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POSITIVITY, COMPLEX FIOS, AND TOEPLITZ OPERATORS

LEWIS A. COBURN, MICHAEL HITRIK AND JOHANNES SJOSTRAND

We establish a characterization of complex linear canonical transformations that are positive with respect to
a pair of strictly plurisubharmonic quadratic weights. As an application, we show that the boundedness of
a class of Toeplitz operators on the Bargmann space is implied by the boundedness of their Weyl symbols.

1. Introduction and statement of results

The notion of a positive complex Lagrangian manifold, introduced in [Hormander 1971], has long played
an important role in microlocal analysis and spectral theory. Restricting the attention to the linear case,
relevant for this work, let us recall that a complex Lagrangian plane A C C2” is said to be positive if we have

1
70(/9,6(/))) >0, peA. (1-1)

Here o is the complex symplectic form on C?” and C : C?>" — C?" is the antilinear map of complex
conjugation. Let us mention here several familiar problems, where considerations of positive Lagrangian
manifolds are essential. These include the spectral analysis and resolvent estimates for elliptic quadratic
differential operators [Sjostrand 1974; Hitrik et al. 2013], the study of spectral instability and pseudospectra
for semiclassical nonnormal operators [Hérmander 1960; Dencker et al. 2004], as well as the construction
of Gaussian beam quasimodes for semiclassical self-adjoint operators of principal type, associated with
closed elliptic trajectories [Ralston 1976; Babich and Buldyrev 1991].

In [Sjostrand 1982], one of us introduced and developed the notion of positivity of a complex Lagrangian
space relative to a strictly plurisubharmonic quadratic weight, which is the starting point for the present
work. To recall this notion, we let ®( be a real-valued strictly plurisubharmonic quadratic form on C”
and let us introduce the real linear subspace

Aoy = {(xﬁ@(x)) :xe@"} com. (12)
i Ox

We can view Ag, as the image of the real phase space R2" C C2" under a suitable complex linear
canonical transformation on C2”, and in particular we notice that A, is maximally totally real. In

MSC2010: 32005, 32W25, 35530, 47B35, 70H15.
Keywords: positive Lagrangian plane, positive canonical transformation, strictly plurisubharmonic quadratic form, Fourier
integral operator in the complex domain, Toeplitz operator.
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328 LEWIS A. COBURN, MICHAEL HITRIK AND JOHANNES SJOSTRAND

analogy with the discussion above, we say that a complex linear Lagrangian space A C C?" is positive
relative to A, provided that the natural analog of (1-1) holds,

1
ITU(/@ LCI:'()(/O)) > O, pE A. (1'3)

Here the map of complex conjugation C has been replaced by the unique antilinear involution tg,, :
C?" — C2" such that Ly | Aoy = 1. A result of [Sjostrand 1982] establishes a complete characterization
of complex Lagrangians that are positive relative to A ¢, — see also Theorem 2.1 below.

In this work, we shall be mainly concerned with positive complex canonical transformations. Indeed,
the main goal of the present work is to provide a characterization of positive complex linear canonical
transformations relative to plurisubharmonic weights, and to consider Fourier integral operators (FIOs) in
the complex domain associated to positive canonical transformations, establishing a link between such
operators and Toeplitz operators. In particular, it seems that the point of view of complex FIOs allows us
to shed some new light on some basic questions in the theory of Toeplitz operators. We would like to
emphasize here that the original motivation for attempting to establish a link between FIOs in the complex
domain and Toeplitz operators came from a talk delivered by Coburn at the conference “Complex and
functional analysis and their interactions with harmonic analysis™ at the Mathematical Research and
Conference Center, Bedlewo, June 2017.

We shall now proceed to define the notion of a complex linear canonical transformation which is
positive relative to a strictly plurisubharmonic quadratic weight, and to state our main results. In fact,
proceeding in the spirit of the discussion above, it will be more transparent to introduce the notion of
positivity relative to a pair of strictly plurisubharmonic quadratic forms rather than relative to a single
one. Thus, let &, ®, be two strictly plurisubharmonic quadratic forms on C" with the corresponding
antilinear involutions (g, , te,. Let k : C2" — C2" be a complex linear canonical transformation, k*o = 0.
We say that k is positive relative to (Ag,, Ag,) provided that

1
lT(O'(K(,O),lcle(,O))—O'(,O,LQZ(,O))) >0, pe q:zn' (1-4)

The positivity of  relative to (Ag,, Ae,) is said to be strict provided that the inequality in (1-4) is strict
for all 0 # p € C". Let us remark that in the case when the positivity is taken relative to the real phase
space R2" see (1-1), such canonical transformations were studied in [Hormander 1983, 1995]; see also
the recent works [Pravda-Starov et al. 2018; Aleman and Viola 2018].

We can now state the first main result of this work.

Theorem 1.1. Let k : C** — C2>"* be a complex linear canonical transformation and let &1, ®, be
strictly plurisubharmonic quadratic forms on C". The canonical transformation K is positive relative to
(Ae,, Ao,) precisely when we have

K(Ao,) = Ao, (1-5)

where ® is a strictly plurisubharmonic quadratic form such that ® < ®;.
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Remark. The definition (1-4) of a positive canonical transformation is a direct adaptation of the corre-
sponding notion of positivity due to Hormander [1983; 1995] to the weighted setting. One advantage of
the consideration of the general case of a pair of weights ®, ®, is that we can let ¥ be the identity in
(1-4) and get an invariant notion of the positivity of one plurisubharmonic weight compared to another, in
view of Theorem 1.1.

Our second main result is concerned with applications of Theorem 1.1 to the study of Toeplitz operators
in the Bargmann space
Hg, (C") = L*(C",e~2%° L(dx)) N Hol(C"),

where @ is a strictly plurisubharmonic quadratic form on C” and L(dx) is the Lebesgue measure
on C". See also (A-1). Specifically, we shall be concerned with the continuity properties of (in general
unbounded) Toeplitz operators of the form

Top(e??) = Mg, 0e?? o Mg, : Hey(C") — He, (C"), (1-6)
where ¢ is a complex-valued quadratic form on C” and
Mo, : L*(C", e *®0 L(dx)) — Hg,(C")
is the orthogonal projection. Sufficient conditions for the boundedness of Top(e29) are provided in the
following result.

Theorem 1.2. Let ® be a strictly plurisubharmonic quadratic form on C"* and let q be a quadratic form
on C" such that

2Req(x) < Phem(x) 1= 3(Po(x) + Po(ix)).  x #0, (1-7)
0x93(Po —¢) # 0. (1-8)

Let a € C*°(Ag,) be the Weyl symbol of the Toeplitz operator Top(e29). Assume that a € L>®(Ag,).
Then the Toeplitz operator
Top(e*?) : Hg,(C") — Hg,(C")

is bounded.

Remark. Let us remark that Theorem 1.2 is closely related to the conjecture of [Berger and Coburn
1994; Coburn 2019] stating that a Toeplitz operator is bounded on Hg,(C") precisely when its Weyl
symbol is bounded on A g,. Theorem 1.2 can therefore be regarded as establishing the sufficiency part
of the conjecture in the special case when the Toeplitz symbol is of the form exp(2g), where ¢ is a
complex-valued quadratic form on C”, satisfying (1-7), (1-8).

Remark. As we shall see in Section 4, the strict inequality in condition (1-7) guarantees that the operator
Top(ezq ) is densely defined, and it seems difficult to weaken. Notice also that the Hermitian form ®peppy
in (1-7) is positive definite on C”, thanks to the strict plurisubharmonicity of ®.

The plan of the paper is as follows. In Section 2, we establish the necessity part of Theorem 1.1,
by means of direct geometric arguments, relying on some general results of [Sjostrand 1982]; see also
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[Caliceti et al. 2012; Hitrik and Sjostrand 2018]. The proof of Theorem 1.1 is completed in Section 3,
where we have found it convenient to introduce explicitly a Fourier integral operator in the complex domain
quantizing the canonical transformation « satisfying (1-5), when verifying the positivity of «. Applications
to Toeplitz operators are given in Section 4, where Theorem 1.2 is established. Appendix A is devoted
to some elementary remarks concerning integral representations for linear continuous maps between
weighted spaces of holomorphic functions, which can be regarded as a version of the Schwartz kernel
theorem in this setting. These representations are to be applied in the main text when deriving a Bergman-
type representation for our complex FIOs. Finally, Appendix B, for use in Section 4, characterizes
iF(x

boundedness properties of operators given as Weyl quantizations of symbols of the form e £) where

F is a holomorphic quadratic form on C?”.
2. Positive Lagrangian planes and positive canonical transformations in the H g -setting

Let @y be a strictly plurisubharmonic quadratic form on C”". Associated to ® is the I-Lagrangian
R-symplectic linear manifold A ¢, given by

200
Ao, = {(x,f—o(x)) :xeC”} cc”, 2-1)
i ox
The linear manifold A ¢, is maximally totally real, and we let tp,, be the unique antilinear involution
lg, : C*" — C*" (2-2)

such that the restriction of 1, to Ag, is the identity. For future reference, we may recall the explicit
description of the involution (g, given in [Hitrik and Sjostrand 2018],

2 - 2 _
(y’ 7(q>g,xxy + q)g,xfcx)) = (x’ IT((D/(;,xxx + q)g,xfcy))' (2-3)
We also have
2" 2 -
(1. 20, 00(x, ) = (v, Z0xWo(x. ). (2-4)
where Wy (x, p) is the polarization of @y, i.e., the unique holomorphic quadratic form on C% x C such
that Wo(x, x) = ®g(x).

Let A C C?" be a C-Lagrangian space, i.e., a complex linear subspace such that dim¢ A = n and
o|a = 0. Here o is the standard symplectic form on C?”. Let us consider the Hermitian form

1
b(l), ,LL) = ?G(V’ Ll (/’L))’ v, L E CZn‘ (2'5)

We say that A is positive relative to A g, if the Hermitian form (2-5) is positive semidefinite when
restricted to A,

b(u,pu) >0, peA. (2-6)

The positivity is said to be strict if the form b in (2-5) is positive definite along A. As remarked in the
introduction, this notion is a direct adaptation of the corresponding notion of positivity due to Hérmander
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[1971], where in place of (Ag,.te,) We have (R?",C), with C being the antilinear map of complex
conjugation.

Remark. It is easy to see and is established in [Caliceti et al. 2012; Hitrik and Sjostrand 2018] that the
Hermitian form b is nondegenerate along A precisely when A and A ¢, are transversal.

Our starting point is the following well-known result; see [Sjostrand 1982; Caliceti et al. 2012; Hitrik
and Sjostrand 2018].

Theorem 2.1. A C-Lagrangian space A is positive relative to Ag,, if and only if A = Ay, where ¥ is a
pluriharmonic quadratic form such that ¥ < ®.

The proof of Theorem 2.1 given in [Sjostrand 1982; Caliceti et al. 2012; Hitrik and Sjostrand 2018]
discusses the case of strictly positive Lagrangian planes only and depends on the general fact that the set
of all C-Lagrangian spaces which are strictly positive relative to Ag,, is a connected component in the set
of all C-Lagrangian spaces that are transversal to A ¢,. Here we shall give a more direct proof, using the
explicit description of the involution tg,,, given in (2-3), (2-4). Let A C C2" be C-Lagrangian, positive
relative to A g,,. It follows from (2-3), as explained in [Sjostrand 1982; Hitrik and Sjostrand 2018], that
the fiber {(0,£); & € C"} is strictly negative relative to Ag,, in the sense that the Hermitian form b in
(2-5) is negative definite along the fiber, and therefore A is necessarily of the form & = d¢(x), where ¢
is a holomorphic quadratic form on C”. It follows that

A=Ay, (2-7)
where ¥ = —Im ¢ is pluriharmonic quadratic. We shall now see that ¥ < @, and to this end, let us
consider the decomposition
D¢ = Pherm + Ppin, (2-8)
where
cI)herm(x) = q)g,)‘cxx X (2-9)
is positive definite Hermitian and
Dpin(x) = Re(Cbg’xxx -X) (2-10)

is pluriharmonic. Let
2 2
and let us consider the complex linear “vertical” canonical transformation
ka(y.m) = (y.n+ Ay). (2-11)
We have
KA(A ) = Ny (2-12)

and letting 1, be the antilinear involution associated to Ag,_ ., it is then clear that

—1
Lq)herm = KA o Lq)() OK4. (2-13)
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It follows that A is positive relative to A g, precisely when
K1 (A) = Ay_a,,

is positive relative to Ag, ., and when proving Theorem 2.1 we may assume therefore that the plurihar-
monic part of @y vanishes. In this discussion, we are also allowed to perform complex linear changes of
variables in C", which correspond to canonical transformations of the form k¢ : (y,n) = (C~ 'y, C'p),
where C is an invertible complex n x n matrix. We have kc(Ag,) = Ap,, P1(x) = P¢(Cx), and it
follows therefore that when establishing Theorem 2.1 it suffices to consider the model case when

Do (x) = S|x|*. (2-14)

An application of (2-3) shows that the involution tg, is then given by

1.1
y.,n) = (lfﬁ, 17)7)’ (2-15)

and therefore .
b(p, 1) = ~0 (s 1y () = X2 = 7, pp=(x,6) € C*". (2-16)

When € A = Ay, we write £ = (2/i)0x¥(x) = dx@(x), ¥(x) = —Im g, where ¢ is a quadratic
holomorphic form, and therefore if A is positive relative to A g, then (2-16) shows that

o = lxl,  xeC" = loiil =1 (2-17)
We get
Y(x) =—Ime(x) < %l(p;éxx-x| < %|x|2 = ®y(x), xeC" (2-18)

Conversely, let A be C-Lagrangian of the form A = Ay, where W is pluriharmonic quadratic such that
W < @ . Let us write ¥ = — Im ¢, where ¢ is a holomorphic quadratic form. We shall now see that Ay
is positive relative to Ag,, and it follows from the remarks above that it suffices to verify the positivity in
the model case when @ is given by (2-14), so that we have

W(x) = —Imp(x) < Do(x) = 3|x|*. (2-19)
Writing
—Im gy, x-x < |x|%, (2-20)

replacing x by ¢y and varying 6 € R, we get

ll x-x| <|x|?, xeC" (2-21)
Next, writing
" _ 1 1 "
PexX Y = g(Pkc (X + 1) (x + 1) =g (x = ) - (x = ),
we get, using (2-21),

@ex -yl < g (x + yI2 4 e =P = 3 (x> + y]?). (2-22)
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1/2

Replacing x — AY2x, y > A"12y A >0, we get

1 1
WQWMEEQMV+ﬂﬂﬁ, (2-23)
and choosing A = |y|/|x|, assuming for simplicity that x # 0, y 7 0, we obtain

@ -y < x| |yl.

Hence, [|¢, || < 1 and the positivity of Ay relative to A g, follows from (2-16), (2-17). The proof of
Theorem 2.1 is complete.

Remark. Closely related to the proof of Theorem 2.1 given above is the normal form for strictly plurisub-
harmonic quadratic forms, given in Lemma 5.1 of [Hormander 1997]; see also [Harvey and Wells 1973].

Let @, ®, be two strictly plurisubharmonic quadratic forms on C” and let k : C2” — C2" be a complex
linear canonical transformation which is positive relative to (A¢,, A, ), in the sense of (1-4). In the
remainder of this section, we shall establish the necessity part of Theorem 1.1, while the sufficiency is
discussed in Section 3. To this end, let us observe first that the linear I-Lagrangian R-symplectic manifold
k(A ®,) is transversal to the fiber {(0,&) : £ € C"}. Indeed, we have in view of (1-4),

1
?G(p7 Lo, (IO)) >0, pE K(Asz)’ (2-24)

while, as recalled above, we know from [Sjostrand 1982; Hitrik and Sjostrand 2018] that the fiber is
strictly negative relative to A g, . It follows that k (Ag,) = A, where @ is a real quadratic form such that
the Levi form 99 ® is nondegenerate. When verifying that ® is (necessarily strictly) plurisubharmonic,
we claim that it suffices to do so when the pluriharmonic part of ®, vanishes. Indeed, introducing
the decomposition (2-8), with the quadratic form &, in place of @y and considering the canonical
transformation k4 given in (2-11), we see, using also (2-13), that « is positive relative to (Ag,, As,)
precisely when I(Zl ok ok 4 is positive relative to (A(I)l_q)Z,plh’ Ao, ) Here @3 oy and @ pery are the
pluriharmonic and the Hermitian parts of ®,, respectively. Here it is also helpful to notice that

—1
L —@y p =Ky ©lo OKyg.
To summarize, if we know that the generating function of the linear I-Lagrangian R-symplectic manifold
-1
KA oKk o KA (A qDZ,herm)

is plurisubharmonic, then the same property is also enjoyed by the generating function of k(A ¢,). In
what follows we shall assume therefore that

cDZ,xx = q>2,)'cy'c = 0. (2-25)

As above, in this discussion, we are also allowed to perform complex linear changes of variables in C",
which correspond to canonical transformations of the form (y, ) — (C~'y, C'n), where C is an invertible
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complex n X n matrix. Such canonical transformations preserve the plurisubharmonicity of the generating
functions, and similarly to the proof of Theorem 2.1, it suffices therefore to consider the case when

@ (x) = 5|x|%. (2-26)

Theorem 2.1 then shows that the C-Lagrangian plane given by {(x, £) € C?" : £ = 0} is strictly positive
relative to Ag,, and therefore x ({(x, §) € C2" : £ = 0}) is strictly positive relative to Ag,,in view of the
positivity of k. Another application of Theorem 2.1 gives that

k({(x.£) €C*" 1 £ =0}) = Ay, (2-27)

where the quadratic form W is pluriharmonic, with W < @;.

Let ¢ (x, y, 0) be a holomorphic quadratic form on C} x CJ x (Cév , which is a nondegenerate phase
function in the sense of Hormander, generating the graph of «. It follows from (2-27), as explained in
[Caliceti et al. 2012], that the quadratic form

C"xCN 5 (y,0) > —Img¢(0, y,0) (2-28)

is nondegenerate, and since it is pluriharmonic, the signature is necessarily (n + N,n + N). Recalling
that
K(Ao,) = Ao, (2-29)

we see, using [Caliceti et al. 2012], that the quadratic form

(y,0) > —Im¢(0, y,0) + ©2(y) (2-30)

is nondegenerate as well. We would like to conclude that the signature of the quadratic form in (2-30) is
also (n+ N,n—+ N), and to that end, we follow [Sjostrand 1982] and consider the continuous deformation

[0,1]3¢t+— —Im¢(0,y,0) + Dy (p). (2-31)
Using (2-16) we see that

1
s0(,te,(1) =0, pnehp,, 0=<1=<1. (2-32)
i

It follows as before that the I-Lagrangian manifold « (A ;g,) is transversal to the fiber, 0 <7 <1, and
therefore we conclude that the nondegeneracy of the quadratic forms in (2-31) is maintained along the
deformation 0 < ¢ < 1. Recalling that the set of nondegenerate quadratic forms of a fixed given signature
is a connected component in the set of all nondegenerate quadratic forms, we conclude that the signature
of the quadratic form in (2-30) is (n + N, n+ N ). Now, as explained in [Caliceti et al. 2012], the quadratic
form @ in (2-29) is given by

(I)(X) = ch,e(_ IIII¢(X, s 9) + q)Z(y))’ (2'33)

where vc), ¢ stands for the critical value with respect to y, 6, and we conclude by the fundamental
lemma of [Sjostrand 1982], see also [Hitrik and Sjostrand 2018], that @ is plurisubharmonic. (As already
observed, the plurisubharmonicity of ® is necessarily strict.)
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We shall next see that ® < ®;, and when doing so it will be convenient to discuss the following
auxiliary result first, which may be of some independent interest.

Proposition 2.2. Let k : C*" — C?" be a complex linear canonical transformation which is positive
relative to (A, Na,). If ® is strictly convex then k has a generating function ¢(x,n) which is a
holomorphic quadratic form such that

K2 (@ (e, m), M) B (o, g (x, ). (2-34)

Proof. 1t suffices to show that the map
7 < graph(k) 3 (x,&; y, 1) — (x,n) € C*"

is bijective, i.e., injective. Let (0,&; y,0) € Ker(sr) so that « : (,0) — (0,&). Let us consider the
Hermitian forms

1 .
bj(v, ) = lfo(v,tcpj (W), j=12.

The strict convexity of ®, together with Theorem 2.1 implies

b2 ((,0), (»,0)) < [y]*, yecC" (2-35)

and the strict negativity of the fiber with respect to A, gives

b1((0,8),(0,8)) < —[§*, geC.

Hence by the positivity of x, we get

0=<51((0,8), (0,£) = b2((y, 0), (»,0)) < (&> + [¥I*).

It follows that (y, &) = 0 and we conclude that 7 is injective. O

Remark. Suppose that the assumptions of Proposition 2.2 hold. The holomorphic quadratic form
@(x,0) — y -0 is then a nondegenerate phase function generating the graph of «.

Let us now turn to the proof of the fact that
P < P;. (2-36)

It follows from the remarks above that it suffices to verify (2-36) when the pluriharmonic part of ®,
vanishes, and since we are again allowed to perform complex linear changes of variables in C", as before,
we conclude that it suffices to consider the case when @, is given by (2-26). Proposition 2.2 applies and
there exists therefore a holomorphic quadratic form ¢(x, 8) such that

K: ((pé(x, 0),0) — (x, ¢, (x,0)). (2-37)

We shall now express the positivity of « relative to (A¢,, A,) in terms of the generating function ¢. To
this end, we shall first obtain an explicit expression for the Hermitian form

1
?G((y? n)ﬂtfbl(y’ 77))’ (J’»’?)ECM,
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where we write

A:®N

l,xx*

®y(x) = JLX-x +Re(4dx-x), L =29

1,xx°

(2-38)

Here L is Hermitian positive definite and performing a unitary transformation, we may assume, for
simplicity, that L is diagonal, with real positive diagonal elements. A simple computation using (2-3)

shows that
%G((y, Mo (y,m) =Ly-y+QAy—in)-x, (2-39)
where
Lx =in—2A4y,
and therefore we get
ll.o((y, st (.m) =Ly-y—L7"Q2idy +1n)-2idy +1). (2-40)

Using also (2-37), we conclude that « is positive relative to (Ag,, Ag,) precisely when
LY@l +2iAx) - (¢l +2i Ax) + |pp(x,0)|* < Lx-x +0]%, (x,0) € C*". (2-41)

It is now easy to conclude the proof of the necessity part of Theorem 1.1, using (2-41). It follows from
(2-33) that we can write

P(x) = vey 6 (—Im(p(x, 0) — y - 0) + P2(y)). (2-42)

At the unique critical point (y(x), 6(x)), we have

Y =gy(x,0), (2-43)
%%(ﬁ:@ = 9=;y. (2-44)

Injecting (2-44) into (2-42), we get
®(x) =—Ime(x,0)—110]%, 0=10(x), (2-45)

and in view of (2-38), it suffices therefore to establish the inequality
—2Ime(x,0) < LX-x +|0]*> +2Re(4dx-x), (x,0) e C>". (2-46)
When verifying (2-46), we write, using the Euler homogeneity relation,

2¢(x,0) = ¢;(x,9)~x+g0é(x,9)-9, (2-47)
and therefore,
—2Im@(x,0) = —Im((@ (x. 0) + 2i Ax) - x + @y(x, 0) - 6) + 2Re(Ax - x). (2-48)

An application of the Cauchy—Schwarz inequality with respect to the positive definite Hermitian forms
(x,y) = L7 1x -3, (x,y) ~ x - j together with the inequality ab < %az + %bz allows us to conclude
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that the first term in the right-hand side of (2-48) does not exceed
LNl +2i4x) - (¢ + 2iAx) + LE - x + |gp(x, 0) 1> +160]%).

The inequality (2-46) follows, in view of (2-41). The proof of the necessity part of Theorem 1.1 is
complete.

Remark. In the context of Theorem 1.1, assume that ®; = &, =: O and let us write

Pp(x) = suﬂg (—Img(x, y)), (2-49)
yeRr”

where ¢(x, ) is a holomorphic quadratic form on C% x C¥ such that det (p;y # 0 and Im <p)’,’y > (. In the
special case when ® is given by (2-26), we can take

o(x.y) =i(3x7+V2x -y + 1)7).
The complex canonical transformation
ko 1 C*" 3 (1, —¢)(x, ) > (x, @ (x, y)) € C" (2-50)

maps R?” bijectively onto A g, see [Hitrik and Sjostrand 2018], and it exchanges the complex conjugation

map C and the involution tg,. Setting
K=k, okoky, (2-51)

we see that the complex linear canonical transformation £ is positive in the sense of [Hormander 1995],

Ho((0). CR (o) ~0 (0. Cp) 20, pe T 2-52)

An application of Proposition 5.10 of [Hormander 1995] allows us to conclude therefore that the map i
enjoys the factorization
/?=/2101220/Z3, (2-53)

where k| and k3 are real linear canonical maps and the map &5 is of the form
iy = exp(—i Hy), (2-54)

where § is a quadratic form with Re § > 0 on R?” — see also the discussion in the proof of Proposition 5.12
of [Hormander 1995]. We obtain the factorization

K =K1 0K 0K3, (2-55)
where we have
Kj: Aoy —> Aoy, =13, (2-56)
and
ko = exp(—iHy), (2-57)

where ¢ is a holomorphic quadratic form on C2” such that Re ¢ > 0 along A ,. The representation (2-55)
can be used to give an alternative proof of the basic inequality ® < &, in Theorem 1.1, in this special case.
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3. Positivity and Fourier integral operators

The purpose of this section is to establish the sufficiency part of Theorem 1.1. To this end, let &1, ®, be
two strictly plurisubharmonic quadratic forms on C” and let  : C2” — C?" be a complex linear canonical
transformation. Assume that

k(Ae,) = Ao, (3-1)
where @ is a strictly plurisubharmonic quadratic form such that
O <. (3-2)

We shall establish the positivity of « relative to (A¢,, Ag,) by making a judicious choice of a nonde-
generate phase function generating the graph of «, and to this end, it will be convenient to consider a
metaplectic Fourier integral operator associated to k. Let therefore ¢(x, y, #) be a holomorphic quadratic
form on C% x C§ x Cg’ , which is a nondegenerate phase function in the sense of Hormander, generating
the graph of «. It follows from [Caliceti et al. 2012] that the plurisubharmonic quadratic form

C"xCN s (y,0) > —Img(0, y,0) + Dr(y) (3-3)

is nondegenerate of signature (n + N,n + N). We conclude, following [Sjostrand 1982; Caliceti et al.
2012] that the Fourier integral operator

Au(x) = // e Dau(y)dy do, aecC, (3-4)
quantizing k, can be realized by means of a good contour and we obtain a bounded linear map,

A:Hgp, (C") — Hg(CM). (3-5)
Here

Hg,(C") = Hol(C") N L2(C", e~ 22 L(dx)),

with Hg (C") having an analogous definition.

We shall now discuss a Bergman-type representation of the bounded operator in (3-5); see also [Melin
and Sjostrand 2003] for a related discussion. To this end, let us recall from Theorem A.1 that we can
write

Au(x) = / Ka(x. Pu(y) e 20 L(dy) =: Au(x). (3-6)
Here the kernel K 4(x, z) is holomorphic on C} x C7, with
y K(x,y) € Hp,(C"),

uniquely determined by (3-6). If u € Léz (C") = L?(C", e~2®2 L(dx)) is orthogonal to Hg,(C"), we
see from (3-6) that Au = 0. Hence the operator Ain (3-6) is a well-defined linear continuous map

A: Ly (C") — Hg,(C").
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Furthermore, A extends to a map: &' (C") — Hol(C") and we have
Ka(x, 7)e %200 = (48,) (v), (3-7)

where §, € £'(C") is the delta function at y. Let next IT; : Léz (C") — Hg,(C) be the orthogonal
projection and let us recall from [Hitrik and Sjostrand 2018] that the operator I1, is given by

Mau(x) = a; / 2V N =020)y(3) L(dy), ay > 0. (3-8)

Here W, is the polarization of ®,, i.e., a holomorphic quadratic form on C)zc”’y such that W, (x, X) = $,(x).
We get Aay = /IHZSy = AIl,06,, and it follows from (3-7) that

K4(x.7) = Aa2*20 ) (x). (3-9)
From [Hitrik and Sjostrand 2018], let us recall the basic property
2Re Wy (x, 7) = Do (x) = P2(») ~ ~|x = y|?
on C} x CY, and in particular we have

2Re V¥, (x,p) < Dyr(x) + Do (p). (3-10)
It follows that
—Img(0, y,0) +2Re W5 (7,0) < —Im¢(0, 7, 0) + P2(7). (3-11)

Here, as observed in (3-3), the right-hand side is a nondegenerate plurisubharmonic quadratic form of
signature (n + N,n + N), and since the left-hand side is pluriharmonic, we conclude that it is also
nondegenerate of signature (n + N,n + N). Writing

—Ime(0, y,0) +2Re ¥, (3,0) =Re(ip(0, y,0) + 2¥,(7,0)),
we conclude that the holomorphic quadratic form
C"xCN 5 (7,0) — ip(0, 7,0) 4+ 2W, (7, 0)
is nondegenerate. It follows that the holomorphic function
C"xCN 5 (7,0)—ig(x, 7,0)+2Us(7, 2)

has a unique critical point which is nondegenerate for each (x, z) € C"* x C". An application of exact
(quadratic) stationary phase allows us therefore to conclude that

K4(x,7) =ae*¥™P  GeC. (3-12)
Here W(x, z) is a holomorphic quadratic form on C2” given by

2U(x,z) = veyg(ip(x, 7,0) +2W, (7, 2)). (3-13)

Let us now make the following basic observation.
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Proposition 3.1. The holomorphic quadratic form V(x, z) given in (3-13) satisfies

2Re W(x, ) < ®(x) + P2(y), (x,y) € Ch xCy. (3-14)
Proof. 1t will be more convenient to verify that

2Re W(x, ) < ®(x) 4+ D3(»). (x.y) €CyxC}, (3-15)

where ®7(y) = ®,(7). A direct calculation shows that

2 2 _
;3y<1>§(y) =—7(0yP) ().
or equivalently,
2 o = 2
Z0,(93)(F) = == 0y 22)(»).
It follows that the antilinear involution
L:C" 5 (y.) = (7, 7)) € C*" (3-16)
maps A g, bijectively onto Aq;;. We conclude in view of (3-1) that
kol Agr — Mg, (3-17)

and let us consider the graph of the map in (3-17), Graph(xk o I') N (A g X Aq;.;). Here Ag % Aq>; =
A¢(x)+¢§ (») 18 I-Lagrangian and R-symplectic for the standard symplectic form

dé Ndx +dnAdy (3-18)

on Ci”é X (DJZ,:’,] and we claim that Graph(k o ") N (A X Aq);) is Lagrangian for the symplectic form in
(3-18), restricted to A g X Aq;ik. This can be seen by a direct computation: when (¢, s) € A(I)Z‘ X A¢;< we
have, writing o for the standard symplectic form on C2”,

o(k(T(1)), k(T (s))) +a(t,s) =o(L(t),[(s) +a(t,s) =—0o(t,s) +o(t,s) =0,
since o (¢, s) is real. Here we have also used that, by a straightforward computation,
o(T't,Ts)=—o(t,s). (3-19)
It is then well known that 7y (Graph(koI') N (A X Aq>>2k )), the projection of Graph(xoI") N (A x Aq);)

in (D)Zc’fy, is maximally totally real; see [Melin and Sjostrand 2003].

We now come to check (3-15). To this end, we observe that (3-13) gives

20,V (x,y) =idxp(x, 7,0), (3-20)
28ylp(x» J’) :28y‘p2()7, y)1 (3-21)

where 5
Dop(x. 7.6) = 0. 359(x.5.6) + Z05%2(5. ) = 0. (3-22)
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We shall consider (3-20), (3-21) at the points (x, ) € 7y, y(Graph(koI') N A g x Aq,;), which corresponds
to y = y in (3-22). Using (3-22) together with the fact that

95W(7, §) = 35 P2(7),

and (3-21) together with the fact that

(8};‘1/2)()7, y) = ayq);(J’)’
we conclude that at the points

(x,») € mx,y(Graph(k o T) N Ao X Aq);),
the following equalities hold:

BxW(x,y) = 8x®(x). ,W(x.y) =8y ®5(»). (3-23)
In other words,
dx (P(x) —2Re W(x, y)) = 0,(P3(y) —2Re ¥(x, »)) =0,

along 7,y (Graph(k o I') N Ag x Aq>;<), and thus the gradient of the real-valued function
F(x,y) = ®(x) + @3(y) —2Re ¥(x, y) (3-24)

vanishes on 7y (Graph(koT') N Ag x Aq>;<). It follows that the strictly plurisubharmonic quadratic form
F(x, y) vanishes to the second order along

7x,y(Graph(k oI') N Ag X Aq_);), (3-25)
and since the latter is maximally totally real, we get F > 0, thus implying (3-15). O

Remark. The strictly plurisubharmonic quadratic form F(x, y) in (3-24) vanishes to the second order
along the maximally totally real subspace (3-25), and therefore the conclusion that /' > 0 can be
strengthened to

F(x,y) = dist((x, V), tx,y(Graph(k oI') N Ag x A@;))Z.

Let us now return to the Bergman-type representation of the Fourier integral operator 4 in (3-4)
quantizing k. Combining (3-6) and (3-12), we get

Au(x) = // ae2 (Y N=2200) () dy d j (3-26)
for some & € C. This can be viewed as a Fourier integral operator
Au(x) = // a2 (W 0—¥2(3.00) (1) 1y 4, (3-27)

where we take the integration contour 6 = y in (3-27).
Since d,,09 W2 (y, 0) is nondegenerate, the phase function

Bx. 3. 6) = 2 (U(x. 6) = Ws(1,6) (3-28)
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is nondegenerate in the sense of Hormander, and the canonical transformation « takes the form
e (v l%ay\pz(y, 0) > (x. l%ax\p(x, 0)). with 30 (x.0) = dgWs(y. 0). (3-29)
We may also notice here that if we define
2 2
Ky : (9, —1739‘11()7, 9)) = (y, lfay"p(y, 9))

1 .
2

The discussion so far shows that the canonical transformation « enjoying the mapping properties (3-1),
(3-2), admits a nondegenerate phase function of the form (3-28), where the quadratic form W satisfies

and ry, similarly, then k = kg o Ky,

2ReV¥(x,y) < Di(x)+ D2(y), (x,y)eCﬁxC;. (3-30)
The positivity of k relative to (Ag,, Ae,) is then implied by the following general result.

Proposition 3.2. Let k be a canonical transformation satisfying (3-1) and let us consider a metaplectic
Fourier integral operator of the form (3-26), or equivalently (3-27), associated to k. Then the following
conditions are equivalent:

(i) « is positive relative to (A, , Aa,) in the sense of (1-4):
%O’(Il,Lq:.lll) — %a(tz, Lo,12) >0, whenevert; = k(ty), ty € C*", (3-31)
(i1) AzRrew(x,j) is positive relative t0 A, (x)+d,(y)-
(ii)) 2Re W(x, y) — @1 (x) — P2(y) = 0 on C x CT.

Proof. The equivalence (ii)<>(iii) follows from Theorem 2.1, so it suffices to show the equivalence
(1)< ().
Clearly, (iii) is equivalent to

2Re W(x, ) — Py (x) - P5(») <0 onC, (3-32)

where ®7(y) = @,(7)(= ®2(7)), and by Theorem 2.1(ii) is equivalent to

ArRew(x,y) 18 positive relative to Aq;l(x)+q>; O)- (3-33)
We have
Aorew = {(x, 20x2Re W(x, ); y, 70,2Re W (x, 1)
2 2
= { (. F0xWr 2222, S0, WCx ) (334
and (3-33) means that
%O'(ll , tqgltl) + %O’(lz, Ld)ZZZ) >0 forall (#1,2,) € Arrew.- (3-35)

Here, we shall relate the involutions Lo and tg,. From (2-4) let us recall that (g, is given by

Lo, : (y, 12,3y\112(x,)7)) > (x, %8x\112(x,)7)). (3-36)
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We also know that the antilinear involution I', given in (3-16), maps A ¢, bijectively onto Aquk, and since
L, Loy are the unique antilinear maps equal to the identity on A ¢, and Aq,;s respectively, it follows that

Loy = Ie,TI'. (3-37)
From (3-19), let us recall that

%o(Ft,Fs) = %O'(Z,S),

so using (3-37), we find that the second term in (3-35) is equal to

%O-(ZZ’ rtq)zrtZ) = %O(rt27 LCDZFZZ) = %O-(FZZ’ L¢2Ft2) = _%O-(LQZFZb? FZZ)a
where we also used the fact that (1/i)o (7, t,?) is real. Hence (3-33) is equivalent, via (3-35), to

lla(zl,tq,lzl) — lla(tq,zrzz, T1,) >0 forall (t1.65) € Aspew. (3-38)
From (3-36), we get
- 2 2 —
0,7 : (7. =20, W02, ) > (v, S0 W, 9)):
ie.,
2 2
Lo, T (9, 2090 (. 9)) > (y, 20,9, 9)), (3-39)

where we changed the notation slightly for convenience.
Write

2 2
Aarew 3 (11, 12) = (¥, 02 W(x, 0):0, T3 W (x, 0).
and put 73 = 19,172, so that by (3-39)
2
t3 = (y’ lTayLDZ(ya 9))v

where
(6.200(x. ) = (6. 209 ¥:(».0)).
Comparing with (3-29), we see that t; = «(¢3). Since I't; = Lézl"lz = Lg,!3, we see that (3-38) is
equivalent to
%O’(ll,chlll) — %U(Q, lp,t3) >0, whent; =«(t3), (3-40)
which is precisely (3-31) up to a change of notation. This completes the proof of the equivalence (i)<(ii)

and of the proposition. O

Combining Propositions 3.1 and 3.2, we see that the proof of the sufficiency part of Theorem 1.1 is
now complete.

Remark. Let k : C2” — C2" be a complex linear canonical transformation such that (3-1) holds, where
®,, O are strictly plurisubharmonic. It follows from (3-23) that the holomorphic quadratic form W(x, y)
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depends only on « and on the weights ®,, ®, but not on the choice of a nondegenerate phase function
p(x,»,0), (x,y,0) € Cy x CY x Cév such that

[
A, = Graph(k),
where
Ay ={(x, 05 (x, ,0); p, =0, (x, ¥, 0)) s gy (x, p,0) = 0}.
It follows that if ¥ (x, y, w), (x,y,w) € C} x CJ x Cg ', is a second nondegenerate phase function such

that
A, = AQ/I = Graph(k),

then both ¢ and ¢ give rise to the same Fourier integral operators, realized as bounded linear maps:
Hg,(C") — He(C").

We shall finish this section by making some remarks concerning metaplectic Fourier integral operators
in the complex domain, associated to canonical transformations that are strictly positive relative to
(Aq;.l , Aq;z). Let

Kk :C*" — C*" (3-41)

be a complex linear canonical transformation which is strictly positive relative to (Ae,, Ag,). According
to Theorem 1.1, we then have
k(Ao,) = Ao, (3-42)

where @ is a strictly plurisubharmonic quadratic form on C” such that

®(x)—D(x) =< |x|>, xeC™ (3-43)
Let
Tu(x) = // %Y gy (y)dy do, aeC,

be a Fourier integral operator associated to x. As discussed above, it follows from [Caliceti et al. 2012;
Sjostrand 1982] that the operator 7" can be realized by means of a suitable good contour and we then
obtain a bounded operator

T : Hg,(C") — He(C"). (3-44)

It follows from (3-43) that the inclusion map Hg(C") — Hg,(C) is compact, and the operator 7 :
Hg,(C") — Hg, (C") is therefore compact. The following sharpening is essentially well known; see
[Aleman and Viola 2018].

Proposition 3.3. The operator
T Hcpz (Cn) — Hcpl ((Dn)

is of trace class, with the singular values s; (T') satisfying

5;(T) = O(j ™). (3-45)
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Proof. Let ¢ be a holomorphic quadratic form on C2” such that its restriction to A g, is real positive definite.
Let us introduce the Weyl quantization of ¢, the operator Q = g% (x, D). The quadratic differential
operator Q is self-adjoint on Hg, (C") with discrete spectrum, and let us consider the metaplectic Fourier
integral operator /@, 0 <t <ty < 1, acting on the space Hg(C"). Using some well-known arguments,
explained in detail in [Hérau et al. 2005; Hitrik and Pravda-Starov 2009; Hitrik et al. 2018], we see that,
for ¢ € [0, #o] with zo > 0 small enough, the operator ¢?< is bounded,

¢'?: Hy(C") — He, (C"), (3-46)

where ®; is a strictly plurisubharmonic quadratic form on C”, depending smoothly on # > 0 small enough,
such that

D, (x) = D(x) + O@)|x|%. (3-47)
Combining this observation with (3-43) we conclude that there exists § > 0 small enough such that the
operator
e’CT : He,(C") — Hey, (C") (3-48)
is bounded. Writing
T =e%C0T, (3-49)

and applying the Ky Fan inequalities, we get

si(T) < 55 (e CT || (b, Ha,) = OU~).

Here we have also used the fact that the singular values of the compact positive self-adjoint operator
e 32 on Hg, (C") satisfy
5709 =0 ™).

It follows that T is of trace class and the proof of the proposition is complete. O

4. Applications to Toeplitz operators

The purpose of this section is to apply the point of view of Fourier integral operators in the complex
domain, developed in the previous sections, to the study of Toeplitz operators in the Bargmann space,
establishing Theorem 1.2.

Let ®( be a strictly plurisubharmonic quadratic form on C” and let p : C" — C be measurable.
Associated to p is the Toeplitz operator

TOP(P) = H‘Po opo Hq)o : H‘P()(G:n) - H‘P()(Cn) (4'1)
Here
Mg, : L*(C", e 2®0L(dx)) — Hg,(C")

is the orthogonal projection. We shall always assume that when equipped with the natural domain
D(Top(p)) = {u € Hoy(C") : pu € L*(C", e 720 L(dx))}. (4-2)

the operator Top(p) becomes densely defined.
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For future reference, let us recall the link between the Toeplitz and Weyl quantizations on C”. Let
p € L°°(C"), say. Then we have

TOP(P) = aw(x’ DX)’ (4'3)
where a € C*°(Ag,) is given by
200 _
(5.2 50 0) = (3@ 005 0) )0, x e (@4-4)

See [Guillemin 1984; Sjostrand 1996]. Here —(CDg . )-C)_1 0 - 0z is a constant coefficient second-order

differential operator on C” whose symbol is the positive definite quadratic form

1(@F ,z) EE>0, 0#£EeC ~RM,

0,xXx

and therefore the operator in (4-4) can be regarded as the forward heat flow acting on p.
In this section we shall be concerned with the question of when an operator of the form Top(p) is
bounded,

Top(p) € L(Ha,(C"), He, (C")),

and following [Berger and Coburn 1994], in doing so we shall only consider Toeplitz symbols of the
form
p=e?, 4-5)

where ¢ is a complex-valued quadratic form on C". Let us first proceed to give an explicit criterion,
guaranteeing that when equipped with the domain (4-2), the operator Top(e??) is densely defined.
Recalling the decomposition (2-8) and considering the unitary map

He,(C") 3 u>ue™ € Hp, (C"), f(x)=®)  x-x,

0,xx

we may observe that the space e/ P(C") = {e/ p : p € P(C")} is dense in Hg,(C"). Here P(C") is the
space of holomorphic polynomials on C”. It follows that

e/ P(C") C D(Top(e??)),

so that Top(e??) is densely defined, provided that

2Re g (x) < Pherm(X), (4-6)
in the sense of quadratic forms on C”.
Recalling (3-8), we may write
Top(e®?)u(x) = C[ e2(Wo e N=Po) 2007y (1) dy d 7, u € D(Top(e9)). 4-7)

Here C > 0 and W is the polarization of ®¢. Similarly to (3-27), we get

Top(eX)u(x) = C / [ 2 O—To O+ (1) dy . (4-8)
T
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where I is the contour in C2”, given by # = j. Here the holomorphic quadratic form

F(x,y.0) = lg.(‘lfo(xﬁ)—‘lfo(y,@)+(1(y’9)) (4-9)

is a nondegenerate phase function in the sense of Hormander, in view of the fact that det \Ifg w0 70,
and therefore the operator Top(e29) in (4-8) can be viewed as a metaplectic Fourier integral operator
associated to a suitable canonical relation C C2” x C2". We have the formal factorization

Top(e??) = AB,
where

Av(x) = / e2Vo&0y(9)d,  Bu(h) = / e 2%000(3) dy, (4-10)

and where we have written ¥, (y,0) =¥o(y,0)—q(y,0). Here the operator 4, formally, is an elliptic
Fourier integral operator associated to the canonical transformation

(9,—1339\1;0(x, o) (x. l%ax\po(x, ).

It follows that the canonical relation associated to Top(e29) is the graph of a canonical transformation if
and only if this is the case for the Fourier integral operator B. We conclude that the operator Top(e?9) in
(4-8) is associated to a canonical transformation precisely when

3y dgWo # 0. (4-11)

The condition (4-11) is equivalent to the assumption (1-8) in Theorem 1.2. The canonical transformation
is then given by

K:(y,—0yF(x,y,0))— (x,0xF(x,y,0)), 0gF(x,y,0)=0. (4-12)

Example. In the following discussion, we shall revisit the family of examples discussed in Section 6 of
[Berger and Coburn 1994] and show how the point of view of Fourier integral operators in the complex
domain, developed above, allows one to recover the main findings of Section 6 of that paper, obtained
there by means of a direct computation.

Let ®g(x) = %|x|2 and ¢ = %k|y|2, A €CwithReA < % Here the restriction on Re A implies that
(4-6) holds, so that the operator Top(e?9) is densely defined in Hg,(C"). We have

‘IJO(X,J’):%X')’:

and the phase function F in (4-9) is given by

F(x,y,@):l%(%x-@—(%)y-e). (4-13)

In particular, the condition (4-11) is satisfied and we may then compute the canonical transformation «
associated to the corresponding Fourier integral operator Top(e29) in (4-8).
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The critical set Cg of the phase F is given by dg F = 0 <= x = (1 — A)y, and the corresponding
canonical transformation « is of the form

k:(y,—0yF(x,,0))— (x,0xF(x,p,0)), (x,y,0)eCF. (4-14)

It follows that « is given by
e (=0, 75), (*-15)

We shall now determine when the canonical transformation « is positive relative to A ¢,,, which can be
done by a direct computation: it follows from (2-4) that the involution (g, is given by

1_1_
L‘I)() : (y7 77) = (1_77, l_y)v (4_16)

and therefore, we may compute,

Fottrmsogetrom = so((a =y 15 ). (G725 70 -Dr )

i A 1—A
= -appP - @17)
Similarly, we have
%0((% n)s ey (v, M) = |y =0l (4-18)
Combining (4-17), (4-18) we see that the « is positive relative to A g, if and only if
[1—A] > 1. (4-19)

This condition occurs in [Berger and Coburn 1994, pp. 581-582] (with the inessential difference that in
the discussion in that paper one considers ®¢(x) = %|x |2), where it is verified that the operator Top(e29)
is in L(Hg,(C"), Hp,(C")) precisely when (4-19) holds.

In the case when the strict inequality holds in (4-19), the canonical transformation « in (4-15) is strictly
positive relative to A, and it follows from Proposition 3.3 that the Toeplitz operator Top(e?9) is of trace
class on Hg,(C").

We shall now proceed to discuss the “boundary” case when

I1—A|=1. (4-20)

In this case, using (4-15) we immediately see that k (Ag,) = Ag,, and therefore we conclude, in view of
[Caliceti et al. 2012; Sjostrand 1982], that the operator

Top(e?9) : Hp,(C") — He, (C") (4-21)

is bounded, with a bounded two-sided inverse.
We claim next that the operator in (4-21) is in fact unitary when (4-20) holds, and when verifying the
unitarity, it will be convenient to pass to the Weyl quantization, computing the Weyl symbol of Top(e29).
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It follows from (4-4) that

a(x %m&(x)) = (exp(é)ezq) (x) = (3)’![ eI AP [ (ay). (4-22)
i ox 8 T n

Here A is the Laplacian on C” ~ R?”. Computing the Gaussian integral in (4-22) by the exact version of
stationary phase, we get, see also [Berger and Coburn 1994],

(v 250w) = (525 ) en(52517) @23

() =0

when (4-20) holds, reflecting the fact that the associated canonical transformation in (4-15) is “real” in

Here we may notice that

this case. We conclude that the Weyl symbol of the Toeplitz operator Top(e?9) is given by

a(v.8) = (525 epF(x.8).  F(x.8) = 525 x -k, (4-24)
so that
Top(e?9) = ( ) (exp(iF))™. (4-25)

We have (Im F)|p v, =0 and an application of Proposition 5.11 of [Hormander 1995] together with the
metaplectic invariance of the Weyl quantization allows us to conclude that the operator

Vdet(I —F/2)(exp(i F))" : Hp,(C") - Hg,(C") (4-26)

is unitary. Here F is the Hamilton map of F, i.e., the matrix of the (linear) Hamilton field HF, and it
remains therefore to check that

Jdt(I —F/2) = (ﬁ)"e”, R, (4-27)

To this end, we compute using (4-24),

A 1 0 2 1-A 0
f/z_ﬂ(O—l)’ I—f/z—ﬂ( 0 1)’

and (4-27) follows, thanks to (4-20). We conclude therefore that the Toeplitz operator Top(e29) is unitary
on Hg,(C"), when Re A < % and (4-20) holds. The unitarity property has also been observed in [Berger
and Coburn 1994].

Remark. In the case when ReA < 1, |1 —A| > 1, we observed that the operator Top(e??) is of trace
class on Hg,(C"), and we get, using (4 24) and the metaplectic invariance of the Weyl quantization,

(2n)" //M (OIAn—d))

tr Top(e29) =

where «a is given in (4-24).
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We are now ready to discuss the proof of Theorem 1.2. It follows from Theorem 1.1 and the discussion
in this section that it suffices to check that the canonical transformation (4-12) associated to the operator
Top(e?9) is positive relative to Ag,. To this end, let us consider the Weyl symbol of Top(e27), given by
(4-4),

a(x.&) = (exp(F(PF ,5) ' x-95)e*)(x).  (x.€) € Ag,. (4-28)

A simple computation of the inverse Fourier transform of a real Gaussian shows that

a(x,£) = Co, / exp(—4Pperm(x — ))e290) L(dy), Co, #0. (4-29)
Cn

Here the convergence of the integral in (4-29) is guaranteed by (4-6). In view of the exact version of
stationary phase, it is therefore clear that

a(x,é)zCexp(iF(x,S)), (X’E)EA‘I)(V (4'30)

for some constant C # 0, where F is a holomorphic quadratic form on C?”. Proposition B.1 shows that
the positivity of « in (4-12) relative to Ag,, is equivalent to the fact that the Weyl symbol in (4-30) is
such that Im F|A<1>o >0 <<= exp(iF) € L°°(As,). The proof of Theorem 1.2 is complete.

Appendix A: Schwartz kernel theorem in the Hg -setting

In this appendix we shall make some elementary remarks concerning integral representations for linear
continuous maps between weighted spaces of holomorphic functions. Such observations are essentially
well known; see for instance [Peetre 1990].

Let Q; C C" be open, j = 1,2, and let ®; € C(2;; R). We introduce the weighted spaces

He, (2j) = Hol(Q)) N L*(R;,e % L(dy;)), j=1.2, (A-1)
where L(dyj) is the Lebesgue measure on C"/. When viewed as closed subspaces of L2(;, e 2% (dy i),
the spaces Heg, (€2;) are separable complex Hilbert spaces and the natural embeddings Hg, (2;) —

Hol(£2;) are continuous. Here the space Hol(£2;) is equipped with its natural Fréchet space topology of
locally uniform convergence. Let

T:Hgp, (1) — He,(27) (A-2)
be a linear continuous map. Let us also write Q = {z € C"! : 2 € Q).

Theorem A.l. There exists a unique function K(x,z) € Hol(Q, x Q) such that

Qi 3ym K(x,y) € Hp, (21) (A-3)
for each x € Q,, and
170) = [ K000 L), f € Hoy (@) (A-4)
We also have !
Qy3x— K(x,z) € Hp,(22) (A-5)

for each z € Q.
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When proving Theorem A.1, we observe that it follows from the remarks above that for each x € €2,,
the linear form

Ho (1) 3 f = (T/)(x)eC (A-6)

is continuous, and there exists therefore a unique element k € Hg, (£21) such that for all /' € Hg, (21)
we have

Tf(.X) = (f" kX)@]? X € QZ' (A-7)

Here and in what follows (-, -)g; stands for the scalar product in the space Heg, (€2;), j = 1,2.
Letting (ej) be an orthonormal basis for Hg, (£21), we may write with convergence in He, (£21), for
each x € Q, fixed,

o0 o0
kx = Z(kx,ej)(plej = Z Tej(x)e;j. (A-8)
j=1 j=1
By Parseval’s formula we get
e}
lexlly, =D ITej(0)*,  x€Qs. (A-9)
j=1
Here we know that
lkxlle, = sup [Tf(x)], (A-10)
Ifle, =1

and it follows that the function 2, > x > ||k« ||, is locally bounded. Let us now make the following
elementary observation: Let 2 C C” be open and let f;, € Hol(£2) be such that the series

PGS (A-11)
n=1

converges for each z € 2, with the sum being locally integrable in €2. Then the series converges locally
uniformly in 2. Indeed, let us write

D 1@ = F(z) € L ().

=1
Let K C €2 be compact and let @ be an open neighborhood of K such that K C w € 2. Then by Cauchy’s
integral formula and the Cauchy—Schwarz inequality we have

We get therefore the uniform bound

N
> supl ful* <Ok Flpiy. N=1.2....,

n=1

implying the locally uniform convergence of (A-11).



352 LEWIS A. COBURN, MICHAEL HITRIK AND JOHANNES SJOSTRAND

It follows that (A-9) holds with locally uniform convergence in x € €25, and in particular the function
Qr 3 x> ||kx ||fI>l is continuous plurisubharmonic. We may therefore conclude that the series in (A-8)
converges locally uniformly in €2 x €2,. Letting

K(x,2):=kx(3) = )_ Tej(x)e; (3), (A-12)
j=1

we conclude that K € Hol(£2, x §_21) is such that (A-3) and (A-4) hold, and these properties characterize
the kernel K uniquely.

When verifying (A-5), we let kye€ Hg,(£2,) be the reproducing kernel for He, (£2,). We may then
write, when f € Hg, (21), x € Q2,

Tf(x) = (Tf.kx)a, = (. T*kx)a,. (A-13)
and therefore,
kx = T*kx. (A-14)
Here

T* : H@z(QZ) — HCI’[ (Ql)

is the adjoint of 7. Letting (fj) be an orthonormal basis for He, (£27) and recalling that

ky= i i) fi (A-15)
we get "
kx(y) = i i GT* f;(»), (A-16)
Therefore, "

K. 7) =Y i)T* f;(3).

j=1

and we see that (A-5) follows. We also get

IKC. )%, =D _IT* (I (A-17)

j=1
Remark. It follows from (A-9) that T € L(He, (£21), Ho,(£22)) is of Hilbert—-Schmidt class precisely
when

[/ |K(x, 7)|2e”2@10)+®20) [ (dy) L(dx) < .
Q] XQZ

Remark. An alternative proof of Theorem A.1 can be obtained by applying the Schwartz kernel theorem
directly to the linear continuous map

Mo, TTg, : L2(Q,e *®1 L(dy))) — L2(Q,, e P2 L(dy,)).
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Here
Mo, : L*(Qy,e % L(dyj)) — Ho, ()

is the orthogonal projection. Writing the Schwartz kernel of I1¢,7 1, in the form K(x, 7)e 2% ),
we see that K should satisfy dz K(x, y) = 0. Now the distribution kernel of the adjoint I1g, 7* I,
is given by K(y, X)e~2%2(")_ and it follows that 35 (K(y,¥)) = 0. We get dx(K(y,X)) = 0, so that
(05 K)(y,x) =0 <<= 05 K(x, y) = 0. We conclude that K(x, y) is holomorphic in (x, y).

Appendix B. Positivity and Weyl quantization

The purpose of this appendix is to characterize the boundedness of the Weyl quantization of a symbol
of the form exp(i F(x, £)), where F a complex quadratic form, in the Hg-setting. See also [Hormander
1995] for a related discussion in the context of L2-boundedness.

Let F = F(x, £) be a complex-valued holomorphic quadratic form on C2” and let us consider formally
the Weyl quantization of ¢F*-€),

Au(x) = 0p” (e"Mu(x) =

// (= O+ F (920 (1) dy d6. (B-1)
2m)"

The holomorphic quadratic form (x — y)-6 + F (%(x + ), 9) is a nondegenerate phase function in the
sense of Hormander and generates a canonical relation

K: (y’ 77) = (xv é)’ (B_z)
given by
xX+y 4 X+y 1 X+y
X=T—§F§( ) ,9), §=9+§F;€( ) ,9),
(B-3)
X+y X+y X+y
y=—"+ FE( ,9), n:e—%F;(T,e).

The graph is parametrized by p = ((x + »).6) € C*" and (B-2), (B-3) take the form

k:p+3HE(p) = p— 3 HF(p), (B-4)

where Hp(p) = (Fé(p), —F/.(p)) is the Hamilton field of F at p.
We shall now give a criterion for when « in (B-4) is a canonical transformation. Recall that Hr(p) = Fp,

ro foo I
// 1/
—Fll, —F,

is the fundamental matrix of F' (usually appearing as the linearization of a Hamilton vector field, which

where

in our case is already linear). We have

0 1 F// F//
F=JF' J= (_1 O), F' = (F,/ ISl
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and we notice that J2 = —1, JT = —J. Then (B-4) is the relation
1+F/2)p—A=F/2)p. (B-5)

Now F is antisymmetric with respect to the bilinear form o (v, ) = Jv - u; hence 1 — F/2 is bijective if
and only if its transpose 1 + F/2 with respect to o is bijective. We conclude that the following three
statements are equivalent:

(1) k is a canonical transformation.
(i) 1—F/2 is bijective.
(iii) 14 F/2 is bijective.
In what follows, we shall assume that (i)—(iii) hold.
Let @ be a strictly plurisubharmonic quadratic form on C" and let (g, : C?" — C2" be the corresponding

antilinear involution, i.e., the unique antilinear map which is equal to the identity on A g,. We shall now
proceed to characterize the positivity of the canonical transformation « in (B-4) relative to Ag,. Let

[, v] = 1b(u,v), (B-6)

where b(j4, v) has been defined in (2-5). It is a Hermitian form and « is positive relative to A ¢, precisely
when

[v,v]=[u, ] forall v, u with v =rx(u). (B-7)
By (B-4) this is equivalent to

[o—3HF(p).p— 3 HF (p)] = [p+ 3 HF (p). p+ 5 HF (p)].  peC?",

or equivalently,
Re[HF(p),p] <0, peC*. (B-8)

To simplify the following discussion, we shall make use of the invariance (exact Egorov theorem) under
conjugation of 4 in (B-1) with a unitary metaplectic Fourier integral operator U : L?(R") — Hg,(C")
with the associated canonical transformation kg7, mapping R2” onto Ag,. The operator B = U —l4U
is the Weyl quantization of ¢!C where G = F o ky. Also tg, = KUCKal, where C is the involution
associated to R?”, which is just the map of ordinary complex conjugation. By abuse of notation we write
F also for the pull back F o xy and we continue the discussion in the case when A g, has been replaced
with R?” and Lo, With C, C(p) = p. In this setting, (B-8) becomes

Imo(Fé(,o), —FlL(p):%,6) <0 forall p=(x,£) e C*";
ie.,
Im(F(x.8)- % + F(x.6)-H 20, (x.§)eC.
or even more simply,
Im(F;)/pp-[)) = 0.
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Writing p = j1 +iv, i, v € R?", we see that the last inequality is equivalent to

ImF'p-p+ImF’v-v>0;
ie.,
Im F” > 0;

ie.,
ImF >0 onR?*”".

By the metaplectic invariance it follows that the positivity condition (B-7) is equivalent to
ImF>0 onAg,, (B-9)
now with the original F.

Remark. The condition (B-9) is quite natural since we know that for ordinary symbols instead of e'F
the natural contour of integration in (B-1) should be

- g_axcp(x”);
i 2

see [Sjostrand 1996; Hitrik and Sjostrand 2018].

We summarize the discussion in this section in the following result.

Proposition B.1. Let F be a holomorphic quadratic form on C*"* such that the fundamental matrix of
F does not have the eigenvalues £2. Let ®q be a strictly plurisubharmonic quadratic form on C". The
canonical transformation associated to the Fourier integral operator Op” (e'F) is positive relative to Ao,
precisely when

Im F|Aq>0 > 0. (B-10)

In particular, if (B-10) holds, then the operator
Op”(e'") : He, (C") — Hap, (C")

is bounded.
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MICROLOCAL ANALYSIS OF FORCED WAVES
SEMYON DYATLOV AND MACIEJ ZWORSKI

Dedicated to Richard Melrose on the occasion of his 70th birthday

We use radial estimates for pseudodifferential operators to describe long-time evolution of solutions to
iuy — Pu = f, where P is a self-adjoint zeroth-order pseudodifferential operator satisfying hyperbolic
dynamical assumptions and where f is smooth. This is motivated by recent results of Colin de Verdiere
and Saint-Raymond (2019) concerning a microlocal model of internal waves in stratified fluids.

1. Introduction

Colin de Verdiere and Saint-Raymond [2019] recently found an interesting connection between modeling
of internal waves in stratified fluids and spectral theory of zeroth-order pseudodifferential operators on
compact manifolds. In other problems of fluid mechanics, relevance of such operators has been known for
a long time, for instance in [Ralston 1973]. We refer to [Colin de Verdiére and Saint-Raymond 2019] for
pointers to current physics literature on internal waves and for numerical and experimental illustrations.

The purpose of this note is to show how the main result of [Colin de Verdiere and Saint-Raymond 2019]
(see also [Colin de Verdiere 2018]) follows from the now standard radial estimates for pseudodifferential
operators. In particular, we avoid the use of Mourre theory, normal forms and Fourier integral operators
and do not assume that the subprincipal symbols vanish. We also relax some geometric assumptions. The
conclusions are formulated in terms of Lagrangian regularity in the sense of [Hérmander 1985a, §25.1].
We illustrate the results with numerical examples. There are many possibilities for refinements but we
restrict ourselves to applying off-the-shelf results at this stage.

Radial estimates were introduced by Melrose [1994] for the study of asymptotically Euclidean scattering
and have been developed further in various settings. We only mention some of the more relevant ones:
scattering by zeroth-order potentials (very close in spirit to the problems considered in [Colin de Verdiere
and Saint-Raymond 2019]) by Hassell, Melrose, and Vasy [Hassell et al. 2004], asymptotically hyperbolic
scattering by Vasy [2013] (see also [Dyatlov and Zworski 2016, Chapter 5] and [Zworski 2016]) and by
Datchev and Dyatlov [2013], in general relativity by Vasy [2013], Dyatlov [2012] and Hintz and Vasy
[2018], and in hyperbolic dynamics by Dyatlov and Zworski [2016]. Particularly useful here is [Haber
and Vasy 2015], which generalized some of the results of [Hassell et al. 2004]. A very general version of
radial estimates is presented “textbook style” in Section E.4 of [Dyatlov and Zworski 2019], henceforth
abbreviated [DZ19].

MSC2010: 35A27.
Keywords: forced waves, spectral theory, pseudodifferential operators, radial estimates.
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1A. The main result. Motivated by internal waves in linearized fluids Colin de Verdieére and Saint-
Raymond [2019] considered long-time behavior of solutions to

(9 —Puu()=f. u0) =0, [feCM),

PeV'(M), P=P* 2

where M is a closed surface and P satisfies dynamical assumptions presented in Section 1B. By changing
P to P —wq we can change f to the more physically relevant oscillatory forcing term, e ~/®0? f.
Since the solution u(¢) is given by

t
u(t) = —i / e P fds =P e P 1) f 2)
0

(where the operator P! (e™#*F — 1) is well-defined for all # using the spectral theorem), the properties
of the spectrum of P play a crucial role in the description of the long-time behavior of u(¢). Referring

to Section 1B for the precise assumptions we state:

Theorem. Suppose that the operator P satisfies assumptions (5), (8) below and that 0 ¢ Specpp(P).
Then, for any f € C°° (M), the solution to (1) satisfies

ut) =uoo + o) +e(t), b))z =C.  |e@®g-1/2- >0, — o0, 3)
where (denoting by H =3~ the intersection of the spaces H ~37¢ overe > 0)
Uoo € IO(M; AF) C H 37 (M) )

and 1°(M ; A(J,r ) is the space of Lagrangian distributions of order 0 (see Section 4A) associated to the
attracting Lagrangian A(T defined in (9).

The proof gives other results obtained in [Colin de Verdiere and Saint-Raymond 2019]. In particular,
we see that in the neighborhood of 0 the spectrum of P is absolutely continuous except for finitely many
eigenvalues with smooth eigenfunctions — see Section 3B.

In the case of general Morse—Smale flows (allowing for fixed points), Colin de Verdiere [2018,
Theorem 4.3] used a hybrid of Mourre estimates (in particular their finer version given by Jensen, Mourre,
and Perry [Jensen et al. 1984]) and of the radial estimates [DZ19, §E.4] to obtain a version of (3) with
an estimate on WF(u ). At this stage the purely microlocal approach of this paper would only give
le@l -3/ — 0.

1B. Assumptions on P. We assume that M is a compact surface without boundary and P € WO(M) is a
zeroth-order pseudodifferential operator with principal symbol p € S(7* M \ 0; R) which is homogeneous
(of order 0) and has 0 as a regular value. We also assume that for some smooth density, dm(x), on M,
P is self-adjoint:

P e WO(M), P =P* onL*M,dm(x)),

5
p:=0(P),  px,t§)=px§), t>0,  dpl-1) #0. ®
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The homogeneity assumption on p can be removed as the results of [DZ19, §E.4] and [Dyatlov and
Zworski 2017] we use do not require it. That would however complicate the statement of the dynamical
assumptions.

We use the notation of [DZ19, §E.1.3], denoting by T*M the fiber-radially compactified cotangent
bundle. Define the quotient map for the R™ action, (x, £) — (x,t£), t > 0,

kK:T*M\0— 0T*M. (6)

Denote by |¢| the norm of a covector § € T,Y M with respect to some fixed Riemannian metric on M. The
rescaled Hamiltonian vector field |£| H, commutes with the R™ action and

X :=«k«(|§|Hp) istangentto X =«k(p~1(0)). (7
Note that ¥ is an orientable surface since it is defined by the equation p = 0 in the orientable 3-manifold
IT*M.
We now recall the dynamical assumption made in [Colin de Verdiere and Saint-Raymond 2019]:

The flow of X on X is a Morse—Smale flow with no fixed points. (®)

For the reader’s convenience we recall the definition of Morse—Smale flows generated by X on a surface X
(see [Nikolaev and Zhuzhoma 1999, Definition 5.1.1]):

(1) X has a finite number of fixed points, all of which are hyperbolic.
(2) X has a finite number of hyperbolic limit cycles.
(3) There are no separatrix connections between saddle fixed points.

(4) Every trajectory different from (1) and (2) has unique trajectories (1) or (2) as its «, w-limit sets.

As stressed in [Colin de Verdiere and Saint-Raymond 2019], Morse—-Smale flows enjoy stability and
genericity properties — see [Nikolaev and Zhuzhoma 1999, Theorem 5.1.1]. At this stage, following
[Colin de Verdiere and Saint-Raymond 2019], we make the strong assumption that there are no fixed
points. By the Poincaré—Hopf theorem, that forces X to be a union of tori. Under the assumption (8), the
flow of X on X has an attractor L(J)r , which is a union of closed attracting curves. We define the following
conic Lagrangian submanifold of T*M \ 0 (see [Hormander 1985a, §21.2] and Lemma 2.1):

A =MLY, 9)
1C. Examples. We illustrate the result with two simple examples on M := T2 = S! x S!, where
S! =R/(2nZ). Define D := (1/i)d. Consider first

P:= (D) 'Dy, —2cosx;, p=|& "1 —2cosxy,

__&& &
E1Hp =Tz ™0+ e

A(—)'— = {(:E%,XZ;ELO) Xy € 81, iSI < 0}

Ox, + Ox, —2(sin x1)|£]0, , (10)
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I I |
S \
&
// Y, ']I*Q
®~/ Yy 1) T1,%2
L1

Figure 1. On the left: the plot of the real part of u(50) for P = (D)~! D, +2cos x1 on
T2 and f given by a smooth bump function centered at (—% 0). We see the singularity
formation on the line x; = —%. On the right: X := i ( p~1(0)) C AT *T?2 The attracting
Lagrangian, A7, comes from the highlighted circles. See Section 1C for a discussion of
the examples shown in the figures.

T2

T1,Z2

Ty

Figure 2. On the left: the plot of the real part of u(50) for P given by (11) and f
given by a smooth bump function centered at (—%, 0). We see the singularity formation
on the line x; = —% and the slower formation of singularity at x; = Z. On the right:
¥ :=«(p~1(0)). The attracting Lagrangian A(')" comes from the highlighted circles.

In this case k(p~1(0)), with « given in (6), is a union of two tori which do not cover T? (and thus does not
satisfy the assumptions of [Colin de Verdiere and Saint-Raymond 2019] but is covered by the treatment
here, and in [Colin de Verdiere 2018]). See Figure 1 for the plot of Ru(z), ¢ = 50, and for a schematic
visualization of ¥ = «(p~1(0)).
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Our result applies also to the closely related operator

P:=(D)"' Dy, —ycosxi, p=[£[" 62— 3cosxy,

£1§ £ . (1)
—ﬁaxl + @axz — Lsinx; |£|9g,

The attracting Lagrangians are the same but the energy surface « (p~!(0)) consists of two tori covering T2
(and hence satisfying the assumptions of [Colin de Verdiere and Saint-Raymond 2019]) — see Figure 2.

§|Hp =

2. Geometric structure of attracting Lagrangians

In this section we prove geometric properties of the attracting and repulsive Lagrangians for the flow
e!lé1Hp where p satisfies (8).

2A. Sink and source structure. Let X (w) := k(p~!(w)). If § > 0 is sufficiently small then stability of
Morse—Smale flows (and the stability of nonvanishing of X') shows that (8) is satisfied for X (w), |w| <26.
Let L$ C X(w) be the attractive (+) and repulsive (—) hyperbolic cycles for the flow of X on X (w). We
first establish dynamical properties needed for the application of radial estimates in Section 3:

Lemma 2.1. L} is a radial sink and L, a radial source for the Hamiltonian flow of |§|(p — ») =
|€|o (P — w) in the sense of [DZ19, Definition E.50]. The conic submanifolds

AL =Y LE)ycT*M\ 0O
are Lagrangian.

Remark. It is not true that L are radial sinks/sources for the Hamiltonian flow of p — w since [DZ19,
Definition E.50] requires convergence of all nearby Hamiltonian trajectories, not just those on the
characteristic set p~!(w). See Remark 3 following [DZ19, Definition E.50] for details. The singular
behavior of |£] at £ = 0 is irrelevant here since we are considering a neighborhood of the fiber infinity.

Proof. We consider the case of L7} as that of L, is similar. To simplify the formulas below we put
w = 0. To see that A(J)r is a Lagrangian submanifold we note that Hj, and £0¢ are tangent to A(J)r
and independent (since X does not vanish on L(J{ ). Denoting the symplectic form by o, we have
0(Hp,£0g) = —dp(£§0¢) = 0; that is, o vanishes on the tangent space to A(‘)".

We next show that L(J)r is a radial sink. For simplicity assume that it consists of a single attractive
closed trajectory of X of period T > 0; in particular e7X = I on Lgr. Define the vector field

Y := Higp,

which is homogeneous of order 0 on 7* M \ 0 and thus extends smoothly to the fiber-radial compactification
T*M \ 0; see [DZ19, Proposition E.5]. We have Y = X on aT*M N p~1(0); thus L(')" COT*M is a
closed trajectory of Y of period 7.

Fix arbitrary (xg, §0) € L(J)r and define the linearized Poincaré map P induced by de”? (xo, &) on
the quotient space T(XO’SO)(T*M )/RY (x,.£,)- The adjoint map P* acts on covectors in T(*;O’ So)(T*M )
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which annihilate Yy, g,). To prove that L(J)r is a radial sink it suffices to show that the spectral radius
of P is strictly less than 1.

Put p := |£|~!, which is a boundary-defining function on 7*M; then ¥ = dT*M N p~1(0) is given
by {p =0, p=0}. Since Y = X on X and L(J)r is an attractive cycle for X on X, we have

Plker(dp)niker(dp) = €1 for some c1 € R, |eq] < 1.

Since Y is tangent to dT*M = p~1(0), we have Yp = fop for some f> € C®°(T*M \ 0; R). Recalling
that Y = H|g|,, we compute Yp = pHg|p = —pHp(p~1) = fap. Setting c2 := f2(x0, &) we then have

P*(dp(xo0.%0)) = cadp(xo.80). P*(dp(x0.%0)) = c2dp(xo. &o).

Thus P has eigenvalues ¢, ¢z, ¢2. On the other hand, e”Y preserves the symplectic density |0 Ao |, which
has the form p~3d vol for some density d vol on 7* M which is smooth up to the boundary. Taking the
limit of this statement at (xg, £9) we obtain det P = detde Y (xg, &) = cg’. It follows that ¢; = ¢ and
thus P has spectral radius |c1| < 1 as needed. |

For future use we define the conic hypersurfaces in 7*M \ 0
Af:= ] A (12)
lw|<28

2B. Geometry of Lagrangian families. We next establish some facts about families of Lagrangian
submanifolds which do not need the dynamical assumptions (8). Instead we assume that

e p:T*M \ 0— R is homogeneous of order 0;

e A CT*M\O is a conic hypersurface;

e dp|Ta # 0 everywhere;

e the Hamiltonian vector field H), is tangent to A.
Under these assumptions, the sets

Aw:=ANp Hw)

are two-dimensional conic submanifolds of 7*M \ 0. Moreover, similarly to Lemma 2.1, each A, is
Lagrangian. Indeed, if G is a (local) defining function of A, namely G|p =0 and dG|p # 0, then H),
being tangent to A implies

{p,G}=0 onA. (13)

Thus Hp, Hg form a tangent frame on A, and o (Hp, Hg) = 0 on A, where o denotes the symplectic
form.
Since &0¢ is tangent to each A, for any choice of local defining function G of A we can write

£d; = ®H, + O@Hg on A (14)

for some functions ®, ® on A. Since the one-dimensional subbundle RHg C TA is invariantly defined,
we see that ® € C°°(A; R) does not depend on the choice of G.
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The function ® is homogeneous of order 1. Indeed, we can choose G to be homogeneous of order 1,
which implies that [§dg, Hg] = 0; we also have [£0¢, Hy] = —H). By taking the commutator of both
sides of (14) with £0¢, we see that §d¢® = ®. Similarly we see that © is homogeneous of order 0.

On the other hand, taking the commutators of both sides of (14) with H, and Hg and using the
following consequence of (13),

[Hp, Hg] = H{p,G} €RHg onA,
we get the identities
Hy®=1, Hg®=0 onA. (15)
The function @ is related to the w-derivative of a generating function of A, (see (45)):

Lemma 2.2. Assume that A, is locally given (in some coordinate system on M) by

o ={(x.§):x =0 F(w,§), § € To}, (16)

where £ — F(w, £) is a family of homogeneous functions of order 1 and Tg C R?\ 0 is a cone. Then we
have

0o F(@,§) = —P(9 F(0.£).§). a7

Proof. Let G be a (local) defining function of A. Taking the d¢-component of (14) at a point { :=
(0g F(w,£),£) € A we have

§=—0(0) 0x p(5) — O(Z) 0xG(2). (18)

On the other hand, differentiating in w the identities

P F(w.§).§) =0, G:F(0.£).6)=0
we get
(0xp(£), 060 F(@,8)) = 1, (0xG((), g0 F(w, §)) = 0. (19)

Combining (18) and (19) we arrive at

which implies (17) since the function & — 9, F (w, ) is homogeneous of order 1. O

Now we specialize to the Lagrangian families used in this paper. We start with a sign condition on ®
which will be used in Section 5:

Lemma 2.3. Suppose that for A = At or A = A~, with A* given in (12), we define ®* using (14).
Then for some constant ¢ > 0,

+0E(x,8) > clE] on AT (20)

Proof. We consider the case of ®* as the case of ®~ is handled by replacing p with —p. Recall from
Lemma 2.1 that each L}, = k(A N p~1(w)) is a radial sink for the flow e*/€1H», Take (x, &) € AT with
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|€| large. Then (with $*M denoting the cosphere bundle with respect to any fixed metric on M)

e tHr(x £)e S*M forsomet >0, t~|£|. 21)
Recall from (15) that H,®* =1 on A™. Thus

®F(x.§) = T (e (x.8)) +1 =l - C.

It follows that ®* (x, £) > c|| for large |£|; since ®* is homogeneous of order 1, this inequality then
holds on the entire A™T. O
We next construct adapted global defining functions of A¥ used in Section 4B:
Lemma 2.4. Let A* be defined in (12). Then there exist G+ € C°(T*M \ 0; R) such that
(1) G+ are homogeneous of order 1;
(2) Gi|p+ =0and dG+|p+ #0;

(3) HyG+ = a+ G+ in a neighborhood of AT, where ayx € C®(T*M \ 0; R) are homogeneous of
order —1 and a |+ = 0.

Proof. We construct G4, with G_ constructed similarly. Fix some function G+ which satisfies condi-
tions (1) and (2) of the present lemma. It exists since AT is conic and orientable (each of its connected
components is diffeomorphic to [—§, §] x S' x RT). Let ® be defined in (14):

§0g =D+ Hp+O©4Hg, on AT, (22)

Commuting both sides of (14) with £ we see that © is homogeneous of order 0. Moreover ® ; does
not vanish on AT since H)p, is not radial (since the flow of X in (7) has no fixed points). Choose G+
satisfying conditions (1) and (2) and such that

Gy =0,G4 near AT,
Then (22) gives
§0g = O Hp+ Hg, onA™. (23)

We have H,G4|p+ = 0 (since H), is tangent to A™); therefore H,G+ = a4+ G4+ near AT for some
function . Commuting both sides of (23) with H,, and using that H,®4 =1 on A™ from (15) we have

Hp =[Hp,§0¢] = Hy + [Hp, Hg, ) = Hy + Hip.g,y = Hp +ayHg, onA™.
Since Hg, does not vanish on A, this gives a4 |5+ = 0 as needed. O
One application of Lemma 2.4 is the existence of an Hj-invariant density on AT

Lemma 2.5. There exist densities vy on A, o € [-8, 8], such that

e v are homogeneous of order 1, that is, Leo, vE =i,
. vajf are invariant under Hp, that is, LH, v;'): =0.
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Proof. In the notation of Lemma 2.4 define v by |0 Ao| = |dp AdG+| x v;E, where o is the symplectic
form. The properties of vaﬂf follow from the identities

Ley.0 =0, Lggdp =0, LgpdGr=dGy, Lp,0=0
and the following statement which holds on A¥:

Ly, (dp AdGy)=dpAd(a+Gs)=0. O

3. Resolvent estimates

Here we recall the radial estimates as presented in [DZ19, §E.4] specializing to the setting of Section 1B.
We use the notation of [DZ19, Appendix E] and we write |[u||s := [[u|l gsar)-

Since we are not in the semiclassical setting of [DZ19, §E.4] we will only use the usual notion of
the wave front set: for u € 2'(M), WF(u) C T*M \ 0—see [DZ19, Exercise E.16]. Similarly, for
A € WK (M) we denote by ell(4) C T*M \ 0 its (nonsemiclassical) elliptic set. Both sets are conic.

3A. Radial estimates uniformly up to the real axis. Since L is a radial source we can apply [DZ19,
Theorem E.52] (with /& := 1) to the operator

P.i=P—ie(D)e W' (M), P:=(D)2(P—w)(D)2, 0<e<l.

Here, since P is self-adjoint, the threshold regularity condition [DZ19, (E.4.39)] is satisfied for P with
any s > 0. Strictly speaking, one has to modify the proof of [DZ19, Theorem E.52] to include the
anti-self-adjoint part —ie(D), which has a favorable sign but is of the same differential order as P.
(In [loc. cit.] it was assumed that the principal symbol of P is real-valued near L, .) More precisely, we
put P := P and fi= Peu (instead of f = Pu) in [DZ19, Theorem E.52]. Since P, satisfies the sign
condition for propagation of singularities [DZ19, Theorem E.47], it suffices to check that the positive
commutator estimate [DZ19, Lemma E.49] holds. For that we write

S(f. G*Gu)y2 = I(Pu, G*Gu)p2 —eR{((D)u, G*Gu) 2. (24)

Here G € V¥(M) is the quantization of an escape function used in the proof of [DZ19, Lemma E.49];
recall that we put & := 1. We now estimate the additional term in (24):

1
~R((D)u, G*Gu) > = ~|(D)2Gul}> + (R(G*[(D), GDu, u)
< ClBuul?_ )5+ Clulf -,

where B; satisfies the properties in the statement of [DZ19, Lemma E.49] and in the last line we used that
G*[(D), G] € ¥?5(M) has purely imaginary principal symbol and thus R(G*[(D), G]) € W25~ (M).
The rest of the proof of [DZ19, Lemma E.49] applies without changes. See also [Dyatlov and Guillarmou
2016, Lemma 3.7].

Applying the radial estimate in [DZ19, Theorem E.52] for the operator P, = (D)%(P —w— ie)(D)%
to (D)2 u we see that for every B_ € WO(M), A~ Cell(B_), there exists A_ € WO(M), A~ Cell(A_),
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*

L, T M L 9T M

A

Y B+

B_ B,

Figure 3. An illustration of the supports of the operators appearing in (25) (left: radial
sources) and (26) (right: radial sinks). The horizontal line on the top denotes T *M ; the
arrows denote flow lines of |§|H.

such that
lAulls < CIB-(P - —i€)ullss1 + C lul—y.

1 (25)
ueC®M), s>-% Jol<8 e=0,

where C does not depend on €, w and N can be chosen arbitrarily large. The supports of A_, B_ are
shown in Figure 3.

The inequality (25) can be extended to a larger class of distributions (as opposed to u € C*°(M)): it
suffices that B_(P —w —i€)u € H*+1 (M) and that A_u € H* (M) for some s’ > —1. See Remark 5
after [DZ19, Theorem E.52] or [Dyatlov and Zworski 2016, Proposition 2.6; Vasy 2013, Proposition 2.3].

Similarly we have estimates near radial sinks [DZ19, Theorem E.54] for L} . Namely, for every §+ €
WO(M), At Cell(By), there exist Ay, By € WO(M), such that AT Cell(44), WE(By)NAt =2,
and

lA+ulls < CIBL(P —w—ie)uls+1 + C || Biuls + Cllu|-n,

1
ueC®M), s<-3,

(26)
lw| <38, €>0,
where C does not depend on €, w and N can be chosen arbitrarily large. The inequality is also valid
for distributions u such that §+(P —w—ie)u e HTY(M) and Bru € H¥(M) and it then provides
(unconditionally) A+u € H*(M)—see Remark 2 after [DZ19, Theorem E.54] or [Dyatlov and Zworski
2016, Proposition 2.7; Vasy 2013, Proposition 2.4].
Away from radial points we have the now standard propagation results of Duistermaat and Hormander
[DZ19, Theorem E.47]: if A, B, B € W° (M) and for each (x, &) € WF(A) there exists 7 > 0 such that

e TIEIH (x €) cell(B), e 'llHr(x g)eell(B), 0<t<T,

then
[Aulls < C|B(P —w—i€)uls+1 + Cl|Bulls + C|lull-n,

(27)
ueC®M), seR, |w|<8, >0,

with C independent of €, . We also have the elliptic estimate [DZ19, Theorem E.33]: (27) holds with
B =0if WF(A) N p~1([=8.68]) = @ and WF(A) C ell(B).
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By
A_ . Ay
L; > Lt
s>—1/2 ™ s<—1/2

Figure 4. A schematic representation of the flow e’ €1Hp on the fiber infinity 0T * M
intersected with the energy surface p~!(w), with the regularity thresholds for the esti-
mates (25) and (26).

Let us now consider
Ue =ue(w) =P —w—ie) L f, feC®M), |w| <8 €>0.

For any fixed € >0, P —w —ie € WO(M) is an elliptic operator (its principal symbol equals p —w — i€
and p is real-valued); thus by elliptic regularity u. € C°°(M). Combining (25), (26) and (27) we see
that for any 8 > 0

luell-1/2-g = Cllf /248 + Clluel-n. (28)
and that

lAuells < Cll flls+1+ Clluell-n, WEA)NAT =2, 5>—3. (29)

Here the constant C depends on 3, s but does not depend on €, w. Indeed, by our dynamical assumption (8)
every trajectory e €1Hp (x, £) with (x, &) € p~1([-8., 8]) \ AT converges to A~ as t — —oo (see Figure 4).
Applying (27) with B := A_ and using (25) we get (29). Putting A := B4 in (29) and using (26) we
get (28).

In particular, we obtain a regularity statement for the limits of the family (u¢):

there exist €; — 0, u € 2'(M) such that Ue; LM = ue H_%_(M), WF(u) Cc AT. (30)
Note also that every u in (30) solves the equation (P —w)u = f.

3B. Regularity of eigenfunctions. Motivated by (30) we have the following regularity statement. The
proof is an immediate modification of the proof of [Dyatlov and Zworski 2017, Lemma 2.3]: replace P
there by A1 (P —w)A~Y, where A € U~2 (M) is elliptic, self-adjoint on L2(M, dm(x)) (same density
with respect to which P is self-adjoint) and invertible. We record this as:

Lemma 3.1. Suppose that P satisfies (5) and (8). Then for w sufficiently small and for u € 2'(M)
(P—0)ueC®, WFu)CA', I{(P-wu,u)=>0, |o|<S§,
implies that u € C*°(M).

In particular this shows that if (P —w)u =0 and WF(u) C A then u € L?; that is, w lies in the point spec-
trum Spec,,, (P ). Radial estimates then show that the number of such ’s is finite in a neighborhood of 0:
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Lemma 3.2. Under the assumptions (5) and (), with § sufficiently small,
| Spec,, (P) N [—4, ]| < oo,

(31

(P—o)u=0, uel*M), |o|<8 = ueC>®M).

Proof. If u € L?>(M) then the threshold assumption in (25) is satisfied for P — @ near A~ and for
—(P —w) near A™. Using the remark about regularity after (25), as well as (27) away from sinks and
sources, we conclude that

lulls < Cllull-n (32)

for any s and N. That implies that u € C*(M). Now, suppose that there exists an infinite set of L2
eigenfunctions with eigenvalues in [—§, §]:

(P —wjuj =0, (ug.uj)r2py =06k, |wj|=3d.

Since u; — 0, weakly in L?, we have u 7 — 0 strongly in H ~1. But this contradicts (32) applied with
s=0and N =1. O

From now on we make the assumption that P has no eigenvalues in [—§, §]:
Spec,,(P) N [-6,8] = 2. (33)
By Lemma 3.2 we see that (33) holds for § small enough as long as 0 ¢ Spec, (P).

3C. Limiting absorption principle. Using results of Sections 3A-3B we obtain a version of the limit-
ing absorption principle sufficient for proving (3). Radial estimates can also easily give existence of
(P-—w—i0)"': H %+(M )—>H _%_(M ) but we restrict ourselves to the simpler version and follow
[Melrose 1994, §14]. The only modification lies in replacing scattering asymptotics by the regularity
result given in Lemma 3.1.

Lemma 3.3. Suppose that P satisfies (5), (8), and (33). Then for |w| < § and f € C°°(M), the limit
(P —(u—ie)_lfm (P—w—i0)"'f, €— 0+,
exists. This limit is the unique solution to the equation
(P—w)u=f WF@u)cA", (34)
and the map o — (P —w —i0)~"! f € H_%_(M) is continuous in w € [—8, 8].
Remark. Replacing P with —P we see that there is also a limit
(P—w+ie)y  fHZMD (p_ (10 f €— 0+,
which satisfies (34) with AT replaced by A~

Proof. We first note that Lemma 3.1 and the spectral assumption (33) imply that (34) has no more than
one solution. By (30), if a (distributional) limit (P —w — i€ j)_l f, € — 0, exists then it solves (34).
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To show that the limit exists, put u¢ := (P —w —i€)~! f and suppose first that ||ue||_%_a is not
bounded as € — 0+ for some & > 0. Hence there exists €; — 0+ such that ||ue; ||_%_a — oo. Putting
v = ue; /|ue; ||_%_a we obtain

. COO
(P—w—ic)vy=fi. lvjll_y_o=1, £ £, (35)

Applying (28) with N = % + o we see that v; is bounded in H —3-B (M) for any B > 0. Since
H—>B (M)— H —3—¢ (M), we know B < « is compact and can assume, by passing to a subsequence,
that v; — v in H™ 2~ (M). Then (P — w)v = 0 and the same reasoning that led to (30) shows that
WF(v) C A™. Thus v solves (34) with f = 0, implying that v = 0. This gives a contradiction with the
normalization ||v; ||_%_a =1. 1

We conclude that u, is bounded in H~27%(M) for all & > 0. But then similarly to the previous
paragraph (U¢)e—o iS precompact in H —5@ (M) for all & > 0. Since every limit point has to be the

. . . . _1_
(unique) solution to (34), we see that u. converges to that solution as € — 0+ in H™27%(M).

As for continuity in w, we note that the above proof gives the stronger statement
(P—wj—ie) L fHZMD, (p o)L (36)
forall ¢, — 0+, w; — w, and |w;| < 4. O
In Section 4B we will need the following upgraded version of Lemma 3.3:

Lemma 3.4. Suppose that P satisfies (5), (8), and (33). Let s < —% and g € HST1(M), WF(g) C AT,
where A7 is defined by (12). Then for |w| < § the limit

(P-w—ie) g LM (p_(_i0) g, €0+, (37)
exists, and WF((P —w —i0)~Yg) C A™. In particular, fork > 1 and f € C*®°(M) the limit
(P—w—iey*f H2ZD (p_(y_i0)*f €0+, (38)
exists. Finally, (P —w —i0)"1 f € Ca]f([—S,(S]; H_k_%_(M)), with
P —-w—i0)" f =k (P—w—i0) k1 f

Proof. We follow closely the proof of Lemma 3.3 and put u¢ := (P —w —i€)"'g. Since P —w —ie is
elliptic for every € > 0, we have ue € H*+1 (M) and WF(ue) C WF(g) C AT, so it remains to establish
uniformity as € — 04. We use the following version of (29) (which follows from the same proof): for
every A € WO(M) with WF(4) N AT = & there exists B € WO(M) with WF(B) N At = & such that

lAucells < ClIBglls+1+ Clluell-n, "> -3, (39)

where the constant C does not depend on w, €. We also have the following version of (28): there exists
B’ € WO(M) with WF(B’) N AT = @ such that

luells < Cllglls+1 +ClIB'glli + Clluell-n, s <—3. (40)
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Here the norms || B glls+1 and || B’g||1 are finite since WF(g) C A™. From (39) and (40) we get regularity
for limit points of u¢; similarly to (30):

there exist €; — 0+, u € 2'(M) such that Ue; ZM . = ye HS(M), WF@u)cCA™T.

The existence of the limit (37) follows as in the proof of Lemma 3.3, replacing —% by s in Sobolev space
orders; here u = (P —w —i0)~ g is the unique solution to

(P—w)u=g, WFu)cA™t.

Iterating this argument, we get existence of the limit (38) and continuous dependence of (P —w—i0) % f €
H %3~ onwe [—8. 8] similarly to (36), with u = (P —w —i0) ™% f being the unique solution to

(P —a))ku =f WF@u)cA™T.

It remains to show differentiability in w. For simplicity we assume that @ = 0 and show that for
feC>®(M),

9o[(P = —i0)"" fllomo = (P —w—i0)"2f in H 2" (41)
The case of higher derivatives is handled by iteration. To show (41) we define u¢(w) := (P —w —ie)" ! f
and write for w # 0, with limits in H _%_,

uo(w) —uo(0) _ ue(@) —ue(0)

— i — i P—w—i -1 P_i -1
o T A PremioTirmiony
=(P-w—i0)" Y (P—-i0)" ' f (42)

To show the last equality above we first note that the family (P —w —ie)"!(P —ie)™! f is precompact
in H3~¢ (M) for any o > 0 as follows from iterating (40). By (39) every limit point u of this family as
€ — 0+ satisfies P(P —w)u = f, WF(u) C A and thus equals (P —w —i0)"'(P —i0)~! f. Finally,
letting @ — 0 in (42) we get (41). O

4. Lagrangian structure of the resolvent

We now describe the Lagrangian structure of the resolvent refining the results of [Haber and Vasy 2015] in
our special case. To start, we briefly review basic theory of Lagrangian distributions following [Hérmander
1985b, §25.1].

4A. Lagrangian distributions. Let M be a compact surface and Ao C T*M \ 0 a conic Lagrangian
submanifold without boundary. Denote by I5(M; Ag) C D'(M) the space of Lagrangian distributions of
order s on M associated to Ag. It has the following properties:

(1) IS(M: Ao) C H275=(M).
(2) Forall u € I°(M; Ag) we have WF(u) C Ay.

(3) If A1 C Ap is an open conic subset and u € I5(M; Ag), then u € I5(M; Ay) if and only if
WF(u) C A;.
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(4) Forall A € Wk(M) and u € I5(M; Ag) we have Au € ISTK(M: Ag).
(5) If additionally o (A)|a, = 0, then Au € ISTF=1(M; Ay).
Define
IST(M; Ao) = () I (M: Ao).
s'>s

A simple example on a torus (in the notation of Section 1C) is given by
u(x) = (x1 =2 —i0) 'p(x), 9eCXBO,1), uel®(T5AF)CH I (T, @3

where Aar is given in (10).
To define Lagrangian distributions we use Melrose’s iterative characterization [Hérmander 1985b,
Definition 25.1.1]: u € D'(M) lies in I (M ; Ay) if and only if WF(u) C Ag and

Ar-Ague H2757(M) forany Ay, ..., Ay € UL (M), 0(A;)|a, =0. (44)

Note that [Hormander 1985b] uses Besov spaces °° H*. However, this does not make a difference in (44)
since HS C ®H® C H¥ for all s’ < s; see [Hormander 1985a, Proposition B.1.2].

We also need oscillatory integral representations for Lagrangian distributions. Assume that in some
local coordinate system on M, Ay is given by

Ao ={(x.§):x =0 F(§). § € o}, (45)

where I'g C R?\ 0 is an open cone and F : I’y — R is homogeneous of order 1. (Every Lagrangian can be
locally written in this form after a change of base, x, variables — see [Hormander 1985a, Theorem 21.2.16].
Using a pseudodifferential partition of unity we can write every Lagrangian distribution as a sum of expres-
sions of the form (46).) Then u € I°(M; Ag) if and only if u can be written (modulo a C*° function) as

u(x) = / o (E-FO) 45y . 46)
To
where a(£) € C*®(R?) is a symbol of order s — %, namely
0ga(®)] < Cale) 27, g eR?, @47)

and a is supported in a closed cone contained in ['g. See [Hormander 1985b, Proposition 25.1.3]. An
equivalent way of stating (46) is in terms of the Fourier transform #: e!F €74 (£) is a symbol, that is,
satisfies estimates (47).

We finally review properties of the principal symbol of a Lagrangian distribution, used in the proof of
Lemma 4.5 below, referring the reader to [loc. cit., Chapter 25] for details. The principal symbol of a
Lagrangian distribution, u, with values in half-densities, u € I5(M, A; jl), is the equivalence class

1 1
o(u) € STE(A MA ®Q2)/S5 2 (A: My ®Q2),

see [loc. cit., Theorem 25.1.9], where:
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1
3 Qi is the line bundle of half-densities on A.

e M is the Maslov line bundle; it has a finite number of prescribed local frames with ratios of any
two prescribed frames given by a constant of absolute value 1. Consequently it has a canonical inner
product and does not enter into the calculations below.

o SK(A; My ® Q[%\) is the space of sections in C°(A; Mp ® Qi) which are symbols of order £,
defined using the dilation operator (x, §) — (x, A£), A > 0; see the discussion on [Hérmander 1985b,
page 13]. In the parametrization (46) we have o(u|dx|%) = (27r)_%a(§)|dé|%. The factor |d$|%
accounts for the difference in the order of the symbol.

1 1
If P e UY(M;Q3,) satisfies 0(P)|x =0 and u € I5(M, A;Q2,) then
1
PueIPHN(M A Q). o(Pu) = llLo(u), (48)

where L is a first-order differential operator on C*°(A; M ® QI%\) with principal part Hj,. Equation (48)
is the transport equation for P (the eikonal equation corresponds to o(P)|p = 0)—see [loc. cit.,
Theorem 25.2.4]. If P is self-adjoint, then its subprincipal symbol is real-valued by [Hormander 1985a,
Theorem 18.1.34] and thus by [Hérmander 1985b, (25.2.12)]

1
L*=—L on L*(A; Mp ®Q3). (49)
4B. Lagrangian regularity. We now establish Lagrangian regularity for elements in the range of the

operators (P —w Fi0)~! constructed in Section 3C:

Lemma 4.1. Suppose that P satisfies (5), (8), and (33). Let f € C°°(M) and
uE (@)= (P -0 Fi0)" f e H2(M), |w|<S$.
Then u*(w) € I°(M; Af). Moreover, the symbols of u* (w) depend smoothly on :
u* () € CP([-8.8: 1°(M: A ). (50)
where the precise meaning of (50) is explained in Lemma 4.4 below ((67) and Remark 2).

Remark. Lemma 4.1 is similar to [Haber and Vasy 2015, Theorems 1.7 and 6.3]. There are two
differences: that paper makes the assumption that the Hamiltonian field H), is radial on Azf (which is not
true in our case) and it also does not prove smooth dependence of the symbols of u*(w) on w. Because
of these we give a self-contained proof of Lemma 4.1 below, noting that the argument is simpler in our
situation.

We focus on the case of u™ (w), with regularity of u™ (w) proved by replacing P, w with —P, —w,
respectively. By Lemma 3.4 we have for every k > 0

ut () € Ck([=8.8) H*~27(M)), WF@kuT(0)) c AT, (51)

where the wavefront set statement is uniform in .
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To upgrade (51) to Lagrangian regularity, we use the criterion (44), applying first-order operators W
and D, — O to u™ (w) (see Lemma 4.3 below). Here,

W, 0 e W (M), o(W)=Gy, 0(Q)p+ =P, (52)

where G is the defining function of A™ constructed in Lemma 2.4 and ® is defined in (14). The
operator Dy, — Q, where D, := (1/i)d,, is used to establish smoothness in w.
Our proof uses the following corollary of (26):

if ZeWw ' (M), o(Z)|p+=0, s<-—1 then

/ + _ s+1 s (53)
veD'(M), WFw)CA™, (P+Z-w)veH = wveH".

The addition of Z does not change the validity of (26) since it is a subprincipal term whose symbol
vanishes on AT; see [DZ19, Theorem E.54].
We also use the following identity valid for any operators A, B on D'(M):

m
B™A = Z(’?)(adé A)B™ I adg A:=[B, Al ad% A:= A. (54)
j=0

The first step of the proof is to establish regularity with respect to powers of W:

Lemma 4.2. Assume that v € D' (M) satisfies for some £ > 0 and s < —%

WFE(@w)C AT, W/(P—-w)weHT forj=0,... L. (55)
Then Wv € HS, where W is defined in (52).

Proof. We argue by induction on £. For £ = 0 the lemma follows immediately from (53). We thus assume
that £ > 0 and the lemma is true for all smaller values of ¢; in particular Wkyve HS forO<k <£—1.
Using (54) we write

4
E . .
W‘(P—w):(P—w)WMZ(J.)(ad{V Pywti. (56)
j=1
We recall from Lemma 2.4 that near AT we have Hg +P = —a4 Gy, where a is homogeneous of

order —1 and a4 |, + = 0. Therefore for j > 1 we have Hé+p = —(Héjrla+)G+ near A, Motivated
by this we take
B e V(M) o(B))= (—1)1—1ifHé;1a+, 1<j<d.

Then, for 1 < j <¥¢
ad{;V P=B;W+R;, Rje pl microlocally near AT, 57

Combining (56) and (57) we get

y/
(P—w)Wf:W“(P—w)—Z(f)(BjW‘“—f+R,-W‘—f'). (58)

Jj=1
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Applying both sides of (58) to v and using that W*v € H* for 0 <k <£—1 and that W¢(P —w)v € H*!
we get
(P 4By —o)W' e HTL.
Since 0(B1) = ia vanishes on AT, we apply (53) to conclude that W¥v € HS as needed. |
Since (P —w)ut(w) = f € C®(M), Lemma 4.2 implies that
Wyt (w) e H™2~(M) forall £ > 0. (59)
This can be generalized as follows:
A At (@) e HT27 (M) forall Ay, ..., Ag e W' (M), o(A;)|p+ = 0. (60)

To see (60), we argue by induction on £. We have 0(A4;) = a; G+ near WF(u™t (w)) C A™ for some a;
which is homogeneous of order 0. Taking A; € WO(M) with 0(A;) = &; we have

A = zzfj W+ Ej where Ej € WO(M) microlocally near WF(u™ (w)).
Then we can write Ay --- Agu™ (w) as the sum of two kinds of terms (plus a C > remainder):

e the term A; --- AgW¥u™+ (), which lies in H~2~(M) by (59), and

o terms of the form A’ --- A}, u™ (w), where 0 <m < {—1, A;. e W (M), and O'(A;-)|A+ = 0, which
liein H _%_(M ) by the inductive hypothesis.

From (60) we can deduce (similarly to the proof of Lemma 4.4 below) that u™ (w) € I°T(M; A}) for
each w € [—6, §]. To obtain the smooth dependence of the symbol of u™ (w) on w we generalize (59) by
additionally applying powers of D, — Q:

Lemma 4.3. For all integers £, m > 0 we have
W Do~ 0)"ut (@) e HT27(M), o] <3, (61)
and the corresponding norms are bounded uniformly in .
Proof. We argue by induction on m, with the case m = 0 following from (59). Put
uj(w):=(Dp— Q) ut(w)eD'(M), 0<j<m.
By (51) we have WF(u (w)) C A™ for all j. Moreover, by the inductive hypothesis

Whuj(w) e H27(M) forallf, 0<j<m—1. 62)
Put
Y:=[P—-w, Dy—Q]l=—i—[P, Qe ¥ (M)

and note that since 6 (Q)|p+ = ®+ and H,®1 =1 on AT by (15),
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Moreover, by (15) we have Hg, @4+ =0 on AT thus the Hamiltonian vector field He + 1s tangent to AT,
This implies that
o(ad) Y) = (—i)/ Hg o(Y)=0 onA™ forall j =0. (64)

Applying (54) with A := P —w and B := D, — Q to u™ (w) we get
(P = m(@) = (Do = Q)" f + 3 (=1 (") ¢y ¥Vum—; ). (65)
j=1

Since f € C*° does not depend on w, we have (D, — Q)™ f € C°°. Next, by the inductive hypothesis (62)
we have Wtu,_ jlw)eH =2~ for all £ >0and 1 < j <m. Arguing similarly to (60) and using (64)
we see that W (aldJQ_1 Yum—j(w)e H 3~ as well (here aldJQ_1 Y € WO(M) which explains the stronger
regularity). Thus (65) implies

WP - w)um(w) € H2~ (M) forall £> 0.
Now Lemma 4.2 gives Wtu,(w) € H~2~ forall £ > 0 as needed.

Finally, uniformity of (61) in w follows immediately from the proof since the estimates (51) and (26)
that we used are uniform in w. |

We now deduce from Lemma 4.3 that u™ (w) has microlocal oscillatory integral representations (46)
with symbols depending smoothly on . This shows the weaker version of (50) with 7° replaced by 7°%.

Lemma 4.4. Assume thatUd C T*M \ 0 is an open conic set such that A} NU are given in the form (16)
in some local coordinate system on M :

A NU={(x,§):x =0:F(0,§), § €T}, |w| =<4, (66)
where £ — F(w,£) is homogeneous of order 1 and Ty C R?\ 0 is an open cone. Let A € WO(M),
WF(A) CU. Then,

Au+(a),x)=/r e (EI=F@8) (0, £) dE+ C, || <3, (67)
[0)

where a(w, &) is a smooth in @ family of symbols of order —%—i— in & supported in a closed cone inside Ty,
see (47).

Remarks. (1) The statement (67) means that u ™ (@) can be represented as (46), microlocally in every
closed cone contained in U/.

(2) When (67) holds for every choice of parametrization (66) we write

u" (@) € CR(=8.81: 17 (M: A)).
with the analogous notation in the case of ¥~ (w). That explains the statement of Lemma 4.1.
Proof. Since (P —w)u™(w) = f € C®(M), it follows from Lemma 4.3 that for all m, £,r > 0

(Do — Q"W (P —w) uT (w) € H 27 (M).
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This can be generalized as follows:
_1_
(Do = Q(@)" A1(@) -+ Ag(@)u™ (@) € H™27(M) (68)

for all m and all A;(w),...,Ay(®), Q(w) € ¥ (M) depending smoothly on w € [—§, §] and such that
o(Aj(@))],+ =0, 0(Q(w))|,+ = P+. The proof is similar to the proof of (60), using the decomposition

Aj(w) = A} (@)W + AT (0)(P — ) + Rj(w), where R;(w) € WY microlocally near WE(u™ (w)),

for some A’ (w), A”(a)) € WO(M) depending smoothly on w € [, §].

Since WF(AB" +(a))) c AT N p~I([=8,8]) NU for all k, by the Fourier inversion formula we can
write Au™T (w) in the form (67) for some a(w, £) which is smooth in w, £ and supported in £ € I', where
I'1 C Ty is some closed cone. It remains to show the following growth bounds as £ — oco: for every € > 0

(&) Fleeama%a(w. £) € L (6. 8] LER?)). (69)

(From (69) one can get Lg° bounds using Sobolev embedding as in the proof of [Hormander 1985b,
Proposition 25.1.3].)

Denote by Z(a) the integral on the right-hand side of (67). By Lemma 2.2 we have d, F(®, §) =
—®4 (0 F(w,§),§); therefore we may take Q(w) := —d, F(w, Dy) to be a Fourier multiplier. The
operators

Aji (@) := Dy ((0g; F)(@, Dx) = x;),  J.k €{l,2},

lie in W' and satisfy o' (4;x(w))|,+ = 0. We have

(Dp — Q(@))Z(a) =L(Dya), Ajk(w)I(a) =I(&Dg;a).
Also, if Z(a) € H™2~ uniformly in o, then (£)"3~¢a(w. §) € L (8. 8]: L2(R?)). Applying (68) with
the operators Dy, — Q(w) and A (w) we get (69), finishing the proof. O

We finally show the stronger statement of Lemma 4.1 (with 7° instead of 1°%) using the transport
equation satisfied by the principal symbol:

Lemma 4.5. We have
ut (@) € CP (=8, 81: 1°(M: AD)):
that is, (67) holds where a(w, §) is a symbol of order —% inék.

Proof. In our setting P € WO(M) is self-adjoint with respect to a smooth density on M — see (5), Using
that den51ty to tr1v1ahze the half- densuy bundle we obtain a self-adjoint operator P € WO(M; Q M)

Letat e S3+ (Af; M AL ® Q2 i ) be a representative of o (4™ (w)). Using the transport equation (48)
and (P —o)ut(w)= f € C°°(M) we have

bt = Lat es—%+(A+;MA+®Q%+), (70)

where L is a first-order differential operator on C*®°(A}; M AL ® Q2 +) with principal part given by
Hj, and L* = —L by (49).
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We trivialize Qi . using the density v} constructed in Lemma 2.5 and write
a+=a~+,/vc-li)-’ b+=5+‘/l):)_,
where a*t € SOT(A}; MA$)’ bt e ST2H(AL; MA;:)' By (70) we have
(Hp +V)at =b", 71)

where H, naturally acts on sections of the locally constant bundle M, + and V € C ®(A}) is homoge-
neous of order —1. Moreover, since L* = —L we have

RV = %(EHI,I)JF)/\);r =0

w

using Lemma 2.5.
By (71) for all (x,&) € A, and 7 > 0 we have

at(x, &) = (e tVaty(x, 8) + / t(e—“Hp*V)E*)(x, £)ds. (72)
0

Since WV = 0 we have |e *Ho V)t (x, £)| = |at (e "Hr (x, £))| and the same is true for bt

Take (x, &) € A} with || large. As in (21) choose ¢ > 0, ¢ ~ |€], such that e o (x, &) e S*M; we
next apply (72). The first term on the right-hand side is bounded uniformly as & — oco. The same is true
for the second term since the function under the integral is O((t —s)™2%). It follows that a ¥ (x, £) is
bounded as § — oo.

Since [§0g, Hy + V] = —Hp —V, we have for all j

(Hp +V)(Ede) at = (Ede + 1)/bT € STPHAT M, ). (73)

It follows that (Hp, + V)‘(gag)fzﬁ = O((&)7F) for all j, £: the case £ = 0 follows from (72) applied
to (73) and the case £ > 1 follows directly from (73). Since £d¢ and H), form a frame on A$, we have
at e S°(Af: M, +), which implies that ul € 19(M: A}). O

Remark. It is instructive to consider the transport equation (71) in the microlocal model used in [Colin
de Verdiere and Saint-Raymond 2019]: near a model sink

Af ={(—0,x2:£1,0) : £1 > 0} C T*(Ry, xS},) CO

(see the global examples in Section 1C) we consider p(x,§) := & lg, — x1. We are then solving
(p(x, D) —w)u™(w) = 0 microlocally near A(‘U", see [DZ19, Definition E.29], and for that we expand
the symbol on u; into Fourier modes in x5,

ub (x) = % /r; Y af g GO ine g o =Nt (n,6) 2| dErdxs ).

nez nez
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The Fourier coefficients should satisfy (Sl_ln + Dgl)da‘t(n, 1) =0 for & > 1 and a%(n,§1) = 0 for
&1 < —1. Hence the symbol is given by

af =at(@)ldvda |2, T (n.8) =Y " an(©) ™2, an(w) = O0((n)"%).

nez

Hence, the symbol is very “nonclassical” in the sense that it does not have an expansion in powers of &;.
In the general case an analogous conclusion follows from the structure of (71).

5. An asymptotic result

We now place ourselves in the setting of Lemma 4.1 and assume that u(w) € C*([-6,8]; 1°(M; Ay))
in the sense described in Lemma 4.5, where A, = A$ or A, = A,. We are interested in the asymptotic
behavior as t — oo of

I1(t) := /ot/R e BSPp(w)u(w)dods e D' (M), ¢ € CX((=8,9)). (74)

We have the following local asymptotic result.

Lemma 5.1. Suppose that u(w) € D'(R?) is given by

u(w) =u(w,x) =

e /F e CAF@D) g, £) dE, (75)
0

where Iy, F, and a satisfy the general conditions in (67). Suppose also that

€0 F(w,8) <0, e=4, &£eTly, |o|<é. (76)
Then ast — o0,
I(t) =t +b(E) +v().  [bO]g12- <C. v(t)—>0 in H 3 (R?),
B {27‘[ 0(0)u(0), €=+, (7
o 0, € = —.

Proof. We start by remarking that we can assume that the amplitude a is supported away from & = 0.
The remaining contribution can be absorbed into b(¢): if a = a(w, §) = 0 for |§| > C then

W(t, €)= /Ot/R e80T IF@.8) (4 £) p(w) dw ds

_ /()’/R[(l +52)7 1+ DY TN a0, £) plw) do ds,

which by integration by parts in w is bounded in ¢ and compactly supported in &.
Since u(w, x) has nice structure on the Fourier transform side it is natural to consider the Fourier
transform of x — I(¢)(x), J(t,§) := Fx_s¢l(t), where

1 [ i
J(fyf)zz/(; /Re_h(F("”")"'r“’)a(a),g) p(w)dwdr, Sz%, neSt. (78)
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From the assumptions on a we have J(¢,£) = O unless n € I'1, where I'y C I'g is a closed cone. The
phase in J(¢) is stationary when

w=0, r=r(n:=-0,F(Q0,n). (79)
From (76), d, F(w, n) # 0 and this means that for some y > 0,
r+30F (@, m)|>clr), neS'NT1, |o| <8, |r¢ (% %) (80)
Let y € C2°((y/2,2/y):[0,1]) be equal to 1 on (y, 1/y). Using integration by parts based on
N (=(r + 00 F (0. 77))—1Dw)N(/,—%(F(w,n)Jrrw) — e—%(F(w,n)+rw),

and (80), we see that, by taking N > 2,

1 [h i
i [ [a-xonehEen (o, 1) g dodr = 06,
hJo Jr h

uniformly in # > 0. Hence, for all N

J(t) = J(t) + Frsguo(t), sup uo(@)|gn <Cn,
t>0

~ 1 [ i
J(t,§):= —/ / y(r)e"aFlemtro) 4 f U p(w)dwdr, &= ﬁ, neSt.
hJo Jr h h
When ht > 2/y, we have J(t, §) = J (o0, &) due to the support property of y. In particular this implies
that J (t, &) — J (00, &) as t — oo pointwise in £. We apply the standard method of stationary phase to
J (00) noting that

_8620,,(F(a), n)+row)= |:—8_§iF _(1):| ,  sgn 8z)’r(F(a), n)—rw)=0.
Therefore
—iF (0, _%4_
f(oo,E) _ {Zna((}i)go(O)e 0 1 0((g) ), 00 F(0,8) <0, 1)
O((&)™™), 9 F(0,&) > 0.

Hence to obtain (77) all we need to show is that J & =0(¢ )_%Jr) uniformly in ¢ as then by dominated
convergence,

(£)72 T () LD, (6) 2T (00), 1 — +oo.
that is,
- ~ —1/2— (2 -
T =Fl T2, 70 Tat), 1 oo

Here the O((S)_%"') remainder in (81) can be put into b(¢) in (77).
The uniform boundedness of J (¢,&) is a consequence of the following simple lemma:
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Lemma 5.2. Suppose that A = A(s,w) € C2(R?) and G € C®°(R; R). Then as h — 0

Lh ::/ /eh(G(“’)+sw)A s,w)dwds = Ol hlog(—)). (82)
i [ 16 s = o)
Proof. We define

w .
B(o,w) := / T A(s,w)ds, B(o,w)=io TA0,w)+ O 2), |o]— oo.
0

Hence,

L= [ ef%G«v)B(%’w) do = [ k0 B ) du
R R

— O(h) dw__ o(n log(%)),

wi<§ 14wl

proving (82). (In fact we see that the estimate is sharp: if we take G = 0 and A which is odd in w, one
does have logarithmic growth.) O

To use the lemma to show the bound J(z, £) = O((& )_%4'), uniformly in ¢ > 0, it suffices to consider
the case ht <2/, since otherwise J(t, §) = f(oo, £). As before, we write £ = 1/ h where n € S'. Then

~ 1 ([
J(t,§) = Z/o /l;eh(s“’_h’w_F(“””)) x(ht —s)a(a), %) p(w)dwds.

We now apply Lemma 5.2 with A(s, w) := h“_%)((ht —s)a(w,n/h)p(w), o > 0 (and arbitrary), and
G(w) = —htw — F(w, 1) to obtain, J(t) = O(h2~%log(1/h)) = O((E)~2+2%), which concludes the
proof. O

6. Proof of the Main Theorem

In the approach of [Colin de Verdiére and Saint-Raymond 2019] the decomposition of u(¢) is obtained
using (2) and proving that, for ¢ supported in a neighborhood of 0,
PN e — Dp(P) f B, _(p_i0) () f. 1 o0, (83)

which makes formal sense if we think in terms of distributions. The rigorous argument requires finer
aspects of Mourre theory developed by Jensen, Mourre, and Perry [Jensen et al. 1984].

Here we take a more geometric approach and use Lemmas 3.3 and 4.1 to study the behavior of u(¢).
Fix § > 0 small enough so that the results of Section 2A, as well as (33), hold. Fix ¢ € C2°((—4,§))
such that ¢ = 1 near 0. By (2), the spectral theorem, and Stone’s formula (see for instance [DZ19,
Theorem B.8]) we have

u(t) = —i /O t e SPo(P) fds+ P e P —1)(1—p(P)) f

l .
_ %/o/uf_lm o)™ (@) —ut () do ds + b1 (1), (84)

where ||b1 (¢)]| ;2 < C forallt >0 and u™ () := (P —wFi0)" ! f e H_%_(M) are defined in Lemma 3.3.
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By Lemma 4.1 we have u®(w) € CSP([-6.4); 1%(M; Acf)). The main result (3), (4) then follows
from Lemma 5.1. Here we use a pseudodifferential partition of unity to write u® () as a finite sum of
oscillatory integrals (75) and the geometric condition (76) follows from Lemmas 2.2 and 2.3. We obtain
Uso = —u(0), which is consistent with (83).
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A central branch of condensed matter physics studies energy propagation between dissimilar media. In
favorable conditions, the interface acts like a unidirectional channel for electronic transport: the material
is conducting in the edge direction but remains insulating transversely. In experiments, this property is
remarkably robust: it persists even if the interface becomes bent, sharp or disordered. The first theoretical
investigations concerned the quantum Hall effect [Ando et al. 1975; von Klitzing et al. 1980; Halperin
1982; Thouless et al. 1982; Hatsugai 1993]. The research has since focused on topological insulators
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This paper is a mathematical analysis of conduction effects at interfaces between insulators. Motivated
by work of Haldane and Raghu (2008), we continue the study of a linear PDE initiated by Fefferman,
Lee-Thorp, and Weinstein (2016). This PDE is induced by a continuous honeycomb Schrédinger operator
with a line defect.

This operator exhibits remarkable connections between topology and spectral theory. It has essential
spectral gaps about the Dirac point energies of the honeycomb background. In a perturbative regime,
Fefferman, Lee-Thorp, and Weinstein constructed edge states: time-harmonic waves propagating along the
interface, localized transversely. At leading order, these edge states are adiabatic modulations of the Dirac-
point Bloch modes. Their envelopes solve a Dirac equation that emerges from a multiscale procedure.

We develop a scattering-oriented approach that derives all possible edge states, at arbitrary precision.
The key component is a resolvent estimate connecting the Schrodinger operator to the emerging Dirac
equation. We discuss topological implications via the computation of the spectral flow, or edge index.
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[Kane and Mele 2005a; 2005b; Fu et al. 2007; Moore and Balents 2007; Hsieh et al. 2008; Roy 2009;
Zhang et al. 2009; Jotzu et al. 2014], together with their applications in electronics, photonics, acoustics,
mechanics and geophysics [Khanikaev et al. 2007; Yu et al. 2008; Wang et al. 2008; Singha et al. 2011;
Rechtsman et al. 2013; Nash et al. 2015; Brendel et al. 2017; Delplace et al. 2017; Ozawa et al. 2018;
Perrot et al. 2018].

Energy transport along the interface may be interpreted as a bifurcation phenomenon. In certain periodic
materials, the introduction of an edge forces Bloch modes to bifurcate into edge states: time-harmonic
waves propagating along rather than across the edge. This seemingly goes back to Tamm [1932], who
looked at bifurcations from local extrema in the band spectrum. Shockley [1939] next studied bifurcations
from linear crossings in the band spectrum on a one-dimensional example. In contrast with Tamm’s work,
Shockley’s analysis applies to insulators with narrow energy gaps. It was later discovered that Shockley’s
states may be topologically protected: they may persist against large local perturbations.

Honeycomb structures are invariant under Z_T”-rotation and spatial inversion. These symmetries generate
Dirac points: conical degeneracies in the band spectrum. Impurities breaking spatial inversion split the
dispersion surfaces away and open energy gaps: the material transits from a metal to an insulator. Here
we analyze interface effects at the junction of two such insulators.

Motivated by [Haldane and Raghu 2008; Raghu and Haldane 2008], Fefferman, Lee-Thorp and Wein-
stein [Fefferman et al. 2016b] introduced a PDE that models parity-breaking perturbations of a continuous
honeycomb lattice (see Section 1A—1B). The perturbed operator exhibits (a) an edge that separates two
asymptotically periodic near-honeycomb structures; (b) gaps in the essential spectrum centered at Dirac
point energies of the honeycomb background. Under a spectral condition on the unperturbed operator
(see [Fefferman et al. 2016b, §1.3] and Section 1C), Fefferman, Lee-Thorp and Weinstein designed edge
states as adiabatic modulations of the Dirac-point Bloch modes. Their envelopes are eigenvectors of a
Dirac operator produced via a multiscale procedure. See [Fefferman et al. 2016b, Theorem 7.3].

Here, we follow instead a scattering approach. We recover the results of [Fefferman et al. 2016a;
2016b]. In addition, we obtain

« aresolvent estimate connecting the initial PDE to the emerging Dirac equation,
« the complete characterization of edge states in the energy gap,

« full expansions of the edge states at all order in the size of the perturbation.

See Sections 1E and 3C for precise statements.

The full identification of edge states represents the most significant advance. It allows for topological
interpretation of the results. In Section 1G, we compute the signed number of eigenvalues that move across
Dirac point energies when the edge-parallel quasimomentum runs from O to 2. This is a topological
invariant of the system — called spectral flow or edge index — and it vanishes here. This calculation
confirms numerical simulations [Raghu and Haldane 2008; Fefferman et al. 2016a; Lee-Thorp et al. 2019].
It corroborates the prediction of the Kitaev table [Kitaev 2009; Ryu et al. 2010], combined with the
bulk-edge correspondence: breaking spatial inversion while keeping time-reversal invariance does not
create protected edge states.
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Figure 1. The equilateral lattice with its generating vectors vy, v, and dual vectors &y, kp
together with the fundamental cell L.

In the last part of the work, we consider a magnetic analog of the operator studied in [Fefferman et al.
2016a; 2016b], similar to those of [Raghu and Haldane 2008; Haldane and Raghu 2008; Lee-Thorp et al.
2019]. It models time-reversal breaking instead of parity breaking. We show that the corresponding
spectral flow equals either 2 or —2. This confirms the existence of at least two topologically protected, uni-
directionally propagating waves along the edge; see [Haldane and Raghu 2008] and the Kitaev table [Kitaev
2009; Ryu et al. 2010], as well as the numerical results [Raghu and Haldane 2008; Lee-Thorp et al. 2019].

1A. Periodic operators and Dirac points. We start with a description of honeycomb potentials as in
[Fefferman and Weinstein 2012]. Let A be the equilateral Z>-lattice. It is generated by two vectors v,
and v,, given in canonical coordinates by

" =a[ﬁ], v2=a[ﬁ], (11

1 -1

where a > 0 is a constant such that Det[v;, vp] = 1. The dual basis k;, kp consists of two vectors in
(R?)* which satisfy (k;, v;) = 8;;. (See Figure 1.) The dual lattice is A* = Zk @ Zk>. The corresponding
fundamental cell and dual fundamental cell are

LE (sv1+5'v2:5,5" €0, 1)), LU*E{thk+1'ks: 7, 7 €[0,27)). (1-2)
Definition 1.1. We say that V € C*°(R?, R) is a honeycomb potential if:
e Vis A-periodic: V(x +w) = V(x) for w € A.
e Viseven: V(x) =V (—x).

¢ V is invariant under the 2T’T-rotation

V(Rx) =V (x), R=§ _J3 —1

A simple example of honeycomb potential is the periodization of a radial function over the lattice

2 2
(252 o (23220

def1|:—1 ﬁ].
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Figure 2. If each gray circle supports the same radial function (with respect to the center
of the circle), the resulting potential has the honeycomb symmetry.

see Figure 2. Given a honeycomb potential V, we will study spatially delocalized perturbations of the
(unbounded) Schrédinger operator

def

Py=—A+V:L*R?* C) - L*(R? 0O),

with domain H?(R?, C). This operator is periodic with respect to A. This allows us to apply Floquet-Bloch
theory; see [Reed and Simon 1978, §XIII]: Py leaves the space

L2E (el (RO tux+w) = “"ux), we A}, £eR?,

loc

invariant. The space Lg is Hilbertian when equipped with the Hermitian form

o [ Foseods,

Let Py(&) be formally equal to Py = —A + V, but acting on Lg. It has compact resolvent and discrete
spectrum — denoted below by X 12 (Py(§)) —depending on &:

201(8) <o) <+ <X ;(§) <---.

The maps & € R? — Ao, j (&) are called dispersion surfaces of Py. The Lz—spectrum of Py consists of the
ranges of the dispersion surfaces: it equals

S2(Py) = [ B2 (Po@) = (ro6) 1 j = 1. § € R).
£eR?

We now discuss Dirac points. Roughly speaking, they correspond to the conical degeneracies in the
band spectrum of Py.

Definition 1.2. A pair (&,, E,) € R2 x R is a Dirac point of Py = —A + V if:

(i) E,is an Lé—eigenvalue of Py(&,) of multiplicity 2;
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(i) There exists an orthonormal basis {¢1, ¢} of kerLg (Py(&,) — E,) such that

P1(Rx) = * ™31 (x),  ¢o(x) = d1(—x), 2(Rx) = e 2 Pepy(x). (1-3)
(iii) There exist j, > 1 and vy > 0 such that for & close to &,,

20, () = Ex—vp-|E —&]+ O — &%,
20, +1) = Ex+vp-|&E — & |+ O£ —£)%

When V is a honeycomb potential, [Fefferman and Weinstein 2012] showed that Py = —A + V
generically admits Dirac points (&, E,). We refer to that paper for details and to Section 2C for a review
of their results. Because of (1-3), (&, E,) must satisfy

e lgl &fy mod2n A, EAE X2k +hy),  EF S (kg 4 2ka). (1-4)

See Figure 3. Symmetries impose that (£, E,) is a Dirac point of P if and only if (£, E,) is a Dirac
point of Py. We call the pair (¢1, ¢) of (1-3) a Dirac eigenbasis.

As observed in [Fefferman and Weinstein 2012], Dirac points are stable against small perturbations
preserving spatial inversion (parity) and time-reversal symmetry (conjugation). Conversely, breaking
parity (while keeping conjugation invariance) generically opens spectral gaps about Dirac point energies.
For 6 # 0, we introduce the operator

def

Ps=Py+W=—A+V+35W, where

(1-5)
W e C®(R%, R), Wix+w)=W(kx), weA, W(—x) =—-W(x).
We will assume in the rest of the paper that the nondegeneracy condition
. E (¢, W)z #0 (1-6)

holds. This condition is generic in the sense that it excludes only a hyperplane of potentials W in the
space of odd, smooth, A-periodic functions. Under (1-6), if (&, E,) is a Dirac point of Py, then the
operator Ps(&,) (equal to Ps, but acting on Lé) admits an Lé—spectral gap centered at E,:

dist(S2 (Ps(8)), E0) =05 -5+ 0%,  9p = (0.,
This gap has width 20 £ - § + O(8?); see Figure 3. This is a simple fact proved via perturbation analysis;
see, e.g., [Fefferman and Weinstein 2012, Remark 9.2] or Section 4B. Whether this Lé—spectral gap
extends to a global L*-gap of Ps depends on the global behavior of the dispersion surfaces of Py; see
[Fefferman et al. 2016b, §1.3 and §8]. When it does, the operators Py;s describe insulators at energy E,
with a narrow gap centered at E,. These materials are parity-breaking perturbations of the metal modeled
by Py.

1B. Edges and the model. We now describe the model of Fefferman, Lee-Thorp, and Weinstein [Feffer-
man et al. 2016a; 2016b] for honeycomb operators with an edge. Fix v =ajv; +apv; € A, withay,a; € Z
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o 20.. ENC (e, E.)

3 §

Figure 3. The picture on the left represents the Dirac points £ and £2 inside a dual
fundamental cell L*. The two pictures on the right represent the bifurcation of a Dirac
point (&,, E,) to an open gap on a one-dimensional section of the Brillouin zone.

relatively prime, representing the direction of an edge Rv. We introduce v’ € A and k, k" € A* such that

U/ défb]vl —i—bzl}z, a1b2 —a2b1 == 1, bl’ b2 € Z,
(1-7)

def

k = boky —biky, k'

d;f —arky +arks.

The pairs (v, v) and (k, k") are dual to one another and span A and A* See Section 2E.
Recall that P15 = —A + V £ §W. Fefferman, Lee-Thorp, and Weinstein [Fefferman et al. 2016a;

2016b] analyzed an operator & that describes an adiabatic transition from P_s to Ps transversely to the

edge Ruv. Specifically,

def

Ps=Py+6-ksg- W=—-A4+V+6-ks-W.
Above, the function k5 € C*(R?, R) is an adiabatic modulation of a domain wall x € C*®° (R, R) along Ru:

—1 whent <—L
=k (8(k',x)), 3IL>0, k(t)= - ' 1-8
K5 (x) =k (8(k’, x)) >0, «(1) { 1 whent> L. (1-8)
The operator %7 is a Schrodinger operator with potential represented in Figure 9. It models the soft
junction of two insulators modeled by Py along the interface Ruv.
Although 25 is not periodic with respect to A, it is periodic with respect to Zv because (k’, v) = 0.

For every ¢ € R, & acts as an unbounded operator on

L[] & {u € LIZOC([R{Z, C):u(x +v) =eu(x), fRz/Zv lu(x)|?dx < oo} (1-9)
with domain H 2[g“] —defined according to (1-9). Let &[] be the resulting operator.

We continue the analysis of [Fefferman et al. 2016a; 2016b]: we study the electronic properties of
the material modeled by &75. We investigate whether energy propagates along the edge Rv. This boils
down to studying edge states of 5. These are time-harmonic waves propagating along Rv and localized
transversely to Rv. Mathematically, they are the L2[¢]-eigenvectors of Z25[¢]. Such states correspond to
diffusionless electronic channels along Rv; they have great potential in technological applications.
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1C. The no-fold condition of Fefferman, Lee-Thorp, and Weinstein. We set ¢, = (£,,v) and ¢ =
(7, v). Thanks to (1-4),

P =FQu+a). f=%(a+2a). (1-10)

Hence, ¢, € {0, ZT”, 4?”} mod 27t Z. Recall the no-fold condition [Fefferman et al. 2016b, §1.3].

Definition 1.3. The no-fold condition holds along the edge Rv at ¢, if
Vi>1,VteR, X jk+tk)=E., = j€{jwju+1} and tv=(§, ') mod2n.

The essential spectrum of &%s[¢,] is obtained from the (essential) spectra of the bulk operators Pys[Z,]
(the operators formally equal to Py, but acting on L?[£,]). These are conjugated under spatial inversion.
Therefore they have the same spectrum. From Floquet—Bloch theory,

Zies( 516D = Do (Bsle) = [ Zpa(Ps@)).
get, k+Rk'

If (&, E,) is a Dirac point of Py and 9, # 0, then for small §, P1s(§) has an Lg—spectral gap centered
at E, when £ is O(§)-away from &, — see, e.g., Section 4B. The no-fold condition requires this gap to
extend to an Lz[g‘*]—spectral gap of Pis[L.].

The no-fold condition holds for |V | sufficiently small and the zigzag edge a; = 1, a, = 0 [Fefferman
et al. 2016b, Theorem 8.2]. It holds for | V| sufficiently large and edges satisfying a; # a» mod 3
[Fefferman et al. 2018, Corollary 6.3]. It may fail in physically relevant cases. See, e.g., the case of certain
low-contrast potentials and the zigzag edge [Fefferman et al. 2016b, Theorem 8.4] and armchair-type
edges v = a v + avy, where a; —ar = 0 mod 3 [Fefferman et al. 2018, Remark 6.5] or Section 2E. In
particular, if the no-fold condition holds, (1-10) and a; — a, # 0 mod 3 prescribe the possible values of ¢,:

Goelel By ={¥. %} mod2nZ.

1D. The multiscale approach of [Fefferman et al. 2016b] and the Dirac operator. Let (&,, E,) be a
Dirac point of Py and (¢, ¢») be a Dirac eigenbasis (see Definition 1.2). The map

neR* > 2(¢1, (- Dy)gpa) € C (1-11)

is linear. Because of rotational invariance of Py = —A + V, the map (1-11) acts (as an application from C
to C) like a complex multiplication:

W, €C\ (0}, VneR*=C. vn=2(¢1. (0 Di)d2);: -

See Section 2C. Recall that 9, = (¢, W) 12 # 0 and that « satisfies (1-8). In this section, we review
the role of the (unbounded) Dirac operator

[0 wK I 0o ., 2 2 2
ID*_[@ O]D,—I—ﬁ*[o _I]K.L(R,C)—)L(R,C)

in the analysis of Fefferman, Lee-Thorp, and Weinstein [Fefferman et al. 2016b].
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When 9, # 0, [loc. cit.] produces arbitrarily accurate quasimodes of #Z5[¢{,] via a multiscale approach.
These are pairs (us, E5) € H;. x R satisfying

(Ps[2) — Es)us = Op2(8°),  Es=E.+8E + 0(8).

They are power series in § whose coefficients solve a hierarchy of equations of orders 1, 8, 8%, . ... The
operator ), appears in the equation of order §. This equation admits a solution if and only if E; is an
eigenvalue of D,; see [loc. cit., §6].

The operator I, has essential spectrum equal to (—oo, ¥r] U [#F, 00). It has an odd number of
eigenvalues {1%}9’27 n In (=PF, ¥F), simple and symmetric about 0:

Py<--<V_1<U=0<8 <--- <y, ﬁfj:_ﬁj-

In particular, 0 is always an eigenvalue of ID,. We refer to see Section 3B for details.

When the no-fold condition holds, [loc. cit.] uses a sophisticated Lyapounov—Schmidt reduction to
prove that each eigenvalue ; of D, seeds an Lz[g“,]—eigenvalue of Z5[¢.], with energy E, + 80, + 0(8%).

They show that to leading order, the corresponding eigenvector equals the first term produced by the
multiscale approach: it is

o1 Bk, ) - 1 (x) + @2 (8K, x)) - $a(x) + 0p2 (8%, (D —y) [Zj =0.

In other words, they validate mathematically the formal multiscale procedure at leading order. But some
questions persist:

o Is the multiscale procedure rigorously valid at all orders?
« Do the eigenvalues of D, seed all eigenvalues of #[¢,] near E,?
o How can the relation between Z5[¢,] and D, be clarified?
The present work responds to these questions.
1E. Results. Our first result relates the resolvents of #s[¢,] and D,. It requires the operator IT and its

adjoint IT* defined as

def

M:L2R*/Zv,C}) — L*R,C), () E [ flsv+1v))ds,
IT*: LAR, C?) — LAR?/Zv, C?), (IT*g)(x) = g((K', x)),

and the dilation (/s defined as
def

Us: L*(R,C*) — L*(R.C),  Us )1)= f(81).

Recall that V is a honeycomb potential — see Definition 1.1; W € C*°(R?, R) breaks spatial inversion —
see (1-5); and k € C*°(R, R) is a domain wall function — see (1-8). We make the following assumptions:
(H1) (&, E,) is a Dirac point of Py = —A + V —see Definition 1.2 —with &, € L*

(H2) The no-fold condition — Definition 1.3 — holds.
(H3) The nondegeneracy assumption @, 7% 0 holds —see (1-6).
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Theorem 1.4. Assume (H1)—(H3) hold and fix € > 0. There exists 6o > 0 such that if
5€(0,8), zeD(O,VF—e), dist(Z2(Ds),2)>€, A=E,+8z

then Ps[¢,] — A is invertible and

.
(Psle] -2 = % : [ﬁj T Us - (De—2) 7' Uy T [i;] + O (8717). (1-12)

The leading-order term in (1-12) comes with a coefficient 1/4: the remainder term &2, (8 —13y ig
subleading when z € D(0, 9 — €). Hence, Theorem 1.4 shows that the resolvents of #;[¢,] and of D,
behave similarly, after suitable conjugations.

Theorem 1.4 applies to a spectral range that spans — modulo € — the entire spectral gap of %[, ]
about E,. The next result describes the spectrum of #%s[¢,] in the essential spectral gap in terms of the
eigenvalues

19_N<---<l9_1 <l70:0<l91 <-~-<19N
of the Dirac operator ). Let X be the function space equal to
(feCPMR* xR, C):VteR, f(-,1)€L; and 3a >0, supe!| f(x, )| < o0}. (1-13)

Corollary 1.5. Assume (H1)-(H3) hold and fix vy € (On, OF). There exists §o > 0 such that for 6 € (0, do)
the operator Ps[&,] has exactly 2N + 1 eigenvalues {Es j}jc(—n,N) in [Ex — 040, E. + 048] that are all
simple.
The associated eigenpairs (Es j, us ;) admit full two-scale expansions in powers of §:
Esj=E,+0;-8+ay-8+---+ay-s" + 06",
s, (X) = fox, 8¢k, x)) +8- fix, Sk, x)) +-- -+ 8- far(x, 8K, x)) + 0 (8™).

In the above:

o M and k are any integers; H* is the k-th order Sobolev space.
o The terms a, € R, f, € X are recursively constructed via multiscale analysis.

o The leading-order term fy satisfies

folx, 1) =a1(1) - $1(0) +@2(1) - $2(x),  (Ba— ;) [Zj -

This corollary (a) mathematically validates the multiscale procedure of [Fefferman et al. 2016b] at all
orders in 8, and (b) shows that all eigenvectors of Z[¢,] are induced by the modes of I,. See Figures 4
and 5. In particular, (a) improves the result of Fefferman, Lee-Thorp, and Weinstein [loc. cit.] to arbitrary
order in §. From a general point of view, (b) represents the most important advance. It characterizes
edge states topologically. It opens the way for mathematical proofs of the bulk-edge correspondence in
continuous honeycomb structures. See Section 1G and [Drouot 2019] for further details.
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Spectrum of P,

S

0

—UF U
Spectrum of Zs[¢,]
e
E, —UFé E. E,+0Fé

Figure 4. Eigenvalues of I, in (—9f, 9r) (top) and eigenvalues of 25 in the spectral
gap containing E, (bottom). An approximate rescaling equal to z — E, + 8z + 0(8?)
maps the top to the bottom. The red dots represent the zero eigenvalue of I, and the
corresponding one for &s. Theorem 1.4 and Corollary 1.5 do not apply in the lighter
gray area near the essential spectrum.

E,gy():' ".‘ E(;’l

essential spectrum

E, E

Figure 5. Discrete eigenvalues of ), seed the bifurcation of eigenvalues of 225 (red
dotted curves) from the Dirac point energy E, (at § =0) of Py as § increases away from
zero. The slopes of these curves at § = 0 (blue lines) are given by the eigenvalues of D,.

1F. Extension to quasimomenta near ¢,. Corollary 1.5 predicts that for é € (0, 8g), 5[] has precisely
2N +1 eigenvalues near E,. A general perturbation argument shows that #2;[¢ ] also has 2N +1 eigenvalues
for ¢ close enough to ¢,. However this argument does not specify quantitatively how close ¢ needs to be
to L.

We prove generalizations of Theorem 1.4 and Corollary 1.5 that hold for ¢ at distance O (§) from ¢,;
see Section 3C for statements. We show that the eigenvalues of &%s[¢, + 18] lying near E, and of the
Dirac operator

et 0 vk 0 vl 1 0 e, (kK ,

are O(8%)-away after the rescaling z — E, + 6z.
Interestingly enough, the spectrum of /) (i) can be derived from that of 0, = Ip(0); see Section 3B and
Figure 6. We observe that ) (1) has a topologically protected mode that bifurcates linearly from the zero
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E E

essential{spectrum essential|spectrum

Figure 6. The spectrum of /)(w) as a function of . The topologically protected eigen-
value (in red) bifurcate linearly, while the nontopologically protected eigenvalues (in
blue) bifurcate quadratically.

mode of Ip,. This suggests that under the 25 time-dependent evolution, L2-wave packets formed from
the topologically protected mode of (w) propagate dispersionless along the edge for a very long time.

All other modes of [)(u) are nontopologically protected and bifurcate quadratically from the modes
of I),. L*-wave packets formed from such modes should have a shorter lifetime. This suggests that
topologically protected modes are more robust even in the time-dependent situation.

1G. A topological perspective. Recall that k¥’ € A* is the dual direction transverse to an edge Rv and that
Ao, j (&) are the dispersion surfaces of a honeycomb Schrodinger operator Py. Let (§,, E.) = (&4, Ao, j,(5+))
denote a Dirac point of Py. We introduce an assumption (H4) that extends (H3) to values ¢ # &,. It asks
for the j,-th L?[¢]-gap of Py[¢] to be open when ¢ ¢ {ZT”, 47”} mod 27 7.

(H4) For every ¢ ¢ {27” 47”} mod 2rZ, for every 7, v/ € R,
20,7, (Ck+ k') < Ao j+1(Ck+TK).

Assumption (H4) holds for nonarmchair-type edges (a; 7 a, mod 3) and high-contrast potentials: see
[Fefferman et al. 2018, Theorem 6.1 and Remark 6.5]. This follows from two general phenomena:

o Schrodinger operators with multiple-well potentials approach their tight binding limits as the depth
of the wells increases [Harrell 1979; Helffer and Sjostrand 1984; 1985; 1987; Simon 1984; Martinez
1987; 1988; Outassourt 1987; Carlsson 1990; Fefferman et al. 2018; Fefferman and Weinstein 2018];

» Wallace’s tight binding model of honeycomb lattices [1947] satisfies a suitable version of (H4).

When (H1)—(H4) hold and § is sufficiently small, the j,-th L[¢]-gap of Ps[¢] is open. This allows us
to define the spectral flow of the family

¢ €l0,2n] = Fsl¢]
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essential spectrum

Figure 7. The spectrum of ZZs[¢] as a function of ¢. The dark gray region represents
the essential spectrum. The dotted curves are the eigenvalues of Zs[¢] (the edge state en-

ergies). Zooming about §~! times near (2?”, E*) or (%”, E*) produces Figure 6. Because

of complex conjugation, 94 = —¥5: near ZT" (resp. 47”), the red curves move upwards

(resp. downwards). This results in a spectral flow cancellation.

in the j,-th L?[¢]-gap. It is the signed number of L?[¢]-eigenvalues of Z%5[¢] crossing the j,-th gap
downwards as ¢ runs from O to 2r; see, e.g., [Waterstraat 2017, §4]. Corollary 3.3 in Section 3C allows
one to count precisely these eigenvalues. It leads to:

Corollary 1.6. Assume that (H1)—-(H4) hold for both Dirac points (& f‘, E,) and (¢ f, E.). There exists
8o > 0 such that for all § € (0, 8y), the spectral flow of P in the j,-th L*[¢]-gap vanishes.

This is because ¥/ and 92 are opposite — where #;/ corresponds to ¥, for the Dirac point (£/, E,).
See Figure 7. The spectral flow is a topological invariant: it does not change if a 27 -periodic family of
compact operators H 2[{] — Lz[g] is added to ZZ[¢]. Hence Corollary 1.6 is very robust. However, it is
a disappointing result: it suggests that the edge states of Corollary 1.5 shall not be topologically stable.
We conjecture:

Conjecture. Assume that (H1)—(H4) hold for both Dirac points (& *A, E,) and (& f , E,). There exists
8o > 0 such that for every § € (0, &¢) there exists a family ¢ € R+ Bs(¢) such that:

e Bs(¢) is a compact operator Hz[g] — L2[;].

e B;s(¢) depends continuously on ¢ (with respect to the operator norm on H*[{] — L*[¢]) and
Bs(¢ 4+ 2m) = Bs(¢) forevery ¢ € R.

o P5[C1+ Bs(¢) : H*[¢] — L?[¢] has no eigenvalues in the essential spectral gap containing E,.
On a positive note, our approach also applies to magnetic Schrodinger operators
Ps = — (Ve +i8 - k5 - A2+ V,
A e C®(R?, R?), Ax4+w)=Ax), weA, A(—x) = —A(x). (=19

The asymptotic operators for (k’, x) near 00 are equal to

— (Ve +i8A)? + V. (1-15)
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E essential spectrum

Figure 8. The spectrum of the magnetic-like perturbation Ps of Py for positive 6,. The
topologically protected mode of the Dirac operator induces precisely two edge-state
energy curves. In contrast with Figure 7, 62 = 02: both red curves move upwards. The
resulting spectral flow is —2, indicating topologically protected states.

From a physical point of view, (1-15) models quantum particles in a magnetic field § B = §(9;A; — 3,A)
(oriented in the direction ez € R3 orthogonal to R?) and an electric field VV. Therefore P repre-
sents particles evolving in a near-periodic electromagnetic background, with magnetic field varying
adiabatically along Rv’ from —§B to § B. Note that the magnetic flux of B vanishes because B is
periodic.

We can see (1-14) as a perturbation of —A 4 V by

5-ks-W, WEA.D,+D,-A,
modulo a term of order 8°. The perturbation W no longer breaks spatial inversion; instead it breaks
time-reversal symmetry (complex conjugation). See [Raghu and Haldane 2008; Haldane and Raghu 2008;
Lee-Thorp et al. 2019] for related models. We replace (H3) with:

(H3’) The nondegeneracy condition 0, - (1, Wepy) 12 # 0 holds.

When (H1), (H2) and (H3') hold, the operator Ps[¢,] has an essential spectral gap centered at E,, of
width of order § — similarly to %[, ]. If moreover (H4) holds, then we can define the spectral flow of
the family ¢ — Ps[¢].

Corollary 1.7. Assume that (H1), (H2), (H3') and (H4) hold for both Dirac points (€2, E,) and (€8, E,).
There exists 6o > 0 such that for all 5 € (0, &), the spectral flow of Ps equals —2 - sgn(6,).

Corollary 1.7 shows that Ps admits two topologically protected edge states; see Figure 8. This
corroborates results of [Haldane and Raghu 2008; Raghu and Haldane 2008], where two quasimodes
are produced via a multiscale approach. They were not proved to be topologically protected there: a
statement in the spirit of Corollary 3.3 is missing. The authors perform a formal computation of the bulk
index: they show that it should equal 2 or —2. We studied rigorously the bulk aspects of our problem
in the recent work [Drouot 2019].
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1H. Strategy. Our proof has three essential components:

o The simplest step consists in deriving Corollary 1.5 from Theorem 1.4; see Section 3C. Theorem 1.4 is
used to count the exact number 2N + 1 of eigenvalues in the essential spectral gap (slightly away from the
edges). We derive the full expansion of edge states in powers of & using (a) the formal multiscale procedure
of [Fefferman et al. 2016b] to produce 2N + 1, almost orthogonal, arbitrarily accurate quasimodes, and
(b) a general selfadjoint principle that implies that these quasimodes must all be near genuine eigenvectors.

» We derive resolvent estimates for the bulk operators Pis[¢,]. We first obtain resolvent estimates for the
operators Pys(§) : ng — Lg in Section 4. We prove that near (§,, E.), these operators essentially behave
like Pauli matrices. In Section 5 we integrate these estimates along the dual edge ¢,k + Rk’ and derive
the expansion

L[
(P+5[C] —A) =3 |:¢2

Above, IT and Uj are the operators introduced in Section 1E, and P, + are the formal limits of I, as ¢

T -
:| - Us (P + = Z)ilua_l ‘ H[Z;] + ﬁm[g](fym).

goes to +00.

o We use a sophisticated version of the Lippmann—Schwinger principle to connect the resolvents of #5[¢, ]
and of Pys[¢,.]. This requires us to construct a parametrix for Z2;[¢,]. After algebraic manipulations —
essentially cyclicity arguments — homogenization effects take place and produce the operator I,. This
leads to the resolvent estimate of Theorem 1.4.

11. Relation to earlier work. The mechanism responsible for the production of edge states is the bifurca-
tion of eigenvalues from the edge of the continuous spectrum. Such problems have a long history: see, e.g.,
[Tamm 1932; Schockley 1939; Simon 1976; Deift and Hempel 1986; Figotin and Klein 1997; Borisov
2007; 2011; 2015; Borisov and Gadyl’shin 2008; Parzygnat et al. 2010; Hoefer and Weinstein 2011;
Zelenko 2016] for states generated by defects in periodic backgrounds; and [Golowich and Weinstein
2005; Borisov and Gadyl’shin 2006; Duchéne and Weinstein 2011; Duchéne et al. 2014; Dimassi 2016;
Dimassi and Duong 2017; Drouot 2018a; 2018c; 2018d; Duchéne and Raymond 2018] for localized
highly oscillatory perturbations.

Fefferman, Lee-Thorp and Weinstein [Fefferman et al. 2016a; 2016b] produced the closest results to
our analysis. They were the first to prove existence of edge states for continuous honeycomb lattices in
the small/adiabatic regime § — 0. They built on their own work [Fefferman et al. 2014; 2017], where
they proved existence of defect states for dislocated one-dimensional materials.

Our work improves and extends [Fefferman et al. 2016a; 2016b] in the following ways:

o It connects the resolvents of #5[¢] and P (w).
o It provides full expansions of edge states in powers of §.
« It identifies all edge states with energy near Dirac point energies.

The third point allows for the topological interpretation of the results in terms of the spectral flow of
¢ = Ps[¢]. This is a robust invariant of the system, also called the edge index. We conjecture that
the modes of &Zs[¢] should not be topologically protected: the edge index vanishes. However, for the
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magnetic operator Ps[¢] introduced in (1-14), two such states are topologically protected: they persist
under large (suitable) deformations.

We refer to [Gérard et al. 1991; Panati et al. 2003; Watson et al. 2017; Watson and Weinstein 2018] for
the study of similar operators with perturbations that vary adiabatically in all directions and to [De Nittis
and Lein 2011; 2014; Cornean et al. 2015; 2017a; 2017b] for analysis of perturbations small with respect
to the inverse scale of variation. The scaling studied here is peculiar: the perturbation varies adiabatically
in one direction only.

Our strategy generalizes the one-dimensional work [Drouot et al. 2018], developed to improve the
results of [Fefferman et al. 2014; 2017]. The construction of genuine edge states from quasimodes in
Section 3C follows the classical approach of [Drouot et al. 2018, §3.3]. We derive the fiberwise resolvent
estimates for P1s(§) in Sections 4A—4B as in [loc. cit., §4.1-4.2]. We did not prove resolvent estimates
in [loc. cit.]; we used instead Fredholm determinants.

We pushed the analysis of [Drouot et al. 2018] further in [Drouot 2018b]. There, we showed that the
defect states of [Fefferman et al. 2014; 2017] are topologically stable in the following sense. The model
embeds naturally in a one-parameter family of dislocated systems, related to [Post 2003; Korotyaev 2000;
Hempel and Kohlmann 2011a; 2011b; Dohnal et al. 2009; Hempel et al. 2015]. We compute the spectral
flow in terms of bulk quantities. We show that it is equal to the bulk index — the Chern number of a Bloch
eigenbundle for the bulk. Hence, [Drouot 2018b] provides a novel continuous setting where the bulk-edge
correspondence holds — adding to [Kellendonk and Schulz-Baldes 2004a; 2004b; Taarabt 2014; Fukui
et al. 2012; Bal 2017; 2018; Bourne and Rennie 2018]. A similar strategy has been developed in [Drouot
2019] to deal with magnetic honeycomb operators.

1J. Further perspectives. Our results stimulate future lines of research:

o Armchair-type edges are edges such that the associated dual line ¢,k + Rk’ passes through both Dirac
momenta £ and £ 5. They correspond to the directions

v=aivy+axvy, viAvy=1, a; =a; mod3; (1-16)

see Section 2E. The no-fold condition barely fails for such edges: “7s[¢,] still has an essential gap in, say,
the sharp-contrast regime. See [Fefferman et al. 2018, Corollary 6.3]. We expect our techniques to be
robust enough to handle such edges. In particular, a 2 x 2 block of uncoupled Dirac operators should
emerge in the resolvent estimates.

» This work may open the way to prove the no-fold conjecture of Fefferman, Lee-Thorp, and Weinstein
[Fefferman et al. 2016b]. It predicts that long-lived resonant edge states should appear when the no-fold
condition fails. This is supported by the existence of highly accurate localized quasimodes, still produced
by the formal multiscale procedure of [loc. cit.]. See [Gérard and Sigal 1992; Stefanov and Vodev 1996;
Tang and Zworski 1998; Stefanov 1999; 2000; Gannot 2015] for the relation between quasimodes and
resonances in other settings.

» The eigenvalue curve ¢ — E;O of P5[¢] corresponding to the topologically protected mode of ()
intersects E, transversely. See the red curves in Figure 7. This contrasts with the eigenvalue curves
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L Eg I J # 0, which exhibit quadratic extrema near ¢,; see the blue curves in Figure 7. This indicates
that L2-wave packets constructed from the topologically protected modes of ?(1) should have a longer
lifetime. Mathematical and experimental investigations of this phenomenon would be interesting. The
techniques could lead to a time-dependent analysis of quasimodes when the no-fold condition fails. See
[Gérard and Sigal 1992] for a related investigation in the shape resonance context and [Carles et al. 2004;
Ablowitz and Zhu 2012; 2013; Fefferman and Weinstein 2014; Arbunich and Sparber 2018] for related
investigations in gapless settings.

« In [Drouot 2019], we investigate the relation between the bulk and edge indices of Z%s[¢] or Ps[¢], as
in [Haldane and Raghu 2008]. The bulk-edge correspondence is widely unexplored in continuous, asymp-
totically periodic settings: apart from [Bourne and Rennie 2018; Drouot 2018b], the only investigations
concern the quantum Hall effect [Kellendonk and Schulz-Baldes 2004a; 2004b; Taarabt 2014]. The discrete
setting is better understood [Kellendonk et al. 2002; Elgart et al. 2005; Graf and Porta 2013; Avila et al.
2013; Bal 2017; Shapiro 2017; Braverman 2018; Graf and Shapiro 2018; Graf and Tauber 2018; Shapiro
and Tauber 2018]. It would also be nice to study it in quantum graph models of graphene — see [Kuchment
and Post 2007; Becker and Zworski 2019; Becker et al. 2018; Lee 2016] for setting and spectral results.

o The recent numerical approach [Thicke et al. 2018] could be applied to P as é increases away from O.
Corollary 1.7 shows that two edge states persist as long as the gap remains open. However their qualitative
description (Corollary 7.4) should progressively break down as § increases. It would be interesting to
investigate numerically how their shape changes.

Notation. Here is a list of notation used in this work:
« If z € C, then 7 denotes its complex conjugate and |z| its modulus. We will sometimes identify a vector
x = [x1, x2]T € R? with the complex number xj + i x».
« Sl cCisthecircle {z € C: |z] = 1}.
e D(z,r) C C denotes the disk centered at z € C of radius r.
o If E, F C C, then dist(E, F) denotes the Euclidean distance between E and F.
e D, is the operator (1/i)[dy,, dx,]" = (1/i)V.
o L? denotes the space of square-summable functions and H* are the classical Sobolev spaces.
o If H and H’ are Hilbert spaces and ¥ € H, we write ||y for the norm of H;if A: H — H'isa
bounded operator, the operator norm of A is

Il E sup |AY Iz

[Win=1

If H = H/, we simply write ||Ally = [|Allx—H.
o If . € H and f:R\{0} — R, we write 1/« = Oy (f (€)) when there exists C > 0 such that ||y < Cf (¢)
for € € (0, 1]. If A¢ : H — H is a linear operator and f : R\ {0} — R, we write Ac = Oy (f(€))
when there exists C > 0 such that |A¢||y—n < Cf(e) for € € (0,1]. If H = H/, we simply write
Ae = Oy (f(6).
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» We denote the spectrum of a (possibly unbounded) operator A on H by X4 (A). It splits into an essential
part X7y ¢s(A) and a discrete part X7/ 4(A).

o A is the lattice Zv| @ Zv, —see Section 1A. An edge is a line Rv C R2 with v = ajv| + aav2 € A,
a1, ap relatively prime integers. We associate to v vectors v’, k and k" via (1-7).

o The space Lg consists of &-quasiperiodic functions with respect to A:

L2= el (R0 ulx+w) = Wu(x), we Al
o £ € (R?)* is the projection of k orthogonally to k’:

o, (kK
ey k0
|K'|?

L?[¢] is the space

L) = {u € L (R, ©) s ulx +v) = e Fu(x), fpa, lu(x)?dx < 00},
e V € C*(R?, R) is a honeycomb potential — see Definition 1.1.
o« We C®R? R) is A-periodic and odd —see (1-5).

e Ps is the operator —A + V 4+ 8W on L?; for £ € R% Ps(£) is the operator formally equal to Ps but
acting on Lé. For ¢ € R, Ps[¢] is the operator formally equal to Ps but acting on Lz[;‘].

o s is the operator —A +V 4§ - k5 - W on L? where «5(x) = k(8(k, x)) and « is a domain-wall
function — see (1-8). Hs[¢] is the operator formally equal to 42 but acting on Lz[f].

e (&, E,) denotes a Dirac point of Py = —A + V, associated to a Dirac eigenbasis (¢1, ¢») — see
Definition 1.2.

« £, is the real number (&,, v).
o 268, ¢A ¢ P are defined in (1-4) and (1-10), respectively.

v, is a complex number associated to (§,, E,) and to the Dirac eigenbasis (¢, ¢,) such that |v,| =vF —
see Section 2C.

o U= (¢1, W¢1)L§* is always assumed to be nonzero; we also define |, | = OF.

s |01 o0 =i s |10
=liolr 700 ol 7o -1

These matrices satisfy aj2 =1Id and 0;0; = —0jo; fori # j.

¢ The Pauli matrices are

2. Honeycomb potentials, Dirac points and edges

2A. Equilateral lattice. We review briefly the definitions of Section 1A. The equilateral lattice A is
A = Zv; & Zv, given in canonical coordinates by

g e

1 -1
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where a > 0 is a constant such that Det[v;, v2] = 1. Let ki, ko € (R?)* be dual vectors: (k;, vj) = 6.
Identifying (R?)* with R? via the scalar product,

ki, kol -[vi, v2]=1d = [ki, ko]l =[v1, v2] ™!

_1[V3 43
T 6a| 3 =3

Our definition does not involve a factor 27w — in contrast with some other conventions. The fundamental
cell L and dual cell L* are

LE v+ 0o, 6 €[0, 1), LSk + 1k i1, 7 € [0, 27)).
2B. Symmetries. Recall that the space of £-quasiperiodic functions is
loc

Lg déf{u eL? (R%,C):u(x+w) =" ux), weAl.

We introduce three operators: R (rotation); Z (spatial inversion); and C (complex conjugation). These
are given by

el [ =1 /3 _
=u(R R=—=- T =u(— = .
Ru(x) = u(Rx), 3 [_ﬁ _1} , u(x) =u(=x),  Cu(x)=u(x)
We study the action of these operators on the spaces Lg. Note that Rv; = —vp and Rvy = v1 — va.

Hence, R leaves A invariant. If u € L§ then

(Ru)(x +v) = u(Rx + Rv) = ¢! C R (Ru) (x) = K&V (Ru) (x),
(Zu)(x +v) = u(—x —v) =&V (ZTu)(x),
(Cu)(x +v) = u(x +v) =& (Cu)(x).
It follows that
RL;=Lj

Le TLE=12,, CL;=1L2,. (2-1)

Let £2 and £ be given by (1-4):

EN =Tk +hy). &8 =Tk +2k).
We observe that
RTEA =2 4 2n(ki + ko), R'EP =€F +2nki.

In particular, R~'&, = £, mod 2w A* when &, € {2, £B}. Thanks to (2-1), we see that the space Lé is
R-invariant. Since R> = Id, we deduce that R : Lé — Lé has three eigenvalues: 1, 7, T with T = €%7/3,
Since R is a unitary operator, Lé admits an orthogonal decomposition

def

2 2 2 2 2
Le =Lg 1 ®Lg  ®Lg s Li  =kerp (R—2).

The operator CZ maps Lé to itself. If u € L2"r then

RCZu)(x) =u(—Rx)=71-u(—x)=7-(CZu)(x).

Therefore CILé”I = Léf.
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2C. Dirac points. We recall that Py = —A 4V, where V is a honeycomb potential — see Definition 1.1.
We denote by

20,1(6) < Aop() <--- <X ;) =--- (2-2)

the dispersion surfaces of Py, i.e., the Lé—eigenvalues of Py(&). Conical intersections in the band spectrum
(2-2) are called Dirac points — see Definition 1.2. Fefferman and Weinstein [2012] — see also [Colin de
Verdiere 1991; Grushin 2009; Berkolaiko and Comech 2018; Lee 2016; Keller et al. 2018; Ammari et al.
2018] for related perspectives — showed the following result:

Theorem 2.1 [Fefferman and Weinstein 2012, Theorem 5.1]. Let Vo € C®(R?, R) be a honeycomb
potential such that

/ e itk y () dx + 0. (2-3)
L

There exists a closed countable set S C R such that for every t € R\ S, the operator — Ag: + t Vo admits
Dirac points
G E) e e EPY xR, EPE Xk 4k, EFEF (ki +2k).

This result shows that Py generically admits Dirac points: the condition (2-3) excludes a hyperplane in
the space of honeycomb potentials; the “bad” set S is countable and accounts for extraordinary cases,
e.g., higher multiplicity of E, or quadratic intersections of dispersion surfaces. When Py admits Dirac
points, the eigenspace ker 12, (Py(&,) — E,) is spanned by an orthonormal basis {¢;, ¢»}, with

preli .. dr=I¢ el ;.
We call (¢, ¢») a Dirac eigenbasis. It is unique modulo the Sl-action (¢, ¢2) — (w1, @¢y), w € Sl
Lemma 2.2. Let (&,, E,) be a Dirac point of Py with Dirac eigenbasis (¢1, ¢2). Then

(@1, Dxpi) 2 = (2, Dxépa) 2 =0.

In addition, there exists v, € C with |v,| = vg such that for all n € R2 (canonically identified with a
complex number),

21, (n- D))z =van, 242, (n- D))z = Vadi.

This lemma can be deduced from [Fefferman et al. 2016b, Proposition 4.5]. We include a proof in
Appendix A.1. It relies on some algebraic relations relating Py, R and Z, and on perturbation theory of
eigenvalues.

2D. Breaking the symmetry. We will consider Schrodinger operators Ps = —A + V 4+ 6 W, where
WeC®RLR), Wax+w)=Wrx), weA,  Wx)=-W(-x).

Lemma 2.3. Let (&, E,) be a Dirac point of Py with Dirac eigenbasis (¢1, ¢po) — see Definition 1.2.
Then {¢q, W¢2>L§ = (¢, W¢1>L§ = 0. Furthermore,

def

Ve = (@1, W¢1)L§* = —(¢n, W¢2)L§*-
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See the proofs of [Fefferman et al. 2016b, (6.19), (6.20)] or Appendix A.1. These identities rely on Z
being an isometry. If w € S! the change (¢1, ¢2) — (w1, wpy) of Dirac eigenbasis leaves 1, invariant.

2E. Edges. Leta; and a, be two relatively prime integers and v =av; +asv;. Introduce v’ =bjvy +byvs,
where a1by — ayb; = 1. The vectors v and v’ span A:
biv—av' = (biay — aiby)vy = —vy,

(2-4)
brv — arv = (bray — axby)vy = v.

Let k and &’ be dual vectors. We claim that k = bk — b1k, and k' = —ark) + aika:

(k,v) =bra; —bjay =1, (k,v') =—aa;+aja, =0,
(k',v) =byby —b1by =0, (k',V')=—asbi +aiby=1.

Let (§2, E,) be a Dirac point in the sense of Definition 1.2 and Rv be an edge. Assume that £ belongs to
the dual edge ¢ k+Rk’ mod 27 A*. In this case we can write £& = ¢Ak+1k’, with 7 # (€2, v') mod 27 7.
Since A, j,(§F) = E., the no-fold condition fails when £ € ¢k + Rk’ mod 27t A* (see Definition 1.3).
Given the expressions (1-4) of €2 and £ and (1-7) of v/, this arises precisely when

2a1 +ay a)+2a
3 3

In particular, if the no-fold condition holds then a; — a, # 0 mod 3. This implies that {¢2, B} =

{%” 47”} mod 27 Z because of (1-10).

e/l <<= ay;—a; €3’

3. The characterization of edge states
This work studies the eigenvalues of the operator
P51 =—A+V 485 W: L [(]— L2[Z].

Above, ks is a domain-wall function — see (1-8) —and L?[¢] is the space (1-9). The operator Z5[¢] is
a Schrodinger operator that interpolates between Ps[¢] at —oo and Ps[¢] at +o00. See Figure 9. In this
section we review the multiscale approach of [Fefferman et al. 2016a; 2016b] and we derive Corollary 1.5
assuming Theorem 1.4, in a slightly more general setting.

3A. The formal multiscale approach. The eigenvalue problem for Z5[¢] is

:(—A + V(%) + ks (x) W (x) — Es)us =0,

2
. us(x)|“dx < oo. 3-1
us(x +v) = e'Cug(x), /@2@' () G-D

The multiscale procedure of Fefferman, Lee-Thorp, and Weinstein [Fefferman et al. 2016b, §6] produces
approximate solutions of (3-1). We review it below.
We first observe that if we write a function us € C*°(R?, C) as

us(x) = Us(x,8(k',x)), Us e C¥(R*xR,C), (3-2)
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Figure 9. #%[¢] is a Schrodinger operator with a typical potential represented above,
with the zigzag edge v; — v,. Each red (resp. blue) circle supports an atomic (e.g., radial)
potential. The resulting potential is not periodic with respect to A; rather it is periodic
with respect to Zv.

then us solves (3-1) if and only if Us solves

{((Dx +8k'D)*+ V(x)+ 8k ()W (x) — Es)Us = 0,

i Us(x, 8(k', x))|*d . (33
Us(x +v,t) =e'*Us(x, t), /[Rz/zl;l s(x, 8(k', x))|"dx <oc0. (3-3)

We now produce approximate solutions to the system (3-3) when ¢ is near ¢, = (&, v). We fix (&, E,)
a Dirac point of Py and we write ¢ = ¢, + ué, & = (&, v). We make an ansatz for U;s and Ej:

Us(x, 1) = e/t ( Y ()¢ (x) +8 - Vs(x, z)), Es=E.+95+ 00, (-4
j=1,2
where
e (¢1, @) is a Dirac eigenbasis for (§,, E,) — see Definition 1.2;
e ay, ap are smooth, exponentially decaying functions on R, to be specified below;
e Vs € X —the space defined in (1-13).
o L =k— ((k',k)/|k'|*)k’ is the projection of k to the orthogonal of Rk’;

* ¥ € R is a real number that will be specified below.

Since ¢, ¢, € Lé, Vs € X and «;, ap € L*(R), the ansatz (3-4) implies
Us(x +v, 1) =€ * Us(x, 1), / |Us (x, 8(k', x))|* dx < o0.
R2/Zv

In particular the boundary and decay conditions of (3-3) hold under (3-4).
The eigenvalue problem (3-3) becomes a hierarchy of equations, obtained by identifying terms of
orders 1,8, 82, .. .. Since (Py— E,)¢; =0, the equation for the terms of order 1 is automatically satisfied.
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The equation for the terms of order § is
e (P — E)Vs(x, 1) + e QU - DD k(W (x) = 9) Y o (1) (x)
j=1,2

+2ue™ (0 D) Y ()i (x) =0. (3-5)
j=12

Note that for every t € R, (Py — E,)Vs(-,t) is orthogonal to ¢; and ¢,. Therefore, for this system to
have a solution, we must have for every r e Rand k =1, 2,

<¢k, (2K - DDy +2u(€- D)+ (OW —9) > ;1) -¢j> =0. (3-6)
j=12 Lg,

The scalar products (¢;, (k" - Dx)¢y) 12 (@j, (€-Dy)r) 12 and (¢;, W) 12, appear in the solvability
condition (3-6). They were computed in Lemmas 2.2 and 2.3. Using these formulas, (3-6) simplifies to

(D)~ ) [zj =0, zz>(md=“[vik, ”’g)k]DrW[v% UE)E]“’* [(1) _ﬂ “

This system has exponentially decaying solutions [a, 2] if and only if ¢ is an eigenvalue of D (j).
Under this condition, (3-5) has a solution V. In other words, this constructs a function Uy such that (3-3)
is satisfied modulo Oy (8%), meaning that for some a, C > 0 and all § € (0, 1)

sup el |((Dx 4 8k'D))* + V (x) + 8k ()W (x) — E5)Us| < C8>.
RxR?

We can iterate this procedure to arbitrarily high orders in 4. It produces a function U such that (3-3) is
satisfied modulo Oy (8™) for any M. Identifying Us with us according to (3-2), this procedure produces
for any M and any eigenvalue 9 of /(n) a function us s that solves

(P5[¢]1— Es)us.u = Ox (M),  Es = E,+80 + 0(8%).

This is an approximate solution to the eigenvalue problem (3-1).

It is natural to ask whether these approximate solutions are close to eigenvectors. The work [Fefferman
et al. 2016b] shows that this holds at first order in 6. Below we state results that imply that this holds at any
order in 8. This dramatically refines the main result of [loc. cit.]. Our approach relies on resolvent estimates
rather than by-hand construction of eigenvectors. It comes with further improvements of [loc. cit.]:

« the precise counting of eigenvalues of %5[¢];

e an estimate that connects the resolvents of Z5[¢] and ().

These results are stated in Section 3C and first require a spectral analysis of D ().

3B. The Dirac operator Ip(n). The Dirac operator

0 vk 0 vt 1 0
m(ﬂ)=|:rk, 0:|D1+M|:m 0:|+l9*|:0 _1:|K
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emerges in the multiscale analysis of [Fefferman et al. 2016b]. We saw that its eigenvalues are particularly
relevant in the construction of approximate eigenvectors of ZZ5[¢], ¢ = ¢, + du. In this section we relate
the spectra of P(w) and P, = P(0).

Lemma 3.1. The essential and discrete spectra of ID, and I (i) are related through

212 e D) =R\ (—V0F + > VP V0 + 12 - v3 1),
Sp2g(w) = {1 -vrle]-sgn(®,) : £V + u? - Vi €] with 0 # 0 € Tp2 4(B.)}.

All the eigenvalues of I, and IP(w) are simple.

The proof of Lemma 3.1 relies on a supersymmetry: there exists a 2 x 2 matrix my such that m,?> =1d
and my D, = —myIp,.. We postpone it to Appendix A.2. We also mention that /), may have more than
one eigenvalue —see [Lu et al. 2018]. For a general perspective for applications of supersymmetries in
spectral theory, see [Cycon et al. 1987, §6—-12].

3C. Parallel quasimomentum near &,. We are now ready to state the main result of our work. Recall
that the assumptions (H1)-(H3) were introduced in Section 1E and that I, I[T* and (/s are defined by

def

M: L2 R*/Zv,C}) — L*R,C?), ()0 E [} flsv+1v)ds,

M*: LR, C?) — LA(R*/Zv, C?), (IT*g)(x) E g((K', x)),

def

Us : L*(R, C?*) — L*(R, C?), Us (1) = f(81).

Theorem 3.2. Assume that the assumptions (H1)—(H3) hold. Fix vz > 0 and € > 0. There exists 5o > 0
such that if

wE (—pg, ),  8€(0,8), zeD(0, \/15‘,% + VR =€), dist(S2 (D), 2) > e,
é‘:é‘*—i_éua )‘v:E*‘i‘(SZ

then Ps[¢] — A is invertible and its resolvent (Ps[¢] — 27! equals

.
l.[‘l"} eI TP Uy - (D) —2) Uy T 91 z‘}+ﬁLz[;](a—l/3).
2

5 |

It suffices to take u = 0 in Theorem 3.2 to derive Theorem 1.4.

1

Corollary 3.3. Assume (H1)—(H3) hold and fix 9y € (9n, ¥r) and py > 0. There exists o > 0 such
that for

5€(0,80), wm€ (=g, uy), ¢=0C+du,

the operator Ps[¢] has exactly 2N + 1 eigenvalues {E;/}je[_N,N] in

[E.—8V07 +u? VR, Ea+ 8V 07+ Vil ]
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These eigenvalues are simple. Furthermore, for each j € [—N, N], the eigenpairs (ES 5. U ]) admit full

expansions in powers of §:
Ef ;=E, 49" 6+a) -8+ +aj 8"+ 0™,
g (x) = e/ CTEI(Fr e, S, X)) 4+ 8 fur(x, 8K, x))) + 0ge (8M).
In the above expansions:

e M and k are any integers; H* is the k-th order Sobolev space.
. ﬁj.M is the j-th eigenvalue of ID(i), described in Lemma 3.1.

o The terms aly € R and fl, € X are recursively constructed via the multiscale analysis of [Fefferman
et al. 2016b] — see Section 3A.

o The leading-order term fé‘ satisfies

"
fo e, 0) = (g1 (x) +ay (Na(x),  (D() =) [Zh] —0.

2

Proof of Corollary 3.3 assuming Theorem 3.2. In order to locate eigenvalues of 5[], it suffices to
integrate the resolvent on contours enclosing regions where Theorem 3.2 does not apply.
Let %, be an eigenvalue of J)(n) and € > 0 so that [P(u) has no other eigenvalues in D (29}, €). We

compute the residue

1 -1
57 A= Z5(5) da. 3-7
271 Jyp (£, +89;.¢5) S

This is the projector on the spectrum of Z5(¢) that is enclosed by dD(E, + 81, €5). Because of
Theorem 3.2 and the relation A = E, 4 8z, dA = §dz, (3-7) equals

1 —iusitx) | pp* _ ins(e,x) | 91 /3
Lﬁj < s 2 ?gm(ﬂj,e)(z Do) dz Uy e |:¢i|—|-ﬁL2[¢](5 .

The residue
1

5 (z—D(w) " dz

2mi AD(D;,€)
is a rank-1 projector on ker;2(]) — ;). We write it as a® @ af, where |a¢|;2 = 1. We deduce that the
residue (3-7) equals

[zl] e T U5 a @ - Uy TTT - e/ HO1E) [zl] + 0121 (8%) = v ® vy + O p2p (877,
2 2

where

; def81/2 |:¢1:| 71;48 (€,x) *Z/{(S ..
¢

Above we used that (L{S_l)* =36 -Us.
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We deduce that (3-7) is a projector that takes the form vj ® v§ + Or211(8%7), where v L2 =1.In
particular, it is nonzero. Moreover, it has rank at most 1. Indeed, normalized vectors in its range must be
of the form vé + 0 Lzm((SZ/ 3); therefore two of them cannot be orthogonal for § sufficiently small. We
deduce that (3-7) has rank exactly 1: &5[¢] has exactly one eigenvalue in D(E, + §79;, €6).

The rest of the proof is identical to [Drouot et al. 2018, Proof of Corollary 1]. It relies on

o the fact that &%5[¢] has exactly one eigenvalue in the disk enclosed by 0D(E, + 619, €5) — proved
just above;

 a general variational argument that shows that an approximate eigenpair (i, E) for a selfadjoint
problem that has only one eigenvalue near £ must be close to a genuine eigenpair — see [Drouot
et al. 2018, Lemma 3.1];

« the construction of arbitrarily accurate approximate eigenpairs thanks to the multiscale procedure of
[Fefferman et al. 2016b] — see Section 3A.

We refer to [Drouot et al. 2018, Proof of Corollary 1] for details. O

Most of the rest of the paper is devoted to the proof of Theorem 3.2.

4. The Bloch resolvent

Recall that V is a honeycomb potential — see Definition 1.1 —and that W € C®(R2, R) is odd and A-
periodic. In this section we study the resolvent of Ps(&), the operator formally equal to Ps=—A+V +§W
but acting on quasiperiodic spaces Lg.

Under the no-fold condition, we prove in Lemma 4.1 that (Ps(§) — z)~! is subdominant away from
the Dirac quasimomenta &,. The situation is more subtle near &,. In Lemma 4.2 we show that when the
nondegeneracy assumption (1-6) holds and (£, A) is near a Dirac point (&,, E,), (Ps(£) —A)~! behaves
like the resolvent of a rank-2 operator.

4A. Resolvent away from Dirac momenta. We recall that L is the fundamental cell associated to the
generators vy and vy; see (1-2). Given & € R2 we define p (&) as

p(&) Z dist(€ + 2w A*, ¢k + RK).

Lemma 4.1. Assume that the assumptions (H1) and (H2) hold. Let ¢ > 0. There exist 8y, €y > 0 such
that if
§€(0,80), £el* pE)<e, [E—&]=8"7 2eD(E,, cd) (4-1)

then Ps(&) — A is invertible and
I(Ps€) =) N2z = 017
Proof. 1. We first show that there exists €y > 0 such that

Eel'\{&), p)<e0, = 10, (6) <E.—2-|§ -5l (4-2)
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27‘[/(1 :

2k

Figure 10. If v = v; — v, is the zigzag edge then k' = k; + k;. An €p-neighborhood
of the dual line ¢,k + Rk’ is represented above as the blue strip. Lemma 4.1 applies
to quasimomenta in the area enclosed in black. This domain of validity extends by
periodicity to the blue strips away from &, mod 2w A*.

Indeed, if this does not hold then we can find &, such that

g U], pE) =T, hosE)>E— 2 lE &l

Since &, € L*, we know £, is bounded. There exists a subsequence &, of &, that converges to an element
&~ in the closure of L*, with p(§5) = 0. Because 1 ;, is continuous, we have Aq j, (§oc) > E,. Since
p(Exo) =0, there exist n € A* and 7y € R such that

Eoo + 271 = Lok + Tok'.

We look at the function ¢(7) & Xo,j, ¢k + k). Tt is 2mw-periodic and it equals E, precisely when
T = (&, V') mod 27 because of (H2). Moreover,

o((E. V) +€) = E, —vplek’| + O (€?).

Therefore, the intermediate value theorem shows that ¢(t) < E, unless T = (&,, v') mod 2. We deduce
that 7o = (£,, v') mod 27. Hence &, = &, mod 27t A*. Since £, is in the closure of L*, we know &5, = &,.
Since it also belongs to ¢,k + Rk’, we have &, = &,. Since &, is a Dirac point, we deduce

NEpmy — Exl < 2o, Gon) < Ex— VE - Epm) — &l + O Epny — E2)%

*

)
This cannot hold for large n, unless &,(,) = &,, which is excluded. We deduce that (4-2) holds. A similar
argument implies that

Ecl*\{&}), pl)<e = Ao +1(6) > Eit2e0- 1§ —&l (4-3)
2. From (4-2) and (4-3), we deduce that for § > 0,

r0,j. () < Ex— 26087,

EI]—*9 <€9 _*>81/3 =
‘i: p(é) = €0 |§ S | - )\O,j*-}-l(g) - E*+2€081/3.
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In particular, if ¢ > 0 is given and A € D(E,, ¢§) then

Re(ho,j, (€) —A) < 8 —2€08'/°,

el <e, |E—&]>8"7 =
§ pE) €0, -5l = Re(hoj+1(6) — A) > 2€08'/3 — 6.
In particular, when §y is sufficiently small, § € (0, §p) and 1 € D(E,, cd),

Re(ho,j,(€) — 1) < —€od'/3,

. _ 13
Eel”, p)<e, [E§—-6&I=4 = {Re(ko,j*-i-l(%-) —3) > e8!,

Since the dispersion surfaces are labeled in increasing order, we deduce that if (4-1) is satisfied then
dist(Z 2 (Po(§)). 4) = 08", (Po(§) =0~ = 0,2(57'7).

We derived the estimate on (Py(£) — A)~! using the spectral theorem.

3. Assume that (4-1) holds. Thanks to step 1, Py(§) — A is invertible and
Ps(§) =1 = Po(§) =L +8W = (Po(§) = 1) - (Id+(Po(§) — )~ 8W).

The second term equals Id —i—ﬁ’Lg (82/3). In particular it is invertible by a Neumann series for § sufficiently
small, with uniformly bounded inverse. We deduce that Ps(§) — A is invertible with inverse ﬁLg (87173,

4. To conclude we must show that the inverse of Ps(§) — A is ﬁL§_> H? (8~1/3). This is a standard
consequence of the elliptic estimate: using § = O (1), A = O(1), we see that for any f € HZ,

|flz =1z H1Af 2 = CLl iz +1(PsE) — 1) fl -
We apply this inequality to f = (Ps(€) — A)~'u to deduce that
ICPsE) =) iz < CIPSE) =M gz + 1.

In particular, the estimate ﬁLg (6~1/3) proved in step 3 improves automatically to a bound ﬁLgﬁ H? (8173,
This completes the proof. (|

4B. Resolvent near Dirac momenta. Fix a Dirac point (&,, E,) of Py(£) and assume that ¢, — defined
in (1-6) —is nonzero. Identify & — £, € R? with the corresponding complex number and introduce the
2 x 2 matrix Ms(§),

dif E*+819* V*'(g_g*)
M(S(E)_ [V*'(g_g*) E*_Sﬁ* :|
Lemma 4.2. Let6 € (0, 1). If
§>0, £eR: 9,8 9,1£0, 1eD(E, 0V0% 82+ -[& —£]%) (4-4)

then the matrix Mg(§) — A is invertible and

I(M5(5) =22 = OB +15 = &D 7).
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Proof. The matrix M;(€) is Hermitian. It has eigenvalues

def

HEE EE VO 820k g8
If (4-4) holds then the eigenvalues ji (é ) — A of Ms(&) — A satisfy

1-6
WEE) =M = (1= 0WVD2 -8+ 12 [ —E P> —= - (vp - |E —& ]+ DF-0).

V2
By the spectral theorem, we deduce that (Ms(§) — A1)~ ! exists and has operator-norm bounded by
O((I§ —&|+87h. O

Introduce the operator
(E—&u,x
2 2 def (el ¢l u)
Mo(§): L} — €2, MoE)uL [M T u) (4-5)
Lemma 4.3. Assume that the assumptions (H1) and (H3) hold. Let 6 € (O, 1). There exists 5o > 0 such
that if

5e(0,80), 16—&1<8" AeD(E.ovV9E 82+ & —&l) (4-6)

then Ps(E) — M is invertible and
(Ps(&) =1~ =To®)" - (M5 =)™ To(®) + 012 2 (1),
Proof. 1. Introduce the &-dependent family of vector spaces
V(E)=C- 5N g @C.EEN g,

We split Lg as ¥ (£) @ ¥ (£)*. With respect to this decomposition, we write Ps(£) as a block-by-block
operator:
As(§) — A B;(§) }
. 4-7
Cs(6)  Ds(E)— 1 7

We use below (-, - ) to denote the Lg—scalar product.

2. We show that

Pa(f)—)hz[

Bs(§) = Opyiye @+ 15 =&, Cs(§) =0y (6+15 —&. (4-8)
Note that Cs(§) = Bs(£)*; hence we just have to estimate Bs(£), i.e., show that
ueVE ulp=1 = (g PiEu) = 06+ — &l (4-9)

where the implicit constant does not depend on u. We have
(" E5 g, Ps(E)u)
= (P5(&) - 'S5 u) = (—A+V +8W) - 655, u)
= ("I A+ V)G ) + (= AL e CTE gy ) + (W' )
= (E.+ & =& E 750 u) + 20" 75 (£ — &) - Dy, u) +5(We' S 5%, ).
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The first bracket vanishes because u € ¥ (§)*. The second and third brackets are O (£ —&,) and O(8),
respectively — and this holds uniformly in u with |u| 2= 1. This gives (4-9), itself implying (4-8).

3. Here we prove that if (4-6) is satisfied then
Ds(€) —1: 7€) NH — 7€) NL; isinvertible and (Ds(€) — 1)~ = Gy ().
It suffices to construct an operator Es(£,A) : ¥ (& )L — ¥ (&) such that

Es(§,0) = Oy (1), Es&,2)-(Ds(§) —2) =Idyi)r +0y (8 +15 — &) (4-10)

The space ¥ (&,) = kerLg (Py(&,) — E,) has dimension 2; Py(&) depends smoothly on £ in the sense
that e=/6* . Py(&) - '5* forms a smooth family of operators HO2 — L%. Therefore, there exist n > 0 and
€ > 0 such that

£ —&|<e = Py() has precisely two eigenvalues in [E, —n, E, + n]. 4-11)

See [Kato 1980, §VIL.1.3, Theorem 1.8]. Let # (£) be the vector space spanned by the two eigenvectors
of Py(€) with energy in [E, — 1, E, + n]. Let Q¢(€) be the operator formally equal to Py(£€) but acting
on ¥ (£)1. From (4-11), for | —&,| <€, the spectrum of Qo(§) consists of the eigenvalues of Py(§)
outside [E, — 1, E, + n]. The spectral theorem implies that if &y is small enough, under (4-6),

Qo(€) — L :WETNH > W(E) NL; isinvertible and  (Qo(§) — M)~ = Oper(1). (4-12)

Let J(£): ¥ (£)F — # (&)* be obtained by orthogonally projecting an element u € ¥ (§)*+ C Lg_. to
W (€)1 We set

def

EsE, N =JE) - (Qo@E) =N JE) :vET - v E"

The first estimate of (4-10) is satisfied because of (4-12). We want to check the second estimate. Observe
that

Es(§, 1) - (Ds(§) —A) = Es(§,A) - 7wy 5y (Po(§) — A+ W)
=J(E)* (QoE) =N T(E) Ty )L (Po(§) — 1) + Oy ) (8). (4-13)

Above, Ty g1 Lg — Lg is the orthogonal projection from Lg to ¥ (£)%, also seen as an operator
L} — ¥(§)*. We introduce similarly 7ryy .. Then
J@E) myer =y Md—my@) =@ —Md—mp @) Tre
=y et — e —Tre) Tre- (4-14)

The individual eigenvectors associated to the eigenvalues of Py(§) in [E, — 1, E, + n] do not depend
smoothly on & but the projector 7y () depends smoothly on § —see [Kato 1980, §VII1.3, Theorem 1.7].
Since 7' (&) = # (&.), this implies 7wy (&) — Ty (5) = ﬁLg (& —&,). We deduce that

JE) Ty =Tyt + Oper(§ —§0). (4-15)
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We combine (4-13) and (4-15) to obtain

Es(E,1) - (Ds(&) — 1) = J()* - (Qo(€) = M) ™" ey (Po(§) — A) + 01209
=J(E)' Ty ) + Ope 8+ & —&).

The operator J (£)* takes an element in # (& )+ and projects it to ¥ &)™ By the same argument as (4-14)
and (4-15) (inverting ¥ (§) and #'(§)),

JE Ty ey =TyE)r + Oy (6 —E&).
We conclude that the second estimate of (4-10) is satisfied. It follows that Ds(&) — A : ¥ (§)+ — ¥ (&)*
is invertible under (4-6).

4. We now study Az(&) — A. This operator acts on the two-dimensional space ¥ (§); its matrix in the
basis {ei(é—éhxwl’ et‘(é—&,x}(pz} is

[<e"<$—5~x>¢1, (P3(§) = W) E750gy) (e 6760y, (P (&) — A)€i<g_§*’x)¢2)] _ 4-16)

(e! 6750y, (Py(§) = Me'E75 1) (el €78 N ghy, (Py(&) — M)e' 75N gy)
We observe that
e—i(S—EhM(pB(E) _ )L)ei@—&,ﬂ = Ps(&,) — A+ [e—i@—&x)’ —A]ei@_é"’x)
= Ps(£&) — A+ (A, e—i<$—-§*,X>]ei<$—&.X>
= Ps(6) =2 +2(( =) - D) — 1§ — &%
Therefore the matrix elements in (4-16) are given by
(675N, (Ps(§) = M€ 75N g) = (¢, (Ps(€0) +2(6 — &) - Dy — & — € — &) )
= (B = 1§ = &7 = 181 + (&), GW +2(5 — &) - D)),

We deduce from Lemmas 2.2 and 2.3 that the matrix (4-16) is equal to Ms(§) — A+ O(§ — £)> Using a
Neumann series argument based on (4-16), when (4-6) holds, As(§) — A is invertible, and

e 2
(As(E) =)' =TIp&)* - (Ms(&) — V)" - TIo(§) + Oy e (%) 4-17)

Because of Lemma 4.2, we also observe that

(As(€) =N ' = Ope)(+1E —EDT. (4-18)

5. Schur’s lemma allows us to invert block-by-block operators of the form (4-7) under certain conditions
on the blocks; see [Drouot et al. 2018, Lemma 4.1] for the version needed here. We need to verify that

As(&) — A : ¥ (&) — V(&) isinvertible,

Ds(&) —h— Cs(&) - (As(€) — V)" Bs(§) : #(§)" — (&) is invertible. (4-19)
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The first statement holds because of step 4. Regarding the second statement, we observe that because of
(4-8) and (4-18),

Cs(&) - (As(E) =)' Bs(€) = Opere S+ [E — &) = O (8'7).

Because of step 3, Ds(§) — A is invertible and its inverse is Oy 1 (1). Therefore a Neumann-series
argument shows that the second statement in (4-19) holds. It also shows that the inverse is Oy 1 (1).

We apply Schur’s lemma — see [Drouot et al. 2018, Lemma 4.1]. From (4-7), we obtain that Ps(§) —A:
HE2 — Lé is invertible when (4-6) holds, and moreover

(As€) =2~ 0

-1 _
(Ps(&) — 1) —[ A

:| + ﬁ’L§ (1).
Using (4-17) and the projector (4-5), we deduce that

(P3(&) =0~ =To(&)" - (Ms(&) =)™ To(E) + 0,2(1). (4-20)

The error term in (4-20) improves automatically to ﬁ’Lgﬁ Hg(l) because of elliptic regularity — see the
argument at the end of the proof of Lemma 4.1. 0

5. The bulk resolvent along the edge

Let v € A be the direction of an edge. We define accordingly v, k, k" and £ — see Section 2E. For ¢ € R,
we set

L1 = {u € L (R, ©) s ulx +v) = e u(x), fpa7, lu()>dx < 00},

Let Ps[¢] be the operator formally equal to Ps but acting on Lz[c]. We are interested in the resolvent of
Ps[¢] for § small and ¢ near ¢, = (&, v). We recall

def

M:L2R?/Zv,CY) — L*R,C), (IO E [ flsv+1v)ds,

M : LAR, C?) — LAR%/Zv,CY), (IT*g)(x) = g((K', x)), (5-1)
def

Us : L*(R, C*) — L*(R, C?), Us f)(t) = f(81).
Let P+ (wn): H' (R, C?) — L?(R, C?) be the formal limits of () as t — +00:

def | Dp VK 0 vt g, 0
= | = D — + .
P+ |:v*k/ —15‘,,] At |:v*£ 0 ] [ 0 —19*]
The main result of this section relates the resolvent of Pys[¢] at E, + 8z to that of D4 () at z for small

enough §. The assumptions (H1)—(H3) were defined in Section 1E.

Theorem 5.1. Assume that the assumptions (H1)—-(H3) hold and fix pu; > 0 and 6 € (0, 1). There exists
80 > 0 such that if

5€(0,80), e (—psps), ze€D(0,0vV0%+u>v2eP),
§:§*+8/“l’7 )":E*+8Z
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then the operators Pis[C]1— A : H 2[{] — Lz[g] are invertible. Furthermore,

(Pesle] =07 = Sis (1t 2) + Oy (577,

(k- D) (Pas[c] =21 = 8251, 2) + 021 (87173,
where

-
ef 1 i X) 1 —i x
S+s(u, 2) e 5 [zj EMENTT  Us(Pa (1) — 2) 1u6 L [Te—inste, >|:zi|’

-
et 1 [ (K -D)d1 | s P s K
SP (1, z ‘;‘_.[ x e MIEX T s (1D — ) U e imteR T
5A. Strategy. We first observe that it suffices to prove Theorem 5.1 for Ps[¢]. Indeed, to go from Ps[¢]
to P_s[¢] we simply replace W with —W. The only parameter to change is ¥,, which becomes —,. This
simply transforms D, (i) to D _(w).
To prove Theorem 5.1, we decompose Ps[¢] fiberwise using the operators Ps(&) (formally equal to Pjs

but acting on Lé). Specifically

@ @
Pyc] = - Py(ck+ 1K) - dt = - Ps(ck + k') - d.
27 Jr/onz) 27 Ji0,21)

When Ps[¢] — A is invertible, we are interested in the resolvent
®
(Blel-0" =20 [ Bk k)~ 2 dr (5-2)
7T J10,27]
The fiber resolvents (Ps(¢k+1k’)—A)~! were studied in Section 4. We first show that if zk + k' satisfies
o(Ck+Ttk)>6 173 then this quasimomentum does not contribute significantly to the resolvent (Ps[¢] )L
Then we study the contributions from quasimomenta ¢k + tk’ at distance at most 8!/3 from &,. The
Dirac operator D (1) emerges from a rescaled direct integration of the dominant rank-2 matrix exhibited
in Lemma 4.3.

5B. Reduction to ¢k + tk’ near &,. We start the proof of Theorem 5.1. Below 6 € (0, 1) and ps > 0
are fixed numbers. Let n be the integer such that

(., V) € [27Tn, 2rn + 271).
Write & = ¢k + k', T € [2nn, 27n + 27), and introduce

IS {ve2nn 2nn+2m): |6 —&] <83, 1= [2mn, 2wn+2m)\ 1.

Observe that p(§) = §|uf|. In particular for § small enough p () is smaller than the threshold ¢y given
by Lemma 4.1. That lemma yields

1 ® / —1 1 ® / —1
o (Ps(Ck+Tk') —X) dr+ﬂ TEIC(P5(§k+rk)—)\) dt

1 [® N g _
= 2_/ (Ps(Ck+Tk) =071 dT + Opaey g 67'7). (5-3)
T Jeel

(Pslg]1 -2 =

tel
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We would like to apply Lemma 4.3 to the leading term of (5-3). We check the assumptions: we must
verify that when A belongs to the range allowed in Theorem 5.1, A belongs to the range required by
Lemma 4.3. This is equivalent to

D(E., 08V 0 + pu* - vE|€|*) C D(E., OV 9262 + 12 |E — E.1%). (5-4)

To check that (5-4) holds, we observe that

& — &% = K2 (r — 1)? + 2% 1e)%,
(kv k/> def <k, k/> (5-5)

/
TR i

def

T = (€, V) — 18

This implies

08V O} + 12 v} 10 = 0V 0762 + v - 101287 < 0V 9R8% + 0} - I — .12
Therefore we can apply Lemma 4.3 to the leading term of (5-3). It shows that

Ps[¢] = Ts[E1+ Opopey i 8 17),
(5-6)

(&)
Ts[¢] o % / Mo(Ck 4+ Tk)* - (Ms(Ck + k") — )7 To(Ck + Tk') d.
tel

Because of (5-5), 7, = (&,, V') + O(8). From Section 2E and the definition of n, we have (&,,v') €
{27‘[7’1 + 27”, 2mn + %’T} Hence 7, is in the interior of I for § sufficiently small. It follows that [ is an

interval centered at t,:

df \/82/3 _MZ. v%|£|282 B §2/3

I =[1,—8 as, T.+38-asl, = = 0(5°73). 5-7
[t os, T+ 6 asl,  as s T4 +0(677) (5-7)

We make the substitution t — t, +87. The vector ¢k + Tk’ becomes ¢k + (7, +81)k' = &, + 8 (k' + ),
the interval I becomes [—as, as], dT becomes § dt and

Vs v (Tk" + )
v (Th' + ul) -9, ’

% —z v*(rk/—i-/w)]l Zdef)\_E*

M5k +8(tk' + ub)) = E, +8 [

: Ly Yz
(Ms(Ck+8(tk’ +p0) =1 = < |:v,,(‘rk/+,li£) —¥,—z

s
We deduce that T5[¢] equals
1 @

27

% —2 V*(Tk/ + ul)

-1
e . 1—[ . / . )
Vo (Th/ +ul) =9, —z i| 0 +0(tk" + b)) -dt

Mo (& +8(Tk" + pt)* - [

[t|<as
Thanks to the definition (5-7) of Iy,

ei&(rk’—kuﬁ,x)(pl , M)]

/ —
Mo (& +8(ek + p))u = [<ei8<fk’+ﬂ@’x>¢z, u)
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We conclude that the operator T5[¢] has kernel

1 [qsl(x)]f / [ P, —2 v*<rk’+/w>]‘le,-ww,x-w dt,[%@)} (5-8)
It|<as

21 | ¢a2(x) Vu(Tk'+pl)  —U.—z $2(y)
5C. Kernel identities and proof of Theorem 5.1. Recall that IT, IT* and Ufs are defined in (5-1).

Lemma 5.2. There exists C > 0 such that for every § € (0, 1), the following holds. Let ¥ € L*°(R, M»(C)),
possibly depending on §, and Ay be the operator with kernel

;
Hx) 1 I8k +pulx—y) 5 [dn ()’)]
(3= |:¢2(X)} o /R‘I’(’)e I (0

Then Ay is bounded on L*[¢] with IAw L2 < C5 W|oo, and

1 [en]' ¢
_ 1 1 P8 (0, x) Ty | -1 —ipst,x)| P1 _
Ay = 5 |:¢2:| e IT* - UsW (D)Us " - Tle |:¢2:| (5-9)

If in addition T - W € L®(R, M»(C)) then (k' - D)) Ay is bounded on L*[¢] with

I(k"- D) A ll2p0 < €87 W oo + Cl - Wlog

and

.
; } SN Us W (DU - TTe™ 1) [Zﬂ + 0251 (1(T) Yloo)-

(k/ . Dx)A\y — 1. |:(k/ : Dx)d)l

(k/ . Dx)¢2
Proof. 1. We first note that the operator 8! - UsW (D, U s ! has kernel

)

(t, 1) e Rx R — % / T (1) L dr. (5-10)
R

Let 8¢9 denote the Dirac mass. We claim that the operator IT has kernel
(', y) € Rx R*/(Zv) = So((K', y) —1'). (5-11)

Fix f € CJ°(R?/Zv, C?). The integral

/ So({K', y) — 1) £ () dy
R2/Zv

is well-defined. We perform the substitution y — ({k, y), (k/, y)); the inverse substitution is (s, f)
sv + tv’; the Jacobian determinant is dy = Det[v, v'] - ds dt. Since v, v’ are related to vy, vy by (2-4) and
Det[v;, v2] = 1 because of (1-1), Det[v, v'] = 1. The above integral becomes

f So(t —t') f(sv+1tv)dsdt = f(sv+1t'v)ds.
R2/Ze R/Z

We recover the formula (5-1) for ITf. From (5-11), we deduce that the kernel of IT* is

(x,1) € R?/Zv x R 8o((k', x) —1). (5-12)
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To obtain (5-10), we compose the kernels (5-11), (5-10) and (5-12). This forces ¢ to be (k’, x) and ¢’
to be (k’, y). Hence the operator § ! - IT* -ng\ll(Dt)L{({l - IT has kernel

(x,y) —~ ife“‘“"”x—”\p(r)-dt.
21 Jr

This implies (5-9).

2. We prove the L?[¢]-bound. The operator IT maps L?(R?/Zv, C) to L*>(R, C?), independently of
8. Tts adjoint maps L%(R, C?) to L?>(R?/Zv, C), independently of §. The dilations s and Us ! map
L?(R, C?) to itself, with bounds !/ and 8'/2, respectively. The operator W (D,) is a Fourier multiplier;
hence it maps L?(R, C?) to itself, with bound |¥|.,. Combining all these bounds together we get

lAwll 2] < C87 W] o

3. We observe that the operator (k" - D,) Ay has kernel

[(k/-Dx)¢1(x)i|T.L/ W (1) K b=y g |:¢1(y)]
R

(k"-D)ga(x)] 27 $2(y)
T
é1(x) L/ S (2 it Tkl x—y) .|:¢1(y):|
] 2 [ v e

Above, we used that £ -k’ = 0. These two terms are kernels of operators studied in steps 1 and 2. The first
one has L?[¢]-operator norm controlled by C8~!|W|,, and the second one by C|7 - ¥|x. O

Lemma 5.3. Let 94 € (0, 9F). There exists C > 0 such that for any z € D(0, ¥3), the following holds. Let
Yy : R — M,(C) be given by

—1
def 19* —Z V*(Tk/ + MZ)
Yoo = [m—wz) -z | G-
Then t - Wy € L*°(R, M>(C)) and for every a > 0,
sup | Wo(0)lez < Ca™",  sup [|tWo(r)lle2 < C. (5-14)

|T|>a |T|>a
To prove Lemma 5.3, it suffices to observe that

B 1 [ % —2 v,.(rk’—i—,uﬁ)j|
10 — 22 + V22U + V2K 2e2 [Tk +nl) e —z |

Yo (1) =

In particular, Wo(t) = G2 (). This yields the bounds (5-14). Let D, () : H' (R, C?) — L*(R, C?)
be the Dirac operator defined by

def | Ou VK 0 vt 9, 0
lDJr(C)_[ITk’ —19,:|Dt+u|:v*_ﬁ 0i|+|:0 _ﬁ*i|.

We are now ready to prove Theorem 5.1.
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Proof of Theorem 5.1. 1. Because of (5-6), it suffices to prove Theorem 5.1 when P;s[¢] is replaced by
Ts[¢]. We first apply Lemma 5.2 with Wy given by (5-13). It shows that

H
(03]
. o
¢1(x)| 1 i8(ck'+ulox—y) 5 |:¢1(y)]
(. )= [¢2(X)] 2 fR%(”e S P

2. We now apply Lemma 5.2 with W (1) d;flR\[_aa’aé] (7)-Wo(7) (recall that os = |k'| 16723+ 0 (8%/3)
was defined in (5-7)). It shows that Ay, has kernel

!
A S 0] e o - ot e e

has kernel

:
¢1(x) L/ v i8(Tk' 1, x—y) _[¢1()’)}
[¢2(X)} 27 oo O T (]

Thanks to the bounds of Lemma 5.3, Ay, = ﬁLz[{](S_laa_l) = Op21)(87173).

3. When we subtract the kernel of Ay, from the kernel of Ay,, we get the kernel of T5[¢]; see (5-8).
This shows that T5[¢] = Ay, — Ay,. Hence

¢ j| + ﬁLz[g](8_l/3).

-
Ts[¢c] = L |:¢1i| MO Us (P () — Z)_lua_l e~ it ¢;

s ¢
4. Lemma 5.2 and the bounds of Lemma 5.3 imply that

1

T
/ 1 (k/ : Dx) i X * — - —i x

It also implies that (k" - Dy)Ay, = ﬁLz[U(S*m). We conclude that

k'-D, _
( )¢1 2;i|+ﬁL2[{](8 1/3). O

T
(k’.D )¢2] emsw’x)H*'MB(D+(M)—Z)_IU(S_1'He_i“’s(zv”
x

(K-DT[¢]= %[

1

6. The resolvent of the edge operator

Recall that « is a domain wall function — see (1-8) — and introduce the operator
Ps=—A+V+8-k5-W, ks(x) =k, x)).

We denote by #s[¢] the operator formally equal to 27 but acting on L?[¢]. In this section we prove
Theorem 3.2: we connect the resolvent of 9Zs[¢] to that of the Dirac operator (i) emerging from the
multiscale analysis of [Fefferman et al. 2016b]:

0 vk 0 vt 10
ID(M)_[W Oi|Dz+,Uv|:v*—£ 0i|+l9*|:0 _I]K-

The strategy is as follows. We first prove a formula for (#5[¢]—A)~! in terms of the asymptotic operators
(P+s[c]—2)~". We then apply Theorem 5.1 to exhibit the leading-order term in this formula.
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We use a cyclicity argument to simplify this leading-order term. An averaging effect emerges as the
driving phenomenon connecting Z;[¢] to ID(w). This yields Theorem 3.2.

6A. Parametrix. We first construct a parametrix for &s[¢] — A. Introduce

ef _ e 1+«
D REY g Paale] =07 e =
+

(6-1)

This operator is well-defined —and depends holomorphically on A —as long as A ¢ X2, (Ps[¢]).
Formally speaking, it behaves asymptotically like (%5[¢] —A)~L
A calculation similar to [Drouot et al. 2018, §5.2] yields

(P56 —M)2s(¢, A) =1d+75(¢, 2),
where

A58, 3 = S (DK - (- D)+ 8K D + 63 = DW) ((Ple1 =)™ = (PLyle] =27,

This identity shows that if Id +.75(¢, 1) is invertible then ZZs[{] — X is invertible. When this holds,
(5[] — )~ ! has an expression in terms of 25(¢, A) and J#5(¢, L):

(25161 —2) "' = 25(¢, ) - (d +#(2, 0)) 7L

The operators 25(¢, ) and .#5(¢, 1) have expressions in terms of (P1s[¢] —A)~L. An application of
Theorem 5.1 estimates 25(¢, ) and JZ5(¢, A), assuming

5€(0.60), pe(—pe ). zeDO.VO2+u2 v2iep),
A=E,+08z, =0+

(6-2)

We introduce the operator
Ro(u, 7)1 L*(R, C*) — H*(R, CY),
Ro(1t,2) = (B4 () =22~ = (ViK' DF + i [val” + 97 — 27"
It is well-defined when z is away from the spectrum of ) () — in particular when
zeD(0, VOF 4+ u* - vilef).

Lemma 6.1. Let s > 0,0 € (0, 1). There exists 6o > 0 such that under the assumptions of Theorem 5.1,
H5(C, ) and 2s(¢, \) admit the expansions

‘%/S(C’ )") = ’CB(:U“’ Z) + ﬁL2[§](82/3)5 Qﬁ(g’ )\') = Q5(,u/a Z) + ﬁL2[§](8_1/3)'

Above, Ks(u, z) is equal to

, T T
S i) S S

and

_ _
Qs(u. ) & L [d’l] e NI U - (P(W) +2) - Ro(u, 2) - Uy ' TeHE) [d)l].
s [¢ (03}
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The proof is a calculation using the relation between 25(¢, A) and J#5(¢, ) with the edge resolvents
(P1s[¢] — A)~!, and the expansions of these resolvents provided by Theorem 5.1. We defer it to
Appendix A.3.

6B. Weak convergence. We are interested in the eigenvalues of Z7s[¢]. We previously studied eigenvalue
problems in seemingly different situations [Drouot 2018a; 2018c; 2018d], as well as in a one-dimensional
analog [Drouot et al. 2018]. The proofs of these results rely on a cyclicity principle: if A and B are two
matrices then the nonzero eigenvalues of AB and B A are equal (together with their multiplicity).
Although the leading-order terms KCs(u, z) and Qg(u, z) have complicated expressions, they exhibit a
structure favorable to applying the cyclicity principle. This will provide a simple formula for the product

Qs (i, 2) - (Id+Ks (i, 2)) ™

and complete the proof of Theorem 3.2.
A preliminary step is the computation of a weak limit that arises when permuting factors in Cs(u, z):
the operator L>(R, C?) — L?(R, C?) given by

’ T T ‘
N7 R [Z;] : (Z(Dzlc)a : [’,ﬁ . g’fﬁj + (i = DW [gj ) LTI [T s

’ T T
— 90U n[g] (2(0,,()5.[’;/3;‘2} T2 —DW [i;] )a3n*.u5. (6-3)

Lemma 6.2. The operator (6-3) is a multiplication operator by a function %° : R — M, (C) with two-scale
structure:

(1) = %(% t), U € CP(R/Z x R, My (C)). (6-4)
The function %° converges weakly to
20 CP®R M), 700 LR 1)+, [% ek } DOO. 65

Finally, if %° — %" is seen as a multiplication operator from H' to H™,
U — U = Oy, -1 (5). (6-6)
Proof. 1. We set

T T
def o [ P1(x) 2" - Dygp (x) 2 ¢1(x)
F(x,t)= 19*[¢2(x)] ((DtK)(t)' [2]( . Dx¢2(x)] + (k)" — DHW(x) [qbz(X)] )03,

def

S F(x, 8(K, x)).

Fo(x)

Fix g € C°(R, C?). The action of the operator (6-3) on g is given by

@ e g = [P (ot e[k s+ L)) as

0

1 1
:/ F(sv+£v’, t)g(t)ds:/ F(sv+£v/, t) ds-g(1).
0 8 0 8
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Therefore (6-3) is the multiplication operator by

1
2 (1) d=f/ F(sv + %v/, t) ds.
0

Note that F is A-periodic in x and compactly supported in 7. Therefore % ° has the two-scale structure (6-4):

(1) = @/(5

1
8,t>, @/(r,t)déf/ F(sv+ 10, 1) ds. (6-7)
0

2. The function % is periodic in the first variable and compactly supported in the second one. Therefore
the weak limit of %° is

1 1 pl
%O(I)d:ef/ Uz, t)dr:// F(sv+ 1V, t)drds:fF(x,t)dx. (6-8)
0 0 Jo L

In the last inequality, we changed variables: sv+ tv’ became sv; 4+ v, (with Jacobian equal to 1); hence
[0, 1]% became L, the fundamental cell of R?/A given in (1-2). Going back to the definition of F, we end

up with
B2 0 0 vk
%) = ([ N —ﬂ%} (c(t)> = 1)+, [ﬁ "0 }(DIK)(I))%
= 9F(c(0)> = 1) + 0, [% “(’;"] (Dyie) (2).

3. We show the quantitative estimate (6-6). Since %° and % 0 are functions on R,
%% —%°N g1y < C 0 — WO 1.

See, e.g., [Drouot 2018c, Lemma 2.1]. Recall that %7 3 is related to % via (6-7). The function % is periodic
in the first variable and compactly supported in the second variable. We write a Fourier decomposition
of %:

-1 o
Ut 1) =) bu()e™,  by(t) d:‘/ e AT gy (1, )
meZ 0
Because of (6-7) and (6-8),
%S(t) _ %O(I) — Z bm(t)QZinmt/a.
m#0
In other words, %° — %° has a highly oscillatory structure. The coefficients b,, are smooth functions

of ¢. Their Sobolev norms decay rapidly since % depends smoothly on r. We can then conclude as in the
proof of [Drouot 2018a, Lemma 3.1]. O

The function % is an effective potential that arises as the homogenized limit of %°. It appears in the
Dirac operator (u). Indeed, a computation shows that

0 —vk
P(w)? = ViK' 2D? + u? vE e + 922 40, [U_k, 0 :|(Dtlc).
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Because of (6-5), we deduce that
DP(w?* = vilk' D} +u? - vi|e* + o5 +2°. (6-9)
We will apply this identity in the next section.

6C. A cyclicity argument. The next result is stated abstractly. It relies on the cyclicity principle.
Lemma 6.3. Let A, B, C, D, E be bounded operators:
A:H'R,C* — L*¢], B:L*¢]— L*(R,C?,
C:L*(R,C* — L*[¢], D:L*R,C* — H'(R,C?,
E:L*(R,C% — L* R, C?.
Assume that for some M > 1:
(a) The operator norms of A, B, C, D, E are bounded by M.
(b) The operator Id+DED : L>(R, C?) — L*(R, C?) is invertible and
IAd+DED) ™| 2@ c2) < M.

(c) The following estimate holds:

¥ ID(BC - E)Dlwe < 517
Then the operator 1d +CD?B: Lz[g“] — Lz[g“] is invertible,
IAd+CD*B) |l 2 <3M°,  and 6.10)
IAD*B-(d+CD*B)"' —AD-(Id+DED)™" - DB 121, < 2M°.
Proof. Below we use L? and H' to denote L2(R, C?) and H! (R, C?).

1. Recall that Id+CD?*B =1d+CD - DB : L?[¢] — L?[¢] is invertible if and only if Id+DB-CD :
L? — L? is invertible. In this case, the inverses are related via

(Id+CD*B)"' =1d—CD(d+DB-CD) ' DB. (6-11)
Because of (b), Id +DE D is invertible and

Id4+DB-CD=1d+DED + D(BC — E)D
= ({d+DED) - (Id+(Id+DED)"'- D(BC — E)D). (6-12)

Because of both (b) and (c),
Id+DED)™"-D(BC — E)D||;2 < 3.

This implies that Id +(Id +DE D)~'.D(BC — E)D is invertible by a Neumann series; the inverse has
operator norm controlled by 2. Thanks to (6-12), Id +DBC D is invertible and the inverse has norm
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controlled by 2M. Hence Id +C D?B is invertible. Thanks to (6-11) and (a),
IAd+CD*B) |2y < 1L+ M?-2M - M* <3M°.
This proves the first estimate of (6-10).
2. Observe that
(Id+DBCD)™' —(Id+DED) ' =(1d+DED)"' - D(E — BC)D-(Id+DBCD)~".
Because of the bounds proved in step 1 and of (c),
|(Id+DBCD)"' —(Id+DED)™ Y| ;» <2M?e. (6-13)
We write
AD?B-(Id+CD?B)"' = AD’B-(1d—CDId+DBCD) 'DB)
=AD-DB—AD-DBCD(d+DBCD)”'-DB
=AD-(Id—DBCD(Id+DBCD)™")-DB
=AD-(Id+DBCD)"!- DB.

The operator norms of AD : L?> — L?[¢] and DB : L*[¢] — H' are each bounded by M? because of (a).
We deduce from (6-13) that

IAD*B-(1d+CD*B)"' — AD-(Id+DED) ™" - DB|| 2] < 2M°e.
This proves the second estimate of (6-13), hence completes the proof of the lemma. (|

We would like to apply Lemma 6.3 with the choices

.
Adéfal/z.[(pl] e N Us(P() +2), BE 1 'UB_IHEWW’X)[@]’

033 ~ 512 b2
T T
def o172 k"Dx¢1i| 2 [¢1] ) —ipd(,x) Ty
C=8"9.12(D;xk)s + &y —1DW e Im* - Usos,
((z)s |:k’-Dx¢>2 (k5 —1) & 503
D=D+(w?* - =R, 2)"?, E=%". (6-14)

These operators are manufactured so that
Qs(1,2) = 3AD*B,  Ks(u, 2) = CD*B; (6-15)

see the formula of Lemma 6.1. Recall that %%, ° were defined in Lemma 6.2 and observe that
BC = %% — E =U" (for the operator norm H' — H~!). This provides the favorable setting needed for
the use of the cyclicity argument (Lemma 6.3).

The definition of D requires some precision. Let ¢(w) = (w> — z2)~'/2, where the square root is
holomorphic on C\ (—o0, 0]. If |z| < V®2 + u? - vZ[€|?> and

we SpB () =R\ [—VOE+p> v, VR +u® - vief].
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then Re(w? — z%) > 0. Hence ¢ is well-defined on the spectrum of /), (x). This allows to define
D = @D (1)) using the spectral theorem.

Lemma 6.4. Fixe; > 0, uy € R. There exists §o > 0 such that if

3€(0,80), e (—pg,pms),

, (6-16)
2 eDO, 07 +p Vi€,  dist(SB(w)?).7%) = €
then Ad +DED)~" and (Id +C D?>B)~! are invertible on L*[¢]. Moreover,
AD?*B-(Id+CD?B)™' = AD-(Id+DED)™" - DB + 0;21,1(), 617

(Id+CD*B)™" = Op21,(D).

Proof. Below we use L? and H' to denote L2(R, C?) and H' (R, C?). The equation (6-17) is a consequence
of Lemma 6.3, assuming that the assumptions (a), (b) and (c) hold with a constant M independent of
38, 1, z satisfying (6-16).

1. We first verify (a). We observe that the only singular dependence of A, B, C and E is in §. It arises

only in the operators §'/24s and § !/ 21/{3_1, which are both isometries on L2 In addition,
dist(E (D)), ) = ef = disUSp M), %) = €.

Therefore D is controlled by € 2, and (a) holds independently of §, u, z satisfying (6-16).

2. From the definition (6-14) of D, we know D is invertible. Therefore we can write

Id+DED = D(D 2+ E)D.
Moreover, thanks to (6-9),
D24+ E=Dpu? -7 (6-18)

When z satisfies the condition of (6-16), the operator D (n)?* — z% is invertible. This comes with the bound
_ 1
IBG)? =27 2 < .
€]
This is independent of &: (b) holds.

3. The operator D maps L? to H' and H~! to L?, with uniformly bounded norm in 1, z satisfying
(6-16). Therefore (c) holds — possibly after shrinking §o — if

IBC = Ellg—p-1 = 0(9). (6-19)

We observe that BC = % and recall that E = %°. Therefore (6-19) reduces to the quantitative estimate
(6-6) proved in Lemma 6.2.
4. Because of steps 1, 2 and 3, we can apply Lemma 6.3. It yields Lemma 6.4. (|

According to this lemma, when (6-16) holds, Id +/Cs (i, z) is invertible. Hence

Qs (i, 2) - (Id +KCs (1, 2)) ™!
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is well-defined. Thanks to (6-15),

Qs 2) - (M +Ks(p, 2) 7" = %AD -(Id+DED)™" - DB+ Op(1)

= %AD DD+ E)'D DB+ 6,21,(1)
= %A (D2 +E)" B+ Op2p(D).

We now plug in the formula (6-14) for A, B, C, D, E, and we use the relation (6-18). This yields

Qs (i, 2) - (Id +KCs (1, 2)) !

T
1 ¢ —i X * — — i X ¢
=5 [ ;] e IHEX) TR s D) +2)- (E)(/l)z—zz) ! U I1eirstt, >[ ;] + Op21(1)
! T a—
¢l —i X * - - i X 1
=3 [ 2] e~ IHOEX) TR (P (1) — 2) 1'% 1] . pimdie. >[¢2] + Oy (). (6-20)

We are now ready to prove Theorem 3.2.

Proof of Theorem 3.2. 1. Fix € > 0 and u; > 0. Fix z € C satisfying
e
R

Note that this does not quite correspond to the assumptions of Theorem 3.2. Instead it is a stronger

2eD(0.VoR 42 R S) disE (B, ) = (6-21)

form of the assumptions of Lemma 6.4 with €; = €/3. The equation (6-21) implies that Id +Ks(u, z) is
invertible. Apply Lemma 6.1 with

€

6=1- :
3VOE + u?vile)?

It implies that
Id +.75(¢, 2) = 1d +Ks (1, 2) + Op21(877).

Hence — after possibly shrinking o — the operator Id +.75 (¢, A) is invertible. The inverses of Id +.75 (¢, A)
and Id +/Cs(u, z) are related via

A+, A) ™" = (d+K5 (1, 2) 1+ G pap (673),

because (Id +/Ks(u, 7))~ = Id+CD?*B)" ! is uniformly bounded by Lemma 6.4. It follows that under
(6-21), Zs[t]— A is invertible and

(251c1—2) "' = 25(¢, 0) - (Ad +4(2, 1))~

2. Observe that Qs(u, z) = ﬂLz[g]@_l): this comes from the relation between 2;5(¢, A) and Qs(u, z)
provided by Lemma 6.1. We deduce that &5[{] — X is invertible and

(D511 =27 = Qs(w, 2) - Ad +Ks (1, 2)) ™ + 02 (873,
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Figure 11. The top blue area represents the domain of validity of (6-22) provided by
steps 1 and 2. The bottom blue area represents the domain of validity of (6-22) as
specified by Theorem 3.2. In step 3 we prove that (6-22) holds near ¢ = —ﬁ{f , at the
price of increasing €/3 to €.
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Thanks to (6-20), this simplifies to

1

(P5c1— ) =—-[¢1

033

. _
; ] ey - (P() —2) - Uy T TTe D [2;]+@2m(31/3). (6-22)
See Figure 11.

3. The estimate (6-22) is valid as long as z satisfies (6-21). There is a subtlety here: (6-21) does not
quite correspond to the assumption of Theorem 3.2. To conclude the proof, we must show that (6-21) is
unnecessarily strong. In other words, we assume in these final steps that

2
2€D(0, VOE +u” vEle —€), dis(SpB(), 2) =€,  dist(Z2(B()?), %) < %.
The third condition implies
dist(E (D). 2) < 5 or  dist(Sp2(=B (). 2) < 3.

From the second condition, we deduce that dist(X;2(—P(r)), z) < €/3. The spectra of D (u) and —P ()
differ by at most one eigenvalue:

S (=P)\ T2 (B(w) C B}, 0= —p-vrpll]-sgn(,), (6-23)

see Lemma 3.1. Hence, z must belong to D(J, €/3).

4. Because of step 3, the proof of Theorem 3.2 is complete if we can show that (6-22) holds when

1eD(0. Vo7 +u? vEEP—e), disCp(Bw) Dze  zeD(v5).

3
Fix s € 0D(¥, €/3). Then, |z — s| < 2¢/3. This implies that

5 € D(O, VoI +u? vijeP - %) dist(E2 (D), 5) = 5. 19 —s|=5.

€
37
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Because of (6-23), s satisfies

62

3.

dist(S2(—D(w).s) =5 = dist(S2(BW)?).s) =

dist(X,2(DP(w)), s) > 3

€

3 ’

In particular, s satisfies (6-21).
Therefore steps 1 and 2 apply to s € 0D (9, €/3). They yield

(P5[¢] — E, —85)"!

.
1 d’ —i X) r* - - i X ¢ -
:5'[45;} eI Uy - (P () — s) " Uy T M >[¢j+mz[§](5 13, (6-24)

Note that (Jp(i) —s)~" has no poles in the disk D (¢, €/3): otherwise z could not be at distance at least €
from X;2(/P(w)). Thus, integrating (6-24) over the circle dD (%3, €/3),

1 _ _

3 (P5[¢] — Ex—85) " ds = 012 (87 '). (6-25)
T JaD(d,e/3)

We substitute A = E, + ds in (6-25) to get

1

— (Zs[1— 1) dh = Opay(877). (6-26)
271 Jop g, +50.¢8/3)

Equation (6-26) implies that (Zs[¢] — 2)~! cannot have a pole in D(E, + 96, €5/3). Indeed, since 5[]
is selfadjoint, the nonzero residues of its resolvent are nonzero projectors, and hence have L>[¢]-operator
norm at least equal to 1.

We deduce that s — (P5[¢] — E. — 8s)7 s holomorphic in the disk D (¥, €/3), and so is the leading
term in (6-24). Their difference is bounded by & 2, (6~1/3) on the boundary of the disk. By the maximum
principle, this difference is ﬁLz[;](S*I/ 3) also inside the disk. This shows that (6-24) holds when s is
in the disk D(?, €/3). Equivalently (6-22) holds when z € D(¢, €/3). This completes the proof of
Theorem 3.2. 0

7. A topological perspective

7A. The role of #2 and 92 in the spectral flow. Assume that Py has Dirac points (£, E,) and
(& *B , E,) —where & *A and & f were defined in (1-4). Following Definition 1.2, these Dirac points are
associated to Dirac eigenbases (¢1', ¢5') and (¢5, ¢5):

¢l €Ly, ., ¢ €L} J=A,B, and 9] =(¢], We{)> . (7-1)
*7 Eﬁ

g0
We recall that ©¥; does not depend on the choice of Dirac eigenbasis satisfying (7-1). The next result is a
key identity — see also [Lee-Thorp et al. 2019, §7.1].

Lemma 7.1. The identity 92 + 92 =0 holds.
Proof. 1. We claim that Z¢{! € L§B .- Thanks to (1-4),

—&} = —Z (k) + ko) = (ki +2kr) = £F mod 2 A
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Because ¢ € LgA o
TP (x +w) = ¢ (—x —w) = e TEN TPy (x) = €N (T (x),
(RZp{)(x) = ¢t (—Rx) = 19 (—x) = 1T (x).

It follows that I¢1 € L2 —as claimed. The same calculation shows that I¢2 el? RS
The operator Py is Z —1nvar1ant Thus, I¢A and Z ¢2 form an orthonormal basis of ker 12, (Po é, BY_E,),
and (IqblA, Z¢2 ) is a Dirac eigenbasis for (§2, E,).

2. Because W is odd and ¢#2 does not depend on the choice of Dirac eigenbasis,

= (T! WIg) 12, =— (@1 Wel') 2, = =0 O

Recall the assumption (H4): for every ¢ ¢ {2, %2} mod 27Z and 7, 7’ € R,
)»()J* (Ck+ Tk/) < )\.Q’j*+1 (Ck+ 'E/k/).

Lemma 7.2. Assume (H1)-(H4) hold for both & f and & f. There exists a function E € C R /Q2nZ), R)
with E(¢2) = E(¢B) = E, and such that

Vi eR, E(C) ¢ Zprogess(PslED.
Moreover, there exist L, > 0 and 89 > 0 such that if
5€(0,80), ¢el0.2n], |¢—F|=mwd, |¢—%|=mws,
then the operator Ps[{] has no spectrum in [E() — 6§, E({) 4+ 6].
Proof. 1. Setr(¢) = dlst(g‘ {2” 4 }) We first show that there exists @ > 0 such that for ¢ € [0, 2],
T’itf}iR()LO,ijl (Ck+7T'k") = 2o j, (Ck +Tk) = 4a-r(0). (7-2)

Otherwise, we can find ¢, € [0, 27], 7,, 7, € R, such that

) 1
oot Gk 4 1)~ Gk + 0k = 5 = i, (2, %)). (7-3)

Using periodicity of the dispersion curves, we can assume that 7, 7, both live in [0, 277]. In particular
we can pass to converging subsequences: there exist o, Too and v, with

20, j. (Cock + Took) = Ao, j, 41 (Gook + Took). (7-4)
Because of (H4), {~ € {2” 4—”} ={¢2, ¢B} mod 27r. In the proof of Lemma 4.1, we showed that
LelZ ), 1.7eR = 1o, (Gk+TK) < Eyy hojit1(Cock +T'K) > E,.

Thanks to (7-4), we deduce that Ag,j,+1($ock + T, k") = E. = Ao, j, ({ock + Took”). The no-fold condition
implies that fook +Took” = ook + T/ k' =&,, where &, € {1, £} is a Dirac-point momentum. In particular,
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{nk + T,k and ¢,k + 7,k” both converge to &,. We deduce that for n sufficiently large,
20,ju+1(Cnk + T,k") — Ao, j, (Cuk + Tak") = VP |Gk 4+ T k" — 4] = vEIK'| - 7 (),

because (&, v) € 2% 471 This contradicts (7-3). We deduce that (7-2) holds for some a > 0. Without
3073

loss of generalities, we assume below that a < vg|£].

2. Define
def

E(Z)=2a-r()+suphg,j,(Ck+Tk').
TeR

This is a continuous, 27 -periodic function. Observe that for every & € ¢k + Rk’

20,.(6) = E(¢) —2a-r(§) = E(§) +2a-r(¢) < hoj+1(8). (7-5)

Assume that @ - r(¢) > § and that A € [E(¢) — 6, E(¢) + &]. Since the dispersion surfaces are labeled in
increasing order, we deduce that

Feck+RK = disUZ(Po$). M) za-r ().

The reconstruction formula (5-2) and the spectral theorem yield

a-r©) =8, AlEQ -8 EQ+3] = IRI-D e = e 06
3. We now observe that under the assumptions of (7-6),
P5[g1— = (Polc]— 1) - Ad+8 - (Po[g]1 —2) " - ks W). (7-7)

Because of (7-6) and since x, W are in L, there exist o > 0 and w, > 0 with
8€(0,8), ¢€l0,2r], r@)=md = 8- (Polel—=2) " ksWlp2p < 3

In particular, the second factor in the right-hand side of (7-7) is invertible via a Neumann series. We
deduce that Zs[¢] — A is invertible. This implies that &7s[¢] has no spectrum in [E(¢) — 68, E(¢) + 6], as
long as r (&) > uyd.

4. It remains to show that £(¢) is not in the essential spectrum of #s[¢], independently of ¢. Because
of step 3, this holds for every ¢ such that 7 (¢) > u,8. Fix ¢ such that (¢) < upd. Let &, be a Dirac point
closest to ¢k + Rk’: the distance between &, and the line ¢k + Rk’ is r(¢)|£|. Because of (7-5),

1o,j. (Ck+Tk")+2a-r() < E(Z) < ho,j+1(Ck+ k") —2a-r(0).
Since &, is a Dirac point, we get
E,— (vrlt] =2a) - 1)+ 0(r(2)*) < E(¢) < Ex+ (vrlt] +2a) - r(2) + O(r(0)?).
Hence, for § sufficiently small,

E@) € [Ex— (vrlt] —a)-r(5), Ex+ (velt] —a) - r(Z)].
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Fix 6 € (0, 1) such that vp|¢| —a = Ovg|L]; 6 exists because a € (0, vr|£|). Then

E(¢) € D(E,, 0V 028% +r(0)> - v2|P).

Apply Theorem 5.1 with uy > w,: for § sufficiently small and | — &.| < uyé, we have E(7) ¢
X 121¢1,ess(Pxs(¢)). This implies that E£(¢) is not in the essential spectrum of &5[¢] as long as r () < w4,
which concludes the proof. (|

Lemma 7.2 allows us to define the spectral flow of the family ¢ — Z%s[¢] as ¢ runs from O to 27: it is
the signed number of eigenvalues of &7s[¢] that cross the curve ¢ — E(¢) (with downwards crossings
counted positively). Because #5[¢] depends periodically on ¢, the spectral flow of %5 is a topological
invariant. We refer to [Waterstraat 2017, §4] for an introduction to spectral flow. We are now ready to
prove Corollary 1.6.

Proof of Corollary 1.6. We split [0, 2] in three parts: [0, 2] = [, U Ip U Iy with

def

S —ws, o) +wdl, J=A,B, I, =[0,27]\ (I, UIp),

where we identified {f with their reduction modulo 2 Z. The spectral flow of ¢ € Iy — 5[¢] through
E, vanishes because of Lemma 7.2.

In order to compute the spectral flow of ¢ € I; — Z5[¢] through E,, we fix up > wp, ¥ > vy
and we apply Corollary 3.3. This result allows us to precisely count the number N of eigenvalues of
Pst] £ j1,6] in the set

EE[E.— 8V 07 +u? - vile? E,]
in terms of the number of eigenvalues 2N + 1 of the Dirac operator [)(). Thanks to Lemma 3.1, we find
N/=N+1, N/=N ife/>0, N/ =N, N/=N+1 ifv] <o0.

In particular, the spectral flow of ¢ € I; — Z5[¢] through E, is NJ{ — N/ =— sgn(ﬁ‘{)—see, e.g.,
[Waterstraat 2017, §4.1]. Since #/* and 92 have opposite sign, the spectral flow of the whole family
¢ €[0,2m] — 5[] vanishes. O

7B. Magnetic perturbations of honeycomb Schrodinger operators. Let V be a honeycomb potential
and AeC OO(RZ, R2) be A-periodic, odd and real-valued. Set

def

Ps= (Dy+8-ks-A)>+ V.

This operator is a nonlocal perturbation of Pp = —A + V, where § - ks - A plays the role of a perturbing
magnetic potential. We introduce similarly to &7s[¢] the operator Ps[¢] formally equal to Ps but acting
on L*[¢]. We observe that

Ps[c]=—A+V 48 -ks- (AD, 4+ D A) +82((k' - Dyic)s + kF|A[%)
= Py+68-ks- W+ 012 (8%) where WEA- D, + D, -A. (7-8)

We first state a simple analog of Lemma 2.3:
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Lemma 7.3. Let (&,, E,) be a Dirac point of Py with Dirac eigenbasis (¢, ¢po) — see Definition 1.2.
Then {¢1, Wqﬁz)Lg = {¢2, W¢1)L§ = 0. Furthermore,

def

0. = (d1, Wo1),2 = —(¢2, W) 2 .
See Appendix A.1 or [Lee-Thorp et al. 2019, Proposition 5.1] for the proof. Below we state Corollary 7.4,
which is the analog of Corollary 3.3 for the magnetic operator Ps[¢]. We assume:
(H3') The nondegeneracy condition 6, # 0 holds.

When (H3') holds and § is small enough, the operator [Ps[£] has an essential spectral gap centered at
E, of width ~ §. Indeed (H3') implies that Py + § - ks - W admits such a gap— as for %5 when (H3) is
satisfied. This gap can only be moved by O(8?) under the perturbation ﬁLzm(Sz) of (7-8). We introduce

the operator
af| O vk 0 vt 1 0
M(M)—[rk, O:|Dt+M|:m 0]+9*|:0 _1:|K-

We denote by {9;‘ }7:—,1 its eigenvalues. They are all simple — see Lemma 3.1 —and lie in (—0F, 6F),

where O = |6,].

Corollary 7.4. Assume that (H1), (H2) and (H3') hold and fix 6, € (6y, OF) and s > 0. There exists
8o > 0 such that for
de (09 60)5 me (_/-’L]iv /’Lt)a C :§*+8M7

the operator Ps[¢] has exactly 2n + 1 eigenvalues {)\g’j}je[_n’n] in

[E.—8V07 +p? vile]®, E.48vV07 +p*-vile]” ].

These eigenvalues are simple. Furthermore, for each j € [—N, N1, the eigenpairs (kg, i vg’ ;) admit full
expansions in powers of §:

e 2 M M+1
hi = Eat 0 54Dy -84 4Dy - 8M + 0M,
vs ;(x) = e CTEI (o (e, 8(K, x)) 4+ + 8™ - gy (x, 8(K, x))) + 0y (8™).
In the above expansions:

e M and k are any integers; H* is the k-th order Sobolev space.

. 9}‘ is the j-th eigenvalue of ().

o The terms bly € R, gl € X are recursively constructed via multiscale analysis.

o The leading-order term gg satisfies
n

go (. 1) = B (D@1 (x) + BS (D2(). (D) —6L") [gh] =0.

2

The proof is identical to that of Theorem 3.2 and Corollary 3.3; we do not reproduce it here. Let 6; be

the coefficient 6, associated to the Dirac point (& *J , E,). The main difference between #s[¢] and Ps[¢]
lies in the next identity — see also [Lee-Thorp et al. 2019, §7.1].
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Lemma 7.5. The identity 02 = 0F holds.

Proof. Because of step 1 in the proof of Lemma 7.1, (IqblA, Id)?) is a Dirac eigenbasis for (éf, E)).
Since 62 does not depend on the choice of Dirac eigenbasis and W commutes with Z,

*

0; = (T, WIgl) .2, = (@ W) 2, =0!" 0

Corollary 1.7 has the same proof as Corollary 1.6. We find that the spectral flow of Ps in the j,-th gap
as ¢ runs from O to 27 is equal to

— sgn(@f‘) — sgn(@f) = —2-sgn(6,).

Appendix

A.1. Proofs of some identities. We prove the identities relating the Dirac eigenbasis and W. Similar
proofs arise in [Fefferman et al. 2016b; 2017; Lee-Thorp et al. 2019].

Proof of Lemma 2.2. Below we use (-, - ) instead of (-, -) 12 to simplify notations.

1. We first analyze the (2-vector) (¢1, Dx¢1). We observe that (¢1, Dy¢1) € R? because D, is
selfadjoint. Since ¢ € Lér,

(¢1, Dutp1) = (R, RDyp1) = (td1, RD,R ™' -1¢1) = (p1, (RDyR ™) - ¢1).

As RD,R~! = R~ D,, we conclude that (¢, D¢) is either 0 or an eigenvector of R. Since the latter
cannot be real, we conclude (¢, D,¢;) = 0. The same argument applies to (¢, Dy¢7).

2. We now analyze (¢1, D ¢>). Since ¢ € Léf and ¢, € Lé’f

(@1, Detp) = (Rep1, RDip) = (11, RDyR™" - Tgho) = 721, (RDyR™") - o).
As RD,R~' = R™'D, and 7% = 1, we deduce R(¢1, D) = 1(¢1, D). This yields (¢;, D ) €
kerca (R — 7). This eigenspace is C-[1,i]"; thus there exists v, € C with

2r. Dagpa) = v, - H .

If we identify the point n = (1, n2) € R? with N1 +iny € C, then

2(¢1, (- Dx)p2) =2(p1, (m Dy, +m2Dy,)$2) = vin1 +ivin2 = vu.

Above v,n denotes the multiplication of v, with n = 1 4 in,. Taking the complex conjugate of this
identity and observing that n - D, is a selfadjoint operator, we get

22, (n- Dx)¢1) = vam.

3. It remains to show that |v,| = vr. Fix n € R? with |n| = 1. Because of perturbation theory of
eigenvalues, the operator Py(&, +tn) has precisely two eigenvalues near E, when ¢ is sufficiently small —
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see [Kato 1980, §VII1.3, Theorem 1.8]. Because (&,, E,) is a Dirac point of Py, they are
E.£vpt+ O(1). (A-1)
Let £ =&, +tn. We want to construct approximate eigenvectors of Py(£). Leta, b € C%, u € R, and
v E Hé, with v = OHé(l) uniformly in #. Then
e I (Py — By + un)e" " - (agy + b + tv)
= (D +1)* +V — E, + ut) (ady + b +1v)
=1(Py— EJu+12n- Dy +p)(ady +b¢2) + 0 (1) (A-2)
We now construct v such that
(Po— E)v+ (2n- Dy + p)(agr +bg) = 0. (A-3)
This equation admits a solution if and only if (25 - Dy 4 @) (a¢1 + b¢») is orthogonal to ¢; and ¢,. This

solvability condition is equivalent to
{(¢1,(277-Dx+u)(a¢1+b¢z))=0, — {v*n'b+ua=0,
(¢2, 2n- Dy + p)(ady + b)) =0, V1) - b+ pa =0.

A nontrivial solution of (A-4) exists if and only if

(A-4)

Det[” ”*”}:0 = o)t = |t =l
Vil [

Therefore, when u = |v,|, we can construct (a, b) # (0, 0) satisfying (A-4) for u = £|v,|. With this
choice, (A-3) admits a solution v. It follows from (A-2) that
(Po(&) = Ey 4 [vilt) - €Y (agy + bpy + tv) = O ().

In other words, we constructed an O (¢%)-accurate quasimode for Py(§), with energy E, + v t. A
general principle —see, e.g., [Drouot et al. 2018, Lemma 3.1] —implies that Py(§) has an eigenvalue at
E, — |v.|t + O(t?). Because of (A-1), this eigenvalue must be £, —vpt + O(t%). This implies |v,| = vp
and completes the proof. (|
Proof of Lemma 2.3. Below we use (-, -) instead of (-, -) L2, to simplify notation. We start by proving
the first identity. Since Z is an isometry and Z¢, = ¢y,

(2. Wo1) = (Zpo, IWLgh1) = —(1, Weh2) = — (b2, Weh1).
This implies (¢, W¢;) = 0. Using that W is real-valued, (¢, We,) = 0 as well. We prove now the

second identity: for the same reasons as above,

(@1, Wo1) = (L1, IWL1) = — (2, Weh2) = — (b2, Weho). 0

Proof of Lemma 7.3. Below we use (-, -) instead of (-, -) 12 to simplify notations. We start by proving

the first identity. Since Z is an isometry from Lg 4 to LéB and Zgy = ¢y, TW = WZ,

(2, Wep1) = (Zpo, TWIh1) = (1, Wehs).
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Moreover, W = —W because A is real-valued and D, = (1/i)V. Therefore,

(92, W) = — (1, Wepy) = —(Weho, 1) = — (b, Wepy).

We used in the last equality the selfadjointness of W. We deduce (¢2, We¢p1) = 0. Similarly, (¢;, We,) =0.
We prove now the second identity: for the same reasons as above,

(@1, Wo1) = (T, TWeh1) = —(h2, Wehs) = — (b, Wh2) = — (b2, Wehs). o

A.2. Spectrum of the Dirac operator.

Proof of Lemma 3.1. 1. Introduce the matrices

m—l 0 vk m—l 0 vt m_lO
ST RV T 7} ROV A (UES A
Note that m j2 = Id. Moreover, the matrices m; anticommute: m;my +mgmj =0 when j # k. Indeed,

mymj + mymy equals

1 ok’ vl + v, - v K 0 _ 2Re(k'l)
0 vk vl v lovk | T ek T

velk'| - vE €]
because Re(k'¢) = (k’, £) = 0. With this notation,
D(p) = vr|k'lm1D; + p - vp|€lmy + Vum3k = Do+ p - vp|€imy.
2. The formula for the essential spectrum is derived by looking at those of the asymptotic operators:

def
Di(u) =vplk'lmiD, + - vplllmy £ 9.ms3.

These are Fourier multipliers. Their essential spectrum corresponds to the possible eigenvalues of their
symbol as the Fourier parameter runs through R. We find

T2 e D () = R\ (—V 03 + 12 - v2112, Vo2 + 12 v21eP).

3. We start by studying the bifurcation of the zero mode of I, = P(0). This mode satisfies the
equation p(0)u = 0 or equivalently

(vrlk'|9; + Oimymzk)u = 0.

The matrix imym3 has eigenvalues 1. Let u be an eigenvector of imm3 associated with the eigenvalue

Or !
u(t) =ugp- exp(— e K] /0 k(s) ds).

A direct calculation shows that u is an eigenvector of /2(0).

sgn(v,) and set

We claim that maug = sgn(d,)ug. Since imym3zug = sgn(d,)uo,

imymimsug = sgn(v,)mou immm—l— 0
2mims3uo = Sgn{v,)mauy, 213_|k’£|0—£k"
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Recall that Re(¢k’) = 0 because ¢ and &’ are orthogonal. Therefore —¢k’ = £k’, and we deduce that
i
|k"¢|

'

sgn(v, ) maug = — luy = maug= sgn(Im(k/f)) -sgn(d,)ug.

We recall that k' = —ask; + aiks, k = boky — bi1ka, arxby — bra; = 1 — see Section 2E. Hence
Im(k'é) = Det[k, k/] = (apb1 — bray) - Detlk;, ko] =1 > 0.

We deduce that maug = sgn(9,)ug and mau = sgn(d,)u.
We recall that D () = D, + - ve|€|my, ID,u = 0 and obtain

D(pwyu = p-vrle]-sgn(@.u.

This shows that u - vp|€] - sgn(¥,) is an eigenvalue of P (w).

4. Let 9; > 0 be an eigenvalue of D,. Since mzp, = —IP.m3, we deduce that —9; is also eigenvalue
of D,. The respective eigenvectors are denoted by f, f_ and are related via m, f, = f_. We look for
an eigenpair (E, ay fy +a_ f_) of P(u) = D, + w - vp|€lmy: it suffices to solve the equation

(Dot pvpllimy) Y axfe=EY arfe <= Y Edjasfetp-velllasfr=E) axfs
+ + + +

<~ (¥jo3+pn-vr|lloy) [?] = Ea.

This is equivalent to (E, a) being an eigenpair of ;03 + u - vp|€loy. Thus we conclude that £ =

£+ 19].2 + u? - vZ|€|? are both eigenvalues of D(1).

5. So far we only showed that the eigenvalues of I, induce eigenvalues of IP(11). We must prove the
converse statement. Without loss of generality, u # 0. We first deal with eigenvalues of /(i) which
apparently do not bifurcate from the zero mode of IJ,. That is, we assume first that (E, f) is an eigenpair
of P(u) = D, + 1 - vp|€|my, with E # sgn(9,) - ve €| .

We first claim that f and g = m f are linearly independent. Otherwise, we would have f =m, f or
f = —my f because m,*> = Id. This would imply respectively in the first and second cases

Dof=(E—p-vellDf or D.f=(E+u-vellDf. (A-5)

In particular, f is an eigenvector of I, with m, f and f colinear. Because of step 3 it must be a zero
mode of I,. Because of step 2 we must have m; f = sgn(23,) f. Going back to (A-5), E = sgn(%,) - vr|€],
which contradicts our assumption.

We now look for an eigenpair of I, in the form (9, af + bg). We get the equation

D.(af +bg) =0j(af +bg) <= a(Ef —p-vplllg)+b(u-vell|f — Eg) =v;(af +bg)

s (Eop+ip-vrl|llor) [Z] = m :

Hence, ' is an eigenvalue of Eay +iu - vr|€|oz; equivalently, ¢; = +VE?— w?- v%lﬁlz.
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6. To conclude we deal with the case of an eigenpair (E, f) of P() with E = - vg || - sgn(d,) —
i.e., when E seemingly bifurcates from the zero mode of D,.

We claim that f and g = m; f are colinear. Otherwise, following the last part of step 5, we would be
able to construct [a, b]T, an eigenvector of sgn(%,)o1 + ioy such that af + bg is an eigenvector of D,.
The matrix sgn(v,)a1 + io2 has only one eigenvector, which is either [0, 117 or [1, 0]". Therefore either
f or g —but not both —is an eigenvector of .. This implies that f or g is a zero eigenvector of P,. In
particular, f and m; f (or g and m,g) are colinear — which is a contradiction.

It follows that f =my f or f = —my f. If my f = sgn(v,) f, we are done. In the other case, we deduce
the existence of an eigenpair ( f, 2 - vp || -sgn(d,)) of ID,. This would require f and m; f to be colinear,
which is impossible. This completes the proof of the converse statement.

7. The argument presented in steps 5 and 6 shows that the eigenvalues of /(i) and D, have the same
multiplicity. Appendix C of [Drouot et al. 2018] shows that ), has only simple eigenvalues. O

A.3. A calculation.
Proof of Lemma 6.1. 1. From Theorem 5.1, when (6-2) is satisfied,
(Ps[2] =07 £ (P_s[g] = M) 7! = S5, 2) £ S_s(1, 2) + Opa (87'7).

A calculation yields

T
S5, DS (1, ) = [Z;] e DT Us (B (1) =2 WD () —2) Uy T [ﬁj
We now compute the resolvent difference (D4 (u) — 2 ' WD_(n) —z)~ L. We have
-1 -1 _ Z v.k'D; + v, L
D) =) +BD-(w)—2)" =2 [v*k/D, ¥ vt Z } Ro(u, 2),

D)=~ = D) — )~ =29, [(1) _?] Ro(it, 2) = 20,03 R (11, 2).

Above we recall that Ry(u, z) = (v]%lk’lth2 +u?- vlzplﬁl2 + 19% —z%)~L. This implies that

Ss(, 2) + S5, 2)

.
2 (1] —iusier) e z vk’ Dy 4 vl 1 L inse) | @1
= — . ’ H . JE— R R . I—[ M )
) |:¢2:| ¢ UB V*k/Dt + MU*Z Z O(Iu’ Z)ua ¢ 2

and

-
Ss(i, z) — S_s(i, z) = % . [zj e~ T 149, 03 Ro (1, z)Ugl [1ei 846 [2;]

We similarly obtain

. -
2 _ _2 [W-DIr | iwsie ppx i
(K- DS, 2) — Sp(41. ) = 2 [(k,' oo ¢j T U, 03 Ro(n, ol T [ 2]
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2. From the definition of #5[¢](z), we see that

H5[01(2) = S([— A, ksl +8(kcs — DW)((Ps[g]1 =)~ — (P_s[c1— 1))
= 1(2(Dik)s - (K- Dy) +8(cg — W) (Ss(t, 2) — S—s(1t, 2)) + Op21(8*7).

Thanks to step 1, the leading-order term is

Ks(u, 2)
K-Dugi] o]\ st @
‘iéfm(zwm-[k,_ qusj +<x§—1>w[ ¢>§] )-e_”“sw’x)l'l*- uaasRo(u,au;l.nelww[ é].
3. Because of the definition (6-1) and Theorem 5.1,
1 _ _ _ _
2560 =5 (ALl =7+ (Polg] =7+ 5 - (Ble] =17 = (Pl =)™
1 _
= 5 (S5t 2) + S_5 (1. D) + 5 (S5(1. 2) = S—5 (. 2)) + Op2gg (67'17).
Thanks to the first step, the leading-order term is
1 |¢ i z vk’ D; + v, L )
def L 1 @1 —ipsexyyp 7 | _ WK * YV TTeimstlx) | Pl
Qs(u,z)—(S [¢2] e IT* - Us |:V*k/Dz+,bLV*£ . ]Ro(u,z) Us -Tle [¢2

-
Fhper [¢1] e MO Uy - D03 R0 (1, 2) - Uy ' - TTe 00 [¢1].
§ ¢2 ¢2

A key identity is ks [T*Us = IT*Usx . Therefore, we deduce that

- _

1 [ i, x) Ty thic +z vk Dy + vl -1 insie.x) | P
— . T Us - | —— _ R ) Tein8(lx )

Q5 (I’L’ Z) (S [(]&2} e u& U*k/D[ + ,U/V*Z —ﬂ*K + z O(I’L’ Z) Z/l(s e ¢2

1

The operator

. k' D W4
Ip<u>+z=[ k+e v ’*’“’}

V' D; vl =Bk + 2

emerges and we end up with

ol s
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