UANTUM
SSSSSSSSSSSSSSSSSSSSSS







PURE and APPLIED

ANALYSIS

Vol. 1, No. 1, 2019
dx.doi.org/10.2140/paa.2019.1.27

THE QUANTUM SABINE LAW FOR RESONANCES
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We prove a quantum version of the Sabine law from acoustics describing the location of resonances in
transmission problems. This work extends the work of the author to a broader class of systems. Our main
applications are to scattering by transparent obstacles, scattering by highly frequency-dependent delta
potentials, and boundary stabilized wave equations. We give a sharp characterization of the resonance-free
regions in terms of dynamical quantities. In particular, we relate the imaginary part of resonances, or
generalized eigenvalues, to the chord lengths and reflectivity coefficients for the ray dynamics, thus
proving a quantum version of the Sabine law.
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1. Introduction

In this paper we study scattering in systems where the metric or potential has a singularity along an interface.
Metric examples include scattering in media having sharp changes of index of refraction [Cardoso et al.
1999; 2001; Popov and Vodev 1999a], in dielectric microcavities [Cao and Wiersig 2015] and in fiber
optic cables [Elliott and Gilmore 2002]. Schrédinger operators with a distributional potential along a
hypersurface can be used to model quantum corrals, concert halls, and other thin barriers [Barr et al. 2010;
Crommie et al. 1995]. Such potentials are also used to understand leaky quantum graphs [Exner 2008].
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Mathematically, an abrupt change in the index of refraction corresponds to a discontinuity in the metric
along a hypersurface. Scattering in such situations has been studied in [Bellassoued 2003; Cardoso et al.
1999; 2001; Popov and Vodev 1999a; 1999b], while scattering by certain distributional potentials has
been studied in [Galkowski 2014; 2016; Galkowski and Smith 2015]. These types of problems have also
been studied from the point of view of propagation of singularities [Melrose and Taylor 2010; Miller
2000; Weiss and Hagedorn 1985] and quantum chaos [Jakobson et al. 2015].

For a Schrodinger operator, P, on L?(R?) (d odd) it is often possible to prove that solutions, u, to

2+ Pu=0

have expansions roughly of the form

u~ Z e "y, (D)

L€Res

where Res is the set of scattering resonances of P. Thus, the real and (negative) imaginary parts of a
scattering resonance correspond respectively to the frequency and decay rate of the associated resonance
state, e """*u, . This expression is similar to the expansion in terms of eigenvalues that one obtains when
solving the wave equation on a compact manifold. Hence, for leaky systems, scattering resonances play
the role of eigenvalues in the closed setting.

To get a quantitative heuristic for the decay of waves (the imaginary part of resonances), we imagine that

the interface for our problem occurs at 32 for some Q € R We then think of solving the wave equation
Of + P)u=0, ulimo=uo, urli=o=0,

with initial data uy a wave packet (that is, a function localized in frequency and space up to the scale
allowed by the uncertainty principle) localized at position xo € € and frequency & € S9~!. We also
assume that P creates waves with speed c. The solution, u, then propagates along the billiard flow starting
from (xo, &y). At each intersection of the billiard flow with the boundary, the amplitude inside of €2 will
decay by a factor, R, depending on the point and direction of intersection. Suppose that the billiard flow
from (xo, &o) intersects the boundary at (x,, §,) € 92 x Sl n>0. Letl, = |Xn+1 — x5, | be the distance
between two consecutive intersections with the boundary (see Figure 1). Then the amplitude of the wave
decays by a factor [[/_; R; in time ) ;_, ¢~ '1;, where R; = R(x;, &). The energy scales as amplitude
squared and since the imaginary part of a resonance gives the exponential decay rate of L? norm, this
leads us to the heuristic that resonances should occur at

log |R|?
ImA = og| l
2¢c—11

; 2)

where the map ~ is defined by f = % Z,N: 1 fi. In the early 1900s, Sabine [1922] postulated that the
decay rate of acoustic waves in a region with leaky walls is determined by the average decay over billiards
trajectories. The expression (2) provides a precise statement of Sabine’s idea and, because resonances are
a spectral quantity, we refer to such an expression as a quantum Sabine law. We will show in Theorem 1.11
that such a Sabine law holds for many different types of transmission problems.
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R,
R,
R;

Figure 1. Path of a wave packet along with the lengths between each intersection (/;)
and the reflection coefficient at each point of intersection with the boundary (R;). After
each reflection with the boundary, the amplitude of the wave packet inside €2 decays by
a factor of R;. If the speed of the wave is ¢, the time between reflections is given by
C_ll,'.

Although the appearance of scattering resonances in (1) is intuitive, a more mathematically useful
definition of a scattering resonance is as a pole of the meromorphic continuation of

(P—2%)~!

from Im A >> 1. This description allows us to show that the existence of a scattering resonance at A
corresponds to the existence of a nonzero A-outgoing solution to

(P—=22u=0.

By A-outgoing we mean that there exists g € L2, (R?) and M > 0 such that

comp

u(x) = (Ro(M)g)(x), |x[=M.

Here, Ry(A) is the meromorphic continuation of (—A — A?)~! from Im A >> 1 as an operator Ry(}) :
Lgomp(Rd ) — L120 C(Rd ). (For a more complete description of mathematical scattering and further refer-

ences, see [Dyatlov and Zworski 2018].)
We start by considering a few applications of our main theorem (see Theorem 1.11).

1A. Transparent obstacles. Our first application is to scattering by a transparent obstacle, that is, an
obstacle with different refractive index than the ambient medium. In particular, let @ € R? be strictly
convex with smooth boundary, ¢ € R4 \ {1} be the speed of light in €2, and X > 0 be a coupling parameter.
In [Cardoso et al. 1999], Cardoso, Popov, and Vodev show that the set of scattering resonances in this
setting is given by A such that there is a nonzero solution to

(—c2A = 2Hu; =0 in Q,

(—A =2 ur=0 inRY\Q,

Uy =1up on %2, 3)

dyup —Royupy =0 on 92,

ujy is A-outgoing.

We denote the set of such A by A. Here, v denotes the outward unit normal to 92.
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Let 7*9<2 be the cotangent bundle to €2 and B*9<2 denote the coball bundle of 0€2. Let 7z, : T*9Q2— 92
be the projection to the base. Then define r, [y, ry € C*°(B*02) and

1€ CO(T*IQx T*OQ\{(x, &', x,n)) € T OQ x T*IQ}) NC(T*0Q2 x T*IQ)

by
C o VI E =R — g2 S log [r (B (q))?
r(x', &)= - g,z /i, rn(q) = N ,
Rv/e2 — &2 + /1 - |2 SN L B (4)
(g1, q2) = 1T (q1) — 7 (g0, In(q) = == Nq’ 9

where 8 : B*0Q2 — B*9Q2 denotes the billiard ball map (see Section 5) and |¢'|, denotes the norm induced
on the fibers of 7*32 by the metric on RY. Then r is the reflectivity for the transparent obstacle problem.
Note that we take the branch of the square root such that «/—1 =i and place the branch cut on the negative
imaginary axis.

Remark 1.1. « We will use £’ to denote coordinates in the fiber of 7*9$2 and ¢ to denote points in 7*92
throughout this paper.

» Note that the log in the definition of ry appears because we measure exponential rates of decay and the
reflection coefficient acts by multiplication.

Theorem 1.2. Let Q € R? be strictly convex with smooth boundary and suppose that 0 < ¢ # 1, & > 0.
Then for all M, € > O there exists Ly > 0 such that for A € A with Re A > Ag and Im A > —M logRe X,

. . rn
sup inf —e<ImA< inf sup ———— +e€.
N>% lg'l,<1 2¢~ Uy N>O|§/|gl‘; 2c¢~ Uy

Moreover, for every R, ¢ as above, and K > 0, this bound is sharp in the region ImA > —K when
Q=B0,1) CR%

Remark 1.3. ¢ The lower bound in Theorem 1.2 is nontrivial, i.e., |r(x’, §")| > 0, if either ¢ < 1 and

L orc>1and 8 > ¢! This corresponds to transverse electric waves (TE). The opposite case,

N<c™
when there is no lower bound, corresponds to transverse magnetic waves (TM). In the TM case, the angle
at which r(x’, &’) = 0 is called the Brewster angle [Ida 2000, Chapter 13]. At this angle, there is complete

transmission of the wave in the ray dynamics picture.

o The upper bound in Theorem 1.2 is nontrivial if ¢ > 1. When ¢ < 1, Popov and Vodev [1999b] show
that the presence of total internal reflection (see Figure 2) produces resonances {A,}° | with Re A, — 00
and Im A, = O((Re A,,) ™).

e The bounds for resonances given in Theorem 1.2 match our prediction (2). (See also Figure 3 for
numerically computed resonances in the transmission problem.)

Theorem 1.2 improves upon the results of Cardoso, Popov and Vodev [Cardoso et al. 1999; 2001]
by giving sharp estimates on the sizes of the resonance-free regions, as well as expanding the range of
parameters, R, for which we have only a band of resonances.
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incoming ray reflected ray

lgf=ct lgl=c!

incoming ray reflected ray

L\A oQ

c>1

total internal reflection refracted ray

incoming ray reflected ray

c>1

refracted ray

Figure 2. Geometry of reflection and refraction at the boundary of an interface between
a medium with speed of light ¢ and one with speed of light 1. Total internal reflection
occurs when the incoming ray does not project onto the ball of radius 1 in the &’-variable.

1B. Highly frequency-dependent Delta potentials. Let W*>°(02) denote the set of semiclassical pseu-
dodifferential operators of all orders whose seminorms are bounded by a constant independent of 4 so
that 2~V W (3Q) denotes those whose seminorms are bounded by 2~ (see Section 2 for more details).

We next consider operators of the form
—h* A+ h(hdye ® V) = —h* Mg s, (%)

where h € (0, 1] is a semiclassical parameter that should be thought of as the wavenumber (i.e., the inverse
of the frequency), V € h=N W (9Q), and for u, w € C(?O(Rd)

((baa @ V)u, w) := aQ(Vu)(X)w(X) do(x) (6)
and o is the surface measure of 9€2. (See [Galkowski and Smith 2015, Section 2.1] for the formal
definition of this operator.) These operators are used as models for quantum corrals [Barr et al. 2010;
Crommie et al. 1995], as well as concert halls, leaky quantum graphs [Exner 2008] and other thin barriers.

In a typical physical system, the interaction between a potential and a wave depends on the frequency
of the interacting wave. Therefore, we are motivated to consider #-dependent potentials V. Moreover,
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Figure 3. Numerically computed resonances for the transparent obstacle problem with
c=2and X =1 when Q = B(0, 1) C R% (See Figure 10 for other values of ¢ and R.) In
this case, we expand the solutions to (3) as u; (r,0) =), u,-,n(r)e""(’ and solve for some
of the resonances with Re A ~ 500. In the lower graph, the red circles show Im X vs.
Re . The dashed black lines show the upper and lower bounds for Im A (since X is in the
TE range with have both an upper and lower bound) from Theorem 1.2. Notice that by
orthogonality of e and ¢ for m # n, the pair (ul,ne”‘g, uzyne""g) satisfies (3). In the
top graph, the red circles show Im A vs. n/ Re A for such pairs. The dashed curve shows
a plot of (cr1/(211))(c&’), the decay rate predicted for a billiard’s trajectory traveling
with scaled tangent frequency c&’. See the table for the relationship between the points
(ImX, n/ReA) and (cr1/(211)(cE’), c€’) predicted by the quantum Sabine law.

if one considers the delta interaction in one dimension

—A+8(x)®1

and rescales to y = hx, we obtain

—*AS+8(y1 /) ® 1 =—h*0] +hs(y) @1,

which corresponds to V = h~! in (5). The operator (7) describes the quantum point interaction [Miller
2000].
Another motivation for highly frequency-dependent delta potentials is the wave equation

{(83 — A+i(80® ((alx), &) +ap(x)d;)u=F inR?,
FelL? ((0,00), xR, u=0 ont <D0,

comp
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where a, ag € C*°(9€2; R), and the tensor product acts as in (6). Then, taking the time Fourier transform

[e.¢]
Froau(x, A) :=/ em‘u(x, t)dt,
0
gives with A =z/h

(—th — Z2 +z(hdy0 ® ((Zila, hDy,) +aO))]:t—>z/hu =Fi>znF.

Remark 1.4. Note that we have switched the usual convention for the Fourier transform in our definition
of F;_,, so that the integral converges absolutely for Im A > 0.
In [Galkowski and Smith 2015], Smith and the author show that the set of scattering resonances, A (h),
is equal to the set of z such that there is a nonzero solution to
(—h*A—z9u; =0 in Q,
(—h*A —2)u =0 in R\ Q,
ui=uy on 89,
dyuy — dyur+Vu; =0 on oS,
up is z/ h outgoing.
Define
Ajog(h) :={z€ A(h):z€[1=Ch,1+Ch]+i[-Mh logh~!, 0]} (8)

For V € h~NW>®(3Q) with real-valued symbol, o (V), the reflectivity, r € C*(B*3S), is given by
ho (V)
21— &' —ho(V)

with ry(q) and [y (g) as in (4). For a more general definition of » see (18) and for ry see (21).

r(x', &)=

Let W™ (9€2) denote the set of semiclassical pseudodifferential operators of order m (see Section 2)
and Ajoe(h) be as in (8). Next, let

1 . ; .

Ai(s) := Z—/e’<”+”/3> dt, A_(s):=Ai(e*Bs), D_(s):= A" (s)/A_(s), ©
T

0> ¢ > & > ... be the zeros of Ai(s).

Finally, let Q(x, &) € C*®°(T*3%) be the symbol of the second fundamental form to d€2. Then we have:
Theorem 1.5. Let Q@ € RY be strictly convex with smooth boundary, o > —1, and suppose that V
heW ' (9Q) is self-adjoint with o (V) > 0 and o (V) > ¢ > 0 in a neighborhood of {lE'], = 1}.

(1) Suppose that o > —%. Then for all € > 0, Ny > O there exist €] > 0, ho > 0 such that for 0 < h < hg

A (h)c{ImZ<'f rN+}
e m su - €.
log h _NSNl |E/|<1p_51 2ZN

(2) Suppose that —% >a > —1. Then for all e >0, M > 0, there exists hy > 0 such that for 0 < h < hy

hY2Imz hY2Imz

M
Alog(h)CjL:J!Bmin —Gfm < Bmax +€} U {mZBmin —6},

1
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where
2120 (x, £/ 2120 (x, €)1/
, ) inf ,

oot oD@ ER " M T s e (V) E)F

Bmax L

Moreover, these estimates are sharp in the case of 2 = B(0, 1) C R> with V = 1.

Theorem 1.5 verifies several conjectures from [Galkowski 2014] and generalizes the results from
[Galkowski 2016] to arbitrary convex domains. It also provides a second general class of examples that
may have resonances with —Imz/h ~ ch? for some y > 0, that is, resonances converging to the real
axis at a fixed polynomial rate, but no faster. Compared to the work in [Galkowski 2014, Theorem 5.4],
Theorem 1.5 allows for potentials that depend more strongly on frequency. When the dependence is
strong enough (a <-— g) the new phenomenon of a band structure appears. (See Figure 4 for a schematic
of the results of the theorem.)

Remark 1.6. « Under the pinching condition,
Bmin = Im®_ (; j)
Bmax Im®_ (;H—l) ’

there is a gap between the j-th and (j+1)-th band of resonances given by Theorem 1.5 for o < —%. For

r

N
sup T
B B, By B B, & lg<1-8"V Re:
[ [ [
[ A [ [
[ A [ [
[ A N [ [
[ A [ [
[ I R | (] (] 5
| 11 [ | [} (] Imz o>-—-—=
[ B R 1 1 6
[ A N [ [
[ A I [ [
[ A N [ [
[ A N [ [
[ N T [ [
N
sup T
g lg<1-8"N B B, By B B, Rez
[ [ [
[ [ [
[ [ [
[ [ [
[ [ [
! I [S] [B] 5
o= — i i Imz o¢<--=>
a1 [ | 6
[ [ [
[ [ [
[ [ [
[ [ [
[ [ [

Figure 4. Schematic representation of the resonance-free regions from Theorem 1.5 for
o > —% on the top and o < —% on the bottom. Resonances lie in the dark gray bands,
Bj :={Bmin —€ < (h*3Imz)/(m ®_(j)) < Bmax + €}, or the light gray shaded region,
but not in the white regions. Note that the bands start to group closer together as they
go deeper into the complex plane. Thus, there will be only a finite number of bands if
Bmax /Bmin # 1. See also Figures 6 and 7 for numerically computed resonances in the
case of the disk where Bpyax /Bmin = 1 when V = h*
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0 T T T T T
— Im®_(5) <

-—- ==

Figure 5. Graphs of Im ®_ (solid) and —+/—s (dashed). The black dots are placed at (;, Im ®_(¢;)).

a plot of Im ®_ (s), see Figure 5.
¢ To see that the resonance bands in Theorem 1.5 for o < —% agree with those in [Galkowski 2016],
observe that

A" (&) 27 Ai' (5) AL () 27 Ai'(§7) Ai'(g)) 1

A_(¢)) eSmi/6 T 2JA_(HAICHPQ) T ST A_(5)3 A

1C. Boundary stabilization problem. Our final application of Theorem 1.11 is to a boundary stabilized
wave equation

@ —Au=F in Q,

opyu +a(x)o,u=0 onas2,

u=0 ont < —1,

FelL2 ((0,00); xRQ),

comp

(10)

with 0 < a(x) € C*°(9R2; R). It is not hard to see that the energy
E(t) = 5(1ul® + | Vul|*)

for the corresponding initial value problem is nonincreasing. The study of (10) has a long history; for
instance, see [Bardos et al. 1992], where Bardos, Lebeau, and Rauch give nearly sharp conditions on a to
guarantee exponential decay of the energy.

Here, we impose the strongly dissipative condition 0 < ag < a and study the asymptotic (|[Re A| > 1)
spectral gap for the corresponding stationary problem. That is, taking the Fourier transform in time, we
study

{( (—A =) Fu=F_F inQ, an

0y —ira(x))Fi—,u=0 on 0€2.
Cardoso and Vodev [2010] showed the existence of a spectral gap in a much more general, but still
strongly dissipative, situation. Here, we give estimates on the size of the gap. Let A denote the set of A
such that (11) has a nonzero solution. The reflectivity, r € C°*°(B*d€2), for this problem is given by

VI1-E]: —alx)

r(x' &) =
a(x)++v1- |$/|§
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Figure 6. Resonances for the delta potential on the circle with Re A ~ 10% V = (Rer)™@
and several . The plots show Im A vs. Re A in each case. The solid black line shows the
(logarithmic) bound for resonances coming from nonglancing trajectories and the dashed
black lines show the first few (polynomial) bands of resonances from near glancing
trajectories. Since the solid black line is above the dashed black lines at o = —%, it is
necessary to go to still larger Re A to see the transition to resonances with fixed-size
imaginary parts. However, at @ < —2, we start to see better agreement with the bands of
resonances predicted in Theorem 1.5.

and [y, ry asin (4).

Theorem 1.7. Let Q € R? be strictly convex with smooth boundary and a(x) > ag > 0. Then for all
€, M > 0 there exist Ag > 0 such that for . € A with |Re | > g and Im A > —M log|Re A|,

. rn . N
sup inf — —e<ImA< inf sup — +e. (12)
N>% 1&,<1 2l N>0 |§/|g§1 21y
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Figure 7. Plot of resonances for the delta potential on the disk with V = ReX. In
particular, we show log(Re 1) vs. log(—Im 1) for Re A ~ 10°. The bands predicted by
Theorem 1.5 are shown by the black dashed lines.

Theorem 1.7 can also be obtained from the results of [Koch and Tataru 1995]. Indeed, the result
contained there actually implies a stronger estimate than (12) in the case of (11). We include this
application to give a new proof of those results in this special case and to show that our analysis may be
applied even to nontransmission problems. Moreover, note that the operator ad, can be replaced by a
much more general pseudodifferential operator and our methods still apply.

1D. The general setup: a generalized boundary damped wave equation. Theorems 1.2, 1.5, and 1.7
are a consequence of analysis of the boundary damped problem
{(—hZA —Pu=w inQ,

(13)
ho,u + Bu = hv on 0€2,

with Re z ~ 1. Here, the operator B plays the role of damping waves upon interaction with the boundary
and encodes the interaction with the exterior of 2 in the case of scattering problems.
Let No(z/h) denote the outgoing Dirichlet-to-Neumann map for R? \ , that is, the map given by

C>®(Q2) > f — —0,u, where u solves

(=h’A=7u=0 inR\Q,

ulpe = f,

u is z/ h outgoing.
We assume that B = hN,(z/h)+hV (z), where V is in a certain second microlocal class of pseudodiffer-
ential operators which we specify later.
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Remark 1.8. By replacing h=hE, B(h) = EB(ﬁ/E), and 7 = Ez we may work with Re z ~ E. Notice
that z/h = Z/h so operators that are functions of z/h do not change under this rescaling.

We first introduce some notation. Let
Dy(h):=[1—h,14+h]+i[-Mhlogh™"', Mhlogh™'].

Let y : H*(RY) — H*712(3Q), s > %, be the restriction operator. Then the single-layer operator is
given by
G(z/h) :==yRo(z/h)y".

Recall that Ry(1) is the meromorphic continuation of (—A — 22)~1. From [Galkowski 2014, Lemma 4.25;
Hassell and Zelditch 2004, Proposition 4.1] (see also Lemma 7.3), we have

G(z/h) = Ga(z/h) + Gp(z/h) + G4(2/ h) 4 Op (9ay— @0y (h™),

where G is pseudodifferential, Gp is a semiclassical Fourier integral operator associated to the billiard ball
map (see Section 2 for the definition of semiclassical Fourier integral operators), and G, is microlocalized
near |§'|, = 1. Let m > 0 and \I!g}’;f (I€'|; = E') denote the set of pseudodifferential operators that are
second microlocalized near |§'|, = E (see Section 4).

We now introduce assumptions on V. Suppose a; € R, @ > —1, E’ e R\ {1}, § >0, M, My, M > 0,
O<e< % Let (-) € C®(T*02) be given by (¢') := (1 + |5/|§)1/2. We assume that

V=aiNG/h)+Vi. Vieh* W), =E), Visellipticon ||§'],—1] <5,  (14)

‘1-1— ho (V) >8<< hlte >+<$/>m—1> '], > 1+ M2
2/ig2 -1l \\WigE -1 )

1+ (15
hio (V) < h'Te > ,
I+ ———| > ——=), €'y < 1—h°,
‘ 21— 12 W1 g2 ’
V() is an analytic family of operators for z € Dy, (h), (16)
ho (V
10g(1 + %) exists and is smooth on 792\ {|§'|, < M>}. (17)
€12 -1

We say that AV(ay, «, E',m, 8, M, My, M>, €) holds when (14)—(17) hold.

We now give a heuristic understanding of (14)—(17). The assumption (14) describes the structure of
the operator V in particular, allowing us to include copies of N,(z/(hE")), which encodes the exterior
behavior of waves at speed ~/E _1. We assume that V is elliptic on |§'|, = 1, the glancing set for the
problem inside €2, to simplify some of our analysis and guarantee that glancing effects play a nontrivial
role in the analysis. Notice in particular that if WF,(V) N {|§'|; = 1} = @, then waves near glancing
escape 2 essentially without reflection. This ellipticity assumption is not necessary for our analysis, but
since the main advantage of the present paper over [Galkowski 2014] is the analysis near glancing, we
include it to simplify our presentation.
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Next, (15) guarantees that the problem is locally elliptic in the sense that if a singularity emerges from
(x', &") € T*32, then there must be a singularity coming into (x’, £"). That is, the boundary cannot produce
singularities spontaneously. Furthermore, this guarantees that there are no solutions microlocalized in the
elliptic region |£'], > 1.

Finally, (16) and (17) are used to guarantee that the resolvent operator corresponding to (13) is
meromorphic and hence that it makes sense to discuss its poles.

Remark 1.9. « For the definition of ellipticity of V, see Sections 2C2 and 4A1.

» These are not quite the most general assumptions we can make on V, but in practice all situations we
have in mind fall into this category. For the most general assumptions, see (65) and for the statement of
the theorem in that case, see Theorem 9.11.

» We make the assumption that V is elliptic near glancing so there is no rapid loss of energy near
glancing. We could remove this assumption, but there would be no new phenomena and the analysis near
glancing would be more complicated.

o The final assumption (17) (used to prove that the underlying problem is Fredholm) is satisfied for
example when m < 1, or when m > 1 and for some 6 fixed and 6(17) real-valued

a(V)=e%a(V), £, > Ma.

Lt x € C°(R) with x = 1 near 0, and define

Xe €CTTIQ),  Xe(x, &) :=1- X(ﬂ),

hE
R:=—(U+G{*VG/)'GY*VG{* Opn(xe), (18)
T() =G, *(@)Gs(2)G, (), (19)

where Gp is the Fourier integral operator component of G(z). (See Section 2 for an explanation of the

quantization procedure Opy.) Note also that the inverse (I + GIA/ 2VG]A/ 2)_1 makes sense microlocally on

supp xe by (15).
Let 6 denote the compressed shymbol (see [Galkowski 2014, Section 2.3] or Section 3). Then let
Iy, rv() : B*0Q2 — R be

1 N
la, ) i=m(@) = @)l Iv@) =5 D 1B @), B, (20)
k=1
Imz 1 - SN N
rn(g) == =In(@) + 55 1og 5 (RT (@)Y (RT(2))(q) 21)

(recall that B*92 is the coball bundle of the boundary and g is the billiard ball map). The term (Imz/h)ly
in (21) serves to cancel the growth of 7' (z) in the definition of ry.

Remark 1.10. Note that we use the notion of the compressed shymbol instead of a variable order symbol
since we do not wish to make any a priori assumption on how the symbol of V varies from point to point.
Moreover, the order of the symbol will vary also as a function of Im z.
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In fact, for 0 < N independent of 7 we have
1 2
N g) = 5o Z] log|(6 (R) 0 B" () + O(h'* V1727, (22)

where Ir(q) is the local order of R at g (see [Galkowski 2014, Section 2.3] or Section 3). The expression

(22) illustrates that ry is the logarithmic average reflectivity over N iterations of the billiard ball map.
Let

—h2A — 22

P(Z)::< 3, + B

) CHER(Q) = HY(Q) @ Hy P10 (0 (23)

where H;" denotes the semiclassical Sobolev space with norm
lull g == [1{R D) ] 2. (24)

(See [Zworski 2012, Section 7.1] for a more precise definition.) Let ®_(s) and ¢; be as in (9) and
0 € C>®(T*9R2) be the symbol of the second fundamental form to 92 (as in Theorem 1.5), and define
fi(-;h) e C®(T*0Q2) for j =1,2,... by

0(q)((2hQ(g))' (14 a) Im ®_(§;) + 0 (hIm V1)(q))
lo(hV)(@)I?

filg; h) =

Let $*92 denote the cosphere bundle of 0€2 and

. _ Imz _

Bj+(e,C; h):= iz € Dy (h) : Sl*%g(jj'(q; h)—Ch %) (1Fe) < > < sup (fj(g; h)+Ch™*)(1 j:e)}.
5+

Then Theorems 1.2, 1.5, and 1.7 are a consequence of the following:

Theorem 1.11. Let Q € RY be strictly convex with smooth boundary. Fix ¢ >0, M > 0, Ni, N, > 0,
m > 0 and suppose that AV(ay, a, E', m, 8y, M, My, M, €q) holds. Then there exist ho >0, C,c, N >0,
so that if 0 < h < hg, z € Dy (h),

rnN Imz . rn
— < sup n — (1 —€¢) or —— > inf sup —(1+e), (25)
h N<N; |&"g<1—h®0 211\/ h N<N; &) <1—h0 2LN

+Imz >0, z ¢ U2, Bj+(e, C: h), and

Imz o
e > sup (fa,+1(q; h) +Ch™)(1 L ¢),
S*9Q

then P(z) is invertible, and if P(z)u = (8), then
lulagll g < ch™ [[v]l 2. (26)

Observe that Theorem 1.11 (in particular, (25)) takes the same form as (2). Thus, the poles of P(z)~!
are controlled by the average reflectivity in the hyperbolic region. To see that this continues up to the
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glancing set and hence that Theorem 1.11 is a quantum version of the Sabine law, observe that (2) matches
(25). Moreover, using Lemma 5.3, that V' is elliptic near |£'|, = 1 and
o(hV)

21— ER=hV’

we have that for g = (x, §') € B*3Q with /1 — |§'|7 < h'*®

o(R) =

log[RB@H> —0@x, EN/1—|E2—ImhV) o
= h o 1_ 12 ’ 27
21(q, B(q)) lo (hV) 2 +o( JI—€P) (27)

where, as above, Q(x, &) is the symbol of the second fundamental form to 2. Now,
Im®_(s) ~—+/—s, s— —00 (see Figure ).
Therefore (27) matches the bounds in Theorem 1.11 modulo:

(1) Modes cannot concentrate closer than h%/3 to {|€/] ¢ = 1} (the glancing set).

(2) A quantization involving the zeros of the Airy function happens at scale #2/3 near glancing.

(3) —+/—s is replaced by Im ®_(s).

1E. Outline of the proof. Proving Theorem 1.11 amounts to understanding the location of resonances,
which correspond to z such that P(z) is not invertible. We proceed by proving the estimate (26) on
solutions to (13), which implies an estimate on P(z)~L

To avoid analyzing the microlocally complicated interior Dirichlet-to-Neumann map, we change the
boundary condition. In particular, we have

I+ GV)y =Go. (28)

We then proceed similarly to [Galkowski 2014] and decompose the boundary microlocally into the
hyperbolic, glancing, and elliptic regions given respectively by

H={(x,§)eT 9Q:|&|, <1—h},

G={(x, 8N eTQ:||&|, — 1] <h°},

E={(x,§)eT Q& = 1+h°}.

Then, letting 1 be an operator microlocally equal to the identity on U and U’ be a slight enlargement
of U, we have

(I —=1y)Gly = Oy-=(h™),

where U is any of H, G, or £. This allows us to work with each region separately.
For notational convenience, let ¢ = u|yq and recall that

Peu=(}): 29)
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where P(z) is as in (23). We first consider £. Here, G is a pseudodifferential operator and our assumptions
on V allow us to prove estimates on 1¢ in terms of v. We then consider the hyperbolic region, . Here
the situation is more complicated because G consists of two pieces: G, a Fourier integral operator (FIO)
associated to the billiard ball map, and Ga, a pseudodifferential operator. Using the calculus of FIO’s, we
are able to reduce estimating solutions to (28) microlocally in  to estimating solutions to

(I — (RT)M)u = Av

for some A. Then, again using the calculus of FIOs, we see that I — (RT)" is microlocally invertible
under the conditions given in (25).

Up to this point, the analysis in the present paper requires only minor changes from that in [Galkowski
2014]. However, the analysis near glancing is substantially different and heavily uses the microlocal
model for G and S¢ := 1qRy(z/h)y™ near glancing given in [loc. cit., Section 4.5]. The analysis in
[loc. cit., Chapter 5] uses only the microlocal model for G and does so simply to obtain a norm bound on
G near glancing. Here we use the precise microlocal properties of G and S¢ near glancing.

We start by analyzing I + GV as a second microlocal pseudodifferential operator on

Gyi={(x,&)eT*dQ: 1 — MR*3 < |g'|, < 1 + k),

which is the microlocal region closest to glancing. When « is sufficiently small (a < —%), we see that
I + GV is elliptic on G, outside of a union of #%/3 thickened hypersurfaces given by
N 2 — 1 23
. _ - / *90) - g _ _
gn .—jL_JlQ,, g .—{(x,S)eT 082 ‘(2Q(x,§’))2/3 h='>¢;

< 8h2/3}.

Since we have microlocal invertibility on G off of Gy, resonance states must concentrate on Gy. This is
the quantization condition which occurs at scale 7%/3,

To get this quantization property, we have used the microlocal structure of G. To obtain estimates the
remaining part of ¥, i.e., on ¥, := (1g, + 1g_ ), where

G i={(x,&)eT*IQ: |£|, < 1— Mh*3),

we will use the microlocal structure of S¢.
We have that u solves (29). Integrating by parts in €2, we have

(ZRezImz

0 lull7, — Im(B, 1//)) = —Im(hv, ¥). (30)

Then, letting D¢ denote the double layer potential and using a classical boundary layer formula, together
with the boundary condition from (13), we have

u=h"'8hd,u—Dlu=—(h"'SEB+DY +Slv=—8LVY +Slv.

So, we can write u in terms of i via the boundary layer potential, S£. Another technical innovation in our
proof is to use the model for S¢ near glancing to identify S£*S¢ as a second microlocal pseudodifferential
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operator on G. We are then able to apply the sharp Garding inequality to obtain upper and lower bounds on

(ZRezImz

- ||ug||iz—1m<3wg,wg>),

where u, = —h~lse V.. Together with (30), this allows us to estimate ¥, in terms of v.

Combining the estimates on &£, G, and H, we are able to estimate ¥ in terms of v. In order to prove
that condition (3) of Theorem 1.11, together with (25), implies (26), we refine our estimates on G when
[Imz| > ch" for some N > 0.

Because we have polynomial bounds on the interior Dirichlet-to-Neumann map, Ni(z/h), in this
region and since (N| + N»)G =1 = G(N| + N;), we are able to show that if

(I+GV)Y =w,

then there exists v = (N + Nz)w such that (1 + GV)& = Gv and hence there exists & solving (13) with
v replaced by (N1 + Ny)w = 02, ;2(hV)w.

Returning to the original problem, (I +GV)y = Gv, we see that for § small enough, G; are separated
by 8h?/3, Hence, we can find ¥; microlocalized Sh%/3_close to G; such that

I+GVyyj=wj, |wjll <Ch Y|

Therefore, we can find u; solving (13) with u;[3o = ¥; and v = v; = h(N; + N»)w; and, repeating the
analysis above using boundary layer operators, we can obtain estimates on ;. Together with knowledge
of the symbol of N, and of S€*S¥, this finishes the proof of Theorem 1.11.

1F. Organization of the paper. The paper is organized as follows. We start by introducing the necessary
standard semiclassical tools as well as the shymbol from [Galkowski 2014] in Sections 2 and 3. Then in
Section 4, we introduce the second microlocal calculus from [Sjostrand and Zworski 1999]. We conclude
the preliminary material with Section 5 where we introduce the billiard ball flow and map.

As a guide for the general case, Section 6 analyzes the single- and double-layer potentials, respectively

SEA) f (x) 1=/ Ro()(x, y) f(»)dS(y), x €,
0 31)

DU f(x) 1= fa 0 R, D) AS0). ¥ €,

and operators, respectively
GO f = [ RIS, xeon,
92

N f(x) = /(;Q 3, RoW) (x, ) f(y)dS(y), x €0,

in the special case of the Friedlander model. Section 7 contains the analysis of the boundary layer potentials
and operators in the general strictly convex case. Next, Section 8 gives the proof of Theorem 1.11 including
the Fredholm property and meromorphy of the resolvent for P. Sections 10, 11, and 12 respectively contain
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the necessary material to deduce Theorems 1.2, 1.5, and 1.7 from Theorem 1.11. Finally, Section 13
gives the proof that Theorem 1.2 is sharp in the case of the unit disk.

2. Semiclassical preliminaries

In this section, we review the methods of semiclassical analysis which are needed throughout the rest of
our work. The theories of pseudodifferential operators, wavefront sets, and the local theory of Fourier
integral operators are standard and our treatment follows that in [Dyatlov and Guillarmou 2014; Zworski
2012]. We introduce the notion shymbol from [Galkowski 2014], which is a notion of sheaf-valued
symbol that is sensitive to local changes in the semiclassical order of a symbol.

2A. Notation. We review the relevant notation from semiclassical analysis in this section. For more
details, see [Dimassi and Sjostrand 1999; Zworski 2012].

2A1. Big O notation. The O(-) and o(-) notations are used in this paper in the following ways: We
write u = Oy (F) if the norm of u in the functional space X is bounded by the expression F times a
constant. We write u = oy (F) if the norm of u has

)l
S—> S50 F(s) -

where s is the relevant parameter. If no space X is specified, then u = O(F) and u = o(F) mean

U@ <CIFE)] and  lim l;((?)|=0

(32)

respectively.

2A2. Phase space. Let M be a d-dimensional manifold without boundary. Then we denote an element
of the cotangent bundle to M by (x, ), where £ € T M.

2B. Symbols and quantization. We start by defining the exotic symbol class f'(h)S5'(M).

Definition 2.1. Let a(x, &; h) € C®(T*M x [0, hy)), f € C®((0, hp)), m € R, and § € [0, ). Then,
we say that a € f(h)S5'(T*M) if for every K @ M and ¢, r multi-indices, there exists Cc x such that

105977 a(x, &; h)| < Cogi f()h™ISHIZD gyl (33)

We define S5°:=J,, S§'. S5 :={,, S§' and when one of the parameters § or m is 0, we suppress it in
the notation.
We say thata(x, &; h) € Sgomp(M ) if a € Ss(M) and a is supported in some /i-independent compact set.

This definition of a symbol is invariant under changes of variables (see for example [Zworski 2012,
Theorem 9.4] or more precisely, the arguments therein).
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2C. Pseudodifferential operators. We follow [Zworski 2012, Section 14.2] to define the algebra W' (M)
of pseudodifferential operators with symbols in S§'(M). (For the details of the construction of these
operators, see for example [loc. cit., Sections 4.4, 14.12]. See also [Hormander 1985a, Chapter 18;
Grigis and Sjostrand 1994, Chapter 3].) Since we have made no assumption on the behavior of our
symbols as x — 00, we do not have control over the behavior of \IJ(’;(M ) near infinity in M. However,
we do require that all operators A € W5'(M) are properly supported. That is, the restriction of each
projection map 7, 7wy : M X M — M to the support of K4(x, x’; h), the Schwartz kernel of A, is a
proper map. For the construction of such a quantization procedure, see for example [Hormander 1985a,
Proposition 18.1.22]. An element in A € Wg" (M) acts Hy (M) — H}fIO"C’(M ), where Hyj | (M) denotes
the space of distributions locally in the semiclassical Sobolev space H; (M). The definitions of these
spaces can be found for example in [Zworski 2012, Section 7.1]. Finally, we say that a properly supported
operator, A, with
A:D'(M)— C®(M)

and each seminorm O(h°°) is Oy - (h*). We include operators that are Oy -~ (2°°) in all pseudodifferen-
tial classes.
With this definition, we have the semiclassical principal symbol map

o W (M) — SI(M) /RS (M) (34)
and a noncanonical quantization map
Opn @ S§' (M) — W§'(M)

with the property that o o Opy, is the natural projection map onto S§'(M)/ h!1=2 S(’S"_1 (M).
Henceforward, we will take o (A) to be any representative of the corresponding equivalence class in
the right-hand side of (34). We do not include the subprincipal symbol because then the calculus of
pseudodifferential operators would be more complicated. With this in mind, the standard calculus of
pseudodifferential operators with symbols in S§' gives for A € \Ilg“ (M) and B € ID;"Z (M),

0 (A*) =0 (A) + Ogn-1,, (h' ),
§

(M)

0 (AB) =0 (A)o (B) + Ognysm-1 ,, (B 7),
8

(M)(
o ([A, B]) = —ih{o (A), 0 (B)} + Ognysm 2y (R*172V).
Here { -, - } denotes the Poisson bracket and we take adjoints with respect to L>(M).

2C1. Wavefront sets and microsupport of pseudodifferential operators. In order to define a notion of
wavefront set that captures both i-microlocal and C* behavior, we define the fiber radially compactified
cotangent bundle, T*M, by T*M = T*M u S*M, where

S*M := (T*M \ {M x 0})/R.

and the R, action is given by (¢, (x, §)) — (x, ). Let | - |, denote the norm induced on 7*M by the
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Riemannian metric g. Then a neighborhood of a point (xo, &) € S*M is given by V N {|§], > K}, where
V is an open conic neighborhood of (xg, &) € T*M.

For each A € W{" (M) there exists a € S5' (M) with A = Opp(a) + Og-~(h>). Then the semiclassical
wavefront set of A, WFy, y(A) C T*M, is defined as follows. A point (x,£) € T*M does not lie in
WF}, ¢ (A) if there exists a neighborhood U of (x, &) such that each (x, &) derivative of a is O(h°°(§) ™)
in U. As in [Alexandrova 2008], we write

WFp w(A) =t WE{ ,(A) UWE} (A),

where WF{ ,(A) = WFy(A) N T*M and WF, ,(A) = WF,(A) N S*M.
Operators with compact wavefront sets in T*M are called compactly microlocalized. These are
operators of the form
Opn(a) + Oy (h™)

for some a € S;Omp (M). The class of all compactly microlocalized operators in W§" (M) is denoted by
WP (M).
We will also need a finer notion of microsupport on /-dependent sets.

Definition 2.2. An operator A € \Ifgomp(M ) is microsupported on an h-dependent family of sets V (h) C
T*M if we can write A = Opp(a) + Og-~(h*>), where for each compact set K C T*M, each differential
operator 3 on T*M, and each N, there exists a constant C.y g such that for 42 small enough,

sup  [0%a(x, &; h)| < Congh™.

(x,6)eK\V(h)
We then write

MSh v (A) C V(h).

The change of variables formula for the full symbol of a pseudodifferential operator [Zworski 2012,
Theorem 9.10] contains an asymptotic expansion in powers of & consisting of derivatives of the original
symbol. Thus Definition 2.2 does not depend on the choice of the quantization procedure Opy. Moreover,
since we take § < % if Ae \Dgomp is microsupported inside some V (k) and B € V{", then AB, BA, and
A* are also microsupported inside V (k). This implies the following.

Lemma 2.3. Suppose that A, B € W5""" and MSp, w(A) N\MSh, ¢ (B) = @. Then
WF;, y(AB) = @.

For A € ;"™ (M), we know (x, §) ¢ WF,(A) if and only if there exists an /-independent neigh-
borhood u of (x, &) such that A is microsupported on the complement of U. However, A need only
be microsupported on any A-independent neighborhood of WFy, y(A), not on WFy,  (A) itself. Also,
notice that by Taylor’s formula if A € \Ilgomp(M ) is microsupported in V (k) and §’ > §, then A is also
microsupported on the set of all points in V (k) which are at least h® away from the complement of V (h).

Remark 2.4. Notice that since we are working with A € llfgomp (M) for0<4d < % we havea € Sgomp(T*M )
and a can only vary on a scale ~ h~%. This implies that the set MSy, g (A) will respect the uncertainty
principle.
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2C2. Ellipticity and L* operator norm. For A € W' (M), define its elliptic set ell(A) C T*M as follows:
(x, &) eell(A) if and only if there exists a neighborhood U of (x, £) in T*M and a constant C such that
lo(A)|>C~ &)™ inUNT*M. The following statement is the standard semiclassical elliptic estimate; see
[Hormander 1985a, Theorem 18.1.24’] for the closely related microlocal case and for example [Dyatlov
2012, Section 2.2] for the semiclassical case.

Lemma 2.5. Suppose that P € V§'(M) and A € lIJg”/(M) with WFy, ¢ (A) C ell(P). Then for each
X € CX (M), there exist Q; € \Ilgnl_’" (M) such that

XA =x0Q1P+0y-(h™)=xPQr+4 Oy (h>).

In particular, for each s € R and u € H}f+m/ there exists C > 0 such that for all N > 0, and x; € C*°(M)
with x1 =1 on supp x,

lx Aullmy < Cllx Putll s + OB xaull v

We also recall the estimate for the L?> — L? norm of a pseudodifferential operator (see for example
[Zworski 2012, Chapter 13]).

Lemma 2.6. Suppose that A € Ws(M). Then there exists C > 0 such that

1Al L2 12 < sup lo (A)| + Ch' 2.
T*M

2D. Semiclassical microlocalization of distributions and operators.

2D1. Semiclassical wavefront sets and microsupport for distributions. An h-dependent family u(h) :
(0, hg) — D' (M) is called h-tempered if for each open U € M, there exist constants C and N such that

”u(h)”Hh_N(U) = Ch_N- (35)

For a tempered distribution u, we say that (xg, &) € T*M does not lie in the wavefront set WFy, (u) if
there exists a neighborhood V of (x¢, &) such that for each A € W (M) with WFy, ¢ (A) C V, we have
Au = Oc (h®). As above, we write

WFy (1) = WEL (1) L' WEL (1)

where WFIil(u) = WF,(u) N S*M. By Lemma 2.5, (xo, &) € WFy(u) if and only if there exists compactly
supported A € W (M) elliptic at (xg, &) such that Au = Oc~(h*°). The wavefront set of u is a closed
subset of T*M. It is empty if and only if u = Oce(37)(h°°). We can also verify that for u tempered and
A e W{" (M), we have WF,(Au) C WFy ¢ (A) N WEFy (u).

Definition 2.7. A tempered distribution « is said to be microsupported on an h-dependent family of sets
V(h) C T*M if for some § € [O, %), for all A € Wy(M) with MSy, ¢ (A) NV = & we have WF, (Au) = @.
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2D2. Semiclassical wavefront sets of tempered operators. An h-dependent family of operators A(h) :
S(M) — S'(M’) is called h-tempered if for each U € M, there exists N > 0 and k € Z* such that

-N
||A(h)||Hk’l((U)*>Hhil]:)c(M/) E Ch . (36)
For an h-tempered family of operators, we write that the wavefront set of A is given by
WE(A) = {(x, &, y,m) : (x, &, y, —n) € WFy(Ka)},
where K 4 is the Schwartz kernel of A.

Definition 2.8. A tempered operator A is said to be microsupported on an h-dependent family of sets
V(h) C T*M x T*M' if for all § € [0, 5) and each By € Wy(M") and B, € W;(M) with

(MSh,w (B1) x MSp w(B2)) NV =&,
we have WF;,(B1AB>) = &. We then write
MSy'(A) C V (h).
Remark 2.9. With the definitions above, we have for A € W{" (M),
WE(A) = {(x, &, x,8) : (x,§) € WFp g (A)}.

In addition, we have that if A € W5, then MSy, ¢ (A) C V (h) if and only if

MS;(A) C{(x, &, x,8) : (x,8) e V().

Since there is a simple relationship between WF;, v and WFy, as well as MSy, y and MSy,, we will only
use the notation without W from this point forward and the correct object will be understood from context.

2E. Semiclassical Lagrangian distributions. In this subsection, we review some facts from the theory
of semiclassical Lagrangian distributions. See [Guillemin and Sternberg 1977, Chapter 6; Vii Ngoc 2006,
Section 2.3] for a detailed account, and [Hormander 1985b, Section 25.1; Grigis and Sjostrand 1994,
Chapter 11] for the microlocal case. We do not attempt to define the principal symbol as a globally
invariant object. Indeed, it is not always possible to do so in the semiclassical setting. When it is
possible to do so, i.e., when the Lagrangian is exact, we define the symbol modulo the Maslov bundle.
Taking symbols modulo the Maslov bundle makes the theory considerably simpler. We can make this
simplification since for all of our symbolic computations, we work only in a single coordinate chart and,
moreover, we always work with exact Lagrangians.

2E1. Phase functions. Let M be a manifold without boundary. We denote its dimension by d. Let
@(x, 8) be a smooth real-valued function on some open subset U, of M x R for some L; we call x the
base variable and 6 the oscillatory variable. As in [Hormander 1985a, Section 21.2], we say that ¢ is a
phase function if the differentials (9g,¢). ..., d(9g, @) on the critical set

Cy:={(x,0): 390 =0} C U, 37)
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are independent. Note that
Ay :={(x,0,0(x,0)): (x,0) e Cy} CT*M
is an immersed Lagrangian submanifold (we will shrink the domain of ¢ to make it embedded).

2E2. Symbols. Let§ € [O, %) A smooth function a(x, 6; h) is called a compactly supported symbol of
type § on U, if it is supported in some compact i-independent subset of Uy, and for each differential
operator 3¢ on M x RE, there exists a constant C. such that

sup [8%a| < C.h™°lel.
U¢’

As above, we write a € S5° " (U,) and set S := S,

2E3. Lagrangian distributions. Given a phase function ¢ and a symbol a € Sgomp (Uy), consider the
h-dependent family of functions

u(x; h) = Qmh)~@+2D/4 / Ny (x, 0, h)de. (38)
RL
We call u a Lagrangian distribution of type § generated by ¢ and denote this by u € ac omp (Ay).
By the method of nonstationary phase, if suppa is contained in some h-dependent compact set
K(h) Cc U,, then
MSh(u) C{(x, 0:¢(x,0)): (x,0) € C,NK(h)} C A,. (39)

Remark 2.10. We are using the fact that a € Ss(U,) for some § < % here.

2E4. Principal symbols. We define the principal symbol of a Lagrangian distribution independently of
the choice of ¢. To do this, we will need to use half-densities on A, (see, for example [Zworski 2012,
Chapter 9] for a definition).

Following [Hormander 1985b, Section 25.1], let

b = <§0,/r/x f/’;/c/e)
- " Vi *
Pox Poe

Lemma 2.11. Modulo Maslov factors, and a factor ¢'4/" for some constant A € R depending on ¢, the
principal symbol
o(u) €Sy P (Ag; QU2 /RIS (A, Q1)

is a half density given by

o(u)(x, £) = |de|a(x, 0)e™/452" ® | det d| /2.

Remark 2.12. In the case that A, is exact, the factor ¢4/ can be removed.

Definition 2.13. Let A C T*M be an embedded Lagrangian submanifold. We say that an #-dependent
family of functions u(x; h) € C2°(M) is a (compactly supported and compactly microlocalized) Lagrangian
distribution of type § associated to A if it can be written as a sum of finitely many functions of the



50 JEFFREY GALKOWSKI

form (38), for different phase functions ¢ parametrizing open subsets of A, plus an Ocx (h°°) remainder.
Denote by I;°""(A) the space of all such distributions, and put 7™ (A) := I,°""(A).

The action of a pseudodifferential operator on a Lagrangian distribution is given by the following
lemma, following from the method of stationary phase:

Lemma 2.14. Letu € I;""P(A) and P € W' (M). Then Pu € I;"""(A) and
o(Pu)=0(P)|p -0 )+ o(hl—zs)sgompw.

2F. Fourier integral operators. A special case of Lagrangian distributions are Fourier integral operators
associated to canonical graphs. Let M be a manifolds of dimension . Consider a Lagrangian submanifold
A CT*M x T*M given by

A ={kQ,m,y, =}

where « is a symplectomorphism.

A compactly supported operator U : D'(M') — C>°(M) is called a (semiclassical) Fourier integral
operator of type § associated to « if its Schwartz kernel Ky (x, x’) liesin [ SC P (A). We write U € [ SC MRy,
where

C={x.&y,n:(x, &y, —n) €A}

The numerology 4 ~(@+21)/4 in (38) is explained by the fact that the normalization for Fourier integral
operators is chosen so that

WUl 2py—22my ~ 1

when C is generated by a symplectomorphism.
We will need the following lemma from the calculus of Fourier integral operators.

Lemma 2.15. Let A € I;""" (M x M, C) and P € V""" (M). Then, A*PA € ¥;""" (M) and
o (A*PA)(q) = |0 (A)(q, k(@)*o (P)(k(q))-

3. The shymbol

It will be useful to calculate symbols of operators whose semiclassical order may vary from point to
point in 7*M. One can often handle this type of behavior by using weights to compensate for the growth.
However, this requires some a priori knowledge of how the order changes and limits the allowable size in
the change of order. In this section, we will develop a notion of a sheaf-valued symbol, the shymbol, that
can be used to work in this setting without such a priori knowledge.

Let M be a compact manifold. Let 7(7*M) be the topology on T*M. For s € R, define the symbol
map

o5t BT — SO TR gL

Suppose that for some N > 0 and § [0, %), we have A € h=V \Ifacomp (M). We define a finer notion of
symbol for such a pseudodifferential operator. Fix 0 < € <« 1 — 2§. For each open set U € T(T*M),
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define the €-order of A on U
I5(U) :=sups+1-—24,

SES,
where

Se :={s € eZ : there exists x € C(T*M), x|y =1, o5(Opn(x)A Opn(x))|v =0}.

Then it is clear that for any V € U there exists x € C2°(U) with x =1 on V such that Opp(x)A Opn(x) €
RIAW WP (M),

Give T (T*M) the ordering that U <V if V C U with morphisms U — V if U < V. Notice that U <V
implies /§(U) < I§(V). Then define the functor F§ : 7(T*M) — Comm (the category of commutative
rings) by

peuy = [PPOST DIy ORI g, 13(U) # oo,

A o}, I5(U) = 0,
ROy - I5(V) # oo,
F{(U— V)= {0 1V < oo,

Then F§ is a presheaf on T*M. We sheafify F§, still denoting the resulting sheaf by F§, and say that
A is of e-class F§. We define the stalk of the sheaf at g by Fj§(q) := h_r)nqu Fi(U).

Now, for every U C T(T*M), I3 (U) # oo, there exists xy € C°(T*M) with xy =1 on U such that

o1¢w)(Opn(xv)A Opn(xv))lu # 0.

Then we define the e-shymbol of A to be the section of F§, 6(5.)(14) :T(T*M) — F§(-), given by

o15w) (Oph(Xv) A Oph (xuDlu,  13(U) # oo,

oy (A) = {0, I$(U) = oo.

Define also the e-stalk shymbol, G¢(A), to be the germ of 6¢(A) at ¢ as a section of Fy.
Now, define

I5(q) = sup{I§(U) : g € U}.
Let U, | {q} be a sequence of open sets. We then define the simpler compressed shymbol by

G5(A): T*M — I_lhlf,(q)q;/hl,i(q)Jrl—za@’
q
I5(g) = o0, (40)

7 (A)(g) := hlgn&lefn(A)(‘l)’ I£(g) < oo,

The limit in (40) exists since if 1§(g) < 0o, then there exists U > g such that we have I§(V) =13(U)
for all V C U. This also shows that the limit is independent of the choice of sequence of U, | g. Itis
easy to see from standard composition formulae that the compressed shymbol has

G€(AB)(q) =G6°(A)(q)5(B)(q), Aeh ™MW ™ and B e h~Mw™™,
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Moreover,
7°([A, B])(q) = —ih{c“(A)(q),5°(B)(q)}.

The following lemma follows from standard formulas for the composition of FIOs combined with the
definitions above:

comp

Lemma 3.1. Suppose that A € W and let T be a semiclassical FIO associated to the symplectomor-

phism « with elliptic symbol t € Ss. Then for N > 0 independent of h,

(AT)y == (T*AHN (AT

has

2

G ((AT)N)(g) = 1_[ (A2 ok’ (q) + o(h' (5k(q))+1—25)).

Proof. Fix g € T*M. Let x; € CX°(T*M) have xx = 1 on B(q, ), the open ball of radius k~! around ¢,
and supp xx C B(q, %) Then let D := Opp(xx)(AT)n Opn(xx). We have

D =Oph(xi)(ANTAN1T --- Ay T)* (ANTAN—1T --- A1 T) Opn (i) + Oq;g"mp(hoo),

where A; = Opp(Y,i)A Opn(Yk,;) with C°(T*M) > Y ; = 1 in some neighborhood of Bi(g) and is
supported inside a neighborhood Uy ; of B (g) such that Ui.i 4 q. Then the result follows from standard
composition formulae in Lemma 2.15. 0

Now, since € > 0 is arbitrary, we define the semiclassical order of A at q by 15(q) :=sup._y 15(q)
with the understanding that f = O(h'4(9)) means that for any € > 0,

|f(q)| < Cch'a@,

Furthermore, we suppress the € in the notation 6€(A)(g) and denote the compressed shymbol by 6 (A)(q),
again with the understanding that for any € > 0,

5(A)(q) € h1A@—<eC/pla@+1-2—<C,

4. A second microlocal calculus

In the present work, it will be necessary to localize 4/3 near the glancing submanifold in 7*3. In order
to do this, we present the second microlocal calculus from [Sjostrand and Zworski 1999].

4A. The local model. We start by considering the model case of £y = {&; = 0} C T*R?. Suppose that
U is a neighborhood of (0, 0) and a € C2°(U). In that case, we write a = a(x, &, A; h) with A = hg,.
Suppose that € < min(3, §), and € +§ < 1. We say thata € Sf’le(Eo) if and only if
9507 a(x, &, A; h) = o(h~<UsIHI@Dpepyli=hy, (41)
We will write
a= O0,((h*2)"") if and only if (41) holds.
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For such a, we define the exact quantization

5 1 x+y /1) (r—.6)
Op,(a)u = i) /a( E W0k h) YSu(y)dy d§.
Lemma 4.1. Suppose that a = 56((h€)»)k1) and b = 56((h€)»)k2). Then

Opy, (@) o Opy,(b) = Opy (a £ b),
where
ath=e" P al,_p-se bl - w\ —x = O ((h°r)kthe),

where
A(D) = 0((Dx, D;), (Dy, Dy)) = %(QD, D).

Moreover ife +6§ < 1,
ath= Z—A(D) (alsp- sslb|uzh76m)|y=)§c mod AW,
T]=

We say that a(x, £, y, 0, A, ) = Oc (h€ )k (h€ )k if
|3§1 8528w1 BWZaml 8m2a| < ngmh—é(ls‘\-i-lw\) (hek)k'_ml (héu>k2—mz.

The only part of this lemma that is nonstandard is the following. The rest follows from applying stationary
phase.

Lemma 4.2. eMAD) 1 O ((hen)k1 (he )2y — O ((he M)k (h€ k).
Proof. We start by considering the case of one dimension. Let wy = (x{, &, y{, n}) and
@1 (wi) = 5((&1, y1) — (0, x1).-
Then, with z = (x1, &, y1, n1),
c:= (" Pg)(z, n) = Ch_Z/ e~ WMo Wy — 7z A —h7%€, n—h7n) dw.
Then, rescale (x], y}) = (1, 51)h~"=9 and (€], n}) = (&1, 711)h~°. We have that with @ = (%1, &, 31, /1),
c= C/ e O (x(@)atxr —h' 0%y, &1 = h&, yi — R 51, — RO, A — &1, e — )

+ (1= x@)aCx —h' %, & — &, y1 — k' °F51, m — Ko7, A — &1, w— 1)) d
=: A+ B,

where x € Cé’o([R“) has x =1 on B(0, 1) and supp x C B(0, 2). Then

185 A(z, &, )| < C sup |3%a(x; —h' 0%y, & — K&y, yi — h' 51, m — k%7, A — &1, o — i)

[w|<2
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and hence A = 56((h€k)k1 (h€u)*). Letting

_ —(8¢(w), Dy)
|0 ()]
and integrating by parts sufficiently many times shows also that B = Oc( (e 0k (he k).
To obtain the general case, we simply observe that

oihA(Dx.De.Dy.Dy) _ ,ihA(Dy.Der. Dy, Dyy) 4ihA(Dx) Dy, Dy, Dyy)

and use that
oi"AD,. D1, Dy Dy) S, — .. =

Now, rewriting the asymptotic expansion, and assuming that |£;| < C so that
h]—ZE < Ch1—5—€<h€)\‘>—1

we have if € 4§ < 1, taking p; > (1 —2¢)/(1 — 6 —¢),

o0 .
I AL s L ‘
attb(x,s,k,h)_szk'(a(Dx,Dgl+h D, D¢, Dy, Dy, +h ™" Dy, Dy)Yrab|y—s. n=¢
. A=W
k=0

1 h
=ab+ Thl_‘s(axbaxla — 8,ad,,b) + T{a, b}
l l

Pl kg k(1-8)
i*h ~ 0 3l _
+> — (a(DxI,DA,Dyl,Du))kab|y:;,n:g+06(h2 T pepyhitiathy,
k=2 : =K

4A1. Ellipticity and boundedness in the local model. We now present the analogs of microlocal elliptic
estimates and the sharp Garding inequalities in the second microlocal setting. Suppose that € + 6 < 1
and a = 56((hék)k‘). We define the elliptic set of a, ell(a), by (x,&, 1) € ell(a) if there exists a
neighborhood, U, of (x, &, ) and ¢ > 0 so that |a| > c(h€A)*" on U.

Lemma 4.3. Suppose that p = 55((h€)»)k1), b= 56((h€k)k2) and supp b C ell(p). Then there exists
a; = 0. ((heA)ke=ky i =1, 2, so that

Opy(a1) Opy(p) = Opy(p) Opy(@2) + Oy (h*°) = Opy (b) + Oy (h™).

Proof. By elementary analysis, one sees that

[sl k
°p ' =p7' Y > Cor [P0 p)
k=1 c= 4.4k j=1
lw/|>1

(see for example the proof of [Zworski 2012, Theorem 4.32]). Thus, since |p| > c(h€1)*' on supp b,

o : bp~! = Oc((her)ke=h),
So,
Opy(90) Opy, (p) = Opy(b) + 1' =27 Opy (e1) + Oy (h™),
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where e; = O ((h*A)*2~1) with suppe; C ell(p). Thus, setting ri = h'~€ey, letting 1 = —r 1 p~' =

hl—0—¢€ FOVG((hEA)kZ*k‘*l), and continuing in this way, we obtain
Gn = hn(l—é—e) 5€(<hek>k2—k1—n)

so that with a; ~ Y _ g;,
Opy,(a1) Opy,(p) = Opp,(b) + Oy (h™).
A similar argument, yields aj. U

Lemma 4.4. Suppose that a = O ((h*\)*). Then
I 6i)h(a)”L2ﬁL2 < C(h(e—s)h)'

Proof. The proof for h = 1 follows from for example [Zworski 2012, Theorem 4.23]. Suppose that
u(x) € S. The proof follows that in [loc. cit., Theorem 5.1]. We have

10p(@)]| 2.2 <C sup |d%al.
lcl<Md

So, we rescale § = h~UH9/2¢ 5 = p=(0=9/2x and (%) = K1 =D4/4 (h1=9/2%). Then,

Opy(@)u(x) = h= @13/ Op(ay)ii(¥),
where
an(F, &) = a(h1=92%  pU+9/2E p(1-0)/2F )
Therefore, . - .
1 Opy(@ull 2 = 1 Oplan)u(¥)ll 2 < | Oplan)ll 2 2l 12

<C sup [9%ap||lull;:
lsl<Md

<C sup h(|§|+|w|+k)(l_5)/2|8§8g8§a|
—_ X
l(s.o.k)|<Md

<C sup h(lg|+|w|+k)(1—5)/2(1 + <h€—5>k1—k)' 0
T lewki=Md

We now prove an analog of the sharp Garding inequality for the second microlocal operators.
Lemma 4.5. Suppose that a = 50((k)0) and a > 0. Then
(Opy(@)u, u) = —Ch'?||ul 7.

Proof. We again follow the proof in the classical case. (See for example [Zworski 2012, Theorem 4.32]).
Fix h sufficiently small and let y = h€/ h. We will show that g = (a+y)~ ! satisfies

9505 05 = O(h ™ h(hh)~©/PUsHI= IO )=y (42)

That is g € h_efzSnge/z’e/z(Eo). We will then be able to invert a +y when e <1 —6.
First, since a > 0 and a = 50((A)0), we have |9,a| < C(r)"'a'/?. (See for example [loc. cit.,
Lemma 4.31].) Moreover, |0 a|+ |0za| < Ca'’? Then recall that
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=~

Is|
FXat+y) =@+ Y. D Cor, H (@+y)"'o7 "9 ey, (43)
k=1l =g 4.tk j=1
|/ |>1

Now,

|al(a+y) "t <cy 2!
and for || =1

(197 al+ 87 ah@+y) " < Cy V2

Moreover, for |(¢, @, k)| > 2,

587 8kal(a+y) ' <y (7E

So,
k

[[a+y) o870 a

j=1

Plugging this into (43) gives (42).
We now choose e =1—6. So,a+y € SS’O(EO) C S§+€/2’€/2(Zo). Then, write a;(x, &, A1) for the

function such that

<C l_[ )/_1 -3 1_[ —1/2 —Tjs < C()L>—§3y—|§|/2‘

lor|=2 =1

Opy(a) = Op,, (a1).
s 84€/2

Write also ¢ = (a; + y)_l. So we can define (a; + y) £ g1 Then, using Taylor’s formula and letting
w=(x,§),z=(y,n),
(a1 +y)tq1=e""P a1+ ) lsop-s-erg, @1 Limp-s-er2g, |,

1
=1+ / (1 =) PV iR A(D)) (ar(w, h°~EDNqi(z, )|, _, di
0
=:1+r(2).
Note that we have used {a; + v, (a1 +y)~'} =0. Now, (ihA(D))*(a1 +y)tq € ﬁSngre/z,e/z(EO)' So,

Il Opy (Ml 2p2 < Ch < 3
d+e/2

for 4 small enough. Thus, Op}1 Ste /z(q) is an approximate right (and similarly left) inverse for Opl1 s@+y.
This implies that (Opt1 s@+y+y)” ! exists for any y; > 0 Therefore,

Spec(Opy, (a)) C [—y, 00).
)
Thus, by [Zworski 2012, Theorem C.8]
(Opy(@)u, u) = —y ||ul|?,. 0

Using the sharp Garding inequality, it is not hard to prove:
Lemma 4.6. Suppose a = 5((A)0). Then,

(Opy(@)* Opy(a@)u, u) < (sup |a| + Ch' =) ||ul|?,.
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4B. The global second microlocal calculus. et ¥ C T*M be a smooth compact hypersurface. Let V;
denote vector fields tangent to X and W; denote any vector fields. Let 0 < < 1. We define the symbol
class S§"**(M; £) by a € Sy (M; %) if and only if

Vi VWi Wha = 0h™2(h=%d(Z, - ))") near =, )
297 a(x, ;) = o(h™* (g)7171) away from X,

where d(X, - ) denotes the absolute value of any defining function of X that behaves like (£) near fiber
infinity. Then we have the following.

Lemma 4.7. For 0 < § < 1, there exists a class of operators, \Ifé”’kz(M; %), acting on C*° (M) and maps
Opnx : SV (T*M; £) — ¥R (M5 ),

ox Wy (M; D) — ST M ) /s e (M )
such that
0x(AoB) =o0x(A)os(B),

the sequence
0— hI7Pwi bRl 5y o Wi w) 22 s8R e ) Sy R (T M £) - 0
is a short exact sequence, and
oz 0Opy 3 1 Sy (T*M; D) — Sy (T*X; £)/h' 385~ N1 M 2)

is the natural projection map.

As in, [Sjostrand and Zworski 1999] near X it is possible to reduce all computations to the case where
Y = ¥ := {&; = 0}. We then have analogs of all the properties from the model case for the global
calculus. We sometimes suppress M and 7*M in our notation, writing only Sé“ ’kz(E) and \llgl’kz(Z). We
also sometimes suppress the X in Opy 5 to simplify notation.

5. The billiard ball flow and map

Recall that Q € R? is an open set with smooth boundary 2. We need notation for the billiard ball flow
and billiard ball map. Write v for the outward-pointing unit normal to d€2. Then

S*R? |50 = 02, LIQ_ LK,

where (x, &) € Q24 if £ is pointing out of Q2 (i.e., v(§) > 0), (x, &) € dQ2_ if it points inward (i.e.,
V() <0), and (x, &) € 0 if (x, &) € §79<2. The points (x, &) € 32 are called glancing points. Let
B*93<2 be the unit coball bundle of 92 and denote by 74 : Q24+ — B*9Q and « : S*R9 |90 — B*9 the
canonical projections onto B*3<2. Then the maps 7+ are invertible. Finally, write

to(x, £) = inf{t > 0: exp,(x, &) € T*R? |50},

where exp, (x, §) denotes the lift of the geodesic flow to the cotangent bundle. That is, #( is the first
positive time at which the geodesic starting at (x, &) intersects 9€2.
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We define the broken geodesic flow as in [Dyatlov and Zworski 2013, Appendix A]. Without loss of
generality, we assume 7o > 0. Fix (x, &) € §* R? and set 1o = 1y (x, £). If exp,, (x, §) € 3, then the billiard
flow cannot be continued past 7. Otherwise there are two cases: exp,, (x, §) € €24 or exp, (x, &) € Q2.
We let

(0. &) = {n_l(mr(expto(x, &) ed_, if exp,, (x, §) € 9824,
’ n;l(n_(expto(x, £)) e oy, if expto(x, £)eo2_.
We then define ¢, (x, £), the broken geodesic flow, inductively by putting
exp,(x, &), 0<t<mn,
(p[(x’%_):{ pt( 5) 0
(plflo (x09 SO)’ ! 2 Z‘0'

We introduce notation from [Safarov 1987] for the billiard flow. Let K be the set of ternary fractions
of the form 0.kky, ..., where k; =0 or 1 and S denote the left shift operator

S0.kiky...)=0.koks....
For k € K, we define the billiard flow of type k, G% : S*R? — S*R, as follows. For 0 <t < to,

' e (x, 8) if ky =0,
G"(x’s)_iexpt(x,s) ik = 1. 45)

Then, we define G/, inductively for 7 > 1y by
Gi(x,§) = G " (G (x. §)). (46)
We call G, the billiard flow of type k. By [Safarov 1987, Proposition 2.1], G} is measure-preserving.

Remark 5.1. « In [Safarov 1987], geodesics could be of multiple types when total internal reflection
occurred. However, in our situation, the metrics on either side of the boundary match, so there is no total
internal reflection and geodesics are uniquely identified by their starting points and k£ € K.

« In general, there exist situations where G intersects the boundary infinitely many times in finite time.
However, since we work in convex domains, we need not consider this situation. For a proof of this fact,
see the proof of Lemma 5.3. Note of course that the number of possible reflections in a given time 7T
grows as one approaches glancing points.

Now, for k € K and T > 0, we define the set O7 ; C S*R4 to be the complement of the set of (x, &)
such that one can define the flow G,’c for t € [0, T']. That is, Or is the set for which the billiard flow of
type k is glancing in time O < ¢ < 7. Last, define the set

or=]Jour. (47)
keK

The billiard ball map reduces the dynamics of G’(‘) to the boundary. We define the billiard ball map as
in [Guillemin and Uhlmann 1981]. Let (x, £') € B*3$2 and let (x, £) = 7~ (x, &') € 9Q2_ be the unique
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* d
SR

S*R4

Figure 8. How the billiard ball map is constructed. Let g = (x, £) € B*9<2. The solid black
arrow on the left denotes the covector £ € B} 92 and that on the right £(B(g)) € Bj;x B@) 0.
The center of the left circle is x and that of the right is 7, (8(gq)).

inward-pointing covector with 7 (x, §) = (x, £’). Then, the billiard ball map 8 : B*a2 — B*9$2 maps
(x, &) to the projection onto T*9S2 of the first intersection of the billiard flow with the boundary. That is,

B (x, &) > m(expy ) (¥, §)). (48)

Remark 5.2. « Just like the billiard flow, the billiard ball map is not defined for (x, £") € 7 (9Q2p) = S*0<2.
However, since we consider convex domains, 8 : B*Q — B*Q and " is well-defined on B*0%2.

 Figure 8 shows the process by which the billiard ball map is defined.

The billiard ball map is symplectic. This follows from the fact that the Euclidean distance function

|x — x'| is locally a generating function for §; that is, the graph of 8 in a neighborhood of (xo, &y, Yo, 70)
is given by

{(x, =dxlx =yl y,dylx —y]) : (x,y) € 982 x 9Q2}. (49)

We denote the graph of 8 by C. For strictly convex 2, C, is given globally by (49).
We also write

B := (x(B(x,§/VE)), VEE(B(x,£/VE))) : BdQ2 — B},
where B0 is the coball bundle of radius JVE.

5A. Dynamics in strictly convex domains. We are interested in the behavior of the billiard ball map,
B(gq), when |§'(¢)l, is close to 1. Our interest in this region comes from a desire to understand how
the reflection coefficients R from (18) behave when a wave travels nearly tangent to a strictly convex
boundary.

Fix ¢ = (xo, &) € B*9S2 so that Q2 is strictly convex near xy and |§0|§ is sufficiently close to 1. Let
y : [0, 8§) — 0L be the unique length-minimizing geodesic connecting xo and 7, (8(g)). The existence
and uniqueness of such a geodesic is guaranteed for |$0|§, close enough to 1 by the strict convexity of 9€2.
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Indeed, this follows from the fact that /(g, B(g)) — O as |$0|§, — 1 and the fact that the exponential map
is a diffeomorphism for small times.

Let s € [0, §) have y (s) = 7, (B(g)). We first examine how the normal component to d€2 changes
under the billiard ball map. Let Ag, denote the change in the normal component under 8. Then

((y(s) —v(0)-v(0) = (¥(0) —y(s)) - v(s)) _ (¥ (s) =y (0) - (v(0)+v(s))
ly (s) — v (0)] ly (s) — y(0)] '

Here | - | is the euclidean norm in R? and v is the inward-pointing unit normal.
First, note that

Ag, =

y'() =k()H(s), V(s)-y'(s) =—k(s),
y' () -ve) =0, IyY®l=Ivel=1,

where « (s) is the curvature of the geodesic y as a curve in R?. Then, expanding in Taylor series gives

Ag s + 06 =1y s +y" 0135 +y D035 + 01 [20(0) +'(0)s +v"(0) 35 + O],
Ag,[1+ 0(s)]=2y"(0) - v(0) + ()" - 1) (0)s + 2y P (0) - v(0) + 3(y" - V) (0)) g5* + O(s?)

and
=[2(k'(0)v(0) — k (0)v'(0)) - v(0) — 3//(0)]l 24+ 0(s%)

= (2«'(0) = 3k'(0)) £ 5% + 0(s”) = —k(0) 15> + O(s?). (50)

Next observe that

=l @P = 22210 ) = Le@)s + 062,

ly (s) —y(0)]

Now, using «(0) > ¢ > 0 for Q strictly convex this implies

W1-1E' @)}

12
==y oy

and therefore,
1q.B(@) = ly(s) =y (O)] =5+ 0(s?) = (0)“ —1E'Z+ o1~ [£]).

Summarizing, we have:

Lemma 5.3. Let Q C R? be strictly convex. Then, for q € B*dSQ sufficiently close to S*9S2

VI—1EB@)E=V1-1E @k + 00 - [E @),
1q. B(q)) = (0)v1—|s +o(1— &)

This implies that set of O(h€) near glancing points is stable under the billiard ball map. This also
follows from the equivalence of glancing hypersurfaces [Melrose 1976].
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6. Boundary layer operators and potentials in the nonhomogeneous Friedlander model

Our goal is to give microlocal descriptions of the boundary layer operators and potentials near a glancing
point. We start by considering the nonhomogeneous Friedlander model problem

((hDy)* — uxa+hDy)u =0, u,y) = f(y),

. 1)
ulx,~0 outgoing, |lul 200 01xRI-1) < OO.

Then, let 7}, (u) denote the semiclassical Fourier transform in y,
1 .
. —(@/h){(y.n)
Fuu(xg, ) = Gy /u(xd»Y)e YR dy.
Rescaling w = h=2/3u'3x, gives
WP 3Dy —w+h PPy Fu@)(w, n) =0, Fu@)(0, n) = Fi(f)().

Hence, using (51)

Ai(=h 2B By, 4 h=213 723
Ai(h=23u=2Pny)
Frnu)(xq,n) =
A_(=h=2Bp By, + h=2B3u~253y))
AZ(h=2Pu=2 )

Fu(fH(m), x4 <0,

Fu(f)(M), xq4>0.

So, the Dirichlet-to-Neumann map for the interior problem (x; < 0) is given by

—2/3.1/3 Ai/(h_z/SM_z/Snl)

-Fh(le)(n) =—h Ai(h_2/3u_2/3771)

Fu()(m)
and that for the exterior problem (x; > 0) by

Loy ap AL
A_(h=2Bp=2Bmn)

Fn(N2 f)(n) =h Fu () ().

Remark 6.1. Since the goal of this section is only to present a simple model where the calculations
are exact, we ignore the poles in Nj. It is possible to find the single- and double-layer operators and
potentials without using the Dirichlet-to-Neumann map N; (see [Galkowski 2014, Section 4.5]; see also
[Taylor 2011, Section 7.11] for a general introduction to layer potential methods), but it simplifies the
presentation to do so here.

So, letting @, () = h=2/3 =23y, the single-layer operator is given by
Ai(©p)A_(Op)

AL (O)Ai(Op) — Ai'(©4)A_(O))

=P P2me™ 0 Ai(©1) A (O1) Fin(f) ()

Fi(GF)Y) = Fu(N1 + No) L)) = BB u~1/3

Fu(HH)()

and the double-layer operator is given by

Fa(NAH) = 2Fu()() = Fa(GNo ) () = (5 — 2™ /C Ai (©4) A (©1)) Fin () ().



62 JEFFREY GALKOWSKI

Therefore, since
ytSt=G, y™Dt=-iI+N,

and both solve the Friedlander model equation away from x4 = 0,
Fa(Sef)=hn*P = Pome™ 0 Ai (=P ' Pxg + ©) A (@) Fu(£) (),
Fin(DLf) = =2 Ai(—h P p Bxy + ©p) A (©n) Fu(£) ().

Now, consider the kernel of S£*S¢,

Se*Se(x’, y)

42 23Rt

0
f / Ai(—h=2B 1 Bw, + On () A_(©r (M)

~ (Qmh)X-2
X Ai (—=h ™3 B wy 4 ©5,(8) A_ (0, (8))e /MW =W I HWYE) gy, dE dw' dn
4 2 —1h2 00 ) .
~ (Zl;iﬁ / / |Ai () 2| A_ (@4 (6)) e /MW ="8) g
Th)™ Oy (&)
R 1 A/ =y &)
=;W Wse(Op(8))e =lds dE.
Similarly,
o vy T (O )/ D~y 6 g
8 D (x ’ y ) - /¢L2/3 (Zﬂh)d_l lIJ'DﬁSﬁ( h(E))e é,-:a
DEFSL(x',y) = _ﬁ; w e @/ Mx'=y"8) 4
N A i/ h)x'—y' &)
DL DE(X,Y)ZWW/WDK(®M§))€I Ty dé,
where

Wy (x) 1= dm? / oo|Ai(s>|2|A_<x)|2ds = 42| A_ (0) P [(Ai' (x))? — x(Ai (x))?],

X

Wppse(x) = 4n2/oo|Ai(s)|2A_(x)A’_(x)ds =472 A_(x)A_(O[(AiI'(x))> = x(Ai(x)?],  (52)

X

Wy (x) := 4? / 00|Ai<s>|2|A’_<x>|2ds = 42| A" (0) P [(Ai' (x))? — x(Ai (x))],

X

since

foo(Ai(s))2ds = (Ai'(x))? — x(Ai (x))>.

Using the Wronskian we have Ws((¢;) = 1, where ¢; is a zero of the Airy function, i.e., Ai(¢;) = 0.
Moreover, using asymptotics for the Airy function, as x — —oo0,

Wsp(x) ~ 1, Wpp(x) ~—x, Wppse ~i(—x)"2

See Figure 9.
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Yo
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-12 -10 -8 -6 -4 -2 0 2 4

Figure 9. We plot the symbols of S£*S¢, D£*S¢ and DL* DE. From top to bottom, the
graphs show Wsy, Wpyse, Wpe. The bottom graph shows Ai for reference. In the graph
of Wpy sy, the imaginary part is shown in the solid line, and the real part in the dashed
line. The black dots in each graph show (¢;, f(¢;)), where ¢; are the zeros of Ai(s) and
f is one of Wy, Wpese, YD or Ai as described at the top of each graph.

7. Analysis of the boundary layer operators and potentials near glancing

Our next task is to show that analogs of all of the formulas for the boundary layer operators and potentials
from Section 6 hold in the general case.

7A. Preliminaries for the general case. In order to make an analysis similar to that for the model case,
we use the microlocal models for G, N, §¢, and D¢ developed in [Galkowski 2014, Section 4.5]. We
recall the results here. The idea is to write a parametrix for the solution to the problem

(—h*A —2)u = L*8yq ® g1 + 810 ® g2,

where f; are microlocalized near glancing and 83 denotes the surface measure on d2. The parametrix
for the problem will be a sum of oscillatory integrals of the form

HiF = Quh) =" / (foAi(h=2Pp)+ih'? fiAi' (WP p) A_(h=>P @) /M Fy (F)(E") dE,
(53)
HyF = (2uh) = / (foAi(h™2P p)+in' P fiAl' (2P p) AL (h=*P@)e /M Fy (F) (5" d§,
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where f; solve certain transport equations and p, 6 certain eikonal equations. The boundary values of fj
and f) are determined by the limiting behavior of D€ g, and S¢ gp at 9€2.

Let z = 1 4+ip with || < Mhlogh~!. Then let €(h) := max(h, |u|). Let (xo, &) € S*dS2 and suppose
that in coordinates (x’, x4) near xg, with Q2 = {x; =0} and x; > 0 in &,

—h*A =Y "a"hD,hD, +h(z b'hD,, —|—c).
ij i
Then there exist
P, E ) =po+ Y pie(), 0(x, & h) =60+ 0;e(h)!
J J
solving the eikonal equations
224 0(h™) = (adb, db) — pladp, dp),
O(h™) =2(d0, dp)
on pg < 0 and in Taylor series at pg = 0, x; = 0. Here, pg, 6y are real-valued solving
1 = (adby, dbp) — pladpo, dpo),
0 =2(dby, dpo)

on pg < 0 and in Taylor series at pg = 0, x; = 0. We need a few additional properties of p and 6. In
particular,

polag =&1. Ox,p0lae >0, 37ebolag #0 (54)

and 6y, := ylyq has that

K2 (Bg00p(x', &), 8') > (X, 3w Bop (', £)) (55)

is a symplectomorphism reducing the billiard ball map for the Friedlander-model case to that for 2. We
also write 0, = 0|3q. Next, let

O:=plopa =& +ie(h), Op:=polsa =2~

Finally, there exist

o
fi~ Y fight, i=0.1,
j=0

with fop := folaq having | fop| > ¢ > 0 and g3 = 0 solving
2(ad®bo, d fon)+2poladpo, dfi,n)+(D, d fo.n)+(adpo, dpo) fi,n
— P20y f1,n—00(P200) f1,0 = F1,0(0, 0, fim<ns 1), (56)
2(adpo, d fo,n)—2(adbo, df1n—(b, df1,n))—(P200) fon+(P200) fi.n = F2,.n(0, 0, fim<n, V)
on pg < 0 and in Taylor series at py =0, x; = 0 so that for H; as in (53) (—h’A —z>)H; F = Og-~(h®)F

whenever F is supported h€-close to £, = 0. If || < Ch, then this also holds when F is supported §-close
to & = 0 for § small enough.
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7A1. Identification of 0y, p0|x,=0 and |8y/90b|§,. It will be useful to have the values of d,,00|x,=0 and
|8y/00;,|§. To obtain these, we simply write the eikonal equations in normal geodesic coordinates. Recall
that in normal geodesic coordinates (y’, xz) with x; > 0 in ,
—h*A = (hDy,)* + R(Y', hDy) +2xa Q(xa, y', hDy) + h F (xa, y)h Dy,
where
R(Y, Dy)=—Asa=g""*) D,g"%g" Dy, = (det(g") ">,
ij
Q(0,y, Dy) =Y Dyg"%a;D,,,
ij
where Q(y', &) = Zij a;j(y")&&; is the second fundamental form of 3<2 lifted to T*9L, g"/ = g"/(y’) is
the metric on T*9L2, and R(y', &) = Zij g &;&; is the symbol of —h%Ayq.
Using the eikonal equations for pg and 6y in these coordinates,

1= (3,00)* + R(Y', 8y60) +2x4(Q(Y', 3y6) + O(xa))]
— pol(3x,00)* + R(Y', By po) +2x4(Q (', 3y po) + O(xa))],

0 = 2(axd908xdp0 + glj ay,- eoayj 100 + Zxd (aij ay,- Qanj 100 + O(xd))‘
Now, we know that pg|,,—0 = &1 and 9y, 00|x,=0 > 0. So, evaluation at x; = 0 shows
1= (x,00)% + R(Y', 8y60) — &1 (3x,00)* = R(', dy00) — £1(dx,00)"
0=d,,6.
Moreover, differentiating the first equation in x, and the second in y’ and evaluating at x;, = 0 shows
0=2¢"07,,.609,,60 +20(Y', dy60) — (3x,00)° = 2£137, p00x, 0,
0= 2(2;,,,009x, p0)-
Hence,
(35,000 |xy=0 = 2Q(¥', dy00) — 2(£197, p0dx, £0) |x,=0 = 2Q(y; dyB0s) + O(1),
R(Y', 9y605) = [0y 0op |5 = 1 +&1(0x,00)*|x,=0-

The implicit function theorem then implies that with £ = 9,60y,

G
200, £)7

Now, in coordinates (x, £) =« ~!(y, ), where « is as in (55), we have

ﬁ(x’%-):(xl_z\/ —5 ,X/,S)

since k reduces the Friedlander model to the billiard ball map for 2. Let ¢; be a partition of unity on

1 —€ <|&'|; <1+ ¢ for some € > 0 small enough so that on supp ¢; « ! is defined, with «; given by

£ +O((E; = D7), 0y,p =20y, &)+ O0('[; = 1). (57)

1
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(55). Let
E=) @£l (x.8)). (58)

Then we have the following lemma given the existence of an approximate interpolating Hamiltonian for
the billiard ball map. In particular, the lemma follows from the equivalence of glancing hypersurfaces
[Melrose 1976] (see [Kovachev and Popov 1990, Proposition 3.1] for a proof; see also [Marvizi and
Melrose 1982]).

Lemma 7.1. Let E be as in (58). Then at $*92, E =0, |dE| > 0and E < 0 in B*9Q2. Moreover,
E o B(q) — E(q) = O((|&'l; — D™),
B(q) — exp(—2v/—EHz)(q) = O((|€'; — 1)),

"2 _ 1
(€)= %W + 0 = 1)),

TA2. Microlocal description of the boundary layer potentials and operators. We now recall the microlo-
cal descriptions of the boundary layer potentials and operators near glancing from [Galkowski 2014,
Section 4.5]. Let Ai, Ai’, A_, and A’"_ denote the Fourier multiplier with multiplier Ai(©), Ai’'(®y,),
A_(B®y), and A’ (®y,), where for convenience we define

On:=h"230, Oy :=h"30, pn:=h"p, pop:=h"p.
Next, let

Jf = Quhy~! / Fope MO f 3y dy' de’,
JCf := Quh)~4*! / Fob (B, + ih, 81) | —0e W/ M OHE=YED £ (31 gy g,

JBf = (2mh)~4*! / fob 3y 80l cymoe ™/ MOFE=ED (1) qy' dg’.

Then J is an elliptic semiclassical Fourier integral operator quantizing the reduction of the Friedlander
glancing pair to the glancing pair 382, S*R? and it is not hard to check that B, C € ¥ (9<2) so that for any
§>0,
a(JCI™H = 2O, EN' + 05, ('),
where Q is the second fundamental form lifted to the cotangent bundle, 7*9<2. Thus C is elliptic.
Lemma 7.2. Suppose that (xg, &) € S*0Qand ¢ € Cé’o(Rd) have L =1on[—1, 1] withsupp ¢ C [-2, 2].
Then there exists 8§ > 0 such that for any M, € > 0 if [Imz| < Mhlogh™!,
GXg=h" o 'Y JAIA_CT I ' Xg + 0y~ (h™)g,
NXg=(3d— o 'xJ(AiA_ +h*PA_AICT'B)J ") Xg+ 0y-=(h™)g,
(SeXlo =0 A1 JCTN T Xg+ 0p o (h™)g,
(DEXg)lg=—w 'ArXg—h* o™ AL, JCT'BI ' Xg + 0p_, = (h™)g,
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where w = e /% /(27),
X=8(BO) Iy —xol),  Argi=xHiJT Asgi=xHaJ
X := Opal£ (87" (Ix — xol + 18" — £0le)) ¢ (h 87" |I8"]g — 1D].

If we only allow |Im z| < Mh, then we can set € = Q.

A simple calculation shows that on —M h?3 < &1,

AiA_(©y) € Uy > (E = 0),
and on —Ch€ <& < —Mh?*/3,
AiA_(©) € k™ tw 10 g =),

Moreover, for &, > M h?/3,

) h1/3
Ti/6 4 : _ —-3/2
2ne™PAIA_(O)) = —2\/{1(1+O(h(é1) ).
So, using (57)

o(Jh* P  yAiA_CT ITIX)

h
2B (q) A, 0 (k1 (q))

h
= —21<1+0(h<|s/|§—1)—3/2)) £~ (Ix—xol+I& =Eole) g (=87 |E" g —11).

2V|E

(1+0(h(&) /%))

Finally, we recall the decomposition of the boundary layer operators away from glancing from
[Galkowski 2014, Lemma 4.27]. For a similar decomposition when Im z = 0 see [Hassell and Zelditch

2004, Proposition 4.1].

¢ (|x—x0l+1& —Eol ) E (R 8 |E |, —11)

67

(59)

Lemma 7.3. Let Q@ C R? be strictly convex with 32 € C*. Then for all % >¢, y>0,andz=E+0h'™7)

withImz > —Chlogh~'. Then

G(z/h) == Ga(2) + Gp(2) + G4 (2) + Op . ¢ (™),
N(z/h) := Na(2) + Np(2) + Ng(2) + Opr o (h™),
3 DL(z/ h) := 3,DLA(2) + 0, DEp(2) + 0, DLg(2) + Opr— ¢ (h™),
where Ga € W' =/2W-1 Ny e h'=2¢W 1) 9, Db € h= '], and
Gp € h'=¢/2Ima)-da/h (oM,
NB c e(Imz),dQ/hlscomp(Cb),
0, Dy € h~ema-da/h [SMP ()

are FIOs associated to Bg, where § = max(e, y). Moreover,
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MSh'((-)p) C {(g, p) € BEdQ x B9S2 : min(E —|&"(¢)lg, E —18'(9)lg, 1(q, p)) > ch®},

MSK'((-)g) C {(g, p) € T*aQ x T* 92 : max(|E — [§'()lgl, |E — €' (D)lgl, (g, p)) < ch€},

ih BuDL) ih”'VE2—|&|;
- —_— o - ’
WE—ER 2

heli/ M Rewol(q. B (q))

d
2(E— &' Be@) D) AEE— @) A

0(Ga) =

O.(GBe(Imz/h) Oph(l(QsﬂE(q)))) — /

—jeli/MRewl(q.pre(@) (2 |é&/(q)|§)l/4

o (N g™/ Opn(l(a.Be @)y — . —
2(E* — 8" (Be(@)V

—1,,G/h)Rewol(q.Be@) (T2 _ (&7 N4 2 er( 12\ /4
2 9

where we take /7 = \/[z]eV/P A for — T < Arg(z) < & 3”

Remark 7.4. The decomposition in [Hassell and Zelditch 2004] is slightly less precise than that in
[Galkowski 2014] because the glancing pieces are microlocalized to a neighborhood of $*92 x S*9<Q2
rather than to a neighborhood of S*9Q x $*9Q2 N A(T*9S2), where A(T*9d€2) denotes the diagonal.

In particular, Lemma 7.3, together with (59), implies that there exists M > 0 such that for y = x (|§'[,) €
WY (€'| = 1) with supp x C {|€']; > 1+Mh?3}, we have G Opy(x) € i3y /> 72 (1g'|, = 1) with

hx(1&'lg)
2VIEE -1
7B. Analysis of S€* 8¢, DL* D4, and DL* SL near glancing. Our next goal is to understand S¢€*S¥,

De* DL, and DL* S¢ microlocally near glancing points. To do this, we will use the microlocal description
of S¢ and D¢ from Lemma 7.2. In particular, let J; be a microlocally unitary FIO quantizing «, where «

(G Opn(x)) = (1+o(h(IE"l; — D). (60)

is as in (55). Then we prove:

Lemma 7.5. Fix z=1+4iu with |j1| < Mhlog h='. Then for any € > 0 and § < %, for x € llfg}g(|§’|g =1)
self-adjoint with WF(x) C {||€'], — 1] < h°},

_ 2
XSEStx € WY (1€l = 1)),  xDESty, x St*DLy € WPl (€], = 1)),
xDEDLy € W' Pw (€], =1)).

Moreover,
2 Wse(h=23O0(E) x(k (x', &)
Jix S€*Sly J)) = ,
oUixSESEXN) 20(c(x. )
o (JF DO Sty = Vst (h PO EN) (e (x'. §1)
1 - )

2Ok (', M)
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W3 W se(h=2300(EN) x> (k (x', €'))
Ok (x', &)/ ’
W23 (h300 (") X (k (x', £))
Ok, ENNI/3

We prove this lemma using Lemma 7.2 to write a parametrix for S€*S¢. We then Taylor expand the

o(JixSU*DLyJy) =

o(JixDL* DLy Jy) =

Airy functions around their values at the boundary of €2 and estimate each of the terms. The higher-order
terms in the expansion will turn out to be lower-order in /& and the symbols will be found by computing
the first term. The operators D£*S¢, S€* DL and DL* DL are handled similarly.

7B1. Estimates on the remainder terms. We first give estimates on the size of terms that will be lower-
order. These terms arise from a Taylor expansion of the integrand when computing S£*S¢ using the
microlocal model from Lemma 7.2. In particular, consider an operator with kernel given by

Rijkimno = (2mh)~24+2 / /O b(w, x',y', 0, EYR2BUR (o (w, 1) — p(w, ENO®W) — OE)) W

x Ai D (py(w, £)A™ (©4(E)) Ai @ (pp(w, £))AY (O4 ()
s« 1/ MO E)=0(w. 1) —0(y' &) +0,(x".0") dwg d&' dn' dw’,

where b € S5(§; = 0) is supported in |O(&')], |O ()| < Ch®. First, observe that since 0x,p0 > 0 and
Ait) <Ce™” for 131,

we may assume that b is supported on wy < € for any € > 0 by introducing an O(e~¢/") error. Next,
notice that

O(w, ") — 0w, n") =0y (w', &) — 0w, ) +wi(E —n',r(w, &', n)).
So,
OO (w, &) — O (w, ') = (3720w, ') + wydwr)(E —n)
and, using that 8)%,&_/9;, # 0, for w, small enough, the phase is stationary precisely at £’ = n".
We first change variables so that Wy =h~2/3 pg(w, £'). Then, wy=h*3e(Wy, w', &)Y (Wy—h 230 (")),
where e is elliptic. So, the kernel takes the form

Rijklmno
o0
— k) 222 f / by (WP Wy, w2,y o, & Yh2/30 k)
h=230(§") 2 .

x (p(wa(Wa, w', &), 1) — h**W, — e(h)p1)

x (O(n) — OEN) (Wy —h™20y(E"))"

x AiO(Wy +h=e(h)py(w, £)) A" (O, (8"))

X AL Wy +h=2Pe(h)pi (w, §) A% (©4(5)) 3T dW, dE' dn’ dw,
where

T =0,(w, &) — 0w, n) =0y, E) +0p(x', ) + B3 (Wy — O (ENHE — 1/, r(Wy, w', X', €', 1)),
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Now, the integrand vanishes to order |&’ — 1’|/**, and the phase is stationary in w’ precisely at &' = 7',
Hence, integrating by parts j + k times in w’ and then applying stationary phase in the w’, n’variables
gives a finite sum of terms (possibly with additional positive powers of /) of the form

h2/3

o0
Gy / f . ba (P Wy, x' + O((Wy — k=23 00(E))* "), x', y' &', &)
h==>0(&")

x AiEP (W + =P e(h) p)) A™ (@)
x Ai0+) (W, + h_2/36(h),01)Ag)(®h (E/))e(i/h)(Gb(X’,E')—Qb(y'f’)) dw, dS/.

Note that we can apply stationary phase in the w’, n’variables since 8?,5,90;, # 0. Next, change variables
& E'(x',y, &) so that

bop(x', &) —00p (Y, ') = (" =y, B'(x', ', &),
To find such a change of variables, observe that E(x’, x", §') = 8,6, and hence 9z’ E = 8%.2, Oop #0s0
we can apply the implicit function theorem. Then, integrating in W; and using the fact that on supp b,
|®(&")| < Ch?, we obtain
Rijetmno = (2 h) ! / by(x', ¥/ €' e/ ag,

where, letting

r=3Qn+l+ptotqtm+i—4)+ 160, +8,+6+50).

b3 c h2/3+(1/3)(j+k+p+q+2n) (10g h—1)p+qhmax(r,0)(1/3—8/2) S(l)fg/z(le_l; {é] — 0})
Hence, the operator RVA™"° with kernel R;jimno has for any € > 0,

Rijklmno h1/3(j+k—l—m—i—0+2)+8/2(l+m+i+2n+0)—e\p?,_oa/z({gl —0)),

Rijklmno e h2/3+(1/3)(j+k+2n)hmax(r,O)(l/3—5/2)qj?,_rs/z(Rd—l; {gl — 0}).
7B2. The principal part. By the analysis above, we see that when microlocalized near glancing points
St*S¢e, De*De, and DL* S¢ are pseudodifferential in a second microlocal class. We just need to compute

the principal symbol of these operators. The symbols will turn out to be Ws¢, Wpp, and Wp,se, respectively.
First, using the principle of stationary phase, we compute

I = @yt f bo(y', &)eli/ DU E1=0EN £y ay/ ge',

clulf= (2nh)—d+1/b1(y/, £ /MU E =00 EN £y dy! dE,

where
|det 82,0, (y', €] bo(y', &'
bo = o 4 0s(h) and blzo(y—/s)/+05(h).
gon(y', &) A0 (Y, &)
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Denote the kernels of S£*S¢, D€*DE, and DL*SE by Ks¢, Kpe, and Kpgse respectively. We explicitly
consider S£*S¢ and we record the end result for the others. The kernel of S¢ is given by
27T eni/6h2/3

SO = T

/ (80(x, € Ai(pn(x, £)) +ih" g (x, ) A (on(x, &)
X A_(OR(ENDbI(Y, é_/)e(i/h)(0(x,§’)—9b(yﬁ$’)) de’.

The kernel of S¢*S¢ is given by

423

T Quhy¥? / /0 (g0(w, &) Ai (py(w, € +ih' P g (w, € Ai' (on(w, E)))

x (go(w, n)Ai(on(w, ) — ih' g1 (w, n")Ai" (o (w, 1))

X A_(OENA_(©,Nb1(Y, §)b1(x', 1)
w /WO =61+ EN =00 EN gy duy dE' dy.

Kse

Taylor expanding the Airy functions around pj, (w, &’) and ®,(&’) produces lower-order terms of the form
h*3 Rojkjkos (j, k) # (0, 0), B33 Rojk(j+nr10, >3 Rojijerr and h? Roj(j+1k21. In particular, S€*S¢ =
A+ 0w & —op (h*T9/27€), where A has kernel

42?3

Alx,y) = Onhyi—2

o0
// go(w, £ Ai(pr(w, ")) go(w, n")Ai (pp(w, E))A_(On(E))A_(O4(§"))
0 x by (y', €bi (x', n/)e(i/h)(9b(X’,'7/)—9(11),?7/)+9(w,5/)—9b(y/,§’)) dwydw' d€' dy'.

2/3

Then, changing variables W; — h™=/° po(w, §’) and performing stationary phase as in the analysis of

R jkimno gives
Ax, y) = 472 h2 //oo ao(x’, ENag(x’, £) + 051_5/2(h1/3+5/2—e)
Qrh)d=1 [ Jh2n0.@) |det 82,0 (x'€")] 0y, p(x', &)
x |Ai(Wa +h™*Pe(h)p) P |A— (@, EN b1 (Y, ENbr1 (¥, )
% e(i/h)(Gh(X’,E/)—%(yCS’)) dwy dw’ds’dn’.

Using that the phase is stationary at x’ = y’ to integrate by parts in &’ when terms of size |x’ — y’| appear,
using that for any € > 0,

Ai(Wyg) + Os(h=*Pe(h)(Wa) /), Wa =C,

Ai(Wy+h=Pe(h ={
(Wy (h)p1) AP (W) + 0g(h=2Be () (W) 423"y W, > C,

and using the definition of Wg,, gives for any € > 0

=008 gg

2 AV AV / §/2—
Ax, y) = h / lao(x’, D17 1D1(x", §")|"Wse(®0p (§))+Os,_; ), (h e)e(i/h)(e,,(x/,g
(2mh)d-1 |det 37, 6op (', §")[Bx, 0 (x', §)

Now, let J; be a microlocally unitary semiclassical FIO quantizing «; i.e.,

IS = (2nh)d+1/c(x’,g’)e("/’”(%b(’“’f')<y'f’>’ dE'
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where
¢ = |det 37,00, (x", £)["/* + O(h).

Applying stationary phase gives

TP AT (x, y)
o / cw', £)e(@ ENlag(w', )17 b1 (w', 81> Wse(Qon(§") + Os,_,, (h*27)
 @mhyd! |det 92, 60p (W', £")[70x, p (W', £')|det 05,00 (2, &) =0kt (28 )

x'=0¢00p (w',&")
w /MU' =y &) +01,w',§) =61, (' .£") de’.

Again, using integration by parts on terms that are O(|x"—y’|), we can assume that x’ =y’ in the amplitude
and hence have

JFATI(x, y)
o / cw', Ee(w’, §)ag(w', €7 1br1(w', §) P Wse(Oon(§")) + Os, ), (h*>7°)
(2mh)d-! |det 87,0 (W', §) |28y, p(w', £)|det 87 B0p (', £ X' =g1605 (', )

w /M=) e

So, plugging in the definitions of ¢ and b;, we have

h? / Wse(Oo(EN) + Os,_,,, (h*/27€)
Q2mhyd=1 |8, 0 (W', EN[28x, 0 (W', &)

JESE*SL) = /MW =80 ger (61)

x'=0g 60p (w',§")

Similar computations give

/3 Wpese(Oon(§)+0g01y2 (hOFH/47¢) . ,
JrDESL, = / &) IS ag!,
(2 h)d-1 (3, p (W', €))? x'=0¢00p (w',&")
RA/3 Wpise(Oon (E))+0g01/2 (R'/0T/4¢€) .
JESEDL = / — IS g (62)
(2 h)d- Oy, p (W', )2 X'=d 605 (W' ,E)
n2/3 Wpe(Opr (§)) 40401 (h137€) o
J;DUDL, = / 5 MY ag!,
(2mh)d-1 Oxy o (W', ") X' =060 (' £

Hence, all of the above operators are second microlocal pseudodifferential operators with respect to the
glancing surface {|£'|, = 1}.
Plugging (57) into (61) and (62) gives

2 ~2/3 / 4/3 ~2/3 /
o (JFSESET) = h*Wse(h™“°Op(& ))’ o (JEDE SO = WP WUppse(h @20(5 ))’
20(k(x’, &) Ok (x', £)))?/3
4/3 3 ; 2/3 ~2/3 /
o(]l*SZ*DEJl):h Wprse(h=/° 00 (& ))’ a(Jl*DE*DEJl):h Wpe(h™/" O (& ))’

2Ok (x', M) 2Ok (x', ENN'/3

where « is as in (55).
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8. Preliminary analysis of the generalized boundary damped equation

We examine problems of the form

(=hPA—=Hu=w inQ,

ho,u + Bu = hv on 082, (63)
ulpo =¥,
ze[l—ch,14+chl+i[—Mhlogh™', Mhlogh™']. (64)

We then assume that B = hN,(z/h) + hV (z), with V analytic for z as in (64),
Ve h* (WY R, = EYU W) {E |, = 1)

for some @ > —1 and m € R.
Furthermore, suppose that for some § >0, M, M; >0,and 0 <€ < %

V is elliptic, on |[§'[|; — 1| <6,
ho(V hl+ot

Vi -1 Wl 1
i ho (V hlte 65
[FSSLLLL N R e, <1, ©
21— 217 \Wi- g2
ho(V
log(l + %) exists and is smooth on 792\ {|§, < M,}.
€12 -1

The problem (63) is a highly generalized version of a standard boundary damped equation which was
studied in the seminal work of Bardos, Lebeau and Rauch [Bardos et al. 1992]; see also [Koch and Tataru
1995]. In order to study this problem from the spectral point of view, we must see that the inverse operator
is meromorphic with finite rank poles. This is similar to the analysis in the case of the standard damped
wave equation (see for example [Zworski 2012, Chapter 5]).

8A. Meromorphy of the resolvent. For s > —%, let

—h*A—2?

:HS+2 Q HS Q Hs+1/2—max(m—1,0) Q).
y8v+h_1B(z)y> (€2) > H (Q) & (952)

P(z) = (
We will show that P(z) ! is a meromorphic family of operators with finite-rank poles. Our analysis is
similar in spirit to that for potential and black box scattering; see for example [Dyatlov and Zworski 2018,
Chapters 2,3,4].
Then, when (I + VG)™': HS(3Q) — HSTm&xm=1.0)(5Q) exists,

Py = ([1 — St +VG) (yo, +h1By)]h2IQR0(z/h)1Q)
St +VG)™!

HS(Q) @Hs-i-l/z—max(m—l,o)(ag) N HS+2(Q)'
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To check that this is the inverse, we simply apply the jumps formulas from for example [Galkowski 2014,
Lemma 4.1 and Proposition 4.1.1]. For the Sobolev mapping properties of 1qRglq, S¢, DL, see for
example [Epstein 2007, Theorems 9, 10]. Now,

J+Vve) '=1—-vua+6v)y'G, d+6vy'=1—-cu+ve)lv;

therefore, I + GV is invertible if and only if / + VG is invertible. Thus, to check that P~ has a
meromorphic continuation from Im z > 0, it is enough to check that (I + GV)~! does. To see this, we
first show that / + GV is a holomorphic family of Fredholm operators with index 0 on the domain of Ry.
The condition (65) and Lemma 7.3 imply that for M sufficiently large and 0 < xo € C°(R) with o =1
on |x| < M and supp xo C {|x| < M + 1}, (I + GV)(1 — x(|hD’],)) € ¥mxm=D.0(50Q) is elliptic on
|€'| > M + 1 with symbol

ho (V)
2VIE2 — 1
Then, for k = 1,2,1let 0 < xx € CZ°(R) with xx =1 on |[x| < M + 1 and supp xx C supp xx+1 with

supp x2 C {|x| < M +2}. Then, by assumption, log(f/| f|) is well-defined on supp x2(|¢'|,) and hence
for K > 0 large enough

f=0(I+GV)(1— xo(|hD'[y))) = (l + )(1 — x0(I€"[¢))-

f 1—x10&"1g)
g=f+ KXZ<|5’|g)(m> € 8" ! has |g| > c(g/)" "

Now, Opn(g) : H}‘f+max(m_1’0)(8§2) — H; (092) is invertible for 4 small enough and

Opn(@)(I +GV)=1+A;, (I+GV)Opn(q) =1+ Az,
Opn(@)(I +VG) =1+A3, (I+VG)Opn(q) =1+ Ay,

with A; : H;(0Q2) — Hﬁ’l(aQ). Therefore, both I + GV and I + VG are Fredholm with index O.
The analysis below will show that there exists zg with Imz > 0 so that / + GV is injective. Therefore,
(I + GV)~! exists at zo and by the analytic Fredholm theorem has a meromorphic continuation to C
when d is odd and to the logarithmic cover of C\ {0} when d is even.

Write

I+VG)p =v. (66)
Note that if ¢ has (66), then u = S€¢ solves (67) with w =0 and ¥ = Gg. That is,
(=h’A-=?)u=0 inQ,

ho,u + Bu = hv on 0€2, (67)
ulpgo =v.
Similarly, if
(I +GV)y¥ =G, (68)

then
u=-8LVy+Stv
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solves (67). Now, suppose that u solves (67). Then
u=h"'S8Chd,u—Dlulyg =—h"'SLBulyg —Dlulyg +Stv=—SLVulso + Stv,
where we have used that in €2,
S¢Ny+ D¢ =0 and hence (h_lSEB + D) =8LV.
Therefore, taking x — 92 gives
ulpga=—-GVulpo+Gv = [{+GV)u|yq = Gv.
That is, ¥ := u|yq solves (68). Finally, if i solves (68), then ¢ := v — V¢ solves (66).
Lemma 8.1. The following are equivalent:
(1) u solves (67).
(2) u=8L(v—Vulyq).
3) ulsgg = ¥ solves (68).
4) v—Vulyq = ¢ solves (66).

Note also that since I + V G is Fredholm with index 0, it is not invertible if and only if there exists a
nonzero solution i to (I + V G)y = 0. Hence, together with Lemma 8.1, we have proved the following.
Lemma 8.2. The operator P~ is meromorphic on the domain of Ro(\) and the following are equivalent:

(1) P~ (2) has a pole at zo.
(2) There exists a nonzero solution v to (I + G(z0)V (z9)y¥ = 0.

(3) There exists a nonzero solution ¢ to (I + V (z0)G(z9)¢ = 0.

(4) There exists a nonzero solution u to (67) with v = 0.

9. Microlocal analysis of the generalized boundary damped wave equation

We now proceed to study the poles of P(z)~L It is convenient to study (68) because then the solution to
(67) has u|3o = Y. From now on, we do so without comment.

9A. Brief outline of the computations. The analysis in the next few sections proceeds as follows. We
first study the elliptic region where there is no propagation and hence the analysis is relatively simple.
Then, we study the hyperbolic region where standard propagation occurs. In this case, we use the
decomposition of G (Lemma 7.3) to rewrite (68) in terms of the reflectivity operator, R from (18) and
transition operator 7' from (19). We use the symbolic calculus of FIO’s to show that this new operator
has a microlocal inverse on the hyperbolic set. However, we must show that this inverse preserves the
hyperbolic set up to a small remainder. This is done in Lemma 9.3.

Putting these two regions together leaves the glancing region to be analyzed. Here, we apply the
microlocal models of G and S¢ near glancing from Lemmas 7.2 and 7.5. We start by using (68), together
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with the model for G near glancing, to further localize v near certain “almost glancing hypersurfaces”.
Using that S£V ¢ solves (67) with v = 0, we obtain estimates on Im z from the description of S£*S¢
near glancing.

9B. Elliptic region. Fix 0 <€ < % and 0 < ¢; < ¢ < ¢. We first estimate solutions to (68) in the elliptic
region & := {|§|; > 14 ch€}.

Let x1 € Sc(|€'|; = 1) have x; =1 on |§'|, > {1 4+ 2k} and supp x1 C {|€']; = 1+ c1h¢}. Also, let
X2 € Sc(|€']g = 1) have supp x2 C {|§'[; > 1 +c2h} and o =1 on {|§']g > 1+ ch®}. Let X1 = Opn(x1)
and X, = Opn(x2)-

Let ¢ solve (68). Then, we have

I+GVX 1Yy =[GV, X 1Y+ X 1Gv.
Now, by Lemma 7.3, GV X1 = GAVX| + Oy-=(h*), where G € h**W /> 7! (&| = 1). By our
assumptions on V and Lemma 4.3, there exists

Ac hmax(,2/3,ayo)\Ijzl//g,min(o,]—m)ﬂg/lg =1U lIlg}gnin(o,l—m)(|%_/|g — E/)

so that A(1 + GaAV) = X and MS,(A) C {x1 = 1}. So,
Xot = A[GAV, X11¢¥ + AX1Gv + Oy (h*) (Y + v)
and hence,
IX2¥ gy < CUALGAV, Xi]¥ 12 + 1AX 1 Gavll gy + ORZ) (1Y Nl v + vl )

< C" vl 2 + o) ¥ ).
Summarizing:

1

Lemma9.1. Forall0 <€ < 3, C> 0, and N > 0, there exists ho = ho(€, ¢) > 0 such that for 0 < h < hy,

x € SOO(IE"|g = 1) with supp x C {|&'|; > 1+ ch€}, and Y solving (68)
1 0P GOV Il < CRvll 2 + OB Y | ).
9C. Hyperbolic region. Recall from Lemma 7.3 that
G = GA + GB + Gg + OL2_>CQO(]’IOO).
First suppose that MSy(X) C {|§'], <1 —ch€} for some 0 < € < % Then, suppose that
I+GWVXy=f
-1/2 . . 1/2
and let G, '~ be a microlocal inverse for G, ~ on

Hi={lg"|g < 1 —ruh),
where r; < c¢. Then

I+GV)X 1y =+ (Ga+Gp)V)X1Y + O(h™) Y

= +G U +G, GGy G V)X 1y + o)y = f.
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Thus, f is microlocalized on H and, following the formal algebra in [Zaletel 2010, Section 2] multiplying
by Gi/ >V, we have

GPVXiy =—GY* VG I+ G '* GGG VX W + 0(h™®)yr + GV f.

Remark 9.2. By Lemma 5.3, a microlocal inverse on H will be a microlocal inverse on MS(Gp X1).

172 172

Writing ¢ = Gi/z‘/Xllﬁ and T =G, '"“GpG, '", we have

(I+GY*VG\P==G\*VG*Tg+ oh®)y +G V7.
Hence, letting
R:=—(I+G*VG\)™'G\*vG),

we have

¢ =RTp+0(h®)y —RG,'*f.

Here, T is an FIO associated to the billiard map such that

I i Re wol (B(q), .
o(exp(% Opha(q,ﬂ(q»))T)(ﬂ(q),q)=exp<l cnltPa) ”)e a2 e s,

h

and R € W UV 3(|&'|, = E') is as in (18).
Thus by the wavefront set calculus we have for N > 0 independent of 7,

N-—1
(I = (RT)M)p = 0(h™®)y — Y (RT)"RG,'* f (69)
m=0
and by Egorov’s theorem (Lemma 2.15), we have
(RT)y = (RT))M(RT)Y = Opn(ay) + Oy (h™), (70)

where ay € S U S33(1&'|; = E'). Moreover, with § = max(2¢, 3) for u with MSy(u) C H, by the sharp
Garding inequality, Lemma 4.5, and Lemma 4.6,

igf(w((RT)N)(qn + O(h EDON DT 1y || 12 < [(RTHYVu|3,

IRTYNull* < sup(|6 (RT)w)(q)] + Oh" &Dx @FI=0y) [y 5.
H
Let

w1 :=1—vsupa ((RT)y), x:= \/i%f&((RT)N) —1.
H

Finally, let » = max(», »,). Then, we have:

Lemma 9.3. Suppose that x > h"', where y| < min(% — €, é) Letc >ryand g € L? have MSh(g) C
{1-Ch® <&l =1—ch}.If
(I —RDMu =g,
then for any § > 0,
MSp(u) C {1 = (C+8)h® < |§'|, <1 —(c—8)h°}.
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In particular, there exists an operator A with || A2, ;2 < 237!,
Al — (RN =1 microlocally on H,
and if MSy(g) C {1 — Ch® <|&'|; <1 —ch®}, then
MSp(Ag) C {1 —(C+8)h < |E'|g < 1 —(c—8)h}.
Proof. In the case that », > h"', we write
(I = (RD") = ~RDY" (I = (RT)™")

microlocally on 7{ and invert by Neumann series to see that for any g, (I — (RT)")u = g has a unique
solution modulo 4> with ||u] < »%~!|/g||. On the other hand, if »%; > A", then ||(RT)"N| <1 — »;, and
we have that for any g, (I — (RT)")u = g has a unique solution with ||u| < xl_l llgll.

We will consider the case of x; > h"1, the case of %, < h"' being similar with (RT)" replaced
by (RT)~". Inversion by Neumann series already shows that we can solve (I — (RT)V)u; = g with
luill <> gl To complete the proof of the lemma, we need to show that this inverse has the required
microsupport property. For this, we need a fine almost invariance result near the glancing set. In particular,
by Lemma 7.1, that there exists an approximate first integral E(x, &) € C®(B*3Q) so that & = 0,
|dE| > 0on $*9R2, E < 0in B*9$2 and

E(B(q)) — E(q) =r(q), (71)

with r(g) € C*°(B*92) vanishing to infinite order at $*0€2. (See also [Kovachev and Popov 1990;
Marvizi and Melrose 1982; Popov and Vodev 1999b].) In particular, we have that in neighborhood of
S*0€2,
E(, &) =e, E)(E]; - D),
with e > ¢ > 0.
For k > 1, let y; = xx(¢) with xx+1 = 1 on supp xx and x; = 1 on MS;(g) so that

supp xk C {1 = (C+8)h <|&'|; <1 —(c—8)h*}.
Let Xy = Opn(xx). Finally, let xoo € Se with xoo =1 on Uk supp xx and

SUPP Xoo C {1 — (C +28)h¢ < |&'|; <1 — (c —28)h°}.
Then (71) implies
Ixk(B(q)) — xk(@)| = O(h™).

Suppose that u is the unique solution of
(I—(RT)u=g.
We will show that u is microlocalized as described in the lemma. Letting u; = u, we have

(I — (RTYM X u; = g+ 0(h™®)g + X1, (RT)V1Xoout1 =: g + g1
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Let§ = max(Zé, %) Then
(X, T1=T(T'X,T—X,)=Th' B,
with B € W_. In fact,
T7'X,T = Opn(x1(B(@)) + Ow, (h' 7).
Hence, since X ,u is microlocalized h€-close to glancing,
MSh([X1, (RT)Y1Xoour) C {x2 = 1},

and g1 :=[X1, (RT)N1Xsou; has
Igill < Ch' % Mgl 2.
Now, let 1, have
(I —RT)YMuz =—g1,  fuall <7 llgill < Ch'°x|Ig].
So,
(I — (RTYM)(X1u +uz) = g+ 0(h™)g.

Continuing in this way, let

(I = RT)Mug = —gi—1,  gr—1 = [Xi—1, (RT)V 1 Xoolti—1.
Then,
lugll < 22 (RF=D)) gl 2.

Moreover, letting it ~ )", Xug, we have X it = it + O(h*)u and

(I —(RTYM)ii = g+ 0(h™)g,

79

(72)

which implies i —u = O(h*°) and hence that (I — (RT)") has a microlocal inverse, A, with the properties

claimed in the lemma.

g

We now suppose that ¢ solves (68) and use (69) to obtain estimates on . Let x; € S with xx =1 on

{I&'] <1 —2kch} and supp xx C {|&'|g <1 — (2k — 1)ch€}. Then

(I+GV)X ¥ = —[X1, GVIY + X1Gv =: ¥y + ,

1/2

where MS, (Y1) C HN{|&'|g = 1 —3¢/2h¢}. Then with ¢ = G, "V Xy,
N—-1
(I = (RT))p = 0(h®)y — Y (RT)"RG, (41 + 1),
m=0

and hence by Lemma 9.3, when x > h?" for y; < min(% — €, %),

Ny
o =0(h™)y — Y ARRT)"RG, "y + )

m=0
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and, using the microsupport statement from Lemma 9.3,

N-1
Xap=—Y ARTY"RG, "5+ Oy (h®) (¥ +v).
m=0
Hence,
N-—1
_ —1/2
1X2pl2 < 27| Y (RTY"RGL 2 X, G| + 0h™) (||| + [[v])

m=0

< CxleNPma-/hpl/2=€/2 1) L O(h™®) ||y

Then, since ¢ = Gi/zVXlw, we know VX ¢ = G;l/zgo + 0(h*°)yr and

X3¢ = —X3G VY + X3Gv = —X3GV X 1¢ + X3Gv + O(h™)yr
= —X3GG,'*9+ X3Gv+ 0(h®) = —X3GGy "> X290+ X3Gv + O(h™) .
Hence,
IX39 1 < 1 X3GG, > Xa0] + | X3Gv| 4+ 0(h™) |||
< C e p'=eeNHTDDmO-/hy g1y o(h™) ||y ).

Next, we examine when » > ch”!. If this is not the case, then

! inf|[oc (RT)N)(@)| — 1]
im inf =

h—0 hn 0.

So, let
6 (RT)n(q) = e,
Taking logs and renormalizing we have

2Imz 2Imz
A Niy(g) —

Nlin(g) +loglo((RT)N)(g)| =e(q).
This implies

Imz

1 1
= —m@[%zm) + 5 10816 (RT)n) (@) + e<q>] = 13" (q)(rn (q) +e(q)),

where ry as in (21). Thus, if »x < ch", for any ¢ > 0,
I
inf —I5! (ry +ch?) < ——— < sup—I3, (ry — ch™).
H h H

Now, writing

Imz Imz
RT = [R CXP<—T Opn(/(q), ,3(61)))] [CXP<T Opn(l(q), ﬂ(q))) T}
and applying Lemma 3.1 shows that

rn(q) =0 ((RT)N)(q)

2Imz =)
— exp(— > 1B @), ﬁ"“(q)))
n=0

h (16 (R)(B (@) + O(h kP @) +1-26)),

1

N

1
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Summarizing the discussion, we have:

Lemma9.4. LetO<e < %, Vi <min(%—e, é), ¢ >0, M > 0and suppose that x =1 on {|§'| <1—Ch*}

and supp x C {|&'| < 1 —ch®}. Suppose further that  solves (68). Then there exists ho > 0 small enough
so thatif 0 < h < hg and

I I
S Iy ) or  — —— > sup —Iy (ry — ch?), (73)
h H h H

where [y and ry are as in (20) and (21) respectively, then
10PhCOW 2 < C(R' =771 NHDPRAMDLE |y o 4 OB [ | y0). (74)

9D. Glancing region. Let x € Sc(|€'|,=1) with x=1on{||§'|;—1|<ch®} and supp x C{||&'|,—1|<Ch®}.
Then

(I +GV)Opr()¥ =[GV, Opn(X)1¥ 4 Opn(x) G.

Let ¢; be a partition of unity on S*9€2. We then use the microlocal model for G near glancing:

Y U+ o™ AL AICT I V)g Opr ()Y = Opn(x)Gv + GV, Oph(OIY + Oh™) (¥).

First, observe that if o > —%, then our model shows that (1 4+ G V) is an elliptic pseudodifferential
operator on supp x and hence:

Lemma 9.5. Suppose o > —%. Then under the assumptions of Lemma 9.4, there exists N > 0 such that
Wl < Ch~ vl 2.

Throughout the rest of our analysis near glancing, it will be convenient to use Z from Lemma 7.1.

Then
E, €)= (€1; - DR, ENT + o0& — 1)),
Moreover, & (k' (x', €)= E(x', &)+ O((|5/|§, — 1)), where « is the symplectomorphism (55) reducing
the billiard ball map for the Friedlander model to that for Q2 near (x/, £") € $*92. In particular, notice
that if x € SP°(&) = 1) with supp x C {ah{ < 1 —|§[; < bh®), then
o (Ji Opn(x (BN Y1) = x (&),
MSu(:0pn(x (8)J; ) C {ahf < & < bh%).

Now, the assumption that on [£|; — 1 > Mh?/3

ha (V) ‘ . 5< hite >
VIER -1 \WIER -1

(see (65)), together with Lemma 4.3 and (60), implies that / + GV is microlocally invertible on |£'|, >
1+ Mh*53,

‘l-l-
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When o < —2, we can localize further. In particular, fix M; > 0. Then since V is elliptic and o < —%,

3 9
I + GV is an elliptic pseudodifferential operator when for some é > O and all 1 < j < My,

W REW, EN+ g1 =8, hPEW,E) 4t = 6.

So, there exists C > 0 such that, letting x> € S»/3(|&"|; = 0) have supp x> C |&1| < Ch® and

’ (75)

El

v =1 {I%lISCMhm,
2:

o =—
617725 + 51 <8, Ch <& < *Pou, +80°F, a < -

we have:

Lemma 9.6. Let x; be as in (75). Then
1(1 = Opa(x2(E))) Opn(x) ¥ [| < Ch™ 3+ (|| Opa () Gl + [IG V., Opn GOV [l + Oh™) [ ]1,
and hence, under the assumptions of Lemma 9.4,
I(1 = Opn(x2(E))) Opn ()Y || < Ch™ T2 (R 4 pl = fNHDDRAMD-TRy || - 0(h>) 1.
9D1. Flux formula. With x, as in (75), define

Yng := (1 = Opn(x2(8)) Opn (X)) ¥

and Vg ==Y — Y.
By an integration by parts, we have for a solution u to (67),
2RezImz =,
Ml =Im{BY, ¥} | = = Im(hv, ). (76)
On the other hand,
u=h"'Shdu—Dlu=—(h"'SEB+DOY +Stv=—8LVY +Slv. (77)

Since we already have estimates for v/,,,, we write
U= (=StVig) + (Sl(v—Viug)) = ug +uyg.
Now, [Han and Tacy 2015, Theorem 1.1], together with an application of the Phragmén—Lindel6f
principle, implies
I1SE = V)l = lung || < 1P =T (|[u]| + 1 | yrng | 1),
ISEV gl = llug|l < CR/OF¥ePmOT Ry .

Then,
lull® = gl = 2Re(ug, tng) + ltng|*
< Sllugl® + (14287 llungll?
EC8h5/3+2a62DQ(lmz),/h||1//g||2+(1+28—1)”ung”2
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and

[(BY. W) — (BYig, Yig) | = (BWg. Ying) + (Bng, W) + (Bing. Ying)|
< C@lIYll® +C A +8"D 1 Yugll -

Now, rewrite (76) as
2RezImz
h
Plugging our estimates in together gives
2RezImz
h

2RezImz

h (g I = lull®) +Im(Bvrg, ¥g) — (BYr, ¥)).

lug > =Im(BYrg, ¥rg) =Im(hv, )+

lugl|* +Im{—hNovrg, V) + (—hIm Vifg, ¥r)

< ChT I? + 811 I1P) + ClIm g |~ (82173 F2% 2P MMMy 12 4 (14 857 g 1)
+C @3l P 4 (1485 ) g g
< C(81h + [Im g|p?P 124 2PmO-/g,) 4 53) [y ||7
+C (81 +85" + (148, I g p?720e2Pa@mI=I0) |y |
+C(hé; " + 85 [Img|p?3+2e2Pama- [y 1y 12, - (78)
In particular, we have:

Lemma 9.7. Forall y1 € R, ¢ > 0, there exists C > 0 so that if

2RezImz

p lug|l? +Im(—hNaWrg, Yr) + (—h Im Vg, Yg)| > ch” | |17, (79)

then
1Wgl? < CCR" R 4 (1 4 [Im 2| /3420771 2P /0y [ 2| 232 2Palm a1y 1y, |13,
+C(R>7 o+ [Im z PR320 P /iy 1y 2,
9D2. Estimates on the glancing set. We now obtain estimates of the form (79) using the description of
the single- and double-layer potentials from Section 7. First, observe that
gl 720y = (BYg: ¥e) 1200

where by Lemma 7.5

B:=V*St*SLV e 70, (1E|g=1)
is elliptic and has symbol given by

o (hV)P?

o(B) = T(‘PS@(GO};)OK_I)-

Take €, € > 0 small enough and let
o {11§'1g — 1] < h€, |E+h*3¢| < e1h?3 or E < —Mh?/3),
gl - 1 = e,
where C and M are as in (75).

2
3 (80)
3
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Now, define

2RezImz 2
Tllugll +Im(—=hN2Yg, Yo) +(—hIm Vg, Yo) = (Ag, Yg),

where
. 2RezImz

W B—Im(hNy+hV>).

Then, applying the sharp Géarding inequality (see Lemma 4.5) along with bounds on the norm of pseudo-
differential operators (see Lemma 4.6), we obtain

Wse(h 2P E)(1 + 0(h/%))
—h(Im o (N2) + o (Im V)) — ch!/3t€/2 —ch“/3+“)||wg||2 < (AYg, V) (8D

m

o

; 2RezImz |o(hV)|?
h 20

and

2RezImz o (hV)|?
h 20

Wse(h 2P E)(1 + 0(h*/%))

(Alﬁg, 1//g> = sup(
—h(Imo (N2) +o(Im V)) 4 ch'/3+¢/2 4 ch4/3+°‘> gl (82)

o

Notice that for all § > 0, there exists M; large enough and €; small enough so that
1-8 < Wse(h?PE) <1468, (r.§)eLly (a<-3).
So, we have:

Lemma 9.8. Forall § > 0 there exists hg >0, N, M >0, C, c > 0such thatforO <h <hgif £Imz>0
and one of

—Imz _ - h(Imo (N2) + o (Am V) + c(h'3T¢ 4 p=13+€/2)) 0

1494),
T L lo(hV)|2Wse(h=2/3E) ( ) &3)
—Imz _ h(Im o (Ny) 4+ o (Im V) — c(h1/3+e 4 p=1/3+€/2y) 0 173)
sup — ,
=y o (WY)W (h—2FE) *
holds, then
Wl < CAN(lvll 2 + | W¥ng ) + ORIY Nl v (84)
Ifa < —%, we can replace the conditions (83) with
-1 h(l N ImV h1/3+ot h—1/3+€/2
mzfinf— (Imo (N2) +o(Im V) +¢( + )Q(lia),
Lo lo(hV)|?
—Imz h(Imo (Np) +o(Im V) —c(h'31 4 p=13+</2)) g
> sup — (1 F 5).

T L o (hV)]?
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9E. Further localization away from the real axis when o < —%. We now focus our attention on the
region |[Im z| > ch" for some N > 0 and @ < —%. In this region, we are able to decompose ¥ = u|yq
into pieces, ¥, concentrating at & = gjhz/ 3, that still have

(I+GV)y; =G,

with the norm of v; controlled by the norm of v.
We again use the representation of G near glancing. With x and ¢; as above

(’ +> nB Lo AAiCT Vgo,-) Oph ()Y = Opr(X)Gv + [GV, Opr ()Y + O(h™)y.

Fix €; > 0 small enough and let x; = 1 on |& + ¢;| < €1h*/3 with supp x; C &1 + ¢;| < 2€;h%/3 and let
Lj = Opn(x;(E)). Then

U +rP Lo AAICT I V)L Op(O) Y
i = L; Opn(x)Gv + L;[GV, OphGOI¥ +[GV, Lj1O0ph(x) ¥ + O(h™) .

Now, [GV, L;] is a pseudodifferential operator with support on the complement of £,. Therefore by
Lemma 9.6 there exists M > 0 so that

IGV, L1Opn GOV | < k=M [lv]l + 0(h™) |||
So,
(I+GV)L; Opn(X)¥ = w,
with
lwl <A™ |vll + 0R®) 1Y ].

Now, G~! = N; 4+ N and since |[Imz| < Mhlogh~!,
h(N;+ N. < ¢
|1 (N7 + 2)||H}11_>L2_m-

Hence, using that |Im z| > ch™, we have
(I+GV)L; Opn()¥ = GG lw=GWV, + Noy)w =: Gv;

so that for some M > 0,
vl < A=l + 0(h™) ||y

So, formulas (76) and (77) hold with v replaced by L; Opn(x)¥ and v replaced by v;. Let ¢; =
L; Opn(X) ¥,
L :={|EW, &) +h*¢| <2e1h*3,
and u; be the solution to
(—h*A —ZZ)Mj =0 ing,
(hoy + B)uj =vj on 082,

ujlao = v;.
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Next, fix § > 0, take €; small enough, and let & Im z > 0. Then following the arguments above,

_ 2Imz |o(hV)|?
inf
L, \h(1+8) 20

—h(Imo (N2) +o(m V)) —ch!/3t€/2 —ch“/3+“) 1511 < (AY;, ¥5),  (85)

2
(ij,wﬁgsgp(hflhiz) '“g” —h(Ima(Nz)—|—a(ImV))+ch1/3+6/2+ch4/3+“)||wj||2 (86)
and
(A, ;) < CE v 12+ 815 1%). (87)

In particular, using that
AL (hPE)

_ 1/3
o(hly) = 2h Q)P L=,

we have:

Lemma 9.9. Suppose that +1mz > chM o < —%. Fix j > 0. Then there exist hy > 0, N, C > 0 such
that if one of

—Imz . h(PRO) P Im(AL (=¢)/A-(=¢)) +o(m V) +ch' )0

f 146),
=1 o (hV)2 (d£9)
—Imz h(h=2P2Q)' P Im(A_ (=) /A_(=¢)) +o(Im V) —ch'/3T*)Q
> sup — > (IF6)
; lo(hV)]
holds then
Il < Ch~N vl + o™ 1]l
With these estimates in hand, for any M > 0, let
= {2k < E < (=L +20077) (88)

and let x5 = x5(&1) € S2/3 have xo =1 on
(—h* <& < (=Cus1 +On??)
and supp x> C L),. Then define
Vg = Opn(x2(E)) Opn (X1 ¥
and 1//,’lg =Y — ‘/’é- Thus (81) and (82) still hold with £ replaced by £, and we have:

Lemma 9.10. For all § > O there exist hg >0, N, M > 0, C > 0 such that for O <h < hgif £Imz >0

and one of
—Imz —inf h(Imo (N2) +o(Im V) + ch'/3te) 0
mni —

T Ly lo(hV)|?

(1+9),

Imz >g h(Imo (Nz) + o (Im V)_ch1/3+a)Q
u
M

(1F9)

holds then
el < Ch N (vl + W0 L) + O(hOO)IIWIIH};N-
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So, combining Lemmas 9.1, 9.4, 9.5, 9.6, 9.8, 9.9, and 9.10 gives:

Theorem 9.11. Let  be a solution to (68). Fix§ >0, 0 <€ < %, Y < min(% — €, %), M, M, > 0.
Then there exists hy > 0 and N > 0 such that for 0 < h < hg if

Im Im
_mz < inf —l;,l(rN +ch™) or — e > sup —l;,l(rN —ch™),
h H h H

+1Imz > 0, and one of

—Imz i h(Imo (N2) + 0 (Am V) + c(h'/3Te 4 p=13+€/2)) 0

149),
T Lo lo(hV)|>?Wse(h=2/3E) ( ) (&9)
“lmz o hAmo (N +o(m V) — e+ hT )0
u J—
nooo o o (W) Wse (h 2P E) i
holds then
I¥ll2 < Ch Vvl 2 (90)
and P(z) is invertible. Moreover, if o < —% then (89) can be replaced by
—1 h(Imo (N ImV h1/3%e 4 p=1/3te/2
mzfinf_ (Imo (N2) +o(Im V) +¢( + )Q(lﬂ:(S),
La lo(hV)|? o
—Imz h(Imo (N2) +0(Im V) — c(h!/3+* 4 p=1/3+€/2)) 0
> sup — 5 (1F96).
La lo(hV)]

Finally, if +Imz > ch™' and o < —%, then (90) holds and P(z) is invertible if

—Imz _ . h(@mo(N2) +o(mV)+ch'/3)Q
< inf —

= (1£596),
Ly, lo(hV)|?
—Imz h(Imo (N2) +o(Im V) —ch'3+)Q
= Sup — lo(hV)|2 (IF4),
Ly, o

and one of the following holds for 1 < j < M,:

“Imz BP0 P In(AL(—5)/A-(—5) + o (m V) + ch! )0

< (I£9),
L; lo(hV)|?
_ -2/3 1/3 ' (—g _ 13+
Imz . Sup_h(h Q) PIm(A_(=¢))/A_(=¢) +o(Im V) —ch )Q(l = 5).
z lo(hV)|?

In particular, this implies Theorem 1.11.
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10. Application to transparent obstacles

In the case of transparent obstacles, we want to consider (3), repeated here for the reader’s convenience,

(—2A =2 Hu; =0 inQ

(—A =2 Pu, =0  inRY\Q,
uiy=uy on HQ,
avl/t] — Navu2 =0 on 39,

ujy is A-outgoing.

Thus, writing A = cz/ h, in the language of (67),
B =hN(z/h) +R8hNy(cz/h) — hNy(z/ h),

where N; is the outgoing Dirichlet-to-Neumann map for the exterior problem (see Section 1D).
Thus, V =R N(cz/h) — Na(z/ h) has

Veh 2wyl (18], =) U3 (181 = D) € h (W95, = ) UWY L (€], = ).

In order to fit the transparent obstacle problem into the framework of Theorem 9.11 with o = —1, we
only need to check that V is elliptic near |£'|, = 1 and that 1 + ko (V)/(2V/|€’ |§, — 1) has the required
properties. We start by calculating the symbols of B, B, and V. Let EF be the function given by Lemma 7.1
when we replace 1 by E in the eikonal equation for py and 6. Set

A (h?PEF)

g5, €)= Q0. €)' =

Then,
—iRV 2 —|E')2, &y <c—hE,
o (B) =0 (h¥Ny(cz/h)) = { Rh'Pgc(x, &), |1y —c| < h,
NVIEE—c2  |Elg=c+he,

V1= 12 =82 —1g2), |£'], <min(1, ¢) —he,
VI ER+RVIEPR -2 c+h <[Elg < 1-he,
—iNVEER—VIER -1, 14k <|E ] <c—hS,
RVIE2 =2 = VIEE -1,
h'Rg. +iV1— €12,

W'PRge —VIEE -1,

—iRy/2 — |E)2 —h' g,

NVIEZ -2 —h'g,

21,2 g2
o(B) = MCZ—Q'S'*’J%E(W”EM +o(1)),

€']y = max(1, ¢) + A<,

1§l —cl < A€, [§]g < 1—h",
1§l —cl < h€, [§]g = 1+ A",
1§l = 11 < k€, 1&g < c— A",
1§"]g — 11 < h€, |&]g > ¢ +h°,

o(hV) =

|1E"]g — 11 < h°.
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Now, we compute

T4 IRV —1E2)V1— 182, 1E), <min(l, ) — ke,
THiIIRVIER =NV —ER, c+he < |y <1-hf,
) _E iR RNVIEG - 1+ MEE < < e e
2WIER -1 |3+ INVIER —cVIER -1, max(c+he, 1+ MR <&,
THigRR g N1 — g2, e — [€'|g] < A€, &g < 1—hE,
L+ IR VIE R -1, lc — |&'|g| <R, [E)g = 1+ MK,

Thus, we can see that V is elliptic near |£’|; = 1 and the transparent obstacle problem fits into the
framework of Theorem 9.11.
In order to finish the proof of Theorem 1.2, we just need to check a few symbolic properties. First,
notice V = RN (cz/h) — Na(z/ h). Thus,
o (Na(z/ h) + V) = Ro (Na(cz/ h)) = —ih ™R/ 2 — &2,

where we take /—1 = i. Putting this in (83) gives that (84) holds when ¢ > 1 and

—1 —1
M2 it © 1+ or M g

0
< inf ——=— > SR —
h & @le=1 {2 —1 h e (@)l,=1 Nvc?2—1

or when ¢ < 1 and

(1F9)

—Imz
h

> 4.

Next, observe that
(—V1=[E PRV —1E12) /(1= 2+RV 2 [E'2),  |€'], <min(1, ¢)—h€,
o (R) = (iRh g~V 1—[6'12)/(/1—[§'Z+iRn'Pg,), le—1€'lg] < he, &'l < 1—he,
(—V1=1E2+i8VIE =D/ V1= R +iNIE T =), c+he <IEly < 1-he.
The following geometric lemma completes the proof of Theorem 1.2.

Lemma 10.1. Fix N > 0 and let (xo, &) € S*0Q and suppose that {(x,, &,)} C B*0Q has (x,, &,) —
(x0, §0). Then

l*l {Q(.X(), SO)/(NV CZ - 1), C > 1,
N rN — 0

) c<l1.

Proof. The conclusion for ¢ < 1 is clear since for |§'|, > ¢, we have log lo(R)|> =0. So, we need only
consider the case ¢ > 1. First, write

41—
VIZER+8e 18
1=
VI +8Ve2 — ']

o (R)[*(x, €)= 1— +o(1 - €']3).

So,

log [o (R)*(x, £') = — +o(L—§'7). (92)
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Now, by Lemma 5.3

2
he@wwm}mh—wwﬁ+mvwﬁxlmﬂw»=zam—ﬁﬁ+mh%ﬁx

where k (s) is the curvature of the unique length-minimizing geodesic, y, in d€2 connecting 7, (g) and
7 (B(q)) at the point ¥ (s). Thus, we have that for g sufficiently close to glancing,

loglo (R)(B(@) > <) -
= +o/1—EP).
2(q. B@) s VTR

Moreover, since v/1—[€"(B(g)I; = V1—[&']; + 0(1 — |£']3) and k(s) = k(0) 4+ O(s) = «(0) +
O 1—1¢[3), we have

w_ o KO L oa- €'12).

N
All that remains to prove is that x (0) = Q(x, £") 4+ o(1) as |§'|; — 1. This follows from the fact that
the curvature of the geodesic on 92 passing through x in the direction &’ is Q(x, &’) together with the
fact that

/
[P

To see this we simply use the fact that a billiards trajectory approaches a geodesic as |§'|, — 1 (see for
example [Petkov and Stoyanov 1992]). O

y'(0) - =o(1).

Together, this discussion proves Theorem 1.2.

11. Application to § potentials

For the application to § potentials, we consider
(—h2A +hV ® S9 — zz)u =0, wuisz/h outgoing.

It is shown in [Galkowski and Smith 2015] that this is equivalent to u = u| @ u,, where u; = ulg and
ur = ulpa\ g, solving

(=h*’A =7 u=0 in RY\ 82,

uy—up; =20 on 02,

ho,uy —ho,ur +hVu; =0 on a2,

uj is z/ h-outgoing.

(93)

In this case, V = V (indeed this is the motivation for our notation). For our purposes, we will assume
that V e h®Ww! is self-adjoint and hence Im V = 0. Moreover, we assume that « > —1 and o (V) > ch”
on |¢'|, =1 and for any & > 0, there exists ¢ > 0 so that ho (V) /(2+/ |€'12—=1) > —14con €' > 1+36.
This clearly implies all of the assumptions (65). Theorem 9.11 then yields Theorem 1.5 as a corollary.
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12. Application to boundary stabilization

The application to the boundary stabilization problem (11) is similar to that for the transmission problem.

In particular, note that
iohV) 1 a

=t
2V/1— €' 2 2/1— g

and the fact that a > ap > 0 imply the ellipticity of V. Finally, an argument identical to that in Lemma 10.1,

1

together with Theorem 9.11, gives Theorem 1.7.

13. Optimality for the transparent obstacle problem on the circle

For the optimality of Theorem 1.5, see [Galkowski 2016]. We now show that Theorem 1.2 is optimal in
the case of the unit disk in R2. In this case, (3) reads

(—c2A —=A®u; =0 in B(0, 1),

(—A—2u, =0  inR?\ B(0, 1),

Uiy =uy on x| =1,

0,up — N0, up =0 on|x|=1,

uy is A—outgoing.
We now expand u; in Fourier series, writing

u;(r,0) = Z Uin (r)e'’.

Then, !

2 2.2 1 2
<—c233 L S M)ul,,,(r) —0, <—a,2 L x2>u2,,,(r) —0.
r r r r

Multiplying by r? and rescaling by x; = Ac~'r for uy , and x, = Ar for uy, we see that u; , (x;) solves
Bessel’s equation. Together with the outgoing condition for u, and the fact that u; is in L?, this implies

Uiy = Ko Jye™'r),  ug = CuHL ().
Then, the boundary conditions imply that either K,, = C,, =0 or C,, # 0 and

(1)
Kn Hn ()\) -1 / -1 1/
L= K 'AT (e = CRAHD () = 0.
Cn Jn(cil)\‘) }’lc n( c ) n n ( )
Rewriting this (and assuming A # 0) we have
FO) =T WHD W) = RHED )T, ("2 =0. (94)

See Figure 10 for numerically computed resonances, i.e., numerically computed solutions to (94).
Throughout this section we will refer to microlocalization of the Fourier modes e"?. Notice that for
a Fourier mode u, = (u1,(r) ® uz,n)e"”g, the component of the frequency tangent to d B(0, 1) is given
by n and the rest of the oscillations are normal to the boundary. Naively taking the Fourier transform,
we see that if (—A — A2)u = 0, then the Fourier support of u is contained in |§ | = A2 Therefore, since
[Im 1| < |Re A| the total frequency of the mode is given by |[Re A| and the fraction of frequency tangent
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to the boundary is given by n/ Re A. This can be reinterpreted in terms of the semiclassical wavefront set
(with Re A = A~!) of the mode as saying that

WFn (unlag) C {I€'lg = hn}.
For this reason, we refer to modes with n < |Re A| as normal to the boundary, those with €|Re A| < n <

(¢! —€)|Re A| as transverse, and (¢! —€)|[Re A| < n as glancing.

13A. Asymptotics of Bessel and Hankel functions. We collect here some properties of the Airy and
Bessel functions that are used in the analysis for the unit disk. These formulae can be found in, for
example, [Olver et al. 2010, Chapters 9, 10].

Recall that the Bessel functions of order n are solutions to

2y + 2y + (P —nHy=0.
We consider the two independent solutions H,fl)(z) and J, (2).
We now record some asymptotic properties of Bessel functions. Consider » fixed and z — oo:

1 \2 .

J.(2) = (E) (et(z—nrr/2—n/4) +e—l(Z—n7T/2—JT/4) + O(|Z|_1ellmzl)),
2\,

H,EI)(Z) — (]T_Z) (ez(z—nn/2—7r/4) + O(|Z|_le|lmzl)),

1\"* . .
Jri(z) = l(ﬁ) (el(Z—mT/Z—JT/4) _ o iemnm/2—7/4) + O(|Z|_1€‘Imz‘)),

2 1z
Hn(l)/(z) _ l(]_[_z) (ez(zfnrr/2fn/4) 4 O(|Z|71€‘Imz‘)),

J'; (C_IZ)H,EU(Z) _ iz(ei((c’l+l)z—nn—n'/2) _ e—i(c’l—l)z + O(|Z|—le(c’l+l)|lmz|))’ (95)
nZ
Jn(cle)Hn(l)’(Z) _ ﬂ(ei((c”ﬂ)zfnnfn/z) _}_efi(c’lfl)z + O(|Z|fle(c’l+l)|hnz|))' (96)
Tz
Next, we record asymptotics that are uniform in n and z as n — oo. Let { = {(z) be the unique smooth
solution on 0 < z < oo to
(d_§>2 — l__Z2 97)
dz czr
with
lim¢=00, lim¢=0, lim ¢=—o0.
z—0 z—1 z— 00
Then
%(—;)3/2 =+/z2 — 1 —arcsec(z), 1 <z<o0, (98)
1++/1—22
%(é“)m:log(——i_ < )—\/1—22, 0<z<l,
Z
1— 2
LI 2 0. (99)
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Figure 10. Numerically computed resonances for the transparent obstacle problem with
various ¢ and 8 when Q = B(0, 1) C R? In this case, we expand the solutions to (3) as
ui(r,0)=>_, u,',,,(r)e""e and solve for some of the resonances with Re A ~ 800. In the
lower graphs of each of the four subfigures, the red circles show Im A vs. Re A. The dashed
black lines show the upper and lower bounds for Im A when R corresponds to TE waves
and the upper bounds on Im A when R corresponds to TM waves from Theorem 1.2.
Notice that by orthogonality of ¢ and €™ for m # n, the pair (uy e, us ,e?)
satisfies (3). In the top graph of each subfigure, the red circles show Im A vs. n/ Re A for
such pairs. That is, we plot Im A vs. the scaled tangent frequency of the resonance state.
The dashed curve shows a plot of (cr;/(2/1))(c&), the decay rate predicted for a billiards
trajectory traveling with scaled tangent frequency c£. The large spikes in the top graphs
occur at the Brewster angle when R corresponds to TM waves.

. L% ia3itsn
Ai(s) = T e dt
—00
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for s € R be the Airy function solving Ai”(z) — zAi(z) = 0. Then, A_(z) = Ai(e*™/37) is another
solution of the Airy equation.
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For 7 fixed as n — o0

1/4 2/3
Jn(nz):< i ) (A’;" O L oEi5)3, 7/3)))

1—22
_ /4 n2/3
Hrfl)(nz):2e_”’/3(4—§2> (M-l—O(E (5/3, 7/3)))
1—z n
2(1—=22\"* (A" (2
J,;(nz):——( < ) ( ’( O + O(Ei(8)3, 4/3)))
z 4¢ n?
2mi/3 2N\ 1/4 " (n2/3
HY (nz) = de (1 : ) (M—FO(E (8/3, 4/3)))
Z 4¢ n?/

F e HO () = 27 ((1 - c—2z2>c<z>)”“(Ai’(nz/%(c—lz))
<

Ce12)(1—22) e + O(Ei(8/3, 4/3)(0_11)))

A_(*¢)
y (_ +O(E_(5/3, 7/3)(z)))

4e27i/3 2 -1 1/4 202 2/3 50 —1
Jn(e ') HY (nz) = ((1 z°)¢(c z)) (Az(n $(c™'2))

z ()1 —c%z?) 1/3 + O(Ei(5/3, 7/3)(C_lz))),

A 2/3
5 < % +O(E_(8/3, 4/3><Z)))

where
E_(s.0)=|A_(* ) n™" +|A_(n* ) |n ", (100
Ei(s, 1) = |Ai'0*PO)In~ + |Ai(n™230)|In™!
We now record some facts about the Airy functions Ai and A_. For s € R,
Ai(s) =e TPA_(s)+ ™ PA_(s)
and hence
Im(e /P A_(s)) = — L Ai(s). (101)

Next, we record asymptotics for Airy functions as z — oo in the sector | Arg z| < 5 —§. Many of these
asymptotic formulae hold in larger regions, but we restrict our attention to this sector. Let n = 2/3z3/2,
where we take principal branch of the square root. Then

—mi/6,n oy em’/lZein
Af(Z):W(I‘FO(m ), Af(—z)zm,
e_ni/621/4 n B e—5m‘/1221/4ein
A’_(z)=T(1+O(IZI ), A’_<—z>=T,
7 1/4en /4 (102)
AZ(Z):W(1+O(|Z|_3/2)), Al( Z)— \/_(6”7 lﬂ/4+e—ln+lﬂ/4+o(|zl 3/2 \Imn\))
21/4 1 3/2 Z1/4 in—im/4 in+im/4 3/2 |1
Ai'(z)=— (1+0(1z1 7)), Ai'(—2) = s—=(""7"/ = 1T 0(|z]| 72,

27 ’ 2i /T
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13B. Resonances normal to the boundary (fixed n). First, we fix n > 0 and examine solutions with
Re A — 0o. We assume that 8 # ¢~!. Consider (94) and apply the asymptotics (95) and (96) with Im A <0

(C—l . N)ei((f1+1)x—nn—n/2) . (C—l + N)e—i(c’l—l)k + O(|Z|—1e(f1+1)|lmz|) —0.
So, ignoring the error term for now, we have

1 —Rc i 2 ho—nm—m/2) _ |

14+ Rc
So,
1 1-R 2— 1—R 2n +4k
¢! ImXiy = —<log C, c_lRekoz sgn( ) +2n+ .
2 1+ Rc 4

Taking Ao as above, we have f(Ao) = O(|[Rero|™1), | f'(*o)| = ¢, and | f”(1)| < C for |x — Ag| < & for
some & > 0. We now recall Newton’s method (see for example [Galkowski 2016, Lemma 4.1]).

Lemma 13.1. Suppose that zp € C. Let Q :={z € C: |z — 20| < €} and suppose f : Q@ — C is analytic.
Suppose that

1f(zo) <a, 13.f(z0) > b, sup 192 f(2)] < d.

Then if
a+de’ <eb<c <1, (103)

there is a unique solution z to f(z) =0 in Q.

Using this, we have that there exists a unique solution A to f(i1) =0 with |[A; — | = O(|Re Ao| ™).

13C. Resonances with nonzero tangent frequency (e Red < n < (min(1, ¢) — €¢) Re ). In this case,
we write

_ ca ) 1
fO)=c IJ;(nT>H,§”(A>—NH,E” (wn(n . ):0.

Write z = A/n. Then taking n < (c — €) Re A and ignoring error terms, f(Ag) = 0 implies

—2_2\1/2 —2,2\1/2 [e=272 -1 =R,/ —
1=\ aimmisetonroinn _ [ (1772 _yeEm o Ra

3 R (e = 3 +R([—i
Ve =148 /22— 1

— o~ in/3)(=¢(c ' 20)Y? (104)

Fix max(c, 1) +8 < r < oo with § < ¢? so that

Ve 2r2 -1 =82 — 1 #£0.

Let

4k — 22 1—RVs2— 1
g(s,n, k) :=+/c2s2 — 1 —arcsec(c”'s) + sgn(ve s4 Vs )n.
n
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Then, fix g € Zy, p € Z and let n = gm and k = pm so that

[o252 — ] —RVs52 — 1
g(s, gm, pm) =/ c=2s2 — 1 —arcsec(c's) + L sen(ver’s > )JT.
q

4mq

Then, for any € > 0 small enough, there exist pe, g¢ so that

lg(r, gm, pm)| < e+ o0(m™"),

5 _ c2r2 —1 > o5 P _ r3 - C
sg(r,qun,pSM)—f_ ) sg(r,Qem,Pem)——\/ﬁ_%-

Therefore, taking € small enough and m large enough (depending on r — ¢), there is a solution r, to
g(rm, qem, pem) - 0 With |I" —I"m| < Cé,
With this r,,, let

2.2 _1_ 2 _
ciry —1-=8/r; —1

I'm
1
2/c?rk —1 o8 Verirl —14+8/r2 —1

r=mqry, +i

and zg = A9/mgq. Let

Ve —1-8V22 -1
i .
Ve 222 —14+8V72 -1
Then, accounting for the errors omitted to obtain (104) there is a function a(z, n) = o(n=273), analytic
in z, such that nz is a resonance if and only if

H(z,n) =exp(—3in(—¢(c'2)¥?) +

H(Z, n) = a(Z, I’L)[] —|—exp(_%in(_g(c—lz))3/2)]‘
Now, using (98)

—2imgq(—¢(c™'z0))*?

= —2imq(V ¢z} — 1 —arcsec(c™'z0))
/c—2r2 — 1
= —2imq (\/ c2r2 — 1 —arcsec(c™'ry) S T P zo + O((Im 20)2)>

m rnl
\/c_zr,% —1- N\/r,%l —1
\/C—Zr,%l —1 —i—N\/r,%l -1

=i(2mpi — § sen(Ve 22 — 1 w2 — 1) +log

'+ o((mg)™").
So,
exp(—%imq(—¢(c™'20))*?)

= —sgn(vVc2r2 — 1 =RV 22 — )i

\/c_zr,% —1- N\/r,%l -1
T TN

‘(1 + 0((mg)™h).

So, H(zo, mq) = 0((mq)~"). Moreover, |zo —z| < 1,

|aZH(Z7 mq)l > cnmqg.
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Hence, by the implicit function theorem, there exists a resonance z; with

SUPj;_zy <1 (2 m@)[1 + exp(—(4img/3) (=5 (c~'2)* )|
infj;— <1 [0.H (z, mq)|

21 zzo—I—O( ) = 70+ O((mq) ™).

Thus, there is a resonance, A with

m Vel —1-8/r2 —1
log

2/c72r2 —1 Ve —1+8r2 — 1

Now, notice that if |&'|;'c = r, then on B(0, 1), we have I((x, §), B(x, &")) = 2¢/T—r~2c2. So,
| V1 —=r=2¢2 =82 —r=2¢2
0

4y/1—r=2c2 s V1I—r=2c24+R/c? —c2r2

cr . \/c—er—I—N\/rz—l‘
= og .
2Ve 22— 1 TNV 2 — 148V -1

Now, by construction for any » with max(1, ¢) < r < 0o such that +/c=2r2 — 1 —=R8/r2—1#0 and §

Al =mqry +i ‘+O((mCI)_2/3)-

2

IV rn(x, &) =

small enough, we have |r —r,,| < § so, taking m large enough,

le” M ImA — Iy ry (x, £)] < C8.
This shows that Theorem 1.2 is sharp. Moreover, when ¢ < 1, [Popov and Vodev 1999b] shows that there
are sequences of resonances converging to the real axis that have n &~ ¢~ Re A.

Remark 13.2. Notice also that
mq

-1 /
—_— = (CT = .
cReA m =1l

Thus, since (94) with parameter n corresponds to a resonant state with u|yq = Ae'", the semiclassical tan-
gent frequency of the resonance state is cn/ Re A when we take Re z ~ c. Plugging this into clg,er (x, &
gives the decay rate of the resonance state. See also Figures 3 and 10 for numerically computed resonances
in this case.

Appendix: List of notation

For the convenience of the reader, we include a list of some of the notation used in this paper.
o Q: strictly convex domain with smooth boundary — Section 1A.
e [(q1, g2): chord length — (20).
e In(g): average chord length — (20).
* |£'|, metric induced on T*9€2 — Section 1A.
e B:B*9Q — B*9Q: the billiard ball map — Section 5.
o W' (M): semiclassical pseudifferential operator classes — Section 2.

o S§'(T*M): symbol classes — (33).



98 JEFFREY GALKOWSKI

e 0 :V{"(M)— S5"(T*M): the symbol map — (34).

e Ai, A;, ®_, & Airy-related functions — Section 1B, (9).

e Q(x',&") € C®°(T*9R2): the symbol of the second fundamental form — Section 1B.
e Na(z/h): the outgoing Dirichlet-to-Neumann Map — Section 1D.

e G(z/h): the single-layer operator — Section 1D.

e Gp, Ga: decomposition of G —Lemma 7.3.

. \Ifg"kz(M P 2), Sé‘"kz (M; X): second microlocal operators and symbols — Section 4.
» R: the reflection operator — (18).

o T': the transition operator — (19).

e Opp: quantization operator — Section 2.

e ry: the average reflectivity — (21).

e o: the compressed shymbol — Section 3.

e 14(g): the order of A at ¢ — Section 3.

* H," : semiclassical Sobolev spaces — (24).

o S¢, D¢, respectively the single and double-layer operators — (31).

e O(-)and o(-)—(32).

o WF,, the semiclassical wavefront set — Definition 2.7.

e Wsy, Wprse, Wpe symbols of layer potentials — (52).
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