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The Segre determinant

Elizabeth Pratt

The Segre determinant is a polynomial which encodes the condition for points to lie on a bilinear
hypersurface in the product of projective spaces. We study Segre determinants and compute them in
various coordinate systems. We show that the Segre determinant represents the Chow–Lam form of a
generic torus orbit in the Grassmannian. These Chow–Lam forms were introduced as a generalization of
Chow forms for projective varieties, and enjoy many similar properties. We also present applications to
algebraic vision and to Chow quotients of Grassmannians.

1. Introduction

Fix vector spaces V and W over C of dimensions k and l. Consider r points A1 × B1, . . . , Ar × Br in
P(V )× P(W ). The Segre matrix of this point configuration is the kl × r matrix

...
...

A1 ⊗ B1 · · · Ar ⊗ Br
...

...

 . (1)

It is a flattening of the k × l × r tensor with slices Ai ⊗ Bi . When r = kl, the Segre matrix is square and
we call its determinant the Segre determinant. This determinant vanishes whenever the kl points lie on a
hyperplane section of P(V )× P(W ) in the Segre embedding; hence the name. Indeed, the equation of
such a hyperplane section is in the left kernel of the Segre matrix. We will use Segk,l to denote the Segre
determinant as a polynomial in the coordinates of the points Ai and Bi .

Our aim is to introduce the Segre determinant and give various applications. After establishing its
basic properties (Section 2), we show how it appears in various guises: in algebraic vision (Section 3), as
a Chow–Lam form (Sections 4–5), and in the theory of Chow quotients of Grassmannians (Section 6).

The Segre determinant is a generalization of the classical determinant for k = 1. The special case
k = l = 2 encodes the condition for two configurations of four ordered points in P1 to be the same up to
automorphism; see Example 1.1 below. The case k = l = 3 appears in algebraic vision as a necessary
condition for two configurations of nine ordered points in P2 to be linear projections of a common
configuration of ordered points in P3 [Agarwal et al. 2017].
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Example 1.1. Consider four points[
a1,1

a2,1

]
×

[
b1,1

b2,1

]
, . . . ,

[
a1,4

a2,4

]
×

[
b1,4

b2,4

]
in the surface P1

× P1. The Segre matrix looks like
a1,1b1,1 a1,2b1,2 a1,3b1,3 a1,4b1,4

a1,1b2,1 a1,2b2,2 a1,3b2,3 a1,4b2,4

a2,1b1,1 a2,2b1,2 a2,3b1,3 a2,4b1,4

a2,1b2,1 a2,2b2,2 a2,3b2,3 a2,4b2,4

 . (2)

This expression vanishes whenever the four points in P1
× P1 lie on a common (1, 1)-curve. We collect

our eight vectors into two matrices

A :=

[
a1,1 a1,2 a1,3 a1,4

a2,1 a2,2 a2,3 a2,4

]
, B :=

[
b1,1 b1,2 b1,3 b1,4

b2,1 b2,2 b2,3 b2,4

]
.

Let [i j] denote the six maximal minors of A and ⟨i j⟩ denote the six maximal minors of B. Then
we compute

Seg2,2 = [12][34]⟨13⟩⟨24⟩ − [13][24]⟨12⟩⟨34⟩.

It vanishes whenever the cross-ratio [12][34]/[13][24] of the four points Ai in P1 is equal to the cross-ratio
of the four points Bi in P1. The cross-ratio is the fundamental invariant for PGL2 acting on (P1)4.

The first two sections focus on computations and examples. In Section 2 we prove that the Segre
determinant may be written in terms of the maximal minors of the k ×kl matrix A and the l ×kl matrix B,
generalizing the computation in Example 1.1. These minors generate the invariant rings of SLk and SLl

acting on (Pk−1)n and (Pl−1)n , respectively [Sturmfels 1993, Theorem 3.2.1].
We also discuss how to compute such expressions, which is difficult in practice. This flavor of question

has a long history in classical algebraic geometry, and is related to the problem of synthetic (ruler-and-
compass) constructions. The analogous problem for the Veronese embedding is to figure out when

(n+k−1
k

)
points in Pn−1 lie on a hypersurface of degree k. Pascal’s theorem for k = 2 and n = 3 is the earliest such
result, giving a condition for six points in the plane to lie on a conic. The Bruxelles problem, posed in
1825 by l’Académie de Bruxelles, asks for a synthetic construction to determine when ten points in P3 lie
on a quadric surface (k = 2 and n = 4). This is a significant leap in difficulty, and a construction was only
recently obtained by Traves [2024].

Such a property of a point configuration is SLk-invariant, so we may ask how to write it in terms of
minors of A and B, perhaps thus gleaning some geometric insight. Indeed, Turnbull and Young [1927]
gave an algebraic expression in terms of the 4×4 minors of the 4×10 matrix parametrizing the points. In
this spirit, we present the analogous computation for eight points in P1

× P3 and nine points in P2
× P2

in (9) and (10), respectively.
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Section 3 gives an application of the Segre determinant Seg3,3 to algebraic vision. In this setting, the
Segre determinant is a necessary condition for two distinct configurations of nine ordered points in P2 to
be linear projections of a common set of nine ordered points in P3. Our computation answers a question
of Rekha Thomas about writing this condition in terms of SL3-invariants. This section is completely
independent from Sections 4–6.

Sections 4 and 5 give a geometric interpretation of the Segre determinant for general k and l as
the Chow–Lam form of a torus orbit in Gr(k, kl). The Chow–Lam form was introduced in [Pratt and
Sturmfels 2025] as a generalization of the classical Chow form in algebraic geometry. It associates
to a subvariety of Gr(k, n) a single polynomial which in most cases completely encodes the variety
[Pratt and Ranestad 2025]. These forms first arose in calculations of scattering amplitudes in high-energy
physics. Our main theorem in Section 5 is the following:

Theorem 5.2 (Segre determinant). Suppose k, l ≥ 2 and let n = kl. Fix a point A in Gr(k, n) with nonzero
Plücker coordinates. Then the Chow–Lam form of the torus orbit of A in primal Plücker coordinates B on
Gr(n − l, n) equals the Segre determinant Segk,l(A, B).

In Section 6 we define the Segre coefficient variety. It parametrizes Segre determinants as polynomials
in the B variables as A varies. We show in Theorem 6.2 that every monomial of the form [I1] · · · [Il]

with I1 ∪ · · · ∪ Il = [kl] appears in the linear span of the coefficients of the Segre polynomial. This gives
the following result:

Corollary 6.3. The variety Coeff(Seg2,l) is isomorphic to the GIT quotient (P1)2l//wSL2, where w = 12l

is the linearization.

Thus the Segre determinant uniquely determines torus orbit closures of generic points in Gr(2, n).
However, this fails for k = 3. We give two torus orbit closures with the same Segre determinant
in Example 6.4.

2. Properties and computation

We now discuss the computation of the Segre determinant in various coordinate systems. As in the
introduction, fix vector spaces V and W of dimensions k and l, and let n := kl.

Consider the polynomial rings C[ai j ]1≤i≤k,1≤ j≤n and C[bi j ]1≤i≤l,1≤ j≤n . As in the introduction, we
may collect the indeterminates ai j and bi j into a k × n matrix A and an l × n matrix B. Given a subset
I ∈

(
[n]

k

)
, we define the bracket [I ] to be the determinant of the submatrix of A with columns indexed

by I . Similarly, given J ∈
(
[n]

l

)
, we define the bracket ⟨J ⟩ to be the determinant of the submatrix of B

with columns J . These rings have actions of SLk and SLl , respectively, given by left multiplication of the
matrices A and B. The following is sometimes called the first fundamental theorem of invariant theory:

Theorem 2.1 [Sturmfels 1993, Theorem 3.2.1]. The brackets [I ] generate the invariant ring C[ai j ]
SLk .

We denote the invariant ring C[ai j ]
SLk by Bk,n and call it the bracket algebra. The Segre determinant

lives in the tensor product C[ai j ] ⊗ C[bi j ] of C-algebras. It is separately invariant under the SLk and SLl
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actions on V ⊗W , and thus may be written either in brackets [I ] and indeterminates bi j , or in brackets ⟨J ⟩

and indeterminates ai j . These can be realized concretely as two different block Laplace expansions of the
Segre matrix. The following result states that Segk,l may be written simultaneously in the two systems
of brackets:

Proposition 2.2. The Segre determinant Segk,l is a polynomial of bidegree (l, k) in brackets [I ] and ⟨J ⟩.

The main ingredient in proving Proposition 2.2 is the following:

Lemma 2.3. Suppose that V and W are finite-dimensional representations of groups G and H , respec-
tively. Then

V G
⊗ W H

= (V ⊗ W )G×H . (3)

Proof. The inclusion ⊆ is immediate. For the other, choose a basis α1, . . . , αr for V G and add vectors v j

to extend it to a basis for V . Similarly, choose a basis β1, . . . , βs for W H and add vectors w j to extend it
to a basis for W . We observe that the right-hand side of (3) is contained in the vector space

(V G
⊗ W )∩ (V ⊗ W G)⊆ V ⊗ W.

An element f of the intersection may be written uniquely in each basis as

f =

∑
i≤r, j≤s,

ci jαi ⊗β j +

k∑
i≤r, j>s

ci jαi ⊗w j (4)

=

∑
i≤r, j≤s

di jαi ⊗β j +

k∑
i>r, j≤s

di jvi ⊗β j . (5)

Since the expressions are unique, f =
∑

i≤r, j≤s ci jαi ⊗β j . □

Proof of Proposition 2.2. The proof is mostly type-checking. For clarity, within this proof we use ⊠ when
forming the representation of a direct product of groups. The Segre determinant lives in the coordinate
ring Sym•(V ⊠ W )⊗ · · · ⊗ Sym•(V ⊠ W ) of the product P(V ⊠ W )× · · ·× P(V ⊠ W ). This ring has a
multigrading given by taking the grading in each tensor factor, and the Segre determinant lives in the
component with grading 1n

= (1, . . . , 1). Consider the map of (SLk×SLl)-representations

ψ : (V ⊠ W )⊗n
→ V ⊗n ⊠ W ⊗n,

(x1 ⊠ y1)⊗ · · · ⊗ (xn ⊠ yn) 7→ (x1 ⊗ · · · ⊗ xn)⊠ (y1 ⊗ · · · ⊗ yn).
(6)

There is a map SLk × SLl → GL(V ⊠ W ) given by (A, B) · xi ⊗ y j = Axi ⊗ By j . The image lies in
SLkl = SL(V ⊠ W ). Thus there is an inclusion of invariant vector spaces

ι : ((V ⊠ W )⊗n)SLkl ↪→ (V ⊗n ⊠ W ⊗n)SLk×SLl . (7)

Finally, by Lemma 2.3,

(V ⊗n ⊠ W ⊗n)SLk×SLl = (V ⊗n)SLk ⊠ (W ⊗n)SLl . (8)
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By the first fundamental theorem of invariant theory, the right-hand side of (8) is the algebra generated by
the brackets [I ] and ⟨J ⟩. By (7), the Segre determinant Segk,l lies in (V ⊗n ⊠W ⊗n)SLk×SLl , and applying ι
gives its expansion into brackets [I ] and ⟨J ⟩. Note that the total degree of Segk,l in each set of variables
ai j and bi j is n. Since [I ] has degree k and ⟨J ⟩ has degree l when expanded into these variables, the
bidegree of the Segre determinant is (n/k, n/ l)= (l, k). □

Remark 2.4. The Segre determinant has further symmetries. It transforms equivariantly under the actions
of (C∗)n on Bk,n and Bl,n obtained by scaling columns of matrix representatives. It is also invariant (up
to sign) under permuting the points Ai × Bi and, when k = l, exchanging the roles of Ai and Bi . The
equivariance condition and the degree considerations in Proposition 2.2 are enough to deduce, for example,
that the polynomial Seg2,2 in Example 1.1 is a linear combination of [12][34]⟨12⟩⟨34⟩, [13][24]⟨12⟩⟨34⟩,
[12][34]⟨13⟩⟨24⟩, and [13][24]⟨13⟩⟨24⟩. The subvector space spanned by invariants of the aforementioned
S4 and S2 actions is spanned by

[12][34]⟨12⟩⟨34⟩ + [13][24]⟨13⟩⟨24⟩ and [12][34]⟨13⟩⟨24⟩ − [13][24]⟨12⟩⟨34⟩.

It follows that the Segre determinant is a linear combination of these.

The brackets in Bk,n satisfy certain relations called the Plücker relations, coming from the relations
between maximal minors of a k × n matrix. As the name implies, these are the same relations defining
the Grassmannian in its Plücker embedding. Indeed, ProjBk,n equals Gr(k, n). It is a fact, sometimes
called the second fundamental theorem of invariant theory, that the Plücker relations generate all relations
between brackets [Sturmfels 1993, Theorem 3.1.7]

The bracket algebra comes with a convenient basis in each graded component, which we explain as
follows. A Young tableau is the filling of a partition diagram with entries in [n], allowing repeats. A
semistandard Young tableau has the additional property that the numbers are nondecreasing within each
row and strictly increasing within each column. We call a monomial [I1] · · · [Ir ] in Bk,n standard if
the k × r rectangular Young tableau obtained by stacking I1, . . . , Ir vertically and then transposing is a
semistandard Young tableau. For example, in B2,4 the monomials [12][12] and [13][24] are standard, but
the monomial [14][23] is not. There are 21 degree-2 monomials in total in B2,4, 20 of which are standard.
This use of the term “standard monomial” is consistent with the theory of Gröbner bases: the Plücker
relations form a Gröbner basis for the ideal of relations in Bk,n under tableau order, and these are the
standard monomials [Sturmfels 1993, Theorem 3.1.7].

The semistandard monomials of a fixed degree r form a basis for the degree r part of the bracket
algebra [Sturmfels 1993, Corollary 3.1.9]. The straightening algorithm applies the Plücker relations to
put a polynomial in Bk,n into the unique representation such that every monomial within it is standard.
Note that the Segre determinant is an eigenvector of the torus (C∗)kl acting on either Bk,kl or Bl,kl . Thus
each bracket monomial appearing within it has the same multiset of indices, namely [n]. From here
on when we speak of the “standard basis” we mean the basis of semistandard Young tableaux for the
multilinear component, in which the multiset of the indices is [n].
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Example 2.5. The Segre determinant Seg2,4 has bidegree (4, 2) and a total of 22 monomials in the
standard basis. Its expansion in standard brackets equals

Seg2,4 = −(⟨1235⟩⟨4678⟩ − ⟨1245⟩⟨3678⟩ + ⟨1257⟩⟨3468⟩)[13][24][56][78]

− (⟨1237⟩⟨4568⟩ − ⟨1357⟩⟨2468⟩ + ⟨1345⟩⟨2678⟩)[12][34][56][78]

− (⟨1235⟩⟨4678⟩ − ⟨1236⟩⟨4578⟩ + ⟨1356⟩⟨2478⟩)[12][34][57][68]

+ ⟨1234⟩⟨5678⟩[15][26][37][48] + (⟨1234⟩⟨5678⟩ + ⟨1346⟩⟨2578⟩)[12][35][47][68]

− ⟨1347⟩⟨2568⟩[12][35][46][78] − ⟨1345⟩⟨2678⟩[12][36][47][58]

+ ⟨1256⟩⟨3478⟩[13][24][57][68] − ⟨1246⟩⟨3578⟩[13][25][47][68]

+ ⟨1245⟩⟨3678⟩[13][26][47][58] − ⟨1237⟩⟨4568⟩[14][25][36][78]

+ ⟨1236⟩⟨4578⟩[14][25][37][68] − ⟨1235⟩⟨4678⟩[14][26][37][58]

+ (⟨1234⟩⟨5678⟩ + ⟨1247⟩⟨3568⟩)[13][25][46][78].

(9)

One may in principle compute expressions such as Example 2.5 by intersecting the expressions in
ai j and bi j with the subring of invariants in C[ai j ] ⊗ C[bi j ]. This intersection is typically computed
via elimination algorithms which use Gröbner bases, such as that in [Eisenbud 1995, Section 15.10.4].
However, these are unlikely to terminate. It is far more efficient to leverage the standard basis and use
linear algebra. For instance, to do the above computation we performed the following steps:

(1) Do a block Laplace expansion of the Segre matrix (1) in the [I ] brackets and then straighten to the
14 standard ones.

(2) For each standard monomial T in the [I ] brackets:

(i) Define fT to be the coefficient of T in the variables bi j .
(ii) Write fT = c1⟨1234⟩⟨5678⟩ + · · · + c14⟨1347⟩⟨2568⟩, where the coefficients ci are unknown.

(iii) Choose a random degree-8 monomial m in the bi j appearing in fT . Its incidence vector with the
brackets ⟨J1⟩⟨J2⟩ imposes a linear constraint on the ci .

(iv) Repeat until the coefficients ci are determined.

The final step is linear algebra in a 14-dimensional vector space, so it runs very quickly.

3. An application to algebraic vision

Computer vision is the study of “cameras”, namely linear projections from P3
R to P2

R, and how a computer
gains information from them. A typical computer vision problem is to reconstruct an object in 3-space
from a set of 2-dimensional snapshots. In algebraic vision, the object one is taking a picture of is an
algebraic variety in P3

R, such as a curve or a collection of points. The survey [Kileel and Kohn 2025]
gives a nice overview of this research area. For the rest of this section we work over the field R.

Fix two configurations A and B of eight ordered points in P2. One natural question in computer
vision is: when are they linear projections of a common configuration in P3? To answer this, consider the
9×8 Segre matrix with columns A1 ⊗ B1, . . . , A8 ⊗ B8. This matrix has a 1-dimensional kernel, provided
that the point configurations are sufficiently generic (see [Longuet-Higgins 1981] for the exact conditions).
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The kernel of the Segre matrix lies in P(R3
× R3). It may be viewed as the span of a 3 × 3 matrix, which

we denote by F . Then a necessary and sufficient condition for A and B to have a common recovery is
that F has rank 2 [Longuet-Higgins 1981]. In algebraic vision F is called the fundamental matrix.

If one has instead two configurations of nine points, there is an extra condition, namely, the 9×9 Segre
matrix must have a kernel. In (10) we express the Segre determinant as a polynomial in brackets [I ]
and ⟨J ⟩. This answers a question of Rekha Thomas about how to write the condition using SL3-invariants.
The expression is relatively sparse, with 110 terms total in the standard basis, which has cardinality
422

= 1764. It is computed in the same manner as Seg2,4, described in the discussion after Example 2.5. A
short script reproducing the computation may be found at https://github.com/lizziepratt/SegreDeterminant.

Seg3,3 =[123][456][789]
(
3⟨123⟩⟨457⟩⟨689⟩−⟨123⟩⟨467⟩⟨589⟩+3⟨124⟩⟨356⟩⟨789⟩−3⟨124⟩⟨357⟩⟨689⟩

+⟨124⟩⟨367⟩⟨589⟩−⟨124⟩⟨368⟩⟨579⟩−⟨125⟩⟨346⟩⟨789⟩+⟨125⟩⟨347⟩⟨689⟩+⟨127⟩⟨348⟩⟨569⟩

−⟨134⟩⟨258⟩⟨679⟩−⟨135⟩⟨247⟩⟨689⟩+⟨145⟩⟨267⟩⟨389⟩+⟨147⟩⟨258⟩⟨369⟩
)

+[123][457][689](−3⟨123⟩⟨456⟩⟨789⟩+⟨124⟩⟨368⟩⟨579⟩−⟨126⟩⟨348⟩⟨579⟩+⟨135⟩⟨246⟩⟨789⟩−⟨146⟩⟨258⟩⟨379⟩)

+[123][458][679](−⟨124⟩⟨367⟩⟨589⟩−⟨125⟩⟨346⟩⟨789⟩+⟨126⟩⟨347⟩⟨589⟩+⟨146⟩⟨257⟩⟨389⟩)

+[123][467][589]
(
⟨123⟩⟨456⟩⟨789⟩−⟨124⟩⟨358⟩⟨679⟩+⟨125⟩⟨348⟩⟨679⟩+⟨134⟩⟨256⟩⟨789⟩

−⟨135⟩⟨246⟩⟨789⟩+⟨145⟩⟨268⟩⟨379⟩
)

+[124][356][789](−3⟨123⟩⟨456⟩⟨789⟩+⟨123⟩⟨468⟩⟨579⟩+⟨135⟩⟨247⟩⟨689⟩−⟨135⟩⟨267⟩⟨489⟩−⟨137⟩⟨258⟩⟨469⟩)

+[124][357][689](3⟨123⟩⟨456⟩⟨789⟩−⟨123⟩⟨468⟩⟨579⟩−⟨135⟩⟨246⟩⟨789⟩+⟨136⟩⟨258⟩⟨479⟩)

+[124][358][679](⟨123⟩⟨467⟩⟨589⟩−⟨136⟩⟨257⟩⟨489⟩)

+[124][367][589](−⟨123⟩⟨456⟩⟨789⟩+⟨123⟩⟨458⟩⟨679⟩+⟨135⟩⟨246⟩⟨789⟩−⟨135⟩⟨268⟩⟨479⟩)

+[124][368][579](⟨123⟩⟨456⟩⟨789⟩−⟨123⟩⟨457⟩⟨689⟩+⟨135⟩⟨267⟩⟨489⟩)

+[125][346][789]
(
⟨123⟩⟨456⟩⟨789⟩+⟨123⟩⟨458⟩⟨679⟩−⟨123⟩⟨468⟩⟨579⟩−⟨134⟩⟨257⟩⟨689⟩

+⟨134⟩⟨267⟩⟨589⟩+⟨137⟩⟨248⟩⟨569⟩
)

+[125][347][689](−⟨123⟩⟨456⟩⟨789⟩+⟨123⟩⟨468⟩⟨579⟩+⟨134⟩⟨256⟩⟨789⟩−⟨136⟩⟨248⟩⟨579⟩)

+[125][348][679](−⟨123⟩⟨467⟩⟨589⟩+⟨136⟩⟨247⟩⟨589⟩)+[125][367][489](−⟨134⟩⟨256⟩⟨789⟩+⟨134⟩⟨268⟩⟨579⟩)

−[125][368][479]⟨134⟩⟨267⟩⟨589⟩+[126][347][589](−⟨123⟩⟨458⟩⟨679⟩+⟨135⟩⟨248⟩⟨679⟩)

+[126][348][579](⟨123⟩⟨457⟩⟨689⟩−⟨135⟩⟨247⟩⟨689⟩)−[126][357][489]⟨134⟩⟨258⟩⟨679⟩

+[126][358][479]⟨134⟩⟨257⟩⟨689⟩+[127][348][569](−⟨123⟩⟨456⟩⟨789⟩+⟨135⟩⟨246⟩⟨789⟩)

−[127][358][469]⟨134⟩⟨256⟩⟨789⟩+[134][256][789]
(
−⟨123⟩⟨467⟩⟨589⟩−⟨125⟩⟨347⟩⟨689⟩

+⟨125⟩⟨367⟩⟨489⟩+⟨127⟩⟨358⟩⟨469⟩
)

+[134][257][689](⟨125⟩⟨346⟩⟨789⟩−⟨126⟩⟨358⟩⟨479⟩)+[134][258][679](⟨123⟩⟨456⟩⟨789⟩+⟨126⟩⟨357⟩⟨489⟩)

+[134][267][589](−⟨125⟩⟨346⟩⟨789⟩+⟨125⟩⟨368⟩⟨479⟩)

−[134][268][579]⟨125⟩⟨367⟩⟨489⟩+[135][246][789]
(
−⟨123⟩⟨457⟩⟨689⟩+⟨123⟩⟨467⟩⟨589⟩

+⟨124⟩⟨357⟩⟨689⟩−⟨124⟩⟨367⟩⟨589⟩−⟨127⟩⟨348⟩⟨569⟩
)

+[135][247][689](⟨123⟩⟨456⟩⟨789⟩−⟨124⟩⟨356⟩⟨789⟩+⟨126⟩⟨348⟩⟨579⟩)

−[135][248][679]⟨126⟩⟨347⟩⟨589⟩+[135][267][489](⟨124⟩⟨356⟩⟨789⟩−⟨124⟩⟨368⟩⟨579⟩)

+[135][268][479]⟨124⟩⟨367⟩⟨589⟩−[136][247][589]⟨125⟩⟨348⟩⟨679⟩+[136][248][579]⟨125⟩⟨347⟩⟨689⟩

+[136][257][489]⟨124⟩⟨358⟩⟨679⟩−[136][258][479]⟨124⟩⟨357⟩⟨689⟩−[137][248][569]⟨125⟩⟨346⟩⟨789⟩

+[137][258][469]⟨124⟩⟨356⟩⟨789⟩+[145][267][389](−⟨123⟩⟨456⟩⟨789⟩+⟨123⟩⟨468⟩⟨579⟩)

−[145][268][379]⟨123⟩⟨467⟩⟨589⟩−[146][257][389]⟨123⟩⟨458⟩⟨679⟩+[146][258][379]⟨123⟩⟨457⟩⟨689⟩

−[147][258][369]⟨123⟩⟨456⟩⟨789⟩. (10)

https://github.com/lizziepratt/SegreDeterminant
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Remark 3.1. In principle, one may also compute the rank condition on F in terms of brackets. However,
the degree in brackets gets quite large. For eight points in P2, by Cramer’s rule each entry of F is an 8×8
minor of the Segre matrix of the eight points. Thus one may express the rank condition as a polynomial
of bidegree (8, 8) in the brackets [I ] and ⟨J ⟩ on two copies of B3,8.

We close this section with a theorem which states that in general, existence of a common recovery
implies that the fundamental matrix has rank at most 2. When there are k2 or more points, there is an
additional condition that the Segre matrix must drop rank. Theorem 3.2 is a consequence of the more
general Theorem 2 in [Bertolini et al. 2017] (thanks to Timothy Duff for pointing this out). However, we
include a self-contained proof for our setting:

Theorem 3.2. Let A and B be distinct configurations of k2
− 1 ordered points in Pk−1. Suppose that

there exists a configuration of ordered points C in P2k−3 and linear projections π1, π2 : P2k−3 99K Pk−1

such that π1(C)= A and π2(C)= B. Furthermore, suppose that the points are sufficiently generic for the
kernel of the k2

× (k2
− 1) Segre matrix to be 1-dimensional. Then the kernel F , when viewed as a k × k

matrix, has rank at most 2.

Proof. Our strategy is to construct a matrix F of rank at most 2 such that for each pair (a, b) of
points in Pk−1 which are projections of a common point in P2k−3, the product bT Fa vanishes. Since
bT Fa =

∑
i, j Fi j ai b j , this would imply that the 1 × k2 flattening of F is in the left kernel of the

k2
× (k2

− 1) Segre matrix. We first fix a partial inverse ϕ to π1. Define V :=
∧

π2(kerπ1), which is a
(k−2)-dimensional subspace of Rk . Let M be the map π2 ◦ ϕ. In summary, we have the data in the
commutative diagram

P2k−3

Pk−1 Pk−1

π1

π2
ϕ

M

Then consider the map

F̃ : Gr(1, k) 99K Gr(k − 1, k), x 7→ V ⊕ M(x).

This map is linear in x in the sense that it is componentwise given by linear forms. More precisely,
representing V with a (k − 2)× k matrix and M(x) with a 1 × k matrix of the same names, the dual
Plücker coordinates of F̃(x) are the (k−1)-minors of the (k − 1)× k matrix[

M(x)

V

]
(11)

The map F̃ is thus represented by a matrix, which we will call F . Its base locus is P(V ). Thus the
rank of F is 2 and the image is all hyperplanes in Pk−1 containing P(V )= P(ker F). Now, suppose that
there exists c such that π1(c) = a and π2(c) = b. Then c is in the projectivization of the vector space
ϕ(a)⊕ kerπ1. So π2(c)= b is on the line F(a). In terms of matrices, we then have bT Fa = 0. □
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Remark 3.3. Theorem 3.2 gives a necessary condition for two point configurations to be projections of a
common configuration. Theorem 2 of [Bertolini et al. 2017] proves this is also sufficient, and Section 5.1.2
gives an algorithm for reconstructing the points and projection matrices.

4. The Chow–Lam form

The Grassmannian Gr(k, n) is a smooth projective variety parametrizing k-dimensional subspaces of an
n-dimensional vector space. Each k × n matrix A determines a point of Gr(k, n) via its rowspan. The
Grassmannian is embedded into projective space by taking the maximal minors of matrix representatives;
these are known as (dual) Plücker coordinates of the point.

The rest of this section will explain the Chow–Lam form for subvarieties of the Grassmannian,
building towards Theorem 5.2. The Chow–Lam form was introduced in [Pratt and Sturmfels 2025] as a
generalization of the Chow form from classical algebraic geometry. We briefly recall the setup here. The
input data is a projective variety V ⊂ Gr(k, n) of dimension k(r −k)−1 for some r ≤ n. Then one obtains
the projections in Figure 1, where Fl(k, n − r + k, n) is the partial flag variety parametrizing pairs of a
k-space contained in an (n−r+k)-space in Cn . The Chow–Lam locus CLV is defined as π2(π

−1
1 (V)) in

Gr(n −r +k, n). Note that X is closed, and thus so is its preimage in Fl(k, n −r +k, n). Then since π2 is
a proper map, the Chow–Lam locus is closed in Gr(n − r + k, n). By Lemma 3.2 of [Pratt and Sturmfels
2025], if V is irreducible then CLV is a proper irreducible subvariety of Gr(n − r + k, n). When CLV is
a hypersurface, it is defined by a single equation in Plücker coordinates, which we call the Chow–Lam
form and denote by CLV . If CLV is not a hypersurface, we set CLV := 1.

Example 4.1 (curve in Gr(2, 4)). Let V be a curve in the Grassmannian Gr(2, 4). Here k = 2 , n = 4,
and r = 3. Thus the Chow–Lam locus lives in Gr(3, 4) = (P3)∨. It consists of planes P containing a
line Q in P3 such that Q is a point of V in Gr(2, 4). Figure 2 displays the incidences in P3 and Gr(2, 4).

Let XV be the ruled surface in P3 swept out by all of the lines in V . Then any tangent plane to XV

contains the two lines in XV through the point of tangency; thus the dual surface X∨
V is contained in CLV .

In fact, since they are irreducible varieties of the same dimension, the Chow–Lam locus is precisely X∨
V .

The case k = 1 recovers the classical Chow form for projective varieties. It was introduced by Chow
and van der Waerden [1937] as a way to encode any projective variety by a single polynomial. That is,
given a Chow form of V , one may recover the radical ideal of V . They used this to construct a space
known as the Chow variety parametrizing cycles of a fixed degree and dimension in a projective space.
For an introduction to Chow forms see [Dalbec and Sturmfels 1995].

Fl(k, n − r + k, n)

V ⊂ Gr(k, n) Gr(n − r + k, n)

π1 π2

Figure 1. Definition of the Chow–Lam locus.
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P

Q

XV

Q

Gr(2, P)V

Figure 2. Geometry in P3 (left) and Gr(2, 4) (right).

Unique recovery of a variety fails for the Chow–Lam form even for curves in Gr(2, 4), as one can see
in Example 4.1. The two rulings of XV give two different curves in Gr(2, 4) with the same Chow–Lam
locus. The extent to which one may recover a subvariety of Gr(k, n) from its Chow–Lam form is explored
in [Pratt and Ranestad 2025]. In particular, for curves whose corresponding ruled surface is not a cone, it
turns out that ruling the same surface is equivalent to having the same Chow–Lam form.

To compute Chow–Lam forms, it is convenient to use multiple different coordinate systems on the
Grassmannian. One may parametrize a k-subspace A of Cn as the rowspan of a matrix. Then the entries of
this matrix are called the dual Stiefel coordinates and the maximal minors are the dual Plücker coordinates.
Alternatively, one may represent A as the kernel of an (n −k)×n matrix. In this case the entries are called
the primal Stiefel coordinates and the maximal minors are called the primal Plücker coordinates of A.

We denote the dual Plücker coordinates by qI (A) and the primal Plücker coordinates by pJ (A), where

I ∈

(
[n]

k

)
and J ∈

(
[n]

n − k

)
.

They are related up to sign by taking complements of indices: specifically, if I = [i1 · · · ik] we define

ε(I ) := i1 + · · · + ik − (1 + · · · + k).

Then pI = (−1)ε(I )q[n]\I . If k is close to n then it is more convenient to use primal coordinates. For
example, the ten Plücker coordinates on Gr(3, 5) are

p12 p13 p14 p15 p23 p24 p25 p34 p35 p45,

q345 −q245 q235 −q234 q145 −q135 q134 q125 −q124 q123.
(12)

An important statistic of a subvariety of a Grassmannian is its class in H∗(Gr(k, n),Z). As an abelian
group, this is isomorphic to Z(

n
k) with basis given by the Schubert cycles. We will define these cycles

with respect to intersections with the standard flag and index them using partitions.
Let e1, . . . , en be the standard basis of Cn , and let Ei := span(e1, . . . , ei ). For a partition λ =

(λ1, . . . , λk) fitting inside a k × (n − k) box, define the Schubert variety �λ to be

�λ = {L ∈ Gr(k, n) : dim L ∩ En−k+λi −i ≥ i}. (13)
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The Schubert variety �λ is a closed irreducible subvariety of codimension
∑

i λi . In particular, �∅ is the
class of Gr(k, n) and �k×(n−k) is the class of a point. The class of each subvariety V of Gr(k, n) has a
unique expansion into Schubert classes:

[V] =

∑
λ⊆k×(n−k)

δλ(V) · [�λ].

Let V be a subvariety of Gr(k, n) of dimension k(r − k)− 1. Let α = (n − r + 1, n − r, . . . , n − r). We
take the convention that our parts are weakly decreasing in size. Then any partition with total size equal
to the codimension of V satisfies α1 ≥ n − r + 1, and α is the unique partition for which we have equality.
We set α(V) := δα(V) and call this the Chow–Lam degree of V . Indeed, the name is consistent:

Lemma 4.2 [Pratt and Sturmfels 2025, Theorem 3.5]. Let V be a subvariety of dimension k(r − k)− 1
in the Grassmannian Gr(k, n). The Chow–Lam form CLV is a polynomial of degree α(V) in the Plücker
coordinates on Gr(k + n − r, n).

5. Torus orbits in the Grassmannian

In this section we study torus orbits in the Grassmannian and their Chow–Lam forms. The Grassmannian
Gr(k, n) is equipped with an action of T := (C∗)n . In terms of a matrix parametrization, this may be seen
as scaling the columns of a k × n matrix representative. Given any point A ∈ Gr(k, n), we write TA for
the Zariski closure of the orbit T · A in Gr(k, n). This is a toric variety of dimension at most n − 1. It has
dimension exactly n − 1 if A is general, in particular if the Plücker coordinates of A are all nonzero. As
in the introduction, we fix positive integers k and l and let n := kl.

Example 5.1 (torus orbit in Gr(2, 6)). Let k = 2 and l = 3, and let A be a generic point in Gr(2, 6)
whose Plücker coordinates are nonzero. Then TA has dimension 6 − 1 = 5. The Chow–Lam locus lives in
Gr(3, 6). Following [Pratt and Sturmfels 2025, Example 4.3], it is parametrized in dual Stiefel coordinates
by the matrices a11t1 a12t2 a13t3 a14t4 a15t5 a16t6

a21t1 a22t2 a23t3 a24t4 a25t5 a26t6
y1 y2 y3 y4 y5 y6

 .
Here (t1, . . . , t6) varies over elements of (C∗)6. However, we could also parametrize it in primal Stiefel
coordinates as 3 × 6 matrices B such that, for some t ∈ (C∗)6, we have

b11 b12 b13 b14 b15 b16

b21 b22 b23 b24 b25 b26

b31 b32 b33 b34 b35 b36

 · diag(t1, . . . , t6) ·



a11 a21

a12 a22

a13 a23

a14 a24

a15 a25

a16 a26


= 0.
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Rearranging, we obtain the expression

t1



a11b11

a11b21

a11b31

a21b11

a21b21

a21b31


+ t2



a12b12

a12b22

a12b32

a22b12

a22b22

a22b32


+ t3



a13b13

a13b23

a13b33

a23b13

a23b23

a23b33


+ t4



a14b14

a14b24

a14b34

a24b14

a24b24

a24b34


+ t5



a15b15

a15b25

a15b35

a25b15

a25b25

a25b35


+ t6



a16b16

a16b26

a16b36

a26b16

a26b26

a26b36


= 0.

Thus B is in the Chow–Lam locus of TA in Gr(3, 6) if and only if the Segre determinant Seg2,3(A, B)
vanishes. In dual Plücker coordinates on Gr(2, 6) and primal Plücker coordinates on Gr(3, 6), we obtain
the expression

Seg2,3 = ([12][34][56] + [14][25][36])⟨123⟩⟨456⟩ − [13][25][46]⟨124⟩⟨356⟩ + [12][35][46]⟨134⟩⟨256⟩

− [12][34][56]⟨135⟩⟨246⟩ + [13][24][56]⟨125⟩⟨346⟩.

Suppose that n = kl for some l ≥ 2. Let A be a general point in Gr(k, n). Then the Chow–Lam locus
is a subvariety of Gr(n − l, n). The analysis in Example 5.1 extends to the following result:

Theorem 5.2 (Segre determinant). Suppose k, l ≥ 2 and let n = kl. Fix a point A in Gr(k, n) with nonzero
Plücker coordinates. Then the Chow–Lam form of TA in primal Plücker coordinates B on Gr(n − l, n)
equals the Segre determinant Segk,l(A, B).

We will need tools from later in this section to prove Theorem 5.2 completely. For now, we establish
the following lemma:

Lemma 5.3 (factor of Segre determinant). Fix k, l ≥ 2 and let n = kl. Fix a point A in Gr(k, n) such that
dim TA = n − 1. Then the Chow–Lam form of TA in primal Plücker coordinates B on Gr(n − l, n) divides
the Segre determinant Segk,l(A, B).

Proof. The Chow–Lam locus is the Zariski closure of the set of points B in Gr(n − l, n) which contain
a subspace t · A for some t ∈ T . Representing B in primal Stiefel coordinates and t · A in dual Stiefel
coordinates, we are seeking l ×n matrices B such that B ·diag(t1, . . . , tn) · A = 0. Rearranging, we obtain
the condition that for some t ∈ (C∗)n ,

n∑
i=1

ti (Ai ⊗ Bi )= 0. (14)

If (14) holds, then A1 ⊗ B1, . . . , An ⊗ Bn are linearly dependent. Thus the Chow–Lam form is an
irreducible factor of the Segre determinant. □

Example 5.4. For special matrices A, the Segre determinant becomes reducible and the Chow–Lam
form is one of the irreducible factors. For instance, let A in Gr(2, 4) be any point whose Plücker
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coordinate q12(A) is zero. Then TA is the 3-dimensional variety with ideal generated by q12 and the
Plücker relation for Gr(2, 4). By Example 1.1,

Seg2,2(A, B)= [13][24]⟨12⟩⟨34⟩.

However, the Chow–Lam form of TA in primal coordinates is ⟨34⟩. Indeed, the vanishing of p34 = q12

exactly cuts out the original variety. The extra factor of ⟨12⟩ represents the lines passing through the
singular point A′

:= span(e3, e4) in TA. Indeed, any matrix with p34 = 0 satisfies B · A′
= 0. In terms of

the proof of Lemma 5.3, we have a linear dependence where the coefficients (0, 0, t3, t4) are not in (C∗)4.

To better predict situations like Example 5.4, we will introduce some combinatorial tools to compute the
Chow–Lam degree of TA. The matroid of a point A in the Grassmannian Gr(k, n) is defined by its bases,
namely the collection of indices I ∈

(
[n]

k

)
such that the corresponding Plücker coordinate qI is nonzero.

In general, the variety TA will (up to isomorphism) only depend on the underlying matroid of the point A;
see, e.g., [Michałek and Sturmfels 2021, Proposition 13.12]. Thus we may denote TA by TM , where M
is the matroid of A. We let δλ(M) denote the Schubert coefficient δλ(TM) and call the collection of these
the Schubert coefficients of the matroid M . In particular, α(M) denotes the Chow–Lam degree of TM .

The uniform matroid Uk,n has as its bases all size-k subsets of [n]. It arises as the matroid of a point
whose Plücker coordinates are all nonzero. Klyachko [1985] computed the Schubert coefficients of
the uniform matroid in terms of dimensions of irreducible SLn-representations. His formula involves a
count # SSYT(λ, n) of the number of semistandard Young tableaux of shape λ with entries in [n]. This
formula comes from representation theory; in that context, the number SSYT(λ, n) is the dimension of the
irreducible SLn-representation obtained by applying the Schur functor Sλ to the standard representation
of SLn . The partition complement λc is obtained by removing λ from a k × (n − k) rectangle and rotating
by 180 degrees.

Proposition 5.5 [Klyachko 1985, Theorem 6]. Let λ be a partition fitting in a k × (n − k) rectangle. Then
the coefficient δλ(Uk,n) is

δλ(Uk,n)=

k∑
i=0

(−1)i
(

n
i

)
# SSYT(λc, k − i). (15)

Proof of Theorem 5.2. By Lemma 5.3, the Chow–Lam form divides the Segre determinant. Thus it suffices
to show that the Chow–Lam degree of Uk,n is k. We do this using Klyachko’s formula. The complement
of α = (n − r + 1, n − r, . . . , n − r) in the k × (n − k) rectangle is αc

= (r − k, . . . , r − k, r − k − 1).
Because αc has k parts, the contribution to the sum in (15) is nonzero only when i = 0. The semistandard
condition fixes all but the last column of each tableau of shape αc, giving that α(Uk,n)= k. □

6. The Segre coefficient variety

In this section, we introduce the Segre coefficient variety, which parametrizes Segre determinants of points
in Gr(k, kl). The ambient space of the Segre coefficient variety is the projectivization of the vector space
H 0(Gr(l, kl),OGr(l,kl)(k)) spanned by degree-k monomials in the B-variables. We prove in Theorem 6.2
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that the linear span of these Segre determinants is as large as possible, namely that it equals the multilinear
component. This results in Corollary 6.3, which states that for k = 2, the Segre coefficient variety recovers
the GIT quotient (P1)2l//SL(2) parametrizing configurations of points on the projective line.

Let Gr(k, kl)◦ ⊂ Gr(k, kl) be the Zariski open subset of points whose matroid is uniform. Consider
the map

π : Gr(k, kl)◦ → PH 0(Gr(l, kl),OGr(l,kl)(k)), A 7→ Seg(A, B). (16)

The map π sends a point A to Seg(A, B), viewed as a polynomial in the B-coordinates. While π is defined
without choosing a basis for the target space, it is often convenient to take a basis of standard B-monomials
of degree k for OGr(l,kl)(k), as in Example 6.1. Then π sends A to the vector of A-coefficients of the
standard B-monomials appearing in Segk,l(A, B). We define the Segre coefficient variety Coeff(Segk,l)

as the Zariski closure of the image of π .

Example 6.1 (Segre cubic). From Example 5.1 we get the map

π : Gr(2, 6)◦ → P4

A 7→ ([12][34][56] + [14][25][36],−[13][25][46], [12][35][46],−[12][34][56], [13][24][56]).
(17)

Its image is cut out by the following degree-3 polynomial, which is known as the Segre cubic:

x0x1x3 − x1x2x3 − x0x2x4 − x1x2x4 − x1x3x4 − x2x3x4.

The corresponding variety is the Segre cubic threefold. It is the unique (up to isomorphism) cubic
hypersurface in P4 with ten ordinary double points, the maximum possible [Kalker 1986].

The Segre coefficient variety recovers a known construction for k = 2, namely the GIT quotient
(P1)2l//12l SL2 parametrizing configurations of 2l distinct points on a projective line. This is defined as
Proj R, where R is the graded ring of SL2-invariants of 2l ordered points in P1. This ring is studied by
Howard, Millson, Snowden, and Vakil in [Howard et al. 2012], and they give generators for the ideal
of relations between these invariants. The equivalence of that construction with our construction rests
on Theorem 6.2, which says that the monomials appearing as coefficients of Segre determinants of points
in Gr(k, kl) span the whole multilinear component.

Theorem 6.2. Every monomial of the form [I1] · · · [Il] with I1 ∪ · · · ∪ Il = [kl] appears in the linear span
of the coefficients of the B-monomials in Segk,l(A, B).

Proof. Let V be the vector space spanned by monomials [I1] · · · [Il] such that I1 ∪· · ·∪ Il = [kl]. Suppose
for the sake of contradiction that the coefficients of the Segre determinant do not span V . Then there is a
linear relation among them when Segk,l(A, B) is written in the basis of standard monomials. Thus the
Segre coefficient variety lies in a hyperplane in P(V ).

We show that the Segre coefficient variety does not lie in a hyperplane, so that the assumption is false.
To do this, we will produce a collection of points in Coeff(Segk,l) whose linear span is all of P(V ).



THE SEGRE DETERMINANT 141

Consider the point A in Gr(k, kl) given by the rowspan of a matrix where columns (i −1)l+1 through il
are equal to ei , for 1 ≤ i ≤ k. The Segre matrix in (1) develops a block form in this case. Explicitly, if we
choose the basis e1 ⊗ e1, e1 ⊗ e2, . . . , e1 ⊗ el, . . . , ek ⊗ el for V ⊗ W , then the Segre matrix will have k
blocks of size l × l along its diagonal and be zero elsewhere:

Segk,l(A, B)= det



b11 . . . b1l
...
. . .

... 0
bl1 . . . bl,l

. . .

b1,(k−1)l+1 . . . b1,kl

0
...

. . .
...

bl,(k−1)l+1 . . . bl,kl


.

The determinant (up to scalar) factors as ⟨1 · · · l⟩⟨l + 1 · · · 2l⟩ · · · ⟨(k − 1)l + 1 · · · kl⟩, where as before
the angle brackets are minors of the B-matrix. Thus the Segre determinant of TA is nonzero, so the map π
extends from Gr(k, kl)◦ to A. By symmetry, we may take any point A given as the rowspan of a matrix
whose columns are partitioned into k classes of l pairwise parallel elements. By continuity, the image
π(A) will be in the closure of the Segre coefficient variety. The collection of these points together spans
all of P(V ). □

In the case k = 2, another spanning set of the multilinear component is given by Kempe’s matchings.
These are directed planar graphs with n labeled vertices embedded in a disc, where vertices are in
clockwise order and each vertex has degree 1; see Figure 3.

To each such graph 0 we associate the SL2-invariant

X0 :=

∏
(i→ j)∈0

xi y j − x j yi .

Kempe proved that the set of X0 span the space of invariants of SL2 acting on V ⊗n , where V is 2-
dimensional and SL2 takes the standard action on each component of the tensor product. Furthermore,
the noncrossing matchings, i.e., the planar graphs, form a basis [Kempe 1894]. Denoting the multilinear
component by W , the map

ψ : (V ⊗n)SL2 → W, X0 7→

∏
(i→ j)∈0

[i j] (18)

is an isomorphism of vector spaces. That is, consider the expansion of each Plücker monomial in the
2×2 minors of a 2×n matrix with entries x11, . . . , x2n . Then a set of Plücker monomials is dependent if
and only if the expansions are dependent in C[x11, . . . , x2n]. This identification of vector spaces leads to
the following corollary:

Corollary 6.3. The variety Coeff(Seg2,l) is isomorphic to the GIT quotient (P1)2l//wSL2, where w = 12l

is the linearization.
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Figure 3. Two Kempe diagrams for n = 6.

Proof. Let n := 2l. Let R denote of the ring of invariants of SL2 acting on (P1)n , where we choose the
linearization (1, . . . , 1) of the action. That is,

R :=

∞⊕
d=0

H 0((P1)n,O(d, . . . , d)).

By Kempe’s theorem [1894], R is generated in degree 1; for a more modern proof see [Howard et al.
2012, Theorem 2.1]. Let R(1) denote the degree-1 piece of R. The quotient map Sym(R(1))→ R gives
a map Proj R ↪→ Proj Sym(R(1)). Thus we obtain an embedding of the GIT quotient Proj R into the
projectivization P(R(1)) of the vector space R(1). By ϕ we denote the composition

ϕ : (P1)n 99K (P1)n//SL2 ↪→ P(R(1)).

The stable locus of ϕ contains the dense open subset U of tuples of n distinct points in (P1)n; see, e.g.,
[Dolgachev and Ortland 1988, Section 7.1]. Because U is dense and ϕ is continuous, the Zariski closure
ϕ(U ) is equal to the Zariski closure of the image of ϕ.

Let Mat(2, n)◦ denote 2 × n matrices whose maximal minors are nonzero. By composing with the
projection map from Mat(2, n)◦ to U , we obtain

G : Mat(2, n)◦ → P(R(1)).

This map is invariant with respect to the action of SL2 on Mat(2, n)◦ by left multiplication. Thus it factors
through the Grassmannian Gr(2, n), and in particular through the open subset Gr(2, n)◦ of points whose
Plücker coordinates are nonzero. Let H : Gr(2, n)◦ → P(R(1)) denote the resulting map, of which the
closure of the image is the embedded GIT quotient.

We will show that the closure of the image of H is linearly equivalent to the image of our map π
defining the Segre coefficient variety, which will prove the theorem. Let 01, . . . , 0r be the noncrossing
matchings, whose corresponding invariants span R(1). By composing with the isomorphism ψ from (18),
we may write H in our graphical basis as

Gr(2, n)◦ → P(W ), A 7→

[ ∏
(i→ j)∈01

[i j] : · · · :

∏
(i→ j)∈0r

[i j]
]
,



THE SEGRE DETERMINANT 143

where the [i j] denote the Plücker coordinates of A. These are certain monomials [I1] · · · [Il] where
I1 ∪· · ·∪ Il = [2l]. Theorem 6.2 tells us that every such monomial lies in the linear span of the coefficients
of the Segre polynomial, so the image is linearly isomorphic to the Segre coefficient variety. □

If we drop the assumption that I1 ∪ · · · ∪ Il = [kl] and instead range over all sets {I1, . . . , Il} with
entries in [kl], the collection of monomials [I1] · · · [Il] uniquely determines the torus orbit closure; see,
e.g., [Michałek and Sturmfels 2021, Chapter 13]. However, the Segre coefficient map is not injective on
generic torus orbit closures in general.

Example 6.4 (six points in P2). From Example 5.1 the Segre coefficient map is linearly equivalent to

π ′
: Gr(3, 6)◦ → P4, A 7→ ([123][456], [124][356], [125][346], [134][256], [135][246]). (19)

If we parametrize the Grassmannian by 3 × 6 matrices, then by taking products of 3 × 3 minors as in (19)
the following two matrices have nonzero Plücker coordinates and each go to the point (−2, 2, 9, 2, 8)
under the map π ′:

p =

1 0 0 1 1 1
0 1 0 1 2 4
0 0 1 1 3 5

 , q :=

1 0 0 1 1 1
0 1 0 1 −4 −2
0 0 1 1 −3 −1

 .
However, their torus orbit closures are different. We may see this by noting that [123][145][246][356]

evaluates to −8 for the first point and 4 for the second in the affine chart given by [123] = 1, and is
constant on torus orbits.

Recall that by Theorem 5.2, the Segre determinant computes the Chow–Lam form of a torus orbit
closure. From the point of view of the Chow–Lam form, this gives us a new family of varieties which are
distinct but have the same Chow–Lam form, thus building on the work of [Pratt and Ranestad 2025]. We
hope to explore the case of k = 3 in future work.
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