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ABOUT SMALL EIGENVALUES OF THE WITTEN LAPLACIAN

LAURENT MICHEL

We study the low-lying eigenvalues of the semiclassical Witten Laplacian associated to a Morse function ¢.
Compared to previous works we allow general distributions of critical values of ¢, for instance allowing
all the local minima to be absolute. The motivation comes from metastable dynamics described by the
Kramers—Smoluchowski equation.
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1. Introduction

1A. Motivation. The Witten Laplacian, A, was introduced by Witten [1982] to give an analytic proof of
Morse inequalities. Its study led to many mathematical developments, most notably the Helffer—Sjostrand
theory [1985] of potential wells in the semiclassical limit. It is defined by twisting the operator d (acting
on forms) by a Morse function ¢:

Ap=didy +dpd), dy:=e ' hde?/". (1-1)
It takes a simple form on functions and for the Euclidean metric on R¢ we then have
Ay = —h*A+|0x0|> — hAg. (1-2)

Even in that case using the action on 1-forms is highly beneficial — see [Michel and Zworski 2018] for
an introduction in the simple one-dimensional setting.

MSC2010: 35P20.
Keywords: metastability, semiclassical analysis.
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More recently the Witten Laplacian appeared in quantitative studies of metastability for kinetic
equations — see for instance [Hérau and Nier 2004; Helffer, Klein and Nier 2004; Hérau, Hitrik and
Sjostrand 2011; Di Gesu, Lelievre, Le Peutrec and Nectoux 2017].

Other interesting developments also include connecting the “Arrhenius rates” (exponential widths S
of small eigenvalues Aj in (1-8)) with barcodes of the Morse—Barannikov complex in [Le Peutrec, Nier
and Viterbo 2013] and showing that (in the case of compact manifolds) the eigenvalues of the Witten
Laplacian converge, as i — 0, to the Ruelle resonances of the gradient flow of ¢ in [Dang and Riviere
2017].

This paper continues the study of the Witten Laplacian by considering functions ¢ with general
distributions on critical values, in particular functions with several equal minima and equal values at
saddle points. (In works related to Morse theory it is natural to assume that all critical values are distinct.)
As emphasized in [Michel and Zworski 2018] such functions lead to interesting effective dynamics
for the Kramers—Smoluchowski equation (1-6) — see Figure 2 and Section 1B. This, and more general
situations in which equal critical values are allowed (see Figure 4 for a schematic illustration of an allowed
landscape), leads to new subtle difficulties.

To explain metastable dynamics consider a particle evolving in an energy landscape ¢ and submitted to
random forces. The position X; of such a particle at time ¢ satisfies the over-damped Langevin equation

X, =—2Vo(X;) + V2hB;, (1-3)

where £ is the temperature of the system and By is a Brownian force. This equation appears for instance
in physics to describe the microscopic evolution of a charged gas assuming the mass of the particles is
negligible.

Assuming that the potential ¢ has several wells, a particle starting at a local minimum of the function ¢
can, due to the presence of the random force, move over a saddle point and reach another energy well —
see Figure 1 for a schematic illustration.

The celebrated Eyring—Kramers law describes the average time it takes to escape from a well, in the
regime of low temperature, # — 0. In his pioneering work, Kramers [1940] considered a one-dimensional
model, see Figure 1, and predicted that the average transition time, 7y, from a local minimum A to the

Figure 1. Metastable dynamics: random force allows a state localized near one minimum
A to reach another minimum B passing a saddle point (a local maximum in dimension 1).
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nearest saddle point S is exponentially large with respect to 271
o = ape!" iy =@(S)—p(4), ap=2rl¢"(A)¢"(B)| . (1-4)

Hence, for 7 small this average transition time is large and this explains the terminology of A being a
metastable state. (Once we get past S, the transition time to B is bounded and hence 7, is effectively the
transition time from the state A to the state B.)

The Eyring—Kramers law has important applications in which the trajectory (1-3) is used to imple-
ment computational algorithms. Roughly speaking it proceeds as follows: in order to compute some
thermodynamical quantities

()= [ o) dnto) (1-5)

associated with a measure p and an observable f, we introduce a random dynamics X; which is ergodic
with respect to 1. We then use the Monte Carlo method to approximate [E,, (/) by the long-time average of
f along any trajectory — see [Lelievre, Rousset and Stoltz 2010] for an introduction. In many situations
du(x) =2y e~/ for some potential ¢ and the over-damped Langevin dynamics (1-3) can be used
as X;. The time needed for the process X; to explore the whole space R? (which ensures the validity
of the Monte Carlo approximation method) is directly linked to the metastable properties discussed
previously. Understanding this metastable behavior is then of interest if, for instance, we need to evaluate
the stopping time or to accelerate the convergence.

The mathematical proof of Eyring—Kramers law in a generic setting was first obtained by a potential-
theory approach in [Bovier, Gayrard and Klein 2005] and then by semiclassical methods in [Helffer, Klein
and Nier 2004]. The semiclassical point of view and connection to the Witten Laplacian can be seen by
considering the Langevin equation (1-3) at the macroscopic level. In that case statistical distributions
o(t, x) of particles are governed by the Kramers—Smoluchowski equation

dip—hAp—2div(pVe) = 0. (1-6)
This is equivalent to

hdip+Bpp=0, p:=e?"p,

where A, is the Witten Laplacian (1-2) associated to ¢. In view of (1-1), A, is nonnegative and under a
confining assumption on the function ¢, it has a nontrivial kernel corresponding to the global equilibrium
of (1-6). (Confining assumption means that ¢ grows fast enough so that e hec?)Asa consequence,
the behavior of p when ¢ — oo is determined by the small eigenvalues of A,. In particular, any state
associated to a small eigenvalue is stable for exponentially long times. These are the metastable states,
and the inverses of the corresponding eigenvalues yield their lifetimes. Helffer, Klein and Nier [2004]
obtained a full description of the small eigenvalues of the Witten Laplacian in a general setting. For the
Kramers—Smoluchowski equation, their result implies that if the initial probability distribution pg belongs
to L2(e2#/h dx), then the solution p of (1-6) converges exponentially fast to the equilibrium probability
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2

distribution ¢’ e2¢/h (where ¢y, is a normalizing factor)

lo) = ;e 20 M 220 ary < e M lpollL2e20rn - (1-7)
Moreover, the rate of convergence
Ap/h=b(h)e 25" X :=mino(Ay)\ {0}, (1-8)
is described by the Eyring—Kramers law, that is:

 § is the biggest height a particle has to pass in order to reach the unique global minimum.

e The prefactor b(h) has an asymptotic expansion with respect to the parameter i, b(h) ~ > b h¥
and its leading term is given by an explicit formula in terms of the Hessian of ¢.

More precisely, the assumptions made in [Helffer, Klein and Nier 2004] imply that there exist a unique
minimum 7 and a unique saddle point s of ¢ such that S = ¢(s)—¢@(m). Then, the leading term of b(#4) is

_|m@)] [detHess(g)(m)
oon |det Hess(¢)(s)]”

bo (1-9)
where (11 (s) denotes the negative eigenvalue of Hess(¢)(s). In the case of a double well, this formula
is exactly the one predicted by Kramers [1940]. In view of (1-7) the transmission time is approximately
the inverse of Aj of (1-8). Hence the result of [Helffer, Klein and Nier 2004] is in agreement with (1-4).
(Note that in dimension 1, ¢”(s) = 1 (s).)

The method developed in [Helffer, Klein and Nier 2004] to compute the small eigenvalues of the
Witten Laplacian was successfully used on bounded domains in [Helffer and Nier 2006; Le Peutrec 2010]
and in the study of semiclassical random walks [Bony, Hérau and Michel 2015].

The range of potential ¢ covered by these papers does not include many cases which are important in
practice. Roughly speaking, Helffer, Klein and Nier [2004] make an assumption on the relative position
of minima and saddle points that ensures that the small eigenvalues are all of different size. Among the
limitations of this assumption is the fact that the potential ¢ cannot have saddle points or minima with the
same value. In many physical applications the energy landscape may not satisfy that assumption. Also,
the energy potential may have symmetries which again are not allowed by the assumptions in [Helffer,
Klein and Nier 2004]. For instance this is the case of some homogeneous systems such as Lennard-Jones
clusters — see [Wales 2006] for an example and a discussion.

The aim of this paper is to study the spectral properties of Ay, in the case where ¢ is a general Morse
function without restrictions on the relative positions of the critical values.

1B. An example. A motivating example is given by ¢ : R? — R which has no minima all at the same
level and n; saddle points all at the same level — see Figure 2, where the x represent minima and the
o local maxima. Denote by S = ¢(s) — ¢(m) the difference of the value at the saddle points and at the
minima. To simplify the setting further, we assume also that the function Hess(¢)(x) has eigenvalues +1
when x belongs to the set of minima and saddle points.
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QLD

Figure 2. Left: the sublevel set {¢ < o} (shaded region) associated to a potential ¢
having a unique saddle value o. The x’s represent local minima, the o’s, local maxima.
Right: the graph associated to the potential on the left.

This case is not allowed under the assumptions of [Helffer, Klein and Nier 2004] yet it displays some
interesting phenomena. More precisely, in the very simplified case discussed in this section, a consequence
of Theorem 7.1 below is the following:

Theorem 1.1. Under the assumptions of this subsection, there exist €y > 0 and hg > 0 such that for
all h €10, ho), Ay has exactly ng eigenvalues Ay, k = 1,...,no, in the interval [0, oh). The lowest
eigenvalue is Ay = 0 and

Ak =hbp(h)e 25"k =2.... n.

The prefactors by (h) satisfy by (h) ~ Z;)io h' by, j and the terms by o are given by the nonzero eigenvalues
of the graph Laplacian for the graph G whose vertices are the minima of ¢ and whose edges are the saddle
points joining two minima (see Figure 2).

In terms of the Kramers—Smoluchowski equation (1-6), Theorem 1.1 exhibits metastable states whose
lifetimes (given by the inverse of the above eigenvalues) are described by the graph G. At the level of
particles, these new rules of computation can be understood as follows. Since all the minima are at
the same level, the equilibrium state is equidistributed among all the minima. Moreover, since all the
saddle points are at the same level, an ergodic trajectory of (1-3) will visit all the minima in the same
time scale, by traveling along the edges of the graph G. Hence, the effective long-time dynamics of
the Kramers—Smoluchowski equation is given by the heat equation for the graph Laplacian of G — see
[Michel and Zworski 2018, Theorem 3].

Earlier results, in dimension 1 and for finite times, on effective dynamics were obtained in [Peletier,
Savaré and Veneroni 2012] using I'-convergence, in [Herrmann and Niethammer 2011] using Wasserstein
gradient flows and in [Evans and Tabrizian 2016]. We also remark that the same graph Laplacian was
constructed in [Landim, Misturini and Tsunoda 2015] in a discrete setting.

Under our special assumptions the coefficients by do not depend on the second derivative of ¢ as in
the usual case. In the more general case of arbitrary Hessians, G has to be replaced by a weighted graph
with weights depending on the Hessians in an explicit way — see Theorem 7.1.

To motivate objects introduced in the next section, we now discuss what happens if we modify the
potential ¢ in the following way: suppose that ¢ has the structure shown in Figure 2 but one of the minimal
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aE '

Figure 3. Left: the sublevel set {¢ < o} (shaded region) associated to a potential ¢
having a unique saddle value o. The x’s represent local minima, the o’s, local maxima.
Right: the two hypergraphs associated to the potential on the left (the missing vertex
corresponds to the minimum A).

values is made higher or lower. In Figure 3, the modified minimum is denoted by A. Then, we can
associate to this potential the two hypergraphs corresponding to minima at the same level and linked by a
saddle value (see Figure 3). If A is an absolute minimum, then equilibrium distribution is concentrated
in A and the prefactor by (h) will be given by the smallest nonzero eigenvalue of the two hypergraphs
introduced above (roughly speaking this represents the maximum time needed to reach A). In the opposite
case, A is no longer a global minimum and the equilibrium state is uniformly distributed among all
the absolute minima. In order to visit each site of the equilibrium state, a particle will necessarily pass
through the point A. This heuristic explains why the computation of the prefactor by (h) will involve a
more complicated procedure describing the interaction between the two hypergraphs via the well A.
The main contribution of this paper is to describe these phenomena in a quantitative way.

2. Framework and results

Let X be either R¢ or a compact manifold of dimension d without boundary and let ¢ : X — R be a
smooth Morse function. Consider the semiclassical Witten Laplacian associated to ¢:

Ay =—h*A+ Vo> —hAg, (2-1)

where h € ]0, 1] denotes the semiclassical parameter.

If X is a compact manifold, the operator A, is selfadjoint with domain H 2(X) and its resolvent is
compact. In the case X = R? we make the additional assumption that there exist C > 0 and a compact
K C R? such that for all x € R? \ K, we have

V()| = & [Hess(p(x)] < CIVo]? and p(x) > Clx. 22)

Then, A, is essentially selfadjoint on CSO(R‘Z ) and thanks to (2-2), there exist 4o > 0 and co > 0 such
that for all & € ]0, ¢], we have
Uess(A(o) C [co, o0l.

In both situations X compact or X = R4, it is well known that A is nonnegative. Hence o (Ay) C [0, oof
and it follows from the above remarks that o(A,) N[0, co[ is made of eigenvalues with no accumulation
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point except maybe cg. Moreover e v/ h g clearly in the kernel of A, and belongs to L2(R?) thanks to
(2-2), so that the lowest eigenvalue of A is clearly 0.

Since ¢ is a Morse function (and thanks to assumption (2-2) in the case X = R4 ), the set U of critical
points is finite. In the following, for p =0, ...,d, we will denote by &?) the set of critical points of
¢ of index p. Hence, (¥ is the set of minima and /(! the set of saddle points of ¢. Throughout the
paper, we will write n; = #U 0,

From the pioneering work [Witten 1982], it is well known that for small /, there is a correspondence
between the small eigenvalues of Ay, and the critical points of ¢. More precisely, by standard localization
arguments one can show that there exists €p > 0 such that for 4 > 0 small enough, A, has exactly
no eigenvalues in the interval [0, €g/], which we denote by 0 = A1 <A, <.-- < A,,. This result is easily
proved in [Cycon, Froese, Kirsch and Simon 1987] with €¢/ replaced by h3/2. The proof with €ph can be
found in [Helffer and Sjostrand 1985, Proposition 1.7] (see also [Michel and Zworski 2018, Proposition 1]
for a self-contained proof). Moreover, these eigenvalues are actually exponentially small; that is, they live

—C/h]

in an interval [0, e for some C > 0 (see [Helffer 1988] for a proof). From a topological point of

view, this information (together with the equivalent estimates for the Witten Laplacian Aff )

acting on
p-forms) is sufficient to establish a correspondence between the small eigenvalues of A((pp ) and the critical
points of ¢ of index p (this was the key point in the Witten’s proof of Morse inequalities). However, for
applications to the description of metastable dynamics, it is important to get some accurate description
of the A;. Our main theorem will give some asymptotic of these eigenvalues for any Morse function ¢,
without any assumption on the relative position of minimal and saddle values of ¢.

Before going further, we introduce notation used in this paper. For xo € X and r > 0, introduce the
geodesic ball B(xg,r) ={x € X :d(x,xp) <r}.

Throughout, we will say that s is a saddle point if it is a critical point of index 1.

Given a(h), b(h) > 0, two functions of the semiclassical parameter, we say that a(h) < b(h) if there
exists some constant c¢1, ¢z > 0 such that for all 4 > 0 small we have c1b(h) < a(h) < cyb(h). We say
that a family of vectors (a(/))xejo,1] in @ normed vector space V' admits a classical expansion if there
exists a sequence of vectors (a,)xen independent of 4 and such that for all N € N, there exists some
constant C > 0 such that

<CyhNTY forall h €]0,1].
14

N
athy=> " h"ap
n=0

We set a(h) ~ > 02 o h'ap.

As we shall see later, we will have to analyze carefully some finite-dimensional matrices which are
strongly related to the critical points of ¢. Given any subsets 5, B> of U, it will be convenient to
introduce the finite-dimensional vector space .% (B;) of real-valued functions on ;. We shall then denote
by .# (B1, B>) the vector space of linear operators from % (B1) into .% (533).

2A. Labeling of minima. Let us now recall the general labeling of minima introduced in [Helffer, Klein
and Nier 2004] and generalized in [Hérau, Hitrik and Sjostrand 2011]. The main ingredient is the notion
of separating saddle point, which is defined as follows. Given a saddle point s of ¢, and r > 0 small
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Eq

ma My m2,1
Figure 4. Labeling procedure.

enough, the set
tx e B(s.r):o(x) <)}

has exactly two connected components C;(s,r), j = 1, 2. The following definition is taken from [Hérau,
Hitrik and Sjostrand 2011, Definition 4.1].

Definition 2.1. We say that s € X is a separating saddle point (ssp) if it is a saddle point and if Cy (s, r)
and C,(s, r) are contained in two different connected components of {x € X : ¢p(x) < ¢(s)}. We will
denote by V) the set of separating saddle points.

We say that 0 € R is a separating saddle value (ssv) if it is of the form o = ¢(s) with s € v, We
denote by T = (VD) the set of separating saddle values.

We say that £ C X is a critical component if there exists 0 € X such that E is a connected component
of {p <o} and if IE N V) = & We denote by % the set of critical components.

Let us now describe the labeling procedure of [Hérau, Hitrik and Sjostrand 2011]. Since ¢ is a Morse
function, it has finitely many critical points and so X is finite. We denote by 03 > 03 > -+ > oy its
elements and for convenience we also introduce a fictive infinite saddle value 07 = +o0o and write
3 = ¥ U{oy}. Starting from o1, we will recursively associate to each o; a finite family of local minima
(m; ;); and a finite family of critical components (E; ;); (see Figure 4):

e Let Xg, ={x € X :9(x) <01 =00} =X. Welet m;,; be any global minimum of ¢ (not necessarily

unique) and E11 = X.

e Next we consider X4, = {x € X : ¢(x) < 02}. This is the union of its finitely many connected
components. Exactly one of these components contains m 1,1 and the other components are denoted by
E>1,..., E> N,. Ineach component E> ;, we pick up a point m» ; which is a global minimum of P\E,. ;-

* Suppose now that the families (my_;); and (Ey ;); have been constructed until rank k =i — 1. The
set Xy, = {x € X : ¢(x) < 07} has again finitely many connected components and we label by E; ;,
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J =1,..., N;, those that do not contain any my ; with k <i. In each E; ; we pick a point m; ; which
is a global minimum of ¢, .. Observe that for all i > 2, the components E;, ; are all critical.

We run the procedure until all the minima have been labeled.

Remark 2.2. The above labeling satisfies the following property. For any o; € ¥ and any connected
component A; of {¢ < 0;}, there exists a unique (k, /) such that k <i and my ; € A;.

Proof. Let us start with the existence part of the result. If A; is one of the E; ; for some j, then take
k =i and [ = j. Otherwise, this means that in the labeling procedure, A; already contained a minimum
my; withk <i.

Let us prove the uniqueness part. Assume that my j,mys ;» € A; withk <k’ <i. Then A; N Ey j # @
and since A; is a connected component of {¢ < o0;} with 0; < oy it follows that A; C E}/ /. Since
my ; € A;, it follows that my ; € Ej, ;- which is impossible unless (k, 1) = (k',1’). O

Using the above labeling, Hérau, Hitrik and Sjostrand [2011] made some significant progress (in the
more general situation of Kramers—Fokker—Planck operators, but this applies to Witten Laplacian). First,
they showed in Theorem 7.1 of that paper that the exponentially small eigenvalues (A (1)) 000 Of Ay
(indexed by the sequence of local minima) satisfy A, (h) =< he 25/ for the sequence of Arrhenius
numbers (S(m)),, < defined by S(m; ;) = o; — f(m; ;) with the above notation. However, their
method does not work to prove that 1~ 1A, (h)e2S@/h admits a limit when 2 — 0. In order to compute
the asymptotic expansion of the eigenvalues A, (%), they need to make some additional assumption on
the interaction between minima and saddle points (see Assumption 5.1 in [Hérau, Hitrik and Sjostrand
2011]). This hypothesis, which is a generalization of the one made in [Helffer, Klein and Nier 2004], can
be formulated as follows with the notation of the preceding section:

Generic Assumption. Foralli =1,...,N, j =1,..., N;, the following hold true:
(i) m;,; is the unique global minimum of the application ¢ g, .

(i) If E is a connected component of {¢ < o;} such that E N V(1) £ &, there exists a unique s € Y
such that ¢(s) = sup ¢(E N VD). In particular, ¢! (]—00, ¢(s)[) N E is the union of exactly two
different connected components.

Throughout the paper, we denote this assumption by (GA).

Under this assumption, there exists a bijection between U© and VU U {51}, where s, is a fictive
saddle point associated to 07 = oo and for which by convention ¢(s;) = oco. Using this one-to-one
correspondence, the authors exhibit some labeling 4 © = {m, ... .My} and VO U{s )= {s1,... . Sno )
such that the small eigenvalues A; (1) are of the form hb; (h)e~25i/" with S; = ¢(s;) — (m;). Moreover,
they prove that the b; (h) have a classical expansion and compute the leading term of this expansion; see
[Hérau, Hitrik and Sjostrand 2011, Theorem 5.10].

As it is stated above, (GA) is not exactly Assumption 5.1 stated in [Hérau, Hitrik and Sjostrand
2011]. Indeed, it is supposed in that paper that (ii) holds true only for E being a critical component.
However, as indicated by the anonymous referee, we can easily construct some function ¢ satisfying
this assumption for which there is no bijection between U and VI, To see this, first consider in
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dimension 1 a potential ¢ with four minima m;, j =1,...,4, and three saddle points s;, j =1,...,3,
such that m; < s1 < mp < 52 < m3 < s3 < my and such that p(m1) < p(myg) < p(my) = p(m3)
and ¢(s1) = ¢(s2) < ¢(s3). Since the component of {¢ < ¢(s3)} containing m is not critical, this
function satisfies Assumption 5.1 in [Hérau, Hitrik and Sjostrand 2011]. It doesn’t satisfy (GA) as stated
above. In higher dimensions, one can easily generalize this construction to obtain potentials satisfying
Assumption 5.1 in [Hérau, Hitrik and Sjostrand 2011], with a fixed number of minima and an arbitrarily
large number of separating saddle points (think for instance of many saddle points between the well
containing m1 and the well containing m,). This shows that Assumption 5.1 is not sufficient to ensure a
bijection between minima and separating saddle points.

Let us emphasize that the above remark doesn’t affect the rest of the work done in [Hérau, Hitrik and
Sjostrand 2011], where we can easily use the above corrected version of Assumption 5.1.

Let us observe that the Generic Assumption allows some degeneracy in the sequence (S;); that is,
there may exist j such that §; = §;11. However, (GA) remains restrictive for the following reasons:

e It permits only potentials ¢ for which 2/®) and V() U {s,} have the same cardinality.

e The eventual degenerate heights are associated to weakly interacting eigenstates in the following
sense. Assume for instance that §; = S;4+1 for some j = 1,...,n9 — 1 and modify slightly the
function ¢ near the minimum m ;. Then the coefficient b; is modified, whereas the classical expansion
of bj 41 remains unchanged.

Figures 6 and 7 below present some examples of potentials where (GA) is not satisfied. These examples,
as well as an example in higher dimensions, are discussed in detail in Section 7C.

In the present paper, we obtain an asymptotic expansion for the A; (/) for general Morse functions ¢
without any additional assumptions on the relative position of minima and ssp’s.

2B. Main result. In order to state our main result, we introduce some notation that will be used throughout
the paper. First, using the above labeling, we define o :1/(®Y) — X by o (m i,j)=o0;and S:U ©) 10, +00]
by S(m) =0 (m) —¢p(m). WeletS = S(U (0)): then with the notation of the preceding section, we have

S={oi—¢(m;j):i=1,....N, j=1,...,N;}. (2-3)

Throughout the paper, we denote by m = m 1 the (not necessarily unique) absolute minimum of ¢ that
was chosen at the first step of the labeling procedure, and we let

U = O\ {m}. (2-4)

Using again the above labeling, we can associate a critical component to any local minimum. More
precisely, we define
E:U® 5 euixy (2-5)

by E(m; ;) = E; ;. Observe that by definition, this application is injective. Using this map, we can
associate to each minimum m € Y© a boundary set given by I'(m) = dE (m). Thanks to the fact that ¢
is a smooth Morse function, for any m € U ) the set I'(m) is a finite union of compact submanifolds
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of X of dimension d — 1 with conic singularities at the saddle points. For our construction of quasimodes,
we also need to introduce the set

H(m):={m' € Em)NU® : p(m’) = p(m)}. (2-6)

Givenm e U (0), we have o (m) = o; for some i > 2. Moreover, since 0;—1 > 0;, there exists a unique
connected component of {¢ < o;_;} that contains m (observe that this component is not necessarily
critical). We denote that component by E_(m), and by

E_:U® - QXx) (2-7)

the corresponding application, where €2(X) is the collection of connected open subsets of X. Thanks to
Remark 2.2, we know that for any m € U9, there exists a unique m’ € E_(m) NU®, denoted by s (m),
such that o (m’) > o (m). In particular,

forall m € Q(O), p(m(m)) < ¢p(m), (2-8)

and we denote by E (m) the connected component of {¢ < o(m)} containing r2(m). It holds additionally
E (m) C E_(m) and we can easily see that E (m) is always a critical component. Throughout, we denote by

Eu® -, (2-9)
U@ -y @ (2-10)
the corresponding applications. The fact that the inequality in (2-8) is large or strict plays an important
role in our analysis.
Definition 2.3. Let m € U(®). We say that m is of type 1 if (i (m)) < ¢(m). If (i (m)) = ¢(m), we
say that m is of type II. We define
U = {m e ZJ(O) :m is of type I},
U@l = {m e Q{(O) :m is of type II}.
We have clearly the disjoint union Y@ = ¢/©@-1yg/(@.1
Example 2.4. Let us compute the preceding object in the case of the potential ¢ represented in Figure 4.
The results are presented in Figure 5.

e Let us start with the object associated to g>. By definition, E(mz,l) = E(mz,z) = E(m2’3) = E,,
where E5 is the connected component of {¢ < o3} that contains m,;. Then we have m(m, ;) =
m(my ) =m(mz3) =my.

Since p(m1,1) = ¢(m2,1) < p(m23) < p(my ), we know my 1 is of type I, whereas m » and m 3
are of type L.

e Consider now the level 03. We have E_(m3 1) = E_(m33) = E» and E_(m33) = E_(m34) =
E> 3. Therefore, E(m3,1) = E(m3,2) = E3, where E3 is the connected component of {¢ < o3} that
contains m1,1. Similarly, we have E (m33) = E (ms34) = l:fg, where l:fg is the connected component of
{¢ < 03} that contains my 3. From these computations, it follows that m(m3,1) = m(ms ) = m,; and
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ma M1 maz,1

Figure 5. Computations of Example 2.4.

since p(m1,1) < ¢(m3,1) = @(m32) it follows that m3 ; and m3 > are both of type I. On the other hand,
m(ms33) = m(ms34) = my 3 and since @(my 3) = @(m33) < p(ms3 4) it follows that m3 3 is of type II
and m3 4 is of type L.

 Finally, E_(m4,1) = 53, E(m4,1) = E4 as represented on Figure 5 and m(my,1) = m1,;. Since

p(my,1) = @(my4 1), it follows that my4 ; is of type II.

The points of type II play an important role in our analysis. Given o € I, let Q, = Q% U Q. with
QY ={E(m):meo (o)} (2-11)
and SAZU be defined by Qg =g if o =07 and
Qy = {E(m) :meo (o) ﬂZ/{(O)’H} (2-12)
ifoeX.
Definition 2.5. We define an equivalence relation R on 2/(?) by mRm’ if and only if

o(m)=0o(m') =o,

_ - 2-1
w1, ...,wg € Qg suchthatm € wy,m' e wg and Vk =1,..., K — 1, & Ndp1q # 9. (2-13)

Throughout the paper, we denote by Cl(m) the equivalence class of m for the relation R. Observe that
since m is the only minimum such that o (m) = oo, we have Cl(m) = {m}.
Let us denote by (L{(S,O))ae 4 the equivalence classes of R with A a finite set. We have evidently

u® =\ |u®. (2-14)
a€A

We need also to consider the set A defined by A = A\ {«}, where Uéo) = {m} is the equivalence class
of the absolute minimum chosen for ¢. Throughout, we will write g = #uo(,O). We will also use the
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following partition of Z/lo(lo) for any o € A:

Proposition 2.6. Let o € A. The applications o, E_, E and i are constant on MO([O).

Proof. For o, it is a direct consequence of the definition. Suppose now that m, m’ € U ©) satisfy mRm’
and m # m’. Then, m and m’ belong to the same connected component of {¢ < o(m)}. Hence, the
uniqueness part in the definition of £_ shows that E_(m) = E_(m’). Since E_(m)= E_(m’), the identity
1 (m) = i (m’) follows directly from the definition of 2. This implies automatically £ (m) = E(m'). O

Thanks to the above proposition, given o € A, we will write respectively o («), E_(«), E () and i (o)
instead of o (m), E_(m), E(m), m(m) for some m € Z/la(,o).

Definition 2.7. We say that
o o is of type Lif p(m(«)) < ¢(m) for all m € UO(CO),
e o is of type II if there exists m € Z/lo(lo) such that ¢(m(«)) = ¢(m).

Recall that the height function S : /(®) — R and the set of heights S = S(U/(?)) were defined by (2-3)
and above. For any o € A4, we let

Se=SUY) and p(a) = #S,. (2-16)
There exist some integers Vi < vy <--- <vZ . such that
Sa=1{Sue. - Sue b

In the theorem below, proved in Sections 5 and 6, we sum up in a rather vague way the description of
the small eigenvalues that we obtained.

Theorem 2.8. There exist ¢ > 0 and some symmetric positive definite matrices M%, o € A, such that
counted with multiplicity, we have 0 (Ay) \ {0} = Jge s 0(M*)(1 + O(e~¢/hy), with

p(@) —2h71S o :
o(M*) = U he Yio(M*%Y)
Jj=1
for some symmetric positive definite matrices M*/ having a classical expansion with invertible leading
term given in Theorem 5.8. Moreover O is a multiplicity-1 eigenvalue.

Let us make a few comments on this theorem.

First, observe that since M%:/ has a classical expansion with invertible leading term M(‘)x *J | its eigen-
o,j P . .
values &7/, r =1,...,r%/, have a classical expansion

&l (hy ~ Yy ke,
k

with {5 eigenvalue of the matrix M.
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Compared to previous results obtained under the Generic Assumption, the main difference is that
the prefactors {‘rxkj are more difficult to compute since they are obtained as the eigenvalues of the
matrices M%7/, When (GA) is satisfied, the M %/ are 1 x 1 matrices whose spectrum is direct to obtain.
In the general case, this is not true anymore and the construction of the matrices M %/ is more involved.
In particular, it depends dramatically on the number p(a) = #S (L{(S,O)). Observe that this number is also
equal to the number of different values taken by ¢ on the equivalence class éo).

If p(a) = 1, the coefficients of M %/ depend only on the pairs (m, s) for which ¢(s) —¢(m) = Svjqz.
Except for the fact that the different eigenvalues ¢ ;x Jor=1,...,r%J/ are linked together, the situation is
similar to that encountered in the generic case. Actually, we prove in Appendix B that if (GA) is satisfied
then Cl(m) is reduced to one point for any m, and in particular p(«) = 1 for all «.

In the case where p(o) > 2, the matrix is more difficult to compute. It comes from an application of
the Schur complement method and it depends on some pairs (m, s) for which the height ¢(s) — ¢(m) is
smaller than Sv;;z. In other words, the lifetime of the metastable state m is not entirely described by the
height that is needed to jump over in order to reach the nearest lower-energy position. It depends also on
some interactions with some higher-energy states that are not present in the classical Eyring—Kramers
formula. To our knowledge, this is the first time that such a phenomena is exhibited.

Let us now compute p(«) on explicit examples. Let us fix n = 2 and consider the potentials ¢ given
respectively by Figures 6 and 7. In both cases, m(m2,1) = m(my ) = m(my3) = my,1, which we
denote by m for short. Since ¢(m) < ¢(m5_ ;) for all j, there is no point of type II, U/ (0.1 — g5 and hence
Qg, ={E2,1, E2,2, E> 3}. Therefore, we can compute easily the equivalence classes of R in both cases:

* In the case of Figure 6, we have three equivalence classes: ¢1 = {m1,1}, ¢2 = {m2,1,m> 2} and
c3 = {my3}. The potential ¢ is constant on each equivalence class, and hence p(c1) = p(c2) =

plc3) =1
01 =&

02

@(ms3)
mjp 3

p(ma1) = @(ma )

@(m)

mi =ﬁ1

Figure 6. A potential with p(a) = 1.
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01 = 00

02

@(m23)

@(my 1) = @(ma )

(i)
mpp=m

Figure 7. A potential with p(«) = 2.

o] =X

02

@(ma23)

p(my1 = @(ma) = ¢(ma2)

mj ) mp =m

Figure 8. An example with points of type II.

* In the case of Figure 7, we have two equivalence classes: ¢; = {m,1} and ca = {my 1, m> 2, m3 3}.
The potential ¢ takes two different values on ¢3: p(cz) = 2.

We will come back to these examples at the end of the paper and compute explicitly the spectrum of Ay,
in both cases.

Let us finish this discussion with an example where U/ 0.1 # @. Consider the potential given by
Figure 8. In that case m(my,1) = m(my ) = m(my ) = my, 1, which we denote by m for short. Since
p(m) = @(my,1) = ¢(mz2) < p(mz3), we know my 1 and m; > are of type II and m 3 is of type I.
We still have ng ={E> 1., E> >, E> 3} but contrary to the previous case ng = {E,} is nonempty. It
follows that Qq4, = {E2.,1, E2,2, E2,3, E2} and R admits two equivalence classes: ¢; = {m,} and
¢y =1{my 1,m> >, mj 3}. The potential ¢ takes two different values on ¢, and hence p(cz) = 2.
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2C. General strategy of the proof. Let us recall the general strategy followed in [Helffer, Klein and Nier
2004]. The starting point is to use the supersymmetric structure of the Witten Laplacian. For 0 <k <n, let
Qk(X) = C®(X, A¥T*X) be the space of k-differential forms and denote by d : Q¥ (X) — Qk+1(X)
the exterior derivative and by d* : Q¥ (X) — Q¥~1(X) its adjoint for the natural pairing. The Witten
complex associated to the function ¢ is defined by the semiclassical weighted de Rham differentiation

dpp=e"?""ohdoe?’ " = hd +do™
and its adjoint
dy,=e?Mohd*oe ™" =hd* +dg-.

Then the semiclassical Witten Laplacian is defined on the forms of any degree by
Ay :d(:’hod(p’h-l-d(p’hod;’h. 2-17)

When restricted to the space of p-forms we denote this operator by A((pp ) (observe that in the case p =0,
the above formula yields easily (2-1)). Then, we have the intertwining relation

d(l),hA((pp) — Aéf’"’l)d%h (2-18)
and its analogue for the coderivative
+1) _
Ay, AP =aPax,. (2-19)

Forany p=0,...,d, it follows from (2-2) that A((pp ) (as an unbounded operator on L?) is essentially
self-adjoint on the space of compactly supported smooth forms. We still denote by A((pp ) its unique
self-adjoint extension. Then A(E,p ) is nonnegative and thanks to (2-2), there exists ¢g > 0 such that
oess(Afop )) C [co, +oo[ for any & > 0 small enough (in the case where X is a compact manifold, A((pp )
has actually compact resolvent). Moreover, there exists €, > 0 such that for 4 > 0 small enough, it has
exactly n, eigenvalues in the interval [0, €, 1], where n,, denotes the number of critical points of index p
of ¢. We shall denote by E‘P) the spectral subspace associated to these small eigenvalues of A((pp ) Then
dim E?) = n,, and relations (2-18), (2-19) show that

dow(EP) c EPTD and d  (EPTV)c EP). (2-20)

This shows in particular that dy, 5 acts from E © into EM and we shall denote by L this operator.
Similarly A(E,O) acts on E© and we denote by M this operator. By (2-17), we get

M=L*L.

The general strategy used in [Helffer, Klein and Nier 2004] (that we will follow in the present work), is to
construct appropriate bases of £ © and EM in which one can compute handily the singular values of L.
The main idea to construct such bases is to build accurate quasimodes for A, and to project them on the
spaces E). The construction of the quasimodes is performed in Section 3. The quasimodes for 1-forms
are the ones constructed in [Helffer and Sjostrand 1985]. The main properties of these quasimodes will
be recalled in Section 3C. Concerning the quasimodes on 0-forms, we cannot use the ones constructed in
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[Helffer, Klein and Nier 2004] since many important properties that are required for our analysis fail to be
true in the present situation (for instance, the quasiorthogonality). In Section 3B, we use the partition of
U© into equivalence classes of R to construct a family of quasimodes on O-forms adapted to our setting.
Each quasimode will be associated to a minimum m € U ©),

In Section 4, we compute the matrix £ in the above basis. One arrives at a block diagonal matrix
diag(L*, o € A) whose singular values are the singular values of each block.

Section 5 is devoted to the computation of singular values of the above blocks. The main difficulty is
that given two minima m, m’ in the same equivalence class, we do not necessarily have S(m) = S(m’).
For equivalence classes satisfying this property (that is, p(«) = 1), each block £* of the matrix £ has a

—S(@)/h gnd the situation could be handled quite easily. But more complicated cases may

typical size e
arise where quasimodes yielding different heights S(m) are interacting. In order to treat the full general
case, we use the Schur complement method combined with an induction on p(«). Running the induction
step requires exhibiting a specific structure of the matrices under consideration (see Sections SA and 5B).
In Section 5C, we prove a general result for such matrices, which we use to conclude in Section 5D.

In Section 6, we prove Theorem 2.8.

In the Appendices, we collect several results linear algebra. We also provide a list of notation used in

the paper.

3. Construction of adapted quasimodes

3A. Gathering minima by equivalence class. Let us start this section with a proposition collecting some
elementary facts about E, E_ and E.
Proposition 3.1. Ler m,m’ € U such that m # m'. Then, we have the following:
(i) Ifo(m) = o(m'), then
(i.a) Em)NE(m') =2,
(i.b) either E_(m) = E_(m') or E_(m)N E_(m’) = @,
(i.c) if E_(m) = E_(m’) then E(m) = E (m’); otherwise E(m) N E(m') = @.
(ii) If o(m) > o (m’), then
(ii.a) either E(m)N E(m') = @ or E_(m’) C E(m),
(ii.b) either E_(m)N E_(m’) = & or E_(m') C E_(m).
Proof. Let m # m’ be two minima. Assume first that o (m) = o(m’) = 0. Since m # m’ and
01 (00) = {m}, we have necessarily m,m’ € U®. In particular, E_(v), E(v), v =m,m’, are well-
defined. Moreover, since E(m) and E(m’) are two connected components of {¢ < o}, we have either
E(m) = E(m’) or E(m)N E(m’) = &. Since m # m’ and E is injective, E(m) N E(m’) = &, which
proves (i.a).
Since E_(m) and E_(m’) are two connected component of the same set {¢ < t} for some T > o (m),
(i.b) is obvious.
Suppose now that E_(m) = E_(m’). Since o(m) = o(m’), we have m(m) = m(m’). Moreover,
since E (m) is the unique connected component of {¢ < o (m)} containing m(m), we get Em)=E (m’).
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If E_(m) and E_(m’) are disjoint, then E (m) and E (m') are also disjoint since E(m) C E_(m) and
E(m’) C E_(m’). This completes the proof of (i.c).

Let us now prove (ii) and assume that o' (m) > o(m’). Once again, since o ~!(c0) = {m}, we have
m' U@ If E(m’)NE (m) # @, then E_(m’)NE (m) # &. Moreover, E_(m’) is a connected component
of {¢ < 1} for some 7 < o(m). Since E(m) is a connected component of {¢ < o(m)} D {¢ < t}, we
have E_(m’) C E(m) which proves (ii.a).

The point (ii.b) is proved by similar arguments. O

Let us now decompose the set of separating saddle points according to the equivalence classes. Given
o € A, introduce the closed set

G(a)= U E(m) (3-1)
meul”
and for any « € A let
VI = (s e VD 1 g(s) = 0 (@)} N G (). (3-2)
For any o € A, let
~(0) _, (0) -
U,” =Uy’ U{m(a)} (3-3)

and define an application 'y, from Zj{g)) into the closed subsets of X by

To(m)=T(m) itmetl?,

S A (3-4)
Ly (m(a)) = IE(a),

where I" is defined below (2-5).

Remark 3.2. Since E (m) C E(m), the application T, is slightly different from the application I' defined
in below (2-5). Observe also that for all m € ﬁao , I'q(m) is the boundary of the connected component
of {¢ < ¢(s)} that contains m.

Lemma 3.3. The collection (Vél))ae A is a partition of VY. Moreover, for alla € Aand s € Vél), there
exists mi(s) € L{U([O) and my(s) € Z:{ao such that

s € Iq(my) N Ty (m2). (3-5)

One can chose my,my in order that S(my) < S(m>) (that is, p(m1) > ¢(my)). Up to permutation, the
pair (my(s), my(s)) is unique.

Proof. Let s € V(U: then ¢(s) € T and there exists k > 2 such that ¢(s) = o%. By definition, there exist
two different connected components E;, E, of {¢ < oy} such that s € E1 N E». From the existence part
of Remark 2.2 there exist m;; € E1 and my ;; € E, with " <! < k. Moreover, one has necessarily
[ = k. Otherwise o (m; ;) > o} and since E1 N E, # @, this would imply that my ;i € E(my ;), which

is impossible since !’ < /. Hence we have [ = k. Therefore E; is equal to E(m; ;) with m;; € UOEO),

which proves that s € Vo(ll). Moreover, E; is either of the form Ey = E(my ;) with my ;/ € Z/Io(lo) Gf
I'!=k)or E, = E(ml,i) (f I” < k). Setting mi(s) =m;; € L{éo) and my(s) =my ;s € Z:{((xo), one has

s € Ty (my1) NTy(my) and since [ > 1’ one has also ¢(m1) > ¢(m>).
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Let us now prove that the union of the V(gl) for o € A is disjoint. Suppose that s € V(E,I) N V(gl). Then
o(a) = ¢(s) = a(B). Moreover, there exist m € Z/Io(to) and m’ € Lléo) such that s € E(m) N E(m’). This
proves that mRm’ and hence o = S.

The uniqueness of (m 1, m>) up to permutation is obvious. O
Let us now introduce an extra partition that will be useful in the sequel.
Lemma 3.4. For all a € A there exists a partition Vél) = él)’b L Vél)’i such that the following hold true:

(1) Foranys € Vél)’i, m(s) and my(s) belong to MO(,O).

V(gl),b

(ii) The set V(gl)’b is nonempty and for all s € one hasmy(s) € L{S)), my(s) = m(a) and

s € Ta(m1(s)) N T (m(a)).

Proof. Define Vél)’i = {s e Vél) cm(s),my(s) € Z/{o(,o)}. Then (i) is true by definition. Moreover, defining
él)’b = ‘gl) \Vél)", one has automatically the partition property and it remains to prove (ii).
Since « € A, the set E(a) N (Um @ E (m)) is nonempty and contained in Vél)’b. This proves that

Vél) b is not empty. Suppose now that s € Vél)’b. It follows from Lemma 3.3 that m(s) € Z/{S)) and

my(s) € &50). But by the definition of él)’b, m>(s) cannot belong to Z/lo(to), which implies by definition

that m,(s) = m(a). This completes the proof of (ii). |

3B. Quasimodes for 0-forms. In this section we construct a family of quasimodes of A,S,O) associated to
the minima of ¢. Each of these quasimodes will be of the form x > h=%/4 y,,, (x)e~@X) =)/ 1 iy
some suitable cut-off functions x,, associated to a minimum m € ¢ (®.

Following [Helffer, Klein and Nier 2004], we can associate to each minimum m € U@ a cut-off
function y, in the following way. For m = m, we simply take y, = 1. Form e Y ) we introduce some
small parameters €, €, > 0 with € < € and we define

Ecz5(m) = ((E(m)\ g B(s,e)) + B(0, g)) U ( g B(s,S)). (3-6)
seVNAT (m) se@UM\VD)T (m)

Proposition 3.5. Let x be any function in €°(E¢ »¢25(m)) such that xm = 1 on E¢z 5(m). There
exist €g > 0, 69 > 0 and C > 0 such that for all 0 < § < g, all 0 < € < €9 and all 0 < € < €/4, the
following hold true:

(@) If x € supp(ym) and p(x) < o(m), then x € E(m).

(b) There exists ce > 0 such that for all x € supp(V ym), we have
o either x & | sey)nrm) B(s, €) and
o(m) + ce_1 < @(x) <o(m)+ ce,
e or x € Usepnrm) B(s. €) and

lp(x) —a(m)| < Ce.
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(c) Foralls € UV \ VD N T(m)), one has dist(s, supp V xm) > 8. If moreover s € supp(ym) then
s € E(m) and ym = 1 nears.

(d) Suppose that m € ué"), o € A, and let s € VOV N supp(ym). Then, there exists B € A such that
o(B)<o(@),seVy and Upegg@ E@n') C {x € X 2 g (x) = 13,

Proof. Observe that the construction of the cut-off functions yn, is slightly different to that of the yx ( in
Proposition 4.2 in [Helffer, Klein and Nier 2004] (in particular because there can exist more than one
separating saddle point on dE (m)).

Let §; = min{|s —s'| : s,5" € UV, 5 % s’} and 8, = min{dist(s, T'(m)) : s € E(m) NUD}. Let
0<d< % min(d1, 87) and €g > 0 such that there exists C > 0 such that for all 0 <€ < ¢g and all s € y),
one has

lo(x) —@(s)| < Ce forall x € B(s, ).
This is possible since ¢ is a smooth function. Then (a) and (b) above can be proved much as Proposition 4.2
in [Helffer, Klein and Nier 2004] and (c) is a direct consequence of our choice of 8.
Let us now prove (d). By definition, if s € yn supp(x¥m), then s € E(m) (here we use the condition

0 < € < €/4). Hence, there exists  # « such that s € Vél) and one has additionally o (8) < o (). By
definition of the sets E(m), this implies that

) E@m)cEm\ (] B¢

m/eufgo) s’evONI (m)
for any € € ]0, €g[ with €9 > 0 small enough independent of §. This implies the results. O

We are now in position to define the quasimodes in a recursive way on the values of o («).

e We start with the quasimode associated to m. We set
L'(lo) (x) = c(m, h)h_d/4e(w('ﬂ)_‘p(x))/h, (3-7)

where ¢(m, h) is a normalizing constant such that || fm| ;2 = 1. Due to the fact that ¢ may have several
global minima, the function f,éo) does not concentrate only on m but on the reunion of all global minima.
Hence the normalizing factor c¢(m, ) is computed by adding the contributions coming from each of
these minima via quadratic approximation. More precisely, it follows from the Laplace method that
c(m,h) ~>72, h* yi (m) with the function yq given by

yo(m)~2 = /2 Z |det Hess ¢(m’)| /2, (3-8)
m’€H(m)

where by definition (2-6) one has
H(m):={m' € Em)NU® : p(m’) = p(m)}.

Finally, observe that fm(o) is an exact quasimode: A, ,éo) =0.
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e Suppose now that k € {2,..., K} and that the quasimodes f,,(,o) have been constructed for m €

(0)
Ua/eA,a (@)<ok—1 Ua

associated to m depends on the type of m as introduced in Definition 2.3.

— If m is of type I, then we define f,,(,o) as in [Helffer, Klein and Nier 2004] by

, and let us define f,,(,o) form € UOEO) with o (o) = o}.. The form of the quasimode

. (x) = c(m. hyh= % g (x)e @M =GN/ 1, (3-9)

where y., is the cut-off function associated to m defined in Proposition 3.5 and c(m, h) is again a
normalizing constant such that || f,,(,o) |12 = 1. As before, we have to add all the contributions of minima
in E(m) at the same height as m. We get c(m,h) ~ Y 7, h* yi (m) with yo(m) given by (3-8).

— Let us now construct quasimodes associated to minima m of type II. We assume here that I/ 0.1 o %)
and we define
Z’/\{D(tO),II — uéO),II U {m}, (3-10)

where for short, we write m = m(«) and gl = sy 1,

Let us introduce an additional cut-off function around s that we define as follows. Recall that £ ()
denotes the connected component of {x € E_(m) : ¢(x) <o (m)} that contains m. As before, we introduce
some parameters €, €, > 0 with € < € and we define

Eczs(@) = ((E(a)\ U B(s,e)) + B(0, g)) U ( U B(s, 5)).

seVDNIE (@) se@MO\VD)NIE (a)

Then, we let j,; be any function in %COO(EE,ZQZ,; ()) such that y,; =1 on Ee’g’5 (o). Form € uo(,‘))’ﬂ

we let Ym = )xm, with y, defined in Proposition 3.5. We want to construct the quasimode as a
linear combination of the )?me_‘p/ h, m e Zjlo([o)’ﬂ. In order to chose the coefficients, let us introduce

Zj{(f,o)’ Winto R. This space has dimension g\l + 1

B

Fo=F (Z:lo(,o)’ H), the finite vector space of functions from
and is endowed with the usual Euclidean structure

(60.6)Vr, = Y 6m)o (m).
mel !
We denote by N the associated norm. Eventually, we define 6 € Fy by
co (h)
c(m,h)’

where c¢(m, h) is the unique positive constant such that the function

05 (m) =

(3-11)

= e (m, h)h =4 3 e @ =0/

satisfies || fm |22 =1 and ¢ (h) is defined by N(6F) = 1. Let us now extend the definition of the set
H (m) in the following way. Given « € A and m € &S’)’H we define

H(m) it meul?,

~(0),11

o) 3-12
tm' € E@ U : p(m') = pi)} it m e 4O\ 1. G-12

ﬁa(m) =
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Observe that if « is of type II, since E (s ()) is larger than E (), the sets H(ri(c)) and He (i ())
may be different. From the preceding definition, it follows that for all m € Aa(,o)’ U the normalizing factor

c(m, h) admits a classical expansion c(m,h) =) h* yi (m) with

)/o(m)_2=71d/2 Z |detHessg0(m’)|_1/2. (3-13)

m/eﬁa(m)

Therefore, we can compute the constant c{ (), and we get

—1/2
cg(h) = n_d/4( Z Z |det Hess q)(m’)l_l/z) + O(h).

velfléo)’n m’eﬁa(v)

Here the index « is used to indicate that the function is associated to L[o(to)’ 1

Lemma 3.6. There exist some functions 6%, . . ., 92‘11 € Fy, such that the following hold true:
() {6%,j =0,...,qY} is an orthonormal basis of Fg.

(ii) The functions 9]‘9‘ admit a classical expansion

k ok
0% = Zh 07
k>0

and for all j > 1, the leading terms 9}1’0 are orthogonal to the function Qg’o(m) = c§(0)/yo(m).

Proof. First observe that ¢ admits a classical expansion 6§ ~ jzohj 98‘ / with 98‘ -0 (m)=c§(0)/yo(m).
Since (95°%)1 is a gll-dimensional subspace of Fy, it admits an orthonormal basis (qu,o) independent
of h. Then the functions 6]‘?‘ defined by

Go . [o0 5,0

0F = 9}1 — (97 L0865
form a basis of (98‘)J-. Moreover, the éj‘." admit a classical expansion and since (é}x’o, 05) = O(h) for
any j, they satisfy

(0%.0%) =8k + O(h™).

Defining the (6]‘?‘) as the Gram—Schmidt orthonormalization of the (éj‘."), we get the desired result. [

u§°)’ T has qg elements, the functions 67, ..., 0%, can also be indexed by Uéo)’ I using

o
any arbitrary bijection. We end up with a family of functions (6y,),, ., .1 and for convenience we will
o

also write 6% = 6. Then, we define the gl quasimodes associated to the m € 0(50)’11 by

Observe that since

S () = hE ST 9% Yo (' ) o () @GN/, (3-14)

m’ eao(,o)’ n

where the normalization factor ¢(m’, 1) is defined above and ensures that

e’ )h =% iy () @D 2 = 1.
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Before going further and as a preparation for the final analysis we would like to write the quasimode
given by (3-9) and (3-14) in the same fashion. For this purpose, we define 1250) by

U =y o, (3-15)
with the convention that AS))’H =gif L{g))’n = J (observe that 1:10(50) is equal to the set U g)) defined in

(3-3) if and only if u(ff’)’n # ). Then, we define 6% (m’) for any m € u§°), m' € 23(50) in the following
way:

o Ifme L{O(,O)’H and m' € aéo),n’ we keep the above definition.

e Otherwise, we set

Q’C:l (m/) = Sm’m/. (3‘16)
Then the formulas in (3-9) and (3-14) can be summarized in
S ) =h=44 N 08 m e’ h) o (x)e P =0/ (3-17)
m' el

with a&o) and 6% as above.

Definition 3.7. For any « € A, let us denote by 7% € .# (L{O(,O),Z:léo)) the matrix given by

T4 = (Op(m") 00 ey

Let us remark that if all points of Z/{O(,O) are of type I, then .7¢ is just the gy X go identity matrix, whereas

if uo(lo),n # @, itis a (¢o + 1) X go matrix. Observe also that the partitions Llo(,o) = 0(50)’1 uZ/[(gO) I and

ZZJ(ZO) = Z/{(S[O)’I u Zjléo)’ﬂ induce decompositions of the corresponding vector spaces:

FUP) = 7PN e 7O, (3-18)
FUP) = 7PN e 7O, (3-19)

From the above construction, one deduces that in a suitable basis the matrix 7% is block diagonal with Id
on the upper-left corner and a certain orthogonal matrix in the lower-right corner. More precisely, there
exists an orthogonal matrix 7% € .2 U™, 7YY such that for any f = £+ M with f1e 7Y
and fle .7 (Zjlo(to)’u), one has

T f(m) = fi(m)+ (7 ) (m). (3-20)

Moreover, the matrix .77 is jus£ ;[xhe matrix (6% (m’ ))m U g O 1 whose coefficients are given by
Lemma 3.6. In particular, Ran &~ = (RQ(‘)")J-, where 6 is defined by (3-11).

For any m € U9, let us introduce the set F(m), defined as follows. If m = m, let F(m) = X. If
meU@:=yOny©®.1 let F(m)= E(m) and if m € Y1 := O N3 @1 Jet

Fem=( | W))w%), (3-21)

O

where « is such that m € Z/{o(,o). Observe that we always have E(m) C F(m).
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Proposition 3.8. Ler m,m’ € U be such that m # m'. The following hold true:
(i) If mRm’ then

(i.a) if m orm’ is of type I, then F(m) N F(m’) c YV,
(i.b) if m and m’ are both of type II, then F(m) = F(m’).

(ii) If m’' ¢ Cl(m), then

(ii.a) if o(m) = o(m’), then F(m)N F(m') = @,
(ii.b) if o(m) > o(m'), then either F(m) N F(m') = @ or F(m') C F (m).

Proof. Let mRm’ with m # m’. As in the proof of Proposition 3.1, one has necessarily m,m’ # m.
Assume first that m is of type I. Then F(m) = E(m). If m’ is also of type I, then F(m') = E(m’).
Moreover since m # m’, it follows from (i.a) of Proposition 3.1 that E(m) N E(m’) = @. Therefore,
F(m)N F(m’) is either empty or is reduced to a union of saddle points which are separating by definition.
If m’ is of type II, the same proof works. This completes the proof of (i.a).

Suppose now that m and m’ are both of type II. Since mRm’, it follows that E (m) = E (m’) and hence
F(m) = F(m’) which shows (i.b).

Suppose now that m’ ¢ Cl(m). Consider first the case where o (m) = o (m’). Then, one has necessarily
F(m) N F(m') = &, otherwise we would have mRm’.

Suppose now that o (m) > o (m’) and that F(m) N F(m') # @. If m = m, then F(m) = X and the
conclusion is obvious. Suppose now that m € U (0 and consider first the case where m and m’ are of type L
Then F(m) = E(m) and F(m') = E(m’) and since o (m) > o (m’), it follows that E(m) N E(m’) # .
Hence (ii.a) of Proposition 3.1 shows that E_(m’) C E(m) which yields F(m’) C E(m) = F (m). If m is
of type I and m’ is of type II, then one has E (m) N E # @ with either E = E(m") for some m” € Cl(m’)
or E = E(m’). As before, E(m) contains the connected component of {¢ < o (m)} that contains E and
the same proof works.

Let us now suppose that m is of type I and m’ is of type I. Then E (m’)N E # & with either E = E (m”)
for some m” € Cl(m) or E=E (m). In both cases one sees easily that E_(m') C E, which proves the
result.

The case where both m and m’ are of type II is left to the reader. O

Let us now give some information on the support of the quasimodes. For m € U (0 Jet us introduce the
set

Faam=((Fo\ U seo)+Boa)u( U BG) o)

seVDNIF (m) se@M\VIDYNIF (m)

If m is of type I, it is clear that F, z 5(m) = E z 5(m) and if m is of type II, one has

Fegsm)=Eczs)u| | Ee,g,g(m).
m’eu&m’n

From the above construction one deduces the following proposition.
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Proposition 3.9. There exists €g, 80 > 0 such that for all 0 < § < 8g and all 0 < € < €/4 < €o/4, the
following hold true:

() Foranym,m’ € U©®
Fm)NF(m')=0 = F.5(m)NF.z5(m')=0.
(ii) Foranya € Aandm € ug’), one has supp( f,,(,o)) C Fe 2¢28(m) and
foralls e\ (VD NoFm)), dy £, =0 in B(s.5).

Proof. Observe that
Fe 2¢.25(m) C F(m)+ B(0,2max(é, €)).

Since F(m) and F(m’) are compact, the first point of the proposition immediately follows. The second
point of the proposition is a direct consequence of (c) of Proposition 3.5. O

Recall that the functions f,,(,o), meli (0), depend on ¢, €, § via the definition of the cut-off function y,.
This family is quasiorthonormal in the following sense.

Proposition 3.10. There exist €q, 69, B > 0 such that for all 0 < § < §g, 0 < € < €/4 < €o/4 and all
m,m’ €U, one has

(£SO £ Oy = 5 + O P/,

m

Proof. Throughout the proof, we assume that 0 < § < §g and 0 < € < €/4 < €o/4 as in Proposition 3.5
and we decrease €, 8¢ if necessary.
Let m, m’ be two minima.

 Consider first the case where mRm’. If m = m, one has necessarily m’ = m and hence
0 0 ()}
U ) = 112 =1

by construction. Consider now the case where m, m’ # m and suppose first that m or m’ is of type L. If
m = m’, the definition of ¢(m, h) shows that || f, || = 1. If m # m’, it follows from (ii) of Proposition 3.9
that f,,(,o) and f”(l(,)) are supported in Fe 5z 5(m) and F¢ 5z »5(m') respectively. Moreover, thanks to (i)
of Proposition 3.8, one has F(m) N F(m’) € V(Y N dF (m). Hence, one can choose € sufficiently small,
so that F¢ 5z 25(m) N Fe 5¢ »5(m’) = @. Therefore, supp( f,,(,o)) N supp( f”(l(,)) ) = & and hence f,,(,o) and
fn(:?) are orthogonal.

Suppose now that m and m’ are both of type II. Then, we can write

fn(,o)(X) — p—d/4 Z Om (V1) (V1. h) v, (x)e@m)—=0()/ b
vy el

S @) =HE ST O (v2)c (02, ) o () POR DN,

voelly”
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Since, for v2 # v1, v, and jy,, have again disjoint support for €g, §o > 0 small enough, we get
0 (0 - . i1 (m))—
U S 2) =00 S ) I [ 170 P2 —o b g
velly”

= (em, 9m’>]—'a = 8m,m’-

This shows in particular that || f,,(,O) |2 =1forallm el ©),

 Suppose now, that m’ ¢ Cl(m) (in particular m # m’). If o(m’) = o0 (m) then F(m) N F(m') = &
thanks to (ii.a) of Proposition 3.8, and (i) of Proposition 3.9 implies that F, 5z 25 (m) N F¢ 5z 25(m') = &.

Then, the first part of (ii) of Proposition 3.9 proves that f,,(,o) and fn(:?) are orthogonal.

Consider now the case where o (m) # o (m'); say, o(m) > o(m’). From (ii.b) of Proposition 3.8, we

know that either F(m’) is disjoint from F(m) or F(m') C F (m). In the first case, we get immediately
0) (0
( m > Jm

F@m') C F (m). By definition, we have ¢(m) < ¢(m’), and by taking €g, §o > 0 small enough we can
ensure that F 5z 25(m’) C F¢ 5z.25(m).

) = 0 by the same argument as before. Suppose we are in the second situation, that is

Suppose first that ¢(m) < ¢(m’). A priori we don’t know if m, m’ are of type I or II. However, since
Fenzas(m') C Fe oz os(m),

O £ Oy / -0 () £9 (x) dx

Fe oz 25(m")
and

(F Ee 2z sy = E(m I)h =440 m=oCN/h, (3-23)

where the constant ¢(m, k) is uniformly bounded with respect to 4. This is clear if m is of type 1. If
m is of type II and, say, m € L{g)), then F(m') C F (m) implies that there exists v € 5{(50) such that
F(m') C E(v) (or E (v)). Then the general formula (3-14) shows (3-23). Moreover, by construction,
there exists a cut-off function ¥ € ‘Kcoo(lg ¢.2¢.2 (m)) independent of A such that infg,pp ¢ ¢ = ¢(m’) and

|f(9)(x)| < h—d/41/f(x)e(¢(m/)—¢(x))/h
m =

and it follows that

I ”(,0), fn(:/))” <Ch4/? / w(x)e((p(m’)+rp(m)—2w(x))/h dx < C' 412 p(e(m)—p@m")/ h

Since ¢(m’) > ¢(m), this proves the result.

It remains to study the case where ¢(m) = @(m’). Let o, o’ € A be such that m € u§°) andm’ €U’
From the above assumption, we also have o (m) > o(m’) and F(m') C Ig(m) Since o (m) > o(m’) and
(/Zj(m) = ¢(m’), we know f"(,(f) is necessarily of type II. It has the form (3-14) and since F¢ 5z »5(m’) C

F¢ 2z 25(m), (3-23) still holds true. Hence, we get

0)

m/

(s Sy = Em D> () (v, ) / R ()2 @D =0ER g (3-24)

~(0), 11
vel/{é,)
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On the other hand, by a standard argument based on the Laplace method, we know that there exist » > 0
and B > 0 such that for all v € Z:{S,))’H, we have

h=412c (0. h) / 7o (1) 2@ =0 b g =2 (3 ) 3 / 2O =0/ h gy | (=Bl
v'eH(v) B('r)

— 42 (v ) / 170 (x)2e2@E =0/ B g 4 (=B Ry

1
- —B/h
c(v,h)+0(e )
Plugging this in (3-24), we get
© 0y _ = o)L —p/hy_ Cmh) oy ~B/hy (39
(fm s Sl Y =Em. k) " Om W) o FOE™ < (Omr. 08 )7, + 0PI ?). (3-25)

veif @1
o

Since 6, is orthogonal to 90“/ by construction, the first term of the right-hand side above vanishes and
we get () for)) = O(e /M), O

We end this section by giving an exponential estimate of the action of d, 5 on the quasimodes.

Lemma 3.11. There exists C > 0 such that for all € > 0 small enough, we have

d(a,h fII(lO) — O(e—(S(m)—Ce)/h)
forallm € U,
Proof. The result is classical, but since the quasimodes f,,(,o) are slightly different from the usual ones, we
have to check the estimates. Let m € /(%) and let us compute d, f,,(,o).
If m =m, then d, y, f,,(,o) = 0 and there is nothing to do.
Suppose now that m # m. From (3-17), one has

dppfa () =014 3" (Yo (m' )V o (x)e @m0/ B,

m' el

All terms of the above sum corresponding to m € Z/{(S,O) are O(e~8m)=Ce)/hy 1y (b) of Proposition 3.5.
The only new term is the one corresponding to m(m). Since j, € C° (E ¢,2¢,28) and is equal to 1 on
Ee,g,(g, we have again

9(x) — (i) = ¢(x) —p(m) = S(m) — Ce

on supp(V ;) and the proof is complete. O

3C. Quasimodes for 1-forms. This section is devoted to the quasimodes associated to low-lying eigen-
values of A((pl). The construction of these quasimodes was done in [Helffer and Sjostrand 1985] and we
refer to that paper for all the proofs. Here, we just describe the main properties of these functions. In this
section wg denotes a small neighborhood of s € U M that may be chosen as small as needed independently
of ¢¢ fixed in previous sections.
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Given any saddle point s € /), and any appropriate open neighborhood wy of s, let Py s denote the

operator A((pl) restricted to wg with Dirichlet boundary conditions. Let ug denote a normalized fundamental

1)

state of Py . The quasimodes fg ~ are then defined by

£ () = eol|wrsus |~ s (X)us (), (3-26)

where ¥ is a well-chosen C§° localization function supported in wg and equal to 1 near s and €g = %1
will be fixed later. By taking wg sufficiently small, we can ensure that the fs(l) have disjoint supports,
and thanks to (c) of Proposition 3.5, we can also shrink wg so that

for all s € V) \V(l), forallmeU®, (se supp(ym) = )m =1 on wy). (3-27)

Observe that this choice of wy depends on &g but not on €. From this construction, we immediately
deduce that

(D, £y = 8551, (3-28)

and hence the family { fs(l) s €U} is a free family of 1-forms. From [Helffer 1988, Proposition 5.2.6],
one knows that the eigenvalues of Py ¢ are exponentially small. Using Agmon estimates, it follows that
there exists > 0 independent of € such that

AV D = o Bt (3-29)

Combined with the spectral theorem, this proves that the n1 eigenvalues of A((ol) in [0, €1 h] are actually
(’)(e_ﬂ / h) (see [Helffer 1988, Proposition 5.2.5] for details).

Furthermore, Theorem 2.5 of [Helffer and Sjostrand 1985] implies that these quasimodes have a WKB
expansion given by

£ @) = eoh™ 4y ()b (x, hye 0+ O/, (3-30)

where bs(l)(x, h) is a 1-form having a semiclassical asymptotic, and ¢4 ¢ is the phase generating the
outgoing manifold of |£]% — |Vxe(x)|? at (s,0) (see [Dimassi and Sjostrand 1999, Chapter 3] for
details on such constructions). In particular, the phase function ¢4 s satisfies the eikonal equation
|Vx@+.51? = |Vxo|? and g s(x) < |x —s|? near s (the notation < was defined in the paragraph before
Section 2A). For other properties of ¢ ¢ we refer to [Helffer and Sjostrand 1985].

3D. Projection onto the eigenspaces. The next step in our analysis is to project the preceding quasimodes
onto the generalized eigenspaces associated to exponentially small eigenvalues. Recall that we have built
in the preceding section quasimodes f,,(,o), m e U© with good orthogonality properties. To each of these
quasimodes we will associate a function in E ©) the eigenspace associated to o(h) eigenvalues. For this,

we first define the spectral projector

1 _
no = ﬁ/y(z—Ag’)) L4z, (3-31)
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where y = dB(0, €oh) and €q > 0 is such that 6:(A,) N [0, 2€ph] C [0, e~C/?]. From the fact that Aé,o) is
selfadjoint, we get that

Im®p=1.
We now introduce the projection of the quasimodes constructed above, e(O) 1O fm (O)) We have the

following:

Lemma 3.12. The system (e,(,? )) mey o is free and spans E ), Additionally, there exists B > 0 independent
of €9 such that for all 0 < € < €/4 < €o/4, one has

e = (O Loy and (e, ) = S + O /M)
forallm,m' € U

Proof. The argument is very classical. We recall it for reader’s convenience. One has

l _ _
e i = 1017 = 5 [ (- a0 e

=5 / (z— AD)T1z71AD £O g, (3-32)

Since (z — A((po)) 1= O(h™1) on y, it follows from Lemma 3.11 that e(o) f,,(,o) = O(e B/ ") for some
B > 0. This proves the first point. Combining this information with Proposition 3.10 we get immediately
the second point. O

We can do a similar study for Aé,l), for which we know that the n1 eigenvalues lying in [0, €1 /] are
actually O(e=%/™). To the family of quasimodes ( fs(l)) sey(h» we now associate a family of functions
in EM, the eigenspace associated to eigenvalues of A((pl) in [0, €1 h]. Thanks to the spectral properties of
the selfadjoint operator Ag), its spectral projector onto £ M s given by

1 _
n =0 /y& —ag Tz, (3-33)

where y = 0B(0, €1 h) with €1 defined above. In the sequel, we write e(l) H(l)(f(l)) The family
(es )) s satisfies the following estimates.

Lemma 3.13. The system (es(l)) sey(» 1S free and spans E M), Additionally, we have

e = fD 1 0@ and (e, elP) = 85,5+ O M),

with B’ > 0 independent of €.
Proof. Using the orthonormality of the fj(l) and (3-29), the proof is the same as that of Lemma 3.12. [J

4. Preliminaries for singular values analysis

This section is a preparation for the study of the singular values of the operator £ : E © 5 ED defined
below (2-20). We simplify the forthcoming study by several reductions and changes of basis. Let us
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denote by L7 the ny X no matrix given by

L7 = () dypel)) foralls €UV, meu®, 4-1)
with es(l), e,(,(,) ) defined in the preceding section. Since (e,(,(,) )) and (e§1)) are almost orthonormal bases
(thanks to Lemmas 3.12 and 3.13), this matrix is close to the matrix of the operator £ in these bases. We
first work on the matrix £”.

Recall that m denotes the absolute minimum of ¢ associated to the connected component E(m) = X.
Since A((po) em = 0, the nonzero singular values of £" are exactly the singular values of the reduced
matrix £ defined by L‘f,;, = L{  forall s € UD, m e U@ with y® =y O\ {m}.

Lemma 4.1. There exists " > 0 such that for € > 0 sufficiently small, one has
£ = (0, dyp i) + O(e=(Sm+B)/ hy
foralls e UV, m e U©,

Proof. The trick to get the good error estimate above is now well-known (see for instance the proof of
Proposition 5.8 in [Hérau, Hitrik and Sj6strand 2011]) but we recall the proof for reader’s convenience.
Lets eV, m e QI(O); then thanks to (2-18) we have

(e dypem’) = (e, dy i TTO ) = (e TN f) = (€6 i fin)
= (D g fu )+ (e = S0 dy S
But from Lemmas 3.11 and 3.13 and the Cauchy—Schwarz inequality one gets
(e = £, dpn fu )| < CemBHSm=CO/h,
Since B’ is independent of €, one can conclude by taking € small enough and 8" = /2. O
Let us denote by £%V e .7 U@, 1/M) the matrix defined by
£ = (1D dy /i) foralls U m eu®, (4-2)

Of course, the first column of this matrix is identically zero and it is more interesting to consider the
matrix £°%%" € .z (U, D) defined by

£ = (£ dy f) foralls e, m ey . (4-3)

As we shall see later, the singular values of £™ and £°*V’ are exponentially close and it is natural
to study the matrix £/, For s € UDN\ VD and m € Y@, thanks to (ii) of Proposition 3.9 one has
dpn S =0 dh

o.hfm =0 near s, and hence

(D dy i ) =0. (4-4)

Therefore, the singular values of £°%": are equal to the singular values of the reduced matrix £°%%" ¢
MU, VD) defined by

£ — (£ dy i) foralls € VO, m eu®. 4-5)
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In order to study this matrix, we need to introduce a new enumeration of critical points. Let us start
with some abstract notation. Assume that (Z, <) and (J, <) are two totally ordered sets and let A =
(aij)iez,jes be the associated matrix (with i, j enumerated in increasing order). Assume that we have
partitions Pz and P of Z and J respectively

PI:(II,...,INI) and Pj:(jl,...,ij).

Assume that each partition admits a total order < (that is, we can compare the subsets Z; ). Then we get a
total order < on Z (resp. J) by using the associated lexicographical order:

iXj <= @Zy=xIg,i€lyand je€lyg) or Ly, i,j €Iy andi < j).

Hence, there exists a unique « : (Z, <) — (Z, <) which is strictly increasing (and hence bijective).
Similarly, there is a unique B : (J, <) — (J, <) which is strictly increasing. We denote by Ap, p, the
matrix (aq(;),8(;))iez,jes- This matrix is obtained from A by intertwining the basis vector; hence it has
exactly the same singular values.

Let us go back to the matrix £P%¥>”. Consider the partitions of 2/(®) and V¥ given by

PO =0 aedy and PO = geAl.

At this stage of our analysis, we do not need any specific choice of order on these partitions. We just endow
A with any total order and for all &, 8 € A we choose any arbitrary total order on Z/{O(,O) and VY. This
gives an order on the above partitions and we denote by .Z = (,,Sf“’ﬂ)a, Be the matrix L% associated

to these partitions. Observe here that each #%P g itself a matrix .£%P = (.fsa,,',f ) s evgl ) mey

Lemma 4.2. For all @ # f8, we have £*B = 0.

Proof. Let a, B € A such that o # 8 and let m € u§°) and s € Vél). If 6 (0) = 0 (B) then @ # B implies
that s ¢ F(m). Shrinking if necessary (by taking €g, 8o > 0 small enough) the support of f,,(,o) and fs(l),
it follows that these functions have disjoint supports so that their scalar product vanishes.

If o () # o (B), then by construction d,, p, f,,(,o) is supported near {¢ = o ()} whereas es(l) is supported

near {¢ =0 (B)}. Since this two sets are disjoint we get (fs(l), dy p e,(,?)) = 0 and the proof is complete. [

From this lemma we deduce that the matrix .# admits a block-diagonal structure
£ =diag(L%*, a € A), (4-6)

with £% ;= £%% Recall from Definition 3.7 that for any o € A, the matrix 7% € .# (ué"),z?tg’) ) is
given by 7% = (65, (m’ ) 1O mey - We have the following factorization result on Ze.
Lemma 4.3. We have % = 2% 7%, where the matrix 2" = (ég‘ m)s,m’ € ///(5[0([0)’ (51)) is given by

A

0 = (S dp gy foralls e vV, m' €U,

s,

with g0 (x) = h=4/4c(m' . ) (x)eP@=0 @/ .
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Proof. Let s € Vél), me ug’). From (3-17), one has
S dpn iy =03 0% e ) (D hd o () ©MOCN ).

m’ 65{&0)

aO(IO), 1

Moreover, the function ¢ being constant on , we can replace ¢(m) by ¢(m’) in the above identity

and it follows that
1 0 1 0
S dpnfm) = > 0% (£ dy gl

m' ety
which is exactly the result to be proved. O

One of the crucial points of our analysis is to compute the coefficient f? m- Givenm € Z:{éo), we define

-1/2
hy(m) = Z |det Hess (p(m)|_1/2) , 4-7)

m’cH, (m)

with Hy (m) defined in (3-12). One has clearly hy(m) = 74/%y4(m), with yo given by (3-13). Moreover,
in the case where H(m) = {m}, one has h,(m) = |det Hess @(m)|Y*. Given s € VU, we denote by
)ALl (s) the unique negative eigenvalue of Hess ¢(s). In order to keep uniform notation, we also extend the
definition (4-7) to saddle points by

hy(s) = |det Hess (p(s)|1/4.
Eventually, we introduce the diagonal matrix QY e (Z:lo([o), Zjléo) ) defined by
QY f(m) = e_g(m)/hf(m) for all m € U, (4-8)

with §(m) =0 () —¢@(m). Form € Z/Iéo), one has of course o (¢) = o (m) and hence §(m) = S(m) but
this fails to be true for m = m(«). We then define the rescaled matrix 7 = b m) € A (Z:Io(,o) , V&l)) by

% = jaﬁ";
ie., R
Zg’m = eS(m)/hZ‘s’"m foralls € VIV, m e Y. (4-9)

Going back to the matrix £%, one has
7%= 7G0T,

Moreover, as already noticed below Definition 3.7, one has % f(m) = f(m) for any f supported
on Z/lo((o)’l. Hence we get

7%= 7" 7°Q°, (4-10)
with Q% € .7 (Z/{O(,O),Z/{éo)) defined by Q¥ f(m) = e~S™/" f(m). The following lemma gives an asymp-
totic expansion of the matrix 7% We recall that m; (s) and m5(s) were defined in Lemma 3.3.
Lemmad44. Letax € Aand s € Vél), m e Zjlo(to). The following hold true:
W) If m ¢ {mq(s),ma(s)}, then Z?m =0.
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(ii) The coefficients fg‘m admit a classical expansion f‘s"m ~ K23 hkfg,’,]f,. Moreover, one can
choose €y = £1 in (3-26) so that the leading terms satisfy

” 12,4 he(mi(s))
ea,O — 1/2 21 1/2"%¢ , 4-11
sami(s) = 7 A1)l he(s) @1
and in the case where m,(s) € Zjléo),
- 1203 he(mx(s))
70 — g~ 1/2)3 1/2%¢ ~ 4-12
sma(s) = MO (12
In particular, if m,(s) € Z;\Iéo), one has
70,0 7,0
es,ml(s) _ ES,mz(S) (4-13)

ho(mi(s))  hy(ma(s))
foralls e Vél).

Proof. Suppose first that m # m1(s), m2(s). Then, supp(dy, g,(,? )) = supp(d fm) is contained in a small
neighborhood w of T'(m). Since m # m1(s), m,(s) it follows from Lemma 3.3 that s ¢ w and hence
Z‘s’"m = 0 which proves (i).

Let us now compute the coefficients fs,m form € {m(s),my(s)} N Zj{g)) (observe that this set may be
reduced to m(s)). We compute these coefficients in the case where m(s) € Z:Io(,o) . If it is not the case,
the only nonzero coefficient is fs,ml(s), which is computed in the same way. Recall from (3-30), that the
quasimodes on 1-forms are given by

S5 = eoh™ s (o)bsD (x e+ s R,

Summing up the construction of [Helffer, Klein and Nier 2004, Section 4.2], there exists an open
neighborhood Vs of s on which one can find a system of local Morse coordinates (y, z) € R x R4=1 in
which s is the origin and such that the following properties hold true:

(1) In the above coordinate system one has

d
o=o+ 5 (160 + L4603

j=2
1 - 4.
o1 = 5(—A1(s)y2 Y4 (s)z}),
j=2

.....

(2) The amplitude bs(l)(x, h) admits a classical expansion

o
bV ~ > hkwg (4-14)
k=0
with 1/4
detH
weo = (—1yd-119tHess eI ) oy (4-15)

rd/4
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(3) One can chose the orientation of the y-axis so that
Emi(s)NVs C{y<0}NVy and E(ma(s))NVs C{y>0}nN7V;.

Moreover, the cut-off function y,, can be constructed so that:

(4) In V§ the functions jpm, ;»J = 1,2, depend only on the variable y.
Additionally, one can shrink wg so that:

(5) supp( fs(l)) is contained in V.

Observe that the only minor (but important) difference with [Helffer, Klein and Nier 2004] is the
property (3), saying that each yp;, j = 1,2, is supported in one of the two different half-planes {y < 0}.
Let us now compute the first coefficient in the asymptotic expansion of ff ,‘,x, Using the above properties,
Proposition 3.5 and following the computations of [Helffer, Klein and Nier 2004, Section 6] we get

é(;,m = (fs(l)v d(p,hgi(r(l))>

_ hl_d/zc(m, h)e(s, h) e—(w+(x)+<p(x)—<p(m))/h(%” (V) +OMh)dy Adzy A---Ndzg

B(s,€) oy (e—(w(S)—<p(m)+Ce)/h)’

with
1/4

_ . |detHess (s
:E()(_l)d 1| gp( )|

a7 + O(h) = eo(—=1) 4" a4 ny,(s) + O(h).

e(s,h)
Using the local form of ¢ and ¢4, we get

0 0 = =2, hye (s, hye~ @S —om)/ / 5= @Ih(3 () 4+ O()) dy Adzs A+ A dzg

B(s,¢) +o, (e—((o(s)—(p(m)-i-ce)/h)’

with g_(z) = Z}i:z A j (s)zjz. Since 7m depends only on y and g_ > cv? on |z|s > v, the integration
domain B(s, €) can be replaced by a smaller one Wy = {|y| <€, |z|co < Ve} modulo exponentially small
error terms. Using also the identity S (m) = ¢(s) — p(m), we get

i@, = I(he=Sm/h 4 o (= Smytealh)
with
IG(h) = hl—d/Zc(m’ h)E(S, h)/ e_g—(Z)/h()?m(y) + O(h)) dy A d22 U dZd‘
Ws

The integral on the right-hand side can be easily computed by means of Stoke’s formula and the Laplace
method. We get

Ieh) = 142 (. Bye(s. 1) (] « + O)) Oz e ndzy
|Z|co<Vve
d-1)/2
=h1/2 ,h ,h Ame— O(h (A - ) )
c(m,hye(s, h)([Im]Sc + O(h)) Aa(s)--Ag(s)[/2
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Combining this with the expressions of c¢(m, h) and e(s, &), we obtain

= 1A —1/2:2 hy(m)
lgm = oD Iml<en™ 2022
hy(s)
We now remark that with our choice of 7, one has [{m, ], = —1 and [Jm,]¢ . = 1. Taking g = (—1)%,
we get immediately the formula of (ii). O

5. Computation of the approximated singular values

From Lemma A.2, we know that the singular values of a block-diagonal matrix are given by the singular
values of each block. Hence, in view of the results of the preceding section, we study the matrices .£%.
The first step in the analysis is to prove that .#* is injective except for o = .

5A. Injectivity of the matrix . We first compute the kernel of the matrix Z°
Lemma 5.1. Let o € A. Then:

o If a is of type I (that is, u§,°)’11 = ), then 927“’0 is injective.
o If o is of type I, then Ker(.i;a’o) = R&g, where &g € Rie ~ F, is defined by

Eo(m) = hy(m)~!
forallm € 5{0(50)‘

Proof. Suppose first that « is of type II. Let x € %, = .F (Zjlo([o)) be such that Z*°x = 0. Then

Y 0 xm =0 foralls eV (5-1)
mel”

From (i) of Lemma 4.4 it follows that

E‘s)"’,?“(s)xml ) = —E:”:’)’Z(s)xmz(s) forall s € Vél).

Moreover, since « is of type II, we know m(s) € AO((O) for any s € Vél) and thanks to (4-13) we get

Xmy(s)he(m1(s)) = Xp,(s)ho(m2(s)) foralls € v&“. (5-2)

Now, we recall that for any s € Vél), m1(s) and m,(s) are exactly the two minima such that s =
I'y(mq1) N Ty (my3). Therefore, we deduce from (5-2) that

for all m, m’ € Z:{O(!O), (Ta(m)NTe(m') £ 2 = hy(m)xm = hy(m)xm).

By the definition of the equivalence relation R, this implies that x,,h,(m) is constant on Z:Iéo), which
means exactly that x € RE.
Suppose now that « is of type I and let x € .# (%(,0)) such that ja’ox = 0. As before, one shows that

there exists a constant ¢ such that for all m € U&O), hy(m)xm = c. Recall that the nonempty set Vél)’b
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was defined in Lemma 3.4. Given sp € v(f})”’, since my(sp) = m(a) ¢ Zjléo), one has Z‘sx;,?m = 0 for any
m # m(sp) and

2.0 A

E?b,ml(sz)) =7 l/zlkl(sbﬂl/z # 0.
Combined with (5-1) this shows that X, (s,) = 0 and hence ¢ = 0, which proves that Ker(ga’o) =0. O
Proposition 5. 2 Let o € A, then the matrix 2% = 2% 7% admits a classical expansion Y~
hl/2 > hi 27 and the matrix 2%° is injective.

Proof. By Lemmas 3.6 and 4.4 the matrices 2% and 7* admit classical expans10ns RZNy Tk > hi .iza

and 7% ~ Y hJ 7%J_ Therefore, £* admits a classical expansion 2% ~ h1/2 Y2 *J with 2%
~(x 0
%0 ,0

Let us now prove that 2%% s injective.

Suppose first that « is of type I. Then 7% = .7%9 =1d and the result follows immediately from the
first part of Lemma 5.1.

Suppose now that « is of type II and let x € .Z# (U ) be such that .,?a’o 7%0x = 0. We have the
decomposition x = x' + x™, with x* supported in #/(®:*. Thanks to (3-20), we have

790 (m) = x'(m) + (7" x") (m),

with 7%° : FZUO:) - 7 @{©:1) such that Ran %0 = ([RQ")J- where the function 6§ is defined
by (3-11). On the other hand, we have ker 7°° = = R and we have the decomposition &y = 50 —I—E ,
with £l = 60, The equation .2 % 70,05 = 0 implies that there exists /\ € R such that 7%%x = A&
and hence % 0 Xl = ASO. On the other hand, by construction, Ran 7%’ (E )L This implies that
A = 0 and proves the result. O

Corollary 5.3. For all a € A the matrix £% is injective.

Proof. This follows directly from the above proposition and the fact that
7% =g = Q" 7% = 2°Q°, (5-3)
with Q¢ defined below (4-10) which is invertible. O

5B. Graded structure of the matrices £*. Throughout this section, we assume that @ € A is fixed.
Recall that we defined S = S (L{a(,o)), p(a) = #S, and some integers v{ <--- < vg(a) such that

I3

with the convention S, o > > Sy < o . In order to lighten the notation we will drop the indices « and

Sa = {SV‘IX, ey Svg(a)

write from now p = p(oz) v = v To the set of heights S,, we can associate a natural partition
Uy = |_| U (5-4)

with L?(S,",l ={me Z’/\{éo) i@(m) = o (a)—S,,}. We order this partition by deciding that I/, 7 < Z/{(f,?,l.

o,n

On the other hand, we recall that % = 2% Q® with 2% = 2% 7® Letus compute the matrices 7
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and Q¢ in the basis given by the above partition of Z’]O(,O). With a slight abuse of notation we still denote
by 2% and Q* the resulting matrices. Since S (m)=0(x)— Sy, on Z/lo(tolz, it follows from (4-8) that in

the above partition, the matrix Q2% can be written

€_S”P/h1rp 0  eee eel 0
0 e Soptlhy, o 0
Q¥ = : 0 : ; (5-5)
: .. 0
0 o 0 e_SVI/hIrl
where the r; = #Z/{SB are such that ry + - +rp = #ug’). Factorizing by e S/t we get Q% =
e_S”P/hQa(f), with
I, 0 -ee - 0
0 wl,, 0 - 0
=] o .o ; : (5-6)
. . . 0
0 e 0 D3ty

where T = (2,...,7p) € (R})? is defined by 7; = eSvp—i-27Svpi-1)h gor any j =2,..., p. With
this new notation, one deduces from (5-3), that £%* % = he_ZS"P/hﬂa(r), with

M) = Q%) (1 2% 298% (v). (5-7)

It turns out that such matrices can be described in a slightly more general setting that is useful to compute
their spectrum. We introduce this setting now. Throughout, we denote by .+ (E) the set of symmetric
positive definite matrices on a vector space £. We will denote by 5”; (E) the set of h-dependent
matrices M (h) € . (E) admitting a classical expansion M(h) ~ Y_;h/ M; with My € 7T (E). We
will sometimes drop E and write for short .7, YCT

Definition 5.4. Let & = (Ej);=1,...,

sionr; >0,let E=D,;_; ,Ejandlett=(12,...,7p) € (Ri)l’_l. Suppose that T —> M(7) is a
smooth map from (R )? ~!into the set of matrices .# (E):

p be a sequence of finite-dimensional vector spaces E; of dimen-

.....

e We say that M(7) is an (&, 7)-graded matrix if there exists M’ € .+ (E) independent of T such
that M(7) = Q(z)M’'Q(7), with Q(7) € A (E) of the form (5-6); that is, §2 = diag(¢; (1) Ir;, j =
l,...,p), where ¢1(r) =1 and ¢; (1) = (]_[]]C=2 ‘L’k) for all j > 2.

e We say that a family of (&, t)-graded matrices My (t), h €10, hg] is classical if one has My (7) =
Q(t)M'(h)Q(x) for some matrix M'(h) € T (E).

Throughout, we denote by ¢4(&, 7) the set of (&, t)-graded matrices and by 4.1(&, t) the set of classical
(&, t)-graded matrices.

Let us remark that for p = 1, a graded matrix is simply a r-independent symmetric positive definite
matrix.
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Lemma 5.5. Suppose that My,(t) is a classical (&, t)-graded family of matrices and that p > 2. Then
one has

(T nBiE)
M”(’)—(mBhw) r%/vh(r/))’ %)

with
* J(h) € 7] (E),
o Np(t') € (&, 1), witht! = (13,...,1p) and &' = (Ej) j=2

* Bp(7') € ///(Ela EB}Z-’ZZ Ej) satisfying

..... D>

By ()" = (b2(W)*, t3b3 (W)™, t3taba ()™, ..., 73+ pbp (1)),
with bj(h) : E1 — E; independent of T admitting a classical expansion.
Moreover, the matrix Nj,(t') — By, (t')J(h) "' By, (t')* belongs to 4.(&, ).
Proof. Assume that My (t) = Q(t)M'(h)Q(t), with Q(t) of the form (5-6). First observe that

Iy, 0
Q(r) = ( 0 ‘L’zQ,(‘L'/),) )

with
I, 0 .0 ... 0
0 wl,, O 0
Q)= 0 :
0
0 0 tw314---7p1p,

On the other hand, we can write
1oy _ ( J(h) B'(h)*

with J(h), N'(h) € 15”0‘1" and B’(h) admitting a classical expansion. Therefore,
/ _ J () 2 B'(h)* Q' ()
LOMT) = (QQ’(I')B’(h) 2N (W ()

which has exactly the form (5-8) with By (t') = Q/(t/)B’(h) and N}, (z') = Q' (z')N'(h)RQ'(z'). By
construction, A (t’) belongs to ¥4,(&”, ') and By (z’) has the required form.
It remains to prove that
Rp := Nu(x") = Bp(z)J ()~ By («')*
belongs to ¥, (&’,1’). First observe that since J(h) is symmetric positive definite, this quantity is
well-defined. Moreover, one has by construction
Ry = Q@ )N' (W)Q' () — Q' ()B' (h)J(h) " B (h)*Q' (7))
= Q'(I)R'(HQ' (7)),
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with R’ (h) = N”(h) — B'(h)J(h)~' B'(h)*. Since J(h) € 7, , we have J(h)~! € . and R'(h) admits
a classical expansion R'(h) ~ > jhj R'; with

Ry = Jo— ByJy H(BY)*.

Moreover, since M’(h) € .77, the matrix

cl >
Jo (B/)*)
o= (2 5
VAN

is symmetric definite positive. Hence, it follows directly from Lemma A.5 that Rj, € .7/ +, |

5C. The spectrum of graded matrices. Using Lemma 5.5, we define an application R : 4,(&, 1) —
G (&', '), with v/ = (13,...,7p) and &' = f:z E;, by

R(Mp (1)) = Ny (x') = Bp() (W)™ By (') (5-9)

for any My, (1) € 4%,1(&, t). Of course, the map R depends on & and 7, but we omit this dependence since
the set on which R is acting will be obvious in the sequel. By a slight abuse of notation we will write
RK =Ro---0R (k times). Obviously, RK acts from (&, 7) into ¥(£®), 1 ®)) with £*) = f=k+1 E;
and t®) = (Tk 425 - - - » Tp). In the same way, we defined R, we can define a map J : 4, (&, 7) — yC"I"(El)

by J(Mp (1)) = My if p=1and J(My (7)) = J(h) for any My () having the form (5-8) if p > 2.

Theorem 5.6. Let & = (Ej);=1,...,p be a finite sequence of vector spaces E; of finite dimension n; =
dimE; andlett = (12,...,17p) € ([R?*+)p_1. Suppose that My, () is classical (£, t)-graded. There exists
ho > 0 and § > 0 such that uniformly with respect to h € 10, ho] and |t|eo < 8, one has

D
s (Mp(D) = | | j0(T o RITI MR (1 +O(t2)), (5-10)
j=1

with €; = €; (1) given in Definition 5.4.
Remark 5.7. In the above theorem, the matrix J oR/~1(Mp,(1)) is always independent of the parameter .
Let us define {)L{ <-...< /\ﬁj} = 0(J o R/~1 (M, (1)). The identity (5-10) means that there exists

a,b > 0 independent of t, i such that
P

o (Mu(0) C | | €la.b]

j=1
and that, forall j =1,..., p, My(7) has exactly n; eigenvalues /L{ <... < u{;_i in €;[a, b] and
1 =€ (g + O(I[%)-

Proof. We prove the theorem by induction on p. Throughout the proof the notation O(-) is uniform
with respect to the parameters 4 and 7. For p =1, My(t) = My € Z; (E1) is independent of T and
TRO(Mj,(1)) = T My (t) = My, which proves the statement.
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Suppose now that p > 2 and let My (7) € 4%.1(&, v). We have

I uBy@)
Ma(®) = (rthu') r%Nh(r@) ’

with J(h), B, () and N},(t’) as in Lemma 5.5. In order to lighten the notation we will drop the variables
7,7’ in the proof below. For A € C, let

(5-11)

PA) i= M) — A = (J(h)_)L w2 By )

By TN —A

This is an holomorphic function, and since it is nontrivial, its inverse is well-defined except for a
finite number of values of A which are exactly the eigenvalues of M},. Moreover A € C — P(1)~ ! is
meromorphic with poles in o (My,) and for any p in o (Mjy,), the rank of the residue of P(1)~! at p is
exactly the multiplicity of u as an eigenvalue.

Let us first prove that M}, admits at least n; eigenvalues of size 1. Let )L,11 = )k,ll (h),n=1,...,ny,
denote the increasing sequence of eigenvalues of the positive definite matrix J(%). Since J(h) = Jo+O(h)
with Jo € .77, the A} (h) satisfy A} (h) = k,ll’o + O(h), with )\,11,0 an eigenvalue of Jy. In particular
)L,ll,o > 0 for all » = 1,...,n; and hence there exists ¢1,d; > 0 and Ay > 0 such that for & € ]0, hg]
and all m» = 1,...,n1, one has )L,ll(h) € [c1,d1]. Letn € {1,...,n1} be fixed and consider D, =
Dy(h,t2) ={z € C: |z —A}| < M<2} for some M > 0 that will be chosen large enough later and
Dp={zeC:|z— A< 2Mr22}. Observe that for /1, 7, > 0 small enough, the disks D, are disjoint. By
definition, one has A}, (t") = O(1) and since A} > ¢y > 0, this implies that for 7, > 0 small enough with
respect to ¢ and A € Dj,, the matrix 13N, (/) — A is invertible, and (t7MV},(x)) —A)~! = O(1). Moreover,
for A € Dy \ Dy, J(h) — A is invertible and (J(h) —1)~' = O(z;2M ~1). This implies that for M > 0
large enough, J(h) — A — ‘L’ZZB; (rzzNh — 1)~ ! By, is invertible with

(J(h) =A =3B (t3Ny —A) ' By) ' = (J(h) = 1) (I =3 B} (5N, — A) "' By (J(h) — A)_l)_l
=(Jh) -V ta+om™Yy). (5-12)

Hence, the standard Schur complement procedure shows that for A € D, \ D,,, P(}) is invertible with
inverse £(A) given by

E(}) —02E(A) Bj; (13N} —A)-l) ’ (5-13)

£R) = (—rz(rzwh ) BLE() Eo(d)
with
EQ) = (J(h)—A—13 B (5N, — 1) 7' By) ™",
Eo(A) = (BN, =)' + 5 (N, = D) BREQ) By (N = 4) ™"

By functional calculus and the Cauchy formula, the number of eigenvalues of My, (counted with multi-
plicity) in Dy, is equal to the rank of the projector

1

n=5 D, EA)dA.
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One has rk(my,) > rk(ﬁn), where we set
~ Id 0 Id 0
o= (o o) (0 o)
On the other hand, an elementary computation shows that

= 1 E}) 0 _(Ex O
In =5z 3Dn( 0 o)d’\_(o 0)’

_ L
_2l7T P

with

E, (J(h)—A =3By (tz3Np — M)~ Bp) 1 dA.
D,
As a consequence we get rk(I1,) > rk(E,). Moreover, for M large enough independent of (%, 7), the
matrix (I — ‘EZZB; (‘1722./\[}, — )7 'B,(J(h) —A)~1~1 is holomorphic in D,,. It follows from (5-12) that
the rank of Ej is exactly the multiplicity of )&,11 and hence the rank of I, is bounded from below by
the multiplicity of /\,1,. Therefore, My, admits at least n; eigenvalues ,u% <...< u,lll in the interval
[c1—M r22, di+M 122] and these eigenvalues satisfy

/,L,ll:l}l-i-(g(‘[zz) foralln =1,...,n;. (5-14)

Let us now study the eigenvalues below r22. Throughout the proof, we let t = |t/|o. Thanks to the last
part of Lemma 5.5, the matrix Z;(t’) := R(My(t)) = Ny — By, J(h)_lB; is classical (&7, t’)-graded.
Hence, it follows from the induction hypothesis that uniformly with respect to /, one has

P
o (Zp(t") = |_| &0 (T oRI2(Zp(T')N)(1 +O(7'12.)). (5-15)
j=2
with & = (Hij=3 r1)2 for j > 3 and é; = 1. Moreover, by definition, one has Z; = R(M}/(7)); hence
(5-15) can be rewritten as

p
o(Zp(r) = | | &0 (T o RITI My () (1 + O(I7'[2)). (5-16)
j=2

Since My, (") € 94(&, 1), forall j =2, ..., p the matrix 7 o R/ ~1(M},(z)) belongs to yCT(Ej). For
j=2,...,p,let )L{ (h)y<---< /\,],.j (h) denote the eigenvalues of the symmetric matrix 7 o R/ 1 (M,(7)).
As above, this implies that there exist ¢, d; > 0 and h¢ > 0 such that for all & € ]0, ko] the eigenvalues
)L{;(h) satisfy A{;(h) €lcj.dj]foralln=1,...,n;. Suppose now that j €{2,..., ptandne{l,... n;}
are fixed and consider DJ/.,n ={zeC:|z- ej)t,ﬂ < M1t?¢;} for some M > 0 to be chosen large
enough and 51/;1 ={z € C:|z—¢€A;| <2Mt%¢;}. As above, we introduce also the corresponding
projector

o1
M, = 57— /BD}ng(x)dx.
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Since Jy is invertible, we know that for A in 5]’ , and h, ¢ small enough, J(h) — A is invertible and once
again the Schur complement formula permits us to write the inverse of P(A),

- Eo(h) o (J(h) =M BEEQ)
m‘(—rzE(x)mah)—x)—l EG) ) G-17

with
EQ) = (N —A =13 Bp(J() — )" Bj) ™,

Eo(A) = (J() =)+ 3(J () =)~ By EQ)B(J(h) =)~

Setting A = rzzz, we get (using the relation €; = 75 2¢ )
n, = i E(t22)dz
i oy, T
with 5,’1 ={zeC: |Z—€j/\{;| < Mt?¢;}. Moreover, for |Z—€jk,£| = Mt%¢;, the matrix J (h) is invertible
with J(h)~! = O(1); hence we have
E(32) =t Ny —z = By(J() —32) ' B;)™!
=13 2(Zp— 2+ 0(53]2) !
=15 (2 —2) " (I + 053 (Zh —2) '),
Moreover, by the definition of D’ i.n and thanks to (5-15), one has dist(z,0(Zp)) > M 12¢; for any
z€ BD’ . Hence ||(2, —2)7'|| < 2(Mt26 )~! and since ¢ > 15, it follows that

E(t32) =022y —2) ' + OM ™)),

Integrating along D J/n and working as above, we get

.1 Eo(d) RLEQ)
Win =27 a0 (E()L)er EQ) )dk’

with Re,(A) = —12(t7Nj, —A) "1 Bj, and Rl ,(A) = =12 B} (13N}, — 1)~ 1. The same argument as above
shows that rk(IT,) > rk(E;) with

2
T
/ 2
E, = —=*

2 _ 1 -1 —1yy—1
T 5;nE(t22)dZ_2i”/85}n(Zh )T +O0M™ ) dz.

By the induction hypothesis, this shows that the rank of EJ, is exactly the multiplicity of )t,j; and hence the
rank of H} ,, 1s bounded from below by this multiplicity. Therefore, for any j =2,..., p, M} admits at
least n; eigenvalues ui <--- < “1111 in the interval €;[c; — Mt?,d; + Mt?] and these eigenvalues satisfy

wh=e A +0(7)%)) foralln=1,...,n,. (5-18)

Combining this estimate with (5-14) and using the fact the dim(F) = Zf —1 I'j» we obtain the /,L,],' are
the only eigenvalues of Mj,. O
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5D. The singular values of . Givenm,mq,m, € U and s € V(l), we define

_ A hy(m hy(m

V(s my.m) = 7 1/2|x1<s)|1/2(%s;)5m,m1 - ,j((sj)sm,mz), (5-19)
@ @
_ A hy(m
vi(s.m.my) = ”zlkl(s)l”zﬁa‘m,m,. (5-20)
<p(s)
Let us define the matrix Y* € .# (Zjlo([o), Vo(ll)) by
»W@nﬂ:¥M&mmdﬂmﬂﬂ)ﬁmﬂﬂ€%q 521
’ vi(s,m,mi(s)) if mo(s) ¢ U,

where the indices m, s are enumerated according to the partitions of Section 5B. Observe that with this

. . . ~a,0 .
notation, the conclusion of Lemma 4.4 can be written as .2 = = Y. Moreover, the above expression can
be simplified according to the type of «. More precisely,

e if o is of type I, then m(s) € 4 if and only if s € i
e if o is of type II, then m»(s) is always in Zj{(go).

Theorem 5.8. Let M* = £%* £% There exists ¢ > 0 such that, counted with multiplicity, one has

., _p(a) B
o(M%) = I_lhe

J=1

hlS o ;
TN o)1+ 0@l hy),

where the matrices M*/ have a classical expansion M%7 ~ > hk M ]? J Wwhose leading term is given by
M(‘)xa.] — jRj_l(Za),

where 2% = QO FUOYEHFYY 740 belongs 1o 4(£.7) with & = (FULN)j=1
(tj)j=1,...p> With T = ¢ Svp—=2)7Svp—g-)/h

.....

.....

Proof. One has
MY = pUF p he_ZSpl/h/Wa,
with M given by (5-7),
M%) = Q% (2)* M*'Q% (1),

with M*' = (h_l,,@a’*.,@a). Of course, this matrix is symmetric positive and thanks to Proposition 5.2,
it admits a classical expansion

—a,/ k o,/
M*T~ YRR
k

with /ﬂg’/ = (,22&’0)*.,220[’0 = galye*ye a0 ¢ o+  This shows that M*' belongs to 5’5
Hence M is classical (&, 7)-graded with & = (ﬁ(?jlo(loj)-))jﬂ,,,,,p and 7 = (12,...,7p), with 7; =

¢p—i-275vp—;=1)/ and the conclusion follows directly from Theorem 5.6. O
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6. Proof of the main theorem

In this section we explain how one can deduce Theorem 2.8 from Theorem 5.8. As in [Helffer, Klein and
Nier 2004], the general idea is to compare the singular values of the successive reduced matrix by a mean
of Fan inequalities. As preparation, we shall compare the matrices £’ and £°%’ defined in Section 3.
First, observe that thanks to (4-4), (4-5), (4-10), one has

Lo = gpher — g g Q. (6-1)

with 7 : F(VW) - ZUD) defined by 5o =855, £ =diag(L".a € A), 7 = diag(7* a € A)
and Q = diag(Q%, o € A).

Lemma 6.1. There exists y > 0 such that
L™ = (7 407y
Proof. First observe that thanks to Lemma 4.1, one has
L™ =L 4R, (6-2)

with R : Z(U®) — Z D) satisfying

Re.m = O(e~SEIN/My - forall m e Y@, (6-3)
for some y > 0. Using (6-1), we get

L = g 27Q+RRQ,

with R = O(e~?/"). Hence, we have to prove that there exists R : # (V1) — FUWD) such that
R=RZT and R = O(e~"/'"). From Proposition 5.2, we know that the matrix # := (PINV*LT is
invertible with inverse uniformly bounded with respect to 4. This allows us to define R := R# ~1(Z.7)*.
Thanks to the above remarks, we have R = O(e~?/") and by construction

RCLT =RW WLI)*PT =R,
which completes the proof. O

We are now ready to prove Theorem 2.8. Until the end of this section, y > 0 denotes a constant
independent of 4 that may change from line to line. We shall also denote by SV (M) the singular values
of any matrix M.

From Section 2C, we know that the ny exponentially small eigenvalues of A((,,O) are the square of the

singular values of the matrix £. Thanks to Lemmas 3.12 and 3.13, we have
£=(1d+07"M) LT 1d+0(e™/M)
and it follows from the Fan inequality (Lemma A.1) that

SV(L) = SV(L™)(1 + O™V Hy).
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Hence, we are reduced to computing the singular values of £”. Since the first column of £ is the null
vector, it follows that the nonzero singular values of £ are the singular values of £™’. From Lemma 6.1,
we know that

L™ = (7 + 0V, (6-4)

and since #*# = Id this implies for / small enough
L =(g*+0e VM) (6-5)
Using the fact that || 7| = ||_#*|| = 1, (6-4) and (6-5) combined with Lemma A.1 show that
SV(L™') = (14 0" ") sV (2).

Combined with Theorem 5.8 this proves Theorem 2.8.

7. Some particular cases and examples
In this section, we rephrase Theorem 5.8 in the particular situations p(«) = 1 and p(«) = 2.

7A. The case p(a) = 1. In this section we assume that p(«) = 1. Then, the set Sy is reduced to a
singleton Sy = {S"ix}' Moreover, the points of ué") are either all of type I, or all of type II.

7A1. The case where o is of type 1. We first assume that « is of type II. Then all the points m < L{éo)
are of type II and Theorem 5.8 takes the following form.

Theorem 7.1. Let o € A be such that p(«) = 1 and all the points of LIO(,O) are of type Il. Then the matrix
Z* has exactly qo = #ué") singular values counted with multiplicity pe,,(h), 0 =1,...,qq. They have
the form

—S.a/h
pau () = 12y (h)e 5",

where {o y ~ Y o B Cau,r is a classical symbol such that the g 0, 1 =1, ..., qa, are the nonzero

singular values of the matrix Y% € .4 (51(50), Vél)) given by

_ A he(mq(s hy(mo(s ~
Y& =m 1/2|,\1(s)|1/2(%5m,m1(s) ~ Msm,mz(s)) foralls e VY, m e A,
(p(s) hw(s)

with m(s), ma(s) defined in Lemma 3.3.

Observe that the description of the approximated small eigenvalues of A, in the above theorem is very
close in spirit to that obtained in nondegenerate situations. Though, the different eigenvalues pq,;, are
linked to one another, the only minima involved in the computation of the prefactors {4, are associated to
the typical height Svf- In that sense, we can say that the above formula is a generalized Eyring—Kramers
formula.

As already mentioned in the Introduction, the matrix Y% enjoys a nice interpretation in terms of graph
theory. In order to simplify, suppose that the function ¢ is such that the coefficients of T are either 1
or —1. Define a graph G, associated to the equivalence class « in the following way. The vertices of the
graph are the minima m € ao(lo) and the edges are the saddle points s € Vo(,l). The two vertices associated
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to the edge s € Vél) are just m(s) and m(s). With this definition it turns out that the matrix Y% is the
transpose of the incidence matrix of a certain oriented version of the graph G,. As a consequence, the
|a,11,0|? are the eigenvalues of the corresponding graph Laplacian Ag = (S, m’) m.m' <ty defined by

d(m) ifm=m’,
Smm = 1 —1 if m # m’ and there is an edge between m and m’, (7-1)
0 otherwise,

where the degree d(m) is the number of edges incident to the vertex m.

Figure 2 in the Introduction presents an example of a potential ¢ having one unique saddle value o
and such that all local minima are absolute minima. We represent also in Figure 2 the graph associated to
the nontrivial equivalence class (that is, the one which is not reduced to one element).

In the case where the coefficients of T% are not necessarily equal to +1, the same interpretation
is available with weighted graphs. We refer to [Cvetkovi¢, Doob and Sachs 1995] for definitions and
standard results on graph theory.

7A2. The case where o is of type I. In this section, we compute explicitly the singular values of .#%,
when « is of type L.

Theorem 7.2. Let o € A be such that p(«) = 1 and all the points of u(f,") are of type I. Then, the matrix
L% has exactly qq 1= #Z/{éo) singular values counted with multiplicity. These singular values py,; (h),
nw=1,...,4qq, have the form
—S,a/h
Pa,u(h) = Cau(h)e 177,
where {o y ~ hl/2 Zfozo h"Eo,pu,r has a classical expansion such that {40 are the qq singular values
of the matrix Y% given by

1/0n hy(m(s)) hy(m2(s))
Ysm=m 1/2|)Ll(s)|1/2(“’h(pT8m,m,(s) - —(phq,(s) Sm,mo(s)
ifs e Vél)’i and

1/2h(p(m1(s))

Ts,m = ]T_l/2|il(s)| h (s) m,ml(s)
%

, 1),b .
ifs € Vé )b Moreover, these singular values are nonzero.

. . . . ~a,0 .
As in the case of points of type II we can interpret the matrix 2% in terms of graphs. However, some
saddle points are now associated to only one minimum. In terms of the graph, this leads to some edges
having only one vertex, which means that we are dealing with hypergraphs.

7B. The case p(a) = 2. Throughout this section we assume that p(«) = 2. Then ¢ takes two different
values ¢_ < ¢4 on LIO([O). One has Sy = {S"i < Sya } with Sl,ajE =o0(a)— 4.
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TB1. The case where o is of type Il. The partition (5-4) takes the form Z’]o([o) = 23(503_ L 51(501 with
Zjltgoi ={me Ug)) :@p(m) = p1}. Since « is of type II, my(s) € Zjléo) for all s. It is then convenient to
introduce the partition of Vél) given by

v =y uy _uv® (7-2)

a,—

with V‘SL ={s e Vél) cmy(s),my(s) € Z:{‘)(Lol} and V(})_ ={s e V&l) cmy(s),my(s) € z)é?)_}, where
the functions m,m, are defined by Lemma 3.3. In the case s € V(Sl_, it follows from the choice of
Lemma 3.3 that m(s) € Zjlo(:)zL and my(s) € i{éol We order the above partitions by deciding Zjléoi < Zflo(tol

—S,a/h ~
and Vﬂi < V(Szr_ < V(x}—- Then, the matrix #% := h—1/2¢ v/ 2 has the form

l 0
e = b+_ ‘L'b_+ s
0 Ta

(S, . . . . .
where t =e¢ "+ — Sye)/ h and the matrices ¢, by—, b—4 admit a classical expansion whose principal
terms are given by the formula

e forall s € Vé}l and m € a;ojr one has t?,m =vy(s,m,my(s), ms(s)),

e forall s € Vél)_ and m € Z//\lo(tol one has a?,m =ua(s,m,m(s), ma(s)),

e forall s € Vé}i_, m e Z:{S)i andm’ € Aé?l one has (bﬂ’r_)s,m =vi(s,m,mq(s)) and (b9+)s,m, =
—vy(s,m’',m5(s)),
with vy, v1 given by (5-19), (5-20). By a standard block-matrix computation one has

J 1B
AN o __ -
@) —(TB* TzA), (7-3)

with J =1+ b3 _by—, B= b} _b_4 and A=a*a+ b*  b_4. All these matrices admit a classical
expansion, A~ Y o h¥A¥, B~ (k¥ Bk, J =3, o h*J* and one has JO = (%, +b9r’ib:{_,
BO = b?,;ibL and A = ¢%*q0 + bﬂ’j‘_b&r, where we use the notation (cj)* = c/*

Theorem 7.3. The matrix £ has exactly qq + = #uo(,?i singular values kiu (h), pn=1,....90+,

counted with multiplicity which are of order nt/ 2e_S”°jE/ h

Ay () =65, (e

k

. These singular values have the form
—-S h
u‘:xt/ )

where

is a classical symbol such that (¢ &'f M,o)z are the gy + nonzero eigenvalues of the matrices G* given by
Gt =J%and
G = 121\0 _ (§O)*(]0)—1 B\O,

where /TO, JO and B® are defined below (7-3).
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Figure 9. Top: the sublevel set {¢ < o} associated to a potential ¢ having a unique
saddle value and two minimal values. Bottom: the associated hypergraphs.

Let us make a few comments on this theorem. First, observe that the prefactor ¢+ = Cojf’ 1 Obeys two
different laws whether we are in the “+” or “—” case. In the “+” case, ¢ T is determined by the matrix J°
which depends only on the minima m € L{O([O) such that S(m) = S, . In that sense, the behavior of

9

¢t obeys a law similar to the generalized Eyring—Kramers law of Theorem 7.1. In the case, the
situation is different since the matrix G~ involves values of ¢ on all minima and not only those for which
S(m) = §,_. Hence the term (§ 0)*(J0)~1 BY in the definition of G~ can be understood as a tunneling
term between minima associated to both heights.

This interpretation is confirmed by the following example. Suppose that ¢ has two distinct minimal
values and one saddle value. Figure 9 below represents such a potential. The blue wells correspond to the
absolute minimal value and the red one to the other minimal value. All the saddle points are supposed to
be at the same level. Then, the matrices A° and J© can be viewed as the Laplacians of the hypergraphs
built as follows. First we consider the graph G associated to all the minima whose vertex are the minima
and edges are the saddle points between two minima (without distinction on the level of the minima).
The blue and red hypergraphs G and G, are obtained by cutting the graph G on edges between a blue
and a red minimum. Eventually, the matrix B links blue and red minima.

TB2. The case where « is of type I. In this section we assume that « is of type 1. The partition (5-4) takes
the form Z/lo(,o) = O(l?l L uc(t(,)-)i- with
0
UL, = (m U : p(m) = g},
We order the two elements of WS)) by deciding Ug,)l < L{o(fl. In order to deal with the saddle points, we
introduce the partition 32'(51) which is a mix of partitions used in Lemma 3.4 and Section 7B1:

n_ M ey ey ey ey
vV =Vl o suvh ol oy,

o,+,i o,—,i
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with
VO _=ts eV imy(s) €U ma(s) e UL,

VO = ts eV Ly (s)oma(s) €U,
Vel =t e VD imy(s) eul%) ). (7-4)

y {s € Vél)’i cmq(s),my(s) € Z/lé?)_},

o,—,I
v =15 e VP iy (s) U,
Here the functions m, m, are defined by Lemma 3.3. One has the following

Theorem 7.4. Assume that p(«) = 2 and « is of type I. The matrix £ has exactly qq,+ = #L{(g?)i
singular values )LO:EM (h), w=1,...,9q,+, counted with multiplicity which are of order hl/ze_Sv‘jE/h.
These singular values have the form

—S,a /h
Do) =G5 (e ™%
where é‘&t,u ~hl/2 Yk hké‘&tu ¢ is a classical symbol such that (é‘g{t’mo)2 are the qq + eigenvalues (which
are nonzero) of the matrices G* given by Gt = J° and G~ = A° — (B®)*(J°)~1 B, where A°, B® and
J O are defined by
JO=2% 0407 pS . BO=03760,, A®=a"*a® + 52700,
with the matrices a®, b° _, b° " and (° defined by

e foralls € Véll ;andm € L{é?l one has L(s)’m = Yo(s,m,my(s), ms(s)),

e foralls € Véll pandm € Z/{gﬂ_ one has Lg,m =Ti(s,m,m(s)),

e foralls € Vél)_l. and m € Z/{o(,?l one has agsm =Yo(s,m,mi(s), my(s)),

e foralls € V;l)_ pandm € L{O(,?l one has a?’m =T1(s,m,m(s)),

e foralls € Vgl_, m eu‘ff,’ﬂr andm’ € Z/lo((?l one has (b?,__)s,m =7Yi(s,m,mi(s)) and (b9+)s,,,,/ =

—Y1(s,m’, ma(s)).
7C. Some examples.
7C1. Computations in dimension 1 with p(a) = 1. Let us compute the small eigenvalues of the potential ¢
represented in Figure 10.

As already noticed in the discussion below Theorem 2.8, there are exactly three equivalence classes for R
in that case: Z/{l(o) ={my,1}, Z/{Z(O) ={my 1, my 7} and Mgo) = {m3 3}. Letus denote by s the saddle point
between m_ 1 and m» >, by s> the saddle point between m > and m 1,1 and by 53 the saddle point between
m,1 and my 3. Define also S = ¢(s1) —@(m2,1) = ¢(s1) —@(m22) and S3 = ¢(s3) —@(m2,3). Observe
also that for all m € 4, one has H(m) = {m}. Then the matrix £°V defined by (4-2), admits the form

1/2 (0 d12,1 d12,2 0

w [N
L =(;) 0d3, d3, 0|,
0 0 0 d3
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01 =00
(o) S1
S>
@(ms3)
p(ma1) = @(my ;)
mj

(my1)

nmiy

Figure 10. A potential with p(«) = 1 for all .

with the coefficients given by

dty = (9" (519" ma )|V + O(h))e 5, df, = — (19" (s1)¢" (m2,2)[V/* + O(h))e ™5/,
3, =0, d3,=(¢"(s2)¢" (m2)|""*+0h))e™ 5", a3 =(1¢" (s3)¢" (m2,3)|"/*+O(h))e =53/ .
The corresponding squares of singular values are then

h - h _
ro=0. Az=(l¢"(s3)¢" ma3)|"2 + Om)e >3/ and A5 = Z(u5 + O())e 25/,

where uzi are the squares of the singular values of the matrix

~2 a —b

D =

67
with a = |¢”(s1)¢" (m2,)|"/% b = |¢"(s1)¢" (m22)|"/* and ¢ = |¢" (s2)¢" (m22)|"/*. It follows that
2
~2,~2 (a —ab
@)D= (—ab b2+cz)’

whose eigenvalues can be computed handily. For instance, if |¢”(s)| = |¢” (m)| = 1 for all s € /() and

m EZ/I(O), one has
~2 4 ~2 1 -1

NE

whose eigenvalues are yéc = % + 5.
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We would like to conclude this example by noticing that one has necessarily ;L;_ # 5 . Indeed, if one
computes the characteristic polynomial of the above matrix, one finds P (x) = x2—(a%+b>+c?)x +a>c?,
whose discriminant is given by

A=@>+b*>+c*?—4a*c?* = ((a—c)* + b ((a+c)* + b?).
Since ¢ is a Morse function, one has » # 0 and hence A > 0.

7C2. Computations in dimension 1 with p(a) = 2. Suppose now that the potential ¢ is as represented in
Figure 7. As already noticed there are exactly two equivalence classes for R in that case, L{fo) ={my1}
and L[Z(O) = {my,1,my,ms 3}, and again, one has H(m) = {m} for all m € U©. Let us denote by
51 the saddle point between m 1 and m> >, by s» the saddle point between m» > and m5 3 and by s3
the saddle point between m 3 and m ;. Define also S2 = ¢(s1) —@(m2,1) = ¢(s1) — ¢(m22) and

S3=¢(s2)—¢(m33). Then the matrix £°%: admits the following form in the basis ( f,,(,(;)_S , ,,(,(;).1 , ,,(,02).2

and (fsgl), s(zl), fs(ll))i
L 0 0

1/2
okw, 7 _ (ﬁ) e~ S3/h by 0 bye—(S2=53)/ h
g O ale_(S2_S3)/h aze_(SZ_S?a)/h

with the leading terms of the coefficients given by

|1/4 |1/4

O = —|¢"(s3)¢" (m23) V4, b9 = 19" (s2)¢" (m23)[Y*, b3 = 19" (52)¢" (m22)

and

al = 9" (s1)¢" (ma )|, a3 =—|¢"(s1)¢" (m2)|"/*.

In order to simplify the computation, assume that ¢” (m) = 1 for all m € U@ and ¢” (s1) = ¢” (s2) = —1.
Define 6 = |¢”(s3)| and v = e~ (52753)/% Then

B2 —-60 0
okw, 7 _ (;) e~ S3/h 10 z|+0Mm
07—t

Hence, we can apply Theorem 7.4 with
A®=(1 -1, w=-6, bi_=1, b, =(©1.
It follows that the singular values of order e=52/h gre
n\1/2
pa = (2) eI+ o)
with A4 eigenvalues of M?:= A% — (B%)*(J%)~1 BY with

AO;(_% _;) B=(0-1, J'=1+6%



200 LAURENT MICHEL
§2
ﬂ .

Figure 11. N wells in dimension 2.

1 —1
0_
M _(—1 2—\))’

with v = 1/(1 + %) €]0, 1[. The eigenvalues of this matrix are

3-v \/(3—1))2—4(1—1;)'
2 2

This can be seen as perturbations by the well of height S3 of the eigenvalues A1 computed in the previous

Hence

Ay =

example (obtained by taking v = 0 in the above formula).

7C3. Computations in higher dimensions. Consider the case of the potential ¢ having N > 3 minima
myi,...,my and one local maximum at the origin as presented in Figure 11. Assume also that there
are exactly N saddle points 51, ..., sy, all at the same height ¢(s;) = 02 and that the set {¢ < 03} has
exactly N connected components E1,..., Ey, each E; containing the minimum m;, and that for all
Jj=1....N, {s;} = Ej N Ej+1 with the convention Ex; = E1. Assume in addition that all the
@(mj) are equal and write S = 02 —@(m1). Let us choose m as the global minimum associated to
01 = oo. Then all the other minima are associated to the saddle value 0. It is clear that they all belong
to the same equivalence class and that they are all of type II. Moreover, for all m € /@ \ {m}, one has
H(m) = {m}. Then, we can apply Theorem 7.1 to get the spectrum of the Witten Laplacian associated to
@. It follows that the eigenvalues are given by Ay =0 and foralln =2,..., N

An(h) = by()e 25/ h (1 O™/ hy), (7-5)

where b, admits a classical expansion

h
bn(h) = > baxh®.
k>0



ABOUT SMALL EIGENVALUES OF THE WITTEN LAPLACIAN

201
Moreover, one has by, o = ;L,zl, where the u,, n =2,..., N, are the nonzero singular values of the matrix
wpr —wfi 0 - e 0
0 az2B2 —a3fy O 0
e L
0 0 any-1BN-1 —anBN-1
_allgN 0 e e 0 OlN,BN

where we set o; = (p”(mj)l/4 and B; = (—f/’”(sj))l/4-

If one assumes additionally that ; and B; are independent of j, let say o; = o and B; = B, then
L = af A with

1 —1 0 0\
0 1 -1 0 B ()
0 0 1 -1 0 - 0
o = . . . . .
0O 0 - .. 0 1 —1
—1 0 v e 0 0 1
The singular values of < are the square roots of the eigenvalues of
2-1 0 0 -1
-1 2 -1 0 O
" 0o-1 2 -1 o 0
A o = : : )
o o0 - -1 2 -1

-1 0 O 0o -1 2

which are known to be vy = 2(1 —cos(2kx/N)), k =0,..., N — 1. In particular, for all 2 <k < N/2,
Vi has multiplicity 2 since vy = vy _g.

Suppose now that the potential ¢ is invariant by a rotation of angle 27/ N ; then (7-5) still holds true
with b, (h) being the singular values of a matrix of the form

1 =1 0 -ev --- 0 ()\
0 1 -1 0 «-r --- 0
o 0 1 -1 0 - 0

o = 0(h) e S 18
0 0 -+ -+ 0 1 =1
\_1 0O - - 0 0 1

with 0(h) >~ 3 4~ h* 6. Hence, the above computation is still valid and it follows that for 2 < k < N/2,
by (h) = by _ (h). This permits us to recover the results of [Hérau, Hitrik and Sjostrand 2011, Section 7.4].
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Appendix A: Some results in linear algebra

We collect here some helpful results from linear algebra.

Lemma A.1 (Fan inequalities). Let A, B be two matrices and denote by [, (X) the singular values of X.
Then
Un(AB) < || B||tn(A),

pn(AB) < | Allpn(B).

where ||C || denotes the norm of C : R? — R? with R® endowed with £* norms.
Proof. See [Simon 1979]. O

Lemma A.2. Let A = diag(Ay, ..., An) be a block diagonal matrix. Then the singular values of A are
the singular values of the Ay counted with multiplicities.

Proof. 1t is straightforward, since A* A4 = diag(A7 A1, ..., Ay AN). |

Lemma A.3. Let E, F be two finite-dimensional vector spaces and A(h) : E — F be a family of
linear operators depending on a parameter h € |0, 1]. Assume that A(h) admits a classical expansion
Ah) ~ Y k>0 h* Ay and that the matrix Ay has nonzero singular values. Then, for h > 0 small enough
the singular_values Un(h) of A(h) admit a classical expansion

pn(h) ~ > " h* k.,
k>0

where the ug are the singular values of Ay.

Proof. Since the singular values of A(h) are the eigenvalues of A* A, which is selfadjoint, the result
follows easily from Kato’s perturbation theory of analytic families of selfadjoint operators [Kato 1966,

Chapter 2, Section 1] applied to the expansion of A*A in h powers cut at finite rank. O
Lemma Ad4. Let Abea p x(q+ 1) matrixand T a (¢ + 1) X g matrix. Assume that T*T = 1d and that
ker A = Ran(T)L. Then the singular values of A are {0, z1, . . . ,Zq}, where z1, ..., z4 are the singular
values of AT.

Proof First observe that since ker A = Ran(T)J- 0 is a singular value of multiplicity 1 of A. Let us denote
by "g‘o a unit vector such that ker 4 = [RRSO By definition, there exists an orthonormal basis &1, ..., &, of
R? such that

T*A*AT &, = z7& (A-1)

forallk =1,...,q. Let us set ék = T&. Since T*T = 1d; then the set of §k is an orthonormal family
of RZ*1, Moreover, since ker A = Ran(T)*, we have E = {£, ..., £,} is an orthonormal basis of R4+,
Moreover, for all k = 1,...,q, it follows from (A-1) that

A& |* = |AT&|* = 23

This shows that the matrix A™ A in the basis E is exactly diag(0, Z1 Y ,Zg) and proves the result. [
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Lemma A.5. Let M be a real matrix. Assume that M is symmetric definite positive and that it admits a

block decomposition
J B*
M= ( .- ) |

Then J and N — B*J 1 B are symmetric definite positive.

Proof. This is quite standard, but we recall the proof for the reader’s convenience. Of course J and
N — B*J~! B are symmetric. Moreover, since M is positive definite,

e ={u(2). (0)) et

for some ¢ > 0. This shows that J is definite positive. On the other hand, setting

I —J1B*
o=(o 7,")

one has
* (] 0
@M= (0 N-BJ71B*)"
Since M is positive definite, this implies that N — BJ ~1 B* is positive definite. O

Appendix B: Link between R and the Generic Assumption

Proposition B.1. Suppose that the Generic Assumption is satisfied; that is, for allm € U ©) one has the
following:

* Q|E(m) has a unique minimum point.

o If E is a connected component of {¢ < o(m)} such that E NV =£ & there exists a unique s € YV
such that ¢(s) = sup E N VW, In particular, E N ¢~ (]—00, ¢(s)[) is the union of exactly two
different connected components.

Then for all m € U, Cl(m) is reduced to {m}.

Proof. If m = m there is nothing to prove. Suppose that m € Y® and apply assumption (ii) to E_(m).
One has evidently V() N E_(m) # @ since it contains E (m) C E_(m) and E (m) is a critical component.
Hence, E_(m) N {¢ < o(m)} has exactly two connected components which are necessarily E (m) and
E(m). Suppose now that m'Rm. Then o(m’) = o(m) and hence m’ ¢ E (m). Therefore m’ € E(m),
which implies m = m’. O
Remark B.2. There exist functions ¢ such that Cl(m) = {m} for all m € 4/(®) and that do not satisfy
the Generic Assumption. Take for instance ¢ : R — R with two minima m 1, m, and two saddle points
51,82 such that
p(m1) < @(m2) <p(s1) = ¢(s2).

Then, of course Cl(m;) = {m;} for j = 1,2. On the other hand, since s1, s> are two saddle points at the
same height (which turns out to be the maximal height of saddle points), (ii) of (GA) is not satisfied.
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Appendix C: List of symbols

We list the notation used in the paper and give the first place each appears:

(0) 741 R
u-u page 155 Z/{((xO) (33)
no,np page 155
o~ Iy (3-4)
F(-) page 155 Wb i | 24
V) Definition 2.1 @ e cmma 5.
' 4O 3-10)
%, 2, Y Definition 2.1 3
S,o above (2-3) Qo (m) (3-11)
S (2-3) Hy(m) (3-12)
U©®  (2-4) U (3-15)
E (2-5) 7% Definition 3.7
I['(m) below (2-5) LT (4-1)
H(m) (2-6) L™ below (4-1)
E_ (2-7) LR (4-2)
E (29 LR (4-3)
i (2-10) LR (4-5)
U©®:1 74011 Definition 2.3 % above Lemma 4.2
R Definition 2.5 ifz (4-6)
O(tO) (2_14) < Lemma 4.3
A, A below (2-14) h(p(ffg (4-7)
ge below (2-14) % a (4-9)
UL U below (2-14) < 3
Sy (2-16) 7T, 5”:{ above Definition 5.4
pla) (2-16) 4(&,1), %1(&,t) Definition 5.4
v below (2-16) vz (5-19)
Vél) (3-2) v (5-20)
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SEMICLASSICAL RESOLVENT ESTIMATES
FOR SHORT-RANGE L* POTENTIALS

GEORGI VODEV

We prove semiclassical resolvent estimates for real-valued potentials V € L*(R"), n > 3, satisfying
V(x) = O({x)~?%) with § > 3.

1. Introduction and statement of results
Our goal in this note is to study the resolvent of the Schrddinger operator
P(h) = —h*A+V(x),

where 0 < h < 1 is a semiclassical parameter, A is the negative Laplacian in R”, n > 3, and V € L*°(R")
is a real-valued potential satisfying
V()] < Clx)~°, (1-1)

with some constants C > 0 and § > 3. More precisely, we are interested in bounding from above the
quantity
gy (h, &) :=log ||(x)"*(P(h) — E +ie) ' (x)"*ll 2 2,

where L? :=L*(R"), 0 <e <1, s > % and E > 0 is a fixed energy level independent of 4. Such bounds
are known in various situations. For example, for long-range real-valued C' potentials it is proved in
[Datchev 2014] when n > 3 and in [Shapiro 2019] when n = 2 that

gfh,e)<Ch™!, (1-2)

with some constant C > 0 independent of / and ¢. Previously, the bound (1-2) was proved for smooth
potentials in [Burq 2002] and an analog of (1-2) for Holder potentials was proved in [Vodev 2014b]. A
high-frequency analog of (1-2) on more complex Riemannian manifolds was also proved in [Burq 1998;
Cardoso and Vodev 2002]. In all these papers the regularity of the potential (and of the perturbation in
general) plays an essential role. Without any regularity, the problem of bounding g from above by an
explicit function of & gets quite tough. Nevertheless, it was recently shown in [Shapiro 2018] that for
real-valued compactly supported L potentials one has the bound

gE(h, &) < Ch=*3log(h™h), (1-3)

MSC2010: 35P25.
Keywords: resolvent estimates.
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with some constant C > 0 independent of /& and ¢. The bound (1-3) was also proved in [Klopp and Vogel
2019], still for real-valued compactly supported L potentials but with the weight (x)~* replaced by
a cut-off function. When n = 1 it was shown in [Dyatlov and Zworski 2019] that we have the better
bound (1-2) instead of (1-3). When n > 2, however, the bound (1-3) seems hard to improve without extra
conditions on the potential. The problem of showing that the bound (1-3) is optimal is largely open. In
contrast, it is well known that the bound (1-2) cannot be improved in general; e.g., see [Datchev et al.
2015].

In this note we show that the bound (1-3) still holds for noncompactly supported L> potentials when
n > 3. Our main result is the following.

Theorem 1.1. Under the condition (1-1), there exists hy > 0 such that for all 0 < h < hg the bound (1-3)
holds true.

Remark. It is easy to see from the proof, see the inequality (4-2), that the bound (1-3) holds also for a
complex-valued potential V satisfying (1-1), provided that its imaginary part satisfies the condition

FImV(x)>0 forall x € R".

To prove this theorem we adapt the Carleman estimates proved in [Shapiro 2018] simplifying some key
arguments as, for example, the construction of the phase function ¢. This is made possible by defining
the key function F in Section 3 differently, without involving the second derivative ¢”. The consequence
is that we do not need to seek ¢’ as a solution to a differential equation as done in [Shapiro 2018], but
it suffices to define it explicitly. Note also that similar (but simpler) Carleman estimates were used in
[Vodev 2014a] to prove high-frequency resolvent estimates for the magnetic Schrédinger operator with
large L°° magnetic potentials.

2. Construction of the phase and weight functions

We will first construct the weight function. We begin by introducing the continuous function

(r—|—1)2—1 forO<r <a,

“O)z{m+1ﬂ—1+@p+n4ﬁ4—u+1r%H for r > a,

where

1<s<306-2) 2-1)

and a = A~ with some parameter m > 0 to be fixed in the proof of Lemma 2.3 below depending only
on é and s. Clearly, the first derivative (in sense of distributions) of u satisfies

/( ) 2() +1) for“<r<a’
r) = -

The main properties of the functions u and u’ are given in the following.
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Lemma 2.1. Forallr > 0, r # a, we have the inequalities

2r () — W' (r) > 0, (2-2)

W)= Ci(r+1)7%, (2-3)
2

MO coatr + 1) (2-4)

®(r)

with some constants Cy, Cy > 0.

Proof. For r < a the left-hand side of (2-2) is equal to 2, while for » > a it is bounded from below by
2r_1(a2 +2a—s) > 2a%r~' >0,

provided a is taken large enough. Furthermore, we clearly have (2-3) for r < a with C; = 2, while for
r > a it holds with C; = 2s — 1. Therefore, (2-3) holds with C; = min{2, 2s — 1}. The bound (2-4)
follows with C; = 2C;! from (2-3) and the observation that u(r)? < (a + 1)* < 2a* for all r. O

We now turn to the construction of the phase function ¢ € C ([0, +00)) such that ¢(0) = 0 and
@(r) > 0 for r > 0. We define the first derivative of ¢ by

tr+ D' —t@+ D' for0O<r<a,

0 forr > a,

¢'(r)= {
where

T =1oh~ '3, (2-5)

with some parameter 7p > 1 independent of / to be fixed in Lemma 2.3 below. Clearly, the first derivative

of ¢’ satisfies
—t(r+ 1)_2 forO0<r <a,

0 forr > a.

¢(r) = {
Lemma 2.2. For all r > 0 we have the bound
h o) < h3 log%. (2-6)

Proof. We have
a a
max ¢ :/ ¢'(r)dr < r/ (r+ 1)~ 'dr =tloga+1),
0 0

which clearly implies (2-6) in view of the choice of T and a. 0

For r # a, set
A(r) = (g (r),
(W) Br+ 1) + 10" (OD)
Rl () + )

The following lemma will play a crucial role in the proof of the Carleman estimates in the next section.

B(r) =
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Lemma 2.3. Given any C > 0 independent of the variable r and the parameters h, T and a, there exist
70 = 10(C) > 0 and hg = ho(C) > 0 so that for T satisfying (2-5) and for all 0 < h < hy we have the
inequality

A(r)=CB(r) = —3EX(r) (2-7)

forallr >0, r #a.
Proof. For r < a we have
AN =—(@ ) +7%0,0 -+ D@+ D7)
=-2¢'(Ne" (") —2t*@+ 1) 'A= G+ D@+ D™
>2t(r+ 1) 20" (r) = 21%@@+ 17!
> 21 (r+ 1)/ (r) — a1 (r)
> 21 (r + 1) 729/ (r) — O~ (r),

where we have used that u/(r) > 2. Taking m > 2 we get

A(r) = 2t(r + D729 (r) — O (r) (2-8)
for all r < a. We will now bound the function B from above. Let first 0 < r < %a. Since in this case we
have

o =3tr+ 17,
we obtain

2r+ D7 49" (1))
h=1g'(r)
L r () (r+ 122 o,
- < 1 h
P AR A R s v
<t B3 e+ DS P+ D720/ () + thid (r)
St + 1) 72 () + woh* P (),

By < OO

nr)e"(r)?

S(thy” w'(r)

where we have used that § > 3. This bound, together with (2-8), clearly implies (2-7), provided !and

h are taken small enough depending on C.

1

Let now sa<r<a. Then we have the bound

wu(r)

B
"= (wm
S22+ D722+ 1) HU @)

S (WPOTDT2 g 22 () S (1),

2
) T+ D7+ 0" DA (r)

provided m is taken large enough. Again, this bound, together with (2-8), implies (2-7).
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It remains to consider the case r > a. Using that u = O(a®), together with (2-3), and taking into
account that s satisfies (2-1), we get

_ _85\\2
(L r+1)7Y)

W' (r)
5 h—2a4(r + 1)4S_28M/(r) S h—2a4+4s—28u/(r)
SHMOTEEU ) Shid (),

B(r) =

provided that m is taken large enough. Since in this case A(r) =0, the above bound clearly implies (2-7). [J

3. Carleman estimates
Our goal in this section is to prove the following:

Theorem 3.1. Suppose (1-1) holds and let s satisfy (2-1). Then, for all functions f € H>(R") such that
(x)*(P(h)y—Exie)f e L? andforall0<h<k1,0<e< ha=2, we have the estimate

()5 e?’" fll 2 < Ca’h™ || (x) e?/"(P(h) — E Lie) fll 2+ Cat(e/h)" [ fl| 2, (3-1)
with a constant C > 0 independent of h, € and f.

Proof. We pass to the polar coordinates (r, w) € Rt x $"~!, r = |x|, w = x/|x|, and recall that
L*>(R") = L>(RT x S" !, r""'drdw). In what follows we denote by || -] and (-, -) the norm and the
scalar product in L2(S"~!). We will make use of the identity

F=1/2 g =(=1)/2 _ 33 + A_;” (3-2)
r

where A, = A, — 1(n—1)(n—3) and A,, denotes the negative Laplace-Beltrami operator on $"~!. Set
u = r(n_l)/ze(p/hf and
P:I:(h) — r(”l—l)/z(P(h) —E+ ie)r—(n—])/z’

Py (h) = e?/"P*(h)e /"
Using (3-2) we can write the operator PE(h) in the coordinates (r, w) as
+ 2 Aw .
P=(h)=D;+— —E+ic+V,
r

where we have put D, = —ihd, and A,, = —h?A,,. Since the function ¢ depends only on the variable r,
this implies

A
PE(h) =D} + — —Exie—¢* +he" +2i¢'D, + V.
r
For r > 0, r # a, introduce the function

F(r)=—((r"Ay—E—¢' (" )ulr, ), ur, ) + | Dyulr, )|
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and observe that its first derivative is given by

F'() = 202 A0, ), 10, ) + ()3, DIP = 25 Im(PE(Ru(r, ), Dy, )
+2eh ™' Re(u(r, ), Dru(r, -)) +4h~ ¢ | Drue(r, HII* + 20~ Im((V + he"Yu(r, -), Dru(r, -)).

Thus, if p is the function defined in the previous section, we obtain the identity

WFEApF =@ =) 2 Apulr, ), ur, )+ (Ei + (w(@))) lur, HII?
_ 2h_1MIm(P(pi(h)u(r, ), Deulr, -)) £2eh~ W Re(u(r, - ), Dyu(r, -))
+ (W + 4R W I Drulr, ) 4207 W Im((V + he"Yu(r, -), Drulr, ).

Using that A, > 0, together with (2-2), we get the inequality

WF+uF > (El 4+ (@) u@r, HIF+ @ + 40~ o' 1) 1 Drur, )|
3h_2M2

/

—3h 2P + 4 o W) TV 4+ heYur, DIIP = (W + 40T o I Drudr, I

1Py (Wyu(r, N> = 36/ I1Drutr, )N — eh™ pu(lur, )1+ 1Drudr, 1)

> (Ex + (@) —Cp* (W +h ' )y ' e + D70+ 19" D) lur, )11
3h_2M2

/

1Py (yu(r, N> = eh™ wllulr, I+ [Drudr, 1),
with some constant C > 0. Now we use Lemma 2.3 to conclude that
/ F y 3hTt 2 —1 2 2
wWF+pF >sEu|lulr, )| —TII% (Wu(r, )" —eh™ n(lulr, I+ 1Drulr, -)[I%).

We now integrate this inequality with respect to r and use that, since ©(0) = 0, we have

o0
/ (WF+uFydr=0.
0

Thus we obtain the estimate

o0
SE[ Wit P ar
0 oo'uz 00
s3h2/ ?||7>;‘E<h)u<r,->||2dr+sh1f u(lutr, P+ IDeur, )P dr. (3-3)
0 0

Using that u = 0(a?) together with (2-3) and (2-4) we get from (3-3)
o
/<r+1)—23||u(r,-)||2dr
0

o0 o0
<Catn [+ DX IPEGuG P dr + o™l [t )P 4 1Dt Py, G4
0 0
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with some constant C > 0 independent of 4 and e. On the other hand, we have the identity

oo oo
Ref (2i¢"Dru(r, ), u(r, -))dr:f he" llu(r, )| dr
0 0

and hence
Re/oo(P;t(h)u(r, ), ulr, -))dr:/oo I Dyu(r, -)||2dr+/oo(r_2Awu(r, D, u(r, ) dr
0 0 0

o0 o0
—/ (E+¢Du(r, ->||2dr+/ (Vu(r, ), u(r,-))dr.
0 0
This implies

[ it par <0 [ e P
0 0
+y/ <r+1>—28||u<r,->||2dr+y—1f (r + D¥|PE(mu(r, I dr  (3-5)
0 0

for every y > 0. We take now y small enough, independent of /4, and recall that eh~'a? < 1. Thus,
combining the estimates (3-4) and (3-5), we get

/<r+1)23||u<r,-)||2dr
0

§Ca4h_2/ (r+1)25||7>j(h)u(r,-)||2dr+c8h—1a2r2f lu(r, H*dr, (3-6)
0 0

with a new constant C > 0 independent of / and ¢. It is an easy observation now that the estimate (3-6)
implies (3-1). O
4. Resolvent estimates

In this section we will derive the bound (1-3) from Theorem 3.1. Indeed, it follows from the estimate
(3-1) and Lemma 2.2 that for 0 < h < 1, 0 <& < ha—2 and s satisfying (2-1) we have

1) ™5 fll 2 < MI[(x)* (P(h) — E £ie) fll 2+ Me'?| £l 2, (4-1)
where

M =exp(Ch~*3log(h™1)),

with a constant C > 0 independent of ~ and &. On the other hand, since the operator P (%) is symmetric,

we have
ell I3, = £Im{(P(h) — E £ie) f, )2
< M) x) T I3, + @M)?([(x) (P (h) — E £ie) fI7,. (4-2)

We rewrite (4-2) in the form

Me' 2| fll2 < M) Fllg2 +2M%(x)* (P(h) — E £ie) f | 2. (4-3)
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We now combine (4-1) and (4-3) to get

1)~ fll2 < 4M* | (x)* (P(h) — E ie) f| 2. (4-4)
It follows from (4-4) that the resolvent estimate

1)) (P(h) — E £ie) ™ (x) Il 2, 2 < 4M° (4-5)

holds forall 0 < 1 < 1, 0 < & < ha~? and s satisfying (2-1). On the other hand, for ¢ > ha~? the estimate
(4-5) holds in a trivial way. Indeed, in this case, since the operator P (/) is symmetric, the norm of the
resolvent is bounded above by ¢ ~! = O(h=2"~1). Finally, observe that if (4-5) holds for s satisfying
(2-1), it holds for all s > %
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AN EVOLUTION EQUATION APPROACH TO
THE KLEIN-GORDON OPERATOR
ON CURVED SPACETIME

JAN DEREZINSKI AND DANIEL SIEMSSEN

We develop a theory of the Klein—Gordon equation on curved spacetimes. Our main tool is the method of
(nonautonomous) evolution equations on Hilbert spaces. This approach allows us to treat low regularity
of the metric, of the electromagnetic potential and of the scalar potential. Our main goal is a construction
of various kinds of propagators needed in quantum field theory.
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1. Introduction

We consider the Klein—Gordon operator on a Lorentzian manifold (M, g) minimally coupled to an
electromagnetic potential A and with a scalar potential Y. In local coordinates it can be written as

K:=04+Y =1gI"*(D,— Aplg|"*¢""(D, — A)) + Y, (1-1)

where |g| = |det[g,v]| and D, = —i9,,. As in our recent work [Derezifiski and Siemssen 2018], we are
interested in inverses and bisolutions of the Klein—Gordon operator K.

MSC2010: primary 35105, 47D06; secondary 58J45, 81Q10, 81T20.
Keywords: Klein—-Gordon equation, Klein—-Gordon operator, propagator, evolution equation, quantum field theory, quantum field
theory in curved spacetimes.
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Heuristically, they are defined as follows:

o An operator G is a bisolution of K if it satisfies

KG=0 and GK =0.
o An operator G is an inverse of K if it satisfies

KG=1 and GK =1

To make these statements rigorous, one needs to specify the spaces between which these operators act,
making sure that the composition of K and G is well-defined. Often, G can be understood as an operator
from C°(M) to C°(M).

The Klein—Gordon operator has several distinguished inverses and bisolutions. They are known by
many names, e.g., “propagator” or “two-point function”. Inverses are often also called “Green’s functions”.

The most well-known propagators are probably the forward (retarded) propagator GV and the backward
(advanced) propagator G”. Their difference G™ := GV — G” is sometimes called the Pauli-Jordan
propagator, which is the name we use. In the literature one can also find other names, such as “commutator
function” or “causal propagator”.! These three propagators are important in the Cauchy problem of the
classical theory. Therefore, we will call them jointly classical propagators. It is well known that on
globally hyperbolic spacetimes the classical propagators exist and are unique.

In quantum field theory, one needs also other propagators: two inverses, the Feynman propagator G*
and the anti-Feynman propagator GF, as well as the positive- and negative-frequency bisolutions G,
We will call them jointly nonclassical propagators. A positive-frequency bisolution yields the two-point
function of a vacuum state — a pure quasifree state whose Gelfand—Naimark—Segal (GNS) representation
yields a Hilbert space for the quantum field theory. The integral kernel of the Feynman propagator
coincides with the expectation value of time-ordered products of quantum fields. It is used to evaluate
Feynman diagrams.

The analysis of the Klein—Gordon equation is especially simple if the spacetime is stationary and the
Hamiltonian is positive. On the mathematical side, if in addition the Hamiltonian is bounded away from
zero (the “positive-mass case”), we have a natural Hilbert space structure for the Cauchy data. The most
obvious choice is the so-called energy Hilbert space. It is also natural to consider a whole scale of Hilbert
spaces, which includes the energy space. The generator of the dynamics is self-adjoint on all of these
spaces. Thus the functional analytic setting for stationary spacetimes in the “positive-mass case” is rather
clean and simple. If we assume that the Hamiltonian is only positive, without a positive lower bound,
(the “zero-mass case”), then the functional-analytic setup becomes slightly more technically involved, but
the general picture remains the same.

lwe try to use as much as possible the terminology from classic textbooks on quantum field theory. For instance, “Pauli—
Jordan function” is the name used for GF7 already in [Bogoliubov and Shirkov 1980]. The same authors call GF the “causal
Green’s function”, since the choice of GT for the evaluation of Feynman diagrams expresses causality in quantum field theory.
Therefore, using the name “causal propagator” for G¥? clashes with the traditional terminology and, we believe, should be
discouraged.



AN EVOLUTION EQUATION APPROACH TO THE KLEIN-GORDON OPERATOR ON CURVED SPACETIME 217

On the physical side, on a stationary spacetime with a positive Hamiltonian, it is clear how to define the
nonclassical propagators. The positive- and negative-frequency bisolutions, as well as the Feynman and
anti-Feynman propagators, are constructed from the spectral projections of the generator of the dynamics.
These constructions, at least implicitly, can be found in various works devoted to quantum field theory on
curved spacetimes. In a systematic way the static case has been worked out recently in [Derezifiski and
Siemssen 2018]; see also [Dereziniski and Gérard 2013, Chapter 18]. In [Dereziriski and Siemssen 2018],
we assumed in addition the “positive-mass condition”, and the results of that paper can be easily generalized
to stationary spacetimes (using, e.g., the stationary special case of Sections 2.1 and 2.2 as a starting point).

The positivity of the Hamiltonian plays an important role in the construction of nonclassical propagators.
This is related to the fact that nonpositive Hamiltonians lead to problems in quantum field theory, which
are often collectively called the Klein paradox. The original paper by Klein involved fermions and the
Dirac equation with a large step potential causing spontaneous pair creation. One can easily resolve
the fermionic Klein paradox in the second quantized theory. Splitting the Hilbert space into the particle
and antiparticle subspaces and applying second quantization makes the quantum Hamiltonian positive
definite. The corresponding problem for bosons is much more serious. If the classical Hamiltonian is
not positive, it will not become positive by quantization. Besides, in this case there is no positive scalar
product preserved by the evolution, as is the case for Dirac fermions. This typically leads to the so-called
superradiance. In mathematical terms it means that the scattering operator has a norm greater than 1, or
it does not exist at all because the norm of the evolution grows all the time.

This paper is devoted to the study of the Klein—Gordon equation on rather general (possibly, nonsta-
tionary) spacetimes. We construct both the classical propagators and certain families of nonclassical
propagators. Let us first describe the basic steps of our construction of the classical propagators:

(1) We assume that there is a manifold ¥ such that the spacetime M is diffeomorphic to R x X. This
diffeomorphism provides a global time function ¢t whose level sets ¥, are assumed to be spacelike. It also
defines a flow whose generator 9; is assumed to be timelike.

(2) We rewrite the Klein—Gordon equation as a (nonautonomous) first-order equation for the Cauchy data
on X;. Thus the generator of the evolution can be written as a 2 x 2 matrix.

(3) We make various assumptions on the metric, electromagnetic and scalar potentials. The assumptions on
their regularity are rather weak; however, they are global in spacetime. We assume that the positive-mass
condition holds for all times; that is, all instantaneous Hamiltonians have a strictly positive lower bound.

(4) We apply functional-analytic methods from the theory of nonautonomous evolution equations, as
developed in [Kato 1970]. Note that, unlike in [Dereziiski and Siemssen 2018], in the nonstationary case
we do not have a unique distinguished energy space. Instead, we have a whole time-dependent family of
instantaneous-energy Hilbert spaces describing the Cauchy data at each time. Under the assumptions
we impose, these spaces can be identified with one another. They have a variable scalar product, but a
common topology — thus the Cauchy data at each time belong to a single Hilbertizable space.

(5) The Pauli-Jordan propagator essentially coincides with one of the matrix elements of the evolution
operator. One can then write down the forward and backward propagators by inserting the Heaviside
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function in the appropriate places. Thus if one uses the method of evolution equations, the Pauli—Jordan
propagator becomes the central object, whereas in typical approaches found in the literature, e.g., [Bér et al.
2007], the forward and backward propagators are obtained first and then used to define the Pauli—Jordan
propagator. We find this (trivial) observation curious.

The assumptions of our paper, in particular their global character and the positive-mass assumptions,
are adapted to the needs of nonclassical propagators, which are our main interest. However, if one is
interested only in classical propagators, some of these assumptions can be relaxed.

When the Hamiltonian is merely bounded from below, we can reduce the problem to the positive-mass
case by a perturbation argument. Then one can construct the evolution, and hence also the classical
propagators. We remark about this fact at the end of Section 5.

Another point that can be relaxed are the global assumptions. We know that the propagation of
solutions to the Klein—-Gordon equation has finite speed — this can be proven independently under a weak
assumption on the regularity; see, e.g., Appendix E. Therefore, to construct the evolution, it is sufficient
to have local information about our system. We do not discuss this point further in our paper.

As already stated above, our main interest is the nonclassical propagators. Unfortunately, in the
nonstationary case it is not obvious how to define them. The most popular view on this subject says that
instead of a single positive-frequency bisolution one should consider a whole class of bisolutions locally
similar to the Minkowski two-point function, known as Hadamard states. There exists considerable
literature about them; in particular we would like to mention [Radzikowski 1996; Kay and Wald 1991].
Properties of Hadamard states play a central role in most formulations of perturbation theory and
renormalization on curved spacetimes; see, e.g., [Hollands and Wald 2001; 2002]. Moreover, the
expectation value of time-ordered fields in every Hadamard state is the integral kernel of an inverse of K
and can be viewed as a possible generalization of the usual Feynman propagator to the generic case.

One of possibilities is to use spectral projections of the generator of the evolution at a fixed instance of
time, as we describe in Section 8. This allows us to define instantaneous positive- and negative-frequency
bisolutions, which yield the so-called instantaneous vacua. One also has the corresponding instantaneous
Feynman inverses.

One can criticize these propagators on physical grounds. Not only do they depend on an arbitrary and
unphysical choice of a preferred time, but it is folklore knowledge that they are generally not Hadamard
states. In a forthcoming article we will show, using methods from our formalism, that an instantaneous
positive-frequency bisolution yields a Hadamard state if the Klein—-Gordon operator K is infinitesimally
stationary at the Cauchy surface where the positive/negative-frequency splitting was performed.

Spacetimes that become asymptotically stationary in the past and the future form a class that in our
opinion is especially natural from the point of view of quantum field theory and scattering theory. For
such spacetimes one can define positive/negative-frequency bisolutions corresponding to the asymptotic
past and future; see Section 9. We can call them in/out-positive/negative-frequency bisolutions. One can
argue that the corresponding in-vacuum yields the representation of incoming states (prepared in the
experiment) and the corresponding out-vacuum gives the representation of final observables (measured in
the experiment). Therefore, the in- and out-states are not only distinguished, they also have a clear and
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important physical meaning. If the spacetime becomes stationary sufficiently fast, it can be shown that
the states thus defined are Hadamard [Gérard and Wrochna 2017].

As we described above, and is well known, spacetimes with asymptotically stationary past and future
possess two pairs of distinguished and physically well-motivated propagators: the in/out-positive/negative-
frequency bisolution. It is perhaps less known that a large class of such spacetimes possesses another
pair of natural and physically motivated propagators: the so-called canonical Feynman and anti-Feynman
propagators (inverses). The Feynman propagator appears naturally when we evaluate Feynman diagrams.
A study of these propagators will be presented in a forthcoming article, where the formalism and results
of the present paper will play an important role.

Let us mention that the canonical Feynman and anti-Feynman propagators are related to the intriguing
and poorly understood question about the self-adjointness of the Klein—Gordon operator. It is easy to
see that the Klein—Gordon operator is Hermitian; however, the existence of a distinguished self-adjoint
extension seems to be difficult to prove and is known only in special cases: in the static case [Derezinski
and Siemssen 2018] and (since very recently) for a class of asymptotically Minkowskian spaces [Vasy
2017]. Note that heuristically the canonical Feynman or anti-Feynman propagator is the boundary value
at zero from above or below, respectively, of the resolvent of the Klein—Gordon operator. One could also
argue that the adjective canonical is not needed for both propagators, that they should simply be called
the Feynman and anti-Feynman propagators.

Let us compare our work with the literature. The construction of classical propagators is described
in numerous sources. Typically, one shows first the well-posedness of the Cauchy problem. Then the
existence of the classical propagators and their properties easily follow; see, e.g., [Kay 1978; Dimock and
Kay 1982], and also the more recent works [Drago and Gérard 2017; Gérard and Wrochna 2014; Gérard
et al. 2017]. Standard methods include the Hadamard parametrix method [Biér et al. 2007; Friedlander
1975] and energy estimates obtained via the divergence theorem. Another popular method relies on the
factorization of the Klein—Gordon operator into the product of first-order scalar operators (see, e.g., the
treatment of [Hormander 1985], which also covers n-th order hyperbolic equations). A brief history of
the Cauchy problem for hyperbolic equations with references to various approaches can be found in
[Hormander 1985, Notes to Chapter XXIII].

In our opinion, the method of evolution equations used in this paper provides a natural and powerful
approach to analyze the Klein—Gordon equation on curved spacetimes, especially concerning questions
relevant to quantum field theory. Therefore, we were greatly surprised that it is difficult to find a treatment
of this problem similar to ours in the existing literature. We are only aware of one more publication where
the methods of evolution equations have been applied to the problem at hand in the nonstationary case: in
[Furlani 1997] the evolution is constructed under quite restrictive assumptions, namely, assuming that
Cauchy surfaces are compact and have a decreasing volume along a finite time-interval. The treatment
of some papers, such as [Dimock and Kay 1982; Kay 1978; Gérard et al. 2017; Gérard and Wrochna
2014], may also resemble our method. However, in almost all papers that we know, the existence of the
evolution is taken for granted, is given by the local theory, and is not constructed within the formalism of
evolution equations on some Banach spaces.
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The literature devoted to classical propagators on curved spacetimes usually does not use a global
functional-analytic setting. As we discussed above, from the point of view of classical propagators, the
method of our paper seems to impose unnecessary limitations, because of the global assumptions on the
spacetime. However, to define and study nonclassical propagators, some kind of global assumptions are
usually indispensable.

Most authors do not consider low-regularity situations; for an exception we refer to [Sanchez and
Vickers 2018]. For example, the propagators are typically understood from CZ°(M) to C*°(M). As far as
we know, the constructions found in the literature require more stringent regularity assumptions than ours.

Throughout our paper we impose rather weak assumptions on the regularity of various objects (the met-
ric, electromagnetic potential and the scalar potential). Nevertheless, we did not write this work with any
particular nonregular examples in mind, even though low regularity is present in some interesting physical
applications (e.g., boundaries of astrophysical objects, shock waves) and singularities appear generically
in solutions of the Einstein equation. Instead, the main reason for the chosen approach is our conviction
that weak assumptions play an important theoretical role, because they impose a certain discipline on
a mathematical theory, forcing us to find better arguments and a more natural setting for the problem.

We think that our approach is rather natural and direct if one wants to treat the simplest examples of
spacetimes (from the point of view of quantum field theory) such as local perturbations of Minkowski
spacetime and cosmological spacetimes. However, it is also flexible enough to treat some less obvious
examples, such as certain nonglobally hyperbolic spacetimes, including spacetimes with boundaries,
provided we impose appropriate boundary conditions. This includes for example compactifications of
anti-de Sitter spacetime with appropriate conditions on its timelike boundary (see [Dappiaggi et al. 2018a;
2018b] for a recent discussion of boundary conditions on anti-de Sitter spacetime and spacetimes with a
timelike boundary).

Finally, let us remark that Kato’s theory of nonautonomous evolution equations has also been success-
fully applied in the context of quantum field theory for the Dirac equation on curved spacetimes; see,
e.g., [Hafner 2009; Nicolas 2002]. The Dirac equation is simpler in this respect than the Klein—Gordon
equation. For the Dirac equation there exists a natural Hilbert space. For the (nonstationary) Klein—-Gordon
equation no such choice exists: one is forced to work with a family of Hilbertizable spaces. Studying
the evolution for the Klein—Gordon equation in time-dependent families of Hilbert spaces has also been
fruitful in the context of spherical gravitational collapse (i.e., in static Schwarzschild spacetime with
time-dependent boundary conditions); see [Bachelot 1999].

1.1. Notation and conventions. Throughout this paper we adopt essentially the same notation and
conventions as in [Derezifiski and Siemssen 2018] but for the convenience of the reader we repeat the
relevant conventions. We also introduce some new notation.

Suppose that T is an operator on a Banach space X. We denote by Dom 7' its domain and by Ran T’
its range. For its spectrum we write sp 7 and for the resolvent set rs 7.

Suppose that T is an operator on a Hilbert space H with inner product (- | -). If T is positive, i.e.,
(u|Tu) >0, we write T > 0. If also Ker T = {0}, then we write T > 0.

A useful function is the so-called “Japanese bracket”, defined as (T') := (1 + |T|5)1/2.
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A topological vector space X is called Hilbertizable if there exists a scalar product on X that determines
its topology and makes it into a Hilbert space. Clearly, two scalar products determine the topology of X
if and only if they are equivalent.

The p-times continuously differentiable X'-valued functions on a manifold M are denoted by C”(M; X);
if X = C, we simply write C?(M). Sets of compactly supported or bounded functions are indicated by a
subscript “c” or “b”.

AC(R) denotes the set of absolutely continuous functions, i.e., functions whose distributional derivative
belongs to Ll (R). AC'(R) denotes the set of functions whose distributional derivative belongs to AC(R).

loc
When calculating integrals, we denote by [ " the “Cauchy principal value” at infinity, e.g.,

/ iR
/ f(@)dt = lim (@) dr.
iR R—o00 J_iR

Observe that we pass to infinity symmetrically in the lower and upper integration limits.
Suppose we fix a positive density y on M. The space L?>(M, y) of square-integrable functions on M is
then defined as the completion of C°(M) with respect to the scalar product

(ulv)y:=/ uvy, u,veCI(M).
M

If g is the metric tensor g on M (of any signature), then we set |g| := |det[g,,]|. M is then equipped
with a canonical density |g|'/%. Sometimes it is however convenient to fix a density y independent of the
metric tensor.

Often it is convenient to use the formalism of (complexified) half-densities on M. If y is a positive

density on M, then y /2

is a half-density. The canonical example for a half-density on a pseudo-Riemannian
manifold is |g|!/#. Since the integral over a density on a manifold is well-defined, half-densities come

equipped with a natural L?-structure
(i1 | D) =/ iv, i,0eC®QV*m).
M

We denote by L?(Q!/2M) the completion of C°(Q2!/2M) with respect to the corresponding norm. Note
that if we fix an everywhere-positive density y, then

LXM,y)suvrs i :=uy'? e LX(Q"*M)

is the natural unitary identification of the L?-space in the scalar formalism and in the half-density
formalism.
The operator D = —id acts naturally on scalars, and D? =y /2Dy /2 acts naturally on half-densities.
In our paper we generally prefer to use the half-density formalism rather than the scalar formalism. The
Klein—Gordon operator K is presented in (1-1) in the scalar formalism. Transformed to the half-density
formalism it is

Ky =gl K g™ = 18174 (D — AWIgl'2g" (Dy — AVgT* + Y. (1-2)

In what follows we drop the subscript % from K/ and by K we will mean (1-2).



222 JAN DEREZINSKI AND DANIEL SIEMSSEN

2. Assumptions and setting

2.1. 14 3 splitting. We consider smooth manifolds M and X such that there exists a (fixed) diffeo-
morphism R x ¥ — M. This means that we have a distinguished time function # on M, and the leaves
3, = {t} x X provide a foliation of M with a family of diffeomorphisms ¢, : ¥ — X; C M. We define

the time vector field
d

8[:=a

.

Note that df - 9; = 1.

We assume that M is equipped with a continuous Lorentzian metric g; i.e., (M, g) is a spacetime. The
restriction of g to the tangent space of X; defines a time-dependent family of metrics on X, denoted by
gx (1) :=€;g. We make the assumption that all gx () are Riemannian, or, equivalently, that the covector d¢
is everywhere timelike. This assumption allows us to define the lapse function «:

1 e g dn > 0.
o

Note that at this moment we do not assume that the vector 0, is everywhere timelike, which is equivalent to
2
gz(B, B) <o (2-1)

This assumption will be forced on us later on by Assumption (1.b). The part of 9, orthogonal to the leaves
of the foliation is the shift vector

B =0 +a’g (s, ).
The inverse metric can now be written as
— 1 _
e el CR L ICE IR (2-2)
In coordinates, we have
guv dx dx¥ = —a? dr* + gy ;j(dx’ + BT de)(dx! + B/ dp),
1 j ij
g 0y = ——5 (0 — B'9)” + g5 0:;.
The generic notation for a point of M will be (¢, X). We often suppress the spatial dependence of
objects defined on M; e.g., we identify f(¢#) = f(¢, -) for some function f on M. Sometimes we also
suppress the time-dependence, but it should be kept in mind that the central quantities considered here,

the metric g, the electromagnetic potential A and the scalar potential Y, generically are time-dependent.
Sometimes we denote derivatives with respect to ¢ (i.e., the action of the vector field 9;) by a dot.

2.2. Klein—Gordon operator. The main object of our paper is the Klein—Gordon operator (1-2). Instead
of the operator K on L?(M), it is more convenient to work with the operator

K :=aKa.
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With the inverse metric expressed as (2-2), it can be written as
K=~y " 2(Di=Dip +V)y (D, =B/ Di+ V)y ™2y A(Di= APy gl (D= Ay~ P 4o’y
= —(D;+W*)(D;+W)+L,

where we introduce

1/2 _ 1/2

y=ag|'? =a""gs|"?,
Vi=—Ao+ A B,
W:=p'D;+V -1y~ (Diy — B Diy),
L:=D!"""gdDM +7,
and we use the shorthands N N
g2 () ==a(1)’gd (1),
Y(t) = a@)?Y (1),
DAY (1) =y ()'2(D — A@)y (1)~

Clearly, propagators for K induce corresponding propagators for K.

2.3. First-order formalism. For each t € R, we (formally) define

w1
5O “(L(r) W(r)*)'

Setting u1(t) = u(t) and uy(t) = —(D; + W (t))u(t), we find that

: ur(n\ _
(9 +1B(1)) (uz(t)> =0

if and only if u is a (weak) solution of the Klein—Gordon equation Ku = 0. Therefore we occasionally
call 0; +1B(t) the first-order Klein—-Gordon operator. The half-densities #(¢) and u»(t) may be called
the Cauchy data for u at time .

2.4. Assumptions local in time.
Assumption 1. We suppose that the following assumptions hold:

(1.a) For all r € R, L(¢) extends to a positive invertible self-adjoint operator on L2(Q'/2%) (denoted by
the same symbol).

(1.b) There exists a € C(R) such that a(t) < 1 and |W()L(®)~'?|| < a(r).

(1.c) There exists a positive C € Llloc([R?) such that for all |t —s| <1

IL() ™ 2(L(t) — L)L)+ 2 (W () — W(s)L(t) 2| < , (2-3)

f C(r)dr

where we place the absolute value on the right-hand side to account for the arbitrary order of ¢ and s.
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(1.d) t — a()*! are norm-continuous on L(s)~/2L*(Q'/?%) for any s € R, and r — «(¢) is norm-
continuous on L2(Q'/2%).

A few remarks about these assumptions are in order:
First, Assumption (1.a) can always be realized if y (1) ~'9;y (1), A;i(t) € LIZOC(E), gij(t) € Ly (¥) and

Y (t) e Llloc(E) such that ¥ (t) is bounded from below by a positive constant. In that case L(¢) can be
understood as the form

it = [ (@ 0w o 0} O +iT o)

on its (natural) maximal form domain Dom L(t)!/? > C°(Q!/2%) (but it is not generally clear if
C°(2!/2%) is a form core). This form then defines a self-adjoint operator in the usual way. The details of
this construction are given in Appendix A; its main aspects can be found in [Kato 1966, Theorem VI.2.6].

Next, Assumption (1.b) means that || W (t)L(t)~'/2|| < 1. Thus the electrostatic potential V (¢) together
with the variation of the metric expressed by y (1) ™'y (¢) and the shift vector B cannot be too big compared
to L(¢). This has to be true already on the level of the principal symbols of W and L. Therefore, for each
x=(t,X) € M and p € T*%;, we need to have

1B () p(@ ¥ pip) 1 < 1.
This is equivalent to
gxiB'B <1, (2-4)

where gx ;; = oz_zgz,i ;j is the inverse of gizj, and consequently (2-4) is equivalent to (2-1). Thus
Assumption (1.b) implies that d; is timelike. This excludes, e.g., the ergosphere region of Kerr spacetime
in stationary coordinates — in such a case one needs to switch to the nonstationary corotating coordinates.

Together, Assumptions (1.a) and (1.b) guarantee that the Hamiltonian is positive and has a positive lower
bound (the “positive-mass assumption”). The positivity of the Hamiltonian and its positive lower bound
have two aspects. First, they are essentially necessary if we want to construct nonclassical propagators.
Second, this assumption helps us to introduce a natural family of Hilbertizable spaces, which are used
in the analysis of the evolution. (A similar analysis would be possible with a positive Hamiltonian, but
without a positive lower bound; however there would be some additional technical problems).

Nevertheless, as far as the derivation of the evolution and the classical propagators is concerned,
Assumption (1.a) can be relaxed. In fact, for the existence of the evolution it is sufficient that there exists a
constant b > 0 such that these assumptions are satisfied by L(¢) 4 b; see also Corollary 5.5. In this case in
general we do not have a positive Hamiltonian and our analysis of nonclassical propagators does not apply.

Among other things, Assumption (1.c) guarantees that for any ¢, s there exists c(¢, s) > 0 such that

L(t) <c(t,s)L(s). (2-5)
Therefore, for § € [—1, 1] we can define the Hilbertizable spaces
K =Lt PLA(Q'?D),

where the Hilbertian structures on the right-hand side are equivalent for different # because of (2-5).
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Finally, Assumption (1.d) implies the norm-continuity of ¢ — a(t)*! on K for § € [—1, 1]. Indeed,

by this assumption, 7 — a(¢)*! are norm-continuous on K'/2, hence by duality also on KX~!/2

, and then
we can interpolate using, e.g., the Heinz—Kato inequality (Theorem D.1).

While it should be obvious how Assumptions (1.a), (1.b) and (1.d) can be realized in an example, As-
sumption (1.c) is slightly less obvious. Therefore in Appendix B we briefly explain how Assumption (1.c)

can follow from more concrete assumptions on the metric, the vector potential and the scalar potential.
2.5. Assumptions global in time. While we always require that Assumption 1 holds, the following
additional assumptions are only imposed when we derive asymptotic properties of propagators.
Assumption 2. (2.a) L(¢) is uniformly bounded away from zero.

(2.b) There exists a < 1 such that ||[W(#)L(t)~"/?| < a for all 1.

(2.c) There exists a positive C € L'(R) such that for all 7, s € R

’

IL@) 2L — L) L@ +21(W (1) — W(s) L) /| <

/ C(r)dr

where we place the absolute value on the right-hand side to account for the arbitrary order of ¢ and s.

(2.d) t +— a(t)*! are uniformly bounded on K'and t — & is uniformly bounded on K°.

Note that, by the same argument as for Assumption (1.d), one can show that Assumption (2.d) implies
the uniform boundedness of 7 — «(#)*! on K for § € [—1, 1].

3. The energy space and the dynamical space

We will occasionally use the Hilbert space
H:=L* QD)o L* Q") =" e K°,
with the canonical inner product also denoted by (- | -) and the corresponding norm || - ||.

The Hilbert space # plays only an auxiliary role in our work. More important are the Hilbertizable
spaces H;, A € [—1, 1], defined as

H, = KOTD2 g c=D/2, (3-1)
Note that for any ¢
Hy = (L) DLE) *Ho, rel-1,1]. (3-2)

We will treat the space H as the central element of the family (3-2), identifying Ho with H, the antidual
of Hy (the space of bounded antilinear functionals on Hg). Then we have a natural identification of H_)
with #HJ.
The central role in this work is played by the energy space, the dynamical space and the antidual of
the energy space:
Hen :=Hi = (L)@ 1)H = Ho(t) "' /*H, (3-3a)

Hagn :=Ho = (L) V* @ L), (3-3b)
ey =H =1 L0 H=(QH(NQ)'*H, (3-3¢)
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where we set

mmy=Lm@1=(M”O>

0 1
and we also used the charge form

1
(| Qv):=(u[v2) +(uz|v), Q:= (2 0).

It is evident that the charge form is bounded on . More importantly, it is also bounded on Hgy, (but,
e.g., not on Hep).
Note that

Im (u | Qv) = %((u | Q) — (v| Qu))

is a symplectic form on H4y,. Therefore, the formalism based on the charge form is equivalent to the
symplectic formalism, commonly used in the literature.

4. Instantaneous energy spaces and instantaneous dynamical spaces
An important role in our paper is played by the instantaneous Hamiltonian, defined formally for each ¢ as
H(t) = QB(t) = B(1)"Q.
One can rigorously define H () as a form-bounded perturbation of Hy(¢):

(Lt W@
HU%_(WO) 1 )

Proposition 4.1. The operator

is self-adjoint on H with the form domain He,. We have
(I —a(@)Ho(r) = H(t) = (1 +a(t))Ho(1), (4-1)
where 0 < a(t) < 1 was introduced in Assumption (1.D).
Proof. We show only the right-hand side of the inequality (4-1). Set u = (Z; ) Using the Cauchy—Schwarz
inequality and Assumption (1.b), we find
| H@w) < ILOY2url? + fuzl® + 21 W @) wy || u2]

< IL@OY2url® +lluz)* + 2a@ILO) | uz]

< L+ a@)ULO2ur|? + lluz]|?)

=T +a@) (| Ho(r) u). O

We define for each time ¢ € R the (instantaneous) energy scalar products given by

(U | V)en,r == (u | H(t)v)

on Hepn. By (4-1) the scalar product (- | - )en,; is compatible with the topology of He,. We call the resulting
Hilbert space the instantaneous energy space at t and denote it by Hep ;-
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Similarly, we can also define the operator Q H (t)~' Q. We find that its form domain is H%,. Indeed,

(I+a@®) ' QH®O'Q < QHM ™ 'Q < (1 —a@) ' QHy(1) ' Q. (4-2)

Then we define for each ¢ the scalar product

(W | V)ens; := (u | QH(1)"' Qu)

*
en,t*

The central operator in this work is B(¢). In the next section we construct the evolution generated
by B(t), solving the first-order Klein—-Gordon equation.

and note that it is compatible with the topology of H} ; we denote the resulting Hilbert space by H

* .
en’

Proposition 4.2. Considered as an operator on H:n‘t with domain Hep,

L W(t) 1
B “(L(t) W(z)*)

is self-adjoint and O is in its resolvent set.

Proof. For notational simplicity, we drop the time-dependence of B(¢) and the other objects.
First note that, by definition, Ho(t)™'/? = (L(t)~/?> @ 1) maps H to Hey, and (QHy(t)Q)~/? =
1@ L@)?) maps 7, to H. Now, to check that B(z) is well-defined, we calculate

1 0 w1\ /L720\ (wLV2 1
0oL YV2)\ L w* 0o 1) 1 L=12w* )

which is bounded by Assumption (1.b).
Next, we show that O € rs B, and consequently also that B is closed. We rewrite B as

7= (i Do o) (39

and check that B~! is bounded from #}, to Hen:

L2 0 s-1(1 0\ _ 1 0\ (0 (1-L~2w*wL~1/2)~! 1 0
0 1 0 LY2) " \—-L7"2w* 1)\1 0 —wL~Y2 1)

where the first and last factors on the right-hand side are bounded by Assumption (1.b), and
1 _ L_]/ZW*WL_]/Q

is invertible because ||L~'/2W*WL~1/?| < 1, also by Assumption (1.b).
Finally, we check that B is Hermitian on },. We calculate

(QHQ)™'B™' =(BQHQ)' =(QHQHQ)™' = (QHQB) ™' =B*"(QHQ)™". O
We can now define for each time ¢t € R a whole scale of Hilbert spaces

Hy o o= |B(t)| "M/ 29y reR,

en,t’
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with scalar products
@)= @l BOI ™ Vens 1y u,v € Hyy

*

&.¢» where we have

Above we performed the polar decomposition with respect to the Hilbert space #

IB(t)| =V/B(1)2 =/ QH{)QH (7).

It follows from its definition, that B(¢) extends/restricts to a self-adjoint operator on each of the
spaces H, . When B(¢) is interpreted as an operator on #, ;, its domain is H) 42 ;.

Clearly the scales H; , contain H7, , = H_1,. They also contain the (instantaneous) energy spaces
Hen,r = H1,, because a short calculation shows H (1) = QH (t)"'Q|B(1)|?. Furthermore, we define the
(instantaneous) dynamical spaces

den,t = /HO,I»

which are treated as the central spaces in these scales. Note that Hqyn ; is the form domain of B(r). We
identify Hat with Hp ;, and hence Hf{’ ; is identified with H_, ;. Thus we obtain the rigged Hilbert space
setting

Hen,t C Hayn,r C Moy ;-
Proposition 4.3. In the sense of Hilbertizable spaces, we have
Hyr=Hyr, rel-1,1], (4-3)
thus justifying our notation. In particular,
Hens = Hen,  Hayns = Hayn, My, = He,.

Proof. Tt follows from (4-1) and (4-2) that Hen; = Hen and HY, , = HZ,. Since both L(¢)'/2 @ L(t)!/?

en,t

and | B| can be understood as invertible bounded operators from H,, to H¥

s there exists ¢ > 1 such that

L) ® L) Pullens < 1B |ullens < (L) @ L))" u|ens-
By interpolation (e.g., using the Heinz—Kato inequality, Theorem D.1),
¢ ICL@) & L) Pullens < N1BE)Putllens < P I(L(E) ® L))" *tt]|en

for § € [0, 1]. It follows that the norms for H, and H, ; with A € [—1, 1] are equivalent and thus (4-3)
follows. O

Note that for |A| > 1 the spaces H, ; may depend on ¢ and do not have to coincide with #,.

5. Evolution

In the last section we laid the foundations for an application of the theory of nonautonomous evolution
equations to the situation at hand, i.e., the first-order Klein—Gordon equation

oru(t) +iB(t)u(t) =0.
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Autonomous evolution equations (viz., with a time-independent generator) possess a well-understood
theory in terms of the theory of strongly continuous semigroups and groups. The theory for nonautonomous
evolution equations is significantly more complicated and subtle. In Appendix C we discuss the relevant
results based on [Kato 1970].

Here we apply Theorem C.10 to the operator B(f) on the spaces

Xl‘ - H:n’[ and yt - Hen,t- (5-1)

For this purpose, we need to check whether the conditions (a)-(c) of Theorem C.10 hold. The self-
adjointness condition (c) is clearly true; see Section 3. The next proposition implies that condition (b), a
continuity condition on the norms of the Hilbert spaces He, ; and ’H;‘m ;» holds:
Proposition 5.1. Let C € LIIOC(R) as in Assumption (1.c), a(t) € C(R) as in Assumption (1.b) and
[t —s| <1witht >s. Set

csr = sup (1 —a(r))*l.

T€E[s,1]

Then, for » € [—1, 1],

t t
ll2el]5..e eXp<_Cs,t/ C(f)df> < lullns < llullr eXp<Cs,tf C(T)df) (5-2)

Proof. First we show (5-2) for A =1, i.e., for the energy space.
By Assumption (1.c), we have

L) 2@ 1) (H(s) — HO)(L() * @ 1)
< IL@O7A(L(s) = LO)YL@ P +21(W(s) = WO)L@) 2|
t
< / C(v)dr. (5-3)

Equation (4-1) then implies
IH@O (L)@ DH@) 2| < ey (5-4)

Putting together (5-3) and (5-4), we obtain
t
|H@) ™ 2(H(s)— H®)YH®) | < ey f C(v)dr.

N

Consequently we have

t
2 2 2
2 17 [ 77 (Cs,t/ C(r) df>.
S

t t
lullns < luliZ,, (1+cs,, f C(r)dr) < ulg,, exp(cs,f f cmdr)
S S

and, exchanging the roles of # and s, we can similarly derive

t
2 2
s = lul2,, exp(—cs,t / C<r>dr>,
S

so that the inequality (5-2) for A =1 follows.

Therefore
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For A = —1 the inequality follows by duality. Using interpolation, we can then extend the inequality to
the remaining values of A. O

To show that condition (a) of Theorem C.10 holds, we only need to show the norm-continuity of
t — B(t); the remaining statements are obvious.

Proposition 5.2. With C € L (R) as in Assumption (1.c), csrasin(d-1)and |t —s| <1,

loc
t
cs,,/ C(r)dr
S

where we place the absolute value on the right-hand side because t > s or t < s. In particular, t — B(t)

I(B(s) — B(t))u”en*,t =< ||u||en,t

’

*

is norm-continuous as an operator from Hen ; to H, ;.

Proof. We reduce the problem to the inequalities

L L)) (B(s) = BO)L® o) =I10L®)?®1)Q(B(s) — BONL®) @ 1)
<IL®OP@1)(H () — HO)NLO 1)

t
[ C(r)dr

and proceed much as in the proof of Proposition 5.1. Since the integral is continuous, the required

=<

norm-continuity follows. O
It follows that we can globally define an evolution for B(¢):

Theorem 5.3. There exists a unique, strongly continuous family of bounded operators {U (¢, s)}s ter
on MY, , the evolution generated by B(t), with the following properties:

(1) Forallr,s,t € R, we have the identities
Uit,t)=1, U@, UG, s)=U(t,s). (5-5)

(i) Forhe[—1,1], U(t, s)H)CHy, (t,s)— Ul(t, s) is strongly H, -continuous and satisfies the bounds
t
U@ r)lis < eXP(ZCr,z/ C(T)df>, (5-6a)

1U(r, Dlls < eXp(Zcr,z/ C(T)df>, (5-6b)

with C, ¢ as in Proposition 5.1 andr <s <t, where [t —r| < 1.

(iii) For all u € Hen, U (¢, s)u is continuously differentiable in s, t € R with respect to the strong topology
of "%, and it satisfies

i, U(t,s)u=B@U(t, s)u, (5-7a)

—id,U(t, s)u =U(t, s)B(s)u. (5-7b)
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Proof. Propositions 5.1 and 5.2 as well as the results of Section 3 show that Theorem C.10 can be applied
to our operator B(t), understood as an operator from ., to H}, (or, equivalently, as a form on Hgyn
with form domain H,). We thus obtain for every sufficiently small compact interval / C R an evolution
U (¢, s) with the properties (i)—(iv) of Theorem C.10. In particular, we have forr,t € l and r <s <t

t
U, r)”en,s =< eXP<20r,t/ C(7) dt)a

t
U@, r)llent,s < eXp(2cr,z/ C(f)dr)-

The same bounds also hold for ||U (7, t)|len,s and ||U (7, t)|len*,s- By interpolation we find (5-6).
We cover R by compact intervals. Using the identity (5-5), we thereby define the evolution U (¢, s) on
the whole real axis by gluing. For finite s, ¢, it has the properties (i)—(iv) of Theorem C.10. g

Equation (5-6) states that U (¢, s) is bounded for finite ¢, s. To obtain stronger results later, we can
choose more stringent assumptions:

Corollary 5.4. If Assumption (2.c) holds, and we set C(t) :=2(1 — a)~LC(t), then

WU, s)r < GXP(/Cl(T)dT)
R
forallr,s,t € Randany » € [—1, 1].

In Assumption (1.a) we supposed that L(z) is positive and invertible. Actually, the main results of this
section remain true if L(¢) is only bounded from below:

Corollary 5.5. Instead of Assumption 1, suppose that there exists a constant b > 0 such that Assumption 1
holds for L(t) + b. Then Theorem 5.3 holds with respect to the scale of Hilbert spaces and constants
obtained from L(t) + b, and with the bounds (5-6) replaced by

1U @, )l < exp<2cr,t / C(r)dr+ (1 —r)b||<L<s>+b)—”2||>,

r

t

U (r, Dl < exp(zcr,t / C(r)dr +<z—r>b||(L<s)+b)—‘/2||).
r

Proof. Replacing L(t) in B(t) by L(t) 4 b, we obtain a new operator

By(t) =B(t) + (2 g) .

We also replace L(t) by L(¢) + b in all definitions concerning the Hilbert and Hilbertizable spaces that

we need. According to Theorem 5.3, B;(¢) has an evolution U,(¢, s) with the properties stated in the
theorem. Note that (2 8) is a bounded operator on 7, . Indeed, this follows from the boundedness of

1 0 00\(1 0 _ 0 O
oL '2)J\bo0)\0 LY2) " \L""?b 0

on H. Since B(t) is a bounded perturbation of By(¢), we can apply Theorem C.11 to find the evolution
for B(¢). O
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Remark 5.6. Our choice of spaces (5-1) to prove Theorem 5.3 is natural, especially given our low-
regularity setup. Under more restrictive assumptions on the smoothness and boundedness of coefficients
of the Klein—Gordon operator K, other spaces in the scale H, ;, A € R, could be used. This would lead
to improved regularity results of the type U (¢, s)H, C H, and continuous differentiability of U (¢, s)H,;,
in H;_».

Remark 5.7. In the stationary case, i.e., if B does not depend on time, there exist distinguished Hilbert
spaces H; and the evolution family U (z, s) simplifies to a unitary group U(t —s) = U (¢, s) on H,.

6. Solutions of the Klein—Gordon equation

Solutions of the Klein—Gordon equation are closely related to solutions of the first-order Klein—Gordon
equation.
Let us introduce the projection onto the second component:

%) =Uuj.
uz
P— 0 y— u
Lhu = ul’ pu = —(D,—I—W)u .

A formal calculation then shows that?

We also define embeddings

K = —imy(, +iB)p and K = —ia~ 'm2(8; +iB)pa". (6-1)
Therefore, if Ku = f or, equivalently, Kii = f with i = o lu, f = af, then
—1(8; +iB)pii =12 f .

The projection m, and the embeddings p, t», which relate solutions of the Klein—-Gordon equation and
the first-order Klein—Gordon equation, can be understood between various spaces. It follows from the
definition of H, in (3-1) that, for A € [—1, 1],

7w Hy — KO=/2 (6-2a)
120 Hy — K*HD/2 (6-2b)
b KA oy (6-2¢)

These projections and embeddings already allow us to easily prove an existence and uniqueness result
regarding solutions of the Klein—Gordon equation with Cauchy data in the energy space:

Theorem 6.1. Lets € R, (”'(S)) € Henand f € L1 (R; K°). Set

us(s) loc

(ﬁl(s)) =oz(s)*l (ul(s)> and f:ozf.

us(s) us(s)

ZNote that there is a sign error in the corresponding equation in [Derezifiski and Siemssen 2018] which also affects the
definition of the associated propagators.
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Then u = au, with

u(s)
i (s)

ﬁ(t):anU(t,s)< )+1/ 1 QU(t, r)ia f (r) dr,

is the unique solution of Ku = f such that

ue CRKHYNC' R K and  pii(s) = (Z;Eg) . (6-3)
Proof. We have the following special cases of (6-2):
0 K0 — Hen, (6-4a)
10 : Hen — K, (6-4b)
10 HE — K. (6-4c)

By (6-4a), (6-4b) and Assumption (1.d), u belongs to C(R; Kh. By (6-4a), (6-4c) and Assumption (1.d),
d,u belongs to C(R; K9). Hence the first part of (6-3) is true. The second part of (6-3) is obvious.

Set
ur(@)\ MO z
<ﬁ2(t)) =U(,s) <ﬁ2(s)) + 1/S U, r)nf@r)dr. (6-5)
Differentiating (6-5) we obtain
i0 (“ “”) = B() (f”(’)> —0f ). (6-6)
u(t) (1)
Clearly, &(t) = u;(¢). The first component of (6-6) yields ii»(t) = —(D; + W(¢))ii;(t). Hence
~ _ u(t)

pi(t) = (ﬂg(t)) . (6-7)

The second component of (6-6) and then insertion of (6-7) yield

ft) = —im2 (3, +1B) (Z;g ;) — —imy (3, +1B)pii(t) = Kii(t),

whence we have shown that i solves Kii = f and thus Ku = f.
Uniqueness of the solution follows from the uniqueness of the evolution U (z, s), and the linearity of
K, p by the standard argument: if u, u’ satisfy

Ku=Ku' =f and pi(s)=pii'(s) = <le(s)) ,
uz(s)
where &’ = o~ 'u/, then K(u —u’) =0, p(ii —it’)(s) =0 and thus u = u’. O
It is well known that solutions of the Klein—Gordon equation propagate slower than the speed of light.
The method of evolution equations together with the freedom of the choice of the time-variable provide
a rather obvious heuristic argument for the propagation at a finite speed. However, when one tries to
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convert this argument into a rigorous proof, technical problems appear which make such a proof difficult
to formulate.

In the literature the finiteness of the speed of propagation is usually shown for the Klein—Gordon
equation with smooth coefficients. In Appendix E, in particular in Theorem E.1, we show that solu-
tions of the Klein—Gordon propagate at a finite speed also in a low-regularity setup typical for our

paper.

7. Classical propagators

Having constructed the evolution for B(¢) in Section 5, it is not difficult to find the classical propagators
for the first-order Klein-Gordon operator 9, 4 iB. To wit, the Pauli-Jordan propagator E®’ and the
forward/backward propagator EY/" are given by the integral kernels

EPt,s):=U@,s), (7-1a)
EV(t,s):=0(—s)U(,s), (7-1b)
ENt, s):=—0(s—1)U(t, s), (7-1¢)

where 6 denotes the Heaviside step function, via
(E*f)(0) =[ E*(1,5) f(s)ds. (7-2)
R

Theorem 7.1. Let L € [—1, 1]:
() The classical propagators E¥ and EV'" are well-defined between the spaces
E*: LL(R; M) — C(R; Hy),
E*: L{(R; Hen) = C'(R; HE)).
(ii) The forward and backward propagators EV/" are well-defined between the spaces
EY": Lig (I3 Hy) — CIs Hy),
E": Lig (I Hen) = C' (1 Hy),
where I = [a, +o00[ or |—00, a], respectively, for some a € R.
(iii) If Assumption 2 is satisfied, the classical propagators E¥ and EV/™ are bounded between the spaces
E*: L'(R; H) — Co(R: Ha),
E*: L'(R; Hen) — Cp(R; HE).
(iv) E™ is a bisolution of d; +iB:
(% +iB)EP f =0, f e LUR; Hen), (7-3)
E™ (@ +iB)f =0, f € L{(R; Hen) NAC(R; HZ)). (7-4)
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(v) EY/™ are the unique inverses of 3; +iB such that

@ +IBYEV"f = f, [ €L (I, Hen), (7-5)
EY™@+iB)f = f, f € Lic(I; Hen) NAC(, HE,), (7-6)

with I = [a, +o0[ or |—00, al, respectively, for some a € R.
(vi) The relation E¥’ = EY — E” holds.

Proof. Parts (i)—(iii) follow from the properties of the evolution U (¢, s) (see Theorem 5.3 and Corollary 5.4)
and the definition of the kernels (7-1).

Consider next (iv) and (v). We first need to check that the products contained in these properties are
well-defined. Indeed, by (i), the maps

E*: LY(R; Hen) — C(R; Hen) NCH(R; HE), (7-7a)
(& +iB) : C(R; Hen) N C'(R; HE) — C(R; HE), (7-7b)

are well-defined, which shows that (7-3) and (7-5) make sense. Similarly, by (i), we have

(8 +iB) : LI(R; Hen) N AC.(R; HY) — LE(R; HY), (7-8a)
E*: LR HE) — C(R; 12, (7-8b)

and hence the products in (7-4) and (7-6) make sense. Then we show (7-3)—(7-6) using (7-2) and (5-7).
For (7-4) and (7-6) we also need to apply an integration by parts. O

We can also state an L2 version of Theorem 7.1(iii):

Theorem 7.2. Lets > % and )\ € [—1, 1). If Assumption 2 is satisfied, the classical propagators E¥ and
EV™ are bounded between the spaces

E*: (6) LR Hy) = (1) L*(R; Hy),
E* (1) L (R; Hen) = (1)° (0) ™ L*(R; HY,).
Proof. We use the embeddings
(LR X) CL'®; &) and  (1)*L*(R; X) D Cp(R; X)

for any Banach space X and s > % U

The classical propagators for the first-order Klein—Gordon operator can also be understood between
various spaces other than those considered in Theorems 7.1 and 7.2, but our choices are quite natural.
At the same time, this setup leads to an almost straightforward derivation of the propagators for the
Klein—Gordon operator K.

Since 0, +iB and K are related via (6-1), also the propagators of these operators are closely related.
At least formally, it can be shown that if E* is a propagator for d; + 1B, then iy Q E*1; is a propagator
for K , and hence

G =iam QE 1 (7-9)
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is a propagator for the Klein—Gordon operator K. As we shall see now, this is indeed true if the domain
of G* is carefully chosen:

Theorem 7.3. Let § € [0, 1]:
(i) The classical propagators G and GV are well-defined between the spaces
G*: LR K™% — C(R; K'7?), (7-10)
G*: LI(R; K% — C'(R; K. (7-11)
(ii) The forward and backward propagators GV are well-defined between the spaces
GY": L (I; K™% — C(I; K'™%),
G : Lig(I: K — C'(I; K°),
where I = [a, +00[ or |—00, a], respectively, for some a € R.
(iii) If Assumption 2 is satisfied, the classical propagators G* and GV are bounded between the spaces
G L'(R; K7°) — Gyp(R; K79,
G*: L'(R; K% — CL(R; K%).
(iv) G™ is a bisolution of K :
KGMf =0, feL:(R:iK, (7-12)
GM"Kf=0, feLl(RKHNAC(R;K)NACLR; £™). (7-13)

(v) GY/™ are the unique inverses of K such that

KG"f=f, fe€Lje; K", (7-14)
GY"Kf=f feLl.(I;KYNACR; K)nAC!(I; K™, (7-15)

with I = [a, +00[ or |—00, al, respectively, for some a € R.
(vi) The relation G¥ = GY — G” holds.

Proof. These results are a direct consequence of Theorem 7.1. In (i)—(iii) we used (6-2) and Assump-
tion (1.d).
Let us check that the products in (iv) and (v) are well-defined. From the definition of p we can read

off that
p: CR; KHNCHR; %) — C(R; Hen),

p i LE(R: KN NAC(R; K%) — LIUR; Hen),
0 AC(R; K% NACL(R; K1) — AC.(R; HY).
Then, by (i) and also using (7-7), we have
G*: LL{(R: K% = C®R: KN C'(R; K9),
K:CR;KHNCUR: K% - CTIR; KO NCR; K7,
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where C~!(R) denotes the space of distributional derivatives of continuous functions. This shows
that (7-12) and (7-14) make sense. Similarly, by (i) and (7-8), we have

K:LIR; KHYNAC.(R; K NnAC!(R; K1) — LI(R; K71,
G LI®R: k™) » C®R; k),
and hence the products in (7-13) and (7-15) make sense. O
Here is an L? version of Theorem 7.3(iii):

Theorem 7.4. Lets > % If Assumption 2 is satisfied, the classical propagators G and G/ are bounded
between the spaces

G*: (1) L2 QV2M) — (1) L)~ V2L2(Q"* M), (7-16a)
G () LX(QV*M) — (1)*(8,) "' L2(Q'*M). (7-16b)
Proof. By (7-10), for § € [0, 1] we have
G*: (1) L*(R; K™%) — (1)*L*(R; K'™9). (7-17)
Setting § = 0 we obtain
G : () L*(R; K% — (1)*L(1)~"*L*(R; KY). (7-18)

But L2(R; K% = L2(R; L2(Y%%)) and L%(Q2/2M) can naturally be identified, which proves (7-16a).

It follows from (7-11) that

G*: () LAR: K°) — (1)°(3,) 7 L*(R: K.

This yields (7-16b). Il

Observe that in other approaches, e.g., [Bér et al. 2007], the retarded and advanced propagators are
the central objects and the Pauli—Jordan propagator is defined as their difference. Here, instead, the
Pauli—Jordan propagator follows immediately from the evolution U (¢, s) and should be seen as the central
object, while the retarded and advanced propagators are derived objects.

Using the Pauli-Jordan propagator G, we can associate to every sufficiently regular compactly
supported function a solution of the homogeneous Klein—Gordon equation. In fact, as the following
proposition shows, also the converse is true.

Proposition 7.5. Suppose thatu € L} (R; K" NAC(R; K) N ACHR; K1 satisfies Ku = 0. Then there

loc

exists a (nonunique) f € Lé (R; K1Y such that u = GYf.

Proof. Choose any r,s € R, r < s, and x € C°®°(M) such that x(t) =0fort <r, 0 < x(t) <1 for
r<t<sand y(¢t) =1 for ¢t > s. Clearly,

0=Ku=Kyxu—K(x —1u

and thus supp(K xu) C [r, s] x . Besides, K xu € LL(R; K~!). Therefore, we can act with G on
K yu, obtaining
G"Kxu=G"Kxu—G"K(x — Du=u.

That is, f = K xu is the desired function. Il
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Our construction of the classical propagators starts from the propagators for the first-order Klein—
Gordon operator; i.e., given E°, we derive G* using (7-9). If, instead, G* is provided, then E* can be
derived:

(i) If G* is an inverse of K then

B — i —a~'Gra” (D W) oG
- 1+(D4+W)a~ G o (D4 W*) —(Di4+W)a G a™!

is (formally) an inverse of (d; +iB).

(i) If G* is a bisolution of K then

peo i —o'GaTl(DAWY) a'Gra!
D HW)a G (D W) —(Di+ W) Gt
is (formally) a bisolution of (9, +1B).
Note the subtle difference in the formulas for inverses and bisolutions. No such difference appears in (7-9),
which yields G* given E*.

8. Instantaneous nonclassical propagators

Consider an arbitrary reference time t. According to Proposition 4.2, B(t) is a self-adjoint operator

on H*

en.r- Lherefore we can use the functional calculus to define the projections onto the positive and

negative parts of the spectrum of B(t):
N = 110 0op(£B(1)). (8-1)
Zero is in the resolvent set of B(t), and therefore the projections in (8-1) are complementary.

Proposition 8.1. 1‘19 restrict to complementary projections on H, for . € [—1, 1], and have the
following properties:

() T®B(r) = B(r)[1™.
Gi) MY — 11 = sgn B(1).
(i) sp(£I1 B(z)) C 10, ool.
@iv) nﬁi) are self-adjoint with respect to 'H,, 1.

Moreover, the projections Hgi) split H, . into subspaces of positive and negative charge (with respect
to the charge form Q):

Proposition 8.2. +(u | QNP u) = +(MPu | Qu) = +(MFPu | QITHu) > 0 (8-2)
forallu € H, with A € [—1, 1].

Proof. The proof is the same as that of [Dereziriski and Siemssen 2018, Proposition 6.3]. O
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The projections nﬁi) can be used to define instantaneous positive/negative-frequency bisolutions E§i),
given by their integral kernels as

E®(t,s):=xU@, )IPU(1, 5). (8-3)

Using step functions, we then define the kernels of the instantaneous Feynman and anti-Feynman inverses
of 0; +1B:
EX(t,s) =0t —)EXD(t,5) +0(s —)ES(2, 9),

EF(,s):i=—01—$)EC(t, ) —0(s —HEND (1, 5).
It is easy to see that these kernels can also be expressed using the retarded and advanced propagators:
Ef(t,s)=E"t, )+ EM(t,5)=EY(t,5) + ES(t, s), (8-4a)
EF(t,s)=EV(t,5)— EM(t,5) = ENt,s)— EC(1, 5). (8-4b)
As before, these kernels define the corresponding propagators via (7-2):
Theorem 8.3. Let L € [—1, 1]:
(1) The instantaneous nonclassical propagators Egi) and E,F /E are well-defined between the spaces
E:: LLR; Hy) — CR; Hy),
E}: LL(R; Hen) = CH(R; HE).
(i1) If Assumption 2 is satisfied, Egi) and E f/ F are bounded between the spaces
E;: L'(R; Hy) — Co(R; M),
Ey: L'(R; Hen) = Co(R; H).
(iii) ES) are bisolutions of 0; +1B:
@ +iB)EY f =0, f € Lo(R: Hen),
EP (3 +iB)f =0, f e LIUR; Hen) NAC(R; Hy).

@iv) ETF/F are inverses of 0; +1B:
@ +iBEYTf=f  f e LLR; Hen),
EYF@+1B) f=f,  feL{R: Hen) NACR; H,).
(v) The instantaneous nonclassical propagators satisfy the relations

EF=E"+E® =EY+E®, E'4+E'=EY+E", E® —EO) = EP,
EF=E"—EW =EF"—-EO, EF—EF=E®4+EO.

Proof. The various properties of the nonclassical propagators can be shown along the same lines as in
Theorem 7.1 so we will omit the proofs. Property (v) in particular follows from (8-4) and its linear
combinations. O
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As for the classical propagators, we can also find an L? version of Theorem 8.3(ii):

Theorem 8.4. Let s>% and ) € [—1, 1]. If Assumption 2 is satisfied, the instantaneous nonclassical
propagators E®F and ETF '¥ are bounded between the spaces

E; () LAR; Hy) — (1) LA(R; 1),
E; () LA(R; Hen) = (1) (3) ' L2 (R; 1)
Similarly to (7-9), we define the instantaneous nonclassical propagators Ggi) and GE/ F for the Klein—

Gordon operator K by B -
Ggi) = OUTzQEEi)LzO{, GE/F = iaanEf/tha.

Note the absence of the complex unit in the definition of Ggi) so that Ggi) define positive forms; see
property (vi) below.
Analogously to Theorem 7.3, we find:

Theorem 8.5. Let § € [—1, 1]:
(i) The instantaneous nonclassical propagators Ggi) and GI;/ F are well-defined between the spaces
G::LIR; K™% — C(R; K'Y,
G:: LL(R; K% — C'(R; K°).
(i1) If Assumption 2 is satisfied, Ggi) and GE/ F are bounded between the spaces
G2 LY(R; K™% — Co(R; K179,
G, L'(R; K% — Ch(R; K9).
(1ii) Ggi) are bisolutions of K :
KGHPf=0, feLl® K,
GHKf=0, feLl(RKHNAC(R; K% NACLR; K.
@iv) G]:/ F are inverses of K :
KGY/ f=f feLi®K",
GIFKf=f feL:®K)YNAC.(R; ) NAC.R; K.
(v) The instantaneous nonclassical propagators satisfy the relations:
GF=G"+iGPY =GV +iG", GF+GF=GY+G", GH -G =—iG",
GF=GY-iGP =G6"-iG", GF-GF=iGP +iG).

(vi) The instantaneous positive/negative-frequency bisolutions are positive:

(r1680 = [ Fer=o
M
for f € LL(R; K°).
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Proof. We only show (vi); the remaining properties follow from corresponding properties of E; in
Theorem 8.3 and can be shown as in Theorem 7.3. For (vi), we note that

(f|G§i)f)=/ (L f@) | QEP (t, )2 f(s)) ds de
= (a(r) | @NIFi(r)) > 0

by Proposition 8.2, where we set
f=af and ft(r):/U(r, ) f(t)dr € Hep. O

The L? version of Theorem 8.5(ii) is:

Theorem 8.6. Let s > % If Assumption 2 is satisfied, the instantaneous nonclassical propagators G(Ti)
and Gf/ ¥ are bounded between the spaces

G, : (1) L*(Q'*M) — (1)’ L()"'2L*(Q'* M),
G: () SLEQV2M) — (1) (8,) ' LAH(QY? M),

In the static case, the nonclassical propagators defined above do not depend on 7. They are the natural
propagators to consider in that situation; see also our earlier work [Derezinski and Siemssen 2018].

In the nonstatic case, however, the instantaneous nonclassical propagators just defined have deficiencies
from the physical point of view; see, e.g., [Fulling 1979]. First of all, their definition hinges on the
arbitrary choice of a fixed instance of time and, even more seriously, on the choice of a time function.
Secondly, instantaneous positive-frequency bisolutions usually do not satisfy the microlocal spectrum
condition of [Radzikowski 1996] (in other words, they do not define Hadamard states).

Nevertheless, the situation improves if the Klein—-Gordon operator is infinitesimally static at the time
when the positive/negative-frequency splitting is performed. In a forthcoming article we will show (using
methods of evolution equations) that the corresponding instantaneous positive-frequency bisolutions,
which we define in the following section, satisfy then the microlocal spectrum condition of [Radzikowski
1996].

9. Asymptotic nonclassical propagators

Throughout this section we assume that Assumption 2 is satisfied. It follows, in particular, that B(¢)
converges to B(f00) as t — oo in norm as an operator from He, to H,. We define the out/in-
positive/negative-frequency projections

M5 := 1,001 (£ B(+00)),
M = 1(0.00( (£B(—00)).
Theorem 9.1. The strong limits

ne @) = s-lim U1, onPu, 1), (9-1a)
T—>100

nP @) = s-lim U@, NP U, 1) (9-1b)
T——00
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exist as bounded operators on H; with ) € [—1, 1]. They satisfy the obvious analogs of Propositions 8.1
and 8.2. Additionally,

Us, )T (U@, 5) =15 (s), (9-2)
U, HTIP U ¢, s) = T (s). (9-3)

Proof. We only prove the theorem for (9-1a) because the proof for (9-1b) is the same. We have
Ut, NI U, 1) = U(r, ) BE Rl =080 1),

We analyze separately the limit » — 400 of the operators left and right of the projection. Since both

operators are bounded on #H,; ;, A € [—1, 1], uniformly in ¢, r for arbitrary t € R, it is sufficient to show

*

the convergence on He, with respect to the norm on HZ, ..

We may assume that » > ¢. For u € H., we have

Ul(t, r)elt=nBE®), — / a,(U (2, 5)e! =B+, dg
t

,
—u—i / U(t, s)(B(s) — B(+00))el! ™82, 4
t

by the fundamental theorem of calculus and Theorem 5.3(iii). Taking the norm of this expression in H, _,

we find

nUummw’””wm—ummrscmmmJ/WW1@Lu>”%uxw—Buomeu)“?@nnm,
t

%
en,t"

It follows from the proof of Proposition 5.2 that

since U (¢, s) is uniformly bounded on #,

I1® L)) (B(s) = B(+oo)(L(D) 2 @ 1)|
is uniformly bounded. Therefore,
U @, el =P —ens o — 0

as t,r — +oo and the desired convergence follows.
The proof for U (t, r)e'¢ B+ is essentially the same. The main difference is that we use the
uniform boundedness of U (¢, s) on Hep ¢ O

We also define

EX ¢, s):=2U@, 0P (U1, s), (9-4)
EFP(,5):=xU@, )P (U (2, 5). (9-5)

Clearly, the definitions above do not depend on t.
The kernels Ef) (1, s) yield the positive/negative-frequency bisolutions at future and past infinity. They
are often called out and in, or jointly asymptotic. Moreover, we may use them together with the advanced
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and retarded propagators to define corresponding asymptotic Feynman and anti-Feynman propagators:
Ef =E"+ESY =EV+ EL,
EY =Y - EY =E"—E{.

As before, the propagators £ for d; 4+ 1B induce the corresponding propagators G, for K. Obviously,
the asymptotic nonclassical propagators defined here have analogs to Theorems 8.3 and 8.5; we only have
to replace occurrences of T with =.

The asymptotic propagators defined above have various advantages over the instantaneous ones of the
previous section. For one, they do not depend on an arbitrarily chosen instant of time. Under rather broad
assumptions one can show that they even do not depend on the choice of the time function, but only on the
spacetime itself. Finally, as recently discussed in [Gérard and Wrochna 2017], if the spacetime becomes
asymptotically static sufficiently fast, they satisfy the microlocal spectrum condition of [Radzikowski
1996].

Appendix A: Second-order differential operators

Consider a manifold X. Every second-order Hermitian differential operator on L?(2!/2X) can locally be
written as
L = Dig" (x)D; = A'(x) Di — Di A" (x) + Yo(x), (A-1)

where g’/ = g/', Y and A’ are real-valued.
L can be often rewritten in the form

L=(D;—A)g’(D; — Aj)+ Y. (A-2)

This is possible in particular if g’/ is everywhere nondegenerate, viz., g determines a (pseudo-)Riemannian
structure on M. Then (A-2) holds with

A =gijAl, Y=Yy AlgiAl,
where g;; denotes the inverse of g'.
Let y be an everywhere nonzero function. Then the operator L can be rewritten as
L=y 2(Di = A)yg” (D = Apy ™'+ 1y, (A-3)
where
— 1 ij,,—1 1 ij,,—2
Y, =Y —3(Dig”"y  (Djy)) — 38" v “(Diy)(Djy).

12

In particular, if we set y :=|g|"/<, where |g| := |det[g;;]| is the canonical density induced by the metric,

and Y := Y ,)12, then (A-3) yields the geometric form of the operator L:
L=1g|"'"*(D; — Aplg|"g" (D; — Aplgl™/* + Y. (A-4)

If g is a metric tensor, A a 1-form, and Y a scalar, then the right-hand side of (A-4) transforms covariantly
and L is well-defined as a differential operator acting on half-densities. We can rewrite (A-4) using the
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Levi-Civita derivative V for g as
L=g" (V% +A)GV;+A)+7Y. (A-5)

Note that in (A-5) the right V acts on half-densities and the left V acts on half-densitized covectors.

If the metric is Riemannian, the differential part of the operator (A-4) can be called a (magnetic)
Laplace—Beltrami operator, and the full operator can be called a (magnetic) Schrodinger operator. If
the metric is Lorentzian, the differential part of the operator (A-4) can be called an (electromagnetic)
d’Alembertian, and the full operator can be called an (electromagnetic) Klein—Gordon operator.

It is however sometimes convenient to consider a density y independent of the metric tensor g, i.e., to
work with (A-3) instead of (A-4). Using the derivative

DAY =y 2(D— Ay, (A-6)

L can be written as a quadratic form on half-densities:
(u|Lv) = / ((D?’yu)gij(Df’yv) +iY,v). (A-7)
by

Assumption 3. In the remaining part of this appendix we assume that g is a Riemannian metric. We also
assume that y ~'9;y, A; € L (%), g/ € L°(T) and ¥, € L}, () such that ¥, > C for some C € R.

loc loc

We will see that under the above assumption L can be understood as a self-adjoint operator on L (Q'/2 %)
in at least two natural ways. First we reinterpret (A-7) by introducing the form

Imx [, v] = / (D" u)g" (DI v) + i ¥y v) (A-8)
. .
on its maximal form domain
domlpy = {u € L*(Q'°%) | DYV u e LX(Q'PT*E, g), Y)Pu € L*(Q'*D)).

Here we denote by L2(Q!/2T*X, g) the completion of C°(Q2!/2T*X) with respect to the norm given by

RN
u > (/ ﬁl-g”uj) .
by
We remark that C°(Q2'/2%) C dom /.
The following is a standard proof and has been adapted from [Leinfelder and Simader 1981, Lemma 1].

Lemma A.1. The form ly is closed and Hermitian. It defines a unique self-adjoint operator Ly on

Dom Ly = {v € dom iy | [lmx[u, v]| < Cyllu|| for all u € LZ(QI/ZZ)}
satisfying
(0 | Lynxv) = Inx[u, v]

foru € domlyx and v € Dom L. Moreover, dom [,y = Dom L,ln/x2
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Proof. Suppose that {u,} C dom [y is a Cauchy sequence with respect to the norm
dom Iy 3 u > (nx[u, ul + (1 — CO)|Ju||®) /2.
Then there exist u, v € L?>(2'2%) and w € L>(Q/2T*X, g) such that

U, —> U, Y)}/zu,, — v in LZ(QI/ZZ)
and
DA u, - w in LXA(QY?’T*%, ).

Moreover, Y;/zun — Y;/zu and D47 u, — D*Yu weakly, and thus v = Y;/z

u and w = D47 u because
v, w must coincide with the weak limits. It follows that /;; is a closed form (and manifestly Hermitian).
Therefore, by the first representation theorem [Kato 1966, Theorem VI.2.6], [« defines a unique self-

adjoint operator with the stated properties. O

An alternative to Iy is the form /iy, given by the completion of the form (A-8) on C°(!/2%), and
the corresponding operator Lyy,. Iy, may have a strictly smaller domain than /,,x because of boundary
effects. If [, =[x, then Cé’O(Ql/ 2%) is a core of Ix. Note that for ¥ = R3 with the Euclidean metric
this is known to be true; see, e.g., [Leinfelder and Simader 1981].

Certainly the setting considered in this appendix is not the most general possible. For example, the
assumption that Y is bounded from below can certainly be relaxed.

Appendix B: Concrete assumptions

The objective of this appendix is to elucidate how Assumption (1.c) may be realized in practice. Recall
that (X, gx (7)) is a family of Riemannian manifolds, y (t) > O are densities on X, A(r) are real-valued
1-forms and Y () are real-valued scalar potentials. For simplicity, we write g for gx. As in Assumption 3
in Appendix A, we assume that y~1(1)d;y (¢), A;(t) € leoc(E)’ g e Ly (%), and Y e L}OC(E) is

bounded from below.
Let us recall the definition of the operators W (¢) and L(¢) on L*(Q'/?%):

W () := B)' D; + V(1) — 57 ()~ (Dyy (1) — B1) Diy (1)),
| L) v) = / (DM ) w) g7 () (D] () v)+id Y (1) v), (B-1)
g ‘

where L(¢) is interpreted, say, as the maximal operator given by (B-1), as in Appendix A. Assumption (1.c)

/ C(r)dr

now says that there exists a positive C € L]IOC([R{) such that for all |t —s| <1

IL@) 2Lt — L) L@ 2 +201(W () — W(s) L)) < (B-2)

for some C € LIIOC(R).
We also introduce the family of norms

NNV
X1 = (/2 g7 (1) Xin)

for half-densitized 1-forms X on X.
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Proposition B.1. Suppose that there are positive Cy, Cq, Cy € LIIOC(R), Ca,C, € LIZOC(R) such that for
all |t —s| <1 _
IL@®)™28,Y () L(1)™' 2]l < Cy (s),

10, W ()L ™|l < Cw(s),
8, AGS)L(t)™"2|l; < Cals),
185y ()~ dy ()L ()" 2|, < Cy (s),
10,87 () Xi Xj| < Ce(9)8" (X Xj, X €C(T*D).
Then (B-2) holds and thus Assumption (1.c) is true.

Proof. To avoid notational clutter within this proof, we simply write D; for DiA’V. Clearly, the assumptions
of the proposition imply

1LY () = Y()) L) ™| < / ey, (B-3a)

(W @) = W)L~ < / Cwirdr| (B-3b)

I(A@) — A) L™, < f “Catryar| (B-3c¢)

Iy )™ dy (1) =y () dy (L)), < / ' Cy(r)dr|, (B-3d)
187X X — &7 ()X Xj] < /I Co(r)dr| g7 ()X X;. (B-3e)

We compute
(u | (L(t) = L(s))u)
= fz g7 () ((Di (1yu)(D; (1)u — Dj(s)u) + (D; (t)u — Di ()u)(D; (1))
— (Di(t)u — D (s)u)(Dj()u — Dj(s)u))
+ /E (&7 (1) — 87 () ((Di ()u) (D (t)u) — (D; (1)u)(Dj (t)u — Dj(s)u)
— (Di(t)u — Di(s)u)(D;(t)u) + (D; (t)u — D; (s)u)(D;(t)u — D;(s)u))

+f2<?<r)—?<s>>|u|2,

where ) )
Di(t) = Di(s) = =Ai(0) + Ai(s) + 57 (07 8y () = 5y ()i ().

Estimating each term separately using (B-3), we find

| | (L(t) — L(s)uw)| < Ct, 5)(u | L(t)u),

/CD(r)dr /Cg(r)dr (l+ / Cp(r)dr

where
2

2 t
)—l— / Cy(r)dr

C(t,s)=2

/ Cp(r)dr

+

+

’
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with Cp = Cx + C,, /2. After two applications of

/ Cp(r)dr / Cp(r)*dr

N s

2

<t —s| <

9’

/ Cp(r)?dr

N

which is a simple consequence of the Cauchy—Schwarz inequality, we obtain

C(t,s) <

’

/ (c(t)(2Cp+C3) +C, + C,) dr

where c(t) := 1+ fttjll C,(r)dr. Thus Assumption (1.c) is true with C(7) = 5([) + Cw(t). O

The inequalities (B-3) in the last proposition were stated with respect to L(¢). For a more convenient
criterion, fix a (time-independent) Riemannian metric go on ¥ and set yp := | go|1/ 2. Consider the
operator Lg defined by the form

i Lav) = [ (DF0f D0 +irv).
Proposition B.2. Assume that there exists a positive Cq € C(R) such that
F1OXiX; = Cygg XiX;. (B-4)
Further, suppose that there exist &g € C(R), eo(¢) € 10, 1[, and a positive Cy € C(R) such that
e0oygy () @iy v () 870 @y y ) + Y (1) = Co(0). (B-5)
Then there exists a positive C € C(R) such that Ly satisfies the inequality
IL®)"?ull = COILGlulll,  u € Dom L(1)'/>. (B-6)
Proof. Let e(t) := (1 —4eo(t)) ", so that g9(t) = 1 (1 —&(t)~"). Then
(u| L(t)u)
> /E (=D} D@ () (D} O)lul) + T (1) luP?)

> /2 (e(t) = D)D) |u))g"” (1) (D]’ |u]) + /E (205 Y O @ivy 'y O)FT O @y 'y ) + Y () lul?

> min(C, (1) (1 — (1)), Co(r)) (lu| | Lolul).
In the first step we used the diamagnetic inequality
|(0x =1V (x)) f ()] = 9 [ f (X))

almost everywhere for real V and f such that (d, —i1V) f exists almost everywhere. In the second step
we used the Cauchy—Schwarz inequality. U

We can apply the preceding proposition to restate Proposition B.1 using L instead of L(¢). For this
purpose we introduce another norm on half-densitized 1-forms:

BNV
||X||=(/ g X,-Xj) .
>
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Proposition B.3. In addition to (B-4) and (B-5) we suppose that for some C, € C(R)
(X X; < Co(tgd XiX;, X € C(T*X).

Moreover, we assume that there are positive Cy o, Cg 0, Cw,0 € Ll (R), Cr0,.Cyo€ L? (R) such that

loc loc
forallt e R

12 —1/2

8, Y (OILy |l < Cyo(),
19 W)Ly Il < Cw,o(0),
19 ALy Il < Ca0(0),
18,y () dy () Ly 21l < €, 0(0),
10,87 (1) X Xj| < Coo(t)gl XiXj, X € C(T*T).

ILy

Then Assumption (1.c) is true.

Appendix C: Nonautonomous evolution equations

To make this paper more self-contained, we explain in this appendix relevant aspects of the theory of
linear evolution equations. We are more general than strictly necessary for the purposes of this paper, but
in anticipation of our upcoming work this generality could be useful. The results stated in this appendix
can be found in similar form in [Kato 1970] and in the monographs [Pazy 1983; Tanabe 1997]. We also
wish to refer to the appendix of [Bach and Bru 2016], which uses slightly different assumptions that
essentially coincide with ours for the Hilbertian case. Finally, we would like to mention [Schmid and
Griesemer 2017] which also discusses the theory of nonautonomous evolution equations on uniformly
convex Banach spaces.

Let X be a Banach space. We recall that a linear operator A on & is the generator of a strongly
continuous (one-parameter) semigroup [0, oo > ¢ > e’/ if and only if A is densely defined, closed and
there exist constants M > 1, 8 € R such that its resolvent satisfies

A=) <MOA—B)", rA>p, n=12,.... (C-1)

Then we have |’ < Mef’ and say that e’ is a semigroup of type (M, B). If both A and —A generate
strongly continuous semigroups, they generate a strongly continuous (one-parameter) group R > ¢ > ¢4,
It

A== -p7", r>8, (C-2)

then (C-1) is true with M = 1. Thus [e’4|| < Me?’, so that e'‘A~#) is a semigroup of contractions.
Let )V be another Banach space which is densely and continuously embedded in X.

Definition C.1. By the part of A on Y we mean the operator A, which is the restriction of A to the

domain _
Dom(A) :={y e Dom(A)NY | Ay € V}.

Definition C.2. ) is called A-admissible if the semigroup e'd t € [0, oo[, leaves ) invariant and its
restriction to ) is a strongly continuous semigroup on ).
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In the following we consider a family {A(#)};¢[0,77 of generators of a strongly continuous semigroup.
We chose the interval [0, T'] for convenience and definiteness; the generalization to other intervals is
straightforward.

Definition C.3. The family {A(¢)};c[0.7] is called stable with stability constants M > 1, g € R, if

k
[TAa@ -n!

j=l1

<MOX-B* r>8,

for all finite sequences 0 <t} <t <--- <t <T, k=1,2,.... Here and below such products are
time-ordered (viz., factors with a larger #; are to the left of factors with a smaller ¢;).

Proposition C.4. If {A(t)}:c(0,1] is stable with stability constants M, B, then

k
HeMjA(tj) < Meﬁ(M1+~~-+lAk)’ w > 0.
j=1
Proof. The proof is straightforward; see, e.g., [Tanabe 1997, Proposition 7.3]. g

The following simple generalization of [Kato 1970, Proposition 3.4] gives a criterion for the stability
using an assumption of the form (C-2) for a time-dependent norm:

Proposition C.5. For eacht € [0, T1, let || - ||; be an equivalent norm on X and C € L'[0, T] positive

such that .
/ C(r)dr
S

IAG - <=p"", 1> 8, (C-4)

llulls < llull; exp , ueX, s, tel0,T] (C-3)

If {A(t)} satisfies

forallt € [0, T, then for any s € [0, T]
k

[Tae -»n~"!

j=1

T
§(A—ﬂ)_kexp</ ZC(’”)dV), 1 <5 <tg,
s 0

for every finite sequence 0 <t <t) <---<t; <T.

Proof. Repeated application of (C-3) and (C-4) yields

k k—1
[TAae) —n"'u| == ] ]AG) -1
Jj=1 i j=1

<x-p"" exp(ftk C(r) dr)

<0-p7* exp(f C(r) dr) oty

Applying (C-3) twice more (for s and #, as well as s and ¢;), we obtain the desired result. U

73
k—1

[TAa@) =»n""u
j=1

k-1
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Let us start with a rather general theorem on the construction of evolution operators; see also [Kato
1970, Theorem 4.1; Tanabe 1997, Theorem 7.1]. Note that the properties of the evolution operator
described in this theorem are rather modest.

Theorem C.6. Assume that:
(@) {A®)}ieq0,1) is stable with constants M, B.
(b) Y is A(t)-admissible for each t, and the part A(t) of A(t) in Y is stable with constants M, ,5

(c) Y C Dom A(t) so that A(t) € B(Y, X) for each t, and t — A(t) is norm-continuous in the norm of
B(Y, X).

Then there exists a unique family of bounded operators {U(t, s)}o<s<t<T, on X, called the evolution
(operator) generated by A(t), with the following properties:

(1) Forall0 <r <s <t < T, we have the identities
Ui,t)y=1, U, s)U(s,r)y=U(t,r).
(i) (z,5) > U(t,s) is strongly X-continuous and ||U (¢, s)||x < MePU=5).
(i) Forally e Yand0<s <t <T,
O Ut 9)yli=s = A(s)y, (C-5a)
—osU(t,s)y=U(t,s)A(s)y, (C-5b)

where the right derivative 3, and the derivative d; (right derivative if s = 0 and left derivative if
s =t) are in the strong topology of X.

Proof. We approximate A(t) by step functions: Set
An(t) = AT [tn/T/n),

where | - | denotes the floor function, viz., rounding to the integral part. Since ¢ — A(¢) is norm-continuous
in the norm of B(), X), we have

1An(@®) —A@®)By.x)y =0 asn— o0 (C-6)

uniformly in ¢. It follows immediately that also A, (¢) and An(t) are stable with constants M, 8 and 1\7, ,3 ,
respectively.
Corresponding to A, () we construct approximating evolution operators U, (Z, s) by setting

U,(t,s) = e(I=5)An(s)
if s, t belong to the closure of an interval where A,, is constant, and by imposing the relation
Un(t,s) = Up(t,r)Un(r, s)

to determine U, (t, s) for other values of s, ¢. Clearly, U,(t,t) = 1 and (¢, s) — U,(t, s) is strongly
X-continuous. We also have

U (2, )]l x < MePT™ UL, $)lly < MePO= (C-7)
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by Proposition C.4, and U, (¢, s)) C ) because ) is A(¢)-admissible. Furthermore, because ) C Dom A(?)
we have for y €

0 Un(t,s)y = An(0)Uyn(t, 5)y,

osU,(t,s)y = —Uy(t, s)An(s)y,

for any ¢ or s, respectively, that is not on the boundary of an interval where A, is constant.
Next we show that U, (¢, s) converges to U (¢, s) strongly in X" uniformly in s, t: By the fundamental
theorem of calculus, we have

Un(t. )y — Un(t, )y = / Un(t, $)(An(s) = An())Un(s, )y ds.

Applying (C-7), we thus obtain
t
[Un(t, )y —Un(t,r)yllx = MMCV(’_F)IIyIny An(s) = Am ()l By, x) ds,
r

where y = max (g, ,5). Therefore it follows from (C-6) that U, (¢, s)y converges in the strong topology of
X uniformly in s, t. Since ) is dense in X and U, (¢, s) is uniformly bounded in n, U,(¢, s) converges
strongly in X and we set
Ul(t,s) =s-limU,(t, s).
n—odo

It is immediate that the properties (i) and (ii) follow from the corresponding properties for U, (¢, s).

Finally, we show uniqueness and (iii): If {V (¢, s)}o<s<s<7 satisfies (i)—(iii) for a stable family of
operators {A’(f)};ef0,77 With the same stability constants, then we apply the fundamental theorem of
calculus to find

Un(t. )y — V(1. 5)y = f Un(t, PY(An(r) = APV (1, 5)y dr,

and therefore
t
1Ua(t, 8)y = V(t, )yllx < MMe" "9 ||y]ly / | An(r) — A'(r) | By, x) dr. (C-8)
N

If we set A'(r) = A(t) and let n — oo, we thus find that U (¢, s)y = V (¢, s)y and by density U(z, s) =
V (¢, s) on the whole of X. We conclude that U (¢, s) is unique.
Now, in (C-8), we set A’(t) = A(t) = const for t € [0, T], divide by r — s and let n — o0 to obtain

t
t—)" U@, s)y —e"™ 4Oy |y <t — )" MMe” " |y|ly / 1A, (r) — A(D) | By.x) dr.
S

On the one hand, for t = s, we find (C-5a) in the limit # — s. On the other hand, setting T = ¢ and letting
t — s, we find

Oy U(t, 8)yls= = —A@)y. (C-9)
To find (C-5b), we check the right and left derivative separately. Applying (C-5a) and (C-9), we obtain
0 U@y =slimh™ Ut s +h)y=U(t,5)y)

=U(t,s+h) s]-g%m—l(y —U(s+h,s)y)=—-U(t, s)A(s)y, (C-10a)
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Ut s)y = s,;gglh—lw(r, )y —U(t, s —h)y)

=U(t,s) s’;grél h_l(y —U(s,s—h)y)=-U(t,s)A(s)y. (C-10b)
Therefore we have completed the proof also for (iii). O

We say that a Banach space ) possesses a predual if there exists a Banach space ), such that ) is
the dual of ),. Having fixed a predual ), we can equip ) with the so-called weak* topology, which is
generated by the seminorms y — |£(y)|, where & € ),. Note in particular that every reflexive Banach
space possesses a unique predual (namely, its dual). For reflexive Banach spaces the weak* convergence
clearly coincides with the weak convergence.

For Banach spaces possessing a predual one can slightly improve the previous theorem; see also [Kato
1970, Theorem 5.1].

Theorem C.7. In addition to the assumptions of Theorem C.6, assume that:
(d) Y possesses a predual.
Then, in addition to (1)-(iii), the evolution {U (t, s)}o<s<:<T has the following properties:
av) U, s)Y Cc Y, (t,s)— Ul(t, s) is weakly* continuous and
WU lly < Mef, 0<r<s<i<T. (C-11)

Proof. Note that for fixed s, € [0, T] and y € ), U,(¢, s)y is a uniformly bounded sequence in )/, and
thus, by the Banach—Alaoglu theorem, it contains a weakly* convergent subsequence. Moreover, by our
previous results, U, (¢, s)y — U(t, s)y in X. But U (z, s)y must be equal to the weak* limit, and thus lie
in Y;i.e., U(t,s)Y C Y. The inequality then follows from (C-7).

Now, let (¢;);, (s;); be sequences with t; — ¢, s; — s and y € V. Recall that U (¢;, s;)y - U(¢, s)yin X
because (¢, s) — U (t, s) is X'-strongly continuous. By the Banach—Alaoglu theorem, since U (¢}, s;) is
uniformly bounded, U (¢}, s;)y contains a weakly* convergent subsequence. The weak™* limit of U (¢;, s;)y
is thus U (¢, s)y and must lie in ). In other words, U (¢, s) is weakly* continuous on ). O

We recall that a normed space is called uniformly convex if for every € > 0 and unit vectors || x|| = ||y||=1
there exists § > 0 such that

X+
Ix—yl>e = H—zy <1-3s.

We note that all uniformly convex Banach spaces are reflexive. Additionally, on uniformly convex
Banach spaces, ||x,|| — ||x|| and the weak convergence x, — x implies the strong convergence. All
Hilbert spaces are uniformly convex.

If we assume that the Banach space ) is uniformly convex, stronger results about the evolution can be
derived. They are described in the following theorem, which is a part of [Kato 1970, Theorem 5.2]:

Theorem C.8. In addition to the assumptions of Theorem C.6, assume that:

(d) Y is uniformly convex.
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(e) For every t there exist on Y an equivalent norm || - ||y ; as well as a positive C € L'[0, T] such that

t
/ C(r)dr
N
Additionally, there exists B € R such that

IA@® =)y, <—p~' r> B,

. s,1€l0,T]. (C-12)

Iylly,s < lylly,. exp

forallt €0, T].

Then, in addition to (1)—(iii), the evolution {U (¢, s)}o<s<i<T has the following property, which is an
improved version of (iv):

(iv') U(t, s) preserves Y, is Y-strongly continuous in s for fixed t and Y-strongly right-continuous in t

for fixed s, and

t
1T lly,s < eXP([ (3+2C(T))df), O<sr<s=<t=<T. (C-13)

Proof. Since Y is uniformly convex, it is also reflexive, and thus Theorem C.7(iv) holds. Then we use
Propositions C.4 and C.5 to find (C-13).

Let us prove the strong continuity. By (iv), for any y € Y we have w-lim; ,_.; U(t,r)y — y. Using
this, and then the bound (C-13), we obtain

Iyl < timinf U, r)ylly,s < limsup [U (2, r)ylly.s

rt—s

< lim sup eXp(/ <B+2C<r)>dr) Iyl = Iyl

r,t—s
Hence, lim, ;. |[U (¢, r)y|ly.s = ||y]l. But Y is uniformly convex, so this implies
lim U(t,r)y=y.
r,t—s
Let0O<s<s'<tr<Tandye). Then

U@, sy —=U, )ylly <IUEsHyly—U",$)yly = 0
as s’ — s or s — s’ Similarly, for 0 <s <t <¢ < T we find
U@, )y =UE )ylly < IUE, 1) =DUE, 5)ylly -0
ast' —t. O

In the previous theorem we still had to distinguish between the ¢- and s-properties of U (¢, s). If the
reversed operator —A (T — t) also satisfies the assumptions of the theorems above, this distinction can be
dropped; see also [Kato 1970, Remark 5.3]:

Theorem C.9. Suppose that both {A(t)};cjo, 11 and the reversed family {—A(T — t)};c0,1] satisfy the
assumptions of Theorems C.6 and C.8. Then the unique family of bounded operators {U(t, s)}s 1cr
described in the previous theorems satisfies the following improved versions of (1), (iii), and (iv'):
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(@) Forallr,s,t €[0, T], we have the identities
Ui,ny=1, U@, s)U(s,r)=U(t,r).
(iii") Forally € Y ands,t € [0, T],
U@, s)y =AU, s5)y, (C-14a)
—0,U(t, )y =U(t, s)A(s)y, (C-14b)
where the derivatives (right/left derivatives at the boundaries of [0, T]) are in the strong topology
of X.
(iv") (¢,s) > U(t, s) preserves Y, is Y-strongly continuous and satisfies (C-13).
Proof. Denote the evolution for {A(#)};c[0,77 by U(¢, s) and the evolution for {—A(T — t)};¢[0,77 by
V(t,s). ForO<s <t <T, we define
UG, t)=V((T —s,T —1t).
From the approximations U, (¢, s) and V, (t, s), it is easy to see that

Ui,s)U(s,t) =1
for s, t € R. This proves (i').

It is clear that
U, 5)yli=s = A(s)y,

—o,U(t,s)y=U(t,s)A(s)y
for s,t € [0, T]. Then we can proceed as in (C-10) to find also
UL, s)y=AM)U(t,s))y.
Finally, the strong continuity of U (¢, s) follows from (iv") applied to both U (¢, s) and V (¢, s), which
implies, in particular, that U (¢, s) is strongly right- and left-continuous in # for fixed s. g
Theorem C.9 implies the following; see also [Yajima 2011, Theorem 3.2]:

Theorem C.10. Let X and ) be Hilbert spaces such that Y is densely and continuously embedded in X.
Let I C R be a compact interval, and {A(t)},c; a family of densely defined, closed operators on X.
Suppose that the following is satisfied:

(a) Y C Dom A(t) so that A(t) € B(Y, X) and t — A(t) is norm-continuous in the norm of B(), X).

(b) Foreveryt €I, there exist on X and Y Hilbert structures (- |-)x.: and (|- )y s, which are equivalent
to the original ones and for a positive C € L'(I) and all s, t € 1

/ C(r)dr
/ C(r)ydr

Denote the corresponding Hilbert spaces by X; and Y.

xllx,s < llxllx. exp

’

Iylly,s < lylly,. exp
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(c) A(t) is self-adjoint with respect to X; and the part A(t) of A(t) in Y, is self-adjoint in ).

Then there exists a unique family of bounded operators {U (t, §)}s te1, in X, called the evolution (operator)
generated by A(t), with the following properties:

(1) Forallr,s,t € I, we have the identities

ui,n)=1, U@, s)U(s,r)y=U(t,r).

f 2C(r)dr

i, U(t,s)y=AMU(t,s)y,
—id;U(t,s)y =U(t, s)A(s)y,

(1) U(t, s) is X-strongly continuous and

U, s)|lx,s <exp , s, tel.

(iii) Forally e Y ands,t € I,

where the derivatives (right/left derivatives at the boundaries of I) are in the strong topology of X.

av) U, s)Y Cc Y, Ul(t,s) is Y-strongly continuous and

/ 2C(r)dr

The following perturbation theorem is essentially [Kato 1966, Theorem 4.5]. We leave the proof as an

U, s)|ly,s <exp , s,tel.

exercise to the reader.

Theorem C.11. Suppose that {A(t)}ie0.17 satisfies the assumptions of Theorem C.6. Let {B(t)}c[0.1]
be a family of bounded operators in X such that t — B(t) is strongly continuous with respect to X and
K = sup,||B(t)||x. Then there exists a unique evolution V (¢, s) for {A(t) + B(t)}:c[0,1] satisfying the
properties (1)—(iii), but with the estimate

1V (2, 9)|| < MePHEIDT=),

Suppose that {A(t)}:ef0,11 also satisfies the stronger assumptions of Theorem C.7, C.8 or C.9, and
{B(t)}te0.17 preserves Y and its part {é(t)}te[oj] in Y is bounded in Y with K= sup, || B(?)|ly. Then the
evolution V (t, s) satisfies the corresponding stronger properties, where the estimate (C-11) needs to be
multiplied by eE’V’(’_S), and the estimate (C-13) by K=

The evolution V (¢, s) in the theorem above is given symbolically by
V=U+UxBxU+UxBxUxBxU-+---,

where * B *x denotes a Volterra-type convolution with “density” B(t). For example,

(U*B*U)(t,r):/ U(t,s)B(s)U(s,r)ds.
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Appendix D: Heinz-Kato inequality

We recall the Heinz—Kato inequality [Heinz 1951; Kato 1961], which is an elementary but very useful
result for the interpolation of operators:

Theorem D.1. Suppose that A, B are positive operators on Hilbert spaces X, ), respectively. If T is a
bounded operator from X to Y such that T (Dom A) C Dom B and
ITx] < Colixll, 1IBTx|l = CillAx]|,

for x € Dom A, then
IB*Tx|| < C5C{ A, rel0,1]. (D-1)

Appendix E: Finite speed of propagation

In this appendix we prove the finite speed of propagation for solutions of the Klein—Gordon equation
with coefficients of low regularity.

In this section we prefer to work with the Klein—Gordon equation in the scalar formalism, given
by (1-1), which can be locally written as

Ku:=—g""(V, —iA,)(Vy —iA)u + Yu, (E-1)

with pseudo-Riemannian metric g and the corresponding Levi-Civita derivative V, vector potential A,
and scalar potential Y. Our standing assumptions in this appendix are as follows:

Assumption 4. M =R x X is equipped with a continuous Lorentzian metric g = —a? d*> + g5, where
o > 0 and gy are continuous, and gy restricts to a family of Riemannian metrics on X. (Recall that every
globally hyperbolic spacetime can be brought into this form [Bernal and Sdnchez 2005].) We assume that
A (t)e Ly () forallt,and A, A;u Y € L (M). Moreover, in every compact neighborhood U C M

loc loc

there is C, > 0 such that
|gleuXv| =< Cg|gle;4Xv|

almost everywhere in U for all covectors X.

Under these assumption we will show the following theorem on the finite speed of propagation:

Theorem E.1. Ifu € C'(R; L (X)) with d;u € C(R; L, (X)) and Ku € L}, (M), then

loc loc
suppu C J(supp Ku U {t}x(supp u(t) U supp b't(t)))

foranyt € R. That is, u is supported in the causal shadow of the union of Ku and of the support of its
Cauchy data on {t} x X.

Equation (E-1) can be obtained via the Euler—Lagrange equations from the Lagrangian density

Llu] = —[g|"*(((3, +iA @) g"" (3, —iA,)u) + Yul?).
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To the Lagrangian density £ we can associate the momentum flux density

p dL[u]

PHu] = —8 Llu] + i DLl]

—_ ot tU.
0@, " T 3(8,u)

If the action for £ is invariant under infinitesimal time-translations, Noether’s theorem says that the
momentum flux is conserved. If the action is not time-translation invariant, P is in general not conserved,
but it is still a useful quantity.

The energy density £ = P° obtained from £ is not necessarily positive. Therefore, for technical reasons
it will be convenient to replace £ with the modified Lagrangian density

Llu) == —1gI"*(((0, +i4,)D) g"" ((3y — iAy)u) — (1 + a2 A |ul?),

denoting the corresponding momentum flux density by P. Using the special form of the metric, we find
the energy density

~ ~0 2. . . i .
Elul =P [ul = |gI"* (2> + (3 +1iA) i) g5 (3 —iA))u) + |ul?)
and the spatial momentum flux density
P'lul = Pilul = —1g|"? (gl ((8; — iAju) + gk ((3; +iA)i)).

Below we will integrate B,JF?V“ over a region which is delimited by two constant-time surfaces and the
backward lightcone of a point as described in Figure 1. To rewrite this integral as an integral over the
boundary of said region via Stokes’ theorem, it is useful to assume that 9/, gi(Q) is a Lipschitz topological
hypersurface; see [Beem et al. 1996, Theorem 3.9]. Here we denote by J, ;E (€2) the causal future (4) or
causal past (—) of €2, i.e., the set of points which can be reached from 2 by future-directed or, respectively,
past-directed causal curves with respect to the metric g. Moreover, we write J,(2) = J; (U Jg_ (R2).

If g is not smooth (or at least C?), it is not guaranteed that GJ;(Q) is a Lipschitz topological
hypersurface. However, we can approximate g by smooth metrics:

If a Lorentzian metric g has strictly larger lightcones than g, i.e., each nonvanishing g-causal vector
X" (guv X" XV <0)is g-timelike (g, X" X" < 0), then we write

§>8.
As shown in [Chrusciel and Grant 2012, Proposition 1.2], there always exists a smooth Lorentzian metric g
with strictly larger lightcones which approximates g arbitrarily well.

Proposition E.2. Let g = g be smooth and consider the situation depicted in Figure 1. Then there exists
C > 0 such that

eCt=" f EMu) () < / Elul(s) + / gl Kul? (E-2)
K;: K Q

forallu e CY(R; L? (X)) with d;u € C(R; L? (X)) and Ku € L?_(M).

loc loc loc
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X
K
% !
Q A
b
S KS

Figure 1. The truncated cone given by the backward lightcone Jg_ (x) of a point, and two
constant-time surfaces X, = {t} x ¥ and X (with r > s). We write K, = Jg_ xX)N{t}x %)

and K for the caps, and A = 8J§_ (x) N ([s, t] x %) for the mantle of the truncated cone
Q= Jg,_(x) N([s, t] x ).

Proof. We derive

- - ALl \. oL _ 9L \. 0L[u]
8, P ul=—9,C 3y —— ——9,0 0 9,0
uFlul= =2 [”H(“a(auﬁ))”a(auﬁ) " ’”+(“a(aﬂu))”+a(auu) ne
- ~  OL[ul\. 0Ll .. _ = AL[u]\ . 9L[u]
= —9,L 12K 3,0 12K 3,0
g [”H('g' "o >”+a(auﬁ) ’ “”+(|g| S P R TE A
o~ OL[u].,, OLu] . 8L[u]
= —2|g|"?Re(uKu)— ——g"’— A, — igl
dgh 9A, dg|

= |g"?(2Re(uK u)+ (3, +iA,)i) "’ (3, —iA,)u) —2a > a Ad|ul?
—21Im (A, g"" (3, —iA,)u)+20 > AgAolul*— g1 ™" (B;1g1) Llul).

where, in the second step, we used the Euler-Lagrange equations with
K=K—-Y+1+a%A]

being the Klein—Gordon operator associated to L. Estimating each term separately using our assumptions
and the Cauchy—Schwarz inequality yields

8, P" [ul < 1g1"2 (1K ul® + Cra™2 it + Co((3; +iA)@) g3 ((3; +1A)u) + C3|ul?)

for Cy, C», C3 > 0 which do not depend on u. Therefore we find

/ 3, P"[u] < f (IgI"? | Kul* 4+ CEu)) (E-3)
Q Q

for some constant C > 0.
By Stokes’ theorem,

/ 3, P [u] = f n, P [u] = / Elul(r) — / Elul(s) + / n, P ul, (E-4)
Q o K; Ky A
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where n is the outward-directed normal field to 9€2. For any future-directed causal covector field & (i.e.,
g"’E,6, <0 and & = 0) with §] = (76672,
5. P! [u] = §€[ul — 21g]"/* Re(&iigs (3 — A )u)
> 5o ul — 181" arlE] (o 21l + (0 +1ADDgL ((3) —iA))u))
> (50— al€DE[u] = 0

almost everywhere. Consequently, we can estimate the last term in (E-4) as |’ NG ,ﬂmju > 0.
Combining (E-3) and (E-4), we obtain

/ Elul(r) — f Blul(s) < / ( f (|g|”2|1<u<r)|2+05[u](r>>) dr,
K, Ky s K,

and thus (E-2) by Gronwall’s inequality. (|
Now, using the proposition above, we can show the finite speed of propagation:

Theorem E.3. Ifu € C'(R; L? (X)) with dju € C(R; L? (X)) and Ku € L> (M), then

loc loc loc

suppu "My C Jéft((supp KuNMy)U{t}x(supp u(t) Usupp L't(t))), (E-5)
suppu C Jg(supp Ku U {1} x (supp u(r) Usupp (1))
foranyt € R, where My = [t, +oo[ X L and M_ =]—00, t] X X.
Proof. Note that, as a subset of X, we have supp g [1](¢) = supp u(t) Usupp it(z). We show that u(x) =0
for any
x € M\ J} ((supp Ku N M) U {r}x supp Eul(0)
by an application of Proposition E.2 for all smooth ¢ > g. For any such x, Jg_ (x) does not intersect
(supp Ku N M) U {t}x supp g[u](t). Proposition E.2 now shows that # vanishes in Jg_ (x)N M4 and

thus also at x.
We have thus shown that

suppu N My C Jgft((supp Ku N M) U {t}x(supp u(t) Usuppii(r)))

for all smooth g > g. It follows that (E-5) holds, because a vector is g-causal if and only if it is g-timelike
for all smooth ¢ > g by [Chrusciel and Grant 2012, Proposition 1.5] and therefore

IF@= /@, QcM.
§>g
The embedding for J~ follows by time reversal and the remaining embedding by the union of the
embeddings for J* and J ™. O



260 JAN DEREZINSKI AND DANIEL SIEMSSEN

Acknowledgements

We would like to thank Kenji Yajima for useful discussions. The work of Siemssen was supported by a grant
of the Polish National Science Center (NCN) based on decision no. DEC-2015/16/S/ST1/00473. The work
of Dereziniski was supported by the National Science Center under the grant UMO-2014/15/B/ST1/00126.

References

[Bach and Bru 2016] V. Bach and J.-B. Bru, Diagonalizing quadratic bosonic operators by non-autonomous flow equations,
Mem. Amer. Math. Soc. 1138, Amer. Math. Soc., Providence, RI, 2016. MR Zbl

[Bachelot 1999] A. Bachelot, “The Hawking effect”, Ann. Inst. H. Poincaré Phys. Théor. 70:1 (1999), 41-99. MR Zbl

[Bar et al. 2007] C. Bér, N. Ginoux, and F. Pfiffle, Wave equations on Lorentzian manifolds and quantization, European
Mathematical Society, Ziirich, 2007. MR Zbl

[Beem et al. 1996] J. K. Beem, P. E. Ehrlich, and K. L. Easley, Global Lorentzian geometry, 2nd ed., Monographs and Textbooks
in Pure and Applied Mathematics 202, Marcel Dekker, New York, 1996. MR Zbl

[Bernal and Sanchez 2005] A. N. Bernal and M. Sanchez, “Smoothness of time functions and the metric splitting of globally
hyperbolic spacetimes”, Comm. Math. Phys. 257:1 (2005), 43-50. MR Zbl

[Bogoliubov and Shirkov 1980] N. N. Bogoliubov and D. V. Shirkov, Introduction to the theory of quantized fields, John Wiley
& Sons, New York, 1980. MR

[Chrusciel and Grant 2012] P. T. Chrusciel and J. D. E. Grant, “On Lorentzian causality with continuous metrics”, Classical
Quantum Gravity 29:14 (2012), art. id. 145001. MR Zbl

[Dappiaggi et al. 2018a] C. Dappiaggi, N. Drago, and H. Ferreira, “Fundamental solutions for the wave operator on static
Lorentzian manifolds with timelike boundary”, preprint, 2018. arXiv

[Dappiaggi et al. 2018b] C. Dappiaggi, H. Ferreira, and A. Marta, “Ground states of a Klein—-Gordon field with Robin boundary
conditions in global anti-de Sitter spacetime”, preprint, 2018. arXiv

[Derezinski and Gérard 2013] J. Derezifiski and C. Gérard, Mathematics of quantization and quantum fields, Cambridge
University Press, 2013. MR Zbl

[Derezinski and Siemssen 2018] J. Dereziniski and D. Siemssen, “Feynman propagators on static spacetimes”, Rev. Math. Phys.
30:3 (2018), art. id. 1850006. MR Zbl

[Dimock and Kay 1982] J. Dimock and B. S. Kay, “Classical wave operators and asymptotic quantum field operators on curved
space-times”, Ann. Inst. H. Poincaré Sect. A (N.S.) 37:2 (1982), 93-114. MR Zbl

[Drago and Gérard 2017] N. Drago and C. Gérard, “On the adiabatic limit of Hadamard states”, Lett. Math. Phys. 107:8 (2017),
1409-1438. MR Zbl

[Friedlander 1975] F. G. Friedlander, The wave equation on a curved space-time, Cambridge Monographs on Mathematical
Physics 2, Cambridge University Press, 1975. MR Zbl

[Fulling 1979] S. A. Fulling, “Remarks on positive frequency and Hamiltonians in expanding universes”, Gen. Relativity
Gravitation 10:10 (1979), 807-824. MR Zbl

[Furlani 1997] E. P. Furlani, “Evolution operators and scattering theory for massive scalar fields on curved spacetimes”, J. Phys.
A 30:17 (1997), 6065-6079. MR Zbl

[Gérard and Wrochna 2014] C. Gérard and M. Wrochna, “Construction of Hadamard states by pseudo-differential calculus”,
Comm. Math. Phys. 325:2 (2014), 713-755. MR Zbl

[Gérard and Wrochna 2017] C. Gérard and M. Wrochna, “Hadamard property of the in and out states for Klein—Gordon fields
on asymptotically static spacetimes”, Ann. Henri Poincaré 18:8 (2017), 2715-2756. MR Zbl

[Gérard et al. 2017] C. Gérard, O. Oulghazi, and M. Wrochna, “Hadamard states for the Klein—-Gordon equation on Lorentzian
manifolds of bounded geometry”, Comm. Math. Phys. 352:2 (2017), 519-583. MR Zbl

[Hifner 2009] D. Hifner, Creation of fermions by rotating charged black holes, Mém. Soc. Math. Fr. (N.S.) 117, Soc. Math.
France, Paris, 2009. MR Zbl


http://dx.doi.org/10.1090/memo/1138
http://msp.org/idx/mr/3460112
http://msp.org/idx/zbl/06786955
http://www.numdam.org/item?id=AIHPA_1999__70_1_41_0
http://msp.org/idx/mr/1671210
http://msp.org/idx/zbl/0919.53034
http://dx.doi.org/10.4171/037
http://msp.org/idx/mr/2298021
http://msp.org/idx/zbl/1118.58016
http://msp.org/idx/mr/1384756
http://msp.org/idx/zbl/0846.53001
http://dx.doi.org/10.1007/s00220-005-1346-1
http://dx.doi.org/10.1007/s00220-005-1346-1
http://msp.org/idx/mr/2163568
http://msp.org/idx/zbl/1081.53059
http://msp.org/idx/mr/579493
http://dx.doi.org/10.1088/0264-9381/29/14/145001
http://msp.org/idx/mr/2949547
http://msp.org/idx/zbl/1246.83025
http://msp.org/idx/arx/1804.03434
http://msp.org/idx/arx/1805.03135
http://dx.doi.org/10.1017/CBO9780511894541
http://msp.org/idx/mr/3060648
http://msp.org/idx/zbl/1271.81004
http://dx.doi.org/10.1142/S0129055X1850006X
http://msp.org/idx/mr/3770965
http://msp.org/idx/zbl/1394.35407
http://msp.org/idx/mr/682092
http://msp.org/idx/zbl/0539.35063
http://dx.doi.org/10.1007/s11005-017-0947-x
http://msp.org/idx/mr/3669239
http://msp.org/idx/zbl/1374.81068
http://msp.org/idx/mr/0460898
http://msp.org/idx/zbl/0316.53021
http://dx.doi.org/10.1007/BF00756661
http://msp.org/idx/mr/543556
http://msp.org/idx/zbl/0419.53041
http://dx.doi.org/10.1088/0305-4470/30/17/016
http://msp.org/idx/mr/1482697
http://msp.org/idx/zbl/0913.53033
http://dx.doi.org/10.1007/s00220-013-1824-9
http://msp.org/idx/mr/3148100
http://msp.org/idx/zbl/1298.81214
http://dx.doi.org/10.1007/s00023-017-0573-2
http://dx.doi.org/10.1007/s00023-017-0573-2
http://msp.org/idx/mr/3671549
http://msp.org/idx/zbl/1373.81365
http://dx.doi.org/10.1007/s00220-017-2847-4
http://dx.doi.org/10.1007/s00220-017-2847-4
http://msp.org/idx/mr/3627405
http://msp.org/idx/zbl/1364.35362
http://msp.org/idx/mr/2742529
http://msp.org/idx/zbl/1213.83007

AN EVOLUTION EQUATION APPROACH TO THE KLEIN-GORDON OPERATOR ON CURVED SPACETIME 261

[Heinz 1951] E. Heinz, “Beitréige zur Storungstheorie der Spektralzerlegung”, Math. Ann. 123 (1951), 415-438. MR Zbl

[Hollands and Wald 2001] S. Hollands and R. M. Wald, “Local Wick polynomials and time ordered products of quantum fields
in curved spacetime”, Comm. Math. Phys. 223:2 (2001), 289-326. MR Zbl

[Hollands and Wald 2002] S. Hollands and R. M. Wald, “Existence of local covariant time ordered products of quantum field in
curved spacetime”, Comm. Math. Phys. 231:2 (2002), 309-345. MR Zbl

[Hormander 1985] L. Hormander, The analysis of linear partial differential operators, Il1: Pseudodifferential operators,
Grundlehren der mathematischen Wissenschaften 274, Springer, 1985. MR Zbl

[Kato 1961] T. Kato, “A generalization of the Heinz inequality”, Proc. Japan Acad. 37 (1961), 305-308. MR Zbl

[Kato 1966] T. Kato, Perturbation theory for linear operators, Die Grundlehren der mathematischen Wissenschaften 132,
Springer, 1966. MR Zbl

[Kato 1970] T. Kato, “Linear evolution equations of “hyperbolic” type”, J. Fac. Sci. Univ. Tokyo Sect. I 17 (1970), 241-258.
MR Zbl

[Kay 1978] B. S. Kay, “Linear spin-zero quantum fields in external gravitational and scalar fields, I: A one particle structure for
the stationary case”, Comm. Math. Phys. 62:1 (1978), 55-70. MR

[Kay and Wald 1991] B. S. Kay and R. M. Wald, “Theorems on the uniqueness and thermal properties of stationary, nonsingular,
quasifree states on spacetimes with a bifurcate Killing horizon”, Phys. Rep. 207:2 (1991), 49-136. MR Zbl

[Leinfelder and Simader 1981] H. Leinfelder and C. G. Simader, “Schrodinger operators with singular magnetic vector
potentials”, Math. Z. 176:1 (1981), 1-19. MR Zbl

[Nicolas 2002] J.-P. Nicolas, Dirac fields on asymptotically flat space-times, Dissertationes Math. 408, Instytut Matematyczny
Polskiej Akademii Nauk, Warsaw, 2002. MR Zbl

[Pazy 1983] A. Pazy, Semigroups of linear operators and applications to partial differential equations, Applied Mathematical
Sciences 44, Springer, 1983. MR Zbl

[Radzikowski 1996] M. J. Radzikowski, “Micro-local approach to the Hadamard condition in quantum field theory on curved
space-time”, Comm. Math. Phys. 179:3 (1996), 529-553. MR Zbl

[Sanchez and Vickers 2018] Y. S. Sanchez and J. Vickers, “Green operators for low regularity spacetimes”, J. Phys. Conf. Ser.
968 (2018), art. id. 012011.

[Schmid and Griesemer 2017] J. Schmid and M. Griesemer, “Well-posedness of non-autonomous linear evolution equations in
uniformly convex spaces”, Math. Nachr. 290:2-3 (2017), 435-441. MR Zbl

[Tanabe 1997] H. Tanabe, Functional analytic methods for partial differential equations, Monographs and Textbooks in Pure
and Applied Mathematics 204, Marcel Dekker, New York, 1997. MR Zbl

[Vasy 2017] A. Vasy, “Essential self-adjointness of the wave operator and the limiting absorption principle on Lorentzian
scattering spaces”, preprint, 2017. arXiv

[Yajima 2011] K. Yajima, “Schrodinger equations with time-dependent unbounded singular potentials”, Rev. Math. Phys. 23:8
(2011), 823-838. MR Zbl

Received 16 Oct 2018. Revised 8 Feb 2019. Accepted 6 Mar 2019.

JAN DEREZINSKI: jan.derezinski@fuw.edu.pl
Department of Mathematical Methods in Physics, Faculty of Physics, University of Warsaw, Warsaw, Poland

DANIEL SIEMSSEN: siemssen@uni-wuppertal.de
Department of Mathematics and Informatics, University of Wuppertal, Wuppertal, Germany

mathematical sciences publishers :'msp


http://dx.doi.org/10.1007/BF02054965
http://msp.org/idx/mr/0044747
http://msp.org/idx/zbl/0043.32603
http://dx.doi.org/10.1007/s002200100540
http://dx.doi.org/10.1007/s002200100540
http://msp.org/idx/mr/1864435
http://msp.org/idx/zbl/0989.81081
http://dx.doi.org/10.1007/s00220-002-0719-y
http://dx.doi.org/10.1007/s00220-002-0719-y
http://msp.org/idx/mr/1946335
http://msp.org/idx/zbl/1015.81043
http://msp.org/idx/mr/781536
http://msp.org/idx/zbl/0601.35001
http://dx.doi.org/10.3792/pja/1195523678
http://msp.org/idx/mr/0145345
http://msp.org/idx/zbl/0104.09304
http://msp.org/idx/mr/0203473
http://msp.org/idx/zbl/0148.12601
http://msp.org/idx/mr/0279626
http://msp.org/idx/zbl/0222.47011
http://dx.doi.org/10.1007/BF01940330
http://dx.doi.org/10.1007/BF01940330
http://msp.org/idx/mr/506366
http://dx.doi.org/10.1016/0370-1573(91)90015-E
http://dx.doi.org/10.1016/0370-1573(91)90015-E
http://msp.org/idx/mr/1133130
http://msp.org/idx/zbl/0861.53074
http://dx.doi.org/10.1007/BF01258900
http://dx.doi.org/10.1007/BF01258900
http://msp.org/idx/mr/606167
http://msp.org/idx/zbl/0468.35038
http://dx.doi.org/10.4064/dm408-0-1
http://msp.org/idx/mr/1952742
http://msp.org/idx/zbl/1011.83015
http://dx.doi.org/10.1007/978-1-4612-5561-1
http://msp.org/idx/mr/710486
http://msp.org/idx/zbl/0516.47023
http://dx.doi.org/10.1007/BF02100096
http://dx.doi.org/10.1007/BF02100096
http://msp.org/idx/mr/1400751
http://msp.org/idx/zbl/0858.53055
http://dx.doi.org/10.1088/1742-6596/968/1/012011
http://dx.doi.org/10.1002/mana.201500052
http://dx.doi.org/10.1002/mana.201500052
http://msp.org/idx/mr/3607115
http://msp.org/idx/zbl/1373.47046
http://msp.org/idx/mr/1413304
http://msp.org/idx/zbl/0867.35003
http://msp.org/idx/arx/1712.09650
http://dx.doi.org/10.1142/S0129055X11004436
http://msp.org/idx/mr/2836569
http://msp.org/idx/zbl/1229.35226
mailto:jan.derezinski@fuw.edu.pl
mailto:siemssen@uni-wuppertal.de
http://msp.org




PURE and APPLIED

ANALYS

S

Vol. 1, No. 2, 2019
dx.doi.org/10.2140/paa.2019.1.263

In this paper, we initiate the study of the interior of dynamical extremal black holes. The Penrose diagram
corresponding to maximal analytic extremal Reissner—Nordstrom and Kerr spacetimes is depicted in
Figure 1. In particular, if one restricts to a globally hyperbolic subset with an (incomplete) asymptotically
flat Cauchy hypersurface (see the region DT (X) in Figure 1), then these spacetimes possess smooth
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We study the nonlinear stability of the Cauchy horizon in the interior of extremal Reissner—Nordstrom
black holes under spherical symmetry. We consider the Einstein-Maxwell-Klein—Gordon system such
that the charge of the scalar field is appropriately small in terms of the mass of the background extremal
Reissner—Nordstrom black hole. Given spherically symmetric characteristic initial data which approach
the event horizon of extremal Relssner—Nordstrom sufficiently fast, we prove that the solution extends
beyond the Cauchy horlzon in C%% N W , in contrast to the subextremal case (where generically the
solution is C?\ (C0 N lecz)) In partlcular, there exist nonunique spherically symmetric extensions
which are moreover solutions to the Einstein—-Maxwell-Klein—Gordon system. Finally, in the case that
the scalar field is chargeless and massless, we additionally show that the extension can be chosen so that
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Since the pioneering work [Poisson and Israel 1989] and the seminal works [Dafermos 2003; 2005]
in the spherically symmetric setting, we now have a rather complete understanding of the interior of
dynamical black holes which approach subextremal limits along the event horizon, at least regarding the
stability of the Cauchy horizons. The works [Costa et al. 2015b; Dafermos 2003; 2005; 2014; Franzen
2016; Hintz 2017; Kommemi 2013; Luk 2018] culminated in the recent work [Dafermos and Luk 2017],
which proves the C? stability of the Kerr Cauchy horizon without any symmetry assumptions; i.e., they
show that whenever the exterior region of a black hole approaches a subextremal, strictly rotating Kerr
exterior, then maximal Cauchy evolution can be extended across a nontrivial piece of Cauchy horizon as a
Lorentzian manifold with continuous metric. Moreover, it is expected that for a generic subclass of initial
data, the Cauchy horizon is an essential weak null singularity, so that there is no extension beyond the
Cauchy horizon as a weak solution to the Einstein equations; see [Dafermos 2005; Gleeson 2016; Luk
and Oh 2017a; 2017b; Luk and Sbierski 2016; Van de Moortel 2018] for recent progress and discussion.

On the other hand, much less is known about dynamical black holes which become extremal along the
event horizon. Mathematically, the only partial progress was made for a related linear problem, namely the
study of the linear scalar wave equation on extremal black hole backgrounds. For the linear scalar wave
equation, the first author established [Gajic 2017a; 2017b] that in the extremal case, the Cauchy horizon
is more stable than its subextremal counterpart. In particular, the solutions to linear wave equations are
not only bounded, as in the subextremal case, but they in fact obey higher regularity bounds which fail
in the subextremal case (see Section 1A for a more detailed discussion). Extrapolating from the linear
result, it may be conjectured that in the interior of a black hole which approaches an extremal black hole
along the event horizon, not only does the solution remain continuous up to the Cauchy horizon as in
the subextremal case, but in fact there are nonunique extensions beyond the Cauchy horizon as weak
solutions. This picture, if true, would also be consistent with the numerical study of this problem by
Murata, Reall and Tanahashi [Murata et al. 2013].

In this paper, we prove that this picture holds in a simple nonlinear setting. More precisely, we study
the Einstein—-Maxwell-Klein—Gordon system of equations with spherically symmetric initial data (see
Section 3 for further discussions on the system). We solve for a quintuple (M, g, ¢, A, F), where (M, g)
is a Lorentzian metric, ¢ is a complex-valued function on M, and A and F are real 1- and 2-forms on M
respectively. The system of equations is

Ricyy —LguR =87 (TH) + TS,

T = $D.¢Dvd + 1 Dud Dy — 18, (87 Doy D + m2|9)2),
Ty = (gD Fua Fop — 181087 (87)7" Fay Fpo,
(g’ Dy Dy = m?¢,

F=dA,

(g™ )"V Fyuy =2mie(@ Dy — p Dy ).

(1-1)

Here, V denotes the Levi—Civita connection associated to the metric g, and Ric and R denote the Ricci
tensor and the Ricci scalar, respectively. We also use the notation D, = V, +i¢A,, and m >0, ¢ € R are
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fixed constants. The extremal Reissner—Nordstrom solution (see Section 3) is a special solution to (1-1)
with a vanishing scalar field ¢.

In the following we will restrict the parameters so that |e| is sufficiently small in terms of M. More
precisely, we assume

1— (10 +5v6 —3vV9+46)[e|M > 0. (1-2)

Under the assumption (1-2), our main result can be stated informally as follows (we refer the reader to
Theorem 5.1 for a precise statement):

Theorem 1.1. Consider the characteristic initial value problem to (1-1) with spherically symmetric
smooth characteristic initial data on two null hypersurfaces transversely intersecting at a 2-sphere.
Assume that one of the null hypersurfaces is affine complete and that the data approach the event horizon
of extremal Reissner—Nordstrom at a sufficiently fast rate.

Then, the solution to (1-1) arising from such data, when restricted to a sufficiently small neighborhood
of timelike infinity (i.e., a neighborhood of i * in Figure 1), satisfies the following properties:

o It possesses a nontrivial Cauchy horizon.

o The scalar field, the metric, the electromagnetic potential (in an appropriate gauge) and the charge
1

can be extended in (spacetime) C%2 N WIL’CZ up to the Cauchy horizon. Moreover, the Hawking mass

(2-10) can be extended continuously up to the Cauchy horizon.
o The metric converges to that of extremal Reissner—Nordstrom towards timelike infinity and the scalar

field approaches 0 towards timelike infinity in an appropriate sense.

Moreover, the maximal globally hyperbolic solution is future extendible (nonuniquely) as a spherically
symmetric solution to (1-1).

Remark 1.2 (solutions with regularity below C?). The extensions of the solution we construct have
regularity below (spacetime) C? and as such do not make sense as classical solutions. As is well known,
however, the Einstein equations admit a weak formulation which makes sense already if the metric is in
(spacetime) CON WIL’CZ and the stress-energy-momentum tensor is in spacetime LlloC
1987]. The weak formulation can be recast geometrically as follows: given a smooth (341)-dimensional

[Geroch and Traschen

manifold M, a C I%C N WIL’CZ Lorentzian metric g and an LllOC symmetric 2-tensor 7', we say that the Einstein
equation Ric(g) — % gR(g) =8nT is satisfied weakly if for all smooth and compactly supported vector
fields X, Y,

/ (V. XMV Y)Y — (Vi X))V (VL Y)H) = Sn/ (T(X,Y)—3g(X, Y)tr, T).
M M

It is easy to check that any classical solution is indeed a weak solution in the sense above. Moreover, the
extensions that we construct in Theorem 1.1 have more than sufficient regularity to be interpreted in the
sense above.

However, in our setting we do not need to use the notion in [Geroch and Traschen 1987]. Instead,
we introduce a stronger notion of solutions, defined on a quotient manifold for which we quotiented
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Figure 1. Maximal analytically extended extremal Reissner—Nordstrom.

out the spherical symmetry; see Definition 10.4. This class of solutions—even though they are not
classical solutions — should be interpreted as strong solutions (instead of just weak solutions) since a
well-posedness theory can be developed for them;! see Section 10.

Remark 1.3 (contrast with the subextremal case). Like in the subextremal case, the solution extends in
C" to the Cauchy horizon. However, the c%zn Wli)’cz extendibility and the finiteness of the Hawking
mass, as well as the extendibility as a spherically symmetric solution, stand in contrast to the subextremal
case. In particular, according to the results of [Luk and Oh 2017b; > 2019], see also [Dafermos 2005],
there are solutions which asymptote to subextremal Reissner—Nordstrom black holes in the exterior region
such that the Hawking mass blows up at the Cauchy horizon, and the solution cannot be extended as a
spherically symmetric solution to the Einstein—-Maxwell-scalar field system.?

Remark 1.4 (regularity of the metric and extensions as solutions to (1-1)). The fact that we can extend
the solutions beyond the Cauchy horizon is intimately connected to the regularity of the solutions up to

1 n fact, in order to develop a well-posedness theory for strong solutions, one can even drop the assumption of spherical
symmetry, and instead require additional regularity along the “spherical directions” with respect to an appropriately defined
double null foliation gauge; see [Luk and Rodnianski 2017] for details.

2Though the estimates in [Luk and Oh 2017b] strongly suggest that the scalar field ceases to be in Wll)’cz for any €Y extension
of the spacetime, this remains an open problem unless spherical symmetry is imposed. In particular, it is not known whether the
solutions constructed in [Luk and Oh 2017b; > 2019] can be extended as weak solutions to the Einstein—-Maxwell-scalar field

system if no spherical symmetry assumption is imposed.
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the Cauchy horizon. In particular this relies on the fact the metric, the scalar field and the electromagnetic
potential remain in (spacetime) C° N Wlf)’cz. In fact, the solutions are at a level of regularity for which
the Einstein equations are still locally well-posed.?> One can therefore construct extensions beyond the
Cauchy horizon by solving appropriate characteristic initial value problems; see Section 10.

In this connection, note that we emphasized in the statement of the theorem that the solution can be
extended beyond the Cauchy horizon as a spherically symmetric solution to (1-1). The emphasis on the
spherical symmetry of the extension is made mostly to contrast with the situation in the subextremal
case (see Remark 1.3). This should not be understood as implying that the extensions necessarily are
spherically symmetric: In fact, with the bounds that we establish in this paper, one can in principle
construct using the techniques in [Luk and Rodnianski 2017] extensions (still as solutions to (1-1)) without
any symmetry assumptions (see footnote 1).

Remark 1.5 (assumptions on the event horizon). The assumptions we impose on the event horizon are
consistent with the expected late-time behavior of the solutions in the exterior region of the black hole, at
least in the ¢ = m = 0 case if one extrapolates from numerical results [Murata et al. 2013]. In particular,
the transversal derivative of the scalar field is not required to decay along the event horizon, and is
therefore consistent with the Aretakis instability [2015]. Of course, in order to completely understand
the structure of the interior, one needs to prove that the decay estimates along the event horizon indeed
hold for general dynamical solutions approaching these extremal black holes. This remains an open
problem.

Remark 1.6 (range of parameters of ¢ and M). Our result only covers a limited range of parameters of
the model; see (1-2). This restriction comes from a Hardy-type estimate used to control the renormal-
ized energy (see Sections 1B and 8B) and we have not made an attempt to obtain the sharp range of
parameters.

Remark 1.7 (the m = ¢ = 0 case and higher regularity for ¢). In the special case m = ¢ = 0, the analysis
is simpler and we obtain a stronger result; namely, we show that the scalar field in fact is Lipschitz up to
the Cauchy horizon (see Theorem 5.5).

Remark 1.8 (the m # 0, ¢ # 0 case). While the result we obtain in the m # 0, ¢ # 0 case is weaker, the
general model allows for the charge of the Maxwell field to be nonconstant, and serves as a better model
problem for the stability of the extremal Cauchy horizon without symmetry assumptions. Another reason
that we do not restrict ourselves to the simpler m = ¢ = 0 case is that in the m = ¢ = 0 case, extremal
black holes do not naturally arise dynamically:

o There are no one-ended black holes with nontrivial Maxwell field with regular data on R? since in
that setting the Maxwell field necessarily blows up at the axis of symmetry.

3Note that in general the Einstein equations are not locally well-posed with initial data only in cON w12 Nevertheless, when
there is spherical symmetry (away from the axis of symmetry), or at least when there is additional regularity in the spherical
directions (see footnote 1), one can indeed develop a local well-posedness theory with such low regularity.
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e In the two-ended case, given future-admissible* (in the sense of [Dafermos 2014]) initial data, the
solution always approaches subextremal black holes in each connected component of the exterior
region [Kommemi 2013; Luk and Oh 2017b].

On the other hand, if ¢ # 0, then in principle there are no such obstructions.’

Remark 1.9 (geometry of the black hole interior). One feature of the black hole interior of extremal
Reissner—Nordstrom is that it is free of radial trapped surfaces — a stark contrast to the subextremal case
(where every sphere of symmetry is the black hole interior is trapped!). Let us note that this feature
has sometimes been taken as the defining feature of spherically symmetric extremal black holes; see for
instance [Israel 1986]. We will not use this definition in this paper, and when talking about “extremal
black holes”, we will only be referring to black holes which converge to a stationary extremal black hole
along the event horizon as in Theorem 1.1. Indeed, while our estimates imply that for the solutions in
Theorem 1.1 the geometry of the black hole interior is close to that of extremal Reissner—Nordstrom, it
remains an open problem in the general case whether the black hole interior contains any radial trapped
surface.5

The fact that the extremal Cauchy horizons are “more stable” than their subextremal counterparts
can be thought of as related to the vanishing of the surface gravity in the extremal case. Recall that in
both the extremal and subextremal charged Reissner—Nordstrom spacetimes, there is a global infinite
blue shift effect such that the frequencies of signals sent from the exterior region into the black hole
are shifted infinitely to the blue [Penrose 1968]. As a result, this gives rise to an instability mechanism.
Indeed, Sbierski [2015] showed’ that for the linear scalar wave equation on both extremal and subextremal
Reissner—Nordstrom spacetime, there exist finite energy Cauchy data which give rise to solutions that are
not WIL’CZ at the Cauchy horizon. On the other hand, as emphasized in [Sbierski 2015], these types of
considerations do not take into account the strength of the blue shift effect and do not give information
on the behavior of the solutions arising from more localized data. Heuristically, for localized data, one
needs to quantify the amplification of the fields by a “local” blue shift effect at the Cauchy horizon,
whose strength can be measured by the surface gravity. In this language, what we see in Theorem 1.1 is a
manifestation of the vanishing of the local blue shift effect at the extremal limit.

This additional stability of the extremal Cauchy horizon due to the vanishing of the surface gravity
may at the first sight seem to make the problem simpler than its subextremal counterpart. Ironically, from

4The future-admissibility condition can be thought of as an analogue of the physical “no antitrapped surface” assumption in
the one-ended case.

5Nevertheless, it is an open problem to construct a dynamical black hole with regular data that settles down to an extremal
black hole.

6Note however that in the ¢ = m = 0 case, if we assume in addition that dyr < 0 everywhere along the event horizon, we
can in principle modify the monotonicity argument of [Kommemi 2013] in establishing the subextremality of two-ended black
holes (see Remark 1.8) to show that the interior in the extremal case is free of radial trapped surfaces. Indeed, the argument of
[loc. cit.] exactly proceeds by (1) showing that there are no interior trapped surfaces in the interior of extremal black holes and
(2) establishing a contradiction with the future-admissibility condition. See also the appendix of [Luk and Oh 2017b].

TThis statement is technically not explicitly proven in [Sbierski 2015], but it follows from the result there together with
routine functional analytic arguments.
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the point of view of the analysis, the local blue shift effect in the subextremal case in fact provides a way
to prove stable estimates! This method fails at the extremal limit.

To further illustrate this, first note that in the presence of the blue shift effect, one necessarily proves
degenerate estimates. By exploiting the geometric features of the interior of subextremal black holes, the
following can be shown: when proving degenerate energy-type estimates, by choosing the weights in
the estimates appropriately, one can prove that the bulk spacetime integral terms (up to a small error)
have a good sign, and can be used to control the error terms; see the discussions in the introduction of
[Dafermos and Luk 2017]. As a consequence, one can in fact obtain a stability result for a large class
of nonlinear wave equations with a null condition, irrespective of the precise structure of the linearized
system. This observation is also at the heart of [loc. cit.].

In the extremal case, however, it is not known how to obtain a sufficiently strong coercive bulk spacetime
integral term when proving energy estimates. Moreover, if one naively attempts to control the spacetime
integral error terms by using the boundary flux terms of the energy estimate and Gronwall’s lemma, one
encounters a logarithmic divergence. To handle the spacetime integral error terms, we need to use more
precise structures of the equations, and we will show that there is a cancellation in the weights appearing
in the bulk spacetime error terms. This improvement of the weights then allows the bulk spacetime error
terms to be estimated using the boundary flux terms and a suitable adaptation® of Grénwall’s lemma.
In particular, we need to use the fact that (1) a renormalized energy can be constructed to control the
scalar field and the Maxwell field simultaneously, and that (2) the equations for the matter fields and the
equations for the geometry are “sufficiently decoupled” (see Section 1B). These structures seem to be
specific to the spherically symmetric problem: to what extent this is relevant to the general problem of
stability of extremal Cauchy horizons without symmetry assumptions remains to be seen.

The study of the stability properties of subextremal Cauchy horizons is often motivated by the strong
cosmic censorship conjecture. The conjecture states that solutions arising from generic asymptotically
flat initial data are inextendible as suitably regular Lorentzian manifolds. In particular, the conjecture,
if true, would imply that smooth Cauchy horizons, which are present in both extremal and subextremal
Reissner—Nordstrom spacetimes, are not generic in black hole interiors. As we have briefly discussed
above, there are various results establishing this in the subextremal case; see for example [Dafermos
2005; Luk and Oh 2017b; > 2019; Van de Moortel 2018]. In fact, one expects that generically, if a
solution approaches a subextremal black hole at the event horizon, then the spacetime metric does not
admit Wlé’cz extensions beyond the Cauchy horizon; see discussions in [Dafermos and Luk 2017]. On the
other hand, our result shows that at least in our setting, this does not occur for extremal Cauchy horizons.
Nevertheless, since one expects that generic dynamical black hole solutions are nonextremal, our results,
which only concern black holes that become extremal in the limit, are in fact irrelevant to the strong
cosmic censorship conjecture. In particular, provided that extremal black holes are indeed nongeneric
as is expected, the rather strong stability that we prove in this paper does not pose a threat to cosmic
censorship.

81n fact, using the smallness parameters in the problem, this will be implemented without explicitly resorting to Gronwall’s
lemma.



270 DEJAN GAIJIC AND JONATHAN LUK

Finally, even though our result establishes the C 02N WI})’CZ stability of extremal Cauchy horizons in
spherical symmetry, it still leaves open the possibility of some higher derivatives of the scalar field or the
metric blowing up (say, the C¥ norm blows up for some k € N). Whether this occurs or not for generic
data remains an open problem.

1A. Previous results on the linear wave equation. In this section, we review the results established in
[Gajic 2017a; 2017b] concerning the behaviour of solutions to the linear wave equation [l;¢ = 0 in the
interior of extremal black holes. The results concern the following cases:

« general solutions on extremal Reissner—Nordstrom,
« general solutions on extremal Kerr—Newman with sufficiently small specific angular momentum,
o axisymmetric solutions on extremal Kerr.
In each of these cases, the following results are proven (in a region sufficiently close to timelike infinity):
(A) ¢ is bounded and continuously extendible up to the Cauchy horizon.
(B) ¢ is C%“ up to the Cauchy horizon for all « € (0, 1).
(C) ¢ has finite energy and is WIL’CZ up to the Cauchy horizon.

As we mentioned earlier, these results are in contrast with the subextremal case; (A) holds also for
subextremal Reissner—Nordstrom and Kerr [Franzen 2016; Hintz 2017], (B) is false’ on subextremal
Reissner—Nordstrom [Dafermos 2005; Angelopoulos et al. 2018] and (C) is false on both subextremal
Reissner—Nordstrom and Kerr [Luk and Oh 2017a; Luk and Sbierski 2016]. (In fact, in subextremal
Reissner—Nordstrom, generic solutions fail to be in Wllo’cp for all p > 1; see [Dafermos 2005; Angelopoulos
et al. 2018; Gleeson 2016].)

At this point, it is not clear whether the estimates in [Gajic 2017a; 2017b] are sharp. In the special
case of spherically symmetric solutions on extremal Reissner—Nordstrom, [Gajic 2017a] proves that the
solution is in fact C! up to the Cauchy horizon. Moreover, if one assumes more precise asymptotics along
the event horizon (motivated by numerics), then it is shown that spherically symmetric solutions are C2.

Our results in the present paper can be viewed as an extension of those in [Gajic 2017a] to a nonlinear set-
ting. In particular, we show that even in the nonlinear (although only spherically symmetric) setting, ¢ still
obeys (A) and (C), and satisfies (B) in the subrange o € (0, %] Moreover, the metric components, the elec-
tromagnetic potential, and the charge, in appropriate coordinate systems and gauges, verify similar bounds.

1B. Ideas of the proof.

Model linear problems. The starting point of the analysis is to study linear systems of wave equations
on fixed extremal Reissner—Nordstrom background. A simple model of such a system is the following
(where a, b, ¢, d € R):

DgeRN¢ =a¢+by, DgeRNw =cy +dg. (1-3)

9This result is not explicitly stated in the literature, but can be easily inferred given the sharp asymptotics for generic solutions
in [Angelopoulos et al. 2018] and the blowup result in [Dafermos 2005] appropriately adapted to the linear setting.
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It turns out that in the extremal setting, we still lack an understanding of solutions to such a model system in
general. (This is in contrast to the subextremal case, where the techniques of [Franzen 2016; Dafermos and
Luk 2017] show that solutions to the analogue of (1-3) are globally bounded for any fixed a, b, ¢, d € R.)

Instead, we can only handle some subcases of (1-3). Namely, we need a >0, ¢ >0and b=d = 0.
Put differently, this means that we can only treat decoupled Klein—Gordon equations with nonnegative
mass. Remarkably, as we will discuss later, although the linearized equations of (1-1) around extremal
Reissner—Nordstrom are more complicated than decoupled Klein—Gordon equations with nonnegative
masses, one can find a structure in the equations so that the ideas used to handle special subcases of (1-3)
can also apply to the nonlinear problem at hand.

Estimates for linear fields using ideas in [Gajic 2017a). The most simplified case of (1-3) is the linear
wave equation with zero potential [, . ¢ = 0. In the interior of extremal Reissner—Nordstrom spacetime,
this has been treated by the first author in [Gajic 2017a]. That paper is based on the vector field multiplier
method, which obtains L2-based energy estimates for the derivatives of ¢. The vector field multiplier
method can be summarized as follows: Consider the stress-energy-momentum tensor

Ty = 0, 00 — 58,00 (8~ Bup 0p .
For a well-chosen vector field V, one can then integrate the identity for the current T,, V",
VAT V) = 5T (VAVY 4 VI V9,

to obtain an identity relating a spacetime integral and a boundary integral.

When V is casual, future-directed and Killing, the above identity yields a coercive conservation law.
In the interior of extremal Reissner—Nordstrém 9, = %(Bv + 9,) (see the definition of (u, v)-coordinates
in Section 3) is one such vector field. This vector field, however, is too degenerate near the event
horizon and the Cauchy horizon, and one expects the corresponding estimates to be of limited use in a
nonlinear setting. A crucial observation in [Gajic 2017a] is that the vector field V = |u|? 3, + v? 9, (in
Eddington-Finkelstein double null coordinates, see Section 3) can give a useful, stronger, estimate. More
precisely, V = |u|? 8, + v* 9, has the following properties:

(1) V is a nondegenerate vector field at both the event horizon and the Cauchy horizon.

(2) V is causal and future-directed. Hence, together with (1), this shows that the current associated to V,
when integrated over null hypersurfaces, corresponds to nondegenerate energy.

(3) Moreover, although V is not Killing, V* V" +V"V* has a crucial cancellation'? so that the spacetime
error terms can be controlled by the boundary integrals.

These observations allow us to close the estimate and to obtain nondegenerate L2 control for the derivatives
of ¢. Furthermore, the boundedness of such energy implies

16| (u, v) < Data(v) + |u| 2, (1-4)

10More precisely, VVV# 4+ V¥ VYV = — % Q2 (0,u? + 902+ 5272(142 A +v23,)Q%) < Q2 whereas each single term, e.g.,

Q2 dy V2~ v§272, behaves worse as |u|, v — oo. Without this cancellation, the estimate exhibits a logarithmic divergence.
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where, provided the data term decays in v, ¢ — 0 as |u|, v — co. Moreover, using the embedding
W2 <5 %3 in one dimension, we also conclude that ¢ € C%3.

In spherical symmetry, it is in fact possible to control the solution to the linear wave equation up to the
Cauchy horizon using only the method of characteristics.!! Here, however, there is an additional twist to

the problem. We will need to control solutions to the Klein—Gordon equation with nonzero mass'?

DgeRN¢ = m2¢'

For this scalar equation, however, whenever the mass is nonvanishing, using the method of characteristics
and naive estimates leads to potential logarithmic divergences. Nonetheless, if m? > 0, the argument
above which makes use of the vector field multiplier method can still be applied. In this case, one defines
instead the stress-energy-momentum tensor as

Tyuv = 3,0 9 — 28,0 (™) 300 dp¢p + m*p?).

As it turns out, the observations (1), (2), and (3) still hold in the m? > 0 case for the vector field
V =ul? 3, +v°d,. In particular, there is a crucial cancellation in the bulk term as above, which removes
the logarithmically nonintegrable term and allows one to close the argument. Again, this consequently
yields also decay estimates and €% bounds for @.

Let us recap what we have achieved for the model problem (1-3). The discussions above can be used
to deal fully with the casea >0, c>0and b=d =0. If a < 0 or ¢ <0, one still has a cancellation in the
bulk spacetime term, but the boundary terms are not nonnegative. If, on the other hand, b # 0 or d # 0,
then in general one sees a bulk term which is exactly borderline and leads to logarithmic divergence.

Renormalized energy estimates for the matter fields. In order to attack our problem at hand, the first step
is to understand the propagation of the matter field even without coupling to gravity. In other words,
we need to control the solution to the Maxwell-charged Klein—Gordon system in the interior of fixed
extremal Reissner—Nordstrom. (A special case of this, when m = ¢ = 0 is exactly what has been studied
in [Gajic 2017a].)

One difficulty that arises in controlling the matter fields is that when e # 0, the energy estimates for
the scalar field couple with estimates for the Maxwell field. If one naively estimates each field separately,
while treating the coupling as error terms, one encounters logarithmically divergent terms similar to those
appearing when controlling (1-3) for b # 0 or d # 0. Instead, we prove coupled estimates for the scalar
field and the Maxwell field simultaneously.

In order to prove coupled energy estimates, a natural first attempt would be to use the full stress-
energy-momentum tensor (i.e., the sum T = T®D 4 T®m) and consider the current T,, V", where

UTn fact, as in shown in [Gajic 2017a], the method of characteristics, when combined with the energy estimates, yields more
precise estimates when the initial data are assumed to be spherically symmetric. While [loc. cit.] does not give a proof of the
estimates in the spherically symmetric case purely based on the method characteristics, such a proof can be inferred from the
proof of Theorem 5.5 in Section 11.

12 As we will discuss below, the need to consider the Klein-Gordon equation with nonzero mass stems not only from our
desire to include mass in the matter field in (1-1), but when attempting to control the metric components, one naturally encounters
a Klein—-Gordon equation with positive mass.
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V = |u|? 3, +v? 3, as in [Gajic 2017a]. However, since the charge is expected to asymptote to a nonzero
value (as it does initially along the event horizon), this energy is infinite!

Instead, we renormalize the energy to take out the infinite contribution from the background charge.
We are then faced with two new issues:

o The renormalized energy is not manifestly nonnegative.

o Additional error terms are introduced.

Here, it turns out that one can use a Hardy-type inequality to show that the renormalized energy is
coercive. (This is the step for which we need a restriction on the parameters of the problem.) Moreover,
the additional spacetime error terms that are introduced in the energy estimates also exhibit the cancellation
described in footnote 10 on page 271.

Estimates for the metric components. Having understood the uncoupled Maxwell-Klein—Gordon system,
we now discuss the problem where the Maxwell-Klein—Gordon system is coupled with the Einstein
equations. First, we write the metric in double null coordinates:

g=—Q%u, v)dudv+r’(u,v)os,

where o is the standard round metric on $? (with radius 1). In such a gauge, the metric components r
and €2 satisfy nonlinear wave equations with ¢ and d¢ as sources. In addition, r satisfies the Raychaudhuri
equations, which can be interpreted as constraint equations.

We control r directly using the method of characteristics. As noted before, using the method of
characteristics for wave equations with nontrivial zeroth-order terms'? leads to potentially logarithmically
divergent terms. To circumvent this, we use both the wave equation and the Raychaudhuri equations
satisfied by r: using different equations in different regions of spacetime, one can show using the method
of characteristics that

—1 -1 -2 -2
r=MISv +lul™, [l SvT (0] S lulT

For €2, instead of controlling it directly, we bound the difference log €2 —log €29, where 2 corresponds
to the metric component of the background extremal Reissner—Nordstrom spacetime. We will control it
using the wave equation satisfied by €2; see (2-2). Again, as is already apparent in the discussion of (1-3),
to obtain wave equation estimates, we need to use the structure of the equation. Using the estimates for ¢
and r, the equation for log Q2 — log ¢ can be thought of as follows (modulo terms that are easier to deal
with and are represented by - - - ):

3y log%} e Y G ) MR (1-5)

Thus, when Q is close to 2, (1-5) can be viewed as a nonlinear perturbation of the Klein—Gordon
equation with positive mass, which is moreover essentially decoupled from the other equations. Hence,
as long as we can control the error terms and justify the approximation (1-5), we can handle this equation

13The wave equation for r indeed has such zeroth order terms; see (2-1).
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using suitable modifications of the ideas discussed before. In particular, an appropriate modification of
(1-4) implies that 2 — € in a suitable sense as |u|, v — 0.

Finally, revisiting the argument for the energy estimates for Maxwell-Klein—Gordon, one notes that it
can in fact be used to control solutions to the Maxwell-Klein—Gordon system on a dynamical background
such that r and log €2 approach their Reissner—Nordstrdom values with a sufficiently fast polynomial
rate as |u|, v — oco. In particular, the estimates we described above for the metric components are
sufficient for us to set up a bootstrap argument to simultaneously control the scalar field and the geometric
quantities.

Note that in terms of regularity, we have closed the problem at the level of the (nondegenerate) L> norm
of first derivatives of the metric components and scalar field. As long as r > 0, this is the level of regularity
for which well-posedness holds in spherical symmetry. It follows that we can also construct an extension
which is a solution to (1-1).

1C. Structure of the paper. The remainder of the paper is structured as follows. In Section 2, we will
introduce the geometric setup and discuss (1-1) in spherical symmetry. In Section 3, we discuss the
geometry of the interior of the extremal Reissner—Nordstrom black hole. In Section 4, we introduce the
assumptions on the characteristic initial data. In Section 5, we give the statement of the main theorem
(Theorem 5.1, see also Theorem 5.5). In Section 6, we begin the proof of Theorem 5.1 and set up the
bootstrap argument. In Section 7, we prove the pointwise estimates. In Section 8, we prove the energy
estimates. In Section 9, we close the bootstrap argument and show that the solution extends up to the
Cauchy horizon. In Section 10, we complete the proof of Theorem 5.1 by constructing a spherically
symmetric solution which extends beyond the Cauchy horizon. In Section 11, we prove additional
estimates in the case m = ¢ = 0.

2. Geometric preliminaries

2A. Class of spacetimes. In this paper, we consider spherically symmetric spacetimes (M, g) with
M = Q x S? such that the metric g takes the form

g=go+ r2(d6? +sin 0 d?),

where (9, go) is a smooth (141)-dimensional Lorentzian spacetime and r : Q@ — R is smooth and
can geometrically be interpreted as the area radius of the orbits of spherical symmetry. We assume that
(Q, go) admits a global double null foliation,'* so that we write the metric g in double null coordinates as

g =—Q%u, v)dudv+r’(u, v)(d6* +sin’ 6 dg?),
for some smooth and strictly positive function 2 on Q.

14Note that for sufficiently regular gg, the metric can always be put into double null coordinates locally. Hence the
assumption is only relevant for global considerations. We remark that the interior of extremal Reissner—Nordstrom spacetimes
can be written (globally) in such a system of coordinates (see Section 3) and so can spacetimes that arise from spherically
symmetric perturbations of the interior of extremal Reissner—Nordstrom, which we consider in this paper.
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2B. The Maxwell field and the scalar field. We will assume that both the Maxwell field F' and the scalar
field ¢ in (1-1) are spherically symmetric. For ¢, this means that ¢ is constant on each spherical orbit,
and can be thought of as a function on Q.

For the Maxwell field, spherical symmetry means that there exists a function Q on Q, so that the
Maxwell field F takes the following form

Q

= T )2”*(92 du A dv),
r

where m denotes the projection map & : M — Q. We will call Q the charge of the Maxwell field.

2C. The system of equations. In this subsection, we write down the symmetry-reduced equations in a
double null coordinate system as in Section 2A (see [Kommemi 2013] for details). Before we write down
the equations, we introduce the following notation for the covariant derivative operator with respect to the
1-form A:

D, ¢ =0,¢+icA,d.
2C1. Propagation equations for the metric components.

rdy dyr = —3Q% — 31 dpr + WPt QPP + Q7 207, (2-1)
r?d, 8y log @ = —27r*(Dy¢ Dy + DydDyp) — Q2r 2 Q% + 1Q + 91 dyr-. (2-2)

2C2. Propagation equations for the scalar field and electromagnetic tensor.

DDy + DyDy¢ = —3m*Q%¢ — 2~ (3,7 Dup + 8,1 D), (2-3)
DyDyp — D, Dy = 37 >Q%ieQ - §, (2-4)
0,0 =2mir’e(¢Dud — p D), (2-5)
00 =—2mir’e(pDyp — pDy). (2-6)
Furthermore, we can write

Q0 =2r*Q2(8,A, — 0,AL). (2-7)

2C3. Raychaudhuri’s equations.
3(Q20,r) = —4nrQ %D, (2-8)
3 (Q72 9yr) = —4nrQ %Dy (2-9)

2D. Hawking mass. Define the Hawking mass m by

(2-10)

. r r 48,,,7' 31)7‘
m:= 5(1 —g0o(Vr, Vr)) = 5(1 + oy )
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By (2-1), (2-8) and (2-9),

2 2

um = 87D, g7 + 20wl i+ 3 PO (2-11)
2 2

dm = 87 (8 )|y + 20,y ) +1(8 ne (2-12)

2E. Global gauge transformations. Consider the following global gauge transformation induced by the
function x : D — R, D C R*:

P, v) = e X"V (u, v),
Ay (u,v) = Ay (u, v) + 3, x (u, v),

with & = u, v. Let us define D=d +icA. Then,
Dyp=e""XD,¢.

As a result we conclude that the norms |¢| = |q~5| and |D,¢| = |5u¢~’| are (globally) gauge-invariant.

In most of this paper, the choice of gauge will not be important. We will only explicitly choose a gauge
when discussing local existence or when we need to construct an extension of the solution. Instead, most
of the time we will estimate the gauge-invariant quantities |¢| and |D,¢|. For this purpose, let us note
that we have the following estimates regarding these quantities:

Lemma 2.1. The following estimates hold:
[, v) < |@|(u1, v) +/ |Dugp| (', v) du’, (2-13)
u
v
$lsv) < gl o)+ [ 1Dglw. v av -14
vy

Proof. We can always pick x such that A, = 0 and 5,,{5 = 9,¢. This fact, together with the fundamental
theorem of calculus and the gauge-invariance property above, imply

u u
$1sv) = 191 0) <1910 0+ [ 1BGI v du’ = gl v) + [ 1Dl v
ui ui
which implies (2-13).
Similarly, by choosing x such that A, = 0, we obtain (2-14). O

3. Interior of extremal Reissner—Nordstrom black holes

The interior region of the extremal Reissner—Nordstrom solution with mass M > 0 is the Lorentzian
manifold (McrN, gerN), Where Mgy = (0, M), x (—00, 00), x S? and the metric g.ry in the (¢, r, 0, @)-
coordinate system is given by

8eRN = —Q(z)dtz + Qazdr2 + rg(d@2 +sin® 0 dg?),
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M
Qoz(l——).
ro

We define the Eddington—Finkelstein r*-coordinate (as a function of r) by

where

2

= M 2M'1 — 1
P =+ 2M log(M —r) 1, (3-1)

and define the Eddington—Finkelstein double-null coordinates by
u=t—r*, v=r+r*. (3-2)
In Eddington-Finkelstein double-null coordinates (u, v, 8, ¢), the metric takes the form as in Section 2A:
gerN = —2(u, v) du dv + r}(u, v)(d6? + sin® 6 dp?),

where rg is defined implicitly by (3-1) and (3-2) and Q(z)(u, v) = (1 —M/(ro(u, v)))>~

For the purpose of this paper, we do not need the explicit expressions for ry and ¢ as functions of
(u, v), but it suffices to have some simple estimates. Since we will only be concerned with the region of
the spacetime close to timelike infinity i * (see Figure 1),"> we will assume v > 1 and u < —1. In this
region, we have the following estimates (the proof is simple and will be omitted):

Lemma 3.1. Forv > 1and u < —1, there exists C > 0 (depending on M) such that forv>1andu < —1,

C C
ro—Ml(u,v) < ———, oyrol(u, v) + |0, ro|(u, V) < ————.
ro |(u, v) RN [0yrol (i, v) +[yrol(u, v) RN

Given any B > 0, we can find a constant Cg > 0 (depending on M and B) such that for v>1and u < —1,
2M
v+ |ul
18, (v* Q) + 8, ()|, v) < Cp (v + lu)) 7>, (3-4)

0— (u, v) < Cp(v+|ul)~>*P, (3-3)

3A. Regular coordinates. We would like to think of Mrn as having the “event horizon” and the “Cauchy
horizon” as null boundaries, which are formally the boundaries {# = —oo} and {v = oo} respectively. To
properly define them, we will introduce double null coordinate systems which are regular at the event
horizon and at the Cauchy horizon respectively. We will also use these coordinate systems later in the

paper
« to pose the characteristic initial value problem near the event horizon, and

« to extend the solution up to the Cauchy horizon.

15Forrnally, it is the “2-sphere at u = —o0, v = 00”.
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3A1. Regular coordinates at the event horizon. Define U by the relation

dU
— =Qu, )= (1-
du o, 1) (

2
o, 1)) , U(—00)=0. (3-5)

By Lemma 3.1, there exists a constant C (depending on M), so that we can estimate
dUu
0<——<C+uh (3-6)
du

Define the event horizon as the boundary {U = 0}. We will abuse notation to denote the event
horizon as both the boundary in the quotient manifold {(U, v) : U = 0} C Q and the original manifold
{(U,v): U =0} x S* C Mern (see Section 2).

After defining u(U) as the inverse of u — U, we abuse notation to write ro(U, v) = ro(u(U), v) and
Qo is defined by

QU v) = Q2 w(U), D), v),

and the extremal Reissner—Nordstrém metric takes the following form in the (U, v, 6, ¢)-coordinate
system:
gerN = — Q3 (U, v) dU dv + 12 (U, v)(d6* + sin® 6 dg?).

In particular, by (3-3), it holds that
Q0(0,v) =1 (3-7)
for all v. Additionally, we have, for all v,

r0(0, v) = M.

Hence, inthe (U, v, 6, ¢)-coordinate system, QO(U , v) and ro(U, v) extend continuously (in fact smoothly)
to the event horizon. Moreover, for every v > 1 and u(U) < —1, ﬁ(z)(U , v) is bounded above and below

as follows: 5
—— <QU,v) <1. 3-8
1S oU,v) = (3-8)
3A2. Regular coordinates at the Cauchy horizon. Define V by the relation
v Qi(-1,v) =1 LY V(00) =0 (3-9)
- = —1,v) = -, o0) =0. -
dv 0 ro(—1,v)

By Lemma 3.1, there exists a constant C (depending on M), so that we can estimate
Ofd—sC(1+v) . (3-10)
v

Define the Cauchy horizon as the boundary {V = 0}. (Again, this is to be understood either as
{(u, V):V =0} C Q or the original manifold {(u, V) : V =0} x C Mcrn.) After defining v(V) as the
inverse of v — V, we abuse notation to write ro(u, v(V)) = ro(u, v(v)) and 50 is defined by

Gou, v(V)) = Q2 (=1, v(V)Q(u, v(V)),
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and the extremal Reissner—Nordstrém metric takes the following form in the (u, V, 6, ¢)-coordinate
system:

gern = — S (u, V) dudV +rd(u, V)(d0* +sin® 0 dgp?).

In analogy with Section 3A1, it is easy to see that Ezé and rg extend smoothly to the Cauchy horizon.

4. Initial data assumptions

We will consider the characteristic initial value problem for (1-1) with initial data given on two transversally
intersecting null hypersurfaces, which in the double null coordinates (U, v) are denoted by

Hy:={U,v):U=0}, Hy :={U,v):v=nrvp}.

Here, the (U, v)-coordinates should be thought of as comparable to the Reissner—Nordstrom (U, v)-
coordinates in Section 3A1; see Section 4A for further comments.

The initial data consist of (¢, r, €2, Q) on both Hy and H,,, subject to (2-5) and (2-8) on H,,, as well
as (2-6) and (2-9) on H.

We impose the following gauge conditions on the initial hypersurfaces H,, and Hy:

QU, vo) = Qo(U, v) for U € [0, Upl, Q0,v) = Qp(0,v) =1 forve[vy,o0),  (4-1)

which can be thought of as a normalization condition for the null coordinates.

The initial data for (¢, r, 2, Q) will be prescribed in Sections 4C—4F, but before that, we will give
some remarks in Sections 4A and 4B: In Section 4A, we discuss our conventions on null coordinates; in
Section 4B, we discuss which parts of the data are freely prescribable and which parts are determined by
the constraints. We then proceed to discuss the initial data and the bounds that they satisfy. In Section 4C,
we discuss the data for ¢; in Section 4D, we discuss the data for r; in Section 4E, we discuss the data
for Q; in Section 4F, we discuss the data for dyr on Hj.

4A. A comment about the use of the null coordinates. In the beginning of Section 4, we normalized
the null coordinates (U, v) on the initial hypersurfaces by the condition (4-1) so that they play a similar
role to the (U, v)-coordinates on extremal Reissner—Nordstrom spacetimes introduced in Section 3A1.
This set of null coordinates has the advantage of being regular near the event horizon and therefore it is
easy to see that the Einstein—Maxwell-Klein—Gordon system is locally well-posed with the prescribed
initial data.

However, in the remainder of the paper, it will be useful to pass to other sets of null coordinates. For
this we introduce the following convention. We use all of the coordinate systems (U, v), (u, v) and (u, V),
where u and 'V are defined (as functions of U and v respectively) by (3-5) and (3-9).

All the data will be prescribed in the (U, v)-coordinate system and we will prove estimates for ¢,
r and Q in these coordinates. Nevertheless, using (3-5), they imply immediately also estimates in the
(u, v)-coordinate system, and it is those estimates that will be used in the later parts of the paper.
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4B. A comment about freely prescribable data. Since the initial data need to satisfy (2-5), (2-6), (2-8)
and (2-9), not all of the data are freely prescribed. Instead, we have freely prescribable and constrained data:
» A normalization condition for # and v can be specified. In our case, we specify the condition (4-1).

e ¢ on Hy and H can be prescribed freely.

o r and Q can then be obtained by solving (2-5), (2-6), (2-8) and (2-9) with appropriate initial conditions,
namely,

— r and Q are to approach their corresponding values in extremal Reissner—Nordstrom with mass
M > 0;1i.e.,
lim (0, v) = lim Q(0,v) =M.
V—>00 vV—> 00
— (dyr)(0, vy) can be freely prescribed; see (4-7).

We remark that in order to fully specify the initial data, it only remains to pick a gauge condition for A.
For this purpose, it will be most convenient to set Ay (U, vg) =0 and A, (0, v) = 0. (This can always be
achieved as each of these are only set to vanish on one hypersurface; see the discussions following (9-6).)
Nevertheless, the choice of gauge will not play a role in the rest of this subsection, since all the estimates
we will need for ¢ and its derivatives can be phrased in terms of the gauge-invariant quantities |¢|, | Dy |
and | D, ¢|.

4C. Initial data for ¢. We assume that there exist constants D; and D, such that
Uo
/ |Dy¢|*(U, vo) dU < D, 4-2)
0

o0
f V2 Dy (0, ') dv' < D, (4-3)

vo
where we will take o > 0. We additionally assume that
lim ¢(0, v) =0. (4-4)
V—>00
Lemma 4.1. The following estimate holds:
1_a

191(0,v) < y/Dov™ 2" 2. (4-5)
Proof. By (4-4), (2-14) and the Cauchy—Schwarz inequality, we have

o0 o0 o0
1610, v) < / |Dv¢|<o,v’>dv’§\/ f v’“dv/-\/ / VD10, v)) v,
v v v

so we can conclude using (4-3). U

4D. Initial data for r. We assume that

lim r(0,v) =M (4-6)

vV—>00
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and we prescribe freely dyr (0, vg). Let us assume that
aur(0,v9) <0, [9yr|(0, vg) < MD;. 4-7)
We use (2-8) and (2-9) as constraint equations for the variable r along Hy = {U =0} and H,, = {v=vo}.
4D1. Initial data for r on Hy. We obtain along Hy
32r (0, v) = —4mr (0, v)| Dyo|*. (4-8)
The above ODE can be solved to obtain (0, v).

Lemma 4.2. There exists a unique smooth solution to (4-8) satisfying (4-6). Moreover, if vy satisfies the
inequality
Dovy ' < o (4-9)

8>

then the following estimates hold for v > vy:
IM<r,v) <M, |r—MI[0,v) <4rMDyv~", 13,r(0,v) <4wMDov 2.

Proof. Existence and uniqueness can be obtained using a standard ODE argument. We will focus on
proving the estimates.

First, observe that by integrating (4-8), and using the assumptions r (0, v) — M and (4-3), it follows
that lim, _, 5 (9,7)(0, v) exists. Now using again the assumption r (0, v) — M, we deduce that

lim (9,7)(0, v) = 0. (4-10)
vV—> 00
Together with (4-8) this implies
d,r (0, v) > 0.
Since (0, v) — M, we can then bound
r0,v) <M. 4-11)

By (4-8) and (4-10),

oo
18,7 (0, v)| <4 sup r(0, v)-/ 1Dy (. v') dv'.
v

vo<v<00

We deduce, using (4-3) and (4-11), that

10,7 (0, v)| < 4w MDov 27, (4-12)
and therefore
A M lea
(0, v) — M| < H—aDOv (4-13)

for all vg < v < oo. In particular, given (4-9), it holds that for all v € [vg, 00),
r0,v) = 3 M. (4-14)

The estimates stated in the lemma hence follow from (4-11)—(4-14). O
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4D2. Initial data for r on Hy. We similarly obtain along H
3y (Q (U, vo) dyr (U, vp)) = —4wQ (U, vo)r (U, v9)| Dy $|*. (4-15)
The above ODE can be solved to obtain (U, vg).

Lemma 4.3. There exists a unique smooth solution to (4-15) satisfying (4-6). Moreover, if Uy, vy satisfy
the inequality

Dovy ' <&, MDwiUp < (4-16)

1
8w 367
then the following estimates hold for U € [0, Up]:
M <rU,v) <3iM, |dyr|(U,vo) <97 MDjvg.

Proof. As in Lemma 4.3, since existence and uniqueness is standard, we focus on the estimates. To this
end, we introduce a bootstrap argument, starting with the assumption

(U, vo) < 2M. (4-17)

Integrating (4-15) and using (4-1),

U
1Q72(U, vo) dyr (U, vo) — dyr(0, vo)| <4 sup Q (U’ vo) r(U’, vp) - / |Dy|>(U”, vo) dU".
0<U’'<Uy 0

By (3-8), (4-2) and (4-7), this implies

vo+ 1

2
[0yr(U, vg)| < MD;+ 87 M - ( ) -Di=MDi(1+2n'(v0+1)2)§9nMDiv§. (4-18)

Integrating in U, this yields (for U € [0, Up])),
7 (U, vo) — (0, vo)| < 97 MD;v§Up,
which implies, using Lemma 4.2 (or more precisely (4-11) and (4-14)),
IM — 9 MDivUs < r(U, vo) < M + 97 MD;v3Up.

Hence, by (4-16), it holds that
IM <r(U, v) <3M, (4-19)

and we have improved the bootstrap assumption (4-17). This closes the bootstrap argument, and the
desired estimates follow from (4-18) and (4-19). O

4E. Initial data for Q. In view of (2-5) and (2-6) which have to be satisfied on the initial hypersurfaces,
it suffices to impose Q on one initial sphere. We assume that

lim Q(0,v) =M. (4-20)
vV—> 00
Lemma 4.4. Assume (4-9) holds. Then the following estimate holds on Hy:
10(0, v) — M|(0, v) < 4m|e|]MDyv~ ', (4-21)
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Proof. Using (2-6), (4-11) and the Cauchy—Schwarz inequality we estimate

1Q(0, v) — M[(0,v) <4mle| sup r?(0,v")- / 9] - Dyl (0, v") dv'

v €lvg,00)

<4nlelM® sup (0, \// o gy \// V2| DyI2(0, v') dv,

v<v’'<00

so we can use (4-3) and (4-5) to conclude (4-21). O

4F. dyr along Hy. The function d,r along Hy is not freely prescribable, but is dictated by (2-1) and the
freely prescribable data for (dy7)(0, vg) (which obeys (4-7)). We will need the following estimate for
dyr along Hy.

Lemma 4.5. Suppose (4-9) holds. Then there exists a constant C > 0 depending only on M and wm such
that for every v € [vg, 00),
10y r (0, v)| = C(Do + Di). (4-22)
Proof. By (2-1) we have
3y (r dyr)(0, v) = 4M*m*mr?|p|* + M*r—2(Q* — r?)
=AM’ r?|p* + MPr 2 (Q% — MP) + MPr 2 (M? — ).

Hence,

|(r 3yr)(0, v) — (r dyr)(0, vo)| S

o0
/ m2r2|¢|2+%M—2(Q2_M2)+4%M—2(M2_r2)dv/
vo

where we have used Lemmas 4.1, 4.2 and 4.4 (and we crucially used that o« > 0). Together with (4-7), we
can therefore conclude (4-22). O

5. Statement of the main theorem

We are now ready to give a precise statement of the main theorem. Let us recall (from Section 4A) that
we also consider the coordinate system (u, v), where u(U) is defined via the relation (3-5). It will be
convenient from this point onwards to use the u-(instead of U-) coordinate.

Theorem 5.1. Suppose

o the parameters M and ¢ obey'®

1 — (104 5v6 —3vV9+4v/6)[e|M > 0. (5-1)
o the initial data are smooth and satisfy (4-1), (4-2), (4-3), (4-4), (4-6), (4-7) and (4-20) for some finite

D, and D;.

Then for |ug| sufficiently large depending on M, m, ¢, a, Do and Dj and vg sufficiently large depending on
M, m, ¢, o and D, (but not Dj!), the following hold:

16Note that (10 4+ 546 —3v/9 +4/6) ~9.24 . . ..
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o (existence of solution) There exists a unique smooth, spherically symmetric solution to (1-1) in the
double null coordinate system in (u, v) € (—o0, ug] X [vg, 00).

o (extendibility to the Cauchy horizon) In an appropriate coordinate system, a Cauchy horizon can be
attached to the solution so that the metric, the scalar field and the Maxwell field extend continuously to it.

o (quantitative estimates) The following estimates hold for all (u, v) € (—00, ug) X [vg, 00) for some
implicit constant depending on M, m and ¢ (Which shows that the solution is close to extremal Reissner—

Nordstrom in an appropriate sense):
l_«a 1
|61(t, v) SDV™272 + (Do +D)ul 2, |r = M(u, v) S Dov™" + (Do +D)lul ™",
1922 = 31, v) 5 Jul 72 (lul +v) 2,

187 | (u, v) S (Do +Di)|ul ™2, 18,7 |(u, v) < (Do +Di)v 2,

o0 uo
/ 210,61, v>dv+/ w2134 2, v) du < Do + D,
Ui

0 —00

ug 2 Voo 2
*(ou(10z ) *(ouftoz gy ) ;
/_ ” (au(log o (u,v)du—i—/vo v (o0 (log 5. )) @ vy dv < 5.

o0

o (extendibility as a spherically symmetric solution) The solution can be extended nonuniquely in (space-
time) C 03N le)’cz beyond the Cauchy horizon as a spherically symmetric solution to the Einstein-Maxwell—
Klein—Gordon system.

Remark 5.2 (vo > 1, ug < —1.). Without loss of generality, we will from now on assume that vy > 1
and ug < —1.

Remark 5.3 (validity of the estimates in Section 4). Recall that in Section 4, some of the estimates that
were proven depend on the assumptions (4-9) and (4-16). From now on, we take vy sufficiently large and
ug sufficiently negative (in a manner allowed by Theorem 5.1) so that (4-9) and (4-16) hold.

Remark 5.4 (relaxing the largeness of vy). Note that vy is assumed to be large depending on M, m, e,
« and D, so that we restrict our attention to a region where the geometry is close to that of extremal
Reissner—Nordstrom. However, in general, if we are given data with vy ; = 1 (say) and D, not necessarily
small, we can do the following:

(1) First, find a v (sufficiently large) such that vy is sufficiently large depending on M, m, ¢, & and D, in
a way that is required by Theorem 5.1.

(2) Solve a finite characteristic initial value problem in (—o0, ug] x [vo ;, vo] for some uq sufficiently
negative. (Such a problem can always be solved for ug sufficiently negative. This can be viewed as a
restatement of the fact that for local characteristic initial value problems, one only needs the smallness of
one characteristic length, as long as the other characteristic length is finite; see [Luk 2012].)

(3) Now, let Dj be the size of the new data on {v = vy} which is obtained from the previous step. By
choosing u smaller if necessary, it can be arranged so that |ug| is large in terms of M, m, ¢ and D, + D;
in a way consistent with Theorem 5.1.
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(4) Theorem 5.1 can now be applied to obtain a solution in (—o0, ug] X [vg, 00) such that the conclusions
of Theorem 5.1 hold.

In the case e = m = 0, we obtain the following additional regularity of the scalar field:
Theorem 5.5. In the case e = m = 0, suppose that in addition to the assumptions of Theorem 5.1, the

following pointwise bounds hold for the initial data:

sup  |ul?|3,¢](u, v0) + sup v?]d,¢|(—00, v) < 00. (5-2)

u€(—o0,u] ve[vg,00)

Then, taking ug more negative if necessary, in the (u, V)-coordinate system, see (9-1), the scalar field is
Lipschitz up to the Cauchy horizon.

6. The main bootstrap argument

6A. Setup of the bootstrap. We will assume that

« there exists a smooth solution (¢, 2, r, A) to the system of (2-1)—(2-9) in the rectangle Dy [y, v.) =
{(U,v)|0<U < Uy, vg <V < Vs}, such that

« the initial gauge conditions are satisfied, i.e., QZ(U, vy) = ﬁ%(U, vg) and QZ(O, V) = 53(0, v), and
« the initial conditions for ¢, r, Q are attained.

On this region, we will moreover assume that certain bootstrap assumptions hold (see Section 6B). Our
goal will then be to improve these bootstrap assumptions, which then by continuity, implies that the above
three properties hold for all v > vy, i.e., in the region Dy, , = Duj.[vy,00)-

Recall again that we often use the (u, v)- instead the (U, v)-coordinates. Abusing notation, we will
also write

Doy 1vo,v00) = DU [vo,v00) = 11, V) | =00 < u < ug :=u(Up), vo <V < Vo).

6B. Bootstrap assumptions. Fix n > 0 sufficiently small (depending only on ¢ and M) so that
1— (10 +5v6 —3vV9+4v6)(1 4+ n)|e|M > 0. (6-1)

(Such an 7 exists in view of (5-1).) Define

1= (1-10+5v6—3v9+4/6)(1 +n)le|M). (6-2)
Let us make the following bootstrap assumptions for the quantities (¢, €2, r) in Dy, .., for some Ay > 1
to be chosen later:

o 12 Q 2 ’ I oo 12 Q 2 / I
sup u <8u<10g 5())) (w',v)du" + sup v <8v(log 50)) (u,v)dv <M, (Al

veE[v),Ve0] J —00 ue(—oo,up] J g
uo Voo
/2 20/ / 12 2 / /
sup / u”|Dy@|"(u',v)du"+ sup / VDol (1, v') dv' < Ay(Do + Di), (A2)
ve[vg,Veo] J —00 ue(—oo,up] Jug

sup Ir — M| (u,v) < 3M. (A3)

ue(—o0,ugp], vE[vo,voo]
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Our goal will be to show that under these assumptions, for |¢g| sufficiently large depending on M, m, e,
o, 1, D, and D; and vy sufficiently large depending on M, m, ¢, o, n and D,,

o the estimate (A1) can be improved so that the right-hand side can be replaced by %M ;

« the estimate (A2) can be improved so that the right-hand side can be replaced by C (D, + D;), where
C is a constant depending only on M, m, ¢, o and n;

o the estimate (A3) can be improved to |[r — M| < A—ILM .
6C. Conventions regarding constants. In closing the bootstrap argument, the main source of smallness

will come from choosing |ug| and vy appropriately large. We remark on our conventions regarding the
constants that will be used in the bootstrap argument:

« All the implicit constants (either in the form of C or <) are allowed to depend on the parameters M, m,
¢ and «. In particular, they are allowed to depend on 7, defined in (6-1), and w, defined in (6-2). There
will be places where the exact values of these parameters matter (hence the corresponding restriction in
Theorem 5.1): at those places the constants will be explicitly written.

e |ug| is taken to be large depending on M, m, ¢, «, 17, D, and Dj, and vy is taken to be large depending
on M, m, ¢, o, n and D,. In particular, we will use

_1 1
DOUO U« 1, (,Do‘i‘,Di)llft0|7m <1

without explicit comments, where by << 1 we mean that it is small with respect to the constants appearing
in the argument that depend on M, m, ¢, o and 7.

o Ay > 1 will eventually be chosen to be large depending M, m, ¢ and «, but not on D, and D;. In
particular, we will also use

_ L 1
A3Dovy <1, AG(Do+Di)lugl T < 1 (6-3)
without explicit comments.

7. Pointwise estimates

Proposition 7.1. For all —co < u < ug, vg < v < vo, We have

o 1
61, v) S VDov™ 2% + A2 /Do + Dilu] 2, (7-1)

10 — M|(u, v) < Dov™ "= 4+ Ay (Do + D) u| ", (7-2)
12 — Qol (s v) < Jul 2w+ Jul) ", (7-3)
197 — Q2[(u, v) S Jul 2 v+ ul) %, (7-4)
Q- —M vy Sl + fup! (7-5)
Wt u,v) Slu v u ,
4M? 1
2 -3 -2
‘Q —m (u,v) Slul" 2+ |u)~". (7-6)
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In particular,
IM <0l v) <3M, (7-7)
IM*(v+ |ul) 2 < Q%(u, v) < 6M*(v + |u]) 2. (7-8)

Proof. Proof of (7-1). By (2-13) and the Cauchy—Schwarz inequality, we obtain

9], v) < |p|(—00, v) + |u|—%\/ / u?| D>, v) du. (7-9)

Using (4-5) and the bootstrap assumption (A2) to control the first and second term respectively, we obtain
(7-1).
Proof of (7-2). Using the estimate (7-1) for ¢, the bootstrap assumption (A3) for r together with (2-5),

we obtain a pointwise estimate for |Q — M|:

u

|1Q — M|(u, v) < |Q — M|(—o0, v)+f 19, 01(u’, v) du'

—0o0

<10 —M|(—o0, v)+471|e|/ 1ol Dug| ', v) dud

u
<10 — M|(—00, v) +4rle||ul"2 sup r2|¢|<u’,v>-\// u?| Dy (', v) du’
—00

—oo<u'<u

<1Q = MI(=00, v) + C/Ag(Dy + Dp)lul = (|u] 2/ Ag(Dy + D) + v~ /Dy).
Using (4-21) and Young inequality, we therefore conclude that

|Q — M|(u, v) S Dov™ "% + Ap(Do + Di) Ju] .

Proof of (7-3), (7-4), (7-5) and (7-6). By our choice of initial gauge (4-1), we have

-~

Q

lo g(—oo,v):lo — (U =0,v)=0,
£ gQ
0

so we can estimate using (A1)

“ 2
‘log 2 ‘(M, v) < Iul‘é\/ u’2<au <10g 2 )) W', vy du' < M3 |ul">.
Using (A1) and the simple inequality le? — 1] < |9e”!, we have
£
Q' @

We now consider two cases. Suppose (2/ o) (u, v) > 1 for some (u, v); we have

‘%0 - 1‘(u, v) < M3 |u|" max{ }(u, v, ‘%0 — 1)(u, V) < M3 u|~3 max{%o, %)}(u, V).
o — 1w = M (= 1)+ M
which, after choosing ug to satisfy M 2 |u0|_% < 1. implies

‘9 _ l‘(u, v) < 2M3u|" (7-10)
Qo
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Multiplying (7-10) by €29 in particular implies
12— Qol (1, v) < 4M> |u| > Q(u, v) (7-11)

in this case. On the other hand, if (2/2¢)(u, v) < 1 for some (u, v), we have by a similar argument that
for M |ug| ™2 < 1,
‘%) _ 1‘(14, v) < 2MEul 3.

This then implies

|90 — 20, v) < 2M 3 [u] 2R — ol (ut, v) +2M 2 u| "2 Q0 (u, v).
Choosing M%|u0|*% < % implies that we also have (7-11) in this case. Using (7-11) and (3-3), we
conclude (7-3).
For (7-4), we use (7-11) twice to obtain

192 — Q2|(u, v) < 4AMZ|u|"2Q0(2+ Q) < 16M|u| ™ Q2+ 8M2 |u| 2222,

which, after choosing |ug| to be sufficiently large and using (3-3), implies (7-4).
Finally, (7-5) and (7-6) follow from (7-3), (7-4) and (3-3), with 8 = %

Proof of (7-7) and (7-8). The bound (7-7) is an immediate consequence of (7-2), while (7-8) is an
immediate consequence of (7-6). O

Proposition 7.2. The following estimates hold:

10,7 |(t, v) < Ap(Do + Di)lu| 2, (7-12)
18,7 | (1, V) < Dov ™% + Ag (Do + Di) minfv =2, |u| 73}, (7-13)
Ir(u, v) — M| < Dov™" 4 Ay (Do + D) u| ™, (7-14)
| (u, v) — ro(u, V)| S Dov™" + Ag (Do + D) u| ™ + (v + u) ™. (7-15)
In particular,
r(u,v) — M| < zM, (7-16)

which improves the bootstrap assumption (A3).

Proof. Proof of (7-12). By (2-8), (A3), (7-8) and (4-22), we can estimate
10,71 (u, v) < Q% (u, v)]dyr|(—00, v) + CQ*(u, v) f Q2w )| DG, v) du’
—00

u 11\2
< C(Do+Dpul™> +Cv+ |u|>—2/ Mmzwmﬂ(m, v)du'.

oo W)
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Note that for |u’| > |u|, we have

v+ ')\ v ) v\’ v+ lul\
— ) =l1+—) <(1+—) = :
|u'| |u'| |ul |ul

which we can use to further estimate

u

18,7 | (1, v) < C(Do+Dj)|u| ™%+ C|u|—2f /|| Dy * (', v) dud’

—00
and hence, by (A2),
18,7 | (e, v) < CAy(Do+ Dj)|u| 2.

Proof of (7-16). Using the fundamental theorem of calculus and integrating (7-12) in u, we obtain

u

Ir(u, v) — M| < |r(—o0,v) — M| +/ 18,7, v) du’ < Dov™" + Ap(Do + Di)|u| ™",

—o0
where in the last inequality we have used Lemma 4.2 and (7-12). Combining this with the estimates for r¢
in Lemma 3.1, we thus obtain the estimate for » — r¢ in (7-15). In particular, for Dyv,, ! (Do + D;) o)~
suitably small, we obtain
r(u,v) — M| < M

for all (u, v) € Dy, »,,, which is the estimate (7-14).
Proof of (7-13): the region {v < |u|}. We first rewrite (2-1) as

u(r dyr) = JQr Q> — M) + 1 Q5 2(M? — ) + mPmr? Q¢

By (7-1) (for ¢), (7-14) (for r — M) and (7-2) (for Q — M), the u-integral of the right-hand side of the
above equation can be estimated (up to a constant) by

/ QA (Dov™" + Ag(Do +Di) |71 dud'.

—0o0

Using (7-6), we have, in the region {v < |u|},

u u
/ Q*Dov ! du’ gpov—lf W+ D2 du’ <Dov v+ u !
—0o0 —0oQ

and

/ Q2 Ay (Do +Di)li| ™ du’ < Ay (Do +Di)/ 0+ 1) dud

—00

< Ap(Do + Di)|u] 2.

Together with the bound on 9,7 on the event horizon in Lemma 4.2, this implies that when v < |u/|, we
have the estimate
|0ur|(u, v) S Dov™> + Ay (Do + Dj) min{v 2, u| 2}

Proof of (7-13): the region {v > |u|}. Notice that if we estimate in this region in the same manner as

before, we lose a factor of logv in the bound. So instead of (2-1), we will use the Raychaudhuri’s
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equation (2-9).17 More precisely, given (u, v) with v > |u|, we integrate (2-9) along a constant-u curve
starting from its intersection with the curve {|u| = v} to obtain

07

]
a(u’v)< Lr

~ Qz

(u, —u) +/U Q72D |*(u, V) dv'.

By the estimates for d,r in the previous step and (7-4), we have

0,7

o7 (u, —u) S Ap(Do + Di).

Since v’ > |u| in the domain of integration, we have, after using (7-4) and (A2), that

v v v
f QD (u, vy dv' S | '+ |ul)? Dyl (u, v dv' < [ V2 Dy 2 (u, V') dv' S Ag (Do + D).

u —u u

Combining the three estimates above with (7-6) yields that when v > |u|,
18071 (ut, v) S Ag (Do + Di) minf{v2, Ju] 7).

Together with the previous step, we have thus completed the proof of (7-13). (|

8. Energy estimates

In this section, we prove the energy estimates for (derivatives of) ¢ and 2. In particular, we will improve
our bootstrap assumptions (A1) and (A2). As we discussed in the Introduction, the argument leading to
energy estimates for ¢ will go through the introduction of a renormalized energy, the analysis of which
forms the most technical part of the paper.

In Section 8A, we will motivate the introduction of our renormalized energy for the matter field by
considering the stress-energy-momentum tensor associated to the matter field. In Section 8B, we show
that the renormalized energy we introduce is coercive; and in Section 8C, we show that one can bound
this renormalized energy. Combining these facts yields the desired control for the matter field.

Finally, in Section 8D, we prove the energy estimates for (£2/2g).

8A. The stress energy tensor and the renormalized energy fluxes. The null components of the stress-
energy-momentum tensor T, corresponding to the scalar field and electromagnetic tensor are given by

T = Q2 (1 + 574 0%), Tuwu=IDugl®. Ty =|Duol”

The above expressions suggest that the natural energy fluxes along the null hypersurfaces of constant u
and v are obtained by integrating the contraction T (X, d,) and T(X, d,), respectively. With the choice

170n the other hand, in the region {v < |u|} that we considered above, it also does not seem that Raychaudhuri can give the
desired bound.
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X = u?9, + v? 9, this gives

v
/ ? v2r2|Dv¢|2+}TuerQZ(m2|¢|2+#r“‘QZ) dv.
Uluz
f u2r2|Du¢|2—|—%vzerz(m2|¢|2+#r“‘Qz) du,
ui
with —00 < u; <upy <ug, vo <V < vy < 00.

However, with the above energy fluxes, the initial energy flux is not finite even initially on the event
horizon with the chosen initial data. We therefore introduce the following renormalized energy fluxes.'®

E,(u) = /vw VM2 Dyd* (u, v) + §u MP QP (mP(@* + 5 M~H(Q* — MP)) (u, v) dv, (8-1)

0

ug
E,(v):= / wM?| Dy (u, v) + J0*M*Q* (P (g)> + = MH(Q% — M?))(u, v)du.  (8-2)

—0o0
8B. Coercivity of the renormalized energy flux. Our goal in this subsection is to prove that the renor-
malized energy flux we defined in (8-1) and (8-2) is coercive and controls the quantity on the left-hand
side of (A2). The statement of the main result can be found in Proposition 8.7 at the end of the subsection.

This will be achieved in a number of steps. We will first need the following preliminary results:

(1) We need an improved version of (7-2), which keeps track of the constants appearing in the leading-
order terms (Lemma 8.1).

(2) We then show that fl};(lul /(' +u)))?|¢|*(u, v') dv’ can be controlled by the left-hand side of (A2)
(Lemma 8.3).

(3) Similarly, we show that [*? (v/(v + [u']))?|¢|*(u’, v) du’ can be controlled by the left-hand side
of (A2) (Lemma 8.4).

Both (2) and (3) above are based on a Hardy-type inequality; see Lemma 8.2. After these preliminary steps,
we turn to the terms in the renormalized energy (see (8-2), (8-1)) which are not manifestly nonnegative.
Precisely, we control

.= fv’;‘” u>?M~2Q?(Q* — M?*)(u, v) dv in Proposition 8.5, and
o = [ vV2M72Q%(Q? — M?)(u, v) du in Proposition 8.6.

167 00

Putting all these together, we thus obtain the main result in Proposition 8.7.
We now turn to the details, beginning with the following lemma:

Lemma 8.1. Let n > 0 be as in (6-1). Then there exists C > 0 such that
0% — M?|(u, v)
u
<8xMle|(1+n)|u|™" / W ?M?| D, * ', v) du' + CDov™" + CAy(Do +Di)lu| 2. (8-3)

—0o0
I18Notice that in the renormalization, not only have we “added an infinity term” to each of the fluxes, we have also “replaced
several factors of r by factors of M. The replacement of r by M is strictly speaking not necessary to make the renormalized
energy fluxes finite, but this simplifies the computations below.
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Proof. We compute

(Q*—M*)(u,v) = (Q(u, v)+M)(Q(u, v)—M)= (Q(u,v)+M) (Q(—oo, v)—M+ /

u

—00

9,0, v) du/)
and use (2-5) to estimate

0% — M?|(u, v) <1Q(u, v) + M| (|Q(—oo, V) — M| +4x]e] f r*1¢1|1Dug| du/).
We further use (7-9) to estimate -

/ 2161 | Dudl ', v) di’

—0o0

<[M*+ sup (F-MH]- sup 1ol v)- f 1Dy, v) du’

—oo<u'<u —oo<u'<u

<[M*+ sup <r2—M2>]-|u|—5|¢|<—oo,v>\/ / u?| D>, v) du’

—oo<u'<u

He s o] [ Dl vau' -] | wrpigtal v au

—oo<u’'<u -

u
<[M>+ sup (r>—=M*)]-|ul"?|p](—o0, v>\/ f u?| D>, v) du'’
—oo<u'<u —0o0 u
+[M*+ sup (P =MD |ul™! / u?| Dy, v)du'. (8-4)
—oo<u'<u —00
Using (7-14), it follows that
12 — M?|(u,v) = |r — M +2M| - |r — M|< Dov™" + Ay (Do + D) |u| ',

where we have taken Doy, "and (Do + D;)|uo|~" to be suitably small.
Therefore, we can further estimate the right-hand side of (8-4) to obtain

u u
/ r2I¢||Du¢|(u’,v)du’§f¢n1M2|¢|2(—00,v)+(1+77)M2|u|lf WD 20, v) dil

—o0 —00

+CDov ™ Nu| ™' + CAS (Do + D) |u| ™%, (8-5)

where we moreover applied Young’s inequality with an n-weight, where 1 > 0 is as in the statement of
the proposition.
By applying (7-2) and (8-5) together with the initial data estimate (4-5) and (4-21), we therefore obtain

|0*—M?|(u, v)
<10, v)+M|(|Q(—oo, V=M |+7n~ M?|e||p]* (—o0, v)

+4n|el(1+n)|u|_1/

—o0

u
w>M?| DI, v) du'+CDov™" |u|—1+CA¢<DO+Di>|u|—2)
< @M+CDov™ " "*+C Ay(Do+Di)|u| ")

.<4n|e|(1+n)|u|—1/ u/zleDud)lz(u’,v)du/—i-CDov_]+CA¢(DO+Di)|u|_2)

o0

u
<8 M|e|(1+n)|u| ! / u*M?| D> (', v) du'+CDov ™' +C Ay (Do+Dy) |u| 2. O

—0o0
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In order to estimate the |¢|> integral, we will make use of a Hardy inequality:

Lemma 8.2. Let f : R — R be in HILC(R) and let ¢ > 0 be a constant. Then for any x1, x; € R with
0<x; <xp <00,

X X

(O ) dr <2+ P )+ —— [t oP P2 dx ifp > —1,
; (p+1)? X1
e +of fA0) dx <201+ ) + p+n2 ),

Proof. We will only prove the inequality in the case p > —1. The other inequality is similar. We compute

(x4+0)P2f2(x)dx if p<—1.

X2 2
05/ (x+c)l’<p;r1f+(x+c)f’) (x) dx

X1

X2 12 1
:/ (p+1) (x+c)pf2+—p—2i_ (x+C)p+1%(f2)+(X+c)p+2f/z(x)dx

. 4
- -Z v fxz(x + 0 f2x) dx+ 2 1 (2 +)P* f2(x2)
XI — ;1<x1 +oP ) + / lxz(x+c>f’+2f’2<x>dx.
Rearranging and dropping a manifestly nonnegative term yield the conclusion. g

Using Lemma 8.2, we prove a Hardy-type estimate on a constant-u hypersurface in our setting.

Lemma 8.3. Given n > 0 as in (6-1), there exists C > 0 independent of Ay such that the following holds:

v 2 v "
[ () 1 van = coea [ vt avsan [ wPiDgra .
v o

v+ |u| v

Proof. We will apply the Hardy inequality Lemma 8.2 on a fixed constant-u hypersurface. For this
purpose, it is useful to choose an auxiliary gauge for A (see Section 2E and proof of Lemma 2.1) where
[0,¢| = |Dy¢| (and we will perform all estimates in terms of the gauge-invariant quantities |¢| and
|Dyo|). Let ¥ > 0 be a constant to be chosen. If v > |u|, we also partition the integration interval,
[vo, v] = [vo, v ul]U[y|u|, v], so we can estimate

/( ) >2|¢|2<u oYy
. o ’

= u,v v u,v v
v \V' |y ylul \V'+|u]

ylul v
< f 12 dv'+ul* [ @' +u) %ol (u, v')dv'
vo ylul

vlul v 2|u
54/ v’2|Dv¢|2<u,v’)dv’+4|u|2/ Dy 20, o' v +2y 1] 6Pt y D+ 6 2 a, y lul)
v y|ul (V+1)

-2 ! 12 2 / / 2 2
<4max{l,y 7} | v7IDy@|"(u,v)dv'+ 2y+m lul o1 (u, y|ul), (8-6)
vo
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where we applied Lemma 8.2 with p =0 and p = —2 respectively in the two intervals. By (7-9), Young’s
inequality and (4-5) (to control the initial data), it moreover holds that for any > 0, there exists C;, > 0
so that the following is satisfied:

u u
6P < D+ (1) [ WD, v du (87)
—00
Using this to control the last term in (8-6), and setting ¥ = 1, we obtain the desired conclusion. O

We have a similar Hardy-type estimate on a constant-v hypersurface, with appropriate modifications of
the weights.

Lemma 8.4. Let ) > 0 be as in (6-1). Then there exists C > 0 independent of Ay such that the following
holds:

uo 2 ug
f ( v )|¢|2(u’,v)du’§CDo+6(1+n) / W2 ADd P, v) it
v ] .

—0oQ0
Proof. Choose a gauge so that | D,¢| =0,¢|. (As in Lemma 8.3, we will only estimate the gauge-invariant
quantities.)
Let o0 > 0 be a constant that will be chosen suitably later on. We partition the integration interval:
[—o0, ug] =[—00, ov]U [ov, ug]. For the sake of convenience, we will change our integration variable
from u to —u and we will denote —u by |u|, so we can estimate

/| |(v+|u/|> 91w, v)diu|
uo
ov 2 o 5
. 2 ! v 2 !
= u',v)dlu +/ ( ) dlu
/|uo|(v+|u/|)'¢'( vl | (S ) 19

ov 0
< / o2, v) d|u'|4+v* / (v+lu' D212, v) dlu|
I ov

uo|

v2

91> (ov, v)

ov o0
< 4/ u/|*| Dy * (o, v>d|u’|+4v2/ |Du@1> (', v) d|u'|+20v|¢|* (o v, v)+2
[uo| ov ov+v

uo

< 4 max{l, 0_2}/

—00

u'?| Dy (i, v)du/+(2+ >av|¢|2(ov, v),

o(1+o0)

where we applied Lemma 8.2 with p = 0 and p = —2 in the two intervals. We apply (8-7) to conclude
that for any 7', o > 0, there exists Cy .o > 0 such that

uo v 2 2 uo
/ (m) |12 du’ < (4max{1,a2}+(1+77')(2+m)>/ u'?|Dy¢)? du’ 4 Cyy D,
u —0oQ

Finally, choosing n’ sufficiently small and o sufficiently large, we can choose

4max{1,o_2}+40_2+(1—|-77/)<2+ <6(1+1n),

2
o(l —i—o))

which then gives the desired conclusion. O
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With Lemmas 8.3 and 8.4 in place, we are now ready to control the terms in £, («) and E,(v) which
are not manifestly nonnegative. These are the terms
1 220 - MDY v dv, [ M0 — MP) (. v) du
167 ’ Tol6er J_o ’

vo

in (8-1) and (8-2), which will be handled in Propositions 8.5 and 8.6 respectively.

Proposition 8.5. For n > 0 as in (6-1) and for k > 0 arbitrary, there exists a constant C > 0 independent
of Ay (but dependent on « in addition to M, ¢, m, o and n) such that

1

L ° 2a1-202/n2 _ ag2 / /
1671_/;OMM Q202 — M?)(u, v') dv

u

v
< +4x—1>|e|M3f V2Dl dv’ + 2+ 3¢ +n>|e|M3f W 121D P did’ +C (Do +Dy).

) —0o0

Proof. The main integration by parts. We begin the argument by a simple integration by parts:

167

0

v
! /uzM_ZQZ(QZ—MZ)(u,v’)dv/
U

v v
< ‘_L/ (f MZMZQZ(u,v/)dU”) 3,(0% — M) (u, v') dv’
167 v \Jup

1
+E<

v
/ WM (u, v dv'
vo

v
v |
8 Sy,

Note that there are two terms that we need to estimate.

vV'=v

fv uzM_ZQZ(M, v//) dU//)(QZ _ MZ)(M, v/)

Vo

v'=vg

|Q? — M?|(u, v)

<
— 167

10118, Ql(u, v') dv'.  (8-8)

v
0

/ MZM—ZQZ(M’ U//) dv///
U

An auxiliary computation. Before we proceed, we first estimate the integral
v
f WM 2Q% (u, v') dv',
v

which appears in (8-8). From (7-6) it follows that

-202 -2 -1 -2
M™=Q <4+ |u)) "+ Clul"2(v+|u])~ 7, (8-9)

v, Ol Y CY )
/ uM_Q(u,v’)dv’§4/ ( - )dv’+C|u|_2/ ( : )dv’.
" v \ O+ [u v \ O+ [u

" ul \
3, (Julv(v + |ul) >=< ) (8-10)

and hence,

Note that

v+ |ul
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Hence,

v
/ WM, v') dv' < Hulv + [u)) " + Clu)2 v + |u)) "' (8-11)

Vo

Estimating the boundary term. We first estimate the boundary term in (8-8) above by using (8-3)
and (8-11):

1

1 2_ g2
o |Q*~ M|, v)

v
/ WM (u, v') dv'
v

u
52(1+n)M|e|/ u2|Du¢|2(u/,v)M2du/+CDO+CA¢,(DO+Di)|u|—1+C(DO+Di)|u|—%. (8-12)
—o0

Estimating the remaining integral, I: the error term. Now, we estimate the remaining integral on the very
right-hand side of (8-8) by applying (2-6) and (8-11):

L v
87 Sy,

10113, Q1(u, v') dv’

v
f MZM—ZQZ(M, U//) dv//
v
§2M3|e|/ ulv' @'+ [u)~'1¢] | Dyl dv' +Err,  (8-13)
vp

Vo

main term
where

v
Err = C/ ulv' W' + ul) 'O — M|1¢||Dyp| (u, v') dv’
o

+Cf M +(Q — M)[ul2v' (W' + ) 1|1 Dypl e, v') v/

vo

+C/ lulv' (0 + |ul) " — M?||p| | Dyl (u, v') dV'. (8-14)
vo

Let us start with the error term, beginning with the second term (8-14), which is the hardest since the
decay is the weakest. By (7-1),

/ M +(Q — M)l ulZv(v+ [ul) " ] Dyl (. V) dV/

v v
5\/Dof |u|%v5—°z‘(v+|u|)‘1|Dv¢>|<u,v/)dv/+\/A¢<Do+Di)/ v(v+ |u) Dbl (u, V') dv’
Vo Vo

N N !
5¢A¢<D0+Di)<vo+|u|)—4(/ v’—zdv’) (/ v/2|DU¢|2(u,v/)dv/)
Vo

vo
I
S Ap (Do +Dj) (vo + ul) " # vy, .

The first term in (8-14) can be treated similarly, with the only caveat that there is a contribution
where |¢| and |Q — M| only give v-decay, and therefore one does not get any smallness in (v + |u|)*%.
Nevertheless, this term has a coefficient that depends only on D, (and not on D;). More precisely, using
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(7-1) and (7-2), we have

/ ul' @'+ [uh) "' Q — M||| Dyl (u, v') dv'

0

3 [V -1
S} [ v D ) v + AP+ D+

vo

ST

1
3 _1 v 2 _
SDv, (/ v Dyg|* (u, v’)dv’) + A3(Dy + D) (vo + lul) v,
vo

3 -3 1 -1
S A3 D2y % + AL (Do + Do) (v + luD) "5y, .

Finally, the third term in (8-14) can be handled in an identical manner as the first term, except for using
(7-14) instead of (7-2), so that we have

v 1 _1 _1
/ ulv' (' + [ul) 2 = M| Dyl (u, v') (u, v') dv' S AZ D2y > + AG (Do + Di)*(vo + lul) "3 vy *.
o

Putting all these together, choosing |ug| and vy appropriately large (where the largeness of vy does not
depend on D;), and returning to (8-14), we thus obtain

Err < D, + D;. (8-15)

Estimating the remaining integral, II: the main term. Now for the main term in (8-13), we have, using

Young’s inequality,

v
2M3|e|f lu|v' (V' +ul) @] Dyg] dv’
vo

v v 2
§K|6|M3/ v/2|Dv¢|2dv’+x—1|e|M3f( lul )|¢|2dv’

v v \V'+ul

v u
< (k+4c e M? / V2 Dyl dv'+3(1+n)k e M? / u'|*| Dy|? du'+C,(Do+D5),  (8-16)
) —00

where in the last line we have used Lemma 8.3.

Putting everything together. Combining (8-8), (8-12), (8-13), (8-15) and (8-16), we obtain the desired
conclusion. O

We now turn to the analogue of Proposition 8.5 on constant-v hypersurfaces.
Proposition 8.6. For n > 0 as in (6-1), there exists a constant C > 0 independent of Ay such that
‘ 1

ug
2412022 _ ag2 / /
167r/ V'MTIQUQ =M ) (u', v)du

—0o0

uo
<2(1 ++6)]e|M3(1 +n) / lu'|?| D', v) du’ + C (Do + Dj).
—0o0
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Proof. We will consider the integral

1 u

0
— VMY (0% = MA W, v) du’
167 J,

and take the limit # | —oo0.

The main integration by parts. We integrate by parts as in (8-8)

1

uo
20 1-202/ 12 _ A2\ /
—16n/u VM0 — MY, v) du

uo ug
! / (/ v2M_2Q2du”) 0,(0% = MY (', v)du’

< |—
— | 16w ,

uo u'=ug
4| VMW, v) du” ) (0 — MH) (', v)
16z \ J, Ve
uo
< 1 VMW, v) du' -1 0% — M| (u, v)
167 J, ,
uo u
+ L [/ VM2 (u”, v)du”i||Q||8uQ|(u’, v)ydu'. (8-17)
87 J, oo
An auxiliary computation. By (8-9) and
1 v? g
=0y (lulv(v+ul)™) = (v+|u/|> ,
we obtain
I uo v2 2 m 1
/ v M 2QA (', v) du’ 54/ ( / ) du/—i—Cvz/ ——————du
u w AV H[u] wo |u|2 (v )2 (8-18)

1
<4ulv+ lu) "+ Clulzv? (v + |ul) %

Estimating the boundary term. We now control the boundary term in (8-17). By (8-18) combined with
(8-3), we obtain

1

b 2 g2
— 10> = M| (w. v)

uo
/ VMW, v) du’
u

u
52(1+n)M3|e|/ | D>, v) du’ + CDy + C Ay (Do + Di)ul ™' + C(Do +Di)|u| 2. (8-19)
—0oQ

Estimating the remaining integral. The remaining integral in (8-17) can be controlled as follows:

1 [

10118, Q| (', v) du’

uo
/ UZM_ZQZ(MN, U) du”
u

!

87 J,
uo
52M3|e|f lu/|v(v+u') " p| 1 Dup| (', v) du’ +Err,

main term
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where

uo
Err = C/ W' [v(v +|u')'1Q = M||g| I Dupl (', v) dud

u

) . |
+C/ IM +(Q = M)||u'|Zv+1u'])" |9 | Dudpl (', v) du’
u ‘0
+Cf lu'fo(v +u' )" |r* = MP| ] 1 Dupl (', v) du.
u
The error term can be estimated in essentially the same manner as the error term in the proof of

Proposition 8.5, except we use (A2) for [ u'?|D,¢|*(u’, v)du’ instead of fvl; V2| Dy |*(u, V') dv'.
We omit the details and just record the estimate

Err S D, + D;. (8-20)

For the main term in (8-17), we apply Holder’s inequality, Lemma 8.4 and Young’s inequality to obtain

uo
2M3|e|/ oo + 1)1 1 Dud |1, v) did
u

1 1
ug 3 uo 2 3
< 2Je|M / W21 Dudl2l, v) dud / "\ 126, v) du’
\ . ot

uo
<20e|M>vV6(1 +1) / ||| Dy >, v) du’ + CD,. (8-21)
u

Putting everything together. Putting together (8-17), (8-19), (8-20) and (8-21), and taking the limit
u | —oo, we obtain the desired conclusion. U

We can now prove the main result of this subsection, namely, the coercivity of the renormalized energy
flux (up to controllable error terms).

Proposition 8.7. We can estimate
uo Voo
| WP P du [ PMADGP v < 07 )+ E0) + COA D). (822
—00 )
with  as in (6-2).
Proof. Plugging in the estimates in Propositions 8.5 and 8.6 into (8-1) and (8-2) respectively, and using

m > 0, we deduce that

E,(v) + Ey(u) > (1 — (4+2vV6 + 371 +1n)le| M) / lu|*r?| D) du'

—00

Voo
+ (1= (k +4c~Y|e|M) / VM?|Dyop|? dv' — C(Dy + Dj).
Vo

Now we choose k =2 + /6 + vVI+ 44/6 to obtain the conclusion. O
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8C. Energy estimates for ¢. We define
u
Eu(viu) = / EMPID, P v) + L MPQR (29 + L MH(Q? — M) (', v) dd,
—00

v
E,(u;v) := f VM2 Dy (u, v') + %uzMzﬁz(mZkblz + %M“‘(Q2 - M?))(u,v)dv'.
Uy

0

With the above definitions, we have E,(v) = E,(v; ug) and E,(u) = E,(u; vso).
Proposition 8.8. E,(v; u) and E,(u; v) obey the estimate

sup E,(v;u)+ sup Ey(u;v) <C(D,+Dj).

Vo<V<Uso —oo<u<u

Proof. In order to simplify the notation, in this proof, we omit the arguments in the integrals, which will
typically be taken as (u’, v’). For any u € (—o0, ug] and v € [vg, v ], We have the decomposition

v u

WE, (V' u) dv/—i—/ o E,(u';v)du

—o0

[Ey(v; u) — E, (vo; w)] + [Ey(u; v) — Ey(—00; v)] = /

Vo

=h+h+I+ D+ 5+ Js,

where

v u
Ji = MZ/ / u'? 3,(| Dy |?) du’ dv',
) —o0
v u
J = gM*m’? / / 0222 8, (181 + 8,(v'2Q%) - |¢* du’ v,
Vo —o0
v u
S =M f / 202Q%0 8,0 + 8, Q%) (Q* — M?) du' dv/,
) —0o0
v u
Jy = MZ/ / V2M? 3,(|Dyo|?) du’ dv',
) —0o0
v u
Js = gM*m’? f f w22 8,(191%) + 8, (u*Q%) - 1 dud’ v,
Vo —o0
v u
Jo=1-M™? / / 20?20 0,0 + 0, (u'*Q*)(Q* — M*) du' dv'.
) —0o0
We first use (2-3) and (2-4) to rewrite the integral J; in terms of expressions that are zeroth- or

first-order derivatives of the variables ¢, 2, r. For this, we use that we have the following identity for
complex-valued functions f:

(1)) =(Dyf —ieAyf)f+ f(Dyf —ieA,f) = fDyf + fDy f
and similarly

d.(If1» = fDuf + fDuf.
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We therefore obtain

v u
Ji = f / u'>’M?*(Dy¢DyDyd + Dy Dy D) du’ dv'
) —00

v u
=—3 / / L MP02 Q2 (D + $Du) +2M*r ' u'? 8,r (Du$ Dy + Dy D)
) —0o0 - _
+4AMPr W' 8,r| Dy + SieMPr T u'*Q* Q(p Dy — D) du’ dv’

and similarly,
v u - .

Js =f f V*M*(Dy$ Dy Dy + Dy Dy D) du’ dv'
) —0o0

v u
=3 / / 302 MPwPQ2 (G Do+ D) +2M°r ™0 8,r(Dup Do + Dup Duh)
) —00 _ -
+HAMr = ur | DygI — 3ieMPr Q%2 Q(§ Do — pDy) du' dv'.

We also rewrite J> and J5 to obtain
v u
h = MPm? / / v2Q2 (D + ¢ Dy) + 8, (v2Q) - |p[* du’ dv,
) —00
v u
Js = ;{Msz/ / W?*QH @Dy + dDud) + 3, (u'*Q%) - |¢|* du’ dv'.
) —00
Finally, we use (2-5) and (2-6) to rewrite J3 and Jg:
v u
Jy = / / —1ieM 2 r* V2 Q* Q¢ Dy — dDy) + 1M 2 3,(v* Q%) (Q* — M?) du' dv,
) —0
v u
Jo = / / YieM 7 r*u? Q2 Q(¢ Dy — $Du) + 1= M 3, (u* Q) (Q* — M?) du’' dv'.
) —0
By incorporating the cancellations in the terms in J;, we can write
7
[Eu(v; ) = Ey(vo; )] + [Ey (5 v) = Ey(—00; )] =Y F, (8-23)
i=1
with
v u . .
Fi= —sz / = u'? 8,r +v'? 3yr)(Dydp Dy + Dy D) du’ dv',
—0oQ0
0 v u
F, = —2M2/ / r= our - u'?| Dy |? +r 7 81 - V"2 Dy du’ dV,
) —0o0
v u
F; = %M%@/ / (9, (v"2Q3) + 8, (' Q)| |* du’ dv',
) —0
v u
Fy= M2 / / [9, (V"2 QP) + 8, (' *QY1(Q* — M*) du' dv,
) —00

Fs=j f f [0,V - (2 — Q) + 3, (u'? - (> — QNIM*m? || + ;- M~*(Q* — M?)) du’ dv/,
Vo —o0
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v u . _
Fs = }LieMZ/ / r 2t = MHu'? 0Q* (@ Dy — ¢ Dud) du' dv',
) —0
v u - _
Fr= }LieMZ/ / r 2 (M = rYW? QY@ Dyp — pDyp) du’ dv'.
) —0oQ0
We estimate using Cauchy—Schwarz inequality, Young’s inequality, Proposition 7.2 and (A2)
v u
IS [ @i+ oDl D dud av
Vo —0oQ0
v u
5/ / Ap(Do + D;)| Dyl | Dyp| du’ dv'
Vo —0o0
vl =213 2 37 3.7 v -3 n 2 3.7 3.1
,§/ / Ay (Do +Di)v'" “u'2|Dy@|” du’ dv +/ / Ay (Do + Di)u'" 20| Dyo|“ du’ dv
Vo —0o0 Vo —0o0

u
< Ag(Do +Di)vg ugl "2+ sup / u*| D) du'
VO<V=<Vx J —00 1 Voo
+ Ap(Do +Di)luo| "2 - sup f v?|Dyg)? dv'

—oo<u<ug J vy

1
< A2 (Do + D) lug| 2.

We can similarly estimate

v u v u
|F>| 5/ / [0y7] -u’leu¢|2du’dv’+/ / 10,7| - V2| Dyop|? du’ dv’
vy J —00 vy J —00

v u v u
§A¢(DO+D1)(// v/—i.u/§|Du¢|Zdu/du/+ff u/_Z-v/ZIDU¢>|2du/dv/>
vy J —00 vy J —00 . }
+D0// V2w Dy|? du’ dv'
) —0o0

_ -1 _1 _
SDovy ! + Ap(Do +Di) (v 2 luo| ™2 + luol ™)1 Ap (Do + D).

In order to estimate | F3|, we use (3-4) (with a constant depending on § > 0) and (7-1) to get
v u
1551 S f / 18, (V2 Q3) + 8, (u* Q)| - |$|* du’ dv'
vy J —00

v u
< f / @ 4t )T (D' + Ay (Do + D) /|71 du’ dv’
vy J—00

< Ag(Do +Di) (vo + |uol) ™' 7.
Similarly, using (3-4) and (7-2),

v u
|F4|,€f / 18, (V2 Q23) + 8, (u* Q)| - 10 — M||Q + M| du' dv'
) —0

v u
< / / '+ W) (D™ + Ap (Do + D) | |71 du’ dv'
) —0

< Ag(Do +Dy) (vo + o)) 2.
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Before we estimate | Fs|, it is convenient to rewrite the following expression:

3, (V2 (2% — Q2)) + 0, (u* (2% — Q2))
QZ QZ
_ 202 202
Q2 Q2 Q2
= (3,(v*Q}) + au(uzszg))( — 1) +v?Q3 9, (—2 — 1) +u?Q} 8, (—2 — 1)
Q Q2 Q2

23
262 N AT 262 Q 262 Q2
= (9,(V*Q2) + 8, (u*2)) Q—%—l +20°Q%0, (log g ) +2°0% du(log 5. ).

Therefore,

v u QZ
| Fs| 5] f 19, (v'*25) +au<u’2sz%>|‘@ — 1' (> +10 — M||Q + M|)du' dv'
Vo —00 0

v u
_|_ / / v/ZQZ
vy J —00
v u
+/ / M/ZQZ
vy ¥ —00

Using (3-4), (7-1), (7-2), (7-3), we can estimate | F5 1| in the same way as | F3| and | F4| to obtain

8v<10g§0)‘-(|¢|2+|Q—M||Q+M|)du'dv/

Q
K (log E)’ (91> +1Q — M||Q + M|)du' dv' =: Fsy + Fs 5+ Fs 3.

_1 _
|Fs.1] < Ap(Do + Di)luol ™2 (vo + |uol) ~ 2.

For | F5 5], we use (7-1), (7-2) and (A1) to estimate

v u
|Fsal < / / (Dov' ™!+ A (Dot Dp)u'| )02 av(loggo)’du/dv/
Vg J —00

v 2 % u v %
<D su /2 3. (1 E /o d / 1 / 74d/ d l
~ Fo p v v OgQO (', v)dv (V' +u’]) v u
—00 Vo

u' €(—00,10] J vy
v Qz///%u v ) /%/
oo s [ oe(oosg ) war) [ ([ srmge) o
< Do wo-+luol) ™2 +Ag (Do+Di)Jug| 2,
where in the last line we have evaluated an integral as follows (we only include this estimate for

completeness; in what follows, we will bound similar integrals in analogous manner without spelling out
the full details):

1

u v 02 1 u lu] ) v 2 3
/ (/ 12 (1 /4dv/> dM/Sf (/ 12 (1 /4dvl+/ 12 (1 /4dv/) du/
—oo \Jyy [W'[7(v"+]u’]) —oo \Jyy W7V +[u']) ) 1/ 17 (V" +u'])
u Ju| v/2 v 1 %
< —dv/—l—/ —dv’) du’
/_oo(/vo |6 ) 120"

u
/_i / 1
5/ |72 du’ S Juol 2.

—0o0
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For | F5 3|, we similarly use (7-1), (7-2) and (A1) to estimate

v u
Fssl < / / (Dot +-Ag (Dot D)’ | 222
vy J—o0

Ay <log go) ‘ du’ dv'

u Q 2 % v u u/2 %
§D0< sup / u’2<8u<10g—)> ', v’)du’) / (f ﬁdu’) dv'
u'e(—oo,up] J —o0 Qo vy \J—o0o V (v'+[u'])
u 5 Q 2 % v u 4 2
—|—A¢(DO+Di)( sup / W (au (1og 22 )) W', ') du/> / ( / W+~ du/> dv’
u'e(—oo,ug] J —o0 Qo V0 —00
_1
< Dovy *+Ag (Dot D) (vo+ugl) 2.
Thus, combining the estimates for Fs 1, F52 and Fs 3, we obtain

_1 1
| F5]| 5 DOUO ? +~A¢>(D0+Di)|u0|7z-

We are left with | Fg| and | F7|, which are slightly easier because more decay is available. For Fg, we use
the Cauchy—Schwarz inequality, (7-1), (7-6), (7-14), and (A2) to obtain

v u
| Fs| 5/ / Ir — M|u'*Q?|p| | Dyl du’ dv’
vy ¢ —00

v u
< / / (Dot + Ay (Do + D) i'| =) (y/Dov/~* + /Ay Dy F D |~ Q2 | Duh| d’
Vo —0Q0

1 1
3 u 3 v u 5
<D ( sup / u'?| D> (', V') du’) / (/ VTR A+ W) du’) dv’
v'€lvg,v) J —00 Vg —00

1 1
3 u 3 rv u 3
+A£(Do+1>i>3< sup | u’ZIDutblz(u/,v’)du’) / (/ |u’|—1(v’+|u’|>—4du/> av
vo

v'€lvg,v) J —00 —00
< ipd TR 2 -
S Ay Do (Do +Di)2 vy * luol ™2 4+ Ay (Do + D) |uol 2 (vo + luol) 2.
Similarly, we use the Cauchy—Schwarz inequality, (7-1), (7-6), (7-14), and (A2) to obtain

v u
| F5| 5/ / lr—M|v'"*Q%|$| | Dyl du’ dv’
Vo —0Q0

v u
< / / (Dot Ay (Do+D)l'| ) (v Dot/ 4/ Ay Do E D' |~ 022\ D did o’
vo J—00

1 1
v 3 pru v 3
( sup /U’ZIDU¢|2(u’,v’)dv/>/ (/ v'l(v’+|u’|)4dv’) du’
u'€(—oo,up] J vy —00 Vg

1 1
3 v 3 u v 5
+A; (DO—FDi)g( sup / V2 Dy |* (', V) dv’) / (/ e 174 e O PPl dv/) du’

u/E(—OO,u()] V0 —00 )

O rolw

<D

% % 1 —% 1 2 2 _1 _1
S AyDs (Do+Di)2 vy * (vo+luol) ™2 + Ay (Do+Di) Juol 2 (vo+uo) 2.
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Choosing vg and |ug| large in a manner allowed by (6-3), we obtain
|Fil+++|Fy| $Do+Di.

Finally, noting that the initial data contributions E, (vo; #) and E,(—o0; v) are by definition bounded by
D, + Dj, and returning to (8-23), we obtain

sup  E,(v;u)+ sup E,(u;v) S Do+ D,

Vo <V<Uso —oo<u<ug

which is to be proved. 0

Combining Propositions 8.7 and 8.8, we obtain the following estimate. In particular, this is an
improvement over the bootstrap assumption (A2) for Ay sufficiently large depending on M, m, ¢ and 7.

Corollary 8.9. Choosing Ay sufficiently large (depending on M, m and ¢), the following estimate holds:

uo Voo
sup / u?| Dyl (u, v)du+  sup f VD |* (u, v) dv < C(Do+ Di) < 1Ay(Do + D).

vE[V),V00) ¥ —00 u€(—00,up) J vy

At this point we fix Ay so that Corollary 8.9 holds.

8D. Energy estimates for log(2/ 2¢). Finally, we carry out the energy estimates for log(£2/<2p). As we
noted in the Introduction, the essential point is to establish that log(£2/ €2p) obeys an equation of the form
(1-5) up to lower-order terms. More precisely, starting with (2-2), the estimates that we have obtained so
far show that the D,¢D,¢ and 9,7 d,r terms have better decay properties, and that » and Q both decay
to M. Therefore, (2-2) can indeed be thought of as (1-5).

We split the proof of the energy estimates into two parts. First, in Lemma 8.10, we consider an energy
inspired by the form (1-5) and write down the error terms that arise when controlling this energy. Then, in
Proposition 8.11, we will bound all the error terms arising in Lemma 8.10 to obtain the desired estimate
for log(€2/ L2p).

Lemma 8.10. The following identity holds for any u € (—o0, ug) and v € [v, Vso):
Yoo QN | 14 20-2002 _ 022 /
u (8U10g<§0>) MR QT(Q2 - @)%, v) du
oo 6
v 2
+/ U/2<av 10g(—30)> + M NPQTHQ - Q) W, V) dv =) 0;,

Vo i=l1

where

0, :_471/ / (D.# Dy + D, ¢Dv¢)( 25, 1og( )+u’2 3 10g(%0)> du' dv,
2 2
1 12 12 Q / 1
0y= 1M~ / / (9, (022) + 0, (021 53 (Qz 1> du' dv,
0

Oy=—1m* 9*2(92—9) 29, log 2 +u'? 9, log 2V au' av',
vy J—00 Q QO
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o= [ [ @leuit - +rtor - 03 - byt -]

2 Q P
. (v Oy log(§0> +u'< 9, log(§ )> du' dv’,
= /v /t’ (92 — Q(z))[r_4(M2 _ QZ) + %(r—z _ M_z) _ Mz(r—4 B _4)]

( Blog( >+u’28ulog( 0>)du/dv/,

O¢ =2 // r~ 2arar—ro 8r08r0)( 810g<gg22)—i-u/2810g(Q >)dudv
0

where, as in Proposition 8.8, we have suppressed the argument (u’, V') in the integrand in the O; terms.
Proof. By (2-2) we have
8,8, log (Q%) = 2Dy Dop + Dy Do) + 120, dyr — rg 2,10 durg
— 110%™ 02 + 1Qr M + 17 — 102
= =27 (Dup Du@ + Dup Do) + r =2 0 (r — ro) dur + 12 8,10 9, (r — ro)
+ duro duro(r 2 —ry?) — 32 = QYr M + L@ — QHrH(mM? - 0?)
+ I(QZ Q%)M_z—i- I(QZ Q%)( -2 M—Z)
+1Q50% (gt —r Y + 15 (M - 0B — 15t 17D
= =27 (Dup Dv§ + Dy Dyp) +r 28, (r — o) dor + 1> 070 0y (r — ro)
+ duro duro(r 2 —ry?) = H(@ = QM - L QP - QY MA¢TH — MY
+3(Q = QT M = Q%) + (@~ QOM T+ (@2 - Q)T = M)
+ 1307yt —rH + Q% (M - 0P - 1Qb (gt 7).

Using the above equation, we obtain
Q 2
(o ee(,)))
= 20? 0y Oy log<E ) - 0y log(E )
— —470%(Dyp Dy + Dy Duh) 9, log(§> 2520, (r — ro) 3,107 9, 10g<%)
0
2

2572 9,r0 8, (r — ro)v? 9, log<§; )+ Buro yro(r—2 — rg 12, 1og(9)

Qo
M 2@ - 92, 1og(§ ) - @ =@M - M, 1og(§0)
(@2 — DM — 0?8, log( ) + L@ - Q) = M2, 1og(Q )
0

Q20%(rg* —r*n?a, 1og( ) + Q2o (M2 — 02?9, log<g)
0

— %Q%(ro_2 —r- )v dy log<§o>.



THE INTERIOR OF DYNAMICAL EXTREMAL BLACK HOLES IN SPHERICAL SYMMETRY 307

s s Q2 Q19 Q2 2
= 2(Q*— Q) 9y Q—%—l = 4928 Qz -1} ).
95 Q2 N’
_ _1.23,—4""0
)=—tmrgia((G))

Q\ /2 1\
=— 3 (s M QR —Q)*)+3 M~ 4av<u29092)(92 1)
0

Note that we can write

(Q>—Q3) 0, log<

fejie)

Hence,

—AIMHA(QP - Q) 9, log(

Bl

Q2 N’
= —3,(3M Q- Q)?)+ s M 3,7 QZ<§—1)

— M Q 79, log( )(92 Q)2
We similarly consider 9, (u? (9, log(2/ Q0))?) and use the Leibniz rule (with u replacing the role of v).

Noting also that by the gauge condition (4-1), log(€2/£2p) = 0 on the initial hypersurfaces, this yields the
statement of the lemma. O

Proposition 8.11. The following estimate holds:
uo 2 Voo
sup / u’2<8u <log 2 )) W', v)du' + sup / v’2<8v (log £2 )) (u,v)dv' < iM.
VE[Vg,Ve0] ¥ —00 Qo ue(—oo,ug] J vy Qo

Proof. In order to obtain the stated estimates, we need to bound each of the terms in Lemma 8.10. The
basic idea is to use the bootstrap assumption (A1) to control 9, log(£2/£2p) and 9, log(£2/<2p) and to use
the estimates that we have previously obtained to deduce the decay and smallness of these terms.

We begin with the estimates for O;. This turns out to be the most difficult term since we do not have
any kind of pointwise estimates for |D,¢|, |D,¢|, |0, log(£2/20)| and |9, log(£2/<20)|. We bound it as

follows using (A1):
v u Q
|01|5// |Du<z>|-|Dv</)|-(v/2 ( )\+u/2 (—>|)du/dv/
vy J—00 0 QO
1

v u 2
< ( / V2 sup (Dol v) dv/) ( f > sup |Du¢|2<u/,v/>du/)
Vo u'e(—oo,u] —00 v'€lvg,v]

1

v 2 2
X |u0|;< sup f e (E)’ (u’,v’)dt/)
u' e(—oo,u] Jugy QO .
1 u
—i—vOZ( sup / <Q )‘(u v)a’u))
v €lvg,v] J —00

1
1 v u 3
suuoriwz)(/ sup U v/zau(wmz)(u”,v/)du”]dv/)
vy u'e(—oo,u] —00

/ 1
u v 3
x(/ sup U lu'|? 8,(| Do |>) (', v”)dv”:| du/). (8-24)
—00 v'€lvg,v]LJ vy

|2

Q)

D=
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We first consider the last factor in (8-24). From the computation for J; in the proof of Proposition 8.8,
which used (2-3) and (2-4), it follows that

u v
/ sup U |u/|3av<|Du¢|2>dv”}du’
—o0 v'€lvg,v]LJ vy

v u
5/[ W3Q2p| | Dyl + '3 10,7 | Dup| Dyp| + 12 |8,r| | Dy dud’ dv’
) —00
=:01,1+ 012+ 03. (8-25)

The terms O; > and O 3 have already been controlled in the proof of Proposition 8.8. More precisely,
estimating as the terms F} and F; in the proof of Proposition 8.8, and noting that O; ; and O 3 have an
additional u’ _%—weight compared to F; and F,, we have

_ _ _1 _1
012+ 013 S A5 (Do +Di)*|uo| ™" + ApDo(Do + Di)vy ' luol ™2 S AG (Do + Di)?|uo] 2.

It thus remains to bound O, which has no analogue in Proposition 8.8. To control this term, we use
(7-1), (7-8), the Cauchy—Schwarz inequality and the bootstrap assumption (A2) to obtain

1 1
v u 3 u 2
01,15\/v4¢(Do+Di)/ (/ M’ZIDMIZW’) (/ (v’+|u’|)4du’) dv’
) —0o0 —00

Y n 2 O ] 4 :
+\/Do/ (/ u'*|D, | du/> (f T W+ )" du/) dv’
vp \J—00 oo VT
u 3
5\/«4¢(Do+Di)( sup / M'ZIDu¢|2(u’,v’)du’)
v’ €lvg,v] J —00
! / _3 / v P2 - A —1 /
X WHlu)2dv+ | v 2 +u))” dy
vo Vo

Combining all these and plugging back into (8-25), we obtain

1
S Ap (Do + Di)(vo + |ugl) 2.

u v
f sup [/ |u’|3av<|Du¢|2>dv”]du’sAémﬁDi)zmor%+A¢<Do+1>i>(vo+|uo|)—5
—o00 v'€lvg,v]LJ vy ) 5 |
< A2 (Do +Di)?Juo| 2. (8-26)

For the other factor in (8-24), we estimate similarly by

/

v u
/ sup [ f V'3 8,(1Dyd %) du”i| dv'
vg —oo<u'<ulJ—o0

v u
S f f v'2Q%|¢||Dy| + v"?[0yr| | Dud| Dugp| + v'*|3,r| Dy | du’ dv' =: O1 4+ O15+ Oy 6.
vy J—00

The terms O; 5 and O; ¢, just as 01 and O 3, can be bounded above by Afb(Do +Di)2|u0|*% as the
terms F and F; in the proof of Proposition 8.8. For the term O; 4, we have, using (7-1), (7-8), the
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Cauchy—Schwarz inequality and the bootstrap assumption (A2),

v u
/ f V2Q2|$|| Dy du’ dv’
) —00

1 1
u v b v 7
§‘/A¢(D0+Di)/ (/ v/leU¢|2dv/) (/ |u’|—1v/(v/+|u/|)—4dv/) du’
—00 vo Vo .

1
u v 3 v 1
+\/DO/ </ v’lev¢|2dU’) (/ v/_za(v/+|u’|)_4dv’> du’
—00 Vo vo
1
v 3
Sv«4¢(Do+Di)( sup (/ v/leuaﬁlz(u/,v/)dv/))
u'e(—oo,u] Vo y ;
x(/ |u/|—%<vo+|u’|)—1du’+/ (vo+|u’|>—3du’)
—00 -0

< Ag(Do + D) lug| 2.

Combining, we obtain

v u
f sup [ f V2 3,(IDyd?) du”] dv' S AZ (D, + D)2 |uo| 2. (8-27)
Uy

0 —oo<u'<ulJ—o0
Combining (8-24), (8-26) and (8-27), we can therefore conclude that
_1
|01] S A3 (Do +Di)?uto| 2 (Juol 2 + v ).

We estimate | O, | by applying (3-4) and (7-3) (here, as before, the implicit constant may depend on
for 8 > 0):

" 202 262 52(2) Q?

| O] 5/ / 18, (V7 S25) + 3y, (u’ Qo)|@(§

) —00 0

v opu 0?2 2
5/ / (u’+|u’|)—2+ﬂ(—2—1> du' dv'
- Q
Vo o0 0

v u
Sf f W+ )2 | du dv' < vo‘“ﬂ+ luo| 5.
) —o0

2
— 1) du’ dv'

It turns out that the remaining terms have a similar structure and is convenient to bound them in the
same way. The following are the three basic estimates. First, using the Cauchy—Schwarz inequality and
(A1), we have

v ! / r—2,,/1—1 12 Q ’ ’
W+ /)72 | (v utog(2)|) au’av
vy J —00 0
1 1
v u 7 v u 2 2
S(/ / (v’+|u’|)4|u'|;v’zdu'dv’) ( / |u’|*%v'2 avlog(£>’ du'dv’)
vy ¢ —00 vy J—00 QO
1 1
v u 2 v u 2 2
+( f f T ik du/dv/) ( / / v=3u?], log<£)‘ du/dv/>
vy J —00 vy J —00 QO

1 -1 _1 _1 -1 _1
< ((luol™* 4+ vy “)luol™* + (o + [uol)#vy *) < luol~*. (8-28)

0 log(%)’ +u'?
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Again, using the Cauchy—Schwarz inequality and (A1), we have

e A R I
< (//_ (v/+|u/|)‘4|u/|%dufdv’f(/vf_” /|20 8U10g<%0)‘2du’dv’);
(/ / @+t /_7|u| du’ dv) (/ f (S?O)‘Zdu’dv’);

< ((wo+ luoh)™ Huo| 4+(v0 + |uol™ 4)v0 Z)<v0 . (8-29)

Thirdly, we have a another slight variant of the above estimates, for which we again use the Cauchy—
Schwarz inequality and (A1):

/;: /_L;o V|2 ( < )‘+u Bulog(%)’) du’ dv'

1 1
v pu 3 v pu 2 3
< (/ / v’_zlu/l_% du’dv/> </ / |u/|_%v’2 0y 10g(£)’ du’dv/)
Vo —o0 ) —o0 QO

1 1
v u 3 v u 2 2
+</ / /_§|u |~ du/dv’) (f f v/ <£>‘ du/dv’)

) —0o0 ) —o0 QO

_1 _ 1 1
< (0 2luol ™ + vy Huol2) < luol 3. (8-30)

Using these basic estimates, we now estimate |Os|,...,|Og|. Using (7-4) and (7-8) to bound
Q2(Q* — Q%)% we bound O3 via (8-28)

v u _ Q Q , ,
015 [ [ e api(fmtos(g )|+ faton(g ) ) ' v
v J—o0 $2 $2
v u S-Z 1
5[ f W+ 12 (023 og (2 )|+ foutog (o )|) du v’ S ol 4.
Vo —o0 QO
Similarly, using (7-2), (7-14), (7-15), (8-28) and (8-29), we obtain the following estimate for | O4|:
Q r o
vtog( g )|+ [autoe (g )[) '

/ / W+ 1)) (Ag (Do + D)’ + Do’ + (0 + )

(7foutoe(G )|+

05 [ [ a3r=miir=ri+io- (e

(0 )]) o av

_1
< (Ap(Do +Di) + Dluo| ™% + Dy *
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By Lemma 3.1 and (7-8), |Q? — Q(z)l(u/, v") < (V' + u']) 2. Hence |Os| can be controlled in a similar

manner to Oy as follows:
|05|<// 192 = QI — M1+ |r = rol +10 — M) (23, log (52 )(+u (%))Ddu’dv’

// W+ 102 (Ag (Do + Dl |~ + Dy’ + 0+ ')
(%foutoe () [+ fautog(, )| ) ' av

Finally, we estimate | Og|. For this we use Lemma 3.1, (7-12), (7-13) and (8-30) to obtain

|06l </ / (13071 13ur1-+ 1370l Burol) (o7 00 log (5 ))+u (QO))) du’ dv’

5//_ [(v’+|u’|)—4+,4§,(1>0+1>i)2|u’|—2v’—2( ( )(+u (30>‘>du’dv/

_1
< A3 (Do+Di) o]~

Hence, choosing vy and |ug| large in a manner allowed by (6-3), we obtain

sup /_uo u2<8u <10g %}))2(% v)du+ sup /”w v2(8v <log go» (u,v)dv < %

vE[vg, Vool 00 ue(—oo,up] J vy

_1
< (Ap(Do+Di) + Dluo| ™3 +Dyv, *

which is to be proved. 0

9. Stability of the Cauchy horizon of extremal Reissner—-Nordstrom

We now conclude the bootstrap argument and show that the solution exists and remains regular for all
v > vg and that certain estimates hold. More precisely, we have:

Proposition 9.1. There exists a smooth solution (¢, r, 2, A) to (2-1)—(2-9) in the rectangle (see Figure I)
Dy, uy = {(u, V") | =00 < u < ug, vo < v < o0}
with the prescribed initial data. Moreover, all the estimates in Sections 7 and 8 hold in Dy .
Proof. For every v € [vg, 00), consider the following conditions:
(A) A smooth solution (¢, r, 2, A) to (2-1)—(2-9) exists in the rectangle
Dy [vp.0) = {(u, V') | =00 <u < up, vo <v' < v}

with the prescribed initial data.
(B) The estimates (A1), (A2) and (A3) hold in Dy vy,v)-

Consider the set J C [vg, 00) defined by

J:={v €[vg, o0) : (A) and (B) are both satisfied for all v’ € [vg, v)}.
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We will show that J is nonempty, closed and open, which implies that J = [vg, 00). Standard local
existence implies that J is nonempty. Closedness of J follows immediately from the definition of J. The
most difficult property to verify is the openness of J. For this, suppose v € J. We then argue as follows:

o Under the bootstrap assumptions (A1), (A2) and (A3), all the estimates in Sections 7 and 8 hold in
Dy, [vo.v)- A standard propagation of regularity result shows that the solution can be extended smoothly
up to

Dy g = {(, V") | =00 < u < up, vo < v' < v}.

Hence, one can apply a local existence result for the characteristic initial value problem to show that there
exists 6 > 0 such that a smooth solution (¢, r, €2, A) to (2-1)—(2-9) exists in Dy [yy,v+5)-

o The estimates in (7-16), Corollary 8.9 and Proposition 8.11 improve those in (A1), (A2) and (A3).
Hence, by continuity, after choosing § > 0 smaller if necessary, (A1), (A2) and (A3) hold in Dy vy, v+6)-

By combining the two points above, we deduce that after choosing § > 0 smaller if necessary,
(v—34,v+38) CJ. This proves the openness of J. By the connectedness of [vg, 00), we deduce that
J = [vp, 00). This implies the existence of a smooth solution in D, ,,. Moreover, this implies the
assumptions (Al), (A2) and (A3) that are used in Sections 7 and 8 in fact hold throughout D, ,.
Therefore, indeed all the estimates in Sections 7 and 8 hold in D, ,. O

We have therefore shown the existence of a solution in the whole region D, ,,. Since we have now
closed our bootstrap argument, in the remainder of the paper, we will suppress any dependence on Ay
(which in turn depends only on M, m and e).

In the remainder of this section, we show that one can attach a Cauchy horizon to the solution and
prove regularity of the solution up fo the Cauchy horizon. More precisely, define V to be a function of v
in exactly the same manner as in Section 3A2; i.e.,

v
%zgou,v), V(00) =0. 9-1)

We will use also the convention that
VO = V(vo).

Define moreover (as in Section 3A2) the Cauchy horizon CH™ as the boundary {V =0} in the (u, V, 6, ¢)-
coordinate system. Note that this induces a natural differential structure on Dy, ,, UCH™. In the new
coordinate system, in order to distinguish the “new 2, we follow the convention in Section 3A2 and set
g(0y, dy) = —%?22 instead. We show that the solution (¢, r, Q, A) (after choosing an appropriate gauge
for A) extends to the Cauchy horizon continuously, and that in fact their derivatives are in leoc up to the
Cauchy horizon. (In fact, as we will show in Section 10, there are nonunique extensions as spherically
symmetric solutions to (1-1) beyond the Cauchy horizon.)
We begin by restating some of the estimates we have obtained in this new coordinate system.

Lemma 9.2. In the (u, V)-coordinate system, ¢, r and Q satisfy the following estimates:

1 ~
7592@, VYS L, |dyr(u, V)| < Do+, 9-2)
u



THE INTERIOR OF DYNAMICAL EXTREMAL BLACK HOLES IN SPHERICAL SYMMETRY 313

0 ug
v elP G, V) dV' + / W213,¢ P, V) du' < Do+ D, (9-3)
Vo —o0
0 - ug -
/|8vlogQ|2(u,V’)dV/+/ u?|9, log Q> (', V)ydu' <1, (9-4)
V() —o0
0 ug
v rlPu, V) dV' + / W?13,r 2, V) du' <Dy +Di. (9-5)
Vo —00

Proof. Proof of estimates for Qin (9-2). By (7-6) and (9-1),

2

(V) + ul)?

2

~7
‘Q V) O

Q% (-1, v(V))‘ = Q% (1, v(V))’QZ(u, v(V)) —
< Jul"2 (M)z
v(V) + [ul
which implies both the upper and lower bounds for € in (9-2).
Proof of estimate for dyr in (9-2). The estimate for dyr in (9-2) follows from (7-13) and (9-1).
Proof of (9-3) and (9-4). These follow from Corollary 8.9, Proposition 8.11, (9-1) and (3-3).

Proof of (9-5). Finally, (9-5) can be obtained by directly integrating the pointwise estimates in (7-12)
(for 9, r) and (9-2) (for dyr). O

We also have the following W!-? estimate for the charge Q.

Lemma 9.3. In the (u, V)-coordinate system, Q satisfies the estimate

0 uo
oy 0P, V/>dV’+/ w210, Q12 ', V) du' < Do+ D,

Vo —00

Proof. Estimate for dy Q. By (2-6) (adapted to the (u, V)-coordinate system),
dvQ =—2mir’e(pDyd — $pDv ).

Therefore, using (7-1), (7-14) and (7-1),

0 0
f 13y O*(u, V') dV' gf |Dvo|*(u, V') dV' <D, + Di.
Vo Vo

Estimate for 9, Q. By (2-5), we have 9,0 = 2rir?e(¢Dy¢ — ¢ D,¢p). The desired estimate hence follows
much as above using (7-1), (7-14) and (9-3). Il

In order to consider the extension, we will also need to choose a gauge for A,,. We will fix A such that
A, =0everywhere and Ay =0 on the null hypersurface {u = ug}. (9-6)

To see that this is an acceptable gauge choice, simply notice that given any A,, Ay, we can define

u Vv
<, V>=f Ao, v>du/+/ Ay (o, VydV',

ugp Vo
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where Vy = V (vg). This implies
A,(u, V)= Au(u, V)—(@@ux)(u,V)=0 forall u, forall V,
Ay (ug, V)= Ay(u, V) — (3yx)(ug, V) =0 forall V.
Now in the gauge (9-6), we have the following estimates:
Lemma 9.4. Suppose A satisfies the gauge condition above. Then Ay, 3, Ay and dy Ay obey the estimates

uo
sup |Ay (u, V)| S (o —u), sup / 10, AvIPW, VYdu' S (uo—u),
ue(—oo,up], Ve[Vp,0) Ve[Vo,0) Ju

0
sup v Ay >, V') dV' S (Do + Di) (o — u).
ME(—OO,M()] Vo
Proof. Pointwise estimate for Ay. By (2-7) (adapted to the (u#, V)-coordinate system),
~2
1920
auAV = 5 r2 .

Using (7-2), (7-14) and (9-2), and the fact that Ay (ug, V) = 0, we obtain that for any u < uy,

9-7)

uo
Ay (u, V)| S / du' = (ug —u).
u

L? estimate for 9,Ay. To obtain the desired Lﬁ estimate for d,Ay, we simply use the fact that the
right-hand side of (9-7) is bounded (as shown above using (7-2), (7-14) and (9-2)) and integrate it up in u.

L? estimate for dy Ay. To estimate dy Ay, we differentiate (9-7) in V to obtain

§~22Q>

(9-8)

v Ay = %av( —

Using the pointwise bounds in (7-2), (7-14) and (9-2), and the L%, estimates in (9-3), (9-5) and (9-4), we

obtain )
0 ~
Q
sup f oy ( ZQ )
ue(—o0,ugl J Vo r

Now since dy Ay (ug, V) =0 for all V, we have, for any u < uy,

2
(u, V')dV' < Do+ D;.

0 uo
oy Ay *(u, V) dV' < f 10,0y Ay > (', V) dV' du’ S (Do + Di) (o — u). O
Vo u

Proposition 9.5. Let V be as in (9-1) and A satisfy the gauge condition (9-6). Then in the (u, V)-
coordinate system:
o O, r, S~2, Ay and Q (as functions of (u, V) € (—o0, ug] x [Vo, 0)) can be continuously extended to
the Cauchy horizon {V = 0}.
o The extensions of ¢, r, ﬁ, Ay and Q (as functions of (u, V) € (—oo, ug] x [Vy, 0]) are all in
cos w2
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o The Hawking mass m (as a function of (u, V) € (—o0, ug| x [Vy, 0)) can be continuously extended
to the Cauchy horizon {V = 0}.

Proof. Continuous extendibility and Holder estimates. Let us first consider in detail the estimates for ¢.
As we will explain, the estimates for r, ﬁ, Ay and Q are similar. Consider two points (u’, V') and
”,V"). Set v/ = v(V’) and v = v(V"), where v is the inverse function of v — V above. Then we
have, using the fundamental theorem of calculus and the Cauchy—Schwarz inequality,

P, V) —p@”, V")

"

u
/ |au¢|(u///’ V/) dul//
u

/

=

7
+ ‘f |8V¢|(u//, V///)dvl//
V/

4

u
[ i viau
u/
1 u
s ( [

1 1
< (Do + D) ([t —u"|2 + |V = V"|2) + (D2 + D)V = V|, 9-9)

V//
=< + / |Dygl”, V") +|Av]Igl@”, V") av"”
V/

" 1

1 "
2 | v
|Du¢|2(u///’ U/) du///) + |V/ _ V//|7 (/ (v/// + 1)2|DU¢|2(M//, U///) dv///)
v 1 1

+ (D3 +D})(ug—u")|V' = V|

where in the last two lines we used (7-1), (9-3) and Lemma 9.4.

In a similar manner, using Lemmas 9.2, 9.3 and 9.4 instead, r, 5, Ay and Q can be estimated as
follows!? (to simplify the exposition, we suppress the discussion on the explicit dependence of the constant
on D, and D;):

I, V) —r@”, V| +1Q0, V) = Q”, V)
+1Ay @', V) = Av@”, VI +10W', V) = Qw", V)| <p,p; (Iu' — WE IV = V3. (9-10)
Define the extension of (¢, r, 52, Ay, Q) by
,V=0):=1l , V), ,V=0):=1l , V),
¢ (u ) Vlglo(ﬁ(u ), ru ) Vlglor(u )
Qu,V=0):= ‘llimOEZ(u, V). Av@,V=0):=lim Ay@. V). Q. V=0):= lim O(u. V).

The estimates in (9-9) and (9-10) above show that the extensions are well-defined and that the extension
of (¢, 7, 3, Ay, Q) is indeed C%3.

Wik2 estimates. Now that we have constructed an extension of (¢, r, ?2, Ay, Q) to Dy, U CHT, it

follows immediately from Lemmas 9.2, 9.4 and 9.3 that the extension is in Wlt’cz.

C" extendibility of the Hawking mass. Finally, we prove the C° extendibility of the Hawking mass, whose
definition we recall from (2-10). By (2-11) and (2-12) (appropriately adapted in the (u#, V')-coordinate
system), we have

r2dyr)
52

1 (3,r)0?

aum = —8m i r2 ,

|Dup|* + 23, r)m*mr?|p|* +

9-11)

191n fact, the estimates for r, Q Ay and Q are simpler as we do not need to handle the difference between dy and Dy .
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r?(8ur)

1 (yr)Q?
52

2 g2
It now follows from (7-2), (7-14), (7-13) and Lemma 9.2 that the right-hand side of (9-11) is bounded in
L. and the right-hand side of (9-12) is bounded in L{,. This implies the L! estimate

|Dy @) +2(dyr)m?mr?|p|* +

dym = —8x (9-12)

uo 0
/ B, V) du' + / Byml. VYV’ <p, 1. 9-13)

00 Vo

On the other hand, by the fundamental theorem of calculus,

"

/ |aum|(u///’ V/) du'"
u/

Combining (9-13) and (9-14), we see that

V//
Im@', V') —m@", v")| < + ‘/ [dym|u”, V") dv"|. 9-14)
V/

(1) m can be extended to CH™ by
m(u,0)= lim m(u, V),
V—0

(2) the extension is continuous up to CH™,

which concludes the proof of the proposition. (Let us finally note that since we only have L', as opposed
to L2, estimates for d,m and dym, we only show that m is continuous, but do nor obtain any Holder
estimates.) ]

Remark 9.6 (C 0.3 Wlf)’cz regularity in the (34-1)-dimensional spacetime). In Proposition 9.5, we proved
1

that the extensions of ¢, r, 52, Ay and Q are C%2 N Wlé’cz on the (141)-dimensional quotient manifold Q
(see the notation in Section 2A). It easily follows that these functions, when considered as functions
on M = Q x S? are also in C 0.5 N WIL’CZ. As a consequence, in the coordinate system (u, v, 6, @), the
spacetime metric, the scalar field and the electromagnetic potential all extend to the Cauchy horizon in a

1

manner that is in the (3+1)-dimensional spacetime norm C%2 N Wlé’f.

10. Constructing extensions beyond the Cauchy horizon

In this section, we prove that the solution can be extended locally beyond the Cauchy horizon as a
spherically symmetric W'? solution to (1-1) (in a nonunique manner). Together with Propositions 9.1
and 9.5, this completes the proof of Theorem 5.1.

The idea behind the construction of the extension is that the system (1-1) is locally well-posed in
spherical symmetry for data such that dy ¢, dyr and dy log Q are merely in L? (when r and 2 are bounded
away from 0). This follows from the well-known fact that (1+41)-dimensional wave equations are locally
well-posed with W2 data. Related results in the context of general relativity can be found throughout
the literature; see for instance [Costa et al. 2015a; Luk and Rodnianski 2017; LeFloch and Stewart 2011].
For completeness, we give a proof in our specific setting.

The section is organized as follows. We first discuss a general local well-posedness result on (1+1)-
dimensional wave equation (see Definition 10.1 and Proposition 10.3). We then apply the wave equation
result in our setting to construct extensions to our spacetime solutions by solving appropriate characteristic
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initial value problems. In particular, since we will be able to prescribe data for the construction of the
extensions, there are (infinitely many) nonunique extensions.

We begin by considering a general class of (141)-dimensional wave equation and introduce the
following notion of solution, which makes sense when the derivative of W is only in L? in one of the null
directions.

Definition 10.1. Let k € N. Consider a wave equation20 for W : [0, €) x [0, €) — V (where V C R¥ is an
open subset) of the form

3udyWa = fa(¥)+NEC(W) 8, Wp 3, Wc+KEC (W) 3, Wp 3, Wc+LE (W) 8, ¥p+RE (W) 3,Wp, (10-1)

where W4 denotes the components of W, the functions fa, N fc, K fc, Lﬁ s Rf : VY — R are smooth, and
we sum over all repeated capital Latin indices.

We say that a continuous function W : [0, €) x [0, €) — V satisfying 0,V € L%(Cl?) and 0,V € CSCI?
is a solution in the integrated sense if

(0, W) (U, v) = (0, ¥4)(0, v)—i—/ (RHS of (10-1))(u’, v) du’ for all u € [0, €) and for a.e. v € [0, €),
0

(0,V4)(u,v) =(0,¥4)(u, 0)+/v (RHS of (10-1))(u, v')dv" for all v € [0, €) and for a.e. u € [0, €).
0

Remark 10.2. Given a solution ¥ in the sense of Definition 10.1, it is also a weak solution in the
following sense: for any x € C2°,

//(aux)(u, v)(, W) (u, v)dudv =— f/ x (u, v)(RHS of (10-1))(u, v) du dv,

//(avx)(u, v)(0,¥)(u, v)dudv = — // x (u, v)(RHS of (10-1))(u, v) du dv.

The following is a general local existence result for (1 + 1)-dimensional wave equations where 9,V is
initially only in L2. We construct local solutions in the sense of Definition 10.1. (Let us note that the
following wave equation result holds for rougher data where 9, ¥ is only in L!. This will however be
irrelevant to our problem; see Remark 10.6.)

Proposition 10.3. Consider the setup in Definition 10.1. Let IC C V be a compact subset. Given initial
data to the wave equation (10-1) on two transversely intersecting characteristic curves

{(u,v) :u=0,ve[0,v ]} U{(u,v):v=0,u €[0, u,l}

such that

o W takes value in IC; and

20For k > 1, this should be thought of as a system of wave equations.
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o the following estimates hold for the derivatives of ¥ for some Cyyye > 0:

Uk
/ 13, W[*(0, v') dv’ < Cyae,
0

sup |au“p|2(u/, 0) < Cyave.
uel0,uy]
Then, there exist €yaye > 0 depending on K and Cyaye (and the equation) such that there exists a unique
solution to (10-1) in the sense of Definition 10.1 in the region

(u,v) € {(u, v) 1 u €0, €wave), v € [0, €wave) }
which achieves the prescribed initial data.

Proof. We directly work with the formulation in Definition 10.1 and prove the existence and uniqueness of
integral solutions. This proposition can be proven via a standard iteration argument. In order to illustrate
the main idea and the use of the structure of the nonlinearity, we will only discuss below the proof of a
priori estimates.
By a bootstrap argument, we assume that
sup |8u‘~IJ|(u/, U/) < 4Cyave- (10-2)
u',v'€[0,ewave)

Let K" C V be a fixed compact set such that X C K’. We estimate W using the fundamental theorem of
calculus as follows:

GWHVC
sup W@, v)—w(0,v) < sup f 10, W', V') du’
0

u v €l0,ewave) v'€[0, wave)

=< €wave sup |aqu|(u/, U/)
u' v €[0,€wave)

S 4CWHVC éwave .

Using the compactness of K, we can choose €yaye sufficiently small so that W (u, v) € K’ for all u € [0, €).
Now that we have estimated W, since K’ is compact, it follows that f4(¥), N¥C (), K &€ (W), LE(W),
and R/If (W) are all bounded. From now on, we will use these bounds and write C for constants that are
allowed to depend on sup, cx fa(x), etc.

We now turn to the estimates for the derivatives of W. First, we bound 9, using (the integral form of)
(10-1) and Holder’s inequality and Young’s inequality:

€wave
/ sup [0, W2/, V') dv'
0

u' €[0,ewave)

€wave €wave
SCwave+C/ / |0, W (14 (9,9 + 8, W] + 19,910, Y] + 8, ¥ (', v') du’ dv'
0 0

€wave
< Cwave +C (1 + f sup  [0,W |2(”/a v/) dv/) <ewave + €wave sup Iau‘l’l(u/, U/))
0

' €0, ewave) u',v' €0, ewave)

+ Cyave€lpe  SUp 8, %[/, V).

u',v'€[0,ewave)
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For d, W, we again use (the integral form of) (10-1) and Holder’s inequality and Young’s inequality to get

sup |3, ¥|(', V")

u’,v'el0,ewave)

€
< Cwave +C sup /(1+I3v‘I’I+I3u‘IJ|+I3u‘1’||3u‘lf|+|3u‘1’|2)(u/,v’))(u’,v')dv/
0

' €0, ewave)

1

€
< Cyave + C (l + / sup |8U\IJ|2(14/’ V') dv/) (ev%ave + €wave sup |au\p|2(u/’ v/))
0

1’ €[0, €wavel u',v'€[0,ewave)
€ 1
< Cwave +C (1 + / sup |av"p|2(u/’ v) dv/) (evzvave + €wave Cwave sup |aqul(u/a U/)) .
0 u'€[0,ewavel u’,v'€[0, ewave)

Summing the above two estimates and choosing €yaye sufficient small (depending on Cyaye and K'), it
follows that .
sup [ WP@, V) dv +  sup (3, W], V) < 2Cyae.

0 u'€l0,ewave) u',v'€[0, ewave)
This in particular improves the bootstrap assumption (10-2) so that we conclude the argument. 0

We now use Proposition 10.3 to solve (1-1). In particular, this allows us to extend the solution in
Dy, v, (in infinitely many ways!) beyond the Cauchy horizon as a spherically symmetric strong solution
to (1-1). Before we proceed, let us define a notion of spherically symmetric strong solutions to (1-1)
(using Definition 10.1) appropriate for our setting. For simplicity, in our notion of spherically symmetric
strong solutions, we will already fix a gauge so that A, = 0.

Definition 10.4. Let (¢, 2, r, A,, Q) be continuous functions on

{(u, v) 1 u €lug, up+e€), v e vy, vo+e€)}
for some € > 0 with ¢ complex-valued, (2, r, Ay, Q) real-valued and 2, r > 0. We say (¢, 2,7, Ay, Q)
is a spherically symmetric strong solution to (1-1) if the following hold:?!
e (¢, 2,r, Ay, Q) are in the following regularity classes:

3¢, ,log Qe LA(CY), 8,9, d,1logQ, d,r, d,r, 3,4, € COCY.

e (2-1), (2-2) and (2-3) are satisfied as wave equations in the integrated sense as in Definition 10.1 after
replacing D, — 0, +i¢A,, D, — 0,.

e (2-5), (2-6), (2-8) and (2-9) are all satisfied in the integrated sense as follows, again with the understanding
that D, — 0, +i¢A,, D, > 0,:

O(u,v) = 0(0,v) + / ”[2mr2e<¢lT¢ —¢D, P, v) du', (10-3)

u

O(u, v) = Q(u,0) — f v[zmr%@m —¢Dy$)1(u,v)dv', (10-4)

0

21We remark that (2-4) is not explicitly featured below. Note however that (2-4) follows as an immediate consequence
of (10-7).



320 DEJAN GAIJIC AND JONATHAN LUK

u
r dur(u, v) = r 9,r(0, v) +/ [2F 8,1 8, log Q + (8,r)* — 47 r?| Dy |21, v) du’, (10-5)

uo

v
r dyr(u, v) = r dyr(u, 0) +f [2r 8,7 3, log 2+ (8,r)% — 42| Dy |*1(u, v') dv'’ (10-6)
vo

for all (u, v) € {(u, v) :u € [ug, ug+e¢€), v € [vy, vo +€)}.
e (2-7) is satisfied classically everywhere with A, = 0; i.e.,

0?
BuAv= "5

We emphasize again that a spherically symmetric strong solution to (1-1) in the sense of Definition 10.4
is a fortiori a weak solution to (1-1) in the sense of Remark 1.2.

(10-7)

We now construct extensions to the solutions given by Proposition 9.1 beyond the Cauchy horizon as
spherically symmetric strong solutions to (1-1):

Proposition 10.5. For every uexy € (—00, ug), there exists €.xy > 0 such that there are infinitely many
inequivalent extensions (¢, 2, r, Ay, Q) to the region

Dy, v, UCHT U {(, V) :u € [Uext, Uext + €exi], V €10, €ex)},
each of which is a spherically symmetric strong solution to (1-1) (see Definition 10.4).

Proof. Let us focus the discussion on constructing one such extension. It will be clear at the end that the
argument indeed gives infinitely many inequivalent extensions.

Setting up the initial data. Extend the constant-u curve {u = uex} up to the Cauchy horizon. We will
consider a sequence of characteristic initial problems with initial data given on {u = ucx} and {V =V,,}

where V,, approaches the Cauchy horizon, i.e., V,, — 0. For a fixed n € N, the data on {V = V,,} are
simply induced by the solution that we have constructed in Proposition 9.1. On {u = uey}, the data when
V €[V, 0) are induced by the solution, but we prescribe data for V > 0 (i.e., beyond the Cauchy horizon)
by the following procedure:

o (data for 5) As we showed in (9-2), (9-4) and Proposition 9.5, for a fixed uext, S~2(uext, V) is continuous
up to {V = 0}, is bounded away from 0, and avﬁ(uext, V) e L%,. We can therefore extend Q2 to
{(uext, V) : V > 0} so that it is continuous and bounded away from 0 and avﬁ(uext, V) e L%,.

e (data for ¢) As we showed in (9-3) and Proposition 9.5, ¢ (uext, V) is continuous up to {V = 0} and
Dy (uext, V) € L%,. Since by Lemma 9.4, |Ay|(text, V) S (g — texe) for V. < 0, this also implies
that dy ¢ (text, V) € L%/. We can therefore extend ¢ to {(uex, V) : V > 0} so that it is continuous and
By (ext. V) € LY.

e (data for Ay) Next, by Lemma 9.4, Ay (uex, V) is continuous up to {V =0} and 9y ¢ (uext, V) € L%,.
Thus, like Q and ¢, we can extend Ay to {(uext, V) :V >0} so thatit is continuous and dy Ay (Uext, V) € L%,.

e (data for r) Finally, we prescribe r. Note that this is the only piece of the initial data which is not free,
but instead is required to satisfy constraints. First we note that by (7-16), (9-5) and Proposition 9.5, for
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V <0, r(uext, V) is continuous up to {V = 0}, bounded away from 0 and (Oyr)(text, V) € L%/. Moreover,
using (2-9) (and the also estimates (9-2) and (9-3)), it can be deduced that (dyr)(uext, V) can be extended
continuously up to {V = 0}. Now we extend r and dyr beyond the Cauchy horizon {V = 0} by solving
(2-9). Since dy ¢ € L%, and log €2 is bounded (by the choices above), provided that we only solve slightly
beyond the Cauchy horizon (i.e., for V sufficiently small), both r and |dyr| are continuous, bounded
above, and r is also bounded away from 0.

Formulating the problem as a system of wave equations. Now apply Proposition 10.3 to solve the fol-

lowing system of wave equations for ¥ = (r, log 5, Re(¢), Im(¢), Ay):

2
F o, dyr = =3 & —0,r dyr 422G 19124 =5 (B AV ), (10-8)
&

2
9, 0y logQ = —2nr2(8u¢(8‘/+ieAV)¢+8u_¢(8v—|—ieAV)¢)—2i—2(3uAV)2+iQZ+8ur dyr, (10-9)
Q

0u (v +ieAV))+By+icAy) dup = —im2Q ¢—2r" (D1 (Dy+ieAy)p+dyr ), (10-10)
2

dy (:—2 auAV> = —7wir’e(¢Dyp—¢Dy¢). (10-11)
Q

It is easy to check that this system of equations indeed has the structure as in (10-1).

Solving the system of wave equations. By Proposition 10.3, there exists ¢y > 0 (independent of n)
such that for every V,,, a unique solution to the above system of equation exists for (u, V) € {(u, V) :
U € [Uext, Uext + €0), V € [Vy, Vi, +€0)}. In particular, since V,, — 0, we can choose n € N sufficiently
large so that V,, + €p > 0. Now fix such an n and choose €. > O sufficiently small so that €. <
V. + €9. We have therefore constructed a solution (r, log 2, Re(¢), Im(¢), Ay) to (10-8)—(10-11) in
Dy vy UCHYU {(u, V) i u € [text, hext + €ext], V € [0, €ex) }-

Definition of Q and (10-4). Define Q = 2r2§~272 d,Ay. By definition Q is continuous and (10-7) is
satisfied classically. Moreover, since (10-11) is satisfied in an integrated sense, it also follows that (10-4)

is satisfied.
Plugging in the definition of Q into (10-8)—(10-10), we also obtain that r, € and ¢ respectively satisfy
(2-1), (2-2) and (2-3) as wave equations in the integrated sense as in Definition 10.1.

Propagation of constraints and (10-3), (10-5) and (10-6). Next, we check that (10-3), (10-5) and (10-6)
are satisfied. This involves a propagation of constraints argument, which is standard except that we need
to be slightly careful about regularity issues.

First, we note that since the equations are satisfied classically at (u, V},) for all u € [uext, Uext + €0),
(10-3) and (10-5) are satisfied on {V = V,,;}. Moreover, by the construction of the data for » above, (10-6)
is also satisfied on {u = uex;}.

Therefore, it follows that (10-3), (10-5) and (10-6) are equivalent respectively to the equations

(Qu, V) — O, V) — (Qutext, V) — Qext V)
= / [27ir*e(Dy¢ — ¢ D)1, V) du' — f [27irte(Dy¢ — dDu) 1, Vy)du', (10-12)

Uext Uext
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(r 0ur(u, V) —r dyr(u, V) — (r 0yr (Uext, V) — 1 0y (Uext, Vi)
u
= / (12r 8,7 3, log @+ (3,r)* — 47 r?| Dy P/, V) — [--- 1/, Vi) du’,  (10-13)
Uext
(royr(u, V) —royr(uex, V)) — (r oyr(u, V,,) —r dyr(uext, Vi)
Vv
:/ ([2r dyr dy log @+ (dyr)* — 4nr?|Dy P 1(u, V') — [+ - 1ttex, V') dV', (10-14)

where [- - - ] means that we take exactly the same expression as inside the previous pair of square brackets.

To proceed, observe now that we have the following integrated version of the Leibniz rule: let
f,g:10,T] > R, feC’ geCl. Assume that there exists an F : [0, 7] — R in L' such that
f@)— fO) = f(; F(s)ds forall t € [0, T]. Then by Fubini’s theorem and the fundamental theorem of
calculus,

/ F(s)g(s)ds =g(0) / F(s)ds —|—/ /S F(s)g'(t)dt ds
0 0 0 0
— (150 — £(0)g(0) + /O f F(s)g'(v) ds dt
— (15(0) — f(0)g(0) + fo LF(Ng'(2) — F()g (D] dr

= f()g@) — f(0)g(0) —/0 f($)g'(s)ds. (10-15)

In other words, assuming ¥; satisfies 9,9, V; = F; (for some F; € LII)C 3), the following integrated versions
of the Leibniz rule hold:

v
0 Vi(u, VYW, V) =0,V (u, V))V;(u, Vy) +/ [W;F; +0,%; 0, ¥ 1(u, V)dV’, (10-16)

u
QWi (u, VIV (u, V) = 0y Vi (ex, VIV (tex, V) + | [V F; +3,¥; 9, W1, V)du'.  (10-17)

Uext

Let us now show that (10-3), or equivalently (10-12), holds. Since we have already established that
(10-4) holds, it follows that (10-12) is equivalent to

- /V V([zmr%(qﬁm — D), V) = [+ N(uext, V1)) dV'
n = / ' (I2wir’e(@Dud — pDu)IW', V) —[--- 14, Vi) du’.  (10-18)

By (10-16) and (10-17) above, it fOH:;VS that we need to check
f ” / V(au Qrir’e(@Dyp — p D)) +dv Quir’e(dDud — dDud)) (', V') du' dV' =0, (10-19)

where expressions such as d, D,¢ and dy D,¢ are to be understood after plugging in the appropriate
inhomogeneous terms arising from (10-10). On the other hand, after plugging in the appropriate expressions
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from (10-10), it is easy to check that the integrand in (10-19) vanishes almost everywhere. Therefore,
(10-19) indeed holds, which then implies that (10-3) holds.

Next, we consider (10-5), or equivalently (10-13). Since we have already established (10-8) in an
integrated sense, using the definition of Q above, it follows from (10-16) that (10-13) is equivalent to

~?2

\%4
1 2 Q 2 / / /
/([—Z S Q](u,V)—[-~](uexuV)>dV
Vi
- / (12r 3ur 3, 1og @+ (3,r)* —4rr’| D1, V) =[]/, Vi) dud'. (10-20)

Using again the integrated Leibniz rule (10-16) and (10-17), it then follows that (10-20) is equivalent to

~2
~ Q
/ / (H +m2m292|¢|2+1—2Qz]w/,v/))dv/d”/

/ 3y (12r 8ur 3, 1og @ + (3,r)> — 4 r2| D1, V') du' dV' =0, (10-21)
Uext

where (in a similar manner to (10-19)) expressions dy d, 7, dy d, log Q and dy D, ¢ are to be understood after
plugging in the appropriate inhomogeneous terms arising from (10-8), (10-9) and (10-10) respectively,
and 9, Q is to be understood as

3,0 =27ir*e(¢ Dy — dDu);

see (10-3). Direct algebraic manipulations (using in particular Q = 2126077 dy Ay) then show that the
integrand in (10-21) vanishes almost everywhere. This verifies (10-5).

Finally, we need to check (10-6), or equivalently (10-14). This can be argued in a very similar manner
to (10-5); we omit the details.

Checking the regularity of the functions. We have now checked that all the equations are appropriately

satisfied. To conclude that we have a solution in the sense of 10.4, it remains to check that dyr is
continuous. (A priori, using Proposition 10.3, we only know that dyr € L? v(C 0) ) That dyr is continuous
is an immediate consequence of (10-14), the fact that the data for dyr are continuous on {u = ey}, and
the regularity properties of all the other functions.

We have thus shown how to construct one extension of the solution (as a spherically symmetric strong
solution in the sense of Definition 10.4). Since the procedure involves prescribing arbitrary data, one
concludes that in fact there are infinitely many inequivalent extensions. O

Remark 10.6. Notice that in spherical symmetry, one can solve the wave equations with data such
that one only requires dy ¢, dyr, d,log 2 € L%,. However, if dy¢ ¢ L?,, we have dyr — —oo along a
constant-u hypersurface, and one cannot make sense of (2-9) beyond the singularity. In other words, if
v ¢ L%,, we cannot find appropriate data to the system of the wave equations so as to guarantee that
the solution indeed corresponds to a solution to (1-1).
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11. Improved estimates for massless and chargeless scalar field
Proof of Theorem 5.5. We will prove that

sup (lul? 18, 1(u, v) + V%3, (1, v)) < 0.

ue(—oo,upl, ve[vy,00)
Recalling the relation between v and the regular coordinate V in (9-1), this then implies the desired
conclusion.
We prove the above bounds with a bootstrap argument. Assume that

sup |u|? 1841 (14, V) < Aimp. (11-1)

u€(—o0,ug], ve[vp,00)

In the following argument, we will allow the implicit constant in < to depend on all the constants in the

previous sections, as well as the size of the left-hand side of (5-2). Ajmp will then be thought of as larger

than all these constants. We will show that for appropriate ||, the estimate in (11-1) can be improved.
To proceed, note that when m = ¢ = 0, (2-3) can be written as

3 (r 3yp) = —(3ur) (Bup), (11-2)
3y (r 3,9) = —(3,r) (3yp). (11-3)

Using (11-2), we estimate
V3,01, ) ST+ Aimp | V|2 + /)2 du’ ST+ Aimpluol ™" (11-4)

Using (11-3) and the estimate (11-4) that we just established, we have
(o.¢]
|u|2|au¢|(u,v)51+<1+Aimp|uo|—1)/ a0/ 72 " )7 do” S 1+ (14 Aimpluo]l g ' (11-5)
vo

Choosing Ajmp sufficiently large and u( sufficiently negative (in that order), we have improved the
bootstrap assumption (11-1). Then by (11-4) and (11-5),

su5<|av¢|<u, V) + ul? 3,91, V)) S sup(v?]3,01(u, v) + |u|*13.(u, v)) < 00,

u,v

from which the conclusion follows. |
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