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for general environments and random walks

Stefan Junk and Hubert Lacoin

For the directed polymer in a random environment (DPRE), two critical inverse-temperatures can be
defined. The first one, βc, separates the strong disorder regime (in which the normalized partition
function W β

n tends to zero) from the weak disorder regime (in which W β
n converges to a nontrivial limit).

The other, β̄c, delimits the very strong disorder regime (in which W β
n converges to zero exponentially

fast). It was proved in earlier work that βc = β̄c when the random environment is bounded above for the
DPRE based on the simple random walk. We extend this result to general environments and an arbitrary
reference walk. We also prove that βc = 0 if and only if the L2 critical point is trivial.

1. Introduction

We start by defining the directed polymer in a random environment with a general reference random walk.
For the simple random walk case, an overview of known results can be found in the lecture notes [Comets
2017] and the survey [Zygouras 2024]. We let X = (Xk)k≥0 denote a random walk on Zd starting from
the origin and with independent identically distributed (i.i.d.) increments. The associated probability is
denoted by P . We let η ∈ [0, ∞] denote the exponent associated with the tail-decay of |X1|, defined as

−lim sup
u→∞

log P(|X1| ≥ u)

log u
=: η ∈ [0, ∞], (1)

where here and in what follows | · | stands for the Euclidean norm in Rd . Our main results are proved
under the assumption that η > 0.

Additionally, we consider a collection ω = (ωk,x)k≥1,x∈Zd of i.i.d. real-valued random variables (we
let P denote the associated probability) and make the assumption (throughout the whole paper except for
Theorem 2.9) that ωk,x has exponential moments of all order, that is

λ(β) := log E[eβω1,0] < ∞ for all β ∈ R. (2)

The above assumption implies that ω1,0 has finite mean and variance, and without loss of generality we
may assume that

E[ω1,0] = 0 and E[ω2
1,0] = 1. (3)
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Given a realization of ω (the random environment), β ≥ 0 (the inverse temperature) and n ≥ 1 (the
polymer length), we define the polymer measure Pβ

ω,n as a modification of the distribution P which favors
trajectories that visit sites where ω is large, namely

Pβ
ω,n(d X) :=

1

W β
n

e
∑n

k=1(βωk,Xk −λ(β)) P(d X), where W β
n := E[e

∑n
k=1(βωk,Xk −λ(β))

].

The quantity W β
n (the dependence in ω is omitted in the notation for better readability) is referred to as

the (normalized) partition function of the model. A direct application of Fubini yields E[W β
n ] = 1. Using

Fubini for the conditional expectation, it was observed in [Bolthausen 1989] that the process (W β
n )n≥0 is

a martingale with respect to the filtration (Fn) defined by

Fn := σ(ωk,x : k ≤ n, x ∈ Zd).

As a consequence, (W β
n )n∈N converges almost surely as n → ∞, and we let W β

∞ denote its limit. By
Kolmogorov’s 0–1 law, P(W β

∞ = 0) ∈ {0, 1}. Using terminology established in [Comets et al. 2003], we
say that strong disorder holds if P(W β

∞ = 0) = 1 and that weak disorder holds if P(W β
∞ > 0) = 1. Finally

(relying on [Comets et al. 2003, Proposition 2.5] for the existence of the limit, which easily generalizes to
the case of general random walks) we define the free energy of the directed polymer by setting

f(β) := lim
n→∞

1
n

log W β
n =

1
n

E[log W β
n ].

We say that very strong disorder holds when f(β) < 0 (that is to say when W β
n converges exponentially

fast to zero). It was established in [Comets and Yoshida 2006] that the “strength of disorder” is monotone
in β in the sense that there exist βc and β̄c in [0, ∞] such that:

(a) Weak disorder holds when β < βc and strong disorder holds when β > βc.

(b) Very strong disorder holds if and only if β > β̄c.

The weak and strong disorder regimes correspond to different asymptotic behavior of X under Pβ
ω,n as

n → ∞. When weak disorder holds, in the simple random walk case (see [Comets and Yoshida 2006], and
see also [Lacoin 2025] for a recent short proof) the scaling limit of (Xk)

n
k=1 under Pβ

ω,β on the diffusive
scale is the same as under P , i.e., Brownian motion. Analogous results have been proved in the case
when X is in the domain of attraction of an α-stable law [Wei 2016].

On the contrary, when strong disorder holds, the polymer is believed to exhibit a different behavior:
the trajectories should localize around a favorite corridor along which the environment ω is particularly
favorable. This conjectured localized behavior has been corroborated by several mathematical results
[Carmona and Hu 2002; 2006; Comets et al. 2003; Bates and Chatterjee 2020], the stronger results being
obtained under the assumption of very strong disorder and additional technical restrictions.

This distinction between strong and very strong disorder is however not crucial: it was conjectured
in [Carmona and Hu 2006; Comets and Yoshida 2006] that the two critical points βc and β̄c coincide,
and this conjecture was proved to hold true in [Junk and Lacoin 2024] under the assumption that the
disorder is bounded above. We remove this assumption and extend the result to arbitrary random walks.
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We refer to the introduction of [Junk and Lacoin 2024] and to the recent survey [Zygouras 2024] for a
more detailed discussion on the localization transition.

Let us also mention — although the present paper does not bring any new perspective on the topic — that,
in the case where X is the nearest-neighbor random walk in Zd , beyond the change from delocalization
to localization, the critical point β̄c is also expected to mark a transition from diffusive to superdiffusive
behavior. This is captured by the transversal fluctuation exponent ξ , defined informally through the relation
Eω,β

n [|Xn|
2
] = n2ξ+o(1) under the polymer measure Pβ

ω,n . In the weak disorder phase, the invariance
principle implies ξ =

1
2 while in the strong disorder phase it is expected that the polymer becomes

superdiffusive, with ξ > 1
2 . Proving this for the standard model is a major open problem in this field.

To our knowledge, superdiffusivity results have only been obtained for models for which it is known that
βc = 0. For the DPRE introduced above, it is predicted that ξ =

2
3 for all β > 0 when d = 1, a conjecture

which has proved to hold true in the specific case log-0 distributed environment in [Seppäläinen 2012].
Upper and lower bounds for ξ have been achieved in [Petermann 2000; Mejane 2004] for a polymer
model in which both the environment and the random walk are Gaussian. In addition, results have been
obtained for DPRE with heavy-tailed environments [Auffinger and Louidor 2011; Dey and Zygouras
2016; Berger and Torri 2019] as well as related models where the environments displays long-range
correlations [Lacoin 2011; 2012a; 2012b]. The question of finding a directed polymer model for which
ξ =

1
2 for small values of β and ξ > 1

2 for large values of β remains widely open.
To facilitate the discussion of the results, let us finally introduce the L2 critical point

β2 := sup
{
β ≥ 0 : (eλ(2β)−2λ(β)

− 1)
∑
k≥1

P⊗2(X (1)
k = X (2)

k ) ≤ 1
}
, (4)

where P⊗2 is the law of two independent copies X (1) and X (2) of the random walk X . It is not difficult to
check that supn≥0 E[(W β

n )2
] < ∞ if and only if β ∈ [0, β2) ∪ {0}, which implies that (W β

n )n∈N converges
in L2 for β < β2, and hence βc ≥ β2. We also note the equivalence

β2 = 0 ⇐⇒ (X (1)
k − X (2)

k )k≥0 is recurrent. (5)

Historically, the β2 critical point was used as a sufficient criterion to ensure βc > 0 in the case when
X (1)

− X (2) is transient (in particular in the simple random walk case in d ≥ 3; see [Imbrie and Spencer
1988; Bolthausen 1989]). Here we show that this condition is also necessary in the sense that βc = 0
whenever X (1)

− X (2) is recurrent. We refer the reader to [Cosco et al. 2021] for a previous work exploring
the relation between β2 = 0 and βc = 0 considering a more general setup in which X is only assumed to
be a Markov chain on a countable state space.

2. Results

2.1. Coincidence of the critical points. As mentioned earlier, it had been conjectured in [Carmona and
Hu 2006; Comets and Yoshida 2006] that there is a sharp transition from weak to very strong disorder, or
in other words that βc = β̄c. This conjecture was formulated in the case where the reference walk P is
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the simple random walk on Zd , and it was recently proved to hold true under the additional assumption
that the environment ω is bounded above [Junk and Lacoin 2024]. We extend the validity of this result by
relaxing the assumptions on the random walk and on the environment; recall (1).

Theorem 2.1. If η > 0, then βc = β̄c. Furthermore, if βc > β2 then weak disorder holds at βc.

Remark 2.2. The assumption η > 0 is necessary and the result may fail to hold when the assumption
is violated. For instance, it was proved in [Viveros 2023] that for a very heavy-tailed one-dimensional
random walk, one may have β̄c = ∞ and βc ∈ (0, ∞). To illustrate this point further, we show in
Proposition 2.11 that it is even possible to have βc = 0 and β̄c = ∞.

In the case of the simple random walk on Zd with d ≥ 3, we have βc > β2 (see [Birkner and Sun
2010, Section 1.4] for d ≥ 4 and [Junk and Lacoin 2024, Theorem B] for the full details concerning the
case d = 3). This strict inequality is however not always valid. A simple counterexample is that of the
simple random walk when d = 1 or 2 (for which βc = β2 = 0, and weak disorder trivially holds at βc).
We later show that the equality βc = β2 is in fact valid whenever β2 = 0; see Theorem 2.9. We may also
have βc = β2 when β2 > 0, for instance if either η = d = 1 or η = d = 2; see [Junk and Lacoin 2025,
Corollary 2.22]. It is an interesting question whether weak or strong disorder holds at βc in that case.

To complement our result and to highlight the gap between what we can prove and what we believe to
be true, we present a sufficient condition for βc > β2. This criterion is related to the tail distribution of
the first intersection time of two independent walks

T := inf{n > 0 : X (1)
n = X (2)

n },

with the convention inf∅ = ∞. We then define the exponent α by

α := −lim sup
n→∞

log P⊗2(T ∈ [n, ∞))

log n
∈ [0, ∞]. (6)

Proposition 2.3. If β2 > 0 and α > 1
2 , then βc > β2.

Remark 2.4. The example with βc = β2 from [Junk and Lacoin 2025, Corollary 2.22] has α = 0. We
believe that one should have βc > β2 for all α > 0, but the ideas used in our proof — which combine
the observations made in [Birkner and Sun 2010, Section 1.4] with pinning model estimates adapted
from [Derrida et al. 2009] — clearly stop working whenever α < 1

2 . Note that α =
1
2 d − 1 for the simple

random walk and thus the assumption α > 1
2 is satisfied when d ≥ 4 but not for d = 3.

2.2. Integrability of Wβ
n at criticality. We defined the integrability threshold exponent as

p∗(β) := sup
{

p ≥ 1 : sup
n≥1

E[(W β
n )p

] < ∞
}
.

It was introduced in [Junk 2025a] and provides detailed information concerning the tail behavior of the
partition function. When strong disorder holds, we have p∗(β)=1. On the other hand, by [Junk and Lacoin
2025, Corollaries 2.8 and 2.20], if η > 0 we have p∗(β) > 1 in the weak disorder phase and in that case we
have P[W β

∞ ≥ u] ≍ u−p∗(β) (where f (u) ≍ g(u) if f (u)/g(u) is bounded away from 0 and ∞ as u → ∞).
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As observed in [Junk and Lacoin 2024], the fact that weak disorder holds at βc combined with results
from [Junk 2025b] allows us to deduce the value of p∗ at the critical point. The proof of the following
result is identical to the one found in [Junk and Lacoin 2024]. It relies on an extension of [Junk 2025a,
Corollary 1.3] to the case of unbounded ω which is proved in [Junk and Lacoin 2025].

Corollary 2.5. Assuming (Xk)k≥0 is the simple random walk on Zd and d ≥ 3, we have p∗(βc) = 1+2/d.

Proof. From [Junk 2025b, Theorem 1.2] it is known that β 7→ p∗(β) is right-continuous at points where
p∗(β)∈ (1+2/d, 2]. Since p∗ jumps from p∗(βc)> 1 to 1 at βc and since βc >β2 implies that p∗(βc)≤ 2,
we necessarily have p∗(βc) ≤ 1 + 2/d. On the other hand, from [Junk and Lacoin 2025, Corollary 2.8]
we have p∗(βc) ≥ 1 + 2/d. □

Corollary 2.5 can be extended beyond the case of the simple random walk. We let D denote the
transpose of the transition matrix of X (defined by D(x, y) := P(X1 = x − y)). With a small abuse of
notation we set

∥Dk
∥∞ := max

x∈Zd
Dk(0, x) = max

x∈Zd
Dk(x, 0) = max

x∈Zd
P(Xk = x), ν := −lim sup

k→∞

log ∥Dk
∥∞

log k
. (7)

Let us note that if X (1)
− X (2) is transient, η, α and ν (recall (1) and (6)) satisfy the following inequality

(we provide a proof in Appendix B for completeness):

ν ≤ α + 1 ≤
d

2∧η
. (8)

Proposition 2.6. If β2 > 0 and weak disorder holds at βc, then

p∗(βc) ∈

[
1 +

2∧η

d
, 1 +

1
ν∨1

]
.

Remark 2.7. From Theorem 2.1, the assumption made in Proposition 2.6 is satisfied when βc > β2, but
we do not require that latter condition. At the moment it is not known whether weak disorder holds at β2

in general. Moreover, the interval [1 + (2 ∧ η)/d, 1 + 1/(ν ∨ 1)] is ill-defined if d = 1 and η > 1, but in
that case the walk X (1)

− X (2) is recurrent and β2 = 0; recall (5).

Remark 2.8. There are plenty of examples for which ν =d/(2∧η)=α+1. This includes all d-dimensional
random walks where X1 has a finite second moment and a support that generates Zd (or a subgroup of finite
index), and symmetric 1-dimensional walks satisfying P(X1 = x)=|x |

−1−η+o(1) as x →∞. In these cases,
Proposition 2.6 allows one to identify the value of p∗(βc) if one assumes that weak disorder holds at βc.

2.3. Absence of phase transition in the recurrent case. It was established in [Carmona and Hu 2002;
Comets et al. 2003] that βc = 0 in dimensions 1 and 2 (see also [Comets and Vargas 2006] and [Lacoin
2010] for proofs that β̄c = 0 when d = 1 and d = 2, respectively). These results — and their proofs —
suggest that there is no weak disorder phase as soon as β2 = 0. We provide a proof of this statement
under the minimal assumption that ω admits some finite exponential moments,

{β > 0 : E[eβω1,0] < ∞} ̸= ∅. (9)

Note that W β
n is only defined for β such that λ(β) < ∞ in that case.
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Theorem 2.9. Assume that (9) holds. If β2 = 0, then βc = 0.

For the rest of this section, we return to assuming (2). Combining the above and Theorem 2.1, we obtain
as a corollary that very strong disorder holds for all β, provided that the power-tail assumption is satisfied.

Corollary 2.10. If η > 0 and β2 = 0, then β̄c = 0.

To illustrate the necessity of the assumption η > 0 for this last result, we present an example of a
polymer model for which β2 = 0 and β̄c = ∞. We define the tower sequence (ak)k≥0 by a0 = 1 and
ak+1 := 2ak , and a function f (x) on Z by f (x) = 1 if |x | ≤ 1 and

f (x) =
1

(2ak + 1)a4
k−1

if |x | ∈ (ak−1, ak] for k ≥ 1.

With the above definition, we have
∑

x∈Z f (x) ≤ 5. We can thus define g(x) = f (x)/
∑

y∈Z f (y) and
consider a simple random walk on Z whose increment distribution satisfies P(X1 = x) = g(x).

Proposition 2.11. For a directed polymer based on the above random walk, we have β2 = βc = 0 but
f(β) = 0 for every β ≥ 0.

2.4. Organization. In Section 3, we present three technical results. These results are adapted from [Junk
and Lacoin 2024] and are used to prove Theorems 2.1 and 2.9, and Proposition 2.3.

In Sections 4 and 5, we prove Theorem 2.1. The proof largely follows the reasoning used in [loc. cit.]
to treat the case of an upper-bounded environment, but a couple of technical innovations are required
to deal with an unbounded environment and general random walks. While we shortly recap some of
the main ideas, we direct the interested reader to [loc. cit.] for more in-depth explanation of the proof
mechanism.

In Section 6, we prove Theorem 2.9 using the material from Section 3.
The proof of Proposition 2.3 is based on an observation made in [Birkner and Sun 2010, Section 1.4]

and on an adaption of the methods used in [Derrida et al. 2009], which is developed in Appendix A.
One of the bounds in Proposition 2.6 can be derived directly from [Junk and Lacoin 2025, Corollary 2.20]

but the other one requires an extension of [Junk 2025b, Theorem 1.1] to the case of an arbitrary random
walk. This is done in Appendix B.

Finally, the proof of Proposition 2.11, which is a result of illustrative value, is detailed in Appendix C.

3. A toolbox of preliminary results

We present here a couple of technical results required for our proof of Theorems 2.1 and 2.9. These
results can be found in [Junk and Lacoin 2024, Section 3]. We present them here with a couple of key
modifications to fit our setup.

3.1. A finite volume criterion relying on fractional moments. By Jensen’s inequality, for any θ ∈ (0, 1),

E[log Wn] = θ−1E[log(Wn)
θ
] ≤ θ−1 log E[(Wn)

θ
]. (10)
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Hence, to show that very strong disorder holds, it is sufficient to show that E[(Wn)
θ
] decays exponentially

fast in n. Adapting the argument used to prove [Comets and Vargas 2006, Theorem 3.3], we show that
such an exponential decay holds if there exists some n such that E[W θ

n ] is smaller than a large power of n.
To make this statement precise, we need to fix the value of θ , so, recalling (1), we set1

η̄ := η ∧ 1, θ := 1 −
η̄

4d
and K =

20d
η̄

. (11)

Proposition 3.1. Assume that η > 0. There exists n0 such that, if for some n ≥ n0 we have

E[(Wn)
θ
] < 2n−K , (12)

then very strong disorder holds.

Proof. From (10), we have

f(β) ≤ lim inf
m→∞

1
θnm

log E[(Wnm)θ ]. (13)

Given x1, . . . , xm ∈ Zd , we let Ŵnm(x1, x2, . . . , xm) denote the contribution to the partition function of
trajectories that go through x1, x2, . . . , xm at times n, 2n, . . . , nm, that is,

Ŵnm(x1, x2, . . . , xm) := E[eβ
∑nm

k=1 ωk,Xk −nmλ(β)1{∀i∈[[1,m]], Xni =xi }].

The case m = 1 defines the point-to-point partition function,

Ŵ β
n (x) = E[eβ

∑n
k=1 ωk,Xk −nλ(β)1{Xn=x}], (14)

which will play an important role later. Now, using the inequality( ∑
i∈I

ai

)θ

≤
∑
i∈I

aθ
i , (15)

which is valid for an arbitrary collection of nonnegative numbers (ai )i∈I and θ ∈ (0, 1) — in the remainder
of the paper we simply say by subadditivity when using (15) — we obtain

E[(Wnm)θ ] ≤
∑

(x1,...,xm)∈(Zd )m
E[(Ŵnm(x1, x2, . . . , xm))θ ] =

∑
(x1,...,xm)∈(Zd )m

m∏
i=1

E[(Ŵn(xi − xi−1))
θ
]

=

( ∑
x∈Zd

E[(Ŵn(x))θ ]
)m

,

where the factorization for the first equality is obtained by combining the Markov property for the random
walk with the independence of the environment. In order to conclude using (13), we need to show that
under the assumption (12) we have

∑
x∈Zd E[(Ŵn(x))θ ] < 1.

We set R = Rn := n16/η̄. Using the inequality Ŵn(x) ≤ Wn for |x | ≤ R and Jensen’s inequality for
|x | > R, we obtain ∑

x∈Zd
E[(Ŵn(x))θ ] ≤ (2R + 1)dE[(Wn)

θ
] +

∑
|x |>R

P(Xn = x)θ . (16)

1Throughout the paper we use the notation a ∧ b = min(a, b) and a ∨ b = max(a, b) for a, b ∈ R.
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Let us show that both terms on the right side of (16) are smaller that 1
3 for n sufficiently large. For the first

term, it is simply a consequence of the assumption (12) and our choice for R. To bound the second term, for
any k ≥ 0, we use Jensen’s inequality for the uniform measure on the annulus {x ∈ Zd

: |x | ∈ (2k R, 2k+1 R]}

to obtain ∑
|x |∈(2k R,2k+1 R]

P(Xn = x)θ ≤ (2k+2 R)d(1−θ) P(|Xn| ∈ (2k R, 2k+1 R])θ . (17)

Recalling (1), we have P(|X1| ≥ u) ≤ u−η̄/2 for u sufficiently large. Hence

P(|Xn| ∈ (2k R, 2k+1 R]) ≤ P(|Xn| > 2k R) ≤ n P(|X1| > (2k R/n)) ≤ (2k R)−η̄/2n1+η̄/2. (18)

Since by choice d(1−θ)−θη̄/2 = −η̄/4+ η̄2/8d ≤ −η̄/8 < 0, by combining (17) and (18) and summing
over k we obtain that there exists C > 0 such that∑

|x |>R

P(Xn = x)θ ≤ Cnθ(1+η̄/2) R−η̄/8
= Cnθ(η̄/2+1)−2.

Since η̄, θ ≤ 1, this concludes the proof. □

3.2. Bounding the fractional moment using the size-biased measure. We introduce the size-biased
measure for the environment defined by P̃n(dω) := W β

n P(dω). Intuitively, strong disorder holds when
P̃n and P are “asymptotically singular” (meaning that there exist typical events under P that become
increasingly untypical under P̃n as n grows). The following result (which is a reformulation of [Junk and
Lacoin 2024, Lemma 3.2]) is a quantitative version of this statement:

Lemma 3.2. For any measurable event A and θ ∈ (0, 1),

E[(W β
n )θ ] ≤ P(A)(1−θ)

+ P̃n(Ac)θ .

Proof. We adapt the proof found in [Berger et al. 2025, Lemma 2.2]. We split the expectation in two and
then bound the first part using Hölder’s inequality and the second part using Jensen’s inequality,

E[(W β
n )θ ] = E[(W β

n )θ1A] + E[(W β
n )θ1Ac] ≤ E[W β

n ]
θP(A)(1−θ)

+ E[W β
n 1Ac]

θ ,

which gives the desired result. □

To prove that f(β) < 0, our strategy is to combine Proposition 3.1 with Lemma 3.2 and find an event An

which is unlikely under the original measure P and typical under the size-biased measure P̃n .

3.3. Spine representation for the size-biased measure. In this section, we recall a well-known represen-
tation for the size-biased measure. We define (ω̂i )i≥1 as a sequence of i.i.d. random variables — whose
distribution is denoted by P̂ — with marginal distribution given by

P̂[ω̂1 ∈ · ] = E[eβω1,0−λ(β)1{ω1,0∈·}], (19)



COINCIDENCE OF CRITICAL POINTS FOR DIRECTED POLYMERS 97

and X a random walk with distribution P . Note that P̂ and ω̂ are unrelated to the notation Ŵ β
n (x) for the

point-to-point partition function introduced in (14). Given ω, ω̂ and X , all sampled independently, we
define a new environment ω̃ = ω̃(X, ω, ω̂) by

ω̃i,x :=

{
ωi,x if x ̸= X i ,

ω̂i if x = X i .

In words, ω̃ is obtained by tilting the distribution of the environment on the graph of (i, X i )
∞

i=1. The
following result states that the distribution of ω̃ corresponds to the size-biased measure. We refer to [Junk
and Lacoin 2024, Lemma 3.3] for comments on and a proof of the following classical statement:

Lemma 3.3. P̃n((ωi,x)i∈[[1,n]],x∈Zd ∈ · ) = P ⊗ P ⊗ P̂((ω̃i,x)i∈[[1,n]],x∈Zd ∈ · ).

In the course of our proof we refer to the above as the spine representation of the size-biased measure.
Under P̃n , the distribution of the environment has been tilted along a random trajectory X , which we
refer to as the spine.

4. Organization of the proof of Theorem 2.1

Let us start by reformulating the result. We want to show that the following implication holds:

P(W β
∞

= 0) = 1 and β > β2 =⇒ f(β) < 0. (20)

It is a simple task to check that (20) implies both statements in Theorem 2.1.

4.1. Identifying the right event. Recalling (11), we introduce a new family of parameters. We set

K2 :=
2
η

( K
1−θ

+ 1
)

+ 1 and K3 := 1 + d K2 +
2K

1−θ
. (21)

Using a union bound, we have, for n sufficiently large,

P
(

max
k∈[[1,n]]

|Xk | ≥ nK2
)
≤ n P(|X1| ≥ nK2−1) ≤

1
2 n−K/(1−θ). (22)

We introduce the shifted environment θn,zω by setting

(θn,zω)k,x := ωn+k,z+x , (23)

and let θn,z act on functions of ω by setting θn,k f (ω) = f (θn,zω).

Proposition 4.1. Assume that strong disorder holds and β > β2. Then there exist C > 0 and n0 ∈ N such
that for all n ≥ n0 there exists s = sn ∈ [[0, C log n]] such that, setting

An := {∃(y, m) ∈ [[0, n − s]] × [[−nK2, nK2]]
d

: θm,y W β
s ≥ nK3},

we have

P(An) ≤ n−K/(1−θ) and P̃n(Ac
n) ≤ n−K/θ .
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Proof of Theorem 2.1 assuming Proposition 4.1. We assume that strong disorder holds and that β > β2.
Combining Lemma 3.2 and Proposition 4.1, for θ and K given by (11), we have, for any n ≥ n0,

E[(W β
n )θ ] ≤ (n−K/(1−θ))1−θ

+ (n−K/θ )θ = 2n−K ,

and we can conclude the proof of (20) using Proposition 3.1 for n sufficiently large. □

Bounding P(An) is not difficult (and the bound is valid for any choice of s). Indeed, by translation
invariance for ω, a union bound and Markov’s inequality, we have

P(An) ≤ n(2nK2 + 1)dP[W β
s ≥ nK3] ≤ n(2nK2 + 1)dn−K3 ≤ n−K/θ , (24)

where the last inequality is valid for n sufficiently large, due to our choice of parameters (21).
The harder problem is to estimate P̃n(Ac

n). The strategy we use for this is the same as in [Junk and Lacoin
2024]. The main task is to obtain a good lower bound on P(W β

s ≥ nK3) — and hence on P̃s(W β
s ≥ nK3) —

in the strong disorder regime. For this, we extend the validity of [loc. cit., Proposition 4.2] (which is
proved only for upper-bounded disorder and the simple random walk):

Proposition 4.2. If strong disorder holds and β > β2, then for any ε > 0 there exist C = C(β, ε) > 0 and
u0 = u0(β, ε) > 1 such that for every u ≥ u0,

P[W β
s ≥ u] ≥ u−(1+ε) for some s ∈ [[0, C log u]]. (25)

Note that P[W β
s ≥ u] ≥ u−(1+ε) immediately implies that

P̃s[W β
s ≥ u] = E[W β

s 1
{W β

s ≥u}
] ≥ u−ε. (26)

The proof follows the same road map as in [Junk and Lacoin 2024], but several technical adaptions are
required. This is detailed in the next subsections.

4.2. Tail distribution of the maximum of the point-to-point partition function. The starting point in
proving Proposition 4.2 is to establish that the tail distribution of maxn≥0 W β

n decreases like u−1 in
the strong disorder regime. In the case of upper-bounded disorder, this is an easy consequence of the
martingale stopping theorem; see [Junk and Lacoin 2024, Lemma 4.3]. Without this assumption, the
proof is more subtle, but it has already been obtained in [Junk and Lacoin 2025, Corollary 2.6 and
Proposition 2.19] (we consider the special case when p∗(β) = 1).

Lemma 4.3. If strong disorder holds, then there exists c > 0 such that, for any u ≥ 1,

P(∃n ≥ 0 : W β
n ≥ u) ∈

[ c
u
,

1
u

]
.

Proof. The lower bound is due to [Junk and Lacoin 2025, Corollary 2.6] and the upper bound holds for
any nonnegative martingale due to Doob’s martingale inequality. □

To prove Proposition 4.2, we show that a similar lower bound holds for the maximum of point-to-point
partition functions introduced in (14).
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Theorem 4.4. If strong disorder holds and β > β2, then there exists c > 0 such that for all u ≥ 1

P
[

sup
n≥0,x∈Zd

Ŵ β
n (x) ≥ u

]
≥

c
u
. (27)

Proof of Proposition 4.2. The inequality in (25) is deduced from (27) in [Junk and Lacoin 2024, Section 6],
without relying on the assumption that the environment is bounded above. That argument also does not
rely on the specifics of the simple random walk, so we merely sketch the proof. We set

Av,M :=
{

sup
n∈[[0,M]],x∈[[−M,M]]d

Ŵ β
n (x) ≥ v

}
to be a truncated analog of the event considered in (27). For fixed v > 1, using (27) we can find M(v) such
that P(Av,M(v)) ≥ c/2v. On A := Av,M(v), we let (T, Y ) be the minimal element (for the lexicographical
order) in [[1, M]]×[[−M, M]]

d such that Ŵ β

T (Y )≥ v. Choosing (T, Y ) minimal guarantees that the shifted
environment θT,Y ω is independent of the past and distributed like ω. Note that on the event A ∩ θT,Y A
we have max(t,y)∈[[1,2M]]×[[−2M,2M]]d Ŵt(y) ≥ v2, and by independence P(A ∩ θT,Y A) = P(A)2

≥ (c/2v)2.
Repeating this argument, we find that

P(∃n ≤ k M, W β
n ≥ vk) ≥

( c
2v

)k
≥ v−k(1+ε/2),

where the last inequality holds for v large enough (depending on ε). From this lower bound, (25) is
deduced easily (with u0 = v and C = 2M/log v) by replacing u by vk with k =⌈logv u⌉ and observing that

max
s∈[[1,C log u]]

P[W β
s ≥ u] ≥

1
C log u

P[∃s ∈ [[1, C log u]] : W β
s ≥ u]. □

To conclude, we need to show that Proposition 4.1 follows from Proposition 4.2, and we need to
prove Theorem 4.4. The first task is accomplished in the next subsection. The proof of Theorem 4.4 is
technically more demanding and is detailed in Section 5.

4.3. Proof of Proposition 4.1. The following adapts the argument presented in [Junk and Lacoin 2024,
Section 6] to the setup of a generic random walk.

Recall from (24) that the required bound on P(An) is valid for any choice of s. We can thus focus
on bounding P̃(Ac

n), assuming that Proposition 4.2 holds. We apply Proposition 4.2 for u = nK3 and
ε = 1/(3K3) and we consider s ∈ [[0, C ′ log n]], which is such that (recall (26))

P̃s[W β
s ≥ nK3] ≥ n−K3ε = n−1/3. (28)

Using the spine representation, we wish to bound P ⊗ P̂ ⊗ P[ω̃ ∈ Ac
n]. Clearly {ω̃ ∈ Ac

n} ⊂ B(1)
n ∪ B(2)

n ,
where

B(1)
n :=

{
max

k∈[[1,n]]

|Xk | > nK2
}
, B(2)

n := {∀i ∈ [[0, ⌊n/s⌋ − 1]] : θis,X is W̃ β
s < nK3},

and where we recall that (Xk)k≥0 denotes the spine. Now from (22) we have

P ⊗ P̂ ⊗ P(B(1)
n ) = P(B(1)

n ) ≤
1
2 n−K/(1−θ).
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To estimate the probability of B(2)
n , we observe that, by construction, the variables θis,X is W̃ β

s are i.i.d.
under P ⊗ P̂ ⊗ P (see [Junk and Lacoin 2024, Lemma 5.1] for a proof of this claim). Hence

P ⊗ P̂ ⊗ P[B(2)
n ] = P ⊗ P̂ ⊗ P[W̃ β

s < nK3]
⌊n/s⌋

= P̃s[W β
s < nK3]

⌊n/s⌋
≤ (1 − n−1/3)⌊n/s⌋

≤ e−
√

n,

where the second equality is a consequence of Lemma 3.3, the first inequality comes from (28) and the
last (valid for n sufficiently large) from the fact that s = sn is O(log n). Overall, we obtain that, for n
sufficiently large,

P̃n(Ac
n) ≤ P ⊗ P̂ ⊗ P[B(1)

n ] + P ⊗ P̂ ⊗ P[B(2)
n ] ≤

1
2 n−K/(1−θ)

+ e−
√

n
≤ n−K/(1−θ). □

5. Proof of Theorem 4.4

5.1. Overview. The reasoning we use to prove Theorem 4.4 is analogous to that in [Junk and Lacoin 2024].
We explain here how it can be decomposed in three separate steps. For this we require some notation. We
let µn denote the endpoint measure for the polymer and In the probability that two independent polymers
share the same endpoint. More precisely, recalling that D is the transpose of the transition matrix of X
(see above (7)), we set

µβ
n (x) := Pβ

ω,n(Xn = x) =
Ŵ β

n (x)

W β
n

, In :=

∑
x∈Zd

(Dµ
β

n−1(x))2. (29)

We have Dµ
β

n−1(x) = Pβ

ω,n−1(Xn = x) — the only reason why we introduce D as the transpose of the
transition matrix is for the convenience of multiplying on the left by D rather than on the right. To
justify the expression of In , let us mention that the quantity naturally appears when computing the bracket
increment of Wn ,

E[(W β
n − W β

n−1)
2
| Fn−1] = χ(β)(W β

n−1)
2 In, where χ(β) = eλ(2β)−2λ(β)

− 1. (30)

We introduce the notation I(a,b] :=
∑b

n=a+1 In and set τu := inf{n : Wn ≥ u}. The first step is now to show
that if Wn increases from level u to uK , the accumulated sum of In increases by an amount proportional
to log K .

Proposition 5.1. If strong disorder holds then there exist ζ > 0 and K0 > 0 such that for all u ≥ 1 and
K > K0 we have

P(τK u < ∞ ; I(τu ,τK u ] ≤ ζ log K ) ≤ u−1K −2.

The second step establishes that with large probability, if I(τu ,τK u ] is large then In cannot be small on
the whole interval (τu, τK u].

Proposition 5.2. If strong disorder holds and β > β2, then for any ζ > 0 there exists δ > 0 such that, for
all u > 1 and K ≥ K0 large enough,

P
(
τK u < ∞ ; I(τu ,τK u ] ≥ ζ log K ; max

n∈(τu ,τK u ]

In ≤ δ
)
≤ u−1K −2.
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Finally, in a third very short step we guarantee that with large probability there are no significant dips
of W β

n between τu and τK u . We set σK ,u := min{n ≥ τu : W β
n ≤ u/K }.

Lemma 5.3. P(σK ,u < τK u < ∞) ≤ u−1K −2.

Proof. Note that {σK ,u < τK u < ∞} ⊂ {τu < ∞ ; ∃n ≥ 0, W β
n+σK ,u

≥ K 2W β
σK ,u }. Applying the optional

stopping theorem to the martingale (W β
n+σK ,u

) (considering the filtration Fn+σK ,u ), we obtain that on the
event {τu < ∞} we have

P[∃n ≥ 0 : W β
n+σK ,u

≥ K 2W β
σK ,u

| FσK ,u ] ≤ K −2.

We conclude by taking expectation on the event {τu < ∞} and using Lemma 4.3. □

We can now deduce Theorem 4.4. Before presenting the proof, let us explain how Propositions 5.1
and 5.2 are proved. Proposition 5.1 is the analog of [Junk and Lacoin 2024, Proposition 8.1] but it requires
a different proof since several of the arguments used in [loc. cit.] are specific to upper-bounded disorder.
All the details are provided in Section 5.2. On the other hand, the proof of Proposition 5.2 is identical to
that of [loc. cit., Proposition 8.2], and we only provide a sketch of the argument in Section 5.3.

Proof of Theorem 4.4. We have{
τK u < σK ,u ; max

n∈(τu ,τK u ]

In > δ
}

⊆

{
max

n≥0,x∈Zd
Ŵ β

n (x) ≥
δu
K

}
. (31)

Indeed, if n ∈ (τu, τK u] is such that In ≥ δ, and τK u < σK ,u , we have W β

n−1 ≥ u/K and thus

max
x∈Zd

Ŵ β

n−1(x) ≥ max
x∈Zd

DŴ β

n−1(x) = W β

n−1 max
x∈Zd

Dµn−1(x) ≥ W β

n−1 In ≥
δu
K

.

We estimate the probability of the left side event in (31) as follows: first we observe that

P
(
τK u < σu,K ; max

n∈(τu ,τK u ]

In > δ
)

≥ P(τK u < ∞) − P(σK ,u < τK u < ∞) − P
(
τK u < ∞ ; max

n∈(τu ,τK u ]

In ≤ δ
)
, (32)

and then that

P
(
τK u < ∞ ; max

n∈(τu ,τK u ]

In ≤ δ
)

≤ P(τK u < ∞ ; I(τu ,τK u ] ≤ ζ log K ) + P
(
τK u < ∞ ; I(τu ,τK u ] > ζ log K ; max

n∈(τu ,τK u ]

In ≤ δ
)
. (33)

Using Propositions 5.1 and 5.2 in (33), we obtain that

P
(
τK u < ∞ ; max

n∈(τu ,τK u ]

In ≤ δ
)
≤ 2u−1K −2.

Then, combining this with Lemmas 4.3 and 5.3 in (32), we obtain that

P
(
τK u < σu,K ; max

n∈(τu ,τK u ]

In > δ
)
≥

c
K u

−
3

K 2u
,

which allows us to conclude using (31) by taking K ≥ 6/c. □
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5.2. Proof of Proposition 5.1. Note that in an unbounded environment, we have to deal with the possibility
that τuK = τu and thus I(τu ,τuK ] = 0 (for upper-bounded ω we a priori have W β

τu ≤ Lu for some fixed L ,
and one may choose K ≥ L). There is another more serious reason why the argument used in [Junk and
Lacoin 2024] requires modification, but to explain it we need to recall it. The argument relies on the
martingale M̃n defined by M̃0 = 0 and

M̃n+1 = M̃n +
W β

n+1 − W β
n

W β
n

.

We have, by construction, M̃n − M̃m ≥ log W β
n − log W β

m for any n ≥ m, and the quadratic variation of
this martingale is directly related to In via the relation (recall (30))

⟨M̃⟩b − ⟨M̃⟩a = χ(β)I(a,b].

We observe that if W β
n increases by a multiplicative amount K , then M̃ has to increase by at least

log K . Such an increase can occur only if the increase of the bracket ⟨M̃⟩ is large. In order to derive
satisfactory quantitative estimates from this line of reasoning, we rely on Azuma-like concentration results
for martingales that require boundedness of the increments of M̃ ; see [Junk and Lacoin 2024, Lemma 8.4].
In the present setup, the assumption (2) only guarantees that the moments of (M̃n+1 − M̃n)n≥1 are all
finite, and thus such an exponential concentration result cannot hold with full generality.

For this reason, we consider, instead of (M̃n), the martingale (Mn) defined as the martingale part in
the Doob decomposition of (log Wn)n∈N, that is to say

Mn =

n∑
k=1

(
log(W β

k /W β

k−1) − E[log(W β

k /W β

k−1) | Fk−1]
)
.

This martingale enjoys similar properties as M̃ . For instance, since the conditional expectations in the
previous display are nonpositive by Jensen’s inequality, we have for n ≥ m

Mn − Mm ≥ log W β
n − log W β

m , (34)

and the increments of the bracket of Mn are also proportional to In (recall the meaning of ≍ introduced
at the beginning of Section 2.2),

⟨M⟩n − ⟨M⟩n−1 := E[(Mn − Mn−1)
2
| Fn−1] ≍ In. (35)

One of the two inequalities implied by the ≍ symbol is proved in [Comets et al. 2003] and can be deduced
directly from (37) in Lemma 5.7 below. The other one is left as an exercise to the interested reader and is
not used in the proof.

Our strategy is thus to adapt the argument used in [Junk and Lacoin 2024] by applying it to the
martingale (Mn)n∈N. In addition to (34) and (35), we also need a concentration result similar to [Junk
and Lacoin 2024, Lemma 8.4]. To prove it, we require an overshoot estimate which guarantees that W β

τu

is much smaller than uK with large probability, which has been proved in [Junk and Lacoin 2025].
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Proposition 5.4 [Junk and Lacoin 2025, Proposition 2.3]. For any p ≥ 1 there exists C p such that, for
all u > 1,

E[(W β
τu

)p
| τu < ∞] ≤ C pu p.

Now let us turn to our replacement for [Junk and Lacoin 2024, Lemma 8.4], which we derive from the
following technical estimate:

Lemma 5.5. Let (Ui )i≥1 be a sequence of positive, i.i.d. random variables with moments of all orders
(positive and negative) and E[Ui ] = 1. There exists ϕ : R+ → R+ such that for every r ≥ 0 and every
nonnegative sequence (αi )i≥0 such that

∑
i≥1 αi = 1,

E[er V
] ≤ eϕ(r)

∑
i≥1 α2

i ,

where V := log U − E[log U ] with U =
∑

i≥1 αiUi .

We postpone the proof of Lemma 5.5 to the end of this section. Applying Lemma 5.5 to the increments
of Mn , we obtain the following estimate, which is going to yield the desired concentration property:

Lemma 5.6. Let ϕ be given by Lemma 5.5 in the case where Ui has the same law as eβω1,0−λ(β). For
every v ≥ 0 and u > 1, we have

E[ev(MτK u −Mτu )−ϕ(v)I(τu ,τK u ]1{τK u<∞} | τu < ∞] ≤ 1.

Proof. Recalling (29), we have

W β
n

W β

n−1

=

∑
x∈Zd

Dµ
β

n−1(x)eβωn,x−λ(β).

Since Dµn−1(x) is Fn−1 measurable and ωx,n is independent of Fn−1, we can apply Lemma 5.5 with
(αi )i≥1 replaced by (Dµn−1(x))x∈Zd and (Ui )i≥1 by (eβωx,n−λ(β))x∈Zd . This yields

E[ev(Mn−Mn−1) | Fn−1] ≤ eϕ(v)In .

Applying this observation at times τu + n − 1 and τu + n yields, with Gn := Fτu+n ,

E[ev(Mn+τu −Mn−1+τu )−ϕ(v)Iτu+n | Gn−1] ≤ 1,

and hence (evMn+τu −ϕ(v)I(τu ,τu+n])n≥0 is a supermartingale for the filtration (Gn). Combining the optional
stopping theorem (at time n ∧ (τK u − τu)) and conditional Fatou (to let n → ∞), we obtain

E[ev(MτK u −Mτu )−ϕ(v)I(τu ,τK u ]1{τK u<∞} | G0] ≤ E[lim inf
m→∞

ev(MτK u∧m−Mτu )−ϕ(v)I(τu ,τK u∧m] | G0] ≤ 1,

which yields the result after taking expectation over the G0-measurable event {τu < ∞}. □

Proof of Proposition 5.1. For this proof only, we set Pu := P( · | τu < ∞). From Lemma 4.3, it is sufficient
to prove that

Pu(τK u < ∞ ; I(τu ,τK u ] ≤ ζ log K ) ≤ K −2.



104 STEFAN JUNK AND HUBERT LACOIN

We have

Pu(τK u < ∞; I(τu ,τK u ] ≤ ζ log K ) ≤ Pu(W β
τu

>
√

K u)+Pu(τK u < ∞; I(τu ,τK u ] ≤ ζ log K ; W β
τu

≤
√

K u).

We are going to prove that both terms in the right-hand side are smaller than 1
2 K −2. Using Markov’s

inequality and Proposition 5.4 , there exists a constant C > 0 such that

Pu(W β
τu

>
√

K u) ≤
Eu[(Wτu )

6
]

K 3u6 ≤ C K −3,

yielding the right result if K0 > 2C . For the second term, if τK u < ∞ and W β
τu ≤

√
K u then (34) implies

that MτK u − Mτu ≥
1
2 log K . Hence Lemma 5.6 for v = 6 implies that

1 ≥ Eu[e6(MτK u −Mτu )−ϕ(6)I(τu ,τK u ]1
{τK u<∞;W β

τu ≤
√

K u;I(τu ,τK u ]≤ζ log K }
]

≥ K 3−ϕ(6)ζ Pu(τK u < ∞ ; I(τu ,τK u ] ≤ ζ log K ; W β
τu

≤
√

K u).

Setting ζ = 1/(2ϕ(6)), this implies that, for K > 4,

Pu(τK u < ∞ ; I(τu ,τK u ] ≤ ζ log K ; W β
τu

≤
√

K u) ≤ K −5/2
≤

1
2 K −2,

and thus the desired result. □

It remains to prove Lemma 5.5. We rely on an estimate for the two first moments of log U (as defined
in Lemma 5.5) proved in [Comets et al. 2003]. More precisely, in [loc. cit.] the result is stated in the case
of convex combination of finitely many variables, but the proof extends immediately to countable sums
by passing to the limit. Let us display it here:

Lemma 5.7 [Comets et al. 2003, Lemma 3.1]. Let (Ui )i≥1 be a sequence of positive i.i.d. random variables
such that E[U 3

1 + (log U1)
2
] < ∞ and E[Ui ] = 1. There exist c, C > 0 such that, for any nonnegative

sequence (αi )i≥0 such that
∑

i≥1 αi = 1 and setting U :=
∑

i≥1 αiUi ,

c
∑
i≥1

α2
i ≤ E[log(1/U )] ≤ C

∑
i≥1

α2
i , (36)

and

E[(log U )2
] ≤ C

∑
i≥1

α2
i . (37)

Proof of Lemma 5.5. Without loss of generality we may assume that r ≥
1
4 . Setting V = log U , we have

E[er V
] = E[er V

]e−rE[log U ]

and we use (36) to control the second term on the right-hand side. For the first term, note that Taylor’s
formula implies that

E[er V
] ≤ E

[
1 + r V +

1
2r2(V )2er V+

]
≤ 1 + E

[1
2r2(V )2er V+

]
,
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where x+ := max(x, 0) denotes the positive part of x . Hence, using the inequality 1 + x ≤ ex , we can
conclude, if we can define ϕ which does not depend on the αi and satisfies

E
[ 1

2r2V 2er V+

]
≤ ϕ(r)

∑
i≥1

α2
i .

We have
E
[ 1

2r2V 2er V+

]
≤

1
2 err2E[V 21

{V ≤1}
] + E[1

{V >1}
e2r V

].

To bound the first term we simply observe that by (37) we have

E[V 21
{V ≤1}

] ≤ E[(log U )2
] ≤ C

∑
i≥1

α2
i .

As for the second one, we have

E[1
{V ≥1}

e2r V
] ≤ P(V ≥ 1)1/2E[e4r V

]
1/2.

To bound the second factor in a way that does not depend on the αi , we observe that by Jensen’s inequality
(recall that we assume 4r ≥ 1) we have

E[e4r V
] = E[U 4r

] ≤ E[U 4r
1 ].

To conclude the proof it is sufficient to show that

P(V ≥ 1) ≤ C
∑
i≥1

α4
i , (38)

and to observe that
(∑

i≥1 α4
i

)1/2
≤

∑
i≥1 α2

i by subadditivity. We have

P(V ≥ 1) = P[U ≥ e] ≤ P[∃i : Ui ≥ α
−1/2
i ] + P

[ ∑
i≥1

αiUi 1{Ui ≤α
−1/2
i }

≥ e
]
.

The first term can be bounded by E[U 8
1 ]

∑
i≥1 α4

i using union bound and Markov’s inequality for U 8
i . The

second term can be controlled using Chernoff’s inequality: for any a > 0,

P
[ ∑

i≥1
αiUi 1{Ui ≤α

−1/2
i }

≥ e
]

≤ P
[∑

i
αi (Ui − 1)1

{Ui ≤α
−1/2
i }

≥ e − 1
]

≤ E
[
exp

(
a
(∑

i≥1
αi (Ui − 1)1

{Ui ≤α
−1/2
i }

− (e − 1)
))]

.

Using it with a = (αmax)
−1/2 we obtain (using the inequality ex

≤ 1 + x + x2, valid for |x | ≤ 1)

E[exp(α−1/2
max αi (Ui − 1)1

{Ui ≤α
−1/2
i }

)] ≤ 1 + E[α−1/2
max αi (U1 − 1)1

{U1≤α
−1/2
i }

] + E[α−1
maxα

2
i (U1 − 1)2

]

≤ 1 + Cα−1
maxα

2
i ≤ 1 + Cαi ≤ eCαi .

The penultimate term in the first line above is nonpositive due to the FKG inequality. Multiplying over all
i ≥ 1, we obtain

P
[∑

i
αiUi 1{Ui ≤α

−1/2
i }

≥ e
]

≤ exp(C − (αmax)
−1/2(e − 1)) ≤

eC 8!

(e − 1)4 α4
max,

concluding the proof of (38) (in the last inequality we use e−
√

x
≤ 8!x−4 for x ≥ 0). □
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5.3. Proof of Proposition 5.2. Our proof closely follows the one presented in [Junk and Lacoin 2024].
However, since some technical adjustments are necessary, we provide a sketch of it. In this section we
are going to condition on the event {τu < ∞} and consider the conditional probability Pu := P[ · | Fτu ].
We let T = T (u, ζ, K ) := inf{m ≥ τu : I(τu ,m] ≥ ζ log K } and we are going to prove that if β > β2 then
there exists a δ > 0 such that

Pu
(
T < ∞ ; max

n∈(τu ,T ]

In ≤ δ
)
≤ K −2. (39)

Since {I(τu ,τK u ] ≥ ζ log K } ⊂ {T < ∞}, the bound (39) directly implies that

Pu
(

max
n∈(τu ,τK u ]

In ≤ δ ; I(τu ,τK u ] ≥ ζ log K
)
≤ K −2, (40)

and we obtain Proposition 5.2 by taking expectation in (40) on the event {τu < ∞}, which has probability
smaller than 1/u (see Lemma 4.3).

Let us now describe the main idea we use to prove (39). Recalling from (30) that χ(β) :=eλ(2β)−2λ(β)
−1,

we introduce a parameter ε > 0 defined by (recall (4) and the assumption β > 0)

χ(β)

∞∑
n=1

P⊗2(X (1)
n = X (2)

n ) =: 1 + 4ε. (41)

We show that In ≤ δ, for δ sufficiently small, implies that a certain bounded stochastic process (Jn) —
which is obtained by considering a positive quadratic form based on the Green function evaluated at µn

and is defined below — has a “positive drift” proportional to In in the sense that

In ≤ δ =⇒ E[Jn − Jn−1 | Fn−1] ≥ 2ε In. (42)

The above implies that on the event {T < ∞ ; maxn∈(τu ,T ] In ≤ δ}, the accumulated drift of J on the
interval (τu, T ] is large (at least 2εζ log K ) and since J is bounded, it must necessarily be compensated
by the martingale part of J taking a large negative value. We then show that the latter is unlikely using
martingale concentration estimates.

Let us now introduce the functional J . Recalling (41), we fix n0 > 0 such that

χ(β)

n0∑
n=1

P⊗2(X (1)
n = X (2)

n ) ≥ 1 + 3ε (43)

and introduce G0, the Green function associated with X (1)
− X (2) truncated at time n0,

g0(x) :=

n0∑
n=1

P⊗2(X (1)
n − X (2)

n = x), G0(x, y) := g0(y − x).

The transition matrix of X (1)
− X (2) is given by T := DD∗

= D∗D (note that since we are only considering
convolution operators on Zd they all commute) and G0 = (T − T (n0+1))/(1 − T ). Next we define

Jn := (µn, G0µn) =
(Ŵ β

n , G0Ŵ β
n )

(W β
n )2

,



COINCIDENCE OF CRITICAL POINTS FOR DIRECTED POLYMERS 107

where, if a and b are such that
∑

x∈Zd |a(x)||b(x)| < ∞, we use the notation

(a, b) =

∑
x∈Zd

a(x)b(x).

At this point, it is maybe difficult to see the intuition for choosing Jn in this way, and we refer to the
discussion following [Junk and Lacoin 2024, Proposition 7.7] as well as its proof.

The truncation to level n0 in the definition of g0 is necessary to treat the case when the random walk
X (1)

− X (2) is recurrent, but even in the transient case there is a technical reason why we prefer to consider
G0 rather than G := T/(1 − T ). This is because it is convenient to have ∥g0∥1 < ∞. Indeed, using first
the Cauchy–Schwarz inequality, then ∥g ∗ f ∥2 ≤ ∥g∥1∥ f ∥2 and finally ∥g0∥1 = n0, we have

0 ≤ Jn ≤ ∥G0µ
β
n ∥2∥µ

β
n ∥2 ≤ ∥g0∥1∥µ

β
n ∥

2
2 = n0∥µ

β
n ∥

2
2. (44)

While the above inequality is not required to establish that Jn is bounded (we have Jn ≤ ∥g0∥∞), it plays
a crucial role in the proof of Lemma 5.9. We consider Doob’s decomposition of Jn ,

Jn − J0 = Nn + An,

where An and Nn are defined by A0 = 0, N0 = 0 and

An+1 = An + E[Jn+1 − Jn | Fn], Nn+1 = Nn + (Jn+1 − Jn) − E[Jn+1 − Jn | Fn].

The implication (42) is proved using the following lower bound on the increments of (An) (recall that
χ(β)g0(0) − 1 > 0 by construction):

Lemma 5.8. We have

An − An−1 ≥ (χ(β)g0(0) − 1)In − 4χ(β)((Dµ
β

n−1)
2, G0µ

β

n−1) − 2χ3(β)
∑
x∈Zd

Dµ
β

n−1(x)3, (45)

where χ3(β) := E[(eβω1,0−λ(β)
− 1)3

] = eλ(3β)−3λ(β)
− 3eλ(2β)−2λ(β)

+ 2. As a consequence, there exists a
constant C (which depends on β) such that

An − An−1 ≥ (χ(β)g0(0) − 1)In − C I 3/2
n . (46)

Since Jn ≥ 0, the above bound can be used to control the increments of (Nn). Next, we obtain the
following:

Lemma 5.9. We have, almost surely for every n,

E[(Nn − Nn−1)
2
| Fn−1] ≤ κ I 2

n ,

where (recall (7)) κ := n2
0(∥D∥

−4
∞

+ e(λ(8β)+λ(−8β))/2).

The proofs of Lemmas 5.8 and 5.9 replicate those of the analogous statements proved for the simple
random walk [Junk and Lacoin 2024, Lemmas 8.5 and 8.6]. At the end of the section we provide
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indications about the changes that are required. The last input needed for the proof of Proposition 5.2 is a
concentration result for bounded martingales from [loc. cit.].

Lemma 5.10 [Junk and Lacoin 2024, Lemma 8.4]. Let (Nn) be a discrete-time martingale starting at 0,
with increments that are bounded in absolute value by A > 0. For v > 0, let Tv be the first time that (Nn)

hits [v, ∞). For any a > 0, we have

P[⟨N ⟩Tv
≤ a ; Tv < ∞] ≤ e−v/(A+1)(log(v/a(A+1))−1).

As a consequence, for any stopping time T we have

P[⟨N ⟩T ≤ a ; T < ∞ ; NT ≥ v] ≤ e−v/(A+1)(log(v/a(A+1))−1).

Proof of (39) assuming Lemmas 5.8 and 5.9. If In ≤ δ, recalling (43), we have from (46),

An − An−1 ≥ In(χ(β)g0(0) − 1 − Cδ1/2) ≥ 2ε In,

where the second inequality is valid for δ ≤ δ0(ε) sufficiently small. Thus, if T <∞ and maxn∈(τu ,T ] In ≤ δ,
we have

AT − Aτu ≥ 2ζε log K . (47)

Using (44) and the trivial bound ∥µ
β
n ∥2 ≤ 1, we have

NT − Nτu = Aτu − AT + JT − Jτu ≤ Aτu − AT + n0. (48)

Hence (48) and (47) imply that, for K ≥ K0(n0, ζ, ε) sufficiently large,

NT − Nτu ≤ −ζε log K .

On the other hand, if maxn∈(τu ,T ] In ≤ δ, we have, from Lemma 5.9 and the definition of T ,

⟨N ⟩T − ⟨N ⟩τu ≤ κ

T∑
n=τu+1

I 2
n ≤ κ

(
δ

T −1∑
n=τu+1

In + δ2
)

≤ κδ(ζ log K + δ) ≤ 2κδζ log K .

Thus we obtain

Pu
(

max
n∈(τu ,T ]

In ≤ δ ; T < ∞
)
≤ Pu(T < ∞ ; NT − Nτu ≤ −ζε log K ; ⟨N ⟩T − ⟨N ⟩τu ≤ 2κδζ log K ).

Using Lemma 5.10 for the martingale (Nτu − Nτu+m)m≥0, stopping time T − τu with A = n0 (which is a
bound for the increments of N ; see (44)), v = ζε log K and a = 2κζδ log K , we have

Pu(Nτu − NT ≥ v ; T < ∞ ; ⟨N ⟩T − ⟨N ⟩τu ≤ a) ≤ e−v/(n0+1)(log(v/a(n0+1))−1).

To conclude the proof of (39), and hence of Proposition 5.2, we need to check that the exponent is smaller
than −2 log K , which is immediate if one chooses δ sufficiently small (since ε is fixed). □
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Proof of Lemma 5.8. Let us first explain how (46) is deduced from (45). We have∑
x∈Zd

Dµ
β

n−1(x)3
≤ In∥Dµ

β

n−1∥∞ ≤ I 3/2
n ,

((Dµ
β

n−1)
2, G0µ

β

n−1) ≤ In∥G0µ
β

n−1∥∞ ≤ In∥g0∥1∥µ
β

n−1∥∞ ≤
n0

∥Dδ0∥∞

I 3/2
n ,

where in the last inequality above we used the fact that ∥µ
β

n−1∥∞ ≤ ∥Dµ
β

n−1∥∞/∥Dδ0∥∞. These bounds
replace those given in the display following [Junk and Lacoin 2024, (61)]. The proof of (45) is now
identical to the one presented in the simple random walk case, namely [loc. cit., Lemma 8.5]. The only
modification needed is to replace D2 by T = DD∗ in [loc. cit., (67)]. □

Proof of Lemma 5.9. Using (44), we have

E[(Nn − Nn−1)
2
| Fn−1] = E[(Jn − Jn−1)

2
| Fn−1] − E[Jn − Jn−1 | Fn−1]

2
≤ E[J 2

n + J 2
n−1 | Fn−1]

≤ n2
0(E[∥µβ

n ∥
4
2 | Fn−1] + ∥µ

β

n−1∥
4
2).

To bound the second term we observe that (Dµ)(x) ≥ ∥D∥∞µ(x + zmax), where zmax ∈ Zd satisfies
D(0, zmax) = ∥D∥∞, and thus In = ∥Dµ

β

n−1∥
2
2 ≥ ∥D∥

2
∞

∥δzmax ∗µ
β

n−1∥
2
2 = ∥D∥

2
∞

∥µ
β

n−1∥
2
2. To conclude,

we need to prove that

E[∥µβ
n ∥

4
2 | Fn−1] ≤ e(λ(8β)+λ(−8β))/2 I 2

n ,

which can be done by replicating the argument in the proof of [loc. cit., Lemma 8.6]. □

6. Proof of Theorem 2.9

6.1. Proof strategy. Let us assume that β2 = 0 and fix β > 0 such that λ(2β) < ∞. We are going to
identify a sequence of events An which is such that

lim
n→∞

P(An) = 0 and lim
n→∞

P̃n(Ac
n) = 0. (49)

From Lemma 3.2, this implies that limn→∞ E[(W β
n )θ ] = 0 for θ ∈

[ 1
2 , 1

)
and hence W β

n converges to
zero in probability. More precisely, we are going to prove that (49) holds along a diverging sequence of
integers n (which is of course sufficient for our purpose).

The key point is to find an observable Rn (a function of ω) whose value is greatly affected by the size
biasing. Aiming for the simplest possible choice, we take a linear combination of the (ωk,x). We set
pk(x) := P(Xk = x) and define

Rn :=

n∑
k=1

∑
x∈Zd

pk(x)ωk,x .

The choice of the coefficients is made with the spine representation in mind (recall Section 3.3), since
pk(x) is the probability that the site (k, x) is visited by the spine. By (3), we have E[Rn] = 0 and

E[R2
n] =

n∑
k=1

∑
x∈Zd

pk(x)2
=: 6n. (50)
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On the other hand, from Lemma 3.3 we have

Ẽn[Rn] = Ê ⊗ E
[ n∑

k=1

pk(Xk)ω̂k

]
= λ′(β)6n, (51)

where in the last identity we used that Ê[ω̂k] = λ′(β), (which is an immediate consequence of the
definition (19)). Recalling (5), since β2 = 0 and 6n is the expected number of return to zero before time n
of (X (1)

k − X (2)
k )k≥0, we have limn→∞ 6n = ∞. Now (50) implies that the typical order of magnitude of

Rn under P is at most
√

6n . On the other hand, (51) indicates that Rn may be typically much larger — of
order 6n — under P̃n . This motivates our definition for the event

An := {Rn ≥ 63/4
n }. (52)

We are going to prove the following:

Proposition 6.1. For any β > 0 such that λ(2β) < ∞ and An defined as in (52), we have

lim
n→∞

P(An) = 0 and lim inf
n→∞

P̃n(Ac
n) = 0.

A consequence of the above and Lemma 3.2 is that lim infn→∞ E[(W β
n )θ ] = 0 for θ ∈

[ 1
2 , 1

)
and thus

that strong disorder holds, proving Theorem 2.9.

6.2. Proof of Proposition 6.1. The first equation directly follows from (50), since limn→∞ 6n = ∞ and

P(An) ≤ E[R2
n](6n)

−3/2
= (6n)

−1/2.

For the second we use Lemma 3.2. We have

P̃n(Ac
n) = P ⊗ P̂ ⊗ P(ω̃(ω, ω̂, X) ∈ Ac

n).

To estimate the above, we split Rn(ω̃) into two parts:

Rn(ω̃) = λ′(β)

n∑
k=1

pk(Xk) +

n∑
k=1

∑
x∈Zd

pk(x)(ω̃k,x − λ′(β)1{Xk=x}) =: R(1)
n (X) + R(2)

n (ω, ω̂, X).

Hence

P ⊗ P̂ ⊗ P(Rn(ω̃) < 63/4
n ) ≤ P(R(2)

n (ω, ω̂, X) ≤ −63/4
n ) + P ⊗ P̂ ⊗ P(R(1)

n (X) ≤ 263/4
n ).

We are going to show that along some subsequence, both terms on the right-hand side converge to zero.
Starting with R(2)

n (ω, ω̂, S), we have for every realization of X

E ⊗ Ê[R(2)
n (ω, ω̂, X)2

] ≤ 6n + (λ′′(β) − 1)

n∑
k=1

pk(Xk)
2
≤ max(1, λ′′(β))6n

(we have used that Ê[(ω − λ′(β))2
] = λ′′(β)), so that by Chebyshev’s inequality

P ⊗ P̂ ⊗ P(R(2)
n (ω, ω̂, X) ≤ −63/4

n ) ≤ max(1, λ′′(β))6−1/2
n .
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Hence we have the desired convergence to zero. To conclude, we need to show that

lim inf
n→∞

P(R(1)
n (X) ≤ 263/4

n ) = 0. (53)

Contrary to R(2)
n , the variable R(1)

n is not — in full generality — concentrated around its mean. This is the
reason why we do not employ the second moment method to prove (53). To add symmetry to the problem,
it is convenient to consider, rather than R(1)

n (X), a random variable with an extra layer of randomness
whose conditional mean is equal to R(1)

n (X). More specifically, we let X ′ denote a simple random walk
which is independent of X and has the same distribution (we let P ⊗ P ′ denote the distribution of (X, X ′)),
and set

Qn(X, X ′) := λ′(β)

n∑
k=1

1{Xk=X ′

k}
.

We have R(1)
n (X) = E ′

[Qn(X, X ′)], and thus

P(R(1)
n (X) ≤ 263/4

n ) ≤ 2P ⊗ P ′(Qn(X, X ′) ≤ 463/4
n ). (54)

Let us quickly justify (54). If f (X, X ′) is a nonnegative function and u ≥ 0, we have by Markov inequality

E ′
[ f (X, X ′)] ≤ u =⇒ P ′( f (X, X ′) ≤ 2u) ≥

1
2 ,

and thus, using Markov inequality again for the variable Y = P ′( f (X, X ′) ≤ 2u),

P(E ′
[ f (X, X ′)] ≤ u) ≤ P

(
Y ≥

1
2

)
≤ 2E[Y ] = 2P ⊗ P ′( f (X, X ′) ≤ 2u).

The remaining step is to bound the right-hand side in (54). For notational simplicity, we set P := P ⊗ P ′

and introduce the renewal process

τ := {k ≥ 0 : Xk = X ′

k}.

With this new notation, we have

P ⊗ P ′(Qn(X, X ′) ≤ 463/4
n ) = P

(
λ′(β)|τ ∩ [1, n]| ≤ 4E[|τ ∩ [1, n]|]

3/4).
We conclude the proof of (53), and hence of Proposition 6.1, by applying the following technical result
(proved in the next subsection) to the renewal τ . □

Lemma 6.2. Given c > 0 and τ a recurrent renewal process, we have

lim inf
n→∞

P
(
|τ ∩ [1, n]| ≤ cE[|τ ∩ [1, n]|]

3/4)
= 0. (55)

6.3. Proof of Lemma 6.2. With a small abuse of notation, we identify the set τ with an increasing
sequence (τi )i≥0. We set αn := E[τ1 ∧n] and K (n) := P(τ1 > n). Setting τ̄k :=

∑k
i=1(τi − τi−1)∧n, we

have for any k ≥ 1

P(|τ ∩ [1, n]| ≤ k) = P(τk+1 > n) = P(τ̄k+1 > n) ≤
E[τ̄k+1]

n
=

(k + 1)αn

n
. (56)
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On the other hand,

P(|τ ∩ [1, n]| ≥ i) ≤ P(∀ j ∈ [1, i] : τi+1 − τi ≤ n) = (1 − K (n))i ,

which implies after summing over i that

E[|τ ∩ [1, n]|] ≤ (K (n))−1
∧ n.

Replacing k in (56) by c((K (n))−1
∧ n)3/4, we obtain that (55) holds if

lim inf
n→∞

((K (n))−1
∧ n)3/4 αn

n
= 0. (57)

If lim infn→∞ αnn−1/4
= 0, then there is nothing to prove. Otherwise we consider n such that

αn+1(n + 1)−1/5
≥ αnn−1/5 (58)

(the fact that αnn−1/5 diverges implies in particular that it is not eventually decreasing, so that one can find
an infinite sequence satisfying the above). Since αn+1 =αn+K (n), (58) implies that for n sufficiently large

K (n) ≥

((
1 +

1
n

)1/5
− 1

)
αn ≥

αn

6n
,

and we obtain that, along the subsequence satisfying (58),

((K (n))−1
∧ n)3/4 αn

n
≤ 6(αn/n)1/4.

Since αn = o(n) by dominated convergence, this is sufficient to conclude that (57) holds. □

Appendix A: Proof of Proposition 2.3

Assume that β2 > 0 and α > 1
2 (recall (6)). We will show that there exist β > β2 and γ ∈ (0, 1) such that

sup
n≥0

E[(W β
n )1+γ

] = sup
n≥0

Ẽn[(W β
n )γ ] < ∞. (59)

This implies uniform integrability of W β
n , and hence that weak disorder holds at β > β2. The first step

of the proof, inspired from [Birkner and Sun 2010, Section 1.4], is to reduce the problem to the control
of the partition function of another model, the disordered pinning model. The argument is based on the
size-biased representation from Lemma 3.3. Let W̃ β

n := E ′
[e

∑n
k=1(βω̃k,X ′

k
−λ(β))

] (where X ′ with law P ′ has
the same distribution as X ), and observe that

Ẽn[(W β
n )γ ] = Ê ⊗ E ⊗ E[(W̃ β

n )γ ] ≤ Ê[(E ⊗ E[W̃ β
n ])γ ]. (60)

Now, using the notation δn := 1{Xn=X ′
n} and P = P ⊗ P ′, we introduce notation (Ẑn) for the partition

function appearing in the right-hand side of (60), as well as a counterpart Ẑ c
n with constrained endpoint:

Ẑn := E ⊗ E[W̃ β
n ] = E[e

∑n
k=1(βω̂k−λ(β))δk ], Ẑ c

n := E[e
∑n

k=1(βω̂k−λ(β))δk δn], (61)
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with the convention Ẑ0 = Ẑ c
0 =1. With (59) and (60), the proof of Proposition 2.3 is reduced to proving that

sup
n≥0

Ê[(Ẑn)
γ
] < ∞.

To show the above, we rely on a method developed in [Derrida et al. 2009]. The notable differences with
[loc. cit.] are that we are trying to control the unconstrained partition function rather than the constrained
one and that we make no regularity assumptions on the interarrival law K (n) := P(τ1 = n), but these
differences only result in minor modifications in the argument. We refer to [loc. cit.] for more insight
concerning the proof.

We fix an integer m ≥ 1 and set γ = 1 − 1/log m and β = β2 + 1/m2. We define the shifted
environment θ j ω̂ by setting (θ j ω̂)k = ω̂ j+k and the shifted partition functions θ j Ẑn by replacing ω̂ by θ j ω̂

in (61). Decomposing the partition function according to the value of the last renewal point before m
(variable a) and first renewal point between m and n (variable b), we obtain that

Ẑn =

m−1∑
a=0

Ẑ c
a

( n∑
b=m

K (b − a)eβω̂b−λ(β)θb Ẑn−b + P(τ > n − a)
)
.

Thus, setting An = Ê[(Ẑn)
γ
] and Bn = Ê[(Ẑ c

n)
γ
]
1/γ and using the subadditivity of x 7→ xγ , we obtain

An ≤

m−1∑
a=0

Bγ
a

( n∑
b=m

K (b − a)γ Ê[eγβω̂b−γ λ(β)
]An−b + P(τ > n − a)γ

)
. (62)

Let us now set An := max(A0, . . . , An) and observe that with our choice for β and γ ,

Ê[eγβω̂1−γ λ(β)
] = E[e(1+γ )βω̂1−(1+γ )λ(β)

] ≤ eλ(2(β2+1))−2λ(β2+1)
=: ρ.

The inequality (62) implies that

An ≤ ρ
( m−1∑

a=0

n∑
b=m

Bγ
a K (b − a)γ

)
An−m +

( m−1∑
a=0

Bγ
a

)
≤ 2ρ

( m−1∑
a=0

∞∑
b=m

Bγ
a K (b − a)γ

)
An−m + m. (63)

To obtain the first line we used that P(τ > n −a)γ ≤ 1, and in the second line we used the bound Bγ
a ≤ 2,

which will be proved below in (67). From (63), we deduce that (An)n∈N is bounded if

2ρ
( m−1∑

a=0

∞∑
b=m

Bγ
a K (b − a)γ

)
< 1. (64)

We are going to prove that (64) holds for m sufficiently large. We do so by combining two arguments.
The first is the observation that by taking γ sufficiently close to one, we can, at the cost of some small
error term, drop the power of γ in our sum.

Lemma A.1. For γ = 1 − 1/log m and β = β2 + 1/m2, there exists C > 0 such that for all m sufficiently
large we have

m−1∑
a=0

∞∑
b=m

Bγ
a K (b − a)γ ≤ C

( m−1∑
a=0

∞∑
b=m

Ba K (b − a)
)

+ Cm−1.
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The second point is to demonstrate, via a change of measure argument, that for most n we have
Bn ≪ Ê[Ẑ c

n], and that, as a consequence, the sum we wish to control is small.

Lemma A.2. For γ = 1 − 1/log m and β = β2 + 1/m2, we have

lim
m→∞

m−1∑
a=0

∞∑
b=m

Ba K (b − a) = 0.

The combination of Lemmas A.1 and A.2 allows us to conclude that (64) holds.

Proof of Lemma A.1. The idea is that Bγ
a K (b − a)γ ≤ C Ba K (b − a) for the values of a and b that most

contribute to the sum and bound the remainder of the contribution by Cm−1. Letting κ be a large integer
and using that γ = 1 − 1/log m, we have

m−1∑
a=0

∞∑
b=m

Bγ
a K (b − a)γ

≤ eκ/γ

m−1∑
a=0

∞∑
b=m

Ba K (b − a)1{Bγ
a K (b−a)γ ≥m−κ } +

m−1∑
a=0

∞∑
b=m

Bγ
a K (b − a)γ 1{Bγ

a K (b−a)γ <m−κ }.

To control the second term, we split it into two. As the double sum below contains mκ−1 terms, we have

m−1∑
a=0

m+mκ−2
−1∑

b=m

Bγ
a K (b − a)γ 1{Bγ

a K (b−a)γ <m−κ } ≤ m−1.

On the other hand, using again Ba ≤ 1, we have

m−1∑
a=0

∑
b>m+mκ−2

Bγ
a K (b − a)γ ≤ m

∑
r≥mκ−2

K (r)γ .

Finally, we observe that for m sufficiently large,∑
r≥mκ−2

K (r)γ ≤

∑
r≥mκ−2

max(rα/3K (r), r−2) ≤ C(m−(κ−2)α/3
+ m2−κ) ≤ m−2. (65)

The first inequality above boils down considering separately the cases K (r) ≥ r−3 (for which the first
bound holds provided that log m ≥ 9/α) and K (r) < r−3 (for which the second bound holds provided that
m is not too small). For the second inequality we recall the definition (6) of α and observe that, grouping
terms, we have for n sufficiently large,∑

r≥n

rα/3K (r) ≤

∑
k≥1

(2kn)α/3 P(τ1 ∈ [n2k−1, n2k)) ≤

∑
k≥1

(2kn)α/3(2kn)−3α/4
≤ n−α/3.

The last inequality in (65) is valid provided κ is chosen sufficiently large (we have not chosen an explicit κ

to underline that this step of the proof only requires α > 0). □
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Proof of Lemma A.2. Given X (1) and X (2) two independent random walks with distribution P , we let
L(X (1), X (2)) :=

∑
∞

k=1 1
{X (1)

k =X (2)
k }

denote the number of times they meet. By the strong Markov property,
L(X (1), X (2)) is a geometric random variables with parameter

P⊗2(L(X (1), X (2)) = 0) = 1 −

∑
n≥1

K (n).

Hence by (4) we have

1 = (eλ(2β2)−2λ(β2) − 1)E⊗2
[L(X (1), X (2))] = (eλ(2β2)−2λ(β2) − 1)

∑
n≥1 K (n)

1 −
∑

n≥1 K (n)
. (66)

Let us set K ′′(n) = eλ(2β2)−2λ(β2)K (n). By (66) we have
∑

n≥1 K ′′(n) = 1. We let τ ′′ denote a renewal
process with interarrival law K ′′ (let P ′′ denote the distribution). We are going to show that

lim
m→∞

m−1∑
a=0

∞∑
b=m

Ba K ′′(b − a) = 0.

A first idea might be to note that, by Jensen’s inequality, we have

Ba ≤ Ê[Ẑ c
a] = E[e(λ(2β)−2λ(β))

∑a
k=1 δk δa] ≤ eCa/m2

E[e(λ(2β2)−2λ(β2))
∑a

k=1 δk δa] ≤ 2P ′′(a ∈ τ ′′), (67)

where in the second inequality we used the fact that with our choice of β,

(λ(2β) − 2λ(β)) ≤ (λ(2β2) − 2λ(β2)) + Cm−2,

and the last inequality is valid for m sufficiently large since a ≤ m. Hence

m−1∑
a=0

∞∑
b=m

Ba K ′′(b − a) ≤ 2
m−1∑
a=0

P ′′(a ∈ τ ′′)P ′′(τ ′′

1 ≥ m − a) = 2

(the summand in the right-hand side is the probability that a is the last renewal point before m). Since
this is not sufficient for our purposes, the idea in our proof is to use something sharper than Jensen’s
inequality in (67). We use Hölder’s inequality instead, and observe, for any positive function g(ω̂),

Ba ≤ Ê[g(ω̂)Ẑ c
a]Ê[g(ω̂)−γ /(1−γ )

]
(1−γ )/γ . (68)

We set g(ω̂) = e−εm
∑m

i=1 ω̂i +m[λ(β)−λ(β−εm)] with εm := (m log m)−1/2. We have

1 − γ

γ
log Ê[g(ω̂)−γ /(1−γ )

] = m
(

1 − γ

γ
λ

(
β +

γ εm

1 − γ

)
+ λ(β − εm) −

1
γ

λ(β)

)
≤ C

mε2
m

1 − γ
.

The last inequality is Taylor’s formula at order 2 with C being a bound for λ′′ in an interval around β

(say [0, β2 + 1]). With our choice of εm , we obtain that Ê[g(ω̂)−γ /(1−γ )
]
(1−γ )/γ is uniformly bounded

in m. Summing over a and b in (68), we can conclude, if we can show that

lim
m→∞

m−1∑
a=0

∞∑
b=m

Ê[g(ω̂)Ẑ c
a]K

′′(b − a) = 0. (69)
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Note that, since Ê[g(ω̂)] = 1, we can interpret g(ω̂) as a probability density. It has the effect of tilting
down the values of ω̂ while keeping them independent. We have, for any i ≤ m,

Ê[g(ω̂)eβω̂i −λ(β)
] = e−ζm+λ(2β2)−2λ(β2),

where

ζm := λ(2β2) − λ(2β − εm) − 2λ(β2) + λ(β) + λ(β − εm)
m→∞

∼ εm(λ′(2β2) − λ′(β2)).

Recall that β = β(m) = β2 + 1/m2, and in particular that |β −β2| ≪ εm , and hence β can be replaced by
β2 when computing the asymptotic equivalence. Setting δ′′

n = 1{n∈τ ′′} and using Fubini as in (67) as well
as the definition of K ′′, we obtain

Ê[g(ω̂)Ẑ c
a] = E[e

∑a
k=1(λ(2β2)−2λ(β2)−ζm)δk δa] = E′′

[e−ζm
∑a

k=1 δ′′

k δ′′

a ]. (70)

Considering a decomposition over the last renewal point in [0, m − 1], we deduce from (70) that

m−1∑
a=0

∞∑
b=m

Ê[g(ω̂)Ẑ c
a] = E′′

[e−ζm
∑m−1

k=1 δ′′

k ].

Furthermore,

E′′
[e−ζm

∑m−1
k=1 1{k∈τ ′′}] ≤

1
m

+ P ′′(|τ ′′
∩ [1, m − 1]| ≤ (ζm)−1 log m).

Using the same truncation method as in (56), we have

P(τ ′′

k ≥ (m − 1)) ≤
k E[τ ′′

1 ∧ (m − 1)]

m − 1
≤ km−(α∧1)+o(1),

where the last inequality follows from the definition of α. Replacing k by (ζm)−1 log m (which is m1/2+o(1))
and recalling that α > 1

2 , we conclude the proof of (69). □

Appendix B: Proof of Proposition 2.6

Recall that X (1) and X (2) are two independent random walks with distribution P (starting from the origin).
We assume that (X (1)

n − X (2)
n )n≥2 is transient (which is equivalent to β2 > 0).

B.1. Preliminaries. We first prove the inequality (8). Let us denote by Nn :=
∑

k≥n 1
{X (1)

k =X (2)
k }

the
number of collisions after time n. The first thing we want to show is that (recall (6))

−α = lim sup
n→∞

log P⊗2(Nn ≥ 1)

log n
. (71)

The inequality ≤ is an immediate consequence of P⊗2(T ∈ [n, ∞)) ≤ P⊗2(Nn ≥ 1)). For the other
direction, observe that if Nn(log n)2 ≥ 1 then either N1 > (log n)2 or there exists a gap larger than n between
two consecutive collisions, and thus by the strong Markov property,

P⊗2(Nn(log n)2 ≥ 1) ≤ P⊗2(N1 > (log n)2) + log(n)2 P⊗2(T ∈ [n, ∞)).
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Since N1 is a geometric random variable, we obtain

P⊗2(T ∈ [n, ∞)) ≥
1

(log n)2 (P⊗2(Nn(log n)2 ≥ 1) − P(T < ∞)(log n)2
).

Since P(T < ∞) < 1, this allows us to conclude the proof of (71). Next we observe that by the strong
Markov property applied at the first intersection time after n,

P⊗2(Nn ≥ 1) =
E⊗2

[Nn]

E⊗2[N0]
=

∑
k≥n P⊗2(X (1)

k = X (2)
k )

E⊗2[N0]
. (72)

Since the denominator is positive and does not depend on n, we can relate the “tail exponent” for
P⊗2(Nn ≥ 1) to that of a the sequence P⊗2(X (1)

n = X (2)
n ) using the following elementary lemma (the

proof is left to the reader):

Lemma B.1. If ( fn)n≥1 is a sequence of positive numbers such that
∑

n≥1 fn < ∞ and Fn :=
∑

k≥n fk ,
we have

lim
n→∞

log Fn

log n
≤ 1 + lim

n→∞

log fn

log n
and lim

n→∞

log Fn

log n
≥ 1 + lim

n→∞

log fn

log n
.

A particular consequence of the above and of (72) is that

1 + lim
k→∞

P⊗2(X (1)
k = X (2)

k )

log k
≤ lim

n→∞

log P⊗2(Nn ≥ 1)

log n
≤ 1 + lim

k→∞

P⊗2(X (1)
k = X (2)

k )

log k
.

Proving (8) then reduces to proving that

lim inf
k→∞

P⊗2(X (1)
k = X (2)

k )

log k
≥ −

d
η ∧ 2

and lim sup
k→∞

P⊗2(X (1)
k = X (2)

k )

log k
≤ −ν. (73)

The second inequality in (73) follows from the fact that P⊗2(X (1)
k = X (2)

k ) = ∥Dk
∥

2
2 ≤ ∥Dk

∥∞. To prove
the first inequality in (73) we first use Cauchy–Schwarz to observe that, for any x ∈ Zd ,

P⊗2(X (1)
k − X (2)

k = x) =

∑
y∈Zd

Dk(y + x, 0)Dk(y, 0) ≤

∑
y∈Zd

Dk(y, 0)2
= P⊗2(X (1)

k = X (2)
k ).

As a consequence, for every L ≥ 1,

P⊗2(X (1)
k = X (2)

k ) ≥
1

(2L + 1)d P⊗2(|X (1)
k − X (2)

k | ≤ L).

Taking L = k1/(2∧η)+ε/d for ε > 0 arbitrary, we prove below that

lim
k→∞

P⊗2(|X (1)
k − X (2)

k | ≤ k1/(2∧η)+ε/d) = 1, (74)

which implies that for k sufficiently large P⊗2(X (1)
k = X (2)

k ) ≥ (1/2d+1)k−d/(2∧η)−ε and hence, by sending
ε → 0, that the first inequality in (73) holds.
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We can restrict the proof of (74) to the case d = 1. Moreover, the inequality follows from Chebyshev’s
inequality if η > 2. If η ≤ 2, we truncate the increments of X (1) and X (2) at level L = k1/η+ε before
applying Chebyshev’s inequality: given δ > 0 and recalling (1), this yields, for k ≥ k0(δ) sufficiently large,

P⊗2(|X (1)
k −X (2)

k |≥ L)≤ 2k P(|X1|≥ L)+L−22k E[X2
11|X1|≤L ]≤ 2kL−η+δ

+L−22kL2−η+δ
≤ 4kL−η+δ,

from which (74) follows by taking, for instance, δ = η2ε. □

B.2. Proof of Proposition 2.6. The bound p∗(β) ≥ 1 +
1
2(η ∧ 2) is proved as [Junk and Lacoin 2025,

Corollary 2.20] under the assumption that weak disorder holds, so we only have to prove the upper bound
p∗(βc) ≤ 1+1/(ν ∨1). Moreover, if β2 > 0 then by [loc. cit., Corollary 2.11] we have p∗(β2) = 2; hence
p∗(βc) ≤ 2. Therefore we only have to prove p∗(βc) ≤ 1 + 1/ν in the case ν > 1, which we assume in
the following. This claim is a consequence of the following result, which partly generalizes [Junk 2025b,
Theorem 1.2] to the case of an arbitrary reference random walk.

Proposition B.2. If p∗(β) ∈ (1 + 1/ν, 2] then β < βc and limu→0+ p∗(β + u) = p∗(β).

Given T ≥ 0, we set T1 := inf{k ≥ T : X (1)
k = X (2)

k }. Given this value T > 0, we introduce a new
partition function by setting, for t ≥ T and n ∈ N,

Zβ
n (t, x) := E⊗2

[
exp

( n∑
k=1

[β(ωk,X (1)
k

+ ωk,X (2)
k

) − 2λ(β)]

)
1

{T1=t and X (1)
t =x}

]
,

and Zβ
n (t, x) = 0 if t ≤ T − 1. Proposition B.2 follows from the combination of two technical results.

The first one is a bound on E[(W β
n )p

] which is uniform in n and follows from a decomposition of the
squared partition function (W β

n )2. We recall the definition χ(β) := eλ(2β)−2λ(β)
− 1.

Lemma B.3. We have, for any β > 0, n ≥ 0 and p ≤ 2,

E[(W β
n )p

] ≤ E[(W β

T −1)
p
]

∑
j≥0

(
(1 + χ(β))

∑
t≥T

∑
x∈Zd

E[Zβ

T −1(t, x)p/2
]

) j

.

Of course, the above result is meaningful only if∑
t≥T

∑
x∈Zd

E[Zβ

T −1(t, x)p/2
] <

1
1+χ(β)

.

As a consequence of our second technical result, this condition can be satisfied by taking T sufficiently
large, if p lies in a certain range,

Lemma B.4. (i) If p ∈ (1 + 1/ν, p∗(β)), then

lim
T →∞

∑
t≥T

∑
x∈Zd

E[Zβ

T −1(t, x)p/2
] = 0.
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(ii) If the value of T is fixed and p > 1 + 1/ν, then the function

β 7→

∑
t≥T

∑
x∈Zd

E[Zβ

T −1(t, x)p/2
]

is continuous in β.

Proof of Proposition B.2. Assume p∗(β) ∈ (1 + 1/ν, 2]. Since p∗(β) is nonincreasing in β, we need
to show that for any p ∈ (1 + 1/ν, p∗(β)) there exists u > 0 such that p∗(β + u) > p. First, using
Lemma B.4(i), we choose T in such a way that∑

t≥T

∑
x∈Zd

E[Zβ

T −1(t, x)p/2
] ≤

1
4(1 + χ(β + 1))

.

Then, using (ii) and the monotonicity of χ(β), we find u ∈ (0, 1) such that∑
t≥T

∑
x∈Zd

E[Zβ+u
T −1(t, x)p/2

] ≤
1

2(1 + χ(β + u))
.

Finally, we use Lemma B.3 to conclude that

sup
n≥0

E[(W β+u
n )p

] ≤ 2E[(W β+u
T −1 )p

] < ∞. □

B.3. Proof of Lemma B.3. We introduce, for i ≥ 1,

Ti+1 := inf{k ≥ Ti + T : X (1)
k = X (2)

k }.

Given n, j ≥ 1, t := (t1, . . . , t j ) ∈ N j and x := (x1, . . . , x j ) ∈ (Zd) j , we define the event

An, j (t, x) = {∀i ∈ [[1, j]] : Ti = ti and X (1)
ti = xi } ∩ {t j ≤ n}.

For j = 0 we set An,0 = {T1 > n} and define, for j ≥ 0,

Zβ

n, j (t, x) := E⊗2
[

exp
( n∑

k=1

[β(ωk,X (1)
k

+ ωk,X (2)
k

) − 2λ(β)]

)
1An, j (t,x)

]
.

With this notation we have Zβ
t (t, x)=Zβ

t,1(t, x). Since the events (An, j (t, x)) j,t,x partition the probability
space, we have

(W β
n )2

=

∑
j≥0

∑
(t,x)∈N j ×(Zd ) j

Zβ

n, j (t, x).

Note now that Zβ

n, j (t, x) can be factorized using the Markov property for the random walks X (1)

and X (2) at time T j and iterating. Recalling the definition of (23), for j ≥ 0 and t j ≤ n we obtain, setting
(t0, x0) = (0, 0) as well as 1i t = ti − ti−1 and 1i x = xi − xi−1,

Zβ

n, j (t, x) =

( j∏
i=1

θti−1,xi−1Z
β
1i t(1i t, 1i x)

)
θt j ,x jZ

β

n−t j ,0.
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Assuming that p ≤ 2 and combining subadditivity with shift invariance, we obtain that

E[(W β
n )p

] ≤

∑
j≥0

∑
(t,x)

1{t j ≤n}

j∏
i=1

E[Zβ
1i t(1i t, 1i x)p/2

]E[(Zβ

n−t j ,0)
p/2

]. (75)

For the last factor, we now observe that

E[(Zβ

n,0)
p/2

] ≤ E[E[Zβ

n,0 | FT −1]
p/2

] ≤ E[(W β

T −1)
p
],

where for the last inequality we simply used Fubini as follows:

E[Zβ

n,0 | FT −1] = E⊗2
[

exp
( T −1∑

k=1

[β(ωk,X (1)
k

+ ωk,X (2)
k

) − 2λ(β)]

)
1

{∀i≥T :X (1)
i ̸=X (2)

i }

]
≤ (W β

T −1)
2.

Similarly, for each of the factors in the product in (75), we estimate

E[Zβ
1i t(1i t, 1i x)p/2

] ≤ E[E[Zβ
1i t(1i t) | FT −1]

p/2
] = E[Zβ

T −1(1i t, 1i x)p/2
](1 + χ)p/2,

where the factor 1 + χ comes from the fact that X (1) and X (2) collide at time 1i t . Taking the sum over
all ordered sequences of (t1, . . . , t j ) instead of restricting to t j ≤ n, we obtain

∑
j≥0

∑
(t,x)

j∏
i=1

E[Zβ
1i t(1i t, 1i x)p/2

] ≤

∑
j≥0

(
(1 + χ)

∑
t≥T,x∈Zd

E[Zβ

T −1(t, x)p/2
]

)j

, (76)

and hence the desired result follows from the combination of (75)–(76).

B.4. Proof of Lemma B.4. Recall that D is the transpose of the transition matrix of X , and also recall
the definition (29) of µn . We have

Zβ

T −1(T − 1 + s, x)p/2
= (W β

T −1)
p P⊗2

µT −1
(X (1)

s = X (2)
s = x, ∀r ∈ [[1, s − 1]], X (1)

r ̸= X (2)
r )p/2

≤ (W β

T −1)
p(DsµT −1(x))p

= (Ds ŴT −1(x))p. (77)

Setting YT :=
∑

s≥1
∑

x∈Zd (DsµT −1(x))p, the above yields∑
t≥T

∑
x∈Zd

Zβ

T −1(t, x)p/2
≤ (W β

T −1)
pYT ≤

(
sup
n≥0

Wn
)pYT .

To prove item (i) of the lemma, it is thus sufficient to show that

lim
T →∞

E
[
sup
n≥1

(W β
n )pYT

]
= 0. (78)

We are going to show that there exists some C > 0 such that almost surely

YT ≤ C and lim
T →∞

YT = 0. (79)
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The convergence (78) follows from (79) and dominated convergence for P. To ensure domination, we use
the fact that, by [Junk and Lacoin 2025, Theorem 2.1], supn≥1(W β

n ) ∈ L p for p < p∗(β). To prove (79),
we observe that ∑

x∈Zd

(DsµT −1(x))p
≤ min(∥µT −1∥

p
p, ∥Ds

∥
p−1
∞

). (80)

The bound ∥µT −1∥
p
p comes from the fact that convolution contracts ℓp norms and the other bound comes

from the fact that (DsµT −1(x))p
≤ ∥Ds

∥
p−1
∞ DsµT −1(x). Since p > 1+1/ν, the definition of (7) implies

that ∥Ds
∥

p−1
∞ is summable, which implies the first part of (79).

We then note that weak disorder implies limT →∞ ∥µT −1∥p = 0 (this is, for instance, a consequence
of [Comets et al. 2003, Theorem 2.1], which proves that limn→∞ In = 0). Hence, using the dominated
convergence theorem for the sum over s (∥Ds

∥
p−1
∞ is used for the domination), we obtain the second part

of (80).
Now let us prove item (ii), which is an exercise in applying the dominated convergence theorem. For

β ′ < β ′′ and every k and x , we have the bound

(βωk,x − λ(β)) ≤ β ′′(ωk,x)+, (81)

valid on [β ′, β ′′
]. For fixed t ≥ T − 1 and x ∈ Zd , and almost every ω, applying dominated convergence

to P and using (81) as the domination, we obtain that β 7→ Zβ

T −1(t, x) is continuous. Next we apply the
dominated convergence theorem to the counting measure on N × Zd . From (77) we have

sup
β∈[β ′,β ′′]

Zβ

T −1(t, x)p/2
≤ sup

β∈[β ′,β ′′]

(Dt−T Ŵ β

T −1(x))p,

and we have, in the same way as (80),∑
x∈Zd

sup
β∈[β ′,β ′′]

(Dt−T Ŵ β

T −1(x))p
≤ sup

β∈[β ′,β ′′]

(W β

T −1)
p
∥Dt−T

∥
p−1
∞

.

The first term is finite by (81) and the second is summable in t ; hence β 7→
∑

t≥T
∑

x∈Zd Zβ

T −1(t, x)p/2

is continuous for almost every ω. Finally, using the combination of the above inequalities, we have

sup
β∈[β ′,β ′′]

∑
x∈Zd

∑
t≥T

Zβ

T −1(t, x)p/2
≤ sup

β∈[β ′,β ′′]

(W β

T −1)
p
∑
t≥T

∥Dt−T
∥

p−1
∞

.

Since the right side is in L1 (again by (81)), we apply dominated convergence with respect to P to obtain
the claim of (ii). □

Appendix C: Proof of Proposition 2.11

Before starting the proof let us explain its mechanism. Our choice for the distribution of X1 was made so
that it has a varying tail exponent, namely

lim inf
n→∞

log P(|X1| > n)

log n
= −4 and lim sup

n→∞

log P(|X1| > n)

log n
= 0.
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The statement about the lim inf ensures that (Xk)k≥0 is recurrent, which will be proved in Section C.1,
and thus by (5) this implies that β2 = 0 (the fact that βc = 0 is then implied by Theorem 2.9). On the other
hand, the information about the lim sup allows us to replicate the argument given proof given in [Viveros
2023, Theorem 1.1], which proves that f(β) = 0 for all β if the tail distribution of X1 is sufficiently fat.
This is the content of Section C.2.

C.1. Proving the recurrence of (Xk)k≥0. Note that g(x) is symmetric and has a unique local maximum
at zero, and thus P(Xk = x) = g∗k(x) has the same property for every k. This implies that

max
x∈Zd

P(Xk = x) = P(Xk = 0) and P(Xk = 0) ≥ P(Xk+1 = 0).

Using these properties, we have for any choice of N and M

2N∑
i=N+1

P(X i = 0) ≥ N P(X2N = 0) ≥
N

2N + 1
P(|X2N | ≤ N ).

In view of the above, to prove recurrence of X , it is sufficient to show that

lim sup
N→∞

P(|X2N | ≤ N ) > 0, (82)

which we will do by showing that the lim sup is equal to one. In order to estimate P(|X2N | ≤ N ), we
truncate the increments and apply the second moment methods. Given M ≥ 1, we set

X N :=

N∑
i=1

(X i − X i−1)1{|X i −X i−1|≤M}.

Using the union bound and Chebyshev (note that E[|X2
1|] ≤ M2),

P(|X2N | ≤ N ) ≥ P(|X2N | ≤ N ; X2N = X2N ) ≥ 1 − P(|X2N | > N ) − 2N P(|X1| > M)

≥ 1 −
2M2

N
− 2N

∑
|x |>M

g(x).

We take N = M3 and M = ak for k ≥ 1. In that case 2M2/N = 2a−1
k , which converge to zero as k → ∞.

As for the other term, it is bounded as follows:

N
∑

|x |>ak

f (x) ≤ N
∑
i≥k

1
a4

i
≤ 4Na−4

k ≤ 4a−1
k .

Taking k → ∞ this proves (82) and concludes the proof that (Xk)k≥0 is recurrent. □

C.2. Proving that f(β) ≡ 0. Now we replicate the proof of [Viveros 2023, Theorem 1.1] (proved under
a slightly different assumption). Let us consider a large N (whose value will be determined later) and set

VN (x) := E[e
∑N−1

k=0 (βωk+1,Xk+x−λ(β))1{∀k∈[0,N−1]:|Xk−x |≤N 2}],

VN (x) :=
VN (x)

P(∀k ∈ [0, N − 1] : |Xk | ≤ N 2)
=

VN (x)

E[VN (x)]
.
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In words, VN (x) is the partition function started at time 1 from x whose underlying random walk is
conditioned to remain within distance N 2 from the starting point. We have, for any k ≥ 1,

W β

N =

∑
x∈Z

g(x)eβω1,x−λ(β)θ1,x W β

N−1 ≥

∑
|x |≤ak

g(x)VN (x) ≥ g(|ak |)
∑

|x |≤ak

VN (x). (83)

Setting h(N ) = P(∀k ∈ [0, N − 1] : |Xk | ≤ N 2), we can rewrite the sum above as

g(|ak |)
∑

|x |≤ak

VN (x) = (2ak + 1)g(|ak |)h(N )

(
1

2ak +1

∑
|x |≤ak

VN (x)

)
=: (2ak + 1)g(|ak |)h(N )UN ,k .

Now we set N = Nk := ⌈
√

ak−1⌉. With this setup, we are going to show that

lim
k→∞

1
Nk

log[(2ak + 1)g(|ak |)h(Nk)] = 0, lim
k→∞

UNk ,k = 1, (84)

where the second convergence holds in probability. The combination of the two limits in (84) ensures that

lim
k→∞

1
Nk

log
(

g(|ak |)
∑

|x |≤ak

VNk (x)

)
= 0

holds in probability, and hence from (83) we deduce that f(β) = 0 (we obtain ≥ from (83) but the other
inequality is trivial). To prove the first line in (84), we simply observe that (2ak + 1)g(|ak |) is of order
a−4

k−1 (or N−8
k ) and that h(N ) ≥ P(|X1| ≤ N )N does not decay exponentially fast in N .

For the second line, since by construction E[UNk ,k] = 1, we only need to show that the variance goes
to zero. Using the fact that

E[V 2
N (x)] ≤ eN (λ(2β)−2λ(β))

and that V 2
N (x) and V 2

N (y) are independent if |x − y| > 2N 2, we obtain

Var(Uβ

N ,k) ≤ eN (λ(2β)−2λ(β)) 4N 2
+ 1

2ak + 1
,

and the result follows from our choice for Nk . □
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