

hefr,n(X/’ On) — hefr,n(X/ % Am, X/ % Am \ X’ X {0})

These assemble into lax Smg,-module functors Smg; — Px(Smgy). We will
elaborate on this in Section 3B.

2E. Comparison results. We now explain the comparison results which go into
the proof of the reconstruction theorem.

2E1. Equationally framed versus tangentially framed. There is a canonical trans-
formation

h*™ — K" € Fun(Smg,., Px (Sms,)),

which is a motivic equivalence (objectwise) [15, Corollaries 2.2.20 and 2.3.25].
Since motivic equivalences are stable under (sifted) colimits, the sifted cocontinuous
extension of the natural transformation is still a motivic equivalence objectwise.
The transformations are compatible with the lax module structures.

2E2. The cone theorem. There is a canonical transformation
hefr,n(X/ U) N hefr,n(X’ U),

here the left-hand side is obtained by sifted cocontinuous extension. This is a
motivic equivalence for X affine, provided the base is an infinite field. This is
known as the cone theorem, and will be treated in Section 3.

The natural transformation

RETM (X x A™ /X x A\ X x 0) — KX, O™)
can be promoted to a lax module transformation.

2E3. Voevodsky’s lemma. We denote by T € Px(Smg) the presheaf quotient
A!/G,,. It comes equipped with a canonical map of presheaves a : P! — Lz, T by
presenting the domain as a (Zariski-local) pushout Al Ug,, Al ~ pl,

There is a canonical equivalence of lax module functors

R (X, O™y — Qb Lnis ZF " X 4.

Following [18, §3], this is known as Voevodsky’s lemma; see [15, Appendix A]
for a proof. The equivalence is compatible with the natural stabilization maps
(increasing n) on both sides.
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2F. Proof of reconstruction. Write Shvyis(S) = LnisPx (Smg) and Shv}c\rﬁs(S) =
LnisPs (Corr™(S)).

Lemma 2.10. The forgetful functor Shvgis(S) — Shvyis(S) preserves and detects
motivic equivalences.

Proof. Immediate from [15, Proposition 3.2.14]. O

Since y* : Shvnis(S) — Shvf\rI (S) is symmetric monoidal, it induces a func-
tor g, upon passage to prespectra. We obtain an adjunction

is

v - SpN(Shvis ()4, P = SpN(Shvil (8), y* Py

the right adjoint y," is given by the formula yN(X), =~ y.(X,). We call a map
X—>Ye SpN (Shvnis(S)«, PY) a level motivic equivalence if each map X,, — Y,
is a motivic equivalence, and similarly for framed prespectra. The saturated class
generated by level motivic equivalences and stable equivalences is called stable
motivic equivalences. Local objects for this class of maps are called motivic 2-
spectra; these are the prespectra X = (X,,),, such that X is an 2-spectrum and each
X, is motivically local.

Corollary 2.11. The functor y preserves and detects stable motivic equivalences.

Proof. Since y) preserves motivic 2-spectra (from its formula above) it is enough
to show that it commutes with spectrification. Let X = (X},), be a prespectrum. By
Lemma 2.4(2), its spectrification is given by

(QLmotX)n = colim Qp, LimotXn+-
Since y, : S hvf\rﬁs(S ) — Shvnis(S)« preserves motivic equivalences, filtered colimits
(both by Lemma 2.10), and P!-loops, the result follows. U
We also note the following.
Lemma 2.12. There are canonical equivalences
Lyt morSp" (Shvnis (8, P1) 2= SH(S)
and
Lyt morSp™ (Shviis(8), ¥ P = SHT(S).

Proof. We prove the result for unframed spectra; the other case is similar. It is
easy to see that Ly Sp" (Shvnis(S)«, P1) = SpN(Spe(S)«, P) (see, for example,
[3, Lemma 26]). But P! is symmetric in Spc(S). [24, Lemma 6.3], and hence the
result follows from Remark 2.3. [l
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Let G : Shvnis(S)+« — Shvnis(S). be an endofunctor. We say that G is mixed
prolongable if we are given a natural transformation Xp1G — GXr. Then G
naturally induces a functor

G : Sp" (Shvis(S)s, T) — SpN(Shvnis(8)«, P).

Let G, = S, 7. This is mixed prolongable via

n

QL uXy
%12¥ pl QTZn-i-l a* Qn-‘rlzn-i-l

here a : P! — T is the canonical map and u : id - Q7 X7 is the unit of adjunction.
For X € Smg, let £7°X denote the associated T -suspension prespectrum. Then

GoEPX =X, TAX, T*AX,...) € Sp™(Shvnis(S)«, P

is a spectrum motivically equivalent to X7 X. By Corollary 2.11 and Lemma 2.12
it is hence enough to show that

GoZXX — yNyiGoz X

is a stable motivic equivalence. There are canonical maps of mixed prolongable
functors Go — G| — -- -, and one checks that

0GoEFX ~colimG; 27 X.
]
In particular the map
GoZFX — colim G 11 Z7°X
1

is a stable equivalence.

The functor €2, X7 is mixed prolongable in another way, using the lax modlile
structure. Denote the mixed prolongable functor obtained in this way by G,.
Arguing as in Example 2.7, G, and G, differ by cyclic permutations of P!, T' of
order n+ 1. Note that the functor Hom(—, —) preserves A!-homotopy equivalences
in both variables. Since the cyclic permutation on (I]3’1)A2g+1 is A'-homotopic to
the 1dent1ty, and the same holds for 7', we deduce G;+1 =~ Gj;4+; as prolongable
functors. We learn that the canonical map

1

A ~ ~
GoX7'X — colim G 41 27X = colim Gy 41 277X ~ colim G; X7 X
L 1 L

is a stable A'-equivalence.
Let E; denote the sifted cocontinuous approximation* of G;, so that there is a
map E; — G; of mixed prolongable functors. We can view he™ (and A™T) as mixed

30Observe the equality (1,2,3)(3,4,5)---2n—1,2n,2n+1)=(1,2,...,2n,2n+1).
“In the sense that we restrict G, to Smg and then take the sifted cocontinuous extension.
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prolongable functors (note that they preserve Nisnevich equivalences in Py (Smg.)
by [15, Propositions 2.3.7(ii) and 2.1.5(iii)] and so descend to Nisnevich sheaves)
by using their lax module structures. By Voevodsky’s lemma and the fact that both
functors are sifted cocontinuous extensions from smooth schemes, E; ~ h¢ as
lax modules and hence as mixed prolongable functors. Thus by the cone theorem
(see Theorem 3.1 and Remark 3.4 in Section 3 for more details), the map

E;S®X — G, XX

is a level motivic equivalence (here we use that the base is an infinite field). We
obtain the commutative diagram

L ~
GoEZPX —25% GooBPX 2 GooXPX

\ y
E

WIPX —=y pelimoey ety piryiooy

All maps are the canonical ones; labels on the arrows denote the type of equivalence.
The composite GoZ°X — hTEXX ~ yNyfGoE°X is the unit of adjunction.
The diagram proves this unit is a stable motivic equivalence. This concludes the
proof.

3. The cone theorem
Primary sources: [10; 20].

3A. Introduction. The cone theorem is the determination of the motivic homotopy
type of h°T(X/U), i.e., the “framed cone” of an open immersion U < X where X
is smooth. In the proof of the reconstruction theorem, coupled with Voevodsky’s
lemma (Lemma 3.2), it relates the endofunctor on pointed Nisnevich sheaves given
by Qp1 X7 and the sifted cocontinuous extension of a framed model of this functor.

Theorem 3.1. Let k be an infinite field, X a smooth affine k-scheme, and U C X
open. Then there is a canonical motivic equivalence

R (X/U) — B (X, U).

For now we work over an arbitrary base scheme S. We have already discussed
Voevodsky’s lemma that describes /™" (X) in terms of maps of pointed sheaves
(see Section 2E3). In general we can describe the sections of the (pointed) sheaf

Lyis(X/U),
as follows. Define

QX, UNT)={(Z,¢) | ZC T closed, ¢ : T4 — X, ¢~ (X \U) = Z},
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which is pointed at (&, can). Here Tél denotes the henselization of T in Z. There
is canonical map

Q(X,U) — Lnis(X/U),
which sends a section (Z, ¢) over T to the map
T~ Lyis(T) U, T\ Z) 2> X/ U.

Lemma 3.2 [15, Proposition A.1.4]. The map Q(X, U) — Lnis(X/U) is an iso-
morphism.

The presheaf of equationally framed correspondences of level n can be phrased
in these terms. Let us elaborate on how this is done. Recall that we have n closed
immersions (P!)"~! < (P!)" as the components of the “divisor at 00” — so that
U@ **=1 is the divisor dPP. We then have the fiber sequence (in sets)

R (X)(T) = QA" x X, A% \ 0x) (P x T)
- [T o&" x x, Ax\0x) (P! x T).

1<i<n
Via Lemma 3.2, 1°™"(X) is isomorphic to
Homp, smg.) (P A (=) 4, Luis(T"" A X4)).

3B. Relative equationally framed correspondences. We elaborate on the discus-
sion in Section 2D3. Throughout X is a smooth affine S-scheme and we have a
cospan of S-schemes

Y s X <L X\ Y(=:U),

where i is a closed immersion and j is its open complement. The presheaf of
relative equationally framed correspondences h®™" (X, U) is then defined via a
similar formula:

R (X, UY(T) — QA" x X, A%\ (0 x V) (P x T)
— 1_[ QA" x X, A%\ (0 x V) ((PHY*"=1 x T).

l<i<n
The next lemma follows from the above discussion.
Lemma 3.3. There is a canonical isomorphism of sheaves of sets
K (X, U) 2= Hompy smg ) (PDY A (=) Las(T™ A (X/U))).
Remark 3.4. Consider the functor G : Py (Smgy) — Px(Smg,) given by

G (P) = Hompy smy,) (P A (=) 4, Lyis(T™" A P)).
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Write ¢ : E — G for the sifted-cocontinuous approximation of G (that is, the
left-Kan extension of E|sm,, ). Then by Voevodsky’s lemma we have E =~ heten,
Consequently we obtain a natural map

cxyp s h™(X/U) =~ E(X/U) — G(X/U) ~ k"™ (X, U).
This is the map of Theorem 3.1.

Explicitly, elements of hefen (X, U)(T) are described as (equivalence classes of)
tuples

(Z,(¢,8), W),
where
(1) Z — A7 is a closed subscheme, finite over 7',
(2) W is an étale neighborhood of Z in A7,
3) (¢,g): W — A" x X is a morphism such that

Z=($."'OxY)=¢""ONg (D).
For example, suppose X = A! and U = G,,. Then h¢F(A!, G,,) is isomorphic to
Hompy (smg,) (P A ()4, Lyis T ).

Remark 3.5. The subscheme Z in the definition of Q(X, U)((?')"") is not required
to be finite. However, in the definition of 4" (X, U), the Z appearing is a closed
subset of both (P1)*” and A", so both proper and affine, hence finite.

We will also need the next presheaf.

Definition 3.6. Let hg?’” (X, U) C h*(X, U) be the subpresheaf consisting of those
(Z, (¢, g), W) where ¢~1(0) — T is quasifinite.

Remark 3.7. Recall that the scheme W in an equationally framed correspondence
is well defined only up to refinement. If p : W' — W is such a refinement and
#~1(0) is quasifinite, then so is (¢ o p)~1(0), p being quasifinite. The converse
need not hold.

Example 3.8. In 4°™1(A!, G,,)(k), we have the cycle ¢ = (Z = 0, (0, x), A1),
where O indicates the constant function at zero, so we are considering the zero locus
of the map

0, x) A S A AL

In this situation, 0~ (0) = A! and hence is not quasifinite over the base field, so
¢ & hi" (A, Gy) (k). On the other hand 0~'(0) Nx~1(0) =0, which restores the
finiteness of Z, as needed. Generically, we should expect quasifiniteness of ¢! (0)
— the only function we need to avoid in the above example is literally the constant
function at zero.
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The relevance of the quasifinite version is the following.

Construction 3.9. We have a map
R (X) = (XL U, (W, (8, 8), Z) > (W, (¢, 8), Zy =~ (0)Ng ™" (V)),
which factors as

R (X) = BT (X, U) € h¥™ (X, U), ()
since ¢*1(0) is, in fact, finite. Now, consider the diagram

hefr,n(X I U) — hefr,n(X)’
(Z7 (¢, g)’ W) = ((Z’ (¢9 Vog), W)’ (ZX, (¢X’ gX)’ WX))’

where (Zx, (¢x, gx), Wx) is the component of (Z, (¢, g), W) over X, and V :
XU — X is the fold map. Denote the set-theoretic coequalizer of this diagram
(taken sectionwise) by rsohefr’"(X /U). (This notation is justified in Section 3C.)
The map (1) then further factors as

hefr(X)

— N

Y SLTO /] 74 R —— > hzlfcr’"(X, U).

We can explicitly describe the sections of the presheaf 7<oh*™" (X/U): if T €
Smg, then rfohefr*”(X JU)(T) is the quotient of #°™"(X) modulo the equivalence
relation generated by

W, (¢,8),2)~ (W', (¢ &), 2",

whenever there exists (W”, (¢”, g”), Z")suchthatg”: W' - U C X, W=W'LW”
up to refining the étale neighborhoods, and (g, ¢) = (g’, ¢") L1 (g”, ¢”).

Remark 3.10. We warn the reader that the canonical map A*™"(X 1Y) —
hetn (X)) x heT(Y) is not an equivalence (unless X = @ or Y = @). It becomes so
after applying Lx1 and letting n — oo [15, Remark 2.19; 18, Theorem 6.4].

Lemma 3.11. Let S be any scheme. The map t<oh®™"(X/U) — hgffr’"(X, U)isan

Lis-equivalence.
Proof. Let T be the henselization of a smooth S-scheme in a point. It suffices to
show that the map on sections over T is both surjective and injective.

Surjectivity: Take (Z, (¢, ), W) € hif"™ (X, U)(T) and put V = ¢~'(0), so that

Z =V Ng~'(Y). We may assume that W is affine (see [15, Lemma A.1.2(ii)]),
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and hence so is V. Since V is quasifinite, we may write
V=Vvil---OV,y,

where V; is local and finite over T for i <n, and V,,;.; — T misses the closed point
[34, Tag 04GlJ]. Similarly Z = Z; L1 --- LI Z;. We may assume that Z; C V; and
d <n (note that Z; — T hits the closed point by finiteness, and hence Z; & V,,11).
Removing V1 U---UV, 41 from W, we may also assume thatn =d and Z,, | = &.
In particular V is finite over T. It remains to prove that V. — A7 is a closed
immersion. Denote by V C A7 the image of V, which is a closed subscheme
finite over T. We can write W;; = W LI W5, where W is finite over V and W,
misses the closed points. Then W, C W is closed and misses all closed points
of V,soVC W\ W,=:W.Now W‘/-/ = Wi and so W|, — V is finite étale; also
Wé — Z is an isomorphism, whence so is W", — V [34, Tag 04GK]. It follows
that Wi, >~V — W' is a closed immersion, and hence V — A7 is a locally closed
immersion (using fpqc descent [34, Tag 02L.6]). Since V is finite, this is a closed
immersion.

Injectivity: Consider two cycles

c=(Z,(p,9), W), =(Z, @ 8)W),

with the same image in hg?’”(X, U).PutZy=ZNg '(Y)and Z| = Z' ng= (V).
In other words Z; = Z/ and there exists an étale neighborhood W” refining W and
W’ such that (¢, g)|lw» = (¢, g')lw». We may write Z=CL D, where DNZ| =g
and every component of C meets Z; (using again [34, Tag 04GJ]). Shrinking W
to remove D replaces ¢ by a cycle with the same image in T<oh*™"(X/U); we
may thus assume that D = @. Now o : W, — Z is open and its image contains
all closed points, so o is surjective. Since every closed point of Z lifts along o
and o is étale, it follows that o admits a section [34, Tags 04GJ and 04GK]. Thus,
shrinking W” if necessary, we may assume that it is an étale neighborhood of Z.
Arguing the same way for Z’ concludes the proof. U

3C. Quotients versus homotopy quotients. The quotient X/U is given by the
geometric realization of the following diagram in presheaves (also called a “bar
construction”):

X, & (Xuv, E (XUULU),

By definition (as sifted-colimit preserving extensions) we get that hefr(x /U) is the
colimit of the simplicial diagram

RE(X) == AR(XUU) = rf X uuuv)

2)

3)
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We remark that the first two maps coincide with those from Construction 3.9. There
is thus a canonical map

(X U) = T<0h™ " (X/U),
which witnesses O-truncation of the resulting geometric realization.
Construction 3.12. Composing with the map from Construction 3.9, we get maps
RE(X ) UY — Toh®™" (X U) — hf]?’”(X, U) < k™" (X, U).
The composite is the map in question in the cone theorem.
We now claim that the first map is an equivalence, i.e., 2*™" (X /U) is O-truncated.

Construction 3.13. Let efr(X, U)(T) denote the following (1-)category (in fact, a
poset):

o The objects are elements of R (X)(T).
e There is a morphism
(Z,($,8),W)— (Z', (¢, &), W)

if and only if there exists a decomposition Z 11 Z” = Z’, g’|z» factors through
UcCX,and (¢, g)lyn = (9. &)y

Lemma 3.14. There is canonical equivalence
|Noefr(X, U)(T)| ~h*™(X/U).

Proof. For this proof we will abbreviate (W, (¢, g), Z) as (Z, ®); as we manipulate
these cycles what happens on the data of the étale neighborhood and defining
functions will be clear. For each n, we have a map

Nyefr(X, U)(T) — h¥T(X L UY)(T),
given by
(Zo, Po) = -+ = (Zn, ) = (ZoU(Z1\ Zo) U (Zo\ Z)) U(Z,\ Zy—1), Pn).

On the other hand, if (Z, ®) € h*"(X LI U"")(T) we get cycles {Z], Dl}iz1
by pulling back along the various inclusions {; : U <> X I U} and also a
cycle (Zy, ®g) by pulling back along X < X LI U, This defines an element
Npefr(X, U)(T) by setting (Z;, @) = (ZoU Z| L --- Z], ®;), with the maps deter-
mined. These maps induce mutual inverses of simplicial sets. (]

Lemma 3.15. The space |Noefr(X, U)(T)| is O-truncated.



NOTES ON MOTIVIC INFINITE LOOP SPACE THEORY 17

Proof. Consider the subcategory
efr(X, U)(T)" C efr(X, U)(T),

consisting of those cycles (Z, ®) such that no (nonempty) connected component
of Z factors through U. Then efr(X, U WT)0 is a category with no nonidentity
arrows, whence | Noefr(X, U)(T)?| is O-truncated. The inclusion efr(X, U)(T)? —
efr(X, U)(T) admits a right adjoint (given by discarding all components of Z that
factor through U), and hence induces an equivalence on classifying spaces. The
result follows. O

It follows that the canonical map
R (X U) — t0h™" (X /U)

is a sectionwise equivalence of spaces. Combining Lemmas 3.11, 3.14 and 3.15,
we have proved the following result.

Theorem 3.16. Let S be a scheme. The map
WX/ UY > b (X, U)
is an Lnis-equivalence.

3D. Moving into quasifinite correspondences. In order to complete the proof of
the cone theorem, we will need the following result.

Theorem 3.17. Let S = Spec(k), where k is an infinite field. The inclusion of
presheaves
het™ (X, U) = h™"(X, U),

is an Lai-equivalence.
This is a moving lemma in motivic homotopy theory.

Remark 3.18. In [20], this moving lemma was discovered for X =A" and U =A"\0
which suffices for the purposes of computing the framed motives of algebraic
varieties. We will follow the treatment [10] which performs the moving lemma for
more general pairs.

For the rest of this section, we work over an infinite field. We fix the smooth
affine scheme X, its open subscheme U and closed complement Y. Write X for a
projective closure of X, and Y := X \ U. By considering the Segre embedding, we
find a very ample line bundle O(1) on P" x X with a section x( such that xo|a»xx
is nonvanishing. We also have sections xj, ..., x, € HO(P" x X, O(1)) such that
Xi/xolanx x are the usual coordinates on A”. Denote by N' C P" x X the closed
subscheme which is the first-order thickening of 0 x Y. Pick d > 0. Set

X= (xlxg_l, xgxg_l, e xnxg_l) e HY(P" x X, O(d)®")
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and
H'(P" x X, O(d)®") DTy :={5 | 5|y = XIn)-

Note that ' is a finite-dimensional® affine k-space, which we will view as an affine
scheme.

Suppose that § = (s, ..., s,) € ['y(k). Then Elwxx/x(‘)’ defines a regular map
A" x X — A". Combining with the projection A" x X — X we obtain

5 A" x X - A" x X.

By construction, f; is the identity in the first-order neighborhood of 0 x Y C A" x X.
This has the following significance.

Lemma 3.19. Let ¢ : W — A% be arbitrary. Set Z = ¢ ' (OxY)CW. Fors eI (k)
we have

(fioe) ' (OxY)=ZLZ
(for some Z' depending on s).

Proof. Let Z| = f{l(O x Y). It suffices to prove that 0 x Y — Z; is an open
(whence clopen) immersion. Since f5|n = id, we get Z; NN = Z. In other words,
if I is the sheaf of ideals defining 0 x Y, then /|7, = Izlzl. The result follows by
[34, Tag OOEH]. O

Construction 3.20. If (Z, (¢, g), W) € h®(X, U)(T), then we define
$(Z,(#,8), W)= (Z,(fio(g, ), W\ Z).
This makes sense by Lemma 3.19 and yields, in fact, an action
Ty x b (X, U) — h¥™"(X, U), 5, @) > 5- .

Multiplication by x induces an injection I'y — I'gz1. Write I'no =, 4. Note
that the action of I'; on ~°™" (X, U) factors through multiplication by ¢ and hence
induces an action by I'w.

We need to be able to draw paths in I'; with controlled properties. This is made
precise by the next result, whose proof will be discussed in Section 3F.

Lemma 3.21. Let Ty, ..., T, € Smy, ¢; € h*™"(X, U)(T;), and V; C T finite
dimensional.

Then there exists y € T'oo \ \U; V; such that, for all i, if V! C ' is the cone
on V; with tip y , then for all v € V! \ V; we have v - ¢; € hZ?’"(X, U)(T;). We can
arrange that if X € V! then already X € V;.

5This is the reason for compactifying X.
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Remark 3.22. Taking V; = {x}, the lemma in particular asserts that we can use
paths in ', to make correspondences quasifinite. The more general case V; # {x}
is used to show that these paths are essentially unique.

3E. Filtration and finishing the proof. Granting ourselves the above lemma, we
finish the proof of the cone theorem.
We begin with some preparations. Let A be a category and D : A — P(Smy) be
an A-indexed diagram. We construct a simplicial object
Tely (D), € Fun(A°P, P(Smy))
by setting
Telu(Dy= [] Do

igv—>ij—>-—i,eC

The simplicial structure maps involve the cosimplicial structure maps in the standard
cosimplicial category [e] and the functoriality of D. This is a standard construction;
see, for example, [13, §4]. The standard cosimplicial affine scheme A*® yields a
functor S3 : P(Smy) — Fun(A°P, P(Smy)) which has a left adjoint |—|a:1.

Lemma 3.23. The geometric realization |Tel4 (D)e|p1 is Al-equivalent to colim 4 D.

Proof. For F € P(Smy) A'-invariant we have
Map(|X,|a1, F) = Map(X,, SA F) =~ Map(X,, cF) >~ Map(|X,|, F),

where cF denotes the constant simplicial presheaf. The result follows since the
usual geometric realization of Tels (D), is a standard model for the sectionwise
homotopy colimit of D [13, §4]. U

Proof of Theorem 3.17. We shall supply a filtered poset A as well as systems of
subpresheaves

{hefr,n (Xv U)a}()[EA C hefr’n(X5 U)a {hZ{;‘r,n(X’ U)a}olEA C hZ?yn (Xa U)

such that
R X, Uy = R, ) and RET(XLU) = | T (XL U
acA acA
Next we construct for o« = (@ < -+ - < ), o; € A, maps
ra R (X, U)™ x A" — hi™ (X, U)

and
H, : Al x h¥ (X, U)* x A" — h¥ (X, U),

Ka: Al hSP" (X, U)™ x A" — B (X, U),
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all compatible with the (co)simplicial structure maps. Applying |—|41, we obtain
via Lemma 3.23 a map

[Felat @ |Tely (R (X, U) D |1 Ncohmhefr X, U)YT)  poion (x| U)—>heff"(x, U).

The construction is arranged in such a way that | H, |51 and | K, |41 exhibit homotopies
making the following triangles commute:

efr n(X U) hefr n(X’ U) hefrn(X U) hefr n(X U)
l / llrolAl /
|ro|AI
hefr’”(X, U), hz}fcr,n(x’ U).
Set

A = {3:7 {(Tl, Cl’ Vl)’ ceey (Tl’lv Ct’ly Vn)} |
§€Tw, Vi CTeo, Ty €Sy, ¢; € A (X, U)(Th)}.

Here V; is a finite-dimensional, affine subspace. Let A C A be the subset of elements
having the following properties:

e SEV,XEV;.

« Foralli and all s’ € Vi \ {¥} we have s' - ¢; € ™" (X, U)(T)).
Here Vf denotes the affine subspace generated by V; and X.

For a = (5, M) € A we denote by hefon (X, U)® c hé7 (X, U) the subpresheaf
generated by the sections ¢ for (T, ¢, V) € M (ignoring the V component), and
similarly hefr (X, U)* is the subpresheaf generated by those ¢ which happen to
be qua51ﬁn1te We put an ordering on A by declaring that (5, M) < (t, N) if for all
(T,c,V) e M we have (T, c, V') € N. It is immediate from Lemma 3.21 that this
makes A into a filtered poset and that the filtrations of hefor (X, U) and hefr "(X,U)
are exhaustive.

With this preparation out of the way, let « = (g < ] <--- < «a,) € A, with
o; = (5;, M;). We set

ra(c, ) =5(1)-c,
Ho(t, ¢, 1) = ((5(1) + (1 —D3) -c,
Ky(t,c, ) = (ts(A) + (1 —10)X) -c.

Here A = (Aq, ..., A,) € A" and

E(}\,) = (1 —Z)\i).;Q-I-Z)»,'.;,'.
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The cosimplicial structure on A® comes from viewing A" as the subspace of A"+!
where the sum of the coordinates is 1. With this interpretation, it is clear that
this construction is compatible with the simplicial structure. It remains to show
that the maps r, and K, land in hfor’”(X, U). Let (T,c,V) € My. Let V' be
the affine subspace generated by V and all the s;. One checks by induction that
(T, c, V') € M,. The required quasifiniteness follows (recall that by assumption,
¥ - ¢ is quasifinite for ¥ € (V) \ X D V). O

3E. Proof of Lemma 3.21. We now prove the key moving lemma, following argu-
ments of Druzhinin. We will in fact establish the following stronger result.

Theorem 3.24. Let T € Smy, ¢ € h¥™"(X, U)(T), V C Ty.. There exists d” > d’
such that for all d > d”, there is an open, nonempty subset Uy C Ty of “allowable
cone points”. (That is, any y € Uy has the required properties for the single
correspondence c.)

Lemma 3.21 follows from this by applying the theorem to each (7;, ¢;, V;) and
picking a rational point in the intersection of the sets U, obtained (which is possible
because this intersection is a nonempty, open subset of an affine space and £ is
infinite).

We spend the rest of the section proving this result. Fix

c=(W, (8, 8),2) € k" (X, U)T).
The canonical map (induced by W — T and (¢, g) : W — A" x X)
YW —>TxA"x X

is finite over T x 0 x Y. Since the quasifinite locus is open [34, Tag 01TTI], there
exists an open neighborhood W’ C W of Z such that |y is quasifinite. Replacing
W by W', we may assume that v is quasifinite. Let m > 0 and consider the map

YW 5 T ox (A" x X)™.
It is still quasifinite. Define
TxA"xX)" D& :={(t, p1,....,pm) |1t €T, pieA"xX, pi#pj, pi€0xY}.
Consider further
WX x Ty D By :=

{(wl’---,wm’g) | Y (wi, ..., wm) € En, (f50(@, g)(w;) €0X(X\Y),
(fs0 (¢, 8)~1(0x (X \ Y)) not quasifinite at wi}

and

TxTyDBy:={t5)]|(f50(p, g))_l(O x (X'\ Y)) not quasifinite over ¢}.
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There is an evident map B,, s — B4. We shall prove the following:

(1) For any m, d, the map B,, 4 — By is surjective with fibers of dimension > m.

(2) For fixed m, and d = d(m) sufficiently large, we have
dim B, 4 <dim7 4+dim .
We deduce that
dim By %) dim By, g —m (%) dimIy+dimT —m.
Choosing m > dim 7 4+ dim V + 2, we can ensure that
dimB; <dimI'y —dimV — 2.
Write p : By L1 {x} — Ty for the projection and inclusion. Write
g:(ByU{X}) xVxA' = Ty, (b, v, 1) — tp(b) + (1 — t)v.

Then the image of ¢ has dimension < dim I'y, and so the complement of the closure
of the image of ¢ is a nonempty open U, C ['y.

Proof of Theorem 3.24. Let § € Ty \ p(By). We claim that § - ¢ € hif™ (X, U).
Indeed if ¢ = f; 0 (¢, g) then we know that ¢~ 1(0 x ¥) = Z 11 Z’. We also know
that ¢~1(0 x (X \ Y)) is quasifinite over T. Replacing W by W \ Z’ we arrange
that ¢ ~1(0 x Y) = Z is finite over T. The claim follows.
Now let y e Us,ve V,andt € Al. If ty + (1 —t)v = b € p(By) U {X} with
t #0 then
r—1

- 1
=-p+ =,
4 t + t v
which contradicts the construction of U,. In other words, if V' is the cone on V
withtipy and b € V/\ V, then b € B and so b - ¢ is quasifinite, as needed. Similarly
X ¢V unless X € V. O

The main idea for proving (1) is that if a morphism (of finite type, say) is not
quasifinite over some point, then the fiber must have dimension > 1. Taking m-fold
products, we obtain something of dimension > m.

Proof of (1). We may base change to an algebraically closed field, and it suffices to
treat fibers over closed (hence rational) points. Thus let7 € T, s € T4 be closed points
with (7, 5) € Bg. Set o = fio(¢,g): W — A" x X, sothat A := ¢ (0 x (X \Y))
is not quasifinite over ¢. Let A; C A be a positive-dimensional component of the
fiber over ¢ (which exists because A is not quasifinite over ¢). Since ¥ is quasifinite,

B:=y(A) C{t} x (A% \0y) CT xA" x X
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is infinite. By Chevalley’s theorem [34, Tag 054K], B is a finite disjoint union of
locally closed subsets, and hence contains an infinite subset By C B which is a
scheme. Being of finite type over a field, By has positive dimension. Let C C By’
be the subscheme of distinct points. Since dim By > 1 we have dim C > m. By
construction the image of (B, 4); 5 — &n contains C. It follows that

dim(By, ¢4);5 > dim C > m,
as needed. O

For proving (2), we may (and will) ignore the quasifiniteness condition in the
definition of B, ;4. The main idea is that the condition f;((¢, g)(w)) € 0 x X is
equivalent to the vanishing of n sections at w, and hence m such conditions should
have codimension mn = dim W>*7" —dim T'.

Proof of (2). We may base change to an algebraically closed field. Let
WX S Wy = 9 (En)

so that we have a map g : B,, 4 — W,,. Since dim W,, <dim T +mn, it will suffice
to show that the fibers of g (over closed points) have dimension < dim " —mn. Let
(Wi, ..., wy) €Wy, have image (p1, ..., pm) € En. Put

Capropmy =15 €Ta| fi(pi) €0x X}

Then g~ (w1, ..., Wm) CTd (py....pm; hence it suffices to show dim Ty (p, ... p.) <
dim 'y — mn. We have an exact sequence

.....

.....

1

Since the right-hand term has dimension mn, it is sufficient to prove that the
evaluation map ev is surjective. Set K = ker(O(d)®" — O(d)®"|yr), so that
I'y = {x¥}+ H°(P" x X, K). By construction p; ¢ N\, and hence Klp = Od)®"|,,.
The result thus follows from Lemma 3.25 below (applied with F = K). (]

We used the following well-known result.

Lemma 3.25. Let X be a projective scheme over a field, F a coherent sheaf on
X and m > 0. There exists N such that for all d > N and distinct rational points
Pls ..., Pm € X, the map

H(X, F(d)) > P H(pi. F(d))

1

is surjective.
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Proof. Replacing F by the pushforward along an embedding of X into projective
space, we may assume that X = P". Given a surjection 7' — F, the result for 7’
implies the one for F. The result for F;, 7, implies it for F; & F,. Hence it suffices
to prove the result for 7= O (use [34, Tag 01YS]). We can find L;; € HO(P", O(1))
such that L;;(p;) =0 but L;;(p;) # 0. Then for fixed j, the section

sj=]]LijeH'®", Om—1))
i#]
has s;(p;) #0buts;(p;) =0 for all i # j. This shows that N =m — 1 works (in
this case). O

4. The cancellation theorem

Primary sources: [1; 15; 37].

After these lecture notes were written, some of the ideas from this section were
used in [5]; that work may also serve as a somewhat more formal exposition of
some of the ideas presented here.

4A. Group-complete framed spaces.
Lemma 4.1 [15, Proposition 3.2.10(iii)]. The category Spc'™(S) is semiadditive.

It follows that, for every X € Spcfr(S) and X € Smyg, mpX(X) is an abelian
monoid.

Definition 4.2. We call X group-complete (or grouplike) if w9 X' (X) is, for every
X € Smg. We denote by Spc™(5)&P  Spcl™(S) the subcategory of group-complete
spaces.

The group-complete spaces are closed under limits and filtered colimits (in
fact all colimits), and hence the inclusion Spc™(§)& C Spc(S) admits a left
adjoint X — X&P which is easily seen to be symmetric monoidal. The functor
Q® : SH(S) ~ SHT(S) — Spcl(S) has image contained in Spc'™(5)#P. It follows
that X% : Spcfr(S) — SHT(S) ~ SH(S) inverts group completions and so factors
through a symmetric monoidal, cocontinuous functor

£ Spe($)P — SH(S).
The following is the main result.
Theorem 4.3 (P'-cancellation). Ifk is a perfect field, then
£ Spclt (k) — SH(k)
is fully faithful.

Remark 4.4. The essential image of £ is closed under colimits and known as
the subcategory of very effective spectra.
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Remark 4.5. The theorem is equivalent to showing that for X', J € Spc (k)P we
have Map(X, )) ~ Map(Xp1 X, p1)), and this is further equivalent to showing
that

Y= QpmEp)Y

is an equivalence. Here E[é, : Spcfr(k)gp — Spcfr(k)gp is the functor of tensor
product with the image of P! in Spcf*(k)eP.

Since P! ~ S! A G,,, it suffices to prove separate statements for these two
suspensions. This is how we shall establish Theorem 4.3.

4B. Sl-cancellation.

Proposition 4.6. For X € Spc'™(k)2P, the canonical map

X — Qsl Esl X
is an equivalence.

Proof. LetY € Py (Corrfr(S))gP. We shall first determine X¢1 ). Let X € Smg. There
is a finite coproduct preserving functor cy : Span(Fin) — Corr'™(8) sending * to X.
Its sifted cocontinuous extension admits, by Proposition C.1 in [6], a right adjoint
Ccxs . Py (Corrfr(S)) — P (Span(Fin)) >~ CMon(Spc), which preserves limits and
sifted colimits, and hence all colimits by semiadditivity and [6, Lemma 2.8]. We
deduce that

(Zg)(X) = T (V(X)) € CMon(Spe). )

This implies both that 1) is group-complete and, using that CMon(Spc)&P ~
SH>o [28, Remark 5.2.6.26], that

Y= QaXa) e Ps(Corr(5))P

is an equivalence. To promote this to the same statement for X € Spc(S)eP,
it is enough to show that whenever ) is motivically local, the same holds for
LnisXg1)Y; indeed Qg1 is computed sectionwise and hence preserves Nisnevich
equivalences. Equation (4) shows that X 1) is Al-invariant; the result thus follows
from Corollary 5.4 in Section 5. ]

4C. Abstract cancellation. The following is extracted from [37, §4].

Theorem 4.7. Let C be a symmetric monoidal 1-category and G € C a symmetric
object. Suppose that the functor £ := G ® — admits a right adjoint Q. Note that
Q¢ is canonically a lax C-module functor. Suppose that the unit transformation

u Zidc — Q(;EG

admits a retraction p in the category of lax C-module functors. Then u, p are inverse
isomorphisms.
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Remark 4.8. If C is an co-category and p is a lax C-module retraction of the unit
transformation u : ide — Q¢ X, then the same conclusion holds (apply the theorem
to hC).

Remark 4.9. Since C is a 1-category, a lax C-module structure on an endofunctor
F : C — C just consists of compatible morphisms X ® F(Y) — F(X ® Y) for all
X, Y eC. A transformation « : F — G being a lax C-module transformation is a
property: it is the requirement that for X, Y € C, the following square commutes:

XQF(Y) L% xo6(Y)

| !

FIX®Y) 2% G(X®Y).

Example 4.10. A lax C-module transformation « : id — id (of id¢ with its canonical
C-module structure) is completely determined by 1 : 1 — 1. In particular p being
a retraction of u is equivalent to the composite

15 Qs 251

being the identity.

To simplify notation, from now on we will write Hom(G, —) for ¢, and also
use suggestive notation like ® idy : Hom(A, B) — Hom(A ® Y, B ® Y), when
convenient.

Lemma 4.11. For X, Y € C, the following diagram commutes:

Hom(G, G ® X) 2 . Hom(l, X)

®idyl ®idyl

Qy pxey
Hom(GR®Y, G®X®Y) —— Hom(Y, XRY).
Proof. Decompose the diagram as
Hom(G, G ® X) LN Hom(1, X)
u u

v ~

Hom(Y,Y®px)
Hom(Y, Y ® Hom(G, G ® X)) ———— Hom(Y, Y ® Hom(1, X))

g R d

Hom(Y, pxgy)
Hom(Y, Hom(G,G® X ®Y)) ———————— Hom(Y, Hom(1, X ® Y))

~ ~

W W

Hom(G®Y,GRXQY) Hom(Y, X ® Y).

Qy pxoy
—
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Here the middle vertical transformations are the lax module structure maps, and the
bottom vertical isomorphisms hold in any symmetric monoidal category. The upper
and lower squares commute by naturality, and the middle one by assumption of p
being a lax module transformation. The vertical composites are given by ® idy.
This concludes the proof. ([l

Proof of Theorem 4.7. Let X € C. It suffices to show that the composite g g X %>
X 5 QX6 X is the identity. Let n > 2 and « : G®" — G®" be an automorphism.
Consider the composite

idgen—1 ®

p(a) : Hom(G, G ® X) Hom(G®", G®" ® X)

~5 Hom(G®", G®" ® X)
n—1

£, Hom(G,G ® X),

where ¢, denotes the conjugation by «.

Note that the map “idgen—1 ®” is a composite of units «, and hence by assumption
of p being a retraction, we get p(id) = id.

On the other hand let @ = o be the cyclic permutation of G®". Then the first
n — 2 applications of p are again “canceling out identities”, so that p(o) is the same
as the composite

Hom(G, G ® X) 1> Hom(G®?, G®? ® X) 2> Hom(G, G ® X),

where f “inserts idg in the middle”, and “ f, applies p at the front”. Lemma 4.11
implies that this is the same as ux px.

Hence if G is n-symmetric, then since o = id we find that

uxpx = p(o)=pad) =id.

This concludes the proof. ([
4D. Twisted framed correspondences. Using [14, §B] it is possible to construct a
symmetric monoidal co-category COI’I’fLr (S) with the following properties:

o Its objects are pairs (X, &) with X € Smg and & € K (X).

e The morphisms from (X, &) to (Y, {) are given by spans

x<Lz- %y,

where Z is a derived scheme and f is a quasismooth morphism, together with
a trivialization

ffE) +Ly~g"(n) € K(2).

o There is a symmetric monoidal functor & : Corrfr(S ) —> CorrfLr(S ) which sends
X to (X, 0) and induces the evident maps on mapping spaces.
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It follows that the tensor product in Corrtg(S) is given by the product of schemes,
and the functor § is faithful (induces monomorphisms on mapping spaces).
The following will be helpful.

Lemma 4.12. A span
X <L Z — ¥ € Mapg,ps 5, (X, 0), (Y, 0))
is in the image of § if and only if f is finite.

Proof. The only concern is that Z might be a derived scheme instead of a classical
one; by [14, Lemma 2.2.1] this cannot happen. (]

We mainly introduce the category CorrfLr(S ) for a technically convenient reason:
all of its objects are strongly dualizable.

Proposition 4.13. Let X € Smg. The spans

*<—XA>X><X

and
XxXAX—wk

admit evident framings, and exhibit (X, Lx) as the dual of (X, 0) in CorrfLr(S ).

Proof. This kind of duality happens in all span categories; we just need to verify that
the spans are frameable and that the induced framings of the compositions are trivial.
All of this is easy to verify. For example X x X really means (X, 0) ® (X, Lyx) =
(X x X, p%‘L x), and hence to frame the first span we need to exhibit a path

0+ Ly~ A*p;Lx,

but this holds on the nose since A*p; =~ id; to frame the second span we need to
exhibit a path
A*piLx +La>~0

which is possible in K-theory since the composite X LS X x X 25 X s the
identity, so 0 = Ljg >~ LA + A*L ), and finally L, =~ pjLx by base change. []
The following will be helpful later to exhibit spans.

Construction 4.14. Suppose we are given X, G € Smg, amap f : X x G — Al
and a path Lg >~ 1 € K(G). Then there is a span

D(f): (X <™= Z(f) 7> G) € Mapcyss) (X, 0), (G, 0));
the framing is given by
L, ~Lz)/xx6+Lxxg/x ~—1+Lc>=0¢e K(Z(f)),

where we have used that Lz(s) xxc >~ —1 via f and Lg > 1 by assumption.
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We will always apply this construction with G =A!\0, so that there is a canonical
trivialization of L.

4E. A general construction. Given X, Y € Smg, for notational convenience we
will write f : X ~» Y for f € MapCOrrfLr(S)((X, 0), (¥, 0)).

Construction 4.15. Let A, G € Smg and o : A x G ~ G. We obtain a CorrfLr(S)—
module transformation

P : 2656 — Qa € End(Ps (Corr'l (5)))

as follows: via strong dualizability (Proposition 4.13), we can rewrite the source
and target and consider the transformation

G'®GR— L8, AV,
where ¢V : GY ® G — AV is obtained from « in the evident manner.
We will eventually apply this with G = A! \ 0 and A = A! or A = .
Remark 4.16. Let X, Y € Smg. Given a span
GxY<«~Z7Z—->GxX,

the transformation p, produces a span

AXY <« p,(Z) — X.

Write « as
AxG <« C—G.

Tracing through the definitions, one finds that
pa(Z) =Z XGx6 C,
with an evident induced framing.

Lemma 4.17. The transformation p, satisfies the following properties.

(1) GivenZ' : X ~X' and Z : G x Y ~ G x X we have
o ((ide ®Z') 0 Z) = (ida ®Z") 0 pu (Z).
(2) GivenZ' :Y ~YandZ : G xY ~~ G x X we have
pa(Z o (idg ®Z")) = py(Z) o (idG ®Z').
(3) Giveni: A ~ A, we have
Pira 2 1¥ P

Proof. Evident from the naturality of the construction. U
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Now define
M,(Y, X)C Mapcorrfr(s)(G xY, G xX)

to consist of the disjoint union of those path components corresponding to spans
G XY < Z — G x X such that p,(Z) is finite. Then (1) and (2) of Lemma 4.17
translate (using Lemma 4.12) into

(1) (idg ®Z") o Myu(Y, X) C My (Y, X'), and

(2) Mu(Y, X)o(idg ®Z") C My(Y', X).

Construction 4.18. Define a subfunctor

Fa6E6 = Q6E6 € End(Px (Corr™(S)))
via
(FoQ6EcX)(Y) = Mo (X, Y).
The lax monoidal natural transformation
QG8:8" 6 ~ 8, Q6 T68* L 8,Q48" = Q48,8
restricts by construction to a natural transformation
Pa: FuQc X6 — Qa,
which we will think of as
P AR FyQeXg — id.

Take A = A!, G = A! \ 0 and suppose that p, (idg) is finite. Then the unit
transformation
id — QG ZG

factors through F, Q¢ X . We obtain two Al-homotopic transformations
Pitas Pita  FaQcT6 — id € End(Pg (Corr™(5))).
4F. G,,-cancellation. Let G = A! \ 0.
Definition 4.19. We define maps G x G — A! via
ghn,n)=t1+1 and g, (1, 0)=t]+0.
We further define maps A' x G x G — Al via
Iy (1,11, 1) = 18y (11, 1) + (1= D) gor (11, 12).
Recall the associated spans from Construction 4.14. Put

Fi= ﬂ Fpai o N Fpay o] C L6 Xe.

m,n

m,n>i
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Lemma 4.20. We have
colim F; >~ MapCOrrfr(S) (X,Y).
l

Proof. We follow [37, Lemma 4.1 and Remark 4.2]. Suppose ¥ <~ Z — X €
Map i) (¥, X). We shall exhibit an integer N such that for all m,n > N the
projection Z' = p pni ) (Z) > Y x Al is finite; this will prove what we want. Write
f1, fo: Z — G for the two projections. Using Zariski’s main theorem, we can form
a commutative diagram

Z —_— C

P |

GxY —— Pl xv,

where fi x py is finite. There exists N such that the rational function le /f2 is
regular in a neighborhood Uy of f_l_l(O) and f>/ le is regular in a neighborhood
Uy of fl_l(oo). We have the function /4 equals hi’n(t, fi, f2) on Z x Al and
Remark 4.16 implies Z' = Z(h) C Z x A'. The composite C xA! — P! x Y xA! —
Y x Al is projective, and Z(h) — Y x Al is affine. We will finish the proof by
showing that i* : Z(h) — C x Al is a closed immersion for n, m > N; indeed then
Z(h) — Y x Al will be both proper and affine, and hence finite as desired.

Note that 4™ extends to the regular map tflm + 1 - t)f_l” +1:C — P!, which
does not vanish if f; € {0, co}. Thus i T is always a closed immersion.

Now we deal with i ~. Let U; = f_l_1 (G). A morphism being a closed immersion
is local on the target [34, Tag 01QO], so it is enough to show that i is a closed
immersion over Uy, Uy, and U;. This is clear for U;. Consider the function
ho= tf]" /Hh+A —t)f_l’" /f>+1. By construction, this is regular on &, so Z(ho) C Uy
is closed. Also by construction, hg =1 if f_l =0, and A~ = frhg on Up\ 0, where f;
is a unit. It follows that Z(hg) = Uy N Z(h). A similar argument works for Us,. [J

Using Construction 4.18, we thus obtain a sequence of lax module transformations

idUFO( >F1( >( )QGEG,

where the arrows to the right form a colimit diagram. The dashed arrow might not
exist, but the lemma above implies that its composite sufficiently far to the right
does, and this is all we need.® For m > n, the h,ﬂ; ,, induce Al -homotopies making

50One may verify that the arrow actually does exist.
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the following diagram commute:

F, —— F,

P I
pm
id

Applying L1, there are thus induced transformations on the colimit

LAI tLAIQGEG'

ot

After group completion, we may take the difference, and hence obtain
p=pt—p: Liﬁﬂgﬁ)c — Lipl.
We are now ready to prove our main result.

Theorem 4.21. Let k be an infinite perfect field. Then the unit transformation
u:id — Qg, I, € End(Spc'™(k)eP)
is an equivalence.

Proof. We seek to apply the abstract cancellation Theorem 4.7 (in the guise of
Remark 4.8). Note that G, is symmetric in Spcfr(k)gpz T ~ S'AG,, is symmetric by
the usual argument, and S' is (symmetric and) semi-invertible (by S'-cancellation,
i.e., Proposition 4.6). We have already constructed a lax module transformation

p:L¥ Qc¥s — L

mot mot*

Corollary 5.5 in Section 5 shows that Ly QX6 ~ QXL , and hence we

obtain a lax module transformation
p:QcTg — id € End(Spef (k)eP).

In Spcfr(k)gp there is a splitting G >~ 1@ G,,, and hence a retraction G,, > G — G,,.
This induces a retraction of lax module functors

QG,,, ZG,,, —> QGEG —> QGm E@

m

which in particular allows us to build the lax module transformation
p/ . Q@m E@m — QG ZG —id.

In order to apply the abstract cancellation theorem, it remains to verify that p'u >~ id.
Via Example 4.10, for this it suffices to compute the effect of p’u on id;. Now
u(idy) =idg,,, which corresponds to idg —p € Hom(G, G), where p: G — * — G,
and so p'u(id1) = p(idg) — p(p). The result thus follows from Lemma 4.22. [
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Lemma 4.22. For each n > 0 we have

() p,(p)=p,; (p), and
Al
(@) pit(ide) = py (dg) +ida.

Proof. This is essentially [37, Lemma 4.3].

Note that p is represented by the correspondence G <— G LI G, so that by
Remark 4.16, p£(p) is represented by Z(gE(t, 1)) — *. But g7 (¢, 1) = g, (¢, 1),
whence (1).

Similarly ,o,j—L (idg) is represented by Z := Z(g,jlE (t,1)),s0 ZL =Z({" +1) and
Z_ = Z(t"+t), where both " 41, t" +¢ are viewed as functions on A\ 0. Consider
H=D(@{"+ts+1—s5): Al ~» %, where we view & as a function A! x Al — Al
Then H provides an Al -homotopy between D(t" + 1) and D(¢" 4 t), where this
time we view " + 1, " +t as functions on A!. Now

Z@"+1|AY=Z@"+1|AN\O) = ZT,
whereas

Z(@"+1|AY = Z@" +1 |A'\ 0) L1 {0} = Z~ L1{0}.

Since 0 C A! — x defines the identity correspondence, H provides the desired
homotopy. (|

5. Strict Al-invariance

Primary sources: [12; 17].

5A. Introduction. The title of this section derives from the following. Write
Pz (Smy, Ab) for the category of additive presheaves of abelian groups on Smy.

Definition 5.1. Let F € Px (Smy, Ab). Then F is called A!-invariant (or sometimes
(A'-Yhomotopy invariant) if for all X € Smy, the canonical map F(X) — F(X xAl)
is an isomorphism.

Also, F is called strictly Al-invariant if for all n > 0 and all X € Smy the
canonical map H{; (X, F) — H{; (X x Al, F) is an isomorphism.

Remark 5.2. Observe that if F is an abelian presheaf, then F is Al-invariant if
and only if the map F(X x A!) — F(X) induced by the zero section X — X x A!
is injective. We will use this without further comment throughout the sequel.

There are two important observations regarding this:

(1) If F is an Al-invariant presheaf, it need not be the case that anis F is Al-
invariant (let alone strictly A!-invariant).

(2) If F is an Al-invariant sheaf, it need not be strictly A'-invariant.
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However, it turns out that in the presence of transfers, neither of these problems
occurs. The first general results in this direction were obtained by Voevodsky in [35].
Here is a version for framed presheaves.

Theorem 5.3. Let k be a field, and F € Py (Corr™™ (k), Ab). Suppose that F is
Al-invariant.
(1) For U C Al open we have Hy, (U, F) ~ F (U).
(2) The shedfification anis F is Al-invariant.
(3) Ifk is perfect, then anis F is strictly A'-invariant.
We can escalate the above result as follows.

Corollary 5.4. Let k be a perfect field, and F € Px (Corr'™ (k) be Al-invariant.
Then LyisF is Al-invariant, and hence motivically local.

Proof. By an induction on the Postnikov tower, or equivalently using the (strongly
convergent) descent spectral sequence, this is immediate from Theorem 5.3. [

We can also deduce the following fact, which is very important for the cancellation
theorem.

Corollary 5.5. Let k be a perfect field. On the category Ps(Corr'™ (k))®, the
canonical transformation LuyoQs, — 26, Lmot is an equivalence.

Proof. Using [30, Lemma 6.1.3], it suffices to prove that the map induces an equiv-
alence on sections over fields. Thus let K /k be a field extension. By Corollary 5.4,
Lot = LnisL 1. Note that Qg, commutes with L1 (see, e.g., [4, Lemma 4]) and
fields are stalks for the Nisnevich topology; hence it is enough to show that

(6, LarX)(K) = (R, LaisLAX) (K)

is an equivalence. By another induction on the Postnikov tower / descent spectral
sequence, we reduce to showing that for F € Py (Corr™ (k), Ab) which is A!-
invariant, one has

F(GmK), n:O,

H]st(GmK’ F) = io else

The first case is immediate from Theorem 5.3(1). Assume that n > 1. Theorem 5.3(3)
asserts that an;s F is strictly A'-invariant. Since P! ~ %£G,, € Spc(k) we find that
H{; (Gpg, F) = Hlﬁfg l(I]j>1 , F). The result thus follows from the fact that P!
has Nisnevich cohomological dimension one [32, Proposition 3.1.8] and thus its
Nisnevich cohomology vanishes whenever n 4 1 > 2. (]

The remainder of this section is devoted to proving Theorem 5.3.
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Notation and conventions. From now on, all cohomology will be Nisnevich coho-
mology, i.e., H* := HY.

Given a scheme X and a point x € X, we write X, for the local scheme
Spec(Ox.x) and Xi’ for the henselian local scheme Spec(Oﬁ’(’x). IfSCXisa
finite set of points, we write X g for the semilocalization of X in S (see Section SE2
for more about semilocalizations).

Recall that a scheme is called essentially smooth affine over k if it can be written
as a cofiltered limit of smooth affine k-schemes, with étale transition maps. Observe
that essentially smooth affine schemes are affine of finite dimension and have local
rings which are integral domains, but need not be Noetherian (though we will not
use non-Noetherian schemes in any relevant way).

5B. A formalism for strict A'-invariance. We shall prove Theorem 5.3 following
the strategy developed in [17] and explained further in [9; 11].

Throughout we fix a field k. Consider an abelian presheaf F' € Px (SmAff;, Ab).
As usual, we extend F to essentially smooth affine schemes by continuity: if
X =lim; X;, where each X; is smooth affine (and the transition maps are étale, so
that X is essentially smooth), then F(X) := colim; F(X;). We isolate the following
four properties which F' may satisfy.

Definition 5.6 (IA). We say that F satisfies injectivity on the affine line (IA) if
the following holds. For any finitely generated, separable field extension K/k
(automatically essentially smooth) and open subschemes @ # V| C V, C A}(
(automatically affine), the restriction F(V,) — F (V1) is injective.

Definition 5.7 (EA). We say that F' satisfies excision on the relative affine line (EA)
if the following holds. For any essentially smooth affine scheme U and affine open
subscheme V C A}] containing Oy, restriction induces an isomorphism

F(A;\0y)/F(A}) >~ F(V\0y)/F(V).

(Note that All] \ Oy and V \ Oy are indeed affine.)
We require that if K /k is a finitely generated, separable field extension, z € A}(
a closed point, V C A}( an open neighborhood of z, then

F(AR\2)/F(AR) = F(V\2)/F(V).

Definition 5.8 (IL). We say that F satisfies injectivity for henselian local schemes
(IL) if the following holds. For any essentially smooth, henselian local scheme U
with generic point 7, the restriction F(U) — F(n) is injective.

Definition 5.9 (EE). We say that F satisfies étale excision (EE) if the following
holds. Let 7 : X’ — X be a local morphism of local schemes which can be obtained
as a cofiltered limit of étale morphisms of smooth k-schemes (with étale transition
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maps). Let Z C X be a principal closed subscheme such that 7 ~'(Z) — Z is an
isomorphism. Then the canonical map

F(X\2)/F(X) > F(X'\7~'(Z))/F(X)
is an isomorphism.

Remark 5.10. Observe thatif X is affine and Z C X is a principal closed subscheme,
then X \ Z is (a principal open) affine. The above axioms are often stated in a more
general form without affineness or principality assumptions. As we will see in this
section, our weak form of the axioms is enough to deduce strict A!-invariance.

We shall also use the notion of contraction.

Definition 5.11. Let F be a presheaf. We denote by F_; the presheaf X —
F(X xG,;)/F(X), and by F_,, the n-fold iterate of this construction. We also write
F', for the presheaf X = F(X x G,,)/F (X x AlY.

Remark 5.12. F/ | 1s the definition of contraction in [29, §23]. This yields the
most natural result in Lemma 5.15. For A'-invariant presheaves, the two notions
coincide. For non-A!-invariant presheaves, the definition of F_; we gave seems
more standard.

The main result of this section is as follows.

Theorem 5.13. Let k be a perfect field. Let C be a collection of abelian presheaves
on SmATff, which is closed under F +— F_; and F — H'(—, F). Assume that
whenever F € C is an A-invariant presheaf, it satisfies IA, EA, IL and EE.

Let F € C be Al-invariant. Then for every essentially smooth (not necessarily
affine) k-scheme X we have

Hi (X xA', F)~ H (X, F).

Note that since the category of Nisnevich sheaves on Smy is the same as the
category of Nisnevich sheaves on SmAff;, H' (X, F) makes sense even if X is not
affine. The next lemma states that Nisnevich sheafification of a presheaf with IA,
EA, IL and EE does not change its values on opens of (relative) A!’s.

Lemma 5.14. Let K /k be a finitely generated, separable field extension and F
a presheaf satisfying IA, EA, IL and EE. Let U C A}{ be open. Then F(U) ~
(anis F)(U) and H (U, F) =0 fori > 0.
Proof. Let X = A}(.

We first establish the following claim: (x) if U C A}( isopen, z{,...,2, €U
are distinct closed points, then

FU\{z1. ... 2a)/F(U) = @ FUL N\ z0)/ F(UD).

i=1
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If n =1, this follows by combining EA and EE. Now let n > 1, and assume the
claim proved for n — 1. Combining IA and the case n = 1, we have a short exact
sequence

0— F(U\{z1, ..., 2a—1)/FU)—> F(U\{z1, ..., 2:))/F(U)— F(U! \z,)/F(U! ) > 0.

By induction, the first term is isomorphic to EBl":—l] F (U;’i \zn)/F U Z}f) and we can
thus split the sequence. This proves the claim.
Consider, on XNjs, the sequence of sheaves

0— anis F — @ F(n) — @ F(Uf\z)/F(U:’)—>O,

netv© zeUM

where U — X is an arbitrary affine étale scheme. Observe that the second and
third terms are skyscraper sheaves, and so are acyclic (see, e.g., [31, proof of
Lemma 5.42]). We argue that this sequence is exact. For this we need only consider
the case where U = n (a generic point of some étale X-scheme), and the case where
U is henselian local of dimension 1, so in particular has only two points. Both
sequences are exact; the only nontrivial point is injectivity of F(U) — F(n) which
is IL.

It follows that we may compute H' (U, F) using the above resolution; in particular
H =0fori > 1. Let U C X. We first compute H(U, F): It consists of those
elements a € F(n) (where 7 is the generic point of U) such that for every closed
point z € U, a is in the image of F(X?) — F(X? \ 7). Let a be such an element.
Then there exists @ # V C U anda’ € F(V) such thata =a’|,,. Letz € U\ V and put
V' =VU{z}. Note that V' C U is open since its complement consists of finitely many
(closed) points. By (x) with n =1 we have F(V)/F(V') ~ F((Vz’)h \z)/F((VZ’)h).
The image of @’ in the right-hand group vanishes by assumption, hence it vanishes in
the left-hand group. In other words there exists a” € F (V') extending a’. Repeating
this argument finitely many times we conclude that F(U) — H°(U, F) is surjective.
The map is injective by IA, and hence an isomorphism.

It remains to prove that H' (U, F) = 0. In other words, given distinct closed
points z1,...,z, € U we must prove that F(n) — @?:1 F(UZ”[, \zi)/F(UZhI,) is
surjective. This follows from (x), since it identifies the right-hand side with a
quotient of F(U \ {z1, ..., za})- Ul

The following is essentially [29, Theorem 23.12].

Lemma 5.15. Let X be essentially smooth and affine, i : Z — X a principal,
essentially smooth closed subscheme, and F satisfy the properties EA, EE. Write
j:U=X\Z — X for the complementary open immersion. Suppose that we are
given étale neighborhoods (X, Z) < (., Z) — (AL, 7).
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There is a short exact sequence of Nisnevich sheaves on X
anis I’ — aNisj*j*F - aNisi*FL1 — 0.
If F satisfies IL, then anis F — anis j«j* F is injective.

Proof. We shall use without further comment the fact that Zy;s has a conservative
family of stalk functors of the form F +— F (U f X x Z), where U — X is étale and
xeU.

Denote by F(x,z) the sheaf anisi*(j«j* F/F) on Znis. By adjunction we obtain
a map anis(J«j*F/F) — i.F(x,z). Checking on stalks, we see that this is an
equivalence. Since i, commutes with anjs, our task is to prove that F(x z) >~
anis F' . If (X', Z) — (X, Z) is an étale neighborhood, there is an induced map
Fx,zy = F(x',7); again checking on stalks we see that this is an equivalence. Using
the étale neighborhoods provided by the hypothesis, we may thus assume that
X =A}. For U — Z étale, A, — A is étale, and F' (U) = (j.j*F/F)(A});
this induces a map F’ | — i* j, j*F/F. We shall prove that this is an equivalence.

We check this on stalks. Let Z' — Z be étale and x € Z’. We shall consider the
stalk at x; to simplify notation replace Z by Z’. Consider the commutative diagram

AT — A%y A, Al
B ——> A zh Z.

X
The right-most vertical map is the canonical inclusion, and all squares are defined
to be cartesian. Note that A is local and a localization of ij containing x; thus
A ~ 7" Similarly B is henselian local, pro-étale over A and contains x; thus
B =~ Z! also. Now we get

[i*(uj* F/F)IZM) ~ (juj*F/F)(AL)M

~ F(AY"\ zl/Fa)h
LE 1 h 1
= F((Ay)x \ ZD/F(Ay)x)

EA 1 h 1
>~ F(AZQ \Zx)/F(Azg)
~ F' (ZM.
For the last part, it suffices to observe that if X is henselian local with generic
point  and U C X is nonempty, then
F(X) > (anis F)(X) = (anis F)(U) — (anis F)(n) = F (1)

is injective by IL, and hence so is (anis F)(X) — (anis F)(U). U
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Remark 5.16. Let X € Smy, Z C X a smooth, principal closed subscheme. Then
locally on X, étale neighborhoods as required in Lemma 5.15 exist. See, for
example, [8, §5.9].

Lemma 5.17. Suppose that F satisfies IA and F_; satisfies IL. Then the canonical
map anisF—1 — (anis F)—1 is an injection.

Proof. Using IL, it suffices to prove that F_1(K) — (anisF)-1(K) is injective.
Hence we need to prove that F (A}( \0) = (anisF) (A}( \0) is injective. This follows
from IA. U

Proof of Theorem 5.13. To begin with, note that if F is A'-invariant then so is F_,.
We shall use this freely in the sequel.

As a first step, we shall prove that if F € C is Al-invariant then so is anisF .
Since F is A'-invariant it satisfies IA, EA, IL and EE (by assumption on C) and
so Lemma 5.14 applies. Let X € SmAff;. We must prove that H*(X x A!, F) —
H°(X, F) is injective. Consider the diagram

H'X,F)  —— [lyexo H'(. F)

I I

HYAY, F)  —— [l,exo H'AL, F)

l l

l_[er HO(U;Z’ F) —> erU HO(’?x: F),

where the product is over points of (A}()Nis and n, is the generic point of Ui’. This
lies over a point of A!, so the bottom right-hand map is defined and the diagram
commutes. The bottom left-hand map is injective (since H(—, F) is Nisnevich-
separated) and the bottom horizontal map is injective by IL; hence the middle
horizontal map is injective. Consequently the top left-hand map is injective as soon
as the top right hand map is. This reduces the claim to the case X = »n, which holds
by Lemma 5.14.

Next we will prove by induction on 7 that if F € C is A!-invariant, then H"(—, F)
is also A'-invariant. The case n = 0 has been dealt with. In particular we may
assume that F is a sheaf. Let n > 0 and suppose that all smaller n have been
established.

Step (1). If j: U — X is a principal open immersion of smooth k-schemes, with
smooth closed complement Z < X, then we claim

Rj,F=0 Y0<i<n.

For this consider the presheaf G = H'(—, F), which we know is A!-invariant by
induction. The problem is local on X, so by Remark 5.16 we may apply Lemma 5.15
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to G and obtain an exact sequence (using that G_; >~ G’ | by Remark 5.12)
0 — anisG — anisjxj G — i.anisG-1 — 0.
We have anisG =0, anis j«j G = Rij*F. By Lemma 5.17 we have
anisG -1 = (anisG)-1 =0,

which proves the claim.

Step (2). If X is an essentially smooth scheme, U C X a principal open subscheme
with essentially smooth closed complement, then we claim that H" (Al , JxJ ¥ F) —
H"(A},, F) is injective. To prove this, we may assume X smooth. Consider the
cofiber sequence j,j*F — Rj,j*F — C. By step (1), C has cohomology sheaves
concentrated in degree > n. Hence in the long exact sequence

H" YA}, C) — H"(AL, j.j*F) — H" (AL, Rj,j*F)

the first term vanishes, so the second map is injective. The result follows since the
last term identifies with H"(A},, F) by the previous step.

Step (3). If X is an essentially smooth scheme, U C X a principal open subscheme
with essentially smooth closed complement Z, and z € Z, then H ”(A;@, F)—
H ”(A%M, jxj* F) is injective. Again we may assume that X is smooth. The problem
being local around z, via Remark 5.16, gives us étale neighborhoods (X, Z) <
(2, Z) — (AL, Z). Taking the product with A!, we may thus apply Lemma 5.15 to
AIZ — A}( and get an exact sequence 0 - F — j,j*F — i, F_; — 0 on (A;)Nis.
Taking H'! (A;h, —) yields a long exact sequence, part of which reads

H" YAy, juj*F) <> H"" (A}, F_1) — H”(A;(g, F)— H"(Ay,. juj*F).

Thus, it suffices to prove a is surjective. If n > 1 then H"™! (Alzh, F_) >~
H"! (Zi‘, F_1) =0, by induction on n. It remains to prove that HO(A}(,,, }'*j*F) —
HO(AIZ@, F_1) is surjective; in other words, that the map F(A;(é\zﬁ) AN F,I(Alz@)
is surjective. Since F is Al-invariant, this is just F (X" \ Z!) - F_;(Z"), which'is
the evaluation of the surjective map of sheaves j,j*F — F_j on X é’ and hence

surjective.

Conclusion. Let X be an essentially smooth scheme. Write f : X — A}( for the
inclusion at 0. We seek to prove that ' — Rf, F induces an equivalence on H", and
we already know this for H', i < n. We shall prove this by induction on d = dim X.
Let C be the cofiber of F — Rf,F. Then Rf,F ~ F & C (via p : A§( — X) and
so we must prove that C has cohomology concentrated in degrees > n; this may
be checked stalkwise. In other words we must prove that if X is an essentially
smooth, henselian local scheme of dimension d, then H" (AL, F) — H"(X, F) is
an isomorphism; equivalently we may prove that it is injective. If d =0, X is the
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spectrum of a field, and we are reduced to Lemma 5.14. Thus d > 0 and we can
find a principal open U C X with essentially smooth closed complement Z (here
we use that & is perfect). Consider the commutative diagram

H AL Py =2 mral ) =2 mral k)

l l !

H"(X,F) —— H"(X, j,j*F) —— H"(U, F).

The maps in the top composite are injective, by the steps indicated above them. The
right-hand vertical map is injective by induction on d. It follows that the left-hand
vertical map is injective, as desired. U

Remark 5.18. The proof shows that the perfectness assumption on k is only needed

to ensure A'-invariance of H(—, F) fori > 0.

5C. Framed pretheories. As in the last section, we consider an abelian presheaf
F € Px (SmAffy, Ab), extended by continuity to essentially smooth affine schemes.
The next definition is the framed analog of the notion of pretheories introduced by
Voevodsky; see [35].

Definition 5.19. By a structure of framed pretheory on F we mean the following
data: for every X € SmAff;, C — X a smooth relative curve, u : QC /x = 0Oc,
f € O(C) and decomposition Z(f) = Z 11 Z’' with Z finite over X, we are given

tr(f) : F(C) > F(X).
The transfers must satisfy the following properties:
(1) If Z = Z, U Zy, then tr(f)y = tr(f)Y, +tr(f)Y,
(2) If p:(C', Z') — (C, Z) is an étale neighborhood, then tr( )", = tr(fop)Z/ op*.
(3) Givena : X' — X leta’ : X' xx C — C be the induced map. Then
a*otr(f) =tr(f o oz),l(z) a*.

(4) Suppose that Z — X is an isomorphism with inverse i. Then

tw(f)y :==tr(f);0(C - X)*: F(X) > F(X)
is an isomorphism and tr( ), = tw(f)g oi*.

(5) Fix asectioni : X — C with image Z and a trivialization p. Assume that X is
semilocal. Then, there exists A € H*(Z, C ,c) such that for any f € I7(C) with
df = ) we have tw(f)% =id.

Note that condition (3) implies that the transfers on F extend to essentially
smooth schemes, so (5) makes sense.
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Example 5.20. Let F € Py (Corrir, Ab). Then F admits a structure of framed
pretheory as follows. Given (C — X, u, f, Z), Z — X is syntomic by [15, Propo-
sition 2.1.16]. We define the K -theoretic trivialization of the cotangent complex
L Z/X as

}f,\lf

t:Lzx~Lz;c+Lc/xlz = —-0+0~0e€K(Z).

Consequently we obtain a framed correspondence X «<— Z — C, pullback along
which defines tr(f)’,. All axioms are easily verified. (For the last axiom, one may
argue as follows. Since Z is semilocal, Cz,¢ admits a nonvanishing section A’.
Together A’, i determine a trivialization of Lz,x >~ Lx,x = 0, whence a class
in K{(Z). Since Z is semilocal, K1(Z) >~ O*(Z) [38, Lemma III.1.4]. Hence
replacing A" by A := u}’ for well-chosen u ensures that the trivialization is the
canonical one, and thus tw( f) is the identity morphism.)

Suppose we are given (C — X, f, i, Z) as in Definition 5.19,amap g: C - Y €
SmAffy, U € X and U’ C Y open. Assume that g~!(Y\U’)NZ lies over X \U. Write
Cy C C, Zy C Z for the canonical open subschemes. Then Cy N g~ (U’) — Cy
is an étale (in fact open) neighborhood of Z;;. We may form the diagram

* M
F(Y) d s F(C) 2y px)

| | |

FU) -5 F(Cyng ' (U")) «— F(Cy) —s F(U).

tr

The maps labeled tr are the evident transfers, and the unlabeled maps are pullbacks
along evident inclusions. The diagram commutes by properties (2) and (3).

Construction 5.21. Taking vertical cokernels in the outer rectangle of the above
diagram, we obtain a map

F(U"/F(Y)— F(U)/F(X).

Definition 5.22. Let X, Y be essentially smooth over k, X < C - ¥ a span. We
call data
P=X<«C—>Y, fiu,2):X~Y,

such that (C — X, f, u, Z) satisfies the assumptions of Definition 5.19, a curve
correspondence from X to Y and put

O* =tr(f), 08" : F(Y) > F(X).

"Note that Lz/cx~ 1/12[1] where [ is the ideal defining Z. By hypothesis, I/I2 is an invertible
Oz-module and the class of f in I/1 2 provides a trivialization of this line bundle
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If we are further given U C X, U’ C Y such that g~ ' (Y \ U’) N Z lies over X \ U,
we call the data a curve correspondences of pairs, denote it by

=X« C—Y, fiun,Z):(X,U)~ Y, U)
and write
®*: F(U)/F(Y)— F(U)/F(X)

for the map of Construction 5.21.

Lemma 5.23. Let = (X <~ C 55 Y, f,u, Z) : (X, U) ~ (Y, U’) be a curve
correspondence of pairs. Suppose that Z C g~ (U’). Then ®* =0.

Proof. By axiom (2) we can replace C by g~ (U’). Since now ®* factors through
FU"/F(U'") =0, the result follows. O

5D. Injectivity on the relative affine line. In this section we establish IA for Al-
invariant framed pretheories.

Lemma 5.24. Let U € SmAff;,, V; C V, C A}] affine and open. Assume that
A}J \ Vo and V, \ Vi are finite over U. Then there exist curve correspondences
O, D" : Vo~ Vyand © : Vo x Al ~s V5 such that in any framed pretheory,
if©% = ®*i* and i{O* — (®7)*i* is invertible. Here i denotes the inclusion
Vi — Vaand iy : Vo — Vo x Al is the inclusion at s.

Proof. We begin by constructing certain functions f, g € k[Ab xy V2]. We shall
denote the first coordinate by y and the second by x. We will arrange that f, g are,

respectively, monic in y of degrees n and n — 1 (for some #n sufficiently large). We
shall ensure that

—1
fI(Ab\Vl)XUVz =1, g|(A}]\V2)><UV2 =(Qy-—-x), g|(V2\V1)xUV2 =1, g|Z(y—x) =1

To do this, note that each of the subschemes we are restricting to is finite over V>,
and apply Lemma 5.25 below.
Let h € k[A! x V5, x Al] be given by

h=00-0)f+1t(y—x)g;
here ¢ denotes the third coordinate. Note that / is monic in y. Define
S=Va < VixyVa— Vi, f,dy, Z(f)) : Vo ~ V1,
O = (Vo x Al <2 V) xy Vo x A L2 Wy, dy, Z(h)) 2 Va x Al ~ Vs

Note that here by f we implicitly denote its restriction to V| xy V», and similarly
for h. Since h is monic in y, Z(h) C Al x V, x Al is finite over V, x Al By
construction, & is constantly equal to 1 on (A}] \ V) xy Vo x A'. Thus Z(h)
is completely contained in V, xy Vp X A and so © is well defined. A similar
argument applies to .
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Since h|;—9 = f we find (using Definition 5.19(3)) that
ifO% = d*i*.

Since h|;—1 = (y — x)g has vanishing locus splitting into two disjoint pieces, we
find (using Definition 5.19(1)) that

70 = (Va <22 Vy xpy Vo 225 Wy, (y — x)g, dy, Z(y — x))*
+ (Vo xy Va, (y —x)g, dy, Z(g))".

The first term is invertible by Definition 5.19(4). Note that Z(g) C V| xy V,. Thus
we can define

O =(Va < VixyVa—> Vi, (y—x)8.dy, Z(g)) : Vo~ V1,
concluding the proof. U

Lemma 5.25. Let U be an affine scheme and Z C Ab a closed subscheme which

is finite over U. Let f € O(Z). Then for n sufficiently large there exists a monic
fe (’)(Ab) of degree n with f|z = f.

Proof. Let U = Spec(A), Z = Spec(A[T]/I). Since Z is finite, there exist
g1, ..., 8 € A[T] whose images generate A[T]/] as an A-module. Let n be
larger than the maximum of the degrees of the g;. We claim that f as desired can
be found for such n. Indeed note that any h e A[T] /I admits a lift h € A[T] of
degree < n; in fact we can choose the lift to be an A-linear combination of the g;.
Now let f; be an arbitrary lift of f — 7" of degree < n, and put f =T"+ f;. O

Theorem 5.26. Let U be essentially smooth over k, Vi C V, C A%] affine and open.
Assume that Ab \ V2 and V> \ V, are finite over U. Let F be an A'-invariant framed
pretheory. Then F (V) — F(V)) is injective. In particular F satisfies IA.

Proof. All our open immersions are affine, hence quasicompact [34, Tag 01K4] and
so of finite presentation [34, Tag 01TU]. It follows that when writing U = lim; U;
as a cofiltered limit of smooth affine schemes, we may assume we are given
vicVv,c A(ljo affine open with base change V;, such that A}]O \ V; and V;\ V|
are finite over Uy [34, Tags 01ZM, 01ZO and OEUU]. By continuity of F, we may
thus assume U € SmAff;. Now let x € F'(V,) with i*(x) = 0. Using Al-invariance
we find that, in the notation of Lemma 5.24,

0=>%"(x) — ()" (x) =ig®* (x) — (&) i (x) =i{O"(x) — (P7)*i*(x).
But if®* — (®7)*i* is invertible, so x = 0. O

SE. Geometric preliminaries. The proofs of the other axioms are similar to the
one for IA, but significantly more elaborate. We collect here some results from
algebraic geometry that we shall use.
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SE1. Serre’s theorem. Let A be a Noetherian ring and X — Spec(A) a projective
A-scheme with ample line bundle O(1). Then for any coherent sheaf F on A,
i > 0 and n sufficiently large, H' (X, F(n)) = 0 [34, Tag 0B5T(4)]. An immediate
consequence, which we shall often use, is if 7 — G is a surjection of coherent
sheaves, then for n sufficiently large, H (X, F(n)) - H%X, G(n)) is surjective.
(Indeed this follows from vanishing of H L(X, ker(F — G)(n)).) In particular, if
Z C X is closed, then HO(X, F(n)) - H*(Z, F(n)) is surjective. This is deduced
by taking G = i,i*F, where i : Z — X is the closed immersion.

SE2. Semilocal schemes. We call a scheme semilocal if it has only finitely many
closed points and is affine. Note that if X is an affine scheme (or more generally an
AF-scheme)® and x1, ..., x, € X, then
Xypxyi=_lim U
UD{x1,....xn}
is a semilocal scheme, where the limit is over all open neighborhoods of the x;.
Indeed every such neighborhood is quasiaffine, and hence contains a smaller affine
neighborhood of the finitely many points [21, Corollaire 4.5.4]. (But note that,
for example, if X is the affine line with the origin doubled and x;, x, € X are the
origins, then X, , is not separated, and hence not semilocal.)
We shall frequently use the following properties of semilocal schemes.

(1) If X is semilocal and X’ — X is finite then X’ is semilocal.

(2) If X is semilocal and L is a line bundle (or more generally a vector bundle of
constant rank) on X, then L is trivial [7, Lemma 1.4.4].°

(3) If X is semilocal and Y — X is a closed immersion, then O*(X) — O*(Y)

is surjective.'”

5E3. Some general position arguments. The following is essentially Lemma 4.1
in [9].

Lemma 5.27. Let U be a local Noetherian scheme with infinite residue field. Let
C’' — C be a finite morphism of projective curves over U; Z', D' C C’ closed
subschemes finite over U with Z'N\ D' = @; A", C Z' a principal closed subscheme;
and C'\ D' smooth affine over U.

8This means that every finite set of points is contained in an open affine; for example, a scheme
quasiprojective over an affine base.

9Here is a proof. Let Xy C X denote the closed subscheme which is the disjoint union of the
closed points of X. Then L|x, admits a nonvanishing section, which can (X being affine) be lifted to
a section of L on X. Its vanishing locus avoids X and is closed, and hence empty.

10Here is a proof. Let X6 C X denote the closed subscheme which is the disjoint union of the
closed points of X \ Y. Then Y LI X (/) — X is a closed immersion. Now given a € O (Y), as before
we can lift the nonvanishing section (a, 1) e O(Y U X 6) to a section @ € O(X), which is nonvanishing.
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Assume that the composite A’, — C’ — C is a closed immersion. Then for n
sufficiently large there exists a section € € H*(C', O(n)) such that Z(E)N Z' = A,
ZEYND =@, and Z(§) — C' — C is a closed immersion.

Proof. Let us begin with the following preparatory remarks. Let X C C’ be a closed
subscheme which is finite over C. Let T C C be the set of points ¢ such that the
geometric fiber X; — 7 is not a closed immersion. Then T is the support of the
coherent sheaf cok(Oz — m,Oy), and hence closed in C. Since a proper morphism
is a closed immersion if and only if it is unramified and radicial [34, Tags 0152
and 04X V], we see that X — C is a closed immersion if and only if T = @. In
particular X — C is a closed immersion if and only if its restriction to the closed
fiber over U is.

By assumption A’, C 2’ is principal, say cut out by a section € H(2’, ©). Since
Z' is semilocal, O(1)|z admits a nonvanishing section d. Let & € H 0(C’, O(n))
be a section such that §|z = ¢d". Let x € U be the closed point. For any scheme
S — U, denote by S, the fiber over x. Assume that Z(§)ND. =@ and Z(§), — C,
is a closed immersion. Then Z(§) N D’ = & (being proper over U with empty
closed fiber), so Z(£) — U is finite (being proper and affine [34, Tag 01WN]).
Hence by the preparatory remarks, Z (&) — C is a closed immersion. That is, such
a & satisfies the required properties. Let M = O, X0, Oz. Then O — M is

surjective by [34, Tag 0C4J] and so is surjective on H after twisting up sufficiently.
Thus it suffices to construct & on the closed fiber (satisfying the additional condition
that £|z; =td", so that Z(§) N 2’ = A))).

We may thus assume that U is the spectrum of an infinite field k. For each
point x € D', pick a trivialization s, of O(1)|,. Letn > 0and I" C HO(C’, O(n))
consist of those sections s such that s|, = s? for all x € D’ and 5|z = td". We
must show that there exists (for n sufficiently large) s € I' such that Z(s) — C
is a closed immersion. Let T C C x I denote the subset of pairs (s, c) such that
Z(s) — C is not a closed immersion over the geometric point ¢. We claim that
dim 7 < dimTI'. This implies that the complement of the closure of the image of
T — I' is nonempty, and hence has a rational point (k being infinite and I" an affine
space). The preparatory remarks show that any such rational point corresponds to a
closed immersion, as desired.

To prove the claim, we may base change to an algebraic closure of k, and
hence assume k is algebraically closed. Note that for n sufficiently large, for any
x1, x2 € C’ the map

H°(C',0(n)) - H*(Z,, ., UD'UZ', O(n))

is surjective, where Z,, X = = Z(I(x1)I(x7)). (Indeed there is a closed subscheme
of P(H(C’, O(n))) x C’ x C’ witnessing the failure of this condition, so the set
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of points (x1, xp) satisfying the condition is open, but for every (xi, x3) and n
sufficiently large the condition holds, so we conclude by quasicompactness of
C’ x C'.) Now let x1,x, € C'\ (D'U Z’). Then H*(Z,, ., UD' U Z’, O(n)) —»
HO(ZXI,XZ, O(n))~k* Nowletce C and s € I'. Then Z(s) — C can only fail to be
a closed immersion over c if either there exist x| # x; € C_’é with s(x1) =0 =1s5(xp),
or there exists x € C_'é such that s vanishes to order > 2 at x. By the above remark,
either condition is of codimension 2 on I', provided Z/ = @. For the finitely many
other points c, the only condition is that Z(s). contains other points, which is of
codimension 1 on I" by similar arguments. It follows that all but finitely many fibers
of T — C have dimension < dimT" — 2, and the remaining ones have dimension
<dimT — 1. Since dim C = 1, this concludes the proof. ([

In the rest of this section we will establish a moving lemma. The core argument
uses the method of general projections, which we encapsulate in the following.

Theorem 5.28. Let k be a field, X C AII{V a closed subscheme of dimension d,
Z C AN of dimension <d —1, S C AV a finite set of closed points (i.e., a subscheme
of dimension 0). Then, for a general linear projection w : AN — A<,

(1) 7|x : X — A9 is finite,

(2) if X is smooth, then 1 |x is étale at all points of SN X,

B) 77 '@(S)HNZcCs.
Proof. This is proved, for example, in [26, §3.2]. Specifically (1) is proved just
before the beginning of §3.2.1 and (3) is proved in the case S = {s}, s € Z, in §3.2.1.
The same proof works for s € Z (our statement is slightly different than the one in

the reference, to allow this situation). The case of general S follows. In §3.2.2, (2)
is proved. (]

Remark 5.29. Note that a dense open subset of an affine space over an infinite
field contains a rational point. It follows that in the case of an infinite field, there is
an actual linear projection 7 : A,I(V — AZ satisfying all the properties.

The following is our moving lemma. It is essentially the same as [9, Lemma 3.7].

Proposition 5.30. Let k be an infinite field, X € SmAffy, Z C X a nowhere dense
closed subscheme and w : X' — X € SmACff; an étale neighborhood of Z. Write
Z' C X' for the lift of Z. Let T' C Z' be a finite set of closed points and put
T =na(T") C Z. Let U (resp. U’) be the semilocalization of X in T (resp. X' in T").
There exist commutative diagrams of essentially smooth, affine k-schemes:

U/ C/ X/
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and

such that the following hold:
(1) The composites U — C — X and U’ — C' — X' are the canonical inclusions.
(2) j, j’ are open immersions; C', C are projective curves over S; and C, C' are
smooth affine over S.
B =w@:C—C is finite and w : C' — C is étale.
4) Z:=v " YZ) and Z' := v~ (Z) are finite over S, and in fact Z' —> Z.
(5) D' :=C’\C and D := C’\ C are finite over S, and @ (D’) D D.
(6) We have D = Z(d) for some section d of an ample line bundle O(1) on C.
(7 Qé /s is trivial (and hence so is QIC / $)-

Remark 5.31. We can base change C, C’ and so on along U — C — S. Uti-
lizing also the diagonal maps U — U xs U and U’ — U’ x5 U, we find that in
Proposition 5.30 we may set S = U, which is the case of interest. In this case, we

have extra properties:

(1) The map U —— C is a section of the separated morphism C — U, whence
its image is a closed subscheme (in fact an effective Cartier divisor) A C C,

which is isomorphic to U.

(2) ThemapU ~A CC —> X is the canonical inclusion.

(3) We have AN Z >~ Zy via the projection to U.

(4) The composite Z/,, < U’ S5 ¢S Uisaclosed immersion, whence (C' — U
being separated) we obtain a closed subscheme A’, C C" mapping isomorphi-
cally to Z%, >~ Zy C U under the projection. Note that A’, C Z'.

Remark 5.32. In the situation of Remark 5.31, let C”"=C’xy U’ and C"=C'xy U'.

We obtain the commutative diagram
Cc” o X’

L

T — T

L

u —— U.
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Denote the composite C” — C’ — X’ by v” and put 2" =v"~1(Z’). Let D" be
the preimage of D’ in C”. Note:

(1) 2", D" are finite over U’.
(2) The pullback of O(1) to C” exhibits C” as a projective curve over U’.

(3) The map s : U' — C” induces a closed immersion U’ — C”; denote its image
by A”. Then A” N Z” maps isomorphically to Z7, (and to A’,).

(4) The composite U’ ~ A” — X' is the canonical inclusion.

Proof of Proposition 5.30. Shrinking X, X’ if necessary, and arguing on connected
components, we may assume that X’, X are pure of dimension d and 7 ~(Z) = Z'.
Using Zariski’s main theorem [34, Tag 05K0], we obtain a dense open immersion
X' < X’ over X with X’ — X finite. Choose an embedding X < AN Using
general projections (Theorem 5.28) we find a linear map p; : AN — A? such that
X — A9 is finite, X — A? is étale at T, and p; ' (p1(T))NZ C T. Let Xo C X
be an affine open neighborhood of T such that Xo — A? is étale (recall that any
open neighborhood of 7' contains an affine open neighborhood of T, as explained
in Section 5E2) and put

X, =n"Y(Xo), Zo=ZnNX.

Using general projections again, we find a linear map p, : A? — A?~! such that
p1(Z) — A1 s finite, p; (X \ Xo) — A is finite, and

P> (p2(p1(T)) N p1(Z\ Zo) = @

(the latter is possible since pi(Z \ Zp) does not contain p;(7T), by construction).
Let S be the semilocalization of A?~! at the closed subscheme p2(p1(T)). At this
point we have the diagram
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Base changing the above diagram along S — A?~!, we obtain the schemes Cj. C1,
C;, Co, C1, A}g of the commutative diagram

C)— C| —— C) —— C’
C

1

Co

\
7

e

Py

<
N

=
Ly —

ANAN

~N

S.

By construction C; — A; and C}, — C; are finite. We obtain C by compactifying
C— A_lg — I]I’_lg and C’ by compactifying C,— C — C (using Zariski’s main
theorem again). Write v; : C; — X for the canonical map. By construction
Z = vl_l(Z) is finite over S. Also, vl_l(Z \ Zp) is finite over S but its image
misses the closed points; hence it must be empty. In other words vl_1 (Z) C Cy. Let
v] : C{ — X' be the canonical map. Then 2’ := (v)~!(Z’) — Z is an isomorphism
as needed. Since the square part of the diagram is cartesian, we find that also
Z' C C(,. We shall find at the end a section d € H(C, O(n)) such that D := Z(d)
is finite over U, C\ Co C D and DN Z = @. We put C = C \ D and let C’ be
the preimage of C in C’. Since Cy is affine and C C Cy is a principal open subset
(note O(1) is trivial over A!' and hence over Cy), Cy is affine. The same argument
applies to C’. Since C' — C — Aé are étale, the canonical modules vanish as
needed. Since X'\ X, — A?=1 s finite so is C,\ C) — S; from this one deduces
that D’ is finite over S.!' The natural maps U — Cg and U’ — C|, factor through
C and C’, respectively, since the images of the closed points 7 do. It follows that
the theorem is proved, up to constructing d.

First note that Dy := C \ Cy is finite over S. Indeed it is proper, so we need
only establish quasifiniteness; but C; \ Co — S is finite by construction and so
is C\ C; — (PL\ A}) ~ S, as needed.'> For a closed point s € S, let R be a
connected component of dimension 1 of Cy. Since (Dg); — s is finite, it cannot
contain all of R; let xg € R\ D. Now pick d such that d|p, =0, d|z # 0 and
d(xg) # 0 for all such (R, s) (of which there are only finitely many). This satisfies
the required properties. (The only nontrivial claim is that Z(d) — S is finite. But

HNote that if A — B is finite, B C B is a dense open immersion, and A — A —> Bisa
compactification, then A — A|p is both closed (A — B being finite) and also a dense open immersion,
whence an isomorphism. That is, the A \ A lies completely over B \ B.

125ee the previous footnote.
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using properness and semicontinuity of fiber dimension [34, Tag 0D41], it suffices
to prove quasifiniteness over the closed points, which we have ensured.) ([

SFK. Injectivity for semilocal schemes. We now verify that any framed pretheory
satisfy IL (in fact we prove a somewhat stronger property).

Lemma 5.33. Let k be an infinite field, X € SmAffy, Z C X closed and nowhere
dense, x1, ..., x, € Z, U the semilocalization of X in the x;. Then there are curve
correspondences ®, ®~ : U ~» X\ Z, @ : U x A ~ X such that, for any framed
pretheory,

ig@*:fb*o(X\Z—> X)*
and

O =two(U - X)"+ (P )" o (X \Z — X)¥,
where tw is some automorphism of F(U).

Proof. We first show that we may assume x, ..., x, € X are closed. Indeed if
not, pick closed specializations yi, ..., y,. Note that y; € Z (Z being closed)
and x; € X, . ,, (Xy,, .., being an intersection of open subsets containing y;).
Applying the claim with the y; in place of the x; yields curve correspondences @', ®’
over Xy, . y,. Pulling them back along X, . — X,  , yields the desired result.

Hence from now on we assume that the x; are closed. Apply Proposition 5.30
and Remark 5.31 to the identity map (X, Z) — (X, Z), with T = {x, ..., x,}. We
hence obtain a diagram

.....

X< clscuy,

where C — U is a projective curve with ample line bundle O(1), D = C\ Z is given
by Z(d) for some d € O(1) and is finite over U, QIC/U is trivial, Z’ := v~ (Z) is
finite over U, j is an open immersion and C is smooth over U.

Note that A : U — C is a regular immersion of codimension 1, and hence A C C
is a divisor. In particular O(—A) (the ideal sheaf defining A) is a line bundle on C,
with inverse O(A). We shall show at the end, for n sufficiently large, we can find
sections s € H(C, O(n)), s’ € H*(C, O(n) ® O(—A)) such that

e s|z and s'| z7upua are nonvanishing,
e s|p=s5"®38, where § € H'(C, O(A)) defines A.

Set§ = (1 —1)s+ts’®8. Since § is constantly nonzero on D x A!, Z(5) C C x A!
and so this is affine and proper, whence finite, over U X Al Similarly Z(s), Z(s")
are finite over U. Note that Z(s), Z(s") CC\Z’, and Z(s'®8) = Z(s") L1 Z () (since
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Z(8) = A and so Z(s') N Z(8) = @). Pick an isomorphism  : Qlc/U ~ Oc¢. Put

O=UxA! «CxA'" 2 X, 5/d", u, Z(5)),
O=(U«C\Z - X\Z,s/d", n, Z(s)),
O =U<«C\Z = X\Z,s®8/d", u, Z(s)).
Then, by construction, if®* = ®*o (X \ Z — X)* and
iTO* =(U « C - X,s'®8/d", n, Z(s' ® 8))*
=U«C-5X,5®8/d", 1, Z&)*+ () o (X \ Z - X)*.

Since Z(8) — U is an isomorphism, the first term is tw(s'®8/d" ‘é(s)o(U ~A— X)*
by Definition 5.19(4). We conclude since U >~ A — X is the canonical map, by
construction.

It remains to construct s, s’. For n large enough, both

HYC,0n)@O0(—A) > H (ZZUDUA, O(n) @ O(—A))
and
HY(C,0m)) - H(Z' U D, O(n))

are surjective (see Section 5E1). Since Z"U D U A is semilocal (being proper and
quasifinite, hence finite, over U), O(n) ® O(—A) admits a nonvanishing section
on it (see Section SE2); let s’ be any lift thereof. Note that

HY(Z'UD,Om) ~H"Z,0m) x H(D, On));

let s be any lift of (s’ ®38|z/, 1), where 1 € H(Z',Om))isa nonvanishing section.
The required properties hold by construction. U

Theorem 5.34. Let U be a semilocal scheme, essentially smooth over an infinite
field k. Let Z C U be a closed subscheme not containing any connected component
of U. Then for any A'-invariant framed pretheory F, the restriction F(U) —
F U\ Z) is injective.

Proof. Since U is semilocal, it has only finitely many connected components. Since
F(ALB)~ F(A) x F(B), we may argue separately for each connected component
of U; hence we may assume that U is connected. If U has only one point, the
result is trivial. We may thus assume that the subset Zy C U of closed points
is a proper closed subscheme. Replacing Z by Z U Zy, we may assume that Z
contains all closed points. Replacing Z by a larger proper closed subscheme, we
may also assume that Z is finitely presented (e.g., principal). Write U = lim; V;
where V; € SmAffy. Replacing V; by its single connected component containing the
image of U, we may assume each V; is connected. Since Z is a finitely presented
closed subscheme, without loss of generality we may assume that Z = Zy xy, U,
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where Zy C Vp is closed. If Z; := Zj xy, V; contains all of V;, then Z contains
all of X, which is not the case. It follows that Z; is nowhere dense in V;, for
each i. Let xf), s xD e Z; denote the images of the closed points of X. Let

U, = (V) O 0 be the semilocalization (see Section 5E2). By continuity, it will
sufﬁce to prox.fe that F(U;) — F(U; \ Z;) is injective for each i.

In other words we may assume that U =V, ., where V is a smooth affine
scheme, Z C V nowhere dense, x; € Z. Let X C V be an open affine neighborhood
of the x;. Lemma 5.33 shows that

ker(F(X) - F(X\ Z)) Cker(F(X) —> F(U)).
Indeed if x € F(X) with x|x\z =0, then
0=0*(x|x\2) — (@) (xIx\2) = D*(xlx\2) — i§O*(x)
= &% (x|x\z) —i7O*(x) = —tw(x|y)

and so x|y =0, tw being invertible. Now taking the (filtered, whence exact) colimit
over all such X we obtain the desired result. O

Corollary 5.35. Let U be a semilocal connected scheme, essentially smooth over an
infinite field k. Write n € U for the generic point. Then for any A'-invariant framed
pretheory F, the map F(X) — F(n) is injective. In particular F satisfies IL.

Proof. By Theorem 5.34, F(U) — F (V) is injective for every nonempty open
affine subscheme V C U. The result follows by taking the filtered colimit over all
such V. (]

5G. Excision on the relative affine line. We now proceed with EA.

Lemma 5.36. Let U € SmAff;, V C A}] open, and Oy C V. Write, for the open
immersion of pairs, i : (V, V\0) — (A}, A}] \0). There exist curve correspondences

of pairs
O, W (A, Ap\0) ~ (V, V\0),

O : (A, Aj\0) x Al ~ (A7, A\ 0),
O, : (V,V\0) x Al ~ (V, V\0)

such that for any framed pretheory

(1) i5®F = ®*i*, if O] is invertible,

(2) i5®F =i*W*, iy O] is invertible.

Note that here we are using the pullback along a curve correspondence of pairs
from Construction 5.21; thus, for example, ®* is a map

*: F(V\0)/F(V) = F(AL\0)/F(Al)
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Proof. (1) We shall construct sections
se H'P' x A}, 0(m)) and s € H'P'x A}, O(n —1)),

for some n > 0, satisfying the following properties. Denote the coordinate on A'
by x and on P! by y = (Y : ¥1). Let § = Y1 —xY¥y € HO(P! x A}, O(1)); observe
that Z(8) defines the diagonal {x = y} < P! x A},. Let D = P, \ V. We shall
ensure that

e S|pxals S/|0x%’ s'|z(s) and sﬂoox% are all nonvanishing,
L4 SlOXAgj = 8S’, al’ld

_ !
. sloox% =4s’.

Put § = (1 —1)s +18s’ € HO(P! x A}] x A, ©(n)). Now consider the function
f=s/YjonV x Al c P! x&ll] and the function f =5/Y onA?] cp! XA}] x Al
We claim that

O = (A <=V xA Lo v dy, Z(f)),
0O = (A x Al L A3 Py AL F dy, Z(f))

are curve correspondences of pairs satisfying the required properties.

To begin with, since § is constantly nonzero over co, we find that Z(5) = Z( f ).
In particular this is both proper and affine, whence finite, over A}] x Al. Similarly
Z(f)=Z(s) is finite over Ab. Also, §|,o is constantly equal to 8s’, which vanishes
there only if y = x, that is, x = 0. It follows that ®; and & are well-defined curve
correspondences of pairs as displayed in the proposition. By construction we
have ij®7 = ®*i*. On the other hand, Z(8) N Z(s") = & by assumption and thus
Z(6s")y=2Z(8) U Z(s"). So we get

iTOT = (A} < AL L AL 8s' Y dy, Z(8))*
+ (A <2 A7 L AL 8TV dy, Z(sT))E

The first term is invertible by Definition 5.19(4), since Z(§) maps isomorphically
to A}] via both x and y. The second term vanishes by Lemma 5.23, since Z(s') C
(Ab \ 0) x A! by construction. We have thus proved (1) up to constructing s and s’.

We now construct s and s’. By Serre’s theorem (see Section SE1) we may ensure

n n—1
leXA]:Yl’ leXAb:YO (S,

/ _ yn—1 / __ yn—1 1 _ yn—1
Slooxal, =Y1 5 Sloxal, =Yg+ Slze) =1

Since Y only vanishes at O € D, s|pya1 is nonvanishing. The other nonvanishing
conditions hold for similar reasons. Since § = Y; at 0o (i.e., Yo = 0), s = s’ there.
The agreement at 0 holds by construction.
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(2) The argument is very similar. One constructs sections s € H 0Pl x A}J, On))
and s’ € HO(P! x V, O(n — 1)) such that

e S|pxv, 8’ loxv, 8’| z@) and s'| pxy are all nonvanishing,

e sloxy = 4s’, and

e S|pxy =385’
This is done by using Serre’s theorem to ensure that

Slpxv =Y{',  Sloxv = Y(;l_l&
s'Ipxy = Yln3_l, s'loxy = Yéz_l, s'lz) = Y(;’_l,
and arguing as before. Put § = (1 —t)s +18s’ € H'(P' x V x Al). Arguing as
before that this is well defined, we obtain curve correspondences of pairs
= A} <= v x Al L v s/ Yy dy, Z(s))
and
@y = (VxA L2 vV xy vV x A 2o v 5770 dy, Z(5)).

One checks as before that these satisfy the required properties. (]

We also have the following variant.
Lemma 5.37. Let K be a field, z € A}( closed and V C A}( an open neighborhood
of z. Write i : (V,V\z) = (AL, A}( \ 2) for the open immersion of pairs. There
exist curve correspondences of pairs

D, W (Ag, Ap \2)~ (V, V\2),
O : (A, Ak \2) x Al (A, Ag \2),
@2: (V,V\z) x Al ~ (V, V )\ 2)
such that for any framed pretheory
(1) ig®7 = ®*i*, if O is invertible,
(2) i5©F =i*W*, iy OF is invertible.

Proof. The proof is almost the same as for Lemma 5.36. Let d be the degree of z;

then there exists a section v € HO(P! x A}(, O(d)) such that Z(v) = z x Al. Now
replace O(1) by O(d), t; by v and ty by tg in the previous argument. ([

We can use this to prove EA.

Theorem 5.38. Let U be essentially smooth, affine over a field k, and V C Ab an
open subscheme containing Oy. Let F be an A'-invariant framed pretheory. Then
restriction induces

F(Ay\O0y)/F(Ay) = F(V\0y)/F(V).
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Similarly if K is a field, 7 € A}( is closed and V is an open neighborhood, then
F(AR\2)/F(Af) = F(V\2)/F(V).

Proof. Since V — All] is affine it is quasicompact [34, Tag 01K4], and hence of
finite presentation [34, Tag 01TU]. It follows that when writing U = lim; U; as a
cofiltered limit of smooth affine schemes, we may assume the existence of Vy C Allfo
affine open with base change V [34, Tags 01ZM and OEUU]. By continuity of F,
we may thus assume that U is smooth over k. The first statement now follows from
Lemma 5.36. (Recall thatif i : A — B, ®, ¥ : B — A are maps of sets such that
®oi:A—> AandioW: B — B are invertible, then A L5 B<2 Ais injective
so i is injective, and B 2 A Bis surjective so i is surjective, that is, i is
invertible.)

The second statement is immediate from Lemma 5.37. U

5H. Etale excision. Finally we treat EE.

Lemma 5.39. Let X € SmAff,, Z C X a closed subscheme and
7:(X',Z)— (X, Z) € SmAff;

an étale neighborhood. Let 7' € Z' andput z = (7)€ Z. Let U = X, U’ = X,
Writei : (U,U\Z) — (X, X\ Z)andi' : (U, U'\Z") — (X', X'\ Z') for the
open immersions of pairs. There exist curve correspondences of pairs
O,V (U, U\Z)~ (X', X'"\Z),
0: (U, U\Z)xAl - (X, X\ 2),
O,: (U, U\Z)xA' - (X', X'\ Z))
such that for any framed pretheory
(1) ig®] = @*7*, i O] = twoi*, where tw is some automorphism of F(U),
(2) ifOF =" W*, 7O =i"
Proof. Shrinking X’ if necessary, we may assume that Z' = 7 ~!(Z).
(1) We apply Proposition 5.30 and Remark 5.31 and hence obtain a diagram in
notation as stated there (with S = U). We shall (at the end) find sections s €
H(C,O(n)) and s’ € HY(C, O(n) ® O(—A)) such that
e 5’| puzua is nonvanishing,
e s|puz =5 ®8, where § € HO(C, O(A)) defines A,
e Z(s) =ZoU Z;, where @ is an étale neighborhood of Zg and Z; N Z = @.
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Put
S=(0—-0s+180s € H(C xAl, O(n)).

Then § is constantly nonvanishing on D x A!. In particular Z(5) C C x A! is finite
(since it is proper and affine) over U x A!. Also, § is constantly equal to § ® s’ on
Z x Al Tt follows that Z(5)NZ = AN Z lies over Z. C U. Choose a trivialization
uw: Qlc/U ~ O¢. Consider

Or=UxA' « CxA' 25 X, 5/d", 1, ZG3)) : (U, U\ Z) x Al ~ (X, X\ 2).

What we have said so far shows that this is a well-defined curve correspondence of
pairs. We get

ifOT=U<«C—>X,80s/d", 0, Z@)* +(U < C— X,8®s'/d", u, Z(s'))".

Since Z(s")NZ = &, the second term vanishes by Lemma 5.23. Since U ~Z(§) —> X
is the canonical map, the first term is tw(§ ® s'/d", u, Z(s')) o i*, as needed.
Similarly

07 =U <« C— X,s/d", u, Zo)* +(U < C — X,s/d", u, Z1)".

Since Z; N Z = &, the second term vanishes. On the other hand, by construction,
C’ — C is an étale neighborhood of Z;. Let

®=(U <« C' 25 X', 5/d", 11, Zy).

This has the required property, by Definition 5.19(2).

It remains to construct s, s’. Since A C C is an effective Cartier divisor, and Z is
semilocal, A N Z — Z principal, and hence so is (the isomorphic map) A’, — Z'.
Applying Lemma 5.27, we obtain an effective divisor Z(&) =: Zo C C C C (finite
over U) such that @ is an étale neighborhood and Zy N Z = A N Z (as schemes).
Let ¢ € O(—Zy) be the section defining Zy. Pick n large enough such that both of
the maps

HY(C,0(n) @ O(—Zy) = HY(ZUD, O(n) @ O(—Zy))
and

HY(C,0n) @ O(—A)) - HY(ZUDUA, O(n) @ O(—A))

are surjective. Since Z U D is semilocal, O(n) ® O(—Zp) admits a nonvanishing
section on it. Let ¢’ be a lift of such a nonvanishing section to C and put s =¢ ® ¢'.
By construction s|zip = so ® §, for some nonvanishing section

so € H(ZUD, O(n) @ O(—A)).
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We may find a nonvanishing section s; € HY(ZUDUA, O(n) @ O(—A)) extending
so (see Section 5E2); finally let s’ € H(C,O(n) @ O(—A)) be any lift of s;. The
required properties hold by construction.

(2) We apply Proposition 5.30 and Remark 5.32 and hence obtain a diagram in nota-
tion as stated there. Let A € HY(A”, O(—A")) be a generator as in Definition 5.19(5)
(with Z = A” c C”). We shall at the end find sections s € H°(C’, O(n)) and
s’ € HO(C", O(n) @ O(—A")) such that

s'| z» and s|p/ are nonvanishing,
s'|ar =d"x,
s'|pr =8 '@"*(s), where § € HY(C”, O(A")) defines A",

o (s)|zr =5 ®8.

Put § = (1 — )@"*(s) + 18 ® s’. As before § is constantly nonvanishing over
D" x Al, and hence Z(5) C C” is finite over U’ x Al. Also § is constantly equal to
s’®8 on 2" x Al, and so Z(5) N 2" lies over Z;, C U’. We thus obtain a curve
correspondence of pairs

Oy =(U'xA! < C"x A Y5 X' 5/d", 1, Z(3)): (U, UNZ')x Al ~ (X', X'\Z)).
Similarly we obtain
W=(U < C X, s/d", w, Z(s)) : (U, U\ Z) — (X', X'\ Z)).
Arguing as before we see that ijO5 = 7*W* and
7103 =tw(§®s'/d")y 5 00

Since Z(8) = A” and d(8 ® s'/d"™) = A, by construction (see Definition 5.19(5))
we have tw(§ ® s'/d" ’;(5) =1id, as needed.

It thus remains to construct s, s’. Write Z; = Z” N A" and Z, for its image in C’.
Then Z, ~ Z» ~ Z., and Z; —> Z, xy U’. The closed immersion Z, — Z’ is
isomorphic to AN Z — Z, whence locally principal, and so principal since Z’ is
semilocal. Let p € O(Z’) cut out Z,, so that @ *(p) cuts out Z;. We may thus write
@*(p) = p' ®8, with p’ € H*(Z", O(—A)) a generator. Now A|z, and p’|z, both
generate O(—A)|z, and hence differ by a unit. Since O*(Z') - O*(Zy) >~ 0*(Z,)
is surjective (2’ being semilocal), we may multiply p by a unit and so assume that
Az, = p'lz,. Since Z” U A" is the pushout in schemes of Z” <— Z"NA — A”
[34, Tag 0C4J], there exists A € HO(Z” U A”, O(—A")) such that A|z» = p’ and
Ala» = A. Choose n large enough such that

HY(C',0(n)) — HY(D'U Z', O(n))
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and
HY(C",0(n) @ O(=A")) > HY(D" L (A" U Z"), O(n) @ O(=A"))

are surjective. Let s’ be a lift of (1, pd™), where 1 € HY(D',On))isa nonvanishing
section. Let s be a lift of (§~' - @*(1), Ad"). The required properties hold by
construction. [l

Theorem 5.40. Let k be an infinite field and 7w : U’ — U a cofiltered limit of étale
morphisms of smooth k-schemes. Assume that U', U are local schemes and 7 is
a local morphism. Let Z' C U', Z C U be finitely presented closed subschemes
such that 7 induces an isomorphism of Z' onto Z. Let F be an A'-invariant framed
pretheory. Then w* induces

FWU\Z)/FU)=FU'\Z)/F{U").

Proof. Since Z, Z' are finitely presented we may without loss of generality assume
that 7 = lim, 7o, where 7, : (X, Z,,)) — (X4, Z) is an étale neighborhood of
smooth affine k-schemes, and Z = lim, Z,, Z' = limy Z,,. Write z4, z,, for the
images in Xy, X, of the closed point. Set Uy = (X4),, U, = (X},).;, and write
o : U, — U, for the restriction of .. Consider the commutative diagram

T4
F(Uy\ Zo)/F(Uy) —— FUy\Z,)/F(U,)
i;T i[jT
Ty
F(Xo\Za)/F(Xo) —— F(X,\Z,)/F(Xg).
Lemma 5.39 yields equations
Oy =twoiy and T Wi =i
These show that
ker(w)) C ker(iy) and cok(i)) — cok(7}).

Taking the colimit over all & concludes the proof (since limy, iy : limg Uy — limy Xy
is an isomorphism, and similarly for i"). (|

51. Conclusion. We have proved the following.

Theorem 5.41. Any Al-invariant framed pretheory (see Definition 5.19) over an
infinite field satisfies the axioms IA, EA, IL, and EE of Section 5B.

Proof. Combine Theorems 5.26, 5.38 and 5.40, and Corollary 5.35. O

We can now prove the main theorem.
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Proof of Theorem 5.3. We first consider the case where k is infinite. We know that
the forgetful functor Py (Corrfr(k)) — Px(Smy) commutes with Qg (for trivial
reasons) and Lyjs (by [15, Proposition 3.2.14]). Thus if F € Py (Corrfr(k), Ab),
then so are F_; and H'(—; F). Suppose that F is A'-invariant. Then H'(—, F)
is Al-invariant by Theorem 5.13 (which applies because of Theorem 5.41 and
Example 5.20), provided k is perfect. For H? we do not need perfectness; see
Remark 5.18. The fact that F coincides with its sheafification on open subsets of
A' is Lemma 5.14.

Now let k be finite and F € Py, (Corr™(k), SH) be Al-invariant. It suffices to
prove that ' — Lo F is a Nisnevich local equivalence (indeed then Ly F 2~ Lot F
is Al-invariant). That is, we must prove that F(X) 2~ (Lo F)(X) for any X which
is essentially smooth, henselian local over k. Arguing as in [15, Corollary B.2.5],
for this it suffices to prove that if k’/k is an infinite perfect extension of k, then
F(Xr) >~ (LmotF)(Xp). Since Xy is a finite disjoint union of henselian local
schemes, this follows (using that L, commutes with essentially smooth base
change [23, Lemma A.4]) from LNis(F [sm,,) = Lmot (F|sm, ), which we have already
established. [l
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