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We study the low-lying eigenvalues of the semiclassical Witten Laplacian associated to a Morse function ¢.
Compared to previous works we allow general distributions of critical values of ¢, for instance allowing
all the local minima to be absolute. The motivation comes from metastable dynamics described by the
Kramers—Smoluchowski equation.
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1. Introduction

1A. Motivation. The Witten Laplacian, A, was introduced by Witten [1982] to give an analytic proof of
Morse inequalities. Its study led to many mathematical developments, most notably the Helffer—Sjostrand
theory [1985] of potential wells in the semiclassical limit. It is defined by twisting the operator d (acting
on forms) by a Morse function ¢:

Ay = d;d(p—i—dwd*, dy = e~ ?/hpdevlh (1I-1
It takes a simple form on functions and for the Euclidean metric on R? we then have
Ay =—h*A+ 050> —hAg. (1-2)

Even in that case using the action on 1-forms is highly beneficial — see [Michel and Zworski 2018] for
an introduction in the simple one-dimensional setting.
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More recently the Witten Laplacian appeared in quantitative studies of metastability for kinetic
equations — see for instance [Hérau and Nier 2004; Helffer, Klein and Nier 2004; Hérau, Hitrik and
Sjostrand 2011; Di Gest, Lelievre, Le Peutrec and Nectoux 2017].

Other interesting developments also include connecting the “Arrhenius rates” (exponential widths S
of small eigenvalues Aj in (1-8)) with barcodes of the Morse—Barannikov complex in [Le Peutrec, Nier
and Viterbo 2013] and showing that (in the case of compact manifolds) the eigenvalues of the Witten
Laplacian converge, as 1 — 0, to the Ruelle resonances of the gradient flow of ¢ in [Dang and Rivi¢re
2017].

This paper continues the study of the Witten Laplacian by considering functions ¢ with general
distributions on critical values, in particular functions with several equal minima and equal values at
saddle points. (In works related to Morse theory it is natural to assume that all critical values are distinct.)
As emphasized in [Michel and Zworski 2018] such functions lead to interesting effective dynamics
for the Kramers—Smoluchowski equation (1-6) — see Figure 2 and Section 1B. This, and more general
situations in which equal critical values are allowed (see Figure 4 for a schematic illustration of an allowed
landscape), leads to new subtle difficulties.

To explain metastable dynamics consider a particle evolving in an energy landscape ¢ and submitted to
random forces. The position X; of such a particle at time ¢ satisfies the over-damped Langevin equation

X, = —2Vo(X;) + 2h By, (1-3)

where & is the temperature of the system and B; is a Brownian force. This equation appears for instance
in physics to describe the microscopic evolution of a charged gas assuming the mass of the particles is
negligible.

Assuming that the potential ¢ has several wells, a particle starting at a local minimum of the function ¢
can, due to the presence of the random force, move over a saddle point and reach another energy well —
see Figure 1 for a schematic illustration.

The celebrated Eyring—Kramers law describes the average time it takes to escape from a well, in the
regime of low temperature, 7 — 0. In his pioneering work, Kramers [1940] considered a one-dimensional
model, see Figure 1, and predicted that the average transition time, 7, from a local minimum A to the

Figure 1. Metastable dynamics: random force allows a state localized near one minimum
A to reach another minimum B passing a saddle point (a local maximum in dimension 1).
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nearest saddle point S is exponentially large with respect to 2~ !:
~ Ko/ h _ _ _ " " —-1/2
Tp = ape’' ", ko =¢(S)—¢(A), ap=2m|g"(A)p"(B)| " (1-4)

Hence, for & small this average transition time is large and this explains the terminology of A being a
metastable state. (Once we get past S, the transition time to B is bounded and hence 7, is effectively the
transition time from the state A to the state B.)

The Eyring—Kramers law has important applications in which the trajectory (1-3) is used to imple-
ment computational algorithms. Roughly speaking it proceeds as follows: in order to compute some
thermodynamical quantities

Eu()= [ ) dnt) (1-5)

associated with a measure p and an observable f, we introduce a random dynamics X; which is ergodic
with respect to (1. We then use the Monte Carlo method to approximate E,, (/') by the long-time average of
f along any trajectory — see [Lelievre, Rousset and Stoltz 2010] for an introduction. In many situations
du(x)y=2 he_‘p(x)/ h for some potential ¢ and the over-damped Langevin dynamics (1-3) can be used
as X;. The time needed for the process X; to explore the whole space R4 (which ensures the validity
of the Monte Carlo approximation method) is directly linked to the metastable properties discussed
previously. Understanding this metastable behavior is then of interest if, for instance, we need to evaluate
the stopping time or to accelerate the convergence.

The mathematical proof of Eyring—Kramers law in a generic setting was first obtained by a potential-
theory approach in [Bovier, Gayrard and Klein 2005] and then by semiclassical methods in [Helffer, Klein
and Nier 2004]. The semiclassical point of view and connection to the Witten Laplacian can be seen by
considering the Langevin equation (1-3) at the macroscopic level. In that case statistical distributions
p(t, x) of particles are governed by the Kramers—Smoluchowski equation

d;p—hAp—2div(pVe) =0. (1-6)
This is equivalent to

hdp+App=0, p:=e?tp,

where A, is the Witten Laplacian (1-2) associated to ¢. In view of (1-1), A, is nonnegative and under a
confining assumption on the function g, it has a nontrivial kernel corresponding to the global equilibrium
of (1-6). (Confining assumption means that ¢ grows fast enough so that e ¥hec?)Asa consequence,
the behavior of p when # — oo is determined by the small eigenvalues of A,. In particular, any state
associated to a small eigenvalue is stable for exponentially long times. These are the metastable states,
and the inverses of the corresponding eigenvalues yield their lifetimes. Helffer, Klein and Nier [2004]
obtained a full description of the small eigenvalues of the Witten Laplacian in a general setting. For the
Kramers—Smoluchowski equation, their result implies that if the initial probability distribution pg belongs
to L2(e2¢/" dx), then the solution p of (1-6) converges exponentially fast to the equilibrium probability
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distribution c;ze_z“’/ h (where ¢, is a normalizing factor)

lo() = 2e ™2 M L2 20 ay < € P poll L2 o200 ay- (1-7)
Moreover, the rate of convergence
Ap/h=b(h)e 25" Ay :=mino(Ay)\ {0}, (1-8)
is described by the Eyring—Kramers law, that is:

¢ S is the biggest height a particle has to pass in order to reach the unique global minimum.

e The prefactor b(h) has an asymptotic expansion with respect to the parameter h, b(h) ~ > ; b h*
and its leading term is given by an explicit formula in terms of the Hessian of ¢.

More precisely, the assumptions made in [Helffer, Klein and Nier 2004] imply that there exist a unique
minimum  and a unique saddle point s of ¢ such that S = ¢(s)—@(m). Then, the leading term of b(%) is

_ ) \/ det Hess(¢) (m)

bo

T |det Hess(¢) ()]’ (1-9)
where 11 (s) denotes the negative eigenvalue of Hess(¢)(s). In the case of a double well, this formula
is exactly the one predicted by Kramers [1940]. In view of (1-7) the transmission time is approximately
the inverse of A; of (1-8). Hence the result of [Helffer, Klein and Nier 2004] is in agreement with (1-4).
(Note that in dimension 1, ¢ (s) = 1 (s).)

The method developed in [Helffer, Klein and Nier 2004] to compute the small eigenvalues of the
Witten Laplacian was successfully used on bounded domains in [Helffer and Nier 2006; Le Peutrec 2010]
and in the study of semiclassical random walks [Bony, Hérau and Michel 2015].

The range of potential ¢ covered by these papers does not include many cases which are important in
practice. Roughly speaking, Helffer, Klein and Nier [2004] make an assumption on the relative position
of minima and saddle points that ensures that the small eigenvalues are all of different size. Among the
limitations of this assumption is the fact that the potential ¢ cannot have saddle points or minima with the
same value. In many physical applications the energy landscape may not satisfy that assumption. Also,
the energy potential may have symmetries which again are not allowed by the assumptions in [Helffer,
Klein and Nier 2004]. For instance this is the case of some homogeneous systems such as Lennard-Jones
clusters — see [Wales 2006] for an example and a discussion.

The aim of this paper is to study the spectral properties of A, in the case where ¢ is a general Morse
function without restrictions on the relative positions of the critical values.

1B. An example. A motivating example is given by ¢ : R? — R which has n¢ minima all at the same
level and n; saddle points all at the same level —see Figure 2, where the x represent minima and the
o local maxima. Denote by S = ¢(s) — ¢(m) the difference of the value at the saddle points and at the
minima. To simplify the setting further, we assume also that the function Hess(¢)(x) has eigenvalues £ 1
when x belongs to the set of minima and saddle points.
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Figure 2. Left: the sublevel set {¢ < o} (shaded region) associated to a potential ¢
having a unique saddle value o. The x’s represent local minima, the o’s, local maxima.
Right: the graph associated to the potential on the left.

This case is not allowed under the assumptions of [Helffer, Klein and Nier 2004] yet it displays some
interesting phenomena. More precisely, in the very simplified case discussed in this section, a consequence
of Theorem 7.1 below is the following:

Theorem 1.1. Under the assumptions of this subsection, there exist €y > 0 and hg > 0 such that for
all h €10, ho], Ay has exactly ng eigenvalues Ay, k = 1,...,ng, in the interval [0, egh]. The lowest
eigenvalue is A1 = 0 and

Ak = hbi(h)e ™25/ k=2,... n,.

The prefactors by, (h) satisfy by (h) ~ ]910 h' bk, j and the terms by o are given by the nonzero eigenvalues
of the graph Laplacian for the graph G whose vertices are the minima of ¢ and whose edges are the saddle

points joining two minima (see Figure 2).

In terms of the Kramers—Smoluchowski equation (1-6), Theorem 1.1 exhibits metastable states whose
lifetimes (given by the inverse of the above eigenvalues) are described by the graph G. At the level of
particles, these new rules of computation can be understood as follows. Since all the minima are at
the same level, the equilibrium state is equidistributed among all the minima. Moreover, since all the
saddle points are at the same level, an ergodic trajectory of (1-3) will visit all the minima in the same
time scale, by traveling along the edges of the graph G. Hence, the effective long-time dynamics of
the Kramers—Smoluchowski equation is given by the heat equation for the graph Laplacian of G — see
[Michel and Zworski 2018, Theorem 3].

Earlier results, in dimension 1 and for finite times, on effective dynamics were obtained in [Peletier,
Savaré and Veneroni 2012] using I"-convergence, in [Herrmann and Niethammer 2011] using Wasserstein
gradient flows and in [Evans and Tabrizian 2016]. We also remark that the same graph Laplacian was
constructed in [Landim, Misturini and Tsunoda 2015] in a discrete setting.

Under our special assumptions the coefficients by do not depend on the second derivative of ¢ as in
the usual case. In the more general case of arbitrary Hessians, G has to be replaced by a weighted graph
with weights depending on the Hessians in an explicit way — see Theorem 7.1.

To motivate objects introduced in the next section, we now discuss what happens if we modify the
potential ¢ in the following way: suppose that ¢ has the structure shown in Figure 2 but one of the minimal
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Figure 3. Left: the sublevel set {¢ < o} (shaded region) associated to a potential ¢
having a unique saddle value o. The x’s represent local minima, the o’s, local maxima.

Right: the two hypergraphs associated to the potential on the left (the missing vertex
corresponds to the minimum A).

values is made higher or lower. In Figure 3, the modified minimum is denoted by A. Then, we can
associate to this potential the two hypergraphs corresponding to minima at the same level and linked by a
saddle value (see Figure 3). If A is an absolute minimum, then equilibrium distribution is concentrated
in A and the prefactor by (h) will be given by the smallest nonzero eigenvalue of the two hypergraphs
introduced above (roughly speaking this represents the maximum time needed to reach A). In the opposite
case, A is no longer a global minimum and the equilibrium state is uniformly distributed among all
the absolute minima. In order to visit each site of the equilibrium state, a particle will necessarily pass
through the point A. This heuristic explains why the computation of the prefactor by () will involve a
more complicated procedure describing the interaction between the two hypergraphs via the well A.
The main contribution of this paper is to describe these phenomena in a quantitative way.

2. Framework and results

Let X be either R¥ or a compact manifold of dimension d without boundary and let ¢ : X — R be a
smooth Morse function. Consider the semiclassical Witten Laplacian associated to ¢:

Ay =—h?*A+|Vo|*> —hAg, (2-1)

where & € ]0, 1] denotes the semiclassical parameter.

If X is a compact manifold, the operator A, is selfadjoint with domain H 2(X) and its resolvent is
compact. In the case X = R? we make the additional assumption that there exist C > 0 and a compact
K C R such that for all x € R? \ K, we have

Vo)l = & [Hess(p()| < C|Vol? and g(x)=>Clx| 2-2)

Then, A, is essentially selfadjoint on CZ° (Rd) and thanks to (2-2), there exist 19 > 0 and co > 0 such
that for all & € 10, hg], we have
Ocss(Ag) C [co, 00].

In both situations X compact or X = R¢, it is well known that A is nonnegative. Hence o(Ay) C [0, oo]
and it follows from the above remarks that o (A,) N[0, co[ is made of eigenvalues with no accumulation
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point except maybe co. Moreover e ~#/" is clearly in the kernel of Ay and belongs to L2(R?) thanks to
(2-2), so that the lowest eigenvalue of A is clearly 0.

Since ¢ is a Morse function (and thanks to assumption (2-2) in the case X = [R{d), the set U/ of critical
points is finite. In the following, for p =0, ..., d, we will denote by 2/(P) the set of critical points of
¢ of index p. Hence, U@ is the set of minima and /(1) the set of saddle points of ¢. Throughout the
paper, we will write n; = #U 0,

From the pioneering work [Witten 1982], it is well known that for small /4, there is a correspondence
between the small eigenvalues of Ay, and the critical points of ¢. More precisely, by standard localization
arguments one can show that there exists €9 > 0 such that for 2 > 0 small enough, A, has exactly
no eigenvalues in the interval [0, €p/], which we denote by 0 = A1 <A <--- < A,,. This result is easily
proved in [Cycon, Froese, Kirsch and Simon 1987] with o/ replaced by h3/2. The proof with €g/ can be
found in [Helffer and Sjostrand 1985, Proposition 1.7] (see also [Michel and Zworski 2018, Proposition 1]
for a self-contained proof). Moreover, these eigenvalues are actually exponentially small; that is, they live
in an interval [0, e=C/ h] for some C > 0 (see [Helffer 1988] for a proof). From a topological point of
view, this information (together with the equivalent estimates for the Witten Laplacian Aé,p ) acting on
p-forms) is sufficient to establish a correspondence between the small eigenvalues of A‘(pp ) and the critical
points of ¢ of index p (this was the key point in the Witten’s proof of Morse inequalities). However, for
applications to the description of metastable dynamics, it is important to get some accurate description
of the A;. Our main theorem will give some asymptotic of these eigenvalues for any Morse function ¢,
without any assumption on the relative position of minimal and saddle values of ¢.

Before going further, we introduce notation used in this paper. For x¢o € X and r > 0, introduce the
geodesic ball B(xg,7) ={x € X :d(x,x0) <r}.

Throughout, we will say that s is a saddle point if it is a critical point of index 1.

Given a(h), b(h) > 0, two functions of the semiclassical parameter, we say that a(h) =< b(h) if there
exists some constant ¢1, ¢ > 0 such that for all # > 0 small we have c¢1b(h) <a(h) < cab(h). We say
that a family of vectors (a(h))xe)o,1] in @ normed vector space V' admits a classical expansion if there
exists a sequence of vectors (a,)xen independent of /& and such that for all N € N, there exists some
constant C > 0 such that

<CyhNTY forall h €]0,1].
|4

N
a(hy—Y_ h'a,
n=0

We set a(h) ~ > oo o h™an.

As we shall see later, we will have to analyze carefully some finite-dimensional matrices which are
strongly related to the critical points of ¢. Given any subsets By, B, of U, it will be convenient to
introduce the finite-dimensional vector space .# (B;) of real-valued functions on 55;. We shall then denote
by .# (B1, B,) the vector space of linear operators from % (831) into .% (B3).

2A. Labeling of minima. Let us now recall the general labeling of minima introduced in [Helffer, Klein
and Nier 2004] and generalized in [Hérau, Hitrik and Sjostrand 2011]. The main ingredient is the notion
of separating saddle point, which is defined as follows. Given a saddle point s of ¢, and r > 0 small
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Figure 4. Labeling procedure.

enough, the set
{x € B(s,r): p(x) <g(s)}

has exactly two connected components C;(s,r), j = 1, 2. The following definition is taken from [Hérau,
Hitrik and Sjostrand 2011, Definition 4.1].

Definition 2.1. We say that s € X is a separating saddle point (ssp) if it is a saddle point and if C; (s, r)
and C,(s, r) are contained in two different connected components of {x € X : ¢(x) < ¢(s)}. We will
denote by V) the set of separating saddle points.

We say that o € R is a separating saddle value (ssv) if it is of the form o = ¢(s) with s € v, We
denote by ¥ = (V) the set of separating saddle values.

We say that £ C X is a critical component if there exists o € X such that E is a connected component
of {¢p <o} and if IE N V(D #£ &, We denote by % the set of critical components.

Let us now describe the labeling procedure of [Hérau, Hitrik and Sjostrand 2011]. Since ¢ is a Morse
function, it has finitely many critical points and so X is finite. We denote by 02 > 03 > -+ > oy its
elements and for convenience we also introduce a fictive infinite saddle value o0y = +o00 and write
¥ = ¥ U{oy}. Starting from o1, we will recursively associate to each ¢; a finite family of local minima
(m;,;); and a finite family of critical components (E; ;); (see Figure 4):

e Let Xo, ={x € X :¢(x) <01 =00} =X. Welet m;; be any global minimum of ¢ (not necessarily
unique) and £ 1 = X.

e Next we consider X4, = {x € X : ¢(x) < 02}. This is the union of its finitely many connected
components. Exactly one of these components contains m,; and the other components are denoted by
Ez,..., Ez N,. Ineach component E> j, we pick up a point m,j which is a global minimum of ¢|g, .

* Suppose now that the families (my ;); and (Ey ;); have been constructed until rank k =i — 1. The
set X5, = {x € X : ¢(x) < 0;} has again finitely many connected components and we label by E; ;,
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J =1,..., N;, those that do not contain any my ; with k <i. In each E; ; we pick a point m; ; which
is a global minimum of ¢, .. Observe that for all i > 2, the components E;, ; are all critical.

We run the procedure until all the minima have been labeled.

Remark 2.2. The above labeling satisfies the following property. For any o; € ¥ and any connected
component A; of {¢ < o0;}, there exists a unique (k, /) such that k <i and my ; € A;.

Proof. Let us start with the existence part of the result. If A; is one of the E; ; for some j, then take
k =i and [ = j. Otherwise, this means that in the labeling procedure, A4; already contained a minimum
my ; with k <i.

Let us prove the uniqueness part. Assume that my ;j,mys ;» € A; with k <k’ <i. Then A; N Eyx j # &
and since A; is a connected component of {¢ < 0;} with 0; < oy it follows that A; C E}s /. Since
my; € A;, it follows that my ; € Ej ; which is impossible unless (k,/) = (k’, ). O

Using the above labeling, Hérau, Hitrik and Sjostrand [2011] made some significant progress (in the
more general situation of Kramers—Fokker—Planck operators, but this applies to Witten Laplacian). First,
they showed in Theorem 7.1 of that paper that the exponentially small eigenvalues (A (1)), 0 of Ay
(indexed by the sequence of local minima) satisfy A, (h) =< he 25/ for the sequence of Arrhenius
numbers (S(m)),, ¢, defined by S(m; ;) = o; — f(m; ;) with the above notation. However, their

method does not work to prove that A=A, (h)e2S)/h

admits a limit when 2 — 0. In order to compute
the asymptotic expansion of the eigenvalues A,, (%), they need to make some additional assumption on
the interaction between minima and saddle points (see Assumption 5.1 in [Hérau, Hitrik and Sjostrand
2011]). This hypothesis, which is a generalization of the one made in [Helffer, Klein and Nier 2004], can

be formulated as follows with the notation of the preceding section:
Generic Assumption. Foralli =1,..., N, j =1,..., N;, the following hold true:
(i) m;,; is the unique global minimum of the application ¢g; .

(ii) If E is a connected component of {¢ < o;} such that £ N y® # &, there exists a unique s € y
such that ¢(s) = sup @(E N VD). In particular, 91 (]—o0, ¢(s)[) N E is the union of exactly two
different connected components.

Throughout the paper, we denote this assumption by (GA).

Under this assumption, there exists a bijection between &/(®) and V(1) U {s,}, where s is a fictive
saddle point associated to 07 = oo and for which by convention ¢(s1) = co. Using this one-to-one
correspondence, the authors exhibit some labeling 4® = {m 1, ..., my,} and VD U{s 1t ={s1,..., Snot
such that the small eigenvalues A; (h) are of the form hb; (h)e=25i/% with S; = ¢(s;) —(m;). Moreover,
they prove that the b; (h) have a classical expansion and compute the leading term of this expansion; see
[Hérau, Hitrik and Sjostrand 2011, Theorem 5.10].

As it is stated above, (GA) is not exactly Assumption 5.1 stated in [Hérau, Hitrik and Sjostrand
2011]. Indeed, it is supposed in that paper that (ii) holds true only for E being a critical component.
However, as indicated by the anonymous referee, we can easily construct some function ¢ satisfying
this assumption for which there is no bijection between U® and YV, To see this, first consider in
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dimension 1 a potential ¢ with four minima m;, j =1,...,4, and three saddle points s;, j =1,...,3,
such that m; < s1 < mp < §2 < m3 < 53 < my4 and such that p(m1) < p(mg) < p(mz) = @(m3)
and ¢(s1) = @(s2) < ¢(s3). Since the component of {¢ < ¢(s3)} containing m; is not critical, this
function satisfies Assumption 5.1 in [Hérau, Hitrik and Sjostrand 2011]. It doesn’t satisfy (GA) as stated
above. In higher dimensions, one can easily generalize this construction to obtain potentials satisfying
Assumption 5.1 in [Hérau, Hitrik and Sjostrand 2011], with a fixed number of minima and an arbitrarily
large number of separating saddle points (think for instance of many saddle points between the well
containing m1 and the well containing m,). This shows that Assumption 5.1 is not sufficient to ensure a
bijection between minima and separating saddle points.

Let us emphasize that the above remark doesn’t affect the rest of the work done in [Hérau, Hitrik and
Sjostrand 2011], where we can easily use the above corrected version of Assumption 5.1.

Let us observe that the Generic Assumption allows some degeneracy in the sequence (S;); that is,
there may exist j such that §; = §; 1. However, (GA) remains restrictive for the following reasons:

o It permits only potentials ¢ for which 2/(?) and V(! U {s,} have the same cardinality.

¢ The eventual degenerate heights are associated to weakly interacting eigenstates in the following
sense. Assume for instance that S; = S; 1 for some j = 1,...,n9 — I and modify slightly the
function ¢ near the minimum m ;. Then the coefficient b; is modified, whereas the classical expansion
of b; 1 remains unchanged.

Figures 6 and 7 below present some examples of potentials where (GA) is not satisfied. These examples,
as well as an example in higher dimensions, are discussed in detail in Section 7C.

In the present paper, we obtain an asymptotic expansion for the A; () for general Morse functions ¢
without any additional assumptions on the relative position of minima and ssp’s.

2B. Main result. In order to state our main result, we introduce some notation that will be used throughout
the paper. First, using the above labeling, we define o :/(?Y) — X by o (m i,j)=0;and S :U 0) 510, 400]
by S(m) = o (m) —(m). We let S = SU®); then with the notation of the preceding section, we have

SI{Oi—(p(mi,j)Zizl,...,N,j=1,...,Nl'}. (2—3)

Throughout the paper, we denote by m = m 1 ; the (not necessarily unique) absolute minimum of ¢ that
was chosen at the first step of the labeling procedure, and we let

U = O\ {m}. (2-4)

Using again the above labeling, we can associate a critical component to any local minimum. More
precisely, we define
E:u® 5 guixy (2-5)

by E(m; ;) = E; ;. Observe that by definition, this application is injective. Using this map, we can
associate to each minimum m € U©) a boundary set given by I'(m) = 9E (m). Thanks to the fact that ¢
is a smooth Morse function, for any m € U ©) the set I"(m) is a finite union of compact submanifolds
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of X of dimension d — 1 with conic singularities at the saddle points. For our construction of quasimodes,
we also need to introduce the set

H(m):={m' € Em)NU® : p(m’) = p(m)}. (2-6)

Givenm e U (0), we have o (m) = o; for some i > 2. Moreover, since 0,1 > 0;, there exists a unique
connected component of {¢ < o;_;} that contains m (observe that this component is not necessarily
critical). We denote that component by £_(m), and by

E_:U® 5 Qx) (2-7)

the corresponding application, where €2(X) is the collection of connected open subsets of X. Thanks to
Remark 2.2, we know that for any m € Y (), there exists a unique m’ € E_(m) NU©, denoted by r1(m),
such that o (m’) > o (m). In particular,

for all m e Y, p(m(m)) < ¢p(m), (2-8)

and we denote by E (m) the connected component of {¢ < o (m)} containing m (m). It holds additionally
E(m) C E_(m) and we can easily see that E(m) s always a critical component. Throughout, we denote by

E:u® -, (2-9)
U@ - y© (2-10)
the corresponding applications. The fact that the inequality in (2-8) is large or strict plays an important
role in our analysis.
Definition 2.3. Let m € Y. We say that m is of type 1 if (i (m)) < ¢(m). If p(rii(m)) = p(m), we
say that m is of type II. We define
U1 = {m e Q(O) :m is of type I},
U@ = {m e QI(O) :m is of type II}.
We have clearly the disjoint union ¢ (@ = /(9.1 yz/(®-1L

Example 2.4. Let us compute the preceding object in the case of the potential ¢ represented in Figure 4.
The results are presented in Figure 5.

¢ Let us start with the object associated to 03. By definition, E(mz,l) = E(mz,z) = E(m2,3) = Ez,
where Ez is the connected component of {¢ < 03} that contains m ;. Then we have m(ms,1) =
m(my2) =m(my3) =my .

Since p(m1,1) = @(m2,1) < p(m2,3) < p(m3 ), we know my 1 is of type I, whereas m > and m 3
are of type L

e Consider now the level 03. We have E_(m3,1) = E_(m33) = Ez and E_(m33) = E_(m34) =
E> 3. Therefore, E(m3,1) = E(m3,2) = E3, where E3 is the connected component of {¢ < o3} that
contains m1,1. Similarly, we have E (ms33) = E (ms3,4) = E g, where Eé is the connected component of
{¢ < o3} that contains m5 3. From these computations, it follows that m(m3,1) = m(m3 ) = m,; and
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Ei1

02

o3

04

maz,1
Figure 5. Computations of Example 2.4.

since p(m1,1) < ¢(m3,1) = @(m3 ) it follows that m3 ; and m3 > are both of type I. On the other hand,
m(ms33) = m(ms34) = my 3 and since p(m2 3) = p(m33) < p(ms4) it follows that m3 3 is of type II
and m3 4 is of type L.

e Finally, E_(mg4,;) = }:'53, E(m4,1) = E4 as represented on Figure 5 and mi(my4,1) = m1,1. Since

@(my,1) = @(ma,1), it follows that my4 ; is of type II.

The points of type II play an important role in our analysis. Given o € Z, let Q45 = Qg U Qq, with
QL ={E(m):meo (o)} (2-11)
and Qo be defined by ﬁg =gifo =01 and

Qs ={E(m):meo 1 (o)nu®Ny (2-12)
ifoeX.
Definition 2.5. We define an equivalence relation R on /(?) by mRm’ if and only if

o(m)=o0(m') =o,

w1, ...,wg € Qs such thatm € w1, m' e wg and Vk =1,..., K —1, & Ndpyq # . (2-13)

Throughout the paper, we denote by Cl(m) the equivalence class of m for the relation R. Observe that
since m is the only minimum such that o (m) = oo, we have Cl(m) = {m}.
Let us denote by (u},o))ae 4 the equivalence classes of R with A a finite set. We have evidently

u® =\ |u®. (2-14)
a€A

We need also to consider the set A defined by A = A\ {«}, where L{éo) = {m} is the equivalence class
of the absolute minimum chosen for ¢. Throughout, we will write g, = #Z/léo). We will also use the
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following partition of u§,°) for any o € A:

U= uO @1y O =0 Ny @11 (2-15)

Proposition 2.6. Let o € A. The applications o, E_, E and r are constant on Z/Io(to).

Proof. For @, it is a direct consequence of the definition. Suppose now that m,m’ € U ©) satisfy mRm’
and m # m’. Then, m and m’ belong to the same connected component of {¢ < o(m)}. Hence, the
uniqueness part in the definition of E_ shows that E_(m) = E_(m’). Since E_(m) = E_(m’), the identity
1 (m) = i (m’") follows directly from the definition of sz. This implies automatically E (m) = E(m’). O

Thanks to the above proposition, given « € A, we will write respectively o («), E_(«), E (&) and it ()

instead of o (m), E_(m), E (m), i (m) for some m € Z/{S)).

Definition 2.7. We say that
e o is of type Lif p(m(a)) < ¢(m) for all m € L{O(,O),
e « is of type II if there exists m € Lléo) such that p(m(a)) = @(m).

Recall that the height function S : /(9) — R and the set of heights S = SU(®?) were defined by (2-3)
and above. For any o € A, we let

Se=SUD) and p(a) =#S,. (2-16)
There exist some integers v{ < v§ <--- <v% ~such that
p(@)

Sa == {Sv‘ll, ey Sv;é(a)}.

In the theorem below, proved in Sections 5 and 6, we sum up in a rather vague way the description of
the small eigenvalues that we obtained.

Theorem 2.8. There exist ¢ > 0 and some symmetric positive definite matrices M%, o € A, such that
counted with multiplicity, we have 0(Ag) \ {0} = Uyes 0(M*)(1 + O(e=¢/My), with

p@) —2h71S o :
o(M%) = U he "o (M%)
Jj=1
for some symmetric positive definite matrices M*/ having a classical expansion with invertible leading
term given in Theorem 5.8. Moreover 0 is a multiplicity-1 eigenvalue.

Let us make a few comments on this theorem.

First, observe that since M %/ has a classical expansion with invertible leading term M(‘)x *J its eigen-
a,j i . .
values &7/, r =1,...,r%/, have a classical expansion

¢l () ~ Y Weer
k

with ¢ ;x bj eigenvalue of the matrix M, (‘)x |
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Compared to previous results obtained under the Generic Assumption, the main difference is that
the prefactors Zf‘kj are more difficult to compute since they are obtained as the eigenvalues of the
matrices M%7/, When (GA) is satisfied, the M**/ are 1 x 1 matrices whose spectrum is direct to obtain.
In the general case, this is not true anymore and the construction of the matrices M %/ is more involved.
In particular, it depends dramatically on the number p(x) = #S (Z/la(,o)). Observe that this number is also
equal to the number of different values taken by ¢ on the equivalence class L{éo).

If p(a) = 1, the coefficients of M %/ depend only on the pairs (m, s) for which ¢(s) — p(m) = S .
Except for the fact that the different eigenvalues ¢ ‘,x’j ,r=1,...,r%/ are linked together, the situation {s
similar to that encountered in the generic case. Actually, we prove in Appendix B that if (GA) is satisfied
then Cl(m) is reduced to one point for any m, and in particular p(«) = 1 for all «.

In the case where p(a) > 2, the matrix is more difficult to compute. It comes from an application of
the Schur complement method and it depends on some pairs (m, s) for which the height ¢(s) — ¢(m) is
smaller than Sv;y. In other words, the lifetime of the metastable state m is not entirely described by the
height that is needed to jump over in order to reach the nearest lower-energy position. It depends also on
some interactions with some higher-energy states that are not present in the classical Eyring—Kramers
formula. To our knowledge, this is the first time that such a phenomena is exhibited.

Let us now compute p(«) on explicit examples. Let us fix n = 2 and consider the potentials ¢ given
respectively by Figures 6 and 7. In both cases, m(m2,1) = m(my ) = m(my3) = my,1, which we
denote by m for short. Since ¢ () < ¢(m_ ;) for all j, there is no point of type II, U (0.1 — & and hence
Qo, ={E2,1, E22, E> 3}. Therefore, we can compute easily the equivalence classes of R in both cases:

e In the case of Figure 6, we have three equivalence classes: ¢; = {m1,1}, c2 = {m2 1, m2 2} and
c3 = {m33}. The potential ¢ is constant on each equivalence class, and hence p(c1) = p(c2) =

plc3) = 1.
o) =X

02

@(ma3)

p(ma1) = @p(ma)

@(m)

mp =m

Figure 6. A potential with p(«) = 1.
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01 = 00

02

@(m23)

p(ma1) = p(ma)

@(m)

mi 1 =m

Figure 7. A potential with p(«) = 2.

0] = 00

02

@(ma3)

p(my = @(my 1) = (M)

my | mj my=m

Figure 8. An example with points of type II.

e In the case of Figure 7, we have two equivalence classes: ¢; = {m,1} and co = {m> 1,m2 2, m> 3}.
The potential ¢ takes two different values on ¢2: p(cz) = 2.

We will come back to these examples at the end of the paper and compute explicitly the spectrum of Ay,
in both cases.

Let us finish this discussion with an example where U/ (0.1 £ ¢ Consider the potential given by
Figure 8. In that case m(my,1) = m(my ) = m(my ) = my, 1, which we denote by m for short. Since
p(m) = p(my,1) = ¢(mz ) < p(mz,3), we know my 1 and my > are of type II and m 3 is of type L.
We still have ng ={E>,1, E2 . E> 3} but contrary to the previous case ﬁaz = {Ez} is nonempty. It
follows that Q4, = {E2,1, E22, E2 3, E2} and R admits two equivalence classes: ¢ = {my,1} and
c2 ={my,1,m3 2, my 3}. The potential ¢ takes two different values on ¢, and hence p(cz2) = 2.
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2C. General strategy of the proof. Let us recall the general strategy followed in [Helffer, Klein and Nier
2004]. The starting point is to use the supersymmetric structure of the Witten Laplacian. For 0 <k <n, let
Qk(X) =C®(X, A*T*X) be the space of k-differential forms and denote by d : Q% (X) — Q*+1(X)
the exterior derivative and by d* : QK (X) — Q*~1(X) its adjoint for the natural pairing. The Witten
complex associated to the function ¢ is defined by the semiclassical weighted de Rham differentiation

dpp=e"?""ohdoe?® = hd +de"
and its adjoint
d¥ =M ond* oe ™t = pa* + dy”.

Then the semiclassical Witten Laplacian is defined on the forms of any degree by
A(p :d;,hod(pah-i_d(o:hod(:,h‘ (2'17)

When restricted to the space of p-forms we denote this operator by A((pp ) (observe that in the case p =0,
the above formula yields easily (2-1)). Then, we have the intertwining relation

dpy AP = APDq, , (2-18)
and its analogue for the coderivative
+1) __
dy APt =APax . (2-19)
For any p =0,...,d, it follows from (2-2) that A((pp ) (as an unbounded operator on L?) is essentially

self-adjoint on the space of compactly supported smooth forms. We still denote by A(gp ) its unique
self-adjoint extension. Then A((pp ) is nonnegative and thanks to (2-2), there exists ¢g > 0 such that
aeSS(A((pp )) C [co, +oo[ for any & > 0 small enough (in the case where X is a compact manifold, A((op )
has actually compact resolvent). Moreover, there exists €, > 0 such that for 2 > 0 small enough, it has
exactly n, eigenvalues in the interval [0, €,h], where n, denotes the number of critical points of index p
of ¢. We shall denote by E (P) the spectral subspace associated to these small eigenvalues of A((pp ) Then
dim E(P = n,, and relations (2-18), (2-19) show that

dow(EP)c E?TD and ¥ (EPTV)C EWP). (2-20)

This shows in particular that d, 5 acts from E ©) into EM and we shall denote by £ this operator.
Similarly A((po) acts on E(® and we denote by M this operator. By (2-17), we get

M=L"L.

The general strategy used in [Helffer, Klein and Nier 2004] (that we will follow in the present work), is to
construct appropriate bases of £ © and EM in which one can compute handily the singular values of L.
The main idea to construct such bases is to build accurate quasimodes for Ay, and to project them on the
spaces E). The construction of the quasimodes is performed in Section 3. The quasimodes for 1-forms
are the ones constructed in [Helffer and Sjostrand 1985]. The main properties of these quasimodes will
be recalled in Section 3C. Concerning the quasimodes on 0-forms, we cannot use the ones constructed in
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[Helffer, Klein and Nier 2004] since many important properties that are required for our analysis fail to be
true in the present situation (for instance, the quasiorthogonality). In Section 3B, we use the partition of
1O into equivalence classes of R to construct a family of quasimodes on 0-forms adapted to our setting.
Each quasimode will be associated to a minimum m € U O,

In Section 4, we compute the matrix £ in the above basis. One arrives at a block diagonal matrix
diag(L£%, « € A) whose singular values are the singular values of each block.

Section 5 is devoted to the computation of singular values of the above blocks. The main difficulty is
that given two minima m, m’ in the same equivalence class, we do not necessarily have S(m) = S(m’).
For equivalence classes satisfying this property (that is, p(«) = 1), each block £* of the matrix £ has a
typical size e™S @/ and the situation could be handled quite easily. But more complicated cases may
arise where quasimodes yielding different heights S(m) are interacting. In order to treat the full general
case, we use the Schur complement method combined with an induction on p(«). Running the induction
step requires exhibiting a specific structure of the matrices under consideration (see Sections 5SA and 5B).
In Section 5C, we prove a general result for such matrices, which we use to conclude in Section 5D.

In Section 6, we prove Theorem 2.8.

In the Appendices, we collect several results linear algebra. We also provide a list of notation used in
the paper.

3. Construction of adapted quasimodes

3A. Gathering minima by equivalence class. Let us start this section with a proposition collecting some
elementary facts about £, E_ and E.
Proposition 3.1. Ler m,m’ € U such that m # m'. Then, we have the following:
(i) Ifo(m) = o(m'), then
(i.a) Em)NE(m') =@,
(i.b) either E_(m) = E_(m') or E_(m)N E_(m') = @,
(i.c) if E_(m) = E_(m') then E (m) = E(m'); otherwise E (m) N E(m’) = .
(ii) If o(m) > o (m’), then
(ii.a) either E(m)NE(m') = @ or E_(m’) C E(m),
(ii.b) either E_(m)N E_(m') = @ or E_(m') C E_(m).
Proof. Let m # m’ be two minima. Assume first that o (m) = o(m’) = 0. Since m # m’ and
01 (c0) = {m}, we have necessarily m,m’ € Y. In particular, E_(v), E(v), v = m,m’, are well-
defined. Moreover, since E(m) and E(m') are two connected components of {¢ < o}, we have either
E(m) = E(m’) or E(m)N E(m’) = &. Since m # m’ and E is injective, E(m) N E(m’) = &, which
proves (i.a).
Since E_(m) and E_(m’) are two connected component of the same set {¢ < t} for some t > o (m),
(i.b) is obvious.
Suppose now that E_(m) = E_(m’). Since o(m) = o(m’), we have m(m) = m(m’). Moreover,
since £ (m) is the unique connected component of {¢ < o (m)} containing m(m), we get E (m) = E (m').
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If E_(m) and E_(m’) are disjoint, then E (m) and E (m') are also disjoint since E(m) C E_(m) and
E(m’) C E_(m’). This completes the proof of (i.c).

Let us now prove (ii) and assume that o' (m) > o(m’). Once again, since o ! (c0) = {m}, we have
m' U@ If E(m')NE(m) # @, then E_(m’)NE (m) # &. Moreover, E_(m’) is a connected component
of {¢ < 1} for some 7 < o(m). Since E(m) is a connected component of {¢ < a(m)} D {¢ < 1}, we
have E_(m’) C E(m) which proves (ii.a).

The point (ii.b) is proved by similar arguments. O

Let us now decompose the set of separating saddle points according to the equivalence classes. Given
o € A, introduce the closed set

G= |J Em) (3-1
meu
and for any @ € A let
VD = (s e VIV 1 g(s) = 0 (@)} N G (). (3-2)
For any o € A, let
a9 = y©® U ()} (3-3)

and define an application I'y, from Z:{((xo) into the closed subsets of X by

To(m)=T(m) itmet?,

A A (3-4)
Lo (m(a)) = IE(a),

where I' is defined below (2-5).

Remark 3.2. Since E (m) C E(m), the application Ty, is slightly different from the application I" defined
in below (2-5). Observe also that for all m € i/ ao , I'a(m) is the boundary of the connected component
of {¢ < ¢(s)} that contains m.

Lemma 3.3. The collection (Vél))ae A IS a partition of V). Moreover, forallo € Aand s € Vél), there
exists my(s) € Z/Iéo) and my(s) €U ((xorsuch that

s € Ty (my) N Ty (m2). (3-5)

One can chose m1,my in order that S(my) < S(m>) (that is, p(m1) > ¢(my)). Up to permutation, the
pair (m(s), my(s)) is unique.

Proof. Let s € V(V; then ¢(s) € T and there exists k > 2 such that ¢(s) = oy. By definition, there exist
two different connected components E1, E» of {¢ < 0y} such that s € E1 N E,. From the existence part
of Remark 2.2 there exist m;; € E1 and m ;» € E3 with I’ <1 < k. Moreover, one has necessarily
| = k. Otherwise o (m; ;) > o} and since E{ N E, # @, this would imply that my: i € E(m ;), which
is impossible since /” < /. Hence we have [ = k. Therefore E is equal to E(m; ;) withm; ; € Z/{o(lo),
which proves that s € Vél). Moreover, E> is either of the form E> = E(my ;) with my ;€ Z/{éo) Gf
I'=k)or E; = E(ml,l-) (f I” < k). Setting m(s) =m;; € L{O(LO) and my(s) =my ;s € Z:{((xo), one has
s € Ty (m1) N Ty (m3) and since [ > 1’ one has also ¢(m1) > ¢(m,).
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Let us now prove that the union of the Vél) for o € A is disjoint. Suppose that s € Vél) ﬂ_]/&. Then
o(x) = @(s) = o(B). Moreover, there exist m € Z/{o(lo) and m’ € Z/llgo) such that s € E(m) N E(m’). This
proves that mRm’ and hence o = f.

The uniqueness of (m1, m5) up to permutation is obvious. O

Let us now introduce an extra partition that will be useful in the sequel.

(1) b IJV‘E!I) i

Lemma 3.4. Forall a € A there exists a partition V&l) = such that the following hold true:

(i) Foranys € Vél)’i, m1(s) and m(s) belong to Z/{o(,o).

Vél)’b

(1) The set Vél)’b is nonempty and for all s € one hasmy(s) € LIO(ZO), my(s) = m(a) and

s € Ta(my(s)) N To(m(a)).

Proof. Define Vél)’i ={se Vél) 1my(s), ma(s) €U, (O)} Then (i) is true by definition. Moreover, defining

él)’b = él) \Vél) d one has automatically the partition property and it remains to prove (ii).

Since o € A, the set E(a) N (U ul© E (m)) is nonempty and contained in V(l) b

(1),b
(7

This proves that
is not empty. Suppose now that s € V(l) b1t follows from Lemma 3.3 that m(s) € %(,O) and
my(s) € u§ ) But by the definition of V(s ): b, m(s) cannot belong to L{a(, ), which implies by definition
that m,(s) = m(a). This completes the proof of (ii). O

3B. Quasimodes for 0-forms. In this section we construct a family of quasimodes of Ag)) associated to
the minima of ¢. Each of these quasimodes will be of the form x > h=4/4 y,, (x)e =@ =)/ 1 yith
some suitable cut-off functions y,, associated to a minimum m € U ),

Following [Helffer, Klein and Nier 2004], we can associate to each minimum m € U ©) 3 cut-off
function x, in the following way. For m = m, we simply take y, = 1. Form e U () we introduce some
small parameters €, €, > 0 with € < € and we define

Ecz5(m) = ((E(m)\ ) BG. e)) + B(0, g)) U ( U B(s. 5)). (3-6)
sevONI () se@UD\VI)NT ()

Proposition 3.5. Let xn, be any function in €°(E¢ pz 25 (m)) such that xm = 1 on E¢ z 5(m). There
exist €9 > 0, 80 > 0 and C > 0 such that for all 0 < § < 8p, all 0 < € < €9 and all 0 < € < €/4, the
following hold true:

(a) If x € supp(ym) and ¢p(x) < o (m), then x € E(m).

(b) There exists c¢ > 0 such that for all x € supp(V xm), we have
o either x & | sep)nr(m) B(s. €) and
o(m)+ ce_1 < @(x) <o(m)+ce,
e orxc Usev“)mr(m) B(s,€) and

lp(x) —a(m)| < Ce.
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(¢) Foralls € UD\ (VD N T(m)), one has dist(s, supp V xm) > 8. If moreover s € supp(ym) then
s € E(m) and xm = 1 nears.

(d) Suppose that m € Z/{o(lo), a € A, and let s € VD N supp(ym). Then, there exists B € A such that

o(f)<a(a), s e Vél) and Um,eug»E(m’) C{xeX :ymkx)=1}

Proof. Observe that the construction of the cut-off functions y is slightly different to that of the yx ¢ in
Proposition 4.2 in [Helffer, Klein and Nier 2004] (in particular because there can exist more than one
separating saddle point on dE (m)).

Let §; = min{|s —s'| : s,s" € YD, s % ¢’} and 8> = min{dist(s, T(m)) : s € E(m) NUD}. Let
0<d< % min(81, 87) and € > 0 such that there exists C > 0 such that for all 0 < € < €g and all s € v,
one has

lp(x) —@(s)| < Ce forall x € B(s, ¢).

This is possible since ¢ is a smooth function. Then (a) and (b) above can be proved much as Proposition 4.2
in [Helffer, Klein and Nier 2004] and (c) is a direct consequence of our choice of §.

Let us now prove (d). By definition, if s € yhn supp(¥m), then s € E(m) (here we use the condition
0 < € < €/4). Hence, there exists § # « such that s € Vél) and one has additionally o () < o (). By
definition of the sets E (m), this implies that

|J EmYcEm)\ ] BG"e

m’ ey s’evONC(m)
for any € € ]0, €9[ with €9 > 0 small enough independent of §. This implies the results. O

We are now in position to define the quasimodes in a recursive way on the values of o ().

e We start with the quasimode associated to m. We set
m(O)(x) = c(m, h)h_d/4e(‘p('ﬂ)_‘p(x))/h, (3-7)

where c(m, h) is a normalizing constant such that || fm |2 = 1. Due to the fact that ¢ may have several
global minima, the function f,éo) does not concentrate only on m but on the reunion of all global minima.
Hence the normalizing factor c(m, h) is computed by adding the contributions coming from each of
these minima via quadratic approximation. More precisely, it follows from the Laplace method that
c(m,h) ~Y 72, h* yi (m) with the function y, given by

yolm)=> =42 %" |detHess p(m")| 72, (3-8)
m’€ H(m)

where by definition (2-6) one has
H(m) :={m' € Em)nU® : p(m’) = p(m)}.

Finally, observe that f,i(,o) is an exact quasimode: Ay fm(o) =0.
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e Suppose now that k € {2,..., K} and that the quasimodes ,,(,0) have been constructed for m €

Uweso@)<or; U, and let us define f,,(,o) for m € U with 0 (a) = oy The form of the quasimode
associated to m depends on the type of m as introduced in Definition 2.3.

— If m is of type I, then we define f,,(,o) as in [Helffer, Klein and Nier 2004] by
() = c(m, hyh™ % g (x)e @ =GN/ B, (3-9)

where y,, is the cut-off function associated to m defined in Proposition 3.5 and c(m, /) is again a
normalizing constant such that || f,,(,o) ;2 = 1. As before, we have to add all the contributions of minima
in E(m) at the same height as m. We get c(m,h) ~ Y 72, h* yi (m) with yo(m) given by (3-8).

— Let us now construct quasimodes associated to minima m of type II. We assume here that ¢/ 0.1 # O
and we define
UM =y Oy (i, (3-10)

where for short, we write it = m(«) and g} = #UOEO)’ H.

Let us introduce an additional cut-off function around s that we define as follows. Recall that £ (o)
denotes the connected component of {x € E_(m) : ¢(x) <o (m)} that contains m. As before, we introduce
some parameters €, €,§ > 0 with € < € and we define

Eczs(@) = ((E(a)\ U e)) + B(0, g)) U ( g B(s, 8)).

seVDNIE (@) se@M\VD)NIE (a)

Then, we let j,; be any function in Cfgo(ﬁe,zg,zg () such that y,; =1 on Ee,g,g («). Form € u‘go),n
we let Ym = ym, with y, defined in Proposition 3.5. We want to construct the quasimode as a

linear combination of the )?me_"’/ h m e Aéo)’n. In order to chose the coefficients, let us introduce

a&o), 1I

s

Foa=F (Zjléo) ’ II), the finite vector space of functions from into R. This space has dimension qg +1

and is endowed with the usual Euclidean structure
(0.005, = ) 0m)0'm).
melj{éO)' i
We denote by N the associated norm. Eventually, we define 6§ € Fy by
co(h)
c(m,h)’

where c¢(m, h) is the unique positive constant such that the function

6% (m) = (3-11)

Fon i=c(m, h)h_d/4)€me((p(m)_‘p(x))/h

satisfies || fm L2 =1 and c§(h) is defined by N(65) = 1. Let us now extend the definition of the set
H(m) in the following way. Given « € A and m € Z’]O([O)’ I

H(m) itm e,

tm' € E(@)NU©@ : p(m') = (i)} if m e U "\ ul?.

we define

Ho(m) = (3-12)
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Observe that if « is of type II, since E (i (c)) is larger than E (), the sets H (it («r)) and He (i ()
may be different. From the preceding definition, it follows that for all m € 51(50)’ I
c(m, h) admits a classical expansion c¢(m, h) =) ; h* yi (m) with

, the normalizing factor

Yo(m) 2 = /2 Z |det Hess (p(m/)|_1/2. (3-13)
m’eﬁa(m)
Therefore, we can compute the constant ¢{ (), and we get

~1/2
cy(h) = Jt_d/4( Z Z |det Hess (p(m/)l_l/z) + O(h).

velj{élo)'” m’ef-ja(v)

Here the index « is used to indicate that the function is associated to u&")’ H.

Lemma 3.6. There exist some functions 0, ..., 9;‘,1 € Fy such that the following hold true:
(1) {9]‘?‘, j =0,....qY is an orthonormal basis of F.

(ii) The functions 9]‘." admit a classical expansion

- Y ek

k>0
and for all j > 1, the leading terms 9?"0 are orthogonal to the function 9“’0 (m) = c§(0)/yo(m).

Proof. First observe that ¢ admits a classical expansion 6§ ~ ) i >0h1 9“ J with Qg 0(m) =c(0)/yo(m).
Since (90 )J- is a gll-dimensional subspace of Fy, it admits an orthonormal basis (0 ) independent
of h. Then the functions 9"‘ defined by

0% =670 —(6°, 6868

form a basis of (08‘)% Moreover, the 0}‘" admit a classical expansion and since (é}’"o, 05) = O(h) for
any j, they satisfy
(9 Hk) = Jk—i-(’)(h ).

Defining the (Gj‘.") as the Gram—Schmidt orthonormalization of the (éj‘?‘), we get the desired result. [

Observe that since Uy (0011 hag gl elements, the functions 6%, .. 9"‘1] can also be indexed by Uy (0). 1 using

any arbitrary bijection. We end up with a famlly of functions (6y,),, -1 and for convenience we will
also write 6% = 6. Then, we define the qY quasimodes associated to the m € U, (0) I by
FOC) = h 4 S G e’ 1) o (x)e @m0 B, (3-14)

m GZ/{‘gO) I

where the normalization factor ¢(m’, 1) is defined above and ensures that

||c(m',h)h d/4 Am,(x)e((ﬂ(m)—fp(X))/h“L2 = 1.
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Before going further and as a preparation for the final analysis we would like to write the quasimode
given by (3-9) and (3-14) in the same fashion. For this purpose, we define 5[050) by

U =0ty (3-15)
with the convention that Uy a0 = o if Uy .10 _ g (observe that Z//\lo(lo) is equal to the set I/ ‘(10) defined in

(3-3) if and only if Z/{O(,O) I # ). Then, we define 6% (m’) for any m € Z/{O(,O) ,m' e Zjlo(,o) in the following
way:

o Ifme Z/lo(lo)’H and m’ € 5{5,0)’11, we keep the above definition.

¢ Otherwise, we set

O (m') = Sm,m’ - (3-16)
Then the formulas in (3-9) and (3-14) can be summarized in
S () =h=4 N 08 (m e (' h) o (x)e O =0/ B (3-17)
e

with &S’) and 0% as above.

Definition 3.7. For any o € A, let us denote by 7% € .# (u},"), 5{(50)) the matrix given by

T4 = (On(m") 0 ey

Let us remark that if all points of ué ) are of type I, then 77¢ is just the gy X ¢ identity matrix, whereas
(0), 11 (0),11

if Uy # @, itis a (gq + 1) X go matrix. Observe also that the partitions Z/Io([o) = U, .1 Uy, and
uo(,") = L{O(,O) ! u§°) " induce decompositions of the corresponding vector spaces:
FUP) = 7" @ 7 UM, (3-18)
FUP) = 7UPH @ 7UPM. (3-19)

From the above construction, one deduces that in a suitable basis the matrix 7% is block diagonal with Id
on the upper-left corner and a certain orthogonal matrix in the lower-right corner. More precisely, there
exists an orthogonal matrix 7% € .2 U, 752" 1Y) such that for any f = £+ T with f1e 7Y
and e 7@, one has

T f(m) = flm)+ (7% M) (m). (3-20)

Moreover, the matrix 7 % s just the matrix (6%, (m’ ))m U g [T whose coefficients are given by
Lemma 3.6. In particular, Ran 7% ([R{G“)J- where 6 is defined by (3-11).

For any m € U9, let us introduce the set F(m), defined as follows. If m = m, let F(m) = X. If
meUdO1:=y©® Ny et F(m) = E(m) and if m € Y- 11 := y© N1 et

Fem=( | W))Uﬂ), (3-21)

m U

where « is such that m € u(f,o). Observe that we always have E(m) C F(m).
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Proposition 3.8. Ler m,m’ € U be such that m # m’. The following hold true:
(i) If mRm' then

(i.a) if m or m’ is of type I, then F(m) N F(m’) c V),
(i.b) if m and m’ are both of type I, then F(m) = F(m’).

(ii) If m’ ¢ Cl(m), then

(ii.a) if c(m) =o(m'), then F(m) N F(m') = @,
(ii.b) if o(m) > o (m’), then either F(m) N F(m') = & or F(m') C F(m).

Proof. Let mRm’ with m # m’. As in the proof of Proposition 3.1, one has necessarily m, m’ # m.
Assume first that m is of type 1. Then F(m) = E(m). If m’ is also of type I, then F(m’) = E(m’).
Moreover since m # m’, it follows from (i.a) of Proposition 3.1 that E(m) N E(m’) = @. Therefore,
F(m)N F(m’) is either empty or is reduced to a union of saddle points which are separating by definition.
If m’ is of type II, the same proof works. This completes the proof of (i.a).

Suppose now that m and m’ are both of type I1. Since mRm’, it follows that £ (m) = E (m’) and hence
F(m) = F(m’) which shows (i.b).

Suppose now that m’ ¢ Cl(m). Consider first the case where o (m) = o (m’). Then, one has necessarily
F(m)N F(m') = @, otherwise we would have mRm’.

Suppose now that o (m) > o (m’) and that F(m) N F(m') # @. If m = m, then F(m) = X and the
conclusion is obvious. Suppose now that m € U () and consider first the case where m and m’ are of type L
Then F(m) = E(m) and F(m') = E(m’) and since o (m) > o (m’), it follows that E(m) N E(m’) # .
Hence (ii.a) of Proposition 3.1 shows that E_(m’) C E (m) which yields F(m') C E(m) = Ig(m). If m is
of type I and m’ is of type II, then one has E(m) N E # @ with either £ = E(m") for some m” € Cl(m’)
or E=FE (m’). As before, E(m) contains the connected component of {¢ < o (m)} that contains E and
the same proof works.

Let us now suppose that m is of type Il and m’ is of type L. Then E (m’)N E # & with either E = E(m”’)
for some m” € Cl(m) or E=E (m). In both cases one sees easily that E_(m') C E, which proves the
result.

The case where both m and m’ are of type II is left to the reader. O

Let us now give some information on the support of the quasimodes. For m € U () Jet us introduce the
set

F.z5(m) = ((F(m)\ U BG. e)) + B(O,E)) U ( U B(s, 5)). (3-22)
seVNIF (m) se@UO\VD)YNIF (m)
If m is of type I, it is clear that F z 5(m) = E. z s(m) and if m is of type I, one has
Feesm)=Eces@U| | Eees (m)).

m’ eu&o) 2

From the above construction one deduces the following proposition.
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Proposition 3.9. There exists €g, 8o > 0 such that for all 0 < § < 8y and all 0 < € < €/4 < €¢/4, the
following hold true:

() Foranym,m’' € Y©®
Fm)NFm')=2o = F.s5(m)NF.z5(m')=02.
(ii) Foranya € Aandm € Z/{a(,o), one has supp(f,,(,o)) C F¢ p¢25(m) and
foralls etUD\ (VO NaFm)), dyfi =0 in B(s,$).

Proof. Observe that
F¢ 2z 25(m) C F(m) + B(0,2max(é, €)).

Since F(m) and F(m’) are compact, the first point of the proposition immediately follows. The second
point of the proposition is a direct consequence of (c) of Proposition 3.5. O

Recall that the functions f,,(,o) ,mel (O), depend on ¢, €, § via the definition of the cut-off function y,.
This family is quasiorthonormal in the following sense.

Proposition 3.10. There exist €g, 69, B > 0 such that for all 0 < § < §g, 0 < € < €/4 < €9/4 and all
m,m’ € U, one has

(O £ Oy = 5+ OB H),

*/m

Proof. Throughout the proof, we assume that 0 < § < §g and 0 < € < €/4 < €p/4 as in Proposition 3.5
and we decrease €g, §p if necessary.
Let m, m’ be two minima.

* Consider first the case where mRm’. If m = m, one has necessarily m’ = m and hence

0 0 0
(D £ Oy — a2 =

by construction. Consider now the case where m, m’ # m and suppose first that m or m’ is of type I. If
m = m’, the definition of ¢(m, h) shows that || f || = 1. If m # m’, it follows from (ii) of Proposition 3.9
that f,,(,o) and f”(l(,)) are supported in Fe 5z »5(m) and F 5z 55(m') respectively. Moreover, thanks to (i)
of Proposition 3.8, one has F(m) N F(m’) c V(Y N 3F(m). Hence, one can choose € sufficiently small,
so that F¢ 5z 25 (m) N Fe 5z 5(m’) = &. Therefore, supp(f,,(,o)) N supp( ”(3)) = @ and hence f,,(,o) and
f”(:/)) are orthogonal.

Suppose now that m and m’ are both of type II. Then, we can write

,,(,0)(x) — p—d/4 Z Om (V1) (V1. h) T, (x)e@tirm) =0/

vy €dy”
(@)= 07D Gy (02)e (v, ) s () # RO,

voelly”
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Since, for vy # v1, fv, and ¥y, have again disjoint support for €g, 5o > 0 small enough, we get

s S ) =23 0 () () e 0, D) f [ () P> @REmN=0C B g
X

velly”

= (Qm» em’)]-‘a = Sm,m’-

This shows in particular that || f,,(,o) ;2 =1forallm e U,

* Suppose now, that m’ ¢ Cl(m) (in particular m # m’). If c(m’) = o(m) then F(m) N F(m') = &
thanks to (ii.a) of Proposition 3.8, and (i) of Proposition 3.9 implies that F¢ 5z 25 (m) N F¢ 5z 25(m') = @.
Then, the first part of (ii) of Proposition 3.9 proves that f,,(,o) and f”(,(/)) are orthogonal.

Consider now the case where o (m) # o(m’); say, o(m) > o(m’). From (ii.b) of Proposition 3.8, we

know that either F (m’) is disjoint from F(m) or F(m') C F (m). In the first case, we get immediately
0) (0
(fm

’ m/o
F(m') C F(m). By definition, we have ¢(m) < ¢(m’), and by taking €q, 8o > 0 small enough we can
ensure that F oz 25(m’) C F¢ 2z.25(m).

Suppose first that ¢(m) < ¢(m’). A priori we don’t know if m, m’ are of type I or II. However, since

(o]
Fe e ps(m') C Fe og 25(m),

) = 0 by the same argument as before. Suppose we are in the second situation, that is

(O Oy _ f O () 7O (1) dx
F¢ rz05(m’)

and
() P mamry = E(m, YR/ e @lm=o (D B, (3-23)

where the constant ¢(m, k) is uniformly bounded with respect to 4. This is clear if m is of type . If
m is of type II and, say, m € L{O(,O), then F(m') C F(m) implies that there exists v € Zjlo(,o) such that
F(@m') C E(v) (or E (v)). Then the general formula (3-14) shows (3-23). Moreover, by construction,

there exists a cut-off function ¥ € €°° (Iil ¢.2¢.2 (m)) independent of / such that infg,pp y ¢ = @(m’) and

0 - -
If(,)(x)l <h d/4 ) (x)e(<p(m) o(x))/h
and it follows that

I ”(10) (0))| <Ch—4/2 / ¥ (x)e @) +om)=20)/h g < 'p=d/2(@m)=pm")/h
> Jm/ J— f— .
Since ¢(m') > ¢(m), this proves the result.

It remains to study the case where ¢(m) = ¢(m’). Let o, a’ € A be such that m € Z/{O(,O) and m’ € Z/{g,)).
From the above assumption, we also have o(m) > o(m’) and F(m') C F(m). Since o(m) > o(m’) and
o(m) = o(m’), we know f”(,(,)) is necessarily of type IL It has the form (3-14) and since F 5z 25(m’) C
F¢ 2z 25(m), (3-23) still holds true. Hence, we get

U S2) = Em 2 Y b)) [ )@ h g 24

~(0). 11
veué,)
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On the other hand, by a standard argument based on the Laplace method, we know that there exist r > 0
and B > 0 such that for all v € Z:lg,))’n, we have

h=4/2¢(y. 1) / 7o ()@= h g =20 1) 3 / 2O 0@/ h g | o ~BI R
v'eH(v) B(v',r)

=h_d/zc(v,h)/ |)A(v(x)|262(¢(x)—¢(m))/h dx—l—(’)(e_ﬁ/h)

— —B/h
c(v,h)+0(e ).
Plugging this in (3-24), we get
O £ Oy = &(m, h b (1) —— 40 By = S g ey 0@ BI). (325
U Y=l ) 3 O () 05 O = 2o MO 0 ) +OM). (3-25)

veid -1
o

Since 6, is orthogonal to 98‘/ by construction, the first term of the right-hand side above vanishes and
we get ( ,,(,0), "(,9)) = O(e B/h). O

We end this section by giving an exponential estimate of the action of d,, , on the quasimodes.

Lemma 3.11. There exists C > 0 such that for all € > 0 small enough, we have

d(p,hfn(zO) — O(e—(S(m)—Ce)/h)
forallm € U,
Proof. The result is classical, but since the quasimodes f,,(,o) are slightly different from the usual ones, we
have to check the estimates. Let m € 2/(9) and let us compute d, p, f,,(,o) .
If m =m, then d, f,,(,o) = 0 and there is nothing to do.
Suppose now that m # m. From (3-17), one has

dynfo (6) = R4S O (' )e (', )V o () @=0CNI I,

m’ el)&o)

All terms of the above sum corresponding to m € u§,°) are O(e~S (m)—Ce)/ h) by (b) of Proposition 3.5.
The only new term is the one corresponding to mi(m). Since x,; € CSO(E ¢,2¢,25) and is equal to 1 on
Ee,g,g, we have again

¢(x) — ) = ¢(x) —¢(m) = S(m) — Ce

on supp(V ;) and the proof is complete. d

3C. Quasimodes for 1-forms. This section is devoted to the quasimodes associated to low-lying eigen-
values of A((ol). The construction of these quasimodes was done in [Helffer and Sjostrand 1985] and we
refer to that paper for all the proofs. Here, we just describe the main properties of these functions. In this
section wg denotes a small neighborhood of s € U M that may be chosen as small as needed independently
of €¢ fixed in previous sections.
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Given any saddle point s € /1), and any appropriate open neighborhood wg of s, let Py s denote the
operator Ag(,,l) restricted to wg with Dirichlet boundary conditions. Let ug denote a normalized fundamental

1)

state of Py . The quasimodes fg ~ are then defined by

£ (x) 1= e[ Wt |~ s (X)us (x). (3-26)

where ¥ is a well-chosen C5 localization function supported in wg and equal to 1 near s and €9 = %1

(

will be fixed later. By taking wg sufficiently small, we can ensure that the fg D have disjoint supports,

and thanks to (c) of Proposition 3.5, we can also shrink wg so that
foralls e U\ VWD, forallm ey @, (se supp(ym) = xm = 1 on wy). (3-27)

Observe that this choice of wg depends on §g but not on €p. From this construction, we immediately
deduce that

(£, £y = 8551, (3-28)

and hence the family { fs(l) ;s e UMD} is a free family of 1-forms. From [Helffer 1988, Proposition 5.2.6],
one knows that the eigenvalues of Py s are exponentially small. Using Agmon estimates, it follows that
there exists 8 > 0 independent of € such that

AD £ = o B, (3-29)

Combined with the spectral theorem, this proves that the n; eigenvalues of A,E,l) in [0, €1 /] are actually
O(e=P/h) (see [Helffer 1988, Proposition 5.2.5] for details).

Furthermore, Theorem 2.5 of [Helffer and Sjostrand 1985] implies that these quasimodes have a WKB
expansion given by

£ (x) = eoh™ 4y (x)bSV (x, hye =0+ B (3-30)

where bs(l)(x, h) is a 1-form having a semiclassical asymptotic, and ¢4 s is the phase generating the
outgoing manifold of |£]% — |Vx@(x)|? at (s,0) (see [Dimassi and Sjostrand 1999, Chapter 3] for
details on such constructions). In particular, the phase function ¢4 ¢ satisfies the eikonal equation
|Vx@+.s1? = |Vxo|? and g4 ¢(x) < |x —s|? near s (the notation < was defined in the paragraph before
Section 2A). For other properties of ¢ ¢ we refer to [Helffer and Sjostrand 1985].

3D. Projection onto the eigenspaces. The next step in our analysis is to project the preceding quasimodes
onto the generalized eigenspaces associated to exponentially small eigenvalues. Recall that we have built
in the preceding section quasimodes f,,(,o) , melU® with good orthogonality properties. To each of these
quasimodes we will associate a function in £ ©) the eigenspace associated to o(h) eigenvalues. For this,
we first define the spectral projector

1 _
n® = ﬁfy(z—Ag))) Ldz, (3-31)
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where y = 0B(0, €gh) and €9 > 0 is such that o(A,) N [0, 2€h] C [0, e~C/"]. From the fact that A((po) is
selfadjoint, we get that

Im@=1.
We now introduce the projection of the quasimodes constructed above, e(o) 1O f,,(,o)). We have the

following:

Lemma 3.12. The system (e,(,? ))meu(()) is free and spans E ), Additionally, there exists B > 0 independent
of €o such that for all 0 < € < €/4 < €¢/4, one has

e — £O L 0By ana (D, ,(,(,)/)) = Smm +O(e P/
forallm,m’ € U©.

Proof. The argument is very classical. We recall it for reader’s convenience. One has

O _ 1O _ () _g) p© _ ;i/((Z_A((‘)O))—I_Z—l)f”(lo)dz
Y
_ 1 (0)y=1,—1 A (0) £(0)
ﬁ/),(Z_A“’) z A, fm dz. (3-32)

Since (z — A(E,O)) 1= O(h~1) on y, it follows from Lemma 3.11 that e(o) (0) = O(e B/") for some
B > 0. This proves the first point. Combining this information with Pr0p0s1tion 3.10 we get immediately
the second point. O

We can do a similar study for A((pl), for which we know that the n eigenvalues lying in [0, €1 /] are
actually O(e_“// h). To the family of quasimodes ( fs(l)) sey(h» we now associate a family of functions
in EM the eigenspace associated to eigenvalues of A((pl) in [0, €14]. Thanks to the spectral properties of
the selfadjoint operator A((pl), its spectral projector onto £ M s given by

1 _
oM = ﬁ/y(z—Af,})) Ydz, (3-33)

where y = dB(0, €1 /1) with €; defined above. In the sequel, we write e(l) T fs(l)). The family
(e§ )s satisfies the following estimates.

Lemma 3.13. The system (es(l)) sey(» 1S free and spans E ). Additionally, we have

eV = O 10 and (e, elP) = 85,5+ O M),

with B’ > 0 independent of e.
Proof. Using the orthonormality of the fj(l) and (3-29), the proof is the same as that of Lemma 3.12. O

4. Preliminaries for singular values analysis

This section is a preparation for the study of the singular values of the operator £ : E © 5 EM defined
below (2-20). We simplify the forthcoming study by several reductions and changes of basis. Let us
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denote by L7 the n; X nog matrix given by

LS m = (es(l), d(p,he,(,?)) foralls e UV, m e u®, 4-1)
with egl), e,(,(,) ) defined in the preceding section. Since (e,(,(,) )) and (es(l)) are almost orthonormal bases
(thanks to Lemmas 3.12 and 3.13), this matrix is close to the matrix of the operator £ in these bases. We
first work on the matrix £”.

Recall that m denotes the absolute minimum of ¢ associated to the connected component E(m) = X.
Since Aéo)em = 0, the nonzero singular values of £L" are exactly the singular values of the reduced
matrix £™’ defined by Lf,;, = L§ ,, foralls € UD, m e U@ with /@ =1\ {m}.

Lemma 4.1. There exists " > 0 such that for € > 0 sufficiently small, one has
Lim = (A, dw,hfn(:o)) + O(e~Stm+B"/ 1y
foralls €UV, m e y©.

Proof. The trick to get the good error estimate above is now well-known (see for instance the proof of
Proposition 5.8 in [Hérau, Hitrik and Sjostrand 2011]) but we recall the proof for reader’s convenience.
Lets eUD, m e Q{(O); then thanks to (2-18) we have

1 1 1 0
(€ dy ety = (e, dy ;1O £O0) = (8 1Dd,, 4, /52 = (e, dy p 1,32
= (D, dpn i3y 4 (e — £ dy p 1,5y

But from Lemmas 3.11 and 3.13 and the Cauchy—Schwarz inequality one gets

N

|(€(1) _ s(l), d(p hfn(tO)H < Ce—(,B/—i-S(m)—Ce)/h‘
Since B’ is independent of €, one can conclude by taking € small enough and 8" = '/2. O
Let us denote by £°%V € .7 U@, /() the matrix defined by
L% = (£ dy i) foralls €D, m e u®, 4-2)

Of course, the first column of this matrix is identically zero and it is more interesting to consider the
matrix £ € .7 (U, D) defined by
£t = (£ dy g ) forall s eu®, m e u®. (4-3)

As we shall see later, the singular values of £™ and £°*%’ are exponentially close and it is natural
to study the matrix £V, For s € M \V(l) and m € U9, thanks to (ii) of Proposition 3.9 one has
dy p f,,(,o) = 0 near s, and hence

(D dyp iy = 0. (4-4)

Therefore, the singular values of £PXV:" are equal to the singular values of the reduced matrix £":" €
MU YD) defined by

Lls’lf,";’” = (fs(l), d(p,hf,,(,o)) foralls e VY, m ey ©, (4-5)
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In order to study this matrix, we need to introduce a new enumeration of critical points. Let us start
with some abstract notation. Assume that (Z, <) and (J, <) are two totally ordered sets and let A =
(aij)iez,jes be the associated matrix (with i, j enumerated in increasing order). Assume that we have
partitions Pz and P of Z and J respectively

'PI:(II,...,INI) and Pj:(jl,...,ij).

Assume that each partition admits a total order < (that is, we can compare the subsets Z;). Then we get a
total order < on Z (resp. J) by using the associated lexicographical order:

iXj <= (@Zy=xIg,i€Iyand j €Ig) or A1y, i,j €Iyandi < j).

Hence, there exists a unique « : (Z, <) — (Z, <) which is strictly increasing (and hence bijective).
Similarly, there is a unique B : (J, <) — (J, <) which is strictly increasing. We denote by Ap, p, the
matrix (aq(;),8(;))iez,jes- This matrix is obtained from A by intertwining the basis vector; hence it has
exactly the same singular values.

Let us go back to the matrix £*%>". Consider the partitions of #(® and V(1) given by

PO =y aedy and PO = geA.

At this stage of our analysis, we do not need any specific choice of order on these partitions. We just endow
A with any total order and for all «, 8 € A we choose any arbitrary total order on Z/IO(,O) and V. This
gives an order on the above partitions and we denote by .¥ = (f“’ﬂ)a, pe the matrix LKW" agsociated

to these partitions. Observe here that each 2%PB is itself a matrix .£*P = (.fsa,,’? ) s ev;l) meu?-

Lemma 4.2. For all @ # f8, we have %P = 0.

Proof. Let a, B € A such that @ # B and let m € Llo(lo) and s € V/gl). If 6 (0) = 0 (B) then o # B implies
that s ¢ F(m). Shrinking if necessary (by taking €g, §o > 0 small enough) the support of f,,(,o) and fs(l),
it follows that these functions have disjoint supports so that their scalar product vanishes.

If o («) # o (B), then by construction d, f,,(,o) is supported near {¢ = o ()} whereas e§1) is supported

near {¢ =a (f)}. Since this two sets are disjoint we get ( s(l), dy p e,(,?)) = 0 and the proof is complete. [

From this lemma we deduce that the matrix .# admits a block-diagonal structure
£ =diag(L%, a € A), (4-6)

with £% ;= £%* Recall from Definition 3.7 that for any « € A, the matrix % € .# (L{O([O),Z:{O(LO)) is
given by 7% = (6% (m’)) i@ mey - We have the following factorization result on L.

Lemma 4.3. We have %% = 2% 7% where the matrix 2° = (@; m)s.m’ € ///(Z:IO([O), Vél)) is given by
0 = (0, dyng®y foralls e VO, m' € 4,

s.m’ —

with §© (x) = h=4/4¢(m’ . h) fr (x)e#m)=0C)/ B,
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Proof. Let s € Vél), m e L{O(,O). From (3-17), one has
<fs(1)7 d(o,hfn(lO)> — h—d/4 Z Qg(m/)c(ml, h)(fs(l)a hd)?m/(X)e(w(m)_(p(x))/h>-

m’ eZ’/\léO)

Moreover, the function ¢ being constant on ﬁéf’) I we can replace ¢(m) by ¢(m’) in the above identity
and it follows that

1 0 1 0
S dpnfmy = > 08" (D dypgi).
m' el
which is exactly the result to be proved. O

One of the crucial points of our analysis is to compute the coefficient f?m Given m € &(50), we define

-1/2
ho(m) = Z |det Hess go(m)|_1/2) , 4-7)

m’eH,(m)

with Hy (m) defined in (3-12). One has clearly hy(m) = md/ 4y0(m), with yg given by (3-13). Moreover,
in the case where H(m) = {m}, one has h,(m) = |det Hess @(m)|/*. Given s € VU, we denote by
;Xl(s) the unique negative eigenvalue of Hess ¢(s). In order to keep uniform notation, we also extend the
definition (4-7) to saddle points by

hy(s) = |det Hess <p(s)|1/4.
Eventually, we introduce the diagonal matrix Qe (Zjlo(lo),ljlo(to)) defined by
Q% f(m) = e_§(m)/hf(m) for all m € Z:léo), (4-8)
with §(m) =o0(x)—@(m). Form € Z/{o(lo), one has of course o () = o (m) and hence §(m) = S(m) but
this fails to be true for m = it (cr). We then define the rescaled matrix .2% = (f;“’m) eH (szg’), Vél)) by
P = j"‘s’z“;
ie., .
0, =S - foralls e VIV, m e 4. (4-9)
Going back to the matrix %, one has
7= 7°Qr 7.

Moreover, as already noticed below Definition 3.7, one has 7% f(m) = f(m) for any f supported
on Z/{éo)’l. Hence we get

7% = 7" 70Q°, (4-10)
with Q% € .# (ué,o), L{o(,o)) defined by Q¢ f(m) = ¢S/ £(m). The following lemma gives an asymp-
totic expansion of the matrix 2% We recall that m1 (s) and m(s) were defined in Lemma 3.3.
Lemmad44. Leta € Aands € Vél), me Z:léo). The following hold true:
1) If m ¢ {mq(s),ma(s)}, then Z‘S"m = 0.
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(i) The coefficients 0% admit a classical expansion {%, ~ hl/2 nk ik Moreover, one can
s,m P s,m k>0 s,m
choose €9 = £1 in (3-26) so that the leading terms satisfy

he(m(s))

5,0 __—1/2}3 1/2
ES,M](S) =Y A1(s)] / ho(s) 1D
and in the case where my(s) € LZ)(,O),
. _1/2,% he(m2(s))
@,0 _ 1/2 1/2"%
0 =7 2134 ()) hols) (4-12)
In particular, if my(s) € Z//\{éo), one has
7c,0 7o,0
s.ami(s) s,m2(s) (4-13)

ho(mi(s))  hy(ma(s))
foralls € Vél).

Proof. Suppose first that m # m1(s), m2(s). Then, supp(d, » g,(,(,) )) = supp(d fm) is contained in a small
neighborhood w of T'(m). Since m % m(s), my(s) it follows from Lemma 3.3 that s ¢ w and hence
th,m = 0 which proves (i).

Let us now compute the coefficients fs,m form € {m(s),my(s)} N 5[050) (observe that this set may be
reduced to m (s)). We compute these coefficients in the case where m;(s) € 171(50). If it is not the case,
the only nonzero coefficient is l s,m 1 (s)» Which is computed in the same way. Recall from (3-30), that the
quasimodes on 1-forms are given by

£ = eon= /4y )bV (x, h)e ™+ @/ b,

Summing up the construction of [Helffer, Klein and Nier 2004, Section 4.2], there exists an open
neighborhood V§ of s on which one can find a system of local Morse coordinates (y, z) € R x R4—1 in
which s is the origin and such that the following properties hold true:

(1) In the above coordinate system one has

d
o=o+ 5 (16 + L 46:F)

j=2

d
1 A~ A~
or=5(-A160?+ 4 F)
j=2

where ()Atj (8))j=1,..,a are the eigenvalues of Hess(¢) at point s.

(2) The amplitude bs(l)(x, h) admits a classical expansion

o0
bV ~ 3 Hewg (4-14)
k=0

with
1/4

_1 |detHess ¢(s)|
Ws,0 = (_l)d !

—a/a dy on{z =0} (4-15)
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(3) One can chose the orientation of the y-axis so that
Emi(s))NVs C{y<0}NVs and E(ma(s))NVy C{y>0NV;.

Moreover, the cut-off function y,, can be constructed so that:

(4) In Vs the functions ¥m;, j = 1,2, depend only on the variable y.
Additionally, one can shrink wg so that:

(5) supp( fs(l)) is contained in V.

Observe that the only minor (but important) difference with [Helffer, Klein and Nier 2004] is the
property (3), saying that each yp;, j = 1,2, is supported in one of the two different half-planes {y < 0}.
Let us now compute the first coefficient in the asymptotic expansion of Zﬁ’ ,‘f, Using the above properties,
Proposition 3.5 and following the computations of [Helffer, Klein and Nier 2004, Section 6] we get

0% = (", dy )

_ hl_d/zc(m, h)e(s, h) e—(¢+(x)+w(x)—w(m))/h()A(m(y) +0OMh)dy Adzy A+~ Ndzy
B(s,€)

+ O (e~ @®—elm)+e)/ by
with
|det Hess ¢ (s)|/4

e(s,h) = eg(—1)47! — /s

+ O(h) = eo(=1) 47 a4 4 p,(s) + O(h).
Using the local form of ¢ and ¢4, we get

é?,m — hl—d/Zc(m’ h)e(s, h)e—(w(s)—w(m))/h/ e—g_(Z)/h()?;” (V) +OMh)dy AdzyA-+-Ndzg

B(s,€) n Oé(e—((p(s)—rp(m)+ce)/h)’

with g_(z) = Z;-izz ;\j (s)zjz. Since 7 depends only on y and g— > cv? on |z|s > v, the integration
domain B(s, €) can be replaced by a smaller one Wy = {|y| <€, |z|co < Ve} modulo exponentially small
error terms. Using also the identity S (m) = p(s) —p(m), we get

@?m = Ie(h)e_§('”)/h + Oe(e_(§(m)+cé)/h)’
with
Ie(h) = hl—d/ZC(m, h)e(s, h)/ e_g—(Z)/h()?;n () + O()) dy Adza A Adzg.
W

The integral on the right-hand side can be easily computed by means of Stoke’s formula and the Laplace
method. We get

Le(h) = W= 2¢(m, hye (s, h)([im]Sc + O(h)) e 8O/ gy N ndzy

|Z]co<Ve

W2 m, hye(s, ) ([fm] e + O e
= c(m,h)e(s, h)([{m]Ze + ())(|/A\2(s)~';\d(s)|l/2).
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Combining this with the expressions of ¢(m, h) and e(s, 1), we obtain

~ PN _ A hy(m)
o = DT ml T2 A0 (9)[ 22
he(s)
We now remark that with our choice of fp,, one has [fm,]¢. = —1 and [Jm,]¢, = 1. Taking €g = (1),
we get immediately the formula of (ii). O

5. Computation of the approximated singular values

From Lemma A.2, we know that the singular values of a block-diagonal matrix are given by the singular
values of each block. Hence, in view of the results of the preceding section, we study the matrices .#%.
The first step in the analysis is to prove that .#* is injective except for o« = .

5A. Injectivity of the matrix 2*. We first compute the kernel of the matrix 7%

Lemma 5.1. Let o € A. Then:

50,0 . .
o If ais of type I (that is, uo(to),n = ), then % is injective.

o If ais of type I, then Ker(ja’o) = Réo, where & € Rie ~ F, is defined by

Eo(m) = hy(m)™!
forallm € Z’/\[o(to).

Proof. Suppose first that « is of type 1. Let x € %, = .F (Zf{éo)) be such that Z*°x = 0. Then

> &5 xm=0 forallse V). (5-1)
mei”

From (i) of Lemma 4.4 it follows that

4.0 0
e Xmiy(s) = _Eg,mz(s)x”m(s) for all s € Vlil).

s,m(s)

Moreover, since « is of type II, we know m(s) € Zjléo) for any s € Vél) and thanks to (4-13) we get
Xmy(5)he(M1(8)) = Xy (s)hp(ma(s)) foralls € V(gl). (5-2)

Now, we recall that for any s € Vél), m(s) and m,(s) are exactly the two minima such that s =
I'q(m1) N Ty (m3). Therefore, we deduce from (5-2) that

forall m,m' € U?, (Tu(m)NTo(m')# 3 = hy(m)xm = hy(m')xm).

By the definition of the equivalence relation R, this implies that x,;h,(m) is constant on a&o)’ which
means exactly that x € RE.
Suppose now that « is of type I and let x € .# (Z/{éo) ) such that ga’ox = 0. As before, one shows that

there exists a constant ¢ such that for all m € Ll(go), hy(m)xy, = c. Recall that the nonempty set él)’b
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was defined in Lemma 3.4. Given sp € Vél) since my(sp) = m(a) ¢ Z/{é ), one has K m = 0 for any
m # m(sp) and
lemi sy =7 PAaGsp)V2 £0.

Sp.m1(Sp
Combined with (5-1) this shows that X, (s,) = 0 and hence ¢ = 0, which proves that Ker(.i?a’o) =0. 0

Proposition 5. 2 Let a € A, then the matrix 2% = Z° 7% admits a classical expansion 24~
hl/2 > h 2°7 and the matrix 2*° is injective.

Proof. By Lemmas 3.6 and 4.4 the matrices 2% and 7% admit classical expansions % ~h 1./ 23 hJ 7%
and 7% ~ Y h/ 7%J_ Therefore, £* admits a classical expansion .Z* ~ h1/2 > h 27 with 2%° =
20 g0
Let us now prove that 2% s injective.
Suppose first that « is of type I. Then 7% = %0 = Id and the result follows immediately from the
first part of Lemma 5.1.
Suppose now that « is of type II and let x € ZUO) be such that ja’oﬂ""ox = 0. We have the
decomposition x = x' 4+ x!, with x* supported in #/(?)-*. Thanks to (3-20), we have

T%%% (m) = x'(m) + (ﬁa’oxu)(m),

with 7%°: 7 @Oy 5 7 @{®-1y guch that Ran 7 0 (RQ"‘)J- where the function 6§ is defined
by (3-11). On the other hand, we have ker 7%° = = R&p and we have the decomposition £y = EO + E ,
with £l = 60, The equatlon %0 7905 — 0 implies that there exists k € R such that 7%0x = 1§,

and hence 7% = E(I)I. On the other hand, by construction, Ran 7" = (E(I)I)J-. This implies that
A = 0 and proves the result. O

Corollary 5.3. For all o € A the matrix £* is injective.

Proof. This follows directly from the above proposition and the fact that
7 =27 = Qe g% = 2, (5-3)
with Q¢ defined below (4-10) which is invertible. O

5B. Graded structure of the matrices ¥“. Throughout this section, we assume that « € A is fixed.

Recall that we defined Sy, = S (Z/{éo)), p(a) = #S, and some integers v§ <--- < v;‘(a) such that
}9

with the convention S, @ > > S, ff( . In order to lighten the notation we will drop the indices « and

Sa :{SV?""’SV(X( )

write from now p = p(a) v = v . To the set of heights Sy, we can associate a natural partition
o = |_| ul) (5-4)

a,n+1 Z:{(O) :
On the other hand, we recall that 2% = 2°Q% with 2% = 2% 7% Let us compute the matrices 7

with Z:{o(lo,z ={m €Uy, 70 . po(m)=o0(x)— Sv,,} We order this partition by deciding that ¢/ 79
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and Q% in the basis given by the above partition of Z:lé,o). With a slight abuse of notation we still denote
by 2% and Q* the resulting matrices. Since S (m) =0(x)—S,, on Z/{éo,l, it follows from (4-8) that in
the above partition, the matrix Q2% can be written

e_Sl’p/h]rp 0O e ... 0
0 e Swalty 0 . 0
Q¥ = : 0 : : (5-5)
: . 0
0 e 0 e Swlhy,

where the r; = #L{O(loj). are such that ry +--- + 1, = #Z/{O(,O). Factorizing by e S/t we get Q% =
e Sv /M Q% (1), with

I, 0O -0 ... 0

i 0 wl,, 0 - 0

Q%) =1 (R : , (5-6)
L oo 0
0 o 0 T2tz Tply

where T = (12, ..., 1) € (R})? is defined by 7; = eSvo-i-27Svp— 1)/ oy any j =2,..., p. With
this new notation, one deduces from (5-3), that £%* % = he_ZS“P/hﬂa(r), with

M) = Q% () (k' 27 290 (0). (5-7)

It turns out that such matrices can be described in a slightly more general setting that is useful to compute
their spectrum. We introduce this setting now. Throughout, we denote by . (E) the set of symmetric
positive definite matrices on a vector space E. We will denote by ycf (E) the set of h-dependent
matrices M(h) € .7 (E) admitting a classical expansion M (h) ~ Zjhj M; with My € #1(E). We
will sometimes drop E and write for short ., fj

Definition 5.4. Let & = (E;);=1,...,p be a sequence of finite-dimensional vector spaces E; of dimen-

.....

smooth map from (R )? ~1into the set of matrices . (E):

e We say that M(7) is an (&, t)-graded matrix if there exists M’ € T (E) independent of T such
that M(7) = Q(r)M'Q(7), with Q(7) € A (E) of the form (5-6); that is, 2 = diag(e; (1) Ir;, j =
1,....p), where e1(t) = 1 and ¢; (v) = ([T} _, 7) forall j >2.

e We say that a family of (&, t)-graded matrices My, (t), h € ]0, ho] is classical if one has My, (7) =
Q(t)M'(h)Q(7) for some matrix M'(h) € Z; (E).

Throughout, we denote by ¢¥(&, 7) the set of (&, v)-graded matrices and by ¥%.1(&, t) the set of classical
(&, 1)-graded matrices.

Let us remark that for p = 1, a graded matrix is simply a r-independent symmetric positive definite
matrix.
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Lemma 5.5. Suppose that My,(7) is a classical (&, t)-graded family of matrices and that p > 2. Then
one has

(I wBy)
M”(’)—(mBh(z@ r%fvh(r'))’ ©>-8)

with

« J(h) € 7 (Ev),

e Np(t') € Gu(&, 1)), witht' = (13,...,1p) and &' = (Ej)j=2,....ps

e By(t) e ///(El, @5;2 Ej) satisfying

By(t")* = (ba(h)*, t3bs(h)*, t3Taba(h)*, ... 13- Tpbp()™),
with bj(h) : E1 — E; independent of T admitting a classical expansion.

Moreover, the matrix N3, (t") — By, (z')J(h) "' By, (z')* belongs to 4.4(&’, ).
Proof. Assume that My, (1) = Q(t)M'(h)2(1), with (1) of the form (5-6). First observe that

L, 0
Q(T) = ( 0 TZQ/(T,)a) ’

with
I, T 0
0 wl,, 0 - 0
Q') = 0o - :
0
0 0 twt4---1plp,

On the other hand, we can write
vy _ [ Jh) B'(h)*

with J(h), N’(h) € #; and B’(h) admitting a classical expansion. Therefore,
/ _ J(h) B (h)*Q'(7')
Q(T)MhQ(T) - (TZQ/(T/)BI(I/I) T%Q/(T/)N/(h)gl(_[/) ’

which has exactly the form (5-8) with By (t’) = Q'(z/)B’(h) and N, (z') = Q' ()N’ (h)Q'(z). By
construction, A (t’) belongs to ¥%,(&”, ') and By (z’) has the required form.
It remains to prove that
R := Nip(t') = By(x)J ()™ By (x)*

belongs to ¥4, (&, t’). First observe that since J(h) is symmetric positive definite, this quantity is
well-defined. Moreover, one has by construction
Ry = Q' (W' (M)Q' (") - Q') B (WJ ()~ B'(h)* Q' (")
= Q'(I)R'(HQ' (7)),
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with R’ (h) = N’ (h) — B'(h)J(h) ' B'(h)*. Since J(h) € 7,1, we have J(h)~! € . and R'(h) admits
a classical expansion R'(h) ~ Y jhj R’ with

Ry =Jo—BoJg ' (Bp)".

Moreover, since M’ (h) € .7+, the matrix

cl
/o JO (B(,))*
Mo = (Ba N

is symmetric definite positive. Hence, it follows directly from Lemma A.5 that Rj, € . +. g

5C. The spectrum of graded matrices. Using Lemma 5.5, we define an application R : 4,(&, 1) —
Ga(&',7'), with v/ = (13,...,7p) and & = f:z E;, by

R(Mpu (1)) = Nj(x') = Bu(t) (W) ™" Bj; () (5-9)

for any My, (7) € %1(&, t). Of course, the map R depends on & and 7, but we omit this dependence since
the set on which R is acting will be obvious in the sequel. By a slight abuse of notation we will write
RK =Ro---oR (k times). Obviously, RK acts from (&, ) into (&%), 1)) with £&) = f=k+1EJ'
and 1) = (Tk 425 - - - » Tp). In the same way, we defined R, we can define a map J : 44(&, 1) — ,EQL (Eyp)

by J(My (1)) = My, if p =1 and J(My, (1)) = J(h) for any My, () having the form (5-8) if p > 2.

Theorem 5.6. Let & = (Ej)j=1,..,p be a finite sequence of vector spaces E; of finite dimension nj =
dimEj andlett = (12,...,1p) € ([Rij_)p_l. Suppose that My, (t) is classical (£, T)-graded. There exists
ho > 0 and § > 0 such that uniformly with respect to h €10, ho] and |t|co < 8, one has

p
o(Mp(0) = |_|j0(ToR/ T MR (1 + O(7[2), (5-10)
j=1

with €; = €;(t) given in Definition 5.4.
Remark 5.7. In the above theorem, the matrix J oR/~1 (M}, (1)) is always independent of the parameter .
Let us define {)L{ <...< k{,j} = 0(J o R/71(Mj,(1)). The identity (5-10) means that there exists

a, b > 0 independent of t, & such that
P

sMu(0) C | ] ¢la.b]

j=1
and that, forall j =1,..., p, My(7) has exactly n; eigenvalues /,L{ <...< ,u,J,.J. in €;[a, b] and
ta =€ (g +O(71%)-

Proof. We prove the theorem by induction on p. Throughout the proof the notation O(-) is uniform
with respect to the parameters s and 7. For p =1, My(t) = My € f:lr(E 1) is independent of 7 and
TR (Mp(1)) = TMp(t) = My, which proves the statement.
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Suppose now that p > 2 and let My (7) € %1(&, v). We have

(T wBy)
Ma(®) = (rth(r@ rzfvhu’))

with J(h), B (t’) and N}, (z’) as in Lemma 5.5. In order to lighten the notation we will drop the variables
7, 7’ in the proof below. For A € C, let

(5-11)

PA) = My, — A = (J(h)_A By )

B, TN —A

This is an holomorphic function, and since it is nontrivial, its inverse is well-defined except for a
finite number of values of A which are exactly the eigenvalues of M. Moreover A € C — P(1)~ ! is
meromorphic with poles in o (My,) and for any p in o (Mjy,), the rank of the residue of P(1)™! at y is
exactly the multiplicity of u as an eigenvalue.

Let us first prove that M}, admits at least n; eigenvalues of size 1. Let /\,ﬁ = /\,11 (h), n=1,...,n1,
denote the increasing sequence of eigenvalues of the positive definite matrix J(%). Since J(h) = Jo+O(h)
with Jo € .77, the Al (h) satisfy k,ll (h) = /\rll,O + O(h), with k,lz’o an eigenvalue of Jy. In particular
/\1 0> 0 for all n = 1,...,n; and hence there exists c1,d; > 0 and ko > 0 such that for i € ]0, hg]
and all n = 1,...,ny, one has A} (h) € [c1,d;1]. Letn € {1,...,n1} be fixed and consider D, =
D,, (h, ) = {Z € C |z — ALl < M3} for some M > 0 that will be chosen large enough later and

Dyp={zeC:|z—-A}| < 2Mr22} Observe that for &, 7o > 0 small enough, the disks D,, are disjoint. By
definition, one has A}, (') = O(1) and since A} > ¢; > 0, this implies that for 7, > 0 small enough with
respect to ¢ and A € Dj,, the matrix 13N, (t') — A is invertible, and (13, (r/) —A) ™! = O(1). Moreover,
for A € D, \ D,, J(h)— A is invertible and (J(h) — 1)~ = (’)(r_zM 1). This implies that for M > 0
large enough, J(h) —A — 15 B (‘[ Ny — )L By, is invertible with

(J(h) = A =3B (3N, —A) "' By) ™ = (J(h) =) (I =3B} (5N, — V) ' B (J(h) — 1)~ )
=) =V)"Ta+om™hy). (5-12)

Hence, the standard Schur complement procedure shows that for A € Dy \ Dp, P(A) is invertible with
inverse £(A) given by

E) —12E(A) B} (TN}, —/\)_1) ’ (5-13)

tW = (—r (NG — ) BREQ) Eo(h)
with
EA) = (J(h)—A—3 B (3N, — V)7 By) ™,
Eo(A) = (BN =) + 3 (3N, — ) ' BREQ) B (5N, —A) .

By functional calculus and the Cauchy formula, the number of eigenvalues of M}, (counted with multi-
plicity) in D, is equal to the rank of the projector

M= [ e)da.

2irw Jop,
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One has rk(r,,) > rk(I1,), where we set
~ Id 0 Id 0
o= (o o) 1 ()
On the other hand, an elementary computation shows that
~ 1 EM) 0 E, 0
" 2in/aDn(00 0 0)’

L Uy == 2B (2N, — ) By da
oD,

with
" 2in

As a consequence we get rk(I1,) > tk(E,). Moreover, for M large enough independent of (#, ), the
matrix (I — rzzB;(rzzNh — )7 1'B,(J(h) — 1)1~ is holomorphic in D,,. It follows from (5-12) that
the rank of E, is exactly the multiplicity of 1! and hence the rank of I, is bounded from below by
the multiplicity of A,l,. Therefore, M, admits at least n; eigenvalues /Li <...< M}“ in the interval
[c1—M 122, di+M r22] and these eigenvalues satisfy

U =AL+0(3) foralln=1,...,n;. (5-14)

Let us now study the eigenvalues below 122. Throughout the proof, we let f = |1/| 0. Thanks to the last
part of Lemma 5.5, the matrix Z;(t’) := R(My (7)) = Nj, — By, J(h)_lB; is classical (&, t’)-graded.
Hence, it follows from the induction hypothesis that uniformly with respect to 4, one has

p
o (Zp(e) = || &0 (T o R/ (@) (1 +O(7'13,)), (5-15)
j=2

with €; = (]_[{:3 ‘[1)2 for j > 3 and €, = 1. Moreover, by definition, one has Z; = R(Myj(t)); hence
(5-15) can be rewritten as

p
o(Zp(r) = | | &0 (T o RITT M) (1 + O(7'12,)). (5-16)
j=2

Since M,(t') € 94(&, 1), forall j =2,..., p the matrix 7 o R/~ (M}, (1)) belongs to ﬂC‘I"(Ej). For
j=2,...,p,let /\{ (h)<---< )L{;j (h) denote the eigenvalues of the symmetric matrix 7 o R/ ~1(M,(7)).
As above, this implies that there exist ¢j, d; > 0 and ho > 0 such that for all & € ]0, ho] the eigenvalues
/\,jl.(h) satisfy /\,jl.(h) €lcj.dj]foralln=1,...,n;. Suppose now that j € {2,..., ptandne{l,... n;}
are fixed and consider D},n ={zeC:|z- ej)tf;l < Mt2¢;} for some M > 0 to be chosen large
enough and 5;,[ ={zeC:|z—- ej)t,],| < 2M1t?%¢j}. As above, we introduce also the corresponding

projector

.
I, = 5 /BD/A g dA.

J.n
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Since Jy is invertible, we know that for A in 5]/ ,, and i, ¢ small enough, J(h) — A is invertible and once
again the Schur complement formula permits us to write the inverse of P(A),

- Eo(1) ~(J(h) = M) BFEQ)
FH= (—TzE()t)Bh(J(h) — 1)1 E(L) h ) : (5-17)

with
EM) = (53N —A—13B(J()—2) ' B;) ™,

Eo) = () =)'+ 53 (J() =) BFEQ) By (J(h) = 1)~
Setting A = 1222, we get (using the relation €; = tzz'é 7)
2

T
H}n = —Z/A E(3z)dz,
' D},

2im
with D), = {z € C:|z—&;A}| < M12&;}. Moreover, for |z —&; A}}| = M12¢;, the matrix J(h) is invertible
with J(h)~! = O(1); hence we have
E(t32) =% "Ny —z = By(J(h) —32) ' B;) ™!
=1, 2(Zy— 2+ O(53]2)) !
=522, —2) 7 (I + 053 (2, —2) '),

Moreover, by the definition of D’ ., and thanks to (5-15), one has dist(z, 0 (Z2)) = M 1?¢; for any
z € 813]’ . Hence [|(Z, —z)7|| <2(M2&;)~! and since ¢ > 15, it follows that

E(t32) =15, 2(Zp—2) '+ O(M ™)),

Integrating along BDJ/-’n and working as above, we get

oo L Eo() RLEM)) 4,
In 2iw op,, \EQ)Rz, E1) '

with Ry, () = —12(12/\/;, —A)~'By, and R ,(A) =—12B) (12/\/;, — A1)~ L. The same argument as above
shows that rk(I1,) > rk(E}) with

2
E/: T2

2 _ 1 -1 —1y\—1
"= 5/.HE(TZZ)dZ_2”T/813}n(Zh )L +OM ™)) T dz.

By the induction hypothesis, this shows that the rank of E, is exactly the multiplicity of )L,],. and hence the
rank of H} ,, 1s bounded from below by this multiplicity. Therefore, for any j =2,..., p, My admits at
least n; eigenvalues ui <--- < pul , in the interval €;[c; — M t2,d; + Mt?] and these eigenvalues satisfy

wh=e (A +0(7)%)) foralln=1,...,n,. (5-18)

Combining this estimate with (5-14) and using the fact the dim(E) = f _1 I'j> we obtain the ,u,]; are
the only eigenvalues of My,. O
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5D. The singular values of *. Givenm,my,m, € U® and s € V1), we define

/9. hy(m hy(m

U2(S,m,m1,m2)=7r Ule“)““(%gm,ml_ Z([()(Si) m,mz), (5—19)

_ A hy(m
vi(s,m.my) = ”%@)P”%sm,ml. (5-20)

(p(s)

Let us define the matrix T* € .2, vV) by
(s ) — {m(s,m,ml(s),mz(s)) if mo(s) € . 521)
’ vi(s,m,my(s)) it ma(s) ¢ U

where the indices m, s are enumerated according to the partitions of Section 5B. Observe that with this

. . . ~a,0 .
notation, the conclusion of Lemma 4.4 can be written as .# = = Y. Moreover, the above expression can
be simplified according to the type of @. More precisely,

e if o is of type I, then m»(s) € Z/)o(to) if and only if s € Vél)’i,
e if « is of type II, then m(s) is always in 1250).

Theorem 5.8. Let M* = £%* 2% There exists ¢ > 0 such that, counted with multiplicity, one has

PO s . ‘
oM = | Jhe T TTo(MA) (140N,
j=1

where the matrices M*J have a classical expansion M%7 ~ > kM ;: J Wwhose leading term is given by
2J —1
Mg = JRITH (%),

where 2% = Q®F7%0Y%*Y* 70000 belongs to 9(&, 1) with & = (ﬁ(l’]éo;))j=1,,,,,p and T =

(tj)j=1,...p> With T; = e(SVP—U—Z)_SUP—U—l))/h.

.....

Proof. One has
MO{ — szot,*got — he—ZSpl/h]\‘/l\a’
with M% given by (5-7),
M%(x) = Q% (x)* M*' Q%(2),

with M*' = (h_l.i?a’*ﬁa). Of course, this matrix is symmetric positive and thanks to Proposition 5.2,
it admits a classical expansion

ol k o,/
M*T S MY
k

with My = (2% 20 = geOyarye 700 ¢ g+ This shows that M*’ belongs to 7t
Hence M? is classical (£, 7)-graded with & = (y(z//\[é();))j=1,,,.,p and T = (12,...,7p), With 7; =

eGvo—i-275vp—;-1)/" and the conclusion follows directly from Theorem 5.6. O
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6. Proof of the main theorem

In this section we explain how one can deduce Theorem 2.8 from Theorem 5.8. As in [Helffer, Klein and
Nier 2004], the general idea is to compare the singular values of the successive reduced matrix by a mean
of Fan inequalities. As preparation, we shall compare the matrices £’ and £°*%>’ defined in Section 3.
First, observe that thanks to (4-4), (4-5), (4-10), one has

LR g g g G5 61)

with 7 : Z(VW) - ZUD) defined by 5o =855, £ =diag(L".a € A), 7 = diag(T7*, a € A)
and Q = diag(Q*, a € A).

Lemma 6.1. There exists y > 0 such that
Lo = (7 +0E ).
Proof. First observe that thanks to Lemma 4.1, one has
LT =L LR, (6-2)

with R : Z(U©®) — ZUD) satisfying

Rg.m = O(e~SEIN/My - for all m e y©, (6-3)
for some y > 0. Using (6-1), we get

L% = 7272+ RQ,

with R = O(e~"/"). Hence, we have to prove that there exists R : . (V1) — ZUM) such that
R=RZ7 and R = O(e”?'"). From Proposition 5.2, we know that the matrix # := (PINV*LT is
invertible with inverse uniformly bounded with respect to 4. This allows us to define R := R# ~1(Z.7)*.
Thanks to the above remarks, we have R = O(e~"/") and by construction

RLT =RW W LIVZLT =R,
which completes the proof. O

We are now ready to prove Theorem 2.8. Until the end of this section, y > 0 denotes a constant
independent of / that may change from line to line. We shall also denote by SV(M) the singular values
of any matrix M.

From Section 2C, we know that the n¢ exponentially small eigenvalues of A(E,O) are the square of the
singular values of the matrix £. Thanks to Lemmas 3.12 and 3.13, we have

£=(d+0(e M) T (1d +0(e7 7))
and it follows from the Fan inequality (Lemma A.1) that

SV(L) = SV(L™)(1 + O(e™ 7 My).
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Hence, we are reduced to computing the singular values of £”. Since the first column of £” is the null
vector, it follows that the nonzero singular values of £7 are the singular values of £™’. From Lemma 6.1,
we know that

L™ = (7 + 0 "Mz, (6-4)

and since ¢ *¢# =1d this implies for / small enough
L =(g*+0 )™ (6-5)
Using the fact that || 7 || = ||_#*|| = 1, (6-4) and (6-5) combined with Lemma A.1 show that
SV(L™) = (1+ O(e V") SV(2).

Combined with Theorem 5.8 this proves Theorem 2.8.

7. Some particular cases and examples
In this section, we rephrase Theorem 5.8 in the particular situations p(«@) = 1 and p(«) = 2.

7A. The case p(a) = 1. In this section we assume that p(o) = 1. Then, the set S, is reduced to a
singleton Sy = {S Ve }. Moreover, the points of Z/lo(lo) are either all of type I, or all of type II.

7A1. The case where o is of type 1I. We first assume that « is of type II. Then all the points m € u&o)
are of type II and Theorem 5.8 takes the following form.

Theorem 7.1. Let a € A be such that p(«) = 1 and all the points of Z/lo(lo) are of type 1. Then the matrix
Z* has exactly o = #Z/lo(,o) singular values counted with multiplicity pg (), @ =1,...,qa. They have
the form

—S,a/h
pash) = 125 (e 1",
where {g o ~ Y reo " Ca,u,r is a classical symbol such that the (o 0, (t =1, ..., qq, are the nonzero
singular values of the matrix Y* € .4 (51(50), (51)) given by

hy(my(s)) hy(m2(s))

Y = n—1/2|il(s)|1/2( 5,,,,,,,2@)) foralls e VY, m e Y,

ho(s) ™M Ty (s)
with m1(s), m(s) defined in Lemma 3.3.

Observe that the description of the approximated small eigenvalues of Ay, in the above theorem is very
close in spirit to that obtained in nondegenerate situations. Though, the different eigenvalues py,, are
linked to one another, the only minima involved in the computation of the prefactors {4, are associated to
the typical height Sv?z. In that sense, we can say that the above formula is a generalized Eyring—Kramers
formula.

As already mentioned in the Introduction, the matrix T enjoys a nice interpretation in terms of graph
theory. In order to simplify, suppose that the function ¢ is such that the coefficients of T* are either 1
or —1. Define a graph G, associated to the equivalence class « in the following way. The vertices of the
graph are the minima m € 1;[(50) and the edges are the saddle points s € Vél). The two vertices associated
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to the edge s € Vél) are just m1(s) and m,(s). With this definition it turns out that the matrix Y* is the
transpose of the incidence matrix of a certain oriented version of the graph G,. As a consequence, the

|Sa,1,01? are the eigenvalues of the corresponding graph Laplacian Ag = (8m.m’) py ey defined by
d(m) ifm=m’,
Smom =4 —1 if m # m’ and there is an edge between m and m’, (7-1)

0 otherwise,

where the degree d(m) is the number of edges incident to the vertex m.

Figure 2 in the Introduction presents an example of a potential ¢ having one unique saddle value o
and such that all local minima are absolute minima. We represent also in Figure 2 the graph associated to
the nontrivial equivalence class (that is, the one which is not reduced to one element).

In the case where the coefficients of T are not necessarily equal to +1, the same interpretation
is available with weighted graphs. We refer to [Cvetkovi¢, Doob and Sachs 1995] for definitions and
standard results on graph theory.

7A2. The case where o is of type I. In this section, we compute explicitly the singular values of .Z%,
when « is of type L.

Theorem 7.2. Let o € A be such that p(«) = 1 and all the points of Z/{O(,O) are of type I. Then, the matrix
L% has exactly ¢ 1= #U&O) singular values counted with multiplicity. These singular values py ;, (h),
u=1,...,4qq, have the form
—S,a/h
Pot,,u(h) = é‘a,,u,(/’l)e LN
where oy ~ hl/2 Zfo:() h" 8o, has a classical expansion such that {0 are the qq singular values
of the matrix Y% given by

hy(m(s)) hg(m2(s))

Yo = 7~ V212, (s)]1/2 — )
s,m T | 1(S)| h¢(S) m,m(s) h(p(S) m,m>(s)

ifs € Vél)’i and
12,3 he(m(s))
Yom =7 I/ZIM(S)I”Z—hw(S) mmy (5)

. 1),b ,
ifs € Vé )b Moreover, these singular values are nonzero.

. . . . ~a,0 .
As in the case of points of type II we can interpret the matrix 2" in terms of graphs. However, some
saddle points are now associated to only one minimum. In terms of the graph, this leads to some edges
having only one vertex, which means that we are dealing with hypergraphs.

7B. The case p(a) = 2. Throughout this section we assume that p(«) = 2. Then ¢ takes two different
values g_ < ¢4 on Méo). One has Sy = {S,,gzr < Sye } with S"i =o0(a)— 4.
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TBL. The case where a is of type II. The partition (5-4) takes the form 7" = 4% LU with
0) ’

Z:{é’i ={m¢e Z/IOEO) :@(m) = @+ }. Since « is of type I, my(s) € Z//\{O(KO) for all s. It is then convenient to
introduce the partition of Vél) given by
v =y uv _uvd (7-2)

o, o,—
with Vo(:l ={s e Vo(ll) 1my(s), my(s) € Zj{o([o_)ir} and V(})_ ={s e Vél) cmy(s),my(s) € Zjlo(tol} where
the functions m, m, are defined by Lemma 3.3. In the case s € Vgl_, it follows from the choice of
Lemma 3.3 that m(s) € Zjlo(lol and m(s) € i (?l. We order the above partitions by deciding Z:l(gol < Z:lo(,o)_

—S,a/h ~
and Véll < V;g‘— < Vél)_ Then, the matrix #% := h~/2¢ v4/" 2% has the form

L 0
= b+_ ‘L'b_+ s
0 Ta

N . . . . .
where T = e( - Sye )/ h and the matrices ¢, b4—, b— admit a classical expansion whose principal
terms are given by the formula

e forall s € Véll and m € Z:{éol one has L?jm =uy(s,m,m(s), ma(s)),

e forall s € Vél)_ and m € aéo)_ one has a?ym =uy(s,m,my(s), ms(s)),

e foralls € V‘Sl_, m eﬁgg and m’ € LZ,EOl one has (b9 _)s.m = vi(s,m,my(s)) and (b° | )s.m' =

—vi(s,m’, ms(s)),

with vy, v given by (5-19), (5-20). By a standard block-matrix computation one has

7 <B
A% o -
(T * (rB* IzB)’ (7-3)

with J = *t+ b3 _by—, B = by _b_4 and A=a*a+ b*  b_. All these matrices admit a classical
expansion, 4 >~ ) hk A%, B ~ > ko hk Bk, J = > k0 h¥J* and one has J O = 0*,0 + bggibi_,
BY = bi’ibg_ir and A° = a%*a% + bE’ij, where we use the notation (¢/)* = ¢/+*,

Theorem 7.3. The matrix £ has exactly qo + = #Z/Ié?)i singular values /\iu (h), w=1,....q9a0,+.
_Svoi‘/ " These singular values have the form

-S h
v?‘t/ ’

counted with multiplicity which are of order hl/2¢

Ay (h) =5 (e

G~ W2 D WG
k

is a classical symbol such that (¢ (;t " 0)2 are the qq + nonzero eigenvalues of the matrices G* given by
Gt =J%and

where

G = A\O _ (B\O)*(JO)—IB\O’

where A 0 J9 and B are defined below (7-3).
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Figure 9. Top: the sublevel set {¢ < o} associated to a potential ¢ having a unique
saddle value and two minimal values. Bottom: the associated hypergraphs.

Let us make a few comments on this theorem. First, observe that the prefactor {* = C&’E’ 1, obeys two
different laws whether we are in the “+” or “—” case. In the “+” case, { T is determined by the matrix J©
which depends only on the minima m € U&O) such that S(m) = S,_. In that sense, the behavior of

o9

¢t obeys a law similar to the generalized Eyring—Kramers law of Theorem 7.1. In the case, the
situation is different since the matrix G~ involves values of ¢ on all minima and not only those for which
S(m) = S,_. Hence the term (§ 0y*(J0)~1 BY in the definition of G~ can be understood as a tunneling
term between minima associated to both heights.

This interpretation is confirmed by the following example. Suppose that ¢ has two distinct minimal
values and one saddle value. Figure 9 below represents such a potential. The blue wells correspond to the
absolute minimal value and the red one to the other minimal value. All the saddle points are supposed to
be at the same level. Then, the matrices A° and J° can be viewed as the Laplacians of the hypergraphs
built as follows. First we consider the graph G associated to all the minima whose vertex are the minima
and edges are the saddle points between two minima (without distinction on the level of the minima).
The blue and red hypergraphs G and G, are obtained by cutting the graph G on edges between a blue
and a red minimum. Eventually, the matrix B links blue and red minima.

7B2. The case where « is of type I. In this section we assume that « is of type L. The partition (5-4) takes
the form Z/Ié,o) = L{O([?l L Zx[o([?l with

UO, = m cU® : pm) = ).

We order the two elements of @o(,o) by deciding Z/[o(t(,)_)Ir < Z/{o(t?l. In order to deal with the saddle points, we

introduce the partition (@él) which is a mix of partitions used in Lemma 3.4 and Section 7B1:

V‘gl) -y

(1) (1)
wtb Vo i UV

1) 1)
o, +— U Va,_’b uv, .

o,—,i
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with
V(S?h— ={s eV :my(s) € USBF, m(s) € U},
VO, =ts € VIO s (5),ma(s) €U},
V&l,b ={s e VP imy(s) U, (7-4)

Vél)_l ={s e VI imy(s).ma(s) €UV},
VD, =t e VP my(s) e U@ ).
Here the functions my, m, are defined by Lemma 3.3. One has the following

Theorem 7.4. Assume that p(«) = 2 and « is of type I. The matrix £ has exactly qq,+ = #Llo(,?)i
singular values ’\iu (h), n=1,...,4a +, counted with multiplicity which are of order h1/2¢=Sva /h,
These singular values have the form
—S,o /h
Aoy =Gy (e %

where é‘étu ~h1/2 Dk hké'&tu ¢ is a classical symbol such that (é‘;mo)z are the qq + eigenvalues (which
are nonzero) of the matrices G* given by Gt = J° and G~ = A° — (B®)*(J°)~! B, where A°, B® and
JO are defined by

0_ ,0,%,0 0,%;0 0_ 10,%;0 0_ 0,%x_0 0,%;0
JU =0T +by by, BY=bY"b ., A =aTa +b b,
with the matrices a°, bf)i__, b9+ and (° defined by

e foralls € VS}H andm € L{o(t(’)_)F one has L?’m = Ya(s,m,my(s), ms(s)),

e foralls € Véli_ pandm e Z/{;?_)‘_ one has Lg,m =Y1(s,m,my(s)),

e foralls € V;l)_l. andm € Z/Ié?)_ one has a?,m =To(s,m,my(s), ma(s)),

e foralls € V‘il)_ pandm € 5,?)_ one has a?,m =T1(s,m,m(s)),

e foralls € V(Si__, me Z/{(g?_)i_ andm’ € L[O(,?l one has (bf)'__)s’m =Ti(s,m,m(s)) and (bg_,_)s,m/ =

—Y1(s,m’, my(s)).
7C. Some examples.
7C1. Computations in dimension 1 with p(«) = 1. Let us compute the small eigenvalues of the potential ¢
represented in Figure 10.

As already noticed in the discussion below Theorem 2.8, there are exactly three equivalence classes for R
in that case: Z/{fo) ={mi 1}, Uéo) ={m3y 1, my 7} and Z/lgo) = {m> 3}. Let us denote by s; the saddle point
between my 1 and m3 », by s the saddle point between m > and m 1,1 and by s3 the saddle point between
m,1 and my 3. Define also S = ¢(s1) —¢(m2,1) = ¢(s1)—¢(m22) and S3 = ¢(s3) —¢(m2,3). Observe
also that for all m € U, one has H(m) = {m}. Then the matrix £°*" defined by (4-2), admits the form

1/2 (0 d12,1 d12,2 0

h
bkw
L :(;) 00122,1 d22,2 0],
0 0 0 d3
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o =&
0y S1 S2 53

S

SZ Sz :
@(my3)

ms3

@(ma1) = @(my2)
my mj 2

o(my)
miy 1

Figure 10. A potential with p(«) =1 for all «.

with the coefficients given by
di = (1" (509" m2, )+ Om)e™ 11, df ) = —(|¢" (s1)¢" (m2,2)]/* + O(h))e 5/,
d31=0, d3,=(¢"(s2)¢" (m2)|"/*+Oh)e™ 5", a3 =(l¢" (s3)¢" (m2,3)[/*+O(h))e ™53/ ",
The corresponding squares of singular values are then
ho=0. Az= (19" (s3)¢" man) V2 + O and 2% = L(uF + O(hye 21,
where ;in are the squares of the singular values of the matrix
~2 a —b
D" =
(672)
with a = [¢”(s1)¢" (m2,1)|4 b =1¢"(s1)¢" (m2,2)|'/* and ¢ = |@" (s2)¢" (m2,2)|'/* Tt follows that
2
~24,~2 (a —ab
(D ) D = (—Clb b2+C2)’

whose eigenvalues can be computed handily. For instance, if |¢” (s)| = |¢” (m)| = 1 for all s € /™) and

m GU(O), one has
~2 =2 1 —1

NG

2

whose eigenvalues are Mzi = % +



ABOUT SMALL EIGENVALUES OF THE WITTEN LAPLACIAN 199

We would like to conclude this example by noticing that one has necessarily M; # 5 . Indeed, if one
computes the characteristic polynomial of the above matrix, one finds P (x) = x2—(a?+b>+c?)x +a>c?,
whose discriminant is given by

A=@®+b*>+c>?>—4d%c®> = ((a—c)*> +b*)((a +c)* + b?).
Since ¢ is a Morse function, one has » # 0 and hence A > 0.

7C2. Computations in dimension 1 with p(a) = 2. Suppose now that the potential ¢ is as represented in
Figure 7. As already noticed there are exactly two equivalence classes for R in that case, Z/ll(o) ={my}
and Z/{éo) = {my,1,my,my 3}, and again, one has H(m) = {m} for all m € U©. Let us denote by
s1 the saddle point between m5 1 and m, >, by s, the saddle point between m5 > and m» 3 and by s3
the saddle point between m, 3 and mj, ;. Define also S = ¢(s1) —¢(m2,1) = ¢(s1) — ¢(m2 ) and

S3=¢(s2)—¢(m2_3). Then the matrix £°%”" admits the following form in the basis ( f,,(,g)' 5 ,f,(;)vl , ,,(,(22

and (£, 1,0 £ D),

£bkw,r (ﬁ) oS3/ [ p, 0 bye—(S2=S3)/h
T 0 aje=S2=53/h 4, p=(S2=53)/h

with the leading terms of the coefficients given by

O =—l¢"(s3)p"(ma3)|*. BY = 19" (s2)¢" (m2,3)"/*. bY = ¢ (s2)¢" (m22)|"/*
and
af = [¢" ()" (m2, )Vt a3 = ~1¢"(s1)¢" (m2,2)|'/*.
In order to simplify the computation, assume that ¢” (m) = 1 for all m € 4(® and ¢”(s1) = ¢” (s2) = —1.

Define 0 = |¢” (s3)| and T = e~(52753)/% Then

N 1/2 —-00 0
Eka,//:(;) e~ S3/h 10 t|+0(0h)
0t —1

Hence, we can apply Theorem 7.4 with

A®=(1-1), w=-0 bi_=1, b° =(01).

It follows that the singular values of order e~S2/h

1/2
pa = (%) eIk + o)

with A1 eigenvalues of M9 := A% — (B%)*(J°)~1 B, with

are

AOZ(_i _;) B=@©0-1), J°=1+6>%
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52
ﬂ e

Figure 11. N wells in dimension 2.

1 —1
0_
M _(—1 2—v)’

with v = 1/(1 + 62) €]0, 1[. The eigenvalues of this matrix are

3—\)jE \/(3—1))2—4(1—11).
2 2

Hence

Ay =

This can be seen as perturbations by the well of height S3 of the eigenvalues A4 computed in the previous
example (obtained by taking v = 0 in the above formula).

7C3. Computations in higher dimensions. Consider the case of the potential ¢ having N > 3 minima
m1,...,mpy and one local maximum at the origin as presented in Figure 11. Assume also that there
are exactly N saddle points s, ..., sy, all at the same height ¢(s;) = 02 and that the set {¢ < 02} has
exactly N connected components E1, ..., Ex, each E; containing the minimum m;, and that for all
J=1....N, {s;} = Ej N Ej—l—l with the convention Ex 1 = E1. Assume in addition that all the
@(m;) are equal and write S = 02 —@(m1). Let us choose m as the global minimum associated to
o1 = oo. Then all the other minima are associated to the saddle value o5. It is clear that they all belong
to the same equivalence class and that they are all of type II. Moreover, for all m € U ©) \ {m}, one has
H(m) = {m}. Then, we can apply Theorem 7.1 to get the spectrum of the Witten Laplacian associated to
@. It follows that the eigenvalues are given by Ay =0 and foralln =2,..., N

An(h) = by(h)e 25/ H (1 O(e™/ 1Y), (7-5)

where b, admits a classical expansion

by (h) ~ % S by ik,
k>0
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Moreover, one has b, o = M,%, where the p,, n =2,..., N, are the nonzero singular values of the matrix
afr —a2fr 0 - 0
0 az2fr —a3zfz 0 0
L= 0 0 a3fs - e 0 ,
0 oo 0 any—1BN-1 —aNBN-1
\—eitfy 0 o 0 anf

where we set o; = (p”(mj)1/4 and B; = (—(p’/(sj-))l/4.
If one assumes additionally that ; and B; are independent of j, let say o; = « and B; = 8, then

L = af A with
( 1 — 0 0 0\
0 1 -1 0 el el 0
0 0 1 -1 0 -+ 0
o = S . . . .
0 O 0 1 -1
K_l 0 - - 0 0 1

The singular values of o7 are the square roots of the eigenvalues of

2 —1 0 0 -1

-1 2 -1 0 0

. 0-1 2 -1 - 0
A = : K

o o .- -1 2 —1

-1 0 O o -1 2

which are known to be vy = 2(1 —cos(2kzx/N)), k =0,..., N — 1. In particular, for all 2 <k < N/2,
V; has multiplicity 2 since vy = vy _g.

Suppose now that the potential ¢ is invariant by a rotation of angle 27/ N ; then (7-5) still holds true
with b, (h) being the singular values of a matrix of the form

1 =1 0 -ev - 0 ()\
0 1 -1 0 -ov .- 0
oo 1 -1 0-- 0

o = 6(h) . o 18
. .0
el e 0 1 41
-1 0 -+ - 0 0 1)

with 6(h) >~ > k>0 h* 6. Hence, the above computation is still valid and it follows that for 2 < k < N/2,
by (h) = by _j (h). This permits us to recover the results of [Hérau, Hitrik and Sjostrand 2011, Section 7.4].
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Appendix A: Some results in linear algebra

We collect here some helpful results from linear algebra.

Lemma A.1 (Fan inequalities). Let A, B be two matrices and denote by (i, (X) the singular values of X.
Then
pn(AB) < || B|1n(A),

pn(AB) < [|Allpun(B),
where ||C || denotes the norm of C : RP? — RY with R* endowed with £* norms.
Proof. See [Simon 1979]. O

Lemma A.2. Let A =diag(Ay, ..., An) be a block diagonal matrix. Then the singular values of A are
the singular values of the A, counted with multiplicities.

Proof. 1t is straightforward, since A*A = diag(A] Ay, ..., Ay AN). O
Lemma A.3. Let E, F be two finite-dimensional vector spaces and A(h) : E — F be a family of

linear operators depending on a parameter h €10, 1]. Assume that A(h) admits a classical expansion
A(h) ~ D ko h* Ay and that the matrix Ay has nonzero singular values. Then, for h > 0 small enough
the singular values i1, (h) of A(h) admit a classical expansion
() ~ D g
k>0

where the ,u?l are the singular values of Ay.

Proof. Since the singular values of A(h) are the eigenvalues of A* A, which is selfadjoint, the result
follows easily from Kato’s perturbation theory of analytic families of selfadjoint operators [Kato 1966,

Chapter 2, Section 1] applied to the expansion of A* A in & powers cut at finite rank. O
Lemma A4. Let Abea p x(q+ 1) matrixand T a (q + 1) X g matrix. Assume that T*T = 1d and that
ker A = Ran(T)~. Then the singular values of A are {0, z1, . . ., Zq}, where z1, ..., z4 are the singular
values of AT.

Proof First observe that since ker A = Ran(T)J- 0 is a singular value of multiplicity 1 of A. Let us denote
by 50 a unit vector such that ker A = REO By definition, there exists an orthonormal basis &1, ...,&; of
R? such that

T*A*AT &, = 276 (A-1)

forallk =1,...,q. Let us set §k = T&. Since T*T = Id; then the set of ék is an orthonormal family
of RZT1, Moreover, since ker A = Ran(T)*, we have E = {£, ..., £} is an orthonormal basis of RI*1,
Moreover, for all k = 1,...,q, it follows from (A-1) that

|A&|? = |AT &) = 22.

This shows that the matrix A* A in the basis E is exactly diag(0, z1 e zg) and proves the result. [
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Lemma A.5. Let M be a real matrix. Assume that M is symmetric definite positive and that it admits a

block decomposition
J B*
M= (B 4 ) |

Then J and N — B* J~' B are symmetric definite positive.

Proof. This is quite standard, but we recall the proof for the reader’s convenience. Of course J and
N — B*J~! B are symmetric. Moreover, since M is positive definite,

(Jx,x) = </\/l (g) , (’5)> > c|x|?

for some ¢ > 0. This shows that J is definite positive. On the other hand, setting

I —J7lB*
o= (4 7)")

one has
* A 0
MR = (o N—-BJ~'B*)"
Since M is positive definite, this implies that N — BJ ~! B* is positive definite. O

Appendix B: Link between R and the Generic Assumption

Proposition B.1. Suppose that the Generic Assumption is satisfied; that is, for allm € U ©) one has the
following:

* Q|E(m) has a unique minimum point.

e If E is a connected component of {¢ <o (m)} such that EN y® % O, there exists a unique § € y

such that ¢(s) = sup E N VW, In particular, E N ¢~ (]—00, ¢(s)[) is the union of exactly two
different connected components.

Then for all m € U, Cl(m) is reduced to {m}.

Proof. If m = m there is nothing to prove. Suppose that m € 4% and apply assumption (ii) to E_(m).
One has evidently V() N E_(m) # @ since it contains E (m) C E_(m) and E (m) is a critical component.
Hence, E_(m) N {¢ < o(m)} has exactly two connected components which are necessarily E(m) and
E(m). Suppose now that m'Rm. Then o(m’) = o(m) and hence m’ ¢ E (m). Therefore m’ € E(m),
which implies m = m’. O
Remark B.2. There exist functions ¢ such that Cl(m) = {m} for all m € t/®) and that do not satisfy
the Generic Assumption. Take for instance ¢ : R? — R with two minima m1, m, and two saddle points
51,82 such that

p(my) < p(mz) < (s1) = ¢(s2).

Then, of course Cl(m;) = {m;} for j = 1,2. On the other hand, since s1, s> are two saddle points at the
same height (which turns out to be the maximal height of saddle points), (ii) of (GA) is not satisfied.



204

LAURENT MICHEL

Appendix C: List of symbols

We list the notation used in the paper and give the first place each appears:

©) 7,1 ~
uw,u page 155 Ug)) (33)
no,n1 page 155
Z(-) page 155 T (3-4)
’ 1),b +,(),i
V) Definition 2.1 @ ,AV(%) | Lemma3d
%, %, % Definition 2.1 ; (3-10)
S, o above (2-3) Qo(m) (-1
S (2-3) Hy(m) (3-12)
U® (24 (315
E (2-5) % Definition 3.7
I'(m) below (2-5) LT (4-1)
H(m) (2-6) L™ below (4-1)
E_ (2-7) LY (4-2)
E 9 Lo (4-3)
W (2-10) LOR(4-5)
U1 /.11 Definition 2.3 Z above Lemma 4.2
R Definition 2.5 oifz (4-6)
O 214 %" Lemma4.3
A, A below (2-14) h(p('fg (4-7)
de below (2-14) if ) 4-9)
UL U™ below (2-14) < (3
Sa  (2-16) s, YCT above Definition 5.4
p(a) (2-16) 9(&,7), Ya(&,7) Definition 5.4
V¥ below (2-16) v2 (5-19)
v (3-2) vr (5-20)
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