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KK- and E-theory via homotopy theory
Ulrich Bunke

We provide a homotopy theorist’s point of view on KK- and E-theory for C*-algebras. We construct
stable co-categories representing these theories through a sequence of Dwyer—Kan localizations of the
category of C*-algebras. Thereby we will reveal the homotopic-theoretic meaning of various classical
constructions from C*-algebra theory, in particular of Cuntz’ g-construction. We will also discuss operator
algebra K -theory in this framework.
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1. Introduction

We describe a construction of stable co-categories representing KK- and E-theory for C*-algebras through

nu
sep

extension along the inclusion of separable C*-algebras into all C*-algebras. In contrast to the previous

sequences of localizations of the category C*Alg.. of separable C*-algebras followed by a left-Kan

constructions of such an co-category [Land and Nikolaus 2018], particularly in the case of KK-theory
[Bunke et al. 2021], the description presented here is independent of the classical group-valued KK-theory
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104 ULRICH BUNKE

introduced in [Kasparov 1988; Cuntz 1987] which is described, e.g., in the textbooks [Blackadar 1998;
Higson 1990b]. A stable co-category representing E-theory has not been considered so far.

The main goal of this note is to give a complete account of the basic categorical and functorial
properties of KK- and E-theory using only the basic elements of C*-algebra theory. In this way we hope
to make these theories more accessible to readers with a homotopy theory background. The approach
to KK- and E-theory described here can easily be generalized to the case of G-C*-algebras for discrete
groups G (see, for example, [Bunke and Duenzinger 2024] for E-theory) or to Co(X)-algebras. With more
modifications it should be possible to develop a similar approach to the algebraic version of KK-theory
[Cortifias and Thom 2007; Garkusha 2014; 2016; Ellis 2014]. It is also an interesting task to provide a
homotopy-theoretic interpretation of the constructions from [Cuntz 1998] in the spirit of the present paper.

The starting point of our construction is the characterization of the stable oo-category version of
KK-theory through a universal property.

Definition 1.1. The functor kk : C*Alg™ — KK is initial for functors from C*Alg™ to cocomplete stable
oo-categories which are homotopy invariant, stable, semiexact and s-finitary.

This means that kk has these properties, described in detail in Definition 2.4, and that for any cocomplete
stable co-category D the restriction along kk induces an equivalence

Kk* Func"lim(KK, D) = Funh,s,se,sﬁn(C*Algnu, D)

Here the superscripts colim and £, s, se, sfin stand for colimit-preserving and the corresponding properties
listed in Definition 1.1.

The characterization of KK-theory by Definition 1.1 was given in [Bunke et al. 2021] following
[Land and Nikolaus 2018]. A similar characterization of the group-valued KK-functor through universal
properties has been known for a long time [Higson 1988].

The characterization of the stable co-category representing E-theory is similar and obtained by replacing
in Definition 1.1 the condition of semiexactness by exactness. The motivation comes from the universal
property of the classical E-theory stated in [Higson 1990a, Theorem 3.6].

Definition 1.2. The functor e : C*Alg™ — E is initial for functors from C*Alg™ to cocomplete stable
oo-categories which are homotopy invariant, stable, exact and s-finitary.

In this case we have an equivalence
e* : Fun®"*"(E, D) => Fun**"¥"(C*Alg", D).

Our construction proceeds with the following steps which are designed to force the universal properties
stated above:

(1) Ly : C*Alg™ — C*Alg;" is a Dwyer—Kan localization which inverts the homotopy equivalences.
The resulting co-category C*Alg;" is left-exact (see Section 3) and the functor L), is Schochet-exact in
the sense that it sends Schochet fibrant cartesian squares to cartesian squares.
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(2) Lk : C*Alg)" — LxC*Alg;" is a smashing left-Bousfield localization which inverts the left-upper-
corner inclusions and produces a semiadditive and left-exact oo-category (see Section 4).

(3) We restrict to the full subcategory of separable algebras and form a left-exact Dwyer—Kan localization
Lgep,: LxC *Algsep n— L KC*Algsep It for ! in {splt, se, ex} which forces split exact, semisplit exact or
exact sequences to induce fiber sequences (see Section 5).

(4) For ! in {se, ex} the two-fold loop functor Qfep’! . L KC*Algggp’h , —> L KC*AlgSep i, &% (where
Ce™'P denotes the full subcategory of group objects in a semiadditive co-category C) turns out to be the
right-adjoint of a right-Bousfield localization and has a stable target. The composition of the localizations
above gives functors

Kksep : C*Algg, — KKiep:=Lx C*Algey, 5 o= 7 and  esep: C*Alge, — Eqep =L C*Alggy j, o ° -

(See Section 7.)

(5) We define the presentable stable oco-categories KK and E as the Ind-completions of the stable
oo-categories KKsep and Ege, and the functors

kk: C*Alg"™ — KK and e:C*Alg™ — E
by left-Kan extending the compositions
C*Algly, =2> Kksep KKp = KK and C*Algly —%> Eep <> E

along the inclusion of separable C*-algebras into all C*-algebras (see Section 8). Theorem 8.5 states that
the functors constructed by this procedure indeed satisfy the conditions of Definitions 1.1 and 1.2.

One interesting consequence of the constructions is that the functors

Kkeep : C*Alges — KKgep  and  egep : C* AlgSep — Egep

sep

are Dwyer—Kan localizations (see Proposition 7.5).

Our construction of KK- and E-theory for separable C*-algebras via a sequence of localizations is
analogous to the construction of an additive category representing E-theory in [Higson 1990a]. The idea
of left-Kan extending KK-theory from separable C*-algebras to all C*-algebras also appears in [Skandalis
1988].

The category C*Alg™ has symmetric monoidal structures ®max and ®min. The kk- and e-theory
functors have symmetric monoidal refinements which are characterized by symmetric monoidal versions
of Definitions 1.1 and 1.2. We will discuss the universal properties of the symmetric monoidal refinements
in the main body of the present paper.

The categories KK and E whose construction is sketched above are stable oo-categories. For any two
C*-algebras A and B we therefore have mapping spectra

KK(A, B) :=mapyk (kk(A), kk(B)), E(A, B) :=mapg(e(A), e(B)).
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Taking homotopy groups we get Z-graded KK- and E-theory groups
KK« (A, B) :==n.KK(A, B), E.(A, B):=n.E(A.B).

The approach to KK- and E-theory taken in the present note turns the classical constructions of these
group-valued bifunctors into calculations. Our homotopy-theoretic construction of KK- and E-theory
is straightforward once one knows which universal property one would like to enforce. Composition,
homotopy invariance, stability and the respective exactness properties come for free. Also Bott periodicity
is just a property which holds because of the existence of the Toeplitz extension. The real problem in our
approach is to calculate the homotopy groups of the mapping spaces in order to see that they coincide
with the classical groups. The latter are defined in terms of Kasparov modules (see [Cuntz 1987; 1998;
Thomsen 1999; Dadarlat et al. 2018] for alternatives) in the case of KK-theory, or in case of E-theory,
by the one-categorical localization procedure as in [Higson 1990a] or asymptotic morphisms [Connes
and Higson 1990]. The comparison of the homotopy groups of the mapping spectra of the categories
constructed in the present note with the classical groups is not obvious at all just from the construction.
But it is crucial if one wants to use the models proposed in this note as a homotopy-theoretic replacement
of the classical analytic constructions.

In the case of KK-theory one could argue by a comparison of the universal properties that the functors
kksep for separable algebras constructed in the present paper and in [Land and Nikolaus 2018] are
canonically equivalent. Moreover, in [Bunke et al. 2021] we have shown that the composition

kksep

C*Algsep KKSCP —) hOKKsep

is equivalent to the triangulated-category-valued KK-theory of [Meyer and Nest 2006], and that the
KK-groups KK((A, B) for separable C*-algebras A, B are canonically isomorphic to the KK-groups
introduced in [Kasparov 1988]. But this argument has a draw back. Though the classical definition of
KK-groups in terms of equivalence classes of Kasparov modules is not very complicated, this method
of comparison also relies on the construction of the composition (i.e., the Kasparov product) and the
verification of semiexactness in the classical theory which are deep theorems. It is therefore one of the
guiding challenges of the present paper to give an independent complete proof for the comparison.

From the perspective of the present notes it is natural to compare the KK- and E-theory functors of
the present paper with the classical ones by comparing their universal properties. This can be done in a
model-independent way by defining the classical functors

kclass . C*Algnu _ KKclass class - C* Algsep Eclass

sep sep sep sep sep

as the universal homotopy invariant, stable and split exact or half-exact functors, respectively, to an
additive category in the sense of [Higson 1990a, Theorems 3.4 and 3.6]. These can directly be compared
with the compositions

hokkgep : C*Algle, —=> Kksep =25 KKgep LN hoKKep, hoegep : C* Algqep Ssep Esep LN hoEep.

sep
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The following is a consequence of Theorem 13.16 and the Theorem 12.1 (which allows one to replace

kKsep,, appearing in Theorem 13.16 by kkgep).

Corollary 1.3. We have commutative squares

class class
sep P

C*Al gnu KK?laSS C* Algnu se Eclass

sep sep sep sep
™ M
lkksep >~ J/esep >~
ho ‘ ho !

KKiep —°+ hoKKgep  Egep — > hoEep

where the dashed arrows are equivalences of additive categories.

One could argue that in the case of KK-theory the proof of Corollary 1.3 has a similar problem
as the argument mentioned above since we must know that our preferred model of kkgé%ss has the
universal property stated in [Higson 1990a, Theorem 3.4]. We therefore will provide another, completely
independent comparison with Cuntz’ treatment of KK by showing (1-4) below. One could then read the
arguments also in a different direction as showing that the Cuntz model indeed has the universal property
[Higson 1990a, Theorem 3.4].

In our approach the enrichment of KK- and E-theory in spectra is a natural consequence of the stability
of the co-categories KK or E. But point-set level constructions of spectral enrichments of KK-theory
have previously been considered in [Joachim and Stolz 2009; Mitchener 2002].

As can be seen from the description above our approach to a stable co-category representing KK- and
E- theory is different from other attempts to produce such stable co-categories which were guided by the
methods of motivic homotopy theory [@stvaer 2010; Mahanta 2015]. There the idea was to start from
the category of presheaves Fun((C *Alg;‘é’p)"l’ , Spe), to perform a series of left-Bousfield localizations
forcing homotopy invariance, stability and the desired version of exactness ! in {splt, se, ex}, and finally

to apply — ® Sp in presentable oo-categories in order to stabilize. Let us denote the resulting presentable

nu

stable co-category by KKsep,1. It comes with a functor kkgep 1 : C *Algsep

— KKsep,1 Which by construction
has the universal property that

kkZ,p, 1 - Fun®t ™ (KKCgep 1, D) => Fun”*'(C*Algly . D)

sep’

for any presentable stable co-category D. The main nontrivial question is then to understand the relation
between JT*mapK]Csep!(kksep’[(A), kksep,1(B)) and the classical KK-groups KK (A B) (for ! = se) or

sep,

E-theory groups ES# (A, B) (for | = ex). We will not pursue this direction.

sep,*
As said above the advantage of the constructions in the present note is that they do not require previous

knowledge of KK- or E-theory. In contrast, in [Land and Nikolaus 2018; Bunke et al. 2021] the basic

nu
sep

The latter notion was imported from the classical theory. In the present paper we do not have to know

idea was to construct the category KK, as a Dwyer—Kan localization of C*Algg. at the kk-equivalences.

from the beginning what a kk-equivalence is. The notion of a kk-equivalence comes out at the end as a
morphism which is sent to an equivalence by the functor kke,. The input for the construction of KKsep, in
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the present paper are only simple C*-algebraic notions such as homotopy of homomorphisms, compact
operators and semisplit exact sequences.

The construction of the co-categories KK and E via localizations and Ind-completions is very suitable
for understanding functors out of these categories. This will be employed in some subsequent papers.
On the other hand, it is notoriously difficult to understand the homotopy types of the mapping spaces
in a Dwyer—Kan localization just from the definition. In Sections 9 and 10 we will, with some effort,
calculate the mapping spectra E(A, B) for A= C or A = S(C) = Cy(R) explicitly.

We first define the commutative ring spectrum KU := E(C, C). We justify this notation by providing
a ring isomorphism 7, KU = Z[b, b~'] with deg(h) = —2 and comparing Q*°KU with the classical
constructions of an infinite loop space with the same name. Since e(C) is the tensor unit of E this category
has a canonical enrichment over the category Mod(KU) of KU-module spectra. In Definition 9.3 we then
define the lax symmetric monoidal Mod(KU)-valued K -theory functor for C*-algebras simply as

K(-):=E(C, —) : C*Alg"™ — Mod(KU). (1-1)

This gives an effortless construction of a highly structured version of a K -theory functor for C*-algebras.
For previous constructions of spectrum-valued K -theory functors, see, for example, [Bunke et al. 2003;
Dell’ Ambrogio et al. 2011; Joachim 2003; Dadarlat and Pennig 2015].

Recall that the classical constructions of C*-algebra K -theory groups as described, for instance, in
[Blackadar 1998] employ equivalence classes of projections or components of unitary groups. In order to
connect our definition (1-1) with the classical ones and in order to show that it gives the correct group-valued
functors after taking homotopy groups, we relate the infinite loop-space valued functor Q°° K with spaces
of projections or unitaries. Thereby we take care of the natural commutative monoid or groups structures.

Using that L g C*Alg;" is semiadditive we can define the commutative monoid (see Example 4.8)

Proj*(B) :=Mapy , csaigr (C, B)
of stable projections and the commutative group (see Example 4.9)
U'(B) := MaPLKc*Alggu(S(C)a B)
of stable unitaries in B. The following result combines Proposition 9.4 and Corollary 10.8.

Corollary 1.4. (1) If B is unital, then there is a canonical morphism Proj’(B) — Q*K(B) in
CMon(Spc) which presents its target as the group completion.

(2) We have a canonical equivalence U* (B) ~ Q®~ 'K (B) in CGroups(Spc).

The canonical morphisms in Corollary 1.4 are induced by the steps (3)—(5) of the above sequence of
localizations. The standard modification of Corollary 1.4(1) for nonunital C*-algebras will be stated as
Theorem 10.7.

If one goes over to connected components in (1) or homotopy groups in (2), and if one interprets
. K (B) as the classical version of K-theory of C*-algebras, then the assertions of Corollary 1.4 are
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well-known. The main point of Corollary 1.4 is that K (B) is not given by the classical definitions but is
defined through mapping spectra of the category E which is constructed by a formal homotopy-theoretic
procedure of Dwyer—Kan localizations. It is only by Corollary 1.4 that we know that these mapping
spectra have the correct homotopy types to represent the classical K -theory of C*-algebras.

An advantage of the definition of the K -theory functor for C*-algebras in (1-1) is that it is homotopy
invariant, stable, exact, and s-finitary by construction. In addition, in Corollary 9.7 we show, using the
equivalence from Corollary 1.4(2), that it preserves filtered colimits. Of course, all these properties are
well-known propositions about the classical definition.

Following [Rosenberg and Schochet 1987] we define the UCT-class in KK as the localizing subcategory
generated by the tensor unit kk(C). Using Corollary 1.4(2) we will see in Corollary 9.16 that the natural
map KK(B, —) — E(B, —) is an equivalence if B belongs to the UCT-class. Essentially by definition,
the K-theory functor induces a symmetric monoidal equivalence between the UCT-class and the stable
oo-category Mod(KU). This leads to a simple picture of the universal coefficient theorem and the Kiinneth
formula stated in Corollary 9.16.

Cuntz’ treatment [1987] of KK-theory is based on the g-construction which involves a functor and a
natural transformation

g : C*Alg™ — C*Alg™, 1:q — idc-aigm.

The goal of Section 11 is to study the homotopical features of the g-construction. This whole section is
essentially a translation of [Cuntz 1987] from abelian-group-valued functors to functors having values
in semiadditive or additive co-categories. The main insight derived in this section is that inverting the
image of the set {14 :gA — A | A € C*Alg™} in Lx C*Alg;" (see step (2) above) yields the universal
homotopy invariant, stable, split exact and Schochet-exact functor

Lik.q: C*Alg" — LgC*Alg)",

with values in a left-exact additive oco-category. By Proposition 11.6 it is a Dwyer—Kan localization.
Using the deep result [Cuntz 1987, Theorem 1.6] (reproduced in these notes as Theorem 11.13) we will
see in the separable case that the Dwyer—Kan localization Lgep , : Lx C *Algsep »— LxC *Algsep hgl
actually a right-Bousfield localization, and we obtain the very simple formula

{Hom(gA, K ® B) =~ MapLKC*Alge hq(A, B) (1-2)

for the mapping space between two separable C*-algebras A and B in this localization. The left-hand side
of this equivalence is the space associated to the topological space of homomorphisms from gA to K ® B.
By [Cuntz 1987] it is known that for two separable C*-algebras A and B there is an isomorphism

moHom(g A, K ® B) X KK#5(A, B). (1-3)

sep

It is probably the deepest challenge of these notes to provide an accessible proof of the analogue

moHom(qA, K ® B) = KKsep,0(A, B) (1-4)
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of this formula with classical KK-theory replaced by the homotopy-theoretic version constructed in the
present paper. Note that in contrast to [Cuntz 1987], where (1-3) is essentially the definition of the
right-hand side, in our situation the group on the right-hand side of (1-4) is defined as the group of
components of the mapping space in a certain Dwyer—Kan localization. By (1-2) and the possibility to
replace B by suspensions S?(B) for i in N we see that (1-4) is equivalent to the fact that the functor
Lsep.nk.q : C*Alge — LxC*Alg

sep

is equivalent to the functor kkep : C*Algy — KKgep. An

nu
sep,h,q sep

equivalent formulation of this latter fact is the automatic semiexactness theorem, Theorem 12.4, stating
that for any additive left-exact oo-category D, the natural inclusion

Funh,s,se—i—Sch(C*Algnu D) — Funh,s,splt—',—Sch(C*Algnu D)

sep’ sep’

from homotopy invariant, stable, Schochet-exact and semiexact functors to homotopy invariant, stable,
Schochet-exact and split exact functors is an equivalence. The proof of the automatic semiexactness
theorem will be discussed in detail in Section 12.

Note that semiexactness of an exact sequence of C*-algebras is defined in terms of the existence of a
completely positive contractive (cpc) split. Since this is an analytic condition which somehow has to be
exploited it is not surprising that the proof of the automatic semiexactness theorem in Section 12 is not
purely homotopy theoretic in nature but contains various analytic arguments. But since we will avoid using
Kasparov products or other deep results from the classical theory it might be quite accessible to homotopy
theorists. In particular note that our proof does not depend on (1-2), whose proof in Theorem 11.13
involves Pedersen’s derivation lifting.

But using (1-2) and the automatic semiexactness theorem together in Corollary 12.3 we can show in the
context of the present notes that KK, admits countable colimits and is therefore idempotent complete.
In [Bunke et al. 2021, Lemma 2.19] this fact has been shown by using [Kasparov 1988, Theorem 2.9].!

The classical construction of KK-theory is based on the notion of Kasparov modules. Equivalence
classes of Kasparov modules are interpreted as elements of KKg(A, B). Kasparov modules in a certain
standard form can be captured by Cuntz’ work in terms of the g-construction. Essentially by definition,
the left-hand side of (1-2) can be interpreted as the space of Kasparov (A, B)-modules. So the mapping
spaces in LgC *Alg;‘é‘p, n,q are expressed in terms of spaces of Kasparov modules via (1-2), while the
automatic semiexactness theorem implies that these are also the mapping spaces in KKep,. We will not
discuss the alternative models for the group-valued KK-theory based on asymptotic morphisms [Thomsen
1999] or localization algebras [Dadarlat et al. 2018].

Recall that the classical concrete model of E-theory [Connes and Higson 1990] involves asymptotic
morphisms. In Section 14 we will show that asymptotic morphisms give rise to elements in Eq(A, B) in
a way which is compatible with compositions.

We finally stress that these notes concentrate on the homotopy-theoretic and categorical aspects of
KK- and E-theory. The full power of KK-theory to applications, such as the classification programs

]Using the results from [Bunke and Duenzinger 2024] one can show that Egep admits countable coproducts.
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for C*-algebras, only reveals itself if one employs the equivalence of different cycle-by-relation models
based on Kasparov modules. This aspect will not be considered at all in these notes. Other applications,
for instance, to the Baum—Connes or Novikov conjecture, require the ability to control the composition
of morphisms in KK-theory explicitly. If one uses the model based on Kasparov modules, then there
are well-developed methods serving this purpose, such as using connections. In the model given in the
present paper it is quite tricky to calculate compositions of morphisms which do not simply come from
morphisms between the C*-algebras. We only give one nontrivial example of such a composition, which
is Proposition 12.12 and is already complicated enough. But this calculation is absolutely crucial since it
provides the last cornerstone for Theorem 12.1 which helps prove the comparison result Corollary 1.3.

2. C*-algebras

We collect the basic facts from C*-algebra theory which we will use. The material can be found in the intro-
ductory chapters of [Dixmier 1977; Pedersen 1979; Brown and Ozawa 2008; Williams 2007; Pisier 2020].

In order to fix set-theoretic size issues we choose three Grothendieck universes called the small, large,
and very large sets.

In Definition 2.4 we will introduce the notions appearing in Definitions 1.1 and 1.2.

We let C*Alg™ denote the large, but locally small category of small C*-algebras and homomorphisms.
By C*Alg we denote its subcategory of unital C*-algebras and unit-preserving homomorphisms. As we
are interested in the categorical properties of the categories of C*-algebras we will follow the approach in
[Bunke 2020]. We consider C*Alg™ as a full subcategory of the large locally small category of small
x-algebras *Algg" over C. The latter is the category of small (possibly nonunital) algebras over C with an
antilinear involution * and structure-preserving maps.

A C*-seminorm on a x-algebra A is a submultiplicative seminorm satisfying the C*-equality |a*a|| =
lall>. For a in A we define the maximal seminorm of a by [|allmax := sup;_llall, where the supremum
runs over all C*-seminorms on A.

We say that A is a pre-C*-algebra if all its elements have a finite maximal seminorm. The inclusion
CprAlg™ — *Alge’ of the category of pre-C*-algebras into the category of all x-algebras is the left-adjoint
of a right-Bousfield localization whose right-adjoint is the bounded elements functor Bd™.

A C*-algebra is a pre-C*-algebra A with the property that (A, ||—|lmax) is @ Banach space. The
inclusion C*Alg™ — C;reAlgnu of the category of C*-algebras into the category of pre-C*-algebras is
the right-adjoint of a left-Bousfield localization whose left-adjoint is the completion functor compl.

In view of its algebraic description the category *Algg" is clearly complete and cocomplete in the sense
that it admits all small limits and colimits. As a consequence of the above characterization of C*-algebras
the category C*Alg™ is complete and cocomplete, too. We obtain an explicit description of limits and
colimits in terms of their algebraic counterparts indicated by a superscript alg. If A : I — C*Alg™ is an
I-diagram of C*-algebras for some small index category /, then

lin A = Bdm(l%malgA), colim A = compl(co}imalgA). (2-1)
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In particular, the coproduct of the C*-algebras Ap and A; is represented by the free product of C*-
algebras Agx A :=compl(Ag 18 A)) together with the canonical morphisms ¢; : A; — Ag* A;. Similarly,
the product of Ag and A; is represented by the (algebraic) sum Ag @ A together with the canonical
projections pr; : Ag® A — A;. If (A;)ies is a small infinite family of C*-algebras, then (2-1) says that
[lic; Ai =Bd™ (]_[?legl Ai) is the subalgebra of the algebraic product of families (a;);<; of elements a; in
A; with sup;¢;llailla;, < oo.

From now on we will suppress the size adjectives large and small as much as possible.

The category C*Alg™ is pointed by the zero algebra 0.

The category C*Alg™ has two canonical symmetric monoidal structures ®max and Qmin. For C*-
algebras A, B the maximal tensor product is defined by A ®pmax B := compl(A ®*¢ B), where we use
that the s-algebra A ®?'2 B is actually a pre-C*-algebra.

In order to define the minimal tensor product (also called the spatial tensor product) we equip A ®?¢ B
with the minimal C*-norm (not seminorm!) and form the closure. This minimal norm can alternatively be
characterized as the norm induced by the representation A ® B — B(H ® L) induced by any two faithful
representations A — B(L) and B — B(H) for Hilbert spaces L and H.

We always have a canonical morphism A ®ax B — A ®min B, and A is called nuclear if this morphism
is an isomorphism for all B. Its is known that commutative C*-algebras and the C*-algebra K of compact
operators on a separable Hilbert space are nuclear. If one of the tensor factors is nuclear we can safely
write ® and omit the subscript specifying the choice.

Example 2.1. The commutative algebra objects CAlg(C*Alg™) (say, with respect to ®nax) are precisely
the unital commutative C*-algebras. ([l

If X is a compact topological space, then by C(X) we denote the commutative C*-algebra of continuous
C-valued functions on X. For C*-algebras A and B we let Hom(A, B) denote the compactly generated
topological space characterized by the property that for every compact space X we have a natural bijection

Homrop (X, Hom(A, B)) = Homc+igm (A, C(X) ® B). (2-2)

The topology on Hom(A, B) is equivalent to the maximal compactly generated topology containing
the point-norm topology on Homcxg1gm (A, B). In this way C*Alg™ becomes a category enriched in
topological spaces.

A homomorphism f : B — C between C*-algebras is a homotopy equivalence if there exists a
homomorphism g : C — B, called a homotopy inverse, such that f o g is homotopic to id¢ in Hom(C, C)
and g o f is homotopic to idp in Hom(B, B). Equivalently, one could require that the induced map

Hom(A, f) : Hom(A, B) — Hom(A, C)

is a homotopy equivalence of topological spaces for all C*-algebras A.
A left-upper-corner inclusion A — A ® K is a homomorphism of the form a — a ® e where e is a
minimal nonzero projection in K.
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Remark 2.2. If one interprets K and A ® K as algebras of N-indexed matrices with entries in C or A,

respectively, then we can write this map as

a00...
000 ...
a—=~1000---
This picture explains the name left-upper-corner inclusion. [l

An exact sequence

0-I—-BX 0—-0

of C*-algebras is called semisplit exact (or split exact), if = admits a completely positive contractive (cpc)
right-inverse (or a right-inverse homomorphism, respectively). It is known that the functor A ®max —
preserves exact sequences and the condition of being semisplit exact or split exact. The functor A Qmin —
preserves semisplit exact sequences and split exact sequences. A cartesian square in C*Alg™

E——B

L]

D——C

is called exact (semisplit) if the vertical maps are surjective (admit a cpc split). The functor A @pax —
preserves exact cartesian squares and also semisplit cartesian squares, and A ®pi, — preserves semisplit
ones. Note, the fact that B — C is surjective or admits a cpc split implies that £ — D has the same property.

A C*-algebra is called separable if it contains a countable dense subset. We let C*Algg, denote the

nu
sep

full subcategory of separable C*-algebras. Note that C*Alg,.  is essentially small. For a C*-algebra A

we let A" Cgep A denote the poset of separable subalgebras of A. Then we have a canonical isomorphism

Cf\)li\m A= A. (2-3)
'c

Example 2.3. The algebra of compact operators K (H) on a separable Hilbert space H is separable. If
dim(H) = oo, then the algebra of bounded operators B(H) is not separable. If X is a separable metric
space, then Cy(X) is a separable C*-algebra. If X is not compact, then the C*-algebra of bounded
continuous functions Cp(X) on X is not separable. O

Let F be a functor defined on C*Alg™ or C*Algl

sep*
Definition 2.4. (1) F is homotopy invariant if F sends homotopy equivalences to equivalences.
(2) F is stable if it sends left-upper-corner inclusions to equivalences.
(3) F is reduced if F(0) is a zero object.

(4) F is exact (semisplit exact or split exact) if F is reduced and F sends exact (semisplit exact or split
exact) sequences to fiber sequences.
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(5) If F is defined on C*Alg™, then we say that F is s-finitary if for every C*-algebra A the canonical
morphism colims 4 F(A") — F(A) is an equivalence.

=sep

In (3) and (4) we implicitly assume that the target of F is pointed. In (5) we further assume that the
colimit exists.

Remark 2.5. In order to check that F is homotopy invariant it suffices to check F(A) — F(C([0, 1)) ® A)
is an equivalence for every C*-algebra A, where the map is induced by (C — C([0, 1])) ® id 4.

The functor F is s-finitary if and only if it represents the left-Kan extension of the restriction F)c= Alg

nu
sep

along the inclusion C*Alg . — C*Alg™. By (2-3), a filtered colimit preserving functor is s-finitary. [J

Remark 2.6. Many constructions in the present paper done for C*Alg™ have a version for separable
algebras. We will indicate this in the notation by adding subscripts sep to the categories or functors. If
everything goes through for separable algebras word by word, then we will simply state that we have a
separable version. At some places separability matters, and then we will be explicit. (I

3. Inverting homotopy equivalences

We study the Dwyer—Kan localization of the category C*Alg™ at the set of homotopy equivalences. We
will show that the resulting oo-category C*Alg;" is presented by the topological enriched version of
C*Alg™ so that we understand the mapping spaces in C*Alg;" explicitly. It will turn out that C*Alg;" is
a pointed left-exact co-category.

We start with recalling the oco-categorical background on Dwyer—Kan localizations. Let C be a
oo-category and W be a set of morphisms in C. Then we can form the Dywer—Kan localization

L:C—C[W™]
of C at W. It is characterized by the universal property that
L* : Fun(C[W~'], D) => Fun" (C, D) (3-1)

is an equivalence for every oo-category D, where the superscript W on the right indicates the full
subcategory of functors which send the elements of W to equivalences [Lurie 2017, Definition 1.3.4.1 &
Remark 1.3.4.2]. We will apply this to co-categories C, D in the universe of large sets so that C[W~!]
also belongs to this universe.

Remark 3.1. The functor L is essentially surjective and in order to make formulas more readable we
will usually denote the image L(C) or L(f) in C[W~!] of an object or morphism in C simply by C
or f. This convention in particular applies when we insert them into functors defined on C[W ~']. But
sometimes we need the longer, more precise notation in order to avoid confusion. ([l

If C is symmetric monoidal, then we say that the localization L admits a symmetric monoidal refinement,
if C[W~!] has a symmetric monoidal structure, L has a symmetric monoidal refinement, and we have an
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equivalence
L*: Fun®/1aX(C[W_1], D) = Fung/lax(c, D) (3-2)

for every symmetric monoidal co-category D, where the notation ®/lax indicates two separate formulas,
one for symmetric monoidal functors and one for lax symmetric monoidal functors.

In order to check that L has a symmetric monoidal refinement, by [Hinich 2016, Proposition 3.3.2], it
suffices to check that the functor C ® — preserves W for every object C of C.

Definition 3.2. We let
Ly : C*Alg"™ — C*Alg)" (3-3)

be the Dwyer—Kan localization of the category C*Alg™ at the homotopy equivalences.

By definition it is characterized by the universal property that pull-back along Lj induces for any

oo-category D an equivalence
L} : Fun(C*Alg}", D) => Fun"(C*Alg™, D), (3-4)

where the superscript / indicates the full subcategory of Fun(C*Alg™, D) of homotopy invariant functors
(see Definition 2.4(1)).
We consider the tensor product ®- on C*Alg™ for ? in {max, min}.

Lemma 3.3. For ? in {max, min} the localization Lj, has a symmetric monoidal refinement.

Proof. 1t follows from the functoriality and associativity of ®- and (2-2) that for every C*-algebra A
the functor A ®- — : C*Alg™ — C*Alg™ is continuous for the topological enrichment and therefore
preserves homotopy equivalences. This implies that L, has a symmetric monoidal refinement. (I

Thus for every symmetric monoidal co-category D we have an equivalence
L} : Fung ., (C*Alg)", D) = Fung/laX(C*Algn”, D). (3-5)

Remark 3.4. Note that on C*Alg;" we have two symmetric monoidal structures ®-, one for ? = max
and one for ? = min which will be discussed in a parallel manner. In particular, (3-5) actually has two
versions. ]

In contrast to general Dwyer—Kan localizations, in the present case we can understand the mapping
spaces in C*Alg;" explicitly. In fact, we will see that the topologically enriched category C*Alg™ directly
presents the localization. To this end we apply the singular complex functor sing to the Hom-spaces in
order to get a Kan-complex enriched category. Further applying the homotopy coherent nerve we get
an oo-category C*Algl together with a functor C*Alg™ — C*Alg?, given by the inclusion of the zero
skeleton of the mapping spaces.

Proposition 3.5. The functor C*Alg™ — C*Algy; presents the Dwyer-Kan localization of C*Alg™ at

the homotopy equivalences.
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Proof. For every C*-algebra B we define the path algebra
PB:=C(AH)®B. (3-6)

By (2-2), defining a map of simplicial sets [n] — sign(Hom(A, B)) is equivalent to specifying an element
in Homcppgm (A, C(A") ® B). We let hp : [1] — sign(Hom(P B, B)) correspond to the identity of PB.
One then checks that for any C*-algebra A the canonically induced map

Homsset([12], sing(Hom(A, P B))) — Homsser([1] x [1], sing(Hom(A, B)))

is a bijection. The assertion of Proposition 3.5 now follows from [Lurie 2017, Theorem 1.3.4.7]. ]
Corollary 3.6. The co-category C*Alg;" is locally small.

Remark 3.7. At various places in this note we will use that small topological spaces present objects in
the large co-category of small spaces® Spe. This is achieved by the functor

£ : Top — Spec, 3-7)

which presents the co-category Spe as the Dwyer—Kan localization of Top at the set of weak homotopy
equivalences. One of the fundamental principles, called Grothendieck’s homotopy hypothesis, states that
the co-category Spc defined in this way is equivalent to the co-category of co-groupoids in which the
mapping spaces of locally small co-categories naturally live. For a general large oo-category they belong
to the very large oo-category of large spaces which we will denote by SPC.

We will use that £ preserves coproducts, products and sends Serre fibrant cartesian squares to cartesian

|l

Z——U

squares, where a cartesian square
—

in Top is called Serre fibrant if f is a Serre fibration. (Il

As an immediate corollary of Proposition 3.5 we get an explicit description of the mapping spaces in
C*Alg;".

Corollary 3.8. For any two C*-algebras A, B we have a natural equivalence of spaces
MapC*Alg;m(A, B) >~ {Hom(A, B). (3-8)

In the formula above we adopted the conventions from Remark 3.1.
We now discuss limits and colimits in C*Alg}".

Proposition 3.9. The category C*Alg," admits finite products and arbitrary small coproducts, and the

localization Ly, preserves them.

2This name is changed to anima in recent literature.
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Proof. We start with finite products. Let (B;);<; be a finite family of C*-algebras and A be any C*-algebra.
Then we must show that the map

MapC*Algzu (A N l_[ Bl) — 1_[ Mapc*Algnu (A N Bl)
i iel

induced by the family of projections (]_[ B, — B j) ., 1s an equivalence. This follows from the fact that

iel j
Hﬂ(z‘\, [1 B,-) — [ [Hon(A. B) (3-9)
i iel
is actually a homeomorphism.

We now consider coproducts. Let (A;);c; be a small family of C*-algebras and B be any C*-algebra.
Then we must show that the map

Mapcalgp (]_[ A;, B) — HMapC*Algnu(Ai, B)
iel iel

induced by the family of inclusions (A i— Lies A,')je ; 1s an equivalence. This follows from the fact that

@(]_[ A, B) — | [ Hon(4:, B)

iel iel
is actually a homeomorphism. O

Remark 3.10. In the case of products we assume that the index set [ is finite. If it is not finite, then the
map (3-9) is no longer a homeomorphism. Let X be a compact topological space. Then the image under
(3-9) of Homrop (X, Hﬂ(A, IL Bi)) in

Hompep (Xv 1_[ Hom(A, Bi)) = l_[ HomTop(X7 Hom(A, B;))
iel iel
consists of the families of maps (¢; : X — Hom(A, B;));c; such that the family (¢; (a) : X — Bj)ies is
equicontinuous for every a in A. O

Lemma 3.11. The functor Ly, is reduced and C*Alg;" is pointed.
Proof. The zero algebra represents the initial and the final object of C*Alg;". (Il
Example 3.12. Let A be any C*-algebra. Then Cy([0, 00)) ® A represents the zero object in C*Alg;". O

A morphism f: B— C in C*Alg" is called a Schochet fibration if the map f :Hom(A, B) — Hom(A, C)
is a Serre fibration of topological spaces for every C*-algebra A [Schochet 1984].

Example 3.13. If i : Y — X is a map of compact spaces which has the homotopy extension property,
then the restriction map i* : C(X) — C(Y) is a Schochet fibration which in addition admits a cpc split. []
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A cartesian square
—

A B
| b
D C
is called Schochet fibrant if f is a Schochet fibration. Note that a Schochet fibration is automatically
surjective. If D =0, then we say that

—

0—-A—-B—-C—=0

is a Schochet-exact sequence.

Definition 3.14. A functor C*Alg™ — C will be called Schochet-exact if it sends Schochet fibrant
cartesian squares to cartesian squares.

We will indicate Schochet-exact functors by a superscript as in Fun®".

Remark 3.15. In contrast to the other notions of exactness introduced in Definition 2.4(4), the notion of
Schochet exactness is formulated in terms of squares instead of exact sequences.

If C is pointed, then a reduced Schochet-exact functor sends Schochet exact sequences to fiber sequences.
If C is stable, then it is easy to see that the converse is also true. A functor which sends Schochet-exact
sequences to fiber sequences is reduced and Schochet-exact; see [Bunke et al. 2021, Lemma 2.14] for
analogous statements for semiexact functors and squares. (I

Remark 3.16. For the proof of Proposition 3.17(5) below we need the mapping cylinder construction.
The mapping cylinder of amap f : B — C of C*-algebras is defined by the Schochet fibrant and semisplit
cartesian square

Z(f) — PC

lh , levo (3-10)
B % C
where PC is the path algebra as in (3-6). The maps h ¢ : Z(f) — B and ev( are homotopy equivalences.
We write elements in Z(f) as pairs (b, y) with b in B and y in PC such that y(0) = f(b). The map
f:Z(f) — C given by (b, y) — y(1) is a Schochet fibration and also admits a cpc split ¢ — (0, y.)
with y.(¢) := tc. We further define the mapping cone of f by C(f) := ker(f). An element of C(f) is
thus a pair (a, y) of an element of A and a path in C with f(a) =y (0) and (1) =0.
The sequence i
0— C(f) L 2(f) L5 c =0 (3-11)

is Schochet- and semisplit exact. O

Recall that an co-category is called left-exact if it admits all finite limits. A functor between left-exact
oo-categories is called left-exact if it preserves finite limits. We use the notation Fun'®* in order to denote
the full subcategory of left-exact functors.
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Proposition 3.17. (1) The oo-category C*Alg," is left-exact.
(2) The functor Ly, sends Schochet fibrant cartesian squares to cartesian squares.

(3) The pull-back along Ly, induces for every left-exact co-category D an equivalence
L} : Fun'*(C*Alg}", D) => Fun™5"(C*Alg™, D). (3-12)

(4) The pull-back along the symmetric monoidal refinement of Ly, induces for every symmetric monoidal

left-exact oo-category D an equivalence

Ly : Fun, (C*Alg)", D) => Funl;\ (C*Alg™, D).

(5) For ? in {min, max} the functor — > — : C*Alg;" x C*Alg;" — C*Alg;" is bileft-exact.

Proof. We let W be the subcategory of homotopy equivalences in C*Alg™ and F be the subcategory of
Schochet fibrations. Then (C*Alg™, W, F) is a category of fibrant objects in the sense of [Cisinski 2019,
Definitions 7.4.12 and 7.5.7]. The corresponding verifications are due to [Uuye 2013, Theorem 2.19].
The main point is to see that the pull-back of a Schochet fibration or of a homotopy equivalence is again
a Schochet fibration or a homotopy equivalence.

The assertions (1) and (2) then follow from [Cisinski 2019, Proposition 7.5.6]. For (2), in view of
Corollary 3.8 one could argue alternatively that Hom(A, —) sends Schochet fibrant cartesian squares to
Serre fibrant cartesian squares, and that £ sends Serre fibrant cartesian squares to cartesian squares.

We now show (3). By (2) it is clear that L} in (3-12) sends left-exact functors to Schochet-exact functors.
Since it is the restriction of the equivalence in (3-4) it is fully faithful. We argue that it also essentially
surjective. Let F be in Fun5*(C*Alg™, D). Then by (3-4) there exists F in Fun(C *Alg;", D) such
that L;‘:ﬁ ~ F. We must show that F is left-exact. Since it is reduced it suffices to show that it preserves
cartesian squares.

In view of Corollary 3.8 any diagram of the shape

B
s
D——C

in C*Alg;" is equivalent to the image under L, of a diagram of this shape in C*Alg™. We can replace
f by f:Z(f)— C without changing the image of the diagram under L, up to equivalence. We now
complete the diagram to a cartesian square

P——Z(f)
lf’ lf (3-13)
D—C

in C*Alg™. It is Schochet fibrant and semisplit. Its image under L, is then a cartesian square in C*Alg;",
and every cartesian square in C*Alg;" is equivalent to one of this form. The image under F of Ly, of
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the latter square is equivalent to the image under F of the original Schochet fibrant cartesian square and
hence is a cartesian square.

Assertion (4) follows from a combination of (3) and the equivalence (3-5).

In the following, ® stands for @max Or @min- Let A be a C*-algebra. It follows from Proposition 3.9
that the endofunctor A ® — : C*Alg;" — C*Alg;" is reduced and preserves finite products. So it suffices
to show that it preserves cartesian squares. As seen above every cartesian square in C*Alg;" is equivalent
to the image under L of a square of the form (3-13).

Using the exactness of A ®max — or the semiexactness of A @i, — we see that

AQP — AR Z(f)

l lid,ﬂ@f (3-14)

ARD — AQC

is again cartesian. By analyzing the application of A ® — to (3-10) we can obtain an isomorphism

AR Z(f) — Z(ids ® f)

l«idA@f lm

We conclude that the square (3-14) is again a Schochet fibrant cartesian square, and that its image under
Ly, is a cartesian square in C*Alg;". O

Example 3.18. The functor Lj sends the sequence (3-11) to a fiber sequence. Since the square

Z(f)L)C

L, |
f

B——C

commutes up to a preferred homotopy it provides an equivalence between Ly, ( f)and L,(f). In particular,
the mapping cone C(f) represents the fiber of Ly (f). (I

Example 3.19. A pointed left-exact co-category C has a loop endofunctor 2 : C — C. For an object C
of C, the object Q2C is determined by the pull-back

QC ——0

]

0——C

The category C*Alg™ has the suspension endofunctor

S:=Co(R)® —: C*Alg™ — C*Alg".
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The square of restriction maps

Co(R) —— Co((—00,0])

Co([0,0)) —2 ¢

is a Schochet fibrant semisplit cartesian square by Example 3.13. Applying L,(— ® A) we get a cartesian
square whose lower-left and upper-right corners are zero objects by Example 3.12. We therefore obtain

LpoS=>~QoLy:C*Alg)" — C*Alg;", (3-16)
which is an equivalence of endofunctors. ]

Example 3.20. We consider the Puppe sequence associated to a morphism f : A — B. The latter gives
rise to the mapping cone sequence (3-11). Since C*Alg;" is left-exact we can form the diagram

QL)
Q*L(B)) —— QL (C(f)) ———0

l lQLh(l’f)
QLu(f)

00— QL(A) ——— QLy(B) ——— 0

Lp(iy)

0 ———— Lu(C(f)) — Lu(A)

th(f)

0 —— Ly(B)

of pull-back squares in C*Alg}". The lower square is cartesian by Example 3.18. We further use the
homotopy invariance of L, applied to the homotopy equivalence 4 in order to replace L,(Z(f)) by
Ly(A), and we use (3-15) in order to identify the corners with iterated loops of the objects. For instance,
for the corner 2L, (A) just observe that the horizontal composition of the two middle squares is again
cartesian. By (3-16) we can express looping in terms of suspension. The sequence

co- = Li(S*(B) = Li(S(C(f))) = La(S(A)) = La(S(B)) = Lu(C(f)) = La(A) = Li(B) (3-17)

in C*Alg;" is called the Puppe sequence associated to f. Each consecutive pair of morphisms is a part of
a fiber sequence in C*Alg;". O

Remark 3.21. If C is some oco-category with a set of morphisms W¢, D is a full subcategory, and if we
set Wp := WND, then we have a commutative square

D———C

L

D[Wy ' —— C[Wa"
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where the vertical functors are Dwyer—Kan localizations. In general the lower-horizontal map is not
fully faithful. But this is true if we specialize to the case where C = C*Alg™, W¢ are the homotopy
equivalences, and D = C*Algg. g

We write Lgep p : C *Algqep —-C *Alg;‘:p’ , for the corresponding Dwyer—Kan localization. Thus for any
oo-category D pull-back along Lsep ; induces an equivalence

L%, : Fun(C*Algly . D) => Fun’ (C*Algly . D).

Note that C*Algsep , 1s essentially small. Using Corollary 3.8, Proposition 3.17 and its separable version
and the fact that the tensor products preserve separable algebras we get the following statements.

Corollary 3.22. (1) We have a commutative square

C*Algg, — C*Alg™

lLsep,h J/Lh

CrAlgg, , — C*Alg,"

whose vertical arrows are Dwyer—Kan localizations and whose horizontal arrows are fully faithful.

(2) The square in (1) has a refinement to a diagram of symmetric monoidal categories and symmetric

monoidal functors for @, with 7 € {min, max} such that Ls, , becomes a symmetric monoidal localization.
3) C *Alggélp’ » IS pointed and Ly ), is reduced.
@ C *Algsep » admits finite products and countable coproducts, and Lgep , preserves them.

o C *Algsep’ n 18 left-exact and Lgep , sends Schochet fibrant cartesian squares of separable algebras to

cartesian squares.

(6) The pull-back along Lep , induces for every left-exact oo-category D an equivalence

p - Fun'™(C*Algly, ;. D) => Fun">"(C*Algly . D). (3-18)

sep

(7) The pull-back along the symmetric monoidal refinement of Lgep, 5 induces for every symmetric monoidal

left-exact oo-category D an equivalence

~ h.Sch
L:ep P Fung}ldx(C*Algsep p D) = Fun®/SfaX(C*Algsep, D).

(8) For ? € {min, max} the functor —® — : C*Algg, , x C*Algg,, , — C*Algg, ), is bileft-exact.

In order to ensure separability of the coproducts, in Corollary 3.22(4) we must restrict to countable
families.
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4. Stabilization

We consider the Dwyer—Kan localization of the co-category C*Alg;" from (3-3) at the set of left-upper-
corner inclusions A — K ® A for all C*-algebras A, where K denotes the algebra of compact operators
on a separable Hilbert space. It turns out that this localization is a left-Bousfield localization generated by
the tensor idempotent K. This fact makes it easy to understand the resulting category L x C*Alg;". Its
main new feature is semiadditivity.

We start with recalling the co-categorical background. Let C be an co-category with an endofunctor
L : C — C and a natural transformation « : idc — L. If for every object C the morphisms

ary, L(ac) : L(C) — L(L(C))

are equivalences, then L : C — L(C) is the left-adjoint of a left-Bousfield localization with unit o
(see [Lurie 2009, Proposition 5.2.7.4]). It is also a Dwyer—Kan localization at the set of morphisms
Wi i={ac | C € C}.

Let C be a left-exact co-category with a set of morphisms W. We say that the Dwyer—Kan localization
L : C — C[W~!1is left-exact, if CITW '] is left-exact and the functor L is left-exact. In this case, in
addition to (3-1), we have an equivalence

L* : Fun**(C[W '], D) => Fun™*" (C, D)

for any left-exact co-category D.

In the present section we encounter a smashing left-Bousfield localization which is generated by an
idempotent object [Lurie 2017, Section 4.8.2]. An idempotent object in a symmetric monoidal co-category
C with tensor unit 1 is an object (€ : 1 — A) in the slice Cy, such that the map e ®ids : A~ 1®A — AQA
is an equivalence. The inverse of this map is the multiplication of an essentially unique refinement of this
object to a commutative algebra object in C.

The functor L4 := A ® —: C — L 4C together with the unit id LN S A satisfies the conditions
above ensuring that L4 : C — L 4C is the left-adjoint of a left-Bousfield localization. The localization
L4 :C— L4C is also the Dwyer—Kan localization inverting the set W4 of morphisms B <O A®B
for all B. By associativity of the tensor product the set Wy is preserved by the functor — ® C for any
object C of C. It follows that the localization L4 has a symmetric monoidal refinement.

If C has arbitrary coproducts, then by general properties of a left-Bousfield localization so does L 4C.
Given a family (B;);e; in C we have

LaC C
[[LaB)=L4 (]_[ B,-).

iel iel

Finally, if C is left-exact and ® is bileft-exact, then L 4 is a left-exact localization, and the induced tensor
product —® —: L,C x L,C — L4C is bileft-exact.
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We will apply the above constructions to the left-exact symmetric monoidal co-category C*Alg;" with
one of the bileft-exact structures @max Or ®min and the tensor unit C.

Recall that K is the algebra of compact operators on a separable Hilbert space H. Let e be a minimal
nonzero projection in K and € : C — K be the homomorphism A — Ae.

Lemma 4.1. (¢ : C — K) is an idempotent object in C*Alg;".

Proof. For completeness of the presentation we add an argument for this well-known fact from C*-algebra
theory. For ¢ in [0, 1] we define the isometry U; : L?((—00, 0]) = L*((—o00, 1]) by

f@), x € (=00, —1),
U(f)x) =15 f(5F). xe=0,
0, x €[t 1].

Then ¢ — U, is strongly continuous and U] is unitary.
We now construct a square

H e®idy H®H

| -

L2((—00, 0]) —% L2((—o00, 1])

of isometric maps between Hilbert spaces. For v we choose any unitary isomorphism. In order to construct
w we choose an isomorphism im(e) = C and a unitary isomorphism v’ : im(e)T ® H — L%([0, 1]). Then
we get the isomorphism H ® H = im(e) @ H ® im(e)* @ H = H & im(e)* ® H. We then define
wig = Upov and Wiy ey =

Then t — ¢, := w*U,v(—)v*U;w : K — K ® K is a point-norm continuous homotopy from € ® idg
to an isomorphism. U

For every C*-algebra A the map
K A~CRA -2, koA -1

is a left-upper-corner inclusion.

We let L g C*Alg;" denote the image of the functor K ® —. Since we have an isomorphism K ® K = K
in C*Alg"™, it consists precisely of the objects which are represented by K-stable C*-algebras, i.e.,
algebras A satisfying A = K ® A (note that this isomorphism is not related with the left-upper-corner
inclusion).

Definition 4.2. We define the functor
Lk :C*Alg)" — LxC*Alg)", A KQ®A.

and the natural transformation « : id — Lg with components («k4) 4.
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Note that L x C*Alg;" is locally small by Corollary 3.6.
We define the functor

Ly : C*Alg™ 2y C*Alg 255 [, C*Alg™. (4-2)
Corollary 4.3. (1) The functor Lk is the left-adjoint of a left-Bousfield localization
Lk : C*Alg," = Lg C*Alg;" :incl
unit K.
(2) The localization L is left-exact.
(3) LxC*Algy" admits arbitrary small coproducts and L preserves them.
(4) For ®y with ? € {min, max} the localization Lk has a symmetric monoidal refinement.
(5) The functor — @9 — : Lx C*Alg)" x Lx C*Alg)" — Lx C*Algy" is bileft-exact.
For (3) we also used Proposition 3.9. The fact that Lk is a left-Bousfield localization yields the
following formula for the mapping spaces in Lx C*Alg;". For A, B in C*Alg™ we have
Mapy , cralgr (A, B) = Mapcapgm (A, K @ B) (3’&8) {Hom(A, K ® B). 4-3)
The pull-back along Lj x induces for every oo-category D an equivalence
L} x : Fun(Lg C*Alg}", D) => Fun*(C*Alg™, D), (4-4)

where the additional subscript indicates the full subcategory of Fun”(C*Alg™, D) of stable functors (see
Definition 2.4(2)). For any symmetric monoidal co-category the pull-back along the symmetric monoidal
refinement of L, x induces an equivalence

Ly x : Fung i (Lg C*Alg)", D) => Fung’, (C*Alg™, D). (4-5)

For every left-exact oo-category D the pull-back along Lj g induces an equivalence
L} x : Fun'*(Lx C*Alg)", D) => Fun"*5"(C*Alg™, D). (4-6)
If D is in addition symmetric monoidal, then we have an equivalence

Lj  : Fungy, (LxC*Alg)", D) => Fung’ 7" (C*Alg™, D).

If C is a pointed co-category with products and coproducts, then for any two objects C and C’ in C

we have a canonical morphism
(e (c,0))u(d'— (0,)):cucC’— CxC.

A pointed oco-category C with products and coproducts is called semiadditive if this canonical map is an
equivalence for every two objects C and C’; see [Lurie 2017, Definition 6.1.6.13].
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If C is semiadditive, then its mapping spaces Map(C, D) have canonical refinements to commutative
monoids in Spec. In particular, every object of C naturally becomes a commutative monoid and a
commutative comonoid object in C [Lurie 2017, Remark 6.1.6.14].

Note that Lx C*Alg," is pointed and admits products and coproducts by Corollary 4.3.

Proposition 4.4. The co-category L C*Alg;" is semiadditive.

Proof. We consider two C*-algebras A and B. We then have a canonical homomorphism

c:AxB— A®B
induced via the universal property of the free product by the homomorphisms A — A® B, a — (a, 0)
and B— A® B, b (0,b).
Lemma 4.5 [Cuntz 1987, Proposition 3.1; Meyer 2000, Proposition 5.3]. L, g(c) : Lp k(A * B) —
Ly, k(A ® B) is an equivalence in Lg C*Alg;".

A proof of Lemma 4.5 will be given below after the completion of the argument for Proposition 4.4.
We consider C*-algebras A and B. Then the canonical map from the coproduct to the product of Lj g (A)
and Ly g (B) in Lg C*Alg;" has the following factorization over equivalences:

Lpk(A)ULpk(B) >~ Lpk(AxB)
~Lpk(A® B)
~ Lk (Lr(A) X Ly(B))
~ Lp,k(A) X Ly,k (B),
where the first, second, third and fourth equivalences are by Corollary 4.3(3), Lemma 4.5, Proposition 3.9,

Corollary 4.3(2), respectively. This finishes the proof of Proposition 4.4 assuming Lemma 4.5. ]

Proof of Lemma 4.5. Since we need some details of the proof of Lemma 4.5 later we recall the argument.
We first observe, using that L, g >~ Lj g o Maty(—), that for any C*-algebra C the left-upper-corner
inclusion C — Mat,(C) is an equivalence in Lx C*Alg;".

In the following we consider the C*-algebras A and B as subsets of A B. We define a homomorphism

fiA@BYD2@h Ay BYD (A% B) 2L Maty (A% B), f(a,b) = <g 2).

Then foc: A% B — Mat(A * B) is determined by

a|—>a0 b|—>00
00)° 0b)

e i Tt
COS 5= —SIn —+-

U=\ . i it 4-7)
sin - COS 5

2

We consider the family of unitaries
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in Mat,(M (A % B)) and define 4, : A* B — Mat,(A * B) by

hi(a) = (g g), hy(b) = U (g 2) U,.

Then hg = f oc and h; is an upper-corner inclusion. We have

: (@, 0) 0
Matz(c)o f: AD B — Mats(A D B), (a,b)'—>( 0 b)).
We define the homotopy 4, : A® B — Mat,(A @ B) by
hi(a.b) = (a,bsin2 %t) (O,bsin%tcos %t)
, (0, b sin % cos ”7’) (0’ b cos? %t)

Then hg = Mat(c) o f and h; is an upper-corner inclusion. (I

Remark 4.6. For two C*-algebras A and B the mapping space Map;,, ¢« Alg)® (A, B) in the semiadditive
oo-category L g C*Alg;" is a commutative monoid in Spe. One is often interested in its group completion.
In this case the observation Corollary 10.13 might be helpful. ]

Lemma 4.5 can be generalized to countable coproducts and sums as follows. Recall that L x C*Alg}" ad-
mits small coproducts by Corollary 4.3.(3). For a small family (A;);c; of C*-algebras we can form the sum
@Ai = colim A;, (4-8)

FCI,|F|<oo |
ieF

iel
which for infinite 7 should not be confused with the coproduct or product in C*Alg™. We still have a

canonical map c : xje;A; — EBieI A

Proposition 4.7. If I is countable, then the canonical map induces an equivalence

Lpk(c): Lpk(kierAi) = Lp g (@ Ai) .
iel
Proof. For finite [ this follows by a finite induction from Lemma 4.5. We now assume that / = N. We
define the map
[P A - K@xiciAi,  f((a)) = diaglag, ar, a2, ...).
iel

Note that 1im;_,  [la;|| = O so that this diagonal matrix really belongs to K ® *;<1A;.

The composition f oc:*jc;A; > K ® *;¢1 A; is determined by a; — diag(0,...,0,qa;,0,...) with
a; at the i-th place. We define a homotopy /; : *;c;A; — K ® *;<; A; such that for ¢ € [1 — I.J%l, 11— ﬁ]
it rotates in the coordinates 0 and i as in the proof of Lemma 4.5. Then /, is continuous as a map
[0, 1] — Hom(*;e; A;, K ® *;c1A;). Indeed, h; is continuous on the subalgebras *_, A; for all n in N.
Since their union is dense and /4, is uniformly bounded we conclude continuity. We have hg = f o ¢ and
hy is a left-upper-corner embedding. This implies that Ly, x (f) o Ly x(c) = Ly x (idy,, 4;)-
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The composition (idg ® c)o f : @iel Ai—>K® @ie[ A; is determined by
(a;); — diag((ap, 0,...),(0,a1,0,...),(0,0,a,...),...).

We define the homotopy I; : @,.; Ai > K @ @, A; such that for ¢ € [1 — :+L1 1-— ﬁ] it rotates in
the coordinates (0, i) and (Z, i) as in the proof of Lemma 4.5. Then /; is continuous as a map [0, 1] —
Hﬂ(@ie[ A;, LK(@ieI A,-)). Indeed, [, is continuous on the subalgebras @;_, A; for all n in N. Since

their union is dense and /; is uniformly bounded we can conclude continuity. We have lp = (idx ®c)o f

iel

and /; is a left-upper-corner embedding. This implies that L g (c) o Ly x (f) = Lj, K(id@isl A)- [

Example 4.8. For any C*-algebra A we let Proj(A) denote the topological space of projections in A.
The functor Proj(—) : C*Alg™ — Top is corepresented by the C*-algebra C. Indeed, for a C*-algebra A
we have a homeomorphism

Hom(C, A) => Proj(A),  fr> f(I).

We define the topological space of stable projections in A by
Proj’ (A) := Hom(C, K ® A),
which becomes an H-space with respect to the block sum operations. Using the semiadditivity of
Lx C*Alg™ its underlying space
y L (43)
PI‘OJ (A) = ZPI'OJ (A) ~ MapLKC*Ang“ ((D, A)

has a refinement to an object of CMon(Spc), i.e., a commutative monoid object in spaces. It will be
called the monoid of stable projections in A.

We will see in Corollary 10.8 that for unital A the group completion of the commutative monoid
Proj’ (A) is equivalent to the K -theory space of A. |

Example 4.9. For any unital C*-algebra A we let U (A) denote the topological group of unitaries in A.
The functor U : C*Alg — Groups(Top) is corepresented by the C*-algebra C(S'). Let u : S' — C be
the inclusion considered as an element of U (C(S')). Then we have an isomorphism

Hom, (C(S"), A) => U(A), [+ f(u),

of topological groups, where the subscript « indicates that we consider the subspace of Hom(C(S'), A) of
unit-preserving homomorphisms.
Using the unitalization functor (—)* : C*Alg™ — C*Alg we define the functor

U® : C*Alg™ — Groups(Top), A~ {UcU(K®A)")|U—1likgar € KQ A}, (4-9)

which associates to A the topological group of stable unitaries. The stable unitaries functor is corepresented
by the suspension S(C) of C. Indeed, using the split exact sequence

0— S(C) - c(s" =" € — 0, (4-10)
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we identify C(S 1y with the unitalization of S(C). Then the unitalization functor induces an identification
Hom(S(C), K ® A) = U*(A). 4-11)

By (4-3) we have an equivalence of spaces
U (A) = MapLKC*AlgEU(S(C)’ A) > LU’ (A), (4-12)

which equips the commutative monoid on the left with a second group structure. These two structures
distribute and therefore coincide by an Eckmann—Hilton-type argument. It follows that the commutative
monoid U/* (A) is already an object of CGroups(Spc), i.e., a commutative group object in spaces. It will
be called the group of stable unitaries.

Unfolding definitions we see that the monoid structure on /°(A) comes from the block sum of unitaries
in (K ® A)" while the other group structures are given by the multiplication of unitaries. In Proposition 9.4
we will show that ¢/*(A) is equivalent to a one-fold delooping of the K -theory space of A. ]

Example 4.10. We consider two C*-algebras A and B and homomorphisms f, f': A — B. We say
that im(f) L im(f") if f(a) f'(@’) =0 = f'(a’) f(a) for all a, a’ in A. In this case we can define a
homomorphism

f+f A= B, a~ f(a)+ f(d).

We then have an equivalence

Lix(f)+Lnx(f) = Lux(f+f)

in Map; ¢+ Alg? (A, B), where the sum on the left is the monoid structure on the mapping space coming
from the semiadditivity of L x C*Alg;" (see Example 6.1). Indeed, this sum is represented by

A 428D e, (B) > K ® B.

There is a rotation homotopy ¢, from diag(0, f’) to diag(f’, 0) such that im(¢,) L im(diag(f,0))
for all . Hence diag(f, 0) 4+ ¢, is a homotopy from diag(f, f’) to diag(f + f’, 0). This implies the
assertion. O

Since K is separable the functor Lk restricts to

Lsep,K : C*Algggpﬁ — LKC*Alg;l:p’h

with an essentially small target. Together with Corollaries 3.22 and 4.3 and Proposition 4.4 this implies
the following statements:

Corollary 4.11. (1) We have a commutative square

C *Alg;‘:n , — C*Alg)"

J/Lsepj( lLK

L](C*Algnu E— L](C*Algzu

sep,h
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of oo-categories where the vertical arrows are left-Bousfield localizations and the horizontal arrows are
Sully faithful.

(2) The square in (1) has a refinement to a diagram of symmetric monoidal co-categories and symmetric

monoidal functors for ®2 with ? € {min, max} such that Ly, xk becomes a symmetric monoidal localization.
(3) The localization Lsep i is left-exact.
4) LgC *Alg;‘gpv » admits countable coproducts and Lgep g preserves them.
(5) The functor —®7 — : Lk C*Algzgp’h x L C*AlgSep »— Lk C*Algggpyh is bileft-exact.
(6) LxC*Algy, ) is semiadditive.
The pull-back along Lgep p,k := Lgep,k © Lsep,n induces for every oo-category D an equivalence
x : Fun(LgC*Algly, ;. D) => Fun"* (C*Algly . D).

sk
sep,h,

For any symmetric monoidal co-category the pull-back along the symmetric monoidal refinement of
Lyep,n, k induces an equivalence

L*

sep.h k- Fungax(Lxg C *Algsep u D) = Fun® /lax(C *Algsep, D).

For every left-exact co-category D the pull-back along Lgep ;, k induces an equivalence
L,k  Fun'(Lg C*Algly . D) => Fun*>"(C*Algly . D).
If D is, in addition, symmetric monoidal, then we have the equivalence
LYk : Funigy, (LxC*Algly . D) => Fung i (C*Algly . D).
5. Forcing exactness
We describe left-exact Dwyer—Kan localizations
Ly: LxC*Alg)" — LxC*Alg)",
for ! in {splt, se, ex} designed such that the composition
Lygyi:=LoLjg:C*Alg" — LKC*Alng‘!

(see (4-2) for Ly k) sends exact (for | = ex) or semisplit exact (for ! = se) or split exact (for | = splt)
sequences of C*-algebras to fiber sequences. We further analyze the compatibility of L, with the symmetric
monoidal structures.
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Given an exact sequence 0 - A — B JoCc 5 00f C *-algebras, using the mapping cylinder
construction described in Remark 3.16 we can produce a diagram of exact sequences of C*-algebras

0
0 A 51 ¢ 0
b
0—7>C(f)—>Z(f)f—>C—>O (5-1)
00 ;
0

We write elements of the mapping cone C(f) of f as pairs (b, y) with b in B and y in PC (see (3-6))
such that f(b) = y(0) and y (1) =0 and consider A as a subset of B. With this notation the map ¢ is
given by ¢ s(a) := (a, 0). This map is the inclusion of an ideal and the C*-algebra Q( f) is defined as the
quotient. We have an isomorphism

Q(f)={lc,y) eCxPCly(0)=c,y(1) =0} =Co([0, 1) ®C,

which implies that Q is contractible. If f admits a cpc split s (or a split), then we get induced cpc splits
(or splits) §(c) := (s(c), const.) and §(c, y) = (s(c), y) as indicated.

We consider a functor F : C*Alg™ — C to a pointed oco-category. Versions of the following observation
were basic to the approaches in [Higson 1990a; Cuntz and Skandalis 1986].

Proposition 5.1. We assume that F is homotopy invariant and reduced, and that it sends mapping cone

sequences to fiber sequences. Then the following statements are equivalent:

(1) F is exact (semiexact, or split exact, respectively).

or every exact (semisplit exact, or split exact, respectively) sequence o -algebras 0 — 1 ——
(2) F y (semispli pli pectively) seq C*-algebras 0 — I —

A =5 Q — 0 with Q contractible the map F (i) is an equivalence.

Proof. We assume that F satisfies (1). Then F' sends the exact (semisplit exact, or split exact) sequence
0—1—— A5 Q— 0toafiber sequence

F(I)— F(A) — F(Q)

with F(Q) >~ 0. Consequently, F (i) is an equivalence.
Conversely we assume that F' satisfies (2). We consider a general exact (semisplit exact or split exact)
sequence0 - A— B L € — 0 and form the diagram (5-1). By assumption F sends the lower-horizontal
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sequence to a fiber sequence and F(¢y) is an equivalence. By homotopy invariance of F also F(h ) is
an equivalence. We can therefore conclude that F(A) — F(B) — F(C) is fiber sequence, too. O

Recall the Definition 3.14 of Schochet-exactness of a functor in terms of Schochet fibrant squares. By
our experience, Schochet-exactness is either obvious from the construction or very difficult to verify. The
following result shows that, for stable target categories, homotopy invariance and semiexactness together
imply Schochet-exactness. We consider homotopy invariance and semiexactness as properties which are
much closer to the usual C*-algebraic business.

Lemma 5.2. A homotopy invariant and semiexact functor from C*Alg™ ro a stable oco-category is
Schochet-exact.

Proof. Let F : C*Alg™ — D be a homotopy invariant and semiexact functor to a stable oo-category. Then
F is reduced. Since D is stable, in order to show Schochet exactness by Remark 3.15 it suffices to show
that F' sends any Schochet-exact sequence 0 - A — B — C — 0 to a fiber sequence.

We apply F to the diagram (5-1) and get a diagram

F(A) —— F(B) —— F(C)

o |

F(C(f) —— F(Z(f)) — F(O)

|

F(Q(f))

The middle-horizontal line is a fiber sequence since F is semiexact and the middle-horizontal sequence in
(5-1) is semisplit exact. The functor L, sends both horizontal sequences in (5-1) to fiber sequences since
they are Schochet-exact. Since /4 ¢ is a homotopy equivalence we see that L, (4 ¢) and hence also Ly (¢r)
are equivalences. Since F' is homotopy invariant it factorizes over Lj,, and therefore F' (¢ ) is also an equiva-
lence. We can now conclude that the upper-horizontal sequence in the diagram above is a fiber sequence. [

We consider exact sequences

0—>IL>AL>Q—>O,

and define the following sets of morphisms in C*Alg™:

Wsplt := {i | for all split exact sequences with Q contractible},
Wse := {i | for all semisplit exact sequences with Q contractible}, (5-2)
Wex := {i | for all exact sequences with Q contractible}.

We denote the closures in L x C*Alg;" under equivalences of their images by Lj x by the same symbols.

Remark 5.3. A natural idea would be to form the Dwyer—Kan localizations of L x C*Alg;" at the sets Wg
defined above. But there is no reason that these localizations are left-exact. In order to produce left-exact
localizations we must localize at the closures of the W, under pull-backs and the 2-out-of-3 property. [
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In the following a set W of morphisms in an co-category C is always assumed to be closed under
equivalences. The set W is closed under pull-backs if for every cartesian square

A——B
lg If
D——C

in C with f in W also g belongs to W.
The set W has the 2-out-of-3 property if the fact that two out of f, g, g o f belong to W implies that
the third also belongs to W.

Example 54. If F : C — D is a functor between oco-categories, then the set W of morphisms in C which
are sent by F to equivalences has the 2-out-of-3 property. If F is a left-exact functor between left-exact
oo-categories, then W is also closed under pull-backs. (I

Let C be a left-exact co-category with a set of morphisms W.

Lemma 5.5. If W has the 2-out-of-3 property and is closed under pull-backs, then the Dwyer—Kan
localization L : C — C[W ™! is left-exact.

Proof. The triple (C, W, C) is a category of fibrant objects in the sense of [Cisinski 2019, Definitions 7.4.12
and 7.5.7]. The assertion (1) therefore follows from Proposition 7.5.6 in the same reference. O

Let C be a left-exact oo-category with a set of morphisms W, and let W be the minimal subset of
morphisms containing W which has the 2-out-of-3 property and is closed under pull-backs. Then for
every left-exact co-category D the canonical inclusion

Fun'*" (C, D) => Fun*" (C, D) (5-3)

is an equivalence.
For ! in {ex, se, splt} we define W, as the smallest set of morphisms in Lx C*Alg;" which is closed
under pull-backs and has the 2-out-of-3 property, and which contains W, from (5-2).

Definition 5.6. We define the Dwyer—Kan localization
L :LgC*Alg" — Lg C*Algg?l
at the set W,.

Note that by construction Lx C *Alg;l“f! is a large co-category. As we localize at a large set of morphisms
we lose the property of being locally small at this point.
We define the functor

Ly k. C*Alg™ o C* Al 255 [ CHAlgY —Eos LeCr ALY, .

We let Fun”*'+5¢"(C*Alg™, D) denote the full subcategory of homotopy invariant and stable functors
which are Schochet-exact and exact for ! = ex (semiexact for ! = se or split exact for ! = splt, respectively).
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Proposition 5.7. (1) The localization L, is left-exact.
(2) Pull-back along L, k., induces for every left-exact oo-category D an equivalence
Ly ., Fun'(Lg C*Alg}",, D) => Fun"*"5*(C*Alg™, D). (5-4)
(3) LxC *Algzl", is semiadditive and L, preserves coproducts.

Proof. The assertion (1) follows from Lemma 5.5.
We next show (2). For any co-category D we have restriction functors

Ly .
Fun(Lx C*Alg)", D) =~ Fun" (Lx C*Alg}", D) Z£5 Fun™* (C*Alg™, D),

where the first is an equivalence by the universal property of the Dwyer—Kan localization L. The second
functor is the restriction of the equivalence (4-4) and hence fully faithful. If D is left-exact, then by (1)
the first functor restricts to the first equivalence in

lex * nu {i lex, W, * nu (5,;3) lex, VAVy * nu
Fun“ (L C Algh’!,D) ~ Fun (LxC*Alg,", D) ~ Fun (LxC*Alg,", D). (5-5)

Finally, by Proposition 5.1 the equivalence (4-6) restricts to an equivalence

W Ly 145,
Fun'" (L g C*Alg)®, D) 2 Fun*"5(C*Alg™, D).

The composition of these equivalences gives (5-4).
Assertion (3) is a general fact about left-exact localizations of left-exact co-categories which are
semiadditive. [l

Next we consider the symmetric monoidal structures. We allow the following combinations of ! and ?:

!\?‘min‘max

splt | yes | yes
se | yes | yes
ex | no | yes

The combination (ex, min) is excluded since the minimal tensor product does not preserve exact

sequences.

Proposition 5.8. (1) The localization Ly has a symmetric monoidal refinement.
(2) The functor — ®- — : LxC*Alg;', x Ly C*Alg;", — Lk C*Alg;' is bileft-exact.

(3) Pull-back along Ly, k) induces for every left-exact co-category an equivalence

Ly ., Funy, (LxC*Alg",, D) => Fung’ 5" (C*Alg™, D) (5-6)

for any symmetric monoidal and left-exact co-category D.
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Proof. We first observe that the functor
A®9—:Lg C*Algzu — Lk C*Algzu

preserves the set W, defined in (5-2). Indeed if | = ex and ? = max, then we use that this functor preserves
exact sequences and contractible objects. It is at this point where we must exclude the combination ! = ex
and ? = min.

If ! is in {se, splt}, then this functor preserves semisplit exact or split exact sequences and contractible
objects for both ? = min and ? = max.

Let W, be set of morphisms in LxC*Alg;" which are sent to equivalences by L;. Then for every
left-exact co-category D we have an equivalence

~ 5-3 ~
Fun' " (L, C*Alg!™, D) = Fun'™ (L C*Alg)", D) ~ Fun'™ W (L« C*Algl®, D). (5-7)
By Corollary 4.3(5) and Proposition 5.7(1) the composition
Lio(A®>—): LgC*Alg" — LgC*Alg, (5-8)

is left-exact. By the discussion above it inverts Wg. It then follows from (5-7) that A ®7 — preserves
the set W;. Since L, is also the Dwyer—Kan localization of LgC*Alg;" at VT/! we conclude that the
localization L, has a symmetric monoidal refinement, hence (1) is true.

For (2) we note that the induced functor

A®y—:Lg C*Algzt‘! — LKC*AlgEf‘,
is left-exact since it is the preimage of (5-8) under the equivalence
L} :Fun'*(Lg C*Alg}",, Ly C*Alg)") => Fun'*"! (L C*Alg}", L C*Alg)")
(see Proposition 5.8(1)).

We finally show (3). Assertion (1) implies the first equivalence in

Ly
Fung, i, (L C*Alg)",. D) ~ Fung', (L C*Alg)", D) —> Funl’, (C*Alg™, D),

whose second arrow is a restriction of the equivalence (4-5) and hence fully faithful. We now restrict the
domain to (lax) symmetric monoidal functors which are in addition left-exact and get

L¥ N
Fung, (L C*Alg)",. D) ~ Fung',* (L C*Alg)", D) => Funj;’i: 5" (C*Alg™, D).

The second arrow indeed takes values in the indicated subcategory by Proposition 5.7(2). To see that it is es-
sentially surjective consider a functor F in Fun!3;! 5 (C*Alg™, D). Then by (4-5) there is an essentially

- ®/lax )
unique (lax) symmetric monoidal functor F': Lx C*Alg," — D suchthat L; , F >~ F. By Proposition 5.7(2)
the functor F is left-exact and inverts W;. Thus F belongs to Fung’/’lf; (LgC*Algy", D). O
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The constructions above have versions for the category of separable C*-algebras. We let Wsep,g denote
the analogue of VT’; from (5-2) for separable algebras and W) be the smallest subset of morphisms
containing Wsep,! which has the 2-out-of-3 property and is closed under pull-backs. For ! in {ex, se, splt}
we define the Dwyer—Kan localization

at Weep,1. Since L C *Alg;‘gpy 5 18 locally small and essentially small, the set of equivalence classes in
Wiep,1 is small. This implies that L g C *Alg‘;:p’ n. 18 still essentially small and locally small.
We define the composition

Lgep hK, = Lgep 10 Lgep hK - C*Algsep — LKC*Alggep hte (5-10)
Then we have the following statements.
Proposition 5.9. (1) The localization Ly is left-exact.

2) LgxC *Algggp p.1 IS semiadditive and Ly, preserves finite coproducts.

(3) Pull-back along Ly 1. k.1 induces for every left-exact oo-category D an equivalence
p.n, K,
Liyp k. Fun™(LgC*Algly . D) => Fun*" 5" (C*Algls | D). (5-11)

(4) The localization Lgep ) has a symmetric monoidal refinement.

(5) We have a commutative square of symmetric monoidal functors

Lk C*Algsep  — LKC*Algzu

lLsep,! J/L! (5-12)

LKC*Algsep W e LKC*AlgE?,

(6) The functor — ®9 — : LKC*Algggp’h X Lg C*AlgSep ni—> Lk C*Algggp’h’! is bileft-exact.

(7) Pull-back along Lsep 5, k1 induces for every left-exact oo-category an equivalence

L*

sep,h,K | Fun®/lax (LKC Algsep h 15 D) i) Funhms‘,!-i‘SCh(C*Algsep’ ) (5_13)

®/lax
for any symmetric monoidal and left-exact oo-category D.

Remark 5.10. In contrast to Corollary 4.3(3) we do no not know whether Lk C*Alg;l“,‘, admits infinite
coproducts.

In contrast to the upper-horizontal arrow in (5-12) the lower-horizontal arrow in this square is not
known to be fully faithful; see Remark 3.21. ]

Remark 5.11. If the target category D is stable and we consider ! in {se, ex}, then by Lemma 5.2 (or its
separable version) we could remove the superscripts + Sch on the right-hand sides of (5-4), (5-6), (5-11),
and (5-13). O
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6. Bott periodicity
We analyze the Toeplitz extension
0>K—>T—-CSH—=0

from the homotopy-theoretic point of view. The section is essentially an co-categorical version of [Cuntz
1984, Section 4]. The main result is Corollary 6.11.

We start with recalling some generalities on group objects in co-categories. If C is an co-category
admitting cartesian products, then we can consider the co-category of commutative algebras in C for the
cartesian monoidal structure which will be called the co-category of commutative monoids CMon(C).
Let C be a commutative monoid with multiplication map m : C x C — C. It is called a commutative

group if the shear map

CxC (c,c")—~>(c,m(c,c)) CxC

is an equivalence. We let CGroups(C) denote the full subcategory of CMon(C) of commutative groups.
Note that we have used these notions already for C = Spc.

Dually, if C admits coproducts, then we can consider the co-categories of cocommutative comonoids
coCMon(C) and its full subcategory cocommutative cogroups coCGroup(C).

Example 6.1. In a semiadditive co-category C every object is naturally a commutative monoid and a
commutative comonoid. The functors forgetting the commutative monoid or comonoid structures are
equivalences:

CMon(C) = C <= coCMon(C).

Let C be in an object of C. Then the multiplication and comultiplication maps of the corresponding
monoid or comonoid are given by

CxC<=cuc2e, o ¢ 8%, cyc&cuc.

The conditions of being a group or a cogroup are equivalent.
For any two objects C, C” in C the mapping space Map¢(C, C’) has a natural refinement to an object
of CMon(Spc). The object C’ is a group if and only if Map(C, C’) is a group for all objects C. ]

Example 6.2. The last assertion in Example 6.1 reduces the verification of the group property for an
object in a semiadditive category to the case of monoids in spaces. In this case we have a simple criterion.
An object X in CMon(Spc) is a group if an only if the monoid 7y X is a group. (I

Lemma 6.3. If C is semiadditive and left-exact, then Q2 : C — C (see Example 3.19) takes values in
commutative groups.

Proof. Let C' be an object of C. We must show that QC’ is a group. To this end we will show that
Map(C, QC’) = QMap(C, C') is a group in Spe for any object C of C. We now use Example 6.2 in
order to reduce the problem to the set of components.
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Note that 7oQ2Map(C, C') = mMap(C, C’) clearly has a group structure f as a fundamental group.
This structure distributes over the commutative monoid structure + on woMap(C, 2C’) coming from
the semiadditivity in the sense that

(@a+b)d(c+d)=(aftc)+ (bid).

The Eckmann—Hilton argument implies that both structures coincide. In particular, the commutative
monoid structure 4+ is a commutative group structure. (]

To every unital C*-algebra A we functorially associate the topological space
I(A):={ve Alviv=1,4}

of isometries in A. By definition, the Toeplitz algebra 7 is the isometries classifier in C*Alg. It contains
a universal isometry v such that

Hom, (T, A) => 1(4), [ f(v),

is a homeomorphism for every unital C*-algebra A.
Recall from Example 4.9 that C(S') is the unitaries classifier in C*Alg with the universal unitary u.
Since unitaries are in particular isometries we have a canonical unital homomorphism

7:T—=CSYH, 7w =u.

Since C(S') is generated by u, the homomorphism 7 is surjective. We let K denote the kernel of 7. We
thus have the Toeplitz exact sequence

0> K—>TZ>C(S"Y)—0. (6-1)

It is known that 7 is separable and nuclear. The projection e := 11— vv* belongs to K, and the algebra K
is generated by the family of minimal pairwise orthogonal projections (v"ev™"),cn. This provides an
identification of K with the algebra of compact operators on a separable Hilbert space and justifies the
notation. Note that e is a minimal projection in K.

Using the universal property of 7 and the unit we define homomorphisms

qg:T—C, vl J:C—=>T, 1171
We consider a functor F : C*Alg™ — C to a semiadditive co-category.

Proposition 6.4. If F is homotopy invariant, stable, split exact and takes values in group objects, then

F(j) and F (q) are mutually inverse equivalences.
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Proof. The equality j og = id¢ implies that F'(j)o F(g) >~ idr(c). It remains to show that F'(g) o F(j) =
idr(r). To this end we construct the following diagram of C*-algebras:

,7-‘k - joq’id}\ AN
|+ N
v » \
0— KT — T T 0

-
-
a,pr
r - T
-

K 7®i
0— KT ——ToT 29T ——0

The lower-horizontal sequence is the tensor product of the Toeplitz sequence with 7. The algebra 7 is
defined such that the right square is a pull-back. This determines the homomorphisms r and p. The maps
k, T and « are determined by the universal property of 7 and the relations

kK:v—e®u, a:v—v(l—e)®1ly, TV URlT.

Since (r ® idy) o = t we can define the map s by the universal property of the pull-back such that
ros =« and p os = idy. The last equality implies that the upper-horizontal sequence is split exact. By
the split exactness of F we get an equivalence

FO®F(s): F(K®T)® F(T) = F(T).

In particular we can conclude that F (¢) is monomorphism.
Since im(rtk) L im(e) (see Example 4.10) we can define homomorphisms

¢o:=a+rikidy, ¢ =a+rik(joq) (6-2)

from 7 to 7 ® 7. It has been shown in [Cuntz 1984, Section 4] (see [Fritz 2010] for a nice presentation,
reproduced in Remark 6.5 below) that ¢y and ¢ are homotopic by a homotopy ¢, : T — 7 & T such that
(T ® id7) o¢; (v) = T for all ¢. By the universal property of the pull-back we get a homotopy v, : T — T
from s 4 tkidy to s + itk (j o ¢) such that r o Y, = ¢, and p oy, = idy. By the homotopy invariance of
F we get

F(s+widy) >~ F(s +w(jogq)).

In view of Example 4.10 and the fact that by (5-4) for ! = splt the functor F has a left-exact, and hence
additive, factorization

C*Alg™ ‘ C
LxC*Alg,

we conclude that
F(s)+ F(kidr) >~ F(s)+ F(tk(joq))
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as morphisms with target F(7). Since F(T) is a group object we can cancel F(s) and obtain the
equivalence

F(kidy) >~ F(k(j o q)).

Since, as seen above, F'(¢) is a monomorphism, and F'(k) is an equivalence by stability of F' (note that
is a left-upper-corner inclusion), we can conclude that

F@Adr) >~ F(joq) = F(j)oF(q)
as desired. O

Remark 6.5. For completeness of the presentation, following [Fritz 2010] we sketch the construction of
the homotopy between ¢ and ¢; from (6-2). These homomorphisms are determined via the universal
property of T by

po(v) =v(l—e)®1l7+e®v, $1(v)=v(l-e)@l7+eR17.

We will employ an explicit realization of 7 by bounded operators on L2(N). If (£;);en denotes the
standard basis, then v is the isometry given by v&; = &;1 for all i in N, and e is the projection onto the
subspace generated by &.
We realize 7 ® T correspondingly on L?(N x N) with basis (&i,j)i,jenxnN. We define the selfadjoint
unitaries
ug:=v(l —e)v* @ lr+ev* @v+ve@v* +eQe
and

ur=v(l —e)v*@lr+ev* @ lr+ve® 1.

One then checks that
uo(v @ IPug =do(v), u1(v luj =¢1(v)
in 7 ® T. On basis vectors the unitary ug is given by
§0.0. (1, J)=1(0,0),
&1,j-1, i=0,7>1,

é(),j-i—l’ l=19]207
& i>2.

Si,j =

We connect up by a homotopy ug ; with 17g7 by a path in 7 ® 7 which rotates (with constant speed) in
each of the two-dimensional subspaces C(& 1, &, ;) for j > 1 from flip to the identity. Similarly, the
action of u; on basis vectors is given by

&,j, =0,
§ijr> Yoy, i=1,
& j, 1>2.
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We connect u; by a homotopy u; with 17 by a path in 7 ® 7 which rotates (with constant speed) in
each of the two-dimensional subspaces C(&,;, &1, ;) for j > 0 from the flip to the identity. Then uatqﬁo uo ¢
is a homotopy from ¢ to the map determined by v — v ® 17. Similarly, uj ,@1u; , is a homotopy from
¢1 to the same map. The concatenation of the first with the inverse of the second homotopy is the desired
homotopy ¢,. One checks from the explicit formulas that (7 ® idy) o ¢,(v) = t for all ¢.

Note that the selfadjointness of u; is not relevant here, but it would be important for a version for real
C*-algebras. (I

We now consider the split exact sequence
0>T—>T-H5C—0 (6-3)

defining 7y as an ideal in 7. As above we consider a functor F : C*Alg™ — C to a semiadditive
oo-category.

Corollary 6.6. If F is homotopy invariant, stable, split exact and takes values in group objects, then
F(Ty) ~0.

Proof. Since F is split exact it sends the split exact sequence (6-3) to a fiber sequence. Since F'(g) is an
equivalence by Proposition 6.4 we conclude that its fiber F'(7y) is a zero object. U

The Toeplitz sequence (6-1) is semisplit exact. This can be seen either by an application of the Choi—
Effros lifting theorem [1976] using that K is nuclear, or by an explicit construction of a cpc right-inverse
s of m; see Remark 6.7.

Remark 6.7. For completeness of the presentation we provide a cpc split for the Toeplitz extension (6-1).
We consider L?(Z) with the standard basis (&;);cz and realize the Toeplitz algebra 7 on the subspace L*(N)
as in Remark 6.5. We let w be the unitary shift operator determined by &; — &;5 for all i in Z and
P : L>(Z) — L*(N) be the orthogonal projection. Then we have v = PwP. Since C(S') classifies
unitaries (see Example 4.9) we have a unique unital homomorphism ¢ : C(S 1Y - B(L?*(Z)) determined
by ¢ (1) := w. By an explicit calculation of its action on basis vectors one checks that [P, ¢ (u")] is
finite-dimensional and therefore belongs to K for all n in Z. Since u generates C(S') we conclude that
[P,¢(f)] € K forall finC(S'). We define the linear map s : C(S') — B(L?*(N)) by s(f) = P¢(f)P.
Using the discussion above one checks that it takes vales in 7. Moreover, since 7 (s(¢#)) = m(v) = u we
conclude that

mos=1idr.
Since it is the compression of a homomorphism it is completely positive. (I

Remark 6.8. The Toeplitz extension does not admit a split. For this reason in the constructions below
we must assume that ! belongs to {se, ex} and exclude the case splt. U
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We consider the diagram of vertical exact sequence

0 0

To—— T (6-4)

50 ¢ 0 s T

where the lower square is cartesian and the map i is as in (4-10). The cpc split s induces a cpc split sp as
indicated.

We consider ! in {se, ex} and apply the semiexact functor L g to the left-vertical semisplit exact
sequence in order to get a fiber sequence

Ly x.1(S*(©)) N Ly k1 (C) — Ly k(7o) = Lp k1 (S(C)) (6-5)

defining By ¢, where we used Lj, g 1(C) =~ Lj k. 1(K) by stability of L x 1.

Since we want to speak about the two-fold loop functor in different left-exact co-categories we add
subscripts indicating which category is meant in each case. Note that for all £ in N, by Example 3.19 and
the left-exactness of Lo L, the k-fold loop functor Q{‘ on Lk C*AlgE‘j can be represented by the k-fold
suspension on the level of C*-algebras:

Qf (=) = Ly k «(SK(©) ® — : Lk C*Alg)", — Lx C*Alg)",.
Recall the tensor unit constraint
idpgcraigy, =~ Lk (C) @ —: Lk C*Alg)') — LgC*Alg),.
The following definition implicitly uses these identifications.
Definition 6.9. We define a natural transformation of endofunctors
Bri=Pc®—:Q — idrcoaigy, - Lk C*Alg), — Lx C*Alg)",.

We consider a functor E : Lx C*Alg,", — C to a semiadditive co-category and let A be an object of
Lg C*Algzl’l, .

Corollary 6.10. If E is left-exact and E(—® A) takes values in group objects, then E (B 4) : E(Q?(A)) —

E(A) is an equivalence.
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Proof. We consider the functor F(—) := E(— ®max A). Then F(B.c) =~ E(B1 ). Using Proposition 5.8(2)
we observe that Lj; k. F belongs to Fun”*'(C*Alg™, C). Since it also takes values in group objects we
can apply Corollary 6.6 in order to conclude that F' (L, g .1(7p)) = 0.

The functor F sends the fiber sequence (6-5) to a fiber sequence

F(QLy k. 1(©) =525 F (L 1(©) = F(Li k(7).
Hence F(fi c) is an equivalence. U
Recall that ! is in {se, ex}.
Corollary 6.11. If A is a group object in Lx C*Alg;",, then ) 4 : Q,Z(A) — A is an equivalence.

Proof. We apply Corollary 6.10 to the identity functor in place of E. We further use that if A is a group
object, then so is B ® A for every B in L C*Alg)",. O

The statements of Proposition 6.4 and Corollaries 6.6, 6.10, and 6.11 all have separable versions which
are obtained by adding subscripts sep appropriately.

7. Group objects and KK, and Egep,

We consider the full subcategories of group objects in the semiadditive co-categories L C *Algzlf! for !'in
{se, ex} and their separable versions. They are the targets of the two-fold loop functor and turn out the be
stable co-categories. This two-fold loop functor is the right-adjoint of a right-Bousfield localization. It is
the last step of the chain of localizations described in Section 1. In the separable case, the composition of
all four localizations yields the functors

Kkgep : C*Alges — KKgep  and  egep : C*Alges — KKiep

sep sep

whose universal properties will be stated in (7-7) and (7-9).
Dually to the situation described at the beginning of Section 4 let C be an oco-category with an
endofunctor R : C — C and a natural transformation 8 : R — idc. If for every object C the morphisms

Brc), R(Bc) : R(R(C)) — R(C)

are equivalences, then R is the right-adjoint of a right-Bousfield localization with counit 8. The functor
R : C — R(C) is also a Dwyer—Kan localization at the set of morphisms Wg :={B¢ | C € C}. If Cis
left-exact, then the localization R is automatically left-exact.

If C is semiadditive, then we let C&“P denote the full subcategory of group objects in C. A full subcat-
egory of a semiadditive co-category which is closed under products is again semiadditive. A semiadditive
oo-category is called additive if all its objects are groups. If C is semiadditive, then C&°"P is additive.

Example 7.1. A stable co-category is additive. O

We consider ! in {se, ex} and ? in {min, max} allowing the following combinations:
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!\?‘min‘max

se | yes

no

yes
yes

€X

We consider the two-fold loop endofunctor Q% on LgC *Algz‘i and the natural transformation g, :
QF — idp, ¢ algy, from Definition 6.9.
Proposition 7.2. (1) The essential image of Q} is LxC *Algy" =,
(2) The functor Q,z is the right-adjoint of a right-Bousfield localization with counit B : Q,z — idpccralgy-
The localization Q,z is left-exact.
(3) The oo-category Lk C*Alg)"\* " is stable.

(4) For every left-exact and additive co-category D we have an equivalence
(QF o Lyx.n)* : Fun'™ (L g C*Alg)" #**? D) => Fun"*'5*(C*Alg™, D). (7-1)

(5) The localization 9,2 admits a symmetric monoidal refinement.

(6) The functor
— ®—: LgC*Alg" ¥ x Lg C*Alg)" " — L C*Alg" ¥

is biexact.

(7) For every symmetric monoidal, left-exact and additive co-category D we have an equivalence

(QF o Lyx.)* : Funig,, (L C*Alg)" ¥, D) => Funl;}; > (C*Alg™, D). (7-2)

Proof. We start with (1). By Lemma 6.3 the functor Q,z takes values in group objects. If A belongs to
Lk C*Alg)" ¥, then By 4 : Q7 (A) — A is an equivalence by Corollary 6.11. Hence the essential image
of Q is precisely Lx C*Alg)",#"P.

For (2) we first note that '3!,52!2 () 1s an equivalence again by Corollary 6.11. We furthermore employ
the symmetry of the tensor product and 1 4 >~ fi.c ® A in order to see that Q!Z(,BLA) >~ B q2(a) 1s an
equivalence, too. |

In order to show (3) we show that the loop functor
Q[ Lk C*Algzl’l!group N LKC*Alg;lu’l!group

is an equivalence. Indeed, by Corollary 6.11 the restriction of the natural transformation g : 9,2 — id
from Definition 6.9 to group objects is an equivalence which exhibits €2, as its own inverse.
Assertion (4) follows from

2,%

Q Ly, ! ) .
Fun' (L C*Algl ¥, D) =~ Fun'*(LgC*Alg)’, D) = Fun"*"*5(C*Alg™, D).  (7-3)
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The functor Q,z* preserves left-exact functors by (2). It is fully faithful and essentially surjective since
any left-exact functor from L x C*Alg)", to an additive category D automatically inverts by Corollary 6.10
the set Wq = {Bar|Ae LgC *Algz'f!} of generators of the Dwyer—Kan localization Q,z The second
equivalencé in (7-3) is (5-4).

For (5) we observe that the equivalence ids ® f1.p = Bi.agp forall Aand B in LxC *Algzl"! implies
that the endofunctor A ® — of L C*Alg;', preserves the set Wq. Consequently, Q7 admits a symmetric
monoidal refinement. Furthermore, for A in LxC *Angf‘!, the endofunctor A ® — descends to a left-exact
endofunctor on L x C*Alg;",¥"P. This implies (6).

Finally, (7) follows from

2,% *

QI
Funl,. (Lx C*Alg) ¥, D) ~ Fung', (LxC*Alg)", D) = Fung;i;jsc’“(c*Alg““, D),
where the first follows from the left-exactness of 9,2 shown in (5), and the second is (5-6). U

Proposition 7.2 has a separable version which we state for later reference.
Proposition 7.3. (1) The essential image of Qfep,! is Ly C*Algg, , &P

(2) The functor Qfep’! is the right-adjoint of a right-Bousfield localization with counit By Qfep’! —
idg, o Al - The localization Qgep | I left-exact.

(3) The oo- category LxC*Algly & is stable.
sep, /1,

(4) For every left-exact and additive co-category D we have an equivalence
(%10 Lsep.n k) : Fun'™ (L C*Algly |, £°F, D) => Fun™*"5(C*Algly . D). (7-4)

(5) The localization Q> sep.! admits a symmetric monoidal refinement.

(6) The functor
—®9»—:Lg C*Alggep . ,gm”p x Ly C*Alggep . ,group — Lx C*Alggep . ,gm”p

is biexact.

(7) For every symmetric monoidal, left-exact and additive oo-category D we have an equivalence

(10 Lscpnie)” : Fun)y (L CAlgly, , £, D) => Fun it 5 (C*Alglly D). (7-5)

We note that L g C*Alg,"*" is a large co-category while Lx C*Algg ,, *°" is essentially small and
locally small.

Remark 7.4. If D is stable, then by Lemma 5.2, in the right-hand sides of (7-1), (7-2), (7-4) and (7-5)
we can omit the superscript + Sch. ]

Proposition 7.5. The functors

sz oLp g, : C*Alg" — LxC*Alg)' =™, o2

sep,!

o Lgep hK, C Algsep — LKC Algsep h group

are Dwyer—Kan localizations.
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Proof. We write out the details in the separable case. The nonseparable case is analogous. The functor
Lsepnx,: C *Alg’;:p — LgC *Algggp’ ht is constructed as an iterated Dwyer—Kan localization at sets of

morphisms in C*Algl,. By definition, the last step Q7| : Lx C*Algy, , | — LxC*Algy, , # is a
Dwyer—Kan localization at the set of morphisms Bgep1.4 : Lsep,n, K,y(SZ(A)) —> Lgep,n,k,1(A) forall A in

C*Alg’: . These morphisms only exist in the localization Lx C*Alg™ , ,. But we can replace them by a

sep* sep,h,!

collection of images of morphisms in C*Algg,,. For A in C*Algg, we have the commutative diagram

ﬁsep, LA

Lsep,h,K,! (SZ(A)) —_—> Lsep,h,K,!(A)
lLsep,h.K,!()tA) Lsep,h,K,!(KA)J/N

Lsep.nx 1(C(ma)) ¢ Lsep.n k(AR K)
LSCp,/l,K,!(lﬂA)
in LxC *Algggp’ n.1» Where k4 is the left-upper-corner inclusion (4-1), ¢z, is the canonical inclusion that is
associated to the semisplit exact sequence

0> AQK > AQTy 2> S(A) — 0

(the tensor product of the left column in (6-4) with A) as in (5-1), and A4 : S2(A) — C(my) is the

canonical inclusion. Hence Q2. is also the Dwyer—Kan localization at the collection of morphisms

sep,!
(Lsep,n,k,1(Aa)) Acc* Alg - We can conclude that the composition Qfep,! 0 Lgep,n k.1 18 a Dwyer—Kan

localization. O

Definition 7.6. We define the KK-theory functor for separable C*-algebras

Kkeep : C*AIE™ — KKep (7-6)

sep
to be the functor
QZ o Lsep,h,K’se . C*Algnu N L](C*Algnu group

sep,se sep sep,h,se

So KKjep is a locally small and essentially small stable co-category. The functor kkgep has the universal
property that
kk%, : Fun'® (KKep, D) => Fun** 5" (C*Algl% | D) (7-7)

sep sep’

for any left-exact and additive co-category D. Since we know by Proposition 7.3(3) that KK, is stable
the restriction of this universal property to stable co-categories D (where by Remark 7.4 we can omit the

superscript + Sch) already characterizes the functor kK, : C *Algggp — KKjep up to equivalence.

Remark 7.7. By [Bunke et al. 2021, Theorem 1.5] the functor denoted by the same symbol in [Bunke
et al. 2021, Definition 1.2] (for the trivial group G) has the same universal property and therefore is
canonically equivalent to the functor defined above. We can conclude by [Bunke et al. 2021, Theorem 1.3]
that the functor

ho o kkep : C*Algls) — hoKKjep

sep
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with values in the triangulated category hoKKje,, is canonically equivalent to the classical functor consid-
ered in [Meyer and Nest 2006] and the C*-literature elsewhere. As explained in the introduction, we will
give an independent proof for this fact; see Corollary 1.3. ]

Remark 7.8. Since KK, is stable it admits all finite colimits. After some hard work, in Corollary 12.3
below we will see that KKep admits countable colimits and is thus idempotent complete. We do not have
a direct proof of this fact just from the constructions. ]

Definition 7.9. We define the E-theory functor for separable C*-algebras

€sep : CTAlge — Eqep (7-8)

sep
to be the functor
Q; 0 Lyep.h, K ex : CTAlgL — LxgC*Algey group

sep,ex sep sep,1,ex

So Eqep is a locally small and essentially small stable co-category. The functor in (7-8) is the initial
homotopy invariant, stable and exact functor to a left-exact and additive oo-category, i.e., for any left-exact
and additive oco-category D we have the equivalence

ek, : Fun'® (Egep, D) => Fun* 5 (C*Algl D). (7-9)

sep sep’

Remark 7.10. The justification for calling the functor defined in Definition 7.9 the E-theory functor is
that it has an analogous universal property as the additive 1-category-valued E-theory functors considered
in [Higson 1990a; Connes and Higson 1990]. In fact, in Theorem 13.16 we show that after going to the
homotopy category the functor e, becomes equivalent to the classical E-theory functor for separable
algebras.

Asymptotic morphisms will be discussed in Section 14 below. ([

Remark 7.11. Since KKy, and Es,, are stable, at a first glance it looks more natural to formulate the
universal properties for stable targets D. But we will take advantage of the more general version for
left-exact additive oo-categories in Section 10 below. (I

8. s-finitary functors

We extend the KK- and E-theory functors from separable to all C*-algebras and characterize these
extensions by their universal properties.
To any essentially small and locally small stable co-category C we can associate its Ind-completion

y:C— Ind(C).
As a model, using that C has mapping spectra, one can take the Yoneda embedding

y : C = Fun'**(C, Sp). (8-1)
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The large stable co-category Ind(C) is presentable, and the fully faithful and exact functor y has the
universal property that for any cocomplete stable co-category D the pull-back along y is an equivalence

y* : Fun®°***(Ind(C), D) => Fun'*(C, D), (8-2)

where the superscript colim indicates small colimit preserving functors. If C has a biexact symmetric
monoidal structure, then Ind(C) has a natural symmetric monoidal structure and y has a symmetric
monoidal refinement such that for any cocomplete bicocontinuous symmetric monoidal co-category D
the pull-back along y* induces an equivalence

y* : Fung}*(Ind(C), D) => Fung),, (C. D). (8-3)

The inverse of the restriction is given by left-Kan extension. In the model (8-1) the symmetric monoidal
structure on the functor category is the Day convolution structure on the functor category.
Let ! be in {se, ex} and ? be in {min, max}. As before we allow the following combinations:

!\?‘min‘max

se | yes | yes
ex no | yes
For the moment we use the abbreviations
KKiep,1 := Ly C*Alglyy &, Kkgept := Q7 0 Lyep n k.1 : C*Algly, = KKeps (8-4)

instead of KKjep or Egep order to discuss KK- and E-theory in a parallel manner.

Definition 8.1. We define KK, := Ind(KKqep 1) and the functor

kkg : C*Alg“u g KK[

as the left-Kan extension

kkse ,!
C*Alg™ —" KK ep —— KK

C*Algnu
of y okkqep,1 along incl.

Since the inclusion functor incl is fully faithful, the triangle commutes up to a natural equivalence.
The following properties of the functor kk, : C*Alg™ — KK, are immediate from the definition.

Corollary 8.2. (1) We have an equivalence Kk, oincl >~ y o kkgep1 : C *Alglt — KK,.

sep

(2) KK, is a large presentable stable co-category compactly generated by the image of .
(3) The functor Kk, : C*Alg™ — KK, is s-finitary.
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(4) KK, admits a bicocontinuous symmetric monoidal structure @ and y* has a symmetric monoidal
refinement such that

y* : Fung i KKy, €) — Fun (KKep 1, D)

is an equivalence for any cocomplete bicocontinuous symmetric monoidal co-category with D.

(5) The tensor product with the image
b : kki($*(C)) — kki(C) (8-5)
of the equivalence f ¢ in KK, induces an equivalence Q* = idx, of endofunctors of KK,

Remark 8.3. The main point of Corollary 8.2(5) is that the loop functor on KK, is two-periodic,
and that this periodicity is implemented by the product with an (necessarily invertible) element b in
7_,KK,(C, C) ~ moKK(S%(C), C), where KK,(C, C) is the commutative endomorphism ring spectrum
of the tensor unit of KK;. This will be used for the calculation of the ring spectrum in Remark 9.19. [

The following results prepare the verification of the universal property of the functor kk;. We consider

a functor Fyep : C*Algg, — C and assume that it admits a left-Kan extension

Fse
C*Alg" = C

sep 2

incl o ’

C*Alg"

By Remark 2.5, the functor F is s-finitary. Recall the notions introduced in Definition 2.4.
Proposition 8.4. F inherits, from Fep, the properties

(1) homotopy invariance,

(2) stability,

(3) !-exactness for ! in {splt, se, ex}, provided in C filtered colimits preserve fiber sequences.

Proof. This is shown in [Bunke et al. 2021, Lemma 3.2]; see also Remark 8.8. The case of ! = splt (not
discussed in the reference) is analogous to the case ! = se. O

Theorem 8.5. (1) The functor Kk, is homotopy invariant, stable, and !-exact.
(2) The restriction along kk, induces for every cocomplete stable co-category D an equivalence
kki : Fun®*"(KK,, D) => Fun™*"¥"(C*Alg"™, D).

(3) kky has a natural symmetric monoidal refinement such that restriction along Kk, induces for every
cocomplete symmetric monoidal stable co-category D with bicocontinuous symmetric monoidal
structure an equivalence

kk; : Fung R (KKy, D) <> Fungy; " (C*Alg™, D).
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Proof. In order to see (1) note that kkgep 1 is homotopy invariant, stable, and !-exact by Proposition 7.2(4).
Since y is exact, the composition y o kksep 1 has these properties, too. The assertion now follows from
Proposition 8.4.

Assertion (2) follows from the commutativity of

Funcolim (KK!, D) ﬁ) Fllnlex (KKsep,!’ D)

lkkf ~,(7- l)l sep,!

Fllnh’s’!"vﬁn(C*Algnu D) &) Funh s, '(C*Alggep, D)

where by Proposition 8.4 the inverse of the lower-horizontal functor is the left-Kan extension functor
along incl.

The functor kk; is defined as a left-Kan extension of a symmetric monoidal functor y o kkgep along
another symmetric monoidal functor incl. It therefore (see [Bunke et al. 2021, Lemma 3.6]) has a lax
symmetric monoidal refinement. As shown in [Bunke et al. 2021, Proposition 3.8] this structure is actually
symmetric monoidal. Assertion (3) now follows from the commutativity of

y*
Fung 1, (KK, D) — = Fung’. (KK, D)

J{kk?< :7(7'2)lk‘k:ep,!

Fun 'é,fla i (c* Alg™, D) & F “n®/1ax(C*Algsep’ D)

The inverse of the lower-horizontal morphism is the left-Kan extension functor. It preserves symmetric
monoidal functors by same argument as in [Bunke et al. 2021, Proposition 3.8]. (]

Definition 8.6. (1) We define the KK-theory for C*-algebras by
KK :=KKg, kk:=kke :C*Alg™ — KK.
(2) We define the E-theory for C*-algebras by
E:=KKe, e:=kky:C*Alg™ — E.

Remark 8.7. The universal properties of KK- and E-theory are given by Theorem 8.5.

Thus kk : C*Alg™ — KK is the universal functor to a cocomplete stable oo-category which is
homotopy invariant, stable, semiexact and s-finitary. The category KK has presentably symmetric
monoidal structures ®- for 7 in {min, max}, and the functor kk has corresponding symmetric monoidal
refinements which have an analogous universal property for cocomplete stable test categories with
bicocontinuous symmetric monoidal structures.

The functor e : C*Alg™ — E is the universal functor to a cocomplete stable co-category which is
homotopy invariant, stable, exact and s-finitary. The category E has a presentably symmetric monoidal
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structure ®max, and the functor e has a corresponding symmetric monoidal refinement which has an anal-
ogous universal property for cocomplete stable test categories with bicocontinuous symmetric monoidal
structures.
Since exactness is a stronger condition than semiexactness we have a canonical comparison functor
fitting into a triangle
C*Alg[lll
y \

KK E

which commutes up to a natural transformation. Under certain conditions it induces an equivalence on
mapping spaces; see Corollary 9.16 for a detailed statement.
If A, B are separable C*-algebras, then we have equivalences

KKsep(A, B) ~KK(A, B), Egp(A, B) ~E(A, B), (8-6)

by Corollary 8.2(1). O

Remark 8.8. We apologize for introducing an incompleteness of the presentation by deferring the proof
of Proposition 8.4 to the reference [Bunke et al. 2021, Lemma 3.2]. But let us point out that the argument
for [Bunke et al. 2021, Lemma 3.2] only employs elementary facts about C*-algebras and their tensor
products and not any deeper parts from KK-theory. It therefore should be directly accessible for readers
having reached this point of the present paper. The same applies to the argument that kk; is actually
symmetric monoidal (in contrast to being lax symmetric monoidal) which is deferred to [Bunke et al. 2021,
Proposition 3.8]. This argument is also by elementary C*-algebra theory, but the case of the maximal
tensor product is more involved since it uses [Bunke et al. 2021, Lemma 7.18] which does not seem to be
so standard. O

9. K-theory and the stable group of unitaries

Using E-theory we can give a simple construction of a highly structured version of the topological
K -functor for C*-algebras. The main goal of this section is to relate this K -theory functor with the stable
unitary group functor from (4-12).

In order to construct the K -theory functor we shall use the following general facts.

Remark 9.1. If C is a stable symmetric monoidal co-category with tensor unit 1, then the functor
mapc (1, —) : C — Sp is lax symmetric monoidal. Since 1 is naturally a commutative algebra object in C
we get a commutative ring spectrum R :=map(1, 1). The oo-category C has then a natural R-linear
structure. In particular, its mapping spectra map(C, D) naturally refine to objects of Mod(R) such that
the composition is R-bilinear. O

We will apply this to the symmetric monoidal co-category E. Its tensor unit is given by 1g := e(C).

Definition 9.2. We define the commutative ring spectrum KU := E(C, C) in CAlg(Sp).
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We refer to Remark 9.19 for a justification of the notation. The stable co-category E becomes a
KU-linear stable co-category. In particular, its mapping spectra E(A, B) naturally belong to Mod(KU).

For the moment we consider the maximal tensor product on C*Alg™. In order to incorporate the
minimal tensor product, see Corollary 9.14.

Definition 9.3. The lax symmetric monoidal topological K -theory functor for C*-algebras is defined by
K :=E(C, —) : C*Alg™ — Mod(KU).

By construction, K is homotopy invariant, stable and exact. Since C is separable, the object e(C) in E
is compact. Hence, s-finitaryness of e : C*Alg™ — E implies that the K -theory functor is also s-finitary.
Recall the stable unitary group functor /° from (4-12).

Proposition 9.4. We have a canonical equivalence of functors
U ~ Q1K : C*Alg™ — CGroups(Spc). (9-1)
Proof. Using Definition 9.3, stability of the co-category E and Example 3.19 we get an equivalence
Mapg(S(C), —) ~ Q¥ E(C, —) ~ Q¥ 'K (). (9-2)

We furthermore have a transformation of CGroups(Spc)-valued functors

4-12)
) ~

Q2. eoLsep.ex (8-6)
Usep(— MapLKc*Algggp(S(C), -) %MapEsep(S(C), —) = Mapg(S(C), —)icraigy,. (9-3)

where Ug,, is the restriction of U4* to separable algebras. We now employ the following facts.

Lemma 9.5. The composition (9-3) is an equivalence.
Lemma 9.6. The functor U* preserves small filtered colimits and is in particular s-finitary.

Combining both results we get the desired equivalence (9-1) by left-Kan extending the equivalence (9-3)
along C*Algly — C*Alg™ and composing with (9-2). d

sep

Corollary 9.7. The K -theory functor K : C*Alg™ — Sp preserves small filtered colimits.
Proof. We combine Lemma 9.6 with Proposition 9.4 and two-periodicity. ]

Remark 9.8. Using that classical E-theory for separable C*-algebras preserves countable sums [Guentner
et al. 2000, Proposition 7.1] one can show using Theorem 13.16 that e, preserves countable sums.
This implies by [Bunke and Duenzinger 2024, Proposition 3.17] that esp preserves all countable filtered
colimits. Since e(C) is a compact object of E this would give an alternative argument for the fact that K
preserves filtered small colimits. O

Remark 9.9. In the proof of Lemma 9.5 we will employ the following general fact about mapping spaces
in a Dwyer—Kan localization £ : C — C[W '] of co-categories. We call an object C of C colocal for W
if the functor Map(C, —) sends the elements of W to equivalences. The following assertion is an easy
consequence of the Yoneda lemma. If C is colocal for W, then £ : Map(C, —) — Mapcpy-1;(€(C), £(—))
is an equivalence of functors from C to Spc. ]
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Proof of Lemma 9.5. We must show that the composition

Lsep ex

MaPLKC*Alg;‘;’P SO, —-) —2=> MapLKC*Algse " ex(S(([Z) —) —= “°p = MapEsep(S(C), -)

is an equivalence. Since S(C) represents a group in Lg C*Alg, , ., and Q2. .. is by Proposition 7.2 a

sep,ex
right-Bousfield localization at the groups the second morphism is an equlvalencpe. By Remark 9.9, in order
to show that the Dwyer—Kan localization L ox induces an equivalence of mapping spaces it suffices
to show that Lgep 4,k (S(C)) is colocal for Wyep ex. Since Map; K CrAIg™ (S(C), —) is left-exact, by (5-3)
it suffices to show that Lgep 5, x (S(C)) is colocal for WSep ex from (5-2). By Proposition 5.1 it suffices
to show that Map; ¢ Alg (S(C), —) sends exact sequences to fiber sequences. In view of (4-12) this

follows from the following lemma since £ sends Serre fiber sequences to fiber sequences.

Lemma 9.10. If 0 - A — B — C — 0 is an exact sequence in C*Alg", then U*(B) — U*(C) is a
Serre fibration with fiber U*(A).

Proof. This lemma is surely well-known in C*-algebra theory. For completeness of the presentation we
add a proof.

It is clear from the definition (4-9) that U®(A) is the fiber of the map U*(B) — U*(C). In order to
show that this map is a Serre fibration we will solve the lifting problem

X —U*(B)

e
xH(O,x)l L J

[0,1]x X —— U*(C)
for all compact X. By (2-2) and (4-11) this lifting problem is equivalent to

{0} —— U (C(X)® B)

[0,1] — U (C(X)® ()

It thus suffices to solve the path lifting problems

{0} —— U*(B)

l 7 l (9-4)

[0, 1] —— U*(C)

for all surjections B — C.

We call a path o : [0, 1] - U*(C) short if 6(0) = 1 and ||o(¢) — 1|| < 1 for all . For the moment we
assume that we can lift short paths to paths that start at 1 in U*(B).

Let y : [0, 1] — U*(C) be a general path. Then we can find a natural number n such that the segment

y (%) Yili/n,i+1)/n] 18 short for all i =0, ..., n — 1 (we implicitly reparametrize). We can now lift y
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inductively. We are given the lift u of yjj0,0;. Assume that have found a lift y of yjj0,;/,). We choose a
lift & of the short path )/_l(’%)]/”i/n’(i_k])/n] and define an extension of  on [%, %] by )7(;;)6.

It remains to solve the lifting problem for short paths. We observe that the exponential map of (K ® A)"
restricts to exp : i (K ® A)** — U*®(A) with the partial inverse log: {U e U*(A) | ||[U —1|| < 1} > i (K® A)%.
Since the tensor product preserves surjections, the map Co((0, 1)) ® K ® B — C((0, 1)) ® K ® C and its
restriction to antiselfadjoint elements are surjective. We view log o as an element in i (Co((0, 1)@ KQC)%?
and can thus choose a lift lo/g? ini(Co((0,1])) ® K ® B)*?. Then ¢ := exp(lo/gTr) :[0,1] = U*(B) is
the desired lift of 0. We have thus shown Lemma 9.10. [l

This finishes the proof of Lemma 9.5. ]

Remark 9.11. Using that S(C) is a semiprojective C*-algebra, we could deduce the path lifting in (9-4)
from [Blackadar 2016, Theorem 5.1]. O

Proof of Lemma 9.6. In view of Remark 2.5 it suffices to show that the functor /* : C*Alg"™ —
CGroups(Spc) preserves small filtered colimits. Since the forgetful functor CGroups(Spc) — Spc
preserves small filtered colimits and is conservative it suffices to show that the underlying Spe-valued
functor of U preserves small filtered colimits.

Let I be a small filtered poset, (B;);c; be an I-indexed family in C*Alg™, and set B := colim;¢; B;
in C*Alg™. Then we must show that the canonical maps

yrn(cqllimEU"'(Bi)) — 1,(LU*(B))

are isomorphisms at all choices of base points and for all n in N. Since taking homotopy groups/sets on
Spc commute with filtered colimits it suffices to show that the canonical maps colim;¢; 7, (U*(B;)) —
7, (U*(B)) are isomorphisms. This will be an immediate consequence of Lemma 9.12 below applied to
the inclusions §” — D"*! or & — §”".

Fori, jin I withi < jlet¢;; : (K ® B;)" — (K ® B;)" and ¢; : (K ® B;)" — (K ® B)" denote the
connecting map and the canonical homomorphism.

Let X be any compact metrizable space and Y be a closed subspace. We fix ip in / and assume that
we are given a square

Y L U’(Bi,)

L

X — 5 UsB)

Lemma 9.12. There exists i in I withi > iyand h : X — U*(B;) such that hjy = ¢; i, o f and ¢; o h is
homotopic to g rel Y.

Proof. For any C*-algebra A weset G*(A) :={a e GL((K®A)*)|1—ae K® A}. Then U°(A) C G*(A)
and the polar decomposition provides a retraction W : G°(A) — U*(A). There exists a ¢ in (0, 1) such
that max{||a*a — 1||, |laa* — 1|} < ¢ implies |W(a) —a|| < %). We interpret a map X — G°(A) as a
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point in G*(C(X) ® A). We will write ¢;; and ¢; instead of idc(x) ® ¢;; and idc(x) ® ¢;. We use the
general fact that a filtered colimit in C*Alg™ is formed by taking the completion of the pre-C*-algebra
given by the filtered colimit of underlying sets equipped with the induced algebraic structures; see (2-1).
We use that the (maximal) tensor product preserves filtered colimits, and that we can calculate norms in a
filtered colimit as limits of norms. The last statement says, e.g., that for 4 in C(X) ® K ® B; we have
i (W)l =1imjeri<j l¢j,i (Rl

We use Dugundji’s extension theorem in order to find an extension fj of f in (C(X) ® K ® B;;)" such
that fo —1 € C(X) ® K ® B;,. Then g9 := g — ¢; (fo) € Co(X \ Y) ® K ® B. We can now find i; in /
such that there exists r in Co(X \ ¥) ® K ® B;, with [¢;, (r) — goll < 155- We set fi := ¢, ; (fo) +r.
Then [I¢i, (f1) — gll < 155- and hence max{li¢;, (f1 /1) — 11, ¢, (f7" f1) — LlI} < 5. We can then find
i in I with i > iy such that max{l|¢;;, (f)@ii, (f7) — LI, i, (fi)ii (f1) — LI} < 5. We define
h := W (¢ii,(f1) in US(C(X) ® B;). Then hjy = ¢, (f) and [|¢;(h) — gl < 5. We get a homotopy
(W((1=5)iy(h)+58))ser0.1] from ¢; (h) to g rel Y in U®(B). This finishes the proof of Lemma 9.12. [

Remark 9.13. Using that S(C) is semiprojective, we could deduce Lemma 9.12 directly from the proof of
[Bunke and Duenzinger 2024, Proposition 3.8], in particular from the existence of the lift in equation (3.6)
of the same reference. U

We have now finished the proof of Lemma 9.6. ([l
The reason for using E-theory in order to construct the K -theory functor for C*-algebras was that then
exactness of the latter is true by construction. We have a canonical transformation

Q¥ IKK(C, —) > Q®7'EC, —) ~ Q¥ K (-).

The arguments above work equally well for KK-theory (just replace ex by se) and show that the canonical
transformation U* (—) — Q®~'KK(C, —) is an equivalence. Using Bott periodicity we can then conclude
an equivalence of functors

KK(C, =) => K(—): C*Alg"™ — Sp. 9-5)

As a consequence, the stable co-category KK also naturally acquires a KU-linear structure. We conclude:

Corollary 9.14. The K -theory functor for C*-algebras K : C*Alg™ — Mod(KU) has a lax symmetric

monoidal refinement for the minimal tensor product on C*Alg™.

The following is true for both tensor products on KK. We have a limit-preserving symmetric monoidal
functor
K :=KK(C, —) : KK - Mod(KU)

such that K ~ K o kk. Since kk(C) is compact in KK this functor also preserves colimits. It is the
right-adjoint of a symmetric monoidal right-Bousfield localization

B:Mod(KU) S KK : K. (9-6)

Definition 9.15. The essential image of the left-adjoint B in (9-6) is called the UCT class.
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Equivalently, the UCT-class is the localizing subcategory of KK generated by the tensor unit kk(C).
Corollary 9.16. If B is in the UCT-class, then we have the following assertions:

(1) The natural transformation — Q@max B = — ®min B of endofunctors on KK is an equivalence.
(2) The transformation KK(B, —) — E(B, —) of functors C*Alg™ — Mod(KU) is an equivalence.

(3) (UCT): We have an equivalence KK(B, —) ~ MaPyed(KU) (K(B), K(—)) of functors from KK to
Mod(KU).

(4) (Kiinneth formula): We have an equivalence K(—) Qxu K(B) ~ K(— ® B) of functors from KK to
Mod(KU).

Proof. In all cases the equivalence is induced by an obvious natural transformation. One argues that the
full subcategory of objects B in KK for which is transformation is an equivalence is localizing, and that
it contains kk(C). [l

Remark 9.17. The kk-functor from Definition 8.6(1) is not compatible with filtered colimits on the level
of C*-algebras. It does not even preserve countable sums. The reason is that the functor y : KKgep — KK
does not preserve countable sums. One could improve on this point by observing that kkge, preserves
countable sums Corollary 12.3(2), and then working with the 8;-Ind-completion instead of the Ind-
completion in Definition 8.1. We refer to [Bunke and Duenzinger 2024, Section 3.4] where the details of
such a construction have been worked out in the case of E-theory; see also [Bunke et al. 2021, Remark 3.4]

In the context of the present paper, in order to discuss the relation of the UCT-class with the classical
definition, it is better to consider the separable version UCTs, defined as a smallest countably cocomplete
stable oco-category of KK, (which is known to be countably cocomplete by Corollary 12.3(1)) containing
the tensor unit; see also [Bunke et al. 2023, Section 5.5]. It is a famous question whether for every nuclear
separable algebra A we have kkgep(A) € UCTsep.

The analogues of the statements of Corollary 9.16 in the separable case hold true. O

Remark 9.18. In Corollary 9.16(1) we can replace the condition that B is in the UCT-class by the

condition that B is represented by a separable and nuclear C*-algebra. Indeed, by definition of nuclearity,

nu

the transformation — @max B — ®min B of endofunctors of C *Algsep

is an isomorphism.

Classically it is known that for separable algebras the map from KK- to E-theory is an isomorphism if
the first argument is a nuclear algebra [Higson 1990a, Theorem 3.5]. By stability and Theorem 13.16 we
can conclude that in Corollary 9.16(2) we can replace the UCT-condition on B by the condition that B is

represented by a separable and nuclear C*-algebra. (Il

Remark 9.19. In this remark we justify Definition 9.2. By a similar argument as in the proof of Lemma 9.6
we get a weak equivalence
colimfU (n) = U’ (C)
neN

in Groups(Spc). The left-hand side is 2°°~! of one of the classical versions of the KU-spectrum.
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We continue the justification of Definition 9.2 by calculating the ring 7, KU. Since the homotopy
groups of U*(C) ~ Q®~! K (C) are two-periodic, so are the homotopy groups on the left-hand side. We
thus deduce the classical Bott periodicity theorem. For an explicit calculation we use, from classical
topology, the additional information

%, 1=0,
mi(colimUn) =327, i=1,
neN
0, i=2,
in order to conclude that
7, ie€2N
QK@) ={> 1S (9-7)
0, ie2N+1.

We know further that 7, KU is a ring and that the Bott periodicity is implemented by the multiplication
with the invertible element b in 7_,KU ~ 7yKK(S2(C), C) from (8-5). Consequently, b~ must be a
generator of mp KU and we get a ring isomorphism

Z[b, b~ "1 = 7,.KU. O

10. K-theory and the group completion of the space of projections

For a unital C*-algebra A the abelian group K((A) is classically defined as the Grothendieck group of
the monoid of unitary equivalence classes of projections in K ® A, where the unitaries belong to the
multiplier algebra U (K ® A). Thereby the monoid operation is induced by the block sum. One then
observes that the relation of unitary equivalence between projections is equivalent to homotopy. Using
the notation from Example 4.8 we thus get an isomorphism

7o(Proj’ (A))E° = Ky(A). (10-1)
We will show a space-level refinement of this isomorphism. Unfolding definitions we obtain a natural map
Proj’(A) — QK (A)

of commutative monoids in spaces. Then Corollary 10.8 asserts that this map presents its target as a
group completion. Note that the unitality assumption on A is crucial for this statement; see Example 10.1.
The modification for general algebras is formulated as Theorem 10.7. Though it looks like an obvious
K -theoretic statement its detailed verification is surprisingly long.

Example 10.1. Let X be a locally compact Hausdorff space which is connected and not compact. Then
we have Proj’ (Co(X)) = {0}. Indeed, a projection p in Proj’(C (X)) can be interpreted as a function
p : X — Proj*(C). The function x — || p(x)]| is continuous and takes values in {0, 1}. Since it vanishes
at infinity, the assumptions on X imply that it vanishes identically.

We know from Remark 9.19 that Ko(Co(R?)) = Z, and this contradicts (10-1) whose left-hand side
would be the zero group. U
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The following two statements enable us to study the space of projections within the homotopy theory
developed in the present notes. They are the analogues of Lemmas 9.10 and 9.6. Recall from Example 4.8
that Proj(A) :=Hom(C, A) denotes the topological space of projections in A and that Proj(A) := £ Proj(A)
is the associated space.

Proposition 10.2. For every surjective map B — C of C*-algebras the map Proj(B) — Proj(C) of
topological spaces is a Serre fibration.

Proposition 10.3. The functor Proj : C*Alg™ — Spc preserves small filtered colimits.
We defer the technical proofs of these statements to the end of the section.

Proposition 10.4. The functor Proj® : C*Alg™ — CMon(Spc) is homotopy invariant, stable, Schochet-
exact, and s-finitary. It sends cartesian squares

A—— B
| ]
C—D

in C*Alg™ with the property that f is a surjection to cartesian squares.

Proof. The functor Proj*(—) (45) Mapy . cralg (C, —) is homotopy invariant and stable by definition. It
furthermore sends Schochet fibrant cartesian squares to cartesian squares since L, x does so.

Since the functor K ® — preserves filtered colimits, it follows from Proposition 10.3 that Proj*(—) ~
Proj(K ® —) preserves filtered colimits and is in particular s-finitary.

Since
KQRA—KQ®B

l lk@f

K®C——KQ®D

is again cartesian and K ® f is still surjective, the functor Proj := Hom(C, —) sends this square to a
cartesian square in Top which is in addition Serre fibrant by Proposition 10.2. We now apply ¢ and get
the desired cartesian square

Proj*(A) —— Proj* (B)

l leOj’(f)

Proj* (C) —— Proj* (D) U
The group completion functor (—)&°" is defined as the left-adjoint of a Bousfield localization
(—)#°" : CMon(Spc) = CGroups(Spe) : incl. (10-2)
Recall that to any C*-algebra A we can functorially associate the split unitalization sequence

0>A—>A"->C—0. (10-3)
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Definition 10.5. We define the functor
73\r5j‘Y : C*Alg™ — CGroups(Spc), A — Fib(Proj* (A")#°"P — Proj* (C)&°P). (10-4)

Remark 10.6. Observe that in the definition of Proj* we take the group completion first and then the fiber.
We cannot reverse the order since the group completion does not preserve fiber sequences in general. []

‘We define the natural transformation
e Q2 oLex
ep, : Proj’ (—) >~ MaPLKC*Alg,",f‘K (C, —) —=—=5 Mapg(C, —) @ QK (—) (10-5)

of functors from C*Alg™ to CMon(Spc). Since QK takes values in groups, by the universal property
of the group completion we get the dotted arrow in the commutative diagram of functors C*Alg™ —
CMon(Spc)

€h

s, gro'l.lp

Proj’

Proj’ §2°°K

where the down-right arrow is the counit of the adjunction (10-2).
We next construct a natural transformation

&, : Proj’ — QK. (10-6)

Applying the exact functor Q2°°K to the split exact unitalization sequence (10-3) we get the split fiber
sequence

QYK (A) > Q¥K(A") - QK (C)

in CGroups(Spc). We now form the diagram of vertical fiber sequences of functors from C*Alg™ to
CGroups(Spc)

Proj'(=) " QPK(-)

| |

Proj((—) e S, o0 g ()1 (10-7)
Proj(C)Eor ——, Q%K (C)

defining €, as the natural extension of the lower square to a map of fibers.
The following is the main theorem of the present section.

Theorem 10.7. The natural transformation &, : Proj® — QK is an equivalence.

Before we start with the proof we consider the specialization to unital algebras.
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Corollary 10.8. For every unital C*-algebra A the map
€n.4 : Proj*(A) —> QYK (A) (10-8)
presents its target as a group completion.

Proof. Since the composition
Proj’ (A)#°P — Proj* (A")#°P — Proj* (C)&°P
vanishes, by the universal property of the fiber in (10-4) we get a canonical morphism
ia 1 Proj’ (A)E°% — Proj* (A). (10-9)

If A is unital, then the identity of A canonically extends to a homomorphism A* — A. The composition
Proj* (A) — Proj’ (A*)E — Proj*(A)2°P provides an inverse of i4. The map in (10-8) is then

equivalent to

Proj (A) — Proj® (A)°% £ Proj* (A) = Q%K (A),
where the last equivalence is given by Theorem 10.7. This shows Corollary 10.8. ]

All of the above has a version for separable algebras. The following is the separable version of
Theorem 10.7.

Proposition 10.9. The natural transformation €sep  : ﬁ?()jéep — Q% Kep is an equivalence.

Proof of Theorem 10.7 assuming Proposition 10.9. We claim that Proj® is s-finitary. Since QK is also
s-finitary we then obtain the equivalence in Theorem 10.7 as a left-Kan extension of the equivalence in
Proposition 10.9 along the inclusion C*Algg,, — C*Alg™.

In order to see the claim we note that (—)&™"P in (10-2) is left-adjoint and preserves all colimits. By
Proposition 10.4 the functor Proj*#°" is also s-finitary. Finally we use that the fiber of a filtered colimit

of maps in CGroups(Spc) is the filtered colimit of the fibers. (I
The following result prepares the proof of Proposition 10.9.

Proposition 10.10. The functor Proj® : C*Alg™ — CGroups(Spe) is homotopy invariant, stable and
exact.

Proof. Homotopy invariance and stability are obvious from the definition. Exactness is much deeper. It
cannot be concluded simply from the exactness properties of Proj° stated in Proposition 10.4 since the
group completion functor does not preserve fiber sequences in general. The basic insight in our special
case is that for unital algebras A the group completion of Proj*(A) can be expressed by a specific filtered
colimit.

We first recall some generalities on group completions following [Nikolaus 2017; Randal-Williams
2013]. We consider a commutative monoid X in CMon(Spc). For an element s in X we can form

X, = colim(X = X =5 x =5 ...)
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in X-modules. For any finite ordered set {sq, ..., s,} of elements in X we define inductively X-modules

X{‘Yl ------ S n} = (X{Sly---w"n—l})sn'

We choose a well ordering on mo(X) and a representative s in X for any component. We then define the
space

Xoo := colim Xg. (10-10)
SCrmo(X)

Proposition 10.11 [Nikolaus 2017, Proposition 6]. If the fundamental group of every component of X oo
is abelian, then X — X is equivalent to the underlying map of X — X&°P,

An element ¢ in 7 (X) is called cofinal if for every s in o(X) there exists s” in o(X) and » in N such
that s +5’ = nt. One easily checks that if 7 is cofinal, then the canonical map X; — X is an equivalence.
In particular if the fundamental groups of all components of X, are abelian, then X — X, is equivalent to
the underlying map of the group completion X — X&°UP,

The following results enable us to apply Proposition 10.11 to our problem. For C*-algebras A and B
we have the commutative monoid Map;  c«qjgm (A, B) and can form the space Map;  cxqjgm (A, B)oo as
in (10-10).

Lemma 10.12. If moMap, , ¢+ Alg) (A, B) contains a cofinal element, then the fundamental groups of the
components of Mapy  cxa1gn (A, B)oo are abelian.

Proof. In the following we use that {Hom(A, K ® B) >~ Map; ¢+ Alg™ (A, B). Let [t] be a cofinal element
in moMap; ¢+ Alg}nu(A, B) represented by a map ¢ in Hom(A, K ® B). Then

. +-— 14—
Map, , coatge(A. B)oo = colim(Map, , . argm (A, B) 57> Map,  coppgn (A, B) 1555 o).

We consider a component x in roMap; -+ Alg™ (A, B)x. Then there exists k in N and f in the topological
space Hom(A, K ® B) contributing to Map; ¢+ AlgE“(A’ B) in the k-th stage of the N-indexed diagram
above which represents x.

We now consider elements [y ] and [o] in 77} (MaPLKC*Alg;;"(A» B)oo, x). We must show that [y ]o[o] =
[o]o[y]. After going further in the diagram we can assume that [y ] and [o] are represented by loops y
and o at f in Hom(A, K ® B), respectively.

By cofinality of [] there is amap f’ and an integer n such that [ f]+[ f']=n[t] in noMapLKC*Angu (A, B).
The + sign in the following denotes choices of block sums. We know that y + nt and o + nt viewed as
points in Hom(A, K ® B) contributing to Map; ¢« Alg (A, B) in the (k+n)-th stage of the diagram also
represent [y] and [o']. We now have homotopies y +nt ~y + f + f and 0 +nt ~o + f + f’. It thus
suffices to show that (y + f)t(c + f) ~ (o + f) 4 (y + f), where f denotes concatenation.

If we conjugate o 4+ f with a two-dimensional rotation of blocks, we get a homotopy between
yv+fHtg+fHrand (y+ g (f +0). Now (y + f) it (f 4+ o) is homotopic to y + o. Using the
commutativity of + up to homotopy we get a homotopy y + o ~ o + y. By reversing the first part we
finally get a homotopy from y +o to (6 + f) 4 (y + f). U
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Corollary 10.13. [f moMap, ¢+ Algl (A, B) contains a cofinal element, then the map of spaces
Map; , c+Alg (A, B) — Mapy , cralg (A, B)oo
is equivalent to the underlying map of the group completion
MapLKC*Ang“ (A y B) — MaPLKC*AlgE“ (A y B)group‘

Let now A be a unital C*-algebra with unit 14. In the following we show that we can apply
Corollary 10.13 to Proj*(A) >~Map;  c- Alg? (C, A) by exhibiting a cofinal component. Let ¢ be a minimal
projection in K. Then we define 74 := [e ® 14] in myProj*(A). The following lemma is well-known.

Lemma 10.14. The element t4 is cofinal.

Proof. We consider the separable Hilbert space H := L*(N) and let K := K (H). For n in N we let
e, in K (H) denote the projection onto the n-th basis vector of H. We further consider the projection
Py=3"0yen

We consider a component [ p] in 7oProj’ (A) with p in Proj(K ® A). Then there exists n in N such that
lp—(P,R1)p(P,R14)| < % Using function calculus we get a homotopy between p and a projection p’
with p' = (P, ® 14) p' (P, ® 1,4). We then have [p] = [p’] in moProj*(A) and with ¢’ := (P, ® 14) — p’
we get [p']+[q'l = [P, ® 14] = nia. O

To any unital C*-algebra A we can functorially (for unital morphisms) associate the N-indexed diagram
F(A) : Proj’ (A) =45 Proj* (A) —4 Proj* (A) —45 Proj’ (A) — 4 ...
of spaces. We define the functor
F = co%‘im]}: C*Alg — Spe. (10-11)

We conclude that the natural transformation Proj*(—) — F(—) of Spe-valued functors is equivalent to

the transformation Proj* — Proj* &P

of CMon(Spc)-valued functors after forgetting the commutative
monoid structure.

We can now finally show the asserted exactness of the functor Proj*. We must show that this functor
sends an exact sequence

0—>AL>BL>C—>0

of C*-algebras to a fiber sequence in CGroups(Spc). We first form the square

A" C

li" lj (10-12)

B“p—>C”

in C*Alg ¢, where 7 is induced by the canonical projection of the unitalization sequence (10-3), the
homomorphism j : C — C* is induced by the identity of C*, and we do not write the structure maps to C
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given by the projections of the unitalization sequences of A, B and C, respectively, and the identity of C.
This square is cartesian and p" is surjective. Applying the functor Proj’ we get a diagram in Spe o (),
and by Proposition 10.4 a cartesian square

: Proj/ "
Proj’ (A") — L proi(€)

lProj“’ i lprojx(j) (10-13)
Proj* (p*)

Proj* (B*) ————— Proj*(C*)

We now apply the functor F from (10-11) to the square (10-12). This amounts to forming a filtered
colimit of a diagram of squares of the form (10-13). Since a filtered colimit of cartesian squares in Spc
is again a cartesian square and since the forgetful functor CGroups(Spc) — Spc detects limits we can
conclude that

Projs,group(Au) Proj! () Projs,group (C)

lrprojs.group(iu) l’Pl‘Ojs'gmup(j)
rPrOjs,group(pu)

zprojs,group(Bu) Projs,group(cu)

is a cartesian square in CGroups(Spc). Together with its unwritten structure maps it is also a diagram in
CGroups(Spc) /projzow ). We finally take the fiber of the structure maps to Proj*#"?(C) and get the
desired cartesian square (or fiber sequence)

Proj*(A) 0
lﬁrwoj"(n l
Proj (B) — 2 Proj* (C)
This finishes the proof of Proposition 10.10. (]

Proof of Proposition 10.9. In order to define an inverse transformation QK — Proj® we plan to apply the
Yoneda lemma for Ege,. We therefore need a factorization of 73\rCTjS through a functor 7Tojs defined on Egep.
Since CGroups(Spe) is left-exact and additive, the universal property (7-9) of e, and Proposition 10.10
together provide the dotted arrow in

* nu 5;6};5?
C*Algg, CGroups(Spc)
~
e (10-14)
Esep

Furthermore, using Definition 9.3, the pull-back along ey, induces an equivalence

€5p : Nat(Proj(—), Mapg (C, —)) > Nat(Projigy (=), % Kyep(—)). (10-15)

sep
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We define a point a, in Proj(C) as the image of id¢ under

Map; ¢+ Algh (C, ©) 2 Projee, (C) = Projg, (C)¥P 099 L Proj Projgep (C) PrOJ (©). 10-16)

Via the Yoneda lemma this point determines a natural transformation
a :Mapg (C, =) — Proj(—)
of functors from Egep, to CGroups(Spe) characterized by ac(esep(ide)) 2 as. Its pull-back along egep, is

a natural transformation

a:=e Sep 1 Q% Kep — Pr0]sep

of functors from C *Algsep to CGroups(Spc). We have already a natural transformation
b= ésep,h : %sep - QooKsep

defined by means of the diagram (10-7). In view of (10-15) there is an essentially unique natural
transformation
b : Proj — Mapg (C, —)

sep

such that ebepb b.
The following proposition implies Proposition 10.9 asserting that b is an equivalence.

Proposition 10.15. The natural transformations a and b are mutually inverse to each other.
Proof. The assertion follows from the following two lemmas.

Lemma 10.16. We have boa >~ idg~k,,,

Proof. 1t suffices to show

boa :Mapy, (C, —) — Mapg_ (C, —)
is equivalent to the identity. Via the Yoneda lemma this map is determined by the point be(ay) in
MapEsep (C, C). We therefore must show that E@(a*) >~ egep(ide). In order to verify this equivalence we
consider the diagram

sep

e PP () ,
idc—>a, e ey . :

fprojgep (Cu )group Csep..C MapEsep (G:, Cu )

| l

Projsep(C)group sep/C Ma_pE ((]: G:)

i —_— b
Pr0j3ep (C) —— Projiey (C)F ——— Proj,, (C) —— Mapg_ (C, ©)

obtained by merging (10-7) with (10-16), where j : C — C" is the inclusion.
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The two upper-left-horizontal arrows send idc to a.. We let @, denote its image in Projg., (C*)"P.

Since ésep’ 1, (@) = jx(€sep(idc)) and j is a monomorphism we can conclude that 15@ (ay) ~esep(ide). U
Lemma 10.17. We have aob ~ idprgs -
sep

Proof. It suffices to show for every A in C*Algg, that
J— b —
70 P10jsep(A) —> WOQOOKsep(A) S 70 Pr0jsep(A)

is an isomorphism. In fact, in order to deduce the isomorphism for 7; with i > O we apply this result for
A replaced by S(A) and use the left-exactness of the functors and the fact that they take values in groups.
For the calculation in m( introduce the simplified notation (borrowed from [Blackadar 1998, 5.3])

Ky = NOQOOKsepa I%O = no%iep

and

s, group

Voo := noProj‘gep, Koo := moProjip

We form the commutative diagram

Ro(A) — 22— Ko(A) —“— Ro(A)

Lo J

Voo(A") —— Roo(A") — =5 Ko(A") — 2 Ro(AY)

L -

Voo (A" ® K)*) —5 Roo((A" @ K)*) Roo((A* ® K)*)

The vertical maps are inclusions of summands and all cells except the lower right commute obviously.
We will show that this cell also commutes. We can then conclude that

apoby = idko(A)'

The transformation Voo — Koy is the algebraic group completion. In view of its universal property it
suffices to show that the composition of the two lower cells commutes.

We consider a point [ p] in Vo (A") given by amap p:C— A“® K. We first calculate its image k,; under
the right-down composition. The horizontal map sends it to the point in IEO(A”) given by au(€sep(p)) =
I?o(p)(a*). The element k,, is the image of I?o(p)(a*) in 1500((14“ ® K)") under the map (2). As seen in
the proof of Lemma 10.16 the map IEO(C) — koo(C”) sends a, to the image of ic : C — C* in Vjyo(C*)
under the group completion map Vyo(C*) — Koo(C*). The image k,; of Ko( p)(a,) in Koo((A* ® K)*)
is then the image of p“ oic : C — C" — (A" ® K)" in Vyo((A" ® K)*) under the map (1).
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We now calculate the image kg of p under the down-right composition. The image of p under (3) is
iaugg o pin Voo((A* ® K)*). We now use that the following square commutes:

c—< ¢

l ) l y
iAugK

A*Q K — (A" ® K)*
Consequently we have iqugx o p >~ p“ oic in Voo((A* ® K)*). This implies that k,y >~ kg,
This finishes the proof of Proposition 10.15.
We finally have completed the proof of Proposition 10.9.
We finish this section with the proofs of the two technical results Propositions 10.2 and 10.3.

Proof of Proposition 10.2. The statement of Proposition 10.2 is surely a known fact in C*-algebra theory.
But for the sake of completeness we will provide an argument.

We start with two facts taken from [Blackadar 1998, Section 4.3]. We consider a C*-algebra B and
a projection p in B. Note that projections are always assumed to be selfadjoint. Assume that b is an
invertible element in the multiplier algebra M (B) and b = ur is its polar decomposition.

Lemma 10.18. If bpb~" is a projection, then bpb™" = upu*.
Proof. By assumption g := bpb~! is a projection, so it is in particular selfadjoint. Writing ¢ = urpr~'u*

1 1

we see that u*qu = rpr~! is selfadjoint, too. This implies rpr~' = r~! pr. We multiply with r on the

left and right and get the equality 72> p = pr?. We now use that r is positive and therefore r = v/r2. We
conclude that also rp = pr holds, and this implies g = upu™. O

In the following we let B(b, r) denote the open r-ball at b in B.
Lemma 10.19. There exists a constant ¢ in (0, %) and a map
w, : Proj(B) N B(p,c) — U(B")NB(1,1)
such that
wy(@)pwy(g)~ =¢
for all g in Proj(B) N B(p, c).

Proof. We define v,(q) := %((Zq —1)(2p — 1) + 1) and note that v,(q) € B". If |[p —¢q|l < %, then
lvp(g) — 1| < 1 and v,(g) is invertible. Furthermore we have v,(p) = 1 and v,,(q)pv;l(q) =gq.
We now form the polar decomposition v,(g) = w,(¢q)r,(g) in B*. By Lemma 10.18 we then have
wp(q)pwp(q)*1 = ¢g. By continuity of w, and w,(p) =1 we can find a constant ¢ in (0, 1) such that
wy(B(p,c)) € B(,1). O
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We consider a surjection B — C of C*-algebras. We must show that the induced map Proj(B) —
Proj(C) is a Serre fibration. To this end we will solve the lifting problem

X —— Proj(B)

L
x> (0,x) ' l

[0, 1] x X —— Proj(C)
for all compact spaces X. This problem is equivalent to the lifting problem

{0} —— Proj(C(X) ® B)

[0, 1] —— Proj(C(X) ® €)
We must therefore solve the path lifting problem

{0} —— Proj(B)

[0, 1] _r, Proj(C)

for all surjections B — C.

A path o : [0, 1] = Proj(C) is called short if ||o (t) — o (0)|| < ¢ and ||we () (o (¢)) —1|| < 1 forall ¢ in
[0, 1] (with ¢ and w_(—) from Lemma 10.19) . For the moment we assume that we have a solution for
the lifting problem

10y —2, Proj(B)
1

l l (10-17)

[0, 11 —Z Proj(C)

for all short paths o.

By continuity and compactness of the interval there exists n in N such that y; /4, (i+1)/x] 18 short for all
i=0,...,n—1. We then solve the lifting problem inductively by solving the lifting problem for the
i

We finally solve the lifting problen: (10-17) for short paths 0. We set u(t) := wq (o (¢)). Then
u)=1,0@)=u@)oQ)u(t)*, and ||lu(t) — 1| < 1. We get a path logu : [0, 1] — i C3* with log u(0) =0.
We interpret log u as an element i (Co((0, 1]) ® C)®. Since Co((0, 1]) ® B — Cy((0, 1]) ® C is surjective
we can find a preimage b in i (Co((0, 1]) ® B)%*. We then set v := exp(b) : [0, 1] - U(B"). Then
o (t) :=v(t)o (0)v(r)* is the desired lift of o with initial 5 (0) in (10-17). O

short paths Vili/n,(i+1)/n] with initial )7( )

Remark 10.20. Using that C is a semiprojective C*-algebra, we could deduce the path lifting in (10-17)
from [Blackadar 2016, Theorem 5.1]. U
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Proof of Proposition 10.3. Similarly as in the proof of Lemma 9.6 we reduce the assertion to a consideration
of homotopy groups and eventually to the following lemma.

We consider a small filtered family (B;);<; of C*-algebras indexed by a poset and set B := colim;¢; B;.
Fori,jinI,i < j welet ¢;; : B — B; be the structure map and ¢; : B; — B be the canonical
homomorphism.

Let X be a compact metrizable space and Y be a closed subspace. Let ig be in I and assume that we
are given a square

Y L Proj(B;,)

léﬁio

X —5— Proj(B)

Lemma 10.21. There exists i in I withi > io and h : X — Proj(B;) such that hjy = ¢; j, o f and ¢; oh is
homotopicto g rel Y.

Proof. Let A be any C*-algebra. For a selfadjoint element ¢ in A we let o (¢g) denote the spectrum of g.
1

We fix a number ¢ in (0, 5

) and consider the subspace
P(A):={qeA®|d(o(q),}) >}

of selfadjoints in A with a spectral gap at % We observe that it contains the space of projections Proj(A).
We fix a function x € C(R) with x|(—oo,1/2—¢] =0 and x|[1/24¢,00) = 1. The map g — x (g) defined using
the function calculus is a retraction W : P(A) — Proj(A). By continuity we can choose a constant c; in
(0, 00) such that [|g* — ¢|| < ¢ implies [|W(g) —q|l <c.

We interpret f as a function ¥ — Bl.soa. Using Dugundji’s extension theorem we find an extension
h() X — Bisoa.

We then have g — ¢;,(ho) € (Co(X \ Y) ® B)**. We can thus find ij in I with i{ > iy such that there
exists 7 in (Co(X \ Y) ® B;,)** with ||g — ¢i,(ho) — @i, (r)|| < c1/20. We set hy := ¢;,.i,(ho) +r in
(C(X) ® B;,)™. Since g is a projection, we have [|¢;, (h1)? — @i, (h)|| <c1/2. We now find i in [ with
i > iy such that such that ||A> — || < c1, where & := ¢, ;, (h1).

We finally define i := W(ﬁ) in Proj*(C(X) ® B;). By construction we have hyy = ¢;;,(f) and
lgi(h) — gll <c. Then (W((1 —s)¢;(h) 4 58))se[0,1] s @ homotopy from ¢; (h) to g rel Y. This finishes
the proof of Lemma 10.21. U

Remark 10.22. Using that C is semiprojective we could deduce Lemma 10.21 directly from the proof of
[Bunke and Duenzinger 2024, Proposition 3.8], in particular from the existence of the lift in equation (3.6)
in the same reference. O

Hence we have completed the proof of Proposition 10.3. ]
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11. The g-construction

The g-construction introduced by Cuntz [1987] is an effective tool to capture Kasparov modules in
terms of homomorphisms; see Remark 11.12. Using the g-construction one can express the classical
KK-theory groups in terms of homotopy classes of maps. The crucial formula states that for two separable
C*-algebras A and B we have

moHom(¢ A, K ® B) = KK{&%(A, B). (11-1)

In [Cuntz 1987, Definition 1.5] this isomorphism is actually the definition of the right-hand side. From
this formula the composition

Kclae?)(A B) ® KKClagi)(B C) N KKclaGB(A C)

sep, sep, sep,

is not obvious. However, one can show that the left-hand side in (11-1) is naturally isomorphic to
moHom(K ® g A, K ® g B) and this makes the composition obvious.

The final goal of the present section and Section 12 together is to give a selfcontained proof that, for
all separable C*-algebras A and B,

moHom(g A, K ® B) = moKKep(A, B). (11-2)

Remark 11.1. The comparison of (11-1) and (11-2) provides a proof of the KK-theory version of
Theorem 13.16 below which does not depend on the knowledge of the universal property of kk¢'3 [

sep

We will start this section with recalling the g-construction. We then continue to study those of its
homotopical properties that are easily accessible without going deeper into C*-algebra theory. We shall
see that inverting the images in L x C*Alg}" of the canonical morphisms ¢4 : ¢A — A for all separable
C*-algebras produces a Dwyer—Kan localization of

Ly : LgC*Alg," — L C*Alg;’,

which is equivalent to composition of the localizations L from Definition 5.6 (enforcing split exactness)
and the right-Bousfield localization at the subcategory of group objects; see Propositions 11.8 and 11.9.
All of the above has a separable version. At the end of the present section we go deeper into C*-algebra
theory. In Theorem 11.13 we reproduce the proof of [Cuntz 1987, Theorem 1.6]. As a consequence, for
separable C*-algebras A and B we can simplify the formula for the mapping spaces in L C *Alggep hg

(Hom(gA, K ® B) ~Map;  c-aign , (A, B), (11-3)

which is already very close to (11-2). The final step towards this formula, discussed in Section 12, is
to show that the canonical functor Lx C *Alg‘;é‘p’ hg = KKGep is an equivalence.
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We now start with the description of Cuntz’ g-construction. To every C*-algebra A we can functorially

associate a diagram

0——gA— 3 AxA-L 5 A——0

6]\ UT L, H
N 4 "

0— s gA—"5Axa-2 A —0 (11-4)

O

A

where the horizontal sequences are exact. Recall that the free product A % A together with the two
canonical maps ; : A — Ax A, i =0, 1 represents the coproduct in C*Alg™. The map d (often called the
fold map) is determined via the universal property of the free product by d ot; = idy fori =0, 1. The
C*-algebra g A is defined as the kernel of d. The two maps ¢; determine splits of the exact sequence. The
maps p; : Ax A — A are determined by the conditions p; ot; =idy and p; ot;—; = 0. We can then define
the map t4 := pgpoi :qA — A. The flip of the two factors of the free product defines an automorphism
o0:AxA— AxA. Since d oo =d it restricts to an involutive automorphism ¢ : gA — g A. In principle
we should add an index A also to the notation for the maps d, i, o, ... as they are all components of
natural transformations but we refrain from doing so in order to shorten the notation.

Since g A is an ideal in A * A we have a canonical map m : Ax A — M(qA), where M (g A) denotes
the multiplier algebra of gA. We define m; :=moy;.

Remark 11.2. Let B be any C*-algebra. In order to give a map f : gA — B we could give a map
f :A*xA— M(B) and set [ := f oi. We must ensure that this composition takes values in the ideal B of
M (B). To this end we consider the components f, = f ot; of f . We must require that fl (a)— fo(a) €B
for all @ in A. Under this condition f is a well-defined homomorphism with values in B. If fo = f], then
it follows that f = 0. We will call f the associated homomorphism.

This construction can be reversed. Assume that f :g A — B is ahomomorphism. We define B := f (g A)
and the map f A% A —> M(gA) MDD M (B'), where we must restrict the codomain of f to B’ in
order to apply the multiplier algebra functor M which is only functorial for nondegenerate morphisms.
The components of f are then given by f, = f ot; : A— M(B'). The datum

A :;J]? M(B)>B' — B
J1
is called a prequasihomomorphism in [Cuntz 1987]. ]

The functor g : C*Alg"™ — C*Alg™ is continuous with respect to the topological enrichment of C*Alg™.
It therefore preserves homotopy equivalences and descends to a functor g : C*Alg;" — C*Alg;". Since g
does not preserve K -stability we are led to define the functor

g’ : C*Alg)" — LxC*Alg)", A K ®qA. (11-5)
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In the following we use the notation
(=)' :=Lg(—): C*Alg)" — LxC*Alg;" (11-6)

for the stabilization functor from Corollary 4.3(1). We define the natural transformation ¢* : ¢* — (—)*
such that its component at A in C*Alg;" is given by

O qPA=K®@qA BN K@ A=A (11-7)

Recall from Proposition 4.4 that L g C*Alg;" is semiadditive. By Example 6.1 every object in this
category is naturally a commutative monoid object. For A in C*Alg}" the object g A = K ® g A is thus a
commutative monoid object of L x C*Alg;". We define 6° :=idx ®0 :q°A — ¢* A, where ¢ is as in (11-4).

The following is a version of [Cuntz 1987, Proposition 1.4].

Lemma 11.3. For A in C*Alg}" the object g* A is a commutative group in L g C*Alg," whose inversion

map is given by ¢*.
Proof. We must show that id,s4 +0° 2~ 0. We have the following chain of equivalences:

Map;  coalgr (@’ A, ¢°A) = Mape.pgn (K @ gA, K @ qA)
~ MapC*Angu (CIA, K ®qA)
~ {Hom(¢ A, K ® qA),

where the last line is by Corollary 3.8. The first reflects the definition of ¢° A and that Lk is a left-Bousfield
localization; see Corollary 4.3.(1). The second equivalence is induced by left-upper-corner inclusion
qA — K ® qA which induces an equivalence since K ® g A is a local object in this localization. Under
this equivalence the sum is determined by the block sum of morphisms gA — K ® gA. Hence idgs4 +0°
is induced by the composition

diag(idya,0):qA — Maty(qA) - K ® gA.

It suffices to show that diag(idg4,0) : A — Mat(gA) is homotopic to zero.

The composition moi : gA — M(qA) is the inclusion; hence it has the associated homomorphism
i/dq\A =m:AxA — M(qA) (using the notation introduced in Remark 11.2) and the components
i/dq\A ;=m;:A— M(qA). Furthermore, the associated homomorphism & =ioo of & has the components
gi =mi_;. We identify M (Mat;(qA)) = Mat,(M(gA)) in the natural way. Then diag(id,4, o) has
the associated homomorphism

dm) =diag(m,moo): AxA— MMaty(qA))

and the components dm)i =diag(m;, mi_;) : A — Maty(M(qA)).
For ¢ in [0, 1] we consider the scalar unitary

Tt o L
COS =5 —SIn =~
Ul = ( 2 2 )

s Tt t
sin 5 COS 5
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in Maty(M(gA)). Since mo(a) —m(a) € gA for all a in A we have
U,diag(m(a), mo(a))Ut* —diag(mo(a), mi(a)) € Mata(qA)
for all ¢ in [0, 1]. Hence for every ¢ in [0, 1], as explained in Remark 11.2, the pair
diag(mg, m;), Uidiag(m;, mo)U; : A — Maty(M(qA))

gives the components of a map h; : gA — Maty(gA). We have hg = diag(idga, o) and h; is the map
with equal components (ﬁl)i =diag(mg, m) fori =0, 1. Hence h; =0. U

Let E : Ly C*Alg;" — C be a left-exact functor to a semiadditive co-category. We say that E is split
exact if it sends the images under L, g of split exact sequences of C*-algebras to fiber sequences.

The following lemma is a version of [Cuntz 1987, Proposition 3.1.b]. Let A be a K -stable C*-algebra.
We will use the same symbol for the corresponding object of Lx C*Alg}", i.e., we will write A instead of
Ly k (A) in order to simplify the notation.

Lemma 11.4. If E is split exact and E(A) is a group, then the map v, : g°A — A°® from (11-7) induces
an equivalence E (1)) : E(q*A) => E(A®).

Proof. The middle-horizontal exact sequence in (11-4) is split and induces the fiber sequence

E(i%) E(d*)

E(@’A) —— E((AxA)") — E(A%). (11-8)

Since A is K-stable we have A >~ A®, and hence E(A) >~ E(A?®). In view of our assumptions E(A*) is a
group. Since g* A is a group by Lemma 11.3 and E preserves products (since it is split exact) we see that
also E(g*A) is a group. Finally, by Lemma 4.5 we have an equivalence

E((Ax A)) ELXEW) | poasy « E(A)

whose inverse is E(tp) o pry+ E(t]) o pry. This implies that E((A * A)*) is a group as well. Using that
the objects in the sequence (11-8) are commutative groups we see that

E(q°A) x E(A%) EUFEQ o poA « A))

is an equivalence. Hence

S ;s s
( E(S‘A).s 0 ) CE(q°A) x E(A) EOTEQ poax Ay E2XERD L pogsy « B(AY)
E(pl ol ) 1dE(A~Y)

is an equivalence. Again using that the factors are groups this implies that E(¢%) is an equivalence. [
We consider the set of morphisms
Wq ={:¢°A— A®| A e C*Alg,"} (11-9)

in Lg C*Algzu
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Definition 11.5. We define the Dwyer—Kan localization

L, : LxC*Alg," — LKC*AlgEf‘q (11-10)
at the set Wq.
We consider the composition
Ly kg C*Alg"™ -2 C*Alglt 255 Ly C*Alglt —L1s Ly C*Algl",. (11-11)

Proposition 11.6. The functor Ly k 4 : C*Alg™ — Lg C*AlgE"‘q is a Dwyer—Kan localization.

Proof. This follows from the fact that L;, x 4, is a composition of Dwyer—Kan localizations which are all
determined by images of collections of morphisms in C*Alg", namely homotopy equivalences, left-upper-
corner inclusions k4 from (4-1), and the morphisms idg ®t4: K @gA — K ® A forall A in C*Alg™. O

In Proposition 11.8(2) we will show that the mapping spaces in Lg C*Algz‘fq can be easily understood
in terms of a calculus of fractions. In a sense this result is of intermediate nature since in Corollary 11.14
and Proposition 11.15 we will state a much better result at the cost of using more of C*-algebra theory.
For every A in L C*Alg;," we consider the diagram W (A) : N°® — L C*Alg," given by
[3 l.i’ 5 5
A (PAY A (GPA) s (gAY s A (11-12)
We furthermore let W, be the subcategory of LxC*Alg," generated by Wq. The diagram W (A) is a
putative right-calculus of fractions at A for W, in the sense of [Cisinski 2019, Definition 7.2.2]. In fact,
A >~ A* is the final object of the diagram and all morphisms belong to W,,.
We fix A in Lx C*Alg;" and consider the functor

Hy : LgC*Alg," — CGroups(Spe), B> cgéLNim MaPLKC*Alg;;u((an)S, B), (11-13)
i.e., we insert the diagram (11-12) into the first argument of the mapping space and take the colimit. The
following result is a version of [Cuntz 1987, Proposition 2.1].
Proposition 11.7. The functor Hy is split exact.
Proof. We consider a split exact sequence

0>1-2sB7s0-0 (11-14)
of C*-algebras with split s : Q — B. We must show that
Ha(I*) @ Hy(Q") “A iy (BY)

is an equivalence, where the superscript s stands for K -stabilization as in (11-6).

We first observe that it suffices to show that this map induces an isomorphism of groups of connected
components. Fori in N we write Hy ; (—) := m; H4(—) for the corresponding abelian-group-valued functor.
For every i in N we have a canonical isomorphism Hy ;(—) = HA’O(S"(—)), where S'(—) := Co(R) @ —
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is the i-fold suspension functor. Using the fact that the functor S’(—) preserves exact sequences we see
that it suffices to show that

Hao(I*) @ Hy o(Q°) 40O MA0CT (B (11-15)

is an isomorphism for all split exact sequences (11-14).
We now use that L is a left-Bousfield localization and Corollary 3.8, or directly (4-3), in order see that

Map; , c-aigr ((¢"A)*, (=)°) = Mape.ppgn(¢” A, (—)°) = €Hom(g" A, (—)°) (11-16)

as a functors from C*Alg™ to Spe. Combining this with (11-13) we get an equivalence
* * ¥
Hj(B) = colin(¢Hom(A, B’) — ¢Hom(qA, BY) —“> (Hom(¢?A, B’) — 2 ..).

We define a map
I, : Hom(q" A, B*) — Hom(q"*' A, I°)

as follows. Let f : g"A — B® be an element of Hom(¢"A, B®). Then we get an associated map
(f, s’ f):q"Axq" A — B® with the components as indicated; see Remark 11.2. We observe that
7o (f,s'n’ f)oigna =0,

n+1A — g"A%g" A is the canonical inclusion. Therefore we can define

L(f):=(f,s*n° foiga:q"'A— I*.

For g : ¢"A — I° we have [,,(j* o g) = g oyna. Finally, for h: g"A — Q° we have [,,(s* o h) =
(s°oh,s*oh)oigms=0.

We next show that Hy o(j°) is injective. Let g : ¢" A — I° represent an element [g] in H4 o(/°) such

where igng 1 g

that Hy 0(j*)([g]) = 0. Then there exists m in N with n <m such that [j* ogotgmgo---0 tgm-141=0
in moHom(¢™ A, B®). But then

O0=[ln(j ogotgmao---otmig)]=[gotgnao---0tgmipotgmal

in moHom(¢™ ' A, I*). This implies that [g] = 0.
We now show that the family of maps (/,,),, determines a well-defined map [ : Hq o(B*) = H4 0(I%).
Let [f]in Ha 0(B®) be represented by a map f : ¢"A — B®. Then

Ha oG ) U (HD = 1f1= Haols’ o)A fD.

The right-hand side does not depend on the choice of the representative. By the injectivity statement
above we conclude that [/, (f)] is well-defined.
We thus have

Hypo(j*) ol +Hyo(s*) o Hyo(n*) = idp, ,(B),
loHyo(j*) =1idp, as), [oHao(s*) =0, Hyo(p®)oHyo(s*) =idp, .0
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These equalities imply that (11-15) is an isomorphism. ]

The putative right-calculus of fractions is called a right-calculus of fractions in the sense of [Cisinski
2019, Definition 7.2.6] if the functor H4(—) from (11-13) sends the morphisms from W, to equivalences.

Proposition 11.8. (1) W(A) is a right-calculus of fractions.
(2) We have
HA(B)ZMapLKC*Algqu(A, B). (11-17)
(3) The co-category Lx C*Algy’, is additive.
(4) The localization L is left-exact.

(5) We have an essentially unique commutative diagram

C*Algnu

JLh,K

Lk C*Algzu

(11-18)

splt

Lk C*Algzl’lsph > Lk C*Algzl’]q

where L is a left-exact functor.

Proof. The assertion (1) follows from Proposition 11.7 and Lemma 11.4.

The assertion (2) follows from (1) and the general formula [Cisinski 2019, Definition 7.2.8] for the
mapping spaces in a localization in the presence of a right-calculus of fractions.

For (3) note that by (11-17) the mapping spaces in Lg C *Algz‘fq are commutative groups.

Assertion (4) is a consequence of the formula (combine (11-13) and (11-17))

Mapy  cralg, (A, B) >~ coéimMapLKC*AlgEu((q”A)S, B) (11-19)

for the mapping space as a colimit over the filtered poset N and the fact that filtered colimits in Spc
commute with finite limits.

We finally show (5). The two upper triangles in (11-18) reflect the definitions of the maps. By (2) the
functor H4(—) represents the mapping space in Lg C *Algglfq. Since it is split exact by Proposition 11.7
the localization L, sends (the images under L, x of) split exact sequences to fiber sequences. The
composition Ly g , is thus homotopy invariant, stable, Schochet-exact and split exact. By the universal
property of Lj k spic stated in Proposition 5.7(2) we get the map L and the two-morphism filling of
the outer triangle in (11-18). We finally use the universal property (4-4) of Lj, x in order to define the
two-morphism filling the lower triangle. U
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Proposition 11.9. The functor L from (11-18) is equivalent to the right-adjoint of a right-Bousfield
localization

incl: Lx C*Algy", **" = Lg C*Alg)' .« R.

Proof. We call a functor on L C*Alg;" split exact if it sends the elements of Wy to equivalences. We
first show that L 0 g° is split exact and left-exact and therefore by Proposition 5.7(1) descends to a
left-exact functor

R:Lg C*Algﬂ?splt — LgC” Algh ,splt*

The functor Ly : Lx C*Alg" — L C*Alg", Splt is split exact by definition, and it is left-exact by
Proposition 5.7(1). The functor Ly o g* sends A in LgC*Alg;" to the fiber of Lg,((A x A)*) N
Lgpii(A*), where dy : Ax A — A is the fold map. Since Lg,((A * A)*) = Lgpi(A%) X Lgpir(A*) by
semiadditivity we can identify Lpy o ¢° with the functor which sends A to the fiber of some natural map
Lpit(A%) X Lgpi(A%) — Lgpii(A®) between split exact and left-exact functors. We conclude that L 0 g°
itself is split exact and left-exact.

As a consequence of Lemma 11.3 and the fact that L), preserves products the functor R takes values
in LxC*Alg) Spltg“’“p. We have a natural transformation

1= Lou(?") : R — idp conge - LkCTAIgY o — L CT A (11-20)

If A in LgC*Alg;" has the property that Lg,i(A) is a group, then KLyi(A) = Lspit(ty) is an equivalence
by Lemma 11.4 since L is split exact. Since Lp, being a Dwyer—Kan localization, is essentially
surjective we can conclude that the essential image of R is Lx C*Alg), qpltgm”p.

In particular we see that kg () is an equivalence for every A in L g C*Alg}" hsplt- Since Ro Lyt > Lgpii0g*®
is split exact and takes values in groups we can conclude again by Lemma 11.4 that R(k4) is also an
equivalence for every A.

As explained at the beginning of Section 7 this implies that R is the right-adjoint of a right-Bousfield
localization

incl: L C* A" &% S Ly C* Algl )« R (11-21)

with counit «.
The functor L inverts the morphisms k4 since L(k4) =~ L, (¢%,). This gives the factorization L’ in the
diagram
LxC*Alg"

LxC*Algy' 3 L CrAlg;,

T

rou L1

L
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Since R o L) sends the morphisms ¢ to the equivalences R(k4) for all A in LgC *Alg," we get an
inverse to L’ from the universal property of L,. (Il

Recall the definition (11-11) of Ly x 4, : C*Alg™ — Lg C*Alg;,‘flq
Proposition 11.10. For any left-exact and additive co-category D we have an equivalence
L} g o - Fun'™(LgC*Alg)’, . D) => Fun**?"+5(C*Alg™, D). (11-22)
Proof. This follows from the chain of equivalences
Fun'**(Lx C*Alg)",. D) ~ Fun'**(Lx C*Alg)", | #°"", D)
~ Fun'*(Lg C*Alg}" ;.. D)
~ Funh,s,spltJrSch(C*Algnu D)

where the first, second and third equivalences are given by L*, R* and L K.splt (defined in (5-4)),
respectively. In order to see that R* is an equivalence note that the components x4 : R(A) — A of the
natural transformation (11-20) generate the Dwyer—Kan localization R. As a consequence of Lemma 11.4
any left-exact functor LgC "‘AlgE‘j‘splt — D to an additive oo-category D sends these components to
equivalences. (I

Proposition 11.11. For ? in {min, max} the localization L, has a symmetric monoidal refinement and the
tensor product ® on L C*Alg)", is bileft-exact.

Proof. Since the localization L) has a symmetric monoidal refinement with a bileft-exact tensor product
by Proposition 7.2 it suffices to show that the functor L has one. As seen in the proof of Proposition 11.9
we have a functor which sends A in Lx C*Alg;", spit tO the diagram

R(A) — AxA—— A
K‘l
pry
A

where the upper sequence is a fiber sequence. Since ® is biexact on L C*Alg}" spiv for Bin Lg C *Algy", Splt
we get a similar diagram

R(A A B—— (AXA) @B —— AQ®B

Ka®B
pro®B

A®B

We can conclude that ksgp >~ k4 ® B. In particular, — ® B preserves the generators of the Dwyer—Kan
localization L which therefore has a symmetric monoidal refinement. Furthermore, — ® B descends to a
left-exact functor on Lg C*Alg;’, . O
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For every symmetric monoidal additive co-category we thus get an equivalence

Ly ko - Funl®y, (LxC*Alg), D) =5 Fung i7" " (C*Alg™, D). (11-23)

Remark 11.12. We provide the bridge to Kasparov modules. We refer to [Kasparov 1988; Blackadar
1998] for a detailed theory. Let f:gA — B® K be a homomorphism with components f, :A—> M(B®K).
The corresponding (A, B)-bimodule (H, ¢, F) is the Z/27-graded B-Hilbert C*-module L*(B)® L?*(B)
with the odd endomorphism
01
- (1)

b= fo 0 : A — Mat,(B(L*(B)), (11-24)
0 fi

and

where in order to interpret (11-24) we identify B(L?*(B)) = M(B®K) in the canonical way. For separable
*-algebras A, B we interpret Hom(qA, K ® B) as the topological space of (A, B)-Kasparov modules in
the spirit of Cuntz. Its underlying space

{Hom(gA, K ® B) MapLKC*Algnu (qA, B) ~ MaPLKC*AngSM(qSA’B) (11-25)

has a natural refinement to a commutative monoid in spaces. This monoid structure reflects the direct sum
of Kasparov modules. Since groups and cogroups in a semiadditive oo-category coincide, Lemma 11.3 im-
plies that {Hom(q A, K ® B) is actually a commutative group. We have a natural map of commutative groups

(Hom(gA, K ® B) — Map, c-algn, (A, B), (11-26)

given by the composition of (11-25) with the canonical map from the right-hand side of this equivalence
to the second stage of the colimit in (11-19). By Corollary 11.14 below we see that this map is actually
an equivalence presenting the commutative mapping groups in LxC *Algggp’ h,q 10 terms of spaces of
Kasparov modules. (I

For completeness of the presentation we now discuss [Cuntz 1987, Theorem 1.6]. All of the above
has a version for separable algebras which we will indicate by an additional subscript sep. Let A be a
separable C*-algebra.

Theorem 11.13 [Cuntz 1987, Theorem 1.6]. There exists a homomorphism ¢ : g A — Mat(q> A) such that
Mats(iga) 0@ :qA — Matr(gA) and poiyp : g*A — Mat,(g>A) are homotopic to the left-upper-corner
inclusions.

Before we sketch the proof we derive the consequences of Theorem 11.13.
Corollary 11.14. For separable C*-algebras A and B the morphism (11-26) is an equivalence.

Proof. This is an immediate consequence of (11-19), (11-16) and Theorem 11.13 which implies that the
colimit in (11-19) stabilizes from n = 1 on. U
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Proposition 11.15. The functor g, : LxC *Alg‘s’élp’ n > QaepLxC *Alg‘;gp’ » IS the right-adjoint of a Bous-
field localization
incl : qsepL xC *Algsep n S LgC* AlgSep nl qsep

and

qsep LgC* Algsep T qsepLKC*Algsep h
represents its target as the Dwyer—Kan localization at the set Wsep,q from the separable version of (11-9).
Proof. Let incl : g5, Lk C*Algg, , — LxC*Alg, , denote the inclusion of the full subcategory of
Lk C*Algg, , on the image of g, We have a natural transformation

s incl oqSep — 1dL1<C*Algsep i (11-27)

For A in g, Lk C *Algsep pand B bein LxC *Algsep » the binatural transformation

Kk incl . . 5 I P .
Mapy: 1icealgh (A, ggepB) — Mapy, coaign | (incl A, incl(gg, B)) —> Mapy, c-algn (incl A, B)
is an equivalence. To this end we set A = g, A" for some A’ in Lx C*Alg, , and factorize the map as a
composition of equivalences
MapqgchK CrAlgg, , (A, q:epB) = MapLKC*Alg;‘e”pﬁ (qSepA/’ q:epB)
= MapLKC*Alggé’p_M (A qqepB)
~M £ Aot A/ B
aPrxc Algsep’h,q( , B)

~Map; = Alg™ | (incl A, B),
where the first and third equivalences are incl and ¢, , respectively, and the second and fourth equivalences
are by Corollary 11.14. We conclude that (11-27) is the counit of a right-Bousfield localization. Since the

right-Bousfield localization is a Dwyer—Kan localization at the set of the components of its counit we
conclude the second assertion by a comparison with (11-9). ]

Recall the construction (4-8) of a sum of a family of C*-algebras.

Corollary 11.16. The category LxC *Algggp h,q admits countable coproducts which are represented by
the free product and also by the sum in C *Algsep

Proof. Since LxC *Algbep h.q 1s a right-Bousfield localization of LxC *Algbep » it inherits all colimits
from the latter category and the inclusion functor, being a left-adjoint, preserves them. The assertion now
follows from Corollary 4.11(4). O

Theorem 11.13 is crucial for understanding the nature of the localization L, which in turn implies the
important categorical property of Lx C *Alg’s‘é‘p’ n,q Of being countably cocomplete and of course the simple
formula (11-3) for the mapping spaces. Because of its relevance, for completeness of the presentation we
decided to repeat the proof of Theorem 11.13 from [Cuntz 1987].

Proof of Theorem 11.13. We will use as a fact:
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Lemma 11.17. If I — B is the inclusion of an ideal, then I x I — B * B is injective.

We abbreviate QA := AxA. By Lemma 11.17 the map gA*gA — QA QA is injective. We construct
the diagram of exact sequences

0—— Matz(q QA) — Matz(QZA) —— Mat,(QA) —— 0

< Qz(qu\) Matz(QqA) — Mata(qA) — 0

Matz(qA) — 0

All vertical maps are injective. The C*-algebra R is defined as the subalgebra of Mat,(QgA) generated
by matrices of the form

( no(qA) no(qA)m(qA)>
n1(gA)no(qA) ni(gA)

where we use the notation 79 and 7 for the canonical inclusions ¢y and ¢; of g A into Qg A. We observe
that the projection R — Mat;(gA) is surjective and defines the ideal J as its kernel. We let D be the
subalgebra of Mat,(Q?A) generated by the image of R and the elements

n@) 0
( 0 771(to(a))>’ acd

One checks by an explicit calculation that R is an ideal in D, and hence J is also an ideal in D. Then
S is the subalgebra of Mat,(Q A) generated by Mat,(qA) and the diagonal elements

Lo(a) 0
(0 Lo(a)>’ acA.

We let U, be the rotation matrix from (4-7). We note that conjugation by U, on Mat,(Q A) preserves the
subalgebra S. The derivative of this action is a bounded derivation § of S.

By Pedersen’s derivation lifting theorem [1976; 1979, Theorem 8.6.15] there exists a derivation § of D
such that 7 08 = § o 7. It is at this point where separability of A is important. There are counterexamples
to the derivation lifting theorem for nonseparable algebras.

We define the family o, := ¢’® of automorphisms of D and set o := o7.

We define ¢ : gA — Mat,(g>A) as the homomorphism with the components ¢A>,- A — Matr(QgA) —
M (Mat,(g2A)) given by

~  fcemgoryg O Ao cengotp 0 i
¢0-—< 0 mot0>, ¢1.—o< 0 moto). (11-28)
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In order to see that the application of ¢ is well-defined we rewrite

moou 0 ) _(mooto 0 1\ _ (noo(—1) 0
0 niolo 0 niolo 0 0/’

which obviously takes values in D. Using in addition a similar rewriting of d;() one then checks that
qAbo — qAﬁl takes values in Matg(qu).

The homotopy y; from the left-upper-corner inclusion g>A — Mat, (g2 A) to ¢ oty 4 has the components
Vi 1 qA — Mat,(Q?A) given by the map (again given by a pair of components)

~ . [{ccnooww O o (Moou 0
"= 0  mow) "\ 0 mnoy

~ _ ((mow O mou 0 «
ne-= (( 0 771ot1>’Ut( 0 7710L0> U’>'

Similarly, a homotopy A, from the left-upper-corner inclusion gA — Maty(qA) to (44 o ¢ has the

and the map

components Mat,(pg) o A, : g A — Maty(gA), where py: QgA — gA and &, : gA — R — Mat,(QqA)

Mo © Lo 0 o No oty 0
0 not)’ ! 0 not))

We leave the justifications for these formulas to the interested reader or refer to the proof of [Cuntz 1987,
Theorem 1.6]. O

is given by

12. The automatic semiexactness theorem

Since the symmetric monoidal functor kkgep, is homotopy invariant, stable and split exact, it belongs to the
right-hand side of the separable version of the equivalence (11-23) describing the universal property of
Lep i,k ,q for D := KKsep. Its preimage under this equivalence is the left-exact and symmetric monoidal
functor & depicted by the lower-horizontal arrow in the commutative triangle

C*Algnu

sep
Lsep,h,K,q kksep

(12-1)

L K C*Algnu

sep,h,q ’ KKS@P

The functor & will be called the comparison functor.

In Theorem 12.1 we claim that this comparison functor is an equivalence. We will give two immediate
proofs which at least implicitly assume the formulas (11-1), (11-2) and Theorem 13.16. They therefore
involve more than just the simple homotopy-theoretic considerations from the present notes. In order to
provide a selfcontained proof we will formulate two equivalent statements: Theorems 12.4 and 12.5. Note
that Theorem 12.4 is just an assertion about functors defined on the category of separable C*-algebras
and does not require any K -theoretic element at all. On the other hand, the argument for Theorem 12.5 is
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quite accessible to the methods developed here so that we write out the details of the argument for this
version. This finally verifies (11-2) in a noncircular manner.

The fact that the comparison functor is an equivalence has the important consequence that KK,
admits countable colimits and is idempotent complete; see Corollary 12.3. We do not have a direct proof
of this fact just from the construction of KKse,.

We start with formulating the main result of the present section.

nu

Theorem 12.1. The comparison functor h: Lx C*Algg, , .

— KKep is an equivalence.

As said above, we will give two proofs which should convince the reader that the assertion is true. On
the other hand both involve deep facts from the classical KK-theory which are not easily provable on the
basis of the approach taken in the present paper.

nu
sep

1. Proof via universal properties. We will show that kkg, : C*Algy. — KKgep has the same universal

property as Lgep s,k 4 : C*Alg™ — L C*Alg

sep stated in the separable version of (11-22). It appears as

nu
sep,h,q
the upper-horizontal equivalence in the diagram below, where D is any left-exact and additive co-category:

Funlex (KKsep, D) i(g N Funh,s,spll—i—Sch(C*Algnu D)

sep’
sep J/

1«“unH(KKsep,1))ﬁ>1«“unh’“1’”(C*Algnu D) | (12-2)

sep’
P
|

Fun(KKep, D) ——— Fun"sse (C*Alg™ | D)

sep’
sep

where the superscript | [ indicates finite coproduct preserving functors. The lower square has been
discussed in the proof of [Bunke et al. 2021, Theorem 2.23]; see (2.31) in the same reference. The lower-

horizontal equivalence reflects the fact (see Proposition 7.5) that kksep is the Dwyer-Kan localization

nu
sep

at the set Wsep,se of morphisms in C*Alg.; inverted by kkg,. The crucial point is the existence of the
arrow marked by !. To see that it exists in [Bunke et al. 2021] we used the comparison of hoKKse, with
the classical theory and the fact that the latter has a universal property involving the condition of split
exactness [Bunke et al. 2021, Corollary 2.4]. The middle-horizontal equivalence has been discussed in
the proof of [Bunke et al. 2021, Theorem 2.23]. For our present purpose we need the dashed equivalence
which is obtained by an analogous argument explained in the subsequent paragraph.

All vertical arrows in the diagram above are fully faithful functors. Since kkgep is homotopy invariant, sta-
ble, Schochet-exact and semiexact, it is Schochet-exact and split exact. Therefore the dashed arrow exists.
We must show that it is essentially surjective. Thus consider a functor F in Fun”-5-Pi+5¢h(C *Algg,, D).

It gives rise to a functor Fin Fun(KKj,, D) such that Kk, F ~ F. It remains to show that F is left-exact.

sep
It is clearly reduced. Every cartesian square in KK, can be represented as the image under kK, of a
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Schochet fibrant cartesian square, and by assumption F sends this square to a cartesian square in D. This
implies left-exactness of F. See the proof of Proposition 3.17(3) for an analogous argument. (Il

2. Proof based on (11-2). For any two separable C*-algebras A and B the comparison map induces the
second map in

noHom(g A, K ® B) = moMapy  coagne (A, B) == KKiepo(A4, B),

where the equivalence is by Corollary 11.14. In view of (11-2) it is a bijection. Using the left-exactness
of the comparison functor we can upgrade this to obtain an isomorphism between the higher homotopy
groups of mapping spaces by inserting the suspension S?(B) in the place of B for i in N. Since the
comparison functor is clearly essentially surjective it is an equivalence. U

Remark 12.2. We note that the two proofs are not independent. In order to obtain the marked arrow in
(12-2) we used [Bunke et al. 2021, Corollary 2.4] which is based on the universal property of hoKKsep
as the initial functor to an additive category which is homotopy invariant, stable and split exact. The
verification of this universal property [Higson 1987, Theorem 4.5] also uses the formula (11-2). ]

Corollary 12.3. (1) The category KKsep admits all countable colimits.
(2) For a countable family of separable C*-algebras (B;);c; we have an equivalence
|| Kkeep(B) ~ kkyep (@ B,-).
iel iel
(3) KKyep is idempotent complete and the inclusion KKgep, — KK identifies KKep with the full subcate-

gory of compact objects of KK.

Proof. Since KK, is stable by Proposition 7.2(3) it admits all finite colimits. For (1), it thus suffices
to show that KK, admits countable coproducts. But this immediately follows from Theorem 12.1 and
Corollary 11.16.

The same results imply (2).

Assertion (3) is a general fact about Ind-completions of stable co-categories admitting countable
colimits and thus an immediate consequence of Definition 8.1 and (1). [l

By comparing the universal properties of kkgep and Lgep 4,k 4 Stated in the separable version of (11-22)
and (7-7) we see that Theorem 12.1 is equivalent to the automatic semiexactness theorem.

Theorem 12.4. For every left-exact and additive co-category D the canonical inclusion is an equivalence

Funh,S,SE-i-SCh (C*Algnu D) i> Funh,S,Spll‘-ﬁ-SCh(C*Algnu D)

sep’ sep’

A priori semiexactness is a much stronger condition than split exactness.
Recall from (5-1) that for every exact sequence of C*-algebras

0>A—>B-LsCc—>0 (12-3)
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we have defined amap t7 : A — C(f) from A to the mapping cone C(f) of f. The following theorem
was shown in [Cuntz and Skandalis 1986].

Theorem 12.5. For every semisplit exact sequence (12-3) of separable C*-algebras the morphism
Lepnk,q(tr) in Lg C*Algggp’h,q is an equivalence.

In view of Proposition 5.1, Theorem 12.5 is equivalent to Theorem 12.4 and hence to Theorem 12.1.
Since the automatic semiexactness theorem is absolutely crucial in order to see that our construction of
KKGep coincides with the classical constructions, and the proof of Theorem 12.5 in [Cuntz and Skandalis
1986] implicitly already uses this comparison, we must give an independent argument in order to avoid a
circularity.

The remainder of the present section is devoted to the proof of Theorem 12.5. We will closely follow
the outline given in the appendix of [Cuntz and Skandalis 1986]. We reduce the argument to a single
calculation, namely Proposition 12.12, in Map; , ¢+ Al (C, ©) verifying that the composition of two
explicit candidates for the Bott element and its inverse is really the identity. We use this argument also as a

chance to present a calculus which allows us to manipulate morphisms in L g C*Alg by constructions

ggp,h,q
with semisplit exact sequences.

In the following discussion it is important to remember in which categories the morphisms live. We
will therefore be more precise with the notation. We will abbreviate L := Lep 5, k4. In contrast to the
will be

denoted by L(A) instead of simply by A. By abusing the notation, for a morphism f :gA — K @ B we

conventions in the rest of the text, e.g., a C*-algebra considered as an object of LxC *Alg‘;é‘p’ hq
will also use the notation L(f) for the induced element in Map, , ¢ Algh (A, B) under the map (11-26).
Sep,n.q
Following [Skandalis 1985, Section 1] and the appendix of [Cuntz and Skandalis 1986] we start with a
construction which associates to every semisplit exact sequence

S:051>AL 00 (12-4)
of separable C*-algebras a morphism

fs :L(Q) — L(S(1I)) (12-5)

in LxC*Algg, j, .- This construction is necessarily of analytic nature since it must take the existence
of the cpc split and separability into account. We provide the details since we merge the approaches of
[Skandalis 1985, Section 1] and [Cuntz and Skandalis 1986]. In particular we want to work out in detail

that the morphism fs is independent of the choices.

Construction 12.6. We fix a cpc split s : Q — A. By Kasparov’s version of Stinespring’s theorem there
exists a countably generated A”-Hilbert C*-module Ey and a homomorphism ¢ : O — B(A* @ Ey) such
that s(x) = P¢(x) P for all x in Q, where P in B(A" @ Ey) is the projection onto A* and we consider A
as a subset of B(A* & Ey) in the canonical way. The point of taking A“ instead of A is that P becomes a
compact operator on A" @ Ej.
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After making E smaller if necessary we can assume that Ey is generated as an A*-Hilbert C*-module
by the elements of the form (1 — P)¢(x)Pa for all x in Q and a in A*. We refer to Remark 12.7 for
a sketch of a direct construction of Ey and ¢ which explains the essence of the proof of Stinespring’s
theorem mentioned above.

The pair (Ey, ¢) is uniquely determined up to canonical isomorphism. Let (E|), ¢") be another choice.
Then we define a map Eq — E|) sending the generator (1 — P)¢(x) Pa to the generator (1 — P')¢’(x) P'a.
In order to see that this map is well-defined we note that

<Z(1 — P)p(xi)Pa;, Y (1— P)¢<xj>Paj> =Y aPop(x)*(1 - P)p(x;) Pa;
i j ij
=Y af(s(fxj) — s(x)*s(x;))a; (12-6)
ij
does only depend on the split s, but not on Ey and ¢. In addition we observe that the right-hand side
takes values in the ideal /. Hence the A“-Hilbert C*-module Ej becomes an /-Hilbert C*-module Eo;
when we restrict the right A*-action to /.

Remark 12.7. Here is a direct construction of E( and ¢ starting from the datum of the split s. One can
consider the right A“-module QO ® A" with the A”-valued (actually /-valued) scalar product

x®a,x' ®ad') :=a*(s(x*x") —s(x)*s(x"))a’.

Using that s is completely positive one checks that this is nonnegative. We then let Eq be the completion
of O ® A" with respect to the induced seminorm. Note that this involves factoring out vectors with zero
norm. We write suggestively (1 — P)¢ (x) Pa for the image of x ® a in Ey. For y in Q we then define
¢ (y) in B(A" ® Eo) by

d(y) ( 4 ) — < s(y)a+s(yx)b—s(y)s(x)b >
(1-P)¢p(x)Pb (1—=P)p(y)Pa+(1—P)¢ (yx) Pb+(1—P)p(y) Ps(x)b ]

One checks that this is a x-homomorphism. U

We let B denote the unital subalgebra of B(A* @ Ey) generated by ¢(Q) and P. We further let J
denote the ideal in B generated by [¢(Q), P]. We finally let E; be the sub-A“-Hilbert C*-module of
A" @ Ey generated by J (A" & Ep). We then have a canonical homomorphism B — M (J) — B(E)).

Note that [¢(x), P]=(1— P)¢p(x)P — P¢(x)(1 — P). Combining this formula with (12-6) we see
that for j in J and all e and ¢’ in A @ Ey we have (je, ¢’) € I. Hence the scalar product of E; takes
values in /, and E| becomes an /-Hilbert C*-module Ej|; after restricting the right-module structure
to /. Furthermore, since J € K (A" @ Ey) (because P was compact), we can conclude that J C K (Ey;).
In detail, consider an element j in J. It can be approximated by finite sums ), 6, ,, of one-dimensional
operators on A" @ Ej. We can find members u and u" of an approximate identity of J such that uju’
approximates j. But then j is also approximated by the finite sums ), 0,¢ ..+, of one-dimensional
operators on Ey;.
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Below, we identify the suspension S(A) of a C*-algebra with Co(S'\ {1}, A) and Cp(S'\ {1}, M(A))
with a subalgebra of the multiplier algebra M (S(A)). We consider the family F : S' — B(Ej;) given by
F(u) := P +u(1 — P). Since ¢ takes values in B we can consider ¢ as a homomorphism Q — B(Ey;).

We then define a homomorphism
f:qQ — S(K(Eyn) (12-7)

whose associated homomorphism (see Remark 11.2) has the components

fo, fi 1 Q= Cp(S"\ {1}, B(Ey1)) € M(S(K(E11)))
given by
fo)w) :=d(x),  fi(x)w) = Fu)p(q)Fu)*.

Then fo(x)(u)— f1(x)(u) belongs to K (Ey;;) for every u and fo(x)(1)— f1(x)(1) =0. Thus fo(x)— fi(x)
belongs to S(K(Eq|7)) and f is well-defined. This homomorphism does not yet take values in the desired
target S(K ® I). We will employ Kasparov’s stabilization theorem in order to produce a homomorphism
K (E1;) — K ® I which is unique up to homotopy.

We let H; := @), I denote the standard /-Hilbert C*-module. We then have a canonical isomorphism
K(H;) = K ® I. Using that Ey; is countably generated (it is here where we use separability) and
Kasparov’s stabilization theorem [1980, Theorem 2] we can choose an isomorphism Ey; & H; = H;
which is unique up to homotopy since the unitary group of B(Hy) is connected, even contractible. Using
this isomorphism we get an embedding E; — H; of I-Hilbert C*-modules which is also well-defined up
to homotopy. It induces a homomorphism K (E ;) — K(H;) = K®]I, and hence S(K (Eq1)) = S(KQI).
Postcomposing (12-7) with this map we get a map

fs:q0— S(K®I), (12-8)

which represents the desired map (12-5). Up to homotopy it only depends on choice of the cpc split. We
finally see that fs is independent of the choice of the cpc split since any two splits can be joined by a
path. O

nu

sep and its tensor

We now interpret the pre- or post-composition of fs with a homomorphism in C*Alg
product with an auxiliary C*-algebra in terms of operations with semisplit exact sequences [Skandalis

1985, Lemma 1.5]. We consider a map of semisplit exact sequences of separable C*-algebras

q 0 0

q

0

B Iy

S:0 1
where the right square is a pull-back.

Lemma 12.8. We have an equivalence fz >~ fso L(e).
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Proof. The split s : Q — A canonically induces a split 5 : 0— A. Working with this split, by an inspection
of the constructions we see that the resulting /-Hilbert C*-module E 1)7 1s canonically isomorphic to Eqj;.
With this identification we get an equality f og(e) = f iq Q — S(K(Eq7)) of maps in (12-7). This
implies the desired equivalence. (Il

We now consider a diagram of semisplit exact sequences

S:0 I A 0 0
bl
S:0 I A 0 0

Lemma 12.9. We have an equivalence fz >~ L(S(h)) o fs.

Proof. The split s : Q — A induces a split § := hos : Q — A. Working with this split we get

a canonical isomorphism Ei|f = Ej1 ® [. Then the resulting map ¢ Q — S(K(Elli)) in (12-7) is

qQ — S(K(E11)) 2N S(K(E”i)). This implies the desired equivalence. ([l

In the following ® can be the minimal or the maximal tensor product. Recall that S denotes a semisplit
exact sequence (12-4). If B is any C*-algebra, then

SB:0—>1®B—>I1®A— 0®B—0
is semisplit exact again.

Lemma 12.10. We have an equivalence fsgp >~ fs ® L(B).

Proof. The split s induces a split s ® B. With this choice the composition
90®B > q(Q®B) — S(KRIQB) =S(K®) 3B

with the marked map constructed from S ® B is equal to the map f ® B constructed from s, and the

nu

morphism can induces an equivalence in Lx C*Alg since L is symmetric monoidal. This implies

sep,h,q
the assertion. ([l
The semisplit exact sequence
R:0—-SOC)—-CC)—-C—-0 (12-9)
gives rise to a map fr : L(C) — L(S*(©)) in LKC*Alg;‘:p,th. The crucial fact is that it admits a

left-inverse, a posteriori even an inverse. This left-inverse L(B) : L(S%(C)) — L(C), called the Bott
element, will be given by an explicit homomorphism 8 : ¢ S?(C) — Mat,(K) in Construction 12.17.

Remark 12.11. In [Cuntz and Skandalis 1986] the map fx is called the Bott element. We prefer to
call B the Bott element because of its role in Proposition 7.2. It is actually the crucial point that the
Bott element § constructed in Definition 6.9 in the semiexact situation has a lift to the split exact world
considered in the present section. This fact is the heart of the automatic semiexactness theorem. U
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Proposition 12.12. We have L(B) o fr ~ +id ).

Remark 12.13. Proposition 12.12 is shown in [Cuntz and Skandalis 1986] by calculating a Kasparov
product. This argument is therefore not part of the theory developed in the present note.

Of course, the obvious approach would be to calculate the composition of the two representatives
explicitly. This would result in a map ¢>C — K ® C which would have to be compared with the
composition of a left-upper-corner inclusion C — K with (¢ o t4¢ : q*>C — C. To go this path seems to
be quite tricky.

Further below we will therefore provide argument for Proposition 12.12 which avoids going through
Kasparov products or making the homomorphism ¢ in Theorem 11.13 explicit. O

For the moment we assume Proposition 12.12. For simplicity we will adjust the sign of 8 such that
L(B)o fr~1idL(c).

Proof of Theorem 12.5. We reproduce the argument from the appendix of [Cuntz and Skandalis 1986].
We consider a semisplit exact sequence

S:051>AL 00

and the map ¢, : I — C(q) as in (5-1). We want to show that L(t,) is an equivalence.
We have a semisplit exact sequence

T:0—-8U)— C(A) — C(g) — 0,

where the second map sends an element of C(A) given by a path ¢ in A with o(1) = 0 to the pair
(0(0), goo) in C(q); see Remark 3.16. The kernel of the map consists of paths o in I with o (0) =0=0(1)
and is hence isomorphic to S(/). We let fr: L(C(q)) — L(S%(I)) be the associated morphism. Then
we define

u:=(L(B)®L))o fr:L(C(g)) = L). (12-10)

We now calculate the composition u o L(ty) : L(I) — L(I). Using (12-9) we have a map of exact

sequences
R®1:0 S(I) c() I 0
T:0 S(I) C(A) C(q) 0

where the right square is a pull-back. Then by Lemmas 12.8 and 12.10 we have

froL(ty) = frer = frR®LU) : L) — L(S*(1)). (12-11)
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Using Proposition 12.12 we conclude that

uoL(tg) = (L(B)® L))o froL(y)
~ (LB QL))o (frQLI))
~(L(B)o fr)® L)
~idp(p,

where the first, second and fourth equivalences are by (12-10), (12-11) and Proposition 12.12, respectively.
Hence ¢, is a split monomorphism with left-inverse u.
We have the semisplit exact sequence

U:0— C,) — C(C(q) 2> C(Q)— 0.

Using Remark 3.16 recall that C(C(g)) consists of pairs (o, y) with o apathin A, y = (y(—,1)); a
path of paths in Q such that y(s, 1) =0 for all s, y(1,7) =0 for all ¢, g(c(s)) = y (s, 0) for all s and
o (1) = 0. The map ¢ sends (o, y) to (0, —). Its kernel consists of pairs (o, y) where o is a path in A
with 0(0) € I and (1) =0, and y is path of paths in Q with y(0,¢) =0, y(1,¢) =0, g(o (s)) =y (s, 0),
and y (s, 1) =0 for all s, . This is precisely the description of a point in C(¢).

Applying the above to the semisplit exact sequence U/ we conclude that L(tp) : L(C(ty)) — L(C(9)) is
a split monomorphism. Since L is Schochet-exact we see that L(C(¢)) == 0 since it is the fiber of a map
between objects which are equivalent to zero (cones are contractible). This implies that L(C(¢4)) >~ 0.

Again using that L is Schochet-exact we can conclude that L(S(ty)) : L(S(1)) — L(S(C(g))) is an
equivalence. Then also L(SZ(Lq)) is an equivalence. But L(t,) is a retract of L(Sz(tq)) by

idi
ROL(I QLU

Ly — 220 psray —2 2

lL(zq) lL(Sz(tq)) lL(lq)

SROL(C(q)) BRL(C(q))
C(q) R, L(S*(C(¢9))) ———— L(C(g))
idr(c)
and hence an equivalence, too. O

Assume that
S:01>AL 0-0

is semisplit exact. By semiexactness of kkg., we get a boundary map 8“;" i kkgep (S(Q)) — kkgep(1). By
the automatic semiexactness theorem we know that there is a boundary map ds : L(S(Q)) — L(I) such
that s (ds) =~ 8};1‘, where £ is the left-exact comparison functor in (12-1). The following proposition
clarifies its relation with fs: L(Q) — L(S(I)) stated in the last sentence of [Cuntz and Skandalis 1986].
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Recall the exact sequence (12-9).

Proposition 12.14. We have an equivalence
fs = 8(0s)o fr®L(Q): L(Q) — L(S(I)).

Proof. We consider the following diagram

S:0 J1 11 .0 0

U:0 C(q) 25 0——0
oo T

R®Q:0 S(Q) C(Q)—— Q0 ——0

It implies by Lemma 12.9 that
L(S(tg)) o fs = fu = L(S(3g)) o (fr ® L(Q)).

We now use that L(i,) is an equivalence and that L(t,) o ds >~ L(9,) in order to deduce the desired
equivalence. U

We now prepare the proof of Proposition 12.12. We will freely use results from Sections 9 and 10. We
start with showing a partial case of Theorem 12.1.

Lemma 12.15. For any separable C*-algebra B the comparison functor h in (12-1) induces an equiva-
lence

Map, , coargm . (C. B) > Q¥KKqep(C, B).

sep,h,q

Proof. Replacing e : C*Alg™ — E by Lsep i kg : C*Alge, > LxC*Algg, , . and correspondingly

sep
Q®K(—) by Map, KCP Al (C, —) we can construct a natural transformation

ésep,h . miep(_) - MapLKC*Alg:l:p,h,q (€, )

in complete analogy to the construction of € in (10-6). We start from

n = Lsepg : Proj’ (=) — Mapy coppgn | (€, =)

in place of e, in (10-5), use that Lep 5, k4 18 split exact and that the unitalization sequence (10-3) is split

exact, and that Map; ¢z gm ] (C, —) takes values in groups. The proof of Proposition 10.9 goes through
sep,/,q

word by word and shows that gsep 5 is an equivalence. Here instead of (7-9) we use, of course, the universal

property of Lgep 5, k.4 given by the separable version of (11-22) in order to construct the factorization
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Proj: LgC *Alg;‘gpy n.q — CGroups(Spe) in a way analogous to (10-14). The commutativity of
Projiey (B)
Gsep.h Esep
Map,, coaige,, (€, B) ] " } Q%KKqep(C, B)
implies that £ is also an equivalence. ]

Example 12.16. By the calculation of the spectrum KU ~ KK, (C, C) in Remark 9.19 (and implicitly
using Corollary 9.16(2) in order to go from E- to KK-theory) we know that, for any i in N,

Z, ie?2N,

JT()MapLKC*Alg;}eupr (([:, Si (C)) i KKsep,O(C, Si ((D)) = T[iKU = {O else

where the first and third equivalences are by Lemma 12.15 and (9-7), respectively. The proof of
Lemma 12.15 together with the fact that my sends the homotopy-theoretic group completion to the
algebraic group completion implies that

moMapy, ¢+ Al (C,C) —» moMapy, , ¢+ Al (C, 0

is the algebraic group completion. This will let us detect elements in the group moMap; ¢« Al (C, 0
represented by maps C — K or gC — K in a simple manner.

We identify maps p : C — K with the projections p in K given by the image of 1. Amap p:C — K is
determined up to homotopy by the dimension dim(p) of the range of p. We therefore have an isomorphism
of monoids

nOMapLKC*Alg;‘e“p’h (C,0)— N, prdim(p).

We now consider a map (po, p1) : ¢gC — K given in terms of an associated map with components
pi :C— M(K)= B fori =0, 1 such that pg — p; € K. Then p1pg : im(pg) — im(p;) is a Fredholm
operator and we can define the relative index

I(po, p1) := index(p; po : im(po) — im(py)).

If p; is compact for i =0, 1, then I (pg, p1) = dim(po) — dim(p1).

We now show that the relative index is homotopy invariant for homotopies of pairs (po, p1.s) such
that po; — p1,; is norm continuous. In particular there is no continuity condition on the families p; ;
separately. We follow [Avron et al. 1994] and define the norm continuous families of selfadjoint operators
A= po;— pi1 and B, :=1— A,. Then A? + B> = 0 and A, B, + B; A, = 0 (see [Avron et al. 1994,
Theorem 2.1]). Since A; is selfadjoint and compact the spectrum of A, away from O is discrete and
consists of eigenvalues of finite multiplicity. The relations above imply that for A # 1 the operator B;
induces an isomorphism between ker(A; — A) and ker(A; + A). By [Avron et al. 1994, Proposition 3.1]
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we have the first equality in

index(po;, p1,+) = dim(ker(A; — 1)) — dim(ker(A; + 1))
=dim(Ey, (1 —€,14¢€))) —dim(Ey, (=1 —€, =1 4€)))

for any € in (0, 1), where E4, is the family of spectral projections for A;. In order to see the second
equality note that the contributions of the eigenspaces to the eigenvalues different from 41 cancel out
by the consideration above. The right-hand side is continuous in ¢ and hence constant. To this end, we
consider a point # in [0, 1]. Then we choose € such that 1 &€ do not belong to the spectrum of A,,. By the
norm continuity of ¢t — A; there exists § in (0, oo) such that for all ¢ in [fg — §, 1o + §] N [0, 1] the points
1£€ do not belong to the spectrum of A,. But then the right-hand side is constant on [y —§, fo+8]N[0, 1].

Using the homotopy invariance and the additivity of the relative index for block sums we can conclude
that the map (po, p1) — I (po, p1) induces a group homomorphism dim : moHom(¢gC, K) — Z such that
the bold part of

moHom(C, K) — N

T

dim

i mHom(qC, K) — = 7
!l(n-z@ -7 -

~
moMap, , N (C, K)

IR

commutes. The dashed arrow is obtained from the universal property of the arrow denoted by moL as a
group completion, since the right-down map i o dim is a homomorphism to a group. It remains to show
that the lower triangle commutes.

We claim that the arrow marked by ! is an isomorphism. Assuming the claim we know that (. also
represents a group completion. We can then argue that the two ways to go from moHom(¢gC, K) to Z must
agree since group completions are initial in homomorphisms to groups.

To see the claim we can appeal to Corollary 11.14. But as this implicitly uses Theorem 11.13 one could
alternatively show directly that dim is an isomorphism and then conclude that ! is an isomorphism. [

Construction 12.17. We describe the Bott element L () in the mapping space Map, ¢« Al (S2(C), ).
Instead of reproducing the construction from [Cuntz and Skandalis 1986] we describe a version which is
more amenable to explicit calculations.

We consider the closed smooth manifold CPP! = §2. It will be equipped with a constant scalar curvature
Riemannian metric and the orientation determined by the complex structure. We consider CP! as a
Riemannian spin manifold and let /) be the spin Dirac operator. It acts as a first-order elliptic differential
operator on the sections of the Z/27-graded spinor bundle S = S* & S~ which is odd with respect to the
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grading and therefore represented by a matrix

<12?+ IZZ)_). (12-12)

The Schrodinger—Lichnerowicz formula states that P =A+ 1> Where A is the canonical Laplacian
on the spinor bundle associated to the connection and s is the scalar curvature. Since the Laplacian is
nonnegative and s is positive we see that D is positive and hence invertible as an unbounded operator on
H := L*(CP!, §) with domain C®(CP!, ). Using function calculus we obtain the odd- and zero-order
pseudodifferential unitary operator

U:=D|p|™"

in B(H). The principal symbol of U is the unitary part of the polar decomposition of the principal symbol
of . If finC (CP') acts as multiplication operator on H, then [ f, U] is compact. Indeed, let f be
smooth for the moment and consider it as a zero-order pseudodifferential operator. Then the principal
symbols of f and U commute and the commutator is a pseudodifferential operator of order —1 and hence
compact. Since C*°(CP") is dense in C(CP') in the norm and the compact operators are closed in norm
we see that [ £, U] is compact for all f in C(CP!).

The grading of S gives a decomposition H = H™ @ H~ and we represent U as a matrix

0 U~

ut o )’
We have two homomorphisms qAbi : C(CPY — B(H%) such that for finC (CP!) the operator gﬁi( f)is
the multiplication operator by f on H=.

We define two homomorphisms (2),' :C(CP"Y - B(H™) fori =0, 1 by
do:=¢r. $1:=U$_-U". (12-13)

Then we have <]30(f) — ¢?1(f) € K(H") forall f in C(CP"). The homomorphisms <]3,- fori =0, 1 are
therefore the components of the associated homomorphism of a homomorphism

B:qC(CP"Y > K(H™).

It represents a point L(B) in MapLKC*Algg:p,h,q (C(CPYH, ©).

We fix a base point * in CP'. Using an orientation-preserving diffeomorphism R?> = CP! \ {x}
we identify S?(C) with the subalgebra Co(CP! \ {x}) of C(CP!) of functions vanishing at *. We let
1: 5?(C) — C(CP') denote the inclusion. We define the Bott element as the composition

B: g5 (C) 4 oY) L5 k(HY).

Then L(B8) ~ L(,é) o L(¢1) is a point in T[()MapLKC*Algnup] (S2(C), C) which is our candidate for the Bott
sep.h,q
element. |
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Proof of Proposition 12.12. We have the commutative diagram

MapLKC*AlgC hq(Sz(C)’ (]:) X MapLKc*Algnu (C SZ(C)) —> MapLKC*Algw hq(q:’ C)

l l: (12-14)

Q%KKqep(S2(C), C) x QPKKgep(C, S?(C)) —————— Q¥ KKep(C, C)

where the vertical morphisms are induced by £ and the horizontal morphisms are given by composition.
The right-vertical morphism is an equivalence by Lemma 12.15.

We have KKsep,o(S2 (©),0) = n_,KU = Z. We furthermore know that under the identification
KKiep,0(S(C), S/(C)) = 7;_;KU the composition

KKiep,0(S7(C), SK(C)) x KKsep.0(S'(C), S/(T)) — KKiep,0(S'(C), S¥(C))

is identified with the multiplication in the ring 7, KU = Z[b, b~ '].

So in order to show that L(f) is a left-inverse of fz up to sign it suffices to show that the images 2 (L (8))
and h( fr) of these elements in 7_, KU and 7, KU are generators. This is the content of Lemmas 12.18
and 12.19.

Lemma 12.18. The class h(L(B)) in KKsep,o(S2 (©), C) = Z is a generator.

Proof. 1t suffices to provide an element L(p) in MapLKC*Algg‘é‘p.h,q (C, S?(C)) such that L(8) o L(p)
represents a generator of roMap; ¢« Alg ((E 0=

We keep the conventions from Constmctlon 12.17. We have a tautological line bundle L — CP! which
is naturally a subbundle of the trivial bundle CP! x C2. We let L' be the orthogonal complement so
that L @ L+ = CP! x C%. We consider the projection P in Mat,(C(CP'!)) such that the value P, is the
orthogonal projection onto the fiber of LT of L+ for all x in CP!. We interpret P as a homomorphism
P : C — Mat,(C(CP")) such that 1 — P. We get L(P) in MapLKC*Algnu (C, C(CP")). We can now
calculate the composition L(,B ) o L(P) which is represented by

g€ 12 giaty(C(CPY)) 2220 wat, (K (H*)), (12-15)

where Matz(/é) is the map whose associated homomorphism has the components Matz(qAS,-) with qAS,-
as in (12-13). We set H := H* ® C? and identify Mat>(K (H")) = K (H). The components of the
map (12-15) are then given by the projections Q; := Matz(qAb,-)(P) in B(I:I ). Note that the difference
Qo — Q1 is compact. By Example 12.16 the class of the composition in (12-15) is detected by the relative
index I(Qop, Q1) on Z, i.e., the index of the Fredholm operator Q; Qp : QOI:I — Qll-}. We note that
Qo = Py and Q1 =Mat,(U ") P_Mat,(U™), where we consider Py as a multiplication operator P on
H*®C?*= L*(CP', S$* ®C?). Multiplying with the unitary Mat,(U ~) from the left we can thus identify
the Fredholm operator QO Q¢ with

P_Mat,(UT) P, : L>(CP!, ST ® C*) — L*(CP!, s~ ® C?).
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This is a zero-order pseudodifferential operator whose symbol is the symbol of the twisted Dirac opera-
tor IDZ (see (12-12)) made unitary. In particular we have 1(Qq, Q1) = index(lZ)zr). By the Atiyah—Singer
index theorem we have

index(l:/)z) = /

A(SHch(LtY) = —/ ci (LY =1.
CP!

CP!

The base point of CP! gives a decomposition L. @ L,kl =~ CP! @ C?. We let P, in Mat,(C(CP!)) be
the corresponding constant projection onto L:-. The same calculations as above show that the composition
L(B) o L(P,) represented by

gC 225 gMat, (C(82)) 222P Mat, (K (HT))

represents the zero element.
The projections P and P, in Mat,(C (5%)) & M (Mat,(S%(C))) can be considered as components of
the associated homomorphism of a homomorphism p : gC — Mat,(S?(C)) since P — P, € Mat,(S?(C)).

The composition

gC L5 Mat,(S2(C)) 22205 Mat,(C(S2))

represents the difference, i.e., L(¢) o L(p) >~ L(P) — L(P,). This implies that

L(B)o L(p) = L(B) o L()) o L(p) = L(B) o (L(P) — L(P.)) = L(B) o L(P) = L(idc)
is a generator. U
Lemma 12.19. The class h( fr) in KKgep 0(C, S2(C)) = Z is a generator.

Proof. We first make Construction 12.6 explicit in order to describe an explicit representative of the
map fr. Let ¢ be the coordinate on [0, 1]. We identify the cone over C as C(C) = Cy((0, 1]). We define
the cpc map s : C — C(C) such that s(1) = ¢, where ¢ is the coordinate function of the interval acting by
multiplication on Cy((0, 1]). We consider Ej := S(C) = Cy((0, 1)) as a C(C)“-Hilbert C*-module. We
use the identification C(C)* = C([0, 1]) and define ¢ : C — B(C ([0, 1]) & Ey) such that

ot ViTED
o) = N '

Note that the right-hand side is a projection. We set

)

Then (1 — P)¢(1)Pa =a~/t(1 —1t) for a in C([0, 1]). These elements span a dense subset of Ey. The
unital algebra B spanned by P and ¢ (1) is given by

<C([0, 1) S©

$(©) C(Sl)> S B(C([0, 1D @ S(T)).
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The ideal J generated by [P, ¢(1)] is Mat,(S(C)), and E; = S(C) & S(C). We get a map qC —
S(Mat,(S(C))) whose associated map has the components

A t V(=1 A t u 't (=t
i =( = V15T Ao =(, ).
This map represents fr.

In order to check that 4( fr) is a generator, using Swan’s theorem we will translate the problem into
a calculation in usual topological K-theory of compact spaces defined in terms of vector bundles. We
interpret ¢ and u as longitude and latitude coordinates on S? such that # = 0 is the south pole and ¢ = 1 is the
north pole. By Swan’s theorem we have an isomorphism between KKy o(C, C (5%)) = Ko(C(S?)) and
the K -theory K°(S?) of the sphere defined in terms of vector bundles as usual. Under this isomorphism
and with S2(C) = Co(S?\ {n}) we identify KKep 0(C, S?(C)) with the reduced K -theory K°($?) relative
to the north pole {n}.

Since fo( 1) does not depend on u it is obviously a projection Py in Mat,(C(5?)). We now observe
that fl (1) does not depend on u if t =0 or t = 1. We can therefore also interpret ﬁ (1) as a projection P;
in Mat,(C(S?)). Identifying projections with vector bundles (actually subbundles of the trivial bundle
S2 x C?) we getaclass [Pp] —[P1]in K 0(S2). Since Py and P, coincide at the north pole this difference
is actually a reduced class in K°(8%) = Z. Our task is to show that it is a generator.

Since Py does not depend on the u-coordinate, it comes from a projection in C ([0, 1]). Since [0, 1] is
contractible we can conclude that Py is homotopic to a constant projection and the corresponding vector
bundle can be trivialized. The matrix function

t,u)y—>U(t,u) = <(1) 2)

defines an isomorphism of vector bundles Py — P; (considered as subbundles of the two-dimensional
trivial bundle) on the subspace {r #~ 0}. Since

1
()

this isomorphism extends across the north pole. Away from the north pole this isomorphism sends the

VE(1—-1)
(1-0)

section
(u, 1) — (
of Py to the section

(u z)»(vt(l_”)

u(1—1)

Note that if # becomes small this is essentially multiplication by u. So P; is obtained from the trivial
bundle by cutting at the equator S' C S? and regluing with a map S' — U (1) of degree one. This implies
that [Py] — [P1] generates K°(52). O

This finishes the proof of Proposition 12.12. U
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13. Half-exact functors

In classical KK- and E-theory universal properties are formulated in terms of half-exact functors to
ordinary additive categories. We will recall this language and state the universal properties of the
homotopy category versions of the functors constructed in the previous sections in these terms. This will
be used to show that they are equivalent to the classical KK- and E-theory functors. This comparison is
the main objective of this section. For simplicity we will restrict to separable algebras.

Recall that an additive 1-category is an ordinary category which is pointed, admits finite coproducts and
products such for any two objects D, D’ the canonical morphism D LI D’ — D x D’ is an isomorphism,
and which has the property that the commutative monoids Homp (D, D’) are abelian groups for all objects
D, D'. An additive category is automatically enriched in abelian groups. A functor D — D’ between
additive categories is additive if it preserves coproducts and products. It is then compatible with the
enrichments in abelian groups. We let Fun®¢(D, D’) be the category of additive functors.

Example 13.1. If C is an additive co-category, its homotopy category hoC is an additive 1-category. [

We next introduce the notion of a half-exact additive category. A half-exact structure looks like a
glimpse of a triangulated structure. We will use this notion mainly in order to match the formulation of
the universal properties of KK- and E-theory in the classical literature, in particular in [Higson 1990a].

Let A— B — C be a sequence of maps in an additive 1-category D and S be a set of objects of D.

Definition 13.2. We say that this sequence is half-exact with respect to S if the induced sequences
Homp (D, A) — Homp (D, B) — Homp (D, C)

and
Homp(C, D) — Homp (B, D) — Homp(A, D)

of abelian groups are exact for every D in S.

Definition 13.3. A marking on an additive 1-category is a subset of objects S which is closed under
isomorphisms. A half-exact additive category is an additive 1-category with a marking and a collection
of distinguished sequences which are required to be half-exact with respect to the given marking.

Let D and D’ be half-exact additive categories with markings S and &', respectively.

Definition 13.4. A half-exact functor ¢ : D — D’ is an additive functor such that ¢(S) C &’ and ¢ sends
the distinguished half-exact sequences in D to distinguished half-exact sequences in D'.

We let Fun®4-(/2X(D D’) be the category of half-exact additive functors between half-exact additive

categories.

Example 13.5. Every additive category has the canonical half-exact structure with S = Ob(D) and the
collection of all sequences which are half-exact with respect to this marking. In this case we denote the
half-exact additive category by Dcap. U
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Example 13.6. Recall that a sequence A 5 B -5 C in an additive 1-category D is split exact if p
admits a left-inverse s : C — B such that (i, s) : A® C — B is an isomorphism. The split exact sequences
are half-exact for the maximal marking. We write D¢ for D equipped with the maximal marking and
the collection of split exact sequences. An additive functor D — D’ automatically preserves split exact

sequences. It therefore belongs to Fun?dd:(1/2)ex (Dgpie, DL ). [l

splt

Remark 13.7. Let D be a half-exact additive category with marking S. Then a sequence
D0—>D1—>D2—>D3—>D4

in D is called half-exact if each segment D;,_; — D; — D;, is half-exact. If Dy — D; and D3 — D,

are isomorphisms and D, belongs to S, then we can conclude that D, = 0 by showing that idp, = 0.
If Dy =0 and D4y = 0 and D, and D3 belong to S, then we can conclude that D, — D3 is an

isomorphism by constructing left- and right-inverses. ([

Example 13.8. In order to have a nontrivial half-exact structure at hand consider the category of abelian
groups and let S be the set of uniquely divisible abelian groups. We distinguish all sequences which are
half-exact with respect to S. Then, e.g., the sequence 0 — Z -, Z — 0 is half-exact. Note that in this
case we cannot conclude that 5 is an isomorphism since Z does not belong to the marking. U

Let D be a half-exact additive category. A functor F': C — D from a left-exact co-category will be
called half-exact if the marking of D contains F(Ob(C)) and F' sends fiber sequences to distinguished
half-exact sequences.

Definition 13.9. A functor F : C*Algl — D is called half-exact (half-semiexact) if the marking of D

sep
contains F(Ob(C*Alg™)), and if F sends exact (semisplit exact) sequences to distinguished half-exact

nu
sep

sequences. A functor C*Alg.. — D is split exact if it sends split exact sequences of C*-algebras to split

exact sequences.
. 1. . 1 1
We indicate such functors by superscripts 5ex, 5se, or splt.

Example 13.10. If C is a stable co-category, then hoC is a triangulated 1-category. The sequences
A — B — C for any distinguished triangle A — B — C — X A are half-exact with respect to the maximal
marking. We call the half-exact structure consisting of the maximal marking and these sequences the
triangulated half-exact structure. The corresponding half-exact additive category will be denoted by hoCa.

If we consider C as a left-exact co-category, then according to our conventions the functor ho : C —
hoC, is half-exact. 0

We consider ! in {ex, se, q}. For ! € {ex, se} the functor kkep,1 : C *Alg;‘é‘p — KKjep,1 1s as in (8-4). For
| —
! =q we set

KKgep.g := Lsep,n,K.q : C*Alg;‘gp — KKep g 1= LKC*Alg;‘:p’h’q

using the separable versions of (11-11). We note that the targets of these functors are a left-exact
additive oco-category for | = g (separable version of Proposition 11.8(3)) or even stable co-categories
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(Proposition 7.3(3)) for ! € {ex, se}. In particular, their homotopy categories are additive 1-categories. We
consider the functor
hokkgep,1 := ho o kkgep 1 : C*Algle) — hoKKep 1.

sep

We will equip the additive 1-category hoKKep, 1 with the triangulated half-exact structure in case ! € {ex, se},
and the split half-exact structure if ! = ¢g. In all cases the marking is the maximal one.

Corollary 13.11. The functor hokKep 1 is homotopy invariant and stable. It is split exact in the case ! = q,
half-semiexact in the case | = se, and half-exact in the case | = ex.

Proof. Homotopy invariance and stability are clear by construction.

In the case ! = ex (! = se) we use that kkg, 1 sends exact (semisplit exact) sequences of C*-algebras to
fiber sequences, and the half-exactness of ho.

In the case ! = g we use that kkp, , and ho preserve split exact sequences. O

nu
sep

half-exact additive category !-exact if it is split exact in the case ! = ¢, half-semiexact in the case ! = se,

In order to make uniform statements in all three cases we will call a functor F : C*Alg. — D to a
or exact in the case ! = ex. We call the functor suspension stable if for every morphism f : A — B in
C *Alg;‘é‘p the fact that F(f) is an isomorphism is equivalent to the fact that F'(S(f)) is an isomorphism.

Example 13.12. For ! in {se, ex} the functors hokksep  : C"‘Algrs“‘;p — hoKKj, 1 are suspension stable.
This fact is due to the triangulated structure on hoKKjep, 1 which is a consequence if the stability of KKep 1.
We further use Example 3.19 in order to identify looping in KK, 1 with suspension on the level of
algebras. (I

nu

We let Wsep’y denote the set of morphisms in C *Algsep
We consider a half-exact additive category D and a functor F : C*Alg™ — D.

sep

which are sent to equivalences by KKgep 1.

Proposition 13.13. If F is homotopy invariant, stable, (suspension stable in the cases ! € {ex, se)}), and

l-exact, then F sends Wiep,) to isomorphisms.

Proof. We first consider the cases ! € {se, ex}. In order to show that F sends Wsep’! to equivalences it

suffices to show that it admits a sequence of factorizations

C*Algnu

sep

kksep,! Lsep, !

* nu  group
LKC Algsep,h,!
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Since F is homotopy invariant and stable, it has a factorization F as indicated. The !-exactness of F
implies that the functor F is actually half-exact. We now claim that F sends the morphisms in the
separable version Wsep,! of (5-2) to equivalences. In the case ! = ex this is precisely [Blackadar 1998,
Proposition 21.4.1]. In the case ! = se the proof of [Blackadar 1998, Proposition 21.4.1] goes though
word by word since all exact sequences used in that proof are then semisplit exact.

We now claim that F also inverts the closures Wiep,1 of Wsep’[ under 2-out-of-3 and pull-back. It
suffices to show that the collection of morphisms inverted by F is preserved by pull-backs. We will use
[Blackadar 1998, Theorem 21.4.4] saying that F' admits long half-exact sequences

. F(S(I)) — F(S(A)) L8 ps(B)) — F(I) — F(A) 2L F(B) (13-1)

associated to exact (or semisplit exact, respectively) sequences 0 — I — A — B — 0. For the semiexact
case again note that all exact sequences appearing in the proof are semisplit exact. Alternatively in both
cases, this also follows from the half-exactness of F by applying it to the image under L g of the Puppe
sequence (3-17) associated to the map A — B. Here we use that F' (1) =5 F(C( f)), which follows from
the fact that F inverts Wsep’!, and the analogue of Proposition 5.1 for half-exact functors.

We consider the case ! = se. The case of ! = ex is simpler and obtained from the ! = se case by removing
all mentions of cpc-splits. We consider a diagram

Lsep,h,K(A)

lf.

g
Lsep,h,K(B/) I Lsep,h,K(B)

in LxC *Alg;‘gp, ,- We can assume (see, e.g., the proof of Proposition 3.17) that up to equivalence the

diagram is the image under L, x of the bold part of a cartesian diagram

/

A-SsA

s
B—-B
in C *Alg‘sl:p where f admits a cpc split. The map f’ again admits a cpc split. We can extend the vertical
maps to exact sequences

0—>I—>AL>B—>O, 01> A L5 B 50

in C*Algg, such that the induced map / — I’ is an isomorphism. Since F(f) is an isomorphism,
F(S(f)) and F (S%( f)) are isomorphisms by suspension stability. By the long half-exact sequence (13-1)
for f we conclude that F(I) =0 and F(S(/)) = 0; see Remark 13.7. Using the version of this long
half-exact sequence for f" and F(S 2(I')) Z 0 and F(S(I")) = 0 we conclude (again by Remark 13.7)
that F(S(f)) is an isomorphism. Finally, again using suspension stability we see that F(f") = F(f’) is

an isomorphism.
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We thus get a factorization F.InLxC *Alg;‘:p’ ».1 We have the morphisms

Bsep.a * Lepn k.1(S*(A)) = Lyep.i k.1 (A).

Since F takes values in groups, using similar arguments as for Corollary 6.10 (replacing left-exactness by
the existence of the long half-exact sequences) we know that F (Bsep,1,4) is an isomorphism. In detail, we
consider the functor F4(—) := F(— ®max A). By Corollary 6.6 we can conclude that F4(7p) = 0. Then
the boundary map F 4 (S2(C)) — F4(C) of the long half-exact sequence for 0 - K — 7y — S(C) — 0
is an isomorphism. But this map is precisely F (Bsep,1,4)-

Consequently we get the last factorization as indicated. This finishes the proof in the cases ! = se and
I =ex.

In the case of | = g we construct a sequence of factorizations

C*Algnu

sep

Lh,KJ

kksep.q LK C*Algnu

sep,h
Lsep,!J

Since F is split exact and takes values in groups, by Lemma 11.4 the functor F sends the morphisms

nu

1 1q* A— A° to isomorphisms for all A in L g C*Algg, ;. This yields the last factorization in this case. [J

In the following we remove the assumption of suspension stability in Proposition 13.13. Consider a
half-exact additive category D.

Proposition 13.14. A homotopy invariant, stable, and half-exact (or half-semiexact) functor F

C *Algggp — D inverts Wyep ex (0 Wiep,se, respectively).

Proof. We start with the case ! = ex. We consider the classical E-theory functor egé%“ — E:L‘;SS constructed

in [Higson 1990a], where we equip the additive 1-category Egé‘;‘fs with the canonical half-exact structure
E]e‘;fs is homotopy invariant, stable, half-exact, and suspension stable. In
class
sep

from Example 13.5. The functor e

view of Proposition 13.13 the functor e inverts Wsep,ex.

Let now F : C*Alg;‘é‘p — D be a homotopy invariant, stable and half-exact functor. By the universal

property of e‘;é%“ stated in [Higson 1990a, Theorem 3.6] we get a factorization

C*Alg™ i D

sep

ﬁ%

class
Esep

This implies that F also inverts Wsep,ex.
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We now consider the case ! = se. It would be natural to argue as in the exact case using a corresponding

class
sep

we will argue differently invoking the automatic semicontinuity theorem. Being a half-semiexact functor,

universal property of KK{2*® involving half-semiexactness. But since we do not know a reference for this
F is in particular split exact. By Proposition 13.13 it inverts Wsep ¢- As a consequence of the automatic
semicontinuity result Theorem 12.1 we have Wgep g = qup se- O

We can now state the universal property of hokkgep 1.

Proposition 13.15. Pull-back along hokksep, induces an equivalence
Fun*® /2% (hoKKep 1, D) => Fun™* /2" (C*Algly . D), ! € {ex, se},
for any additive half-exact category D or
Fun* (hoKKp 4. D) => Fun"*""(C*Algls D), =g,
for any additive 1-category.

Proof. It follows from Corollary 13.11 that the pull-back along hokks, | takes values in the indicated
category of functors.
We first discuss the case ! € {ex, se}. We consider the diagram

Fun®®- (/2% (hoKK ey, 1, D) ——— Fun’* (/2! (C*Alg™ | D)

| l

Fun(KKqep1, D) — = Fun(hoKK.ep,:, D) ———— Fun"! (C*Alg™. | D)

kk*

sep,!

~

The lower functor is an equivalence by the universal property of the Dwyer—Kan localization kkgep1; see
Proposition 7.5. The lower-left equivalence is the universal property of ho. As a consequence we see that
the functor marked by (1) is an equivalence.

The vertical functors are fully faithful. Therefore the functor marked by (2) is fully faithful, too. It
remains to show that it is essentially surjectlve If F is any functor in Fun™*(1/2(C *Alggep, D), then by
Proposition 13.14 there exists a functor Fin Fun(KKgep, 1, D) such that Fo KKgep,1 > F'. We furthermore
have a functor F in Fun(hoKKjep, 1, D) such that ho*F ~ F. It remains to show that F is additive and
half-exact.

Since F sends finite sums to products we can conclude that F is additive. Since all triangles in hoKKjep 1
come from exact (semisplit exact) sequences in C *Algsep and F is half-exact (or half-semiexact) the
functor F sends the half-exact sequences in hoKKgep 1 (with the triangulated half-exact structure) to
half-exact sequences in D. Hence F is also half-exact.
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In the case ! = g we argue similarly with

2
Fun®® (hoKK ep,, D) — > Fun™*7I(C*Alg™ | D)

l e

Fun(KKep.g D) —=s Fun(hoKKep g, D) —— Fun"<ra (C*Alg™ . D)

sep’

*
kksep.q

= ]

Let kkgé%ss : C*Alg™ — KK denote the classical additive-category-valued functor described by the

sep sep

universal property [Higson 1990a, Theorem 3.4]. We equip KKS'* with the split half-exact structure.

sep
Then kkgé‘;,ss is split exact. Since kk:le‘;fs is also homotopy invariant and stable, by Proposition 13.13 we

get a dotted factorization

class

C* Algnu sep KKclass

sep sep

7 A~
lkkp T

|
KKiep.g — 2+ hoKKep 4

The dashed factorization is induced by the universal property of ho since KKgé%SS is an ordinary category.

Since kk‘;“é‘;;“ is split exact, the dotted arrow is half-exact, and the dashed arrow is additive.
Since egé‘;)“ inverts Wep ex (as seen in the proof of Proposition 13.14) we also have a factorization
class
sep lass
CrAlgl, = Egks
T

Esep ——— hoEgep

Since egéi‘fs is half-exact we can conclude that the dashed arrow is additive and half-exact.

Theorem 13.16. The comparison functors ¥ : hoKKgep ; — KKgé‘;‘)SS and  : hoEge, — Eggl‘;s are equiva-

lences.

Proof. By Propositions 7.5 or 11.6, respectively, we know that e, and KKsep, , are Dwyer—Kan localizations.
The composition of a Dwyer—Kan localization with the canonical functor to the homotopy category is

again a localization, in this case in the sense of ordinary categories. We conclude that hoegep and hokksep 4

nu

are localizations. Note that such a localization is determined uniquely up to equivalence under C*Algg,,

and that two choices of such equivalences under C *Algggp are isomorphic by a unique isomorphism.
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Since the universal properties of kkgé}‘)“ [Higson 1990a, Theorem 3.4] and eﬁé%ss [Higson 1990a,
Theorem 3.6] are formulated in terms of equalities of functors (instead of isomorphisms), it will be useful
to choose hokksep , and hoegep, such that these functors are bijective on objects.

We write down the details of the argument for KK-theory. Since hokksep, 4 is homotopy invariant, stable

and split exact, the universal property [Higson 1990a, Theorem 3.4] provides an additive factorization

C*Alg™ hokKsep.q

KKclass..

sep

hoKKjep 4
X

which strictly commutes.
The pull-back along hokkgep , of the composition hoKKjep 4 Y, gKelass 2 hoKKjep 4 is equivalent

sep
to hokKgep, ;. Therefore by Proposition 13.15 this composition ¢ o ¥ itself is an equivalence.

We now show that the composition ¥ o ¢ is also an equivalence invoking the uniqueness statement of
[Higson 1990a, Theorem 3.4]. This requires an equality 1 o ¢ o Kk = kk®'®5 By the construction of ¢

sep sep

using [Higson 1990a, Theorem 3.4] we have an equality ¢ o kkg;ss = kKyep,q. But the construction of
k?lass

sep
now use the freedom to replace v by an isomorphic functor and our special choice of hokkgep , to be

only ensures a natural isomorphism f : ¥ o hokkgep 4 =5k which is not necessarily an equality. We
bijective on objects.

For every A in C *Alg’S‘é‘p we have an isomorphism fy : ¥ (hokkgep 4 (A)) =5 kk‘s’é’i‘)ss(A). We define
¥’ :hoKKgep o — KK*13 on objects such that ' (hokKgep, 4 (A)) := kkgé%“(A). For a morphism i : A — B
in hoKKsep ;, we then define y'(h) := fpe (h) f;l. The family (f4)4 also implements an isomorphism
Y=Y’ Now ¥/ o okkgi‘;“ = kk:gl‘js which implies that ¥' o ¢ = id.

In particular, ¢ has a right- and a left-inverse equivalence and is hence itself an equivalence. But then
also ¥ is an equivalence.

The case of E-theory is completely analogous. We use the universal property [Higson 1990a, Theo-

rem 3.6] of egé'}‘)“. U

Note that the proof of Theorem 13.16 does not use the case of Proposition 13.14 for ! = se and is
therefore independent of the automatic semicontinuity theorem.

14. Asymptotic morphisms in E-theory

The first construction of an additive 1-category representing E-theory was given in [Higson 1990a]
by enforcing universal properties. This construction was the blueprint for the co-categorical version
considered in the present note. Shortly after in [Connes and Higson 1990] the E-theory groups were
represented as equivalence classes of asymptotic morphisms; see also [Guentner et al. 2000]. Recall
that we construct KK-theory for separable algebras by a sequence of Dwyer—Kan localizations applied
to C*Algl . In view of [Connes and Higson 1990; Guentner et al. 2000] a natural idea would be to

sep*
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apply a similar construction to the category of C*-algebras and asymptotic morphisms. The first obstacle
one encounters in this approach is that the composition of asymptotic morphisms is only well-defined
after going over to homotopy classes. By now? we think that the correct way to relate E-theory with
asymptotic morphisms is the one worked out recently in [Bunke and Duenzinger 2024, Section 3.5]. It is
based on the shape theory of [Blackadar 1985; Dadarlat 1994] and goes beyond the scope of the present
paper. We will therefore just show that asymptotic morphisms also give rise to morphisms in our version
E-theory in a way which is compatible with the composition.
We consider the endofunctors
T, F:C*Alg" — C*Alg™
defined by
T (A) :=Cp([0,00), A), F(A) = Cp([0, 00), A)/Co([0, 00), A).

We have a natural transformation « : T — F such that a4 : T(A) — F(A) is the projection onto the
quotient. We have the natural transformations

,3 : idC*Alg““ — T, evp : T — idC*Alg““

such that 84 : A — T(A) sends a in A to the constant function with value a, and evg 4 : T(A) = A
evaluates the function ¢ — f(¢) in T (A) at t = 0. We finally define the natural transformation

y :=aof:idcagm — F(A).

Note that the sequence

0 — Co([0, 00), A) > T(A) 245 F(A) — 0

is exact and that Cy([0, 00), A) is contractible. Since e : C*Alg" — E is reduced, homotopy invariant
and exact we see that e(4) is an equivalence for every A in C*Alg"™. We define a natural transformation
d:eoF —eby

84 :=e(evp o) oe(an) ! 1 e(F(A)) — e(A).
Following [Guentner et al. 2000, Section 2] we adopt the following definition.

Definition 14.1. For n in N an asymptotic morphism f : A ~», B is a morphism f : A — F"(B) in
C*Alg"™.

Remark 14.2. Note that asymptotic morphisms for n = 0 are the usual morphisms, and the case of n =1
corresponds to the notion of an asymptotic morphism in [Connes and Higson 1990]. As in [Guentner et al.
2000, Section 2] we include the case of bigger n in order to have a simple definition of a composition of
asymptotic morphisms which also works for nonseparable algebras. ]

32024.
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If f:A~>, B is an asymptotic morphism, then we define

en(f):=3dpo---08pmipoe(f).
If n = 0, then this formula is interpreted as eo(f) := e(f).
Let f': A ~~>,41 B be given by yrn(p) o f. Then we say that f’ and f are related.
Lemma 14.3. [f [’ is related to f, then e, (f) >~ e,+1(f).
Proof. This follows from e(yr»(p)) = e(aFr(p)) o e(Brn(p)) and e(evo) o e(Brn(p)) = ide(rn(B))- ]
The argument implies that e;(y4) >~ id4 for every C*-algebra A.
We define the composition of two asymptotic morphisms f:A~-, Band g: B~»,, Cas g f:A~4m C
given by F"(g)o f.
Lemma 14.4. We have e, (g8 f) =~ en(g) oe,(f).

Proof. We consider the diagram

e(F"(C))
W Wﬂnl(c)
e(F"(B)) e(F™(C))
e(4) en(f) e(B) em(g) e(C)

The square commutes since § is a natural transformation. The lower triangles reflect the definitions of the
lower-horizontal arrows. O

We say fo, f1: A ~», B are homotopic if there exists f : A ~-, C([0, 1], B) such that F"(ev;)o f = f;.
Lemma 14.5. If fy and f) are homotopic, then e, (fo) = e,(f1).

Proof. We have e, (fi) >~ eg(ev;) e,(f). The assertion now follows since ey = e and e is homotopy
invariant. ([l

In the remainder of this section we relate the E-theory constructed in the present note with the version
from [Guentner et al. 2000], called the classical E-theory E®2$ In [Guentner et al. 2000, Definition 2.13]
(even in the equivariant case) a homotopy category 2l of asymptotic morphisms is introduced. Its objects are
C*-algebras, and its morphisms are equivalence classes of asymptotic morphisms, where the equivalence
relation is generated by the relations of being related and homotopy introduced above. The results above
show that the functor hoo e : C*Alg™ — hoE factorizes over 2.

Corollary 14.6. We have a commutative triangle

C*Algnu

s

A hoE
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Proof. The down-left arrow sends a morphism f : A — B to the equivalence class represented by
f ~»0 B, and the lower-horizontal comparison arrow c sends the C*-algebra A to e(A) and the class of
an asymptotic morphism f ~-, B to e, (f). U

In [Guentner et al. 2000, Definition 2.13] the classical E-theory category EY®S is defined as the
category whose objects are C*-algebras, and whose morphisms are given by

Hompetass (A, B) := Homg(K @ S(A), K @ S(B)). (14-1)

It should not be confused with the separable version Egégss from [Higson 1990a]. There is a canonical
functor

PA — Ec]ass

which is the identity on objects and sends the class of an asymptotic morphism f : A ~~, B to the class
ofi(f): K® S(A) ~», K ® S(B) given by the composition

K ®S(4) 1> K @ S(F"(B)) > F"(K @ S(B)).
(Note that the second map is not an isomorphism.)

Corollary 14.7. We have a commutative triangle

2
/ \ (14-2)

Eclass hoE

Proof. The lower-horizontal map sends a C*-algebra A to e(A) and the class of a morphism f: K QS(A) —
F"(K ® S(B)) to the image under

Homgy(K ® S(A), K ® S(B)) —— Eo(K ® S(A), K ® S(B)) =Eo(A, B),
where we use stability of the functor e and stability of the oo-category E for the second isomorphism. [

Remark 14.8. The functor ¢ in (14-2) is not an equivalence. In fact the classical E-theory functor
preserves countable sums by [Guentner et al. 2000, Proposition 7.1]. In contrast, the functor e does not
preserve countable sums, since y : Egep — E does not preserve countable sums.

But note that it is shown in [Bunke and Duenzinger 2024] that the restriction of ¢ to the full subcategory
of separable algebras induces an equivalence Cep : Egé"l‘)ss — hoEgep. In particular the formula (14-1) gives

an explicit description of the morphism groups in hoEs, in terms of homotopy classes of asymptotic
morphisms. (I

Remark 14.9. Let
S:0-A—-B—-C—0 (14-3)

be an exact sequence of separable C*-algebras. The E-theory analogue of Construction 12.6 is [Guentner
et al. 2000, Proposition 5.5], where a morphism o5 in Homg (S(C), A) was constructed. It follows from
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[Guentner et al. 2000, Proposition 5.15] (this is an analogue of Proposition 12.14) that the image of o5 in
Eo(S(C), A) is the boundary map dg of the fiber sequence in E associated to the exact sequence (14-3).
This shows that the comparison functor ¢ is compatible with the long exact sequences associated to exact
sequences of separable C*-algebras. (]
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