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Pinwheel solutions to Schrodinger systems

Mobnica Clapp and Angela Pistoia

We establish the existence of positive segregated solutions for competitive nonlinear Schrédinger systems
in the presence of an external trapping potential, which have the property that each component is obtained
from the previous one by a rotation, and we study their behavior as the forces of interaction become very
small or very large.

As a consequence, we obtain optimal partitions for the Schrodinger equation by sets that are linearly
isometric to each other.

1. Introduction

Consider the nonlinear Schrodinger system

¢
— Aui Vi i =ui PP ui+ Y Bijlug Pl P ug, wi e H'RY),  w;>0, =1, (1-1)
j=l
J#i
where N >2, p>1land p < N/(N—2)if N >3, pij = Bji €R, and V; € C°(RV).

For the cubic nonlinearity (p = 2) in dimensions N = 2, 3 this system arises in the study of Bose—
Einstein condensation for a mixture of £ different states which overlap in space. It has been widely studied
in the last two decades. Most work has been done in the autonomous case (i.e., for constant V;). We refer
the reader to the recent paper [Li et al. 2022], where the authors provide an exhaustive list of references.
The nonautonomous case turns out to be much more difficult. Some results have been recently obtained
by Peng and Wang [2013], Pistoia and Vaira [2022], and Li, Wei and Wu [Li et al. 2022].

The system (1-1) for a more general subcritical nonlinearity in higher dimensions has been much less
studied. Even if it does not have an immediate physical motivation, finding a solution in this general setting
is a quite interesting and challenging problem from a mathematical point of view. Besides, Schrodinger
equations in higher dimensions have been widely studied in applications; see for instance [Dong 2011]. To
our knowledge, the only result for the system (1-1) in higher dimensions is that by Gao and Guo [2020],
who proved the existence of infinitely many solutions for only two equations (£ = 2) when the coupling
parameter f1; is negative, and both equations have a common potential V; = V, which does not enjoy
any symmetry properties, but satisfies suitable decay assumptions at infinity. However, nothing is said
about the sign of the solutions.
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Here we study (1-1) in a fully symmetric setting, namely we consider the nonlinear Schrédinger system

12

—Aui+V i = |wi P Pui+ B |ulPluil P Pui, wi e H'®RY), >0, i=1,....¢ (1-2)
j=1
J#i

where N >4, 1 < p < N/(N—=2), B <0,and V e CO(R") satisfies the following assumptions for
some n € N:

(Vy) V is radial.

(V2) 0 <inf,cgv V(x) and V(x) = Vs > 0 as x| — o0.

(V3') There exist Co, Rp > 0 and A € (0, 2 sin %) such that
V(x) < Vio — Coe MYVl for every x € RY with |x| > Ry.

We look for fully nontrivial solutions to (1-2), i.e., solutions with all components u; different from
zero. Set

luell5 :=/ (Vul* +V@xu?).
RN
We prove the following results.

Theorem 1.1. Let n € N and assume that V satisfies (V1), (Vo) and (V3'). Then the system (1-2) has a
Sully nontrivial solution u = (uy, . .., ug) satisfying, for every (z,y) € C x RN-2 =RV,

ur (€2, 0y) =uy(z,y)  forevery 6 € O(N—-2), (1-3)
ujy1(z,y) = ur ¥z vy forevery j=1,...,0—1.
This solution has least energy among all nontrivial solutions satisfying (1-3). Furthermore, the energy of

each component satisfies
p—1
2p

2
lluilly < neeo,

where ¢ is the ground state energy of the Schrodinger equation
—Au+ Voou = |u|??2u, ue H'(RV). (1-4)

As usual, O(N —2) denotes the group of linear isometries of RY ~2. The symmetries (1-3) of the
solutions given by Theorem 1.1 suggests calling them pinwheel solutions. For an autonomous system of
two equations in dimensions 2 and 3, solutions of this kind were found by Wei and Weth [2007].

Since the potential V is assumed to be radial, using the compactness of the embedding of the subspace
of radial functions in H'(R") into L?”(R") and following the argument given in [Clapp and Szulkin
2019, Theorem 1.1], it is easy to see that the system (1-2) has a solution all of whose components are
radial. Note however that if u = (uy, ..., uy) satisfies (1-2) and (1-3) and some component ; is radial,
then u; =--- =u, =: u and u is a nontrivial solution of the equation

—Au+V@u=~0+E—=DB)ul*’"2u, ueH'RY).
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Therefore, if 14 (¢ — 1) < 0, a nontrivial solution to the system (1-2) satisfying (1-3) cannot be radial.
In fact, more can be said. The following result, combined with Theorem 1.1, yields multiple positive
nonradial solutions when the assumption (V3') is satisfied for large enough n.

Proposition 1.2. Let B < —1/(£ — 1), and for some m,q € N, let u, and u, be solutions to (1-2)
satisfying (1-3) with n = €™ and n = €9 respectively. If m # q, then u,, # u,.

One may wonder if the solution given by Theorem 1.1 for 8 € (—1/(£ — 1), 0) is radial or not. The
following result gives a partial answer in terms of the nonautonomous Schrédinger equation (1-5). Namely,
if the least energy solutions to this equation that satisfy (1-6) are nonradial, then the solutions to the
system (1-2) satisfying (1-3) are nonradial for 8 close enough to 0.

Theorem 1.3. Let n € N and assume that 'V satisfies (V1), (V2) and (V3'). Let uy = (ug1, ..., Ugr)
be a least energy fully nontrivial solution to (1-2) and (1-3) with B = By. Assume that f; < 0 and
Bk — 0 as k — oo. Then, after passing to a subsequence, uy j — uq, j strongly in H'(RVY), ug,j > 0,

uo = (uo,1, - .., uo,e) satisfies (1-3), ug, ; is a nontrivial solution to the equation
—Au+V@u=u>u, ueH'RY), (1-5)
and ug,; has least energy among all solutions to (1-5) satisfying

u(€™/"z,0y) =u(z,y) forevery € O(N—2), (z,y) € R". (1-6)
Furthermore,
p—1
2p
Next, we describe the behavior of the solutions given by Theorem 1.1 as 8 — —oo. As shown by
Conti, Terracini and Verzini [Conti et al. 2002; 2005] and Chang, Lin, Lin and Lin [Chang et al. 2004],
there is a connection between variational elliptic systems with strong competitive interaction and optimal

2
lluo, jlly < neso.

partition problems.
We shall call an ¢-tuple (21, ..., Q2¢) of nonempty open subsets of RY an (n, £)-pinwheel partition
of RV if ;N Q j = < whenever i # j and it satisfies following two symmetry conditions:

(S1) Qj41=1{(z,y) eCxRN72: (e¥"V/t7 y) € Q) foreach j=1,...,¢—1.
(S2) If (z, y) € Qi, then (e¥™/"z, 0y) € Q for every 6 € O(N —2).

We denote the set of all (n, £)-pinwheel partitions by P;. If €2 is an open subset of RY satisfying (S,),

a minimizer for
p—1

. 2 .
inf lully =:cq

MGMQ

on the Nehari manifold
Mg = {M € Hy(Q):u#0, ul} =/ u|*”, and
RN

u@/"z 6y) =u(z, y) forall § € O(N—2) and (z, y) € Q} (1-7)
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is a least energy solution to the problem

—Au+V@u=u>u, ueHN(Q),

. (1-8)
u@*/"z,0y) =u(z,y) forevery 6 € O(N—=2), (z,y) € Q.
We say that (21, ..., ¢) is an optimal (n, £)-pinwheel partition for (1-5) if €Q; is attained on Mg, and
¢ ¢
o, = inf Q.
Z & (©1,...,0) P! X_: ©;
j=1 j=1

Theorem 1.4. Let n € N and assume that V satisfies (V1), (V2) and (V3'). Let uy = (uy 1, ..., up ) be a

least energy fully nontrivial solution to (1-2) and (1-3) with B = Bx. Assume that By — —o0 as k — o0.

Then, after passing to a subsequence:

(i) ug,j = oo, j stronglyin H'(RY), use j >0, tlog j 70, Ulog illoo,j=0 if i # j, hoo= (oo 1s - - -, Uoo,)
satisfies (1-3), and

17 p . .
, Bruy juy; =0 as k— o0 whenever i # j.

(i) Uoo,j € COURN), the restriction Of o, j to the open set Q.= {x € RN Uso,j(x) > O} is a least energy
solution to the problem (1-8) in Q;, and (821, ..., ) is an optimal (n, £)-pinwheel partition for (1-5).
(i) RN < Ui‘:] Qi =#U.7, where #N .Y = &, X is an (m—1)-dimensional Cl’“-submanifold of RN
and . is a closed subset of RN with Hausdorff measure < m — 2. Furthermore, if £ € %, there exist i, j
such that
lim [Vu;(x)| = lim |[Vu;(x)| #0,
x—&T x—&~

where x — £* are the limits taken from opposite sides of #, and if € € .7, then
linéWuj(x)l =0 forevery j=1,...,¢.
x—

@iv) If £ =2, then uso1 — Uo2 is a sign-changing solution to (1-5) satisfying (1-6).

14
j=1

Note that (iii) implies that the partition exhausts RY, i.e., RY =|J_, Q;. Thus, every £, is unbounded.

The regularity properties of optimal partitions have been established, in different settings, for instance,
in [Caffarelli and Lin 2008; Clapp et al. 2021b; Noris et al. 2010; Soave et al. 2016; Tavares and Terracini
2012].

Theorem 1.4 establishes the existence of optimal partitions having an additional property: each set
of the partition is obtained from any other by means of a linear isometry. Pinwheel partitions are an
example of this type of partition, but others are conceivable. In Section 2 we present a general symmetric
variational setting for the system (1-2) that produces other examples.

The existence of sign-changing solutions to (1-5) having the additional property that their negative part
is obtained from the positive one by means of a linear isometry and a change of sign has been established
in [Clapp and Salazar 2012]. This includes those given by Theorem 1.4 (iv). The tool for producing this

type of solution is a homomorphism from some group of linear isometries of R" onto the group with two
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elements. As shown in Section 2 this tool also serves to get positive solutions of the system (1-2) for £ =2
with the property that each component is obtained from the other by composition with a linear isometry.
The general tool for obtaining a similar result for the system (1-2) of £ equations is a homomorphism into
the group of permutations of a set of ¢ elements.

Rather than search for results in the general setting of Section 2, we decided, for the sake of clarity, to
look at pinwheel solutions only. The solutions found in [Peng and Wang 2013; Pistoia and Vaira 2022] for
N =2,3 and p =2 were of this type. Peng and Wang [2013] focused on the case where the potential V
is greater than its limit at infinity, and for a system of two equations, they established the existence of
pinwheel solutions for B sufficiently negative. Pistoia and Vaira [2022] raised the question of whether
solutions exist when V is below its limit at infinity and showed in that case that the system (1-2) has a
solution satisfying (1-3) for 8 close enough to 0. The energy of each component approaches ncy, as § — 0.

Our results can be easily extended to dimension N = 2. In contrast, the dimension N = 3 requires a
more delicate analysis because compactness can also be lost by the presence of solutions to the autonomous
system (with V = V) that travel to infinity; see Remark 3.3.

In Section 2 we present the general variational framework and in Section 3 we study the behavior of
minimizing sequences of pinwheel solutions for the system (1-2). In Section 4 we prove Theorem 1.1
and Proposition 1.2. Section 5 is devoted to the proofs of Theorems 1.3 and 1.4.

2. The symmetric variational setting

Let G be a closed subgroup of the group O(N) of linear isometries of RY, and for £ > 2, let S, be the
group of permutations of the set {1, ..., £} acting on R in the obvious way, i.e.,

G(bt], ceey Ltg) = (ua(1), ey uo(g)) for every o € Sg, (I/l], ey uz) € Re.

Let ¢ : G — S, be a continuous homomorphism of groups. A function u : R¥ — R’ will be called
¢-equivariant if
u(gx) = ¢(gu(x) forall geG, x e RV, (2-1)

Note that if u : RY — R is ¢-equivariant, then u is K s-invariant, where Ky := ker(¢).
These data define a G-action on H := (H'(RV))¢ as follows:

(gu)(x) :=p(u(g 'x) forevery g€ G, u=(uy,...,u) €H.

For u, v € H} (R") we set

(u, v)y = (Vu-Vo+Vx)uv) and |u|y =+ {u,u)y.

RN

The solutions to the system (1-2) are the positive critical points of the functional 7 : H — R given by

4 ¥4 L
. 1 2 1 2p B / P P
T .—2;nulnv 2p;fw|ul| - UZ_j] [,
i#]
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which is of class C!. Its i-th partial derivative is

¢
8T (W)v = (u;, vy —f ui| P 2uiv — B Zf a1 || P20
RN j=1 RN
J#EI
for any u € H, v e H'(R"). The functional 7 is G-invariant, i.e.,

J(gu)=Jm) forevery g€ G, u=uy,...,us) €H.

So, by the principle of symmetric criticality [Willem 1996, Theorem 1.28], the critical points of the
restriction of 7 to the G-fixed point space of H,

HO = {fueH:gu=uforall g e G} ={u €H:uis ¢-equivariant},

are critical points of .7, i.e., they are the solutions to the system (1-2) satisfying (2-1). We denote by 7%
the restriction of 7 to H?. Note that

¢
(T w)v =T (wyv = Z 3 J(w)v; forany u,veH?.

i=1

The fully nontrivial critical points of 7% belong to the set

N :={weH®:u;#0 and 8;T(w)u; =0 forall i =1,...,¢)}.
Observe that
4
p—1 .
T (u) = ST ;Huin%/ if ueN?.

Set

c®:= inf J%®).

ueN®
We consider also the single equation
—Au+V@u=u**?u, ueH R, (2-2)

where H'(RV)¢ :={u € H'(R") : u is G-invariant}, and we denote by J : H'(RM)Y - R and M the
energy functional and the Nehari manifold associated to it, i.e.,

1 1
10 = Yy = 5 [ P 3)
R

and

MG = {ueHl(RN)G:u#O, ||M||%/=/N|M|2p}~
R

Similarly, we denote by Jo, : H'(RY) — R and M, the energy functional and the Nehari manifold
associated to (1-4). Set
Coo i= i% Joo(u) and ¢Y:= inf J(u). 2-4)

UEM o ueM¢

We shall focus our attention on the following example.
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Example 2.1. Let Z,, := {e*™//™ : j =0,...,m — 1} act on C by complex multiplication, and let
Gy =2y x O(N—=2) acton R" as

ax = (az,y) forall « €Z,,
Ox :=(z,0y) forall 9 € O(N—2) and x = (z,y) e Cx RN 2 =RV.
Let o1 € Sy be the cyclic permutation o (i) :=i + 1 mod ¢, and let ¢,, : Gy, — S¢ be the homomorphism
given by ¢, (e2i/tn 9y .= o) for any 0 € O(N—2). Then u : RY — R is ¢n-equivariant if and only if
(12, 0y), ..., ue@V"z2,0y)) = (ua(z, ), - .., ue(z, y), ui(z, )

for every (z,y) € C x RV=2 and 0 € O(N —2), i.e., if and only if (1-3) holds. Note that every u; is
G ,,-invariant.

3. The behavior of minimizing sequences

From now on, we fix n, and we take G,, and ¢, : Gy, — S, as in Example 2.1. Then, for any u, v € Hn,
¢
(7" v =Y 8;Twyv; =£3;J(w)v; forany j=1,....¢, (3-1)
i=1
and the set V%" is the usual Nehari manifold associated to the functional 7% : H% — R, i.e.,
N ={ueH? u+0, (J%) (wu=0).

It has the following properties.
Proposition 3.1. (a) N #£ @.
(b) ¢ > 26 > 0.
(c) N is a closed C'-submanifold of codimension 1 of H®", and a natural constraint for J%".

(d) If u € H? is such that, for eachi =1, ..., t,

¢
2
RS >
RN y RV
j=l1
J#i
then there exists a unique sy € (0, 00) such that s,u € N ¢n Furthermore,

j"’”(suu)z max j"’”(su).
s€(0,00)

(e) ¢ < fncw.
Proof. The proof is easy. We give the details for the sake of completeness.

(a) Let ¢ € C2°(RY) be a nontrivial radial function with [|@||3 = [ l@]??. Set & ; := (e 10T/t ) €
C x R¥N-2 = RN and define

n—1

UR,i+1(x) 1= Z(p(x —RE ), i=0,...,n—1,
j=0



24 MONICA CLAPP AND ANGELA PISTOIA

where R > 0 is taken large enough that ug; and ug ; have disjoint supports for every i # j. Then
Upr = (uva, ey l/tR’l) €N¢”.

(b) Letu = (uy,...,us) e N. As B <0, we have
0< ||u,-||2v=||u1||2v§/ |u1|2p:f lu;|*P forall i=2,...,¢.
RV RV

Hence, there exists s € (0, 1] such that su; € MY for everyi =1, ..., L. Therefore,
¢ 1 ¢ 1 ¢
Gy N 2 < 22 2 — 7¢
le s;usluo— r ;ns,ulnv_ > ;nuluv—J ).

It follows that £¢Cn < ¢%n.

(c) The function W : %% < {0} — R given by W (u) := (J%) (w)u is of class C', and N = w~1(0). It
follows from (b) that A% is a closed subset of H?". As

W (w)u = (2 —2p)Lull} #0,

we have that 0 is a regular value of W. This shows that A’?" is a C!-submanifold of codimension 1 of H%.
It also shows that u ¢ ker W' (u) =: T, N'%", the tangent space of N’ at u. Hence,

H = T,N"" © Ru.

Since, by definition, (7% (u)u = 0 for every u € N'», we infer that a critical point of the restriction
of J% to N'%" is a critical point of J%".

(d) The proof is straightforward. The number s,, is

1/2p-2)
( i1 )
Sy = n .
Jawlut 1224+ 3 B fanlur|Pluj|P
j=2

(e) Let w be the least energy positive radial solution to (1-4). Set & ; = (e271(+6)/t 0y e Cx RN -2 =RV.
Define

n—1

wrip1(X) =Y o&—R&;), i=0,....n—1
j=0

Then wg = (wg.1,..., WRye) € HO If R is sufficiently large, statement (d) yields sg € (0, 0o) such that
SRwgr € N and sg — 1 as R — oo. Using assumption (V,) we obtain

¢
—1

e §j¢”(stR):p— E ||sR,in7i||%,—>£ncoo as R — oo.
2p i=1

This shows that ¢ < £nco, as claimed. |
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Lemma 3.2. Let (x;) be a sequence in RN, where N > 4. After passing to a subsequence, there exists a
sequence (&) in RY and a constant Cy > 0 such that

|xk —&| = Co forall keN,
and one of the following statements holds true:
e & =0forallk, or
o & = (&, 0) e Cx RV and |¢gx| — o0, or
o for eachm € N there exist yy, ..., ym € O(N —2) such that |y;§ — yjék| — o0 if i # j.
Proof. See [Clapp et al. 2021a, Lemma 3.1]. ]
Remark 3.3. This lemma is not true in dimension N = 3, because O(1) = {1, —1}.

Theorem 3.4. Let uy = (ug 1, ..., Uryq) € N be such that T (uy) — ¢ and ui; > 0. Then, after
passing to a subsequence, either u; — u strongly in H® with u; > 0, or there are points (z;,0) €
C x RN=2=RN such that |z;| — oo,

lim
k— 00

n
Ug,1 — Z w(-— /"y, 0))” =0,
i—0

and ¢ = Unce, where w is the least energy positive radial solution to (1-4).

Proof. Invoking Ekeland’s variational principle [Willem 1996, Theorem 8.5] we may assume that
() (g) — 0in (o)
Since B < 0, Proposition 3.1(b) yields c¢g > 0 such that
lug 11°P > ¢y forall k e N,
RN
By Lions’ lemma [Willem 1996, Lemma 1.21] there exist § > 0 and x; € R such that, after passing to a
subsequence,
/ lug.1|*P > 8 forall k eN.
B (xi)

For (x;x) we fix a sequence (&) and a constant Cy > 0 such that |x; —&;| < Cy for all k € N, satisfying
one of the alternatives stated in Lemma 3.2. Then

/ lug 1*P z/ lug.1|*°P > 8 forall k e N. (3-2)
Bey+16k) B (x)

It follows that either & = 0, or & = (¢, 0) € C x RV=2 and ¢ — oo. Otherwise, by Lemma 3.2, for
each m € N there would exist yi, ..., ¥, € O(N —2) such that |y;& — y;&| > 2(Co+ 1) if i # j for
large enough k € N, and as uy, | is G,-invariant, we would have that

m
2 2 2
/ |Mk,1|pZZ/ |l4k,1|p=m/ lug ™" > mé
RN ; Bey+1(vibe) Begt1(61)

i=1

for all m € N. This is impossible because (ux, 1) is bounded in L?P(RM).
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Next, we distinguish two cases.

Case 1: & =0 forall k e N.

Since the sequence (uy 1) is bounded in H LR, passing to a subsequence, we have that u; 1 — u;
weakly in H'(RV), uz1 — u; in LIOC([RN) and uz 1 — u; a.e. in RV, Hence, u; > 0 and it follows
from (3-2) that u; #0. Note that, as u; € H'(RN)%, u; € HY(RN)%. Setu;+1(z, y) :=u1(e*™V/"z, y)
for (z,y) e CxR¥=2and j =1,...,£—1, and set u = (uy, ..., ug). Then uy ;11 — uj weakly
in H'(RY), and as (J%)(uy) — 0 in (H?")’, we derive from (3-1) that

0= lim 8,7 ()¢ =T (w)p forevery ¢ € C(RN)Cn,
— 00

Hence, u € N and

< T ) = Znu (= hmmf Znuk iy = Jim J% @) = .
Therefore, u; — u strongly in H?. This shows that, in Case 1, the first alternative stated in Theorem 3.4
holds true.

Case 2: & = (&, 0) € C x RV=2 and ¢ — oo.
Set

wk,,-(x) ::uk,i(x—kék), i=1,...,¢.

Note that wy ; is O (N —2)-invariant. Since the sequence (wy ;) is bounded in H H(RN), a subsequence

RN)O(N—Z)

. . . 2 .
satisfies wy ; — w; weakly in H( , W, — w; in LIOZ(RN) and wy ; — w; a.e. in RY. Hence,

2ri/n

w; > 0. To simplify notation, set o :=e . Note that, as |a/& — a™&| — oo if j # m, we have that

n—1
wiioa ™ — Y (wioa ")(-—alg +a"E) = wioa ™"
j=m+1

weakly in H'(RM). Hence, setting Vi (x) := V(x + &), Lemma A.l gives

n 2
o oo™y, = Hw’”‘""m 3 wioa (- —alt +a"E)
j=m+1 Vi
n—1 2
—Hwk,,-oa'"—Z(w,-oaf)(-—afsk+a'"§k> +o(l).
. Vi
j=m

Since uy ; is G,-invariant, the change of variable y = z — a™&; yields

Z (wioa ™) (- —oﬂék) i — Z(wzoa (- —afso

j=m+1 j=m

2
Nl (),
and iterating this identity we obtain

2
i |13 = +nllw; |17, +o(1). (3-3)
\%4

n—1
wei — Y (wioa (- —alg)
j=0
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On the other hand, for any given v € H'(RV)YON=2) get v (y) := v(y — &) and

n—1

B (y) ==Y vk(aly).

j=0

Recalling that uy ; is G,-invariant and performing the translation y = x 4 &, we obtain

n—1
0T )b =Y 8.7 (ue)(vgoar?) = nd; J (wie) v
j=0
L
=n(f (Vwk,i-Vv-l-Vk(X)wk,iv)—/ |wk,i|2p_2wk,iv_,32/ |wk,j|p|wk,i|p_2wk,iv)-
RN RN o /Ry

J#i
Note that 0 is G,-invariant. As (J%)'(u;) — 0, invoking (3-1) and assumption (V5), and passing to the
limit as k — oo, we get

¢
0=f (Vw,--w+voow,-v>—f |w,-|21’—2wl~v—ﬁ2f |w; 1P wi | P> wiv (3-4)
RN RN i—1 JRY
J#i
for every v € H! (IRN)O(N_Z) andi =1,..., ¢. Since, by (3-2),

2 2
/ |wk,1|p2/ lup, 11" =6 >0,
Bcy+1(0) Bcy+1(8)

we see that w; # 0. Furthermore, (3-4) implies that

£
2 2 2
||w1||vw=/ |w1|”+ﬂ2/ |wj|P|w1|psf w17, (3-5)
RN i IRV RY

so there exists # € (0, 1] such that ||fw ||2oo = fRN |tw |?P. Tt follows that rw; € Mo, and from (3-3) and
Proposition 3.1(e) we derive

—1 p—1 p—1
2 2 .

n|jtw < njw < lim

lzwlly,, lwilly, B

p
Neeo =

1
2
lur1lly = ZC‘/)” <ncx.

Therefore, t = 1, w; € My and Jo(wy) = ((p — 1)/2p))||w; ||2oo = (0, 1.€., W1 is a least energy
solution of (1-4). Moreover, from (3-3) we get that

n—1

Jim fug g — Zo(wl oa (- —al&)| =0.
j:

2
Vv

Since the positive least energy solution to (1-4) is unique up to translation and w; is O (N —2)-invariant,
there exists £ = (£,0) € C x RV=2 such that w;(x) = w(x + &). Hence, (wj o a /) (x — a’/&) =
ol Ix —& —&) =wx —al (& +E)). So, setting zx := & + ¢, we obtain

=0.

lim
k—o00

n
ey — Yy w(-— @z, 0)
=0

This shows that, in Case 2, the second alternative stated in Theorem 3.4 holds true. |
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Corollary 3.5. If ¢?" < {ncy, the system (1-2) has a least energy fully nontrivial solution satisfying (1-3).

4. Existence of a solution
We define the set of weak (n, £)-pinwheel partitions as
2 . [P .
Wi =A@, . ue) € MO ui 0, uill§ = luilyh, win; =0 in RV if i # j},

and set

(Wy,....ug) WY

¢
—1
A¢n . 1 p . 2
¢ = inf 0 IE_ llui Il -

Our next goal is to give an upper estimate for é%. To this end, we choose ¢ € (0, (dgy — 1)/ (den + 1))
and a radial function x € C®(R") satisfying 0 < x <1, x(x) =1if |[x| <1 —¢ and x (x) =0if |x| > 1.
Let w be the positive least energy radial solution to (1-4). For each r > 0 define
wr(x) 1= X(%)a)(x).
Lemma 4.1. As r — 00,
— — r 2 2 — — r
llol? = llor 2] = 02NN and  ||wl3) — o, 55| = 07271 =OVV=r),
where | - |2, denotes the norm in L?P(RM).

Proof. These statements follow easily from the well-known estimates |w (x)| = O (|x |_%(N ~De=vVolx h
and |V (x)| = O(|x|"2V=De=vVxIxl) as in [Clapp and Weth 2004, Lemma 2]. O

Set o := %(dgn + ), and for R > 1 define

n—1

Wi r(x) == ngR(X — RE¥™/" 0)) and wy g =t g,
=0

where tg € (0, 00) is such that ||u)1’R||2 = |w1,R|§Z. Note that fg — 1 as R — 00, wj g is G,-invariant
and

supp(wor(- — R/, 0))) C B,r(R(e2™ii/t,0)).

Set le’R(ez”ij/e”z, y) :=wy g(z,y) for (z, y) € C x RV=2and j=1,...,¢—1. Since o < %dg,, we

have that supp(w; g) Nsupp(w; gr) = @ if i # j. Hence, wg = (Wi g, ..., wer) €Wy.

Lemma 4.2. There exist C1, Ry > 0 such that

14
-1
Fy Llwigly = 7% o) < tness = Cre™E forall Rz Ry
i=1

Proof. Because wg = (wy g, ..., we,r) € W, the equality holds true. To prove the inequality note
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that 1 € [%, 2] for R large enough. Assumption (V3') yields

/ (V(x) = Vo) |trwpr (x — R(1, o))|2 dx = / (V(x + R(1,0)) — Vao)ltrwor (x)|* dx
RN \

x|<oR

_ —lCo/ eV RO 4y (1) 2
|x|<eR

4

< —1C0</ e_'\‘/ﬁl"llw(}cﬂ2 dx)e_)‘mR
4 RN

—: —2Ce V=R,

Using Lemma 4.1, for R large enough we get

4 4 4
1 1 B
bn S o3 — — T B olPlw; p|P
Thwr) =3 ) lwirly =5 ijN|w,,R| 2y 2 :/RN|wl,R| ).kl
i=1 i=l1 i,j=1
i#J

—_En —1 —R 1 O 2 ——1 t —R 1 0 %

2||tRwQR(' ( ) ))”V 2 | Ra)QR(' ( ) ))|2p

={n 1||tR R”z\/ ! (L LOO)|Z‘R R( R(l 0))‘2 : |tR QR|2p
2 Ve 2 RN Ve ' ’ 2p @ 2

1 1
={n —||l’Ra)||%/ _ Ce*ka _ —lfRCl)lip 4 0(672(178)\/@QR)
2 o 2p P
< tnce, — CreMVV=R,
because 2(1 — &)o > %(dgn + ) (1 = (den — 1)/ (den +A)) =\ O
Proof of Theorem 1.1. Note that W} C N' ¢, Hence, from Lemma 4.2 we get
P < P < tnce,
and Corollary 3.5 yields the result. (I

Proof of Proposition 1.2. Arguing by contradiction, assume that u is a solution to (1-2) satisfying (1-3) with
n = £" and with n = £9, respectively, and that 1 <m < g. Then, for k = ¢4~ !j with j =1,...,£—1,

w1 (x) = up (@ x) = ug (@) =y (),
and as 1 4+ (£ — 1) <0, we obtain
—1
ey I =f i PP+ B luja [Pl [P = (1+ BL — 1))/ u1 | <0,
RN —1 RN
]_
a contradiction. O

5. The limit profiles of the solutions

We start with the case 8 — 0.
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Proof of Theorem 1.3. We write J,”" and Nk¢” for the functional and the Nehari set associated to the
system (1-2) with 8 = B, and we define

cf" := inf jk¢".
N¢n

k

As W} C N, k¢" for every k € N, invoking Lemma 4.2 we see that
1 ¢
p2_ > il = ¢ <& < tnes, forall ke N. (5-1)
L

After passing to a subsequence, we have that uy ; — uo; weakly in H (RN, up; — uo,; strongly in
LfOC(RN) and uy ; — up; a.e. in RN, foreachi=1, ..., ¢. Hence, ug;>0andug=_(ug1,...,u0) € HPn.
We claim that
up; #0 forall i=1,...,¢.

To prove this claim assume, arguing by contradiction, that u( ; = 0. Following the argument in the proof of
Theorem 3.4 we see that, after passing to a subsequence, there exist & € R, Cy > 0 and § > 0 such that

/ |I/tk’i|217 >§>0 forall keN, (5-2)
Bcy+161)

where either & = 0, or & = (&,0) € C x RN-2 and ¢x — oo. Since uy; — 0 strongly in L%OC([R{N),
(5-2) implies that & # 0. Now, as in Case 2 of Theorem 3.4, we set

Wi () ==upi(x+8), i=1,....¢

and we take a subsequence satisfying wy,;, — w; weakly in H'(RY), wy; — w; in leoi(RN) and

wi,; — w; a.e. in RN . Hence, w; € H'! (RN)O(N_Z), w; > 0 and following the proof of (3-3) we obtain
n—1

wei — Y (wioa (- —alg)

j=0

2

+allwi I, +o(). (5-3)
\%4

2
lukilly =

Furthermore, following the proof of (3-4) we derive

J4
2p—2 -
Vi Vot Vo) = [ PPt e Y [Pl
RN RN =1 RN

j#i
for every v € H'(RY)9N =2 and taking v = w; we get
¢
||wi||zvoo=/ |wi|21’+ﬁk2/ |w,~|”|wi|”5/ Jwi [*7.
RN o /Ry RV

JEI
Since, by (5-2),

f |wiil z/ Jugi P = 8 >0,
Bcy+1(0) Bcy+1(8)
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we see that w; # 0. Hence, there exists ¢ € (0, 1] such that ||zw; ||%,OO = fRN |tw;|??, and (5-3) yields

—1 p—1 <p—l

112 112
ltwilly,, <n 2 lwilly,, = 2

p 2
Neoo <N ek, lly -

As a consequence,
p—1 ¢
- 2
ncoe < —— E o illy s
2p 15

contradicting (5-1). This shows that u#g ; # 0, as claimed.
As (7)) () =0, ug; >0, ug; >0 and B < 0, we have that

¢
2p—2 )
(ki uo,i)v =/ |, i |°P ”k,i”O,i+,3kZ/ lutge 1P ki 1P u iweoi
RN j:1 RN
J#Ei

2p—2
S/ lug i 177 “ug iuo,i,
RN

and passing to the limit we obtain ||ug ; 1% < |”0,i|§z- Hence, there exists s € (0, 1] such that ||sug ; 1% =
2p
|suo,; |2p and we have that
G pP— 1 2 p— 1 2 . .. P 1 2
¢ < suoilly < ——Illuo;lly <liminf urilv, 5-4
= 55 swodlly = =5l < liminf == i1 (5-4)

with ¢©» as in (2-4). We claim that these are equalities.

To prove this claim, let vy € M be such that J(ve) = ((p — 1)/Cp) vk}, — O, Set ug 1 := vy
and define uy jyy asin (1-3) for j =1,...,€ — 1. Set uy = (uy1, ..., ux ). Because (vy) is bounded
in H'(RY) and B; — 0, we have that

lim ,Bk/ lug, j1” lur,i|” =0 forevery i, j,
k— 00 RN

so, by Proposition 3.1(d), for k large enough there exists s; € (0, 00) such that sux € N, and s, — 1
as k — oo. Thus,

V4
’ p—1 p—1
< T (seuy) = ETS > lisiueilly = Wes,%nvknzv — £cOn, (5-5)
i=1

Combining (5-4) and (5-5) we see that s = 1, thus ug ; € M, that uy ; — u; strongly in H'(R") and that
1
J () = ¢ = Zc,‘f” < NCoo.
This completes the proof. O

Now we turn to the case 8 — —oo. For the proof of Theorem 1.4 we need the following result.

Lemma 5.1. Let B <0 and (ug 1, ..., uk¢) be a solution to (1-2) with B = Bi such that uy; — Ueo.
strongly in H'(RN) for everyi =1, ..., L. Then (uy;) is uniformly bounded in L>°(RM).
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Proof. Let s > 0 and assume that uy ; € L2>6G+D(RN) for every k € N. Fix L > 0 and define wy; :=
ug,; minfuy ;, L}. Then

f |Vwg ;| <<1+s>f Vi, -V (u,; minfuz’;, L*})

=(1+s)( / |uk,,-|21’—2w,%,,~+ﬂ2 / g j1P g i 1P~ 2w — f Vwi,i)
RN =1 RN RN
J#i
< (1+s) f N|uk,i|2P—2w,%,i. (5-6)
R

On the other hand, for any K > 0 we have that

2p—2..2 2p—2 2p—2 2 2p—2..72
/N|uk,i| P=%wy S/N(|uk,i| P2 —Jueo i |77 )wk,,-+/ [Uooi| P wkl+K/ Wi,
R R

ltoo,i|?P~2= K

2p=2 2 2|2p— 2 2 2 (r=b/p 2
< [l i PP 72 = oo i 1P 720 wiilz, + oo, i |7 lwi.il3
r |uooi‘2p_2ZK P

+ K w13
As uy,; — Uso; strongly in H'(RV), choosing ko > 0 and K sufficiently large, we get that

i i 1772wy < 3lwiil, + Klwg |3 forevery k > ko. (5-7)

RN
Because H'(RV) is continuously embedded into L??(RN), we derive from (5-6) and (5-7) that, for
every k € N,

|wkz < K; |wkt|27

for some constant K independent of L, and letting L — oo we get

2(s+1) |us+1

+1,2 2(s+1)
|uk,i|2p(s+1) K |us |5 = Kylug,l .

|2p — 2(s+1)

As (uy ;) is uniformly bounded in L?(R"), iterating this inequality starting with s = O and using
interpolation, we conclude that (u ;) is uniformly bounded in L4 (RV) for any ¢ € [2, 00) and each
i=1,...,£. This implies that

2r—2
S = lugil"P~ ukl+ﬁz|ukj| | i 1P~ g
J#I

is uniformly bounded in L4 (R") for any ¢ € [2, o0). Then, by the Calderé6n—Zygmund inequality, (uy ;)
is uniformly bounded in W24 (RY) for every ¢ € [2, 00), and choosing ¢ large enough, we derive from
the Sobolev embedding theorem that (uy ;) is uniformly bounded in L>®(RM), as claimed. U
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Proof of Theorem 1.4. (i) As before, we write J,"" and N,f’" for the functional and the Nehari set
associated to the system (1-2) with 8 = B, and set

cf" = inf J,"".

de’n
Arguing as in the proof of Theorem 1.3, we see that, after passing to a subsequence, ug ; — Uoo; Weakly
in H'(RV), Uk, — Uoo,i Strongly in L%OC([R{N) and uy ; = U, a.€. 1N RN, foreachi =1, ..., ¢. Hence,
Uooi > 0and uoo = (Uoo 15 - -+ Uoor) € HP, 50 u satisfies (1-3). We also get that
. 12 2P -
Uooi 70 and  |ueolly < |uoo,,|2p forall i=1,...,¢.

Furthermore, as (7, ") (u) = 0, we have that, for every j # i,
2p
Us i
| k,i |2p < C .
—Br — Bk

As By — —o0, passing to the limit and using Fatou’s lemma, we obtain

0< / e 1P g1 <
RN

05f |uoo,,-|”|uoo,,~|f’shminf/ g ;1P eni 17 = .
RN k— 00 RN

This implies that U juco; = 0 a.e. in RY whenever i # j.
Let s € (0, 1] be such that ||su ; 1% = |suoo,,~|§5. Then su, € Wy, and using (5-1) we get

¢ ‘ ‘
—1 —1 —1
o p_E 12 p_E: 12 p_E: - N2 < o
¢ < 2p - ||S”oo,t ”V =< 2 - ||Moo,1 ”V = 2p - l}cfg}gf”uk,z ”V <c™.
This proves that s = 1, ueo € W/, up; — Uso,; strongly in H'(RM) and
=1«

Abn __ — 112 -
= 2 ;_1 ltoo,illy - (5-3)

. . 2 . 2
Finally, as 1im |[ug ;| = oo i |3 = |teo i |52 = lim |uy |57, from
y kaoo” k,l” || oo,t” | oo,t|2p k~>00| k,zlzp
¢
li A2 = i 2P 4 i AP L)
1m ””k,t”V— 1m |uk,l|2p+ im By |uk,j| lug,il”,
k— o0 k— 00 k— 00 1 RN
J:
J#i
we obtain

14 )4 . .
,/RN lBk”k,j”k,i —0 as k— o0 whenever i # j.

(i1) It follows from Lemma 5.1 and [Clapp et al. 2021b, Theorem B.2] that (i ;) is uniformly bounded
in C%%(K) for each compact subset K of RV and « € (0, 1). So from the Arzela-Ascoli theorem we
get that u; € CO(RN). Therefore Q; := {x € RV : Uso,i(Xx) > 0} is open. Because uqg iltoo,j =0
if i # j and u satisfies (1-3), we have that ; N Q; = @ if i # j and the £-tuple (21, ..., ;) satisfies
(S1) and (7). Thus, it is an (n, £)-pinwheel partition.
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Since u, € Wy, we have that un, ; belongs to the Nehari manifold Mg, defined in (1-7). Therefore,
((p—1/C2p)lucc.i I3 > cg,. Equality must hold true as, otherwise, there would exist vi € Mg, such
that ((p —1)/2p)|luco.1 II%, > ((p—1)/2p)|v1l3 > cq,, and defining vj4+1 asin (1-3), we would have
that (vy, ..., v) € W/ and

L 4
p—1 2 p—1 2 P
S E lvilly < —— E lto,illy =™
2p i=1 l 2p i=1 -

by (5-8), which is a contradiction. This shows that u, ; is a least energy solution of (1-8) in €2;. Now,

since ((p — 1)/ 2p)luco,i I} = cq,, we get
l

¢
inf Z o, < Z cQ, = &P < inf Z co;-
(©1,....00)€eP; £ ] -1 (©1,...,00)€P} £

j= j= j=

This shows that (1 1, - .., Uso,¢) 1 an optimal (n, £)-pinwheel partition.

(iii) This is a local statement. Recall that (u ;) is uniformly bounded in %% () for each open subset 2
compactly contained in RN and « € (0, 1). So, from the Arzela-Ascoli theorem, we get that uy ; = Uso,i
in C%*(Q). Thus, all hypotheses of [Clapp et al. 2021b, Theorem C.1] are satisfied and (iii) follows.

(iv) Let Gy, be the group defined in Example 2.1 with £ =2, and let 7, : G2, = Z5 := {1, —1} be the
homomorphism given by 1, (e2™1/2"y = —1 and 1,(0) = 1 for every 8 € O(N —2). A solution to the
Schrodinger equation (1-5) satisfying

u(gx) = 1,(g)u(x) forall g€ Gy, x € RY (5-9)
is a critical point of the functional J : H HRN)™ — R defined by (2-3) on the space
H'(RY)" := {u € H'(R") : u satisfies (5-9)}.
The nontrivial ones belong to the Nehari manifold
M™ = {u e H' @)™ 2w 20, lull} = lul3p),

which is a natural constraint for J. Note that every nontrivial function satisfying (5-9) is nonradial and
changes sign.
There is a one-to-one correspondence

Wy — M™, (uy, uz) — uy —ua,

whose inverse is u — (u™, —u~), with u* := max{u, 0} and u~ := min{u, 0}, satisfying
—1 2 2
W(”Ml”v + lluzlly) = J (1 —uz).
Therefore,
—1 —1
J — =— 2 2y= inf —— 2 2y=inf J(u).
(Uoo,1 — Uoo,2) 2 (oo, 1 lly + llutoo,2ly) <u1,,i?)ewg oy (lurlly + lluzlly)  Inf (u)

This shows that 1, | — o 2 is a least energy solution to (1-5) and (5-9). [l
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Appendix: An auxiliary result

Lemma A.1. Assume vy — v weakly in H'(RY), & e RN satisfies |&,| — oo and V € CO(RYN) satisfies
assumption (V,). Set Vi (x) :== V (x +&). Then

. 2 . 2 2
Jim floglF, = Tim [loe = w3, = vl
Proof. As vy — v weakly in H Y(RN), one has
0I5, +o(D) = llvelly, — llve = vl
= [lull§, — llve = vlI3, +2/N<Voo — Vi — fN(voo — Viov®.
R R

Given ¢ > 0, choose R > 0 large enough that

/ |Voo — Vil|v]? <2 sup V(x) ] < Le.
RN\BR

xeRN RN\BR

Now take ko such that

Voo = V(x+&)| < ﬁ =:8 forevery x € Bg and k > kg.
Vi3

Then, for k > ky,

/|Voo—vk||v|zs/ |voo—vk||v|2+/ Ve = Villo2 <&
RN Bg RN\ B

1 1
2 2
/|<voo—vk)vkv|s(/ |voo—vk||vk|2) (/ |Voo—vk||v|2>
RN RN RN
< C./e.

This completes the proof. O

and
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