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CONNECTING DOTS: FROM LOCAL COVARIANCE TO EMPIRICAL
INTRINSIC GEOMETRY AND LOCALLY LINEAR EMBEDDING

JOHN MALIK, CHAO SHEN, HAU-TIENG WU AND NAN WU

Local covariance structure under the manifold setup has been widely applied in the machine-learning
community. Based on the established theoretical results, we provide an extensive study of two relevant
manifold learning algorithms, empirical intrinsic geometry (EIG) and locally linear embedding (LLE)
under the manifold setup. Particularly, we show that without an accurate dimension estimation, the
geodesic distance estimation by EIG might be corrupted. Furthermore, we show that by taking the local
covariance matrix into account, we can more accurately estimate the local geodesic distance. When
understanding LLE based on the local covariance structure, its intimate relationship with the curvature
suggests a variation of LLE depending on the “truncation scheme”. We provide a theoretical analysis of
the variation.

1. Introduction

Covariance is arguably one of the most important quantities in data analysis. It has been widely studied
in the past century and is still an active research topic nowadays. In this paper, we focus on the /local
covariance structure under the manifold setup, which has been widely applied, explicitly or implicitly, to
various applications in different fields; see, for example, a far-from-complete list [Kambhatla and Leen
1997; Roweis and Saul 2000; Donoho and Grimes 2003; Brand 2003; Zhang and Zha 2004; Kushnir
et al. 2006; Goldberg et al. 2009; Salhov et al. 2012; Gong et al. 2012; Singer and Wu 2012; Pedagadi
et al. 2013; Little et al. 2017; Arias-Castro et al. 2017]. In the past few years, its mathematical and
statistical properties have been well-established [Singer and Wu 2012; Cheng and Wu 2013; Bernstein
and Kuleshov 2014; Kaslovsky and Meyer 2014; Tyagi et al. 2013; Wu and Wu 2018] for different
purposes. In this paper, based on the established theoretical foundation, we extensively discuss two topics
in the manifold-learning community that are related to the local covariance structure — empirical intrinsic
geometry (EIG) and locally linear embedding (LLE).

EIG [Talmon and Coifman 2012; 2013], or originally called nonlinear independent component analysis
[Singer and Coifman 2008], is a technique aiming to deal with the distortion underlying the collected
dataset that is caused by the observation process. In many applications, the manifold structure of interest
can only be accessed via an observation and not directly. However, the observation process might
nonlinearly deform the manifold of interest. As a result, the information inferred from the observed
data point cloud might not faithfully reflect the intrinsic properties. The goal of EIG is correcting

MSC2010: 62-04, 62-07, 68P01.
Keywords: local covariance matrix, empirical intrinsic geometry, locally linear embedding, geodesic distance, latent space
model, Mahalanobis distance.
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this deformation by taking the local covariance matrix into account. From the statistical viewpoint, it
is a nonlinear latent space model, and the local covariance structure leads to a generalization of the
Mahalanobis distance. While it has been successfully applied to different problems [Wu et al. 2015;
Mishne et al. 2015; Yair and Talmon 2017; Shemesh et al. 2017; Liu et al. 2018], to the best of our
knowledge, besides an argument on the Euclidean space setup [Singer and Coifman 2008], a systematic
evaluation of how the algorithm works under the manifold setup, and its sensitivity to the parameter
choice, is missing. Due to its importance, the first contribution of this paper is providing a quantification
of EIG under the manifold setup, and discussing how the chosen parameter influences the final result. In
the special case that there is no deformation (that is, we can access the manifold directly), we show a
more accurate geodesic distance estimator, called the covariance-corrected geodesic distance estimator,
by correcting the Euclidean distance when the manifold is embedded in the Euclidean space.

LLE [Roweis and Saul 2000] is a widely applied nonlinear dimension-reduction technique in the
manifold-learning community. Despite its wide application, its theoretical properties were studied only
recently. See [Wu and Wu 2018] as an example. Based on the analysis, several peculiar behaviors of LLE
have been better understood. While LLE depends on the barycentric coordinate to determine the affinity
between pairs of points, it has a natural relationship with the local covariance matrix; the kernel associated
with LLE is not symmetric, which is different from the kernel commonly used in graph Laplacian-based
algorithms like Laplacian eigenmaps [Belkin and Niyogi 2003] or diffusion maps [Coifman and Lafon
2006]. The regularization plays an essential role in the algorithm. Different regularizations lead to
different embedding results. Based on the intimate relationship between the curvature and regularization,
the second contribution of this paper is studying a variation of LLE by directly truncating the local
covariance matrix.

The paper is organized in the following way. In Section 2, we introduce the notation for the local covari-
ance structure analysis and some relevant known results. In Section 3, we provide a theoretical argument of
EIG under the manifold setup; when the observation process is trivial, we analyze the covariance-corrected
geodesic distance estimator. In Section 4, we discuss the relationship of EIG and LLE, and provide a
variation of LLE. Numerical results are shown in each section to support the theoretical findings. In
Section 5, we provide some numerical results. In Section 6, discussion and conclusion are provided.

1.1. Notation and mathematical setup. Let X be a p-dimensional random vector with the range sup-
ported on a d-dimensional, compact, smooth Riemannian manifold (M, g) isometrically embedded in
R? viat: M — RP. We assume that M is boundary-free in this work. Let exp, : Tx M — M be the
exponential map at x. Unless otherwise specified, we will carry out calculations using normal coordinates.
Let T M denote the tangent space at x € M, and let 1, Tx M denote the embedded tangent space in R?.
Write the normal space at y = ((x) as (t4+Tx M )L Let IL, be the second fundamental form of ¢ at x.
Let P be the probability density function (p.d.f.) associated with the random vector X [Cheng and
Wu 2013, Section 4]. We assume that P € C3(1(M)) and that there exist 0 < P,, < Py such that
Py, < P(y) < Pypy <ooforall y € (M). Let e; € R? be the unit p-dimensional unitary vector with
a 1 in the i-th entry. Let pr (z) denote the p-dimensional Euclidean ball of radius /4 > 0 with center
z € R?, and let x4:R? — {0, 1} denote the indicator function of the set 4 C R?. Define O(p) to be
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the orthogonal group in dimension p € N. We define two main quantities, the truncated inverse and
regularized inverse, of a symmetric matrix that are related to EIG and LLE respectively.

Definition 1. Let A € R?*? be a real symmetric matrix and set r = rank(A4). Let A; >--- > A, be the
eigenvalues of A, and let uy, ..., u, be the corresponding normalized eigenvectors. For 0 <« <r, the
a-truncated inverse of A4 is defined as

-1 T
A ”‘1
TalAl = [uy -+ uq] : : (H
A0 u‘;r
Choose a regularization constant ¢ > 0. The c-regularized inverse of A is defined as
(A +C)_1 u—lr
IC[A]Z[UI ur] - : (2)

o)™ u)

Note that if &« = r, then Ty [A] is the Penrose-Moore pseudoinverse. When ¢ — 0, Z.[A] becomes T, [A].

2. Local covariance matrix and some facts

‘We start with the definition of the local covariance matrix.

Definition 2. For x € M and a measurable set O C (M), the local covariance matrix at 1(x) € ((M)
associated with O is defined as

Cx,0 1= E[(X —t(x))(X —1(x)) T xo(X)] € R?*P. 3)
When O is B}'}p (t(x)) Ne(M), where h > 0, we define

C(x) = Cx,B;'fp (x)N(M)
and simply call Cj,(x) the local covariance matrix at 1(x).

The local covariance matrix and its relationship with the embedded tangent space of the manifold have
been widely studied recently, including (but not exclusively) [Singer and Wu 2012; Cheng and Wu 2013;
Tyagi et al. 2013; Bernstein and Kuleshov 2014; Kaslovsky and Meyer 2014; Little et al. 2017]. Recently,
in order to systematically study the LLE algorithm, the higher-order structure of the local covariance
matrix was explored in [Wu and Wu 2018]. We now summarize the result for our purpose. Since the
local covariance matrix is invariant up to translation and rotation and the analysis is local at one point,
to simplify the discussion, from now on, when we analyze the local covariance matrix at x, we always
assume that the manifold is translated and rotated in R? so that 17 M is spanned by eq,...,es € RP.

Lemma 3 [Wu and Wu 2018, Proposition 3.2]. Fix x € M and take h > 0. Write the eigendecomposition
of Ch(x) as Up(x)Ap(x)Up(x) . Then, when h is sufficiently small, the diagonal matrix A (x) € RP*P
satisfies

“)

_SITNP@AIT [1gyq+0(0?) 0
M) =12 [ 0 O(hz)]
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and the orthogonal matrix Uy (x) € O(p) satisfies

U 0

Un(x) = [ 0 U,

] (Ipxp + h?S) + O(h"), (5)

where Uy € O(d), U, € O(p —d), and S is an antisymmetric matrix.

First, note that the local covariance matrix depends on the p.d.f. Particularly, when the sampling is
nonuniform, the eigenvalues are deviated and the p.d.f. is responsible for this deviation. Equation (4) in

this lemma says that the first d eigenvalues of Cj,(x) are of order A9 +2

, while the rest of the eigenvalues
are two orders higher, that is, of order O(hd +4). Moreover, note that / pxp+ h?S approximates a rotation,
so (5) says that the first d normalized eigenvectors of Cy(x) deviate from an orthonormal basis of ¢4 T M
by a rotational error of order O(/?), and the rest of the orthonormal eigenvectors of Cj,(x) deviate from
an orthonormal basis of (14 Tx M ) within a rotational error of order O(h?).

In practice, we are given a finite sampling of points from the embedded manifold and need to approxi-
mate the local covariance matrix. Since the finite convergence argument of the sample local covariance
matrix to the local covariance matrix is standard (see, for example, [Wu and Wu 2018, Propositions 3.1
and 3.2 and Lemma E.4]), to focus on the main idea and simplify the discussion, below we work directly
on the continuous setup; that is, we consider only the asymptotical case when n — oco.

It is well known that when a manifold M is isometrically embedded into another manifold M’, then
for two close points x, y € M, the geodesic distance between x, y in M could be well-approximated by
the geodesic distance between x, y in M’, with the error depending on the second fundamental form of
the embedding; see, for example [Smolyanov et al. 2007, Proposition 6]. We have the following lemma
when M’ is Euclidean space.

Lemma 4 [Wu and Wu 2018, Lemma B.2]. Suppose that M is isometrically embedded in R? through t.
Fix x € M and use polar coordinates (t, 0) € [0, 00) x ST~ to parametrize Ty M. For y = exp, (61) for
sufficiently small t, we have

I, (0, 0 Vol (0,6
L(y) —u(x) = (x0)t + "(2’ )12+ o x6(’ )z3+0(z4). (6)
Moreover, when h .= ||1(y) — t(x)||re is sufficiently small, we have

g, 9)||2Z3 Vgl (6,0) - 11x(6, 6)
24 24

h=t t* 4+ 0(2), @)

and hence

L, (6, 9)||2h3 N VoIl (0, 0) -1 (6, 9)h4

|
t=h
+ 24 24

+ O(h°). (8)

The proof of the lemma can be found in, for example, [Smolyanov et al. 2007, Proposition 6] when
M’ is a generic manifold or [Wu and Wu 2018, Lemma B.2] when M’ is Euclidean space.
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/X*[P’ZP(x)dI}{/[(x)

X/( o \O/
B(x)
(Q,]:,P) J—\

Figure 1. The illustration of the theoretical framework of EIG.

3. Empirical intrinsic geometry and local covariance matrix

EIG [Talmon and Coifman 2012; Singer and Coifman 2008] is a technique aiming to deal with the
underlying distortion caused by the observation process. The basic idea of the technique is that the local
covariance matrix captures the distortion, under suitable assumptions, and we can correct the distortion
by manipulating the local covariance matrix and recover the local geodesic distance. From the statistical
viewpoint, it is a generalization of the Mahalanobis distance. We now examine the intimate relationship
between EIG and the covariance-corrected geodesic estimator.

Suppose that M is a d-dimensional closed Riemannian manifold that hosts the information in which
we are interested but we cannot directly access. We assume that there is a method to indirectly ac-
cess M via an observation, and hence collect a dataset that contains indirect information of M in
which we are interested. We model the observation as a nonlinear function ® : M — N, where ®
is a diffeomorphism of M and N is isometrically embedded in R? via (. Under this setup, for the
point x € M that we cannot access, there is a corresponding point ¢(y) € («(N) C R? that we can
access and collect as the dataset, where y = ®(x). The mission is estimating the geodesic distance
between two close points x € M and w € M through accessible data points t(y) = t(P(x)) and
t(z) = 1t(®(w)). This situation is commonly encountered in data analysis; for example, the brain activity
information contained in an electroencephalogram recorded from the scalp might be deformed due to
the process of recording the electroencephalogram, the anatomical structure and physiological properties.
Clearly, due to the diffeomorphism associated with the observation, the pairwise distance estimated
from the collected database no longer faithfully reflects the pairwise distance of the inaccessible space.
Hence, analysis tools depending on the pairwise distance are biased. The interest of EIG is correcting
this bias.
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The main idea of EIG can be summarized in the following way. For each hidden point x € M, take the
geodesic ball B.(x) C M with the radius ¢ and centered at x. As is discussed in [Singer and Coifman
2008], if we can determine E(y) := ®(B.(x)) C N around y that is associated with B¢(x), then up to
a constant, the geodesic distance between two close points w and x can be well-approximated by ¢(y),
t(z), and the local covariance matrix C) ,(g(y)) associated with ((E(y)) as defined in (3). To simplify
the notation, set C¢(y) := Cy, ,(E(y))- See Figure 1 for an illustration of the setup. Note that when M
is Euclidean and @ is linear, E(y) is an ellipsoid. In the following, although we consider the manifold
model that is in general not Euclidean, we abuse the terminology and call E(y) an ellipsoid. Numerically,
Ce(y) is estimated by taking points in £(y) into account. Again, since the convergence proof is standard,
to simplify the discussion, we skip the finite convergence step and focus on the continuous setup.

This main idea is carried out by noting that the local covariance matrix at y associated with C¢(y)
captures the Jacobian of the diffeomorphism associated with the observation; that is, C.(y) ~ V| xd>|;r
[Singer and Coifman 2008]. Under the assumption that the ellipsoid E(y) is known, Cz(y) ~ V| xd>|;
is true and the dimension of the manifold d is known, authors in [Singer and Coifman 2008; Talmon and
Coifman 2012] consider the following quantity, called the EIG distance, to estimate the geodesic distance

between x and w:
Ta[Ce()] + Ta[Ce(2)]

2

() —t(y))T( )(a(z) —L). ©)

where « is chosen to be the dimension of d.

3.1. Challenges of EIG and analysis. There are two challenges of applying the EIG idea: how to
determine the ellipsoid £()’) associated with B.(x), and how to estimate the dimension d of the intrinsic
manifold. In [Singer and Coifman 2008] and most of its citations, the state-space model combined with
the stochastic differential equation (SDE) is considered, and the ellipsoid can be determined simply by
taking the temporal relationship into account under this model. We refer readers with interest to [Singer
and Coifman 2008; Talmon and Coifman 2012] for more details about this state-space model. If the
state-space model and SDE cannot be directly applied, this task is most of time a big challenge and to
the best of our knowledge not too much is known. This challenge is however out of the scope of this
paper. On the other hand, most of time we do not have an access to the dimension of ¢, and a dimension
estimation is needed. Although theoretically we can count on the spectral gap to estimate d, in practice
it depends on the try-and-error process and little can be guaranteed. Particularly, when the manifold is
highly distorted by the observation, faithfully estimating the dimension is another challenging task. To
the best of our knowledge, although EIG has obtained several successes in different applications [Wu
et al. 2015; Mishne et al. 2015; Yair and Talmon 2017; Shemesh et al. 2017], a systematic exploration of
the approximation under the general manifold setup is lacking. It is also not clear what may happen when
the dimension is not estimated correctly.

Below, we assume that we have the knowledge of the ellipsoid associated with B.(x) for all x,
and hence we can evaluate the local covariance matrix at y = ®(x) associated with E(y). We show
how C¢(y) ~ V| XCI>|I holds under the manifold setup, and the influence of an erroneously estimated
dimension. We start with the following definitions.
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Definition 5. For y € N, define the normalized local covariance matrix at y associated with E(y) C N as

Ce(y)
e2E[x g ()]

where Y := 10 ® o X is the induced random variable.

és(y) = (10)

The normalization step in (10) is introduced to remove the impact of the nonuniform sampling. As we
will see, without this normalization, when the sampling is nonuniform, the p.d.f. will play a role in the
final analysis.

Lemma 6. Let x € M and B;(x) C M be the geodesic ball around x. The local covariance matrix at
y = D(x) associated with the ellipsoid E(y) = ®(Bg(x)) C N satisfies

Sd—l P d+2
) = 2 g b VRNV O [T 4 0 ar

and the normalized local covariance matrix at y associated with E(y) satisfies

_ 1
Ce(y) = d—H[L*|yV<I>(x)][V<I>(x)TL*|yT] + 0(?). (12)

Ifvy,v, € (L*TyN)J-, then

v Ce(y)vy = V] 1L, (Vg ®(x), Vo @ (x)) (I, (Vo @(x), Vo D(x))) vy dO+ O(eh).

de? /
4|S9-1|(d +4) Jga—1
By this lemma, we see that the expansion of C¢(y) depends not only on the p.d.f. but also on the
Jacobian of the deformation, and the normalization step cancels this dependence. The proof is postponed

until Appendix, page 531. Based on this lemma and the considered setup in [Singer and Coifman 2008;
Talmon and Coifman 2012], we consider the following quantity.

Definition 7. For y,z € N, define the EIG distance of order o between y, z, where 1 <« < ¢, as

TalCo()] + TalCe (2)]
2

EIGS (y.2) = (L(y) — L(z))T( )(t (») —1(2)). (13)

Note that this definition is slightly different from that considered in (9). Since the only difference is
the normalization step, the result below can be directly translated for (9). Below we show that the EIG
distance between y = ®(x) € N and z = ®(w) € N is a good estimator of the geodesic distance between
x € M and w € M only when some conditions are satisfied.

Theorem 8. Suppose two d-dimensional smooth closed Riemannian manifolds M and N are diffeo-
morphic via ® : M — N, and suppose N is isometrically embedded in R? via 1. Take x € M and
w € Be(x) C M, where ¢ > 0, and denote by t the geodesic distance between x and w. Let y = ®(x),
z = ®(w). Take o < min(rank[C,(y)], rank[C,(2)]). When ¢ is sufficiently small, we have the following:

(1) When a = d, we have

EIG,(y.z) = Vd + 2t + O(t?) + O(£%).
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(2) When 1 <a <d, we have
EIGy(y,z) = vVd + 2t + O(1). (14)

Let Vo (y) and Vy(z) be the subspaces of 1«+TyN and 1+T; N generated by the first a eigenvectors of
Ce(y) and C¢(z) respectively. Suppose z = expy, ¥(y) for ¥ (y) € Ty N and y = exp, ¥ (z) for ¥(z) € T, N.
If 1|y (¥) € Vo(py) and 14|;9(2) € Vo (2), we have

ElGe(v.z) = Vd 4+ 2t 4+ 0(te?) + 0(t3). (15)

(3) When o > d, assume that the smallest nonzero eigenvalues of C¢(y) and C¢(z) are of order e* and
there are I, > 0 and [, > 0 such eigenvalues respectively. In general, we have

EIGy(y,z) = Vd + 2t + O(t). (16)

When I, =0ora <q—1, hold,and |, =0 ora < q — 1, hold, fort = &P, where B > 1, we have

ElGq(y,z) = Vd + 2t + O(t(t/s + ¢)?)

. (17)
— d+2[+0([1+m1n{1—1//3,1//5})‘

The proof is postponed until Appendix A. We now have discussion of the theorem. In general,
rank[C¢ ()] and rank[C¢(z)] are different; thus we need the condition o < min(rank[C¢(y)], rank[C¢(2)]).
First of all, if we know the dimension of the manifold, then the EIG distance of order d between
y=®(x) e N and z = ®(w) € N is an accurate estimator of the geodesic distance between x € M and
w € M, up to a global constant +/d + 2. This result coincides with the claim in [Singer and Coifman
2008; Talmon and Coifman 2012] when the sampling on N is uniform. However, when the sampling on
N is nonuniform, the result is deviated by the p.d.f. if we replace the normalized local covariance matrix
Ce(p) in (13) by the local covariance matrix C¢(y). This deviation can be seen by comparing (11) and
(12) in Lemma 6.

Second, if the dimension is unknown and wrongly estimated, the result depends on the situation. When
the dimension is underestimated, in general the estimator is wrong. In a nongeneric situation where
the geodesic direction from y to z and that from z to y are both located on the first o eigenvectors of
the associated local covariant matrices, we may still obtain an accurate estimator. Note that due to the
curvature, there is no guarantee that the first « eigenvectors of C¢()) will contain ©#(y); even if they do,
there is no guarantee that the first & eigenvectors of C.(z) will contain ©¥(z). When the dimension is
overestimated and some assumptions are satisfied, we still can obtain a reasonably good estimate of the
intrinsic geodesic distance when ¢ /¢ is sufficiently small, but with a slow convergence rate, as is shown
in (17).

Third, it is important to note that this estimate for the geodesic distance is valid only for points that are
“not too far away”. The estimate might be degenerate if two points are far away. For example, if y #z € N
are two points such that the vector ¢(z) — () is orthogonal to the column space of Ty[Ce(¥)] + Ta[Ce(2)],
then the quantity (9) is zero, and hence the degeneracy. This obviously destroys the topology of the
manifold in which we are interested. A concrete example of this happening is when y and z are conjugate
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2

points on the sphere N = § d In practice, we thus should only evaluate EIG when two points are “close
in N.

The assumption “the smallest nonzero eigenvalues of C¢(y) and C¢(z) are of order £*” needs some
discussion. The rule of thumb is that eigenvalues of C.(y) associated with the tangent directions are
of order 1, but the eigenvalues associated with the normal directions are of order £ or higher. The
assumption that the smallest eigenvalues are of order * means that when the principle curvature is zero,
the higher-order curvature is not too small. As is shown in the proof of this theorem, under this assumption,
we can control the error induced by the interaction between () — t(z) and 74[C¢(»)]. However, when
there is an eigenvalue of even higher order, the interaction between ¢(y) —t(z) and T4[C¢(»)] becomes
more complicated, and a more delicate analysis involving a systematic recursive formula of Taylor
expansion of ¢(y) —t(z) and T4[C¢()] is needed. We will explore this issue in our future work.

To sum up, in practice if we are not confident about the estimated dimension, we may want to choose
a larger . Although we do not discuss it in this paper, we mention that this conservative approach might
not be preferred if noise exists, since the noise will contaminate the eigenvector associated with the small
eigenvalues. A more statistical approach to solve these issues will be studied in our future work.

3.2. A special EIG setup: covariance-corrected geodesic estimator. When @ is the identity, EIG is
reduced to the ordinary manifold learning setup; that is, we have samples from the manifold and we
want to estimate its geometric structure. By Lemma 4, when two points on the smooth manifold are
close enough, we can accurately estimate their geodesic distance ¢ by the ambient Euclidean distance
h = ||t(y) — t(x)||gre up to the third order O(¢3), and the third-order term is essentially the second
fundamental form. We call & the Euclidean-distance-based geodesic distance estimator. In general, it
is not an easy task to directly estimate the second fundamental form from the point cloud if M’ is not
Euclidean space. However, when M’ is Euclidean, like the setup in Lemma 4, the second fundamental
form information could be well-approximated by the local covariance matrix. We define the following
projection operator associated with the local covariance matrix.

Definition 9. Suppose M is a closed, smooth d-dimensional Riemannian manifold isometrically em-

bedded in R? through (. Fix x € M. For i > 0, let Ch (x):=C, B2 (()N(M) as defined in (3). Let

A1 = -+ = Ap be the eigenvalues of Cj(x), and uy, ..., up be the correspondlng normalized eigenvectors.
Define P}-f- to be the orthogonal projection from R? to the subspace spanned by 41, ..., up.
The name orthogonal projection follows from Lemma 3, where we prove that 441, ...,u, deviate

from an orthonormal basis of (14 Ty M )® within a rotational error of order O(/42). Inspired by Lemmas 3
and 4, we have the following theorem. The proof is postponed until Appendix B.

Theorem 10. Fix x € M. Suppose that y € M and 1(y) € BRP (t(x)). We use the polar coordinate
(1,0) €[0, 00)x S 10 parametrize Tx M so that y —expx(Qt)fort > 0. Define h:=||t(y)—t(x)||rr <h.
When h is small enough,

'z B (h N 1P () = () Iz

_ 272
o )‘_O(h i?). (18)
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Based on this theorem, we have the following definition.

Definition 11. Following the notation in Theorem 10, the covariance-corrected geodesic distance estima-
tor between points x, y € M is defined as

1P ((y) = ()l
h + 7 .

Clearly, the covariance-corrected geodesic distance estimator accurately estimates the geodesic distance

(19)

t up to the fourth order. It is worth mentioning that a better estimation for the geodesic distance cannot
be directly achieved with only the local covariance matrix. Indeed, to estimate d(x, y) within an error
of O(h®), by Lemma 4, we need to estimate VyIL (6, #)L within an error of order O(h). Thus, more
information is needed if a more accurate geodesic distance estimate is needed.

4. Locally linear embedding and a variation by truncation

LLE [Roweis and Saul 2000] is a widely applied dimension-reduction technique in the manifold-learning
community. Some of its theoretical properties have been explored in [Wu and Wu 2018]. For example,
under the manifold setup, the barycentric coordinate is intimately related to the local covariance structure
of the manifold. By reformulating the barycentric coordinate in the local covariance structure framework,
the natural kernel associated with LLE is discovered, and it is very different from the kernel in graph
Laplacian-based algorithms like Laplacian eigenmaps [Belkin and Niyogi 2003], diffusion maps [Coifman
and Lafon 2006] or commute time embeddings [Qiu and Hancock 2007]. The regularization step in LLE
is crucial to the whole algorithm, and it might provide different embeddings with different regularizations.
In this section, we connect LLE and EIG via the local covariance structure, and use the geometric structure
to explore a variation of LLE via truncation.

4.1. A summary of the LLE algorithm. We start with recalling the LLE algorithm in the finite sampling
setup. Let & = {x;}7_, C R? denote a set of point clouds. Fix one point x; € X'. For & > 0, assume
Ny, i=&nN (B}'?p (X)) \ {xk}) = X1, ..., Xk, N, §» where & > 0. Here we use the /-radius ball to
determine neighbors to be consistent with the following discussion. In practice we can use the k-nearest
neighbors, where k € N is determined by the user. The relationship between the /-radius ball and
k-nearest neighbors is discussed in [Wu and Wu 2018, Section 5]. Define the local data matrix associated
with Xy, as
| |
Gup(Xk) = | X=Xk -+ XN —Xk | € RPN,

With the local data matrix, the LLE algorithm is composed of three steps. First, for each x; € X, find its
barycentric coordinate associated with Ny, by solving

Ni

X — Y w(j)Xk,j

j=1

2
Wy, = argmin e RNk, (20)

weRNk, wT 1y, =1
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Solving (20) is equivalent to minimizing wTGn’h ()" Gu.n(xk)w over w € RNk under the constraint
w1 N, = L. Since in general G, ;, ()" Gp.n(xg) is singular, it is recommended in [Roweis and Saul
2000] to solve (G, (xk)TG,,,h (xk) +cIn,xn, )y = 1N, , where ¢ > 0 is the regularizer chosen by the
user, and hence obtain

_ (G (k) Gup(Xk) + cIn xn) "
(Cun ()T Gpp(xp) + cInxn,) "IN )T 1y

By viewing wy, as the “affinity” of x; and its neighbors, the second step is defining an LLE matrix
W e R™" by

21

W,

N if oy = ‘ ’
Wk,l _ {ka (j) ifx; Xk,j Eka 22)

0 otherwise.

Finally, to reduce the dimension of X" or to visualize X, it is suggested in [Roweis and Saul 2000] to
embed X into a low-dimensional Euclidean space

xp > [v1(k), .. (k)] e R (23)

for each xj, € X, where £ is the dimension of the embedded points chosen by the user, and vy, ..., vy € R"
are eigenvectors of (I — W)T (I — W) corresponding to the £ smallest eigenvalues. Note that in general
W is not symmetric, and this is why the spectrum of (I — W)' (I — W) is suggested but not that of
1-w.

It is shown in [Wu and Wu 2018, Section 2] that by taking the relationship between the sample
covariance matrix Cy p(xXg) := Gp p(xk)Gp p (xx)" and the Gramian matrix Gn’h(xk)TGn,h (xy) into
account, we can rewrite (21) as

W = 1 OO e (G (1) G (50)
e N =18, G (1) Ze (G (51)) G (X)L,

and view l-ll\—,k — II,k Gu.n (xp) " Ze (Cn,n(xk))Gp p(xg) as the “kernel” associated with the LLE algorithm.
It is clear that in general this kernel has negative values, and the LLE matrix is not a transition matrix. By

(24)

defining
Ty = Ze(Con(X1) G (Xp) 1 N (25)

we obtain the result claimed in [Wu and Wu 2018, Proposition 2.1].

4.2. LLE and Mahalanobis distance in the continuous setup. The above is for the general dataset.
When the dataset X' = {¢(x;)}7_, C (M) C R? is sampled from a manifold M, with (24) and (25), the
asymptotical behavior of LLE under the manifold setup is explored in [Wu and Wu 2018]. As is shown
in [loc. cit., (3.12)], in the continuous setup, the unnormalized kernel associated with LLE at x € M is

KkLE(x’ y)=[1- TL—(rx) () — L(x))]XB}R;" ()N (M) ), (26)
where y € M and
Ty = Ze(ChHONEX = 1) X v ) (X)) € R, @7)
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and hence the normalized kernel is defined by

KLLE (x y)
Im KLLE(x NP AV(y)
Clearly, (24) and (25) are discretizations of P;F(x, y) and T(y), and their convergence behavior can be

found in [Wu and Wu 2018, (3.7) and Theorem 3.1].
There are two geometric facts we should mention. First, rewriting (21) as (24) is equivalent to

PiE(x, p) = (28)

representing (21) in the frame-bundle setup, and hence an explicit form of the kernel underlying LLE.
Second, the unnormalized kernel at x involves projecting ¢(y) — t(x) onto the vector space spanned by
uq,...,ur, and scaling the resulting vector componentwise by (A1 + c)_1/2, o (Ar + c)_l/z. When
r > d, the involvement of the regularizer ¢ and the eigenvalues Az 1, . . ., A, are associated with the normal
bundle. An important intuition is that when ¢ — 0, if we put aside the expectation in T L(Tx) (t(y) —1(x))
and replace E(X — ((x)) by (¢(») — t(x)), we obtain the term (:(y) — t(x))" T, (Cr(x))(t(¥) — t(x)),
which can be understood as a variation of the Mahalanobis distance. Therefore, we can interpret LLE as
mixing together the neighbor information (the 0-1 kernel in (26), that is, x B ((x))Nu(M) (¢t(»))) and the
Mahalanobis distance of neighboring points (that is, 7' (x)(L ) —t(x))x B ((x)Nu(M) (¢t(»)) in (26)) to
design the kernel.

Lemma 3 guarantees that the first d eigenvalues of Cy(x) are sufficiently large. However, the remaining
r — d nontrivial eigenvalues are small. Moreover, the remaining r — ¢ nontrivial eigenvalues are related
to the curvature of the manifold. The importance of choosing the regularization constant ¢ has been
extensively discussed in [Wu and Wu 2018, Theorem 3.2], and it is known that ¢ is to adjust the curvature

=172 (Ar +¢)~ /2 for different purposes. To be more

information in these scaling factors (Ag41 +¢)
precise, the regularization ¢ plays a role of “radio tuner”. The larger the c is, the more enhanced the
p.d.f. information will be; the smaller the c is, the more dominated the curvature information will be [Wu
and Wu 2018, Theorem 3.2]. It is shown that if we want to obtain the Laplace—Beltrami operator of the
Riemannian manifold, ¢ should be chosen properly so as to suppress the curvature information contained

in the (d+1)-th to the r-th eigenvalues.

4.3. A variation of LLE and EIG. Under the manifold setup, the above discussion suggests that the
curvature information associated with the d + 1,...,r eigenvalues and eigenvectors is not needed if
we want to obtain the Laplace—Beltrami operator. Therefore, an alternative to choosing a regularization
parameter is a direct truncation by taking only the largest d eigenvalues into account; that is, replace
Ze[Cr(x)] in (26) by T4[Cp(x)], and define the normalized truncated LLE kernel at x € M by

KtLLE (X y)

PtLLE _
Cony=- KtLLE<x NP AV(y)

(29)

where
K B0, p) o= (1= T, () = (O g2 (. epraan L), (30)
y € M and
Ty = Ta(ChO)EX — () xger () (X)] € RP. 31
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T

Numerically when we have only finite data points, we run the same LLE algorithm, but replace w,, and
T, x, by the terms
T = 13, - T, Gui(xk) ’ o)
N =T, Gun(xp) 1,
and
T 1= Ta (G () G (¥ ) G (M1 I (33)

that is, instead of running a regularized pseudoinversion, we run a truncated inversion. LLE with low-
dimensional neighborhood representation (LDR-LLE) proposed in [Goldberg and Ritov 2008] is an
algorithm related to this truncated idea. While the geometric structure of the local covariance matrix is
not specifically discussed in LDR-LLE, it can be systematically studied in our framework. For simplicity,
we also call the above truncation scheme LDR-LLE.

Geometrically, (t(y) —t(x))T Tz[Cr(x)](t(¥) — t(x)) evaluates geodesic distances between points in
the /-neighborhood of x using a method directly related to EIG in (9) when @ is the identity. With
the normalized truncated LLE kernel, we can proceed with the standard LLE dimension-reduction step.
Therefore, LDR-LLE takes the neighbor information, 1 x x B (1(x)Nu(M) (¢(»))), and the EIG distance
of neighboring points into account to design the kernel.

Under the same condition specified in [Wu and Wu 2018, Theorem 3.2], LDR-LLE has the same
asymptotical behavior as that in [loc. cit., Theorem 3.3] with the properly chosen regularization; that is:

Theorem 12. Assume the setup in Section 1.1. Take [ € C*(M). If h = h(n) so that

V/log(n) 0

nl/2pd/2+1

and h — 0 when n — oo, with probability greater than 1 —n=2, for all xj € X we have

Ny /—1
Zl W, () f () = /M Py, ) FO)P() AV (p) + 0(—n1 /225521)
j=

and
2

{LLE — h 3
[ PHEG D S0IPGY V) = F(0) + 55 A () + 068,

As a result, with probability greater than 1 —n =2, for all x; € X we have

Af(x)+ O(h) + 0(—V1°g(”)).

1
2(d +2) nl/2gd/2+1

Nic
5 [Z By (1) (o) — f(m)} -
j=1
In other words, by LDR-LLE, we recover the Laplace—Beltrami operator of the manifold even if the
second fundamental form is nontrivial and the sampling is nonuniform. While the proof is a direct
modification of the proof of [Wu and Wu 2018, Theorem 3.2], we provide the proof in Appendix C for
the sake of self-containedness. We mention that the finite sample convergence has the same statement
and follows exactly the same line as that of [loc. cit., Theorem 3.1], so we skip it.
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Based on the theoretical development, we identify two benefits of LDR-LLE. First, the normal bundle
information is automatically removed by the truncation, and we obtain the intrinsic geometric quantity A.
Second, the nonuniform sampling effect is automatically removed, and no kernel density estimation is
needed. This comes from the fact that the EIG part of the kernel T, \(x) (or the Mahalanobis distance part
of the kernel T,(y)) automatically provides the density information (see Lemma 18). Compared with
diffusion maps (DM), since we do not need normalization as is proposed in [Coifman and Lafon 2006]
to eliminate the nonuniform sampling effect, the convergence rate is faster, as is stated in [Wu and Wu
2018, Theorem 3.3].

However, we emphasize that although this approach leads to aesthetic asymptotical properties under
the manifold assumption, it may not work well when we do not have a manifold structure. For a general
graph or point cloud, we found it more reliable to apply the original LLE, and a model or analysis
explaining why is needed. Last but not least, note that this action requires that we know the dimension
of the manifold, so even if we know the point cloud is sampled from a manifold, we need to estimate
its dimension before applying LDR-LLE. This requirement might render LDR-LLE less applicable in
nonmanifold data.

5. Numerical results

We demonstrate some numerical results associated with the algorithms studied in this paper. Uniformly
sample n = 8000 points from the logarithmic spiral L C R? a 1-dimensional manifold parametrized as
x(s) = (JLE + 1) cos log(\% + 1) and y(s) = (% + 1) sinlog(% + 1), and choose & = 0.2. We fix
X € L and plot the absolute error between the true geodesic distance and the Euclidean and covariance-
corrected distances. The result is shown in Figure 2. Note that the two “branches” correspond to
differences in curvature on either side of x;. In some manifold-learning algorithms, knowing the local

x1073 ' ' ' x10~3
L5F, Euclidean distance . ] — Euclidean distance
* covariance correction L0t — covariance correction

- = 0.8
) 9]

1.0
5 g
8 o 0.6}
= E
) =)
2 2 0.4]
£ 03 , £

e 0.2}
0 et e e s s s s ageseet 0 pa——a
0 0.05 0.10 0.15 0 5 10 15 20 25
geodesic distance to x;, geodesic distance to x,

Figure 2. Comparison of the Euclidean-distance-based geodesic distance estimator
(black) and the covariance-corrected geodesic distance estimator (red) in the logarithmic
spiral L. Left: local distance for ¢ = 0.2. Right: global geodesic distance estimation by
applying Dijkstra’s algorithm with different local geodesic distance estimators.
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Figure 3. The eigenvalues of the Laplace—Beltrami operator on S! are well-recovered
by LDR-LLE in the presence of a nonuniform sampling, compared with the «-
normalized DM.

geodesic distance is not enough, and we need to know the global geodesic distance between any two
points. ISOMAP [Tenenbaum et al. 2000] is a typical example. Usually, we estimate the global geodesic
distance by applying Dijkstra’s algorithm to find the shortest-path distance between all pairs, where the
geodesic distance between neighboring points is estimated by the Euclidean distance. By combining the
covariance-corrected geodesic distance estimator and Dijkstra’s algorithm, we achieve a more accurate
global geodesic distance, as is shown in Figure 2.

We show in Figure 3 that on S! C R? with a nonuniform sampling, the eigenvalues of the Laplace—
Beltrami operator can be accurately recovered using LDR-LLE. When compared with the eigenvalues
obtained from the 1-normalized DM, we see that LDR-LLE performs better, which comes from the
faster convergence rate of LDR-LLE. We use n = 8000 points and we choose /2 = 0.03. The nonuniform

sampling is obtained as follows. Sample n points {6;}7_, uniformly from [0, 1] and set

X; = (cos(2n(9i + 0.3sin(6;))), sin(27 (6; + 0.3 sin(@i)))) est,

wherei =1,...,n.

6. Conclusion

In this paper, we extend the knowledge of local covariance matrix, particularly the higher-order expansion
of the local covariance matrix, to study two commonly applied manifold-learning algorithms, EIG and
LLE. We provide a theoretical analysis of EIG under different situations under the manifold setup, and
emphasize the importance of correctly estimating the dimension and its sensitivity to chosen parameters.
The curvature effect is specifically carefully discussed. Under the trivial EIG setup when there is no
deformation, that is, @ is the identity, we show that the local covariance matrix structure allows us to
obtain a more accurate geodesic distance for neighboring points. The geometric relationship between the
local covariance matrix and LLE leads to a natural generalization of LLE by taking EIG into account. We
provide a theoretical justification of LDR-LLE and compare its pros and cons with the original LLE.
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Appendix A: Proof of Theorem 8

Suppose that M and N are d-dimensional closed Riemannian manifolds and ® : M — N is a diffeomor-
phism. Moreover, suppose that N is isometrically embedded in R? via ¢. In this section, all the derivatives
of ® are calculated in normal coordinates. Hence for x € M,

VE®(x) 1 Tx M x - x Tx M — To)N
k

is a multilinear map. We set VA®(x)(6, ..., 0) = Vé‘“.o(b(x) for 6 € S9! C Tx M. For any y € RY, we
identify 7),R? with R?. The proof of the theorem is composed of three lemmas, including Lemma 6.

Lemma 13. Fix x € M and use polar coordinates (t,0) € [0, 00) x S9=1 to parametrize Ty M. For
w = exp, (0t) for sufficiently small t, let y = ®(x) and z = ®(w); then we have

U(z2) = () = tely P + S (S, ) + 14|, Vi D(x)]e2
+ LVIL, (8, 9) + 3IL, (Vg D(x), ) + x|y V0 @(X)]E* + O(t*),  (34)

where ¥ := Vo ®(x) € T, N, 11, is the second fundamental form of 1(N) at t(y), and V1, is the covariant
derivative of the second fundamental form. Moreover, we have

202 = (1(2) = (W) Ly [VO) VO) T i) (1(2) — ()
+ () = t(@) el AVO W) VOW) T ] ] (1) —t(2)) + OY).  (35)

The lemma above can be regarded as a generalization of Lemma 4. Indeed, when N = M and ® is
the identity, V& is the identity and we recover Lemma 4.

Proof. Equation (34) follows from a direct Taylor expansion. Since 7 is small enough, let y : [0, ] — M
to be the unique unit speed geodesic from x to w; that is, y(0) = x and y () = w. By (34), we have

1(2) = () = tely Pt + S0, 9) + taly Vo 0,10y POV + O),

where ¥ := Vo ®(x) = V®|,(0). Since the calculation is made in normal coordinates, we have (4|, =
Oy Jp,a, where Oy, € O(q) and J,; 4 € RY *d ith 1 on the diagonal entries and 0 on the others. Therefore,
we have L*|;L*|y = I x4. Moreover, L*|;,rHy(v, ) = 0 for any v € S9!, Hence, if we multiply by
[VO(x)] s |;|' on both sides of above equation, we have

VO™ taly (1(2) =1(3) = ¥ ()1 + VO V] g),1(0) @)1 + O().
Consequently,
(@) =Nty [VRE) V) T 1l (1(2) = 1)
= (1) =) ey VO T VO) T il (1(2) = 1(2))
=70y O + 7' O VO] V5s(0),1(0) 21 + Ot
=24+ () VO] V2, )0y )2 + 0. (36)

Note that the last step follows from y’(0)"y’(0) = 1.
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Let ¢ : [0, ¢] — M be the unique geodesic from w to x so that ¢(0) = w and ¢(¢) = x. Similarly, we
obtain

((») =12 e AV W) VO W) T 1] ] (1(p) — 1(2))
=1+ (0) [VOW)] ™' V2 (g)0r(0) Pw)? + O(1*)

=2 =y O VOGO V2, 4y (0 @@ () + O(%)

=12 =Y (O VO] 'V} 0y, @) +0GH,  (37)
where the second-to-last equality comes from w = y(¢), ¢/(0) = —y’(¢) and the last equality comes from
the Taylor expansion of ¥/ (t)" [V®(y (¢))]! V}%,(t)y/(t)dD(y (¢)) at t = 0. The conclusion follows from
adding (36) and (37) together. O

Proof of Lemma 6. Fix x € M and use polar coordinates (¢, #) € [0, c0) x S9! to parametrize Ty M.
Set y' = ®(x’) and x’ = exp,(A7). Let X be the random variable defined on the probability space
(2, F, P) with the range M, where P is the probability measure defined on the sigma algebra F in the
event space 2. Define P = X« [P to be the induced measure defined on the Borel sigma algebra on M.
By the Radon-Nikodym theorem, P(x’) = P(x’) d Vs (x’), where P is the probability density function
of X associated with the Riemannian volume measure, d Vs, defined on M. Furthermore, define Q to be
the induced measure by ® defined on the Borel sigma algebra on N ; that is, @ = P = (P o X)«P. By
Radon—-Nikodym chain rule,

00— 490 _ dP@TIY) V(@) | P@)
V() " AV @G V() IVe@I()]

is the probability density function of the random variable Y := ® o X associated with the Riemannian

(38)

volume measure defined on N. The regularity of Q is thus the same as that of P.
By definition we have

Ce(y) = / N =N =T QLN dVN () € RT. (39)
E(y)
By a direct Taylor expansion we have
Ce(y)= /BS(X)(LodD(x/)—toCb(x))(Lo<I>(x/)—to<D(x))T% IVO(x")|dVar(x)

=f /8(t*|de>(x)0H—0(t2))(L*|de>(x)9t—|—O(tz))T(P(xH—O(t))(td_1+0(td+1))dtd9
sd-1Jo

= P(x) /Sd_l /OS(L*|yVCD(x)9)(L*|yV<I>(x)9)Tld+l+0(ld+2)dtd9

P d+2
=(;)%[‘*lyV<I>(x)]{/Sd_1 99TdQ}[t*IyVCD(x)]T—i—O(SdH)_

Note that all terms of order 412 above contain a factor 60T 6. Due to the symmetry of the sphere,

de_l 06760 do = 0. Hence, the error in the last step above is of order O(¢?T#4) rather than O(¢9*3).
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Moreover, we have [¢q4— 007 d = (1S9 /d) 1 q; therefore

§d—1 d+2
€)= S T, VNIV Tl T+ 0, “0)

By a similar calculation, we have

ElxE, (V)] = /E Q0NN = / P() dVar ()
y

B:(x)

= /gd—l /:(P(x) + O(Z))(td_l + 0(td+1)) dt do

ST P(x)e?

y + 0(e472). 41)

Note that all the terms of order ¢ above contain a factor #. Due to the symmetry of the sphere,
[ga—1 6 df = 0. Hence, the error in the last step above is of order O(¢9%2) rather than O(¢9t1). The
first result follows from taking the quotient of the above two equations.

By Lemma 13, we have

Lo @(x") — 10 @(x) = L]y Vo P(x)1 + L[IL, (Vo @(x), Ve P(x)) + tx|y V3, P (x)]2 + O(*).
Ifvy,v, € (L*TyN)J‘, since tx]y Vg ®(x) and L*|yV§9<I>(x) are in 14Ty N, then
o] (Lo D(x') =10 ®(x)) = Jv/ T, (Vo ®(x), VoD (x))1* + O(?), 42)
vy (Lo B(x') — 1o @(x)) = Lv, I, (Vg @(x), Vo @(x))t* + O(¢?), (43)
and we have
U;rcs(y)UZ
= [ v} (Lo ®(x) =10 ®(x))(to B(x') — o B(x)) va P(x) d Vs (x')
e(x

= /S . / 8%(U;I_Hy(VQCD(x),VQCD(x))Zz + 0(£%)) (v, I, (Vo ®(x), Vo (x))12 + O(1*))"
° x (P(x) + 0@) %' + 09 tY)) dt do

SC) / /6 vy 11 (Ve @(x), Vo P(x)) (L) (Vo P(x), C9‘17'(36)))—|—1)2Zd 3+ O(l‘d 4) dt do
sd—1 Jo
= —(x)gd ' v, I, (Vg @(x), Vo @(x))(IL, (Ve D(x), Vg P(x))) v d9+0(8d 6)
4(d+4) Sd—1 1 HyRYe Vo yive v Vo 2 .

Due to the symmetry of the sphere, the error in the last step above is of order O(¢91°) rather than
O(¢%%3). The result follows from taking the quotient. O

To further control the influence of the truncated pseudoinverse, we need the following lemma to explore
the higher-order eigenvalue structure of the local covariance matrix.
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Lemma 14. Up to a rotation of R, we have

2. () = [ V() Vo(x) +0(e?) 0(?) } )

0(£?) 4(d+4)M8 24+ 0(e%)

where M is a (q — d) x (¢ — d) diagonal matrix satisfying

1

Mi’i=|Sd 1| sd—1 q —d—+i

11, (Vg ®(x), Vo () (I (Vo (x), Vo O(x))) egg i db.  (45)

Moreover, if M;; =0, then e;—_dHHy (Vo @(x), Vgd(x)) =0.

Proof. First, we can rotate ((/V) so that 14 7), N is generated by {ey,e3,...,eg}. In other words,

Lely = [(%1] e RI.

where O € O,;. Then, by the previous lemma we have

(46)

O1VO()VO()TOT+0(2)  0(?)
0(g?) Me2+0(e%)

1
és(y) = |:d_+2

where M is a (¢ —d) x (¢ —d) symmetric matrix. If O, diagonalizes M, let

[or 0
0= [ 0 (92] ’
and we have
_ Vo(x)VO(x) T +0(£2) O(g?)
OTC O = d+2
+() [ 0(s?) T M +0@EY) |

where M is a (g —d) x (¢ — d) diagonal matrix. And by the previous lemma

1
M;; =

0= T5am1] [ €ty (T @), Vo @O Al (Vo (). Vo @) €11 0.

Note that if 6 = Z, 0;0; € ST~' C T, N, then e, d+,11 (Vo®(x), Vg®(x)) = pi(61,6,,....00),
where p; is a quadratlc form. If M;; = 0, then |, gd—1 1’1 df = 0. Hence p; = 0, and the conclusion
follows. O

We are now ready to finish the proof of Theorem 8.

Proof of Theorem 8. Note that (1(z) — t(»))T Ta[Cs(»)](t(z) — t(y)) is invariant under any rotation of RY.
Therefore, by Lemma 14 we can assume that

o A vemver) T+o?) O(s?)
Cs()’)—|: +2 0(82) 4(d+4)M8 —|—0(84) a7
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where M is a (¢ —d) x (¢ —d) diagonal matrix shown in (45). Suppose that M has / > 0 zero diagonal
entries. By assumption, we have ¢ —d — [ eigenvalues of order £ that are related to principle curvatures,
and / eigenvalues of order *. Write the eigendecomposition of Cs(y) as

Ce(y) = Us(x)As(x)Up(x)", (48)

where U, (x) € O(q) and A.(x) is a ¢ X g diagonal matrix. By the perturbation argument (see Appendix A
of [Wu and Wu 2018] for details), A.(x) and U, (x) satisfy

75 M1(x)+0(e?) 0 0
Ag(x) = 0 Ta M2 +0@Eh 0 |, (49)
0 0 0(g%)

where A (x) is the eigenvalue matrix of V®(x)V®(x) ", which is of order 1, and A,(x) isa (g—d —1) x
(¢ —d — ) diagonal matrix which consists of nonzero diagonal entries of M, which is also of order 1,

and
U(x) 0 0
U(x)=| 0 Uy(x) 0 |Upxp+e®S(x)+0(h), (50)
0 0 Us(x)

where U;(x) € O(d) is the orthonormal eigenvector matrix of d>(x)V<I>(x)T, Uy,(x) e O(g—d—-1),
Us(x) € O(/) and S(x) is antisymmetric.! We now finish the proof.

Case 1: o = d. In this case,

— 2
TCa = +2)| T [ia Lo + 0N [0 + 06 06
= @+ [NPOTEOT T4 o)

= (d +2)tx ], [VO)VOX) T 1|} + O(e).
Therefore,
(1(2) = () TalCe(1]((2) — ()
= (d +2)(t(2) = (W) [ [VOX) VOX) T i) (1(2) = 1(1) + O [[L(y) = 1(2) | a)
= (d +2)(t(2) = W) e[ [VO)VE) T i) (1(2) —1(») + O(217), (51)

where the last step follows from O(]|¢(y) —t(2) ||§q) = O(t?) by Lemma 13. Similarly,

(7)) TalCe(D)] () —t(2))
= (d +2)((y) — @)t [V R W) V(W) T i ] (1(») — 1(2)) + O(e2¢?).  (52)

I'We mention that if the eigenvalues of <I>(x)VCI>(x)T repeat, Uy (x) may not be uniquely determined, or if the nonzero
diagonal terms of A, (x) repeat, U, (x) may not be the identity matrix. In this case, if one wants to fully determine Uj (x),
U, (x) and U3 (x), he/she needs to further explore the higher-order expansion of C¢(y). Since it is irrelevant to this proof, we
refer readers with interest to Appendix A of [Wu and Wu 2018].
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By Lemma 13, we have

BIG3(.2) = (2) — e | TSN )10
=(d+2)t* + 0(t*e®) + 0(t*). (53)

Preparation for o # d. To show the case when « # d, we need some preparations. Let Ay > A, >---> A4

denote the eigenvalues of C¢(y), and let {u;} be the corresponding normalized eigenvectors. Note that
u; is the i-th column of [U; (x)T 0 0]T 4+ O(¢?) when 1 <i < d in (50). Based on (50), for | <i <d,
the first d entries of u; are of order 1 and the other entries are of order 2. Note that the first d entries
of u; are associated with the tangent space and the others are associated with the normal space. For
d +1<i <q—1, the tangent components of u; (the first d entries) are of order £ and the normal
components of #; (the remaining p — d entries) are of order 1. On the other hand, based on Lemma 13,
the tangent component of ¢(z) — ¢(y) is of order ¢ and the normal component of ¢(z) — t(y) is of order 2.
Following the notation in Lemma 13 and putting the above together, for 1 <i < p —/, we have

(@) —t) ui = 0(1) for 1 <i <d, (54)
(t(2) —L(y))Tu,- = 0> +1e?) ford+1<i<q-I. (55)

For g —1+1<i <gq, we have u; = it; + O(¢2), where ii; is (i —q —{)’s column of [0 0 U3(x)T]"
shown in (50). By Lemma 13, L_I;I—(L (z) —t(y)) becomes

i1} 1|y Vo () + L[] T, (Ve @(x), Vo @(x)) + il 14|y Vi, @(x)]2 + O@?).

Note that L_l;rt* |y Vo@(x) =0 and L_t;rt* |yV§9<I>(x) =0, since u; is in the normal direction. By Lemma 14,
we have ﬁlTIIy (Vg ®(x), Vg@(x))=0. Therefore L_llT(L (z)—t(y)) = O(t?). Since u;—ii; is of order O(g?)
and ((z) — () is of order O(t), we have (u; —it;)" (1(z) — t(y)) = O(t&?). Putting the above together
gives

@) =) ui =03 +162) forq—1+1<i<q. (56)

With (54), (55) and (56), we can finish the proof for « # d.

Case 2: 1 <« < d. In this case, we have

d T

()= 0 Tl = Tale D@ ) = (@ =T | 3 4% | =) 57

j=a+1 J

Recall that A; is of order 1 for 1 < j < d and also (54). As a result,

(0(2) =t D TalCeMN(z) = (1) = (1(2) = t(¥) TalCe M (z) = t(y) + O(?).

Similarly,

(1(2) = tON TalCe()N(2) = (1) = (1(2) =) TalCe (N (2) — () + O?).
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‘We then achieve the claim
EIG2(y,z) = (d +2)t* + 0(t?). (58)

We now show a special case when 1 <« < d. Let the geodesic distance between y and z be d(y, z);
then by Lemma 13, we have d(y,z) = [|t(y) —t(2)|lre + O(||t(») — L(Z)”[:EM) = O(t). In a special case
when t4], 9 () € Vo(y), where V() is the subspace of ¢+ 7), N generated by the first o eigenvectors of
Ce¢(»), we have

(1(2) =) (TalCo(P)] = TalCe (D ((2) — t(y))

o[ o 4 4
= (@) —t(») [ > » }(L(Z)—L(J/))= O@d(y.2)") = 0(@"). (59)
j=a+1

If furthermore (4|, (z) € Vy(z), where V4 (z) is the subspace of 1« T, N generated by the first « eigen-
vectors of C¢(z), we have

((2) =) (TalCe ()] — TalCe (2D (t(z) — (1)) = O(t*) (60)
and hence
EIG2(y,z) = (d +2)t* + O(t?s?) + O(t*). (61)

Case 3: o > d. In this case, we have 0 </, < g —d. By a similar calculation, we have

(0(2) =N (TalCe ()] = TalCe(MD(e(2) — ()

q—1y P
uju;

=(t<z)—c(y)>T[Z )

j=d+1 "/ j=q=ly+1

uju

N
JjU;
Aj

}(L(Z) —u(y)). (62)

Since A; is of order &2 for d +1 < j < ¢ —1,, by (55)

q—1ly T
@ =" Y D) ) = 0P e +16)). (63)
j=d+1 "7

When g —/, +1 < j < «, the eigenvalue A; is of order ¢* by assumption. By (56)

o

AR

j=q-1,+1

-
)VJ (L(2) =) = O/ +1)?).
J

Hence, when o > g — /5, + 1,

(©(2) =t N (TalCe (M) = TalCe(MD((2) = (1) = O [e +16)* + (1 /&> +1)?);

otherwise we have

(©(2) =N (TalCe (] = TalCe(MD(e(2) =1 (3) = O((? /& +18)?).

By the same argument, when o > g — /[, + 1, we have

(t(2) =t (TalCe ()] = TalCe(D((2) —t(») = O /e + 16)* + (£ /67 +1)?);
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otherwise we have

t(2) =t (TalCe ()] = TalCe(DD((2) =t (») = O(* /e + 16)?).

Summing above two equations together leads to the fact that when /, > 0 and « > ¢ —/,, + 1 hold, or
[; >0and o« > ¢ —[; + 1 hold, we have

EIG2(y,z) = (d +2)t* + O((t* /e + te)® + (3 /e* + 1)?); (64)
otherwise we have
EIG2(y,z) = (d +2)t* + O((t* /e + te)?).

Set ¢ = &P, where B = 1. By a straightforward calculation, when /,, = 0 or @ < ¢ —/,, holds, and
I, =0or a <q—1I, holds, t* dominates O((t%/¢ + t&)?) asymptotically when B > 1; otherwise #2 and
O((t% /e +te)® + (t3 /&% + 1)?) are asymptotically of the same order. We thus conclude the claim. [

Remark 15. We would like to make a comment when /, > 0 and o > ¢ —/, hold, or /; > 0 and
a > ¢q — I hold. To simplify the discussion, assume /, =/, =/ > 0 and & > g —[. For u € R?, we write
U= [u]—, u;r, u;r] , where u; € RY. U, € RI—9—1 and usz € R’. As we stated in the proof of (55), u; =
[0(2), 0(1), O())]" for j =d +1,...,qg—1. On the other hand, ((z) —t(y) =[0(¢), O(?), O(*)]".
Here, based on the structure of C¢(y), the first ¢ components of ¢(z) —¢(y) are in the tangent direction of
t(N) at t(y), and they are of order O(¢). The next ¢ —d — I components are in the direction of the second
fundamental form of ¢ at ((y), and they are of order O(¢?). The last / components are in the normal
direction and perpendicular to the second fundamental form of ¢ at ¢()), and they are of order O(¢).
When we calculate the product (¢(z) —¢(y)) u i, the products of components in the tangent directions
and the products of components in the normal directions cannot be canceled in general. The argument
holds for (56). Hence, the order estimation for the case « > d cannot be improved for an arbitrary vector
t(z) —t(y) without imposing more conditions. In other words, an expansion of u; or ¢(z) — () into
higher orders might not improve the results.

Appendix B: Proof of Theorem 10

By Lemma 3, we have

v =[5 g, ]+ou

where U; € O(d) and U, € O(p — d). By (6),

() =10 = oy + 2024 0,
By (7), .
@0,
ht R+ 0.
Hence

() = 1) = (1) + (f D2+ o).
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Note that (t4x0)4 is in 14 T M. Therefore

1L, (0, 0)
2

4+ 0(h3 + hi?) = h? + O(hh?),

x(0,0
PHA) 1) = L0

where we use the fact that 4 < /i in the last step. Hence,

1P;-(c(») =t IFs  IT(6,0)]12 5 272
— = T 0,

The conclusion follows. O

Appendix C: Proof of Theorem 12

The proof of Theorem 12 consists of two steps, the variance analysis and bias analysis. The variance
analysis of LDR-LLE is similar to Case 0 in [Wu and Wu 2018, Theorem 3.1], so we only provide the
result and the proof is omitted.

Proposition 16. Fix f € C(t(M)). Suppose h = h(n) so that

V/log(n) 0

nl/2pd/2+1

and h — 0 as n — oo. With probability greater than 1 —n=2, for all x € X,

V/log(n) )

N
- N _ (LLE : _v e/
X i (1 () = /M P (g ) S () P(1) dV(7) + O(nl o/
j =
The bias analysis part of Theorem 12 depends on the following two technical lemmas. We use the
following notation to simplify the proof. For p,d € N such that d < p, let J, 4 € R? *d pe such that the
(i,i)entryis 1 fori =1,...,d, and the other entries are 0. For v € R?,

v =[vq, v2] € R?, (65)

where vy € R9 forms the first d coordinates of v and vy € R?~4 forms the last p — d coordinates of v.
Thus, by a proper translation and rotation of ((M) in R? so that ((x) = 0 and ¢« T occupies the first
d axes of R?, for v = vy, va] € T, (x»)R?, v = Jl;rdv is tangential to (1« Tx M and [0, v,] is normal to
tx T M.

Lemma 17 [Wu and Wu 2018, Lemma B.5]. Fix x € M and f € C3(M). When h > 0 is sufficiently
small, the following expansions hold:

(1) The scalar E[XBEP (L(X))(X)] satisfies

s
d

EDX g (o ()] = P(x) he + O(h4+2).
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(2) The scalar E[( f(X)— f(x))XB}'fp (L(x))(X)] satisfies
15471
dd+2)*'?
(3) The vector E[(X — L(x))XB}'fp (L(x))(X)] satisfies

EIC/ () = SO X3 e O = - [ P)AS() +V £ () VP) 1952 + O +),

gd-1
E[(X — (o)X ger (o (X)) = |[d|(d 2') T s VPRI 4 03, O(hd“)]l
(4) The vector E[(X —t(x))(f(X) — f(x))XBE”(L(x))(X)] satisfies
47
dd+2)"r

The proof of the above lemma can be found in [Wu and Wu 2018, Lemma B.5]. The next lemma
describes the vector T when /£ is sufficiently small. The main significance is that the vector T, () almost

E[CX =2 () (f ()= S X g (s (X1 = |[ T PV ()2 0h ), o(hd+4)]l

recovers V log P(x) in the tangent direction.

Lemma 18. Fix x € M. When h is sufficiently small, we have

i + O(h?), 0(/12)].

Proof. Note that

- d_wiu] [E(X — (X)) X gre (o]
Ty = TalChOIEX = L)) X e () = 3 - B Ge)

i=1

where u; and A; form the i-th eigenpair of Cj(x).

T . 2
u,.{’flfp,d“o(h )}’ =1

By Lemma 3,

O(h?)
and U; € O(d), and

STHP() ) a4

. d+4
‘= T dd 12 + OG0,

By Lemma 17 , we have for 1 <i <d

i ELCX = () o ) (X))

|Sd g dL*VP(x)

d+2 |[ d
|91

T d(d+2)

hit? 4 ohdtH, 0(hd+2)]] : [[Ul T, gei + O(h?), O(hz)]l

(VPO JpqUrJ,) yeih®™? + 0(h?™).
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Thus, for 1 <i <d,

N d d
“iT[E[(X_‘(x))XB;'}”(xk)(X)] d(d+2)(t*VP(x))TJpdUIJTde,h T2 L o4t
Ai 1STP(X) ;442 d+4
ad+2) ha+2 + O(h9+%)
(VPO J aU JT e
- Indlpat | oy,
P(x)

Hence, we have

@ T E[(X = 1) Xy (X))
- Z - i

d (L*VP(x))T dUlJ aCi 5 T 5 5
:Z( PO + O(h )) H:Uljp,dei +O0h"), O(h )]I

p, d tx+VP(x)
N P(x)
where the last step follows from the fact that U; € O(d). O

+om?), 0(h2>]],

We are ready to prove Theorem 12.
Proof of Theorem 12. Note that

/M Pare(e ) fO) P dV(y) — f(x)
B OO~ T gy )= T EX ) 0 = [0t iy
[E[XB[RP () (X)) - L(x)[E[(X L(X))XBRI’ (t(x)) (X)]

By Lemmas 17 and 18, we have

TL-('—X)[E[(X LN ABEr (1 () (K] = O(h9*?), (66)
and
|91

U £\ a2 d+3
d(dH)vp(x) V f(x)h4t? 4 0?3,

T, (LY — ) (S () = f ()X 09 (K)] =

Hence,
| 541

EDX 327 oy O] = T (o ELCX = 100D x g, (X)] = P(x) h? 4+ 0(h*?),

and

E[(f(X)— f(x))XBW’ (L(x))(X)] [(x)[E[(X L)) (f(X) — f(x))XBRI’ (L(x))(X)]
R R

d(d +2)L2 d(d+2)
N

T 2d(d+2)

———[LP()AS(x) + VS (x)- VP(x)]h9T2 — VP(x)-Vf(x)h?T?2 + ohdt?)

P(X)AS(x)h?T2 4 0n4+3).
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If we combine the above two equations, we conclude the claim that

/M Paie(e ) SV P dV(y) — f(x) = AR + O 0

1
2(d +2)
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ON GEOMETRIC AND ANALYTIC MIXING SCALES:
COMPARABILITY AND CONVERGENCE RATES
FOR TRANSPORT PROBLEMS

CHRISTIAN ZILLINGER

We are interested in the geometric and analytic mixing scales of solutions to passive scalar problems.
Here, we show that both notions are comparable after possibly removing large-scale projections. In order
to discuss our techniques in a transparent way, we further introduce a dyadic model problem.

In a second part of our article we consider the question of sharp decay rates for both scales for Sobolev
regular initial data when evolving under the transport equation and related active and passive scalar
equations. Here, we show that slightly faster rates than the expected algebraic decay rates are optimal.

1. Introduction and main results
We are interested in the mixing behavior of passive scalar problems

op+v-Vp=0, W
pPli=0 = po,
where v(¢) is a given divergence-free vector field on R” or T" x R". Assuming sufficient regularity of v,
the flow preserves all L? norms; i.e., ||o(¢)||lr = |l pollL» for all p € [1, oco] and all ¢ > 0. On the other
hand, if the flow is, for instance, ergodic, then p weakly converges to its average (pg) and, in particular,
{poXllLr < llpollr With generically a strict decrease for p # 1. The solution is mixed as t — 0.
In order to quantify this limiting behavior, one commonly considers two different functionals:

Definition 1.1 (mixing scales; [Thiffeault 2012]). Let p : R" — R be a given measurable function. Then
we call || p|| g-1 the analytic mixing scale.

Furthermore, for given r > 0, we define the geometric mixing functionals

/ p‘- (2)
Bg(£)

If further p € L, then for each x € (0, 1) we define the geometric mixing scale as

1
gloli= sup ——
' Br(€):R>r | BRI

Gelpl :==nf{r : g-[p] < «llpllL=}. 3)

MSC2010: primary 76F25, 35Q35; secondary 42C10.
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As one of the main results of this article, we show that while both notions are not equivalent, they are
comparable in the sense that smallness of one implies smallness of the other. A control in one direction
has, for instance, been used in [Iyer et al. 2014] to establish lower bounds on decay rates of || o ()| 5-1
(see Section 5). Furthermore, in [Lunasin et al. 2012] the authors construct several examples exhibiting
obstructions to comparability. As we discuss in Section 2, the present article suggests to instead view
these obstructions as contributions at large scales that need to be projected out.

Theorem 1.2 (comparison of mixing scales). Let p € L*(R") and lpllz2 < 1. Then forall 0 <e < 1:

(1) There exists a constant C > 0, depending only on the dimensionn and o« =2/(n+2) and 8 =2/(n+4),
such that if ||pll g1 < € and p is supported in By, then also g [p] < Cé€’ forall € > €* and g¢[p] < C
forall € > eP

In particular, supposing additionally that || p|| L~ = 1, it follows that

Gelpl <€,
Geelpl <€
(2) If gelpl < € and p is supported in a compact set K, then also || p||g-1 < Cke.
These estimates are optimal in the powers of €.

In order to introduce our methods, we construct a dyadic Walsh—Fourier model on L2(T) in Section 3,
where we introduce new dyadic analogues of both scales and show them to be equivalent when restricted to
appropriate subspaces E;. In particular, in that setting optimality of estimates is transparent. Subsequently,
we discuss the continuous case as stated in Theorem 1.2 in Section 4.

A natural question here, of course, is whether

grlpl <Cr )

can be assumed in applications. Indeed, if p(¢) solves the passive scalar problem (1) and asymptotically
converges weakly to a nontrivial state o, then we can generally not expect better control than

9-[o (O] =< |l poollLoe.

However, as we discuss in Section 2, upon removing large-scale projections (corresponding to asymptotic
states) this assumption is natural and comparability holds in the above sense.

As a second part of our article, in Section 5, we consider the evolution of the mixing scales under
transport-type equations and are interested in (sharp) upper and lower bounds on decay rates of the
scales. As a first model problem we consider the case of p(¢) evolving under the free transport equation
on T" x R":

9p+ydp=0 forte(0,00), xeT" yR",

, ; (5)
p—o=p9 forxeT”, yeR"

Here, we show that if the initial data is normalized in a Sobolev space H®, 0 < s < 1, with respect to y,
then the first expected decay rates of 1 ° turn out to be slightly suboptimal and instead decay rates of
t—So(1) are achieved.
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Theorem 1.3. In the following, let 0 < s < 1, pg € L*(T"; H*(R")), with fw po(x,y)dx =0, and let

p(t,x,y)=po(t,x —ty,y)

be the solution of the free transport problem. For o,s € R let H° H* = H? (1"; H*(R")) denote the
Hilbert space with norm
NG s = > _ (k) / (> |5k, )| dn.
kezn !

(1) There exists Cy > 1 such that for all t > 1 and all initial data

el < Ct* llpoll = ms-
(2) Letaj > O with ||(ctj)jll2 = 1. Then there exist ¢ > 0, a sequence of times t; — oo and initial data

po such that

I 21 = catjt; llpoll s
(3) There exists no nontrivial initial data py € L*(T"; H*(R")) such that

lp 21 = et llpoll s hs
along some sequence t; — oc.

In the second statement, #; can always be chosen larger and more rapidly increasing. For instance,
we may chose t; = exp(exp(---exp(j))) and o; = 1/j = In(In(- - - In(#;))) as iterated exponentials and
logarithms. Informally stated, the theorem hence shows that algebraic decay rates can be achieved along
a subsequence up to an arbitrarily small loss. Conversely, the third statement shows that this loss is
necessary and that the lower estimate is sharp in this sense.

We remark that in several works on (linear) inviscid damping, [Wei et al. 2018; Coti Zelati and
Zillinger 2019; Zillinger 2016; Bedrossian and Masmoudi 2015] or (linear) Landau damping [Bedrossian
et al. 2016], it is shown that perturbations to the Euler equations or Vlasov—Poisson equations scatter to
solutions of the free transport problem as t — 0. As a corollary, we hence obtain the optimality of the
decay rates for these equations as well.

Corollary 1.4. Let U(y) be bi-Lipschitz and U" € W>* with |U" || w2 sufficiently small. Then for any
s € (0, 1) and any wy € H® (T x R) the solution w of the linearized Euler equations

do+U(ow—U"(y)dA o =0,
=0 = wo
satisfies
lwoll2g-1 < Ct™* |lwoll -5 s

and there exists no nontrivial initial data wy € L*(T"; H*(R")) such that
o)l L2-1 = ct;* llwoll = s

along some sequence t; — oQ.
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We remark that we do not require U to be bounded and for instance allow U to be (a perturbation
of) an affine function, which is of interest in the study of the free transport equation and similar passive
scalar problems.

Proof. In [Zillinger 2016], we have shown that solutions to the linearized Euler equations around such a
shear flow U (y) are stable and scatter in H®. That is, for any initial datum wg € H® there exists a solution
w(t, x,y) and the associated (finite-time) scattering profile

W, x,y) =w(t, x +tU(y), y)
satisfies
C Mol goms < IW (@O as < Cllwoll e ms

forallt >0, c e Rand o € [0, %) Furthermore, there exists Wy, such that W(¢t) — Wy in H° H*®
as t — oo. Since U (y) is bi-Lipschitz, we may change coordinates to (x, z = U(y)) and note that the
Sobolev spaces H? H*® with respect to (x, ¥) and (x, z) are equivalent. Thus, with slight abuse of notation

wlt,x,2)=W({, x—1tz,2)

can be considered as a solution of the free transport problem at time ¢ with initial data W (¢). Hence, by
Theorem 1.3, it follows that

loOllp2g-1 <CtNWO N g-sms < Ct |lwollg—sms-

We prove the second claim by contradiction and suppose there exists such a nontrivial wg. Then, by the
(asymptotic) scattering result, there also exists a nontrivial W, such that W(¢) — W, and hence

l(t, x,2) = Woo(t, x + 12, D)l 21 < CL W (1) = Weoll s s = 0(1™).
But this would then imply
[Woo(x + 12, Dl 2g-1 Z 0@ 21 — (), %, 2) = Weo (tj, x +1;2, D) [ 21
c
= Cij —O(Zj) = =i
2
as j — oo. This contradicts the third statement of Theorem 1.3. (I

Concerning more general passive scalar problems, a recent active area of research [Alberti et al. 2014;
Seis 2017; Crippa and Schulze 2017; Iyer et al. 2014] is given by the study of upper and lower bounds on
decay rates of mixing scales for solutions of (1),

op+v-Vp=0,

where v may be chosen arbitrarily under given constraints such as ||[v(¢) ||y, < 1. While in the present
article we establish no improved bound, the comparability results allow us to connect existing results in the
literature established for either mixing scale [Crippa and De Lellis 2008; Seis 2013; Bru¢ and Nguyen 2018]
(see Corollary 5.6). For instance, the following corollary establishes analytic mixing cost estimates [lyer

et al. 2014, Theorem 1.1] as a corollary of geometric mixing cost estimates [Crippa and De Lellis 2008].
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Corollary 1.5. Let p > 1 and p|i—o = 1j0,1/21(x2) € L'(T?) and suppose that for 21; > € > 0 and some
O<k < % the solution p of
orp+v-Vp=0,
V-p=0
satisfies

”:0|t=1_l” 1 €.
21 H

Then for p > 1 the velocity field v satisfies

1
/||VU||LpdtZC|10g(€)|-
0

The remainder of the article is organized as follows:

e In Section 2, we discuss to which extent both mixing scales might possibly be comparable by
considering two prototypical examples and also discuss the role of large-scale asymptotic profiles.

e In Section 3, we introduce a new dyadic Walsh—Fourier model of mixing scales. Due to improved
orthogonality properties here we can establish our estimates in a transparent, accessible way.

» Subsequently, in Section 4 we show that most properties and estimates persist in the continuous
setting despite the loss of beneficial additional structure.

« Finally, Section 5 considers (sharp) decay rates of mixing scales under passive scalar problems. Here,
we first establish optimal rates for the free transport problem and then discuss more general dynamics.

1A. Notation. Throughout this article we will consider x € T"” and y € R" unless otherwise specified.
For a given function p(x, y), we denote by p(k, y) its partial Fourier transform with respect to x and by
p(k, n) its Fourier transform with respect to both x and y. Constants C, ¢ > 0 may change from line to
line and may depend on the dimension but are independent of the choice of function p or initial data py.

2. Preliminaries and prototypical examples

In [Lunasin et al. 2012] two families of functions are constructed to highlight the differences of the
analytic mixing scale (4) and the geometric mixing functionals (2). In order to introduce our ideas, we
recall their construction and show that after removing the large-scale weak limit of the second family
both notions are comparable and thus motivate our choice of spaces and estimates.

2A. The analytic mixing scale controls the geometric mixing scale. We briefly recall the construction
from [Lunasin et al. 2012, Section IV.B]. As a building block consider the “hat” function

1—1|x| for|x| <1,
v(x) =
0 else.

Let e =27" and let « € N with @ < 2", We then build an odd function u on [—1, 1] such that for x > 0
2" 2u

u(x)_aev< )+ Z <M>
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This function is a sawtooth function with one large tooth on the interval (0, 2ce) and smaller teeth of
width 2¢ on the remainder of (0, 1). Furthermore, u is Lipschitz and p = u’ € {—1, 1} satisfies

2 2 2(1 2 2. .33 .2
1013 = lul2: = (4 — 2ae) + 2o’ ~ e

if € is small. Taking o &~ € ~!/3, we thus obtain that ||p|| ;-1 ~ € and that p = 1 on B,2/3(0) and is hence

geometrically mixed at most at scale €/3,

Additionally, we compute that if we consider larger radii r > €2/, then

f pdx
B:(§)

This example hence shows that an estimate of the type € ~ € is not possible, but € ~~ € is for this case. In

1
| By

<Cr.

Sections 3 and 4 we show that such an estimate indeed holds for general functions and in higher dimensions
and that our exponents of € are optimal. Roughly speaking, the loss of power in € here is due to the L'
normalization of the characteristic functions and equivalence constants of (weighted) /> and /° norms on
finite-dimensional vector spaces (see Section 3) and agrees with scaling (see the proof of Theorem 4.3).

2B. The geometric mixing scale and weak limits. Consider a periodic characteristic function u € L?(T)
with [ udx = % and for k € N define

pr(x) = sgn(x) u(klx]) € L*((—1, 1)).
We note that [ prdx =0, |lpxllz~ =1 and
pr L5 L sgn(n).

Hence, for any given ball B,(§) C (-1, 1),

/ Pr dx / % sgn(x) dx
B (§) B, (&)

as k — oo. Using the periodicity to obtain more quantitative estimates, we obtain that for any « > % and

/ Pk dx
B, (§)

provided k is sufficiently large and that thus G,[px] — 0 as k — oc.

1
| By

1

| B |

any r > 0, we can achieve
1

| By |

< kllpxllz>

However, this fails for k¥ < % and by lower semicontinuity,
lim inf > |[Asgn)|,,, > 0.
iminf [l pell -1 = || 3 sgn o) -

Hence, this at first suggests that the geometric mixing scale is distinct from the analytic mixing scale.
In view of our comparison result, Theorem 1.3, we instead suggest to interpret this example as

okl -1 = € max(x, r)
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and note that the lower bound on « > % here is due to large-scale structures in the weak limit. Indeed,
consider the functions v obtained by projecting out large scales:

ve(x) = px(x) — 5 sgn(x).
Then it holds that

1 c
f vrdx| <min(2«, Cr) forr > —,
|B/|1)B,&) k
C L2
lvkllLe >k, vl -1 SE’ v £ 0 as k — oo.

Remark 2.1. When considering p; = p(#) for p(¢) evolving under ergodic dynamics, the weak limit is
given by a constant function. In that setting, we may assume that constant to be zero after normalization
and hence, there without loss of generality both notions of geometric mixing coincide, i.e., vy = pk.

More generally, we don’t need to know a candidate for the weak limit (or even have a sequence), but
rather consider the following setting:
If pe L>NL>® N H~! is such that for all » > ry and all xo € R” it holds that

: /
pdx
|Br|1J B, (xo)
1
o =p— [ —1 *
100 p <|Br0| Bro(g) p)

/ Prodx
B.(§)

1
mlBrO(S) *p = p
ro

§K7

then we claim that (see Lemma 4.8)

satisfies

o = prolle <k, =Cr,  Mprllu-1 = CrollpliL2

| B |

for all r > ry. Here, we stress that, while

as rg | O for fixed p, this is much more subtle for sequences p depending on ry. Indeed, letting uy (x) be
as above, we obtain

1
——1p,, *ur(x) = Lsgn(x)
|Bikl " 2

for all x with dist(x, {0, &, —7}) > 2/k.

3. A Walsh-Fourier model

In order to introduce our ideas and establish sharpness of estimates, we first discuss and compare both
mixing scales in a dyadic model setting. Here, we consider averages over dyadic intervals and replace the
sine basis of L%(T) by functions that are constantly +1 or —1 on dyadic intervals. This setting is known
in harmonic analysis as a Walsh—Fourier setting and associated with a “tile” characterization and Haar
wavelet expansions [Muscalu et al. 2004; Thiele 2000a; 2000b]. In the following we briefly provide some
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definitions and statements. For a more in-depth introduction we refer the interested reader to [Thiele
2006]. We remark that, for simplicity of notation and estimates, we here consider the setting of L2([0, 1))
instead of L2(R). The dyadic setting has the benefit of greatly simplifying estimates due to orthogonality
and allows for explicit computations of newly introduced analogues of the mixing scales as Besov-type
norms in terms of certain L? bases. Hence, here it is transparent what estimates are possible and whether
they are optimal. In Section 4 we show that, with minor modifications, these results also extend to the
continuous Sobolev setting.

3A. Definitions, tiles and bases.

Definition 3.1. Let [0, 1) be the half-open unit interval. Then for each j € N, we define the set of
dyadic intervals at scale 2=/ by

Dj={l ;=27 [k, k+1):kef0,...,2/ —1}}.

Associated with this partition of [0, 1), we introduce the L2-normalized characteristic functions

1
= —1;e L0, 1)).
X1 mIG ([0, 1))

We note that, if I, I’ € D;, then either I =1 " or the intervals are disjoint. If the intervals are not of the
same size, that is, / € D; and I’ € Dj» with j # j’, they are either disjoint or one is contained in the other.
In addition to the (normalized) characteristic functions, y;, the following definition introduces a large
family of oscillating L? normalized functions, which we use to define (fractional) Sobolev-type spaces.

Definition 3.2. A ftile p is a dyadic rectangle of area 1 in [0, 1) x [0, co). That is,
p=Ixw=02"k27(+1) x[2/1,2/(1+1)),

where k € {0, 27 — 1}, j €Np, I € Ny. If | =0, we define the wave-packet ¢, := (1/+/|11)1;. For [ > 0,
we define ¢, recursively. That is, if p is a tile at level / and scale 2/, we can express it as either the upper
or lower half of the union of two tiles p;, p, at level |//2] and scale 2-/=1 We thus define

¢, = \/Li((ﬁpl +¢,,) ifliseven,
$p = 75($p —p,) if Lis odd.

This definition allows us to consider questions of orthogonality and basis expansions in a graphical
way, a so-called cartoon (see Figure 1). The following lemma summarizes some of the main properties
we use in the following.

Lemma 3.3 [Thiele 2000a, Lemma 2.9]. For any two tiles p, p’ we have

¢p¢p’ = lpNpl.

‘ [0,1)

In particular two wave packets are L?-orthogonal if and only if the underlying tiles have empty intersection.
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Figure 1. Various tiles down to scale 27*. The vertical gray tiles correspond to char-
acteristic functions y;. The horizontal gray lines correspond to our replacement of a
Fourier basis, ¢,. The tiles in green and blue in the upper right corner are at level [ = 1.
Plots of the corresponding wave packets of all colored tiles are given in Figure 2. By
Lemma 3.3 wave packs ¢, ¢, are L? orthogonal if and only if they are disjoint.

Figure 2. Walsh wave packets associated with the tiles of Figure 1.

Corollary 3.4 [Thiele 2000a, Corollary 2.7]. Furthermore, two families of tiles P, P’ cover the same
region in [0, 1) x [0, 00) if and only if the spans of {¢p, : p € P} and {¢,, : p € P'} are identical. In
particular, setting p; = [0, 1) x [[, [ + 1), we obtain that {x1}1ep; and {¢p, : 1 € {0, 2/ — 1}} are both
orthonormal bases of the same space, which we denote by E;. We further introduce the L? orthogonal

projection operators P; onto Ej.
Definition 3.5 (mixing scales). Given p € L?([0, 1)), we introduce the geometric mixing seminorms at

scale j as

flp':lepj} =27 sup{|(xs. p)| : I € D;}.

1
gilpl = SUP{;
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Furthermore, for s € [—1, 1] we define analytic mixing seminorms up to scale j by
2/ -1

ol = DA+ 1o, ¢p) .
=0

We further define || p||ps = sup; ||,0||hj.-

3B. Estimates. We note that the geometric mixing seminorms can be expressed as

gilp]l = sup V2/|(x1, p)|
IEDJ'

and are hence indeed norms on the space E;. Likewise the analytic seminorms are weighted / 2 norms on
the same space E; when expressed in the orthonormal basis {¢,}. Hence, both mixing seminorms are
equivalent, with constants depending on ;.

The following theorem establishes the corresponding estimates as well as related estimates between
different scales with uniform constants.

Theorem 3.6. Let p € L2((0, 1)). Then for all j € N

IIpIIh/_—l <gjlel,
loll1 < gilp]+ 277111 = P)pll 2,
gilol <29/ Jlpll.
Furthermore, both seminorms depend on p only via its projection; that is, ||p|l,-1 = || P;pll,-1 and
J J
gilel = g;[Pip]
We remark that the loss of the factor 23/2)/ here can be interpreted as corresponding to the embedding

H~'c HY? c L™ Indeed, if p € Ej, then p is constant on each interval / € D; and thus g;[p] = ||pllr=.

Corollary 3.7. Let p € L*((0, 1)). Then:

(M If ||p||hj_01 <2700, then gile] < C2G/Di—i Ip particular, if j < %jo, then p is geometrically mixed
at scale 2.

(2) Furthermore, for j < %jo, we obtain that g;[p] < 2/,

(3) Conversely, if gj[p] <27/, then
ol < glp) <27
If we additionally assume that ||(1 — Pj)p| 2 < 1, then furthermore
lollat < gjlpl <277 +277 (1 — P))pll 2 < C277.

Remark 3.8. Setting 27/ = ¢, the above results show that [|p||,-1 < € implies gjog(c23)[0] < C and
glog(e’)[p] <€ fore > e2/s,

Conversely, if giog(e)[0] < € and we control || p|| 2, then also || p[|,-1 < €.
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The analytic and geometric mixing scales are hence comparable with a loss in the exponent in one
direction (thus we do not use the word equivalent).

Furthermore, we show in Lemma 3.9 that this loss is optimal.

As mentioned in the introductory Section 2, in this article we hence stress the viewpoint that the

examples constructed in [Lunasin et al. 2012] should instead be interpreted as showing the necessity of
the control of giog(e)[0] < € instead of gjog(e)[0] < k and of the loss € — €23,
We discuss this interpretation, scaling and the constructions further in Section 4.

Proof of Theorem 3.6. Let p € L? be given and consider the basis expansions of Pip € Ej:
Pip = ZdIXI = ZCZ%,-
1 !

Since both x; and ¢, are orthonormal bases of E;, it follows that

ldrllrz = llerll2
Then we may estimate

ol = KD~ erlle < llerll = lldill2 < V27 max |dy .

On the other hand, the normalization of the geometric mixing functionals is such that

1 .
glp) = max o (s, p) = /27 max |dy .

For the converse estimate, we note that
gilp] = v2/ max |d;| < V2/|d |2
=V2ale < V220 allp <29 |pll.

If p & E;, we note that by definition

2/ -1 o
1 1
ol = > :mup,«»pmzs > Tz (0 @) * = NPl
’ =0 =0

For the estimate of | p||,-1, we thus split p using P;, 1 — P; and obtain

1 .

ol = llpl2 + Tl 9l = gilel +27 Il O
J .
[>2]

Proof of Corollary 3.7. We apply Theorem 3.6 to obtain
gjlp] < C2B/2i—Jjo
The first statements hence follow by noting that
3ji—jo<0 = j=2j,
and the second from
Si—h=-i < i<t

The last statement similarly follows as a direct corollary of Theorem 3.6. ]
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The following lemma shows that these restrictions on j are optimal.

Lemma 3.9. There exists a family of functions p = p(jo) such that ||pl|,-» < C 27/ and which satisfies
Ji
the following properties: ‘

(1) For any o < % and j = |ajol, it holds that g;[p] = o(1) as jo — oo. If instead o > %, then
gjlp] — oo.

(2) For any a < % and j = |ojol, it holds that 2jgj[p] =o0(1) as jo — oo. If instead o > %, then
2/gj[p] — oo.

Proof. As shown in the preceding Theorem 3.6 and Corollary 3.7, we have
gilpl = V2 \di i~ < V2 lldsllp < 20/ |lpll g1 < 2972770,

Hence, we note that %j—jof(){:)j §§j0 and that %j—jofj@jfg.
Thus it only remains to show that these estimates are indeed sharp in the thresholds in j. For this

P = Z d)pp

240 —1<l<20—1

purpose, consider

with o € (0, 1) to be chosen later (see also Remark 3.10). Then we can compute

12
_ -2 ~ 7 —Jjoo/2
||p||hj-01—< S ) ~ g2

2940 —1<l<2/0—1

On the other hand, averaging over the interval [0, 27/), wave packets ¢,, with [ > 27/ are orthogonal,
while wave packets with / < 2/ are constantly equal to 1 when restricted to this interval. Hence, we obtain
that for any j < jo

glol= Y 1~2
2/0% —1<1<2/-1
if j > joo. If we now multiply p by 27/0(1=/2) 'we are exactly in the setting described. That is,
”2_].0(1_0{/2)/0”H*1 ~ 9~ Jol—a/2)y—joa/2 _ 2o,
gj[2H001=e/2) ]  i—io(1=a/2)
for any j with ojo < j < jo. Since the exponent is monotone in j, we only need to consider the case
when «jp = j and thus the behavior of (o« — (1 —«/2)). This exponent is less than or equal to zero if and

only if o < % and less than or equal to —« if and only if o < % The thresholds in j, respectively «, are
thus indeed optimal. U

Remark 3.10. We remark that (x(g»-i), ¢p,) =27/ forall j =0,...,2/7% Hence, Y (_j<pi_, ¢p =

2/ l0,2-iy- Thus, if @ jo is an integer, we obtain

Z bp = 2" 119,210y = 2% 11 2o

240 <1 <2/0—1
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which provides a more immediate view of the geometric mixing size. However, this explicit character-
ization is much less simple if 2%/ is not a power of 2 and also not transparent in terms of the H~! norm.

4. The continuous setting

In the following we show that, with minor modifications, the estimates of the dyadic setting of Section 3
persist in the continuous setting. Here, additional key challenges are given by the lack of orthogonality
and thus nonexistence of spaces like E;.
4A. Definition of mixing scales.
Definition 4.1. If p € H~'(R"), we call loll -1 the analytic mixing scale.

Let ¢ € L' (R") with ¢ > 0 and ||¢||;1 = | and define ¢, (x) := ¢ (rx)/r". Then for any p € L! (R")

loc
and every €p > 0, we introduce the (nonlinear) functionals

geolo] == ll@pr % pll L.

Here, the most common choice is given by ¢ = (1/|B1|)1p,, in which case

/ p(y)dy
By (x)

We say that a function p € L*(2) N Ll (Q)is geometrically mixed by a factor « € (0, 1) up to scale

loc

golpl= sup [B,(x)|!

r>e¢p,xeR?

€ > 0if
geolpl = kllpllLe.
For a given «, we define
Gelpl =1inf{eg > 0: g [p] < kllpllL},
where the infimum is over all such ¢, and call it the geometric mixing scale.

We remark that, by Holder’s inequality,

geolol = llplliL=ll@rlir = ol
and that by Lebesgue integration theory

111’1’1 = .,
eowgeo[p] ol

The functionals g and the geometric mixing scale G thus describe the competition between cancellations
in Holder’s inequality and convergence of Dirac sequences.
Remark 4.2. The reason for our more general formulation in terms of ¢ € L! is that in later estimates
optimality is easier to phrase and establish if we additionally require that ¢ € H'. In particular, by duality
sup gilpl = 1@l s
peH=:pllg-s =<1
and hence an estimate like (6) is not possible unless ¢ is sufficiently regular. However, for most estimates
this only poses technical challenges (see Lemma 4.10) in terms of the control of certain Fourier projections.
In the dyadic setting of Section 3 these complications could be avoided by using orthogonality properties.
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4B. Comparison estimates. Our main results are given by the following theorems and corollaries.

Theorem 4.3 (estimates). Let p € L*N H™! (R™) and suppose that ¢ € H* N L' for some i € [0, 1]. Then
for any €y > 0 it holds that
AN 2 /2

Il °

As a consequence, the geometric mixing scale of p can be estimated by

gelpl =C o1l g

Crgllollg—

1/(n/24+1)
KkllpllLe )

Ge(p) < (

In particular, if A =1, then
—n/2—1
8el01 = Ceg ™ Mipllgt,

1 241
ol -1 ) f/2D ©)
cllpllz

GK(p)§C<

Conversely, if p is compactly supported and C denotes the measure of a 1-neighborhood of the support,
then for every €y < 1 it holds that

ol n-1 = Cgelpl + Ceollpll 2 )

We note that in the estimate (7), assuming G,[p] < € only yields a bound of || p|| g1 < «. Indeed, as
explored in Section 2B for fixed « it is possible to find a sequence p, such that

Gelpn]l — 0, “/011”H*l > K,

where the failure of decay of | p,||z-1 was due to the persistence of structures at scale x (see also
Theorem 1.2 and the remarks thereafter).

As discussed in Remark 4.2, if ¢ = c1p,, we cannot choose A = 1 since ¢ ¢ H I However, we may
recover this estimate upon imposing further conditions on p (see Lemma 4.10).

As an application of the above estimates we derive comparability of both mixing scales. That is, while
not equivalent (semi-)norms, smallness of one scale implies smallness of the other with a necessary loss
in the exponents. For easier reference, we restate Theorem 1.2.

Theorem 4.4 (comparison of mixing scales). Let p € L>(R") and ||p||;2 < 1 and let ¢ € H'. Then for all
0 < e <1 it holds that:
(1) If gelp] < € and p is supported in By, then also ||p| g-1 < Ce.

) If l|pll y-1 <€, then also g:[p] < C for all ¢ > €* and go/[p] < C€’ for all € > P, where a =2/(n+2)
and B =2/(n+4) depend only on the dimension. In particular, supposing additionally that || p| L~ =1,
it follows that

Gelpl <€,
Geelp] = €.

These estimates are optimal in the powers of €.
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In Section 3 we have seen that the loss of exponents is caused by the (L', L) normalization in the
geometric scale instead of L? normalization for the analytic scale and can also be seen as being due to
the Sobolev embedding into L°°. In this continuous setting, this is much less transparent due to the lack
of spaces E;. The necessity of the loss is established in Lemma 4.7 in analogy with Lemma 3.9 of the
dyadic case.

Corollary 4.5. Let u : Ry x R" — R be such that

o))l -1 = Ce .

Then, it follows that

ge-c[p()] = Ce ",
Remark 4.6. For example u(¢) may be given by the solution of a passive or active scalar problem, as
in [Crippa et al. 2019]. As noted in Section 2, if one were instead to consider g,[p(¢)] for fixed «, this
functional is not lower semicontinuous and there is no reason to expect any lower bound.

Proof of Theorem 4.3. As a first consistency check, we verify that the estimates of Theorem 4.3 scale
correctly.

Let thus § > 0 and consider ps(x) = p(6x). For simplicity of notation, we consider A = % Then it
holds that

_ — 1/2 1/2
deolps] = 850, [p] < CBe) ™2V 4101 Zllol )2,
_ _ —n/2—1/4 1/2 1/2
= Cs7 A e P A o Il

On the other hand, estimating directly, we obtain

—n/2—1/4 1/2 1/2
geolps] = Ceo "> Hipsll K1l osll )

—n/2—1/4 ,«_ —n/2—
= Cey " p )2 TP o) 1)

_ _ —n/2—1/4 1/2 1/2
= Cs T e T A o Il

Note that this estimate is further invariant under replacing p(x) by up (x) for any u > 0. Hence, we may
in addition choose p = §"/? to ensure L? normalization.

Let us now consider the proof of the theorem and let A € [0, 1] and ¢ € H* be given. Then we may
use duality to estimate

lr Il 12
llr Il

grlp] < oIl g

and use interpolation to control

ol < Culloll > ol
We further note that by scaling

||¢r||HA < Cr_"/z_kw

el — ol

for r <1 (for the homogeneous Sobolev norms we would have equality).
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Combining both estimates, we obtain

[ ]<C||¢||H*r_n/2_x
@l

For the estimate on the geometric mixing scale, we have to show that for given « and all €y > G[p]

1-x A
el 2" el g1

gelol = «llplle.

In view of the previous calculation this is implied by showing that

—n/2—1/2 1—A A
Croey "> M ol < kllpll,

with C; ¢ = C(ll¢ll g+ /l1@llL1). Dividing by «||p|[z~ > 0 and taking a power 1/(n/2 4+ A/2), we obtain
that this holds if

1—
<cu|p||Lf||p||gl )uwmm .
= €.

Kllpllzee
We thus obtain an upper bound on the geometric mixing scale by the left-hand-side, which concludes the

proof. O

Proof of Theorem 1.2. We proceed as in the proof of Corollary 3.7 and consider €y = €’ for z € (0, 1) to
be determined. Then the estimate (6) of Theorem 4.3 implies

ger < Ce!Cn/2=D+1
which yields the critical cases
n 2
(-5-1)+1=0 = =7
n 2
L = = ) O
(-5-1)+1=1 <= =

The following lemmata consider questions of optimality and the removal of small scales discussed in
Section 2B.

Lemma 4.7 (counterexample in the continuous setting). There exists a sequence € |, 0 and p = p(€) €
L%(R) with
lolg-1 <€,
but such that for every a < %, it holds that
gee[p] — 00.
as € |, 0 and such that for all B < %
€ Pgeslp] = oo.

That is, the exponents in Theorem 1.2 are optimal.

Proof of Lemma 4.7. We follow a similar strategy as in the proof of Lemma 3.9 in the dyadic setting. Let
€ =27/ and consider
p = 2‘]0 1[0’2—j0] - 2'“ 1[0,27/.1]’
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with j; = ajo, o € (0, 1). Then for any j; < j < jy, we obtain
. 2_J . . . . . . . . .
2/ / pdx =2/2°min(27/,27°) + 2" min(27/,27/")) =2/ -2/,
0

which is comparable to 2/ as long as j > j;.
We further make the following claim:

ol ~ 2772, ®)
Suppose that this claim holds and consider
o = pio(=a/2)

which satisfies .
ol -1~ 277,

gr-i[p']1~ 2Ji=jo(1=a/2) _ »=jo(1=(3/2)a)

We hence conclude as in the proof of Lemma 3.9.
Thus it remains to show the claim. We directly compute

eiég—./o -1 e,‘gz—jl -1

soon | ikxnj . & dx =
p(g)_/Re’ F201 0 9-i0) = 2/ g gy dx = ig2—h  jg2—h

Both difference quotients are uniformly bounded by 1 and we distinguish the regions based on the size of
£27Jo and £2771.
If |£] > ¢2/°, we may roughly estimate

A 2 o0
/ @ < / i2 dg < C2_j°,
(E:1g1>c2i0) &1 c2io €]

which is a very small contribution.
If |£] < ¢2/' with ¢ small, we may use a Taylor expansion to estimate the error of the difference
quotient:
Pl6270 1 pig27

£ g2 =14+ 0E20) —1+0E27) =0@E2™).

The H~! energy for this segment can hence be estimated by

A 2
/ |P(§2| < C/ 220t < o,
{E:lgl<c2nny 18] E:lE<c271}

Finally, if ¢j; < j < cjo, one difference quotient is about 1, while the other oscillates, but is bounded

by 1. Thus the contribution can be estimated as

A 2 c2J0
1 .
/ |p($2| %/ _zd‘i: ~ Q7 O
(e:c2i <jg|<c2i0) || i 1§l
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Lemma 4.8. Let p € L>(R") and r > 0 and define p, := (1/|B,|)1p, * p. Then p — p, € H~" and there
exists C > 0 depending only on the dimension n such that

lo—porllg—1 = Crlipllg2.

Proof of Lemma 4.8. We consider the Fourier transform of ¢,. Let thus r > 0 and £ € R" be given and

consider

G [ give dx:i eivilel = _Cn_ / edx =Y (ré)).

" JB, r'* B, [r&1" Jp,
We remark that i can be explicitly computed in terms of Bessel functions (see the proof of Theorem 5.2).
Since ¥ (-) is an average of ¢! it follows that || < 1. Furthermore, by continuity of ¢/*!

Cn
wlreh =11 < 20

/ e — 1]dx < Crlg|
Brjg
asr|&| | 0.

Hence, we can control

IF(or = 0)I* = [ (r|E]) = DAE)* < min(2, Crig])|p]”
and can estimate the H~! energy of p — ¢, % p by

; CZ 2’4 R .
PR = [ 1567 = ol 0

Lemma 4.9. Let p € L>(R") with || p|| 2 < 1 be supported in B (0) such that

<€
Lo®

136*,0

cp€en

for some 0 < € < 1. Then there exists C depending only on the dimension n such that the analytic mixing
scale satisfies

lollg-1 = Ce.
Proof of Lemma 4.9. By the triangle inequality

ol -1 < lpell -1 + 1o = pell -1

The second term can be estimated by Ce||p||;2 < Ce using Lemma 4.8, while for the first term we control
1Pell -1 < llpellzz < I'supp(pe)lllpell e < 2",

where we estimated the support of p by By C Bj. O

We remark that since the definition of g is given in terms of local Lebesgue spaces, some support or
decay condition is necessary.
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Indeed, consider p € L?(R), which is compactly supported in (0, 1). Then for any N € N we can
define o (x) := Z?’:o p(x +2j). Due to the disjoint supports for all € < % it holds that

lloellzee = ll pell L.

loll2 =~ Nlpll 2.

Furthermore, while H ! is nonlocal, we obtain that ||o || y-1 & ~/N| p|lg-1 for N large.

The following lemma establishes the converse control of the geometric scale by the analytic scale. As
noted in Remark 4.2, here regularity of ¢ allows for easier proofs. However, under additional assumptions,
¢ can also be chosen less regular, such as 1p,.

Lemma 4.10. Let p € H~'(R") with supp(p) C B,-1(0) and let ¢ € L'. Then there exists a constant C
depending on p such that

2 gl gt

Oelp] =C
If we require that ¢ € H', then the support assumption can be omitted.

Proof of Lemma 4.10. Using Plancherel’s theorem we compute
b0 = [ = p)dy = [ €446.6)p06)

Now recall that ¢, (x) = ¢(rx)/r" has constant L' norm and thus ||¢§r||Lw < |l¢rll - We may hence
control further by

A

SLZ

where we used the support of p and that ||q3,||Loo <\|¢rllr = 1.

—nj2-1
<r > ply-.

B 1l Lo 18 11 2 supp())

If € H', we can instead directly estimate

pr % plle < @l lloll g1
—n/2-1
=r "2l ol O
Hence, the failure of estimates with s > % is due to the interaction of the “tail” of p for |£] > r~\.
We remark that in the dyadic setting of Section 3 this complication does not arise, since our seminorms
project on spaces E; of lower frequency.

5. Damping rates in transport-type equations

In this second part of our article, we are interested in the time dependence of mixing scales when p (¢)
evolves under the passive scalar equation

ogp+v-Vp=0

for a given divergence-free velocity field v. In particular, we are interested optimal decay rates of
loOIlg-1 and Gewy[p(@)].
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In Section 5A, we consider the special case when p(¢) is advected by a given specific, regular,
incompressible velocity field. This study is motivated by recent work of Crippa, Luca and Schulze [Crippa
et al. 2019], who studied the time behavior of both mixing scales under the evolution

p(tvr79)=p0(r90_tr)a

where r, @ are polar coordinates on R?\ {0}, po € L' N L*> and the angular averages (pg)s = 0 identically
vanish. Adapting conformal polar coordinates 6, ¢* = r, this setting shares strong similarities with
problems of inviscid damping in fluid dynamics.

Further examples of interest here are given by:

o Perturbations around shear flow solutions of Euler’s equations on T x R. In [Zillinger 2016; 2017a]
we showed that if U (y) is, roughly speaking, close to affine, the linearized Euler equations in vorticity
formulation asymptotically scatter in H* to the transport problem with v = (U(y), 0). Using different,
spectral methods [Wei et al. 2018] have further shown similar results under weaker conditions.

» When considering circular flows [Zillinger 2017b; Coti Zelati and Zillinger 2019] and when v = u(r)ey
is an annular region or on R?, we similarly obtain stability, damping and scattering in weighted spaces
and for more degenerate profiles.

« In the setting of Landau damping [Bedrossian et al. 2016] similarly one observes scattering to a transport
problem.

The following results on the free transport equation
orp(t,x,y) —ydep=0, (t,x,y) € (0,00) xT"xR",

hence also extend by scattering to asymptotics for further equations exhibiting phase-mixing.

Finally, we discuss optimal mixing and stirring for more general passive scalar problems. Here, a
recent active area of research, [Alberti et al. 2014; Seis 2017; Crippa and Schulze 2017; Bressan 2003;
Crippa and De Lellis 2008] is given by the study of upper and lower bounds on decay rates of mixing
scales for solutions of (1)

hp+v-Vp=0,

where v may be chosen arbitrarily under given constraints such as ||[v(¢)||y1.» < 1. Using our comparison
estimates of Theorem 1.2, we discuss implications of some known results.

5A. On sharp decay rates for the free transport equation. Our main results for the analytic mixing
scale are summarized in Theorem 1.3, which we restate in the following for easier reference. Using the
estimates of Theorem 4.3 we also obtain control of the geometric scale, which we study in Theorem 5.2.

Theorem 5.1. Let H° H* = H° (T"; H*(R")) denote the Hilbert space with norm

oy = ) k) /R (> |5k, mI*dn.

kez"
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In the following, let 0 < s < 1, po € L>(T"; H*(R")) with fw po(x,y)dx =0, and let

p(t, x,y) = po(t, x =1y, y)
be the solution of the free transport problem. Then:

(1) There exists Cy > 1 such that for all t > 1 and all initial data

ol g-1 < Ct™ |l poll -5 (rr; 15 @) -

(2) Letaj > O with ||(t)jll,2 = 1. Then there exist ¢ > 0, a sequence of times t; — oo and initial data

uq such that

o)l -1 = cajt;* poll = re; 1s @) -
(3) There exists no nontrivial initial data py € L*(T"; H*(R")) such that
Ip -1 = ct; I poll ks rn; s ey
along some sequence tj — oo.

In the second statement, #; can always be chosen larger and more rapidly increasing. For instance,
we may chose #; = exp(exp(---exp(j))) and o; = 1/j = In(In(- - - In(#;))) as iterated exponentials and
logarithms. Informally stated, the theorem hence shows that algebraic decay rates can be achieved along
a subsequence up to an arbitrarily small loss. Conversely, the third statement shows that this loss is
necessary and that the lower estimate is sharp in this sense.

Proof of Theorem 1.3. We note that for all ¢ the map L?> 5 py — p(¢) € L? is unitary and thus the
statement holds for s = 0. Furthermore, we may use the explicit solution of the free transport problem
and Plancherel’s identity with respect to x to obtain

> f & (k, )™ po k. y)dy‘
k£0

/ ikeyn DU ) po(k, y)
ey
ikt

ol g1 = sup
$:lpll 1 <1

= sup
d:llpll g1 <1

k#£0

-1
<t llpolla-1c; v @)

and thus establish the result for s = 1. The result for 0 < s < 1 then is obtained by interpolation.

For the second statement, we make use of resonant times and frequencies. Roughly speaking, if pg
is frequency localized at (k, n) (with respect to x and y), then free transport in physical space is also a
transport equation in Fourier space and p(¢) will be frequency localized near (k, n + kt). Hence, if & # 0,
n and k are parallel and t = —n/k, the frequency localization is near zero and hence any H° norm is
equivalent to the L norm for such a function.

Let thus ¢ € C° be supported in a ball of radius 2 and L? normalized and let (aj); € 1% with
[(ctj)jll,2 = 1. Suppose further that #;, to be determined precisely later, satisfies minj, ., [t;, —;,| > 4
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and min |¢;| > 4. Then we define the function pp € H*(T" x R") by its Fourier transform:
otk n) =8ie, Y _ i {t) P —tjer).
jeN
We remark that the Dirac in k& corresponds to assuming periodicity in x. This construction also
readily extends to the whole space case, R"xR", if 6;—., ¢ (n—t;er) is replaced by a bump function

¢ (10k—e1)p (n—kt;).
By our assumption on #;, — t;,, the functions ¢ (- —¢;) are disjointly supported and thus

2 2 <'>2S 2 2| (- _tjel)zs 2
loollZss =Y leyl* | =5 ¢ (- —tjen) =Y oyl | ——5—¢ () :
r () LBy () L2(B,0))
Similarly, for any ¢ € R, it holds that
(6 —Der+)» |
Lol =Yl * |~ P 0] I
7 i L2(By(0)

By our assumptions on #; and ¢, in the first sum |n| <2 < |¢;|/2, and thus ||uo||%,5. is comparable (within
a factor 4*%) to ) i lotj | = 1. One the other hand, for r = t;, the second sum is bounded from below by

2 | 2

( . )2s
( Zj >2s
This concludes the proof of the second statement. We note that a similar lower bound can also be obtained
for the homogeneous Sobolev spaces by choosing 7 = #; + 4 instead.

|ot;

ot | é(-) >

A28
LBy ()7

Finally, suppose that there exists pg attaining the algebraic decay rates. Expressed in terms of pq this
implies that for a sequence #; — 00
[,
(n — k) ()
Since the equation decouples with respect to k£ and for easier notation, in the following we consider k
arbitrary but fixed and omit the factors (k) °. The result of the theorem then follows by multiplying by
(k)™ and summing in k.

(m)* (k)" uto

> Cll(n)* (k) *dioll 3, »- )
12L2

Now let 7 = #; and consider the sets

|15 C
Q t = k, —_— J—
< {( ey 2}

and Ac,, their complements. Then the inequality (9) implies

HAW% ’ +£||(77)Sft0||22 > Cll(n)*ioll3,
<77 _ tjk)l (’7>s L2(Ac.) 2 L“(Qc,) — L*(Q2c,1)
t5 2 C
= | ———m)h > — () poll?,.  (10)
H (n—kt;)1(n)* ey 2 L2
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On the other hand

t* s t¢
—limax( e )52“,
(n—kt;) (n)* (ktj/2)'1" 1(kt;/2)*
by considering |n| <t;/2 and |n| > #;/2 and using that 0 < s < 1.
Hence, it follows that, for a constant depending on s, but independent of ¢,
1) Boll 724,y = Csllm) Boll 7o

By assumption, this holds for a sequence z; — oo. Upon passing to a subsequence, the sets Ac,;; can be
ensured to be mutually disjoint. Hence, by orthogonality

1 Bollz> = 3 11 Aoz, = Cs D 100 Aoz = 00l ) Aol
J ' J

This is a contradiction unless pg = 0. [l

As a consequence of our comparison result, Theorem 1.2, we also obtain lower bounds on the decay
of the geometric mixing scale. The following theorem instead provides a direct construction of a lower
bound, where averages are taken over the scale j/¢; instead.

Theorem 5.2. Let 0 < s < %; then there exists initial data py € LiH}f (T x [0, 27]) so that along a
sequence of times t; = 2100+7 the solution u of the free transport problem satisfies

ool 2ps
JG)?

That is, at scale r = j/t; we have a lower bound by 1/(jtjs).

We remark that as in the previous Theorem 1.3, ¢; can be chosen to be increasing more rapidly and thus
1/j =o(1) as t; — oo can be chosen with very slow decay. Furthermore, the construction of our proof
also extends to the n-dimensional transport equations by extending constantly in the other directions.

Proof of Theorem 5.2. Consider the function

o0 it
po(x, y) = ce'™ Le®
ot JA5)

as a functions on T x [0, 277 ], where ¢ € (%, 100) can be chosen such that this function is normalized

since 1/j € 1%
Then, the solution p of the free transport problem is explicitly given by
& 1 iy
p(t,x,y)=ce” -
i (t;)*

For simplicity of notation and presentation we first consider averages over squares instead of balls,

which allows for a simpler straightforward calculation. An extension to the latter setting is given at the
L

end of this proof. Let thus 7 = #;, and consider a square S = I x I, of side length 155

>d > jo/tj,, which
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is centered close to a point where e'* = 1. Then the integral of p over this square decouples by Fubini’s

1 .
—/ erdx~1
dJ,

1 cos((t; —t 1 1 1 1 &t Gi=ti)y)
/Z ((1 )y)dy_—/ - V+_Z/_'—Y'
d Ji, joltj)* —d = Ji, j  {4)

theorem and we may compute that

and that

We note that as an average over a constant function, the first term equals
I |
Joltj)s  jo2dos”

(1)
On the other hand, by the construction of #; = 2190/, for each j # jo we have |t; —t;,| > 5 max({;, tj,)
and thus all further integrands are highly oscillatory. In particular,

f 1eos((t — 1)y | _ 1 - 1
V) (tj)* TG =iyl T 278120 =200

where we used integration by parts. Considering the sum in j, we split into

1 2 1 g
2 j25 27 —2h] = 20 & j2is = 200
J<lJo J

and

Z;<2*Jbsz&<2 Josp—Jjo_
2 i 2 = j2 =
J>Jo J>Jo

Dividing by d > j27/0/(100c;), both terms will be smaller than the term in (11) by a large factor and

hence
1/ ) > 1
Tar p j _C.—9
ISI s ™77 = o)

Let us next consider the original problem of averages over balls. In this case the integrals
1 1
J{t;)* | Bal

can be explicitly computed in terms of Bessel functions. That is, if the center of the ball is the point

as claimed.

i(t,-—t)y

ele

(€1, &), then after translating in x and y, we obtain an exponential factor ¢/ =9% and an integral
over a ball centered in (0, 0). We hence need to compute

/ L= g :dn/ X dG=0) gy
By B

That is, the Fourier transform of the indicator function of a ball.
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Using the rotation-invariance of B, we compute

' J
/ e dx = / el dxy dxy = / me’ﬂ'f'd ‘I(;D,
B B

where J; denotes the Bessel function of the first kind and ¢ < 10. It hence follows that

. C .
d™" / L= gy < ¢y min(l,—) and d7" / e LG=0 gy a0 ]
By dy/1+|t; —t|? By

if #; —t is small. Thus, the above estimates for squares extend to this case in a straightforward way. [

5B. On lower bounds for mixing costs. Consider again the passive scalar problem
dp+v-Vp=0,
’ (12)
V-p=0.

In the previous section we considered v as given and asked about decay rates of mixing scales for pg € H*®
to be chosen freely.

As a related and in a sense inverse problem, one can ask about mixing costs. That is, you are given an
explicit initial datum pg € H® and want it to be mixed to scale € by time 1. What kind of lower bound
does this imply on Sobolev norms of v in space and time?

More precisely, the aim is to a establish a lower bound of the type

1
/ [vllwir dt = Cp|log(e)l,
0

when p(1) is geometrically mixed to scale €. The case p > 1 was established in [Crippa and De Lellis
2008] and the case p =1 is a conjecture in [Bressan 2003].

As an application of our comparison results, we consider the simplest case of p = oo, following the
proof in [Crippa and De Lellis 2008] via Gronwall’s estimate.

Lemma 5.3. Let 1 > € > 0 and p be a solution of (12) on R" such that

lpli=ollp-1 =1, lpli=tllp-1 =€ >0,

with v € WY, Then it holds that
1
/ 10;v; + 0;v; || L= dt > C|log(e)].
0

Proof. Since v is divergence-free, the solution operator S(#2, 1) mapping p|;, to p|;, is unitary. Character-
izing the H~! norm via duality we hence obtain

loli=ollg-1 = sup /wpzzoz sup f‘/fptzo

¥l <1 1l 1 <

= sup /(S(I,O)W)/Oz:l < IS, Ol g mryllo=tll -1,
¥l =<1
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and thus .
IS, Ol g1 g > - (13)

On the other hand, S(1, 0) conserves the L? norm and 0j p satisfies
0;0;p+v-Vojp+(9jv)-Vp=0.

Testing against p; we thus obtain
d
TIVolf <23 f(ajp)(a,-v»(aip) =y f(a,-pxa,-v,- +8;0)(30) < 18;v; + 8;vj || V oI
ij iJ
Gronwall’s inequality thus implies

1
[SCL Ol g1 gt = exp(/ 19 vi + 9;vjll e dl),
0

which in combination with the inequality (13) concludes the proof. (Il

As a corollary we obtain a lower bound on the geometric scale. While our comparison estimates of
Section 4 cannot be expected to be optimal due the different time dependencies, we remark that lower
bounds in terms of powers of € yield the same logarithmic lower bounds. Hence, we may consider the
assumptions of the following corollary to be equivalent to those of Lemma 5.3 for our purposes.

Corollary 5.4. Let 1 > € > 0 and p be a solution of (12) on R* with v € W (R"). Suppose that
lpli=oll g-1 = 1 and that p|;=1 is supported in By and

Gelpli=1] <e.
Then it follows that

1
f 10;vj + 9jvi |l dt > C|log(e)].
0

Proof. By Theorem 1.2, p also satisfies the assumptions of Lemma 5.3, which implies the result. (|

For the case p > 1, Crippa and De Lellis [2008] obtained the following mixing cost result; see also
[Seis 2013; Bru¢ and Nguyen 2018; Iyer et al. 2014]. Unlike the setting p = oo this seminal result
requires considerable effort to prove. In subsequent works we intend to study whether the comparability
can be used to simplify steps of this proof.

Theorem 5.5 [Crippa and De Lellis 2008, Theorem 6.2]. Let p > 1 and p|,—o = 1{0,1/2(x2) € LY(T?)
and suppose that for € > 0 and some 0 < k < % the solution of (12) satisfies

1
K<— -1 <1—«k.
_BE/;emt_l_

Then there exits a constant C such that

1
/ VvllLr dt = Cllog(e)] (14)
0

forevery 0 < e < Al,-



ON GEOMETRIC AND ANALYTIC MIXING SCALES 569

The following corollary establishes a similar result for analytic mixing costs as consequence of this
result on geometric mixing costs by using comparability. Such an estimate was also obtained in [Lyer
et al. 2014] by more direct methods. We thus do not claim novelty of this estimate, but highlight that
comparability allows us to relate existing results available for either scale.

Corollary 5.6. Let p>1and pl;—o = 1{0,1/21(x2) € L' (T?) and suppose that for € > 0 and some 0 < k < %

the solution of (12) satisfies
lolims = 4, <
Then inequality (14) holds.

Proof. Theorem 4.3 implies that for 0 < o < %

1 / | 1
BEO‘ Bea Pli=1 2

where the upper bound on « is due to the regularity of 1p, as discussed in Remark 4.2. Defining

12—«
9

<Ce

8 := Ce'/?>~* and adding %, we thus obtain

1
—8< —1 <5438
_Be“ \/l;eotph 1=2

. . . 1 .
Thus, we may apply the theorem of Crippa and De Lellis with ¥ < 5 — § and €* to obtain

=

1
/ [VvullLr dt > C|log(e®)| = Cal|log(e®)|. O
0
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QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL:
HOMOGENISATION VIA HOMOGENEOUS FLOWS

JORY GRIFFIN AND JENS MARKLOF

We show that the time evolution of a quantum wavepacket in a periodic potential converges in a combined
high-frequency/Boltzmann—Grad limit, up to second order in the coupling constant, to terms that are
compatible with the linear Boltzmann equation. This complements results of Eng and Erd&s for low-
density random potentials, where convergence to the linear Boltzmann equation is proved in all orders. We
conjecture, however, that the linear Boltzmann equation fails in the periodic setting for terms of order 4
and higher. Our proof uses Floquet-Bloch theory, multivariable theta series and equidistribution theorems
for homogeneous flows. Compared with other scaling limits traditionally considered in homogenisation
theory, the Boltzmann—Grad limit requires control of the quantum dynamics for longer times, which are
inversely proportional to the total scattering cross-section of the single-site potential.
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1. Introduction

The analysis of wave transport in periodic media plays an important role in explaining numerous physical
phenomena, most notably in solid state physics, continuum mechanics and optics. A key challenge is
the derivation of macroscopic transport equations from the underlying microscopic laws, and to thus
describe effects on scales which are several orders of magnitude above the length scale given by the
period of the medium. Semiclassical analysis and homogenisation theory have produced a remarkable
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Figure 1. Illustration of a wavepacket at time ¢ = 0 with wavelength /4 in a Z9-periodic
potential with interaction regions of diameter 2r. For small r, the classical mean-free
path length in this setting is of the order r!~¢.

collection of results in scaling limits where the characteristic wavelength is either much larger than the
period (low-frequency homogenisation) or of the same or smaller order (high-frequency homogenisation);
see for example [Allaire and Piatnitski 2005; Benoit and Gloria 2017; Bensoussan et al. 1978; Birman and
Suslina 2003; Craster et al. 2010; Gérard 1991; Gérard et al. 1997; Harutyunyan et al. 2016; Markowich
et al. 1994; Panati et al. 2003].

Here we study the limit when the diameter 2r of the interaction region in each fundamental cell is signif-
icantly smaller than the period, and the wavelength & is comparable to the interaction region; see Figure 1.

Such a scaling, which is not traditionally discussed in high-frequency homogenisation, is motivated
by the desire to understand the Boltzmann—Grad limit of particle transport in crystals. This problem is
currently only understood (a) in the case of zero quasimomentum [Castella 1999; 2001; Castella and
Plagne 2002], (b) in the classical limit [Caglioti and Golse 2010; Marklof and Strémbergsson 2008; 2010;
2011a; 2011b], and (c) when the medium is random rather than periodic, in both the classical [Gallavotti
1969; Spohn 1978; Boldrighini et al. 1983] and quantum settings [Eng and Erdds 2005] (see also [Erdds
and Yau 2000; Spohn 1977] for the weak-coupling limit and [Bal et al. 1999; 2002; 2011] for related
models). In the random setting — classical and quantum — the limit transport equation is proved to be the
linear Boltzmann equation, as predicted in [Lorentz 1905].

The linear Boltzmann equation for a particle density f (¢, x, y) at time ¢, where x denotes position and
y momentum, is given by

Wf,x,»+y -V f(t,x,y)=p(x) /Rd Sy, Y)[f(t,x,y)— ft,x, y)]dy, (1-1)

subject to initial data (0, x, y) = a(x, y). The collision kernel X (y, y’) is determined by the single-site
scattering potential, and can be interpreted as the rate of particles with velocity y being scattered to



QUANTUM TRANSPORT IN A LOW-DENSITY PERIODIC POTENTIAL 573

velocity y’ (or vice versa). The quantity p(x) denotes the macroscopic scatterer density at x, which for a
homogeneous medium means p(x) is constant. In the absence of scatterers p(x) = 0, and the solution of
(1-1)is f(t,x,y)=a(x —ty, y), which is consistent with free transport. In the case of a single scatterer,
classical and semiclassical scattering theory yields a linear Boltzmann equation with p(x) = 6(x) [Nier
1995]. See also [Nier 1996], in particular Section 7.2, for the case when p(x) is an infinite superposition
of point masses in dimension d = 1.

The principal result of the present work establishes convergence in the Boltzmann—Grad limit for the
quantum periodic setting, at least up to second order in the coupling constant. Perhaps surprisingly, and
unlike the classical case [Golse 2008], this limit is compatible with the linear Boltzmann equation. We
nevertheless conjecture that higher-order terms in the coupling constant are incompatible, and that in
particular the limit process does not satisfy the linear Boltzmann equation. A heuristic description of the
full limit process will be provided elsewhere [Griffin and Marklof > 2019].

A technical step in this paper is to generalise the limit theorems for multivariable theta series, which
were employed in the proof of the Berry—Tabor conjecture for the Laplacian on tori with quasiperiodic
boundary conditions [Marklof 2002; 2003]. Crucial ingredients in the proofs of these statements are
equidistribution results for homogeneous flows against unbounded test functions, which require estimates
on the escape of mass into the cusp of the relevant homogeneous space. The results in [Marklof 2002;
2003] are based on Ratner’s measure classification theorem and are therefore ineffective. The recent
paper [Strombergsson and Vishe 2018] provides effective rate-of-convergence estimates in this context
(we will not need these for the present study).

Given initial data f; in the Schwartz class S(R?) and scaling parameter 4 > 0, the quantum amplitude
f(t, x) at time ¢ is given by the Schrodinger equation

. h
i St x)=Hupf(t, %), f(0,x)= fox), 1-2)
with quantum Hamiltonian
h2
Hp = Hpo+A+0p(V), Hpo= 3.2 A. (1-3)
Here A is the standard Laplacian in R% and Op(V') denotes multiplication by the Z¢-periodic potential
VE) =V, )= > W (x+m)), (1-4)

mez4
with a fixed single-site potential W. We will assume from here onwards that > 2 and that W € S(RY) is
real-valued.

We expect that our analysis can be extended to scatterer configurations where Z¢ is replaced by an
arbitrary Euclidean lattice £ of full rank in R, and more generally to locally finite £-periodic point sets.
This requires, however, a substantial generalisation of the asymptotics discussed in Section 7, which are
based on limit theorems for the pair correlation of general positive definite quadratic forms. The latter
are currently understood, in the necessary scaling regime, only in dimension d = 2 [Eskin et al. 2005;
Margulis and Mohammadi 2011].
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The quantities r, . > 0 are scaling parameters which we will refer to as the scattering radius and
coupling constant respectively. The operator Hy, ; can be realised as the Weyl quantisation of the
classical Hamiltonian Hfl (x,y)= %||y||2 4+ AV (x). The solution of (1-2) can be represented as f (¢, x) =
Up,».(1) fo(x) with

Uni(t) =e(—=Hpt/h), e(z) ==, (1-5)

To characterise the asymptotic behaviour of the quantum dynamics, it will be convenient to use the time
evolution of linear operators A(¢) (“quantum observables”) given by the Heisenberg evolution

A(t) = Upp(t) AUp (1) (1-6)

We will use the L? inner product
@b = [ ate.ybGy)dxdy. (1-7)
R9 x R4
and the Hilbert—Schmidt inner product
(A, B)jus = TrAB". (1-8)

As is standard in semiclassics, we will measure momentum in units of 4, and use the rescaling a(x, y) —
h??a(x, hy); the normalisation is chosen so that the L?-norm is preserved. In the classical picture of
a point particle moving through an infinite field of scatterers, the Boltzmann—Grad scaling limit is one in
which the radius of the scatterers is taken to zero, while space and time are simultaneously rescaled in order
to ensure the mean-free path length and mean-free flight time remain finite. The classical mean-free path
length scales like 7! ~¢, and so we define the semiclassical Boltzmann—Grad scaling of a € S(R? x R?) by

Dyjpa(x, y) =r@@D2pdl2 g9 1% hy), (1-9)

where again the normalisation is chosen so that D, preserves the inner product (1-7). To ensure that the
mean-free flight time remains of constant order as r — 0 we similarly rescale time by a factor of '~
We denote by Op(a) the standard Weyl quantisation of a € S(RY x R?):

Op(a)f(X)=/Rd Rda(%(x +x),y)e((x —x")-y) f(x')dx'dy, (1-10)

where f € S(R?). We furthermore define the corresponding scaled quantisation by Op,., =OpoD;p,
and set Op;, = Opy ;.

Throughout this paper we will consider the scaling limit where the quantum wavelength is of the same
order as the scattering radius r; i.e., h = hor where hy is a fixed constant. By a simple scaling argument,
we may assume without loss of generality that sy = 1.

Conjecture 1.1. There exists a family of linear operators L(t) : LY(R? x RY) — LY R x R?) such that
(i) foralla,b e SR x RY), A=O0p,,(a), B=O0p,,(b), »>0andt >0,

hlimO(A(trl_d), B)us = (L(t)a, b), (1-11)

(i) L(t)a(x, y) is in general not a solution of the linear Boltzmann equation.
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Section A in the appendix provides an interpretation of (A(tr!=¢), B)ys in terms of the phase-space
distribution of a solution f(¢, x) of the Schrédinger equation (1-2) with initial condition

fo(x) =r?@=D2¢ " x)e(p - x/h) (1-12)

for ¢ € S(R?) and p € R A schematic drawing of the initial wavepacket f; is given in Figure 1 (shown
is the positive real part of fp).

In the case of random (rather than periodic) scatterer configurations, [Eng and Erdds 2005] proves
convergence to a limit L(#)a(x, y), which in fact is a solution to the linear Boltzmann equation with the
standard quantum mechanical collision kernel

2y, y) =872 8(lylI> — 1Y IM)IT (y, y)I*. (1-13)

Here T'(y, y’) is the kernel of the T-matrix in momentum representation. It is related to the quantum
scattering cross-section by the formula (see [Nier 1995, Appendix A])

o (y. ¥) =4Iy IT (v, YOI (1-14)
The Born approximation for the 7T-matrix yields Fermi’s golden rule,
Za(y. ) =8 8(Iy I = 1Y IDIW (v = )1, (1-15)

where W is the Fourier transform of the single-site potential W.

We will use a perturbative approach to provide evidence for Conjecture 1.1: The present paper
establishes convergence up to second order in the coupling constant A, where all terms are consistent
with the linear Boltzmann equation. Based on this analysis, we develop in [Griffin and Marklof > 2019]
a heuristic model for higher-order terms, some of which do not match the linear Boltzmann equation;
this provides support for the second assertion of Conjecture 1.1. To formulate the main theorem of the
present paper, consider the formal expansion

L(t)~ Y L))", (1-16)

n=0
and define the linear operators Lg, L and L, acting on functions in S (R x RY) by

LO(t)a(xv J’)=a(x—fy,.)’), Ll(t)a(x7 J’)=O, (1'17)
Ly(a(x, y) = /O /Rd oy, Y)lax —sy— (@ —s)y,y)—ax—ty, y)ldy ds. (1-18)

Relations (1-16)—(1-18) are consistent with L(¢) generating solutions of the linear Boltzmann equation
with p(x) = 1.
Our main result is as follows.

Theorem 1.2. Lett > 0 and a, b € S(R? x R?), A =O0p,,(a), B=O0p,,(b). Then there exist linear
operators A(()r)(t), A(lr)(t), Ag)(t) such that for h =r € (0, 1]
2 6

(AGr'™), Blus =Y (AP @r'™"), Bus A"+ ) 00" (1-19)
n=0 n=3
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and
lim (AY(tr'=), Byus = (L,(t)a,b) (n=0,1,2). (1-20)

h=r—0

The notation f(x) = O(g(x)) means “there is a positive constant C such that | f(x)| < C |g(x)].” We
will also use f(x) < g(x) synonymously, and subscript O, or <, to highlight the dependence of the
implied constant C = C, on a parameter €.

The key point here is to view the first sum on the right-hand side of (1-19) as the first three terms
of a formal power series expansion in A, which according to (1-20) each converge to the corresponding
terms of the conjectured limit (1-16). The second sum in (1-19) provides an error estimate that allows an
interpretation beyond a formal power series, but this is only of secondary interest.

We will actually prove a stronger result than Theorem 1.2. For a given quasimomentum « € [0, 1)4,
consider the Bloch functions ¢5, (x) =e((m +a) - x), m € 7% and define the projection I1, acting on
f € S(RY) by

Mo f(x)= Y (f o) ¢(x), (1-21)
with inner product e
s = [ 0 2@ (12)
Note that, by Poisson summation,
Mo f(x)= ) e(—m-a)f(x+m), (1-23)
mez74

and hence by integrating over a € [0, 1)¢ one regains f(x). We will refer to I, as a Bloch projection
and « as a Bloch vector or quasimomentum. Instead of (1-19) we consider now

(Mo Atr'=%), Bus. (1-24)
As we will see, the behaviour of (1-24) in the limit # = — 0 depends on the number-theoretic properties
of at. We call a vector o = (a1, . . . , otg) € R? Diophantine of type k if there exists a constant C > 0 such that
m; C
max|oj — —| > — (1-25)
j q q*
forall my,...,my,q € Z, g > 0. The smallest possible value for x is k =1+ 5. In this case « is called
badly approximable.

Theorem 1.3. Suppose a is Diophantine of type k < (d — 1)/(d — 2) and the components of (1, ‘'a) are
linearly independent over Q. Lett > 0 and a, b € S(R? x RY), A= Op,.,(a), B=0p, ;,(b). Then there
exist linear operators A(()r’“)(t), AY’“)(I), Ag’“)(t) such that for h =r € (0, 1]

2 6
(Mo A(tr'™), Byus = Y (AL (tr'™"), Bus A" + Y 02" (1-26)
n=0 n=3
and
lim (A"9(r'=9), Byys = (L,()a,b) (n=0,1,2). (1-27)

h=r—0
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Since the set of Diophantine € [0, 1)¢ has full Lebesgue measure, Theorem 1.2 may be viewed as
an averaged (and thus weaker) version of Theorem 1.3. The convergence in (1-27) is however highly
nonuniform in &, and the derivation of Theorem 1.2 from Theorem 1.3 requires nontrivial dominated
convergence estimates.

In his PhD thesis [Griffin 2017], the first author established a version of Theorem 1.3 for the small-
scatter problem on the torus T¢ = R¢ /Z¢ with quasiperiodic boundary conditions f(x4+m)=e(m-a) f (x)
(m € 7%) for observables that do not depend on position x. This in particular complements results in
[Castella 1999; Castella and Plagne 2002] where a = 0, and furthermore provides a discussion of the
expansion terms leading to a failure of the linear Boltzmann equation. The key observation in those
papers is that due to the large mean degeneracy of the spectrum of the Laplacian on the torus T¢, the
semiclassical Boltzmann—Grad limit diverges; a different normalisation then yields a nonuniversal limit,
which in particular is not consistent with the linear Boltzmann equation. It is interesting to note that
adding a suitably chosen damping term allows one to recover the linear Boltzmann equation even in this
singular case [Castella 2001; 2002]. The small-scatterer problem in rectangular domains (Sinai billiards)
has also been investigated in the context of quantum chaos; here the smooth potential is replaced by a
disc with Dirichlet boundary conditions [Berry 1981; Dahlqvist and Vattay 1998].

This paper is organised as follows. Sections 2 and 3 provide basic background and notation on Weyl
calculus in momentum representation and Floquet—Bloch theory. Section 4 uses the Duhamel principle to
obtain a perturbation series in A. We then apply the Boltzmann—Grad scaling in Section 5. The zeroth-
and first-order terms are elementary, and are calculated in Section 6. Terms of second order require
equidistribution results for horocycles (Section 7) and mean value theorems for theta functions (Section 8),
which build on the papers [Marklof 2002; 2003]. The second-order terms are computed in Section 9.
The estimates of the error term in Theorem 1.3 require analogous results for higher-dimensional theta
functions (Section 10) and are presented in Section 11. The proof of Theorem 1.3 is given at the end of
Section 11. Section 12 concludes with the proof of Theorem 1.2.

2. Momentum representation

We have so far represented quantum wave amplitudes f in the position representation. It will in fact be
more convenient to work with its Fourier transform f, which represents the wave amplitude as a function
of the quantum particle’s momentum. Set e(x) = exp(2rix), and define the Fourier transform f =Ff

of f by
F)=Ff = [ e-yex) o dr. 1)
R
The Fourier transform of a linear operator A on L>(R?) is then naturally defined by
A=FAF . (2-2)

Explicitly, the corresponding Schwartz kernel satisfies

Ay, y) = /Zd Ax,xVe(—x-y+x"-y)dxdx'. (2-3)
R
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The Schwartz kernel of the Fourier transform of Op(a) is given by
Op(a)(y, y) = /d a(x, 5(y+y))e(—x-(y—y)) dx
R

=a(y—y., 3y +¥)), (2-4)

where a denotes the Fourier transform of a in the first variable only; i.e.,

an. y) =fwa<x, »)e(—x - 7)dx. 2-5)

The definition given above extends to larger function spaces by standard arguments [Folland 1989].
Two notable special cases occur when a is a function exclusively of either x or y. In the first case
when a = a(x) we have (/)I)(a)(y, y) =a(y — ), and in the second case when a = a(y) we obtain
éTa(a)(y, y) =a(y)8g(y — y'). The choice a = Ly(¢)V in (2-4) yields for instance

Op(Lo()V)(y, y)=r" Y Wirme(—gtm - (y+y)) du(y — ¥, (2-6)
mez4
where §,, denotes the Dirac delta mass at the point m.
The quantisations of the Hamilton functions Hgl and Hfl are denoted by Hy = Op Hgl = —WIZA and
H,=0pH fl = Hy+ A Op V respectively. The Schrodinger equation for the time evolution of the wave
amplitude f (¢, x) can then be written (in units where Planck’s constant is 1)

#Bzf(t,x)=fo(t,X), [0, x) = fo(x), (2-7)
which has the solution
[, x)=Ux() fox), U, () :=e(—H,t). (2-8)

The relation to the corresponding operators in the Introduction is
Hypo=hHy 2, Upa(t) = Uy e (hi). (2-9)

It will be more convenient to work with U, (¢) in what follows, and then later appeal to (2-9).
Since Hgl is a quadratic polynomial, we have the exact Egorov property,

Uo(t) Op(a)Up(—1) = Op(Lo(D)a). (2-10)
In momentum representation the kernel of the operator ﬁo takes the form

Ho(y, y) = S1yIIP80(y — ) (2-11)
and thus also
Uo()(y, y) =e(=1 tly1*)so(y — ¥). (2-12)

3. Bloch projections

As is standard in the study of periodic potentials, we use the fact that any solution to our Schrodinger equa-
tion can be decomposed into quasiperiodic functions parametrised by quasimomentum & € T¢ = R¢ /74
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(Floquet-Bloch decomposition). For f € S (R) the function ¥ (x) = I, f (x) satisfies, for every k € 74,

Yx+k)=elk-a)y(x). 3-1)

We denote by #H, the Hilbert space of functions that satisfy the quasiperiodicity condition (3-1) and have
finite L>-norm with respect to the inner product

W, Pla= | ¥(x)p(x)dx. (3-2)
'ﬂ'{
We define the corresponding Hilbert—Schmidt product for linear operators from L*(R?) to H, by

(A, B)us.a =Tr AB' =/
‘H'd

</ A(x, x)B(x, x') dx’> dx. (3-3)
Rd
Lemma 3.1. If f, g € S(RY), then Ty f, Tyg € Ho N C®(RY) and

(Mo f, 8) = (f Tag) = (Mo f, Magla = Y flm+a)3(m+a). (3-4)

me74

Proof. We have by (1-23)

(Mo f, Megla = 3 clm-a) fT (M (@) g0 ) dv. (3-5)

meZ4

Using the invariance (3-1) of Iy f, we see that the summation and integration can be combined to an
integral over R? which equals (I, f, g). The final identity follows directly from the definition (1-21),
which yields

(Mo fo8)= Y _(from) (gn. 8= > fm+a)i(m+a), (3-6)

mez74 meZzZ4

concluding the proof. (|

Note that for the Fourier transform,

Muf(0) =Y fOn+0)Snia(y). (3-7)

me74

Lemma 3.2. If A, B have Schwartz kernel in S(RY x RY), then T4 A, Ty B are linear operators L*(R%) —
Hy, and
(HaAa B)HS = <A, HOLB>HS = (HaA, HotB>HS,ot

= Z / A(m+a,y)§(m+a,y) dy. (3-8)
Rd
meZz¢
Proof. This is analogous to the proof of Lemma 3.1. By (1-21), we have
[MaBl(x,x)= > e(—m a)B(x +m,x), (3-9)

me74



580 JORY GRIFFIN AND JENS MARKLOF

and so

(Mo A, My Blsa = Y e(m-oc)/ (/ (Mg Al(x, x') B(x +m, x) dx/) dx
Td Rd

mez4
=/ (/ [MgAl(x, x) B(x, x’) dx’) dx = (T4 A, B)ys, (3-10)
Rd Rd

where we have used the identity [[T4A](x +m, x") = e(m - a)[[14A](x, x'); see (3-1). The proof of
(A, Iy B)ps = (14 A, T4 B)ps.« is analogous. Finally, in view of (2-3) and (3-7) we have

M AlY, ¥) =D Smta(WAM+a,y), (3-11)
meZz¢
which yields
(My A, Bus = f > Smiay) Am +a. y)B(y. y)dydy
R mezd
=Y [ An+ayBmra )y, (3-12)
Rd
mez4
completing the proof. (I

We denote by A% the standard Laplacian acting on H,, and set
H} = Hy +10p(V), Uy(t)=e(—Hyt). (3-13)

Lemma 3.3. For f € S(RY),
HaU (1) f = Uy () f. (3-14)

Proof. We have the commutation relations
Mg Hy = HyTly, TlgOp(V)=Op(V)I,. (3-15)
Consider the time derivative of the left-hand side of (3-14),

O MaUs (1) f = —27milla(Ho + 2 Op(V) U, (1) f
= —2mi(HS + 1 Op(V )T, U (1) f- (3-16)

Thus the left-hand side of (3-14) is the unique solution to

og(t,y) = —2wi H g(t, y) (3-17)
with initial condition g(0, y) := I1, f (y). The right-hand side of (3-14) solves the same PDE, and the
proof is complete. O

4. Duhamel’s principle

Duhamel’s principle provides an explicit expansion of the solution in terms of the coupling constant A. By
truncating the expansion at order 2, we will be left with theta functions that, in a certain scaling limit, can
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be treated with the tools of homogeneous dynamics. The explicit error terms can be handled separately.
Our first aim is to work out the time evolution of unscaled observables,

U (2) Op(@) Uy (=1), (4-1)
perturbatively in A. We first study the problem in the interaction picture; i.e., consider
U.()Uo(=1) Op(@)Uo (1) Uj.(—1). (4-2)

Note that in view of the Egorov property (2-10) this is equivalent to the original problem upon replacing
a by Lo(t)a. We define the operators K (¢) and R(¢) for t € R by

K(t) = Us(t) Op(V)Uo(—t) and R(t) = Uy (t)Uo(—1). (4-3)
Furthermore, for s = (sy, . . ., 5,) and £ < n we denote by K, ,(s) the product
Kin(s) = K(sg) - K(sp)- (4-4)
Then
(Mo Us (1) Uo(—1) Op(@) Uo (1) Uz (—1), Op(b))us = (TIo R(1) Op(a)R(1) ™", Op(b))ms. (4-5)

Duhamel’s principle asserts that

t
R(t)=1—- 2nik/ R(s)K (s)ds, (4-6)
0
and iterating this expression N times yields
N
R(t) =) 2"Ra(t) + 3" Ry y1.£(0), (4-7)
n=0
where Ry(t) = I and
R, (t) = (—2mi)" Ki,(s)ds (n>1). (4-8)
O<syp<--<s,<t
The error term is similarly given by
R = (-2m™*! [ R(s1) K1 1(5) ds. (4-9)
O<sp<--<Syp1<t

The inverse of R(¢) can be calculated by taking the Hermitian conjugate. It is given by

N
RO =Y 2Ry (1) + N Ry, (), (4-10)
n=0
where R, (1) = I,
R, (1) = (2711)”/ Kin(s)ds (n=>1), 4-11)
O<sy<---<s1<t
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and the error term is

Ry o) = ri)V! / Kin1()R(syar) ™" ds. (4-12)

O<syyr<--<sp<t

We have also used the fact that Op(V) = Op(V) (since V is real-valued) and thus K () = K (t). Our
methods will permit explicit calculation of the terms in this expansion up to order 2, and so specializing
to the case N = 2 the expansion takes the following form

6

(M Us (1) Uo(—1) Op(@) Up (1) U;.(—1), Op(D))us = Z A'Q,(t, a, b), (4-13)
n=0

with the main terms Qg to Q; given by

Qo(t, a, b) = (Il Op(a), Op(D))ns,
Q1(t,a, b) = (g R (1) Op(a), Op(D))ns + (I Op(a) R (1), Op(h)) s,

(4-14)
Os(t,a, b) = (14 Ry(t) Op(a), Op(b))us + (I1g R1(¢) Op(a) R, (t), Op(b))us
+ (g Op(@) R, (2), Op(b))us.-
The error terms Q3 through Qg are given by
Q3(t, a,b) = (llgR3 ¢£(t) Op(a), Op(b))us + (e R2(2) Op(a) R (1), Op(b))us
+ (Ila R1 (1) Op(a) R, (1), Op(b))us + (Ile Op(a) R5 (1), Op(b))us,
Qa(t,a,b) = (llgR3 £(t) Op(a) R (1), Op(D))ns
(4-15)

+ (e Ro(7) Op(a) R, (2), Op(b))us + (o R1(7) Op(a) R3 ¢ (1), Op(b))ns.,
Qs(t,a,b) = (llgR3 £(1) Op(a) R, (¢), Op(b))us + (I1a Ra2(7) Op(a) Ry (1), Op(b))us,
Qs(1, a, b) = (llgR3 £(t) Op(a) R; (1), Op(D))ns.
We will treat these error terms in the following way. First of all, Lemma 4.1 shows that all of the
Q; can be bounded above by quantities which are independent of U (¢), and depend only on the free
evolution Uy(¢). Then after rescaling, the resulting quantities, which we denote by J; ,, can be treated

with similar techniques to those used in the computation of the limit of the second-order terms.
Define

Ten(t, @) = Q27)" / oosi o en s MK 1,08 OP(@ K11 (5) 5. . (4-16)

O<sy<--<Sp41 <t

Lemma 4.1. Fora, b € S(R?),

(Tl R (1) Op(@)R,_, (1), Op(D))us| < Ten(t, a) |[T1q Op(b) || Hs,a
[(TqRe(1) Op(@)R,_, (1), Op(b))us| < Te.n(t, @) [[T1e Op(D) |1, “17)
[(Mg Re.e (1) Op(@)R,_ (1), Op(b))us| < Te.n(t, @) [[T1e Op(D) |15,

)

[(Tla Re,e (1) Op(@)R,,_, £ (1), Op(b))us| < Ten(t, @) [T Op(D) |l1s,a-
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Proof. For the first bound, note that by Lemma 3.2 and direct computation we have
[(TTe Re (1) Op(a)R,_, (1), Op(D))ns|
= [(TITe R¢ (1) Op(a)R,_, (1), 14 Op(b))Hs e

= (2m)" (Mo K1,6(s) Op(a)K¢41,,(s), g Op(b)) s, ds

O<sy<--<sp<t
O<sy < <Spp1 <t

< @m)" (Mg K1,¢(s) Op(@) K41, (), e Op(D))Hs,e| ds.  (4-18)

O<sy<--<sg<t
O<sy<--<Sp1<t

The bound then follows by an application of the Cauchy—Schwarz inequality. For the second bound we
similarly have

(g Re(t) Op(@)R,,_, (1), Op(b))ns

< (@2m)" (M K1,6(5) Op(@) K412 ()R(50) ", Tlg Op(b))pis ol ds.  (4-19)

O<sy<--<sp<t
O<sy<--<Spy1<t

The result then follows by applying Cauchy—Schwarz and using that R(s,) is unitary. For the third bound
we have

(g Re,e(r) Op(a)R,_,(1), Op(b))ns

< (@2m)" |(Tla R(51) K1,¢(5) Op(@) Ke11,n(s), Tl Op(b) ) Hs,ec| ds.  (4-20)

O<sy<--<sp<t
O<sy<--<Spy1<t

This time the bound follows by first applying Lemma 3.3, then the Cauchy—Schwarz inequality and finally
using the unitarity of R(s). The last bound follows by combining the arguments for the second and third
bounds. (]

Let us introduce the shorthand

[Ti—pe(=5 i1 —splly —m|I)W(r(mj —m)) (I <n),

1 (> n). “4-21)

Lemma 4.2. The kernel of k\g’n(S) = .FK&,,(S).F_] is explicitly given by

[Ken()1(y. ¥
=N N (= selly ) Worm) Ten-1(9e(5 sully = mall*)3m, (v = ¥ (4-22)

my,....m,cZ4

Proof. We have
Ken(s) f() =K(s0) - K(su) f(¥)
= FUo(s¢) Op(V)Uo (g1 — s¢) - - - Uo(sn — $u—1) Op(V)Uo(=s) F ' f(y),  (4-23)

and
FUo(s) Op(V)F ' f(3) =rle(=3sl1yl?) D Wem)f(y —m). (4-24)

me74
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By iterating we thus see

Kin(s) fF)=K(s0)---K(sn) f ()

=r= e (s yI?)

x Y Wempe(=(seri—so)lly—me|)W(rmy 1)

my,...m,cZ4

| xe(—1 (sero—serD) I y—me—me iy |2) W (rmyy)
x-oxe(= 5 (sn=su-D) | y—me—---—m, 1 |) W (rmy)
xe(%sn ly—my—---—m, ||2) f(y—mg—---—my). (4-25)

We then make the variable substitutions m; = m; — le;e] m; for j =¢+1,...,n. Note that this gives
y—my—---—m;=y—m; and also m; =m; —m;_;. Inserting these new variables, dropping the tildes,
and using the definition of 7y, yields the result. (I

5. The Boltzmann-Grad limit
Recall the semiclassical Boltzmann—Grad scaling (1-9) given by
Dyjpa(x,y) =r?“ VPR a(r "k hy). (5-1)
Performing the Fourier transform in the x-variable yields the expression
Brsa(n, ) = (Dpra)(n, y) = =29V 2pd2 a1y, hy), (52)
and thus after quantizing the rescaled observables we see
Op(Dppa)(y, y) =r VPR (= (y = y), By +¥)). (5-3)
Note that after this rescaling we have the relation

D, pLo(ta(x, y) = rd@=D2pdl2 Lo)a(r'x, hy)
= r?@=DRpd2 (= —thy, hy)
= D, pa(x — thrl_dy, y)
= Lo(thr'""")D, pa(x, y) (5-4)

and so the Egorov property (2-10) becomes
Uo(thr'=*) Op(Dy.pa)Uo(—thr' %) = Op(D;. 4 Lo(t)a). (5-5)
Given a linear operator A on L?(R?) with Schwartz kernel in S(RY x R?), we define the partial trace

Try A = Z Am+o, m+a), (5-6)

me74
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and note that in view of Lemma 3.2, (ITyA, B)ys = Trq ABT. Let us furthermore define Zy n, implicitly
dependent on r and &, by

Tro [Op(Dy,pa) Op(Dy,nb)] (=n=0),
I,.(s) = Tre[K1,e(s) Op(Dr.pa) Ket1,0(s) Op(Dynb)] (1 <€ <n), 5-7)
’ Tre[K1,,(s) Op(Dyna) Op(Dy pb)] 0 <t=n),
Tre[Op(Dyna) K11 (s) Op(Dr,nb)] (€=0<n).
In view of (4-14), we have forn =0,1, 2
Qu(t. Dy pa. Dyyb) = iy Y (= 1) / N AIOL (5-8)

£=0 O<sy<-e-<Spq1<t

(We work with b rather than b to simplify the notation in the calculations that follow.) In other words, the
¢ n are precisely the expressions that appear in the expansion of

(Mo Uy (1) Uo(—1) Op(Dy @) Uo (1)U (—1), Op(Dy. b)) bis: (5-9)
see (4-13).
Let us write down the Z; ,, explicitly. For 1 <£ < n, we show in Section B in the appendix that one has
Ig,,(s)—r”dhd/ Z e(—1 st llmy+al|*) W (r (m,— m )T, (@e(5 sellme+a|?)
P xa (=g h(meta+3r' ) e(— 1 sep lmeta+rt")?)
X W (r(me—mee)) T4 g (etr® e(t sullmy+o+r?="n|?)
xb(n, h(my+o+5r"""n))dp+0 (™), (5-10)

with the definition

()= {H;;ee(% (s =401y +m; |2)WrGnj —mjs0) (€ <n),

1 (€ > n). -1

The symbol O(r*°) is a shorthand for “Og (rP) for any g > 1.7 It follows more immediately from the
definition of K, that for £ =n

Lon) =t [ Y e(=dsilmy+ o) W m, —m)
Rz
e T @e(3 Sallmy + @l)a (=, hm, + o+ 3r7 )
x b(n, h(m, + o+ 1ri='g)) dy+ 0 (™), (5-12)
and for £ =0
IOn(s)
_r”dhd/ Z a(—n, h(m,+a+iri='y))
R o 2 ! d—1_ 12\ i - d—1
xe(—2% s1llmy+o+ri""y] )W(r(mn—ml))Tl (a4 )
xe(3 sullmy+a+r="n|?)b(n, h(m,+a+1r'"" ) dp+0>). (5-13)
2
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6. Orders 0 and 1

The asymptotics for zeroth- and first-order terms follows from the Poisson summation formula.
Lemma 6.1. Too = / a(x, y)b(x, y)dxdy + O(h*™). 6-1)
R4 x R4

Proof. We have (by Lemma 3.2)

Too=h" ) /Rd&(—n,h(m—i—a-l—%rd_ln))g(n,h(m—i—oz—l—%rd_ln))dn. (6-2)

meZ4

Since a and b are in the Schwartz class, applying Poisson summation in m gives
Too = / a(—n, y)b(n. y)dndy + O (h*)
RY x R4
= / a(x, y)b(x, y)dxdy+ O(h™), (6-3)
RY x R4

completing the proof. (]

Recall that the mean-free flight time is of the order of 7'~ and that according to (2-9) we should
consider time in units of /. This suggests the rescaling t — hr!~“t, and thus, by the Egorov property
(5-5), we obtain for the propagated symbol
Tra[Uo(thr' =) Op(Dyna)Uo(—thr' =) Op(Dy.4b)]

= Tra[Op(Dy. 1 Lo(t)a) Op(Dy,nb)]

=[|Rd Rd(LO(t)a)(x’y)b(x’J’)dxdy+0(h00)
=/ alx —ty, y)b(X,y)dXdy+0(hoo) (6-4)
R4 x R4

uniformly for all ¢ in a fixed compact interval. It is worth noting that this is precisely the answer one
would expect: at order O the potential does not appear, which means the solution simply displays free
evolution. We see this is true by virtue of the fact that the initial density has simply been translated in
position space for time ¢ with momentum y.

Lemma 6.2. To.1(s1) = Z1.1(s1) = O(r*h™® +r*). (6-5)
Proof. By (5-12),

Ti1(s1) =r?h?W(0) Z /d a(—n, h(m+a+ %rdﬁln))lg(n, h(m+ o+ %rd’ln)) dn+ 0™
R

meZz4

=riW(0) a(—n, y)b(y, y)dpdy + 0r'h> +r>), (6-6)
R4 x R4
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again by Poisson summation. Similarly, using (5-13),

Toa(s1) =r"h'W(©) > /Rdé(—n,h(ml—koz—k%rdln))l;(n,h(m1+oc+%rd1n))dn+0(r°°)

mleZd

=riW(0) -, Wb, y)dpdy + O h™ +r>), (6-7)
R4 xR

completing the proof. U

Indeed, in the expansion (5-8) the terms Z; 1 (s;) and Zo 1 (s1) appear with opposite sign and therefore
cancel up to an error O (r?h> +r). The total error term after integrating over s is thus obtained by

multiplying this by the integration range of size hr'~?t.

7. Equidistribution of horocycles

At second order we will use the fact that the Z, , can be written as functions on some noncompact,
finite-volume manifold. Specifically, consider the semidirect product group G = SL(2, R) x R?? with
multiplication law

(M, &)(M', &)= MM, &+ ME), (7-1)

where M, M’ € SL(2, R) and &, &' € R? x R?; the action of SL(2, R) on R? x R? is defined canonically as

_ (ax+by _(a b _(x
w=(in) =) +=C) o2

where x, y € R%. A convenient parametrisation of SL(2, R) can be obtained by means of the Iwasawa
decomposition

M =n_(u) 02V R(¢), (7-3)

—t/2 —qi
n_(u) = ((1) ”1‘) o = (e 0 6,0/2), R() = (Zi’ji C;“f). (7-4)

This decomposition is unique for t = u +iv € 9, ¢ € [0, 27), where ) denotes the upper half-plane
H={r €C:Imt > 0}. We will use the notation M = (7, ¢) and (M, &) = (7, ¢, §) interchangeably.
With this, we have for instance n_ (u)® 292" = (u +ir2, 0) and

(1, <0>>n_(u)q>—21°g’ = (u +ir?, 0, (0)). (7-5)
y y

Throughout this section, let I be a subgroup of SL(2, Z) x (%Z)Zd of finite index. The Haar measure
on G induces a G-invariant measure on I"\ G, which will be denoted by w. Since I' is a lattice in G, we
have (by definition) 0 < u(I'\G) < oo.

with

Proposition 7.1. Fix y € R/\Q so that the components of (1, 'y) are linearly independent over Q. Let
w : R — R be piecewise continuous with compact support. Let F : I'\G x R — R be bounded continuous,
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and F, be a sequence of continuous, uniformly bounded functions I'\G x R — R such that F, — Fy
uniformly on compacta as r — 0. Then, for o > 0, we have

rli_I)r(l)rU/RFr<<u+ir2,0, <g)),rgu) wr®u)dy = —— M(F\G) /F\G/ Fo(g, u) w(u)dudu(g). (7-6)

Proof. The proof of Theorem 5.1 in [Marklof 2002] tells us that for F : I'\G — R bounded continuous,

we have
rli_r)r(l) r’ /R F((u +ir2,0, (g))) w(r®u)du = /,L(F;\G) G Fdu /R w(u) du. (7-7)

The claim now follows from the same argument as [Marklof and Strombergsson 2010, Theorem 5.3]. U

We define the subgroup '« by

T = {((1) ”11) ‘me z} CSL(Q2,7) (7-8)

and for y = (“ b) use the notation

vy, =Im(y7) = Yy i=cx+dy. (7-9)

v
et +d|?’
Then, with x g the characteristic function of [ R, co) we define the characteristic function X g : ) = Rx¢ by

Xp(r) = > XR(Vy). (7-10)

ye(MU—Tw)\ SL(2,2)

Note that by construction X is SL(2, Z)-invariant. For f : R — Rx¢ of rapid decay at 00 and 8 € R,
the function \Pg, ¢ G — Ry is defined by

Ve @®= Y Y F(y +mv)H vl yr(vy), (7-11)

yel\SL(2,2) mez?

and for convemence when 8 =1 we write Wg ¢ 1= = ! R The function \Ilﬁ is left-invariant under
SL(2,2) x (3 ) . Both X and 111 %, can thus be viewed as functions on G and since I is a finite-index
subgroup of SL(2, Z) x ( )2d are also left I'-invariant.

Proposition 7.2 [Marklof 2002, Proposition 6.4]. Let y be Diophantine of type k, w : R — R piecewise
continuous with compact support,and 0 < € < 1 and 0 < € < 1/(k — 1). Then, for every R > 1,

r—0

lim sup r4~2 f g, s (u +ir?, <(y’)) wru) du Lo o RTVED=dED/2 L g=€/2 - (7.12)
lu|>r2=¢

Note that the term R—€/2 is only relevant for d = 2. The expression vanishes as R — oo if ¥ <
(d —1)/(d —2). The following generalisation to 8 < 1 holds. Note the range of integration is now over
allu e R.
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Proposition 7.3. Let 0 < 8 < 1, y be Diophantine of type k, w : R — R piecewise continuous with
compact support. Then, for every R > 1,

lim sup rd—zf v f(u i, (0)) w42y du « R-(/6=D=d+D/2 4 p(B-1d/2, (7-13)
r—0 R ’ y
The right-hand side vanishes as R — oo if and only if
- {oo (B=2/d),
(Bd—1)/(Bd—2) (B=>2/d).

In practice, we want both Propositions 7.2 and 7.3 to hold simultaneously. We do this by taking
k < (d—1)/(d —2) and use the fact that for 2/d < 8 < 1 we have (8d —1)/(Bd —2) > (d —1)/(d —2).

(7-14)

Proof. Writing T = u +iv and v = r> we have the explicit representation

\Ifﬁ,f(”( )) =2 Z f( ﬁ/f)'fff;“(uﬁz)

12 pBd/2 v
+2 Z Zf((dy—l— ) —i—dl)lct—l—dlﬁdx (|ct+d|2)' (7-15)

(c.d)ez* mezd
ged(e,d)=1
¢>0,d#0

For the first term we make the substitution # = vt in the integral, which yields

V172N yPd/2 ’
d/2—1 d/2—1
2v /w(” “)Zf( |r|)|r|ﬂd“(|r|2)d”

a/2p) m 1

_p-papy [ WD dt. (7-16

’ o (11 ()P szf MIETEwEEY Lol S ey R
me

Under the assumption that 0 < 8 < 1 we have

p(1=B)d/2 1 R(B-Dd/2 1
< 7-17
(11 2)pdr2 XR(U(I +t2)> = U+ XR(U(I +r2)) -17)
and thus obtain the bound

limsup2vd/2_1 w(vd/z ]u)Zf vl/2 Uﬁd/2XR v du
AN

v—0

dr
(B—1)d/2 o —00 _
<2R w(0) f(O)/I% ENDLE + O(R™ ™). (7-18)

For the second term, using

vﬂd/Z v Ud/2 (B—1d)2 v
< R~ — ), 7-19
|cr+d|/3dXR(|cr—i—d|2) = et +dd XR<|ct+d|2> (7-19)
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we see that

1/2 Bd)2
£ [ )
R lct +d| ) |ct +d|P

(c,d)eZ? mez?
ged(ce,d)=1
¢>0,d#0

v _

is bounded above by

12 /2 v
RB-Dd)2 d/2—1/ y v 2= du. (721
2. v W@ m i ) icerad R fergap )0 e 2D

(c,d)ez? mez?
ged(c,d)=1
c>0,d#0

This reduces the problem to the same calculation as in the proof of Proposition 7.2, which yields that
(7-21) is bounded above by

RUB-D/2(g=(1/(=D=d+2)/2 | 1y _ g=(1/G=D=Bd+2)/2 | p(B=Dd)/2, (7-22)

completing the proof. U

Fix a compact interval A C R. We say F : I'\G xR — C is dominated by Vg _y on I'\G x A if there are
positive constants L, Rg such that |F((t, ¢, ), u")|Xr(r) < L(1+ W (7, ¢, §)) forall (z, ¢, §) € G,
u' € A and R > Ry. A sequence of functions F, : I'\G x R — C is uniformly dominated if L, R, are
independent of r.

Proposition 7.4. Assume y is Diophantine of type k < (d — 1)/(d — 2) with the components of (1, 'y)
linearly independent over Q. Let w : R — R be piecewise continuous with compact support. Let
Fy : T\G x R — R be continuous and dominated by Wg ¢ on I'\G x supp w. Let F, be a sequence of
continuous functions I'\G x R — R uniformly dominated by Wg y on I'\G x supp w such that F, — Fy
uniformly on compacta as r — 0. Then for any 0 < € < 2 we have

lim r¢72 / F, ((u +ir?, 0, (0)) rd_zu) w(rd_zu) du
r—0 u|>r2—¢ y

1
n(T\G)

Proof. (This follows the proof of [Marklof 2002, Theorem 6.8/Corollary 6.10].) We may assume without
loss of generality that F, and w are real-valued and nonnegative. Set

Jr,R((T7 ¢’ E), M/) = FF((T’ ¢5 E)’ l/l/)(l - XR(T)) (7'24)

Then J, r is bounded and thus

/ Jr R <<u + irz, 0, <g>), rd_2u> w(rd_zu) du
|u|>r2—¢
= / A R((u +ir?, 0, <g)) rHu) w(r'?u) du+ 0(*7°).  (7-25)
R

/ f Folg, w) w) dp(g) du.  (7-23)
R JT\G
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By Proposition 7.1, which (by a standard probabilistic argument) extends to functions such as J, g
whose points of discontinuity are contained in a set of p-measure zero (alternatively simply smooth the
characteristic function xg to make J, g continuous),

lim r¢72 / JrR ((u +ir2, 0, <0>>, rd_zu) w(rd_2u) du
r—0 R y
1

— w(\G)
Furthermore, Fo((7, ¢, §), u")Xg(t) < LXg(7) + LWg ;(7, §) for large R, and hence

/ / Jor(g Wyw(') du(g) du'. (7-26)
rRJr\G

/ / Fo((z, ¢, 8), u) Xg(t)w(u') du du’ S/ w(u') du// (LXg+LWg p)du < R™': (7-27)
R JT\G R T\G
see [Marklof 2002, §6.2]. Combining this with the result for Jy r yields

/ / Jo.r(g. uyw(u') duu() du’ = / / Folg. u)w() du(g) du’ + O(R™).  (7-28)
G G

In summary, we have shown thus far that

lim iélfrd_2 / F, ((u + ir2, 0, ((y))) rd_2u> w(rd_zu) du
r— |u|>r2*‘
> lim rd=2 / Jr R ((u + ir2, 0, (0>>, rdzu) w(rdfzu) du
r—0 lu|>r2—¢ y

f/ Fo(g, u) w(u')du(g)du’+ O(R™Y) (7-29)
R JT\G

~ w(T\G)

for every R > Ry. For the upper bound we use that

Fr((r,¢,8),u) < F((7, 9, 8), u)(1 — Xr(7)) + LXr(T) + LWg £ (7, §). (7-30)

We proceed as above for the first two terms, and apply Proposition 7.2 to the third to obtain

lim sup rd_2/ F, <<u + irz, 0, (2)), rd_2u> w(rd_Zu) du
r—0 |u|>r2—¢

/ / Fo(g, u') du(g)du’ + O (R~ =D=d+D/2 4 p=<'/2y (7.3])
R JT\G

=
n(I\G)
for every R > Ry. O

8. Mean value theorems for theta functions
For f € S(RY x R?) and ¢ € R, define f; by

fyi, y) (¢ =0 mod 27),
Joy1, y2) = f(=y1, —y2) (¢ = mod 27), (8-1)
Jrea Go(¥1, y2, X1, %2) f(x1, x2)dx1dxy (¢ #0 mod ),
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where

%<||y1||2+||x1||2—llyzllz—“”“2)°°s¢_y"xlﬂz'm) (8:2)

G¢(y1,yz,xl,xz)=lsin¢|_d6< sin ¢

Lemma 8.1. If f € S(R? x RY) then f, € S(R? x RY).
Proof. If ¢ =0 mod 7 then the result is immediate. For fixed ¢ # 0 mod 7, define

1 2 2
5 (lx1 1= = llx2]]7) cos ¢
g(x1, xp) = e( : . f(x1,x2) (8-3)
sin ¢
and its Fourier transform
. _ —Yi-X1+y2-x

(31, y2) = |sing| d/ g(xl,xz>e( NET R 2>dx1dx2- (8-4)

R2d sin ¢

Note that X
sy l2 = lly21?) cos ¢

sin ¢

Now feS (R? x RY) implies g € S (R? x R?) (since all derivatives of the exponential factor in (8-3) grow

fo(y1, y2) = e( )I 1, y2). (8-5)

at most polynomially), which implies I € S(R? x R?) (since the Fourier transform preserves Schwartz
class; use integration by parts), which in turn implies fy € S (R? x R?) (by the first argument). O

The following lemma provides rapid decay that is uniform in ¢.

Lemma 8.2. If f € S(RY x R?), then for all multi-indices B, B, € Z‘éo and for every T > 1

sup (1+ Iy D7 (1 + ly2IDT 1957 882 £, (31, y)| < 0. (8-6)
Y1, y2,¢
Proof. The proof of Lemma 8.1 shows that
sup (1 [y D71+ [y2l)7 105 882 £, (31, y2)| < 00 (8-7)

yi,y2.¢€l

for any closed interval I not containing ¢ = 0 mod 7. As in the proof of [Marklof 2003, Lemma 4.3],
we represent fgy /2 = fRZd Gy (y1, ¥2, X1, X2) fr/2(x1, X2) dx dx> using the Fourier transform f5 5 of f.
Since frp €S (R? x R?), we see that (8-7) holds for any closed interval not containing ¢ = % mod 7.
Both cases taken together, this shows that (8-7) holds in fact for every closed interval /, and so in particular
for I = [0, 2r]. This proves the claim in view of the 27 -periodicity of fy. (]

We define the theta function ® ¢ : G — C by
®f<” +iv, ¢, (;)) =v"? 3" £ my — y), v (my— y))
m1.my el xe(3ulmy—y|> — lmy — ylI*) +x - (m1 —my)). (8-8)

Since fy € S(R? x R?) we have that O e C>(G). Let

r= {((‘cl Z) : (‘Cldbz) +m) : C Z) €SL(2,2), m e sz} cG. (5:9)
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with s = (%, %, R %) € R? Then I is of finite index in SL(2, Z) x (%Z)M, and O is left I' invariant;

see [Marklof 2003, Proposition 4.9]. That is, ® y € C*(I'\G).

Proposition 8.3. Let f € S(R? x RY). Then

Op(u+iv, ¢, &) =v" " fu(m—y)v'?, (m—y)v'/*) + 0(™) (8-10)

meZ4
uniformly for all (u +iv, ¢, &) € G with v > %
Proof. See [Marklof 2003, Proposition 4.10]. |

Corollary 8.4. Let f € S(RY x R?); then for all T > 1 we have that © ¢ is dominated by Wy ; for
fa)y=a+]xp~". 8-11)
Proof. This follows from Proposition 8.3 and Lemma 8.2 (with g, = 8, =0). ([l

Proposition 8.5. Assume y is Diophantine of type k < (d — 1)/(d — 2) with the components of (1, 'y)
linearly independent over Q. Let w : R — R be piecewise continuous, continuous at 0, with compact
support. Then

lim r4=2 / ®f(u—|—ir2,0, (0>) w(r?u) du
r—0 R y

=200 [ F0n 801~ Il dJ’2+/Rdf(J’h)’l)dyl/Rw(u)du- (8-12)

Proof. Fix 0 < € < 1, and split the integration over u into the regions |u| < r>~€ and |u| > r>~¢. In the
first region, the proof of [Marklof 2002, Lemma 7.3] shows that

rd=2 f Of (u + irz, 0, (g)) w(rd_2 u)du
lu|<r2—¢

=r~? /| . ( /R o TGN = ||.)’2||2)r_2bi)dJ’ldYZ>w("d_2”)d” +o(1)

=2w(O) | df(yl’J’2)5(||y1||2—||y2||2)dy1dJ’2+0(1)- (8-13)
R4 xR

Since ®  is dominated by Wy, ¢, for the region |u| > r2~€ we can apply Proposition 7.4 and note that the
limit can be written as

1
o dufw(u)du=/ FOn ) dn /w(u)du; (8-14)
w\G) Jr T e R R
see [Marklof 2002, Lemma 7.2]. O

We will now deal with f that depend continuously on additional parameters u € R, n € R%. We
denote by S the class of functions f e C(RY x R? x R x R?) with the property that for every multi-index
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Bi. B, € Z‘éo the derivative 8'8' 8/3 2 f(y1, ¥2, u, ) (a) exists, (b) is continuous (in all variables), and (c) is
rapidly decaying, i.e.,

sup (L [y D7+ [y D” (L + 1D A+ DT 185 952 £(y1. yo . )| < 00 (8-15)
Y1, y2,u,n

forevery T > 1. For f € S we define Jfo € Sin analogy with (8-1) by

f(y17y27us n) (¢:0 m0d27'[),
Jo, y2,u,m) = f(=y1, —y2, u, ) (¢ = mod 27), (8-16)
Jrea Go(¥1. 2. X1, X2) f (%1, X2, u, ) dxy dxs (¢ # 0 mod 7).

The fact that fy € S follows from the same argument as in Lemma 8.1. We also have the following.

Lemma 8.6. If f € S, then for all multi-indices B, B, € Z‘io and every T > 1

sup (L [y D7 (L + Iy DT (A ul)" (L + gl T 105852 £5 (91, y2, u, )| < 0. (8-17)
Y1, y2,u,0,$
Proof. This is analogous to the proof of Lemma 8.2. (I

Given f € S, we define the theta function

Or(gu,m) =0y un(g), (8-18)

with ® ¢(. , 5 as defined in (8-8) (with u, 5 fixed). In view of Lemma 8.6, we have ©® € C(I'\G xR x RY).

‘We further define
0
Fr(g,l/l)Z/ ®f(g(l’ (1 d )),M, 7]) d” (8_19)
R4 A

Proposition 8.7. Let f € S. Then

Fr(u+iv, ¢, &, u") =v"/? Z/ fo'2m—y), v 2m—y), v, ) dp+0G?) + 0(™>) (8-20)

mez4

uniformly for all (u +iv, ¢, &) € G, u' € R, with v > % andr < 1.

(u+iv, ¢, §)<1, <lrgn)> = (u +iv, ¢, (’y‘ 1’;227)) (8-21)
2 9.1

1/2,.d

Proof. Note that

where
~1/2,d

7151n¢+ suv~“rpcos ¢,

xf¢,7———l)
— 1,-1/2,d
Yr.p.g = 3V

(8-22)
réypcos¢.
We thus have

Fr(utiv, ¢, €, u)—f v Y L =y —ye ). v o=y —ye p0). 1’ M)
mim€Ztce(Lumy—y—ye g g 12— lIma—y—ye s11)
xe((X+Xr..5)-(mi—my)) dy. (8-23)
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d 1 1\d
Choose m € 7% such that m € [—5, 5) + Y+ ye,¢.9- Then, for any T > 1 and for all m| # m,

Fo(02my —y — yo ), v 2 (ma—y — yrgq).u' 1)
= O0r (v T (A + [lmy |72 (A + [lma | 72D + I 72T)). (8-24)

The same is true for m, %= m. Therefore
Fr(u+iv, ¢, &, u')
=y fR o P am =y =y g ) v P m =y =y p) u ) d+ OWTF). (8-25)

mez4
The result follows from applying Taylor’s theorem and using Lemma 8.6 to conclude that the error term
is small uniformly in " and ¢. O

Lemma 8.8. Fix T > d. Then:

(1) The sequence (Fy), of continuous functions '\G x R — C is uniformly dominated by Wy, 7, where
Fy=a+lyh".
(2) F, — Fy uniformly on compacta.

Proof. The set of (u +iv, ¢, &) € G with v > % contains a fundamental domain of I" in G. Therefore, by
Proposition 8.7 we have for r < 1 that

Fr(u+iv, ¢, & u') < 1402 Z/ fom—y)v'2, (m—y)v' u’, p) dy
Rd

meZ4

<1 3 film= o) [+l d
Rd

meZd

L1+ Wy, 7(7, 8). (8-26)
The first result is thus proved. The second result follows from the continuity of ®  and Lemma 8.6. [J

Proposition 8.9. Let f € S, and assume y is Diophantine of type k < (d —1)/(d —2) with the components
of (1, 'y) linearly independent over Q. Let w : R — R be piecewise continuous, continuous at 0, with
compact support. Then

lim 792 / F, <<u + ir2, 0, <0)), rd_2u> w(rd_zu) du
r—0 R y

=2 w(0) dzf()’l,J’2,0,71)5(||J’1||2—||J’2||2)dJ’1d)’2d77
(R%)

+/ fy,u, ) w(u)dyy dudy.  (8-27)
RY xR x R4

Proof. This is analogous to the proof of Proposition 8.5. ]
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9. Order 2

In this section we show how the terms at order A> can be written as averages over theta functions of the
form (8-19). We assume throughout this section that e« is Diophantine of type k < (d —1)/(d — 2) with
the components of (1, 'e) linearly independent over Q.

The cases £ =2 and £ = 0. The cases £ = 0 and 2 are similar and we treat them together. First, from
(5-12) we have that 7, » can be written

Tro(si,s) =r*n? Y /R AW ma—m)Pe(3 (s2—s0) (lma-tor]* —lm +e )
o<t xa(—n, h(my+a+iri="n))b(n, h(ma+a+iri='9))dg+0 ), (9-1)
which we express as
Tr,2(s1, 52)
=r2nt 3" [ W ma—m))Pe(—(s2—s0)r' my —my) )
m ezt xe(3 (s2—sn)(Ima+a+ 5 ql* — lm1 +a+ 37" 19]%))
xa(—n, h(ma+o+1r'"'9))b(n, h(my+a+3r""'9)) dp+0G>®). (9-2)
In the same way we can see from (5-13) that Zy » can be written
Ty 2(s1, 52)
=2t )" a(—n, h(ma+o+1r?=n))e(~1 sillma+o+r?='g|?)W(r(my —m)))
mmsczt (L1 sy — syl et ) WG Omy —mo)
xe(3sallma+o+r1?)b(n, h(ma+ea+3r'"19))dp+00>), (9-3)
which we express as
Zo,2(s1, 52)
=r2 Mt Y [ Wy —m))Pe(3 (2 —s)r ™ my—my) 1)
mamse2? " o4 sy =) (Ima+a+ 24 g2 g o+ 24 ) 2)
X Ez(—n, h(mz—l-ot + %rd_ln))lg(n, h(mz + o+ %rd_ln)) dp+0(@(™). (9-4)

We can then combine these two terms in the following way: First define Z » as

Tpo(sts) =r " Y | [Wermy—m)Pe(=5 [s2—s1 " (my—my)-p)
momse2 o1 sy (Ima -t L g P -k L )
x&(—n, h(m2+oc+%rd_1n))5(n, h(m2+a+%rd_ln)) dg (9-5)
and note that
Tra(s1,82) +O0(r™®) ifs) <s,

; (9-6)
Zo.2(81,52) + O (r>) if 51 > 5.

Tya(s1,82) = {
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Therefore, after inserting the integration over s; and s, we obtain

/ Tr2(s1, 52) dsy dsy + / Zo2(s1, 52) dsy dsz
0<sy<sy<hrl=dt 0<sy<s) <hrl=dt
1—-d
t

hr' =4t phr
= / / L+ 2(s1,52) ds; dso +-O0(@r™). (9-7)
0

Note that we measure time in units of 4r!~9 as in the treatment of the zeroth-order term.

Lemma 9.1. Let I , be defined as above and set h =r. Then,
Z_dl

hr'=dt phr r
/ / Ty 2(s1, $2) dsy dsy = r@+? / F, (<u+ir2, 0, ( 0 )),rd_2u> du, (9-8)
0 0 —r2=d; —«

with F, as defined in (8-19), with the choice

l—dt

FOn y2ou,m) =e(S@+ul) (y2—y1) ) (¢t — D) X1, @)W (32 — y0) I @, y2)b(—n, y2). (9-9)

Proof. In the case h = r the left-hand side of (9-8) reads (after the variable substitution 3 — —n)

2 d

r3d_/ / / Z |W(r(m2 my))| C( |S2—s1|rd71(m2—ml).n)
0 R4

mme e (5 (sa—s1) (Ilma+a— ' n | = my+a—3r "1 q|12))
xa(n, r(mo+a—1ri=1n))b(—n, r(my+a—1ri=1y))dydsidss.  (9-10)

‘We then use the relation

t t t
f/ fls2a—s)dsidsy= [ (t—|ul)f(u)du (9-11)
0 JO —t
to rewrite the above as
2 dt
2d+2/ » / > |W<r(m2 mi))%e(% lulr™ ma—my)-n)
—r ‘l‘ R{
€2 st —r® 2 ul) (L u(llmy e — L g2 = lmy e — Lrd 1y 12))

xd (n, (mz—Hx—%rd ! )) —n, r(my+a—3 1yd= 1;1))dndu

1
2
dl
42 i
frz dz/Rd@f(u-Hr ( oH—lrd 1") 2u, n)dndu (9-12)

with f as in (9-9). Noting that

1, .d—1
. Sur®=y . 0 . 0
(u L0, (_“2+ %rdu,)) _ ( L0, (_a)) ( 0. (%rdn», 9-13)

the result follows. |

Note that in view of (2-9) we should consider the rescaling of the coupling constant A — Ak ™2, or
equivalently of the potential itself W — h~2W. At second order the potential appears as |W|2, and so we
must rescale our terms by a factor of 1™,
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Proposition 9.2. Let I+ 2 be defined as above. Then

hr!
hm h™ /
=r—0

= 2zf W=y atx, y2)b(x, 32) 8y I = l1y2]?) de dyr dys
(R4)-
+t2|W(0)|2/ a(x, y)b(x, y)dxdy. (9-14)
R4 x R4

zlt

/ Ty 2(s1,52)dspdsy

dl

Proof. By Proposition 8.9 and Lemma 9.1 we have that the limit in (9-14) is given by

t
2f f(yl,yz,o,nwnylnz—||y2||2)dy1dyzdn+/f f,y,u,p)dydpdu.  (9-15)
(R4)3 —t JRIXRI
We have for the first term

2], FOr 32 0m 8yl = ly2l*) dyr dy2dy
(RD)-

=2t fW 3 \W(y2 — yn) > a(m, y2)b(—1, y2) 8(Uly1 11> = ly211%) dy dy, dy
(R4)-

=2rf W=y aGe, yb, 32) 8yl ~ 120 de dyidys. (9-16)
(R’

Similarly for the second term we obtain

t t
/ f fQy,y,u,p)dydpdu= [ (t— Iul)/ |W(0)|>a(n, y)b(—n, y)dy dn du
—t JRIxR4 —t R4 x R4

=12 |W(©0)? a(x, y)b(x, y)dxdy, (9-17)
R4 x R4
completing the proof. U
The case £ = 1.
Lemma 9.3. Forh =r,
l—dt rZ—dt

T12(s1, 52) dsy dsy =912 / F, ((u+ir2, 0, (0— oc)), rd2u> du+0 ™), (9-18)
_p2—dy

[hrldt/lzr
0 0

with F, as defined in (8-19), where

1 2t —|u|
SO, y2,u,m) = 3 (/I e(3—u)m-(y2—y1) du’) X(—.01(u)

ul
x |W(y1 = y)I* @@, y1) b(—n, y2).  (9-19)
Proof. As before, we start from (5-10). For Z; 5 this yields the explicit formula
Ty 2(s1, 52)
=r*nt Y] de(—ls1||m2+oe|| YW (r(my—m))e(3 51 llmi+el?)a(—n. h(mi+ot3r'"y))
m €2 e(— L sollmy +otr® T g P) W (r(my —mo))e (L sallmo+otr? " n|?)
xb(n, h(my+o+1ri='n)) dp+0 ™). (9-20)
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‘We then note that we can write
sillmy +al? = sallmy + o +r?1y|?
_ 2 _ _ _
= (51 —s2) [m1 +a+ 3y |" = (s +5)r - (my + o) — L5122l 2 = 25022 g2 (9-21)

and similarly

—s1llmy +a||* + s2llmay +a + 9y |2
_ 2 _ _ _
= (s2 —sD)|[ma+ a4+ 3r? "+ Gs1 +50r - (ma 4+ o) + s Ryl + 250X )P (9-22)

We then insert these expressions into the exponential and make the variable substitutions s; — sy = uy,
s1 + 82 = uy, and § — —n to obtain

hrl=ds 2hr =V —rd=2 |y e
%rd—i-zhd/ (/ > fRJIW(r(mz—m1))|2e(—%uzrn.(mz—m1))

—hri = NI rd =2y my,myez¢ 1 Cld-1,2 C1d—1, 2
Xe(2 u1(||m1+0t 5T nll lm2 + o 7T nll ))
xa(n, h(my+o—1ri~'y))
X l;(—n, h(mz +o— %rd_ln)) duz) du;

d42 p2—dy 5 lulrd—ln d—2
= i 2 - dnd 2
r /ﬂ—dz /Rd @f((u1+1r , 0, (—oc—{—%rd_ln))’r ul,n) nduy, (9-23)

with f as in (9-19). The statement follows from (9-13). O

Proposition 9.4.

hr'=dt phrl=dt
lim A% T12(s1, 52) dsy ds;
h=r—0 0 0

t
=2/ / W= 0P 3P~ IyalPate — (2 — 30, 31 b, y2) dyy dys e ds
0 J(R%)

+12|W(0)]2 a(x, y)b(x, y)dxdy. (9-24)
R4 x R4

Proof. By Proposition 8.9 and Lemma 9.3 we have that the limit in (9-24) is the sum of two terms. The

first one can be written

2 fr 32 0.m8Cyal® = 1y20?) dyr dys dy
(RS

t
= 2/ . W (2= yDI>a@. y)b(—n. y2) 8y lI* =132 (/ e(—u’n-(yz—yl))du’) dy; dy,dn
(R)° 0

t
= 2/ /Rd AW = y0lPa s (2= y0, y0) bex, p)8(UIyI* = 1y21") dyr dyr deds. (9-25)
0 J(R)
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The second term takes the form

1 t t - . -
5/ / f(y,y,u,n)dydndu’du = (t—lul)/ |W(0)|>a(n, y)b(—n, y)dy dn du
—t JRIxRA —t Re x R4

=2 WOF [ ate )by drdy. (9-26)
R4 x R4
This completes the proof. ]
Thus, combining 7; ; for j = 0, 1, 2 yields the following limiting expression for the second-order
terms.
Corollary 9.5.

hri=dt psy
lim »~* [— / / To.2(s1, 52) dsy dsp
h=r—0 0 0

hri=dt phri=d; hr'=ds phr!
—i—/ / T1,2(s1, 52) dsy dSz—/ /
0 0 0 52

t
=2 [ 1T =y Pan et
X [a(x —s(y2 =y, y1) —a(x, y2)]1b(x, y2) dyidy> dx ds.  (9-27)

—d t

Zo2(s1, 52) dsy dS2:|

Now replacing a by the time-evolved symbol Lg(t)a yields, in place of (9-27),

t
2//“|W<yz—y1>|28<||y1||2—||yz||2>
0 J(R%)-
X [a(x —(t—s)y1—sy2, y1) —a(x —tyz, y2)1b(x, y2)dx dy; dy>ds. (9-28)

10. Higher-order theta functions

In order to prove bounds on the error terms (4-15) in the Duhamel expansion we will need to define
higher-order theta functions, that is, generalisations of the theta function given in (8-8) that live on the
product space (I'\G)*. Specifically, for f € S(R¥* x R4*¥), we denote by @35) : (I'\G)* — C the theta
function

0 (r. ¢, 8)
=det)’? Y fo((M=Y)'/2 (M'-Y)v'/?)
MMEZPE yo(Te[L (M —Y)(M—Y)u—L (M ~Y)(M'~Y)u+ " (M—M)X]), (10-1)

or more explicitly,

= 1/2 1/2 1/2 2
V(. ¢.8)= Y foPmi—yn)..... v m—y0). v 2 —y1). ... v  mp—y0)

k

L, 74 dj2

M S xl_[vj/e(%uj(llmj—yjllz—llm}—yj||2)+xj'(mj—m§-)), (10-2)
j=1
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where we use the natural notation
T=u+iv, wu=diag(uy,...,ur), u;€R,

v=diag(vy, ..., %), vi€R.o, ¢=(d1,...,%) €l0,2m)",

= _ _((* X 2dxk .
eyt = () o (5)) e 105

X=@1....x0) e R* Y =(y,..., y) € R¥K,

M= (m,,... ,m) ez
and
fe(X, Y =/d Gy, Y. Z,Z) f(Z,Z)dZdZ', (10-4)
Réxk x [Rdxk
with
k 1 2 2 12 2 ’ o
) o g (2 Iz = Y= 1125 17) cos @ —yj 2+ ¥z
Gy(Y,Y ,z,Z)_Jlj[l|sm¢j| e( g, . (10-5)

For ¢ =0 mod 7 we define fy by generalising (8-16) in the analogous way. In the special case where
f= ]_[/;.:1 fi» with f; € S (RY x R?), the function @gf) becomes the product of k independent theta
functions of the form (8-8). In a similar vein as earlier, we wish to consider a generalisation of this theta
function in which the function f is allowed to depend directly on u# € R* and some new parameters
neRand w e R.

We denote by Sk the class of functions f € C(R** x R¥k x RK x RY x R) with the property that for

every multi-index B, 8, € Z43F,

the derivative
05" 81> f (Y1, Yo, u, , @)
(a) exists, (b) is continuous (in all variables), and (c) is rapidly decaying, i.e.,

sup  (LHNY1 DT A+IV2IDT A+uD) T A+-IIDT (L) 135 952 £ (Y1, Ya, u, 1, )] <o (10-6)
Y, Yo,u,nw

forevery T > 1.
We then consider the test function f = f(Y,Y’, u, n, ®) in §k and set

0P (g un 0 =01 , @ (10-7)
We now proceed to state some results in direct analogy with Section 8.
Lemma 10.1 (cf. Lemma 8.6). If f € Sy, then for all multi-indices B, B, € Z‘gk and every T > 1
sup (L IV1IDT (L + 120D (1 + Ju”
YleZsusﬂsqus
x (L+ D7 (1 + )T 135 352 fp(¥1, Yo, u, 1, )] < 00, (10-8)

Proof. The proof is analogous to those of Lemmas 8.2 and 8.6. ]
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Now, let us use the shorthand

(@) ()

‘ B

and further define

FFP (g, u) :=/'/ 0P (g zk(r" ). u. n. @) dy| do. (10-9)
R|JRY

Proposition 10.2 (cf. Proposition 8.7). Let0 < <1 and f € S. Then,
FP(utiv, ¢, 2. u))
=det(v)?*/* )" / U fo((M=Y)v'% (M=Y)v" 4, y, ») dn‘ da)+0(rd)+ZO(v_°°) (10-10)
Mezdxk j=1
uniformly for all (u +iv, ¢, E) € (P\G)K, u’ € R* with v; > % forall jandr < 1.
Proof. The proof is analogous to that of Proposition 8.7. (I
Recall the definitions of \Pg’f and f in (7-11) and (8-11).
Lemma 10.3. Fix T > d. Then:
(1) There is a constant C such that for all r < 1
k
k, -
FP (¢ B <C[JA+ 9], (5. €)). (10-11)
j=1
2) F,k LN Fg P uniformly on compacta.
Proof. The proof is analogous to that of Lemma 8.8 with Lemma 10.1 in place of Lemma 8.6. (I
In the following, we denote by I; the k x k identity matrix.

Proposition 10.4. Let0O < B <1 and f € Si. Assume for j=1,... kthat y; is Diophantine of type
k < (d —1)/(d — 2) with the components of (1, " ¥j) linearly independent over Q. Let w : R - R be
bounded with compact support. Then,

lim sup pkd=2) / F,k’ﬂ (u +ir’l, 0, (3) , rd_2u> w(rd_zu) du < oo. (10-12)
Rk

r—0

Proof. Applying Lemma 10.3 yields

lim sup rk(d_z)f Frk”s (u +ir?I, 0, (g) > w(rd_zu) du
Rk

r—0
¢ 0
: k(d—2) B ) d-2 .
< Climsupr /[R |:|_| (l—l—\IJl/zf(uJ +ircly, (yj)))]w(r u)du. (10-13)

r—0
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The function w has compact support, so fix L such that the cube (—L, L)* contains the support of w,
and denote by y; the characteristic function of the interval (—L, L). We can then bound the above
expression by

k
Csuplwllimsupl_[(rd_2 /R<1+\pf/2f<uj+ir21k, (;).)»XL(rd—zuj)duj). (10-14)
’ J

r—0 =1

The result then follows by applying Proposition 7.3. ]

11. Error terms

In this section we prove upper bounds on the error terms (4-15) in the semiclassical Boltzmann—Grad
scaling, i.e., for O, (hrl_dt, D, ya, D, ,b), where relevant cases are n = 3,4, 5, 6. Lemma 4.1 tells us

that
3

|Qu(hr'=t, Dypa, Dryb)l < > Jewn(hr'™t, Dy pa) |1y O, () [IHs.a- (11-1)
=n-3

The term [|ITy Op, ;, (b)|lns.« has a uniform upper bound; see Lemma 6.1. Hence the key is to estimate
(recall (4-16) and Lemma 3.2)

sﬁ,n(hrl_dt’ Dr,ha)
+ 1\ 1/2
=(@n)" / ot comrtd (Tl K1) K1) OP (@ K41,0(8) K10 () O, @1) 7 ds. (11-2)
0<sy<---<spy1<thr'=4

A straightforward computation (see Section C in the appendix) yields the expression

Tro[K1,6(5) K1,6(5) OP,. (@ K410 () Keg1,4(5)" Op,. 1, (@)]
=2t " Amy,—m, +m—m;, =0]

x /R WCmo—m T @e(b sellme el ~ ) + )

X W (r(m — mo)T 1, (@a(n. h(mg+a —3r*"'n))

X W(r(me—me) T4, (e —rd™!

d—1

n)

nlI* = lme + o —r?~'g)%)

d_lﬂ)

x a(—n, h(my+a—5r"""n))dp+ 0 (™), (11-3)

I
xe(y ser1(lmy +o—r

X W(r(m/e-',-l - m/())f[-‘rl,n—l(“ -r

where .

[Ti—ee(3 (s = sixD Iy +m ) W(r(mj —mj11)) (L <n),
1 (I >n),
[Ti—ce(3 (1 —splly +m; )W r(m) —mh)) (L <n),
1 (I >n).

E;(y):{
(11-4)
Ton) = {
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Let us focus on the exponential factors in (11-3); they are

-1
(1_[ e(3 (55 = sj+1) (lm; +a|* — [|m] +oc||2))>
j=1
xe(§ selme +al® — m +a?)e(d ser1(lm) +o—r=)? = me +a —ry?) - (11-5)
n—1
x ( [T eG G =sis0)lm;+a—r"q)* - ||m‘;+a—rd—1n||2>)).
j=t+1

We write the above as
-1

(1_[ e(3 (sj—s,~+1>(||m,-+a—%r"—ln||2—||m;~+oe—%rd—lnn%rd—l<mj—m;>‘n)))
j=1

xe(3 (se=ser)) (Imera—3r® )P ~lmy+oa—sr =1 yl?))e(5 (setser)rd ™ g-(me—my))
n—1
x< [] 3 (sj—sj+1)(||mj+ot—%rd117||2—||m}+a—%rd1n||2—rd1(mj—m})-n))). (11-6)
j=t+1

Note that this product of exponentials is independent of the variables m, m, and m), and so the entire
dependence on these variables is in the product of W-terms. In (11-3) we can therefore separately evaluate
the threefold sum

Yo Wemo—m))W(r(m) —mo)W(r(my_y —my) W(r(m, —m),_)),  (11-7)

’
mo,my,m,
’ !
my —my+nm;—m,=0

which is equal to
> W(rmo —my)W(r(m —mo) W (r(my_y —my))W(r(my +my—my —m),_})).  (11-8)
mo,m;

Applying the Poisson summation formula to the sums over mg and m, yields

r_Zde W30 —rm)W(rmy = yo) W (rmy1 = y)
[R=d o~
ko k X W(yn4rm, —m;—m,_ e "ko-yo+r "'k, y,) dyody,. (11-9)

Since W € S(R?), we have for any 71, T, > 1 that (11-9) equals
r W (my —m)W(r (mly —mg +m,— —m;,_))

+O0r(r"" (A +rlmy —m{ )" +rllm) —mg+m,—y —m,_[)""), (11-10)
with

wo= | Wt —y)W(y)dy. (11-11)

The error term in (11-10), after applying the remaining m;-sums, yields therefore a total contribution
of order O(r*°) for h =r € (0, 1]. In order to write (11-3) as a higher-order theta function, we change
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variable by the linear map A : R" — R", s = @ = As, given by
wj=si—siy1 (=1,...,n-1), wp =S¢+ Sp41- (11-12)
The corresponding determinant equals 2, and hence A is invertible. Let
Q={seR":0<s1<---<se<1,0<s, < <spy1 <1}. (11-13)
Then, for h =r and @ = (u, w) € R x R,
Jen(hr' =1, Dy ja)
= (27)" r"d/ZfR 1fwl(rd—z(u, w) € AQ)

1/2

X dodu+0@F®), (11-14)

/d O™ (g . 0) zu1 (P 'm), 12w, , 12 w) dyp
R

g, a)= (u +ir’I, 0, ((_Oa> s (_O“>)) e G" !,

and ®(]Zi) as in (10-7) with k = n — 1 and test function

with

LYY u, g, 0) =W — yOW(Y, — Ye+ Yn1 — Yy_1)

n—2
x (1‘[ Wy — 3+ W (¥ — y})) a@. yo) a(—n. y,)
j=1
n—1
X ( [ e—ui(y =) n))e(%(w —u)n - (ye —yp)), (11-15)
j=t+1

where Y, Y’ € R*("=D are given by

Y= s Y1), Y=y (11-16)

In order to apply the results in Section 10, we however require f, to be continuous and compactly
supported in u, and rapidly decaying in w. To achieve this, note that we can find f with precisely these
properties by setting

fOLY u o 0) = (@, 0) (Y, Y 1.0, ), (11-17)

with ¢ : R* — R>( smooth and compactly supported such that ¢ (#, @) > (27)" on the domain of integration.
We then have, instead of (11-14),

%,n(hrl_dtv D, pa)
§r”d/2/ /1(rd_2(u,a))eAQ)
Ri-1JR

1/2
XV O (g . ) 2a1 (¥'0), r*Pu, . r o) dn|  deodut+0(r®), (11-18)
Rd -
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and thus after the variable substitution @ > r2 9w,

1—
jﬁ,n(hr dtv Dr,ha)

Srnd/Z,,Z—d/ w(rd—zu)
Rn—1

J.

1/2
/d®§f’”(gr(u,oe)zn_l(r"n),rd—zu,n,w)dn dodu+0@r™), (11-19)
R

with
w(u) =sup 1((u, w) € AQ), (11-20)

weR

which is bounded and has compact support.

Lemma 11.1. Under the assumptions of Theorem 1.3, forh =r < 1,
Ten(hr' =1, Dppa) = O (=424, (11-21)

Proof. For F,k F asin (10-9), we have

J

Thus, applying Proposition 10.4 we see that the right-hand side of (11-19) is bounded above by a constant

1/2
/1®(fnl)(an—l(rdﬂ),rd_zu,ﬂ,a)) dp|  dw=F'"""2(g, r ). (11-22)
Ra

times

prd/2 o p2=d o p=(1=Dd=2) _ . —nd/242n (11-23)

completing the proof. (I

Proof of Theorem 1.3. We recall the rescaling of ¢ and A in (2-9). The existence of the operators
Af,r’“) (tr'=?) follows from the Duhamel expansion in (4-13). The error term follows from Lemmas 4.1
and 11.1, remembering that A should be rescaled A — A/h> as in (2-9). Finally, the convergence of
the operators Af,r’“)(trl_d ) in the limit r — O is proved by combining Lemma 6.1, Lemma 6.2 and
Corollary 9.5. ]

12. Averages over o

In this section we give the analogous results required to prove Theorem 1.2. First recall that Proposition 7.1
tells us that for y € R4\Q? with the components of (1, 'y) linearly independent, and (F;),>¢ a sequence
of uniformly bounded, continuous functions we have

rli_r)r(l)r"/[R F, <<u +ir2,0, <g)>, rUu) w(ru)du = M(Fl\G) /F\G /R F(g,u) wu)dudu(g). (12-1)

Note that since the F, are uniformly bounded and continuous, and w € L!'(R), the integral over u is

bounded uniformly in » and y. Since the statement (12-1) holds for a full measure set of y € [0, 1)¢, one
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can apply dominated convergence to conclude

lim r"/ /F, <<u+ir2,0, <0))>,r0u)w(r”u)du dy
r—0 [0,1)4 JR y

M(F\G)

Thus we now just need to consider the case of unbounded test functions. It follows from (7-15) that

v1/2\ pBd/2 v
/yem,m ’f< ())dy_ Zf( |r|)|r|ﬂd”<|r|2)

/ / Fg.w) wu) dudu(g). (12-2)
G

Z U(ﬁfl)d/z v
+2[ soay xR( ) (12:3)
Rd Wt lct +d|B—Dd lct +d|?

gcd(c,d)=1

¢>0,d#0
Since for0 < g <1

pB—=Dd/2 (- 1)d/2
ot +a@d =R (12-4)

we have

dy<2 VPNV (0 ) L pe-narzy dv. (125
< I . }
/ye[m)d ’f< ( )) V= Z f( 7| ) || XR(IT|2>Jr R(r)/ﬂdf(y) y. (12-5)

This allows us to prove the following y-averaged versions of Propositions 7.2 and 7.3.

Proposition 12.1. Let w : R — R be piecewise continuous with compact support, and 0 < € < 1. Then,
for every R > 1,

lim sup r¢=2 / / Wp. f(u +1ir2, <0)) wr2u)dydu < R (12-6)
r—0 lu|>r2=¢ J[0,1)4 y

Proof. When 8 = 1, the first term in the right-hand side of (12-5) vanishes as v — 0; see [Marklof 2002,
§6.6.1]. By the equidistribution of closed horocycles and the fact that Xg is bounded and piecewise
constant, we have for R > 1 that

d
lim 4~ Z/XR(M—i-lr Yw(rd™ 2u)du——f w(x)dx/ XR(u+1v) 0
r—0 SL2,R)\$
dv
=—/ w(x)dx/ =—/ w(x)dx, (12-7)
completing the proof. U

Proposition 12.2. Let w : R — R be piecewise continuous with compact support, and 0 < B < 1. Then,
for every R > 1,

lim sup rd_Z/ / \llz’f(u +ir2, (0)> w(rd_zu) dydu < RB=Dd/2, (12-8)
R J[0,1)4 Yy

r—0
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Proof. The first term in the right-hand side of (12-5) has already been estimated in the proof of
Proposition 7.3. For the remaining terms the statement now follows from the observation that X g
is a bounded function. |

Proof of Theorem 1.2. The convergence of the operators Af,r)(rl_d t) follows in the cases n =0, 1 directly
from the calculations in Section 6 for fixed . Using Proposition 12.1 one can prove an a-averaged version
of Proposition 8.9, and hence prove the convergence of Ag) (r'=4t) as in Corollary 9.5, with y = —a. All
that remains is the bound on the error terms. One first proves the a-averaged version of Proposition 10.4,
with y; = —a, by using Proposition 12.2. The remaining analysis proceeds identically to Section 11. [J

Appendix

A. The following proposition explains how Conjecture 1.1 and Theorem 1.2 yield information on the
phase-space distribution of the wavepacket fP)(t) = Uy, ;. (t) fo(p ) with an initial wavepacket fo(p ) of the
form (see Figure 1)

£V ) = r1 @D xye(p - x/ h), (A-1)

where ¢ € S(RY) is assumed to have unit L?-norm, and p € R%.
We use the shorthand

A(t) =Up (1) OP,,h(a)Uh,x(t)_l, B =Op, (D). (A-2)
Proposition A.1. Let £, fP)(1) be as above, w € S(R?) and b € S(RY x RY). Set
a(x,y) =@ w(y). (A-3)
Then
r_d(d_l)/zh_m/ P, B FP0) w(p)dp = (). B)s + 0(4~h) (A-4)
Rd

uniformly inr, h,t > Q.

—d(d—1)/2),—d/2

(The prefactor r in (A-4) compensates for the L?-normalisation of B = Op,., () in

(1-9), which is not suitable in the present setting.)

Proof. Consider the linear operator Fr(”h’) :L2(RY) — L?(R%) with Schwartz kernel
FPx,x'y = fP ) P ) = r1@ D4 x) g x ) e(p- (x —x)/h).  (A-S)
Using the Fourier transform w of w yields
Fop(e.x') = / F) (x, xyw(p) dp = r@=Dg (41 x) pGa—Tx) i((x —x)/h)  (A6)
and by Taylor’s theorem we have

¢ x) = p(Lri @ + 1)) + Ryp(x, x), (A-T)
with remainder

1
Rop(x,x) = %rdlfo (x—x) - Vo (3ri " (x +x) +5(x —x'))) ds. (A-8)
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We can express this term in the form

R ) = 3r' 7 0 Sy (5r* e+ x). (e = x)/B). b= 3r" 7",

with
Sp(x, y) :/1 y-Vo(x +sby)ds.
Now "
Frn(e,x') = r@=)g(Lrd= e+ x) [P d((" = %)/ h) + Epp(x, x),
with

E, (e, x)=r?“Do (' —x) /W) {p(3r? 7 x+x)) R, (7, x)

Ry (6, XN (Lrd= o) 4+ Ry (6, X ) R (6, X))
On account of (A-9),

Erp(x,x) =r DD wy (3r 7 x + X)), (x —x)/h),  b=3r"""h,
with
Wy(x, y) = (DI (x) Sy (x, —y) + Sp(x, y)p (x) + b Sp(x, ¥)Sp(x, —y))}.
We rewrite (A-11) as

Frp(x,x') =r?@=bpd f 6(Lri=" x +x)) P why) e((x —x') - y) dy + E, 5 (x, '),
Rd

and so, for a as in (A-3),
Frp = r?@=D2p420p (@) + E, .
We conclude
pr DRy / AFP@. B P 0) wip)dp
R

= r_d(d_l)/zh_d/2<Uh,)L(t)Fr,hUl1,A(t)_1, B)HS
= (Up1(t) Op, (@ U, ()", Blus + O+~ 'h),

where the error term follows from the upper bounds

(Una @ ErnUn s ()", Bhus| < | Erallus | Blls,

and
) 12
IErnllns = r(d“)(d_l)h(/ (W, (377 (x +x7), x —x)/ )| dx dx/)
RY x R4

172
— r(1+d/2)(d_1)hd/2+l(/ |Wp(x, y)|* dx dy) ,
RY x R4

609

(A-9)

(A-10)

(A-11)

(A-12)

(A-13)

(A-14)

(A-15)

(A-16)

(A-17)

(A-18)

(A-19)
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with
lim |W;,(x,y)|2dxdy=/ |Wo(x, y)|*dx dy < co. (A-20)
b—0 JRd x Rd Rd x Rd

This completes the proof. O

B. In this section we compute the expression (5-10) for Z; ,,. Recall that

[Ken ()13, )
=D N (=L sl y 1P W rm) Ten—1(0)e(3 suly — mal?)om, (y — ¥).  (B-1)

Hence we have for 1 < £ <n — 1 that
Ty n(s) = Tra[K1,e(s) Op(Drna) Key1,4(s) Op(Dy 1 b)]

Jnd —d(d— l)hdfw Z (=L 1 Imo+a )W (rm ) Ti o (mo+e)e (L sellmo+o—m|?)
----- "roxa(r'~ (mo+oe—me—n), &(mot+o—m+1))
Xe(—%se+1||77|| )W(rmz+1)7?z+1n 1(77)6( Snlln— m,,||)
xb(r' = (g—m,—mo—a), L (9—m,+mo+a)) dy.  (B-2)

d—1

We then make the variable substitution § — r“~ "5 + my + a — my so that a has first argument —». This

leaves b with first argument § — r'~%(m,, +my), and, by the rapid decay of @ and b, the leading-order
terms come from when m,, + my; = 0, and we incur an error of order r°°. We thus have

Ig,,(s)—r"dhd/ Z 1[m,+m; = 0]
""" " xe(—1 sillmo+e? )W(i’ml)le 1(mo+a)e(§ sellmo+a—mg|?)
xa(—n, h(mo+a—me+5r'" lﬂ))e(—ise+1||m0+t¥—me+r “'nl?)
X W (rm 1) Tor1 -1 (mo+a+ri" g —mee(L s, llmo+a+ri"n|?)
xb(n, h(mo+a+3r'""n)) dn+0G). (B-3)

Finally, we make the substitutions m; — mo —m; for j =1, ..., ¢ followed by m; — m, — m; for
j=4L£+1,...,n to obtain

Ty n(s) = r"n? 1[m, =
tn(s)=r /R Z [m, = my]
""" ™ xe(—1sillmo+alP)W(r(mo —mi) T, ,_ (e} selme +a|?)
xa(—n, h(me+o+3r'""n)) e(—3 s llme + e+ 9%
xW(r(me—memmH,, Lo+ pe(d s llmo + o+ 1)%)

x b(n, h(mo+a+1r?~'y)) dp+ 0 G™). (B-4)

This proves (5-10).
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C. This section establishes relation (11-3), which is needed in the analysis of J; , (¢, a). First we compute
the kernel of K, z’n =FK Z,n]: —1. By taking the complex conjugate and switching y and y’ in (4-22), we
obtain

[Ken® 1, y) =r@=HD0 S 7 e(g selly +my ) W (—rm))

i, €2 X Ton—1(y +m))e(—3 sully17)m, (¥ = y).  (C-1)
where
Tea =[] 641 =)y —mj|?) W (m); —m} ). (C-2)
j=t

Thus, using the formulae for the kernels of K, tons K gn and é\pr’ , we have

[Ken () Ken(5)Op, ,(@)]1(y, y)

=20y Y e(selly+myP)W(—rm)Ten 1 (y+m)e(—4 sallyl?)
mz,“.,m,,ezd mle,...,mﬁlezd Xe(—%S(Zl|y+m;,l||2)W(rm€)7z,n—1(y+m;)e(% Sn”y"’_m;l_mn”Z)
xa(r' =4 (y—my+m),—y"), L (y—m,+m),+y"), (C-3)

and similarly
[Ken(8)Ken ()" Op, (@)1 ¥)
= pAn=trhd { Yo e(=3sellyIP)Worm)Tenr(ne(3 sully—mal?)

my,..., mneZd m} ..... m;eZd Xe(% S£||y—mn+m;,||2)ﬁ7(—rm/g)

X T en-1(y—my+m))e(—1 s, y—m,|?)
xa(r'(y+m),—m,—y"), L(y+m),—m,+y)). (C-4)
Combining these yields explicitly

Tro[K1,0(5) K1,¢(5) Op,.;,(@) Kes1,0(8)Kes1,(5)" Op,. ,(@)]

— p2nd—d(d=1)pd Z /W(rml)ﬂ,g_l(mo+m/g+a)e(%s£||mo—|—m’£—mg+oc||2)
mo.my...my €24 " ><W(—lel)?l,e—l(m0+m/g+06)e(—%Sz||m0+¢¥||2)
x&(rl_d(mo—i—m;—mg—i—a—y), %(mo—i—m/g—mgika—i—y))
xe(—3 ser1 Y12 W (rmes ) Test -1 (9)
xe (g sertllyFm),—mu|P)W (—rmy, )T 11 (y+m),—m,)
xc:l(rl_d(y—i—m;—mn—mo—a),

L (y+m),—m,+mo+a))dy. (C-5)

Now we make the substitution y =r¢~'n+mg+a +m), —my so that the first argument of @ becomes —1).
Now a has first argument 5+ r' ¢ (m; —m, +m, —my), and hence (using the rapid decay of a) we have
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that m), —m,, +m), — m, = 0. This yields the expression
Tro[K1.¢(5) K1.6(s) Op,.; (@) Keg1.0(9)Kes1.n(s)" Op,.;,(@)]
=2t N Am), —my+mj, —my =0]

my,my,....m,cZ?

m),..m, ez’ x /dw(rml)ﬂ,e—l(m0+m2+06)€(%Se||mo+m;z—mé Jr"‘”2)
g X W(—=rm')T1.o_1(mo+m), +a)e(—1 sellmo +a|)?)
x a(—n, h(mo+mj —mg+a+ 3r'"'y))
x (=L serillr ™" +mo + o+ my — mel|?) W (rmy1)
X Totn—1 (r4 '+ mo + o+ mj, — my)
x e(3 sepilr®™" g+ mo + el ) W(—rm), )
X To1,0-1(r ' +mo + )
xa(n, h(mo+o+1ri~"p))dpg+0G™).  (C-6)

We then make the substitution my — mo—m’e, followed by the substitutions m; — mo—m; for j=1,...,¢
and m;j — m, —m;j for j ={+1,...,n as well as the analogous substitutions for the m; This yields
the simpler expression

Tra[K1,0(5) K1,¢(5) Op,.;(@) Keg1,4()Ket1.4(s)" Op,,(@)]
=2 pd Z 1[m),—m, +m;—m, =0]

mo,mi,..., mnEZd

m.....m, 2 ><fRdvT/(r(mO—ml))TM_l(a)e(% se(lmg+a||* — |lm), +o||*))
x W (r(my —mo) T ,_ (@a(—n, h(me+a+3ri~"y))
X W(r(my —me )T, 7+ a)
xe(Ssert(lr! " g+ my+a)® = r g+ +m|?)
X Wy =m)T oy 0 0+
xa(n, h(my+a+3r'""9)) dp+0¢). (C-7)

This yields (11-3) after substituting n — —p.
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We prove that the local eigenvalue statistics of real symmetric Wigner-type matrices near the cusp
points of the eigenvalue density are universal. Together with the companion paper by Erdés et al.
(2018, arXiv:1809.03971), which proves the same result for the complex Hermitian symmetry class, this
completes the last remaining case of the Wigner—-Dyson—Mehta universality conjecture after bulk and
edge universalities have been established in the last years. We extend the recent Dyson Brownian motion
analysis at the edge by Landon and Yau (2017, arXiv:1712.03881) to the cusp regime using the optimal
local law by Erdds et al. (2018, arXiv:1809.03971) and the accurate local shape analysis of the density by
Ajanki et al. (2015, arXiv:1506.05095) and Alt et al. (2018, arXiv:1804.07752). We also present a novel
PDE-based method to improve the estimate on eigenvalue rigidity via the maximum principle of the heat

flow related to the Dyson Brownian motion.
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We consider Wigner-type matrices, i.e., N x N Hermitian random matrices H with independent, not
necessarily identically distributed entries above the diagonal; these are a natural generalisation of the
standard Wigner ensembles that have i.i.d. entries. The Wigner—-Dyson—-Mehta (WDM) conjecture asserts
that the local eigenvalue statistics are universal; i.e., they are independent of the details of the ensemble and
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depend only on the symmetry type, i.e., on whether H is real symmetric or complex Hermitian. Moreover,
different statistics emerge in the bulk of the spectrum and at the spectral edges with a square-root vanishing
behaviour of the eigenvalue density. The WDM conjecture for both symmetry classes has been proven
for Wigner matrices; see [Erdds and Yau 2017] for complete historical references. Recently it has been
extended to more general ensembles including Wigner-type matrices in the bulk and edge regimes; we
refer to the companion paper [Erdés et al. 2018] for up-to-date references.

The key tool for the recent proofs of the WDM conjecture is the Dyson Brownian motion (DBM), a
system of coupled stochastic differential equations. The DBM method has evolved during the last years.
The original version, presented in [Erdés and Yau 2017], was in the spirit of a high-dimensional analysis
of a strongly correlated Gibbs measure and its dynamics. Starting in [Erdds and Yau 2015] with the
analysis of the underlying parabolic equation and its short-range approximation, the PDE component of
the theory became prominent. With the coupling idea, introduced in [Bourgade et al. 2016; Bourgade and
Yau 2017], the essential part of the proofs became fully deterministic, greatly simplifying the technical
aspects. In the current paper we extend this trend and use PDE methods even for the proof of the rigidity
bound, a key technical input, that earlier was obtained with direct random matrix methods.

The historical focus on the bulk and edge universalities has been motivated by the Wigner ensemble
since, apart from the natural bulk regime, its semicircle density vanishes as a square root near the edges,
giving rise to the Tracy—Widom statistics. Beyond the Wigner ensemble, however, the density profile
shows a much richer structure. Already Wigner matrices with nonzero expectation on the diagonal, also
called the deformed Wigner ensemble, may have a density supported on several intervals and a cubic root
cusp singularity in the density arises whenever two such intervals touch each other as some deformation
parameter varies. Since local spectral universality is ultimately determined by the local behaviour of the
density near its vanishing points, the appearance of the cusp gives rise to a new type of universality. This
was first observed in [Brézin and Hikami 1998b] and the local eigenvalue statistics at the cusp can be
explicitly described by the Pearcey process in the complex Hermitian case [Tracy and Widom 2006]. The
corresponding explicit formulas for the real symmetric case have not yet been established.

The key classification theorem [Ajanki et al. 2017a] for the density of Wigner-type matrices showed
that the density may vanish only as a square root (at regular edges) or as a cubic root (at cusps); no other
singularity may occur. This result has recently been extended to a large class of matrices with correlated
entries [Alt et al. 2018a]. In other words, the cusp universality is the third and last universal spectral
statistics for random matrix ensembles arising from natural generalisations of the Wigner matrices. We
note that invariant f-ensembles may exhibit further universality classes; see [Claeys et al. 2018].

In the companion paper [Erdds et al. 2018] we established cusp universality for Wigner-type matrices
in the complex Hermitian symmetry class. In the present work we extend this result to the real symmetric
class and even to certain space-time correlation functions. In fact, we show the appearance of a natural
one-parameter family of universal statistics associated to a family of singularities of the eigenvalue density
that we call physical cusps. In both works we follow the three-step strategy, a general method developed
for proving local spectral universality for random matrices; see [Erdés and Yau 2017] for a pedagogical
introduction. The first step is the local law or rigidity, establishing the location of the eigenvalues with a
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precision slightly above the typical local eigenvalue spacing. The second step is to establish universality
for ensembles with a tiny Gaussian component. The third step is a perturbative argument to remove this
tiny Gaussian component relying on the optimal local law. The first and third steps are insensitive to the
symmetry type; in fact the optimal local law in the cusp regime has been established for both symmetry
classes in [Erd6s et al. 2018] and it completes also the third step in both cases.

There are two different strategies for the second step. In the complex Hermitian symmetry class, the
Brézin—Hikami formula [1998a] turns the problem into a saddle-point analysis for a contour integral. This
direct path was followed in [Erdés et al. 2018], relying on the optimal local law. In the real symmetric
case, lacking the Brézin—Hikami formula, only the second strategy via the analysis of Dyson Brownian
motion (DBM) is feasible. This approach exploits the very fast decay to local equilibrium of DBM. It
is the most robust and powerful method up to now to establish local spectral universality. In this paper
we present a version of this method adjusted to the cusp situation. We will work in the real symmetric
case for definiteness. The proof can easily be modified for the complex Hermitian case as well. The
DBM method does not explicitly yield the local correlation kernel. Instead it establishes that the local
statistics are universal and therefore can be identified from a reference ensemble that we will choose as
the simplest Gaussian ensemble exhibiting a cusp singularity.

In this paper we partly follow the recent DBM analysis at the regular edges [Landon and Yau 2017]
and we extend it to the cusp regime, using the optimal local law from the companion paper [Erdds et al.
2018] and the precise control of the density near the cusps [Ajanki et al. 2015; Alt et al. 2018a]. The
main conceptual difference between [Landon and Yau 2017] and the current work is that we obtain the
necessary local law along the time evolution of DBM via novel DBM methods in Section 6. Some other
steps, such as the Sobolev inequality, heat kernel estimates from [Bourgade et al. 2014] and the finite
speed of propagation [Erdés and Yau 2015; Bourgade and Yau 2017; Landon and Yau 2017], require
only moderate adjustments for the cusp regime, but for completeness we include them in the Appendix.
The comparison of the short-range approximation of the DBM with the full evolution, Lemma 7.2 and
Lemma C.1, will be presented in detail in Section 7 and in Appendix C since it is more involved in the
cusp setup, after the necessary estimates on the semicircular flow near the cusp are proven in Section 4.

We now outline the novelties and main difficulties at the cusp compared with the edge analysis in
[Landon and Yau 2017]. The basic idea is to interpolate between the time evolution of two DBMs, with
initial conditions given by the original ensemble and the reference ensemble, respectively, after their local
densities have been matched by shift and scaling. Beyond this common idea there are several differences.

The first difficulty lies in the rigidity analysis of the DBM starting from the interpolated initial
conditions. The optimal rigidity from [Erd6s et al. 2018], which holds for very general Wigner-type
matrices, applies for the flows of both the original and the reference matrices, but it does not directly
apply to the interpolating process. The latter starts from a regular initial data but it runs for a very short
time, violating the flatness (i.e., effective mean-field) assumption of [Erdds et al. 2018]. While it is
possible to extend the analysis of [Erdds et al. 2018] to this case, here we chose a technically lighter
and conceptually more interesting route. We use the maximum principle of the DBM to transfer rigidity
information on the reference process to the interpolating one after an appropriate localisation. Similar
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ideas for proving rigidity of the B-DBM flow have been used in the bulk [Huang and Landon 2016] and
at the edge [Adhikari and Huang 2018].

The second difficulty in the cusp regime is that the shape of the density is highly unstable under the
semicircular flow that describes the evolution of the density under the DBM. The regular edge analysed
in [Landon and Yau 2017] remains of square-root type along its dynamics and it can be simply described
by its location and its multiplicative slope parameter — both vary regularly with time. In contrast, the
evolution of the cusp is a relatively complicated process: it starts with a small gap that shrinks to zero
as the cusp forms and then continues developing a small local minimum. Heavily relying on the main
results of [Alt et al. 2018a], the density is described by quite involved shape functions, see (2-3c), (2-3e),
that have a two-scale structure, given in terms of a total of three parameters, each varying on different
time scales. For example, the location of the gap moves linearly with time, the length of gap shrinks
as the %—th power of the time, while the local minimum after the cusp increases as the %—th power of
the time. The scaling behaviour of the corresponding quantiles, which approximate the eigenvalues by
rigidity, follows the same complicated pattern of the density. All these require a very precise description
of the semicircular flow near the cusp as well as the optimal rigidity.

The third difficulty is that we need to run the DBM for a relatively long time in order to exploit the local
decay; in fact this time scale, N —2te s considerably longer than the characteristic time scale N ~%on
which the physical cusp varies under the semicircular flow. We need to tune the initial condition very pre-
cisely so that after a relatively long time it develops a cusp exactly at the right location with the right slope.

The fourth difficulty is that, unlike for the regular edge regime, the eigenvalues or quantiles on both
sides of the (physical) cusp contribute to the short-range approximation of the dynamics, and their effect
cannot be treated as mean-field. Moreover, there are two scaling regimes for quantiles corresponding to
the two-scale structure of the density.

Finally, we note that the analysis of the semicircular flow around the cusp, partly completed already in
the companion paper [Erdés et al. 2018], is relatively short and transparent despite its considerably more
complex pattern compared to the corresponding analysis around the regular edge. This is mostly due
to strong results imported from the general shape analysis [Ajanki et al. 2015]. Not only are the exact

1

formulas for the density shapes taken over, but we also heavily rely on the 3-Holder continuity in space

and time of the density and its Stieltjes transform, established in the strongest form in [Alt et al. 2018a].

Notations and conventions. We now introduce some custom notation we use throughout the paper. For
integers n we define [n] :={1,...,n}. For positive quantities f, g, we write f Sgand f ~gif f <Cg
or, respectively, cg < f < Cg for some constants ¢, C that depend only on the model parameters, i.e., on
the constants appearing in the basic Assumptions (A)—(C) listed in Section 2 below. Similarly, we write
f < gif f <cg for some tiny constant ¢ > 0 depending on the model parameters. We denote vectors by
bold-faced lower case Roman letters x, y € CV, and matrices by upper case Roman letters A, B € CNV*¥,
We write (4) := N7!TrA and (x) := N71}° ac[N]*¥a for the averaged trace and the average of a
vector. We often identify a diagonal matrix with the vector of its diagonal elements. Accordingly, for any
matrix R, we denote by diag(R) the vector of its diagonal elements, and for any vector r we denote by
diag(r) the corresponding diagonal matrix.
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We will frequently use the concept of “with very high probability”, meaning that for any fixed D > 0
the probability of the event is bigger than 1 — N =2 if N > No(D).

2. Main results

For definiteness we consider the real symmetric case H € RY>Y_ With small modifications, the proof
presented in this paper works for the complex Hermitian case as well, but this case was already considered
in [Erdés et al. 2018] with a contour integral analysis. Let W = W* € RV XN be a symmetric random

matrix and A = diag(a) be a deterministic diagonal matrix with entries a = (ai),N: 1 € RN. We say that

W is of Wigner type [Ajanki et al. 2017b] if its entries w;; for i < j are centred, Ew;; = 0, independent

random variables. We define the variance matrix or self-energy matrix S = (s; j)fV =1 Sij = E wlzj In

[Ajanki et al. 2017b] it was shown that as N tends to infinity, the resolvent G(z) := (H —z)~! of the
deformed Wigner-type matrix H = A + W entrywise approaches a diagonal matrix M(z) := diag(m(z))

for z € H:={z € C: 3z > 0}. The entries m = (my,...,my):H — HY of M have positive imaginary
parts and solve the Dyson equation
N
! +Y sijmj(z), zeH:={z€C:3z>0}, i €[N] (2-1)
— =z—a; i , = N s . -
mi(z) T

We call M or m the self-consistent Green’s function. The normalised trace (M) of M is the Stieltjes
transform (M (z)) = [p(z — z)~1p(dr) of a unique probability measure p on R that approximates the
empirical eigenvalue distribution of A + W increasingly well as N — co. We call p the self-consistent
density of states (scDOS). Accordingly, its support supp p is called the self-consistent spectrum. It was
proven in [Ajanki et al. 2015] that under very general conditions, p(dt) is an absolutely continuous
measure with a %—Hélder continuous density, p(t). Furthermore, the self-consistent spectrum consists of
finitely many intervals with square root growth of p at the edges, i.e., at the points in d supp p.

We call a point ¢ € R a cusp of p if ¢ € intsupp p and p(c) = 0. Cusps naturally emerge when we
consider a one-parameter family of ensembles and two support intervals of p merge as the parameter value
changes. The cusp universality phenomenon is not restricted to the exact cusp; it also occurs for situations
shortly before and after the merging of two such support intervals, giving rise to a one-parameter family
of universal statistics. More precisely, universality emerges if p has a physical cusp. The terminology
indicates that all these singularities become indistinguishable from the exact cusp if the density is resolved
with a local precision above the typical eigenvalue spacing. We say that p exhibits a physical cusp if it
has a small gap (e—, ¢e4+) C R\ supp p with e, e— € supp p in its support of size e —e_ < N-3ora
local minimum m € int supp p of size p(m) S N _%; see Figure 1. Correspondingly, we call the points
b:= %(e.,. + ¢_) and b := m physical cusp points, respectively. One of the simplest models exhibiting a
physical cusp point is the deformed Wigner matrix

H =diag(1,...,1,—1,...,—1)+ V1 +1W, (2-2)

with equal numbers of 1, and where W is a Wigner matrix of variance E|w;; |2 = N~ The ensemble H
from (2-2) exhibits an exact cusp if # = 0 and a physical cusp if |[t| S N _%, with ¢ > 0 corresponding to a
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\/

\N_?‘/ N4

Figure 1. The cusp universality class can be observed in a one-parameter family of

physical cusps.

small nonzero local minimum and ¢ < 0 corresponding to a small gap in the support of the self-consistent
density. For the proof of universality in the real symmetric symmetry class we will use (2-2) with
W ~ GOE as a Gaussian reference ensemble.

Our main result is cusp universality under the real symmetric analogues of the assumptions of [Erdés
et al. 2018]. Throughout this paper we make the following three assumptions:

Assumption (A) (bounded moments). The entries of the matrix ~/ N W have bounded moments and the
expectation A is bounded, i.e., there are positive Cy, such that

lai| < Co, |E|wij|k§CkN_%k, k eN.

Assumption (B) (flatness). We assume that the matrix S is flat in the sense s;j = E wlzj >c¢/N for some
constant ¢ > 0.

Assumption (C) (bounded self-consistent Green’s function). The scDOS p has a physical cusp point b,
and in a neighbourhood of the physical cusp point b € R the self-consistent Green’s function is bounded,
i.e., for positive C, k we have

lmi(z)| <C, zel[b—k,b+k]+iRT.

We call the constants appearing in Assumptions (A)—(C) model parameters. All generic constants in
this paper may implicitly depend on these model parameters. Dependence on further parameters, however,
will be indicated.

Remark 2.1. The boundedness of m in Assumption (C) can be, for example, ensured by assuming some
regularity of the variance matrix S. For more details we refer to [Ajanki et al. 2015, Chapter 6].

According to the extensive analysis in [Ajanki et al. 2015; Alt et al. 2018a] it follows! that there exists
some small §, ~ 1 such that the self-consistent density p around the points where it is small exhibits one
of the following three types of behaviours:

(1) Exact cusp. There is a cusp point ¢ € R in the sense that p(¢) =0 and p(¢£8) > 0for 0 #35 < 1. In
this case the self-consistent density is locally around ¢ given by

plc+w) = 14+ 0(lo|)] (2-3a)

ﬁy%|w|%[
2
for w € [—6«, 8«] and some y > 0.

IThe claimed expansions (2-3a) and (2-3d) follow directly from [Alt et al. 2018a, Theorem 7.2(c),(d)]. The error term
in (2-3b) follows from [Alt et al. 2018a, Theorem 7.1(a)], where we define y according to & therein.
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(2) Small gap. There is a maximal interval [e—, ¢4 ] of size 0 < A := ¢4 —e¢— <K 1 such that p[[,_ ., 1 =0.
In this case the density around ¢ is, for some y > 0, locally given by
4 1 1
3(2y)3 A3 2
ples £ o) = w\pedge 21+ 0 min] w3, 2= (2-3b)
27 A 3
for w € [0, §«], where
A1+ 2
Vegge (1) = vAl+2) iz, @30

A+2A+ 220+ AN+ (1 +2A -2 /A0 + A3 +1

(3) Nongzero local minimum. There is a local minimum at m € R of p such that 0 < p(m) < 1. In this
case there exists some y > 0 such that

pm o) 3/3y%w . 1 p(my* [ ? 1
= ot 5 ) -+ 0 it AT il S5 )] e
for w € [—6«, 6«], where
Wi (A) = V1422 . AeR (2-3¢)

WTTAZ+ 3+ (VTTAZ-3i—1

We note that the choices for the slope parameter y in (2-3b)—(2-3d) are consistent with (2-3a) in the sense
that in the regimes A < @ < 1 and p(m)3 < |w| < 1 the respective formulae asymptotically agree. The
precise form of the prefactors in (2-3) is also chosen such that in the universality statement y is a linear
rescaling parameter.

It is natural to express universality in terms of a rescaled k-point function p](CN) which we define
implicitly by )

[E(]Z) Y SR Ay :/k £ ™ () dx (2-4)
{i1 ik }CIN] R

for test functions f, where the summation is over all subsets of k distinct integers from [NV].

Theorem 2.2. Let H be a real symmetric or complex Hermitian deformed Wigner-type matrix whose
scDOS p has a physical cusp point b such that Assumptions (A)—(C) are satisfied. Let y > 0 be the slope
parameter at b, i.e., such that p is locally around b given by (2-3). Then the local k-point correlation
function at b is universal; i.e., for any k € N there exists a k-point correlation function p](sz/ GUE Such

that for any test function F € Cc1 (Q), with 2 C R¥ some bounded open set, it holds that
1
N3k x GOE/GUE -
/. F(")[y_kpzi (e yT) = SO0V ) 4 = 0 (NP F ),

where the parameter a and the physical cusp b are given by
0 in case (i), N in case (1),
2 . ..
o= 3(%)/A) SN2 in case (ii), b:= %(e_ +e4) incase (ii), (2-5)
—(np(m)/y)zN% in case (iii), m in case (iii),



622 GIORGIO CIPOLLONI, LASZLO ERDOS, TORBEN KRUGER AND DOMINIK SCHRODER

and ¢ (k) > 0 is a small constant only depending on k. The implicit constant in the error term depends on
k and the diameter of the set 2.

Remark 2.3. (i) In the complex Hermitian symmetry class the k-point function is given by

GUE(x) = det(Ko,a (i, xj))z =1

Here the extended Pearcey kernel K, g is given by

/ / exp(—gw* + JBw? —yw + Fz* — Jaz? + xz)

w—z
__ 1p=a « (y—x )2) )
,W(ﬁw)ep( 26-w) &0

. - 1; 1 .
where E is a contour consisting of rays from £ooe#'" to 0 and rays from 0 to £oce™ 4", and & is the

Ky p(x,y) = (271 B

ray from —ioo to ico. For more details we refer to [Tracy and Widom 2006; Adler et al. 2010; Brézin
and Hikami 1998b].

GOE

(ii) The real symmetric k-point function (possibly only a distribution) p;’-* is not known explicitly. In

fact, it is not even known whether pGOE is Pfaffian. We will nevertheless estabhsh the existence of pGOE
as a distribution in the dual of the C | functions in Section 3 as the limit of the correlation functions of a

one-parameter family of Gaussian comparison models.

Theorem 2.2 is a universality result about the spatial correlations of eigenvalues. Our method also allows
us to prove the corresponding statement on space-time universality when we consider the time evolution
of eigenvalues (A!); [y} according to the Dyson Brownian motion dH ) = dB, with initial condition
H®©® = H where, depending on the symmetry class, B; is a complex Hermitian or real symmetric
matrix-valued Brownian motion. For any ordered k-tuple T = (t1,..., ) with0 <7y <--- <z SN -3
we then define the time-dependent k-point function as follows. Denote the unique values in the tuple T by
o1 <--- <oy suchthat {rq,..., 7%} = {o1,...,07} and denote the multiplicity of o; in T by k; and note
that ) k; = k. We then define p](cj’vr) implicitly via

[E]_[[( ) > }f()tzl,...,/\?}

k1
{11 ’ :lk }CIN]

AT /\‘”)_/ f@pMVydx @7

for test functions f and note that (2-7) reduces to (2-4) in the case 11 = --- = 7 = 0. We note that
in (2-7) coinciding indices are allowed only for eigenvalues at different times. If the scDOS p of H has a
physical cusp in b, then for 7 < N =2 the scDOS pr of H® also has a physical cusp b; close to b and
we can prove space-time universality in the sense of the following theorem, whose proof we defer to
Appendix A.

Theorem 2.4. Let H be a real symmetric or complex Hermitian deformed Wigner-type matrix whose
scDOS p has a physical cusp point b such that Assumptions (A)—(C) are satisfied. Let y > 0 be the slope
parameter at b, i.e., such that p is locally around b given by (2-3). Then there exists a k-point correlation
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. _1 . = .
function p,?%E/ GUE Such that forany 0 <11 <--- <15 £ N~ 2 and for any test function F € C cl (2), with

Q C R¥ some bounded open set, it holds that

1
N#* x GOE/GUE —e(k)
[ F| S (e + yT) - P @) | ax = 0@V o)

where T = (t1,...,7), by = (bgy, ..., by ), a = — TN 2 with o from (2-5), and c(k) > 0 is a small
constant only depending on k. In the case of the complex Hermitian symmetry class the k-point correlation
function is known to be determinantal of the form

PEUE 4 (1) = det(Key oy (i X1)F .
with K g as in (2-6).

The analogous version of Theorem 2.4 for fixed energy bulk multitime universality has been proven in
[Landon et al. 2019, Section 2.3.1].

Remark 2.5. The extended Pearcey kernel K, g in Theorem 2.4 has already been observed for the
double-scaling limit of nonintersecting Brownian bridges [Adler et al. 2010; Tracy and Widom 2006].
However, in the random matrix setting our methods also allow us to prove that the space-time universality
of Theorem 2.4 extends beyond the Gaussian DBM flow. If the times 0 <7} <.-- <1 < N -3 are
ordered, then the k-point correlation function of the DBM flow asymptotically agrees with the k-point
correlation function of eigenvalues of the matrices

H+JuW, H+JuWi+Jo—uW., ... H+JuWi+ -+ Vo — -1 Wk

for independent standard Wigner matrices Wy, ..., Wy.

3. Ornstein—-Uhlenbeck flow

Starting from this section we consider a more general framework that allows for random matrix ensembles
with certain correlation among the entries. In this way we stress that our proofs regarding the semicircular
flow and the Dyson Brownian motion are largely model-independent, assuming the optimal local law
holds. The independence assumption on the entries of W is made only because we rely on the local law
from [Erd6s et al. 2018] that was proven for deformed Wigner-type matrices. We therefore present the
flow directly in the more general framework of the matrix Dyson equation (MDE)

14+ (z—A+S[ME))M(z)=0, A:=EH, S[R]:=EWRW, 3-1)

with spectral parameter in the complex upper half-plane, Jz > 0, and positive definite imaginary part,
%(M (z) — M(2)*) > 0, of the solution M. The MDE generalises (2-1). Note that in the deformed
Wigner-type case the self-energy operator S:CV*N — CN*N s related to the variance matrix S by
S|diag r] = diag(Sr).

As in [Erdss et al. 2018] we consider the Ornstein—Uhlenbeck flow

dH, = —L(H;— A)ds + 22[dB,],  S[R]:=LBEWTrWR, Hy:=H, (3-2)
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which preserves expectation and the self-energy operator S. Since we consider real symmetric H, the
parameter B indicating the symmetry class is 8 = 1. In (3-2) by B € RV XN we denote a real symmetric
matrix-valued standard (GOE) Brownian motion; i.e., (By);; fori < j and (By);;/ V2 are independent
standard Brownian motions and (By);; = (By);;. If H were complex Hermitian, we would have f = 2
and dB; would be an infinitesimal GUE matrix. This was the setting in [Erd6s et al. 2018]. The OU
flow effectively adds a small Gaussian component of size /s to Hy. More precisely, we can construct a
Wigner-type matrix H, satisfying Assumptions (A)—(C), such that, for any fixed s,

Hy = Hy + VesU, S;=8—¢sS°°F, FEH,=A, U~ GOE, (3-3)

where U is independent of H. Here ¢ > 0 is a small universal constant which depends on the constant in
Assumption (B), Sy is the self-energy operator corresponding to Hy and SSOF[R] := (R) + R’/ N, where
(-):= N~7!Tr(-) and R’ denotes the transpose of R. Since S is flat in the sense S[R] = (R) and s is
small, it follows that also S; is flat.

As a consequence of the well-established Green function comparison technique the k-point function of
H = FIO is comparable with the one of H saslongass <N —3—¢ for some € > 0. Indeed, from [Erdss
et al. 2018, equation (116)] for any F € Cc1 (), a compactly supported C! test function on a bounded
open set 2 C R¥, we find

1 X - X _
FNT*| pM o4+ =5 ) =M 0+ —5 ) |dx = Op oW CIIFllc1).  (3-4)
RK yN# yN4

where ﬁ](cj\? is the k-point correlation function of Hy and ¢ = ¢(k) > 0 is some constant.

It follows from the flatness assumption that the matrix Hj satisfies the assumptions of the local law
from [Erd6s et al. 2018, Theorem 2.5] uniformly in s < 1. Therefore [Erdés et al. 2018, Corollary 2.6]
implies that the eigenvalues of H; are rigid down to the optimal scale. It remains to prove that for long
enough times s the local eigenvalue statistics of Hy + /csU on a scale of 1/yN 1 around b agree with
the local eigenvalue statistics of the Gaussian reference ensemble around O at a scale of 1/N i By a
simple rescaling, Theorem 2.2 then follows from (3-4) together with the following proposition.

Proposition 3.1. Let t) := N_%Jr“’l with some small w1 > 0 and let ty be such that |ty —t1] < N_%.
Assume that H® and H® are Wigner-type matrices® satisfying Assumptions (A)—(C) such that the
scDOSs P, 1., Pyu,ts of HM + /1, UM and HW + /1, U W with independent UM | U ~ GOE have
cusps in some points ¢y, ¢, such that locally around ¢,, r = A, ju, the densities py;, are given by (2-3a)
with y = 1. Then the local k-point correlation functions p](cl’\t];r) of H) + JhU ) around the respective
physical cusps brs, of pre,» j = 1,2, asymptotically agree in the sense

1k (NA x 1k (N, x -

/ F(x)[N4kp£ " )([’A,tl + —3) — N o (bm - —)} dx = Og e (VO F 1)
RK ’ N1 ’ N4

forany F € Cc1 (), with Q C R¥ a bounded open set.

2We use the notation H*) and H ™) since we denote the eigenvalues of H @) and H®W by A; and pu; respectively, with
1<i<N.
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Proof of Theorem 2.2. Set s := 11 /c6% and H® := 0H;, where c is the constant from (3-3) and 6 ~ 1
is yet to be chosen. Note that H®) + \/1U = 0(H; + /t/62U), and in particular H® + /5;U = H.
Moreover, it follows from the semicircular flow analysis in Section 4 that for some 7 with |tx—#1| SN _%,
the scDOS 6p;, 4, (A-) of Hg++/t+/02U and thereby also p; ;, , the one of HWM 4 /1 U, have exact cusps
in ¢ /6 and c,, respectively. It follows from the %-Hélder continuity of the slope parameter, see [Alt et al.
2018a, Lemma 10.5, equation (7.5a)], that locally around ¢ /6 the scDOS of H + /1x/62U is given by

2 Vil ; ;
0.6+ 00) = O (6 5 +0)) = 214 0ol =11

Hence we can choose 6 = y[1 + O(|t; — t*l%)] appropriately such that
NEPE
7 |
big

and it follows that H® satisfies the assumptions of Proposition 3.1; in particular the slope parameter
of HM + V1« U is normalised to 1. Furthermore, the almost cusp b ;, of H @ 4 /1 U is given by
by s, = 0b with b as in Theorem 2.2.

We now choose our Gaussian comparison model. For o € R we consider the reference ensemble

Uy = UM :=diag(l,....1.—1,....,—~ 1)+ /1—aN"2U e RV*N U ~ GOE, (3-5)

with L%N J and |_%N -| times *1 in the deterministic diagonal. An elementary computation shows that

1
Pr ey + @) = 1+ 0(jw|3)]

for even N and o = 0, the self-consistent density of U, has an exact cusp of slope y = 1in ¢ =0; i.e.,
it is given by (2-3a). For odd N the exact cusp is at distance < N ! away from 0, which is well below
the natural scale of order N3 of the eigenvalue fluctuation and therefore has no influence on the k-point
correlation function. The reference ensemble Uy has for 0 # || ~ 1 a small gap of size N =3 or small
local minimum of size N4 at the physical cusp point |b| < 1/N, depending on the sign of «. Using
the definition in (3-5), let H .=y N1/24,, from which it follows that H ) 4 J/1xU ~ Uy has an exact
cusp in 0 whose slope is 1 by an easy explicit computation in the case of even N. For odd N the cusp
emerges at a distance of < N ~! away from 0, which is well below the investigated scale. Thus also H @
satisfies the assumptions of Proposition 3.1. The almost cusp b, 7, is given by b, ;; = 0 by symmetry
of the density py, s, in the case of even N and at a distance of b, s, | < N~ ! in the case of odd N. This
fact follows, for example, from explicitly solving a quadratic equation in two variables. The perturbation
of size 1/N is not visible on the scale of the k-point correlation functions.
Now Proposition 3.1 together with (3-4) and s ~ N —3tor implies

NE oy x 1k (N) X —c(k)
- F(x) % Pr b+ on: —N*"pp 4 GoE INE] dx = O (N [Fllci@y), (3-6)

with o = N%(Z* —11), where pl(c]\;)GOE

completes the proof of Theorem 2.2 modulo the comparison of p

denotes the k-point function of the comparison model Uy. This
(V)

k,a,GOE
to the size of the gap and the local minimum of p via [Erd6s et al. 2018, Lemma 5.1] (or (4-6a)—(4-6¢))

and recalling that 6 = y[1 + O(|t; — t*|%)].

with its limit by relating ¢, —#;
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To complete the proof we claim that for any fixed k and « there exists a distribution pGOE on R,
locally in the dual of C}(2) for every open bounded © C R¥, such that

N X _
/R F(x)[N4"p,£a’GOE(N ) p,?‘;Em]dx:ok,g(N @) Fllen) 3-7)
1

holds for any F € C!(2). We now show that (3-7) is a straightforward consequence of (3-6).

First notice that, for notational simplicity, we gave the proof of (3-6) only for the case when H and
U, are of the same dimension, but it works without any modification when their dimensions are only
comparable; see Remark 5.2. Hence, applying this result to a sequence of GOE ensembles UDEN") with
Ny = (%)n, for any compactly supported F € CCI(E_Z) we have

k (Nn X Ny d (k)
[ roo |t o 5 ) - btk () o = orat@ e @
4 4
N” n+1
Fix a bounded open set €2 C R¥ and define the sequence of functionals {.7, }»en in the dual space C 1(Q)* as

L X
A
RK Nn4

for any F € C1(Q2). Then, by (3-8) it easily follows that {7, }nen is a Cauchy sequence on C!(Q2)*.
Indeed, for any M > L we have by a telescopic sum

(Nn+1) X (N») X
F(x)[ n+1P kagé)E< 3 )_Nn4 pkaGOE( 3)}1"

4 N4

1 n

n+
Lc(k
<Ce. ( YO NF e (3-9)

[(Im — TL)(F)| =

Thus, we conclude that there exists a unique Jo € C cl (Q)* such that J, — Joo as n — 00 in norm.

Then, (3-9) clearly concludes the proof of (3-7), identifying Joo = Joo () GOE
GOE

with p,”o " restricted to Q. Since

this holds for any open bounded set 2 C R, the distribution p.” " can be 1dent1ﬁed with the inductive
limit of the consistent family of functionals {Joo m)}m>1, Where say, €2, is the ball of radius m. This

completes the proof of Theorem 2.2. O

4. Semicircular flow analysis

In this section we analyse various properties of the semicircular flow in order to prepare the Dyson
Brownian motion argument in Sections 6 and 7. If p is a probability density on R with Stieltjes transform m,
then the free semicircular evolution pl = p B /1 ps. of p is defined as the unique probability measure
whose Stieltjes transform m ¢ solves the implicit equation

myE(@) =m(& +1mf (L), {e€H, 1>0. (4-1)

Here /f py. is the semicircular distribution of variance ¢.
We now prepare the Dyson Brownian motion argument in Section 7 by providing a detailed analysis of
the scDOS along the semicircular flow. As in Proposition 3.1 we consider the setting of two densities p, oy,
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whose semicircular evolutions reach a cusp of the same slope at the same time. Within the whole section
we shall assume the following setup: Let p; , p, be densities associated with solutions My, M, to some
Dyson equations satisfying Assumptions (A)—(C) (or their matrix counterparts). We consider the free
convolutions p, ; := py H V1 pse and Pu,t = py H V1 pse of py, pu with semicircular distributions of
variance ¢ and assume that after a time ¢, ~ N ~2 7?1 both densities p A.tss Pty DAVE cusps in points ¢y, ¢y
around which they can be approximated by (2-3a) with the same y = y; (tx) = yu(t+). It follows from
the semicircular flow analysis in [Erd6s et al. 2018, Lemma 5.1] that for 0 < ¢ < ¢« both densities have

small gaps [e} ;, e;t ;). r = A, p in their supports, while for z, <t < 21, they have nonzero local minima in
some points m,;, r = A, . Instead of comparing the eigenvalue flows corresponding to py, p, directly,
we rather consider a continuous interpolation py for o € [0, 1] of p; and p. For technical reasons we
define this interpolated density py,; as an interpolation of p, ; and p,, ; separately for each time ¢, rather
than considering the evolution pg,o H Vit psc of the initial interpolation py,0. We warn the reader that
semicircular evolution and interpolation do not commute; i.e., Py, 7 Pa,0 B V1 psc. We now define the

concept of interpolating densities following [Landon and Yau 2017, Section 3.1.1].

Definition 4.1. For « € [0, 1] define the «-interpolating density pq.; as follows. For any 0 < E < §4 and
r=2A,ulet

o +E my+E
nre(E) = /+ pre@)do, 0<1<tw.  npy(E):= f pri@)do, 1w <1 <21
4

r.t mr.

be the counting functions and ¢, ;, ¢, their inverses; i.e., 1, (¢r,;(s)) = 5. Define now

Pa,t () :=agy () + (1 —a)pu.¢(s) 4-2)

for s € [0, 84x], where S« ~ 1 depends on 8« and is chosen in such a way that ¢q ; is invertible.> We
thus define ny ¢ (E) to be the inverse of ¢y ;(s) near zero. Furthermore, for 0 < <t set

eit = aef’t + (1 —oz)eit, (4-3)
d
Pai(eg; + E) = d—Ena,t(E), E €0, 4], 4-4)

and for t > t, set

Mg i=oamy  + (1 —a)my,,
d 4-5)
Pa,t(Mar + E) :=apy (my ) + (1 —a)pu(my )+ Ena’t(E)’ E €[04, 84].

We define po(E) for 0 <t <1y and E € [e, , — 6x, ¢, ,] analogously.

The motivation for the interpolation mode in Definition 4.1 is that (4-2) ensures that the quantiles of
Pa,: are the convex combination of the quantiles of p, ; and py ¢; see (4-13c). The following two lemmas
collect various properties of the interpolating density. Recall that py ; and p,,, are asymptotically close
near the cusp regime, up to a trivial shift, since they develop a cusp with the same slope at the same time.

3Invertibility in a small neighbourhood follows from the form of the explicit shape functions in (2-3b) and (2-3d)
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In Lemma 4.2 we show that py s shares this property. Lemma 4.3 shows that py  inherits the regularity
properties of p, ; and p,; from [Alt et al. 2018a].

Lemma 4.2 (size of gaps and minima along the flow). Fort <ty andr = o, A, i the supports of pr;

have small gaps [e,,, e;;] near ¢« of size

ty — 1t
3

and the densities are close in the sense

Brii= o=y = (M) 0 =0D] Ary = Al +0((6 —DD)], (462)

1
ora (6 £ ) = pua(ed, £ 0) [1 n o((z* by mm{ o}, (“’—)} )] (4-6b)
Ty —1)4

for 0 < w < x. Fortx <t <2ty the densities py; have small local minima my; of size
N
b4

pro(my) = 1+ 0t =12 pre(mps) = pus(mu )l + Ot —12)2)].  (4-6¢)

and the densities are close in the sense

Pr,t (mr,t + w)

_ 2 2
=1 +(9((t —t*)% +min{ (¢ —r*)%, M} +min{ w—s |w|§}) (4-6d)
Put(my r + ) 3

|o] (t —ts)2

for @ € [0+, 8x]. Here 8, 8xx ~ 1 are small constants depending on the model parameters in Assump-
tions (A)—(C).

Lemma 4.3. The density py from Definition 4.1 is well-defined and is a %—Hdlder continuous density.
More precisely, in the precusp regime, i.e., fort < t«, we have

1

Pl (e £X)| < " " ; (4-7a)
Po,t (eo(,t + x)(Pat (ea,t +x)+ Aé,:)
for 0 < x < 8x. Moreover, the Stieltjes transform mq ;s satisfies the bounds
|ma,t(%:£:,t +x)| <1,
|y|[log|y|| 4-7b
e (65, % (6 + 1)) = mas (e, £3)| < 2 . (+7b)
Pa,t(%jg:,t £ X)(0a,t (%jl:,t +x) + A;,t)
for|x| < %8*, |v| < x. In the small minimum case, i.e., fort > ty, we similarly have
1
Pt (May +X)| S 55— (4-8a)
W Pg.+ (Mo s + X)
for |x| < 6« and
lo
M (s + 0| S 1, i+ (5 1)) = s (g + )] 228 g

sz,t(ma,t + x)

for|x| <6« and |y| < |x|.
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Proof of Lemma 4.2. We first consider the two densities = A, u only. The first claims in (4-6a) and (4-6¢)
follow directly from [Erdds et al. 2018, Lemma 5.1], while the second claims follow immediately from
the first ones. For the proof of (4-6b) and (4-6d) we first note that by elementary calculus

Wedge (1 +€)A) = Weage(M)[1 + O(€)],  Wmin((1 + €)A) = WUnin(1)[1 + O(e)]
so that

AY W (i) A Wy (l)[l +O((te—0)h)]
A,t edge Ak’t M,t edge Au,t *
and the claimed approximations follow together with (2-3b) and (2-3d). Here the exact cusp case ¢ = 7«
is also covered by interpreting O%Wedge (w/0) = w3 /23.

In order to prove the corresponding statements for the interpolating densities py ¢, we first have to
establish a quantitative understanding of the counting function n,, and its inverse. We claim that for

r =a, A, u they satisfy, for 0 < £ <64, 0 <5 < s,

1
3 1 @2 ()
nra(E)~min) 2o B3 g ) ~maxisd s3ad 2 nind b (), 0 4 gy
Agt DAt (S) ’ AE
r, ’
fort <t, and
4 . 3 S
nrt(E) ~max{E3, Epr (M)},  @rs(s) ~mins4, ——— ¢,
Pr,t (mr,t) (4-9b)
) -
©r,e(5) . 1 ®,:(5) ‘pA :(5)
® ~ min go/u(s) ()’
DAt rt 7.t ,0 (mr ;)

for t > t4.

Proof of (4-9). We begin with the proof of (4-9a) for r = A, . Recall that the shape function Wegge
satisfies the scaling A3 Wegge(@w/A) ~ min{w% , w? / Aé}. We first find by elementary integration that

1

T 1 w2 9q% min{q,A}é—min{q,A}% . qz 4
minqw3, — ¢ do = ] ~min) ——,¢3
0 As 12A% A%

from which we conclude the first relation in (4-9a), and by inversion also the second relatlon Together

with the estimate for the error integral for py ,(e/1 , T ®)—pp, f(eu ; + o) <minf{w 3 a)/A }
7 2 W 6q§ min{q, A}§ —min{g, A}? q?

minjw3, — ¢ do = T ~ming —.¢3 ¢,
0 A3 10A3 A3

we can thus conclude also the third relation in (4-9a).

Wl

We now turn to the case ¢ > £« where both densities py ;, oy, exhibit a small local minimum. We first
record the elementary integral

a 1 w? g3 min{p®,q}3 + 12¢p® — 5min{g, p*}3 4
p+minj w3, —¢ | do = s ~max{g3,qp}
0 P 12p
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for g, p > 0 and easily conclude the first two relations in (4-9b). For the error integral we obtain

(1 @) (1 p* 1 w? (s ¢* ¢
minj w3, — |minj p2, —¢ + minj @3, — ¢ | do ~min) g3, —, =5 ¢,
0 p w p p’ o3

from which the third relation in (4-9b) follows. Finally, the claims (4-9a) and (4-9b) for r = « follow
immediately from Definition 4.1 and the corresponding statements for » = A, u. This completes the proof
of (4-9). d

We now turn to the density py, for which the claims (4-6a) and (4-6¢) follow immediately from
Definition 4.1 and the corresponding statements for p, , and p, ;. For ¢ < ¢« we now continue by
differentiating E = ¢, ;(n,,(E)) to obtain

B 1
Do, () aﬁoist(s) + (=)@, ,(s)

Pa,t (e;_,t + Pa,t(s)) =
o l—« -1
- - T -
Pre (&5 +01,0()  puilef, +¢u(s)

Pt (ei_,t +@3,:(5)) )_1
P,u,t(e;i_,; + @u.t(5))

—paalef, + ons) (a4 10

from which we can easily conclude (4-6b) for r = o together with (4-6b) for » = A and (4-9a). The proof
of (4-6d) for r = « follows by the same argument and replacing e:ft by m, ;. This finishes the proof of
Lemma 4.2 O

Proof of Lemma 4.3. By differentiating we find
ptlx,t(eo—tt +@a,r(5)) _ Ol(px’t(s)—i-(l—a)(plz,t (s)
Pat (e i+ 0ai(s)) (@) ()+(1—a)g; ,(s))?
( P 014 (5)
=\* 5 F
P2 (e 4 010(5)

p;/,,t (e,lt,t +9u.:(5)) )

+(1—a)
pi,t (e;:,t +@ue(s))

o l—o —2
X T + T )
PA,t(eA,t‘f’(PA,t(s)) Pt (eu,z+(pu,t(s))

from which we conclude the claimed bound (4-7a) together with the fact that the densities p; and p,
fulfil the same bound according to [Alt et al. 2018a, Remark 10.7], and the estimates from Lemma 4.2.
Similarly, the bound in (4-8a) follows by the same argument by replacing eit by mgy . The bound
|p'| < p~2 on the derivative implies %—H(’jlder continuity.

We now turn to the claimed bound on the Stieltjes transform and compute

ma,t(eit—i—x):/ Mda}—i—/ de
, 0 w—X 8, @ —Ngyr—Xx
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out of which for x > 0 the first term can be bounded by
B eh; to S |l — x|3 B e+ x
/ —pa’t( ot )da)ﬁ/ —| | da)—i—/ —/Oa,z( Ll )da)§|x|%|10gx|+|5*—x|%,
0 w—=X 0 2x w—=x

while the second term can be bounded by

/ Pa (g, + @) )
5 O — Aa r—X
both using the g—Hblder continuity of py ;. The corresponding bounds for x < 0 are similar, completing

the proof of the first bound in (4-7b).
The proof of the first bound in (4-8b) is very similar and follows from

b o —x|3 Pt (M + x)
[ 0= 40l + / Pot et TY) g < 1.
5, W—X 8,85\ [x— 585, x+ 18] w—=x

We now turn to the second bound in (4-7b), which is only nontrivial in the case x > 0. To simplify

the following integrals we temporarily use the short-hand notations m = my;, ¢ = eot P = Pays

0 < 185 — Aoy — x|3 + | Ags + x| [log(Agy + X)),

|moc,t (mot,t +x)| <

A = Ay, and compute

’

8+ + 8+ +
m(e++x+y)—m(e++x):/ de_/ de
—A-§, W—X—Y A=, W—X

where we now focus on the integration regime w > 0 as this is the regime containing the two critical
singularities. We first observe that

/5*_y ple™ +w+y) da)—/g* ple™ +w) o
0

—y w—X w—X

do + O(y),

w—X w—X

/5* p(et + o +y)—p(et + o) /0 p(et + o+ y)
= dw + _
0 -y

where the second integral is easily bounded by

0
1
/ —p(e+w+y)da)§—min{y%,y%A_é}S Y —.
-y WX X pet +x)(p(et +x) + A3)

We split the remaining integral into three regimes [O, %x], [;x 2] and [ x,6 ] In the first one we use

(4-7a) as well as the scaling relation p(et + @) ~ min{a)%,a)% A™ é} to obtain

1 1
jx + _ + jx 1
/ ple™ +w+y)—p(e —I—w)deX/ do
0 @ xJo p(e++w)(p(e++w)+A§)
2
<ym1n{x x;}w 2y —
x AS max{x3,x2As}

y
p(et + x)(p(et +x) + A3)

A
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The integral in the regime [%x, 8*] is completely analogous and contributes the same bound. Finally, we

are left with the regime [%x %x] which we again subdivide into [x—y, x4+ y] and [%x %x] \[x=y,x+y].

In the first of those we have

/x-l-y p(eT+o+y)—plet+w) o= /‘X+y p(et+w+y)—peT+x+y)—p(et +w)+p(et +x) do
x—=y w—x X

—y w—X
< Y -
p(et+x)(p(eT+x)+A3)

while in the second one we obtain
/ ,o(e++a)+y)—p(e++x+y)—,o(e++a))+p(e++x)dw
[$x,3x]\[x—y,x+»] w—Xx
< y /
T pet 4 x)(p(et +x) + A5) J[Ex 3\ r—yx)
< y|log y|
T p(et +x)(p(et +x) + AT)

lw — x|~ dw

Collecting the various estimates completes the proof of (4-7b).
The second bound in (4-8b) follows by a similar argument and we focus on the most critical term

3 pm+ o+ y) — pm+ o) o Xty 25\ p(m+ o + y) — p(m + o)
do = + + do.
— 18 w—X —38«  Jx—y x+y w—X

Here we can bound the middle integral by

f”y p(m+w+y)—p(m+w) ‘
dw
P

/x+y p(m+w+y)—pm+x+y)—p(m+w)+p(m+x) dw'

—y w—X —y w—X
<yl
~ p2(mx)’

while for the first integral we have

/"‘yp(m+w+y)—p(m+x+y)—p(m+w)+p(m+X) <yl AR S
15, w—X T p2(m+x) Jo1s, |o—x|
< Iy Iloglyll.
p*(m + x)
The third integral is completely analogous, completing the proof of (4-8b). O

4A. Quantiles. Finally we consider the locations of quantiles of p,; for r = &, A, ;t and their fluctuation
scales. For 0 <t <1, we define the shifted quantiles p,;(¢), and for #, <t < 21, the shifted quamtiles4

4We use a separate variable name y because in Section 8 the name § is used for the quantiles with respect to the base point M
instead of m.
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Yr,i () in such a way that

Vr.i () n i Vr.i (t) i
/(; p",t(er,t +(,l)) dCl) = N’ /(; pr,[(mr’t +C()) d(,l) == N,

Notice that for i = 0 we always have P, 0(t) = yr,0(¢t) = 0. We will also need to define the semiquantiles,

li| < N. (4-10)

distinguished from the quantiles by a star:

1 1

i— Vi@ i—41
) / pr,t(mr,t+w)dw: st 1 51 << N’ (4_11)
0

S]]

y:,’ @ n
/ pri(es, +w)do =
0

1

77 @ i+31 V7@ i+3
/ Pr,t (e;":t +w)do = —=, / Pr,t (mr,t +w)dw = N -N<Ki=<-1. (412
0 0

N

Note that the definition is slightly different for positive and negative i’s; in particular p* € [p;—1, y;] for
i > 1and p* €[y, Pi+1] for i <0. The semiquantiles are not defined for i = 0.

Lemmadd4. For 1 <|i| <K N, r=a, A, ;Land0<t<t* we have

yrl(t)~sgn(l)ma><{(| |) (M) (e —1)¢ } ;Z,,, :8

(4-13a)
5 = D 1 . VM i )
Vr,l(t)—yu,l(t) I1+0 (Z*—t)3+mln — 4 ,uz(l)
(tx — 1)
while for ty <t < 2ty we have
Vr.i(t) ~sgn(i) min l ) |ll( —t)_f
NJ) N
(1) © (4-13b)
v v 1 . j v
yr,l(t)zyﬂ,l(t)[1+0((t*_t)2+mln{ ‘yul 119)/Ml ) /Ll(l) })]
(tx—1)® Ix—
Moreover, the quantiles of py, are the convex combination
Va,i (1) =P i (0) + (1 =) Pp,i (@), Va,i(t) = aya ;i () + (1 —a)yu,i(?). (4-13c¢)
Proof. The proof follows directly from the estimates in (4-9a) and (4-9b). The relation (4-13c) follows
directly from (4-2) in the definition of the «-interpolating density. O

4B. Movement of edges, quantiles and minima. For the analysis of the Dyson Brownian motion it is
necessary to have a precise understanding of the movement of the reference points e;'f, and my;, r = A, i
For technical reasons it is slightly easier to work with an auxiliary quantity m,, which is very close
to m, ;. According to [Erdds et al. 2018, Lemma 5.1] the minimum m,; can approximately be found by
solving the implicit equation

ﬁlr’t = Cr — (t _t*)mmr,t (ﬁ:lr,t), ]ﬁr’t € R, r = A., M. (4—14&)

The explicit relation (4-14a) is the main reason why it is more convenient to study the movement of m;
rather than the one of m;. We claim that m,; is indeed a very good approximation for m, ; in the sense that
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1

~ 3,41 ~ 1
|mr,[ _mr,t| 5 (Z _t*)2+4, F\\‘Smr,t (mr’t) = )/z(t —l‘*)i + O([ —[*), r = A,, l/L (4—14b)

Proof of (4-14b). The first claim in (4-14b) is a direct consequence of [Erdés et al. 2018, Lemma 5.1].
For the second claim we refer to [Erdds et al. 2018, equation (89a)], which implies

Sy (Fire) = (1 — 1) 22 [1+ O((t = 1)3[Smps Fr)]$)] = Y2 )2 + O —1,). O

For the ¢-derivative of (semi-)quantiles y;;, i.e., points such that v

well as for the minima m, ;, we have the explicit relations

e Pr,z(x) dx is constant in ¢, as

%Vr,t = —Rmyr s (Yr,e), (4-14¢)
%rﬁr,t = —Nmp (M) + O —1x), 1x <1< 2t (4-14d)

In particular, for the spectral edges it follows from (4-14c) that
%e:f, =-—mp(ef,), 0=t =<t (4-14e)

Proof of (4-14c)—(4-14e). For the proof of (4-14c) we first recall that from the defining equation (4-1) of
the semicircular flow it follows that the Stieltjes transform m = m,({) of p; satisfies the Burgers equation

m=mm =L1m?), (4-15)

where prime denotes the - i derivative and dot denotes the & 57 derivative. Thus

1 VYr.t 1 Yr.t
Vet =——% iy (E)dE = ————3 (m2 Y(E)dE
" prt(Vrt) J-oo nt 207, (Vr,t) nt
Sm% t (Yre)
=——>2 """ = _Nm
23071 (Yrr) rt(Vrt)

follows directly from differentiating ngg pr,: (x) dx = const.
For (4-14d) we begin by computing the integral

4
/ . pr. (¢r +x) V3y3[x|3 4+ O(lx|3 ) y3
= = “dx= = (@ 3 4-16
mr,t* (Cr + 17']) o ()C —17’})2 X o 27T(X —1?7)2 377% + (77 ) ( )

so that by the definition m,;(z) = m;, (z + (t —t«)mr(2)) of the free semicircular flow,

d - d d
amr,t(mr,t) =m, t* (M + (2 — ta)my s (M, t))[ Wy +my (W) + (F — [*) mrt(mz t)j|

_ 1

o (3([ —t*)

= 1(; +O((t - t*)_é)) [%mrl(ﬁlr )+ —t*)ismrt(ﬁlr t)j|
3(r —ts) ’ ’ dt ’ ’

+O((t — 1)~ 2)) |:_mrt +mrt(mrt) + (¢ _t*) d mr t(mr t)]

= )/—2 li(\ ~ _ %
B (13(z —14)2 HEYTRE (m”))“ + Ot —1+)2)].
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Here we used (4-14a), (4-14b) together with (4-16) in the second step. The third step follows from taking
the 7-derivative of (4-14a). The ultimate inequality is again a consequence of (4-14b). By considering
real and imaginary parts separately it thus follows that

- 2 1 d -
¥y () = —— [+ O~ 1) D] Ry () = O(1),
dr 2(l —14)2 dr
and therefore (4-14d) follows by differentiating (4-14a). O

4C. Rigidity scales. In this section we compute, up to leading order, the fluctuations of the eigenvalues
around their classical locations, i.e., the quantiles defined in Section 4A. Indeed, the computation of the
fluctuation scale for the particles x; (¢), y; (¢), defined in (5-5), (5-7), will be one of the fundamental inputs
to prove rigidity for the interpolated process in Section 6. The fluctuation scale nf () of any density
function p(w) around t is defined via

r+nf(r) 1
/ p(@)do = -
t—nf (v) N

for T € supp p and by the value n¢(t) := n¢(z’), where ©’ € supp p is the edge closest to T for T & supp p.
If this edge is not unique, an arbitrary choice can be made between the two possibilities. From (4-13a)

we immediately obtain for 0 <¢ <t, and 1 <i < N that

Aét
r A r,
77? ! (ej:t + Vr,%i (t)) ~ max% 2.1
N3i3 N
while for t. <t <2tx, 1 <|[i| < N we obtain from (4-13b) that

s 1
T 3 1%, r=a, A, u, (4-17a)
ii4

y . 1 1 . 1 1
%Wmﬁmmwmﬁ : 31}mﬁ R },wwww<Mm
Npri(Mrs) Nilji|a N(t—ts)2 Nili|a
In the second relations we used (4-6a) and (4-6¢). For reference purposes we also list for 0 <i, j <K N

the bounds 1

A R APl =] i—j
|)/r’j(t)—)/r,j(t)|NmaX{ 2r,t 1° 3| J| 1 } (4_18)
N3G +j)5 NiG+j)s
in the case ¢ <t and
|%ﬁa>—fnxol~nm4 =gl J’_J'1§ (4-19)
pri(mr )N Na@i+ j)4
in the case ¢t > t.. Furthermore we have
1 .1
+ n A 13 14
Pr,t (er,t + Vri () ~ mln{ I ) _1} , (4-20)
N3(tx—1t)s N*
.1
M 14
Pre(Mys 4+ pri (1)) ~ max{ Pre(Myz), F} . (4-21)
4
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4D. Stieltjes transform bounds. It follows from (4-6b) and (4-6d) that also the real parts of the Stieltjes
transforms meg s, mj 4, My, are close. We claim that forr = A, o and v € [0, 4] and 0 < <4 we have

{m[(mr,t(e:t +v)— mr,t(e:t)) - (m,u,t(e;r,t +v)— m,,v,;(e;’t))]‘
< IR + (=03 flogll| + (@ — ) B < —1A,,). (@-22a)
while for ¢, <t < 2t we have
|R[mrp My +v) = Mg (W) — (M (s + 1) =My ()|
<V =t + (e —0)F + 03] loglv]].  (4-22b)

Proof of (4-22). We first recall from Lemma 4.3 that also the density py ¢ is %—Hﬁlder continuous, which
we will use repeatedly in the following proof. We begin with the proof of (4-22a) and compute for
r=o,A, U1

VPt (e;i,_t + ) d /oo vor (e, — ) do. (4-23)
0

N[my (e, +v) —mp (e =/
(Gt =l = f T S @+ Ars+ V)@ +Ary)

For v > 0 the first of the two terms is the more critical one. Our goal is to obtain a bound on

oo
Vv
/0 m[m,t (%tt + ) = pus (ej,, + )] dw

by using (4-6b). Let 0 <€ < %v be a small parameter for which we separately consider the two critical
regimes 0 < w < ¢€ and |v —w| <e. We use

1 1
pri(ef +®) Sw3 and  pri(ef; + @) = pri(ef; + V) + O(lo—v]3), r=2Apu (424

from the %-Hélder continuity of p,; and the fact that the integral over 1/(w —v) fromv —etov + €
vanishes by symmetry to estimate, for r = A, u,

€
V
/0 (w_—v)wpr,t(e;':t + w) do

/V+€ Prit (ej,_z + ) _ Pri (ej,_t +w) d
v ®—V 1)

€ 2 1
5/ |w]|73 dw S €3,
0

W=

vt+e 2 2 5
) 5/ |o—v|"3dw+€v™3 €3 +€v 3,
V—e€

—€

Next, we consider the remaining integration regimes where we use (4-6b) and (4-24) to estimate

v—e v
/ (@ —v)o [or,t (ej:t +w) = pu (ez,t + )] dw‘
€

1 1 2 1 1
Vw3 (ty—1)3 3 V=€ (3 (ty —1)3 k
5/ w3(tx—1)3 + o da)—i—/ (v (t« —1) LY )da)
p w v w—v w—V

SV3((te—1)3 +v7)[loge]

D=
WIN

D=
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and similarly

o v 1 L1
[ g e 6 0) = st + 00| 03—} D ogel.
VT€

We now consider the difference of the first terms in (4-23) for r = A, i and for v < 0, where the bound is
simpler because the integration regime close to v does not have to be singled out. Using (4-6b) we find

v 2 1o
/o =)o [ori (e, 4+ @) = pus(eff ; + w)] da)‘ <3+ (te—1)3v]3.

Finally, it remains to consider the difference of the second terms in (4-23). We first treat the regime
where v > _%Ar,t and split the difference into the sum of two terms

/00( VPr,t (er_,z —w) . VPr,t (er_,t —w) ) do
0o \(@+A+v)(@+Ar) (0+Au+v)(@+Auy)

® pri(er; —0)2Ar; + 20 + |v]]
S|v||Ar,t—AM,t|/ L 2r 2

0 (a)+Ar,t +v) (a)+Ar,t)
=Byl [Ar -

Ay 11
wtl < o= b

2 2
AL (At
and
oo % ¢, —w v ¢, , —w
/ ( pri(er; — @) - Prt (S0 =) )da)‘ <3+ (e —1)3 )3,
0 (a)+AM,t +V)(a)+A,u,l) (a)+AM,t +V)(a)+A,u,l)

Here we used pr,t(er_’t —w) < a)%, as well as (4-6a) for the first and (4-6a), (4-6b) for the second

computation. By collecting the various error terms and choosing € = v? we conclude (4-22a).
We define k := —v — A, ;. Then we are left with the regime v < —%Am or equivalently « > —%A ot
and use

mr,,(e;':t +v) —mpy (ej:t) = My (e —K) —myp (e ) + (mpe(e,,) — mr,t(e;t-t)) ,
as well as
Myt (e;‘;t +v) —mu,t(ez,z) = (mu,,t(e;,z =K+ B — D) —mp (e, — K))
+ (mu,t (e;,t —K) _mu,t(e;,t)) + (mpc,t (e;,t) - mu,t(e,t,t)) (4-25)

in the left-hand side of (4-22a). Thus we have to estimate the three expressions

|R[r.e (e — 1) = My (€)= (g (651 — 1) — e (e D, (4-262)
}m[(mr,t (er_,t) —Myy (e;t_t)) —(myz (e;,t) Myt (e;:,t))”’ (4-26b)
[R[m e (e s — Kk + Ape — Art) —my (e, , —©)]|. (4-26¢)

In order to bound the first term we use that estimating (4-26a) for x > —%Ar,t is equivalent to estimating
the left-hand side of (4-22a) for v > —%Ar,t, i.e., the regime we already considered above. This
equivalence follows by using the reflection A — —A of the expectation (see (3-1)) that turns every
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left edge e ¢ into a rlght edge e . In particular, by the analysis that we already performed (4-26a) is
bounded by |« |3 3 [Ix] 34 (tx« —1)3 ]|log|/<||. Since |k| < |v|, this is the desired bound.

For the second term (4-26b) we see from (4-23) that we have to estimate the difference between the
expressions

o0 A et o A e, —w
f r,t pr,t( r,t ) do + [ r,tpr,t( r,t ) dw (4_27)
0 0

w(w+ Ary) w(w~+ Ary)
for r = o, A, . The summands in (4-27) are treated analogously, so we focus on the first summand. We

split the integrand of the difference between the first summands and estimate

(Are = Apt)pra(efy + o) A A3 + (e =1)3)
B Sk b B (e + @) = ppa (), +w) S ——5 ,
(0 + Arg)(0+ Apy) w(@+ Auy) w3(w+ A)

where A := A, ; ~ A, and we used (4-6a), (4-6b) and the first inequality of (4-24). Thus

+ +
/°° Aripre(e,, + o) w_/oo Aptppt (e, + ) do| <%t A%(t* —t)%.
0 0

o+ Ary) w(w+ Ayy)

Since |v| Z A, this finishes the estimate on (4-26b).
For (4-26c) we use the %—Ht‘)lder regularity of m, , and (4-6a) to get an upper bound

A3ty —1)9 < (tx —1) 5.

This finishes the proof of (4-22a).

We now turn to the case of a small local minimum in (4-22b) and compute for r = o, A, & and v # 0

VPOr,t (mr,t +w) d

Ry (Mg +0) —mpp(Wy,)] = fR (@—v)o

Without loss of generality, we consider the case v > 0, as v < 0 is completely analogous. As before,
we first pick a threshold %6 < v and single out the integration over [—¢, €] and [v — €, v + €]. From the
%—Hélder continuity of p,; we have, forr = A, p,

1
Pr,t (mr,t +w) = Pr,t (mr,t +v)+0(v—w|3)

S ‘/ —p”(mrt—i_w) ‘ / |w|_%da)<e%
v’ —€ —€ ~

/v+e Pre(My s + )
v—e

w

and therefore

‘/ prt(mrt +w)
—€

w—V

and

/v—l—e Pr,t (mr,t +w)
v—e

v+e 2 .
do| < |w—v|73dw €3,
®w—v v

—€

€
do| < —.
)

We now consider the difference between p,, and p, ; for which we have

1 1 3 2
lore (M + @) —pp sy + @) S —te)|o]3( —t)3 + (f —14)* + |@]3
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from (4-6d), (4-6¢) and the %—Hdlder continuity of p,,. Thus we can estimate

—€ v—€ o0 V(p/l,t(mr,t +w)_pr’t(mr”+w))
R N e

[ et
= w
—00 € v+e |a)_v|w

< |10ge|[v%(t —Z*)% +(t —t*)% + v%]

We again choose € = v? and by collecting the various error estimates can conclude (4-22b). O

5. Index matching for two DBM

For two real symmetric matrix-valued standard (GOE) Brownian motions ;ng), %g“ ) e RV*N we define
the matrix flows
A A
H® = g® P g .= g 4 g (5-1)
In particular, by (5-1) it follows that
Ht(k) 4 H® 4 JiuW, Ht(M) d HW 4 Jiuw (5-2)

for any fixed 0 <t < ¢, where U ) and U™ are GOE matrices. In (5-2) with X 4 Y we denote that
the two random variables X and Y are equal in distribution.

We will prove Proposition 3.1 by comparing the two Dyson Brownian motions for the eigenvalues of
the matrices H t(k) and H t(“ ) for 0 <t <t1; see (5-3)—(5-4) below. To do this, we will use the coupling
idea of [Bourgade and Yau 2017; Bourgade et al. 2016], where the DBMs for the eigenvalues of H ,(A) and
H ,(“ ) are coupled in such a way that the difference of the two DBMs obeys a discrete parabolic equation
with good decay properties. In order to analyse this equation we consider a short-range approximation
for the DBM, first introduced in [Erdés and Yau 2015]. Coupling only the short-range approximation of
the DBMs leads to a parabolic equation whose heat kernel has a rapid off-diagonal decay by finite speed
of propagation estimates. In this way the kernels of both DBMs are locally determined and thus can
be directly compared by optimal rigidity since locally the two densities, hence their quantiles, are close.
Technically it is much easier to work with a one-parameter interpolation between the two DBMs and
consider its derivative with respect to the parameter, as introduced in [Bourgade and Yau 2017]; the proof
of the finite-speed propagation for this dynamics does not require us to establish level repulsion, unlike in
several previous works [Erd6s and Schnelli 2017; Erdés and Yau 2015; Landon and Yau 2017]. However,
it requires us to establish (almost) optimal rigidity for the interpolating dynamics as well. Note that optimal
rigidity is known for H ,(A) and H ,(M ) from [Erd6s et al. 2018], see Lemma 6.1, but not for the interpolation.
For a complete picture, we mention that in the works [Erd6s and Schnelli 2017; Erdés and Yau 2015;
Landon and Yau 2017] on bulk gap universality, beyond heat kernel and Sobolev estimates, a version of
the De Giorgi—Nash—Moser parabolic regularity estimate, which used level repulsion in a more substantial
way than finite speed of propagation, was also necessary. Fixed energy universality in the bulk can be
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proven via homogenisation without De Giorgi—-Nash—Moser estimates; hence level repulsion can also be
avoided [Landon et al. 2019]. In a certain sense, the situation at the edge/cusp is easier than the bulk regime
since relatively simple heat kernel bounds are sufficient for local relaxation to equilibrium. In another
sense, due to singularities in the density, the edge regime and especially the cusp regime are more difficult.

In Section 6 we will establish rigidity for the interpolating process by DBM methods. Armed with
this rigidity, in Section 7 we prove Proposition 3.1 for the small gap and the exact cusp case, i.e., ] < 4.
Some estimates are slightly different for the small minimum case, i.e., tx < f; < 2t4; the modifications
are given in Section 8. We recall that 4 is the time at which both H t(f) and H l(f ) have an exact cusp.
Some technical details on the corresponding Sobolev inequality and heat kernel estimates, as well as
finite speed of propagation and short-range approximation, are deferred to the Appendix; these are similar
to the corresponding estimates for the edge case (see [Bourgade et al. 2014] and [Landon and Yau 2017],
respectively).

In the rest of this section we prepare the proof of Proposition 3.1 by setting up the appropriate framework.
While we are interested only in the eigenvalues near the physical cusp, the DBM is highly nonlocal, so we
need to define the dynamics for all eigenvalues. In the setup of Proposition 3.1 we could easily assume
that the cusps for the two matrix flows are formed at the same time and their slope parameters coincide —
these could be achieved by a rescaling and a trivial time shift. However, the number of eigenvalues
to the left of the cusp may macroscopically differ for the two ensembles, which would mean that the
labels of the ordered eigenvalues near the cusp would not be constant along the interpolation. To resolve
this discrepancy, we will pad the system with N fictitious particles in addition to the original flow of
N eigenvalues, much as in [Landon et al. 2019], giving sufficient freedom to match the labels of the
eigenvalues near the cusp. These artificial particles will be placed very far from the cusp regime and from
each other so that their effect on the dynamics of the relevant particles is negligible.

With the notation of Section 4, we let py ;, pu,r denote the (self-consistent) densities at time 0 <7 <1,
of HI(A) and Ht(”“ ), respectively. In particular, py o = p; and p,0 = pp, where py, py, are the self-
consistent densities of H®* and H®™ and Pai» Pu.t are their semicircular evolutions. For each 0 <7 <t

both densities py, ¢, py,r have a small gap, denoted by [¢; ,, e;{ ,Jand [ e;r’,], and we let

e;,t,
Aysi= eit = Aup= e:;J —

denote the lengths of these gaps. In the case of 7« <7 < 21, the densities p, ;, oy, have a small minimum
denoted by m, , and m,, ; respectively. Since we always assume 0 <¢ <7; < 1, both H I(A) and H t(“ )
will always have exactly one physical cusp near ¢, and ¢, respectively, using that the Stieltjes transform
of the density is a Holder continuous function of ¢; see [Alt et al. 2018a, Proposition 10.1].

Let i) and i, be the indices defined by

/ex.o i)—1 /e;.o in—1
pr = : Pu = :
oo N o N

By band rigidity (see Remark 2.6 in [Alt et al. 2018b]) i3 and i,, are integers. Note that by the explicit
expression of the density in (2-3a)—(2-3b) it follows that cN <i,,i, < (1 —c)N with some small ¢ > 0,

because the density on both sides of a physical cusp is macroscopic.
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We let A; () and p;(¢) denote the eigenvalues of H ,()“) and H t(“ ) respectively. Let {B; };e[—n,N]\{0}

be a family of independent standard (scalar) Brownian motions. It is well known [Dyson 1962] that the

)

eigenvalues of H t(l satisfy the equation for Dyson Brownian motion, i.e., the system of coupled SDEs

[2 1 1
di; = /—dBi—; — dr 5-3
i N ZZA+I+NZA'1'_A]' ( )
J#i
with initial conditions A; (0) = A; (HW)). Similarly, for the eigenvalues of H t(“ ) we have
12 1 1
du; = /—dBi—i, +1 + — dt (5-4)
i N GPi—int N ; Wi —

with initial conditions p; (0) = u; (H ). Note that we chose the Brownian motions for A; and j;4; L—ix
to be identical. This is the key ingredient for the coupling argument, since in this way the stochastic
differentials will cancel when we take the difference of the two DBMs or we differentiate it with respect
to an additional parameter.

For convenience of notation, we will shift the indices so that the same index labels the last quantile
before the gap in p, and p,,. This shift was already prepared by choosing the Brownian motions for u;,
and A;, to be identical. We achieve this shift by adding N “ghost” particles very far away and relabelling,
as in [Landon et al. 2019]. We thus embed A; and j; into the enlarged processes {x; }; c[—n,N]\{0} and
{yi}ie[-N,N]\{0}- Note that the index 0 is always omitted.

More precisely, the processes x; are defined by the SDE (extended Dyson Brownian motion)

d ,/2d3+12 L oo 1<|i|<N (5-5)
X = — ] - ) S| = ) -
! N "' N —~ Xj — Xj
J#i
with initial data
—N200 LiN if =N <i <—iy,
Ai+i, (0) ifl1—i) <i<-1,
x0)=1"" o . (5-6)
ki+i)t—1(0) if1 <i <N+1—iy,
N2 4 iN if N+2—i) <i <N,
and the y; are defined by
2 1 1 .
dyi =/ dBi + = ) e, 1=<Ji| =N, (5-7)
N N = yi—yj;
J#i
with initial data
—N200 i N if =N <i<—i,,
Wi+i, (0) ifl—l'ufl' <-I,
yi(0) = 8 e . (5-8)
Miti,—1(0) if 1 <i <N+1—iy,
N2 4N ifN+2—i,<i<N.

The summations in (5-5) and (5-7) extend to all j with 1 <|j| < N except j =1i.
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The following lemma shows that the additional particles at distance N2°° have negligible effect on
the dynamics of the re-indexed eigenvalues; thus we can study the processes x; and y; instead of the
eigenvalues A;, ;. The proof of this lemma follows by Appendix C of [Landon et al. 2019].

Lemma 5.1. With very high probability the following estimates hold:

sup sup |xi (1) = Aj i1 (0)] < N 7100,
0<t<1 1<i<N+1-i,

—100
sup sup |xi(t)_)‘i+i)\(t)|§N ’
0<t<1 1-i}<i<N+1-i,

—100
sup sup  |yi (1) = piti,—1(0)] < N7H0,
0<t<1 1<i<N+1-iy,

sup sup i (1) = pti, ()] < N7,

0<t<11—iy<i<N+1—iy

200 200
sup Xx—j, (1) S—N“"",  sup xn42-i, (1) T N°,

0<t<1 0<r<1

200 200

sup y—i, (1) S—N-",  sup yny42-i, (1) I N
0<t<1 0<t<1

Remark 5.2. For notational simplicity we assumed that H ) and H®™ have the same dimensions,
but our proof works as long as the corresponding dimensions N, and N, are merely comparable, say
%N 2 <Ny < %N 2- The only modification is that the times in (5-1) need to be scaled differently in
order to keep the strength of the stochastic differential terms in (5-3)—(5-4) identical. In particular, we
rescale the time in the process (5-3) as t’ = (N, /N, )t, in such a way the N-scaling in front of the
stochastic differential and in front of the potential term are exactly the same in both the processes (5-3)
and (5-4); namely we may replace N with N, in both (5-3) and (5-4). Furthermore, the number of
additional “ghost” particles in the extended Dyson Brownian motion (see (5-5) and (5-7)) will be different
to ensure that we have the same total number of particles; i.e., the total number of x- and y-particles will
be 2N :=2max{N,, N, }, after the extension. Hence, assuming that N;, > N, there willbe N = N,
particles added to the DBM of the eigenvalues of H (1) and 2N, — N, particles added to the DBM
of HM. In particular, under the assumption N, > N,, we may replace (5-6) and (5-8) by

—NZO+iN, if =N, <i<—iy, —NZ+iN, if =N, <i<-—iy,
Ai+iy (0) if 1-i) <i <—1, Wi+i, (0) if 11, <i <—1,
i (0=, o . yi(0)= o .
i+i—1(0)  if1=<i <N;+1-i, Mi+i,—1(0) i 1 <i <Ny+1-iy,
N24iN, i Ny+2—iy <i <N, NZO+iNy i Np+2—ip <i <Ny

Then, all the proofs of Sections 5 and 6 are exactly the same as in the case N := N, = N,, since all the
analysis of the latter sections is done in a small, order-1 neighbourhood of the physical cusp. In particular,
only the particles x; (¢), y; (t) with 1 <|i| <emin{N,, N, }, for some small fixed € > 0, will matter for our
analysis. The far-away particles in the case will be treated exactly as in (5-9)—(5-13) replacing N by N,.
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We now construct the analogues of the self-consistent densities py ;, oy, for the x(7) and y(z)

processes, as well as for their «-interpolations. We start with py ;. Recall p, ; from Section 4, and set
1 —iy 1 N
pra(E)i=pre(E)++ ) V(E-—xi)++ Y, Y(E-x(). EeR (59
i=—N i=N-+2—iy

where ¥ is a nonnegative symmetric approximate delta-function on scale N1, i.e., it is supported in
an N~! neighbourhood of zero, [ =1, [[{[loc < N and ||¥/[|cc < N?. Note that the total mass is
fR px.: = 2. For the Stieltjes transform my ; of px s, we have sup,cc+|my (z)| < C since the same
bound holds for p, ; by the shape analysis. Note that p, ; is the semicircular flow with initial condition
Px,t=0 = p, by definition, but py ; is not exactly the semicircular evolution of px 0. We will not need this
information, but in fact, the effect of the far-away padding particles on the density near the cusp is very tiny.

Since py,; coincides with p, ; in a big finite interval, their edges and local minima near the cusp regime
coincide; i.e., we can identify
eit = ejﬁt, My, =My ;.
The shifted quantiles and semiquantiles yy ; (¢), yx,; (t) and )?;:l (1), )?;:l (¢) of pyx, are defined by the
obvious analogues of the formulas (4-10)—(4-12) except that the r subscript is replaced with x and the
indices run over the entire range 1 < |[i| < N. As before, yx o(f) = ej’t. The unshifted quantiles are
defined by

Yri () = Pri (D) + e, 0<1<ix, Vi (1) = Vi (1) + s, 1o ST <2y,

and similarly for the semiquantiles.

So far we explained how to construct px ; and its quantiles from py ;; in exactly the same way we
obtain py, ; from p, ; with straightforward notation.

Now for any « € [0, 1] we construct the «-interpolation of px ; and p) ;, which we will denote by p;.
The bar will indicate quantities related to «-interpolation that implicitly depend on «; a dependence that we
often omit from the notation. The interpolating measure will be constructed via its quantiles; i.e., we define

Vi(t):=aPxi(O)+A—a)Pyi (1), ¥ (0):=ap;(O)+(1—a)py; (1), 1=[i[<N, 0=t =tx, (5-10)
and similarly for 7, <t < 2t, involving y’s. We also set the interpolating edges
e :ae;—"’t —|—(l—a)e;ft. (5-11)

Recall the parameter 64« describing the size of a neighbourhood around the physical cusp where the
shape analysis for p, and p, in Section 2 holds. Choose i(d«) ~ N such that |y, _;,)(t)| < 6« and
|7x,i(8,) (t)] < 8 hold for all 0 < ¢ < 2t,. Then define, for any E € R, the function

pr(E) = pai (B) W(7-ig (O +& S E <FigoO+8 )+ 3, VE-F -7 (). (5-12)
i(8+)<li|l<N

where pg ; is the a-interpolation, constructed in Definition 4.1, between p, ;(E) = px,.(E) and py : (E) =
Py, (E) for |[E| < §«. By this construction (using also the symmetry of y/) we know that all shifted
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semiquantiles of p; are exactly y* (). The same holds for all shifted quantiles y; (7) at least in the interval
[—84, 6x] since here p; = pq,; and the latter was constructed exactly by the requirement of linearity of
the quantiles (5-10); see (4-13c).
We also record f pr = 2 and that for the Stieltjes transform m1;(z) of p; we have
max |ms(z)| <C (5-13)
1fz—e <18

for all 0 <t < 2t,. The first bound follows easily from the same boundedness of the Stieltjes transform
of pa,:. Moreover, m;(z) is %—H()'lder continuous in the regime [Nz — E;L| < %8* since in this regime
Pt = Pa,r and pg ;¢ 1S %—Hélder continuous by Lemma 4.3.

6. Rigidity for the short-range approximation

In this section we consider Dyson Brownian Motion (DBM), i.e., a system of 2N coupled stochastic
differential equations for z(t) = {z; (¢) }[—n,n]\{0} Of the form

d ,/2d3+12 L 1<l|i|<N (6-1)
Zj = . j . ) = = ) -
! N "' N r Zi —Zj :

with some initial condition z; (¢ = 0) = z; (0), where B(s) = (B_n(s),..., B_1(s), B1(s),..., By (s))
is the vector of 2N independent standard Brownian motions. We use the indexing convention that all
indices i, j, etc., run from —N to N but the zero index is excluded.

We will assume that z; (0) is an «-linear interpolation of x; (0), y; (0) for some « € [0, 1]:
zi(0) = z; (0, @) :== ax; (0) + (1 — ) y; (0). (6-2)

Throughout this section we will refer to the process defined by (6-1) using z (¢, &) in order to underline
the a-dependence of the process. Clearly for o = 0, 1 we recover the original y(¢) and x(¢) processes,
z(t,a=0)=y(t), z(t,a=1) = x(¢). For these processes we have the following optimal rigidity estimate,
which is an immediate consequence of [Erdds et al. 2018, Corollary 2.6] and Lemma 5.1:

Lemma 6.1. Let ri(t) = x;(¢t) or ri(t) = yi(t) and r = x,y. Then, there exists a fixed small € > 0,
depending only on the model parameters, such that for each 1 < |i| < €N, we have

sup i (£) = yri ()] < NP (pri (1)) (6-3)

0<t<2t4
for any & > 0 with very high probability, where we recall that the behaviour of r]fr’t (yr,i(t)), withr =x,y,
is given by (4-17a).

Note that, by (4-6a), (4-6¢) and (4-17), for all 1 < |i| < €N and for all 0 <t < t, we have

1
6@l

) N
e (rri (1)) S —

3 (6-4)
UENE

with r = x, y.
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In particular, we know that z(0, o) lie close to the quantiles (5-10) of an «-interpolating density
pz = Po; see the definition in (5-12). This means that p, has a small gap [¢;, ¢]] of size A, ~ t*% (.e.,
it will develop a physical cusp in a time of order 7x) and it is an a-interpolation between px o and py 0.
Here interpolation refers to the process introduced in Section 5 that guarantees that the corresponding
quantiles are convex linear combinations of the two initial densities with weights « and 1 —a, i.e.,

Vzi =ayx,i+ (1—a)yy,i.
In this section we will prove rigidity results for z (¢, o) and for its appropriate short-range approximation.

Remark 6.2. Before we go into the details, we point out that we will prove rigidity dynamically, i.e.,
using the DBM. The route chosen here is very different from the one in [Landon and Yau 2017, Section 6],
where the authors prove a local law for short times in order to get rigidity for the short-range approximation
of the interpolated process. While it would be possible to follow the latter strategy in the cusp regime
as well, the technical difficulties are overwhelming; in fact already in the much simpler edge regime a
large part of [Landon and Yau 2017] was devoted to this task. The current proof of the optimal law at
the cusp regime [Erdés et al. 2018] heavily uses an effective mean-field condition (called flatness) that
corresponds to large time in the DBM. Relaxing this condition would require adjusting not only [Erdss
et al. 2018] but also the necessary deterministic analysis from [Alt et al. 2018a] to the short-time case.
Similar complications would have arisen if we had followed the strategy of [Adhikari and Huang 2018;
Huang and Landon 2016] where rigidity is proven by analysing the characteristics of the McKean—Vlasov
equation. The route chosen here is shorter and more interesting.

Since the group velocity of the entire cusp regime is different for px; and py ;, the interpolated
process will have an intermediate group velocity. Since we have to follow the process for time scales
t~N _%Jr“’l, much bigger than the relevant rigidity scale N _%, we have to determine the group velocity
quite precisely. Technically, we will encode this information by defining an appropriately shifted process
Z(t,a) = z(t, ) — Shift(¢, o). It is essential that the shift function is independent of the indices i to
preserve the local statistics of the process. In the next section we explain how to choose the shift.

6A. Choice of the shifted process z. The remainder of Section 6 is formulated for the small gap regime,

i.e., for 0 <t < t.. We will comment on the modifications in the small minimum regime in Section 8. To

J’_
Z,t>

[e7.s5 ej’,] is the gap of the semicircular evolution p; ; of p, near the physical cusp, and approximate

match the location of the gap, the natural guess would be to study the shifted process z; (¢, ) —¢, ,, where
zi(t, ) — eZ, by the shifted semiquantiles ﬁ;’i(t) of p; ;. However, the evolution of the semicircular
flow t — pz,; near the cusp is not sufficiently well understood. We circumvent this technical problem by
considering the quantiles of another approximating density p; defined by the requirement that its quantiles
are exactly the a-linear combinations of the quantiles of py ; and p, ; as described in Section 5. The
necessary regularity properties of p; follow directly from its construction. The precise description below
assumes that 0 <t < 2t4; i.e., we are in the small gap situation. For #, <t <, an identical construction
works but the reference point e;ft is replaced with the approximate minimum m,; for r = x, y. For
simplicity we present all formulas for 0 <7 < ¢* and we will comment on the other case in Section 8.
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More concretely, for any fixed o € [0, 1] recall the (semi-)quantiles from (5-10). These are the
(semi-)quantiles of the interpolating density p = p; defined in (5-12), and let its Stieltjes transform be
denoted by m = m;. The use of a bar will indicate quantities related to this interpolation; implicitly all
quantities marked by a bar depend on the interpolation parameter «, and this dependence will be omitted
from the notation. Notice that p, has a gap [e;, E;r] near the cusp satisfying (5-11). Initially atz =0
we have p;—o = p; in particular y; (t =0) = P, ;(t = 0) and Eg: = e;t. We will choose the shift in the
definition of the Z; (¢, o) process so that we can use y*(¢) to trail it.

The semicircular flow and the a-interpolation do not commute, and hence y;(¢) are not the same
as the quantiles y; ;(¢) of the semicircular evolution p, ; of the initial density p,. We will, however,
show that they are sufficiently close near the cusp and up to times relevant for us, modulo an irrelevant
time-dependent shift. Notice that the evolution of y ; (¢) is hard to control since analysing

P 0) = W (2 (1) + 9m ()
would involve knowing the evolved density p; ; quite precisely in the critical cusp regime. While this
necessary information is in principle accessible from the explicit expression for the semicircular flow and
the precise shape analysis of p, obtained from that of p, and p,, here we chose a different, technically
lighter path by using y;(¢). Note that unlike p; ;(¢), the derivative of y;(¢) involves only the Stieltjes
transform of the densities px s and py ;, for which shape analysis is available.

However, the global group velocities of ¥ (¢) and p,(¢) are not the same near the cusp. We thus need
to define Z(¢, @) not as z (¢, o) — E;r but with a modified time-dependent shift to make up for this velocity

difference so that y(¢) indeed correctly follows Z(z, ). To determine this shift, we first define the function
R*(t,0) := R[—m; @) + (1= )my (e ) + amy s ()], (6-5)

where recall that 7, is the Stieltjes transform of the measure p;. Note that 2*(¢) = O(1) following from
the boundedness of the Stieltjes transforms my ;, m, ; and nﬁt(Ef). The boundedness of my ; and my, ;
follows by (4-1) and |m;(¢;)| < C by (5-13).
We note that
R*(t, 0= 0) =my, (%tt) — s (e)) = my,t(e;_,t) _ml(e;_,t)

since for « = 0 we have e;r, ;= E:r by construction. At o = 0 the measure p; is given exactly by the
density py ; in an O(1) neighbourhood of the cusp. Away from the cusp, depending on the precise
construction in the analogue of (5-12), the continuous py ; is replaced by locally smoothed out Dirac
measures at the quantiles. A similar statement holds at « = 1, i.e., for the density py ;. Itis easy to see that

the difference of the corresponding Stieltjes transforms evaluated at the cusp regime is of order N 71, i.e.,
|h*(t,0=0)| + |h*(t,a=1)| = O(N ). (6-6)

Since later in (6-110) we will need to give a very crude estimate on the «-derivative of 2* (¢, ), but
it actually blows up since 77} is singular at the edge, we introduce a tiny regularisation of 7*; i.e., we
define the function

R**(t,0) := R[—m; (& +iN 710 + (1 —a)my () +amy (). (6-7)
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Note that by the %—Hblder continuity of 77, in the cusp regime, i.e., for z € H such that [Rz —¢;| < %8*,
it follows that

R**(t, ) = h*(t,a) + O(N ~39). (6-8)
Then, we define
h(t) =h(t,a):=h**(t,a) —ah™ (1) — (1 —a)h**(,0) = O(1) (6-9)
to ensure that
h(t,a=0)=h(t,a=1)=0. (6-10)
In particular, we have
h(t, o) = R[—m: (&) + (A —aymy (e ) +amy (e )]+ ONT. (6-11)
Define its antiderivative
t
H(t,a):= / h(s,a)ds, H0,0) =0, max |H(t,a)| =< NTzter, (6-12)
0 0<t<t4

Now we are ready to define the correctly shifted process
Zi(ty=zi(t,a) ==z (t) — [oze;“,t + (1 —oc)e;r’,] —H(t,a), (6-13)
which will be trailed by y; (¢). It satisfies the shifted DBM

2 1 1
dz; = \/—dB' — D, (1) dt, 6-14
Zj N l+|:NZ§i—§j+ a()] ( )

J#i

with
D(t) 1= B (1) = afimy (e ) + (1 —a)Rmy, (ef,) — h(t, ), (6-15)

and with initial conditions Z(0) := z(0) — ¢ by (5-11) and H (0, @) = 0. The shift function satisfies
@ (1) = R ()] + ONT). (6-16)

Notice that for ¢ = 0, 1 this definition gives back the naturally shifted x(¢) and y(¢) processes since
we clearly have

Zta=1)=%1)=x()—c¢f,. Z(t.a=0)=j():=y@)—cf,. (6-17)
which are trailed by the shifted semiquantiles
prta=1)=pg,;(1) = V:,i([)—%tt, fi*(t,a:O)zﬁ;,i(t) = V;,i(f)—e;—,t- (6-18)

As we explained, the time-dependent shift H (¢, @) in (6-13) makes up for the difference between the

true edge velocity of the semicircular flow (which we do not compute directly) and the naive guess which
d
dr
will come out of the proof. The key point is that this adjustment is time-dependent but global; i.e., it is

is [aej’t +(1— oc)ej’ ;] hinted at by the linear combination procedure. The precise expression (6-5)

independent of i since this expresses a group velocity of the entire cusp regime.
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6B. Plan of the proof. In the following three subsections we prove an almost-optimal rigidity not directly
for Z; () but for its appropriate short-range approximation Z;(¢). This will be sufficient for the proof
of the universality. The proof of the rigidity will be divided into three phases, which we first explain
informally, as follows.

Phase 1 (Section 6C): The main result is a rigidity for Z; (r) — i (¢) for 1 < |i| < +/N on scale N —3+Co
without i-dependence in the error term. First we prove a crude rigidity on scale N —3+Co1 for all
indices i. Using this rigidity, we can define a short-range approximation Z of the original dynamics Z
and show that Z; and 2; are close by N —3+Cor for | < |i| £ +/N. Then we analyse the short-range
process 2 that has a finite speed of propagation, so we can localise the dynamics. Finally, we can directly
compare Z with a deterministic particle dynamics because the effect of the stochastic term /2/N dB;,
ie., tx«/N =N —itio1 ¢ N—itCon , remains below the rigidity scale of interest in this Phase 1.

However, to understand this deterministic particle dynamics we need to compare it with the corre-
sponding continuum evolution; this boils down to estimating the difference of a Stieltjes transform and its
Riemann sum approximation at the semiquantiles. Since the Stieltjes transform is given by a singular
integral, this approximation relies on quite delicate cancellations which require some strong regularity
properties of the density. We can easily guarantee this regularity by considering the density p; of the
linear interpolation between the quantiles of px ; and py ;.

Phase 2 (Section 6D): In this section we improve the rigidity from scale N —3+Co1 g scale N _%"'é"", for
a smaller range of indices, but we can achieve this not for Z directly, but for its short-range approximation Z.
Unlike Z in Phase 1, this time we choose a very short-scale approximation Z on scale N*®¢ with
w1 K wy K 1. As an input, we need the rigidity of Z; on scale N=i+Cor for | < |i] £ +/N obtained in
Phase 1. We use heat kernel contraction for a direct comparison with the y; () dynamics for which we
know optimal rigidity by [Erdds et al. 2018], with the precise matching of the indices (band rigidity). In
particular, when the gap is large, this guarantees that band rigidity is transferred to the Z-process from the
y-process.

Phase 3 (Section 6E): Finally, we establish the optimal i -dependence in the rigidity estimate for z; from
Phase 2; i.e., we get a precision N —itsw |i |_%. The main method we use in Phase 3 is the maximum
principle. We compare Z; with y;_g, a slightly shifted element of the y-process, where K = N § with
some tiny &. This method allows us to prove the optimal i -dependent rigidity (with a factor N %“’1) but
only for indices |i| 3> K because otherwise Z; and y;_x may be on different sides of the gap for small ;.
For very small indices, therefore, we need to rely on band rigidity for Z from Phase 2.

The optimal i -dependence allows us to replace the random particles Z by appropriate quantiles with a
precision so that

18— 2j1 S N |7 = 3] ~ NTF621ji] 3 = ]3],

Such an upper bound on |Z; — Z;|, hence a lower bound on the interaction kernel B;; = |2; —2;|~2 of the
differentiated DBM (see (6-106)) with the correct dependence on the indices i, j, is essential since this
gives the heat kernel contraction which eventually drives the precision below the rigidity scale in order to
prove universality. On a time scale tx = N ~3F01 the (P — {* contraction of the heat kernel gains a
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factor N~15%1 with the Convement choice of p = 5. Notice that 15 > %, so the contraction wins over
the imprecision in the rigidity N @1 from Phase 3, but not over N C“’l from Phase 1, showing that both

Phase 2 and Phase 3 are indeed necessary.

6C. Phase I: rigidity for Z on scale N —3+C1. The main result of this section is the following:

Proposition 6.3. Fix o € [0, 1]. Let Z(z, ) solve (6-14) with initial condition Z; (0, o) satisfying the crude
rigidity bound for all indices

max | 1%(0.0) =7 (0)] < NTzH201, (6-19)
1<li|<
We also assume that

”mx 0“00 + ||my 0||oo + |mt(et )l <C. (6-20)

Then we have a weak but uniform rigidity

sup  max |Zi(t,a)—p ()| SN~ 3+201 (6-21)

o<tr<ty 1<li|<N

with very high probability. Moreover, for small |i|, i.e., 1 <|i| <ix, with iy := N2 +Cxon for some large
Cyx > 100, we have a stronger rigidity:

Cwq

sup - max [7(1.0) ~ 77 (0] 5| max [%(0.0) =7 O + (6-22)

o<t <ty 1=[i]<ix < Nia
with very high probability.

In our application, (6-19) is satisfied and the right-hand side of (6-22) is simply N ~3+Co1 gince

: - NEN 6@
2(0,0) — 77 (0) = @(xi (0) — 1, (0)) + (1 = @) (3 (0) — yy,1(0)) = 0(—N3|,|1 ) (6-23)
7|j|4

for any & > 0 with very high probability, by optimal rigidity for x; (0) and y; (0) from [Erdés et al. 2018].
Similarly, the assumption (6-20) is trivially satisfied by (5-13). However, we stated Proposition 6.3 under
the slightly weaker conditions (6-19), (6-20) to highlight what is really needed for its proof.

Before starting the proof, we recall the formula

d
dtylr(t)__‘hmrl(yrl(t))—i_%mrt(ert) r=x,y, (6'24)

on the derivative of the (shifted) semiquantiles of a density which evolves by the semicircular flow and
follows directly from (4-14c) and (4-14e).

Proof of Proposition 6.3. We start with the proof of the crude rigidity (6-21), then we introduce a
short-range approximation and finally, with its help, we prove the refined rigidity (6-22). The main
technical input of the last step is a refined estimate on the forcing term. These four steps will be presented
in the next four subsections.
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6C1. Proof of the crude rigidity. For the proof of (6-21), using (6-24) twice in (5-10), we notice that

%?,-* (6) = @[ =R (v (1) + R (6] + (1= )[Ry (v (1)) + Rimy s (e,)] = O(1)

since my ; and m,, ; are bounded, recalling that the semicircular flow preserves (or reduces) the £>° norm
of the Stieltjes transform by (4-1), so ||[mx ¢ ||co < [[Mx,0/lcc < C, and similarly for m, ;. This gives

75 () =7 (0)] s N7, (6-25)
Thus in order to prove (6-21) it is sufficient to prove
12(t.) = (0. ) floo < N7z 21 (6-26)

for any fixed o € [0, 1]. To do that, we compare the dynamics of (6-14) with the dynamics of the
y-semiquantiles; i.e., set

wi i=ui(t, ) = Z(t) =y ; (1)

forall 0 <t <t,.

Compute
D) - ~
du; = ‘/ﬁ dB; + (Bu); dt + F;(¢) dt, (6-27)
with
~ 1 fi—fi
Bf)i = — N _ (6-28)
l N; (Zi_Zj)(V;,i_V;,j)
and

~ 1 1 ,
Fi(t) == Z s TRy (v () + a[?ﬂmx,z(e;,) - mmy,t(e;:t)] —h(@).

The operator B is defined on C2V and we label the vectors feC? as

f=U-N.f-N+1:-- . =1, f1... .. IN):

i.e., we omit the i = 0 index. Accordingly, in the summations the j = 0 term is always omitted since
Zj, zj and )?)’f ; are defined for 1 <|j| < N. Furthermore in the summation of the interaction terms, the
j =1 term is always omitted.

We now show that

IF(#)]|loo SlogN, 0<r<t* (6-29)

By the boundedness of my ;,my ; and the %—Hélder continuity of m; in the cusp regime, it remains to

control

1 1 1
~ 2.7 - < —— Slog N
N;V;‘,,-(t)—y;‘,j(t) . 2 li—Jjl

<|j—il=N

since [P ; — 5| = cli — j|/N as the density py,; is bounded.
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Let (s, t) be the fundamental solution of the heat evolution with kernel 5 from (6-28); i.e, for any
0<s<t

3; U(s, 1) =B)U(s, 1), U(s,s)=1. (6-30)

Note that #{ is a contraction on every £” space and the same is true for its adjoint / *(s, t). In particular,
for any indices a, b and times s, ¢ we have

Aap(s.1) <1, Uop(s.t) <1. (6-31)

By Duhamel’s principle, the solution to the SDE (6-27) is given by

~ 2 r_ t ~
u(t) = U, t)u(0) + \/;/0 U(s,t) dB(s)—i—/o U(s,t)F(s)ds, (6-32)

where B(s) = (B_n(s),...,B_1(s), B1(s),..., Bn(s)) are the 2N independent Brownian motions
from (6-1).
For the second term in (6-32) we fix an index i and consider the martingale

2 [t ~
M; = \/;/0 JZZ/I,-j(s,t)dBj(s),

with its quadratic variation process
2 (! ~ 2 [t 2t
[M]; ::N/O JZ(u,-j(s,z))stz N/o 18" (s, 008115 ds < -

By the Burkholder maximal inequality for martingales, for any p > 1 we have
TP
E sup |M;[*? <C,EM]} <Cp—.
0<t<T NP

By Markov inequality we obtain

¢ [T
sup |M;| < N°{/— (6-33)
0<t<T N

with probability more than 1 — N 2, for any (large) D > 0 and (small) & > 0.
The last term in (6-32) is estimated, using (6-29), by

‘/t T(s,t)F(s)ds
0

< 1 max|| F(s) oo < tlog N. (6-34)
s<
This, together with (6-33) and the contraction property of B implies from (6-32) that
Ju(®) = u(0)lloo S N™3+1 4 1log N 5 N~272
with very high probability. Recalling the definition of u and (6-25), we get (6-26) since

I2(6) = 20) lloo < () = u(0)loo + [75:(1) = P (O)l|oo < N™2H201,

This completes the proof of the crude rigidity bound (6-21).
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6C2. Crude short-range approximation. Now we turn to the proof of (6-22) by introducing a short-
range approximation of the dynamics (6-14). Fix an integer L. Let Z; = 2;(t) solve the L-localised
short-scale DBM

o [2 1 1 1
le' = NdBl + N Z o o dr + |:N Z %  —% + (D(t)] dr (6_35)

Zi —Zj
jilj—il<L “ T A e i Y

for each 1 < |i| < N and with initial data 2; (0) := Z; (0), where we recall that ® was defined in (6-15).
Then, we have the following comparison:

Lemma 6.4. Fix « € [0, 1]. Assume that

max [%(0.0) ~ 7' (0)] < N—zt201, (6-36)

1<lil<

Consider the short-scale DBM (6-35) with a range L = N2+C1@0 \pith 4 constant 10 <C; K Cy;in
particular L is much smaller than i«. Then we have a weak uniform comparison

sup  max |2 (t,a) —Z(t,a)| < N_f"'zw‘ (6-37)

0<t<t, 1<li|SN

and a stronger comparison for small i

sup  max |Zi(t,a)—Zi(t,a)| SN~ i+Cor (6-38)

o<t <ty 1=il<ix
both with very high probability.

Proof. For any fixed @ € [0, 1] and for all 0 <t <t,, set w := w(, ) = 2(¢, ) —Z(¢, o) and subtract (6-35)
and (6-14) to get
8tw == %lw + ﬁ?

where

PN Ji—fi o _ 1 L
(Blf)i _N Z (o E_N . Z |:_* ok ZZ—Z]:|

Jilj—il<L —EIGE =)

We estimate

|ﬁi|§% >

Jilj—il>L

Zi =71+ 12 — 7] - N—2H201 1
7 =7))E —Z) G —7)GE —Z)

Jilj—=il>L
where we used the crude rigidity (6-21) (applicable by (6-36)), and we chose C; in L = N 3+Cin large
enough so that |y — Vi *| for any |i — j| > L is much bigger than the rigidity scale N~ 34201 4y (6-21).
This is guaranteed since

N

|)7i*_)7;<|=a|ﬁ;,i_)§;,j|+(1_a)|)>yl J/y]
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with very high probability. By this choice of L we have |Z; — Z;| ~ [y — )7;‘| and therefore

1
° N—§+2w1 1
il < S SN Y
s W) Jilj—i>L i =l
< N-GC=2)e1 <1 foran fi| < N. (6-39)

Since Bj is positivity-preserving, its evolution is a contraction, so by a Duhamel formula, similarly
to (6-32), we get

o ~ e} _1
12(t) = 2(D)lloo = [w(@)lloo = w(O)lloo + 2 max|[F(s)lloo < N aten

with very high probability.
Next, we proceed with the proof of (6-38).
In fact, for 1 < |i| < 2i4, with i, much bigger than L, we have a better bound:

1
o N 21201 1 N2
IFil 2 N Z (_*__*)25 Z .3 1310
TS A A R A I E VAR
< N_%_(%CH—Z)&)I < N—%’ |l| < iy, (6—40)

which we can use to get the better bound (6-38). To do so, we define a continuous interpolation v(z, 8)
between Z and Z. More precisely, for any fixed B € [0, 1] we set v(¢, B) = {v(t, ,B)i}lNz _p as the solution
to the SDE

[2 1 1
dv; = 4+/—dB; + — dt + o, (¢) dt
V; N 1+N Z v —v; + a()

Jili—il<L
1-8 1 B 1
+—= A+ — ———dr (6-41)
N Z i—Zj N Z Vi*_yjfk

z
jilj—il>L Jilj—il>L
with initial condition v(t =0, B) = (1—B)Z; (0)+B2; (0). Clearly v(t, B=0) =Z(¢t) and v(t, B=1) = 2(¢).

Differentiating in 8, for u := u(¢, B) = dgv(z, ) we obtain the SDE

o , 1
du; = (Bu); dt + F; dr,  with (B f); = >

Jili—il=L

Ji—fi

—(Ui mpaTh (6-42)

with initial condition u(t =0, 8) = 2(0) — 2(0) = 0. By the contraction property of the heat evolution
kernel UV of BY, with a simple Duhamel formula, we have for any fixed j

sup [[u(t, B)lloo < tul Flloo < N™2T301 (6-43)

0<t<ty

with very high probability, where we used (6-39). After integration in 8 we get

B
||v<z,ﬂ>—¢*<r)||oos||v<z,0)—f*<z>||oo+ﬂfo e B)ap| . 0<i<n. Bel01] (644

o0
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From (6-43) we have

B B L3
[EH/ u(t, p)dp’ 5/ Ellu(, B)I17 dB’ < (N~2F21)P (6-45)
0 0

p
o
for any exponent p. Hence, using a high-moment Markov inequality, we have

(|

for any (large) D > 0 and (small) £ > 0 by choosing p large enough. Since v(z,0) = Z(¢), for which we
have rigidity in (6-21), by (6-44) and (6-46) we conclude that

Z N—;'i'%a)l'i'g) S N—D (6_46)

o0

sup [[0(t, B) — 7* (1) ]|oo S N™2H201 (6-47)

0<t <t
with very high probability for any 8 € [0, 1].
In particular L is much larger than the rigidity scale of v = v(¢, 8). This means that
o = vj] = |77 =771l S N2 2

and

7 =712 : ;Jl > NT3HCI01 sy N3t

whenever |[i — j| > L, so we have
lvi —v| ~ 1y =771, li—jl=L. (6-48)

Since iy is much bigger than L and L is much larger than the rigidity scale of v;(z, f) in the sense
of (6-48), the heat evolution kernel /" satisfies the following finite speed of propagation estimate (the
proof is given in Appendix B):

Lemma 6.5. With the notation above we have

sup [Up; +ULI<N™P, 1<|i| <ix, |pl = 2i, (6-49)

0<s<t<t: P
forany D if N is sufficiently large.

Using a Duhamel formula again, for any fixed 8, we have
t [e]
ui(t) =Y Upup(0) +/ > UP(5.1) Fp(s) ds.
0
p p

We can split the summation and estimate

|ui(r)|s[ Yoo+ ) }u;;|up<0>|+/0[ >+ ) }u,-”,,(s,z>|ﬁp(s>|ds.

IpI<2ix |p|>2ix Ip|<2ix  |p|>2ix
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For |i| <ix, the terms with |p| > 2i, are negligible by (6-49) and the trivial bounds (6-39) and (6-43).
For 1 <|p| < 2ix we use the improved bound (6-40). This gives

ui . Bl =

3 3
max |u;(0,B)| + N™aT@ = N7aTO || <i,,

<|jl=<2ix

since u(t =0, ) = 0. Integrating from 8 =0 to B = 1, and recalling that v(8=0) =Z and v(B=1) = 2,
by a high-moment Markov inequality, we conclude

- _3 S
Zi(O) =2 SNTFOL 1 <|i| <ia,

with very high probability. This yields (6-38) and completes the proof of Lemma 6.4.

We remark that it would have been sufficient to require that |Z;(0) —Z; (0)| < N —3te1 for all 1 <
|j| < 2i4 instead of setting Z(0) := Z(0) initially. Later in Section 6D we will use a similar finite speed
of propagation mechanism to show that changing the initial condition for large indices has negligible
effect. O

6C3. Refined rigidity for small |i|. Finally, in the last but main step of the proof of (6-22) in Proposition 6.3
we compare Z; with ;" for small |i| with a much higher precision than the crude bound N —3+Co
which directly follows from (6-37) and (6-21). Notice that we use the semiquantiles for comparison since
7 € [Vi—1.7i] and y* is typically close to the midpoint of this interval. In particular, p, (3" (¢)) is never
zero, in fact we have p; (7 (1)) > ¢N _%, because by band rigidity quantiles may fall exactly at spectral
edges, but semiquantiles cannot. This lower bound makes the semiquantiles much more convenient
reference points than the quantiles.

Proposition 6.6. Fix « € [0, 1]; then with the notation above for the localised DBM 2(t, ) on the short
scale L = N%"'Cl‘”l with 10 < Cq < I—IOC*, defined in (6-35), we have

|Gi(t.) = 77 (0) = Gi(0.@) — 77 (0)| < NT3FC0 1 <i| <iy = N3HO@1, (6-50)
with very high probability.
Combining (6-50) with (6-38) and noticing that

) ) ) i NEN GO
Zi(0,@) = 7/ (0) = % (0, ) — 7"(0) = 0( 31 )
Na|i|4

for any & > 0 with very high probability by (6-23), we obtain (6-22) and complete the proof of
Proposition 6.3. O

Proof of Proposition 6.6. We recall from (6-24) that

d
g O = alma (v (0) + Mo (eX )]+ (1 =) [=Rmy s (py; (0)) + Ry e (e )] (6-51)

Next, we define a dynamics that interpolates between Z; (¢, o) and y; (1), i.e., between (6-35) and (6-51).
Let B € [0, 1] and for any fixed 8 define the process v = v(z, B) = {v; (¢, ,8)}1N=_N as the solution of the
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interpolating DBM
2 1 1 1 1
dv; =84/ —=dBi+— dt — —— dt+P(¢)|dt
u=pyey Xy B ocaen)
Jilj—il<L jilj—il=L "t 7J

d _, 1 1 )
+(1_,B)|:EV1' (t)_ﬁ . § m}dl, 1<|i|<N, (6-52)
Jilj—=il=L "t *J

with initial condition v; (0, B) := BZ; (0) + (1 — B)7*(0). Notice that
vi(t.B=0) =77 (1). vit.p=1)=2Z (). (6-53)

Here we use the same letter v as in (6-41) within the proof of Lemma 6.4, but this is now a new
interpolation. Since both appearances of the letter v are used only within the proofs of separate lemmas,
this should not cause any confusion. The same remark applies to the letter u below.

Letu :=u(t, B) = dgv(t, B); then it satisfies the equation

2
du; = ,/ﬁ dB; + Y Bij(ui —uj)dt + Fydt, 1<[i| <N, (6-54)
J#i
with a time-dependent short-range kernel (omitting the time argument and the S-parameter)
11(i—jl=L)

Bij(t) = Bjj = N (002
i~V

(6-55)

and external force

1 1
A=RO =5 Y 7w
+aRmy e (vy,; () +(L—a)Rmy (v ; (1)) —h(t,@), 1=[i[<N. (6-56)

Since the density p is regular, at least near the cusp regime, we can replace the sum over j with an integral
with very high precision for small i; this integral is Rtm (e + 7). A simple rearrangement of various
terms yields

o _ 1 1 -
b = |:mm(e+ +7) - N Z W] —(1=a)Dy; —aDyi+ 0N, (6-57)
j J#i I
with

Dy i=R[0AE +77) —m@E) = mr (v)) —mr ()], r=1x,y,

where we used the formula for /4 from (6-11) and the definition of ® from (6-15). The choice of the shift &
was governed by the idea to replace the last three terms in (6-56) by R (e + 7). However, the shift
cannot be i-dependent as it would result in an i-dependent shift in the definition of Z;, see (6-13), which
would mean that the differences (gaps) of the processes z; and Z; are not the same. Therefore, we defined
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the shift 4(¢) by the similar formula evaluated at the edge, justifying the choice (6-11). The discrepancy
is expressed by Dy ; and Dy ; which are small. Indeed we have, for r = x, y and 1 < |i| < 2i, that

1Dril < [R[MGET + %) —m@ED) = (mp (e +97) —mr(e+))]\ + |ﬁ1(6+ + 95 —mEt + 7))

s+ dnox 13 L N—E+S . _u Pr; =77
S BIPE NS + N6 T3 loglpz, || + N~ ten 4 LT
p(yl)
NNg! ! . . 3 1.
g[Cﬂ)z+(£54N_ugm]&%N)+N_gﬂm+<Mﬂw+vaNyN'6 1
NN (il/N)}
< N—%+Cw1’ (6.58)

where from the first to the second line we used (4-22a) and the bound on the derivative of m; see (4-7b).
In the last inequality we used (4-13a) to estimate |yr A< (il/N )4 NC€@1 and similarly |y” ;| in the
regime |i| < iy = Nz"'c*“’1 furthermore we used that p(y*) > (|i |/N)4 and also |y*| > ¢/N, since a
semiquantile is always away from the edge.

Let U(s,t) be the fundamental solution of the heat evolution with kernel B from (6-55). Similarly
to (6-32), the solution to the SDE (6-54) is given by

u(t) = U, HHu + \/%/OtZ/I(s,t)dB(s) +/Otu(s,t)F(s) ds. (6-59)

The middle martingale term can be estimated as in (6-33). The last term in (6-59) is estimated by

t

U(s,t)F(s)ds
0

<t max [[F(s)| oo (6-60)
o<s<t

First we use these simple Duhamel bounds to obtain a crude rigidity bound on v; (¢, 8) by integrating
the bound on u

lvi(t, B) —vi(t. B=0)| < B mu»wxuﬁn
<ﬂm[ax]||u(0 B)lloo + NT2T@1HE | <|i| <N, (6-61)

for any £ > 0 with very high probability, using (6-33), (6-59), (6-60) and that { is a contraction. Note that
in the first inequality of (6-61) we used that it holds with very high probability by a Markov inequality as
in (6-45)—(6-46). We also used the trivial bound

max [|F(s)]eo SlogL ~1logN, (6-62)
0<s<ty

which easily follows from (6-56), (6-58) and the fact that |)7JT" () =y*@®Izli—jl/N.
Recalling that v; (£, $=0) = 7*(¢) and u; (0, B) = Z;(0) — 7*(0), together with (6-37) and (6-21),
by (6-61), we obtain the crude rigidity

vi (6. B)— 7 (1) < N"2F201 1 <|i| <N, (6-63)

with very high probability.
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The main technical result is a considerable improvement of the bound (6-63) at least for i near the
cusp regime. This is the content of the following proposition whose proof is postponed:

Proposition 6.7. The vector F defined in (6-56) satisfies the bound
max| F; (s)] < N75FC0 1< i] < 2i. (6-64)
S=<Ix
Since i is much bigger than L = N 2C101 with a large Cj, and we have the rigidity (6-63) on a

scale much smaller than L, similarly to Lemma 6.5, we have the following finite speed of propagation
result. The proof is identical to that of Lemma 6.5.

Proposition 6.8. For the short-range dynamics U = U® defined by the operator (6-55),

sup  [Upi (s, 1) +Uip(s. D] < NP, 1 <li| <ix, |p| = 2ix. (6-65)
0<s<t<t
for any D if N is sufficiently large. O

Armed with these two propositions, we can easily complete the proof of Proposition 6.6. For any
1 <|i| <ix we have from (6-32), using (6-31), (6-33), (6-65) and that I{ is a contraction on £°°, that

t
_3
i (0)] < N 4+wl+f+2uip|up(0>|+/o Dty 50101

<N74 +‘°1+§+ max |up(0)| +1¢ max max |F,(s)|+ N~ -b max ||F(s)||<,o (6-66)
|pI=<2ix 0=<s=tx |p|<2ix 0=

The trivial bound (6-62) together with (6-64) completes the proof of (6-50) by integrating back the
bound (6-66) for u = dgv in B, using a high-moment Markov inequality similar to (6-45)—(6-46), and
recalling (6-53). This completes the proof of Proposition 6.6. O

6C4. Estimate of the forcing term.

Proof of Proposition 6.7. Within this proof we will use y; := y;(¢), vy := y}(t), p = pr, m =m; and

= et for brevity. For notational simplicity we may assume within this proof that e™ = 0 by a simple
shift. The key input is the following bound on the derivative of the density, proven in [Alt et al. 2018a]
for self-consistent densities of Wigner type matrices:

P s —————. [x] <4 (6-67)
p(x)[p(x) + A3]
where A = A, is the length of the unique gap in the support of p = p, in a small neighbourhood of
size 84 ~ 1 around ¢* = 0. If there is no such gap, then we set A = 0 in (6-67). By the definition of the
interpolated density p; in (5-12) clearly follows that it satisfies (6-67) by Lemma 4.3. Notice that (6-67)
implies local Holder continuity; i.e.,

|p(x) — p(y)| < min{|x — y|3, |x — |2 A76} (6-68)

for any x, y in a small neighbourhood of the gap or the local minimum.
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Throughout the entire proof we fix an i with 1 < |i| < 2i,. For simplicity, we assume i > 0; the case
i <0 is analogous. We rewrite F; from (6-57) as

Fi =G14+ G2+ G3+ G, (6-69)
with

Yi 1 1 vi x)dx
Gi= ) f [ — *_y*}P(X)dx, G23=[ ox) >
i—1 i V4

1<|j—i|<L Yji— X yl y] i—1 x_yi
1 _
= > f [ y*_y*:|p(x)dx, Gy:=—(—a)Dy; —aDy; + ONY.
|j—i|>L Vji—1 J i

The term G4 was already estimated in (6-58). In the following we will show separately that |G,| S N ™4
a=1,2,3.
Estimate of G3. By elementary computations, using the crude rigidity (6-21), it follows that
1
N™21201 1

|G3| < %5
v =v)?*

Jilj=il>L
. _1 . . .
Then, the estimate |G3| < N~ 4 follows using the same computations as in (6-40).

Estimate of G,. We write

Vi p(x)dx vi p(x)—p(y) Vi dx
G2=/ p(x) — :[ —’dx—i— (Vz) = (6-70)
vie1r X 7 V; Vi—1 X = V vie1 X Vi

and we will show that both summands are bounded by CN ~Z. We make the convention that if Yi—1 18
exactly at the left edge of a gap, then for the purpose of this proof we redefine it to be the right edge of
the same gap and similarly, if y; is exactly at the right edge of the gap, then we set it to be the left edge.
This is just to make sure that [y;—1, ¥;] is always included in the support of p.

In the first integral we use (6-68) to get

/V' p(x) —p(y")
Yi—1 X = yl

Here we used that the local eigenvalue spacing (with the convention above) is bounded by

dx| Smin{(y; —yi_)3. (i —yi_)2 A6} = O(N™%).  (6-71)

AS 1
Vi —Yi—1 Smaxy —5, —5 - (6-72)
3 N4
For the second integral in (6-70) is an explicit calculation:

Vi ok

Vi —V;
p(yi") - =p(y) log ———. (6-73)

vie1 X Vi Vi —VYi—-1

Using the definition of the quantiles and (6-68), we have

*

Vi . 4 31
N p(x)dx = p(y) (v —yi—1) + O(min{|y;* — yi—1]3. |y —yi—1|2A76}),
Yi—1
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and similarly
1 Vi " " o 4, 3.1
5N = |, P dx = e (i =) + O(minflyy —yi[3. |y —yi|2A7¢)).
Vi

The error terms are comparable and they are O(N ~!) using (6-72); thus, subtracting these two equations,
we have
min{]y;* — il 3. |y} = 7i2 476}

Py '

(i =¥ = —vi-DI <

Expanding the logarithm in (6-73), we have

Yi dx
‘p(y,-*) —

Yi—1 i

< o) (i —vi) = (i —vi-1)]
o vi = vi-1

as in (6-71). This completes the estimate

. 1 1 _1 _1
Smin{|y —yi|3. |y —vi|2ZATs} SN

G2 S N7, (6-74)
Estimate of G1. Fix i > 0 and set n = n(i) as
. . . _3
n(i):=min{n € N : min{|y;—p—1 = y|. [Vi4n — v/} = cN72}, (6-75)

with some small constant ¢ > 0.
Next, we estimate n(i). Notice that for i = 1 we have n(i) = 0. If i > 2, then we notice that one can
choose ¢ sufficiently small, depending only on the model parameters, such that

p(x) :
3 < —— <2 forall x € [yi—n(i)—1.Vitn())- | =2 (6-76)
p(Vl' )
Let
m(i) :=max{m € N : % < px) <2forall x € [Vi—m—1,Yi+ml¢:

p(v;")
then, in order to verify (6-76), we need to prove that m (i) > n(i).
Then by a case-by-case calculation it follows that

m(i) > cylil, (6-77)
and thus

2 3
. % " i3 1 (1)\* _3
min{|Vi —m@y—1 = Vi I+ |YiemaG) = Vi |} RmaX{ (ﬁ) A9, (ﬁ) } >N (6-78)

with some c1, ¢2. Hence (6-76) will hold if ¢ < ¢, is chosen in the definition (6-75). Notice that in these
estimates it is important that the semiquantiles are always at a certain distance away from the quantiles.

Now we give an upper bound on n(i) when y;* is near a (possible small) gap as in the proof above.
The local eigenvalue spacing is

A 1
} , (6-79)

Vi—)’i*“’max{ 2 1’ 3 1
3(()3 Na(i)s

N
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C _3 ... 1.1 . . .
which is bigger than ¢cN ™% if i < A3N 4. So in this case n(i) = 0 and we may now assume that
1,1 o
I >A3N4% andstill i > 2.
. . 4. . .
Consider first the so-called cusp case when i > NA3; in this case, as long as n < %l , we have

" n
Yid4n —V; ~ 3 . 1
N3(i+ 1)+
D _3, 1 . 5 R
This is bigger than ¢ N ™% if n > i 4; thus we have n(i) <i# in this case.
. . 4 . . .
In the opposite case, the so-called edge case, i < NA3, which together with the above assumption
11 _ _3 . .
i > A3 N % also implies that A > N~ 4. In this case, as long as n < %l, we have
1
« NAd
Yi4n —V; ~ 2 1

313

_ L

This is bigger than cN~7ifn > A~5 N~12i3. So we have n() < ASN~12i
We split the sum in the definition of G1, see (6-69), as follows:

G Z /yj X=Y; p(x)dx = ( Z 4 Z ) =:851+S5>. (6-80)
Y

*_ * _ *
1<ij<r D 0 — =y n@)<lj—il<L  1<|j—il<n()

1, .
3 1in this case.

W=

<i

* * * * * *
For the first sum we use |x—yj | < Yie1— V) |y — x|~ |y —Y; |. Moreover, we have

1
(V)i —vie1) ~ v (6-81)

from the definition of the semiquantiles. Thus we restore the integration in the first sum S and estimate

1 Yi—n(i)—1 o0 dx 1 1 1 _1
|S1|§— + —*25— =1 - <CN 4. (6-82)
N|J-o Vitnird XK=V TN Licn@y 1= [Vidniy—Vi|

In the last step we used the definition of n (7).

Now we consider S5. Notice that this sum is nonempty only if 7(i) # O In this case to estimate S, we
have to symmetrise. Fix 1 <n < n(i), assume i > n and consider together

Yi—n X — yi*—n Yi+n X — yi*+n
p(x)dx +/ p(x)dx
/Vi—n_l v =rii)(x =y Vien—t V7 = Vi) (x—=v)

1 YVi-n x — )/~*_ 1 Yitn x — )/.*_l_
=ﬁ/ ﬁp(x)dx—l—ﬁ/ ﬁp(x)dx
. y ;

Vi = VYien dyicpr XY i~ Vitn JVitn—1 j

_1 1 1 Vien p(x)dy | [Vitn p(X)dX}_. )
_N[ _ . ]+[/y +/y | Byn) + Ban). (6:83)

* * * *
Vi =VYien Vi “Vign i—n—1 X Vi itn—1 X TV

We now use %—Hélder regularity,

p(x) = p(y}) + O(x —v|3).
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‘We thus have

Yi—n (x)d . Vien—1 _yf“ Yi+n(i) dx
3 / ASPAL 3 p(yi)log—ly.n —y*l +0(/ —) (6-84)
Y.

) —pkX _ ; ) x| 2
n<n(i)’Vi-n—1 X =Y n<n(i) I—n i i—n(i)—1 |X—)/l~ |3

and similarly

Yitn d a1 — ¥ Yi+n() d
> / 2L Y ey log Prtn1l 7V +0(/ = ) (6-85)
Y

~ — ¥ i — Y o x| 2
nen(i)” Vitn—1 X =Y n<n(i) Vitn =V i—n—1 | X — 7|3

The error terms are bounded by CN -1 using (6-75) and therefore we have

*_

* Vi —Vi-n—1 Vi+n—)/,-* _1
Y Bamy= Y py)|log ©—""— —log +O(N~7)

n<n(i) n<n(i) Vi = Vi-n Vign—1— yi*
* .. . X
D I | L el R}
n<n(i) Yi4n —Y; Vi = Vi-n
‘We now use the bound
lo(x) — p(y;)] < s X E[Vicn@)—1,Yi+n())s (6-86)
p(r[)? + p(y) A3

which follows from the derivative bound (6-67) if € in the definition of ix = €N is chosen sufficiently
small, depending on § since throughout the proof 1 < |i| < 2iyx and n(i) <K ix.
Note that

N e |Vien — v} 1?
v p(¥)dx = p(y)lyi = vi-nl + O — — T (6-87)
Y P(y;)* + p(y; ) A3

Thus, using (6-87) also for y; 1+, — yi, equating the two equations and dividing by p(y;"), we have

i—n

|Vien = v}'I?
Yi =Vi-n =VYi4+n—VYi + O 3 ol ) (6-88)
P(y)* + p(y;)> A3
A similar relation holds for the semiquantiles,
v, =P
* k * * 1—n 1
Vi ~Vicn =VYign~ Vi T 0( T ) (6-89)
p(r)? + p(y[)? A3

and for the mixed relations among quantiles and semiquantiles,
Vien — v I? )
1 ’
p(y)? + p(y )2 A3
|Vien — v} I? )
T |-
p(y)? + p(y)2 A3

Vi* —Yi-n =VYi+n—1— Vi* + 0(

ﬁ—wﬂ4=wﬂ—ﬁ+0(
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Thus, using y* — yi—n—1 ~ Vi+n — ¥;» We have
p(y") 0( Vien—1 =¥ )< |Vin-1—V]"]
~ i _ * 1 ~ 1
Vitn=Vi Np(y[) +p(r/)?A3/)  p(y)> + p(y])A3

Using n < n(i) and (6-75), we have |y;—p—1 —y/| < N~3. The contribution of this term to Y n Ba(n)is
thus

*
i —Vi—n—1

Y
log "
Yi+n —V;

p(yi) (6-90)

3
1 AN-3
- < n(l) 4 = 691
nenty PO+ (AT p(y)? + p(y[) A3

Al

N-

In the bulk regime we have p(y;*) ~ 1 and n(i) ~ N %, so this contribution is much smaller than N 7.
In the cusp regime, i.e., when A < (i/N)%, then we have y* ~ (i/N)% and p(y;/") ~ (i/N)%, thus
we get , ;
N3 N2
691y < — "0 _ON — SNTEIn(i)i "2 SN”
P2 +p(yHAs PP

I

since n(i) < i
In the edge regime, i.e., when A > (i/N)%, we have y* ~ AS (i/N)-% and p(y;") ~ ATS (i/N).%; thus
we get

Sl

n()N=3 3 n()N=3 < n(i)N~ 2 3 N_21
9

P2+ p(r)AY T p(y)As T ABiE T A

I

(6-91) <

=N"

since n(i) < i3 and A > N~3%. This completes the proof of ) ", B>(n) < N4,
Finally the ), Bj(n) term from (6-83) is estimated as follows by using (6-89):

1 [ 1 1 ] 1 1 ( (Vi — Vi-n—1)? )
; NLY =V wr Vi = Vi Ly O =vi? \p)2p(rf) + A3

n
5 i
No(y{)?[p(y/) + A3]
In the bulk regime this is trivially bounded by CN —3.In the cusp regime, A < (i/N )%, and we have
n(i) - n(il < ngi)3
No(y)2lpy) +A3] — Ne(vi)® = Naia

(6-92)

1
SN

since n(i) < i
Finally, in the edge regime, A > (i /N )%, we just use
n() < n() < I’lfl)3
Np(y)?[p(y) +A3]  Np(y)*A3s  N#ia

1
SN

since n(i) < i3. This gives ), B1(n) < N3, Together with the estimate on ), B>(n) we get
S2| SN _%; see (6-80) and (6-83). This completes the estimate of G; in (6-69), which, together
with (6-74) and (6-58), finishes the proof of Proposition 6.7. O



664 GIORGIO CIPOLLONI, LASZLO ERDOS, TORBEN KRUGER AND DOMINIK SCHRODER

6D. Phase 2: rigidity of z on scale N _%4‘%“’1, without i dependence. For any fixed « € [0, 1] recall
the definition of the shifted process Z(, a) (6-14) and the shifted a-interpolating semiquantiles y*(¢)
from (5-10) that trail Z. Furthermore, for all 0 <t < ¢, we consider the interpolated density p; with a
small gap [e;, E;r], and its Stieltjes transform m1,. In particular,

ef = aei, +(1 —oz)e;ft.

We recall that by Proposition 6.3 and (6-23) we have

sup max |3 (1.0) — pr(t)| < NTitCer (6-93)

0<t<t, 1<li|<ix

holds with very high probability for some iy = N 3+Cuor,

In this section we improve the rigidity (6-93) from scale N —3+Co1 (o the almost-optimal but still
i-independent rigidity of order N —its@1+E byt only for a new short-range approximation Z; (¢, &) of
Z;(t, ). The range of this new approximation £4 = N*®¢ with some w; < 1 is much shorter than that
of Z; (t, @) in Section 6C. Furthermore, the result will hold only for 1 <[|i|<N 400481 for some small
81 > 0. The rigorous statement is in Proposition 6.10 below, after we give the definition of the short-range
approximation.

Short-range approximation on fine scale. Adapting the idea of [Landon and Yau 2017] to the cusp
regime, we now introduce a new short-range approximation process Z(¢, ) for the solution to (6-14).
The short-range approximation in this section will always be denoted by hat, Z, to distinguish it from the
other short-range approximation, 2, used in Section 6C; see (6-35). Not only is the length scale shorter
for Z, but the definition of Z is more subtle than in (6-35)

The new short-scale approximation is characterised by two exponents wy and wy4. In particular, we will
always assume that w1 < wy < wq < 1, where recall that 7, ~ N ~3+®1 i5 defined in such a way that
Dz, has an exact cusp. The key quantity is £ := N®¢, which determines the scale on which the interaction
term in (6-14) will be cut off and replaced by its mean-field value. This scale is not constant; it increases
away from the cusp at a certain rate. The cutoff will be effective only near the cusp; for indices beyond
%i « Withiy =N %+C*“’1, no cutoff is made. Finally, the intermediate scale N ®4 is used for a technical
reason: closer to the cusp, for indices less than N ®4, we always use the density p,, ; of the reference
process y(t) to define the mean field approximation of the cutoff long-range terms. Beyond this scale
we use the actual density p;. In this way we can exploit the closeness of the density p; to the reference
density py ; near the cusp and simplify the estimate. This choice will guarantee that the error term o
in (6-105) below is nonzero only for |i| > N®4,

Now we define the Z-process precisely. Let

A= 4G, ) i — 1 <083 + i3 + 11D {G, j): il 1] > i) (6-94)

One can easily check that for each i with 1 <|i| < %i « the set {j : (i, j) € A} is an interval of the nonzero
integers and that (i, j) € A if and only if (j, i) € A. For each such fixed i we denote the smallest and the
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biggest j such that (i, j) € Aby j_(i) and j (i), respectively. We will use the notation

A, () A€, (@)

Ye=T . L%

J:(,j)eA J J:@,J)¢EA
i#]

Assuming for simplicity that i, is divisible by 4, we introduce the intervals
Tt) = [7_3,, (00,73, (), (6-95)
and for each 0 < |i| < %i* we define
Z2,i @) == [Vji_iy(®): Vi) (D] (6-96)
For a fixed o € [0, 1] and N > |i| > 1* we let

5 AW | LA |
dZ;i(t,0) = /—dB; — - - — — — Dy (1) | de, (6-97
fit o) =y ’+[N JZ G- Ga) N JZ S —Za) “()} (©-97)

for0 < |i| < N¥4

A, (@) +
) 2 1 1 Pyt (E+ey ;) n
dzi(t,a):,/NdBiJr[NJZ AT + =L dE+R[my, (e} )]| e, (6-98)

—zj(t,oz) 7, ()¢ Zl'(l,Ol)—E

and for N®4 < |i| < %i*

A’(l) - -+
2 1 E
dfi(f,a)Zw/ dB; + Z / MdE
— it Ot)—Z] ) Jr,0)enz@ Zit.a) —E

! 1
TN > Z,-(t,a)_gj(,,a)+<Da(f)]dz, (6-99)

VIESI®

with initial data
2i(0,a) :==Z; (0, ), (6-100)

where we recall that Z; (0, @) = aX; (0) + (1 —«)y; (0) for any « € [0, 1]. In particular, Z(z, 1) = X(¢) and
Z(t,0) = y(t), which are the short-range approximations of the X(¢) := x(t) — ej’t and y(t) :=x(t)— e;r,,
processes.

Using the rigidity estimates in (6-21) and (6-93) we will prove the following lemma in Appendix C.

Lemma 6.9. Assuming that the rigidity estimates (6-21) and (6-93) hold, for any fixed a € [0, 1] we have

Cw1
sup sup |Zi(t, ) —Zi(t, )| <
1<|i|<N 0=<t<tx« N2

(6-101)

with very high probability.
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In particular, since (6-21) and (6-93) have already been proven, we conclude from (6-93) and (6-101)
that

NCa)1
sup |Zi(t, @) = pi(t)]| < —=—, 1 =i Six, (6-102)
0<t <ty Na

for any fixed & € [0, 1].
Now we state the improved rigidity for Z, the main result of Section 6D:

Proposition 6.10. Fix any « € [0, 1]. There exists a constant C > 0 such that if 0 < 81 < Cwy then

NENs©
sup |2i(t, @) — 7 (1)] S ——5—, 1<[i| < N*eFo (6-103)
0<t<tx Ni

for any & > 0 with very high probability.

Proof. Recall that initially Z; (0, ) is a linear interpolation between X; (0) and y;(0) and thus for Z; (0, «)
optimal rigidity (6-23) holds. We define the derivative process

wi (t, o) 1= 042 (¢, ). (6-104)
In particular, we find that w = w(¢, @) is the solution of

dw=Lw+tO =B+, (6-105)
with initial data
w; (0, ) = X (0) — 3 (0).
Here, for any 1 < |i| < N, the (short-range) operator 5 is defined on any vector f € C2V as

A, ()

Bf)i:= Z Bii(fi— f;), Bij:= ! !
J

TN Gilt,e) =5t a)?

(6-106)

Moreover, V is a multiplication operator, i.e., (V. f); = V; f;, where V; is defined in different regimes of i
as follows:

E+e¢f
l%=—/‘ ?%}7—%%dm L<|i| <N,
e Ci(t, o) —
DO EERE (6-107)
1%; (E + ¢y )

V:—/ A—dE, Na)A<|l-|§ll.’
l Z..i ()NT: () Ci(t,a)— E)? 2 lx

and V; =0 for |i| > %i*. The error term Cl-(o) = é‘l-(o) (¢) in (6-105) is defined as follows: for |i| > %i* we
have
0 B2 (1.0) — BaZi (1.2)

o._ 1
TN L G w5 6w

+ 34 Do (t) =: Z1 + 0q P (1), (6-108)
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for N®4 < |i| < %i* we have

o._ 1 0o Zj(t, ) — 0o Zi (2, @) dals (E +2)]
Zi = Z +/Iz —_—

p = ~ dE
Gi(t,a)—Zj(t, )2 ioengzz@ Zilt,a)—E

ljl1=3ix

- (E 1+t
+ (aa/ )M dE+8a(Da([)
L.,enz@)/) Zi(t, o) — E
=:1Zo+Z3+Z4s+ 0aDu(2), (6-109)

and finally for 1 < |i| < N®4 we have ¢ l.(O) = 0. We recall that Z, ; (¢) and J;(¢) in (6-109) are defined
by (6-96) and (6-95) respectively. Next, we prove that the error term ) jn (6-105) is bounded by some
large power of N.

Lemma 6.11. There exists a large constant C > 0 such that

sup  max |§(O)(t)| <NC€. (6-110)

o<t<ty 1<[i|ISN

Proof of Lemma 6.11. By (6-15), it follows that
3o P (1) = 0 N[, (& +iIN 100 4 1** (¢, 1) — h**(¢,0),

with 2** (¢, ) defined by (6-7). Since the two h** terms are small by (6-6), for each fixed 7, we have

¢, + FE _ _
D e A (G111
where _ N
Vi (e
L pr(e + E) _ Pt(et + @a,(s))
Uy := aaf_ E_iN-100 dE| = |0q — 1009 P (8) ds |,
V—i(8+) 1 I Pai(s) =i
1 V(E -y (1))
U2 = '— 8a —l—l()()dE y
N ey R EZIN

using the notation y;s,) = ¥;(s,)(¢) and the definition of p; from (5-12). In U; we changed variables,
ie., E = @q,(s), using that s — @4 ((s) is strictly increasing. In particular, in order to compute the
limits of integration we used that ¢q(i/N) = y;(t) by (4-2) and defined the «-independent interval
Iy :=[—i(8+)/N,i(8+«)/N]. Furthermore, in U; we denoted by prime the s-derivative.

For U; we have that (omitting the ¢-dependence, p = py, etc.)

elbE O, FE euls)
Up < /* Pa(s) —iN—100 <;00¢(S)ds‘nL /I* (%(s)—iN—IOO)z(%(S)) .
/6(E+ + 0u ()
i /I* W a(ﬂa(s)ds . (6-112)

For s € I, by the definition of ¢, (s) and (4-4) it follows that

1= n;((Pa (S))%,x (5) = pa(@a(s))@als),
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and hence |
——= <5 4,
Po (@ (5))

. . . . 1,1 3 02,1
where in the last inequality we used that py (@) ~ min{w3,w2A76} and @u(s) ~ max{s#,s3A9}
by (4-9a).

In the first integral in (6-112) we use that

=

Qo (s) = (6-113)

p(9+ + @a(s)) = Poc(EJr +@a(s)), s € Iy,
by (5-12) and that d4[pe (8" + @u(s))] is bounded by the explicit relation in (4-10). For the other
two integrals in (6-112) we use that p is bounded on the integration domain and that (¢}, (s))? < 572
from (6-113); hence it is integrable. In the third integral we also observe that
Ja@a(s) = @2.(5) —@u(s)
by (4-2); thus |de @, (s)| < s~ 4 similarly to (6-113). Using |¢e(s) —iN 190 > N=190 we conclude that
U < N2%0.
Next, we proceed with the estimate for U,.

Notice [dq ¥ (E =7 ()| < 1Y ool Px,i (t) = Py,i ()| by (5-10). Furthermore, since | E —iN 100> 5,
on the domain of integration of U,, we conclude that

Uz £ N2y lloo,
and therefore from (6-111) we have
|00 Do (1)] < N292, (6-114)

since || V']loo < N? by the choice of ¥; see below (5-9).
Similarly, we conclude that
1Z3] < NP9l o (6-115)

To estimate Z5, by (6-14), it follows that

~ 1 aaz _aazl
d(aazi) = |:N Z (ZIJ—W + 3ad>a(t)] dr,
J

with initial data
9aZi (0, ) = X; (0) — 3i (0),

forall 1 <|i| < N. Since |0¢Z; (0, )| < N2°° forall 1 <|i| < N, by Duhamel’s principle and contraction,
it follows that

1002 (£, 0)| S N?%0 4+ 1, max |3 Pe(7)] < N20? (6-116)

0<7<t:
for all 0 <t < t,. In particular, by (6-116) it follows that
|Z5| S N*®VN (6-117)

. .. L S 1 - = . _1
since for all j in the summation in Z, we have |i — j| 2 ix ~ N2 and thus |Z; —Z;| 2 |i — j|/N Z N~ 2.
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Finally, we estimate Z4 using the fact that the endpoints of Z, ; ()¢ N Jz(¢) are quantiles y; (f) whose
a-derivatives are bounded by (5-10). Hence
pu(7i +&)

pr(7jy +f
4 Zi —Vj_

lat (77%1'* + E?_)
Zi — 77j+ Z

Zy =
i3,

<
~

+

)‘+

‘SN (6-118)

by rigidity. Combining (6-114)—(6-118) we conclude (6-110), completing the proof of Lemma 6.11. O

#

Continuing the analysis of (6-105), for any fixed « let us define w* = w#(¢, @) as the solution of

d,w* = Lw?, (6-119)
with cutoff initial data

w?(o, Ol) = 1{|l|5N4w£+8}wl (O, Ol),

with some 0 < § < Cwy, where C > 10 a constant such that (4 + C)wy < wy4.

By the rigidity (6-102), the finite-speed estimate (B-34), with §’ := §, for the propagator U/* of £ holds.
Let0< 4§y < %8; then, using Duhamel’s principle, that the error term é‘l.(o) is bounded by (6-110) and that
é‘l.(o) =0 forany 1 <|i| < N®4, it easily follows that

sup max |wf(t,cx)—wl-(t,a)| < NT100 (6-120)
0<t<t, |i|<N*@etd
for any « € [0, 1]. In other words, the initial conditions far away do not influence the w-dynamics; hence
they can be set zero.

Next, we use the heat kernel contraction for the equation in (6-119). By the optimal rigidity of X; (0)

and ¥; (0), since wf(O, «) is nonzero only for 1 < |i| < N4@¢+3 it follows that

NEN &1
max _[w!(0,a)] < ———, (6-121)
1<|i|l<N N2
and so, by heat kernel contraction and Duhamel’s principle,
NN
sup  max |wf(t, a)| < ———. (6-122)

o<r<t, 1=liISN N2

Next, we recall that Z(¢,x =0) = y(¢).
Combining (6-120) and (6-122), integrating w; (¢, a’) over &’ € [0, «], and by a high-moment Markov
inequality as in (6-45)—(6-46), we conclude that

£ N @1 5
sup |2 (t.a)— i ()| < ——5—., 1=]i| < Nt
0<r<t+ N3

for any fixed « € [0, 1] with very high probability for any & > 0. Since

) _ ) ) B ) NEN%wl
1Zi(t,0) = yi (O] = |9i (1) = Py,i O] + |7 () = Py,i (O] + EUVER

P\
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forall 1 <|i| < N*®¢td1 and o €0, 1], by (4-18) and the optimal rigidity of §; (1), see (6-3), we conclude

that
E N w1

NEN
sup |2 (1, @) — 7 (t)] < ———, 1<|i| < N4eto (6-123)
0<t=<tx 4

for any fixed @ € [0, 1], for any & > 0 with very high probability. This concludes the proof of (6-103). O

6E. Phase 3: rigidity for Z with the correct i -dependence. In this subsection we will prove almost-

optimal i -dependent rigidity for the short-range approximation Z; (¢, &) (see (6-97)—(6-100)) for 1 < |i| <
NAoet+s1

Proposition 6.12. Let 81 be defined in Proposition 6.10; then, for any fixed o € [0, 1], we have

EN 01 5
sup |2 (t, ) —7i ()| S —5—, 1 <|i|] < N*®eto, (6-124)
0=<r=<tx N#z|i|*
for any & > 0 with very high probability.
Proof. Define
K :=[N*®T;

then (6-103) (with § — %é) implies (6-124) for all 1 < |i| <2K. Next, we prove (6-124) for all 2K <
|i| < N4@et81 by coupling %, (1) with V(i—k)(t), where we make the following notational convention:
(i —K) = z:—K %fz:e[K—l—l,N]U[—N,—l],

i—K-1 ifiell,K].

This slight complication is due to our indexing convention that excludes i = 0.

(6-125)

In order to couple the Brownian motion of X; (z) with the one of y;_k\(¢), we construct a new process
Z*(t, ) satisfying

2 1 1
dzZf (t,a) = y/—dB_ — Dy (2)[ds, 1<]i| <N, 6-126
2 () = 5 4By, K>+[Nj§§;([’a)_7(t’a)+ a()] <lil < (6-126)

with initial data
270, ) = aX; (0) + (1 —a)Ji—k)(0), (6-127)

for any « € [0, 1]. Notice that the only difference with respect to Z; (¢, ) from (6-14) is a shift in the
index of the Brownian motion; i.e., Z and Z* (almost) coincide in distribution, but their coupling to the
y-process is different. The slight discrepancy comes from the effect of the few extreme indices. Indeed, to
make the definition (6-126) unambiguous even for extreme indices, i € [-N,—N + K — 1], additionally
we need to define independent Brownian motions B; and initial padding particles y;(0) = —jN 300 for
j=—N—-1,...,—N — K. Similarly to Lemma 5.1, the effect of these very distant additional particles
is negligible on the dynamics of the particles for 1 < |i| < €N for some small €.

Next, we define the process Z*(¢, ) as the short-range approximation of Z*(z, &), given by (6-97)—
(6-99) but with B; replaced with B(; _g) and we use initial data Z*(0, ) = Z*(0, ). In particular,

D) =%0)+ 0N, 2,00 =Ji—k) () + O(NT'?), 1<li|<eN, (6-128)
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the discrepancy again coming from the negligible effect of the additional K distant particles on the
particles near the cusp regime.
Let w*(t,a) := 042 (¢, @); i.e., w* = w* (¢, @) is a solution of

d;w* = Bw* +VYw* + é.(O)’
with initial data
] (0,@) = 27(0) = H(i—)(0).

The operators B, £ and the error term ¢(?) are defined as in (6-106)—(6-109) with all Z and ? replaced by
Z* and Z*, respectively.
*)#

We now define (w*)* as the solution of

3 (w** = L(w*)*, (6-129)
with cutoff initial data
WH*0, @) = 1y _yso+5w] (0, ),
with 0 < § < Cwy with C > 10 such that (4 4+ C)wy < wy.
We claim that
wH*0.0) >0, 1<]i| <N, (6-130)

We need to check it for 1 < |i| < N4@¢*3 otherwise (wl.*)#(O, «) = 0 by the cutoff. In the regime 1 <|i| <
N4®e+8 we yse the optimal rigidity (Lemma 6.1 with £ — 1L0§ ) for £7(0) and y;_k)(0), which yields

(w})*(0, ) = £7(0) — $(;—k) (0)
1 N N 1
> =N, (v (0)) + Px.i (0) = Py, (1— k) (0) = N 10 1 (55 iy (0)). (6-131)

We now check that Py ; (0) — Py i—k)(0) is sufficiently positive to compensate for the N 10é 1Ny error
terms. Indeed, by (4-13a) and (4-18), for all |i| > 2K we have

Pai () = Py =iy () Z Knp (v (0) > N10Ens (vF (1)
and

M iy O) ~ 17 (74 (D).

This shows (6-130) in the 2K < |i| < NAwets regime. If K <|i| <2K or —K <i < —1 we have that
(w7)*(0, ) > 0 since

R " K% 1 K% * *

Vx,i (0) = ¥y,(i—k)(0) X max v (tx —1)0 ¥ 2 Kmax{ns(yx;(0). 07 (vy i—k)y (O}
0 Px,i(0) —p k)(0) beats the error terms N 106 ns as well. Finally, if 1 <i < K — 1, the bound
in (6-131) is easy since Px,;(0) and P, (;_k)(0) have opp051te signs; i.e., they are in two different sides
of the small gap and one of them is at least of order (K/N )4 beating N 106 ns. This proves (6-130).
Hence, by the maximum principle we conclude that

WwH*(t,0) >0, 0<t<ty, ael0,1]. (6-132)
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Let 61 < %8 be defined in Proposition 6.10. The rigidity estimate in (6-102) holds for Z* as well, since
Z and Z* have the same distribution. Furthermore, by (6-102) the propagator U/ of £ := B + V satisfies
the finite-speed estimate in Lemma B.3. Then, using Duhamel’s principle and (6-110), we obtain
sup max |(wH*(t,a) —wk(t,a)| < N710° (6-133)
0<t<t. 1<|i|<N*®ctd1
for any « € [0, 1] with very high probability.
By (6-133), integrating w (¢, o) over o’ € [0, o], we conclude that

BX (@) — k) () = N1 1 <|i| < NAeetd (6-134)

for all « € [0, 1] and 0 < ¢ < 1, with very high probability. Note that in order to prove (6-134) with very
high probability we used a Markov inequality as in (6-45)—(6-46). Hence,

Er o) =7 (1) = Pu—k)y () = Dy i—k) (O] + [Py i— k) (1) — Py, (O] + [Py, (1) — 7i (1)] — N 190

> K17 (0 gy 0) + 0y (0 (0) = 77 (012
> 2K (0 (vy, -y ) + 17 (5 (1)) (6-135)

forall 1 <|i| < N*@¢t81 where we used the optimal rigidity (6-3) and (4-18) in going to the second
line. In particular, since for |i| > 2K we have 7¢ (y;k (1) ~ny (yy* g (1)), we conclude that

1
CKN&
BX(ta) = Pit) > —————, 2K <|i| < N4@etd (6-136)

N4|1|4

for all 0 <t < t, and for any « € [0, 1]. This implies the lower bound in (6-124).

In order to prove the upper bound in (6-124) we consider a very similar process Z* (¢, &) (we continue
to denote it by star) where the index shift in y is in the other direction. More precisely, it is defined as a
solution of

- [2 1 1
lefk(l‘,Ot) = NdB(H_K) + |:N Z = O{)—E}k(l‘ @) + cDa(Z)] dr,
j# LT ’

with initial data

Zi(0,0) = ay(i+k)(0) + (1 — ) X; (0),

for any « € [0, 1]. Here (i 4+ K) is defined analogously to (6-125). Then, by similar computations, we
conclude that
1
KN
Ea)—7i() < —5—. 2K <|i| < N*@th, (6-137)
Niaji|#

for all 0 <t <1, and for any « € [0, 1]. Combining (6-136) and (6-137) we conclude (6-124) and complete
the proof of Proposition 6.12. O
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7. Proof of Proposition 3.1: Dyson Brownian motion near the cusp

In this section #; < ¢4, indicating that we are before the cusp formation; we recall that ¢; is defined as
N1

Nz

for a small fixed w; > 0 and ¢, is the time of the formation of the exact cusp. The main result of this

=

section is the following proposition, from which we can quickly prove Proposition 3.1 for #; < t4. If
t1 > t« we conclude Proposition 3.1 using the analogous Proposition 8.1 instead of Proposition 7.1 exactly
in the same way.

Proposition 7.1. For t; < t«, with very high probability we have

(A1) = e, ) = (jiy—in () — ¢, )| < NT376 (7-1)
for some small constant ¢ > 0 and for any j such that |j —i| < N®L.

Note that if 11 = 4« then e:ft* =¢.; =Cr for r = A, u, with ¢, being the exact cusp point of the
scDOSs py, . The proof of Proposition 7.1 will be given at the end of the section after several auxiliary
lemmas.

Proof of Proposition 3.1. Firstly, we recall the definition of the physical cusp

1 _ .
E(e::tl +epp,) it <ty
brs =1 ¢r if 1] = tx,
mr’tl if [1 > [*

of prs, asin (2-5), for r = A, u. Then, using the change of variables x = Ni (x"—byy) forr = A, p,
and the definition of correlation function, for each Lipschitz continuous and compactly supported test
function F, we have

k (N,A) X Lk (N0 x
/R F(x)[N4 pk Na (bk,tl + m) N4 pkt (bﬂstl + E)] dx
N1 3 N
=Nk(k> Z [[EH;]A) F(N4(Ai1_b,l,tl)’-..,N4(kik_bk,tl))—[EHt(iu) Fo—w], (7-2)
{i1,.. ik }C[N]

where Ay,...,An and puy,..., uy are the eigenvalues, labelled in increasing order, of H,(l)L ) and Ht(lu )
respectively. In E H(‘” F(A — p) we also replace by ;, by b, .

In order to apply Proposmon 7.1 we split the sum in the right-hand side of (7-2) into two sums,
/

Z and its complement Z , (7-3)

{i1,eensix JC[NV]
[i1—=ixl,eeslig—in|<N€

where € is a positive exponent with € < wj.
We start with the estimate for the second sum of (7-3). In particular, we will estimate only the term
E H[(IM (+); the estimate for [ Ht(lm (+) will follow in an analogous way.
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Since the test function F' is compactly supported in some set 2 C R¥ and in Y/ there is at least one
index i; such that |i; —iy| > N€, we have

/
3 3
Z [EHI(I)L) F(N4(ll'1 — bl,ll)’ RN N4()&ik — bl,ll))
— _3
SNUFle 30 Pyoo(lhiy =bayl S CaNTH). (7-4)
itlip—ix|=N€
where Cgq is the diameter of 2. Let
Vi =1 t+eg,
be the classical eigenvalue locations of pj (¢;) defined by (4-10) forall 1 —iy <i < N +1—i,. Then, by
the rigidity estimate from [Erdds et al. 2018, Corollary 2.6], we have
_3 ., —
PHZ(I;\)(MZ'I—EJA,,JﬁCQN 4,|ll—lA|ZNe)§N D (7-5)
for each D > 0 if N is large enough, depending on Cg. Indeed, by rigidity it follows that
Nc€ Nc’;' Nc€
>

Aiy, = bae | = 1vai, = Vai | = 1Ay —vail = 1020 — Vi, | 2 RERRVEIN

(7-6)

with very high probability if N€ < |i; —iy| <¢N for some 0 < ¢ < 1. In (7-6) we used the rigidity from
[Erdés et al. 2018, Corollary 2.6] in the form

NE
Ai —vail = —.
N4

for any & > 0, with very high probability. Note that (7-5) and (7-6) hold for any € = £. If |i; —iy| > €N,
then |y;, — i, | ~ 1 and the bound in (7-6) clearly holds. A similar estimate holds for H t(lu ); hence,
choosing D > k + 1 we conclude that the second sum in (7-3) is negligible.

Next, we consider the first sum in (7-3). For #1 <« we have, by (4-6a), that

1
eF 1, = Bae) = (& =) = 3100y = A | S Mgty (e —11)

Hence, by (7-1), using that

< N~i-etCaor

W=

|[F(x) = FOI < IFllcrllxe — x|,

we conclude that

3 3
Z [[EHt(M F(N*(A; — b)c,tl)s N3G, — b/l,tl)) — [EHI(”) FA— )]

Ltk IV : : Nke
lit=inlseolig—inl < < Ck|lFllet ~eor (7-7)
for some ¢ > 0. Then, using that

N¥(N —k)!
(T) = 1 +Ok(N_1),

we easily conclude the proof of Proposition 3.1. O
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7A. Interpolation. In order to prove Proposition 7.1 we recall a few concepts introduced previously. In
Section 5 we introduced the padding particles x; (¢), y; (¢), for 1 <|i| < N, which are good approximations
of the eigenvalues A (¢), ; (¢) respectively, for 1 < j < N, in the sense of Lemma 5.1. They satisfy a Dyson
Brownian motion equation (5-5), (5-7) mimicking the DBM of genuine eigenvalue processes (5-3), (5-4).
It is more convenient to consider shifted processes where the edge motion is subtracted.

More precisely, for r = x, y and r(t) = x(¢), y(¢), we defined
Fi(0) = ri(t)—ef,, 1=<|i|<N,

r,t’

for all 0 <t < t. In particular, 7(¢) is a solution of

[2 1 1
dFi (t) = /— dB; S N, 1) dr, 7-8
rz() N l+(Nj§fi(t)—fj(l)+ [mr,t(er,t)]) (7-8)
with initial data
71(0) = ri(0) — ¢/, (7-9)

forall 1 <|i| <N.
Next, following a similar idea of [Landon and Yau 2017], we also introduced in (6-14) an interpolation
process between X(¢) and y(¢). For any o € [0, 1] we defined the process Z (¢, «) as the solution of

oy = as (L ! _
dz; (t,a) = \EdB, + (N ; PRI + @a(t)) dr, (7-10)

Zi(0, @) = ax; (0) + (1 — ) yi (0),
foreach 1 <|i| < N. Recall that @, (7) was defined in (6-15) and it is such that ®q(¢) = R[m,, (e;,:,)] and
D(2) = ﬂi[mx,,(e;",)]. Note that Z; (¢, 1) = X;(¢) and Z; (¢,0) = y;(¢) forall 1 <|i| < N and 0 <t < .
We recall the definition of the interpolated quantiles from (5-10) of Section 5:
Vi) :=apxi(t) + (1 —a)py,i(t), a€[0,1], (7-11)

where p,; and py; are the shifted quantiles of px, and p,, respectively, defined in Section 5. In

with initial data

particular,

e =aek, +(1—)ef,, ac0.1].

We denoted the interpolated density, whose quantiles are the y; (¢), by ps (5-12), and its Stieltjes transform
by m;.

Let Z(¢, ) be the short-range approximation of Z (¢, &) defined by (6-97)—(6-99), with exponents w; <
wy K wy K 1 and with initial data Z(0, ) = Z(0, @) and iy = N2+C@1 for some large constant Cy > 0.
In particular, X(z) = Z(¢, 1) and y(¢) = Z(¢, 0). Assuming optimal rigidity in (6-3) for 7; (t) = X; (¢), i (¢),
the following lemma shows that the process 7 and its short-range approximation 7 = X, y stay very close
to each other; i.e., |, —Fi| <N ~37¢ for some small ¢ > 0. This is the analogue of Lemma 3.7 in [Landon
and Yau 2017] and its proof, given in Appendix C, follows similar lines. It assumes the optimal rigidity,
see (7-12) below, which is ensured by [Erd6s et al. 2018, Corollary 2.6]; see Lemma 6.1.
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. 1 ~ - . . . g
Lemma 7.2. Let iy = N2TC91 Assume that Z(t,0) and 2(t, 1) satisfy the optimal rigidity

sup |Z;(1,0) = Pri (D] < Nou{™ (e + Prxi (1), 1< i Six, @ =0,1, (7-12)

0<t<ty
withr = x, y, for any & > 0, with very high probability. Then, for o =0 or o = 1 we have

sup  sup |Z;(¢t, ) —Z; (t, )|
1<|i|<N 0<t<t

~

NéwlNE N@1 N@t NCwlN%wA N%a}ANCwl NCw1
S 3 ( 3 i i + i i ) (7-13)
N2 N>®¢ N3 Neo N3 N8
for any & > 0, with very high probability.
In particular, (7-13) implies that there exists a small fixed universal constant ¢ > 0 such that

sup  sup |5i(f,0l)—3z‘(l,0l)|§N_%_C, =01, (7-14)

1<|i|<N 0=<t=1;
with very high probability.

Remark 7.3. Note the denominator in the first error term in (7-13): the factor N3?¢ is better than N 2®¢
in Lemma 3.7 in [Landon and Yau 2017]; this is because of the natural cusp scaling. The fact that this
power is at least N (1+6)@e wags essential in that paper since this allowed them to transfer the optimal
rigidity from Z to the Z-process for all « € [0, 1]. Optimal rigidity for Z is essential (i) for the heat kernel
bound for the propagator of £, see (6-105)—(6-106), and (ii) for a good £”-norm for the initial condition
in (7-25). With our approach, however, this power in (7-13) is not critical since we have already obtained
an even better, i-dependent rigidity for the Z-process for any o by using the maximum principle; see
Proposition 6.12. We still need (7-13) for the x- and y-processes (i.e., only for « = 0, 1), but only with a
precision below the rigidity scale; therefore the denominator in the first term has only to beat N o1+t

7B. Differentiation. Next, we consider the a-derivative of the process Z(z, o). Let
ui(t) =u;t,a) :=0a%;(t, ), 1=|]i| <N;

then u is a solution of the equation

dou=Lu+0, (7-15)

where ¢©, defined by (6-108)—(6-109), is an error term that is nonzero only for |i| > N®4 and such
that |¢ l-(0)| < N for some large constant C > 0 with very high probability, by (6-110), and the operator
L =B+ YV acting on R2V is defined by (6-106)—(6-107).

In the following by U/* we denote the semigroup associated to (7-15); i.e., by Duhamel’s principle

u(t) = U0, Hu(0) + /tuﬁ(s, @ (s)ds
0
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and U~ (s, s) = Id for all 0 < s < ¢. Furthermore, for each a, b such that lal, |b] < N, by LlaLb we denote
the entries of /%, which can be seen as the solution of (7-15) with initial condition u4(0) = 8,p.
By Proposition 6.3 and Lemma C.1, for any fixed « € [0, 1], it follows that

NCa)1
sup |2 (¢, @) = yi()]| S ——, 1=Ii| <N, (7-16)
0<t<t« N2

NCa)l
sup |Z;(t, ) — i ()| S , 1 <|i]| <, (7-17)
0<t<t« N4

with very high probability. Then, using (7-17), as a consequence of Lemma B.3 we have the following:

Lemma 7.4. There exists a constant C > 0 such that for any 0 < § < Cwy, if 1 <|a| < %N‘""‘f +3 and
|b| > N4@et8 then
sup U5 (s, 1) +UE, (s,1) < NP (7-18)

0<s<t<ts
for any D > O with very high probability.
Furthermore, by Proposition 6.12, for any fixed « € [0, 1], we have

EnN t01

N
sup |2i(t,@) — 7 (1)] S ———, 1<|i| < N*eto (7-19)
0<t<ts N?I|i|Z

for some small fixed §; > 0 and for any & > 0 with very high probability.
Next, we introduce the £” norms

1
p
il = (St el =
i

Following a similar scheme to [Bourgade et al. 2014; Erdés and Yau 2015] with some minor modifications
we will prove the following Sobolev-type inequalities in Appendix D.

Lemma 7.5. For any small ) > 0 there exists ¢y > 0 such that

O (Sr) Y (S ) e

i#jery |l4—J4|2 7 i1 itjer 113 =1j1% 7" i<—1

ST

hold, with p = 8/(2 + 31), for any function ||lu||, < co.

Using the Sobolev inequality in (7-20) and the finite-speed estimate of Lemma 7.4, in Appendix E we
prove the energy estimates for the heat kernel in Lemma 7.6 via a Nash-type argument.

Lemma 7.6. Assume (7-16), (7-17) and (7-19). Let 0 < 84 < %81 and wo € R?N such that |(wo);| <
N=100\wyq ||y for |i| = L* N5, Then, for any small > 0 there exists a constant C > 0 independent of n
and a constant ¢y such that for all 0 < s <1 < t«

. NC7]+3w1 1-3n
U™ (s, )woll2 < ﬁ lwoll1 (7-21)
Crl 2 Z_S
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and
. NCn+ior 2(1-3n)
0. w0l = () (7-22)
cyN 2t
for each p > 1.
Let0 <6, < %84. Define v; = v; (¢, @) to be the solution of
d;v =Ly, v;(0,a)= ui(O,a)l{lilstﬁsv}. (7-23)

Then, by Lemma 7.4 the next result follows.

Lemma 7.7. Let u be the solution of the equation in (7-15) and v defined by (7-23); then we have

sup sup |u;(t) —vi(?)| < N 100 (7-24)

0<t<r |i|<t4
with very high probability.
Proof. By (7-15) and (7-23) have

N N4wg+51; P
0
wi@—vi)= Y UsQ.0u; 0~ Y u§(o,z)uj(0)+/ S U8 (s) ds.
j=—N j=—N4ortsy 0 |jl=Nea

Then, using that £® = 0 for 1 < |i| < N4 and (6-110), the bound in (7-24) follows by Lemma 7.4. [
Proof of Proposition 7.1. We consider only the j =i, case. By Lemma 5.1 and (7-14) we have
|y (1) =€, ) = (i, (1) =€ )] < 1R () = 21| + |21(0) = Pr(E)| + [1(11) = F1 (1)
<|f1(11) = Hr(e)| + N3¢

with very high probability.
Since Z;j(t1,1) = x;(¢1) and Z;(¢t1,0) = p;(t1) for all 1 < |i| < N, by the definition of u; (¢, ), it
follows that

1
)?1(11)—)7101):/0 uy(ty, o) do.

Furthermore, by a high-moment Markov inequality as in (6-45)—(6-46) and Lemma 7.7, we get
1 1
/ |u (1, @) da S N71O0 +/ lv1(t1, @) de.
0 0
Since v; (0) = u; (0)1y);| < y4w,+svy and, by (4-18) and (6-3), for I < |i| < N*@etv we have
|1 (0)] < 1Xi(0) = Px,i (O)] + |7 (0) = Py,i (O)] + [V, (0) — 7y, (0)]
N1 [i[iNZ91 _ N&©
< T 11 < 1 3°
|i|ZNZ N 12 |i|ZNZ
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we conclude that
1
Nes®1
lv©@ls < = (7-25)

N 2

with very high probability. Hence, recalling that 11 = N _%"'"", by (7-22) and Markov’s inequality again,
we get
1 NCn+ior\30-3n)
[T elta = s ol = () Ol
0 aelo,1] 2n
N%w1+gn(zc+3w1—6nC) 1

= (7-26)
NiNTs® NiNz®

with very high probability, for 7 small enough, say 7 < w1 (8C + 12w;)~L. Notice that the constant in
front of the w; in the exponents plays a crucial role: eventually the constant (1 — %)% = % from the

Nash estimate beats the constant % from (7-25). This completes the proof of Proposition 7.1. O

8. Case of 1 > t,: small minimum

In this section we consider the case when the densities px ¢, py,r, hence their interpolation p; as well, have
a small minimum, i.e., #x <t < 2¢,. We deal with the small minimum case in this separate section mainly
for notational reasons: for t. <t < 2t the processes x(¢) and y(¢), and consequently the associated
quantiles and densities, are shifted by m,;, for r = x, y, instead of e;':t. We recall that m,;, defined
in (4-14a), denotes a close approximation of the actual local minimum m, ; near the physical cusp. We
chose to shift x(¢) and y(¢) by the tilde approximation of the minimum instead of the minimum itself
for technical reasons, namely because the z-derivative of m,;, r = x, y, satisfies the convenient relation
in (4-144).

As we explained at the beginning of Section 7, in order to prove universality, i.e., Proposition 3.1 at
time 71 > 74, it is enough to prove the following:

Proposition 8.1. For t; > t«, we have, with very high probability, that
_3_
[(Aj(t1) —mp ) = (jtiy—iy (1) =Wy )| S N 7276 8-1)

for some small constant ¢ > 0 and for any j such that |j —i| < N®'. Here mj ;, and wy ; are the local
minimums of py, ¢, and py, ¢, , respectively.

We introduce the shifted process 7 (t) = X;(t), y; (¢) for t > t«. Let us define
Fi(t):=ri(t) —mpe, 1=<[i[<N, (8-2)

for r = x, y; hence, by (4-14d), the shifted points satisfy the DBM

3 2 1 1 d .
dF; (1) = \/; dB; + N; ROFO dt — (Emr,t) dr. (8-3)
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Furthermore we recall that by ;. ; (#) we denote the quantiles of p,;, with r = x, y, for all £, <t <2t4;i.e.,
);r,i=yr,i_n~1r,ta 1§|i|§N-

By the rigidity estimate of [Erdés et al. 2018, Corollary 2.6], using Lemma 5.1 and the fluctuation
scale estimate in (4-17a) the proof of the following lemma is immediate.

Lemma 8.2. Let 7(t) = x(t), y(t). There exists a fixed small € > 0 such that for each 1 <|i| < eN we have

sup |7 (1) = Pri ()] < NEnP™ (pri (1)) (8-4)

te<t<t;

for any & > 0 with very high probability, where we recall that the behaviour of nf” (e;':, + Vr+i(t)), with
r =Xx,Y, is given by (4-17b).

In order to prove Proposition 8.1, by Lemma 5.1 and (4-14b), it is enough to prove the following:

Proposition 8.3. For t; > t« we have, with very high probability, that
- - 3
|(xi (11) = tery) — (i (01) =ty 1) S NT37° (8-5)
for some small constant ¢ > 0 and for any 1 < |i| < N“1.

The remaining part of this section is devoted to the proof of Proposition 8.3. We start with some
preparatory lemmas. We recall the definition of the interpolated quantiles given in Section 5,

Vi) == apxi(t) + (1 —a)Pyi(?) (8-6)
for all @ € [0, 1] and 7« <t < 2t4, as well as
ﬁlt = O[ﬁlx,t + (1 —a)tﬁy’t

for all @ € [0, 1] and t« <t < 2t«. Furthermore by p; from (5-12) we denote the interpolated density
between pyx s and py ; and by m; its Stieltjes transform.

We now define the process Z; (¢, ) whose initial data are given by the linear interpolation of X (0) and
¥(0). Analogously to the small gap case, we define the function Wy (¢), for t, <t < 21, that represents
the correct shift of the process Z(z,«), in order to compensate the discrepancy of our choice of the
interpolation for p; with respect to the semicircular flow evolution of the density po.

Analogously to the edge case, see (6-5)—(6-11), we define A (¢, o) with the following properties:

h(t,@) = afmy ; (fx,)] + (1 —@)Rmy ¢ @y )] — Rpne (@, +iN 100+ 0N (8-7)
and h(¢,0) = h(¢, 1) = 0. Then, similarly to the edge case, we define
d - d -
Wa (1) := —or— [t (e )] = (=) 2 [my o (M )] = h(t. ). (8-8)
In particular, by our definition of i(¢, ) in (8-7) it follows that Wy (¢) = my V() = mx s and

W, (1) = R, (@,)] + O(N 3T, (8-9)
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Note that the error in (8-9) is somewhat weaker than in the analogous equation (6-16) due to the additional
error in (4-14d) compared with (4-14e).
More precisely, the process Z (¢, «) is defined by

2 1 1
A (o) =/—dBi + |~ - _ W, (t) | dr, 8-10
G0 =y l+|:Nj§Z,-(t,a)—zj(t,oz)+ "‘()} (8-10)
with initial data
Zi(tx, ) 1= aXi (tx) + (1 =) yi (1), (8-11)

forall 1 <|i| < N and for all @ € [0, 1].

We recall that 1 K wy K wg < 1 and that iy = N 3 + Cyw1 with some large constant Cy.

Next, we define the analogues of J; () and Z; ; (¢) for the small minimum by (6-95) and (6-96) using
the definition in (8-6) for the quantiles. Then, for each ¢, <t <t;, we define the short-range approximation
zi(t, ) of Z(t «) by the following SDE:

For |i| > z* we let

5 1 AO 1 45O 1
dzi(t,a) = y/—dB; - - Wy ()| de, (8-12
it @) N l+|: JZ toz)—zj(t oz)+ ; zi(t,oz)—zj(t,oz)+ a( )} ( )

for |i| < N®4
.A (l) ~ +
1 E+m d
a2 (t,a)= ,/ dB;+ [ . + py;’(—y”)dE] dl‘—(—ﬁlm) dr, (8-13)
~ Zi(t,0)=Zj(t, ) Jz,,;0)c Zi(t,0)—E dr
and for N®4 < |i| < %i*
Aa (1) - -+
2 1 E
(o) = |y Bt | Y - PUEAR) 4
N ; l‘ Ol) Z] (l‘ Ol) I i (1) NT= () Z,'(l‘,Ol)—E

1
F Y sraae 0] 61

|J|> I

with initial data
Next, by Lemma C.2, by the optimal rigidity in (8-4) for X(¢) and y(¢), the next lemma follows
immediately.

Lemma 8.4. For o = 0 and o = 1, with very high probability, we have

N& (Net  NCo
— < =
sup  sup |Zi(t,) —Zi(t, )| S v (N3we + N )

1<li|<N te<t<t

(8-16)

forany £ > 0 and C > 0 a large universal constant.
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In order to proceed with the heat-kernel estimates we need an optimal i -dependent rigidity for Z; (¢, o)
for1 <|i| <N 400+8 for some 0 < 8 < Cwy. In particular, analogously to Proposition 6.12 we have:

Proposition 8.5. Fix any o € [0, 1]. There exists a small fixed 0 < §1 < Cwy, for some constant C > 0,

such that
NEN @

1 <t<2t, Ni|i|

1 <|i| < N4@eton, (8-17)

for any & > 0 with very high probability.

Proof. We can adapt the arguments in Section 6 to the case of the small minimum, ¢ > t4, in a
straightforward way. In Section 6, as the main input, we used the precise estimates on the density p;
(4-6b), (4-20), on the quantiles p,; (t) (4-13a), on the quantile gaps (4-18), on the fluctuation scale (4-17a)
and on the Stieltjes transform (4-22a), all formulated for the small gap case, 0 <7 < #4. In the small
minimum case, t > t,, the corresponding estimates are all available in Section 4; see (4-6d), (4-21),
(4-13b), (4-19), (4-17b) and (4-22b), respectively. In fact, the semicircular flow is more regular after the
cusp formation; see, e.g., the better (larger) exponent in the (# — ) error terms when comparing (4-6b)
with (4-6d). This makes handling the small minimum case easier. The most critical part in Section 6 is
the estimate of the forcing term (Proposition 6.7), where the derivative of the density (4-7a) was heavily
used. The main mechanism of this proof is the delicate cancellation between the contributions to S, from
the intervals [yi—n—1, Vi—n] and [yi+n—1, Yi+n]; see (6-83). This cancellation takes place away from
the edge. The proof is divided into two cases: the so-called “edge regime”, where the gap length A is
relatively large, and the “cusp regime”, where A is small or zero. The adaptation of this argument to
the small minimum case, ¢ > t,, will be identical to the proof for the small gap case in the cusp regime.
In this regime the derivative bound (4-7a) is used only in the form |p’| < p~2, which is available in the
small minimum case, ¢t > t«, as well; see (4-8a). This proves Proposition 6.7 for t > t.. The rest of the
argument is identical to the proof in the small minimum case up to obvious notational changes; the details
are left to the reader. O

Let us define u; (¢, &) := 0¢Z; (t, ) for tx <t < 2t,. In particular, u is a solution of the equation
du = Lu+ @ (8-18)

with initial condition u(fx, &) = X(t+) — ¥ (t+) from (8-11). The error term ¢© is defined analogously
to (6-108)—(6-109) but replacing &, and E;r with W, and m;, respectively. Note that this error term is
nonzero only for |i| > N®4 and for any i we have |§l.(0)| < N€ with very high probability, for some large
C > 0. Furthermore, £ = B+ V is defined as in (6-106)—(6-107) replacing e;: ; and Ej‘ by my ; and m;,
respectively. In the following by 2/* we denote the propagator of the operator L.

Let0<§, < %84, with &4 defined in Lemma 7.6. Define v; = v; (¢, @) to be the solution of

a[v = Ev, vV (Z*,Ot) = ul'(l*,a)l{|i|SN4w£+6v}. (8'19)

By the finite speed of propagation estimate in Lemma B.3, similarly to the proof of Lemma 7.7, we
immediately obtain the following:
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Lemma 8.6. Let u be the solution of (8-18) and v defined by (8-19); then we have

sup  sup Ju;(t) —vi ()| < N1 (8-20)

I <t=<2tx 1<|i|<l4
with very high probability.
Collecting all the previous lemmas we conclude this section with the proof of Proposition 8.3.

Proof of Proposition 8.3. We consider only the i = 1 case. By Lemmas 5.1 and 8.4 we have

|(x1(t1) =My ,r ) — (V1(t1) =Wy 0 )| < X1 (21) — X1 (20) |+ [X1(21) — Y1 ()| + [P1(t1) — Y1 (t1)]

< |X1(t1) = D1(t1)| + N%_H.

with very high probability. Since u(z,) = 94z (t, ), using x1(t1) — y1(t1) = fol u(ty,@)da and
Lemma 8.6 it will be sufficient to estimate fol |v1(t1, @)| da. By rigidity from (8-4), we have

3 3 N§
Vi (£, )| = [u; (L, )| = |Ji (t5) — Xi (t5)| < e
1|7|4

forany 1 <|i| < N4@etdv: hence
NE
[v(tx, @)|ls £ —5
4

for any £ > 0 with very high probability.
Finally, using the heat kernel estimate in (7-22) for 24*(0,t) for t« <t < 2t«, we conclude, after a
Markov inequality as in (6-45)—(6-46),

3
N (8-21)

3 4
NaNT15@1

1
/ |v1(t1, )| da <
0
with very high probability. O

Appendix A: Proof of Theorem 2.4

We now briefly outline the changes required for the proof of Theorem 2.4 compared to the proof of
Theorem 2.2. We first note that for 0 <7y <--- <1 < N~2 in distribution (H@, ..., H®)) agrees
with

(H+ 71U, H+ yTiUi + Voo —tUsz, ..., H + JT1Uy + - + Tk — i1 Ug), (A-1)

where Uy, ..., Uy are independent GOE matrices. Next, we claim and prove later by Green’s function
comparison that the time-dependent k-point correlation function of (A-1) asymptotically agrees with the
one of

(H: + ViU, Hy + JTiUs + Voo —11Us, ..., Hy + JTiUL + -+ T — 1 Up), (A-2)
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and thereby also with the one of

(Hi + VetU + J7iUy, Hy + VetU + iU + Yoo —t U, .. .,
H1+\/EU+\/EU1 4o+ Ve —t—1Ur)  (A-3)

for any fixed t < N _%_e, where H ¢+ and H; are constructed as in Section 3 (see (3-3)). Finally, we notice
that the joint eigenvalue distribution of the matrices in (A-3) is precisely given by the joint distribution of

(Ai(ct +11), ..., Ai(ct +11), 1 €[N])

where A; (s) are the eigenvalues evolved according to the DBM

2 1
dx;(s) = \/;dBi +,~§ RSESWE) ds, A:(0) = A; (Hy). (A-4)

The high probability control on the eigenvalues evolved according to (A-4) in Propositions 7.1 and 8.1
allows us to simultaneously compare eigenvalues at different times with those of the Gaussian reference
ensemble automatically.

In order to establish Theorem 2.4 it thus only remains to argue that the k-point functions of (A-1)
and (A-2) are asymptotically equal. For the sake of this argument we consider only the randomness in H

and the condition on the randomness in Uy, ..., Ux. Then the OU-flow
dA! = —L(H - A— JriUy —--— ST =7 1U;) ds + 22 [dBy],

with initial conditions
Hy=H+ JuUy+-+ Ju—1_1U,
for fixed Uy, ..., U; is given by

Hs’ = ﬁs + Ui+ + Ju—1_1U;

ie., we view /11Uy +---+ /17 — 1;_1 U} as an additional expectation matrix. Thus we can appeal to
the standard Green’s function comparison technique already used in Section 3 to compare the k-point
functions of (A-1) and (A-2). Here we can follow the standard resolvent expansion argument from [Erd&s
et al. 2018, equation (116)] and note that the proof therein verbatim also allows us to compare products
of traces of resolvents with differing expectations. Finally we then take the Ey, ... [Ey, expectation to
conclude that not only the conditioned k-point functions of (A-1) and (A-2) asymptotically agree, but
also the k-point functions themselves.

Appendix B: Finite speed of propagation estimate

In this section we prove a finite speed of propagation estimate for the time evolution of the «-derivative of
the short-range dynamics defined in (6-97)—(6-99). It is an adjustment to the analogous proof of Lemma 4.1
in [Landon and Yau 2017]. For concreteness, we present the proof for the propagator {/~, where £ = B+V
is defined in (6-105)—(6-107). The point is that once the dynamics is localised, i.e., the range of the
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interaction term 13 is restricted to a local scale |i — j | < |j+(i)—j—(i)|, with | j+(I)—j—(i)| = N4t =: L,
and the time is also restricted, 0 <t <2t, < N _%"'“”, the propagation cannot go beyond a scale that is
much bigger than the interaction scale. This mechanism is very general and will also be used in a slightly
different (simpler) setup of Lemma 6.5 and Proposition 6.8 where the interaction scale is much bigger
L ~ +/N. We will give the necessary changes for the proof of Lemma 6.5 and Proposition 6.8 at the end
of this section.

Lemma B.1. Ler Z(t) = Z(t, ) be the solution to the short-range dynamics (6-97)—(6-99) with i, =
N%+C*w17 exponents w1 K wy K wq K 1 and propagator L = B +V from (6-105)—(6-107). Let us
assume that

NCa)1
sup [Zi (1) = yi(O)| = ———, 1 =[i] i, (B-1)
0<t<t« N4

where y;(t) are the quantiles from (5-10). Then, there exists a constant C' > 0 such that for any
0<6<Clwy, |a| > LN and |b| < %LN‘S, for any fixed 0 < s < t«, we have

sup L{C’fb(s, 1) +Z/{lfa(s, <N P (B-2)

S<t=<tx

for any D > 0, with very high probability. The same result holds for the short-range dynamics after the
cusp defined in (8-18) for tx <5 < 2t.

Proof of Lemma B.1. For concreteness we assume that 0 < s <t < t,, i.e.,, we are in the small gap
regime. For tx < s <t < 2t4 the proof is analogous using the definition (8-6) for the y; (¢), the definition
of the short-range approximation in (8-12)—(8-15) for the Z; (¢, «) and replacing E;r by m;. With these
adjustments the proof follows in the same way except for (B-25) below, where we have to use the estimates
in (4-22b) instead of (4-22a).

First we consider the s = 0 case; then in Lemma B.3 below we extend the proof for all 0 <s <¢. Let
¥ (x) be an even 1-Lipschitz real function; i.e., ¥ (x) = ¥ (—x), ||¥/|lco < 1 such that

3 3 3 3
LiN3 LiN38
V(x)=|x| for|x|< —, Y/ (x)=0 for|x|>2 —. (B-3)
N4 N4
and
N3
1V Nloo S —5—5—- (B-4)
LaN4§

We consider a solution of the equation
0 f=Lf, 0=t =<ty

with some discrete Dirac delta initial condition f;(0) = &;,, at ps« for any |p«| > N4@¢N 5 For
concreteness, assume px > 0 and set p := N4@N 5 Define

¢ = i (1, a) := VWV ECOToO) g — ) = fi( )it ), v = ., (B-3)
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with some §’ > %8 to be chosen later. Let Z; = Z; (¢, @) and set

F(t)y:=)_ fre?VEmnM =3 "2, (B-6)
i

i
Since

2Y S Bidt =Y Biymi—m)?— Y Bijm,.mj(zz ¢,_2)’

(i,j)€A (i,j)eA j o @i

using It6’s formula, we conclude that

= > B,](m,—m])zdt+2zvlm dr (B-7)
@i,j)eA
-2 Bijmimj(¢l LY )dt (B-8)
(. pea ¢ b
+ ) vmPy (i —p) dGi — 7p) (B-9)
2 vz lca - \2 v 1A —
+ lZmi (ﬁw EZi—vp)"+ NW (Zi —Vp)) dr. (B-10)

Let 71 <, be the first time such that F' > 5 and let 7, be the stopping time such that the estimate (B-1)
holds with ¢ < 1, instead of ¢ < t4; the condition (B-1) then says that 7, = 74 with very high probability.
Define t := 11 A 72 Aty; our goal is to show that T = 74. In the following we assume ¢ < t.

Now we estimate the terms in (B-7)—(B-10) one by one. We start with (B-8). Note that the rigidity
scale N~3+Ce1 iy (B-1) is much smaller than N _%(1_8)"'3“’4, the range of the support of ¥/, which, in
turn, is comparable with |y; —y,| 2 (p/N)% for any i > 2p = 2L N?. Therefore v’/ (2; — ¥p) = 0 unless
i| < LNS. Moreover, if |i| < LN® and (i, j) € A, then | j| < LN®. Hence, the nonzero terms in the sum
in (B-8) have |i|,|j| < N*®¢t3 By (B-1) and Cw; < wy, for such terms we have

. li—jl NCe1  [iN3d
1Zi —Zj| £ — rt+—=-< T (B-11)
Niminglil.|j135 - N T Nd

Note that v|Z; — Z;| < 1. Therefore, by Taylor expanding in the exponent, we have

iz zf ‘ — (S ID VT IV ET T < 2y (3 — ) =9 G — )
) i
and thus

(B-12)

¢J ¢z N(Zi_zj)2 N

where in the last inequality we used that ¥ is Lipschitz continuous. Hence we conclude the estimate
of (B-8) as

A, (i) 3
S+ Zm Z Lo o < N p ), (B-13)

Z B,Jm,mj(zl +—— )

@i,/)eA
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since the number of j’s in the summation is at most
. s . s 4 L3 38
|j4 (@) —j-()| <€*+L]i]* < LN3°. (B-14)

By (B-4) and since [y'(x)| < 1, (B-10) is bounded as follows:

2
< (”_ T )F(t). (B-15)

2
2V_ Ry L”".__
,(NW(Zz ¥p) +NW (Zi Vp)) N NILINS

The next step is to get a bound for (B-9). Since ¥’ (Z; —yp) = 0 unless || < N4@e+s « N®4_ choosing
C > 0 such that (4 + C)wy < wq and using (6-98) we get

] O 1
A1)~ (1)) = \f aB; + Z T R 0] (B-16)

with

G(E+et,) A
Qi(1):= [I o ’”;F@Tg’dE+iR[my,t(e;t>]+a(m[mx,,(yx,p(t)+ej,t)—mx,t O
+(1=a) (Rlmye Py, p () Fe ) —my e (5)]). (B-17)

We insert (B-16) into (B-9) and estimate all three terms separately in the regime |i| < LN 5. For the
stochastic differential, by the definition of 7 < ¢4 and the Burkholder-Davis—Gundy inequality we have

su —v m2y’ (5 — 7,)dB; < N ——/ty sup F(t) SUN*N™3T29  (B-18)
p i 4 \/— p

0<t<rt 0<t<t

for any €’ > 0, with very high probability. In (B-18) we used that 7 < 7, ~ N _%""‘", and that, by the
definition of t, F(¢) is bounded forall 0 <t <.
The contribution of the second term in (B-16) to (B-9) is written, after symmetrisation, as

v V(2 — ?p)miz
(i,j)eA 5=
NeA Z = N i ea 2
Using (B-4) and (B-14), the second sum in (B-19) is bounded by
A, (i)
v 2 Ci=7p) =Y (Ej— Vp) v 2
oy 2 M — a5 2 D WG A )
(i.])EA j—Zi N4L4N4 ; I
UL%
e (B-20)

N3
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Using ml2 — mj2 = (m; —mj)(m; +m;) and the Schwarz inequality, the first sum in (B-19) is bounded as

follows:
v Z ¥' (i — 7p)(m? _mjz)
N i ea A
S_W 2 Bijlmi—m;)* +— Y VG = 7p) (i +m3). (B-21)
(i,/)EA (, e

The second sum in (B-21), using (B-14), is bounded by

Cu2LN45

Z V(i = Tp) o +m) < = F

(l JIEA

(B-22)

hence we conclude that

1 3
2, m? vLi  v2LN3§
v Z V(g _Vp) < Z Blj(ml_mj)2+c( — + )F, (B-23)
(z,J)eA A 100 (i,j)€A N3 N

Note that the first term on the right-hand side of (B-23) can be incorporated in the first, dissipative term
in (B-7).
To conclude the estimate of (B-9) we write the third term in (B-16) as

n
0= ([ P AR i G0+ 7))
+0l( mx e (Px,p(t) + €x, t) My t(ex D —=NR[my  (Px,p (1) + ey, t) my, l(ey t)])
+ O‘(m[my,t()/x,p(t) + ey,t)] —NR[my ¢ (7p (1) + ey,t)])
+ (1 =a)(R[my, Py, p(1) + e;_,t)] —R[my, (yp () + e;—,t))
=t A1+ A2+ A3+ Ag. (B-24)

Similarly to the estimates in (6-58), for A, we use (4-22a), while for A3, A4 we use (4-7b); then we
use the asymptotic behaviour of y,, yp, by (4-13a) and p = LN 5 to conclude that

L4 N48NC“’1 lo N
| Aa| + |As] + | Aa] < e £ (B-25)
6

We write the A1-term as

Pp(t) —2i (1) N / pyi(E+¢f )
Al = — — E + dE + —— =" dFE. B-26
! /Iy,mc GO - B0 B ETwdET | O (B-20)

Since i < Cp, we have py((E + ¢y, l) < py, t()/cp(t) + ey t) < LiN—3t%8 for any E €T, ;(t); the
second term in (B-26) is bounded by L iN“ 411+ § log N. In the first term in (B-26) we use that

1Zi(t)—E| = |yi(t) = E|=Zi (1) = 7i ()| Z vp (1)
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for E ¢ 7y ; (1), by rigidity (B-1) and by the fact that in the i < Cp regime |y; (t) = Vi+j, ()(D)| 2 Vp () >
N=i1+Co1 gince w; <« wg and = LN® = N4wctor,
We thus conclude that the first term in (B-26) is bounded by

[my s (e;—,t +iyp(1))]
Vp(t)

where we used again the rigidity (B-1). In summary, we have

_1 1. _141g
SPp SLANTATS,

I

516 — T ()]~

|A1] S LFN~3+38 Jog N, (B-27)
In particular (B-24)—(B-27) imply that

Q:= sup sup |Qi(®)|= LiN—atal log N. (B-28)

0<t<t« |j|SLNS
Collecting all the previous estimates using the choice of v from (B-5) with § > %8 and that F is

bounded up to ¢ < 7, we integrate (B-7)—(B-10) from O up to time 0 < ¢ < ¢, and conclude that

sup F(1) = F(0) <

0<t<t

VLNISFer  ypaNer  yoNe
( 3 + 3 + 1 )
2 N4a N2
N%S—Hm N @1 Nw1+%8
S 1 + 1 + 1
LZN2  [2N® L3NV
for large N and with very high probability, where we used the choice of v (B-5) and that w; < @y in the
last line. Since F'(0) = 1, we get that t = ¢, with very high probability, and so

logN <1 (B-29)

sup F(t) <5 (B-30)
0<r<t.
with very high probability.
Furthermore, since p = LN 8§ ifi < %LN 8 choosing §’ = %8 —ep, witheg < %8 , then by Proposition 6.3
we have

li—p| _ N3§
VPG (1)~ Tp) = VIZ(0) — Tpl Z v L 2 o = N
Nilpjs N

with very high probability.

Note that (B-30) implies

fit) < 5e—%vllf(2i ®=7p)
Therefore, if i < %LN § and P« > p, then for each fixed 0 <t <1, we have
uf,, 0.0)<N°P (B-31)

for any D > 0 with very high probability. A similar estimate holds if i and p. are negative or have
opposite sign. This proves the estimate on the first term in (B-2) for any fixed s. The estimate for
L{lf* ;(s,1) is analogous with initial condition f = §;. This proves Lemma B.1. O
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Next, we enhance this result to a bound uniform in 0 < s < t,. We first have:
Lemma B.2. Let u be a solution of

o:u = Lu (B-32)

with nonnegative initial condition u; (0) > 0. Then, for each 0 <t < tx we have
1
2 2 MO =) ui) =) ui(0) (B-33)
1 1 1

with very high probability.

Proof. Since U* is a contraction semigroup the upper bound in (B-33) is trivial. Notice that 9, Yoiui=
>; Viu;. Thus the lower bound will follow once we prove —V; < N 2L~ with very high probability
since t« N L2 is much smaller than 1 by w1 < wy.

The estimate —V; < N2L~2 proceeds similarly to (B-26). Indeed, for 1 < |i| < N4 we use
Pyt (E + e;,:,) < |E|% and that |Z; (t) — E| ~ |yi (t) — E| by rigidity (B-1) and by the fact that

@) =il 1j-() =] 2 N*+ Noei3
is much bigger than the rigidity scale. Therefore, we have

v — / pre(E + ej:t)
l 7, ()¢ (Zi(t)—E)?

‘ D=

</ —dE+/ |)71|% < N% _
Yo [E-pF Jnaoc E=7@)? T T N2 T

=

The estimate of —V; for N4 < |i| < %i « 18 similar. This concludes the proof of Lemma B.2. O
Finally we prove the following version of Lemma B.1 that is uniform in s:

Lemma B.3. Under the same hypotheses of Lemma B.1, for any §' > 0 such that §' < C'wy, with C’ >0
the constant defined in Lemma B.1, |a| < %LNS/ and |b| > LN® we have

sup U5 (s, 1) +UE, (s,1) < NP (B-34)

0<s<t<tx
with very high probability. The same result holds for ty« <s <t <2t as well.
Proof. By the semigroup property for any 0 < s <7 <t and any j we have
Uy (0,1) = Usy (s,1) Uy ; (0, 5). (B-35)

Furthermore, by Lemma B.2 for the dual dynamics we have

L w0 = Y i) = 3 Y WEO.5) ui (0),
J J iJ
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and so, by choosing #(0) = §, we conclude that

Zu,ﬁ}(o,s) 2% forall 0 <s < t,.
J

From the last inequality and since sup,,, Z/{bEj (0, 5) < N~190 with very high probability for any | j| <
%LN & by Lemma B.1, it follows that there exists an j« = j«(s), maybe depending on s, with | j.(s)| >
%LN % such that Z/{lfj* (s)(O, s) > 1/(4N). Furthermore, by the finite-speed propagation estimate in
Lemma B.1 (this time with |a| > %LN’S and |b| < %LNS; note that its proof only used that |a—b| > LN?%),
we have
sup UL 0,0y < N2 forall |ju| = 2LNY
<Ix

with very high probability. Hence we get from (B-35) with j = j«(s) that sup,, Z,{fb (s,t) S NP1
with very high probability. The estimate for ulfa (s, t) follows in a similar way. This concludes the proof
of Lemma B.3. O

Finally, we prove Lemma 6.5 and Proposition 6.8 which are versions of Lemma B.3 but for the
short-range approximation on scale L = N 3+C101 peeded in Section 6C2.

Proof of Lemma 6.5. Choosing L = N %+C1“", the proof of Lemma B.1 is exactly the same except for
the estimate of Q in (B-28), since, for any « € [0, 1], Q;(¢) from (6-41) is now defined as
B 1 1-8 1
0i)="; D St D Tz A+, (B-36)

Yi =V Zi —zj

Jilj—il>L Jili—il>L

with @4 (¢) given in (6-15) instead of (B-17). Then Lemmas B.2 and B.3 follow exactly in the same way.
By (B-36) it easily follows that

0 := sup sup Q)] Slog N. (B-37)

0<t=<t« |j|<LN¥

Hence, by an estimate similar to (B-29), we conclude that

sup F(t)—F(0) <

VILN3SFer  yLiNer  poNe
+ +

0<r<t N3 Ni NZ
3 3
NZS-HD[ N@1 NZ"""I
< — + — + —— logN <1 (B-38)
L2N%  L2N¥ LiN:zN¥
with very high probability. Note that in the last inequality we used that L = N 3+Cron O

Proof of Proposition 6.8. This proof is almost identical to the previous one, except that Q;(¢) is now
defined from (6-52) as

1 1 d 1 1
Qi([)3:,3|:_ Z ﬁ‘i‘q)(t)]"‘(l—ﬂ)[—%*(t)—— Z ﬁ],
Nj:lj—i|>L R dr Nj:lj—i|§L Vi 7Yj

which satisfies the same bound (B-37). The rest of the proof is unchanged. O
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Appendix C: Short-long approximation

In this section we estimate the difference of the solution of the DBM Z(¢, o) and its short-range approx-
imation Z(, o), closely following the proof of Lemma 3.7 in [Landon and Yau 2017] and adapting it
to the more complicated cusp situation. In particular, in Section C1 we estimate |Z(z, ) — Z(¢, )| for
0 <t <ty, i.e., until the formation of an exact cusp; in Section C2, instead, we estimate |Z (¢, @) — Z (¢, )|
for 1, <t <2t4, i.e., after the formation of a small minimum. The precision of this approximation depends
on the rigidity bounds we put as a condition. We consider a two-scale rigidity assumption, a weaker
rigidity valid for all indices and a stronger rigidity valid for 1 < |i| Six =N 3+Cron ; both described by
an exponent.

C1. Short-long approximation: small gap and exact cusp. In this subsection we estimate the difference
of the solution of the DBM Z (¢, o) defined in (6-14) and its short-range approximation Z(z, ) defined
by (6-97)-(6-100) for 0 <t < t,. We formulate Lemma C.1 (for 0 <t < t«) below a bit more generally
than we need in order to indicate the dependence of the approximation precision on these two exponents.
For our actual application in Lemmas 6.9 and 7.2 we use specific exponents.

Lemma C.1. Let 01 < wp K wq < 1. Let 0 < ap < % + Cwy, C > 0 a universal constant and
O0<a<Cwp. Letiy = N%"'C*“’l with Cy defined in Proposition 6.3. We assume that

N4
IZi(t, o) = yi()]| < —5. 1=[i[<N, 0=t <t (C-1)
N34
and
Na
Zi(t, ) = yi()]| < —5, 1=|i| <ix, 051 <ts (C-2)
N3
Then, for any a € [0, 1], we have
sup  sup |Z;(t, @) —Z; (1, )|
1<|i|<N O0=t=<tx
NaNCo1 (| Ni®ilogN N294logN 1 Nao 1
= 3 (Zw 1g + 1g + Tt T+ )(C-3)
Nz Nz NeNa NaNa N%aiE Naj2 Nigs Na
* *

with very high probability.

Proof of Lemma 6.9. Use Lemma C.1 with the choice ag = % + Cw; and a = Cw; for some universal
constant C > 0. The conditions (C-1) and (C-2) are guaranteed by (6-21) and (6-22). O

Proof of Lemma C.1. Let w; := Z; — Z;; hence w is a solution of
0w =Biw+Viw+¢, (C-4)

where the operator 5, is defined for any f € C2V by

. 1 fi—fi
( lf)z —N Z (Zi(t,a)—Ej(l‘,a))(fi(t’a)_21'([»&))‘

J

(C-5)
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The diagonal operator V; is defined by (V1 f); = V1 (i) fi, where

E+¢f
Vi(i) ;:_/ _ Py A ) dE for 0 < |i| < N4, (C-6)
7,10 Eit,a) — E)Zi(t,a) — E)

Vl(z):z—/ — ~ dE for N < |i| < 5ix. (C-7)
7. ;eng- ) Gi(t,0) = E)(Ei(t,a) — E) 2

Finally, V; (i) = 0 for |i| > %i . The vector ¢ in (C-4) collects various error terms.
We define the stopping time

T .= max{t €10,t«]: sup |Zi(s, @) —Zi (s, )| < %min{|IZ,,- ()], |Zy,i (t)]} for all a € [0, 1]}, (C-8)

0<s<t
where we recall that
_3
| Z2,i (D] ~ |Zy,i (1) ~ N™% + 3wy

For 0 <t < T we have V; < 0. Therefore, since

Y (Bf)i =0,

by the symmetry of A, the semigroup of By + V1, denoted by 245111 is a contraction on every £? space.
Hence, since w(0) = 0 by (6-100), we have

t
w(t):/ UBTTVI (s, )¢ (s) ds,
0
and so
lw@)lloo < sup E(s)lloo < N2+ sup [1£(5)lloo- (C-9)

0<s<t o<s<t

Thus, to prove (C-3) it is enough to estimate ||{(s)| oo, for all 0 < s < ts.
The error term ¢ is given by ¢; = 0 for |i| > %i*; then for 1 < |i| < N®4, {; is defined as

AS, (1)

/ Py (E + ¢ ) 1
i = — . d
Iy

e Zit.a)—E E-y + @ (1) = R[my (e )], (C-10)
i@)e i\l -

1
JZ, Zi(t,a)—Z;(t, @)

with ®,(¢) defined in (6-15), and for N®4 < |i| < %i* as

- E -+ l AL;(Z) 1
;:/ PERE) qp Ly S— (C-11)
7. (N7 (c) Zi(t, ) — E N = Lita)—Zi(ta)
1=<|jl<gix

Note that in the sum in (C-11) we do not have the summation over |j| > %i* since if 1 <|i| < %i* and
|j1 > 2y then (i, j) € A
In the following we will often omit the ¢- and the c-arguments from Z; and y; for notational simplicity.
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First, we consider the error term (C-11) for N4 < |i| < %i «. We start with the estimate

AS ()

6] = pe(E +¢) aE_ - 3 1
l I8 (NI (¢ zi— E N Zi—Zj
z,;() J=(8) 1§|j|<%i* J
AS, (1) AS, (1) = =
Z’ /V1+1 pt(E+e )E —7)) dE‘—l—‘i ZI Zj =y
_E _ N 5 55 — 7
1<|]|<4z* v )(Zi j) 1§|j|<%i* (Zi Zj)(zl VJ)
Vig+i E+¢f V—@/9is+1 5 (E +eF Y1 5. (E +¢eF
n / + ,Ot(~ +et)dE‘—|— / Pt(~ +et)dE‘—|— / ;Ot(~ +et)dE’. (C-12)
Vig Zi—E V—(3/4)ix Zi—E 0 Zi—k
Since |jy —i| > N4t +N”‘f|i|% and N®4,ie.,
_ _ Nei|2
[7j —vil = T

is bigger than the rigidity scale (C-2), all terms in the last line of (C-12) are bounded by N~ i3,
Then, using the rigidity estimate in (C-2) for the first and the second term of the right-hand side
of (C-12), we conclude that

AS, (1)

Na
|§z|<F >

1<|]|<4 «

1

AR 4+ N—a3er, (C-13)
i— VY

The sum on the right-hand side of (C-13) is over all the j, negative and positive, but the main contribution
comes from i and j with the same sign, because if i and j have opposite signs then
1 1
———5 = = -
i —v))? ~ (V=i — 7))
Hence, assuming that i is positive (for negative i’s we proceed exactly in the same way), we conclude
that

|Zi|<N—a Ai(f) ;+N_%‘3“’€. (C-14)
- N% 1=j<2i Vi — J7j)2

From now we assume that both i and j are positive. In order to estimate (C-14) we use the explicit
expression of the quantiles from (4-13a), i.e.,

2 3
_ JN\3-1 [ j\*
j ~ A ? ’ ~ ’
() 4 (3) ]
- 3
where A; <17 denotes the length of the small gap of p;, forall |j| <ix ~ N 2A simple calculation
from (4-13a) shows that in the regime i > N“4 and j € A° we may replace |y; — ;| ~ |vy,i (t)—Vy,; (1) ~
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|i% —j%|/N%;hence
a ASW

1
N i2+j2 _1_
Gls = Y SN (C-15)
@ o =])
1§j<il*

In fact, the same replacement works if either i > N 40¢ or j > N4t and at least one of these two
inequalities always holds as (i, j) € A°. Using i < > l* and that by the restriction (i, j) € A€ we have
|j—i| >0+ 14) elementary calculation gives

N(Z
Gl 8 ——— (C-16)
NiN2oe
Since analogous computations hold for i and j both negative, we have
Na
6| S ——— forany N®4 < |i| < 1i, (C-17)
NaN2we

with very high probability.
Next, we proceed with the bound for ¢; for |i| < N®4. From (C-10) we have
AS, (i)

e
l Li0eng@) Zi—E N ~ Zi—Zj
|]|<Zl*
_ . A1)
E+¢f 1 1
+(/ MdE—— Z ~ ~)
Zwe Zi—E N = Zig
|]|>Z*

+ o (t) — N[, (Z; + e?—)] + Nlmy, (Zi + ¢y, t)] NRlmy, t(ey £l

E +¢F E+e
+(/ MM—/ MdE)::A1+A2+A3+A4. (C-18)
.0 Zi—E 7,40 Zi—E

By the remark after (C-15), the estimate of A; proceeds as in (C-15) and so we conclude that

Na
AL S ——— (C-19)
Nz N2oe

To estimate A,, we first notice that the restriction (i, j) € A€ in the summation is superfluous for
. . . _3,.3 _ .
li|<N®4and|j|> %l*. Let n; € [N~3T324 N=3] for some small fixed § > 0, be an auxiliary scale
we will determine later in the proof; then we write A5 as

o, (E s+ o:(E S+
A2=(/ pr( +€t)dE_/ pi( +ef)dE)
¢ Zi—E 7 Zi —E+im

1 1 1 1
+(N Z Ei—§j+in1_ﬁ Z Ei—fj)

17123 17123
1 1 6:(E +¢f
+ (— Z 0 —/ f)t(——i_t) dE)
N ~ ZIi—Zj+im 7-@) Zi — E +1m
|jl<gzix

+ (me(Z; +in) —man (Zi +im,t,a)) =1 Ao g + Aop + Az 3+ Az 4, (C-20)
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696
where we introduced | |
m z,t,a) = — ——, zeH.
2N ) N Z zi(t,a)—z
[7I<N
For 1 <|i| < N® and |j| > 3 l*, the term A > is bounded by the crude rigidity (C-1) as
N7771
|22 < — < : (C-21)
Z (Zi _Z/)z 3
|]|> Ix Lk
Exactly the same estimate holds for A5 ;
Next, using the rigidity estimates in (C-1) and (C-2) we conclude that
1 2 — Vil 1 2 — ¥l
Malsy 2 o ETN X T
N o BE-g+mP N, & E— il
a B ) N 4o 1
< 3 SmN(J/i+IT]1)+—7 Z YRRV
Ninp T TN Vi — 7))
1
3 Na() Na Nao
< + . (C-22)
iZN%

Né (N 4a)A 3
S tTm) +— 132

Ninp \ N3 N#i2 Nip}
Here we used that the rigidity scale near i for 1 < |i| < N4 is much smaller than ; > N~212®4 In
in1) can be bounded by the density p;(y; + n1), which in turn is

particular, we know that Im y (y;
a

bounded by (y; + r)1)%. Similarly we conclude that

|A2,3] < 5
Nan;

Optimising (C-21) and (C-22) for 11, we choose 71 = (iZ N~%)5, which falls into the required
interval for n;. Collecting all estimates for the parts of A, in (C-20), we therefore conclude that
(C-23)

N5 3a N 4o

1

|A2] < -
Ao
iy N3

l*5N4
Next, we treat A3 from (C-18). By (6-16), we have @y (¢) = S)‘t[mt(e;r)] +O(N™1), and so by (4-22a)
we conclude that
| 43| = R, ()] - Sn[ﬁ%(fi + 0]+ Rlmy G + e )] = Rmy (e )]
li]# N18°t | | N #@a N 151 log N N2@a logN
(—1 — + — |log|yil| < — + (C-24)
N%N% N2 N%Ns% N2

Pyt (E + e;_,t) dE)

We proceed writing A4 as
- E _+
p:(E +¢;) dE—/ N
.0 Zi—E
Pyt (E + 2;:,) d
zi— E

A4=(/ —
) Zi—E
E +e¢f
+(/ Mdﬁ'_/
.0 Zi—E 7,:0)  Zi

E) =: A4,1 + A4,2. (C-25)
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We start with the estimate for A4 5. By (6-96) and the comparison estimates between y,; and Py ;
by (4-18) we have
_ A _ . N9 (€3 4 i)
1Z2,i )ALy i (D S Vzi—j i) = Vysi—je )| T V2t ) = Vysi+ir )] S o , (C-26)

N 12

where A is the symmetric difference. In the second inequality of (C-26) we used that |i + j1(i)| S N¥4
and wq < 1. For E € 7, ; AT, ; we have

E+4¢f N2+ |i|2
pra(E+ &) Al |2| ) (C-27)
zi—E 03 +1i|3
and so, using |i| < N®4,
1 1 1 1
Nja)]Nij NjwlewA
|A42| < = (C-28)

N NiNs
with very high probability.

To estimate the integral in A4,; we have to deal with the logarithmic singularity due to the values of E
close to Z; (). For max{e; ¢, ,} < E <0 we have

py.i(E+¢ ) = pi(E +¢) =0. (C-29)
For min{e;, e;,t} < E <max{e,, ey_,t}, using the %—H(’jlder continuity of p; and p,; and (4-6a) we have
+ - -+ 3 y o N
Pyt (E +e5 ) = pr(E+ ) S A7 (tx—1)° v (C-30)
36

for all 0 < ¢ < t4. In the last inequality we used that Ay, ; < Ay g <N —it33e for all # <. Similarly,
for E <min{¢, , ¢j,} we have

Py (E €50 = Pu(E + )] S Loy (B + €)= p(E + )] + A (1 = ). (C-31)
with E’ <0.
Using (4-6b) for £ > 0 and combining (4-6b) with (C-29)—(C-31) for E < 0, we have
(C+[i| )N (2 +]i]2) N1ser 1
NiNt - N2 - N )/I,i(t)n{|E—2,~|>N—60} |Z; — E|
pi(E + &) —pya(E +¢)
/lE—E,-lgN—@

|Aa,1| ( dE

_|_

dE|. (C-32

The two singular integrals in the second line are estimated separately. By the %—Hélder continuity py s
we conclude that

E+e¢t
[P
|E—Z;|<N—60

zi—F
< / ;2 dE S N2
|[E—%|<N—60 |Z; — E|3

/ Py, (E + 2;,) —pye(Zi + 2;;)
|E—Z;|<N—60 Zi—E

£
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The same bound holds for the other singular integral in (C-32) by using the %—Hélder continuity of p;.
Hence, for 1 < |i| < N®4, by (C-32) we have

N34 N 391 og N . N2@41og N . N18©1 log N

A <
44| < NiNe N2 N %

(C-33)

with very high probability.

Collecting all the estimates (C-17), (C-19), (C-23), (C-24), (C-28) and (C-33), and recalling w; <
wy K wyg K 1, we see that (C-19) is the largest term and thus |{| < N—i720c NyCor g5 g < Cw;. Thus,
using (C-9), we conclude that the estimate in (C-3) is satisfied for all 0 <¢ < T. In particular, this means that

N ~ _3
2i(t, ) —Zi(t,a)| < NTatCor  o<i<T,

for some small constant C > 0. We conclude the proof of this lemma by showing that T > .
Suppose by contradiction that 7' < t,; then, since the solution of the DBM have continuous paths (see
Theorem 12.2 of [Erd6s and Yau 2017]), we have

» B Na NCC!)]

Z(T+t)—Zi(T+1, )| < —5——

NiaN2oc
for some tiny 7 >0 and for any « € [0, 1]. This bound is much smaller than the threshold |Z, ; (¢)|, |Z;.; ()| ~
N—3 + 3w in the definition of 7. But this is a contradiction by the maximality in the definition of T;

hence T' = t4, proving (C-3) for all 0 <¢ < t,. This completes the proof of Lemma C.1. O

Proof of Lemma 7.2. The proof of this lemma is very similar to that of Lemma C.1; hence we will only
sketch the proof by indicating the differences. The main difference is that in this lemma we have optimal
i-dependent rigidity for all 1 < |i| < i«. Hence, we can give a better estimate on the first two terms
in (C-12) as follows (recall that N®4 <j < %i*):

|€|<N’3Né“’1 1 _ NENsr P12 +1j12  _ NENS

i~ 3 L~ 3 T~ 1 :
= —‘ —_ ) 2 o] = = . . 2 o= = 3
P P e VR ML Na g, (E=1D2 s NaN=e

Compared with (C-16), the additional N ®¢ factor in the denominator comes from the | j |i factor before-
hand that is due to the optimal dependence of the rigidity on the index. Consequently, using the optimal
rigidity in (6-3), we improve the denominator in the first term on the right-hand side of (C-3) from N2®¢
to N3%¢ with respect Lemma C.1.

Furthermore, by (6-3),

1

Nzm
1

11
SNaT2Cery

N&
|A2.3],|A2.4] <—— and |Az1],]|A222] S
Nm l*j

. . 1 . _s
since iy = N 21TC«@1; hence, choosing 7 = N ™58, we conclude that

NENeer  NE
NiN3oe Nk

All other estimates follow exactly in the same way of the proof of Lemma C.1. This concludes the proof

of Lemma 7.2. O
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C2. Short-long approximation: small minimum. In this subsection we estimate the difference of the
solution of the DBM Z (¢, @) defined by (8-10) and its short-range approximation Z(z, &) defined by (8-12)—
(8-15) for ty <t < 2.

Lemma C.2. Under the same assumption as Section CI and assuming that the rigidity bounds (C-1)
and (C-2) hold for the Z(t, a) dynamics (8-10) for all t« <t < 2t«, we conclude that

NeNCor ( 1 1 N

sup  sup |Zi(f, @) —Zi(f, )| S
1<|i|<N tx<t=<2tx

3 + +
P

1
~3er + 1 ) (C-34)

Nai2  NeN3

1
2,.%
5472

with very high probability, for any o € [0, 1].

Proof. The proof of this lemma is similar to the proof of Section C1, but some estimates for the semicircular
flow are slightly different mainly because in this lemma the Z; (¢, «) are shifted by m, instead of €.
Hence, we will skip some details in this proof, describing carefully only the estimates that are different
with respect to Section C1.

Let w; := Z; — Z;; hence w is a solution of

where B; and V; are defined as in (C-5)—(C-7) substituting Ej‘ by m;.
Without loss of generality we assume that V; <0 for all £, <t < T (see (C-8) in the proof of Section C1

but now we have . <t < 2t in the definition of the stopping time). This implies that /51 ™1 is a
contraction semigroup and so in order to prove (C-34) it is enough to estimate

sup {|€(s) loo-

t«<t<T

At the end, exactly as at the end of the proof of Lemma C.1, by continuity of the paths, we can easily
establish T = 2t for the stopping time.
The error term ¢ is given by ¢; = 0 for |i| > %i*; then ¢; for 1 < |i| < N®4 is defined as
0

Py (E 1y ) 1 1 d _
- ~ - Y-y Wy (1) + iy, C-35
“ Ly,i(t)c Zi—E N Z Zi—Zj + a()+d[my’t ( )

with Wy (1) defined in (8-8), and for N4 < |i| < 1ix as

_ _ AS, (D)
E 1

/ Pt (~ +my) dF — — Z

:0eng@ Zi—E N~

[jl<zZix

1

5%

&= (C-36)

We start to estimate the error term for N4 < |i| < %i «. By a similar computation to the one leading
to (C-17) in Section C1, using (C-2), we conclude that
Na
< — . N®<|i| < Li,. (C-37)
NaN2oc

_ - AC (D)
E 1 1
Pt(~ +mt)dE__ Z L
zi— E N Zi—Zj

ljl<Zix

S| =

/;iz(t)ﬂjz(t)
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Next, we proceed with the bound for ¢; for 1 < |i| < N®4. We rewrite {; as
AS, (D)

0;(E +m 1 1
gi:(/ MdE——§:~ ~)
@) Zi—FE N F Zi—zj

i,z

- d . o
+ m[my,t (i + my,t)] + Emy,t + Yo (1) — sh[mt(zi + mt)]

+ (/ wdE—/ MM) —: (A1 + A2) + A3 + Ag, (C-38)
7.;@) Zi—E Iy, (t) Zi—E

where (A1 + A) indicates that for the actual estimates we split the first line in (C-38) into two terms as
in (C-18). By similar computations to those in Section C1, see (C-19) and (C-23), we conclude that

N4 N3¢ Nao
+ +

|A1] + [A2] £ — —+7T— (C-39)
NiN2ee  N3i5  2ZN3
By (4-14b), (4-14d), (4-22b) and the definition of Wy (¢) in (8-8) it follows that
. - e o N
|A3] < ‘m[my,t(zi + My ) —my (M )] = Rime (M) —mye (Z; + mt)” =+ N
1 1 3 1 7 7
Ni®PANZ®  N3©1  N3@A . N1t N1
< ( 11 + 7+ ] )|10g|)/i O+ — 3 7 - (C-40)
NaNs N3 N2 N 24 N 24

We proceed writing A4 as

5 (B 4r i
Ay = (/ ,Ot(~ +my) dE—/ /0y,t(~ +my ;) dE)
.,0) Zi—E ;) Zi—E

E +w E 4+
+ (/ —py’l(~ + y.0) dE —/ —py’t(~  My.) dE) =: A4+ Agp. (C-41)
7.,0)  Zi—E 1,:0) Zi—E

We start with the estimate for A4 5.
By (4-19) we have

|Z2,i )ALy i (D] 5

NE(@+i]) (C42)
N b

where A is the symmetric difference. Note that this bound is somewhat better than the analogous (C-26)
due to the better bound in (4-19) compared with (4-18). For E € Z, ; (t)AZy ; (t) we have

1 1
E 4+ Nz2(2+i|2
|py,t~( +m;)|§ ( +|13| ) (C-43)
Zi—E 3+ i|2
and so
104
|A4,2] < ; (C-44)
N2

with very high probability.
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To estimate the integral in A4, 1, we combine (4-6d) and (4-14b) to obtain
_ - ~ 7
| (Ms + E)—py s (M + E)| < |pxe(@my s +(1—a)my ¢ + E) —py s (my s + E)|[+ (£ — 1) 2. (C-45)

Proceeding similarly to the estimate of |A4,1| at the end of the proof of Section C1, we conclude that

NEW2 +|i|2) N12@ 1
|A4,1|§( Sl )+ )/ R dE
.

N2 N SON|E—5;|>N—60} |Zi — E|
/ pr(E +mz) — py (E +my )
|E—Z;|<N—60

+ dE|. (C-46)

z;—E

Furthermore, similarly to the estimate in the singular integral in (C-32), but substituting Ej‘ and e;" ; by
m, and m, ; respectively, we conclude that the last term in (C-46) is bounded by N —20, Therefore,

NE@2 +|i N9 NT201
|Aa1] < @+l )+ < — (C-47)
Nz N7 N

for any |i| < N®4. Collecting (C-39), (C-40), (C-44) and (C-47) completes the proof of Lemma C.2. [J

Appendix D: Sobolev-type inequality

The proof of the Sobolev-type inequality in the cusp case is essentially identical to that in the edge case
presented in Appendix B of [Bourgade et al. 2014]; only the exponents need adjustment to the cusp
scaling. We give some details for completeness.

Proof of Lemma 7.5. We will prove only the first inequality in (7-20). The proof for the second one is
exactly the same. We start by proving a continuous version of (7-20) and then we will conclude the proof
by linear interpolation. We claim that for any small 7 there exists a constant ¢, > 0 such that for any real
function f € L?(R4+) we have

+o00 p+o00 2 too
/ / @)= FO)” . dchn(/O |f(x)|1’dx). (D-1)

jxF — yF[2-n

NN

We recall the representation formula for fractional powers of the Laplacian: for any 0 < o < 2 and for
any function f € L?(R) for some p € [1, 0o) we have

2
ol ) =ca [ VT axy 0-2)

with some explicit constant C(«), where |p| := ~/—A.
Since for 0 < x < y we have

y
yi_xi :%/ s ds < C(y —x)(xy) 5,
X
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in order to prove (D-1) it is enough to show that

/+°°/+°° (f(x) = f()?

=y

2

“+o00 >
() dx dy = cn( / If(x)lpdx) , (D-3)

where g := % — §r] and p :=8/(2+ 37). Let f(x) be the symmetric extension of f to the whole real
line; i.e., f(x):= f(x) for x >0 and f(x):= f(—x) for x <0. Then, by a simple calculation we have

/+°° /+°° (f(x)— f(1)? (f(x) = f()?

——|xy|? dxdy.
=y y|2=n

(xy)?dxdy > /

R JR |x —

Introducing ¢ (x) := |x|? and dropping the tilde for f, the estimate in (D-3) would follow from

2
/ [ (fx)—f() YROZII 4 gy drdy = ¢ (/le(x)VJ dx) _ (D-4)

lx — y|?77

SIS

By the same computation as in the proof of Proposition 10.5 in [Bourgade et al. 2014] we conclude that

— 2 2
[ [EEELEE g avay = 11100 + o [ PO
rJr |x—y[*77 R |x[PTT

with some Cy(n) > 0; hence for the proof of (D-4) it is enough to show that

SIS

whlpl o) = o [111)"

Let g := |p|%(1_”)|x|qf; we need to prove that
a1 —L—
lgllz = eqlllxl~1pI 72 g .

By the n-dimensional Hardy-Littlewood—Sobolev inequality in [Stein and Weiss 1958] we have

S C”g”r,
p

N / X~y g(y) dy

where
l—|—m=l+l, O§q<2 and O0<a<n.
r n )4 )4
In our case a = %(1 4+ 1), r =2, n =1 and all the conditions are satisfied if we take 0 < n < 1. This
completes the proof of (D-1).
Next, in order to prove (7-20), we proceed by linear interpolation as in Proposition B.2 in [Erdés and

Yau 2015]. Given u : Z — R, let ¥ : R — R be its linear interpolation; i.e., ¥ (i) := u; fori € Z and

V(x)i=u;i +Wip1 —ui))(x—i) =ujp1 — Ui+1—u;))(i +1—x) (D-5)

for x € [i,i + 1]. It is easy to see that for each p € [2, + 0] (1 e, n < ) there exists a constant Cj, such
that

CoH IV e @ < lullLr@) < Coll¥llLr@)- (D-6)
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In order to prove (7-20) we claim that

/+°°/+°°|w(x) VOIR gy cgy 3 )

S 3 (D-7)
|x4 y4|2" i#jeZ+|z4—]4|2_’l

for some constant ¢, > 0. Indeed, combining (D-6) and (D-7) with (D-1) we conclude (7-20). Finally,
the proof of (D-7) is a simple exercise along the lines of the proof of Proposition B.2 in [Erdés and Yau
2015]. O

Appendix E: Heat-kernel estimates

The proof of the heat kernel estimates relies on the Nash method. In the edge scaling regime a similar
bound was proven in [Bourgade et al. 2014] for a compact interval, extended to a noncompact interval
but with compactly supported initial data wg in [Landon and Yau 2017]. Here we closely follow the latter
proof, adjusted to the cusp regime, where interactions on both sides of the cusp play a role unlike in the
edge regime.

Proof of Lemma 7.6. We start by proving (7-21); then (7-22) follows by (7-21) by duality. Without loss of
generality we assume ||wgl|/; = 1 and that

lw@)|, = N1 (E-1)

for each s < § <t, where w(3) = U* (s, §)wg. Otherwise, by £P-contraction we have ||w(5)|, < N 100
implying (7-21) directly.
In the following we use the convention w := w(§) if there is no confusion. By (7-20), we have

.3 35,
,]>1 14_]4|2 " 1j§—1||l|4_|]|4|2 K
i#] i#j

First we assume that both i and j are positive. Let §4 < 8 < §3 < %8 1. We start with the estimate

DI L ) i
|14— 4|2 n |l4— 4|2 n l%
i,j>1 J (lJ)EA J i>1 j>1
i#] i,j=1
We proceed by writing
(wi_wj)2 < Z (w,-—wj)z n (w,-—wj)z (E-3)
3 3., .~ 3 .3, 3 .3, °
e ltF =T3P0 G péacj=a HE—J3PTT qlpea 1 —JaPRT
i,j>1 ior j<t4N%2 i,j=t*N%2
By Lemma B.3 we have
)2
M < N 200 (E-4)

3 35,7
i ea 13— 73]
i,j>L*N82
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since i > £4N%2 and l(wo);| < N7100 for j > £*N% by our hypotheses. Indeed, for i > £4N%2, we
have

AN
= (U*(s.5)wo); = Z Gwo) = Y. Uf(wo) + NI SN0 (E5)
Jj=—-N j=—L4N%a

with very high probability. If (i, j) € A, i, j > 1 and i or j is smaller than £*N%2 then both i and j are
smaller than ¢4 N %3, Hence, for such i and j, by (7-19), we have
Ne@1]ii — j3|

N1

for any fixed « € [0, 1] and for all 0 <t < t,, where Z; (¢, ) is defined by (6-106)—(6-107).
If i and j are both negative the estimates in (E-2)—(E-6) follow in the same way.
In the remainder of the proof B, B;; and V; are defined as in (6-106)—(6-107). By (E-6) it follows that

5. @) — 2 (1, 0)] < (E-6)

(wi —wj)? (wi —w;)? 1 1y 4c )
P > 3 .gz_ns_N NN S T By (wi —w))
Gyeaij=1 1% —J* (. j)edd,j<—1 1* = ]3] (.)€l
i orj§K4N82 i orjz—€4N82 11
= 2NT2N32HC(y Buw). (E-7)

Furthermore, since 1 < |i| < {*N 83 we have

pay I Nier+Cn 4Dy

>

By the rigidity (7-16), (7-17) and (7-19), we can replace Z; by y; in the sum on the right-hand side
of (E-8) and so approximate it by an integral; then using that p;(E) < py((E) in the cusp regime, i.e.,
|E| < 84, with 84 defined in Definition 4.1, we conclude that

(E-8)

< JE—
3 3 ~ 3 A A .
[ R e A A C

AS, (i) +
1 1 E+e
-y < [ A 224 y;’( y’;) dE = -V;. (E-9)
N = Ei)—Z1) L,y CGit)—E)
Hence, by (E-9), we conclude that
AS (1) 2 AS (1) 2

2 Z 2. Z TN

1<|i|<¢4N?%3 ||l|4 - |J| |2=n

11
5—N‘§N§w1+cn Z w,'ZVi 4 N 200
li|<t4 N33

< NTZN3FOFCN 1y Yoy 4 N 200, (E-10)

1% - |J| |2

Note that in the first inequality of (E-10) we used (E-5).
Summarising (E-4), (E-7) and (E-10) and rewriting N 200 into an £2-norm using (E-1), we obtain

2 -1 yio+C 1 2
lwly < =N"2N31FCNw, Lw) + g5 ]wllp.
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Hence, using Holder inequality, we have

1 1
drllwl2 = (w, Lw) < —c, N2N~391=C|jyy|2

I L(6-3 -1@-3
< —ep N3N T3=Cn )y 26730 72730

< —cyNZN~3917C|jy| 2 oll; E-11)

In the last inequality of (E-11) we used the £!-contraction of Z/~. Integrating (E-11) back in time, it easily
follows that

. NCrH—%an 1-3n

el = () ol (E-12)
cyN2(t—5)

proving (7-21). The same bound also holds for the transpose operator (4*)7.

In order to prove (7-22) we follow Lemma 3.11 of [Landon and Yau 2017]. Let y(i) :=1 (lil<t4N3s}>

with §4 < 85 < %81, and v € B2V, Then, we have
(U0, t)wo, v) = (wo, U")T xv) + (wo, UY)T (1= )v).
By Lemma B.3 we have

(wo, UHT (1= )v)| < N1 wg [l2]lv 1. (E-13)

By (7-21) and the Cauchy—Schwarz inequality we have

LT LT NCm+3en\ 1730
(w0, @) )] < woll | @5 yvll2 < ||wo||2(—l) ol (E-14)
c,,Nzt
Hence, combining (E-13) and (E-14), we conclude that
. NCn+ioi\1-31
[UE (0. Dywolleo < (—) lwoll. (E-15)
cy N2t
and so, by (E-12), that
L L(1 L 1 NCTH-%(DI =3 L 1
42 0.l = |24 0. 30) oo, % (F ) (0. Se o]
c,,Nzt
NCTH-%(OI 2(1-3n)
< (—1) lwoll1, (E-16)
cy N2t

where in the first inequality we used that &/“ (0, 3¢)wq satisfies the hypothesis of Lemma 7.6, since
! (Uﬁ (O, %t)wo)i ‘ < N 7100 for |i | > £4 N 2%4 by the finite-speed estimate of Lemma B.3. Combining (E-15)
and (E-16), inequality (7-22) follows by interpolation. O
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