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HYPOCOERCIVITY WITHOUT CONFINEMENT

EMERIC BOUIN, JEAN DOLBEAULT, STEPHANE MISCHLER,
CLEMENT MOUHOT AND CHRISTIAN SCHMEISER

Hypocoercivity methods are applied to linear kinetic equations with mass conservation and without
confinement in order to prove that the solutions have an algebraic decay rate in the long-time range,
which the same as the rate of the heat equation. Two alternative approaches are developed: an analysis
based on decoupled Fourier modes and a direct approach where, instead of the Poincaré inequality for the
Dirichlet form, Nash’s inequality is employed. The first approach is also used to provide a simple proof of
exponential decay to equilibrium on the flat torus. The results are obtained on a space with exponential
weights and then extended to larger function spaces by a factorization method. The optimality of the
rates is discussed. Algebraic rates of decay on the whole space are improved when the initial datum has
moment cancellations.

1. Introduction
We consider the Cauchy problem
I f+v-Vif=Lf f(O.x.v)= folx,v) (1)

for a distribution function f(¢, x, v), with position variable x € R4, velocity variable v € R4, and with
time t > 0. Concerning the collision operator L, we shall consider two cases:

(a) Fokker—Planck collision operator:
Lf =Vy-[M Vy(M™ f)].

(b) Scattering collision operator:
Lf = [ oo eOME) = f(omM ) av

We shall make the following assumptions on the local equilibrium M(v) and on the scattering rate
o(v,v):
M@)dv=1, VyvMeL*R?%), M eCR?Y),
R4
M = M(v]), 0<M(@)< cre~ 2Pl forall v e R,  for some ¢1,cp > 0. (H1)
MSC2010: primary 82C40; secondary 76P05, 35H10, 35K65, 35P15, 35Q84.

Keywords: hypocoercivity, linear kinetic equations, Fokker—Planck operator, scattering operator, transport operator, Fourier
mode decomposition, Nash’s inequality, factorization method, Green’s function, micro-/macrodecomposition, diffusion limit.
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1<o(,v) <G forallv,v’ €eR%, forsomed > 1. (H2)
/ (c(v,v)—o (v, v)M@')dv' =0 forall veR?. (H3)
[Rd

Before stating our main results, let us list some preliminary observations.

(1) A typical example of a local equilibrium satisfying (H1) is the Gaussian

_ w2
M@) = “—. @)
(27)8

(i) With o = 1, Case (b) includes the relaxation operator L f = Mps — f, also known as the linear BGK
operator, with position density defined by

pr(t,x) = /Rd f(t, x,v)dv.

(iii) Positivity and exponential decay of the local equilibrium are essential for our approach. The
assumption on the gradient and continuity are technical and only needed for some of our results. Rotational
symmetry is not important, but assumed for computational convenience. However the property

/ vM(v)dv =0,
R4

i.e., zero flux in local equilibrium, is essential.

(iv) Since microreversibility (or detailed balance), i.e., symmetry of o, is not required, assumption (H3)

/ Lfdv=0,
R4

in Case (b). The boundedness away from zero of ¢ in (H2) guarantees coercivity of L relative to its null

is needed for mass conservation, i.e.,

space (such bound can always be written o > 1 by scaling).

Since ! propagates probability densities, i.e., conserves mass and nonnegativity, L dissipates convex
relative entropies, implying in particular

/Rde%dvfo.

This suggests to use the L?-space with the measure dyoo := Yoo dV, Where yoo(v) = M(v)7}, as a
functional-analytic framework (the subscript co will make sense later). We shall need the microscopic
coercivity property

[ r dvez [~ Mp P dyee (H4)

with some A, > 0. In Case (a) it is equivalent to the Poincaré inequality with weight M,

2
/ |Voh|?M dv > A, (h— hM dv) M dv
R4 R4 R4
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forall h = f/M € H'(M dv). It holds as a consequence of the exponential decay assumption in (H1);
see, e.g., [Nash 1958; Bakry et al. 2008]. For the normalized Gaussian (2) the optimal constant is known
to be A, = 1; see for instance [Beckner 1989]. In Case (b), (H4) means

%//WXW o (v, VYM@)M®") (u() —u@))?dv' dv > An /Rd (U = purt)>M dv

forallu = /M € L?>(M dv), and it holds with A,, = 1 as a consequence of the lower bound for ¢ in
assumption (H2).

Although the transport operator does not contribute to entropy dissipation, its dispersion in the x-
direction in combination with the dissipative properties of the collision operator yields the desired
decay results. In order to perform a mode-by-mode hypocoercivity analysis, we introduce the Fourier
representation with respect to x,

Fltox.v) = [R vt ).

where du(£) = (27)~? d & and d§ is the Lebesgue measure on R?. The normalization of dju(£) is chosen
such that Plancherel’s formula reads

LA 02w = 1L ) 2@y

with a straightforward abuse of notation. The Cauchy problem (1) in Fourier variables is now decoupled
in the &-direction:

W f+iw-8)f =Lf, f(0.6v)= folEv). 3)

Our main results are devoted to hypocoercivity without confinement: when the variable x is taken
in R?, we assume that there is no potential preventing the runaway corresponding to |x| — +o0. So far,
hypocoercivity results have been obtained either in the compact case corresponding to a bounded domain
in x, for instance T4, or in the whole Euclidean space with an external potential V such that the measure
e~V dx admits a Poincaré inequality. Usually other technical assumptions are required on V and there are
many variants (for instance one can assume a stronger logarithmic Sobolev inequality instead of a Poincaré
inequality), but the common property is that some growth condition on V' is assumed and in particular the
measure e~ dx is bounded. Here we consider the case VV = 0, which is obviously a different regime. By
replacing the Poincaré inequality by Nash’s inequality or using direct estimates in Fourier variables, we
adapt the L? hypocoercivity methods and prove that an appropriate norm of the solution decays at a rate
which is the rate of the heat equation. This observation is compatible with diffusion limits, which have
been a source of inspiration for building Lyapunov functionals and establishing the L2 hypocoercivity
method of [Dolbeault et al. 2015]. Before stating any results, we need some notation to implement the
factorization method of [Gualdani et al. 2017] and obtain estimates in large functional spaces.

Let us consider the measures

dyr == yr(v)dv, where yk(v)=(1+|v|2)% and k >d, 4
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such that 1/y; € LY(R¢). The condition k € (d, cc] then covers the case of weights with a growth of the
order of |v|¥, when k is finite, and we denote by k = co the case when the weight Yoo = M ! grows at
least exponentially fast.

Theorem 1. Assume (H1)~(H4), x € R%, and k € (d, 00]. Then there exists a constant C > 0 such that
solutions f of (1) with initial datum fo € L?(dx dyy) NL?(dyx; L (dx)) satisfy, forall t >0,

2 2
”fO ||L2(dx dvi) =+ ”fO ||L2(dyk;L1 (dx))
(1+ t)%

For the heat equation improved decay rates can be shown by Fourier techniques, if the modes with

”f(tv i ')||12~2(dxdyk) <C

slowest decay are eliminated from the initial data. The following two results are in this spirit.

Theorem 2. Let the assumptions of Theorem 1 hold, and let

// fodx dv=0.
R4 xR4

Then there exists C > 0 such that solutions f of (1) with initial datum fy satisfy, for all t > 0,

2 2 2
||f0||L2(dyk+2;Ll(dx)) + ||f0||L2(dyk;L](|x|dx)) + ||f0||L2(dx dyi)
(1 +l‘)%+1

’

”f(t’ T .)”I%Z(dxdyk) = C

with k € (d, 00).

The case of Theorem 2, but with k = oo, is covered in Theorem 3 under the stronger assumption
that M is a Gaussian. For the formulation of a result corresponding to the cancellation of higher-order
moments, we introduce the set Ry[X, V] of polynomials of order at most £ in the variables X, V € R4
(the sum of the degrees in X and in V is at most £). We also need that the kernel of the collision operator
is spanned by a Gaussian function in order to keep polynomial spaces invariant. This means that for any
P e Ry[X, V], one has (L—T)(PM) € R¢[X, V]M. Since the transport operator mixes both variables x
and v, one needs moments with respect to both x and v variables.

Theorem 3. In Case (a), let M be the normalized Gaussian (2). In Case (b), we assume that 0 = 1. Let
k € (d,00], £ €N, and assume that the initial datum fu € LY(R? x R?) is such that

[/ So(x,v)P(x,v)dxdv=0 (5)
R4 xR4

for all P € Ry[X, V). Then there exists a constant cj > 0 such that any solution f of (1) with initial
datum fy satisfies, forallt > 0,
2 2 2
||f0”L2(dyk+2;L1(dx)) + ”fO“LZ(dyk;Ll(\xIdx)) + ||f0||L2(dx dyi)
(1 +t)%+1+€ '

The outline of this paper goes as follows. In Section 2, we slightly strengthen the abstract hypocoercivity

f@.-, ')||1242(dx dyi) =Ck

result of [Dolbeault et al. 2015] by allowing complex Hilbert spaces and by providing explicit formulas
for the coefficients in the decay rate (Proposition 4). In Corollary 5, this result is applied for fixed £ to



HYPOCOERCIVITY WITHOUT CONFINEMENT 207

the Fourier transformed problem (3), where integrals are computed with respect to the measure d yso
in the velocity variable v. Since the frequency £ can be considered as a parameter, we shall speak of a
mode-by-mode hypocoercivity result. It provides exponential decay, however, with a rate deteriorating as
&£ —0.

In Section 3, we state a special case (Proposition 6) of the factorization result of [Gualdani et al. 2017]
with explicit constants which corresponds to an enlargement of the space, and also a shrinking result
(Proposition 7) which will be useful in Section 6.2. By the enlargement result, the estimate corresponding
to the exponential weight y is extended in Corollary 8 to larger spaces corresponding to the algebraic
weights y; with k € (d, 00). As a straightforward consequence, in Section 4, we recover an exponential
convergence rate in the case of the flat torus T¢ (Corollary 9), and then give a first proof of the algebraic
decay rate of Theorem 1 in the whole space without confinement.

In Section 5, a hypocoercivity method, where the Poincaré inequality, or the so-called macroscopic
coercivity condition, is replaced by the Nash inequality, provides an alternative proof of Theorem 1. Such
a direct approach is also applicable to problems with nonconstant coefficients like scattering operators
with x-dependent scattering rates o, or Fokker—Planck operators with x-dependent diffusion constants
like Vy - (2(x)M Vy(M ™1 £)).

The improved algebraic decay rates of Theorems 2 and 3 are obtained by direct Fourier estimates in
Section 6. As we shall see in Appendix A, the rates of Theorem 1 are optimal: the decay rate is the rate of
the heat equation on R?. Our method is consistent with the diffusion limit and provides estimates which
are asymptotically uniform in this regime: see Appendix B. We also check that the results of Theorems 2
and 3 are uniform in the diffusive limit in Appendix B.

We conclude this introduction by a brief review of the literature: On the whole Euclidean space, we
refer to [Vazquez 2017] for recent lecture notes on available techniques for capturing the large-time
asymptotics of the heat equation. Some of our results make a clear link with the heat flow seen as the
diffusion limit of the kinetic equation. We also refer to [lacobucci et al. 2019] for recent results on the
diffusion limit, or overdamped limit (see Appendix B).

The mode-by-mode analysis is an extension of the hypocoercivity theory of [Dolbeault et al. 2015],
which has been inspired by [Hérau 2006], but is also close to the Kawashima compensating function method
[1990]; see also [Glassey 1996, Chapter 3, Section 3.9]. We also refer to [Duan 2011] where the Kawashima
approach is applied to the Fokker—Planck operator (a) and to a particular case of the scattering model (b).

The word hypocoercivity was coined by T. Gallay and widely disseminated in the context of kinetic
theory by C. Villani. In [Mouhot and Neumann 2006; Villani 2006; 2009], the method deals with
large-time properties of the solutions by considering an H!-norm (in x and v variables) and taking
into account cross-terms. This is very well explained in [Villani 2006, Section 3], but was already
present in earlier works like [Hérau and Nier 2004]. Hypocoercivity theory is inspired by and related
to the earlier hypoellipticity theory. The latter has a long history in the context of the kinetic Fokker—
Planck equation. One can refer for instance to [Eckmann and Hairer 2003; Hérau and Nier 2004] and
much earlier to Hérmander’s theory [1967]. The seed for such an approach can even be traced back to
Kolmogorov’s computation [1934] of Green’s kernel for the kinetic Fokker—Planck equation, which has
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been reconsidered in [Ilin and Hasminskii 1964] and successfully applied, for instance, to the study of
the Vlasov—Poisson—-Fokker—Planck system in [Victory and O’Dwyer 1990; Bouchut 1993].

Linear Boltzmann equations and BGK (Bhatnagar—Gross—Krook, see [Bhatnagar et al. 1954]) models
also have a long history: we refer to [Degond et al. 2000; Céceres et al. 2003] for key mathematical
properties, and to [Mouhot and Neumann 2006; Hérau 2006] for first hypocoercivity results. In this paper
we will mostly rely on [Dolbeault et al. 2009; 2015]. However, among more recent contributions, one has
to quote [Han-Kwan and Léautaud 2015; Achleitner et al. 2016; Bouin et al. 2017] and also an approach
based on the Fisher information which has recently been implemented in [Evans 2017; Monmarché 2017].

With the exponential weight Yoo = M ~1, Corollary 9 can be obtained directly by the method of
[Dolbeault et al. 2015]. In this paper we also obtain a result for weights with polynomial growth in
the velocity variable based on [Gualdani et al. 2017]. For completeness, let us mention that recently
the exponential growth issue was overcome for the Fokker—Planck case in [Kavian and Mischler 2015;
Mischler and Mouhot 2016] by a different method. The improved decay rates established in Theorems 2
and 3 generalize to kinetic models similar results known for the heat equation; see for instance [Mischler
and Mouhot 2016, Remark 3.2(7)] or [Bartier et al. 2011].

2. Mode-by-mode hypocoercivity

Let us consider the evolution equation

dF
E—FTF:LF, (6)

where T and L are respectively a general transport operator and a general linear collision operator. We
shall use the abstract approach of [Dolbeault et al. 2015]. Although the extension of the method to Hilbert
spaces over complex numbers is rather straightforward, we carry it out here for completeness. For details
on the Cauchy problem or, e.g., on the domains of the operators, we refer to [Dolbeault et al. 2015].
Notice that we do not ask that L is a Hermitian operator but simply assume that L*A = 0.

Proposition 4. Let L and T be closed unbounded linear operators on the complex Hilbert space
(22, (-,-)) with dense domains 2(L) and 2(T). Assume that T is anti-Hermitian. Let T1 be the
orthogonal projection onto the null space of L and define

A= (1+ (TIH*TID) " Y(TI)*,

where * denotes the adjoint with respect to (-, -). We assume that L* A = 0 and that there are positive
constants Ay, Ay, and Cyg such that, for any F € S, the following properties hold.:

» Microscopic coercivity:
—(LF,F) > Am||(1=T)F||*> forall F € 2(L). (A1)
e Macroscopic coercivity:

ITILF||?> > Ay |TUF||*  forall F € 9(T). (A2)
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¢ Parabolic macroscopic dynamics:
NTIF =0 forall F € 9(T). (A3)
* Bounded auxiliary operators:
IAT(A=IDF| + ||[ALF|| < Cyq||(A =TIDF| forall F € 2(L)N 2(T). (A4)

Then L — T generates a Co-semigroup and for any t > 0 we have
AmAM

||e(L_T)t||2 <3¢, where A = me s
1+ )&M)CM

1,4 (7)

~ M in
3(1+Aum)
Proof. For some § > 0 to be determined later, the Lyapunov functional
H[F]:= 2| F||*> + § Re(AF. F)
is such that %H[F] = —D[F]if F solves (6), with
D[F]:=—(LF,F)+§(ATIIF, F) + §Re(AT(1 —I1)F, F) — 3 Re(TAF, F) —3Re(ALF, F).

Note that we have used the fact that Re(AF, LF) = 0 because of the assumption L*A = 0, and also that
(ATIIF, F) is real because ATII is self-adjoint by construction. Since the Hermitian operator ATIT can
be interpreted as the application of the map z — (14 z)~!z to (TIT)*TII and as a consequence of the
spectral theorem [Reed and Simon 1980, Theorem VIL.2, p. 225], the conditions (A1) and (A2) imply

SA M
1 +AM

As in [Dolbeault et al. 2015, Lemma 1], if G = AF, i.e., G + (TII)*TIIG = (TII)* F, one has

—(LF, F) + 8(ATIIF, F) > Ap||(1 - T F||* + ITLF %

IAF||? + |TAF|? = (G, G + (TID*TIG) = (G, (TI)*F) = (TAF, (1 -TI) F),

where we have used A = 14 and I1TT1 = 0. Using |(TAF, (1 - I)F)| < | TAF |2 + (1 - ID) F |2,
one gets
IAF|I? < 1= F|?, (®)

which implies that |[Re(AF, F)| < ||[AF||||F| < %||F||2 and provides us with the norm equivalence of
H[F] and || F|?,
F(A=OIFI? <HIF1 = 3+ FII*. ©)

With X := ||(1—-TI)F| and Y := || T1F||, it follows from (A4) that

SAm

D[F]> (A, —8)X? Y2 -8CyXY.
[]_(m ) +1+AM M

The choice

s= 1 min LMM
2 (1+/\M)CA24
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implies
km 2 8AM 2 1 25/\M 25)LM
D[F]> 2 x24+ "M y2> - Am > "% HIF].
F1=2 = X4 sy Y Zamin i o, (VP 2 505,y HE]
With A defined in (7), using § < % and (1 +8)/(1—§) <3, we get
2 1+8 _ _
IFOI? = =5HIFI@) < T M IFO)? < 3¢ [ FO) > A

For any fixed £ € R, let us apply Proposition 4 to (3) with F = f and

A =1L*(dyoo). ||F||2=/Rd|F|2dyoo, [IF=M | Fdv=Mpr, TF=i(-§F.

Here we are in a mode-by-mode framework in which the transport operator T is a simple multiplication
operator.

Corollary 5. Assume (H1)~(H4), and take &€ € R%. If f is a solution of (3) such that fo (£,-) € L?>(dyYoo),
then for any t > 0 we have

1 () o,y < 37 41 folE P gy
where

A 2
Mg i= 1 +|€||f;'|2 and A = %min{l, @}min{ 1,

2
Am® } (10)

K+ 0x2|’
with

=/ (v-e)>M(v) dv, K::/ (v-e)*M(v)dv, Gzzi/ VoM |?dv  (11)
R4 R4 d R4

for an arbitrary e € S91 and with k = /0 in Case (a) and k = 26+/© in Case (b).

Proof. We check that the assumptions of Proposition 4 are satisfied with F = f . The property L*A =0 is
a consequence of the mass conservation fRd L f dv = 0 because ITA = A. Assumption (H4) implies (A1).
Concerning the macroscopic coercivity (A2), since
TIF =i(v-§&)prM,
one has
ITOF|? = |pF | /d [v-EPM(v) dv = Ol |pr|* = OIEITLF ||,

and thus (A2) holds with A; = ©|£|?. By assumption M (v) depends only on |v|, so it is unbiased, i.e.,
Jga VM (v) dv = 0, which means that (A3) holds.

Let us now prove (A4). Since (TIN)*F = —TITF = —i (§ [pa vV F(v") dv’) M, we obtain

1+ (TIH*TH)pM = (1 +/ (E-v)2M®) dv’)pM = (1+0|*)pM
R4
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and the operator A, defined in Proposition 4, is given mode-by-mode by

—i§ [ga VF(V')dv'

AF =
1+ O[¢|?

As a consequence, A satisfies the estimate

IAFI = 1A =) = gy [ 2 el an

|- | e N VOlE
< I o (f07u @) = iggata-me

In Case (b) the collision operator L is obviously bounded,
ILF|| < 20(|(1 - I F|

and, as a consequence,
25/ O[E|
1 + O|€)?

We also notice that L*A = 0 according to (H3). For estimating AL in Case (a), we note that

F
vLdezZ/ VovM——dv
fRd R 0 v M

IALF| < (1 =TI F.

and obtain as above that

_ Al
VoMo < ER S I - D F,

3 (1—TD)F|
IALFT = T 6 fR N

For both cases we finally obtain

K|§]
ALF|| < ——— (1T F].
I ||_1+®|§|2||( )Fl

Similarly we can estimate

Jra W' -E)2(1 =T F (V) dv’
1+ 0[E2

AT(1—TI)F =

| fra - 6*(A1 =) F () dv|
1+ ©|&)?

_ (a0 0* M) av)?
- 1+ O|¢|?

meaning that we have proven (A4) with

IAT(I-TD F| =

VKIEP
1+ O¢?

1A -IDF| = (1 =TD)F|.

_ klEl+ VKIE?
M= reE?

211
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With the elementary estimates

CIHE 2 A O(1 + Ot ©2
P ingroy g Aw_ OUHOIER) y
1+ 0§ 1+ [§] (I+A)Ch  (k+VK|E])2 ™~ K+ 06k
the proof is completed using (7). O

3. Enlarging and shrinking spaces by factorization

Square integrability against the inverse of the local equilibrium M is a rather restrictive assumption on
the initial datum. In this section it will be relaxed with the help of the abstract factorization method of
[Gualdani et al. 2017] in a simple case (factorization of order 1). Here we state the result and sketch a
proof in a special case, for the convenience of the reader. We shall then give a result based on similar
computations in the opposite direction: how to establish a rate in a stronger norm, which corresponds
to a shrinking of the functional space. We will conclude with an application to the problem studied in
Corollary 5. Let us start by enlarging the space.

Proposition 6. Let %1, %> be Banach spaces and let %, be continuously imbedded in %, i.e., || - |1 <

cill - ll2. Let B and A + B be the generators of the strongly continuous semigroups e and e+
on $. Assume that there are positive constants ¢, 3, C4, A1 and Ay such that, forallt > 0,

At

[e®FD ), 0 < cae ™2 |[e®] 11 <cze” 12012 < ca,

where || -||i— j denotes the operator norm for linear mappings from %; to ;. Then there exists a positive
constant C = C(cy, ¢3, ¢3, c4) such that, forall t > 0,

”e(QH_%)t”l_)l < C(l+ Ay —Az|_1)e_min{/11,/12}t for A1 # Aa,
- C(1+t)e_)”t for Ay = As.

Proof. Integrating the identity %(E(QH—%)S eBU9)) = o (A+B)s 9 BE—5) with respect to s € [0, 7] gives

t
e(QH—‘B)t — e%t +[ e(QH—‘B)SQle%(I—S) ds.
0

The proof is completed by the straightforward computation
t
”e(Ql-l-%)t ” 11 < C3€—A|t +e / “e(QH-%)SQLe%(t—S) ” 1o ds
0

t
<cze M 4 eiepczege M / eM1=22)s 4o O
0

The second statement of this section is devoted to a result on the shrinking of the functional space. It
is based on a computation which is similar to the one of the proof of Proposition 6.

Proposition 7. Let %y, %> be Banach spaces and let %, be continuously imbedded in $1, i.e., || - |1 <
cill - ll2. Let B and A + B be the generators of the strongly continuous semigroups e and e+t
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on $. Assume that there are positive constants ¢, 3, C4, A1 and Ay such that, for allt > 0,

At

QD <cpe™ e ]pmn < cze M,

lle 20|12 < ca,

where || -||; - j denotes the operator norm for linear mappings from %; to B;. Then there exists a positive
constant C = C(cy, c3, ¢3, c4) such that, forallt > 0,

”e(g(_,_%)t”z_)z < C(l+ Mz —Al|—1)e_min{lz,/11}t for Aa 75 A1,
—|lCA+1t)eM? for A1 = As.

Proof. Integrating the identity %(e%(’ ) e(U+B)s) — BU—5)9o(A+B)S with respect to s € [0, 7] gives

t
POUHBY _ Bt +[ o BU—)g(,(A+B)s g
0

The proof is completed by the straightforward computation

t
”e(QH-%)l”z_)z §C3€_A2t +/ “e‘B(t—s)Qle(QH-%)S”z_)z ds
0
t
5636—121‘ +CI[ ”e‘B(t—S)Qle(Ql-‘r‘B)slll_)z ds
0
t
< e per [ 1R ol AP 1 ds
0

t
< czeh2t 4 016263C4e_kzt/ eGa=As gg. O
0

We will use Proposition 7 in Section 6.2. Coming back to the problem studied in Corollary 5,
Proposition 6 applies to (3) with the spaces 21 =L2(dyx), k € (d, o), and B, = L?(d yso) corresponding
to the weights defined by (4). The exponential growth of y, guarantees that %, is continuously imbedded
in 4 1.

Corollary 8. Assume (H1)—(H4), k € (d, o], and & € R4, Then there exists a constant C > 0 such that
solutions f of (3) with initial datum fo(£,-) € L?(dyy) satisfy, with ug given by (10),
1 & Paayey < Ce | fole Py Jorall t 0.

Proof. In Case (a), let us define A and B by AF = NyrF and BF = —i(v-§) F +LF —2(F, where N and
R are two positive constants, y is a smooth function such that 1, < y <1p,, and yg := x(-/R). Here
B, is the centered ball of radius r. It has been established in [Mischler and Mouhot 2016, Lemma 3.8]
that if k > d, then the inequality

/ (L—%t)(F)deks—m/ F2dy,
Rd Rd

holds for some A; > 0. Moreover, A can be chosen arbitrarily large for R and N large enough. The
boundedness of 2 : 1 — A, follows from the compactness of the support of y and Proposition 6 applies
with A, = %ug <1 where g is given by (10).
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In Case (b), we consider 2l and B such that
AF(v) = M(v) /d o, vV)FQ') dv',
R
BF(v) = —[i(v -£) + /d o, v )YM®) dv/:|F(v).
R

The boundedness of 2 : 81 — %, follows from (H2) and

1
2
IAF I2(dye) S ONF L1 (av) < 5(/Rd Vi dv) I F L2 (dy)-
Proposition 6 applies with A, = %ME < i and A1 = 1 because [z o (v, V)M (') dv’ > 1. O

4. Asymptotic behavior based on mode-by-mode estimates

In this section we consider (1) and use the estimates of Corollary 5 with weight Yoo = 1/M and Corollary 8
for weights with O(|v|¥) growth to get decay rates with respect to 7. We shall consider two cases for
the spatial variable x. In Section 4.1, we assume that x € Td, where T¢ is the flat d-dimensional torus
(represented by [0, 27)¢ with periodic boundary conditions) and prove an exponential convergence rate.
In Section 4.2, we assume that x € R and establish algebraic decay rates.

4.1. Exponential convergence to equilibrium in T¢. In the periodic case x € T¢ there is a unique
nonzero normalized equilibrium given by

1
foolwe0) = pocMW) with po= g [[ o
IT%| JJva xpa
Corollary 9. Assume (H1)—(H4) and k € (d, 00]. Then there exists a constant C > 0 such that the solution
1 of (1) on T2 x R? with initial datum fy € L%(dx dyy) satisfies, with A given by (10),

_AL
£t ) = foollz@ax dye) < Clfo— foolliz@xayne ™% forallt > 0.

Proof. We represent the flat torus T by [0, 277)? with periodic boundary conditions, and the Fourier
variable is denoted by & € 7. For ¢ = 0, the microscopic coercivity (see Section 2) implies

1/ (2,0.) = foo (0, L2ayes) < 1/000,-) = foo (0, ) lL2(ayaeye ™"

For all other modes, foo(f;“, -) = 0 for any & # O (that is, for any & such that |§| > 1). We can use
Corollary 5 with g > %A, with the notation of (10). An application of Parseval’s identity then proves the
result for k = oo and C = /3. If k is finite, the result with the weight y; follows from Corollary 8. [J

Note that the latter result can also alternatively be proved by directly applying Proposition 4 to (1), as
in [Dolbeault et al. 2015].
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4.2. Algebraic decay rates in R?. With the result of Corollaries 5 and 8 we obtain a first proof of
Theorem 1 as follows. Let C > 0 be a generic constant which is going to change from line to line.
Plancherel’s formula implies

2 - ;2
17 gy <€ [ ([ 152 a) ne

d
lEl<1 Rd At
and thus, for all v € Rd,

— » _Ag2 4
[|$| e “f’|fo|2dssC||fo(~,v)||il(dx)/e 2R dE < ClfoC )yt 2
=

R4

We know that

Using the fact that pg > %A when |£] > 1 and Plancherel’s formula, we know that, for all v € R4,

- 2 _A
[P dg = Ce M AC DI gy
|E]>1
which completes a first proof of Theorem 1.

5. Hypocoercivity and the Nash inequality

In view of the proof of Theorem 1 in Section 4.2 and of the rate, it is natural to wonder if the hypocoercivity
can be controlled by the use of Nash’s inequality. Here we temporarily abandon the Fourier variable &
and consider the direct variable x € R?: throughout this section, the transport operator on the position
space is defined as

Tf=v-Vxf

We rely on the abstract setting of Section 2, applied to (1) with the scalar product (-, -) on L?(dx dyso)
and the induced norm || - ||. Notice that this norm includes the x variable, which was not the case in
the mode-by-mode analysis of Section 2. It is then easy to check that (TII) f = M Tpr =v-Vyxpr M,
(TID* f = =Vx - (Jga vf dv)M, and (TI))*(TI) f = —OA,ps M so that

g=Af=(1+TM*TI)N(TI)*f < g=uM,

where u — ©Au = —Vy - (fga vf dv). Since M is unbiased, A = A(1 —II) /. For some § > 0 to be
chosen later, we redefine the entropy by H[ /] := %Hf 12+ 8(A L. f).

Proof of Theorem 1. If f solves (1), the time derivative of H[ f(¢, -, - )] is given by

d
SHIf1=-DL/] (12)

where, as in the proof of Proposition 4,

DLf]:=—(Lf, f)+S(ATILf, f) +SRe(AT(1 —1II) 1, f) — S Re(TAf, f) —S6Re(ALf, f).
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Here we use the fact that (A f,L f) = 0. The first term in D[ f] satisfies the microscopic coercivity
condition

—(LAf) Z Al =TD) f1%.

The second term in (12) is computed as follows. Solving g = ATIIf is equivalent to solving (1 +
(TIDH*TI)g = (TI)*TILS, i.e.,

v —OA vy = —OAxpr, (13)
where ¢ = vy M. Hence
(ATILf, f) = /Rd vrpr dx.

A direct application of the hypocoercivity approach of [Dolbeault et al. 2015] to the whole-space
problem fails by lack of a macroscopic coercivity condition. Although the second term in (12) is not
coercive, we observe that the last three terms in (12) can still be dominated by the first two for § > 0,
small enough, as follows.

(1) As in [Dolbeault et al. 2015], we use the adjoint operators to compute

(AT —TD) f. f) = —((1 —T) £ TA" f).

We observe that
A*f =TI+ (TI)*TI) ™ f = TA + (TI)*TH) ' TIf = MTuy = vM - Vyuy,
where uy is the solution in H!(dx) of
ur —0OAxus = pr. (14)
With K defined by (11), we obtain
ITA* £1P < KIV2us 2200 = Kl Axttr 22 g0

On the other hand, we observe that vy = —©Au solves (13). Hence by multiplying (14) by vy = —OAuy,
and integrating by parts, we know that

OlIVatty 122 gy + O Aty 1254 = [R vppy dx = (ATIL, f). (15)

Notice that a central feature of our method is the fact that quantities of interest involving the operator A
can be computed by solving an elliptic equation (for instance (13) in case of ATILf or (14) in case of
A* ). Altogether we obtain

(ATA=ID £ A < 1A =TD) fIITA" 1| = J—gllﬂ — D fI(ATILS, f) 2.

(2) By (8), we have

=

(TAL fI=HTAQ-TD £ =T /) < I(1-TD) f]*.
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(3) It remains to estimate the last term on the right-hand side of (12). Let us consider the solution u ¢
of (14). If we multiply (13) by us and integrate, we observe that

®”quf”12_2(dx) Z/Rd urvy dx S/Rd Urvy dx+/Rd |vf|2dx = /[Rd vrpr dx

because vy = —OAuy, so that
IA* £ 17 = Ol Vatus P2 gy < (ATILS f).
In Case (a), we compute

M

(ALf,f):(L(l—H)f,A*f):// Vil - (1—TI) f dx dv.
R4 xR4

It follows from the Cauchy—Schwarz inequality that

/Rd Vo M[[(1=TD) f|dyeo = VoM [l 2(ayo) (1 = TD) fllL2aye0) = VAOI = TD) fllL2(ay.)

and

N
LS A = s ([ (3 [ 9ol =0 p1ay) ax)

Altogether, we obtain

HALL ) < \/gll(l—n)fll(ATHf, £)2

In Case (b), we use (H2) to get

(ALS O] < ILFIIAY £1l <2501 = TD) £ IA* £l < 25]1(1 = TT) /[ (ATILS. £)2.

In both cases, (a) and (b), the estimate can be written as

=

(AL )l = 20([(1=TD) f[(ATIL, f)>2,

with the convention that & = %\/9/ ® in Case (a).
Summarizing, we know that

~ BT 2 Q= 8)X2 572 + 286X,

with X := |[(1=TI) f||, Y := (ATILf, £)'/2, and b := K/(2©) + 25. The largest a > 0 such that
(Am —8)X2+8Y2+26bXY >a(X2+2Y?)
holds for any X, Y € R is given by the conditions

a<Am—38, 2a<$8, 8b>—Am—8—a)(§—2a)<0 (16)
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and it is easy to check that there exists a positive solution if § > 0 is small enough. To fulfill the additional
constraint § < 1, we can for instance choose

_4min{l, A}

]
and a=-.
8b2 +5 4

Altogether we obtain

d
— Tz adla - ) £ +2(ATTLS, /).

Using (14) and (15), we control ||T1f||?> = llor ”L2(dx) y (ATILf, f) according to

||Hf||2 ”uf”Lz(dx) + 2®||quf”L2(dx) + ®2||Ax“f||L2(dx) = ”uf”iZ(dx) + 2(ATILS, f).

We observe that, for any ¢ > 0,

1
g (&, )Lt @x) = llor (@ ) Li@x) = I follLt@x av)s ”quf”iz(dx) = g (ATILS. /).
We recall the Nash inequality [1958]

2d_
1?2 gy < %Ndshllullqu,x)llwl L) (17)

for any function u € LY NH!(R?). We use (17) with u = us to get

d+2
ITLf %> < @ LQ(ATILS, f)), with ® 1(y):=y+ (%) for all y >0,

where

—1—
c= 2®%Nash d ||f0||L1(dx dv)’

The function @ : [0, 00) — [0, 0o) satisfies ®(0) =0 and 0 < &’ < 1, so that

1= T 7 + 2(ATIIS, £) = (£ ) = cb(l—igH[f]),

where the last inequality holds as a consequence of (9). From

d d
E=} 2 d a+2 _2_ d d
=<I>_1(y)=y+(%) §y61+2yd+2+(%) :(y(;i 2+C_d 2)yd 2,

as long as y < yg, for yg to be chosen later, we have
_2 __d_ _d+2 2
y=®(z) > (CI)(ZO)d-zi-Z +c d+2)Td ZH—?[’

as long as z < zg := ® (). Since %H[f] <0, we have

2
—H
1135 (/1= —=HL/ol.
We thus apply the previous inequalities with

Z0 = m H[ fo]
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together with the fact that
1-6
d >2z0> —— 2
(z0) = z0 = 115 I ol

4/d

and that ¢ is proportional to || fo||;1 (dx dv)’

to get

o 2HIA) 2 AlE2 lfol® P+
143 ~ MJONL2(dx dyoo) Ol 1 (dx dv) '

We deduce the entropy decay inequality

d T+ T A2 2
_EH[]{] 2 (”fOHLZ(dxdyoo) + ||f0||L1(dxdv)) d H[f] a. (13)
A simple integration from O to ¢ shows that
2 _4 _4 _d+2 _d
HLA S THLL 7 + 1ol 5 gy 10l )™ 1] 72
The result of Theorem 1 then follows from elementary considerations. O

Using moments instead of the mass, it is possible to state an improved Nash inequality: there exists a
positive constant %, such that

4 d+2

2 d+4 d+4

”u”Lz dx) = %{”x””dl y V]| dz ;
(dx) Ll(dx) L2(dx)

for any u € H'(dx) N LY((1 + |x|) dx) such that Jga wdx = 0. The proof follows from a minor
modification of the original proof (attributed by Nash himself to Stein) in [Nash 1958] and uses Fourier
variables. As a consequence, any solution of the heat equation with zero average decays in L?(dx) like
O(t7174/2) as t — +oo0. It is the topic of the following section to use Fourier variables in the spirit of
Nash’s proof to get improved rates of decay at the level of the kinetic equation.

6. Algebraic decay rates in R? by Fourier estimates and improvements
We prove Theorem 2 in Section 6.1 and Theorem 3 in Section 6.2.
6.1. Improved decay rates. Let us prove Theorem 2 by Fourier methods inspired by the proof of Nash’s
inequality.

Step 1: decay of the average in space by a factorization argument. We define

fo(t,v) = / f(t,x,v)dx (19)
R4
and observe that f, solves

9 fo=LFf

As a consequence, we have that 0 = fRd fe(t,v) dv. From the microscopic coercivity property (H4), we
deduce that
2 —
My = [

2

o7, _
f-¢. v) M dv <[ £o(0,) [P 2(gyo e Amt - forall t > 0.

M
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With k € (d, 00), Proposition 6 applies like in the proof of Corollary 8 or in [Mischler and Mouhot 2016].
We observe that || £e(0, )l 2(jv)2 dy,) = I follL2(v2 dys ;L1 (@x))- For some positive constants C and A,
we get

Il fe (2, )”Lz(lvlzdyk) C||f0||L2(|U|2 dy:L1(dx))€ e~ forallt > 0. (20)

Step 2: improved decay of f. Let us define g(¢, x,v) := f(¢, x,v) — fo(¢, v)@(x), where ¢ is a given
positive function satisfying

x|2
f p(x)dx =1, eg, ¢k):= (Zn)_%e_%, for all x € R?.
R4

Since d; f. = L f., the Fourier transform g(z, &, v) of g(¢, x, v) solves
3g+Tg=Lg— fTo,
where T¢ = i(v-&)¢. Using Duhamel’s formula
t
§= e g0 [ e 5. 0)To ) ds.

Corollary 5, and Proposition 6, for some generic constant C > 0 which will change from line to line,
we get

. 1 . o me .
18(2, &) lL2(ay,) <Ce Zuét”gO(Ea’)”Lz(dyk)—i_C/(; e” 2 I fuls. ) 2P ay E @ E) | ds. (21)

The key observation is g¢(0, v) = 0, so that

) _Eg £
g°($’”)‘/o a2 Sg°( Ik )

180(5. V)| < €I Ve&o (- v)llLoo(agy < IENlgo (-, v)lIL1(x(ax) for all (5,v) € R? x RY.

We know from (10) that g = A& |2/(1+|£]?). The first term of the right-hand side of (21) can therefore
be estimated for any ¢ > 1 by

1
2
(/m 1/Rd le(L_T)t‘éOdekds) E(/ L tdé) lgollL2 @yt (1x] dx)
=

= m”gO”Lz(dyk;Ll(IxIdx))’

yields

which is the leading-order term as ¢t — oo, and we have
—Uet || 5 Y . 2
/|s|>1 3006, Mgy 46 = Ce™ 3 N0l g ay)

for any ¢ > 0, using the fact that g > %A when |£]| > 1 and Plancherel’s formula.
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Using (20), the second term of the right-hand side of (21) is estimated by

f([te—‘?“—”nf(s')n |s||A(5)|ds)2ds
VA <52 qop ayo €19

A e oy _a 2
< U gup aparany [, EP0@P( [ e F 00 as) a.

On the one hand, we use the Cauchy—Schwarz inequality to get

t e 3 2
/ |s|2|¢<s)|2(/ e—z@—s)e—zws) dt
&l<1 0
t t
fllwllfl(dx)/ Iélz(/ e‘“é(‘—”e—%ws)([ e—éscis) dE
l§l<1 0 0

2. ! 2,4 1E20—s) d_y Ay
SXHQD”LI(dx)/(; ([§|§1|S| di: e 2 dS<C1t 2 +C2€ 4°,

where the last inequality is obtained by splitting the integral in s on (0, %t) and (%t t). On the other

hand, using pg > %A when |£] > 1, we obtain

" 2 .
[ raer( [ e F et as) ag < ety ey,
|E[>1

By collecting all terms, we deduce that ||g(z, -, - )||? is bounded by

L2(dx dyk)

2 2 —(1+4
C(”g0||L2(dyk;Ll(|x|dx)) + ||f0||L2((|v|2 dyk;L‘(dx)))(l + t) ( 2)

for some constant C > 0. Recalling that f = g + f.¢, the proof of Theorem 2 is completed using (20).

6.2. Improved decay rates with higher-order cancellations. We prove Theorem 3, which means that
from now on we assume in Case (a) that M is a normalized Gaussian (2), and in Case (b) that o0 = 1.
Moreover, the initial data satisfies (5); that is,

// foPdxdv=0 forall P eRy[X,V].
R4 xR4

For any P € Ry[X], let
P[f](,v):= /[Rd P(x)f(t,x,v)dx,

so that [pq P[f](0,v) dv =0.
In this section we use the notation <z to express inequalities up to a constant which depends on k.

Step 1: conservation of zero moments. For a solution f of (1) we compute

//Rdx[r@d f@t, x,v)P(x,v)dxdv=— //Rdx[Rd(v Vx f)dedv+//RdXRd(|_f)dedU

Z//Raxm(v v, P)fdxdv+//RdXRd(Lf)P dx dv.
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In Case (a) of a Fokker—Planck operator, we may write

// (Lf)dedvz// %Vv-(MVUP)fdxdvsz (AyP—v-VyP)fdxdv.
RY xR4 RY xR4 R4 xR4

By the definition of R,[X, V], it turns out that A, P —v -V, P € R¢[X, V]. For the scattering operator of
Case (b), one has

// (LA)YP dxdv
R4 xR4
:// (/ (M(v)f(f»X,U/)_M(U,)f(l‘,x,v))dv')P(x,v)dxdv
R4 xRd \JR4

= /// (M) f(t,x,v)=MQ) f(t,x,v))P(x,v)dx dvdv
R4 xR4 x R4

:// (/R M(v)P(x,v)dv)f(t,x,v’)dxdv'—// f(x,v)P(x,v)dxdv.
R xRd \JR? R4 xR4

One can check that [pq M(v) P(x,v)dv € Ry[X]. Since also v-V,P € Ry[X, V], the evolution of
moments of order lower than or equal to £ is equivalent to a linear ODE of the form Y (1) = QY (), where
0 is a matrix resulting from the previous computations. Consequently, if Y(0) = 0 initially, it remains
null for all times.

Step 2: decay of polynomial averages in space. We claim that for any j < £, there exists A > 0 such that,
forany P € R;j[X]and g € N,

IPLAE I i2aye g S 1 oli2tysny vn it sty dmy(L+ D € forallz =0, (22)
Let us prove it by induction.

(1) The case j = 0. Notice that j = 0 means that P is a real number and P[f] = f. as defined in (19),
up to a multiplication by a constant. Since [ps fo(f,v) dv = 0 for any ¢ > 0, one has 9; f. = L f.; thus
we deduce from the microscopic coercivity property as above that

/e, HIL2(@ya) = I1/+(O, ')||L2(dyoo)e_Amt forallz > 0.
We also obtain
I £ ) 2y yy) Sa ”fO”Lz(dykJrq;Ll(dx))e_M forall 7 > 0, (23)

but this requires some comments. The case k € (d, 00) is covered by Corollary 8.
The case k = 0o in (23) is given by the following lemma.

Lemma 10. Under the assumptions of Theorem 3, one has

LA 21419y dyes) Sa I Follizqrivje) dyoit @xpye ™™ forall t = 0.

Proof. We rely on Proposition 7 with the Banach spaces %1 = L?(dyso) and %> = L2((1 + [v]9) dYeo).
In Case (a), let us define A and B by AF = NyrF and BF = LF —2F. In Case (b), we consider 2
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and ‘B such that
AF (v) = M(v) / FQ')dv,
Rd

BF(v) = _/Rd M®@')dv' F(v).

The semigroup generated by 2 + ‘B is exponentially decreasing in #; by the microscopic coercivity
property, as above. The semigroup generated by ‘B is exponentially decreasing in %,. In Case (b), it is
straightforward. In Case (a), F(t) = e®! Fy is such that

14
2dt g

- / (BF)F(1+[v[%) dyso
Rd

JIFPA+19) dyos

_ / vv(Mvv(ﬁ))F(lﬂvW)dyoo— / N R FP(140]9) dyos
R4 M R4

G

q Vo-(Jv|9720M) s dv /\/ 5
TRy FRA+)— <=2 | |FP(1+)
S/[Rd{2 (1+[v]9)M Nar()gIFFA+D 37 <=3 Rd| A+ dyeo

F\F dv
14+|v|9)M dv— 1729.Vy| — | =M dv— FP2(1+|v]?)—
(1+[v|")M dv /qulvl v U(M)M dv /RdNXR(v)I FA+ )5

for some A > 0, by choosing N and R large enough.
The operator 2 : 4, — %, is bounded. This is straightforward in Case (a) and follows from the
boundedness of [pq M(v)(1+]v|?) dyso in Case (b). Proposition 7 applies, which concludes the proof. [

(2) Induction. Let us assume that (22) is true for some j > 0, consider P € R;1[X], and observe that
P[f] solves

8, PLf] = LP[f]—/Rd(viP)f dx.

Since Vx P € R;[X], the induction hypothesis at step j (applied with ¢ replaced by ¢ + 2) gives

o (OxPIf1dx

<| [ @pinas

L2(dYk+q) L2(dyk+q+2)
. ) J,—At
Sia 1oll2@ysergaagent (+x) dxy (L) e

By Duhamel’s formula, we have

P[f1(t,v) = " P[£1(0,v) —/Ot et (U/Rd (Vx P)[ 5] dx) ds.

Note that

/Rd U/Rd(vxp)[f]dde :/AdXRd(”'VxP)[f]dXd” .y
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for all # > 0 since v- Vx P € R¢[X, V]. As a consequence, the decay of the semigroup associated with L
can be estimated by

9o [ upflas) <o mentgras] e,
Rd L2(dyoo) R4 L2(dyoo)
As in the case j = 0, we deduce from Corollary 8 that
eH=s) (v f (V< P[] dx) < v / (VxP)[fs]dx emHE=S)
R4 L2((1+|v]9) dyx) R4 L2(dVk+q)

j —At
Sq,k ”fO||L2(dyk+q+2(j+1);Ll((1+|x|j)dx))(l +S)J€ .

//Rdxw fo(x,v) P(x)dxdv =0,

for the same reasons we also have

Moreover, since

le" PLA1O, 2@y s ) < 1P Lfolll2 1ol dyre

for some A > 0. We deduce from Duhamel’s formula that

IPLA L2 @yesy)
—L(t—s) . § d )
e (v /R v P[fs]dx

<1V PO ey + | &
| =
—At —At
Sk I follz @yt caixtityaxye ™ + /0 (149 e folliz(@yics g2+t (@+xl) dx) 49

L2(dYi44)

t
0

. i+1 ,—At
sk ”fO||L2(dyk+q+2(j+1);L1((1+|x|-/+1)dx))(] +t)J e )
which proves the induction.

Step 3: improved decay of f. Let us choose some 79 > 0. In order to estimate

LA 2ar ayey = 1€ folF2 (e ayey:
we compute its evolution on (0, 2¢¢) and split the interval on (0, #9) and (¢, 2¢¢p) using the semigroup
property

1) fol B2y ayy = e T f0) 1oy

Up to the end of this section, T = v - Vx denotes the transport operator in position and velocity variables.
We decompose fy, = et~ £, into

1 . 1
T = (Z JX“[ftola“sa) tgo. withgoi= fiy— D — X*[fi]0%.
=t LE

where o = (a1, 2, ..., 0, ..., az) € N? is a multi-index such that |«| = Zld:l a; < £ and ¢ is given by

_d _ﬁ d
e(x):=Qr) 2e” 2 forall x e R*.
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Here we use the notation 9% = 95} 052 -+~ 054 ¢ and X* =[]} X;*'. According to (22), we know that

IXUfiolli2aye) Si 1 Sollizcayyay it (141x17) dxy (1 +20)7 €740
so that, by considering the evolution of the first term on (¢, 2¢p), we obtain

e(L—T)l‘o( Z %Xa[fto]aa(p)

o] <€

A
SO X fiollliz@yo 10%0lli2@x S €2 (24)
Lz(dxdyk) |Ot|<€

Next, let us consider the second term and define, on ¢ + ¢y € (to, 2t9), the function

1
g = ft410— Z aX“[me]B“go.

o] <€

With initial datum gg, it solves on (0, f9) the equation

1
018 = 0t fr410 — Z a! e (X[ fr+10]) 0%

o] <€
= (L=T)(fr+2)—L (Z —X [f1+10) 0% ‘/’) + Z (/ (v Vix® ) fr+10 a’x)a @
| <€ ot |<£
= (L—T)(g)—T(Z _X [ft+10] 0 ‘/’) + Z (/Rd(v'vxxa)ft-l-to dx) e
lo|<¢ o |<£

= (=T v 3 (VX L10% — X i1 Vo (070),

loe] <€

where a! = ]_[ld=1 «;! is associated with the multi-index o = (ozl-)l‘.l=1 and

VX (] = @ XU Dy o= ([ s dx) SRI)

=1 i=1
Here the notation a»; denotes the multi-index (o1, &2, ..., @j—1, 0 —1, & +1, ..., ag) with the convention
that X%~ = 0 if o; = 0. We also define the opposite transformation

avi = (ag,02, ..., ci—1,0 + 1, i41,...,0g)

so that dy, (0%¢) = 0% @. Let us consider the last term and start with the case d = 1. In that case,

v Z —(V X*[f10%0 — X[ f141,]Vx (%))

|06|<4
- Z a1 '((/R(alxal_l)ft""to dx)ax‘l’”(p_(/% * frtto dX)Bxa1+1 )

a1=0
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because it is a telescoping sum. We adopt the convention that ¢! = 1 if o; <0 for somei =1,2,...,d.
The same property holds in higher dimensions:

1
D O X107 = X[ fr1o]0; (0%9))

lo|<€ ™~

= (L,x [f10%g — éX"‘[fmo]a“”w) = 3 X k] 05, (0.

o ! !
E A la|=¢

We deduce that
1
g =(L=TR)=v Y} — X [fi41,]Vx(@").

lal=€ "

Duhamel’s formula in Fourier variables gives

fo 1 —
g(to, £,v) = e(L—T)togo _/ (L= to—s) (v Z aXa[fsﬂo]Vx(aa(P)) ds
0

la|=£

up to a straightforward abuse of notation. Hence

||g(t07gv')||L2(dYk)
_1 . 0 e e 1 Ve (8%9)
S eTHEO 308, )l L2gaye) + /0 e O N X St li2qop i [V (079)  ds.
le|=€ "

Recall that (22) gives

A

IX¥Ufsttoll2qulz aye) Se I follz(@ye et (1+1x10) dxpe 2"
On the other hand we use |m| < |E[¢t1|¢| and observe that

180 (€. 0)| S EF g0 (-, v) It xje gy forall (5,v) € R x RY.

Collecting terms, we have
R 1 _1 N
18(t0.8. ) |2 (ye) S € 2H€0 &1 g <1 g0 (V) 2@yt (e axpyFe 20 g1 1 180 Iz (v

041~
FIEIOEN I foll 2y sme a1y ) [O

1o “w
_ME _A
e~ 2 (0=5) =55 g

We know from (10) that g = A|£|?/(1 + |€|?) so that g > %A|§|2 if [§] <1 and pg > %A if |E] > 1.
Hence, for any 79 > 1,

2 _ d
||e_%ugt0|§|£+11|§|<1||L2(d£-') < (/ e_%|$|2t0|§|2(e+1) dé) < ty (1+¢+ 2)’
R4

— ~ _A
/|;_| 13 “Etollgo(éw)llfz(dyk)déSé’ 2t0||g0||i2(dxdyk)
>
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by Plancherel’s formula. We conclude by observing that

o u fo
/ |g§|5+1|¢(é)|/ e—TE(lo—S)e—%s dsd§ < ”(p”Ll(dx)/ ([ |E|e+1€_%|€|2(t0_s) di:)e_)zls ds
l€l1=<1 0 0 lEl=<1

_ a
<0 (1+e+2)’

~ fo _HE ) —A n ) )
/m 1|§|€+1|¢($)|[) e 2 (to S)e zsdsdgg |||§|£+1§0(€)”L1(d§)t03 4mn{A,2/\}lo'
>

Altogether, we obtain

N —(14+¢+4
800+ Wage ey = 180 M Pageayy St T2,

The decay result of Theorem 3 is then obtained by writing

e(””"( > LX) 3°‘<p)

le|<¢ ™"

I Faro 122 ey S 180 P gy +

L2(dx dyk)
and using (24) for any 79 > 1, with ¢ = 2¢¢. For ¢t < 2, the estimate of Theorem 3 is straightforward by
Corollary 8, which concludes the proof.

Appendix A: An explicit computation of Green’s function for

the kinetic Fokker-Planck equation and consequences

In the whole-space case, when M is the normalized Gaussian function, let us consider the kinetic
Fokker—Planck equation of Case (a)

0 f+v-Vif =Vy-(vf +Vyf) (25)
on (0, 00) X RY x R4 > (t, x,v). The characteristics associated with the equations

dx_v dv_v
dt —  dr

suggest to change variables and consider the distribution function g such that
ft, x,v)= edtg(t, x+ (1 —e)v,e'v) forall (¢, x,v) € (0, 00) x R? x RY.

The kinetic Fokker—Planck equation is changed into a heat equation in both variables x and v with
t dependent coefficients, which can be written as

;g =V-9Vg, (26)

where Vg = (Vyg, Vg) and  is the ¢-derivative of the block matrix

_ 1 (ald bId
Q_E(bld cId)’
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witha = e?! —1, b =2e! —1—e?!, and c = 2! —4e’ + 21 + 3. Here Id is the identity matrix on R%.
We observe that & is degenerate: it is nonnegative but its lowest eigenvalue is 0. However, the change of
variables allows the computation of a Green’s function.

Lemma 11. The Green’s function of (26) is given for any (t, x,v) € (0, 00) x R? x R? by
1 ( a|x|2—2bx-v+c|v|2)
(2m(ac—b2))% 2(ac—b?)

The method is standard and goes back to [Kolmogoroff 1934] (also see [Ilin and Hasminskii 1964;
Hormander 1967; Victory and O’Dwyer 1990; Bouchut 1993]).

G(t,x,v) =

Proof. By a Fourier transformation in x and v, with associated variables £ and 1, we find that
log C—log G (1.£.1) = (1.£)- 2(n. &) = 3 (aln|* +2bn-E +clE|?) = Laln+ 2E[*+ JAlE2. A=c—E
for some constant C > 0 which is determined by the mass normalization condition

1G(. - )l (e xpay = 1.

Let us take the inverse Fourier transform with respect to 1,

(2m)™ / VG Em)dn = —C e iR - g2 o galeki ol sl
R4 (2na)% (2ra)d
and then the inverse Fourier transform with respect to &, so that we obtain
2 2 x|? b 2 v|?
Glioxv) = —C S i er = € k2ol 0
(2ra)% (27A)2Z (4m2aA)2
It is easy to check that C = 1. O

Let us consider a solution g of (26) with initial datum go € L! (Rd X IRd). From the representation
g([9.1') = G([’.s') *x,v gOa
we obtain the estimate

”gOHLl(Rdx[Rd) -4 _dt(l—i-O(l_l))
(872)%

as t — 00. As a consequence, we obtain that the solution of (25) with a nonnegative initial datum fo

8@, -, )Loowa xray = NG (E, -, )ILoo e xra) |01 (R xRA) =

satisfies ol
0 d d
M(l_,_ (1))

(8m21)2

Using the simple Holder interpolation inequality

”f(tv"')”LOO(Rded) as t — 00.

_1
1 oty = 171 ey 1 Ty

we obtain the following decay result.
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Corollary 12. If f is a solution of (25) with a nonnegative initial datum fy € LY (R x R?), then for any
p € (1, 00] we have the decay estimate

I follLt (re xma)

||f(t"7')”Ll’(Rdx[Rd)§( 2;)2(1—l)(1+0(1)) ast — oo.

By taking fo(x,v) = G(1, x,v), it is moreover straightforward to check that this estimate is optimal.
With p = 2, this also proves that the decay rate obtained in Theorem 1 for the Fokker—Planck operator,
i.e., Case (a), is the optimal one because, again with fo(x,v) = G(1, x, v), we observe that

4
IfG@,-. ')”iz(dxdyk) = edt”G(t, ° ')ledz(dxdv) =0(@"2) ast— +oo.

Appendix B: Consistency with the decay rates of the heat equation
In the whole-space case, the abstract approach of [Dolbeault et al. 2015] is inspired by the diffusion limit
of (1). We consider the scaled equation

dF
dar

which formally corresponds to a parabolic rescaling given by ¢ — &%t and x > ex, and investigate the

+TF = —LF 27)

limit as ¢ — 04. Let us check that the rates are asymptotically independent of & and consistent with those
of the heat equation.

B.1. Mode-by-mode hypocoercivity. 1t is straightforward to check that in the estimate (7) for A, the gap
constant A,, has to be replaced by A, /¢, while, with the notation of Proposition 4, Cps can be replaced
by Cyps /¢ for € < 1. In the asymptotic regime as € — 0, we obtain

A A
e L H[F] < —D[F] < —— M mAme .
dt 3(1+Am) 1+ Ap)Cyy

D[F].

which proves that the estimate of Proposition 4 becomes
2
L HMmhy
T 3(1+Am)3CE

We observe that this rate is independent of e.

B.2. Decay rates based on Nash’s inequality in the whole-space case. In the proof of Theorem 1, &
has to be replaced by 6 /¢ and in the limit as ¢ — 04, we get that b ~ 46 /¢ and (16) is satisfied with

Am
43—8’\/@8.

Hence (18) asymptotically becomes, as & — 04,

)= (1 [f])Hfl,
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which again gives a rate of decay which is independent of ¢. The algebraic decay rate in Theorem 1 is the
one of the heat equation on R4 and it is independent of ¢ in the limit as ¢ — 0.

B.3. Decay rates in the whole-space case for distribution functions with moment cancellations. The
improved rate of Theorem 2 is consistent with a parabolic rescaling: if f solves (1), then fé(z, x,v) =
e f(e721, e 1x, v) solves (27). With the notation of Section 6.1, let g = f€ — f¢(-/¢), with
¢¢ = ¢ %¢(- /¢). The Fourier transform of g¢ solves

620,85+ eTg% = Lg% —efET¢".

The decay rate A in (20) becomes A /&2 and the decay rate of the semigroup generated by L — eT is, with
the notation of Corollary 5, jtg¢. Moreover, A in (10) is given by A = % min{1, ®} for any & > 0, small
enough. Duhamel’s formula (21) has to be replaced by

A _Beky P tee .
18°(2. &, ) lL2(ay,) = Ce 282t”g(g)(év')”L2(dyk)+CLe 262 7| £2(5, )2 of2 aye) 1261 16(e6)| ds.

Using
h n 85 1 |E|

_ = A|E)?,
e>04 &2 e—04 1+ £2|¢|? d

a computation similar to the one of Section 6.1 shows that the first term of the right-hand side is estimated
by

S5 2 _ —EE ) ae 2 —EgE 2
/Rde o2 ”go(é")”Lz(‘l”")dE_/|$|5;€ 21126 2o gy, dE+ |E|>ée 2 186 2y 4€

N>

2 2,—4 g2 2 55
= ||g8”L2(dyk;L1(|x|dx)) /l;qd &€ 2 ¢l tdS-i—IIgﬁlle(dxdyk)e 2,

while the square of the second term is bounded by

. B} 1 2, 1 2
17200 =0 sz [ esPIoGRI( [ et m0e i o) ag

d+1 C .
2 & 2 —min{4 A}L
S ||f0||L2(|U|2dJ/k;Ll(dx)) (Cll‘zlﬁ —+ 8—33 2 2 ).

By collecting all terms and using Plancherel’s formula, we conclude that the rate of convergence of
Theorem 2 applied to the solution of (27) is independent of &. We also notice that the scaled spatial
density pge = [pa f dv satisfies

0
(1 +t)1+%

for some positive constant %y which depends on fp but is independent of . This is the decay of the heat

||Pf6(l,-)||iz(dx) = forallz >0

equation with an initial datum of zero average.
Similar estimates can be obtained in the framework of Theorem 3.
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THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE:
LOCAL WELL-POSEDNESS AND CONTROL
OF ENERGY-DISPERSED SOLUTIONS

SUNG-JIN OH AND DANIEL TATARU

This is the second part in a four-paper sequence, which establishes the threshold conjecture and the soliton
bubbling vs. scattering dichotomy for the hyperbolic Yang—Mills equation in the (44 1)-dimensional
space-time. This paper provides the key gauge-dependent analysis of the hyperbolic Yang—Mills equation.

We consider topologically trivial solutions in the caloric gauge, which was defined in the first paper
of the sequence using the Yang—Mills heat flow. In this gauge, we establish a strong form of local
well-posedness, where the time of existence is bounded from below by the energy concentration scale.
Moreover, we show that regularity and dispersive properties of the solution persist as long as energy
dispersion is small. We also observe that fixed-time regularity (but not dispersive) properties in the caloric
gauge may be transferred to the temporal gauge without any loss, proving as a consequence small-data
global well-posedness in the temporal gauge.

We use the results in this paper in subsequent papers to prove the sharp threshold theorem in caloric
gauge in the trivial topological class, and the dichotomy theorem in arbitrary topological classes.
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1. Introduction

In this paper, along with the companion papers [Oh and Tataru 2017a; 2017b; 2019a], we consider the
hyperbolic Yang—Mills equation in the (4+1)-dimensional Minkowski space with a compact semisimple
structure group.
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In [Oh and Tataru 2017b], we defined the notion of caloric gauge with the help of the Yang—Mills heat
flow on R%, and showed that every subthreshold connection admits a caloric gauge representative (see
Section 1B below for a review). The first main result of the present paper (Theorem 1.13) is a strong form of
local well-posedness of the hyperbolic Yang—Mills equation in the manifold of caloric gauge connections,
where the time of existence is estimated from below by the scale of energy concentration. The second main
result (Theorem 1.16) asserts that regularity and dispersive behaviors persist as long as a certain quantity
called energy dispersion, which measures a certain type of nondispersive concentration, remains small.

While the caloric gauge reveals the fine cancellation structure of the Yang—Mills equation, and is thus
suitable for dispersive analysis at low regularity, it has the drawback that causality is lost. As a remedy,
we also show that regularity (but not dispersive) properties in the caloric gauge may be transferred to
the temporal gauge. As a corollary, we also obtain small-data global well-posedness of the hyperbolic
Yang-Mills equation in the temporal gauge (Theorem 1.18).

In the subsequent papers in the sequence [Oh and Tataru 2017a; 2019a], we use the results proved in
this paper to establish the threshold theorem (i.e., global well-posedness and scattering for subthreshold
data) in the caloric gauge, as well as the soliton bubbling vs. scattering dichotomy theorem for general
finite-energy solutions, formulated in a more gauge-covariant fashion. An overview of the entire series is
provided in [Oh and Tataru 2019b].

1A. Hyperbolic Yang-Mills equation on R174. Our set-up is as follows. Let G be a compact noncom-
mutative Lie group and g its associated Lie algebra. We denote by Ad(O)X = OXO~! the adjoint (or
conjugation) action of G on g and by ad(X)Y = [X, Y] the Lie bracket on g. We use the notation (X, Y')
for a bi-invariant inner product on g,

([X,Y),Z)=(X,[Y,Z]), X,Y,Zegy,
or equivalently
(X,Y)=(Ad(0)X,Ad(0)Y), X,Yeg, O€QaG.

If G is semisimple then one can take (X, Y) = —tr(ad(X) ad(Y)), i.e., the negative of the Killing form
on g, which is then positive definite, However, a bi-invariant inner product on g exists for any compact
Lie group G.

Let R'™# be the (44 1)-dimensional Minkowski space equipped with the Minkowski metric, which

L ,x4). The coordinate x°

takes the form diag(—1, +1,..., 4+1) in the rectangular coordinates (xo, X
serves the role of time, and we will often write x® = ¢. Throughout this paper, we will use the standard
convention for raising or lowering indices using the Minkowski metric, and summing up repeated upper
and lower indices.

Our objects of study are connection 1-forms A on R!*# taking values in the Lie algebra g. They define
covariant differentiation operators D, = D ,(LA) = d,, + Ay (in coordinates) acting on sections of any
vector bundle with structure group G. The commutator D, D, — D, D, yields the curvature 2-form

Fuv = F[A] v, which is given in terms of A,, by the formula

Fuy = 0,4, —0vA, + [Au, Ay
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Given a G -valued function O on R!'*#, we introduce the notation
0., =9,007".
The pointwise action of O on the vector bundle induces a gauge transformation for A and F, namely
Ay 04,071 -9,007" = Ad(0)A;, — 0.y,  Fyup+> OF,, 07" = Ad(O) F.

In view of this transformation property, F' may be viewed as a 2-form taking values in the G -vector
bundle with fiber g, where G acts on g by the adjoint action (geometrically, the adjoint vector bundle).
Thus the covariant derivative D, acts on F by

DMFaﬂ = (BM + ad(AM))Faﬂ = auFaﬂ + [AM’ Faﬂ]-
The hyperbolic Yang—Mills equation on R'*# is the Euler—Lagrange equation associated with the
formal Lagrangian action functional

1

L(A) = (Fop, F*P) dx dt,
2 Jpi+4

which takes the form

D%F,p =0. (1-1)

Clearly, (1-1) is invariant under gauge transformations. This equation possesses a conserved energy,
given by

Enxra (A) = / D |Fapl* dx. (1-2)
{t}xR4 a<B

Furthermore, both the equation (1-1) and the energy (1-2) are invariant under the scaling
A(t,x) = AA(At, Ax) (A >0).

Hence, the hyperbolic Yang—Mills equation is energy critical in dimension (4 + 1), which is the reason
why we focus on this dimension in the present series of papers.

We are interested in the initial value problem for (1-1). For this purpose, we first formulate a gauge-
covariant notion of an initial data set. We say that a pair (a, e) of a connection 1-form a and a g-valued
1-form e on R* is an initial data set for a solution A to (1-1) if

(Aj, Foj) Mi=0y= (a;, ej).

Here and throughout this paper, roman letter indices stand for the spatial coordinates x!, ..., x% Note
that (1-1) with 8 = 0 imposes the condition that

D/ej=0dej +[a’ ej]=0. (1-3)

This equation is the Gauss (or the constraint) equation for (1-1).
It turns out that (1-3) characterizes precisely those pairs (a, e) which can arise as an initial data set.
Thus we make the following definition:
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Definition 1.1. (1) A regular initial data set for the hyperbolic Yang—Mills equation is a pair (a, e) €
HYN x HN=1 (N > 2) which has finite energy (i.e., F[a] € L?) and satisfies the constraint equation (1-3).

loc
(2) A finite-energy initial data set is a pair (a, e) € 1’-.11})C x L? which has finite energy (i.e., F[a] € L?)
and satisfies the constraint equation (1-3).

In this paper, we make an additional assumption that a decays suitably at infinity:
acH'. (1-4)

This assumption turns out to be equivalent to the requirement that a is topologically trivial [Oh and Tataru
2019a]. As this property is conserved under any continuous evolution in time, this is the natural setting
for scattering and thus for the threshold conjecture for (1-1), which is one main subject of the final paper
[Oh and Tataru 2017a] of the series.

The hyperbolic Yang—Mills equation (1-1), when naively viewed as an evolution equation for A, fails
to be locally well-posed; to restore (at least formally) well-posedness, we need to fix the gauge invariance.

There are several classical interesting gauge choices which can be made here, for instance the Coulomb
gauge 3/ A ;i =0, the temporal gauge A9 = 0 and the Lorenz gauge 0* Ay = 0. For a more detailed
discussion and comparison of these gauges we refer the reader to our first article [Oh and Tataru 2017b].

However, the main gauge choice we use in this paper is the so-called caloric gauge, which was defined
in the first paper of the series [Oh and Tataru 2017b] with the help of a parabolic analogue of (1-1),
namely the Yang—Mills heat flow. This is the subject of our next discussion.

1B. Yang-Mills heat flow and the caloric gauge. Let a be a connection 1-form on R* (in short, a spatial
connection). We say that a connection A = A(x, s) on R* x J (where J is a subinterval of [0, 00)) is a
(covariant) Yang—Mills heat flow development of a if it solves

Fs; = D'Fy;, A(s=0)=a. (1-5)
This equation is invariant under gauge transformations on R* x J. Under the local caloric gauge condition
As =0, (1-6)

the forward-in-s initial value problem for (1-5) is locally well-posed [Oh and Tataru 2017b, Theorem 2.7]
in H'. We remark that the evolution (1-5) under the gauge (1-6) is precisely the gradient flow for the
(spatial) energy

el@) =3 [ | (Fyelal, F¥lal) dx = A4§|ak[a]|2dx.

The key controlling norm for the Yang—Mills heat flow in the local caloric gauge is || F|| L3(J:L3)
which is both scale- and gauge-invariant.

Theorem 1.2 [Oh and Tataru 2017b]. Consider a Yang—Mills heat flow A € Cs(J; H') in the local
caloric gauge satisfying
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When J = [0, so) for so < 00, A can be extended past sg as a (well-posed) Yang—Mills heat flow. When
J = [0, 00), the solution has the property that the limit

i 46) = e

exists in HY. The limiting connection is flat (F|aco] = 0) and the map a + deo is locally Lipschitz
in H, HN (N > 1) and H' N HN (N > 2). Denoting by O(a) a gauge transformation satisfying
0719, 0 = aco, the map a +— O(a) is continuous from H' to H? up to constant conjugations.

In the case when the Yang—Mills heat flow with initial data @ admits a global solution with finite
L3 norm for the curvature as in (1-7), we define the caloric size Q(a) of a as

Q@) = 1F 73 g3 (1-8)
We note that this is a gauge-invariant quantity.

Remark 1.3. Here we need to clarify the topology on the (nonlinear) space of gauge transformations.
We will say that a sequence om converges to O if there exists a sequence 0™ of gauge transformations
so that O™ (0™)~1 are constant and so that we have

e pointwise convergence,’

d(0™,0)—0 inL2,

e convergence of derivatives,
~(n L
O;(x)—>0;x in H'.

A simple but important case in which (1-7) holds with J = [0, o0) is when the initial energy & (a) is
sufficiently small. The same conclusion holds as long as & (a) is below any nontrivial connection a € H!
satisfying the harmonic Yang—Mills equation

D'Fy =0. (1-9)

The above assertion is closely related to the topological class of connections. Relaxing the requirement
acH' toae H}

1oc allows also topologically nontrivial initial data sets, in which case the ground state

energy
Egs =inf{&(a):a € Hkl)C is nontrivial and solves (1-9)} (1-10)

is nonzero, and the minimum is attained for a special class of solutions called instantons. However, within
the trivial topological class we have

2EGgs <inf{&.(a) :a € H' is nontrivial and solves (1-9)}. (1-11)

We further remark that in order for a connection a to have Q(a) finite, it must be topologically trivial.
Because of this, the present paper is limited to topologically trivial connections, which are simply defined

IThe functions O™ are uniformly bounded in BMO so this property essentially provides the additional information that in
some sense the local averages converge as well.
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by the requirement that a € H' in a suitable gauge. For an extended discussion and further references we
refer the reader to our next article in the series [Oh and Tataru 2019a].
In view of this discussion, the following result is natural:

Theorem 1.4 (threshold theorem for the Yang—Mills heat flow on R* [Oh and Tataru 2017b]). Assume
that a is topologically trivial and that
Ee (a) <2FEgs.

Then the solution to (1-5) exists globally on [0, 00). Moreover, there exists a nondecreasing function
Q(-):[0,2Egs) — [0, 00) such that
Q(a) < Q(&e(a)).

We now return to the discussion of an arbitrary (not necessarily subthreshold) spatial connection a,
whose Yang—Mills heat flow development satisfies (1-7) with J = [0, co). Since the limiting connection
Ao 1s flat, it must be gauge equivalent to the zero connection. This motivates the following definition of
the caloric gauge:

Definition 1.5 (caloric gauge). We say that a connection a; € H' is caloric if J = [0, 00) and ag in
Theorem 1.2 is equal to zero. We denote the set of all such connections by C. More quantitatively, we
denote by Cg the set of all caloric connections whose Yang—Mills heat flow development satisfies

Qa) = Q. (1-12)
Given a connection a € H! satisfying (1-7) with J = [0, 00), note that
Cal(a); = Ad(O(a))a; — O(a);;

is its caloric representative, which is unique up to constant conjugations.

To solve the Yang—Mills equation in the caloric gauge, we need to view the family C of the caloric
gauge connections as an infinite-dimensional manifold. Here the H! topology is no longer sufficient, so
we introduce the slightly stronger topology

H={acH" |alg <co}. wherellallg = lall g+ Y I @) 2.
J
Here, { P;} refer to the standard Littlewood—Paley projections to dyadic frequency annuli on R*. It turns
out that every caloric connection belongs to H, which reflects the fact, to be discussed in Section 3 in
greater detail, that caloric connections satisfy a nonlinear form of the Coulomb gauge condition. Moreover,
the following theorem holds.

Theorem 1.6. (1) For a connection a € C with energy £ and caloric size Q we have

lala <eo 1.

(2) Consider a connection a € H (not necessarily caloric) satisfying (1-12). Then O(a) in Theorem 1.2
may be uniquely fixed by imposing lim|y| oo O(a) = 1. Such a map a — O(a) is locally C ! from H to
H2NC° and also from HN to H>n AN +1 (N >2).
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Essentially as a corollary, we have:
Theorem 1.7. The set C is an infinite-dimensional C' submanifold of H.

The spatial components of finite-energy Yang—Mills waves will be continuous functions of time which
take values into C. They are however not C'! in time; instead their time derivative will merely belong to L2.
Because of this, we need to take the closure of its tangent space 7'C (which a priori is a closed subspace
of H) in L2 This is denoted by TaLz(Z . It is also convenient to have a direct way of characterizing this
space; that is naturally done via the linearization of (1-5):

Definition 1.8. For a caloric gauge connection a € C, we say that L? 3 b € TaLZC if and only if the
solution to the linearized local caloric gauge Yang—Mills heat flow equation

35 B = [B/, Fyj1+ D/ (DyBj — D;By). Bi(s =0) = by, (1-13)
(where D = D @) satisfies
lim B(s) =0.
§—>00

We say that (a, b) € TLZCQ ifaeCgandb e Tach, and we say that (a,b) € TL’CifaeCandbe TaLZC.
A key property of the tangent space TaLzC is the following nonlinear div-curl-type decomposition:

Theorem 1.9. Let a € Cg with energy E. Then for each e € L? there exists a unique decomposition
e=b—DWay, beTlC ageH', (1-14)

with the corresponding bound
1612 + llaoll 1 Se.0 llellz2 (1-15)

A hyperbolic Yang—Mill connection consists not only of spatial components (the sole subject of
discussion so far), but also of a temporal component. As in the Coulomb gauge, we will consider the
spatial components of the connection as the dynamic variables, which satisfy a system of wave equations.
The temporal components, on the other hand, will be viewed as an auxiliary variable determined from the
spatial components. This point of view motivates the following definition.

Definition 1.10 (initial data in the caloric gauge). An initial data for the Yang—Mills equation in the
. . . L2
caloric gauge is a pair (a, b) where (a,b) € T=C.
The notion of covariant Yang—Mills initial data (Definition 1.1) is connected to the preceding definition

by the following result proved in [Oh and Tataru 2017b] (which motivates the notation in Theorem 1.9):

Theorem 1.11. (1) Given any Yang—Mills initial data pair (a,e) € HY x L? such that the Yang—Mills
heat flow development of a satisfies (1-12), there exists a caloric gauge Yang—Mills data (@, b) € TL¢
and ag € H', so that the initial data pair (a, é) is gauge equivalent to (a, e), where

ék = bk — D,(f)ao.
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In addition, (a, b) and ag are unique up to constant conjugations, and depend continuously on (a, e)
in the corresponding quotient topology. Further, the map (a,e) — (@, b) is locally C' in the stronger
topology* H x L?> — H x L2, as well as in more regular spaces HY x HN =1 — HN x HN=1 (N >2).

(2) Given any caloric gauge data (a, b) € TLZC, there exists a unique ag € H*, with Lipschitz dependence
on (a,b) € H' x L2 so that

er = by — Dlga)ao
satisfies the constraint equation (1-3). Further, the map (a,b) — ag is also Lipschitz from HN x HN~1
to HY for N > 3.

Remark 1.12. The caloric gauge just described is a global version of a local caloric gauge previously
introduced by Oh [2014; 2015], and is based on an idea by Tao [2004] in his study of the energy-critical
wave maps into the hyperbolic space [Tao 2008a; 2008b; 2008c; 2009a; 2009b].

1C. The main results. The first main result is a strong gauge-dependent local well-posedness theorem
for the Yang—Mills equation as an evolution in the manifold of caloric connections. To state this result,
we define the energy concentration scale r. of a Yang—Mills initial data set (a, e) with threshold e, (or
the e«-energy concentration scale) to be

ré* =ré*la,e] = sup{r : £p, (a,e) < £2}.

Theorem 1.13 (local well-posedness in caloric gauge). There exists a nonincreasing function €«(E, Q) >0
and a nondecreasing function M« (E, Q) > 0 such that the Yang—Mills equation in the caloric gauge is
locally well-posed on the time interval of length r. = r&* (€, Q) for initial data (a, e) with energy < £
and a € Cg. More precisely, the following statements hold:

(1) (regular data) Let (a, e) be a smooth initial data set with energy < &, where a € Cg. Then there
exists a unique smooth solution Ay x to the Yang—Mills equation in caloric gauge on I = [—r¢, r¢]
such that (Aj, Foj) Ii=0y= (a;.ej).

(2) (rough data) The data-to-solution map admits a continuous extension
Cx L%3(a,e) > (Ax, 9 4y) € C(I, T C)
in the class of initial data with energy < £, a € Cg and energy concentration scale > r.

(3) (a priori bound) The solution defined as above obeys the a priori bound
[Axlls1 < M« (€. Q).

(4) (weak Lipschitz dependence) Let (a’, ') € C x L? be another initial data set with energy concentration
scale > r.. For o <1 close to 1, we have the global bound

IAx — A llso 1) S.e.0).0 1@.€) = (@' )l goy gro-1-

2Here we impose again the condition lim| |00 O(a) = I in order to fix the choice of O(a).
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The a priori bound (3) is highly gauge-dependent and has strong consequences. The S !-norm, which
is essentially the same as in [Krieger et al. 2015] and is recalled in Section 4A below, serves the role
of a controlling (or scattering) norm for the Yang—Mills equation in the caloric gauge. As we will see
in Section 5, finiteness of the S!-norm implies fine properties of the solution itself, such as frequency
envelope control, persistence of regularity, continuation and scattering towards endpoints of 7, and also
for those nearby, such as weak Lipschitz dependence and local-in-time continuous dependence.

Theorem 1.13 implies small energy global well-posedness in the caloric gauge, analogous to the similar
Coulomb gauge result in [Krieger and Tataru 2017]:

Corollary 1.14. If the energy of the initial data set is smaller than &2 := min{1, e2(1, Q(1))}, then the
corresponding solution Ay x in the caloric gauge exists globally and obeys

[ 4xlls17(—00,00)] = M(E)-

Moreover, if the initial data set (a, e) has subthreshold energy, then by Theorem 1.4 we have a € Co
with Q@ < Q(&). Therefore, we immediately obtain:

Corollary 1.15. For initial data with subthreshold energy, the conclusions of Theorem 1.13 hold with &,
M. and r. depending only on the energy £.

The local well-posedness result (Theorem 1.13) provides a basic framework for considering dynamics
of the Yang—M ills equation in the manifold of caloric connections C. The second main result, which we
now state, is a continuation/scattering criterion for this equation in terms of smallness of a quantity called
energy dispersion (denoted by ED[/] below).

Theorem 1.16 (regularity and scattering of energy-dispersed YM solutions). There exists a nonincreasing
function (€, Q) > 0 and a nondecreasing function M (E, Q) such that if A; x is a solution (in the sense of
Theorem 1.13) to the Yang—Mills equation in caloric gauge on I with energy < £ and with initial caloric
size Q that obeys
I Flleptr) = sup 27| P Fll (g ety < £(E- Q).
€

then it satisfies the a priori bound
[Axlsipy = M(E, Q).
as well as

sup Q(A(0)) <« 1.

tel

By finiteness of the S!'-norm, 4,y may be continued as a solution to the Yang—Mills equation in the
caloric gauge past finite endpoints of /, and scatters in some sense towards the infinite endpoints; see
Remarks 5.2 and 5.3.

Remark 1.17. In contrast to Theorem 1.13, in Theorem 1.16 the dependence on Q is very mild. This
feature is due to the fact that small energy dispersion, combined with the energy bound, implies that Q
must be either very large or very small; see Lemma 5.10 below. In particular if £ is subthreshold then the
dependence on Q above can be omitted altogether.
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While powerful conclusions about the solution (represented by the S !-norm bound) can be made in
the caloric gauge, it has the disadvantage that the causality (or the finite speed of propagation) property is
lost. To remedy this, we also establish small-data well-posedness result in the temporal gauge Ag = 0:

Theorem 1.18. If the energy of the initial data set is smaller than &2 (as in Corollary 1.14), then the
corresponding solution (A; x, 0t Az x) in the temporal gauge Ao = 0 exists globally in C;(R; H'x L?).
The solution is unique among the local-in-time limits of smooth solutions, and it depends continuously on
data (a,e) € H' x L2

In fact, Theorem 1.18 is a consequence of Corollary 1.14, after the observation that the gauge transfor-
mation from the caloric gauge to the temporal gauge obeys optimal regularity bounds; see Theorem 5.1
(10) below. We note that the strong dispersive S'-norm bound for A is generally lost in the temporal
gauge, as some part of the solution is merely transported (instead of solving a wave equation).

Theorem 1.18 is used in the third paper [Oh and Tataru 2019a] of the sequence to establish the large-data
local theory for the (44 1)-dimensional Yang—Mills equation in arbitrary topological classes. Then in
the fourth paper [Oh and Tataru 2017a], this theory is put together with Theorems 1.13 and 1.16 to
establish global well-posedness and scattering in the caloric gauge for data with subthreshold energy
(often called the threshold theorem in the literature), as well as a bubbling vs. scattering dichotomy for
arbitrary finite-energy solutions, formulated in a gauge-covariant sense.

Remark 1.19. Within the setup of this paper, one could in effect easily relax the hypothesis of the above
theorem, and show that temporal gauge solutions exist for as long as caloric solutions exist. We do not
pursue this, as our primary interest in terms of the temporal gauge is to use it for solutions which are not
necessarily caloric. These matters are further discussed in our third and fourth papers [Oh and Tataru
2017a; 2019a].

The overall strategy for the proofs originated from the work of Sterbenz and the second author on
the energy-critical wave maps [Sterbenz and Tataru 2010a; 2010b] and was adapted to the case of the
energy-critical Maxwell-Klein—-Gordon (MKG) equation, which is a simpler model for Yang—Mills, in our
previous works [Oh and Tataru 2016a; 2016b; 2018]. We also note an alternative independent approach
for the energy-critical wave maps [Krieger and Schlag 2012] and MKG [Krieger and Lithrmann 2015]
based on the Kenig—Merle method [2008; 2006]. A more extensive historical perspective is provided in
the fourth paper [Oh and Tataru 2017a].

In [Oh and Tataru 2016b; 2018], the analogues of Theorems 1.13 and 1.16 (respectively) were proved
using distinct strategies. However, here we derive both main results (see Section 7 for details) from the
following single a priori estimate concerning regular solutions, whose proof is the central goal of this paper:

Theorem 1.20. There exist nonincreasing functions (&, Q), T(E, Q) > 0 as well as a nondecreasing
Sfunction M(E, Q) such that if A; x is a regular solution to the Yang—Mills equation in caloric gauge on
with energy < & such that Ax € Co forallt € I, and moreover

sup 272 || P F | oo sty < €(6.Q) and || <27"T(€.Q)

k>m
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for some m € Z, then it satisfies the a priori bound
[Axllsipry = M(E, Q).

In words, for a regular solution with small energy dispersion only at certain frequency 2 and above,
an a priori S'-norm bound holds on time intervals of the corresponding scale O(27™).

1D. Overview of the paper. Section 2: In this section, we collect some notation and conventions used
throughout this paper for the reader’s convenience. Some basic concepts, such as disposability, dyadic
function spaces, frequency envelopes, etc., are also described.

After Section 2, the paper is organized into two tiers. The first tier consists of Sections 3 to 7, and its
goal is to describe the large-scale proof of the main results, assuming the validity of certain linear and
multilinear estimates collected in Section 4.

Section 3: Here, we recall from [Oh and Tataru 2017b] further results concerning the Yang—Mills heat
flow and the caloric gauge. First, we state some quantitative bounds for the Yang—Mills heat flow and
its linearization in the caloric gauge, using the language of frequency envelopes (Section 3A). Next, we
derive the wave equation satisfied by A, and A (s) (s > 0) in the caloric gauge (Section 3B). In this
process we use the dynamic Yang—Mills heat flow (3-5), which is the Yang—Mills heat flow augmented
with a heat evolution (in s) for the temporal component.

Section 4: We first describe the fine function space framework for analyzing the hyperbolic Yang—Mills
equation in the caloric gauge (Section 4A). The main function spaces are identical to those in [Krieger
et al. 2015; Oh and Tataru 2018; Krieger and Tataru 2017], which in turn have their roots in the works on
wave maps [Tataru 2001; Tao 2001]. We also explain the three main sources of smallness in our analysis:
divisibility, small energy dispersion and short time interval. Then we state the linear and multilinear
estimates needed for the proof of the main theorems (Sections 4B and 4C); it is the goal of the second
tier of the paper (described below) to prove them. The primary estimates here are the bilinear null form
estimates, which in the context of our function spaces have their origin in [Krieger et al. 2015; Oh and
Tataru 2018; Krieger and Tataru 2017]. The bilinear null structure of the Yang—Mills nonlinearities was
first described in [Klainerman and Machedon 1994]; a secondary trilinear null structure, which also plays
a role here, was discovered in [Machedon and Sterbenz 2004] in the (MKG) context.

Section 5: We prove a strong structure theorem for a solution to the hyperbolic Yang—Mills equation in
the caloric gauge with finite S'-norm (Section 5SA). In particular, it reduces the tedious task of controlling
various parts of a solution A, x to proving a single S !-norm bound for the spatial components 4. We also
consider the effect of small inhomogeneous energy dispersion on a correspondingly short time interval
(Section 5B). The analysis is repeated for the dynamic Yang—Mills heat flow of a solution (Section 5C).

Section 6: We prove the central result, Theorem 1.20, by an induction-on-energy argument. The argument
is similar to [Oh and Tataru 2018], which in turn was based on the work [Sterbenz and Tataru 2010a],
with modifications to handle the low frequencies with possibly large energy dispersion with the short
length of the time interval (see, in particular, scenario (1) in Section 6B).
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Section 7: Here, we derive the main theorems stated in Section 1C from Theorem 1.20. The key point in
the derivation of Theorem 1.13 is the simple fact that energy dispersion is small for frequencies above
the inverse of the energy-concentration scale (Section 7B). Theorem 1.16 follows essentially by scaling
(Section 7C).

The second tier consists of Sections 8 to 11. Here, we provide proofs of the estimates stated in
Section 4.

Section 8: The goal of this section is to prove all multilinear estimates stated in Section 4. The proofs
proceed in two stages: In the first stage, we assume global-in-time dyadic (in spatial frequency) estimates
(Section 8B), and derive the interval-localized frequency envelope bounds stated in Section 4 (Section 8C).
A key technical issue in interval localization is to deal with modulation projections, which are nonlocal
in time. In the second stage, we establish the global-in-time dyadic estimates (Section 8D). Much is
borrowed from the previous works [Krieger et al. 2015; Oh and Tataru 2018; Krieger and Tataru 2017].

Section 9: We begin this section by reducing the proof of the key linear estimates in Section 4 to
construction of a parametrix for the paradifferential d’Alembertian O + 2 ) ", ad(P<—, Py A)0% Py
(Section 9A). As in [Krieger and Tataru 2017], the parametrix is constructed via conjugation of the free-
wave propagator by a pseudodifferential renormalization operator. We define and state the key properties
of the renormalization operator (Section 9C), and establish the desired estimates for the parametrix
assuming these properties (Section 9D).

Section 10: Here, we prove the mapping properties of the renormalization operator claimed in Section 9.
The key difference from [Krieger and Tataru 2017] lies in the source of smallness: whereas smallness
of the S'-norm of A was used in that paper, in this paper we rely instead on largeness of the frequency
gap « in the paradifferential d’ Alembertian. The idea of exploiting a large frequency gap was used in
[Sterbenz and Tataru 2010a; Oh and Tataru 2018].

Section 11: Finally, we estimate the error for conjugation of the paradifferential d’ Alembertian by the
renormalization operator claimed in Section 9, thereby completing our parametrix construction. One
aspect of our proof that differs from the previous works [Sterbenz and Tataru 2010a; Oh and Tataru 2018]
is that, in addition to the large frequency gap «, we need to use smallness of a divisible norm (weaker
than S!) of A, which requires a careful interval localization procedure (Sections 11C and 11D).

2. Notation, conventions and other preliminaries

2A. Notation and conventions. Here we collect some notation and conventions used in this paper.

e The symbols <, =, < and > are defined with their usual meanings, where the implicit constants in
these notations are allowed to vary from line to line.

e By A<g Band A <fg B, wemeanthat A <Cg B and A <cg B, respectively, where Cg = C0(1+E)C1
and cg = Cy 1(1+ E)~C for some constants Cy, C; > 0 that are again allowed to vary from line to line.

e Foru € gand O € G, define ad(u) = [u,-] and Ad(O) = O(-)O~!, both of which are in End(g).
Recall the minus Killing form, which is invariant under Ad(O) and ad(X). On g, define |- |4 on g by the



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 245

minus Killing form. On End(g), use the induced metric |@|gna(g) = SUPy [, <1 lau|g. By Ad-invariance,
|Ad(O)algna(g) = la Ad(0_1)|End(g) = |a|gnd(g)-

e We use the notation B, (x) for the ball of radius r centered at x. We write | Z(§, )| for the angular
distance |€/[§] —n/[nl|, and | £(C. C")| for infgec, nec'| £(5. M)

 We use the notation V = 9, x, D,, =i~ 19,,. Also, for D and A we often suppress the subscript x and
write D = Dy and A = Ay.

e We say that a multilinear operator O(u1, ..., Un) is disposable if its kernel is translation-invariant and
has mass < 1. In particular, we have

01, ...,um)lly < llutllx, - lumlx,,
for any translation-invariant spaces X1, ..., X, Y provided that a product estimate
lur - umly < llurllx, - [umlx,,
holds for any functions u; € X1,..., Uy, € Xm.

e We often use the “duality” pairing

// uogOWy,...,u,)dxdt

so as to have symmetry among u¢ and the inputs. Indeed, we have

zyszth.”,um)dxdt::[V OEL, ..., E™)iig(EYi (EY) - i1, (E™)dE dt.
EO+E!I++EM=0

e We define O* as

i-th entry

//uoO*f(ul,..., um)dtdx—//u O(ul,..., ye o Um)dt dx.

e By a bilinear operator (of g-valued functions) with symbol m(&, n) = m®® (&, n) (which is a complex-
valued 4 x 4-matrix), we mean an expression of the form

d§dn

@n)¥

For a scalar-valued symbol m (€, ), we implicitly associate the corresponding multiple of the identity

m® (&, n) = m(€, n)8°®.
If £ were symmetric, then the symbol m(&, n) would be antisymmetric in €, 7, in the sense that
m® (€, 1) = —m®2(n, £); this is due to the antisymmetry of the Lie bracket.

Sa.b) = // (m (& )a (£). by () €+ = 454N

2B. Basic multipliers and function spaces. Here we provide the definitions of basic multipliers and
function spaces. For the more elaborate frequency projections and function spaces for the hyperbolic
Yang—Mills equation, see Section 4A.
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e Given a function space X (on either R? or R1*¢), we define the space £7 X by
lellDs e =D Il Peull}
k

(with the usual modification for p = 00), where Py (k € Z) are the usual Littlewood—Paley projections to
dyadic frequency annuli.

o For a spatial 1-form A, we define PA to be its Leray projection, i.e., the L2-projection to divergence-free
vector fields:

PiA=A; 4+ (—A)719;8%4,.
We write P].J-A =A; - P;A.
e For a space-time 1-form Ay, we introduce the notation Py A = (PA)y by defining

PiA,, a=jcfl,.. . 4,

PyA =
* Ao, a=0.
We also define POJ;A = (P1A)y = Ay — Py A.

e We denote by W2 the homogeneous L?-Sobolev space with regularity o. In the case p = 2, we
simply write H = W2,

e The mixed space-time norm L?Wxg’r of functions on R'*¢ is often abbreviated as LI W
2C. Frequency envelopes. To provide more accurate versions of many of our estimates and results we
use the language of frequency envelopes.

Definition 2.1. Given a translation-invariant space of functions X, we say that a sequence ¢y, is a frequency
envelope for a function u € X if

(i) the dyadic pieces of u satisfy
| Prullx < ck,
(ii) the sequence cj is slowly varying,

278Gk < Tk <8G—R) sk
¢j

Here § is a small positive universal constant. For some of the results we need to relax the slowly
varying property in a quantitative way. Fixing a universal small constant 0 < ¢ < 1, we set:
Definition 2.2. Let 01,07 > 0. A frequency envelope ¢y, is called (—o71, 0)-admissible if

21 (1=a)(—k) < Gk <om(=a)G=k) ;5
~ Cj ~ b

When o1 = 03, we simply say that cj is o-admissible.

Another situation that will occur frequently is that where we have a reference frequency envelope ¢y,
and then a secondary envelope dj describing properties which apply on a background controlled by cy.
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In this context the envelope dj often cannot be chosen arbitrarily but instead must be in a constrained
range depending on cj. To address such matters we set:

Definition 2.3. We say that the envelope dj, is o-compatible with ¢y, if we have
Cr 220(1_8)(‘j_k)dj < dg.
Jj<k
We will often replace envelopes dj which do not satisfy the above compatibility condition by slightly
larger envelopes that do:

Lemma 2.4 [Oh and Tataru 2017b, Lemma 3.5]. Assume that ¢ and dj, are (—o1, S) envelopes, and
also that cy, is bounded. Then for 6 < o (1 — ¢) the envelope

er =di +ck Z 2&(j_k)dj
j<k
is o-compatible with c. The implicit constant in Definition 2.3 is bounded above by 1+ Cg (1—g)—g ||| goo-

Finally we need the following additional frequency envelope notation:

(c-d)x = cpdk, a<i = Zaj, c,[f] = sup Z(I_S)G(j_k)q (o >0).

j<k <k
2D. Global small constants. In this paper, we use a string of global small constants 81, ..., §¢, 67 with
the hierarchy
0<8s =07 K6 K5 K s K03 K K01 K K 1. 2-1)

These are fixed from right to left, so that
841 < 8190,
The role of each constant is roughly as follows:

e §p: for definition of functions spaces, such as Str! and by, by, Po in Section 4.

e §;: for all bounds from other papers, such as [Oh and Tataru 2017b; 2018; Krieger and Tataru 2017];
also for all dyadic gains in explicit nonlinearities (Section 8) and for energy dispersion gains in the
Str! norm (4-21).

e §5: for energy dispersion, frequency gap and off-diagonal gains in Sections 4.
e §3: for frequency envelope admissibility range in Sections 4.

* §4: for energy dispersion and frequency gap gains in Sections 5.

* §5: for frequency envelope admissibility range in Sections 5.

* J¢: for energy dispersion and frequency gap gains in Sections 6.

e §,: for frequency envelope admissibility range in Sections 6.

We use an additional set of small constants in our parametrix construction (Sections 9-11), which are
fixed after §; but before §5.
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3. Yang-Mills heat flow and the caloric gauge

In this section, which is a continuation of Section 1B, we recall the results from the first paper [Oh and
Tataru 2017b] that are needed in the present paper.

In Section 3A, we state quantitative bounds for the Yang—Mills heat flow (and its linearization) in
the caloric gauge, using the language of frequency envelopes. Section 3B is concerned with the task
of interpreting the hyperbolic Yang—Mills equation in the caloric gauge as a system of nonlinear wave
equations for A.

3A. Frequency envelope bounds in the caloric gauge. We begin with frequency envelope bounds for
the caloric gauge Yang—Mills heat flow and its linearization.

Proposition 3.1 [Oh and Tataru 2017b, Proposition 7.27]. Let (a,b) € TchQ with & = Eq(a), and let
(A, B) be the solution to (1-5) and (1-13) with (a, b) as data. Let ¢y be a (=61, S)-frequency envelope in
H' x L2 for (a,b), and let cZ’p be a (=81, S)-frequency envelope in WP x WO ~LP for (a, b) which is
81-compatible with cy. Define

A(s) = A(s) —e*2a, B(s) = B(s) —e*2b. (3-1)
Then the following properties hold:

(1) We have
1PLA )| g1 + |1 P B($) 2 Seon (272Ks )81 22Ky =N (2, (3-2)

(2) For (o, p) and (01, p1) satisfying

es

4 -1 4 4
1505;—051, 2+C51§p§C51, 0<o01=<0-—cs, Z—01:2(E—0), (3-3)

Pl Wo1:2P1 NS,Q,N 2 s 2 N C ) . (3—4)

A central object of the remainder of this section is the dynamic Yang—Mills heat flow for space-time
connections, which is an augmentation of (1-5) with an equation for the temporal component. More
precisely, we say that a pair (A4g, A) of a g-valued function Ao and a connection A4 on R* x J (where J
is a subinterval of [0, 00)) is the dynamic Yang-Mills heat flow development of (ag, a) if

Fyo = D Frg. (Ao, A)(s = 0) = (ao. a). (3-5)

This flow is well-defined as long as the spatial and s-components of A are well-defined as a solution to
(1-5). In particular, if a € C, then (Ag, A) exists on [0, 00), limg—so0 Ag = 0 in H'! and limg— 00 Foj =0
in L2. Moreover, the following proposition holds.

Proposition 3.2 [Oh and Tataru 2017b, Propositions 7.7 and 8.9]. Let a € Cg and e € L? satisfy
Il f, e)||1242 < &. Consider also ag € H' and b € TaLzC which obeys e = b — Dayg (see Theorem 1.9), and

let (Ag, A) be a caloric gauge solution to (3-5) with data (ag, a). Then the following properties hold.
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(1) The spatial 1-form Bj(s) = Fo;(s) — D; Ao(s) obeys the linearized Yang—Mills heat flow in the
caloric gauge with B;(0) = b;. Moreover,

[AG g1 + 1B L2 e 0 IS 0)llz2- (3-6)
(2) Let di be a §1-frequency envelope for ( f.e) in W2, Then
_ _ _ 1
27K P A) oo + 272K PiB(s) e e o.n (2%55) 7N (dp)2. (3-7)
(3) Let ¢ be a (=81, S)-frequency envelope for (a,b) in H' x L2 Then
ok —1\— _ 1
I PeA@) g1+ I PeBO) 2 Seow 27757712 ) N (dp)Zer,  (3-9)
; ; ok —1\— _ 1
| Ped’ A4 ()l + 1Ped” B (9]l -1 Seow 27K 2%5) N (dp)2er. (-9
where A, B are as in (3-1).

3B. Wave equation for A in caloric gauge. Here, and in the rest of this paper, we shift the notation
and denote by A; y = A; x(t, x), instead of (ag,a), the space-time connection on / x R* (viewed as
{s = 0}). For the spatial components, we omit the subscript x and write A, (¢, x) = A(¢, x). We write
Af x,5(8) = At x,5(t, x,5) for the dynamic Yang—Mills heat flow of A; x (¢, x).

In this subsection, we recall from [Oh and Tataru 2017b] the interpretation of the hyperbolic Yang—Mills
equations for a space-time connection A; x in the caloric gauge as a hyperbolic evolution for the spatial
components A augmented with nonlinear expressions of 8ZAg, Ag and dgAg in terms of (A4, d; A); see
Theorem 3.5. An analogous hyperbolic equation holds for the dynamic Yang—Mills heat flow development
A x(s) of A; x in the caloric gauge, which may be thought of as a gauge-covariant regularization of A4;
see Theorem 3.6.

We present explicit expressions for the quadratic nonlinearities, for which we need to reveal the null
structure in order to handle them, and state stronger bounds for the remaining higher order nonlinearities.
For economy of notation in the latter task, we introduce the following definition:

Definition 3.3. Let X, Y be dyadic norms.

e Amap F : X — Y is said to be envelope-preserving of order > n (n € N with n > 2) if the following
property holds: Let ¢ be a (=81, S)-frequency envelope for a in X. Then

“F(a)”Y(c[z;l])n_lC Slalx 1-

e Amap F : X — Y is said to be Lipschitz envelope-preserving of order > n if, in addition to being
envelope-preserving of order > n, the following additional property holds: Let ¢ be a common §;-
frequency envelope for a1 and a; in X, and let d be a §;-frequency envelope for a; —a; in X that is
81-compatible with ¢. Then

| P (F (a1) — F (a2))lvx Sy lix.lasly €5 >k

where e = dy + cr(c-d)<k.
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Remark 3.4. The modified envelope e appears since the maps F that arise below are defined on a
nonlinear manifold, namely, spatial connections a on a time interval / such that (a, d;a)(t) € TL?C for
each fixed time. We remark moreover that if the frequency envelopes ¢ and d are £?-summable, which is
usually the case in practice, then F (a) and F (a1) — F (a3) belong to £1Y.

We also need to introduce the nonsharp Strichartz spaces Str and Str!, which scale like L°°L? and
L®H, respectively. We define

—50}, (3-10)

!
Iulsie = sup{ Il o *

as well as

ullg,r = IVullse- 3-11)

Conditions in (3-10) ensure that the (p, ¢, 0)’s are Strichartz exponents, but away from the sharp endpoints.
These norms have two key properties:

e They are divisible in time, i.e., can be made small by subdividing the time interval.
e Saturating the associated Strichartz inequalities requires strong pointwise concentration (i.e., small

energy dispersion).

In [Oh and Tataru 2017b], we have shown that the spatial components of the Yang—Mills equation
D%*Fjq =0 (j €{1,2,3,4}) may be interpreted as a system of wave equation for the spatial components
A = Ay, where the temporal component Ay is determined in terms of (A, d; A), as follows:

Theorem 3.5 [Oh and Tataru 2017b, Theorem 9.1]. Let A; x =(Ao,A)eC:(I; HIXCQ) with (0; Ag,0:A) €

Ci(I; LZXTAlé)CQ) be a solution to (1-1) with energy E. Then its spatial components A = Ay satisfy an

equation of the form
O4A; = Pj[A,0x Al +2A719, 004, 34 A) + R (A), (3-12)
together with a compatibility condition
3¢ A, = DA(A) := Q(A, A) + DA3(A). (3-13)

Moreover, the temporal component Ay and its time derivative 0; Ao admit the expressions

Ao =Ao(A):= ATA, 0, A1+ 2071 Q(A,0,4) + AJ(A), (3-14)
9, Ao = DAg(A) := —2A"1Q(3,;A4,0;A) + DA} (A). (3-15)
Here P is the Leray projector, and Q is a symmetric> bilinear form with symbol
£ = Inl?
0N =5 o (3-16)
2161 +nl?)

30Observe here that the symbol of @ is odd, but this is combined with the antisymmetry of the Lie brackets appearing in the
bilinear form.
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Moreover, R;(t), DA3(1), Ag(t) and DAS(Z) are uniquely determined by (A, 0; A)(t) € TL?C, and are
Lipschitz envelope-preserving maps of order > 3 on the spaces

Ri(t): H' - H™!, (3-17)
DA3(t): H' - L2, (3-18)
A3@):H' - H', (3-19)
DA3(t): H' — L. (3-20)

Finally, on any interval I € R, R;, DA 3, A(3) and DAg are Lipschitz envelope-preserving maps of
order > 3 (with bounds independent of 1) on the spaces

Rj :St'[I]— L'L2 N L2H2[1], (3-21)
DA% Su'[l]— L'H' N L2H2[1], (3-22)
Ad:su'[I]— L'H2 N L2H2[1], (3-23)
DA :Sul[I] - L'H' N L2H2[1). (3-24)

All implicit constants depend on Q and &.

Next, we consider the dynamic Yang—Mills heat flow A; x(s) of A; x in the caloric gauge. For s > 0, we
have D Fop(s) = we # 0 in general. We expect the “heat-wave commutator” wy (called the Yang-Mills
tension field) to be concentrated primarily at frequency comparable to s~1/2_ Indeed, the following
theorem holds.

Theorem 3.6 [Oh and Tataru 2017b, Theorem 9.3]. Let A; x = (Ao, A)eC;({; HIXCQ) with (0; Ag,0:A) €
C:(I; szTAI‘(?)CQ) be a solution to (1-1) with energy . Let A; x(s) = A x(t, x, s) be the dynamic Yang—
Mills heat flow development of A; x in the caloric gauge. Then the spatial components A(s) = Ax(s) of
Ay x(s) satisfy an equation of the form

OagsyAj(s) = Pi[A(s), 0x A(s)] + 24719, Q (9% A(s), da A(5)) + R; (A(s))
+ Pjw2(3;A4,0;A,5) + Rj:5s(A), (3-25)

together with the compatibility condition
3*Ay(s) = DA(A(s)). (3-26)
Moreover, the temporal component Ay(s) and its time derivative 0; Ao (s) admit the expansions

Ao(s) = Ao(A(5)) + Ao;s(A) 1= Ao(A(s)) + AT wi(A, A, 5) + Ag.(A), (3-27)
3;Ag(s) = DA (A(s)) + DAg:5(A). (3-28)
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Here P, Q, R;, DA, Ao and DA are as before, and the wz are defined as

w3(A, B,s) =—2W(3; A4, AB,s), (3-29)
w3 (A, B.s) =—2W (8,A4.0;0; B —20x9;B;.s), (3-30)
where W (-, -,s) is a bilinear form with symbol
1
W(En.9) = =5 e R = e @), (3-31)
‘N

Moreover, Rj5(t), Ag;s (t) and DA o.5(t) are uniquely determined by (A, d; A)(t) € TLZCfor each s > 0,
and satisfy the following properties:

* Rj(t): H' — H™V is a Lipschitz map with output concentrated at frequency s~2. More precisely,
(1=sA)NRj.(r) : HY — 2781k g=1=81, (3-32)
. A(3);s (t): HY — H"' is a Lipschitz map with output concentrated at frequency s~V/2; i.e.,
(1—sA)NVAZ () : H' — 270k©) 101, (3-33)
e DAg(2): H' — L2 is a Lipschitz map with output concentrated at frequency s~V2 e,
(1—sA)NDAg(t): H' - 2758*k6& g=61, (3-34)

Finally, on any time interval I C R (with bounds independent of I), R; s, Ag. s and DA ;s satisfy the
following properties:

* Rjis :Str'[1]— LY L2NL2H~Y/2[I]is a Lipschitz map with output concentrated at frequency s ~/2; i.e.,

(1=sA)N Ry Stel[1] — 27 8% (L =81 o L2 =278y, (3-35)
. Ag;s Strl[f]— L! HzﬂL2H3/2[l] is a Lipschitz map with output concentrated at frequency s~V2 e,
(1—sA)N AG, : St [1] — 27k (L1 20 0 L2H2730[1). (3-36)

* DAgy: Str'[I] — L2HY2[I] is a Lipschitz map with output concentrated at frequency s~/2; i.e.,
(1—5sA)YN DA : Str![I] — 27 51k© 2 fra=u ). (3-37)

All implicit constants depend on Q and &.
Remark 3.7. Some notable features of Theorem 3.6 are as follows:

» Compared with the prior result, here we have additional contributions Ry.s, Ao;s and DAg;s as well
as the w terms. These have the downside that they depend on A and d; A at s = O rather than A(s) and
d; A(s). The redeeming feature is that these terms will not only be small due to the energy dispersion, but

also, critically, concentrated at frequency s~U2,

e The other change here is due to the inhomogeneous terms wg; these are matched in the Ay (s) and the
Ao(s) equations, and will interact in the trilinear analysis (see Proposition 4.29 below).

e For the new error terms here we do not need to worry about difference bounds; see Section 6 below.
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4. Summary of function spaces and estimates

In this section, we summarize the properties of the function spaces and the estimates needed to analyze
the hyperbolic Yang—Mills equation in the caloric gauge, as given by Theorems 3.5 and 3.6.

4A. Function spaces. The aim of this subsection is to give precise definitions of the fine functions spaces
used to analyze caloric Yang—Mills waves.

4A1. Frequency projections. We start with a brief discussion of various frequency projections. Let
mo : R — R be a smooth nonnegative even bump function supported on {x € R: |x| € (27!,22)} such
that {my = mo(-/2%)}xez is a partition of unity on R. For k € Z, recall that Py was defined as the
multiplier on R* with symbol Py (§) = my (|€|). Given j € Z and a sign &, we introduce the modulation
projections Q]jE and Q;, which are multipliers on R!*4 with symbols

OF (&) =m; e FIE),  Q;(x.§) =m;(lt| - €D

We also define Qf L Qf i O<j, Q> etc. in the obvious manner. To connect Q]j.E with Q;, we introduce

the sharp time-frequency cutoffs O, which are multipliers on R!*# with symbols

QE(1,€) = X(0.00) (£7).

Note that P Q*Q; = P Q5 for j <k.

For £ € —N, consider a collection of directions w € S C R*, which are maximally separated with
distance ~ 2% To each such an w, we associate a smooth cutoff function m{ supported on a cap of
radius ~ 2¢ centered at w, with the property that ) my, = 1. Let P/ be the multiplier on R* with

rio-($)

Given k' € Z and ' € —N, consider rectangular boxes Cy:(¢) of dimensions 2%" x (2%’

symbol

+Z/)3 (where
the 2¥’-side lies along the radial direction), which cover R*\ {|x| < 2¥'} and have finite overlap with
each other. Let m¢,, (¢ b a partition of unity adapted to {Cr(£))}, and we define the multiplier Pe, )

on R* with symbol
Pe,n(§) = me,, ) (6).

For convenience, when k’ = k, we choose the covering and the partition of unity so that Py, PP = Pr P 1)

We now discuss the boundedness properties of the frequency projections. For any k € Z, let P/ <k
denote one of the dyadic frequency projections { P, P }. Let QJ.D <j denote one of the modulation
projections QF, Qi: iz Q; or Q<. Let w be an angular sector of size ~ 2t (te—N),andCa rectangular
box of the form Cy/(¢') (k' € Z, £’ € —N). Then the following statements hold:

e The multipliers Py/<g, Pr/<x P;° and P are disposable.

* The multiplier P ;<x QJ.E/| y is disposable if j > k + O(1); see [Tao 2001, Lemma 3]. For general
J.k € Z, it is straightforward to check that Py QJ.E/' < has a kernel with mass O(24*—7)+),
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e The multiplier Py/<x Qﬁ' <j is bounded on L? L? for any 1 < p < o0; see [Tao 2001, Lemma 4].
e The multiplier Pg/<x P/’ Qﬁﬂ. is disposable if j > k + 2£ 4+ O(1); see [Tao 2001, Lemma 6].

4A2. Function spaces on the whole space-time. Here, we define the global-in-time function spaces used
in this work. Unless otherwise stated, all spaces below are defined for functions on R!*#. We remark
that all of them are translation-invariant.

We first define the space X, ’b, equipped with the norm

2
. = 3 22 (Z(zbf 1P quuLsz)r)

k J
when 1 <r < o0o. As usual, we replace the £”-sum by the supremum in j when r = co. The spaces X il;
are defined similarly, with Q; replaced by Q]j.t.
We are now ready to introduce the function spaces in earnest, which are all defined in terms of
(semi-)normes.

Core nonlinearity norm N. We define
-1
N=L'L>4+ X2
This norm scales like L1 L2 We also define Noo = L1 L2 + X>7'/?. Note that N = N4 N N—. Moreover,
we have the embeddings
0,—1 0,—1 01 0,—1
X, CENCXoo * X, "SENCX .
The inclusions on the left are obvious, whereas the inclusions on the right follow from Bernstein in time.
We omit the proofs.
Core solution norm S. We define

2 2 Osl an, s
eld = luld,.  Sk=S{"NXee? NSNS,
k

where S ]iq is related to square function bounds,
3
—3k
lullsga =2710% lull 10/, 2
and S,i” and S an are essentially as in [Krieger et al. 2015, equations (6)—(8)]:
_(p_1_4
lulse = sup  27CT5T DR Lo,
(P.@):5+55<3

2 _ )] 2
||u||52"g = EUP E ||P( Q<k+2€u||5;(v(z):
<0

—2k -3k +
Il ) = Nl + 272 ulfop +27 3 _I10Ful}, b
+
+ sup > (n Peyull g + 270 Py cerulye

k'<k, /<0 Cpr (€

k+24<k’+0/ <k+£ + 2—2k/—k2—é/ || PCk/ (e/)u ||22Lm

43K +E) ZII QiPck/(ﬁ’)””;Wj(E))'
+
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Here, the NE and P W;F (€) are the null frame spaces [Tataru 2001; Tao 2001], defined by

14
u ., = inf u® ||, 2 do’,
| ”PW“’ © u=/u®’ /I.a)—w’lszf I ”Liw’L(()iw/)J-

lullve = sup] W“’””Lc%"Li,g

where the L norm is with respect to the variable taﬂf =t+w-x, the L; | norm is defined on each
{taj)E = const}, and ¥, denotes the tangential derivatives to {taj)E = const}.

In the last two lines of the definition of S’ ({), the restrictions kK <k, <0andk’+0 <k+¢
ensure that rectangular boxes of the form Ci/(¢) fit in the frequency support of Pp. The restriction
k 4+ 2 <k’ + €' is imposed by the main parametrix estimate (see Section 10H or [Krieger et al. 2015,
Section 11]), to ensure square-summability in Cy/ (£').

The null frame spaces in S’({) allow one to exploit transversality in frequency space, and play
an important role in the proof of the trilinear null form estimate; see [Krieger et al. 2015, equations
(136)—(138)] and Proposition 8.18 below. On the other hand, the L?L*®-norm for Pck/(e')u allows us to
gain the dimensions of Ci/({’).

Remark 4.1. For the reader who is familiar with the function space framework in [Krieger et al. 2015],
we point out that our S”(£) is slightly stronger than that in [loc. cit.]. More precisely, instead of
27K =Dk~ P (pryull 2o as in our definition, it is 27K ~/2K|[ P | pnull;2;  in [loc. cit.].
However, we note that the extra factor 2~ (1/2¢ ig actually present in the main parametrix estimate in
[loc. cit., Subsection 11.3].

Remark 4.2. The square function norm S;:q is new here in the structure of the S norm. It plays no
role in the study of the solutions for the hyperbolic Yang—Mills equation in the caloric gauge, i.e., in
Theorems 1.13 and 1.16. Instead, it is only needed in order to justify the transition to the temporal gauge
in Theorem 1.18.

This norm scales like L°° L2 Moreover, it obeys the embeddings
Xt cs,. s cxXe.
For k, k" € 7 satisfying k’ < k and ¢’ < —5, we define
112, (e, oy = 273Kl 6 + 272K F278 2,

+ s (||Q<,~u||iooLz+2—2"||Q<,-u||%VE
Jilj—(k+20)|<5 A+ -
+ 2~ U o .
10750

The virtue of this norm is that it is square-summable in boxes of the form Cy/(¢'):

Lemma 4.3. For any k,k’, ¢’ such that k' < k and {' < 0, we have

Do Pl ey S I3, (4-1)
Cce{Crr ()}
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Proof. The desired square-summability estimates for the L>°L?, NE and P W} components follow
immediately from the definition of S an D Si. For the L?L® and L? L components, we write

U= Q iy + Qspry20uU.

For the former we use S an, and for the latter we simply note that, by Bernstein,

~3k —k'—Lkp—L1v
2760 Qzkryae Peyyttllipzpe +277 7252720 | Qo pr 20 Poy eyt 2o < 1 Pey eyt liyo.1/2,
which is clearly square-summable. O

Sharp solution norm S¥. We define
lull gz =27 (I Voo 2 + 1Ot w),

Il 53, = lullzoorz + 1D F [DDull,.

both of which scale like L°° L2 These norms are used in the parametrix construction in Section 9.

Remark 4.4. Again for the reader familiar with [Krieger et al. 2015], we note that our definition of S; f
differs from that in [loc. cit.] by a factor of 2k (in [loc. cit.], S # scales like L H! ).

Scattering (or controlling) norm S'. Given any o € R, we define S% = £257, i.e.,

lulfe =D I Peullss.  lullsg =27 Vulls +10ul 2 5-1/2). (4-2)

This norm scales like L H. The norm S will be the main scattering (or controlling) norm, in the sense
that finiteness of this norm for a caloric Yang—Mills wave would imply finer properties of the solution
itself and those nearby (see Theorem 5.1 below).

X7 b.p -type norms. To close the estimates for caloric Yang—Mills waves, we need norms which glve

additional control* off the characteristic cone (i.e., “high” modulation regime). We use an L? LY
generalization of the usual L?1.2-based X% -norm, defined as follows: forg,b € R, 1 < p,r < o0, let

1 1
2\ \r
Il =2 (22 (ZnPkQ, Lot ) ). @3)
J

where p’ p% is the dual Lebesgue exponent of p. The cases p = oo and r = oo are defined in

the obvious manner. We also define the dyadic norm (X :b.p )k by replacing Q; by Qi in the above
definition.
When p = 2, by orthogonality we have

1
lggoey, =25 ( L@ 1@l )

J

“#In particular, with £!-summability in dyadic frequencies.
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Analogous identities hold for X i’]i’z. To be consistent with the usual notation, we will often omit the

exponents p and r when they are equal to 2, i.e., XZ¥ = X302 xob = Xg’b’z, Xi’l; = Xi’l:’z and
Xa,b _ Xo,b,z ’ ’

+ T T2 -

Before we introduce the specific norms we use, for logical clarity, we first fix the parameters that will
be used. We introduce bg, by and pg, which are smaller than but close to %, % and oo, respectively. More
precisely, we fix

1 1 1
bO_Z_SO’ b1—§—1050, 1—%—580,
so that
1 1 1 1 1
0< 5 —bo< 7. 2(Z—b0)<1—%<ﬁ, (4-4)
1 1 1
Z<b1<§—(l—%). (4-5)
We define

17 laz) = 1Q<k+c flly-—s/4-ro.-3r4+00.1.
”“”Zl = |||:|u|||:|zl = || Q <k4cully,~1/4-1g.1/4410.1.
k k X,

Note that the Z ]1 -norm scales like L% H 1. As in [Krieger et al. 2015; Krieger and Tataru 2017], this norm
is used as an auxiliary device to control the bulk of nonlinearities (i.e., the part where the secondary null

structure is not necessary) when reiterating the Yang—Mills equations; see the proofs of Propositions 4.23—
4.29 in Section 8.

Remark 4.5. The Z!-norm used in [Krieger et al. 2015] corresponds to the case by = 0. Therefore, our
ZY-norm is weaker than the Z!-norm in [loc. cit.]. This modification is made to handle the contribution
of 071 P[A%, 0y A] in the reiteration procedure; see Proposition 4.22.

Next, we also define

||f||(\:|2},0)k = ||Q<k+Cf||X%273/p0+(1/47;90)90,71/27(1/47b0>90,p0,

where 6y = 2(% — %), as well as the intermediate norm

||f||(|:|211g0)k = ”Q<k+Cf||X15/4—3/170+(1/4—b0)90.—1/4—(1/4—b0)00,p0.

These norms scale like L! L2 Clearly, (DZ},O)k - (DZ},O)k. Given any caloric Yang—Mills wave A
with a finite S'-norm, we will put OPA in ¢!0Z} and OPA € £'0Z} : see Proposition 5.4.
Note that the following embeddings hold:

PeQ;L'L* c24U-POz) (4-6)
_1 ~
X 2NOZE € (OZp ) € (OZ} ) (4-7)

Estimate (4-6) follows from Bernstein, whereas the first embedding in (4-7) follows by a simple interpo-
lation argument. We omit the straightforward proofs.
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Finally, as in [Krieger and Tataru 2017], we also need to use the function space
EIX—%-i-b],—b]

which also scales like L' L2 Given any caloric Yang—Mills wave A with a finite S !-norm, we will be able
to place OPA in {1 X —1/2+b1,=b1_ This bound, in turn, is used crucially in the parametrix construction.

High-modulation norms X' and X! for 1-forms. In our analysis below, we need to use different high-
modulation norms for the Leray projection PA than for the general components of a caloric Yang—Mills
wave. Hence it is convenient to define norms for 1-forms with this distinction built in.

Let A and G be spatial 1-forms on R! 4. We define

”G”DX}( = ||G||L2H—1/2 + ||G||L9/51.'1—4/9 + ||PG||(|:|ZII,0),(-
For any o € R, we define
IGllaxg =2 IGlgxr.  I4llxg = 184]oxg.
Similarly, we define
||G|||:|5(‘11 =Gl 2512+ Gl o5 g—as0 + ||PG||(|:|ZII,O),€’

as well as X ¢ and X % Given any caloric Yang-Mills wave A with a finite S L_norm, we will place (14
successively in £1 OX! and 04 € 00X see Proposition 5.4.
We have the embeddings

Pe(L'LANL2H™2) € (OX ') € @K .
Since L'L? C N, it follows that
1Glvnoxt SNGllpiz2nz28-1/2 (4-8)
Strengthened solution norm S. Putting together S and X!, for a 1-form A on R!*#, we define
|4llsy = I 4llsg + 104l o
Core elliptic norm Y. We return to functions ¥ on R!'T4. We define

lully, = lull 212 + ||u||LpOW2—3/P0~P6’
where po was fixed in (4-4) above. This norm scales like L™ L2

Main elliptic norm Y 1. For o € R, we define

2 2 k —k
lulyo = ZIIPkullylg, lullyg =27 (lully, + 275 100ull 2 g1/2)-
k

This norm scales like L% H°. We will put the elliptic components Ag and P14 = A=19,8¢4, of a
caloric Yang-Mills wave in Y 1.



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 259

4A3. Interval localization and extension. So far, the function spaces have been defined over the whole
space-time R!*4. In our analysis, we also need to consider localization of these spaces on finite time
intervals. We use the same set-up as [Oh and Tataru 2018; Krieger and Tataru 2017].

For most of our function spaces (with the important exceptions of Z ;70’ 21170’ X land X 1. see below),

we take a simple route and define the interval-localized counterparts by restriction. In particular, given a
time interval I C R, we define

u = inf
I ”SU[I] HeSo u=ii |

I

lilse, lullspy=_ inf  lills, [ flwgg= . inf [l 4-9)
neSwu=uls feN:f=f1I1

An important technical question then is that of finding a common extension procedure outside / which
preserves these norms. The following proposition provides an answer.

Proposition 4.6. Let I be a time interval.

(1) Let x1 be the characteristic function of 1. Then we have the bounds

Ixrulls S lulls. lxr fliv <07 llw- (4-10)

For a fixed function f on RY*4, the norms || x1 f | N and | /| w1 are also continuous as a function
of the endpoints of I. We also have the linear estimates

IVallsgr) <NVu©Ollz2 + 10wl vz, (4-11)
el gy SUVHOL2 + 1500l g2 12 (4-12)

(2) Consider any partition I =\, Ix. Then the N and L2H~Y2 gre interval square divisible, i.e.,
DA g S W D1 v S U2 oy (4-13)
k k
and the S and S are interval square summable, i.e.,
el < el Muldag S el (4-14)
k k

For a proof, we refer to [Oh and Tataru 2018, Proposition 3.3].

Remark 4.7. As a consequence of part (1), up to equivalent norms, we can replace the arbitrary extension
in (4-9) by the zero extension in the case of S and N, and by the homogeneous waves with (¢, d;¢) at
each endpoint as data outside / in the case of S.

The elliptic norms Y and Y ! only involve spatial multipliers and norms of the form L? L4, so their
interval-localization Y [/] and Y ![/] are obviously defined (either by restriction, or using the L? L4[I]-
norm; both are equivalent). In particular, in the case of Y, observe that

lullyry = lxrully <luly.

so the zero extension can be used.
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On the other hand, given a function u on I, we directly define the ||u||(Z]170)k[1] (resp. ||u ”(Zp )]1([1]) to

0
be ||ue’“||(z})0)k[1] (resp. ||ue’“||(zp0)]1<[1]), l)vhere u
waves. Equivalently, for (DZ},O)k and (O Z},O)k, we define

et is the extension of u outside / by homogeneous

”f”(DZ},O)k[I] = ”XIf”(DZ}JO)k’ ||f||(|:|§})0)k[1] = ”XIf”(DZ;lm)k'
Accordingly, we define

”G”DX}C[I] = ||G||L21.'171/2[1] + ||G||L9/51.'1—4/9[1] + ”XIPG”(DZ}DO),C’ ”A”X}C[I] = ”DA”DX}C[I]’

and similarly for OX '[/] and X '[/].

The advantage of this definition is clear: We may thus use a common extension procedure (namely,
by homogeneous waves) for S! and X!. The price we pay is that in estimating the IZIZII,O— and the
DZII,O -norms, we need to carefully absorb the sharp time cutoff ;.

4A4. Sources of smallness: divisibility, energy dispersion and short time interval. In this work, we rely
on several sources of smallness for analysis of caloric Yang—Mills waves.

One important source of smallness is divisibility, which refers to the property of a norm on an
interval that it can be made arbitrarily small by splitting the interval into a controlled number of pieces.
Unfortunately, our main function space S![/] is far from satisfying such a property (see, however,
Theorem 5.1(6) below), which causes considerable difficulty. Our workaround, as in [Oh and Tataru
2018], is to utilize a weaker yet divisible norm

_s
lullpsipry = NP7 Vull 2oy + I Vullgeorsy + 18wl 2 g—1/247- (4-15)
Another important source of smallness is energy dispersion:

Definition 4.8. Given any m € Z, we define the energy dispersion below scale 2~ (or above frequency 2")
of u of orders 0 and 1 to be, respectively,

el = sup 272"+ 272K Pl oo poopy. (4-16)
kez
ellgpr g7y := sup 2~ 2"+ 272KV Pra]| oo poopy. (4-17)
- kez
The quantity || - [|gp..,,[7] (resp. | - ||ED1> o 77) 18 used at the level of the curvature F' (resp. the connec-

tion A). As we work mostly at the level of the connection, unless stated otherwise, by energy dispersion
we usually refer to the order-1 case.

Clearly, EDlzm [1] fails to be useful at frequencies below O(2™). In this regime, we exploit instead the
length || of the time interval as a source of smallness. Due to the scaling property of [J, we must require
2™ |1 ] to be sufficiently small. To conveniently pack together the previous two concepts, we introduce the
notion of an (¢, M )-energy-dispersed function on an interval.

Definition 4.9 ((e, M )-energy-dispersed function on an interval). Let / be a time interval, and let
u € S[I]. We will say that the pair (u, /) is (g, M )-energy-dispersed if there exists some m € Z and
M > 0 such that the following properties hold:
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e (S'-norm bound)

lullsiry <M. (4-18)

e (small energy dispersion)
lullgpy,, iy < M. (4-19)

¢ (high-modulation bound)
||IZIu||L2H_1/2[1] <eM. (4-20)

e (short time interval) |/ | < &2™"™.
Observe (by interpolation) that if (u, 1) is (g, M )-energy-dispersed, then

Sl}ip”Pku”Strl[l] <cshm. (4-21)

Finally, we state a proposition showing how the norms DS![/] and EDIZm [/] behave under the
extension procedure described above. Given an interval I/, we denote by )(]I‘ a generalized cutoff function
adapted to the scale 27k

x5(0) = (1 + 2k dist(e, 1))V, (4-22)
where N is a sufficiently large number. Let us recall [Oh and Tataru 2018, Proposition 3.4]:>

Proposition 4.10. Letk € Z, k > 0 and I be a time interval such that |I| > 27%%. Consider a function
uy on I localized at frequency 2% and denote by u?’“ its extension outside I as homogeneous waves. Then

we have

— 1 1 4
27K VS e Sv 265 (gl + 2270 |0ug 21200, (4-23)
272K X VUS| poo oo < 272K | Vg | Loo Looprs (4-24)

where (q, 1) is any pair of admissible Strichartz exponents on R1 4,

Remark 4.11. Since 27¥] X]I‘ V] =27%V X];) is simply multiplication by another generalized cutoff
function adapted to the frequency scale 2K, the conclusions of Proposition 4.10 also hold with )(’I‘ 27k Vugt
replaced by 27%V/( X]IC u$*) on the left-hand sides.

4B. Estimates for quadratic nonlinearities. Here we state estimates for the quadratic nonlinearities in
Theorems 3.5 and 3.6. All estimates stated here are proved in Section 8C.

Throughout this and the next subsections, we will denote by A a g-valued spatial 1-form A = A; dx’
on I x R* for some time interval /. To denote a g-valued space-time 1-form, we use the notation
Afx = Aq dx® We will use B (resp. By x) to denote® another g-valued spatial (resp. space-time) 1-form
on I x R* Unless otherwise stated, all frequency envelopes will be assumed to be §3-admissible.

3To be pedantic, [Oh and Tataru 2018, Proposition 3.4] only corresponds to the case k¥ = 0. However, the required modification
of the proof is straightforward.

®Note that this convention is different from [Oh and Tataru 2017b] and Section 3, where B was reserved for caloric
gauge-linearized Yang—Mills heat flows.
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We begin with the quadratic nonlinearities in the equations for Ag, d; A9 and 3¢ A4,. We introduce the
notation

MG(A, B) =[Ag. 0, BY], (4-25)
DME(A, B) = —20(0; 4,9, B). (4-26)

These are the main quadratic nonlinearities in the A Ag and Ad; Ag equations, respectively. The estimates
that we need for these nonlinearities are as follows.

Proposition 4.12. We have the fixed-time bounds

DI MG(A. BYOl 2, < 1AW g 19 BO)] 2 (4-27)
DI DMG(A BY D)2 < 118:ADNI218:BO) 2. (4-28)

and the space-time bounds
DI MG By, i1y S WAllsp il Bllsyy. (4-29)

11D MEAL B 20y + IIDI2DMEAL B g1z S WAl 1Bl iy (4-30)
Moreover, for any k > 0, the nonlinearity M?3 o(A, B) admits the splitting
MG(A. B) = MGz (A, B) + Mo (A, B),
where the small part obeys the improved bound
1D ME2 (A B)llyutn) S 27 N Allga ) 1Bl 5111y (4-31)
and the large part is bounded by divisible norms of A and B:
|||D|_1M0 1arge(A, B)”ch[l] N 2CK||A||Dsg[1]”B||DS611[1]- (4-32)

Finally, if either
”A”SC‘ =1 and (B, 1) is (e, M)-energy-dispersed, or

”B”SL‘. =1 and (A, 1) is (e, M)-energy-dispersed,

then we have

I1DIT*MB(A, B)lly, iy S €52 M, (4-33)
|||D|_2DM (A4, B)||L2H‘/2[1] 58 2M. (4-34)

The remaining quadratic nonlinearities in the equations for Ag and 3¢ 4, involve Q, and they obey
simpler estimates.

Proposition 4.13. For o = 0 or 1, we have the fixed-time bound

D177 Q (A, 97 B)Y()] 2, < 1AW g2 1107 Bl g1—o (4-35)
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and the space-time bounds

|| |D|_0Q(A7 a?B)||ng(}§2[1] < ”A”Str}.[l] ||B||Str‘11[1]7

11DI7 Q(A. 8 B)lly i + 1D17 1 @(A. 62 Bl 22511y < 14l psa 1Bl sy 1

Finally, if either
<1 an 1) is (e, M )-energy-dispersed, or
A sl 1 d (B, 1)i M di d
<1 an , 1) is (e, M)-energy-dispersed,
B sl 1 d (A 1)i M gy-dispersed
then
I1DI77 Q(A.87 B)lly, ) < 6™ M.

Also for the quadratic part Ag of Ap, given by

AZ(A, A) = ATV([4,0,4]) +20(4, 9, 4),

we have the following additional property, which will be used in the proof of Theorem 1.18:

Proposition 4.14. For the quadratic form Ag we have
IIDPAGA Bl 1210y S IV All s IV B llgsa-
For the quadratic nonlinearity in the [J4 A; equation, we introduce the notation

P;M?(A, B) = P;[Ay, 0, BY],
P M?(A,B) =2A7"0,Q (3% 4, 05 A),
so that (3-12) becomes

Oadj = PjM(A, A)+ P M(A, A) + R; (A, 9, A).
Proposition 4.15. We have the fixed-time bounds
IPAM(A, BYOl s S IAWD 32 1BO] 1.
|PMP(4, B)Oll -1 S IVADIlL2IVBO) 2

and space-time bounds
| PMP (A B)lwnx et < 1405271 Bl i1,
IPEMP (A, B) | (woox yean) S 14lls il Bllsy -

In particular, the L2H Y2 norms are bounded by the Str!-norms of A and B:
IPAMCA B2 12y S Il ) Bl 1y

IPEAM A B 2oy 5 WA st 1B sy oy

263

(4-36)
(4-37)

(4-38)

(4-39)

(4-40)
(4-41)

(4-42)
(4-43)

(4-44)
(4-45)
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Moreover, for any k > 0, the terms Pj M?(A, B) and P/-J‘MZ(A, B) admit the splittings

PjMZ(A, B) = small(A B) + PJ Mﬁ‘ée(A B)
P M2 (A.B) = PJ'M (4, B) + Pj-Mj% (A, B),

smal

so that the N -norms of the small parts obey the improved bounds

IPME2(A. BNy S 2724 Allgipp 1 B sy
| P MG (A B) .o <272 Al 51 1 Bl g1y

and those of the large parts are bounded by divisible norms of A and B:

| P Mo (A BN, o111 < 2“1 Al sy 1Bl psi -
| P Migee(A B Ineat) < 29I A1 psp | Bllpsy iz
Finally, if either
||A||§g[1] <1 and (B,I)is (e, M)-energy-dispersed, or
||B||§é[1] <1 and (A,I)is (e, M)-energy-dispersed,

then

2 8
| PM (A’B)”(NHL2H—1/2)C[I] SeM,
”PLMZ(A,B)||(NQL2H—1/2)C[]] < e2M.

(4-46)
(4-47)

(4-48)
(4-49)

(4-50)
(4-51)

We end this subsection with bilinear estimates for wg and w2, which arise in the equation for a dynamic

Yang-Mills heat flow of a caloric Yang—Mills wave.

Proposition 4.16. For any s > 0, we have the fixed-time bound
I1DI7! Prwg(A. B.s)(1)2 < (2%5) 71027257 2 eiedie|9: A0 12 BO g
and the space-time bounds

11017 Pew (A, B.s)l| 2 gz < 27%5) 710@ 7257 2 il Al (11| B s 11
11017 Prewg (4. B.o) v < (2%5) 710272557 "2 epdie | All sy | Bll s -

Moreover, if (B, I) is (¢, M )-energy-dispersed, then
IIDI™! Prwd(A. B. s)|ly(ry < 6%2(2%%s) 7100272 ™) "2 || All g1 M.
Proposition 4.17. For any s > 0, we have the fixed-time bound

| P Pw3 (A, B.s)(0)] -1 < (2%5) 710272 ™) ™R erdi [VAD I 2 IVBO) 2

(4-52)

(4-53)
(4-54)

(4-55)

(4-56)



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 265

and the space-time bounds
||PkPwi(A, B, S)HLZH—I/Z[]]
< (@) 700 T R adi (VA VP 40,2 172y, i | Bllsit e (4-57)
| Px Pw3 (A, B.s) ||y nox (1]
< (2%K) 71027 2 di (A P sy 1 Bls . (4-58)
Moreover, if (B, 1) is (¢, M )-energy-dispersed, then
||PkPw)2c(Av B, S)HNmLszl/z[]]
< (%) TR 2 (R N Allga iy + IV P ANl g2 M. (4-59)
4C. Estimates for the covariant wave operator. We now state estimates concerning the covariant wave
operator [14. All estimates stated here without proofs are proved in Section 8C, with the exceptions of

Theorem 4.24 and Proposition 4.25, which are proved in Section 9.
We begin by expanding [14 B to

O4B =0B +2[Ay,0*B] + [0* Ay, B] + [A%,[Ay, B]].
We have the following simple fixed-time estimates for (4 — .

Proposition 4.18. Forany «, B8,y € {0, 1,..., 4}, we have the fixed-time bounds

lAa. 8 BI®) ] -1 < (A0, O g2 IVBO 2. (4-60)
110 A BYO | 53 < (IAD g + 13 Ao L) IBO) 1. (4-61)
NAD JAP BN -y < 145" ADYON gl (A5 AP O | B g (4-62)
and the space-time bounds
1A 8Bl 2 =172y S 1 Allsut gy | Bl 1) (4-63)
1140, 00 BTl L2 =172 T IV Aoll 2 g2y I Bllswt 111 (4-64)
100 Aa. Blll 2 -1720) S NV A0, VPEA | 2121 B et 1 (4-65)

1
1AL TAP BNO 2120y S NV AL VADY O 12 1250011
2
X< (VAP VADY D) L2 1 /2,500 |1 B st ) (4-66)
In order to proceed, we recall the notation Py A = (PA), for a space-time 1-form A; x:

PiA,, a=jefl, .. . 4,

P,A =
* Ao, o =0.

We also write Py A = (PLA)y = Ay — Py A.
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Given a parameter « € N, we furthermore decompose 2[Ay, 3% B] so that

O4B = OB + 2[4y, 9*B] +Rem) B

(4-67)
= OB + Diff}s , B + Diff’ , , B +Rem’y”> B + Rem} B,
where”’

Diff 4 = Y " 2[Pj_ PuA. 9" P B), (4-68)

k
Diff§ | , =Y " 2[Pj_ Py A.0* P B]. (4-69)

k
Rem’y® = "2[Psi_ Aa. 0* P B], (4-70)
Rem} B = [g"‘Aa, B] + [A%,[Ag. B]]. (4-71)

We now turn to the bounds for each part of the decomposition (4-67). For a fixed B € S![I], we
introduce the nonlinear maps

Rem*(A4)B = —[DAo(A), B] + [DA(A4), B] - [Ao(4), [A0(4), B]] + 4", [4¢, B]], (4-72)

Rem; (4) B = —[DAg;5(4), B] - [Ao;s(4), [Ao;s(A), B]], (4-73)

defined for spatial connections A on [ such that (A4, d; A)(¢) € TL?C for each fixed time ¢ € I. In view
of Theorems 3.5 and 3.6, for a caloric Yang—Mills wave A we have

RemiB = Rem3 (A)B’
Rem},) B = Rem’(A(s)) B + Rem(A4)B.
The nonlinear maps Rem>(A) B and Remg’ (A) B are well-behaved:

Proposition 4.19. Suppose that A(t) € Cg for every t € 1. Then the following properties hold with bounds
depending on Q, but otherwise independent of I :

o Let ¢ and d be (=8, S)-frequency envelopes for A and B in Str'[I], respectively. Then
8 8 8
| Pe (Rem® (A) B)| 1 212 12017 Sl Al (C/[c M2 4 ckcI[c 2]dl£ 2] (4-74)

o Forafixed A € Str'[I], Rem3(A)B is linear in B. On the other hand, for a fixed B with || B lserpry < 1
Rem3(-)B : Str!'[I]— L'L? N L2H~Y/2[]] is Lipschitz envelope-preserving.
o For a fixed A € Str'[I], Remg’ (A)B is linear in B. On the other hand, for a fixed B € S'[I] with
||B||5trl[1] <1, Remg(A)B is a Lipschitz map

Rem3(A)B : Str![[] — L' L2 N L2H 2 []] (4-75)

7 Although the definition depends on the whole space-time connection At x, we deviate from our convention and simply write
seek serk K,2 . .
Diff PA> Diff Pl Rem 7 etc. to avoid cluttered notation.
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with output concentrated at frequency s~12)

(1—sA)NRem3(4) B : Str! [I] — 272K LV =02 [ 2 g=3702 ), (4-76)
Next, we consider the term

2[Aq, 8% B] = Diff , B + Diff*

pLaB+ Remfl’zB.

We begin with Remfl’zB, which obeys analogous bounds as PM?(A, B) and P-M?(A, B) (see
Proposition 4.15).

Proposition 4.20. For any « > 0, the term Remfl’zB obeys the bound
2
||Remf1 B||(Nm|:|;(1)cd[1] < 2CK(||A||Sg [1] + ||(PJ'A» AO)”YCl [1])||B||s£11[1]- 4-77)

-1/2

In particular, its L?H -norm is bounded by

IRemy* Bll 2 =127 S (Al sy + 1V PLA Y A0) 2 12y, (1) 1B st 17 (4-78)
Furthermore, Remfl’zB admits the splitting
Remﬁ’zB = Remﬁ’j an B Remﬁ’ja o B
so that the N -norm of the small part obeys the improved bound
IRem§ 2 i BllNeat S 27 I Al 51 Bllsy . (4-79)
and that of the large part is bounded by a divisible norm of (Ao, A):
IRem’y?, o Bllnea111 S 25 (1Al psy 1y + IV PLEA VA | 12y (I Bllsr g (4-80)

Finally, if (B, I) is (¢, M )-energy-dispersed, then

2
IRemy* Bl e r2 172,111

S Q7K 429462 | A g M+ 2K [(VPHA, VA 2 1y M- (4-81)

It remains to consider the paradifferential terms. The term Diff f, 1 4B can be handled using the
following estimate, in combination with (3-22) and Proposition 4.12:

Proposition 4.21. For any « > 0, we have
||Diff§u_AB||(X—1/2+b1~—b1mjl(l)cd[]] < ||PJ‘A||Y01 [1]||B||sal,[1]- (4-82)

Moreover, we have
IDiE, 4 Bllziz2 51 S 1P Al ceepnlBllsi. (4-83)

Jr =( Z ak’)ek-

k'<k—«

where
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The only remaining term is the paradifferential term Diff} ; B. We first state the high-modulation
bounds.
Proposition 4.22. For any « > 0, consider the splitting Diffp , = Diffy + Diffp _,, where

Diff§ B =—) 2[P_t_cAo.d;PxB]. Diffy ,B = 2[Pj_,PyA. 0" PB].
k k

For Difty, B, we have the bound

IDIEES, Bl 17201~ nrx 1egr) S 1Aollya gy Bll sy (4-84)

On the other hand, for Diffp_4 B, we have the bounds

||Diff;xAB||(|j)?l)cd[1] ~ ||Ax||s(1[1]||B||S;[1]7 (4-85)
IDiffp aBlloxheatn) S 14x (51020, Bllsy i (4-86)
||Diff11<>xAB||(X—1/2+b1-—b1)c.d[1] < ||Ax||(Sln;(1)C[I]||B||S;[1]- (4-87)

Next, we consider the N N L2H /2 norm of Diff pAB. The contribution of each Littlewood—Paley
projection Py, PA is perturbative, as the following proposition states:

Proposition 4.23. Let A; x be a caloric Yang—Mills wave on an interval I obeying

Al <M. (4-88)

Then for any k > 0 and ko € Z, we have
||DiffI}CJkOPAB||(NQL2H—1/2)d[1] <M ”B”Si[l]' (4-89)

However, we cannot sum up in ko. The proper way to handle Diff 5 , is not to regard it as a perturbative
nonlinearity, but rather as a part of the underlying linear operator. Indeed, for the operator O + Diff 4,
we have the following well-posedness result:

Theorem 4.24. Let A; x be a caloric Yang—Mills wave on an interval I obeying (4-88). Consider the
following initial value problem on I x R*:

OB + Diff B = G,

4-90
(B.3:B)(to) = (Bo. By). (4-50)

for some g-valued spatial 1-form G € N N L2H~Y2[I], (By, B1) € H' x L? and 1ty € I.

Then for k > k1 (M), where k1 (M) > 1 is some function independent of A; x, there exists a unique
solution B € S1[I] to (4-90). Moreover, for any admissible frequency envelope c, the solution obeys the
bound

1Blls2 0y <a 1Bo. Bl g2y, + 16l wazz -2y, 117 (4-91)

As a quick corollary of Propositions 4.19—4.20 and Theorem 4.24, we obtain well-posedness of the
initial value problem associated to [14; see Theorem 5.1(1) below.
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Theorem 4.24 is proved in Sections 9, 10 and 11. The main ingredient for the proof is construction of
a parametrix for [J 4 Diff ; by renormalization with a pseudodifferential gauge transformation; for a
more detailed discussion, see Section 9.

The paradifferential wave equation (4-90) leads to the following weak divisibility property of the S
norm, which will later play an important role in the energy induction argument.

Proposition 4.25. Let A; x be a caloric Yang—Mills wave on an interval I which obeys (4-88) for some
M > 0. Let B € S[I] be a solution to the paradifferential wave equation (4-90) with the source
G € N N L2H~Y2[[], which obeys the bound

sup[(B,9;B)(1)||l2 < E (4-92)

tel

for some E > 0. Then there exists a partition I =_J;c; I; such that

IBllsiz,) SE 1 fori €I, (4-93)
where

<
#L SEM.IBlg1 1G] yarz —1/20 |

The proof of this proposition also involves the parametrix construction (see Sections 9, 10 and 11), as
well as Proposition 4.23.

We now state additional estimates satisfied by Diffp ,, which are needed to analyze the difference
of two solutions (or even approximate solutions). For this purpose, it is necessary to exploit the so-
called secondary null structure of the Yang—Mills equation, which becomes available after reiterating the
equations for PA.

We begin with simple bilinear estimates, which allow us to peel off the nonessential parts (in particular,
the contribution of the cubic and higher-order nonlinearities) of Ag and PA.

Proposition 4.26. We have
DIt Bllyez2 -1y, (1 S 1ol z1 goerzz vy, 1B lsp - (4-94)
||Difff>XAB||(NanH71/z)f[1] < ([PA[tolll (15 r2y, T IOPAl L 2Bl g2y (4-95)

where

Jr =( > ak’)ek-

k’'<k—«k

The contribution of the quadratic nonlinearities M(Z) and M? in the equations for A¢ and Ay, respec-
tively, cannot be treated separately. This is precisely where we exploit the secondary null structure, which
only manifests itself after combining the contribution of these nonlinearities in Diff} ,.

Proposition 4.27. Let
Ado=[BDE 9, B, (4-96)
OPA=P[BDL 3, BP),  PAlrg] =0, (4-97)



270 SUNG-JIN OH AND DANIEL TATARU
where B B@ ¢ SY[[]. Then we have

IDitES 4 Bl wnz2 12,01 S 1BP s BP sy Bllsapry. (4-98)

where

Jr =( Z Ck’dk’)ek-

k'<k—k
Next, we turn to the contribution of terms of the form [A, 0* A] in the equation for Py A. The frequency
envelope bound for this term is slightly involved, because it does not obey a good N -norm estimate.

Proposition 4.28. Let Ag = 0 and

N
OP4; =Y P[BID.9*BIP).  PAl] =0, (4-99)
n=1
where
1
18" Olgs, i1y +1Bg ™ PEB" D)llys 1y < 1 1B @ g1 =< 1. (4-100)
Assume furthermore that
[PAllgip=1. lBllgiy=1 (4-101)
Then we have
”Diff}c’xAB”(NmLZH—l/Z)f[I] <, (4-102)

where
N
fre = ( Z (agr + Z c,’c’/d,’c',))ek.
k'<k—k n=1

Next, we state a trilinear estimate for Diff  ; in the presence of wi which is analogous to Proposition 4.27.
This is needed for analyzing the dynamic Yang—Mills heat flow of a caloric Yang-Mills wave.

Proposition 4.29. Let
Ado=w3(BW, B ), (4-103)

OPA = Pw2(BW,B@ s5), PA[tg] =0, (4-104)
where BM e S1[11, PLBMW e Y1[I] and B® e S[I]. Then we have

IDit5 4 Bllwnz2r-172), 11 Sz B sipy + 1P BWyap B st Bllspy - (4-105)

where

£ =( > (szzk’)—“’(s—12—2k’)—52ck,dk,)ek.

k’'<k—«k

Finally, we end this subsection with auxiliary estimates for Diffp ,, which are needed to justify
approximate linear energy conservation for the paradifferential wave equation.
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Proposition 4.30. Let « > 10. We have
DI (. Diff 41B lIneg <272 (1P Al 30y + 1D Aol 2 oI By (4-106)
Moreover, consider the L?-adjoint of Diffp 4, which is given by

(Diffp,)*B = Y Pxd*[PoyA<k—c. Bl.

k
Then we have

|(DifF§ 4)* B = it 4 By, 1) S 2 (1PAcl 307y + 1 DAoll 2 g oI Bllsr g (4-107)

5. Structure of caloric Yang—Mills waves

In this section, we use the results stated in Section 4 to study properties of subthreshold caloric Yang—Mills
waves satisfying an a priori S'-norm bound on an interval.

5A. Structure of a caloric Yang-Mills wave with finite S'-norm. The following theorem provides
detailed properties of a caloric Yang—Mills wave with finite S'-norm. It will be useful for the proof of
the key regularity result (Theorem 6.1), as well as the main results stated in Section 1C.

For a regular solution to the Yang—Mills equation in the caloric gauge, we have seen in Theorem 3.5 that
(3-12), (3-13), (3-14) and (3-15) are satisfied. More generally, we say that a one-parameter family A ()
(t € I) of connections in C (which is quite rough in general) solves the Yang—Mills equation in the caloric
gauge, or in short that A4 is a caloric Yang—Mills wave if (A, d; A) € L*°(I; Tch) and satisfies (3-12),
(3-13), (3-14) and (3-15).

Theorem 5.1. Let A be a caloric Yang—Mills wave on a time interval I with energy £ obeying
At)eCq foralltel, (5-1)
[Allsif =M (5-2)

for some 0 < @, M < o0. Let ¢ be a §5-frequency envelope for the initial data (A, d; A)(to) (to € 1) in
H' x L2 Then the following properties hold.:

(1) (linear well-posedness for U 4) The initial value problem for the linear equation

Ouu=f (5-3)
is well-posed. Moreover,
el gy iy S0 16 8000l gy 12y, + 1 w2 sr-172y, 01 (5-4)
for any 85-frequency envelope d.
(2) (frequency envelope bound)
||A||scl[1] + |||:|AA||(NQL2H*1/2)C‘2[]] SMeol (5-5)

(3) (elliptic component bounds)
l4olly gy + 1P Ally 1 Sme 1. (5-6)
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(4) (high modulation bounds)
||DA||DX22[1] + ||DA||X:21/2+/31,7191[1] <m,ol. (5-7)
(5) (paradifferential formulation) For any k > 10,
. C
|| DA + leff)AA”(NmLzH_]/z)cz [I] sM,Q 2 K. (5'8)
(6) (weak divisibility) There exists a partition I = ;<7 I; so that #I <pr.0 1 and
[Allsir <e 1. (5-9)
(7) (persistence of regularity) If (A,3;A)(to) € HN x HN=1 (N > 1), then A € SN N S[I] and
Ao € YN nY[I]. Moreover,
IAllsvasiny + 1Aolly ¥ ayipry Smon 1(A 3: ) (o)l v x gv—1)n g1 xL2)- (5-10)

For the subsequent properties, let A be another caloric Yang—Mills wave on I obeying the same conditions

(5-1) and (5-2).
(8) (weak Lipschitz dependence on data) For o < 1 sufficiently close to 1, we have
14— Allsor Sm.o (A=A, 0:(A= 0, A) (10| o ro—1- (5-11)
(9) (elliptic component bound for the transport equation)
||A0||(|D|—2L§Ltl)c2[1] Smeol (5-12)
Moreover, if dy, is a 8s-frequency envelope for A — A in S'[I], then
140 = Aol p-222 211y S0 1 (5-13)
where ey, = ¢ + ¢ (c - d)sk-

Remark 5.2. The frequency envelope bound (5-5) implies a uniform-in-time positive lower bound on the
energy concentration scale r.; see Lemma 7.8 below. As a consequence, once Theorem 1.13 is proved,
finiteness of the S'-norm would imply that solution can be continued past finite endpoints of / (we note,
however, that Theorem 5.1 will be used in the proof of Theorem 1.13).

Remark 5.3. The combination of (1), (2) and the divisibility of the norm N N L2H~Y/2[I] (see
Proposition 4.6) show that a finite S!'-norm Yang-Mills wave on I exhibits some modified scattering
behavior, i.e., that each A; tends to a homogeneous solution to the equation CJ4u = 0 towards infinite
endpoints of 1.

We start by establishing some weaker derived bounds.

Proposition 5.4. Let A be a caloric Yang—Mills wave on a time interval I, which obeys A(t) € Cqg for all
t €1 and || Al g1 ;] < M. Let ¢ be a Cés-frequency envelope for A in S, ie., ”A”SJ. i =1



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 273

(1) The following derived bounds for A; x hold:
”AO”YCIz[I] + ||PJ_A||Y612[1] sM,Q I, (5']4)
”DA”DXZ-Z[I] + |||:|A||XC—21/2+b1,—b1[1] <Ml (5-15)

(2) Let A be another caloric Yang—Mills wave on I that also obeys ||/4f||51[1] < M. Letd be a §5-
frequency envelope for the difference A— A in SY[I]; i.e., ||[A — /I”S; (1] < 1. Then we have

|40 = Aollyapy + I1PHA= PLAllyy 1y Sao 1. (5-16)
10A = Dl sy + 10 = Dlly—1/2400 -1 ) S 1. (5-17)
where e, = dy + ci (¢ - d)fk-

As a quick consequence of Proposition 5.4, we see that any caloric Yang—Mills wave A with A(t) € Cg
forall 7 € I and ||A| g1;;] < M obeys

[Allsi Sm.e 1.

Remark 5.5. The reason why we state these weaker bounds as a separate proposition is for logical
clarity. As will be evident, the proof of Proposition 5.4 depends only on Propositions 4.12—4.22. In
fact, after these propositions are established in Section 8, Proposition 5.4 will be used in the proofs of
Proposition 4.23, Theorem 4.24 and Proposition 4.25 in Sections 8 and 9.

Proof of Proposition 5.4. Since A is a caloric Yang—Mills wave, Theorem 3.5 determines Ag, dg A and
P ;-A = A"19; 3¢ Ay in terms of A. To derive the equation for 9, P+ A, we first compute

9, 0°

9, PtA=0, A= AT19, 9% (Fog + d¢ Ao + [Ag, Ao))

= A7 9, (D  For + Ao + 0 [Ag, Ao] — A%, Foql).
By the constraint equation, we have DZFO ¢ = 0. Expanding Fy, in terms of A; x, we arrive at
0, P A =0; Ao+ A0, (8T Ag. Aol —[A%. 9, Ag] +[AY, 9 Ao] — (4%, [Ao. AclD). (5-18)

The rest of the proof consists of combining Theorem 3.5 with Propositions 4.12, 4.13 and 4.22 in the
right order. We first sketch the proof of the nondifference bounds (5-14)—(5-15). We begin by verifying that

I1D1Aolly 117 + |||D|PJ_A||Y02[I] <Mool
Indeed, by the mapping properties in Theorem 3.5 and the embeddings
L'H'nL2H? C,

the contributions of AS in Ag and DA in P14 are handled easily. For the quadratic nonlinearities, we
apply (4-29) for Ay, (4-37) with 0 = 0 for P14 and o =1 for Ay.
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Next, we show that

19¢Aoll 2 gy 207y + 19 P All o 12y S 1

For 0; Ay, we use Theorem 3.5 for DAg and (4-30) for the quadratic nonlinearity. For 9, PLA, we
estimate the right-hand side of (5-18), where we use the Y [/]-norm bound for A that was just established.
We now consider [1A. We first prove the weaker bound

”DA”D)'(’CIZ[]] <Mool (5-19)
By the mapping properties in Theorem 3.5 and the embeddings
L'L2N LA~ cOx!nx—2+tbu—bi c Ot

the contribution of R; is acceptable in both cases. For the quadratic nonlinearities P M? 4+ P+ M2, and
the contribution of JA — 4 A, we apply (4-42), (4-43), (4-74), (4-77), (4-84) and (4-85); note that we
need to use (5-14) in both (4-77) and (4-84).

We are ready to prove (5-17). The desired estimate for the (01X ![/]-norm follows by repeating
the preceding argument with (4-85) replaced by (4-86), and using (5-19). On the other hand, for the
OX ~1/2+b1,=b1[[]-norm, we replace (4-85) by (4-87) instead, and use the [1X ' [/]-norm bound that we
have just proved.

Finally, the proof of the difference bounds (5-16)—(5-17) proceeds similarly, taking the difference of
each of the equations (3-12)—(3-15). We leave the details to the reader. O

We now prove Theorem 5.1, using the estimates stated in Section 4.

Proof of Theorem 5.1. Throughout this proof, we omit the dependence of constants on Q.

Proof of (1): We begin with a 14 decomposition which will be repeatedly used in the sequel. Given
k > 10, we write

04 = O+ Diff% , — R,
where, using the decomposition in (4-67), the remainder RY is given by
RS = Diff | , —Rem’y” —Rem'y”.
Lemma 5.6. Let J C I. Let d be a §s-frequency envelope for u in S'[J]. Then we have

“R:;u”(NﬂLZH—I/Z)d[J] <M (Z_SZKHAHSI[J] + ZCKC(A’ J))”u”S}I[J]’ (5-20)
with

C(A, 1) = 1P Allyipgy + 1P Allgr g1 oopsy + [ Allggipr) + IV PEAV Ao) L2 oy (5-21)
Proof. We successively bound the three terms in RY as follows. For the first of them we have

||Diff;)LAu”(NnLZH—l/Z)d[J] <M (”PJ_A”Yl[J] + ”PJ_A||€1L1L°°[J])||u||Sé[,]]»
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using the bounds (4-82) and (4-83), and noting that the second norm of A is estimated using (4-37) for
the quadratic part and (3-22) by
IP~Allg1 g1 poopsy Sa 1.

For the second term in Rl’f1 in (5-22) we have

IRemly®ull v p2 172y, 00y SM 22 Al 51007 + 2K CCA Il 157,
as a consequence of (4-78), (4-79) and (4-80).
Finally, for the third term in R we have
IRemly ull oy vp2 fr-1/2y, 1) SM I Allsrpyllullsy i
due to (4-74). O
To prove (1) we rewrite (5-3) in the form
(O + Diff% Ju = f — R&u. (5-22)

The important fact is that all the A norms in C (A4, J) except for S! are divisible norms, and also
controlled by M. On the other hand the S norm of A4 has the redeeming 2782k factor. To proceed we
choose « large enough,

k <M, 0 1.

Then we can subdivide the interval 7 =} e Jk so that #7 <y 1, and so that in each interval J; we
have smallness,

”RZM“(NQLZH—I/Z)L{[JJ.] <M ||”||S(5[Jj]- (5-23)

A second consequence of our choice for « is that Theorem 4.24 applies. Then we can successively
apply Theorem 4.24 in each interval Ji, treating R perturbatively.

Proof of (2): The argument here is similar to the previous one. For any interval J C I and any (=85, N)-
frequency envelope d for A in S 1 [J] we can use the bounds (4-44)—(4-49) and (3-21) to estimate

10aAll ynr2p-12), 0y SM Q7 [ Al 51007+ 29| Allpsi Al g1 1. (5-24)

As before we use the divisibility of the DS! norm to partition the interval / into finitely many sub-
intervals Jz, whose number depends only on M, and so that in each subinterval we have

2_82K||A||S1[J] +2°%|| Al psip <€ <m0 L.

We now specialize the choice of d, choosing it to be a minimal §5-frequency envelope for A in the
first interval Jq. Applying the result in part (1) in J; we conclude that

d Smoc+ed,

which by the smallness of ¢ implies that d Sps.o ¢. Then we reiterate.

Proofs of (3) and (4): These follow from (5-5) and Proposition 5.4.




276 SUNG-JIN OH AND DANIEL TATARU

Proof of (5): This is obtained by combining the bound (5-20) for J = I and u = A with the bound (5-24).
Proof of (6): In view of (5), this is a direct consequence of Proposition 4.25.

Proof of (7): We use frequency envelopes. It suffices to show that if ¢z is a (—85, S)-frequency envelope
for the initial data in the energy space then C (M )cy is a frequency envelope for 4 in S and Ag in Y 1.
We begin with a version of Lemma 5.6:

Lemma 5.7. Let J C I. Let d = d(J) be a (=85, S)-frequency envelope for A in S'[J]. Then we have

VRS All vz -2y, 1) SM Q2 [ Allspgy +29KC(A T Al g1 (5-25)

Proof. The same argument as in the proof of (5-8) applies for the first term in RY, as there the output
frequency and the u input frequency are the same. On the other hand for the two remaining terms, the
frequency envelope d is inherited from the highest frequency input; see Propositions 4.19, 4.20. O

Combining the bound in the lemma with (5-24) we obtain the estimate
|||:|A + Difff’AA”(NmL2H—l/2)d[_]] <M (2_82K||A||S1[J] + 2CKC(A, J))”A”,gé[,]]- (5-26)

Now we can conclude as in the proof of (2). We first choose « large enough so that Theorem 4.24
applies, and also so that

272 Al g1y <

Then we divide the interval [ into finitely many subintervals (again, depending only on M and Q) so that
for each subinterval J we have

24| Allpsipy <u 1.
Thus, for each subinterval J we have ensured that

Let ¢, be a (=485, S)-frequency envelope for the initial data in the energy space, Then applying
Theorem 4.24 in the first interval J; we conclude that

| PrAllsips,) Sm.o ek +ede, & <m 1, (5-27)

for any (—8s, S)-frequency envelope dj for A in S'[J;]. In particular if dj is a minimal (-85, S)-
frequency envelope for A in S![J;] then we obtain
di Sm ¢k +edk,
which leads to
di <M, Ck,

i.e., the desired bound in J1. We now reiterate this bound in successive intervals J;. Finally, the Y bound
follows as in (3).
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Proof of (8): Assume 0 < 1 — 0 < §5. We write the equation for §4 = A — A in the form

s opk _ K
a +D1ffP/I)8A = F*,
where

F* =Diffy A+ (R{A— REA) + (O4A— 04 4). (5-28)

We claim that we can estimate the terms in F* as follows:

DI cAllyoinr2 go—i-12pyy S 27 (| Allg1 + [ Alls)II8Al 5o 17, (5-29)
IRGA— RS All o112 fro1-1217) SM 264(C(A, ) + C(4, 1)) |I8A 50111, (5-30)
0044 — DAA||NJ_IHL2HU_I_I/2[,] <m (C(A, )+ C(A, )))|I8A so1s]- (5-31)

We first show how to conclude the proof of (8) using (5-29), (5-30) and (5-31). As in the proofs of
(1), (2) and (7), we first choose « large enough, k¥ >>,s 1. Then we use divisibility for the expressions
C(A,J) and C(A, J) in order to divide the interval  into subintervals J i so that on each subinterval F*
is perturbative, i.e.,

||FKllNo—lnL2H0—1—1/2[_]j] LMk ||5A||SU[J,-]-

Finally, we apply Theorem 4.24 successively on the intervals J;; then (8) follows.

It remains to prove the bounds (5-29), (5-30) and (5-31). The bounds (5-30) and (5-31) are the
difference counterparts of (5-25) and (5-24), respectively, and are proved in a very similar fashion. Details
are omitted. We only remark that the requirement o < 1 is not needed here, and that these bounds hold
for any 85-admissible frequency envelope ci for §4 in S

We now turn our attention to the novel part of the argument, which is the bound for Diff ; A_p AA' It
is here that the condition o < 1 pays a critical role. This is done in the next lemma. For later use we
state the result in a more general fashion. This will be needed again in the proof of Proposition 6.4. A

variation of the same argument will also be needed in Proposition 6.3.

Lemma 5.8. Let J C I. Let ¢k, dy, by be frequency envelopes for A, A, respectively §A and B in S[J].

Then the expression Diff ; 4_p gB can be estimated as
||Diff;A_PgB ||(NnL2H—1/2)f[J] SM,Q 270k ”514”55[]] B ”S; [J1° (5-32)
where f is given by
fi= (X dutertedan)he (533
k'<k—k

Before proving the lemma we show that it implies (5-29). To measure §4 in S° we can choose the
frequency envelope dj, with the property that 2C~V% g, is a (—=§, 1 — o + §)-admissible envelope with
§ < %(1 —0), 6 < 65, and so that

1841130y ~ Y QR
k
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Then we have
1
fie Su di—ccx Sp 272074y
and (5-29) follows. We return to the proof of the lemma:

Proof of Lemma 5.8. We first recall the equations for PAx and Ag. Following Theorem 3.5, these have

the form
OPAy, = P[AY, 0, A)] —2P[Ay, 3 Ax] + P(R(A) + Ay, [AY, AL])).

' (5-34)
AAg =A% 0xAgl + Q(A,30A4) + AA].
Based on these equations we consider the following decomposition of PA = (PAy, Ap):
PA = (AT AFainy 4 (42,0) + (43, AD),
where the three components are determined by the following three sets of equations:
04 = P[4, 8,4, A™"[0] =0,
AADEN = (459, Ay,
A% =0, and
0A2 = —2P[Ay,3%Ax],  A2[0] =0,
and finally
043 = P(R(A) + P[Ag, [4° AL]), - A3[0] = PA0]. 539

AA = Q(A,004) + AA].

We also use the same set of equations and the same decomposition for P A, and take the differences
SA™an 5§42 and §43. We are now ready to estimate the three contributions.

The contribution of SA™ ™. For this we use the estimates in Proposition 4.27, which yield

”Diff;Amam_pgmainB”(NmLzH—l/z[J])f M 2_GK||8A”S[11[J] ||B||S; J1 (5-36)
where
Sk =( > Ck/dkf)bk,
k'<k—«

which suffices. For later use, we also record the following consequence of Proposition 4.15, which
provides a bound for ||[[J§4Man | vAL2g1/2:

||5Al;ain||scld[J] < ||8A||Sd1[1](||A||SL![J] + ||1‘I||SC1[J])- (5-37)

The contribution of A3, This is more easily dealt with using instead Proposition 4.26. We start with
Ag — /Ig, which is estimated using the bounds (4-36) and (4-37) in Proposition 4.13 for the first term, and
(3-23) for the second, by

||A(3) _I‘I(3J||(L1LoonL2H3/2)cd[J] <M ||8A||5611[J](||A||S(1[J] + ||1‘I||SCI[J])- (5-38)
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Similarly, for Ai — fff’c we can apply the difference bound associated to (3-21) for R, and Strichartz
estimates for the remaining cubic term to obtain

||D(A3c - Afc)||(L1L2r‘1L2I-'I—‘/2)Cd[J] M ||5A||S(}[J](||A||SL! 7] + ||/I||Scl [J])- (5-39)
As a consequence this also gives
143 = A2llg1 1y Sa 1840 st All a0y + 1Al s20)- (5-40)

Using (5-38) and (5-40) in Proposition 4.26 yields the desired bound

||Diff<§{A3B||(N(']L2H—1/2)f[]] M0 ”(SA”S(;[J]”B”S}l[_]](”A”SC! 7] + ||fi||scl [J])’ (5-41)
with the same f; as in the previous case.

The contribution of A% Here we will use Proposition 4.28. For this we need to verify its hypotheses. We
begin with (4-101), for which we combine (5-37) and (5-40) to conclude that

”814)2{”5'611[]] Su 184151 1y- (5-42)
Next we consider (4-100). Using the second part of Proposition 5.4 we obtain

1841153157 + 1840, P6)lyy g7 Snr 184115117 (5-43)
with
er =di +cr(c-d) <.

The last two bounds allow us to use Proposition 4.28. This yields

”DifféCAZB”(NmLZH—l/Z)f[J]) M0 ”(SA”S;[J]”B”SCI [j](”A”SCI 7] + ||1‘I||SLI [J])» (5-44)
where
S = ( Y de+ ek’dk/)bk-
k’'<k—«
The proof of the lemma is now concluded. O
Proof of (9): This is a direct consequence of the bounds (4-39) and (3-23) for the quadratic part A% of Ay,
and its cubic and higher part AJ. O

5B. Caloric Yang—Mills waves with small energy dispersion on a short interval. Next, we consider the
effect of small inhomogeneous energy dispersion on a time interval with compatible scale.

Theorem 5.9. Let A be a caloric Yang—Mills wave on a time interval I with energy &, obeying (5-1),
(5-2), as well as the smallness relations

| Fllepson <& ]| <e. (5-45)

Let ¢ be a 85-frequency envelope for A in S[I]. Then for sufficiently small & > 0 depending on M and Q,
the following properties hold:
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(1) (small energy dispersion below scale 1 for A)

| Al 1y Se.o 6™ (5-46)
(2) (elliptic component bounds)
l4olly 11y + 1P Allyi gy Sm.c 6. (5-47)
(3) (high modulation bounds)
10412 o172y S 6% (5-48)
(4) (paradifferential formulation)
104 + Diffh 4 All 2172y, 17 SM0 8742€%. (5-49)

(5) (approximate linear energy conservation) For any t1,t; € 1,
IVA@DIZ> — IV AG)I7 | S €™ (5-50)
(6) (approximate conservation of Q) For any t1,t; € 1,
|Q(A(1) ~ QA(R))] Se0 €™ (5-51)

Proof. Again, we omit the dependence of constants on Q. The property that will be used here repeatedly
is (4-21), which asserts that all nonsharp Strichartz norms are small. We recall it here for convenience:

sup || P Fllse Sp €% < e%2. (5-52)
k

Proof of (1): This is a consequence of the caloric bound (3-7) applied with dj = «.

Proof of (2): We repeat the arguments in the proof of Proposition 5.4(1). The bounds for the cubic and
higher terms in Theorem 3.5 use only the Strichartz Str! norms, so the contributions of AS in Ag, DA in
P14 and DA(?; in d¢ Ag are easily estimated. For the quadratic terms we replace (4-29) with (4-33) in the
case of Ag, and then (4-37) with (4-38) in the case of Pl Aandd; Ao; again the smallness comes from Strl.

Proof of (3): We consider the terms in the A, equation in Theorem 3.5. The cubic terms R, and
[Ag.[A%, A]] are estimated only in terms of | A]|g,1 - For the quadratic terms we use instead the bounds
(4-30), (4-36), (4-63) and (4-65); all smallness comes from Strl.

Proof of (4): We first establish the similar bound for [J4 A, which is given by (3-12). For the quadratic
terms we use (4-50) and (4-51). For the cubic term we use (3-21). Hence it remains to estimate the
difference

RS A = Difff,, ,A—Rem’y”> 4 —Rem’y’ A.

For the first term we use (4-83), where the ¢ smallness comes from the L1 L norm of P14 due to the
bounds (4-38) and (3-22) for the quadratic and cubic parts of AL respectively.
For the second term we use the bound (4-81). The second term on the right is small due to (5-47),
SO we obtain
R K,ZA . < 2—52K ZCK L A
IRemS2 Al g2 172, Sar (2702 +26%62)] Al 1.



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 281

Now we observe that on the right we can replace « with any k¥’ > k without any change in the proof.
Then it suffices to optimize with respect to i’.
For the third term we use directly (4-74).

Proof of (5): This statement is a corollary of (5-49). For the proof, we introduce the linear energy
4
_1 2
B0 =3 [ Y ltudw)P

Given any interval I’ = (¢1, 1) C I, we consider
I:f xr{((O+ Diffp ,)A, 0, A) dt dx.
RxR4
Integrating by parts, we may rewrite
1 . 1 .
T = Eun(A)10) ~ Ein(A)(12) + 3 [ (DIt 14, 4) 120 dx — ] [ (Ditt 4 A)e0)

_ % /RXR4 XI/([at, lef;A]A,A> dt dx + % /I;XR“ XI/((leff’A _(leffl‘A)*)A,atA> dt dx.

By Proposition 4.30 and the straightforward bound

/(Difff’AAv A1) S2740(A, A Ol g1 IVAD 17 Sm 27,
we see that
|Z — (Eiin(A)(t1) — Enin(A)(12))] <pr 27K, (5-53)

On the other hand, by duality, we may put y;-(0 4 Diff} ()4 and x;:0; A in N and N*, respectively.
Then by Proposition 4.6, (5-2) and (5-49), we have

IT| <pr %42€%. (5-54)

Optimizing the choice of «, (5-50) follows.

Proof of (6): We will use the caloric flow in order to compare Q(A(#1)) and Q(A(,)). Denote by A(z, s)
the caloric flow of A. We will split the difference in three as

Q(A(t1)) — Q(A(12)) =Q(A(t1, 1)) — Q(A(t2, 1)) + Q(A(t1)) — Q(A(t1, 1)) — Q(A(12)) + Q(A(22, 1)).

For the first difference we estimate at parabolic time s = 1 as follows:
2] d 3
0. )= Qe I 5 [ [ L1FG0P dxas
t R4 t
5]
< f f |F(1,t,x)*|8,F(1,x,1)| dx dt
t JR4

%)
s[[ |F(s.1.x) 213, F dx di <e.0 |ty — t2]c3,
1 JR4
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where at the last step we have simply used the fixed-time L2 bounds given by Proposition 3.1(1) and
Bernstein’s inequality. Now we gain smallness from the time interval.

For the remaining two differences we only need fixed-time estimates, which for reference we state
in the following.

Lemma 5.10. Let a € C be a caloric connection with energy £ and Q(A) = Q, and A its caloric
Yang—Mills flow.

(a) Assume that a is energy-dispersed at high frequencies,

I f lEDss < e (5-55)
Then for its caloric Yang—Mills heat flow A(s) we have
Q(a) — QAQR7*™)) Se,0 ¢ (5-56)
(b) If a is fully energy-dispersed,
|/ 1lep <, (5-57)
then we have
Q(a) <e0 & (5-58)

Proof. (a) By scaling we can set m = 0. Denote by cj a frequency envelope for f in L2 and by dj
a frequency envelope for f in W~2:%, By the energy dispersion bound we have dj < ¢ for k > 0. By
Proposition 3.2 we have the L2 bound
| PiF L2 Seo ck(2%5)7,
and the L°° bound .
| P F Lo Seo 2%dy (2245) 7V,

We use these bounds to estimate the difference

1
Q(a) — Q(A(1)) = /O/W |F(s,t,x))> dx ds

1
Y // | Pi, F(s,t,X)|| Py F (5,1, %)| | Pxy F(s,,X)| dx ds
0 JR4

ki1<ks<k3

1 1
} : 2k 72
Sg,Q —2k32 1dlek2Ck3
1+2
ki1<ko><ks

1 1
< 202 <g3
~ de3ck3"’8 ’

1<ks3

where at the next to last step we have used both the low-frequency decay and the off-diagonal decay for
the summation in k1 and k5.

(b) This follows by letting m — —oo in part (a). The proof of the lemma is concluded. O
The proof of (5-51) is also concluded. O
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5C. The dynamic Yang-Mills heat flow of a caloric Yang—Mills wave. Here we investigate the structure
of the dynamic Yang—Mills heat flow of a caloric Yang—Mills wave A with finite S'-norm. As before,
we consider two cases: (1) when 4 only obeys a finite S!-norm bound; and (2) when A has small
inhomogeneous energy dispersion on a short time interval of compatible scale.

In the general case, we have the following structure theorem.

Theorem 5.11. Let A be a caloric Yang—Mills wave with energy £ on a time interval 1, obeying (5-1) and
(5-2). Let A x(s) be the dynamic Yang—Mills heat flow of A; x at heat-time s > 0 in the caloric gauge.

Then the following properties hold:
(1) (fixed-time bounds) For any t € I, let ¢(9(¢) be a 85-frequency envelope for VA(t) in L% Then
| PE(VAG) = Ve (1)l Seo (272577220 5) 71060 (02, (5-59)
| PeatAe(t. )2 Seo (225) 7100, (5-60)
PV Ao(t, )l 22k ) =10, (0) ()2, (5-61)
L £,Q k
| DA )] -1 Seno (2255) 700 (07, (5-62)

(2) (frequency envelope bounds) Let ¢ be a §s-frequency envelope for A in S'[I]. Then

1P (A(s) — 2 D)l g1y Sm,o (27271 704 (22k5) 71002 (5-63)
1Pk Ao ()l 117y Sar,o (22Ks) 71062, (5-64)
IPePEAG)ly1y Smo (2%5s) 7102, (5-65)

(3) (derived difference bounds) Let A be a caloric Yang—Mills wave on I obeying ||/I||S1 [ = M, and
let d be a 8s-frequency envelope for the difference A(s) — A in S'[I]. Then
| Pe(Ao(s) = Ao)lly 1 + | Pe(PHA(s) = P Ay 1y
Siit.o ok Fmin{l, (72| 1)% 272k 0 92k )710:2 (5,66
1PLD(A(s) = Dligx i + I PeO(A(s) = A) | g—1/2461.-51 11
Saiito ek +min{l, (572 1)y (272K 571 T 92k ) 71002 (5.67)
where ey = di + cy(c-d)<k.

Remark 5.12. Combining (5-63) with the obvious bound for ¢52 A, we get the simple bound
| PLAG) 51177 S (22) 7 0c. (5-68)

Next, we consider the effect of small inhomogeneous energy dispersion on a time interval of compatible
scale.

Theorem 5.13. Let A be a caloric Yang—Mills wave with energy € on a time interval I, obeying (5-1),
(5-2) and (5-45), and A; x(s) be the dynamic Yang—Mills heat flow of A x at heat-time s > O in the
caloric gauge. Let ¢ be a §s-frequency envelope for A in S'[I]. Then the following properties hold:
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(1) (fixed-time smallness bound)

IV Pe(A(s) = 2 (D)2 Se.o 274" P+t (272571781 22K5) 7100 ), (5-69)
| Ped® Ag(2.5) 12 Se,q 2540m R0+ 84 (22K 5) =100 ), (5-70)

(2) (small energy dispersion below scale 1 for A(s))

14 lgp=ipr Se.o ™. (5-71)
(3) (frequency envelope bounds)
1Pk (A(s) — "2 A)l| g1 Sp,o % (272K 571704 (22K 5)~10¢,, (5-72)
| P Ao () lly 117 Sa,o 4 (2% 5) ™ 0cy, (5-73)
1PL PEAG) Iy Smo 54(2%s) ™10y (5-74)

(4) (derived difference bounds) Let A be a caloric Yang—Mills wave on I with || A|| 1 ] = M, and let d
be a 8s-frequency envelope for the difference A(s) — A in SY[I]. Then

I Pe(Ao(s) = Ao) Iy 11y + | P(PHAGs) = P Ay
Sadt.o Ok + €4 (272K T I (22K ) 7100, (5-75)
1PxO(A(s) = Dllgx 1y + | PrOAG) = Al x-1/2401.-51 11
Spr .o ek T4 (22K T8 02K5) 7106, - (5-76)
where ey = di + ci(c - d) <.
We now turn to the proof of each theorem.

Proof of Theorem 5.11. In the proof, we omit the dependence of constants on M and Q. We introduce the
notation
A(r,5) = A(t, s) — "2 A(r).

Proof of (1): By (3-2) in Proposition 3.1 (note that d; A here corresponds to B in the proposition) we get
IV PeAG )2y 5 (277 701 2%K) 102, (5-77)
Now the second bound follows from (3-18) for DA and Proposition 4.13 for Q (4, A).
Proof of (2): We proceed in several substeps.
Step 2.1: Our first (and main) goal is to prove
| PeA(s) 1510y < (27271 7R (2%5) 710, (5-78)

We begin by invoking (3-4) with (o, p) = (%, 4) and (o1, p1) = (%, 2). Since S![I] C Str![I]

LAW /4411, we also obtain (after taking L2[/])

IV PeA@) L2 172y S (2757700 (27K5) 7102 (5-79)
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In view of the embedding Py L2H'/2[I] C Pka’l/z[I] C 27k S, [1], we have
IV PLA)lls, iy < 2725) 701 (27) 710, (5-80)
To complete the proof of (5-78), it only remains to establish (recall (4-2))
IOPLA®) 251727 S (27%Ks) 701 (22K) 7102 (5-81)

We argue differently depending on whether s22% > 1 or 522K « 1. In the former case, we consider ¢*2 A
and A(s) separately. In view of (5-7), note that

|0 Pee™ Al 2 12y S (225) 71067,

so it suffices to prove
||DPkA(S)”L2H—l/2[]] < (22k)_mc]%.

For this, we need to use the wave equation for A(s) (see Theorem 3.6):
OA(s) = (O —0ys)) A(s) + M2(A(s), A(s)) + R;(A(s)) + owc(A, A,5)+ Rj;5(A). (5-82)

As in the proof of Proposition 5.4, we note that 0 — () contains the terms Ag(s), 3t A(s) and 39 Ao (s)
that are in turn determined by A4, A(s) (see Theorem 3.6). By (5-80) and an obvious bound for es2 4,
we see that (2255)~10¢, is a frequency envelope for A(s) in Str'[I]. The desired estimate is proved by
applying the L2 L2-type estimates in Section 4 (observe that they only involve the Str!-norm of A!) and
Theorem 3.6.

In the case 522 < 1, we begin by writing A (s) = (A(s) — A) + (1 — e*2) A. For the second term,
again by (5-7), we have

IO P =) All 2 g 172y S (272571 0}
Thus, for s22% « 1, it suffices to establish
IO PL(AGs) = Dl 2 1oy S 2757175} (5-83)
Here, we use the equation [J(A(s) — A) obtained by taking the difference of the equations in Theorems 3.5
and 3.6:
O(A(s) — 4) = (O —Ogs) Als) — (O —0g) A+ M>(A(s), A(s)) — M*(4, A)
+ R;j(A(s)) — Rj(A) + Pjwi(A, A,5) + Rjs(A). (5-84)

We note that (O — Oy5)) A(s) — (O — O4) A contains the differences Ag(s) — Ao, 8§A(s) —9tA4, and

doAo(s) — dg Ao, for which similar difference equations may be derived from Theorems 3.5 and 3.6.
As before, ¢y, is a §s5-frequency envelope for 4 and A(s) in Str![/], whereas dj = (272ks=1)=¢3¢; is
a 83-frequency envelope for A(s) — A in Str![/] by (5-80) and an obvious bound for (1 —e*2)A. Hence

the difference envelope e; in Theorem 3.5 obeys the bound

ex =dk +cx(c-d)<x < (2_2ks_1)_083ck.
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The desired estimate (5-83) is proved by applying the L2 L2-type estimates in Section 4 (again, they only
involve the Str'-norms of VA, VA(s) and V(A(s) — A)) and Theorem 3.6.

Step 2.2: To complete the proof, it remains to show that (5-78) implies (5-63)—(5-65). This is proved in a
completely analogous way to Proposition 5.4(1), replacing Theorem 3.5 by Theorem 3.6 (where we use
Propositions 4.16 and 4.17 for wo and wy, respectively).

Proof of (3): This is analogous to the proof of Proposition 5.4(1). The only difference in the analysis
arises from the extra terms

(i) Pjw3(3;4,0,4,5) + Rj:s(A) in Oy5) A(s),
(ii) Ao;s = AT wg(A4, 4,5) + A5 (A) in Ao(s),
(iii) DAg.s(A) in 9; Ao (s).

For the first term in (5-75) we need to estimate

DI~ w5 (A, A, 9)ly + 1I1D1AG (Dl + [ DAos(A)]y.

The last two terms are estimated directly using (3-36) and (3-37) and Bernstein’s inequality. The first
term is estimated via (4-54).

For the extra gain when s1/2 > || we rebalance by using Holder in time ¢ and Bernstein in x. Because
of this, in that range it suffices to use L°°L? bounds instead of Y, and thus rely instead on (3-33) and
(3-34), and (4-52).

For the second term in (5-75) we follow the computation for d; P+ A(s) in the proof of Proposition 5.4.
The extra contributions there are

ATV (3 [Ag(5), Aoss] + [A5(s), dpAois] + (45 A, Aoss])).

For these it suffices to use (4-53) and (3-36) for long intervals /, and (4-52) and (4-52) and (3-33) for
short intervals.
Finally, for the two terms in (5-76) we need to bound

| P, w}C(B,A, 0: A, S)”DleX—l/z—i-b-H,—b] + ||Rj;s(A)”DX1nX—l/2+b+l,—b1 .
For this it suffices to use the bounds (4-58) and (3-35) in the range |/| > s1/2 and (4-56) and (3-32) in
the range || < s1/2. O
Proof of Theorem 5.13. As before, we omit the dependence of constants on M and Q.

Proof of (1) and (2): The three bounds follow directly from Proposition 3.2, precisely in order from the
estimates (3-8), (3-9) and (3-7).

Proof of (3): We repeat the arguments in the proof of Theorem 5.11(2). The bound (5-79) for Py A (s)
goes through the Str! norm, so by the same proof we also obtain for k > 0

IV PA) 2172y S (272571705 (22K5) 710652, (5-85)

On the other hand for k < 0 we can use (5-69) and Holder’s inequality in time to gain smallness.
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Similarly, the bound (5-81) also uses only Str! norms so it can be replaced by
IOPLA®) | 2172y S (272571700 (225) 710602 (5-86)

for k > 0. Again for k < 0 we can use a simpler L% H ~! bound and then Hélder’s inequality in time.
Together, the bounds (5-85) and (5-86) imply (5-72).

Finally, it remains to establish (5-73) and (5-74). Here the same considerations as in the proof of (5-47)
apply, but using Theorem 3.6 instead of Theorem 3.5, as well as Proposition 4.16.

Proof of (4): This repeats the proof of Theorem 5.11(3), but taking advantage of the Str! norm in
estimating AS; s and DA g;s and using (4-55) instead of (4-54). As before, the ¢ gain is due to energy
dispersion if £ > 0 and to the interval size otherwise. O

6. Energy-dispersed caloric Yang—-Mills waves

The goal of this section is to prove the following key theorem for energy-dispersed subthreshold caloric
Yang-Mills waves, which is essentially a restatement of Theorem 1.20 in terms of the linear energy:

Theorem 6.1. There exist nondecreasing positive functions M (E, Q) and nonincreasing positive functions
e(E, Q) and T(E, Q) so that the following holds. Let A be a regular caloric Yang—Mills wave on a time
interval I satisfying

<E, A(t)eCgforalltel. (6-1)

inf | VA®)||?
inf[VA@)IIL
If A moreover obeys the smallness bounds

I Fllgps,, 1] < 6(E,Q), I <27"T(E,Q), (6-2)
then we have
[Allsip) < M(E, Q). (6-3)

We next show that Theorem 1.16 immediately follows. Indeed, for caloric waves we have (see
Theorem 1.6)
IVAlz2 Zeo 1,
as well as
EZval, L

Thus the linear and nonlinear energy are interchangeable in the statement of the theorem. The (minor)
difference is that the nonlinear energy is exactly conserved, whereas the linear energy is only approximately
conserved for energy-dispersed Yang—Mills waves; see Theorem 5.9(5).

For the remainder of this section, we fix Q. We omit any dependence of constants on Q and write
e(E)y=¢(E,Q), T(E)=T(E,Q), M = M(E, Q) etc.

Theorem 6.1 is proved by an induction-on-energy argument of similar structure to [Sterbenz and Tataru
2010a; Oh and Tataru 2018]. For the initial step, we show that it holds for small E (Proposition 6.2). For
the induction step, we assume that the result holds for all solutions with inf; Ej;,(A4) < E, and we seek to
show that it holds up to inf; Ejn(A) < E + c(E) for some small ¢(E) > 0. Notably, in order to continue
the induction argument, we do not want ¢(E) to depend on F(E) or (E).
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6A. Induction on energy argument. As remarked earlier, the initial step of the proof of Theorem 6.1 is
essentially small-energy global regularity for the Yang—Mills equation in the caloric gauge, which is a
quick consequence of Theorem 5.1.

Proposition 6.2. There exists a small universal constant Ey > 0 (in particular, independent of 1) such
that if a classical caloric Yang—Mills connection satisfies

inf | VA®)|72 < Ex. (6-4)
tel

then we have

[Allsit < v Ex- (6-5)

Proof. We will follow a standard continuity argument, similar to the one used in the Coulomb gauge
in [Krieger and Tataru 2017]. Start from a near minimum f¢ for ||V A(?)|| 12. Denote by ¢ a frequency
envelope for A[tg] in H' x L2 For a short time, there exists a classical solution, which satisfies

[Alls1 < Ex-

We now consider the maximal interval I/ containing o and where the solution A exists as a classical
solution and satisfies

[Allsin < 1. (6-6)
This in particular implies
Q(4) < 1.
Hence by Theorem 5.1(2) it follows that
||A||scl[1] <1
and in particular
[Allsipr) < Ex- (6-7)

Assume now by contradiction that / has a finite end 7. The S (6-6) bound implies that A is uniformly
bounded near t = 7" and has a limit as a classical solution. Hence it can be extended further as a classical
solution (for a precise statement, see in particular Theorem 7.6). However, in view of (6-7), if Ey is
sufficiently small then by continuity we can find a larger interval I & J where (6-6) holds. This is a
contradiction. It follows that the solution A is global and satisfies (6-7). O

For the induction step, consider a regular caloric Yang—Mills wave A on [ such that
E<inf|VAWD72 < E+c(E), |Flepooay <6 HIST. (6-8)
Our goal is to establish a uniform bound
[Allsifp <=M (6-9)

for appropriately chosen c(E) > 0 (depending only on E), ¢, T and M (which may depend on E, (E),
T(E), M(E) and c(E)).

Once this goal is achieved, we may extend M(E), e(E) and T(E) to [0, E 4+ ¢(E)] so that
M(E+c(E))=M,e(E+c(E)) =¢eand T(E + c(E)) = T, while keeping validity of Theorem 6.1
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in this range of energy. Since c(FE) is a positive number depending only on E, this procedure can be
continued until Theorem 6.1 holds for all regular subthreshold caloric Yang—Mills waves.

We now turn to the proof of (6-9). By translating and reversing ¢, we may assume without any loss of
generality that / = [0, T+ ) for some T4+ > 0 and

E <||[VA(0)|7, < E +2¢(E).
Since A is regular, it can be easily seen that || A g19,7) is a continuous function of 7" satisfying

. 1
limsup||A|[sij0,r) S IVA@)llz2 < E2.
T—>0+

Therefore, on a subinterval J = [0, T') C I, we may make the bootstrap assumption
||A||Sl[J] <2M. (6-10)

In order to improve (6-10) to (6-9), we compare A with a caloric Yang—Mills wave A with S! [/]-norm
< M(E) (eventually), which we construct as follows.

To begin with, we view the space-time connection 4;  on I x R* as a caloric initial data and solve
the dynamic Yang—Mills heat flow in the local caloric gauge, i.e.,

s Ay (2, x,5) = DX Fy (2, x, ),

From the results in Section 3, we obtain a global-in-heat-time solution A; x (¢, x,s) on I x R*x[0, 00). Note
that d; A solves the linearized Yang—Mills heat flow in local caloric gauge, and we have (A4, d; A)(¢, s) €
TL%C for every (¢,s) € I x [0, 00).

By the caloric gauge condition, the linear energy

1A, 3 A) (. )11 = IVAE. 5172

eventually tends to zero as s — oo. Thus there exists a heat-time s}, > 0 such that
2
”(A’ atA)(O’ S)”I_'I]XLz =F

To eliminate ambiguity, we take s}, to be the minimum such heat-time. In order to choose the cut-off
heat-time s, we distinguish two scenarios:

(1) If s, > 1, then we define s, = 1.

(2) If s, < 1, then we define sx = 5.
With s, chosen as above, we define A to be the caloric Yang—Mills wave with initial data
(A,9; A)(0) = (A, 3; A)(0, 54).

In both scenarios, we aim to prove that A exists on J and is well-approximated by A(s«). Moreover,
by the induction hypothesis, A should obey a nice S'-norm bound.
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Proposition 6.3. Let A be defined as above. For sufficiently small ¢, T > 0 depending on M, M(E),
T(E), e(E) and c(E), the regular caloric Yang—Mills wave A exists on the interval J and obeys

1Alls117 < M(E) + CovVE, (6-11)

| AGs) = Allg1_ gy <ar 6% (6-12)

| 40(s+) = Aolly1, () Sm g%, (6-13)

| PEAGs) = PHAlly 1 1y <u €™, (6-14)

where Cy is a universal constant and ¢* is a frequency envelope defined as
c;ck = 9 Oxlk—k(s:)l (6-15)

On the other hand, viewing A4 as a “high frequency perturbation” of A, we show below that A stays
close to A in the space S.

Proposition 6.4. Let A be defined as above on the interval J. Provided that ¢ = ¢(E) > 0 is chosen small
enough compared to E (but independent of M(E), T(E) or e(E)) and T, & > 0 are also sufficiently small
depending on M, M(E), T(E), e(E) and c(E), we have

IA—Allsi Smce)e 1- (6-16)

Assuming the preceding two propositions, we may choose M sufficiently large compared to M(FE)
and E, then choose ¢ and T accordingly, so that the desired estimate (6-9) follows from (6-11) and (6-16).
It remains to prove Propositions 6.3 and 6.4, which are the subjects of Sections 6B and 6C, respectively.

6B. Control of A—A (s«): proof of Proposition 6.3. We introduce the notation
SAY = A — A(sy). (6-17)
We proceed differently depending on how s, was chosen.

Scenario 1: s« = 1(< s}). This scenario is simpler to handle, and we do not need to invoke the induction
hypothesis.

Step 1.1: S'-norm bound for A. We first prove the S!-norm bound (6-11). The idea is to exploit the
smoothing property of the Yang—Mills heat flow, which implies control of higher Sobolev norms of
(A,9,A)(0) = (A4,3,;A)(0, 1) in terms of ~/E, and use subcritical local regularity of Yang—Mills in the
caloric gauge, which works in a time interval of length Og(1).

Fix a large integer N (say N = 10). We claim that A exists on J and

”/I”SNﬂSl[J] < VE, (6-18)

provided that T is sufficiently small depending only on E (so that |J| <g 1).
By the smoothing property for the Yang—Mills heat flow and its linearization in the caloric gauge (see
Section 3), we have

1AL 8 DO gy egiv-nyaarixsy < VE.
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For T sufficiently small (depending only on E), the following local-in-time a priori estimates at
subcritical regularity hold:

supl(A. 3 DOl g v -yearieazy N4l e inrnzoyg) SVE-
te

SUP”(!‘IO» atl‘IO)(f)||(HNXHN—1)Q(H1><L2) <VE.

teJ

The proof is via Theorem 3.5 and, as usual, the Sobolev embedding into L°°; we omit the details.
As a consequence of the preceding a priori bounds, we obtain (6-18) as desired. Moreover, by
Theorem 3.5 and the fixed-time bounds in Section 4, we have

IOl oo gr—1pyy SE 1. (6-19)
Step 1.2: S'-norm bound for A(s+) — A. As a preparation for the proof of (6-12), we claim that

| AGs2) = Alls1, 17 Sn €€ (6-20)

In the present case, 26(*) = 1. For frequencies higher than 1, we simply use (6-18) with smoothing
estimates for A(s«) in S'. For frequencies lower than 1, we control [I(4 — A(sx)) in L*°H ™! and
integrate in time.

By Theorem 5.11, we have

1 PeACsa) |l 517 Sm2 2%+, (6-21)
IPeOA(, 5) || o1 Sm272%+. (6-22)

Let k¢ > k(s«) be a parameter to be fixed below. By (6-20) and (6-21), we have
I Pk8A ™ | s117 < I Pk All g1y + I PeAGsi) | g1y Sm 27X0ct for k > ko, (6-23)
where 0 < ¢ < 1 is a universal constant. Since
P(L®HYJ]) < [J[2XN N (T 1262 L2H 2,
for k < K it follows from (6-19) and (6-22) that

“PkD5A10W||(NnL2H—1/2)[J] = ||PkDI‘I||(NmL2H—1/2)[J] + ”PkDA(S*)”(NﬂLZH—l/Z)[J]
m (12012 4 (1712°0) + ey

Since §4'°%[0] = 0, we arrive at
||Pk5Al°W||Sl[J] NY 4 ((|J|2K°)% + (|J]20) + &%) for k < ko. (6-24)

Step 1.3: completion of proof. Finally, the bounds (6-12)—(6-14) follow from (6-20) and Theorem 5.11(3)
with dj = ¢/ provided that | /| < T is sufficiently small. Here, note that

ex =cp +ex(c-c® ek Sm i
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Scenario 2: s« = s}, > 1. In the second scenario, we analyze the equation satisfied by the difference
SAY = A(s,)— A to prove (6-12), then make use of the induction hypothesis to derive (6-11). By another
continuous induction in time, we may make the following extra bootstrap assumptions:

1Al 1177 < 2(M(E) + CovVE), (6-25)

as well as
||8Alow||scl* ] = g%, (6-26)

Here we use a smaller power of ¢, so this last bound will only serve to ensure some a priori smallness of
§A"Y in S ..
By Theorem 5.13, we have

1P ACse)ll g1y Sar ek (22554) 710, (6-27)
| 4G llepy 1y SE (6-28)
”DA(S*)”LZH—I/Z[_]] <M 884- (6—29)

Therefore, (A(sx), J) is (¢, My)-energy-dispersed for My <ps 1 and & < %4,

Step 2.1: bounds for §A!°Y. Here we establish (6-12). We write an equation for §4'°% of the form
O ;84 = F,  §A"V[0] = 0.
We claim that in each subinterval J; of J and for each x > 10 we have the bound

| Flwrz2 =12,y S8 Q<N Allgagg +29°CATOA™ 51, g+ (6-30)

where C (/I, J1) contains only divisible norms of A; see (5-21).
We first verify that the bound (6-30) implies (6-12). Using the well-posedness for the U ; equation,
given by Theorem 5.1, in the time interval J; = [t1, 2], we obtain the bound

||8A10W||S(}*[J1] < C(M)(

184 1)l + @7 Allgapgy +2°CCATOISA™ (51,7, + %)

For this to be useful we need to ensure that the coefficient of ||§AY || s1,[7,] On the right is small. To
achieve that we first choose « large enough, k > s 1, depending only on M , so that

C(M)2~ ) A|| 117 < 1.
Then we divide the interval J into subintervals J; so that
C(M)2°“C(A.Jj) < 1.
The number of such intervals depends only on M. On each subinterval J; = [t;_1, ;] we have the bound
184 g1+ 184 1] 1, = CONUSA™ 1]t + 7).

Reiterating this we obtain (6-12).
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If remains to prove the bound (6-30). We relabel J; by J for simplicity. As a preliminary step, we
observe that, by Theorem 5.13 and the bootstrap assumption (6-26), we have

8™ g1, 1)+ I8AE Iy, 1y + 1P 1 7 Saa 184 g1, - (631)

In particular, this proves the bounds (6-13) and (6-14) once (6-12) is known.
The expression for F' is obtained from Theorems 3.5 and 3.6,

F = D/ISAlow = D/I/I_ O ACsx) + (Ogcs,) — DJ)A(S*),
where we further expand the two terms as
044 = Oa(en) Alsx) = MP(A, A) = MP(A(s5), A(sx)) + R(A) = R(A(54))
+ ijzc(alAa alA7 S) + Rj;S(A)’

and
(Ousy) —O 1) A(sx) = —Diff pgs yiow A(55) = Diff p 1 5 410 A(55) — Rem’g;ﬁowz‘l(s*)

+ (Rem*(A(sx)) — Rem>(A)) A(sx) + Rem_(A)A(sx).
We successively estimate the terms above as in (6-30):

(a) For M2(A, A) — M2(A(sx). A(s+)) we use the estimate (4-50). We inherit the envelope cx from
8A™Y but we also gain an additional power of & from the energy dispersion of A(sx).

(b) For R(A) — R(A(sx)) we use the difference version of the bound (3-21), with a similar gain.

(c) For Pw2(d;A,d, A, s) we use (4-59), taking advantage of the energy dispersion for A.

(d) For R;;s(A) we use (3-35), gaining a power of ¢ from the Str! norm.

(e) For Diff ;‘, Lg Al(,wA(s*) we use (4-82) combined with (6-31) for the high modulations, and (4-83)
combined with (4-37) and (3-22) for low modulations.

(f) For RemgﬁowA(s*) we use (4-81).
(g) For (Rem?(A(s4)) — Rem3(A))A(s+) we use (4-74).
(h) For Remg’* (A)A(s«) we use (4-76).

This leaves us with the most difficult term Diff f, P AIOWA(S*), for which we claim that
IDift s gow A | 2 172y ) SM 2784 5117 (6-32)
For PSAY we consider the same type of decomposition as in the proof of Lemma 5.8,

PSA]OW — PSAlow,main + PSAlow,main,Z + PSAlow,rem,Z + PSAlow,rem,3
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where
SAS ™™ = ATH([A, 3, A] — [A(s%), 3 A(s4)]),
5Agw,main,z _ A_lwo(A, A,s),
SAGE = 2071 (QUAL 00 A) ~ Q(A(s2). 0, A(s)
BAG™ = AJ(A. 0, A) — AJ(A(s4). 9, A(s4)) + A5 (A. 0, A),
and

sAlow-main — O~ (P M2 (A, A) — PM?(A(sx), A(s4))).
gAlowmain2 — =l pyy (A4, A, s),
SAIEm2 = (7N P ([ Ay, 0% A] — [Aa(5:), 9% A(s0)]),
sAlovrem3 — 01 p(R(A) — R(A(sx)) — Rem?(A) A + Rem>(A(s4)) A(sx))
+ 071 P(R}.s(A) —Rem?>(4) A(s4)),

where (07! is the wave parametrix with zero Cauchy data at ¢ = 0.
As a preliminary observation we note that

||8A£?W’main”5({* +”8A1)?W’main’2”5:* +”8Al;)w,rem,2”SL1'* + ||8A£?W’rem’3llsj* SM ||8A10W”S:* +882. (6—33)

This is a consequence of (4-42) for the first term, (4-59) and (5-47) for the second, and (3-21), (3-35),
(4-74) and (4-76) for the last term. The bound for the third term follows indirectly since they all add up
to §A™V.

Now we consider the contributions of each of these terms to Diff f, P AlOWA(s*).

Alow,main
x

The contributions of & and SAg)W’mam. These are considered together, and estimated using

Proposition 4.27. This yields the frequency envelope

fk=( > e (2 s*>—N)ck<22k 56 ) VN84 151,y Saa 27 PFCEN8AN 51y
k' <k—«k '
as needed.

Alovemain2 g SAg)W’mam’z. These are also considered together, but now we want

The contributions of §
to use Proposition 4.29. As they involve no §A4'°V differences, we need to estimate these contributions
by gfe. Unfortunately Proposition 4.29 provides no source for an energy dispersion gain, so we use a

trick, decomposing
DAFE o min2 A (5) = DIFES o man2 A(5) + DIt L A5,

where k’ > K is a secondary parameter to be chosen shortly. For the first term we apply Proposition 4.29,
which yields

||Diff§1;10w,main,2A(s*) | (NNL2H=1/2) «[J] <M Z_CS*K/-
For the second term, on the other hand, we use instead the bounds (4-55) and (4-59), which capture both
the ¢* decay and the energy dispersion. The price to pay is that this way we only have access to the
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ST norm of §A41°%-main.2 o we are only allowed to use (4-77). This yields

e li’ 88~ C’
||D1ff§Alow:!main,2A(S*)||(N(]L2H*l/2)c* [_]] SM 8c ¢ g2 “ .

We now add the last two bounds and then optimize in «’ to obtain the desired estimate
. )
”lefécAlow,main,ZA(S*) || (NQLZH—I/Z)C* [J] sM € h .

The contribution of §A%-"*™2 The SAfw’rem’z part is estimated using Proposition 4.28, with (6-33)
serving to verify the hypothesis. For the output this yields the frequency envelope

Je= ( Z C}:/)ck(22k/s*)_N <M 2_68*’(6;:.
k'<k—k

A simpler analysis applies for the contribution of SAI(;)W’rem’z where we can use Proposition 4.13.

The contribution of §Alow.rem.3 Eor the contribution of 8A};)W’rem’3 we use (3-23) and (3-36), while for the
contribution of 8A1)?W’rem’3 we use (3-21), (3-35), (4-74) and (4-76), all combined with Proposition 4.26.

Step 2.2: S'-norm bound for A4 via induction hypothesis. Taking ¢ sufficiently small and using the
bootstrap assumption (6-26), we may ensure that

I F llep_or < £(E). (6-34)
By the induction hypothesis, we may thus assume that
|Alls1sy < M(E). (6-35)
6C. Control of A — A: proof of Proposition 6.4. Here, we seek to bound
§AMEN = 4 — 4.
We begin by observing that
”fI”ED;(')[J] + ||DA||L2H—1/2[J] <M 886-
Therefore, both (A, J) and (A4, J) are (¢, M )-dispersed, where ¢ <ps &,
Step 1: consequence of approximate linear energy conservation. We claim that
fggumhigh, 0,84 (0)]13,, ., » S ¢(E) + Care®. (6-36)

Note that
SAhigh — (1 _es*A)A + es*AA — A(S*) + A(S*) - A

We begin with the inequality

IVA@®)25 = V(1 —e*2)A@) 125 + 2 A@)]12 .
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which follows from Plancherel and nonnegativity of the symbol of (1 —e%*2)e**A, By Theorem 5.13(1)
and (6-12), we have

IVes*2A@)II7> = |VA@)I|7 > + Care, (6-37)
IV =2 AW)I7, = V(A - D@72 + Cre®. (6-38)
Hence, by Theorem 5.9(5), we have
IV(A= D072 < IVAOIZ 2 — VA7 > + Cre®
< VA7, - IVAO)||7 > + Care®
< c(E)+ Cpe%s.

Step 2: weak divisibility and reinitialization. By Theorem 5.1(7) there exists a partition J = Ule Ji
such that K <ps¢g) 1 and

IAllsips SE 1. (6-39)

so that the number of such intervals is also controlled K <ps(g) 1. Using the uniform control of the
energy of §AMeM in Step 1, it suffices to estimate §AM2" in S separately in each of these intervals.
We will make a bootstrap assumption

I8A™E | g1y <2 (6-40)
Then our goal is to improve (6-40) to
I8AME [ 5117 <1 (6-41)

bytakingc <g 1, e <py land T <L pp¢ 1.

In view of (6-39) and (6-40), in all the estimates below within a single interval Jg, all implicit constants
will depend on E rather than M (FE). To simplify the notation we drop the subscript and replace Jj by J
in what follows.

Step 3: frequency envelope bounds. Let c be a frequency envelope for A in S ![J]. Then by Proposition 3.1,
the initial data in Ji for A(s) has the frequency envelope 2= k=Kt ¢ . By Theorem 5.1, we have a
similar envelope in S,

I1PeAE) s S 27 e (6-42)

On the other hand, by the estimate (6-12) we have, under the assumption ¢ < g 1, the bound
| Pe(A = AGDlsip Sp 270 ey (6-43)
Hence for the high-frequency difference A” we have the bound
| PdAM g1y S 27 E D¢ (6-44)
Step 4: control of nonlinearity. By Theorem 5.9(4) applied separately to A and A we have

10+ Diffp ) SAME" + Dt} sy All y 2 g 1727 SE 2€%6%0e, (6-45)
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where the parameter x > 10 is arbitrary for now, to be chosen later. We claim that the second term can be
estimated separately as
. g —C8x
”leff)gAhlghA||NﬂL2H_|/2[J] SE 2 ¢ K. (6'46)

This is a consequence of Lemma 5.8. To see that we use the bounds (6-42) and (6-44) to compute the
frequency envelope f; in Lemma 5.8. We have

fk SE ( Z 2_68*(k/_k*)_Ck’ + 2_(k/_k*)+ck/(020*)<k/)2_(k_k*)+ck SE 2_CS*|k_k*|Ck,
k'<k—«
and thus (6-46) follows. Combining (6-45) with (6-46) yields

(O + Diffs )54 <p 2768k 4 9CK Bads (6-47)

||NmL2H—1/2[J]
Hence by Theorem 5.1(1) we conclude that
”8Ahigh||Sl[Jk] 5E c+ 2—05*16 + 2CK85486.

Hence by takingk >g 1, c Kg 1, e Kgyx 1 and T <K g ¢ 1, the desired conclusion (6-41) follows.

7. Proof of the main results
The purpose of this short section is to deduce Theorems 1.13, 1.20 and 1.18 from Theorem 6.1.

7TA. Higher-regularity local well-posedness. In this subsection, we sketch the proof of higher-regularity
local well-posedness of the hyperbolic Yang—Mills equation. We first use the temporal gauge, which
works for general connections, and then turn to the caloric gauge, which works for data satisfying (1-12).

7A1. Temporal gauge. Here we write the Yang—Mills equations in the temporal gauge,

Ao =0. (7-1)
They take the form
O4A; = D¥0; Ay, (7-2)
with the additional constraint equation
D’3pA; =0. (7-3)

This can be viewed as a semilinear system of wave equations for the curl of A, coupled with a second-order
transport equation for the divergence of A.
We consider the Cauchy problem with initial data

A[0] = (A4 (0). ;47 (0)).

The initial data is uniquely determined by the Yang—Mills initial data and the gauge condition (7-1).
The system (7-2) together with the constraint equation (7-3) is well-posed in regular Sobolev spaces.
Precisely, we have:

Theorem 7.1. The system (7-2) is locally well-posed in HN x HN =1 for N > 2, with Lipschitz dependence
on the initial data.
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We further remark that the temporal gauge fully describes all classical solutions to the Yang—Mills
system:

Theorem 7.2. Let A be a solution to the Yang—Mills system which has local-in-time regularity (A, 0; A) €
C(0,T); HN x HN=Y) for N > 3. Then A has a temporal gauge equivalent A with the same regularity
(A,9,A) e C([0,T); HN x HN 1),

To see this, it suffices to solve an equation for the gauge transformation O, namely
071900 =49, 0(0,x)=1,

which is an ODE on the Lie group G. If A € C(H") then this yields a unique solution O € C(H™).
This in turn yields a temporal gauge equivalent solution

(A4,9,A)ye C([0,T]; HN ' x HN7?).

This argument loses one derivative. However, the initial data is in H N HN=1 which by the well-
posedness result yields a C([0, T]; HY x H¥~1) solution. But by the HV~! x HN~2 well-posedness
the two must agree, so we obtain a unique representation in the temporal gauge with the same data and
without loss of derivatives.

Remark 7.3. Analogues of Theorems 7.1 and 7.2 hold for the space HY. x HN = instead of HN x HN 1,

loc loc
where HY

loc 18 equipped with the norm supepsll - | 7~ (B, (x))-

7A2. Caloric gauge. In view of Theorem 1.11 we can fully describe caloric Yang—Mills waves as
continuous functions

131 (Ax(t), doAx(t)) e T C.
For higher-regularity Yang—Mills waves we have the following:

Theorem 7.4. Let A be a solution to the Yang—Mills system which has local-in-time regularity (A, 0; A) €
C([0,T); HN x HN=1) for N > 2. Assume in addition that the bound (1-12) is uniformly satisfied by its
caloric extension, globally in parabolic time. Then A has a caloric gauge equivalent A with the same
regularity (A,3; A) € C([0, T]; HNY x HN-1),

This result is a direct consequence of Theorem 1.11, with one minor exception. Precisely, Theorem 1.11
does not directly yield the C tL)ZC regularity for dg Ag. For that we instead need to refer to the expression
(3-15) and the bounds (3-18) and (4-28) for the two terms in (3-15).

Remark 7.5. The same result will easily hold for (4,9, 4) € C([0, T]; H x L?). However, if we only
assume that (4,3, A4) € C([0, T]; H' x L?) then one would also need to resolve the remaining gauge
freedom. For that it suffices to observe that if two A’s have a small difference in L2, then the two O’s
can be chosen in tandem so that they agree at infinity.

In particular this says that a caloric gauge solution exists for as long as a regular solution exists and
the L3 bound in (1-12) remains finite. This will allow us to bootstrap the existence time for as long as we
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have good bounds in the caloric gauge. Precisely, for® N > 3 suppose that an H” solution exists in the
caloric gauge up to time 7. If this solution has uniform H " bounds up to time 7, then its temporal gauge
representation has uniform H” bounds up to time 7. Thus it can be extended further in the temporal
gauge, and hence also in the caloric gauge. This shows that a maximal caloric gauge solution must either
explode in H” at the (finite) end of its lifespan, or the L3 norm in (1-12) must explode. The latter cannot
happen for subthreshold solutions. Thus we have:

Theorem 7.6. The Yang—Mills system in the caloric gauge is locally well-posed in HN x HN 1 for
N > 2. Further, the solution extends for as long as the HN x HN ™! norm remains bounded and the
L3 norm in (1-12) remains bounded.

For regular data, this result reduces the problem of global well-posedness to that of obtaining uniform
bounds for caloric solutions.

7B. Local well-posedness in the caloric manifold C: proof of Theorem 1.13. For g, > 0, recall that the
energy concentration scale r¢* was defined as

1
ré*la, el =sup{r:&p,(a,e) < &2} = sup%r >0: sup 5 Z ||fa3||i2(3r(x)) <g2!,

4
xX€ER a<B

where fj is the curvature form corresponding to a;, fo; = — fjo =e; and foo = 0. Since the definition
only involves f,g, we will slightly abuse the notation and simply write re*[ f] for ré*[a, e).

Lemma 7.7. Let A be a regular caloric Yang—Mills wave on I = (=Ty, Ty). For any ¢ > 0, if e« is
sufficiently small compared to € and
To <ri*la,e],
then we have
IFlgpe,, ) <& with2™ =e(rf*[a,e])™".

Proof. By our notation, f,g = Fog(0). After rescaling, we may set ré* (F(0)) = 1. We begin with the
observation that

1P F(1)llLoe < 2°%-272F sup | F (1)l 128, (x))- (7-4)

x€R4

which follows from the properties of the convolution kernel of Pp; in particular, it is rapidly decaying
on the scale 27% and its L2-norm is bounded by 272X, Then, by the localized energy estimate for the
hyperbolic Yang—Mills equation, i.e.,

EtyrxBroy (F) = EoyxBr(F) (0 <[] <R), (7-5)
the lemma follows. O

Proof of Theorem 1.13. We prove the theorem in several steps:

8The requirement N > 3 is so that there is no loss of regularity in the transition to the temporal gauge. Precisely, we want to
ensure that Ag € C(H! N HN'H).
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Step 1: regular solutions. Let A be a regular caloric Yang—Mills wave with energy £ and initial caloric
size Q. For &, small enough, to be chosen later, let 7. := r5* be the corresponding energy concentration
scale for the initial data.

Our goal is to prove that if 4 is small enough, depending only on £ and Q, then the solution A persists
as a regular caloric solution up to time r.. Precisely, we will apply Theorem 6.1 to the solution A in order
to show that the solution A exists in [—r¢, r.] and satisfies the bound

Al st{=rp.r] < M(E,3Q). (7-6)

We use a continuity argument. Let 7y < r. be a maximal time with the property that the solution 4
given by Theorem 7.4 exists as a classical caloric solution in (—Tp, Tp), and further satisfies the bound

sup  Q(A(t)) <3Q. (7-7)
te[—To,Tol

For 0 < T < Tp we seek to apply Theorem 6.1 to A in I = [T, T]. To verify the hypothesis of
Theorem 6.1 we need to ensure that for a suitable choice of m we have

IFlleps,, <€(€,3Q). [ =27"T(£,39).
For this it suffices to apply Lemma 7.7 with
e =min{e(&,3Q),T(£,309)},

which yields the appropriate choice of &.
Now by Theorem 6.1 we obtain the uniform bound

[Allsi—r,71 < M(£,3Q), 0<T <Tp.

By the structure theorem, Theorem 5.1, it follows that higher-regularity bounds are also uniformly
propagated,
sup  |[(A4,0:A)@)|| g~ < 0.
t€(=To,To)

Thus by the local result for regular solutions in Theorem 7.6 we can continue the regular caloric Yang—Mills
connection A beyond the time interval [—Ty, Tp].

Finally, we consider the bounds for Q(A4). These we can propagate using Theorem 5.9, which implies
that

sup Q(A(r)) — Q So.e 654
te[—To,To]

Readjusting ¢ if needed, it follows that

sup  Q(A(r)) =20. (7-8)
te[—To,To]

This implies that the bound (7-7) also can be propagated beyond +7}. This contradicts the maximality of
To unless Ty = r.. Hence the classical caloric Yang-Mills wave exists in [—r., r.] and (7-6) holds.
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Step 2: rough solutions. Given any caloric initial data (a, b) with finite energy £ and caloric size Q, we
consider the corresponding regularized data (a(s), b(s)) obtained using the Yang—Mills heat flow. We
have the uniform bounds

E(a(s).b(s)) =&(a,b), Qla(s),b(s)) = Qa,b).

In particular, we have ( f(s), e(s)) — (f,e) in H! x L2 This implies that the energy concentration scales
for (a(s), e(s)) converge to those for (a, ¢). Thus, by the analysis in the smooth case above, for small
enough s the corresponding solutions A(s) exist as smooth caloric Yang—Mills waves in [ = [—r¢, 7]
and satisfy the uniform S! bound (7-6).

Now we use the structure theorem, Theorem 5.1, to consider the limit as s — 0. If ¢ is a frequency
envelope for (a, €), then by Proposition 3.1 it follows that:

(i) For (a(s),b(s)) we have the frequency envelope in H! x L2
ck(s) = cxe(2%s) 7%
(ii) For the difference (a, b) — (a(s), b(s)) we have the envelope in H' x L2
Scp(s) = e (272K g1y —eds,
(iii) For the difference (a(s), b(s)) — (a(2s), b(2s)) we have the envelope in H!'x L2
CE(s) = cpey2 RO,
By Theorem 5.1(2), it follows that cg (s) is a frequency envelope for A(s) in S;. Combining this with

Theorem 5.1(8), it follows that c;: (s) is a frequency envelope for A(s) — A(2s). Summing up such
differences, we obtain the general difference bound

[A(s1) — A(s2)lls1 Se,0 Clrsy) k(s2)]- (7-9)
This implies that the limit
A = lim A(s)
s—0

exists in 5. We define A4 to be the caloric Yang—Mills wave associated to the (a, b) data. We remark that
by (7-9) we have the difference bound

[A—=A(S) st Se.0 C2k(s)- (7-10)

Step 3: difference bound. The difference bound in part (4) of the theorem is a direct consequence of the
difference bound in Theorem 5.1(8).

Step 4: continuous dependence. We consider a convergent sequence of caloric initial data
@™, b™) - (a,b) in H' x L2 (7-11)

Let A™ (s) and A(s) be the corresponding solutions with regularized data.
Denote by ¢;! a corresponding sequence of frequency envelopes for the initial data (a ®) p™) in
H!'x L2 By Theorem 5.1(2), these are also frequency envelopes for the solutions A(”)(s).
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By Theorem 7.4 we know that for each s we have
A®(s) > A(s) inS!
and in effect in stronger topologies. Then we estimate

limsup | A® — Al g1 < lim Timsup | A" (s) = A($)[lg1 + €25y + Coks)
n—00 §=00 p—o0 = -

< lim limsupcly ).

§70 p—oo

But the last limit is zero in view of the convergence in (7-11). The continuous dependence follows. [

We end this subsection with a lemma that bounds the energy concentration scale from below by an
L?-frequency envelope for F, which proves Remark 5.2.

Lemma 7.8. Let ¢ be a frequency envelope for Fyg in L? forall a,B € {0,1,...,4}. Suppose that
llc ”52>m < Cley for some m € 7 and a sufficiently large universal constant C > 0. Then r&* (F) > 27

Proof. 1t suffices to establish the bound
IFllL2(B(x,2%) < C>k-

To see this we use Bernstein’s inequality to estimate

| Fll2se a5 S 1 Fakllze + D272 1 FjllLee S esi+ ) 227 es ~ o O

i<k i<k
7C. Regularity of energy-dispersed solutions: proof of Theorem 1.20. Consider a time ¢y where Q(A(t))
is nearly minimal. From Lemma 5.10 we have the estimate
Q(A(to)) Se &
If ¢ is small enough this allows us to conclude first that @ < 1, and then that
Q<E €.

Now a straightforward continuity argument shows that

Q(A(t)) <1, tel,
which again by Lemma 5.10 yields

QA1) <e e, tel

Then we can apply directly the result in Theorem 6.1 for any m € Z. This eliminates any restriction on
the size of the interval /.

7D. Gauge transformation into temporal gauge: proof of Theorem 1.18. To produce a temporal gauge
solution to (1-1) from the caloric gauge solution we use a gauge transformation O defined as the solution
to the ODE

0719,0=4¢, 0(0)=1. (7-12)

Here for Ay we have the regularity given by Theorem 5.1(9), namely

Aop € '|D|72L2L]. (7-13)
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We use this to compute the regularity of O:

303

Lemma 7.9. (a) Assume that Ag is as in (7-13). Then the solution O to the ODE has the following

properties:

(i) Ox € Ci(HY).

(i1) O is continuous in both x and t.
(b) Consider two solutions O and 0 arising from Ay and fIO. Then we have:

6) (H L bound)

|| 0_18x0 - 5_13x5||1;,1 < ||A0 - I‘IO||41|D|—2L}(L} .
(i1) (uniform bound)
1d(0, 0) Lo 5 1 Ao = Aollgr p-2r211 -
Proof. (a) We first consider the ODE
07 '9,0=F, 0(0) =1,

and observe that for smooth F' this is easily solvable.
Next we consider a smooth one-parameter family of solutions O(%). For this we compute

%(0—13,,0) — 0, F —[F,0719,0],
which immediately leads to

t
10718,0()] < / 195F (5)| ds.
0

(7-14)

Comparing two solutions O and 9] generated by F and F using the straight line between them, it follows

that ,
a©0.0) = [ 1)~ Fs)lds
0
This yields a Lipschitz property for the map
LI5F - 0¢eC,

which is thus by density extended to all F € L}.
Next we turn our attention to Ag, which by Bernstein’s inequality satisfies

Ag € CxL}.

This implies the desired continuity of O.
Finally we consider the evolution of O~ O,

%(o—laxm — 9. Ao —[4g, 0719, 01.
Since dxAg € LiL}, this immediately gives

o 'o,0elLic,ccL”.

(7-15)
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A second differentiation yields as well
3x(0719,0) e L2C, Cc CL>.

(b) The uniform bound for the difference follows directly from (7-15). For the difference of the derivatives
we compute

3,(0713;0—0719,0)+[49. 0713;0— 019,01 = 8; Ag — 3, Ag — [Ag — Ag. 09, O].
As above, we can estimate this first in L4 and then in H 1. O

To conclude the proof of Theorem 1.18 it remains to verify (i) that gauge transformations O having
the properties in the above lemma yield temporal connections Al e C(H"Y), and (ii) these connections
depend continuously on the initial data.

For the continuity in time we write

Al =04 -0"19,0)07.

The second term above is in C; H? due to the previous lemma. For the first term we differentiate, then
use again the lemma combined with the continuity of O and dominated convergence.

For the continuous dependence of the temporal solutions with caloric data the same argument as above
applies. However, we also need to consider general finite-energy initial data sets. Here the construction
of the temporal gauge solutions starting from a general initial data (a, e) goes as follows:

(1) Given the initial position a € H, we consider the gauge transformation O = O(a) which turns a
into (a, e), its caloric gauge counterpart.

(2) Given the caloric data (@, &) we have as above a unique temporal solution A.

(3) To return to the data (a,e) we apply to A the inverse gauge transformation O~! to obtain the

temporal solution A4.

The regularity of the gauge transformation O is 0719, 0 ¢ H!, which suffices in order for it to map
C(H") connections into C(H ') connections. It remains to prove the continuous dependence. Consider a
convergent sequence of data (a M) M) _ (a, e) in H' x L2 Without any restriction in generality we
can assume that (a, e) is caloric. Denote by O™ the corresponding gauge transformations, which, we
recall, are only unique up to constant gauge transformations. Then we need to show that for a well chosen
(sub-)sequence of representatives 0™ we have the following properties:

1) (0™)=19,0™ - 0in H.
(2) 0™ (x) > I ae.in x.
But this is a consequence of Theorem 1.2; see also Remark 1.3 (recall also that 0.y = Ad(0)(0~13,0)).

8. Multilinear estimates

The purpose of this section is to prove most of the results stated without proof in Section 4. The exceptions
are Theorem 4.24 and Proposition 4.25, which involve construction of a parametrix for O + Diff}p ,; their
proofs are given in the next section.
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8A. Disposable operators and null forms. In this subsection we collect preliminary materials that are
needed for analysis of the multilinear operators in the nonlinearity of the Yang—Mills equation in the
caloric gauge.

8A1. Disposable operators. Boundedness properties of the multilinear operators arising in caloric gauge
(see Section 3) can be conveniently phrased in terms of disposability (after multiplication with appropriate
weights) of these operators.

We begin by considering the multilinear operator Q with the symbol

EP = _ E+m-E—n
202+ 20EP+n>)

which arose in the wave equation for A, (most notably through the expression for at4 ¢) in the caloric

Q.=

gauge.
Lemma 8.1. Forany k, k1, ks € Z, the bilinear operator
25K P Q (Piey (+). Pry ()

is disposable.
Proof. To begin with, note the symbol bound

|§ +
(1P + In2)?
which implies that the symbol of 2Kkmx—k p, O(Pk,(+), Pr,(+)) is uniformly bounded. In the case
ko < ki —5 so that |knax — k| < 3, it can also be checked that

anikignaka |pgn) (P (€ + ) Q (&, 1) Pr, (€) Py (D) Smyms 1.

which proves the desired disposability property. By symmetry, the case k1 < k, — 5 follows as well. In
the case |k1 — k2| < 5 (so that |kmax — k1| < 10), making the change of variables (£,¢) = (§,€ + n), it
can be seen that

phr—kymkagnak 0502 (P (£) Q6. € — 6) Py (6) Piy (€ = )| Sy 1.

Q€. I <

which implies disposability of kemax—k PeO(Pe, (+). Py (+)). _
Next, we consider the multilinear operator W (s) with the symbol
W= e
261

which arose in the wave equation for the Yang—Mills heat flow development A (s) of a caloric Yang—Mills
wave.

Lemma 8.2. Forany k,ki,k, € Z and s > 0, the bilinear operator

(522K) 10 (5710 2km ) p2Kmax Py W (P (+), Prey (-, 5) (8-1)

is disposable.
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Proof. Without loss of generality, we may assume that s = 1 by scaling. We distinguish two scenarios:

Case 1: high-low or low-high, k = max{ky, k>} 4+ O(1). To prove disposability of (8-1), it suffices to
show that

(22kqu) 112n1k1 2n2k2

28
S—Pkl(s)sz(n)N <o |
n

for any n1,n, € N. Since the derivatives of Py (§ + n) Py, (§) P, (n) already obey desirable bounds, it

agm)a(nz) (Pk &+ n)e—|§+n|

only remains to prove

1 — e26m
(22ma) Hmiki gnaka | i) y(na) (e—'f+"'2—e )‘ Snimy 1 (8-2)

£-n

for &, n in the support of the symbol (8-1).
Since k = max{ky,k»} + O(1), we have 22kmx ~ [£]2 4 5|2 ~ |& + |2 On the one hand, it is
straightforward to verify

2n|k12n2k2|8§n1)agn2)e—|$+r]|2| Snins 2n1k12n2k2(1 + £+ 7,”2)”1;— 2e—|i-'+r]|2

n +n2 2
<ni.no 2(”1 +n2)kmax <22kmax) |§+77|

On the other hand, we also have

1 — 28
2k gnake ag’“)agnz)(—e )‘ S 2RI (g e 4 1) (14 2E)

£

kmax 2kmax rll+ 2
< ,n22(n1+n2) (2 )2

~ni

2‘5'17)_

The key point here is that when |£ - | < 1, the denominator & - 1 cancels with the first term in the Taylor
expansion of the numerator 1 — & - n; we omit the details. Combining (8-3) and (8-3), it follows that

1 — e26m
onikiynaka 32’11)35;12) (e—liEJrnl2 € )‘ <nim (22kmaxymitn2 p=lE+n () 4 o268y,

£
Since e~ lE+717 (1 4 ¢26M) = o =6+ 4 o =(EP+I?) < p=C712%m (g oy follows.

Case 2: high-high, k¥ < max{ky,k,} — C. As usual, we make the change of variables (&, ¢) = (£, + n).
It suffices to prove

(22k> 10 (22kmax>2n 1kioyn2k Snina 1

21— 28
o0 (e L= D g -0 <

Note that the derivatives of (22%)10 P, (¢ )e"{|2 Py, (§) P, (§ — ) already obey desirable bounds. Hence

we are only left to show
3(”1)3(”2)(Lm)' w1 (8-3)
£ §-(0=9) v

(22kmnx ) 2” 1k1 2n2k

for £, ¢ in the support of (8-1).
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Note that k1 = kmax + O(1). In the case 2Zkmax < 1 (8-3) follows from
90" (28 - G =) 1 =X E)) 5y 1
which follows by Taylor expansion at £ - ({ — &) = 0. In the case 22kmx > 1, we use
pmikignk gt gt (6. (¢ — )| 5 27,
2n1k12n2k|8én1)8§n2)(1 _ 20y <,
both of which follow from simple computation, whose details we omit. O

8A2. Null forms. We now discuss the null forms that arise in caloric gauge, which occur in conjunction
with various (disposable) translation-invariant operators. To treat these in a systematic fashion, it is useful
to define null forms in terms of an appropriate decomposition property of the symbol.

Definition 8.3 (null forms). Let 7 be a translation-invariant bilinear operator on R!*# and let 4 € {+, —}
be a sign. Given k1,kp € Z, £,0' € =N, w, o’ € S3, define

64 = max{|Z(», £o')|,2¢,2Y}.
(1) We say that 7 is a null form of type N+, and write
TG ) =Ne(-,0),
if for every k1,ky € Z, £,{' € —N and w, 0’ € S3, T admits a decomposition of the form

T((x.£). (0. ) (P, PO E) (P, PY () = 022702 0((.6). (0m) Y ai, (§)bi, ().
i1,ineN
where the Fourier multipliers

([0 a1+ 1i2)) i, (8-4)
are disposable, and the translation-invariant bilinear operator with symbol

O((z.£). (0. 1)

is disposable as well.
(2) We say that 7 is a null form of type N if T(-,-) =N4(-,-)and T(-,-) =N_(-,-).
(3) We say that 7 is a null form of type Ny, +, and write
TG )=Nox(-.),
if for every k1, ko € Z, £,£' € =N and o, ' € S3, T admits a decomposition of the form

T(E M (Pr, POYE)(Pr, PG ) () = 02281 7R20((x.6). (n.0)) Y @iy (E)bi ().
i1,i2€eN

where the Fourier multipliers

(1+i1) "%, (1+i2)'%%;, (8-5)



308 SUNG-JIN OH AND DANIEL TATARU

are disposable, and also the translation-invariant bilinear operator which has symbol O((z, ), (o, 1)) is
disposable as well.

In particular, O, a;, and b;, may depend on k1,k2,£,¢, w, ', but the disposability bounds stated
above do not.

Remark 8.4 (null form gain). To exploit the null form, it is convenient to make the following observation:
as an immediate consequence of the definition, we may write

Ni(Py, PPu, Py PY v) = CL28 2B (P, PPu, Pry P v)
for a universal constant C > 0 and some disposable 0. Analogous statements hold for A/ and Ny +.

Remark 8.5 (behavior under symbol multiplication). The properties of 7 in Definition 8.3 seem compli-
cated at first, but its usefulness comes from the fact that it is well-behaved under symbol-multiplication
with a disposable multilinear operator. More precisely, if O(-,-) is a disposable translation-invariant
bilinear operator and 7 (-, -) is a null form in the sense of Definition 8.3, then the translation-invariant
bilinear operator with symbol O(&, n)7T (€, n) is clearly also a null form of the same type.

We now verify that the standard null forms are indeed null forms according to Definition 8.3. We have
the following separation-of-variables result for the symbols of the standard null forms.

Lemma 8.6 (standard null forms). Consider the symbols

Nij(&,n)=&nj—&ni, No+(&n)==x|Eln|—&-n.

These symbols admit the decompositions

€171 1017 Ny (6. ) (Pay POYE) (P, PEY () = min{y, 63 > ai (©)biy (). (8-6)

i1,ineN
€171 ™" No,= (5. m) (P, PE)(E) (P, PEY(p) = 62 Z aj (£)b, (n), (8-7)
i1,i2€N
where
U410 Pa;,. U+ D10 (41D %, (1+ i)', (8-8)

are disposable.

As a corollary, it follows that N;; is a null form of type N, whereas Ny + are null forms of type N.

As before, a;,, al’.l, bi, and blfz depend on k1, k,, €, ¢, w,w’, but the disposability bounds stated in
(8-8) do not.

This lemma can be proved by performing separation of variables using Fourier series on an appro-
priate rectangular box containing the support of Py, P/ (§) Py, P£/ (&7). For the details in the case of
1E171 0|~ 1V (€, 1), we refer to [Gavrus and Oh 2016, Proof of Proposition 7.8]. For Ny 1, observe that

[\70,:&(57 n) := |&]7n| "1 No,+ (€, n) obeys
INo+(E.m| S 6%, |3:No (& S27F65, |3,No+(E, )] <2720,
00002 N +(6.m)] S 27"F12772K2 (g 410 > 2)
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for &, 1 in the support of P, P/ (§) P, Pf(n). Using these symbol bounds, the case of Ny + can be
handled by essentially the same proof as in [Gavrus and Oh 2016, Proof of Proposition 7.8]. See also
[Gavrus 2019, Section 8].

We now present algebraic lemmas, which are used to identify null forms in the Yang—Mills equation in
the caloric gauge. The following lemma identifies all bilinear null forms.

Lemma 8.7. Let O be a disposable bilinear operator on R'T4. Let A be a spatial 1-form and let u, v be
functions in the Schwartz class on RYT4. Then we have

O(P* A, du) =Y N(D|" 4;.u), (8-9)
J

PO(u,d,v) = |D|"*N(u,v). (8-10)
Moreover, we also have
O(0%u, 3qv) = No,+ (01 u, 0 )+ Mo +(Q7u, Q7 v)
+No,~(QFu. 07v) + No—(Q7u, 0Fv) +Ro(u.v), (8-11)
where
Ro(u',v") = O((D: = D)0 ' + (D; + D) Q™ u, D)
+0(ID|(QTu' = Q07u). (D = |DNQ TV + (D¢ +|DNO V). (8-12)
Remark 8.8. As is evident from the proof below, Lemma 8.7 readily generalizes to a disposable multilinear
operator O that has one of the above structures with respect to two inputs. We omit the precise statement,

as the notation gets unnecessarily involved. However, we point out that this is all we need in order to
handle the trilinear secondary null structure.

Remark 8.9. An alternative way to make use of the null form O(d%u, dqv) is to rely on the simple
algebraic identity

20(0%u, dgv) = OO(u, v) — O(du, v) — O(u, Ov). (8-11Y
We have elected to use the decomposition (8-11) to unify the treatment of null forms.

Proof. We begin with (8-9) and (8-10). By Remark 8.5, it suffices to consider the case when O(u, v) is
the product uv. Then it is a well-known fact (going back to [Klainerman and Machedon 1994; 1995])
that P£Ad,u and P;(udxv) are standard null forms, i.e.,

PAdu = Ny ()18 47 u), (8-13)
P;(udxv) = (—A) 1O NG (u, v). (8-14)

We omit the simple symbol computation. Hence (8-9) and (8-10) follow.
Next, we prove (8-11), which is essentially the well-known fact that 0%udyv = —D%uDyv is a null
form. To verify (8-11), we first decompose u = Q u 4+ Q" u and v = Qv + O, then we substitute

D;0*u=+|D|0*u+ (D, F|D|)0Fu, D;0¥v=='|DI0F v+ (D, F |D)OFv.
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When O(u, v) = uv, the contribution of the first terms gives

> & ='|D[Q*u|D|Q* v~ D Q*uDQF v) = ) | Noss(Q*u. 0% v).

+,4’ +,4’
By Remark 8.5, the same contribution constitutes the first four terms in (8-11) in general. Note moreover
that the remainder makes up Ro(u, v), which proves (8-11). O

Next, we present an algebraic computation, which will be used to reveal the trilinear secondary null
form of the caloric Yang—Mills wave equation.

Lemma 8.10. Ler O, O’ be disposable bilinear operators on R'T4. Then we have
o' (Ao D, 9ou@), 3%y + o' @ PO D, 8,u?®), 8 u®)
=0'@a'ou®, 9,u?), 9%u®) - 0@ 'A719,0,0uP, 3%u?®), 9,u®)
— 0@ AT9,0,0uV, 3 u @), 3%u®),
provided that A~'0, 0710 and O~ A=1O are well-defined in the sense that their kernels have finite
masses.

Of course, the requirement that the kernels of A~1©, 07O and O~' A~ O have finite masses is
excessively strong for the validity of the lemma, but it will be verified in the applications below.

Proof. The proof of this lemma is the same as in [Krieger et al. 2015, Appendix]. Using the identities
ATl O =07'ATY(—-8%), P;B=B;—AT'9;0°B,. 3% =—dp =0,
and adding and subtracting O'(O0"*A719,3¢ 0™, 3,u@®), 3,u®), we may write
O'(ATTow®, 9gu®), 3% ) + o' @ P, oD, 8,u®), 3'u®)
=0/ @ tow®,du®), %) + o' @ ow®, 9;u®), su®)
—0/(@'A719,0°0u®, 90u @), ,u®) —o0'@ ' AT19; 00w, 9,u®), 31 u®)
—o0/@'A19,0t0u®, 9,u®), 3,u®)— 0@ AT 90 0D, 3,u?), 3%u)
=0 @ 'o®, d,u®),3*u®) -0’ @'AT19,0,0wD, 3*u®), 9,u®)
—0'(@O AT 9,0,0D, 3 u®@), §2u ).

In the last equality, we paired the first and the second, the third and the fifth, and the fourth and the sixth
terms, respectively, from the preceding lines. O

8B. Summary of global-in-time dyadic estimates. In what follows, we denote by O a disposable translation-
invariant bilinear operator on R! ™4, and by A a bilinear null form as in Definition 8.3(2). Let u and v
be test functions on R!™#. For convenience, we also introduce test functions u’ and v/, which stand for
inputs of the form Vu and Vv, respectively, in the applications.

Given k, k1, k, € Z, we define ky.x = max{k, ky, ko } and kyy, = min{k, k1, k»}. We use the shorthand
U, = Py u, Vg, = Pr,v and vp = Py, v"
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8B1. Bilinear estimates for elliptic components. We start with simple bilinear bounds which do not
involve any null forms.

Proposition 8.11. We have

_8 kmax_kmin
PO, vp ) 2 r—1/2 S 2701 | Dug, gy 10, lsyo- (8-15)
_8 kmax_kmin
1 PO, vf )| poss grare S 2701 | Dug, llgyo 10, llsyo- (8-16)
I POk, Vi) 12,00 S 275 FIR20 ) Dugg 15107 s (8-17)

Furthermore, we have the following simpler variants of (8-15), (8-16) and (8-17):

_8 kmax_kmin

||Pk0(uk1 ) vl/cz)”LZH—lﬂ <2 1 )||uk1 ||ng3/2||U;¢2 s, (8-18)
-6 kmax_kmin

| PkO(”kl ) U;CZ)||L9/5['1—4/9 <2 1( )||”k1 ||L2H3/2 ||v,’€2 s, (8-19)

27 . 4 _1 5 1 _5
|1 POk, Vi) 12,00 S 235m0273K276K126K2 2651 gy [11216) (27 8%2 0] llp2p6).  (8-20)

8B2. Bilinear estimates concerning the N -norm. Next, we state the N -norm estimates which will be
used for the bilinear expressions arising from P M, P+ M and Rem*:2.

Proposition 8.12. We have

| PN (e, s o) |y < 2751 Cmac=knin) 2K | Dy 15[ Do, |5 (8-21)

| P O(0%ug, , 0aVi,) N < 2781 Gemax—Kmin) 2 Kman | Dug, |Isl|Dvi, s, (8-22)
_ _ . 1

1PLOGy vyl 2 < 270 Emakmind Jygr | 0 (2652 g, N 2 6). (8-23)

Furthermore, for any k € N, we have the low-modulation gain

| Pr Q <k, —ke N (Q <k —cUky » O <beyin—kc Vi) | N S p~dikgk | Dug, |Isl|Dvg, s, (8-24)
1Pt O <t 0% O <t ity 00 O <t Vi) IV S 27812k | Duy |5 || Dy s (8-25)

For the term Diff , B, we need to distinguish the case when the low-frequency input 4 has a dominant
modulation. For this purpose, we borrow the bilinear operator 7—[; (and its “dual” Hj) from [Krieger et al.
2015].

Given a bilinear translation-invariant operator O, we introduce the expression Hy O (resp. ’HZ ), which
essentially separates out the case when the modulation of the output (resp. the first input) is dominant.
More precisely, we define

HOw.v) = > 0;0(Q<j—cu,Q<j—cv),
jij<k+C

HiO®u,v) = Z O0<j—cO(Qju,Q0<j—_cv)

Jjij<k+C
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for some universal constant C such that C < Cy, where Cj is the constant in Lemma 8.21. We also define

HO@w,v)= > PeHRO(Pryu, Pryv),
k,k],k22k<k2—c
H*O(u,v) = > Hje, PrO(Pru. Pryv).

k,k1,k>:k1<ko—C

We are now ready to state our estimates for the N -norm of the term Diffp4 B.

Proposition 8.13. For k1 < k — 10, we have

| Pe(1=HE DN (D gy vl < [ Dy s || Do, s (8-26)
1
1P (1= H YOukey s vi )N < Nty 2 gase [0, s (8-27)
1 2 2
1PeHE N (DI gy o) v S M, [z | Dogy s (8-28)
1
| PrHy, Ougy s i )IN < ke, [ a-12m1221 [0, Il s - (8-29)

Furthermore, for k1 <k — 10 and any k € N, we have
1 PeHg N (DO <y ety Vi) IV S 27 g, | 21 | Do, | . (8-30)
| PEH], O(Q <kt V)l S 275 g, a2zl s (8-3D)

8B3. Bilinear estimates concerning X, b.p -type norms. We now state the Z!-, Z 11,0— and Z ;0—norm
bounds. We begin with the ones for the bilinear expressions arising from P M?, Rernl'fl’2 and M%.

Proposition 8.14. We have
| PN (g v gz, < 270 o)oK | D |5 D 5. (8-32)
| PrN (g, s vi) oz S 2781K=R2l0K ) Doy [ 51| Dy, s (8-33)
Furthermore, for k <k — C, we have
1 Prc(1 = H )N (g, vi) Iz S 2750 €028 Dy s Dy, s (8-34)
1Pe(1 = H) OCur, v ) arzoirzz1 S 27 * 0 Dug s [lvy, s (8-35)

The following bounds are for the null form arising from Diff }‘,x 4B we remark that this is the only
place where we need to use the intermediate V4 ;O -norm.

Proposition 8.15. We have

| PN (D™ ke, i) gz, S 270 Con o e 51| D, s (8-36)

| AN (D] ke, vk g, <2701 C o g g z3 1Dk 5. (8-37)

| PN (DI ey vie) iz <270 Em™ ) g 51,71 [ Dy s (8-38)

| PN (DI iy vy -172400 - S 270 o) g g1 70 ([ Dy s (8-39)

Finally, the following bounds are used to handle Diff f’fOB and Diff,, ,B.
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Proposition 8.16. We have

| POy v mzy, <2701 Em )| Dug 1y v, s (8-40)
1POui, v )llmz1 S 278 Eme o) Dage 1y og, s (8-41)
1 PeOui, Vi)l —1/2401.-5y < 2701 Eme=Knid | Doy 1y vy |1 (8-42)

8B4. Trilinear null form estimate. Let u(l), u(z), u® be test function on R4, Given ki € Z, we
introduce the shorthand u(’) k,»u(i) i=12,3).

Proposition 8.17. Let O and O be disposable bilinear operators on R'T4. Let j <k —C and k <
min{kg, k1,...,k3} — C. Consider the expression

cublc(u’(cl)’ul(cz)’uk))_Q<] cO' (A~ PkQ,(’)(Q<j_Cul(€11),80Q<j_cu(2)) 0 Cuk))
+0<j-cO@ PO PO(Q<jcuy). 00 <jcul). 0* O <jcup).

Then we have

NGy w2 )l o £ 271 O EED DD s | D s 1 Dul s (843)

In fact, for later use (in Section 11), it is convenient to also state a more atomic form of (8-43). Given

k; € Z and a rectangular box C®), we use the shorthand u' y = P, Pc<i>u(i ) (i =1,2).

k C(l
Proposition 8.18. Suppose O and O’ are translation-invariant bilinear operators on R'** such that
owpp -, PZ“,’/ -) and O'(PJ -, Pe(‘,’/ -) are disposable for every £, £’ € —N and w,w’ € S>. Let j <k —C,
k <min{kg, k1,...,k3}—C and ¢ c®@ ¢ {Cr (D)}, where £ = % We have

— 1 3
| Pey Q< j-cO' (O PLQ;0(Q<j—ctty) ity 00 Q< jmctiy) 1), 9% Q< jmctuf ) 1 L2

—81 (k1 —k) n—81 (k— )
< 2701k =ai ’)llDuklCm||skl[ck(e)]llDukzC(z)||S,(2[ck(e)]||Duk3 Is. (8-44)

||PkOQ<j_CO/(D_lA_1Pij3 d O(Q<j—Cu( )C(l)’aaQ<j—Cu C(z)) 8tQ<j—Cuk )||L1L2

s b1k =k)p=d1 (k= j)”D“kl o ”Skl [Ck(ﬁ)]”Duk2 e ”Skz[ck(e)] ”Duk ) s, (8-45)

1 ,— 2
| Py Q< jc O/ (O AT P Q0100 O(0 <j—ctty 1y, 9 0 < - cu; ) 0, 00 <j—cu)pi 2
S 27T EED DU sy el DU o s feenl D) s - (8-46)

8C. Proof of the interval-localized estimates. In this subsection, we prove all estimates claimed in
Section 4 except Theorem 4.24 and Proposition 4.25, which are proved in the next section.

The key technical issue we address here is passage to interval-localized frequency envelope bounds (as
stated in Section 4) from the global-in-time dyadic estimates stated in Section 8B.

In what follows, we denote by © and O disposable multilinear operators on R! T4 and R%, respectively,
which may vary from line to line. Similarly, )(II‘ indicates a generalized time cutoff adapted to the scale 27k,
which may vary from line to line.
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8C1. Estimates that do not involve any null forms. Here we establish Propositions 4.12, 4.13, 4.14 and
4.18, whose proofs do not involve any null forms.

Proofs of Propositions 4.12 and 4.13. We introduce the shorthand A’ = 9, A and B’ = 9; B. Using (4-25)
and Lemma 8.1 we write

|D|7 Py ME(Py, A, Py, B) = 27X PLO(Py, A, Py, B)), (8-47)
PLQ(Py, 4, Pr, B) = 25275 P O(Py, A, Py, B), (8-48)

D' P Q(Py, A, Py, 9 B) = 27Fm P O(Py, A, Py, B, (8-49)
|D|"2PyDM3(Py, A, Py, B) =2 K27 up O (P, A, P, B'). (8-50)

Step 1: fixed-time estimates. Applying Holder and Bernstein (to one of the inputs or the output, whichever
has the lowest frequency), we obtain

1Pk O (Pru’, Preyv) 2 S 225 | |0 2. (8-51)
Recalling (8-47)—(8-50), the fixed-time estimates (4-27), (4-28) and (4-35) follow.

Step 2: space-time estimates. Here, we prove the remaining estimates in Propositions 4.12 and 4.13. In
this step, we simply extend A4, B, A’, B’ by zero outside I. Furthermore, we define

MO small(A’B) = Z PkM%(P/ﬂA’szB)v (8-52)
|kmax_kmin|ZK
Olarge(A B) - Z PkM(z)(PklA’ szB), (8-53)

|kmax_kmin|<K
so that ME’Z(A,B) = (4, B) + My’ 12arge(A B).

Step 2.1: L2 H/2-norm estimates. We first verify (4-29)—(4-34), (4-36) and (4-38) with the L2 H */2-norm
(instead of the Y -norm) on the left-hand side. All of these estimates follow from (8-15) and (8-47)—(8-50).
The small factor in (4-31) arises from the exponential gain in (8-15) and the frequency gap « in (8-52),
whereas the factor €2 M in (4-33), (4-34) and (4-38) arises from (4-21).

sma]l

Step 2.2: L' L®-norm estimates. By Holder’s inequality, we have

1-6
||Pku||Lp0W2—3/170-I)(/) S ”Pku”L2[;l/2”Pku”LlW 1,00° (8_54)
where 09 = 2(— — —) € (0, 1). Therefore, (4-29), (4-31) and (4-33) follow by combining (8-17) with the

L2 H'2_norm estimates from Step 2.1. On the other hand, for (4-32) we use (8-20) instead of (8-17),

which allows us to use the DS !-norm on the right-hand side at the expense of losing the exponential

off-diagonal gain. Finally, for (4-37) and (4-38), observe that by (8-20), (8-48) and (8-49) we have
IIDI7771 Q(Pr, A, Py Bl L1 oo <2701 Ena™ i) Py A i [[|D17° Py B[ ps

for o = 0, 1. Therefore, the L! L*-norm bound in (4-37) follows directly, whereas the Y -norm bounds
in (4-37) and (4-38) follow after interpolating with the L2 H'2_norm estimates from Step 2.1. O
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Proofs of Proposition 4.14. For this proof we use the square function L ,160/ 3L% component of the S norm,
for which we have
3
_ ~—i5k
||”||s;§q =2710%||lu ”L)'CO”L%'

We recall that the symbol of AAg is

&7
€17+ In>

Then we use Bernstein at the lowest frequency to estimate

AAZ(E.n) =

” PkAA(Z)(Akl , atAkz) ||L2Ll s 2_2(k2_k1)+2_1l0k1 2%k22%kminckl ckz 5 2_T3()(kmax_kmin)ck1 Ckz‘
Now the bound (4-39) immediately follows due to the off-diagonal decay. O

Proof of Proposition 4.18. The bounds in this proposition are trivial consequences of Proposition 8.11,
along with the observation that |[[D[u|| g0 < [[Vull;2g1/2. We omit the details. O

8C2. Estimates for PM? PLM? and Rem?*. We now present the proofs of Propositions 4.15 and
4.20, which require the bilinear null form estimates in Proposition 8.12, as well as the X b.p -type norm
estimates in Propositions 8.14, 8.15 and 8.16.

Proof of Proposition 4.15. Unless otherwise stated, we extend the inputs A, B by homogeneous waves
outside /. For k, k1, ks € Z, by Lemma 8.1, note that

Py PM?(Py, A, Py, B) = P PO(Py, A, 0x Py, B), (8-55)

Py P M2(Py, A, P, B) = 275 POy Py, A, 8% Py, B) (8-56)

for some disposable operator O on R*. Note also that, by Lemma 8.7, the right-hand sides are null forms.

Step 0: proofs of (4-40), (4-41). In view of (8-55) and (8-56), both follow easily using the standard
Littlewood—Paley trichotomy and (8-51).

Step 1: proofs of (4-42), (4-43), (4-44) and (4-45). The N -norm bounds in (4-42) and (4-43) follow from
the null form estimates (8-21)—(8-22). On the other hand, the (X !-norm bounds in (4-42) and (4-43)
follow from (8-15), (8-16) and (8-32); we remark that the DZ})O -norm bound for P+ M is unnecessary,
since PP+ M = 0. Estimates (4-44) and (4-45) immediately follow from (8-15), where we may simply
extend A, d;A, B, ;B by zero outside / as in the proofs of Propositions 4.12 and 4.13 above.
Step 2: proofs of (4-46), (4-47), (4-48) and (4-49). Since the case of P M? (i.e., estimates (4-46) and
(4-48)) can be read off from [Oh and Tataru 2018, Proof of Proposition 4.1], we will only provide a
detailed proof in the case of P M2 (ie., estimates (4-47), (4-49)).
Step 2.1: off-diagonal dyadic frequencies. If max{|k — k1|, |k —k2|} > k, then by (8-22) we have

| Pe PEAMP(Py, A, Py B) |y < 2701 Cnhod | Py A 1| Py, B 0

1 1 )
27202 | Py A1 | Pry Bl 51

K,2

Hence the contribution in the case max{|k — k1|, |k —k»|} > k can always be put in P M snall”
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Step 2.2: balanced dyadic frequencies, short time interval. Next, we consider the case when |k — k| < k,
|k —ko| <« and |I| <27%+C% Then by Holder and (8-56), we simply estimate

1
| Pe PEMP(Pyy A, Pry B) 1 p2iny S 12| Pe PEMP (Pry A, Py B 221210
1
< 112275 || O(3% Py, A, 8 Pry B) |l 212
< CK’ -3 -3
S2%IDITV Ak, a1 D173V Biy 4 pan.-

Therefore, when |I| < 27%+C¥ the contribution in the case max{|k — k1|, |k —k,|} < k can be put in
PJ_MK,Z

large*

Step 2.3: balanced dyadic frequencies, long time interval. Finally, we consider the case when |k —k1| <,
lk —ka| <k and |I| > 27%*TCK We define P M*2 by the relation

large
> Py P M (Py, A, Py, B)
max{|k—k1|,|k—k2|}<k
=Y POt PEMA(P Oty A Py Qi B) + PEMEZ (AL B).

max{lk—k1|,|k—k2[}<k

By (8-25), the first term on the right-hand side gains a factor of 27¢81€ and therefore can be put in
PLEME2 Now it only remains to establish (4-49) for PLMX2 defined as above.

small* large

By definition, P2 (A, B) is the sum over {(k, k1, k2) : max{|k — k1|, |k —k2|} <«} of

large
Py PEMP(Pyy A, Pry B) = PiQ <k PTMP (Piy Q <tiy—icAs Py @ <k B)-

Since we are allowed to lose an exponential factor in « in (4-49), it suffices to freeze k, k1, k» and estimate
the preceding expression. At this point, we divide into three subcases:
Step 2.3a: output has high modulation. When the output has modulation > 2kmin=K we use the X ? =172,

component of the N-norm. Since the kernel of Py Qg decays rapidly in  on the scale ~ 27k2C¥

min—K ’

we have
1
| P Qs kiyrc PEMP(Pry A, Py BY o172y < 227 2K f PEME(Pry A, Pry A) |22
for some generalized cutoff function )(’I‘ adapted to the scale 2% Then, by Proposition 4.10,

_1 _3 _3
2C€ 272K | Yk PL AR (P, A, Py A) |22 S 2% XK I D73V Py, Al pagall )X |1 D73V Py B paga
_3 _3
S2CK(|IDI73V Py, Allpap a1 DI™3V Py Bl oo
which is acceptable.

Step 2.3b: A has high modulation. Next, we consider the case when the output has modulation < 2kmin—k
yet A has modulation > 2kmin=k  The kernel of Py O - . —, again decays rapidly in ¢ on the scale

min
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~ 2 k7Ck PRor any 2 < ¢ < oo, we have

| Pre @ <ty P M*(Q sk Piey A Picy B L1 2217
< 2%} PEMP Qi Piy A, Py Bl 12
Ck -1 k 2—1
S270IDI e 0Py Allpa p2llxy 1D17 9V Pry BllLa oo
_1 1
291D e 0Pk, All o Lopg 11 P> 77V Pry B Laroopa.
where we used Proposition 4.10 on the last line. Taking ¢ = 2, we see that the last line is bounded by
<20¢ 0Py, A||L2H—1/2[I] | Pr, Bl ps1yr]> which is acceptable.

Step 2.3c: B has high modulation. Finally, the only remaining case is when the output and 4 have
modulation < 2¥mn—¥ but B has modulation > 2Kmin—¥_ Proceeding as in Step 2.3b, and using the fact

that the kernel of Py, Q < decays rapidly in ¢ on the scale ~ 27¥2C¥ we have

min—K

1Pk @ <k PEMP(Q <inmic Piey A Qi Pis B L1 L2117
S 2% 1% PEMP(Q chey— Piy Ay Qstey—ic P B) 11 12
<294 ) IDIT3VQ g Pry All 210 I D20 Py, Bll 212
S 29401 D 2V Py All 2 ooy | O Py Bl 2 r-1/2471-

which is acceptable.

Step 3: proofs of (4-50) and (4-51). Since the L2 H ~/2-norm bounds follow from (4-21), (4-44) and
(4-45), it remains to only consider the N -norm. The case of P M? can be read off from [Oh and Tataru
2018, Proof of Proposition 4.1]. Finally, for P M?2, we split into the small and large parts as in Step 2.
For the small part, we already have

| PEMEZ (AL B)Inan S 270 All i g M.

smal
For the large part, we proceed as in Step 2, except we choose g = % in Step 2.3b. Then by (4-20), (4-21)
and the embedding
swl[1] € LALA TN LA L),
it follows that
| PHMize (A By < 255 6™ | Al gy M.

large

Therefore, choosing 27% = &€ with ¢ > 0 sufficiently small, (4-51) follows. O

Remark 8.19. As a corollary of the preceding proof in the case of P M?2 we obtain the following
statement: let O be a disposable operator on R%, and let A, B be g-valued functions (or 1-forms) on /.
Then we have

||Pk(0(alPk1A7 a]szB) - 0(8]Pk1A9 alszB))”N[I]
< 26 Ena=knin) 2K || P All psipryll P, Bllpsipry- (8-57)
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Moreover, if (B, I) is (&, M )-energy-dispersed, then

| Pic(O (i Piey A. 9 Prcy B) = O (3 Piey A. 9i Py B)) | wiyy S 26 Emn= w2k et Py Al 511y M. (8-58)
Proof of Proposition 4.20. We decompose Remﬁ’zB into

RemA ’p = RernP AB—i—Rem B+RemA B

P i A
where

Rem'” B =Y 2P [PyPy A 9" Py, B), (8-59)

k.ki.k2
k1 >k2—K

Rem';} B= Y  2P([Py, PlA.0"Py,Bl. (8-60)

k.,k1,k>
k1>ko—«

Rem{>B =— > 2Pc[Py, Ao. Pi,0:B]. (8-61)
k.ki,k>
ki1>kr—«
By Littlewood—Paley trichotomy, note that the summands on the right-hand sides of (8-59)—(8-61) vanish
unless kK — k1 <k +C.

Unless otherwise stated, we extend B by homogeneous waves outside /. For (8-59), we extend A by
homogeneous waves outside / and for (8-60)—(8-61), we extend P;A and Ag by zero outside 1. (Of
course P of the extended A does not coincide with such an extension of P14 outside 7, but this will
not be an issue.)

Step 1: proofs of (4-77) and (4- 78) The N -norm bound in (4-77) follows from Lemma 8.7 and (8-21) for
Rem'lﬁ,2 4B, and (8-23) for Rem’; pL AB Rem{'f1 2 B. On the other hand, for the JX '-norm bound in (4- 77)
we apply (8-15), (8-16), (8-32) to RemP AB and (8-18), (8-19) and (8-40) to RemPLAB RemA ’B.
Finally, (4-78) follows from (8-15) and (8-18).

Step 2: proofs of (4-79), (4-80) and (4-81). The term Remfl’ozB can be put in Remﬁ’i o . B, since for each
triple (k, k1, ko) within the range k; > ks — k., by (8-23) we have

| Prc[Pr; Aos Pry e Blll 1 L21r) = 1 PeO(x1 Pry Aos x1 Pry0: B) L1 2
< 2ka—k I PO(x1|D| Pr, Ao, x1|D| ™ Pryd: B) |12
5 2K2—81(kmax_kmin)||Pk1 AO”L2H3/2[1]||Pk2B||DSl[I].

Similarly, the term Rem;7 , B can be put in Rem’y’ " 1 are . B. Moreover, the contributions of these two terms

PLA
to (4-81) are clearly acceptable, since they need not gain any small factor.
It remains to handle the term Rem’s P. AB We proceed differently according to the length of /. If

|I| <27%+C¥ we define

Rem{? B = > 2P [P¢ Py, A, 8" Py, B],

k.ki,kr:k1>kr—k
max{|k1—kz|,lk1—k|}=Cok
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and if |I| > 27k+C¥ we define

2
Remfl,smallB = Z 2Pk[PZPk1AaaeszB]
k.k1,k>:k1>kr—xk,

max{|k1—k2|,|k1—k|}>Cok

+ > 2P O <kpin—Corc [Pt Piey @ <kpin—Corc A+ 0 Piey O < —Corc B
kykl ak2

max{|k1—kz|,lk1—k[}<Cox
In both cases, we put the remainder Rem';,’f 4B — Remﬁ’i B 10 Remﬁ’i} o B
Choosing Cy > 0 large enough (depending on §7), it follows from Lemma 8.7, (8-21) and (8-24) that
Rem®? B obeys the desired bound (4-79); this bound is also acceptable for (4-81). On the other hand,

'A,small
the contribution of Rem';,’f 4B - Remfl’imauB in (4-80) and (4-81) can be handled by proceeding as in
Steps 2.2-2.3 and 3 in proof of Proposition 4.15; for the details, we refer to [Oh and Tataru 2018, Proof
of Proposition 4.6]. |

8C3. Estimates for Diff f, 1 4B and high-modulation estimates for Diff p4B. Next, we prove Proposi-
tions 4.21 and 4.22, which mainly concern the X~12+br=br n O x 1 norms of Diff;‘,LAB and Diffp , B.
Proof of Proposition 4.21. We extend B by homogeneous waves outside /, and P+ A by zero outside /.
Note that

IDPLAlly S IP*Alyisy,  IBlst SIBlsiy- (8-62)
To prove (4-82), we need to estimate the X —1/2+b1,=b1 00X !-norm of yDiff f, 1 4B. We may write

XDy (B = 2[Poj_ P;-A. x10"PrA] =Y 2K O(Pog_ PH A, 1 P A).

k k
Then by (8-18), (8-19), (8-40) and (8-42), as well as (8-62), we obtain (4-82). On the other hand, (4-83)
simply follows from Holder’s inequality L1 L>®° x L®L? — L1L2, |

Proof of Proposition 4.22. We extend A, B by homogeneous waves outside I, and Ag by zero outside /.
In addition to [|A| g1 < [|A| s1777, observe that we have

IDAolly <l dollyriry.  I1PAllzy <WIPAlizy (ry- I1PAllzy < UIPAlZy 1- (8-63)
Moreover, by (4-10), we have
IxrVAlls S IVAls < | Allsiry. IxrVBls SIVBls S 1Bllsir- (8-64)

We first prove (4-84), for which we need to estimate the X ~1/2Tb1:=b1 n O X L-norm of y;Diff 4B
We may write

X[Diff;foB =—- 22[P<k—KAO’ x10: Py B] = ZO(P<k—/cAO, X1 Pro:B).
k k

Then by (8-18), (8-19), (8-40) and (8-42), as well as (8-63)—(8-64), we obtain (4-84).
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For (4-85), (4-86) and (4-87), by Lemma 8.7, we may write
XIDiftp 4B == 2[Pt_PeA x13" PB] =Y N(D|7'Pox_PA, y1 Py B).
k k
By (8-36), (8-37) and (8-39), combined with (8-15), (8-16) and the extension relations (8-63)—(8-64), we

obtain the desired estimates. O

8C4. Estimates for Diff f, 4 B. Here we prove Propositions 4.23, 4.26, 4.27, 4.28 and 4.30. Note that, by
the estimates proved so far in this subsection, we may now use Proposition 5.4 (see also Remark 5.5).

Before we embark on the proofs, we first establish some bilinear Z!-norm bounds that will be used
multiple times below.

Lemma 8.20. We have

1P PAM? (31 Py A, Py B)lozn < 275 MRl P Al gl Py Blisip.s (8-65)
| P MG (X1 Pry A. Pry B) |1 oo S 27022l P Al 1| Pry Blls - (8-66)
| Pi[Pr, PeA, x10° Py, Bllligzr < 2751 ko) P Al g11191l P, Bll sty (8-67)
| P[P, G x1V Piey Bz < 2781 m=kuin) | P G|y 119l Pry Bl 51 117- (8-68)

Moreover, for k < ki — 10, we have

(1 = H) Pe PAMP (11 Pay A, Proy Bz < 2701 o) || Py Al g1 (]| Py Bll sy, (8-69)
(1 =H2) PeMG (1 iy A, Py B) | aragrrazn 5270 Em™knid | B Al g1y Py Bllsiry. (8-70)

These bounds follow from Lemma 8.7, (8-17), (8-34), (8-35), (8-38) and (8-41), where we use (8-63)
and (8-64) to absorb y; and return to interval-localized norms. We omit the straightforward details.

Proof of Proposition 4.23. As in the proof of Proposition 4.22, we extend A, B by homogeneous waves
outside /, and Ag by zero outside /. Furthermore, we extend P4 by zero outside /, and denote the
extension by G (we emphasize that, in general, G does not coincide with P-4 outside 7). In addition to
(8-63) and (8-64), by Proposition 5.4 (see also Remark 5.5) we have

[Allst Sm 1, [[DAollpy Sm 1, [IDGllpy Sm 1. (8-71)

In the case of the L2 H ~1/2-norm on the left-hand side, (4-89) now follows easily from (8-15) and (8-18).
It remains to estimate the N -norm of Diff 1’§k paB.
0
By our extension procedure, note that Py A and Py, Px A obey the equations

APy Ao = Pry([x1 4% 8:40) + 20 (A, x19: A) + x1AA3(4)),
OPy, PxA = Pry P(PM>(x1 A, A) +2[Ao, x18; A1 —2[Gy, x18“A] —2[P, A, x13°A))
+ P, P(x1 R(A) — yrRem?(A)A).
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For the cubic and higher-order nonlinearities, by Theorem 3.5 and Proposition 4.19, we have

21 Py AAZ(A)lz1z2 Sm L, (8-72)
X1 Peo R(A)|Ip112 Sm 1, (8-73)
I x1 PegRem® (A)All 172 Sar 1. (8-74)

For the quadratic nonlinearities, we use (8-17) for [y7 A%, 3;A;] and Q(A, y79;A), Lemma 8.7 and
(8-33) for PM?[y; A, A), Lemma 8.7 and (8-38) for —[PyA, y73*A], and (8-41) for [Ag, x79; A] and
[Gy., x13¢A]. Combining these with the cubic and higher-order estimates and the embedding L'L2 C
0zin A_1/2D1/2Z1, we arrive at

||Pk()AO||L1LOO+L2H3/20A*1/2D]/ZZI <m 1, (8-75)
I Pro PxAllz1 S 1. (8-76)

By Lemma 8.7, (8-26), (8-27), (8-28), (8-29) and Holder’s inequality L! L% x L>®°L? — L' L2, it follows
that
||PkDiff1’§k0A0szB||N < ||PkoAO||L1Loo+L21-'13/2mA—1/2|:|1/2Zl [DBlls,

1 PiDiffp, p 4P BIN <1 Pro PxAllsinz [ DBlls-

Thanks to the frequency gap x > 5, note furthermore that the left-hand sides vanish unless k£ = k, + O(1).
This completes the proof of Proposition 4.23. O

Proof of Proposition 4.26. Estimate (4-94) follows easily using Holder and Bernstein. To prove (4-95),
we extend PA, B by homogeneous waves outside /, so that || P, OPA| 172 < || P, OPA| 12 and
| Pry Blls1 < || Py Bl s1yr]- Moreover, by the embedding L'L? Cc NNOZ!, we have

| Pr, PAlsinzt < || Pk, VPA(t0)llp2 + || P, OPAllp1 27y
Then (4-95) follows by Lemma 8.7, (8-26) and (8-28). O

Proof of Proposition 4.27. Here, in addition to the bilinear null forms (Lemma 8.7), we need to use the
secondary null structure (Lemma 8.10).

Without loss of generality, we set 79 = 0. We extend B, BW and B® by homogeneous waves
outside 7, and then define Ao and PA by solving (4-96) and (4-97), respectively.® In Ao and PA, we
separate out the (high x high — low) interaction terms by defining

At =3 ATUPP BV Py, B,

k.ky,k>
k<k1—10

A" = N O P[P, BV 0, P, BY),

k.k1,k>
k<k1—10

9We may put in y; on the right-hand sides of (4-96) and (4-97), but it is not necessary.
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where (07! f refers to the solution to the inhomogeneous wave equation Cu = f with (u, d,u)(0) = 0.

We also introduce
HARE = 3" AT P[P BV, P, B,

k.ky,k>
k<k1—10

HPAM = 3" O ' P P[P, BV 8, P, B,

k ’kl ak2
k<ki—10
Accordingly, we split

Difff, B = (2[P<j—c(Ao—HAG"). 00 Py Bl + 2[Pg—(PLA—HP AM) 3° P BY)  (8-77)
k
+ ) (AP HAR" 3° Py B + 2[ P HP A 3° Py BY). (8-78)
k

By Propositions 4.12, 4.15 and Lemma 8.20, we have
| 4olly1 + 1140 = AG" L1 2oe + 146" ly1 + 146" —HAG [ a-1/201/221 S IBD 51 1BP 1.

|PAllg1 + [ PAM —HPAM| 51 < IBD511BP ).

Combining these bounds with Lemma 8.7, (8-26), (8-27), (8-28), (8-29) and Holder’s inequality L11%° %
L>®L?% - 112 it follows that

<IBW s 1B sy 11Bl g3
Ny

Z[P<k—/<(AO _HAgh), aOPkB]‘
k

<IBW s 1B sy l1Bl g3

> [P (PeA—HP A 0" PkB]‘
k Ny

which handles the contribution of (8-77). On the other hand, unraveling the definitions, we may rewrite

(8-78) as

B-78) =Y (Q<jmcO'(AT P Q;O(P, Q<jc BW 00 P, 0<j—c B®).0°Qj—c P, B)
+0<j—cO@ " PLQ; PeO(Pr, Q< j—c BW,0x Pr,0<j—c B®),0° Q< Pry B))

for some disposable operators O and ', where the summation is taken over the range {(k,k1,k2,k3) :
k <ky—10, k < ks —« + 5}. By (8-43), it follows that

18-78)l11 22 < 1BV 51 1B 153115,

which is acceptable. Finally, for the L2H~Y2_porm of Diff ' 4B, note that (8-15) and the preceding
bounds imply

”Pk(Diff;AB)”LzH—l/z < Ck—icdik—Ck»

which is better than what we need. O
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Proof of Proposition 4.28. As in the preceding proof, we extend B, B and B® by homogeneous
waves outside /. This time, however, we also extend PA by homogeneous waves outside /. We moreover
extend By and P+ BM by zero outside I, where the latter is denoted by G, Note that PA solves the
equation

OPA=P([PBY, 30 B@]+[Bg", 0B+ (G, 119 B?)).
By Lemma 8.20 and the frequency envelope bounds (4-100)—(4-101), it follows that
1
1PAlZ1 < UBDllgary + 0BG GOyl B gy < 1. (8-79)

On the other hand, recall that || PA|| 1 = 1 by (4-101). Therefore, by Lemma 8.7, (8-26) and (8-28), we
have

||Diff}‘,XAB||Nf <1
On the other hand, by (8-15), we also have
| Pr (Diff}ngB) ||ng—1/2 < Ak—kCk,
which is better than what we need. The desired estimate (4-102) follows. O

Proof of Proposition 4.30. We move the problem to the entire real line using the free-wave extension for
PA, and B, and the zero extension for Ag.

The expression |D|~1[V, Diff p 4B is a translation-invariant bilinear expression in PA and B, whose
Littlewood—Paley pieces can be expressed in the form

DIV, Diff§ , p 4] Pe B =28 "%O(Pir PAG, 0" P B), k' <k—x, (8-80)
with O disposable. By (8-9) the spatial part is a null form, so we can rewrite the above expression as
27K\ (Py PAx, Py B) + 2K K O(Py Ay, Pr0; B).

We consider separately the spatial part and the temporal part. For the spatial part we use the bound (8-21)
to estimate

127* N (P PAx. PiB) |y < 275 K1) PLPA|| g1 || B 1.

which suffices after summation in k' < k —«.
For the temporal part we use instead the bound (8-23), which yields

125 O(Prr Ao, PB) L1 2 < 275K PUD Aol 2 31,2 | Bl st

which again suffices.
The expression Diff f,k/ paB — (Diff l’f,k, p4)* B is easily seen to have the same form as in (8-80), so the
same estimate follows. U
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8CS. Estimates involving W. Here we prove Propositions 4.16, 4.17 and 4.29, which involve w% and w)zc.
Proof of Proposition 4.16. By definition (3-29), we have
Pkw%(Pk1 A, P, B,s)=—=2P W (P, 0;A, Pr,AB,s).
Applying Lemma 8.2 to the expression on the right-hand side, we have
PeW (Pr 3. A, Pr,AB,s) = —(s22K) 71057107 2kmay =12k 2k2 p O (P 0, A, Pr, B)  (8-81)

for some disposable operator O on R* The rest of the proof follows that of Proposition 4.12. First, by
(8-51), it follows that

I1DI™" Pew(Py, A. Picy B.5) |2
< (52%0) 105717y 1 2 Enin ) 927K Py 9, Al 2 || Py B g

From this dyadic bound, the frequency envelope bound (4-52) follows. Indeed, for any 0 < §’ < 48 and
any &’-admissible frequency envelopes ¢, d, we compute

<S22k>_10(S_l2_2kmax)_12_8(kmax_kmin)ckl dk2 S (Szzk)_lo<S_12_2kmax>_12_%8(kmax_kmin)ckdk
< (522071057127 K) e g, (8-82)

which proves (4-52). The estimate (4-53) follows in a similar manner from (8-51).
Next, extending d; A and B by zero outside /, then applying (8-15) and (8-17), it follows that

DI Prwd(Pr, A, Pry B, $) Il 2 17213

5 (Szzk)—lo(S—12—2kmax)_12—81 (kmax_kmin)22(k1_kmax)||Pkl A”Strl ] ||Pk2B||Str1 [y
I1D]7% Pxwg(Pi, A, P, B.5)l| 1 poor1]

< (s226) 105 o) 1 2E ) Py A 111 Pay Blls -

Using (4-21) and (8-54), these two bounds imply (4-54) and (4-55), as in the proof of Proposition 4.12,
Step 2. O

Proof of Proposition 4.17. We begin with algebraic observations. By (3-30), we have
Py P;w?(Py A, PyyB,s) = —2P P;W (Py,8,A%, 85 P, 0, By, s)
+ 4P P;W (P, P, A, 8y Py, 0, B.s)
+ 4P P;W (P, P8, A% 3, P, 0, B, ), (8-83)
where, by Lemma 8.2, we may write

Py P;W (P, 9; A%, 0y Pr, 9, By, 5)
= (522k)710(g 7127 2kmacy =19 2kwas py P O (Py, 3¢ AY, 35 Py, ¢ By), (8-84)
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Py P;W (P, 3, PA*, 3, Py,3,B,5)

= —2(s22k) 710 (s 1o~ 2knay =1 )= 2knax pp O (P Py, 0, A, 3° P, 0, B), (8-85)
Py P;W (P, 3, PLAY 8, P, 0,B,s)

= —2(s22k) 710 (1o~ 2kney =12k py O (P, 3, P} A, 3 Py, 0, B) (8-86)

for some disposable operator O on R*. Note that (8-84) and (8-85) are null forms according to Lemma 8.7,
and (8-86) is favorable since 0d; P-L A is controlled in the L2 H/2-norm.

Given the above formulas for wy, the proof of the estimates (4-56) and (4-57) is almost identical to
the proof of (4-52) and (4-53), using the dyadic bounds (8-51), (8-51) and (8-82).

We now prove (4-58). We extend A, B by homogeneous waves outside /. By (8-15), (8-16), Lemma 8.7,
(8-21) and (8-32), it follows that

”PkPjW(PklatA’ akazatB’S)HNﬁDXl

5 (S22k>_10(S_12_2kmax>_l2_51(kmax_kmin)zkl+k2_2kmax||PklA”Sl ||Pk2B||Sl’
| P P;W (P, 0¢ PA, 0x P,0¢ B, s) | nnox:

5 <S22k>—10<S_12_2kmax>_12_81(kmax_kmin)2k+k2_2kmax||PklA“Sl ||Pk2B||S1 ,
||PkPjW(Pk1 81PJ_A, akazatB,S)”NﬂDL(l

5 (s22k>_10(S_12_2kmax)_12_81(kmax_kmin)22k2_2kmax ||Pk1 atPJ_A”LZHl/Z”szB”SI .

Clearly, 2K1 +hk2=2kmax pk+k2=2kmax gpnd 22k2=2kma are bounded, so they may be safely discarded. By the
same frequency envelope computation (8-82) as before, we obtain (4-58).

In the energy-dispersed case (4-59), we proceed as in the proofs of Propositions 4.15 and 4.20. The
contribution of (8-86) is already acceptable, since we need not gain any smallness factor. Moreover, for
the contribution of (8-84) and (8-85), the case of L2 H~Y/2 on the left-hand side can be easily handled
using (8-15) and (4-21); we omit the details.

It remains to consider only the N-norm of (8-84) and (8-85). For a parameter ¥ > 0 to be chosen
below, the preceding proof of (4-58) implies that in the case kmax — kmin > &, we have

_ A . _1 A
1(8-84) | + [|(8-85) |3 < (s22F) 10 (s 27 2hmaxy =1p=3 81k p =281 kna—Kuin) | Py A|| 61 || Py, B[ g1

On the other hand, when kyax — kmin < &, we may apply Lemma 8.7 (in particular, (8-13) and (8-14))
and Remark 8.19, which implies

18-84) [ + [|(8-85) | < (s22K) 710 (57127 2kme) ~1pCheCO1| o Al g1 M.

Choosing 2 = &€ for a sufficiently small ¢ > 0, and performing a similar frequency envelope computation
as in (8-82), we arrive at (4-59). O

Proof of Proposition 4.29. We first note that both wy and w, depend on d; B;, for which we control
|0;B1||s. and | PL3; By |ly,. We may assume that

18:BD 5.1, 1PH0:BD v, 1BP g1y 1Bl < 1-
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We can now extend d; By by zero outside 7, and B® and B by free waves. Then the problem is reduced

—-1/2

to the similar problem on the real line. We begin with the simpler L?H bound. For that we use

(4-53) and (4-58) to obtain
1 Pewoll 2 g—1/o + | Prwx || yaoxt < (522K 710 (s 127 2kmay =02y gy (8-87)

and then conclude with (8-15) and (8-18).
It remains to prove the N bound. We define
Z(k' k1, k2. k, )
= (—-[A7! Ppw3(Py, BV, Pr,BP . 5), 8, P, B] + [0 P Pow?(Py, BV, P, B@ 5),8° P, B)),
so that

Diff% B = Yo Ik ki ka k)
k’.k1,ko> . k:k'<k—k

on /. Introducing the shorthand

kmax = max{k’, k1,kz}, kmin = min{k’, k1, k}
and
a(k’ k1 ka, ) = (s22Ky =10 (g1 0= 2Kmaxy =15 =81 Gemox—Kinin).
we claim that
IZ(k' kv, ko k,s) | v Salk' ki, ko, s)ck, di,ek. (8-88)

This would conclude the proof of the proposition after summation with respect to k1 and k5.

We start with a simple observation, namely that we can easily dispense with the high modulations of
d; B1 and B using Lemma 8.2, combined with H6lder and Bernstein inequalities and also (8-26) and
(8-30). Thus from here on we assume that

P, 0 BW = P, 0 4,0:BD, Pr,d, B = Pt 01,0, B®.
In view of (8-83) and the identity

w3(A, B,s) = —2W (0;A4,0?B,s) —2W (3;A,0B,s),
we may expand
I(k' k1. ko k,s) =2[ Py AT W (P, 8, BV 0P, B . 5). 9, Py B)

+4[07 P PyW (P, P8, BY"™ 8, Pr, 3, BP, 5), 8° P B]
+ 407 P PyW (P, P8, BV 9, P, 0,BP5), 9 Py B]
+2[AT P W (P, 3. BW 3, P, 8, B®,5), 8, Py B]
2[00 P PW (Py, 8, BD™ 9, P, 3, B, 5), 0" P B]

=Ty t+Z) + L) + L4 + Les). (8-89)



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 327

The first term is easily estimated in L1 L? using Lemma 8.2 and Holder and Bernstein inequalities by
1Zay 2 < 1P AW (P9 BD 0Pk, B® 9) 1 oo 101 P B oo 12
< (s22K) 10 2 P g G 3, Py BO| 2y 5|0 Py B2 12

which suffices.
To continue, we use (8-23), (8-33) and the embedding L'1.?2 cOZ!, and we have

| P PeW (P, P3; BV, 8, Pr,d: BP5) | yaozt S alk’ ki, ka, s)ck, di,,
| P PeW (P, P9, BW 0, P, 8, B®,5) | yaozt Sk ki, ka, s)c, di,-
This yields
|07 Py PeW (P, P8 BN, 35 Pr,d: B@ . 5)|snz1 S (k' k1, k2, 8)ck, dr,,
IO~ P PeW (P, P13, BD 8, P, BP, 5)|lgnzt S ok’ k1, ka, s)cy, dy,.

We use this directly for the next two terms Z,) and Z3), arguing in a bilinear fashion. The desired N
bound for both is obtained using both (8-26) and (8-30) with k = 0.
The final two terms are combined together in a trilinear null form,

2(4) + I(5) = Diff;/IB,
where ~
Ao =A"1PW (P, 3, BM, 3, P8, B@,s),

Ay =07 P PoW (P, 3, BD™ 9, P, 3, B2, 5).

At this point we have placed ourselves in the same setting as in the proof of Proposition 4.27. Then the
same argument applies, with the only difference that, due to Lemma 8.2, we obtain an additional factor of

<S22k/)—10 (S—12—2kmax>—l2—2kmax2k1 +ko
as needed. Here the factors 2K1 and 22 come from one time derivative on B(!) and B®, respectively, at
low modulation. Thus the N bound for Z(4) + Z5) follows. O
8C6. Estimates for Rem>(A)B and Remg’ (A)B. Finally, we sketch the proof of Proposition 4.19.

Proof of Proposition 4.19. By Holder and Bernstein inequalities, it suffices to show that the following
nonlinear maps are Lipschitz and envelope-preserving:

Strl 54— (DAg, DA) e L2 Hzt N2 2™,
Str! 54— Ag e L2H>.
The same applies for the maps
St'sA— DAg,e L Hat N L2 H,
Str! 3 4 — Aoy cL2H>3,

with the addition that now the output has to be also concentrated at frequency k(s).



328 SUNG-JIN OH AND DANIEL TATARU

The Ao property is a consequence of (4-30) for the quadratic term, and (3-23) for the cubic part A (3).
Similarly, the Ag.s property is a consequence of (4-53) for the quadratic term, and (3-36) for the cubic
part Ag; 5

The DA property follows from (a minor variation of) (4-36) for the quadratic part, and (3-18) for the
cubic part DA,

Finally, the DA ( property is a consequence of (a small variation of) (4-30) for the quadratic part and
of (3-24) for the cubic part. Similarly, for DAg we need (a small variation of) (4-53) and of (3-37). O

8D. Proof of the global-in-time dyadic estimates. In this subsection, we prove the global-in-time dyadic
estimates stated in Section 8B.

8D1. Preliminaries on orthogonality. Let O be a translation-invariant bilinear operator on R! 4. Consider
the expression

/[ u@ow® u?®)drdx. (8-90)

Our general strategy for proving the dyadic estimates stated in Section 8B will be as follows: decompose
u® by frequency projection into various sets, estimate each such piece, and exploit vanishing (or
orthogonality) properties of (8-90), which depend on the relative configuration of the frequency supports
of u)’s, to sum up. Some simple examples of orthogonality properties of (8-90) that we will use are as
follows:

Littlewood—Paley trichotomy: If @) = Py, u¥, then (8-90) vanishes unless the largest two numbers of

ko, k1, ko are part by at most (say) 5. This property has already been used freely.

Cube decomposition: If ) = Py; Pei u® with ¢! = Ck,,;, (0) (i.e., is a cube of dimension 2kmin . . . ¢ 2Kmin)
situated in {|&| =~ 2%i}, then (8-90) vanishes unless C° 4+ C! 4+ C2 5 0.

To obtain more useful statements, let ™2, ¢™ed and C™M" denote the reindexing of the cubes co ¢l
and C2, which are situated at the annuli {|§| ~ 2Kma}, {|&| ~ 2kmea} and {|&| ~ 2kmin}, respectively. Then
for every fixed C™™ and C™** (resp. C™°Y), there are only O(1)-many cubes C™¢ (resp. C™) satisfying
¢min 4 cmed 4 emax 5 () Moreover, we have

|A(Cmax’ _Cmed)l < 2kmax_kmin.

Geometrically, such cubes C™* and C™¢ are “nearly antipodal”.

We will also exploit the relationship between modulation localization and angular restriction for (8-90).
In the proofs below, we will only need the following simple statement. For a more complete discussion,
see, e.g., [Tao 2001].

Lemma 8.21 (geometry of the cone). Consider integers ko,k1,k2, jo, j1, j2 €Z such that |kmed—Kmax| <5.
Fori =0,1,2, let w; € S? be an angular cap of radius r; <275, +; € {+,—}, and u® € S(R'+*) have
frequency support in the region {|€| ~2Ki | &/|€| € w;, |t — £ |E|| = 27i ). Suppose that jmax < kmin, and
define { = % min{ jmax — Kmin, 0}
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Then the expression (8-90) vanishes unless
|A(:|:,~a),~, :I:i/a)l'/)| S kai"_min{ki ’ki’}ZZ + max{ri, }"i/}

for every pairi,i’ €{0,1,2} (i #1’).

Finally, we collect some often-used estimates. For k" < k and £’ < —5, note that

—3k k=L A—Lyp
276 Pe,,onyurllpzpe +277 7252727 || Pe, (onyuk L2 nee < 1 Pe ekl sele, s

where, by (4-1), we have

2 2 2
o Peurld o S lully, = luel3-
Cce{Crr ()}

Also note that, for any j < k + 2£, we have

2 2 2
NP O<juill cop < lurlF, = luel
w

by disposing of Q <; (using boundedness on L*®L?) and using Szng o Sk.

8D2. Bilinear estimates that do not involve any null forms. We first prove Proposition 8.11, which does
not involve any null forms.

Proof of Proposition 8.11. In this proof, we adopt the convention of writing L? L9+ for L? L9 with
~—1 1

G~ ! =g~ ! —68y. In particular, if (p,q) is a sharp Strichartz exponent with §o < p~! < % — 8o, then
2(1/P+4/‘1_2_480)k8tr2 C LPLIT,

To prove (8-15), we apply Holder and Bernstein (on the lowest-frequency factor), where we put
ug, in LY4LG4MD+ and vy, in L8 L@7/1)+ The proof of (8-16) is similar, except we put vy, in
L91(54/23)+ The proofs of (8-18) and (8-19) are similar; for (8-18), we apply Holder and Bernstein
with uy, in L?L> and Vg, In L>® L2, and for (8-19) we put Vk, In L8 1.27/13 jpstead.

It only remains to establish (8-17) and (8-20). First, (8-20) follows simply by applying Holder and
Bernstein (on the lowest-frequency factor), where we put u,, vk, in L2 LS. To prove (8-17), we divide
into two cases. When k >k — 10, the desired bound follows by Holder, where we put both u k, and vg,
in L2L*. On the other hand, when k < ki — 10, we have k = ki, and k; = ko + O(1) by Littlewood—
Paley trichotomy. We decompose the inputs and the output by frequency projections to cubes of the form
Cr(0), i.e.,

PkO(ukl s vl,cz) = Z PkPCO(Pkal , Pczv,/Q),
c,clc?

where C,C!,C? € {C;(0)}. The summand on the right-hand side vanishes except when —C +C' 4-C2 3 0.
For a pair C and C! (resp. C?), there are only O(1)-many C? (resp. C!) such that the preceding condition
holds. Moreover, there are only O(1)-many C in the annulus {|&| ~ 2X}. Therefore, by Holder and
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Cauchy—Schwarz (in ¢! and C?), we have

2 2
2 P OGugy v 1 e S 272 (ZnPclukl ||,%2Loo) (ZnPczv;Q ||,’{2Loo)

cl c2
< | Dug, s, lls,

—_
—_

which completes the proof. O

8D3. Bilinear null form estimates for the N -norm. We now prove Proposition 8.12. We start with
a lemma quantifying the gain from the null form O(0%(-), d4(-)), which is a quick consequence of
Lemmas 8.7 and 8.21.

Lemma 8°22' LEtkv klv k27 j’ j17 ,]2 satisfy kmax _kmed E 59 jv jly ]2 E kml[‘l + CO? .]1 = .] + 0(1) and
jao = j 4+ O(1). Define £ = min{(j — kmin)/2,0}, and let C,C',C? be rectangular boxes of the form
Ck,,.. (£). Then we have

PO« PcO@* Q< Porutg,, 04 Q< jo Peavi,) = C224 PeO(V Poruy,, V P2 vg,) (8-91)
for some universal constant C and a disposable operator 0.

Proof. By disposability of Py Q<; Pc, Px, Q<j, Per and Py, O <, Pe2, we may harmlessly assume that
(say) J, j1, j2 < kmin — 5. Then we can take the decomposition
+ +
Py Q<,~PCO(8°‘ Q<j1 Poi Ukys Jo Q<j2P62vk2)= Z Py QiszcO(aa Q<]1-1 P Uy, 0o Q<]2'2Pc2vk2)-
:l:::tl 7:t2
By Lemma 8.21, the summand on the right-hand side vanishes (and thus (8-91) holds trivially) unless

PAESTARER B 2% In such a case, (8-91) follows from the decompositions (8-11) in Lemma 8.7 and
the schematic identities

Not1£2(QE! Porge,. Q22 Peavy,) = C291 7222 B (P, Peavyy).
Ro(QZ} Perug,. Q22 Pravy,) = €2/ 27 ™Mbtk G(V Py V Peyy).
which in turn follow from Definition 8.3 (see also Remark 8.4) and (8-12), respectively. O
Proof of Proposition 8.12. Estimates (8-21) and (8-24) were proved in [Oh and Tataru 2018, Proposi-
tion 7.1]. Estimate (8-23) is a simple consequence of Holder and Bernstein for u;ﬂ , Uk, or the output,

depending on which has the lowest frequency. In the remainder of the proof, we prove (8-22) and (8-25)
simultaneously.

Step 1: high-modulation inputs/output. The goal of this step is to prove

| PO(0%ug, . 0aVi,) = P Q <k O(0% O <oy » O O <kin Vi) I N

Kmin+Kmax

S2 7 | Vug sV, lis. (8-92)

Note that this step is vacuous for (8-25). Here we do not need the null form, and simply view
O(0%ug,, 0%vg,) as (5(Vuk1 , Vuy,) for some disposable 0.
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We begin by reducing (8-92) into an atomic form. For j, ji, jo > kmpin, We claim that

‘/ ijké(Q<j1 M;ﬂ, Q<j2U]/62) dt dx

Once we prove (8-93), by duality (recall that N* = L>®L? N X, 351/ 2) we would have

lkmin lk
> P Q0% ug, . davi,) v < 2252250 |V (|51 Vg, | oo 2.

/ kain

lkmin lk
Y 1PeQ <k, 0% Qjug,, davry) v S 225002252 | Vg, 0.1/ | Vg, 5

j kain

lkmin lk
Y 1PeO <k, OB% Q< iy 0 Q) viy) v S 225002281Vt 15[ Vg, llyo.1/2,

j kain

from which (8-92) would follow.

331

_1 A1
<272/ kamszl wg ”ch’)l/z ||M;cl IIs ||v;€2 ||Lc>oL2. (8-93)

To prove (8-93), we decompose u’, v’, w by frequency projection to cubes of the form Cg_. (0), i.e.,

/ijké(Q<jlu}q,Q<j2v;€2)dtdx= Z /QjPCou)k(’hj(quPClu;ﬂ,Q<j2PC1v;62)dtdx,

co,cl,c?

where C,CY,C? € {Ck_. (0)}.

Let ¢Max ¢med gpd ¢™Min denote the reindexing of the boxes C 0 1, ¢2 which are situated at the frequency
annuli {|§| ~ 2Kkmax}, {|&| ~ 2kmea} and {|&| ~ 2kmin}, respectively. The summand on the right-hand side
vanishes unless C™* + ¢med 4 ¢min 5 0. For a fixed pair C™" and C™* (resp. ™), this happens only
for O(1)-many C™ (resp. C™). Moreover, note that each C’ lies within an angular sector of size
O(kai"_kf); hence, Q<j; Pei is disposable (i = 1,2). Thus, by Holder, Cauchy—Schwarz (in C™#*
and C™4) and the fact that there are only O(1)-many cubes C™" situated in {|€| ~ 2kmin} (so any £"-sums

over C™" are equivalent), we have

Z / 0Q; Pcowk(5(Q<j1 PCIM;ﬂ, Q<jzpczv]/€2) dtdx

co,cl,c?
3 3 3
< (Z”QJ Poowg (1, ')”22) ( | Py, (¢, -)||ioo) (ZHPczv;cz(t, ~)||iz)
0 L7 I\ G L7\ L
1
>
<[ 0w (ZnPclu;ﬂ ||izm) o, o2
212\ 3
Ll 1
< 272/ pkning 3kt ||wk||Xg<31/2”u;<1 s ||v]/cz lLoor2s
as desired.
Step 2: proofs of (8-22) and (8-25). For j < kin and £ = (j — kmin)/2, we claim that
ik VS padE 1
1P QO Q< jutg, . 00 Q< jvi,) | v < 272U R 2302Kmn 22K |0y |5 [ Vg, s, (8-94)
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L1 . 5 17 1

1P Q<;O0%Qjug,, 3 Q<jvp,) |y <2720 ki) 33803 kmin3k2 | 7y || 5|V, s, (8-95)
_1l¢i 1 . 5 1z 1

1P Q<;O@%Q<jtt,, 30 Qi) |y S 2720 ki) 23803 kmin a2k |7y |||V, 5. (8-96)

Assuming that these estimates hold, we first conclude the proofs of (8-22) and (8-25). We start with
(8-22). By Step 1, it suffices to estimate P Q. O(0%Q0 <k, Uk, Q <k, Vk,)- Decomposing the
inputs and the output using Q < . = > <k Q- and dividing cases according to which has dominant
modulation (corresponding to j in the above estimates), (8-22) follows by summing (8-94)—(8-96) over j.
To prove (8-25), observe simply that the modulation restrictions of the inputs and the output restricts the
j-summation to j < kpyin — k in the preceding argument.

It remains to establish (8-94)—(8-96).

Step 2.1: proof of (8-94). Here we provide a detailed proof of (8-94); similar arguments involving
orthogonality and the null form gain will be used repeatedly in the remainder of this subsection.
We expand

+ +
PQ;00%Q<juk,. 0a0<jvi,) = Y. Y PrOOP_co0(3* Q! Perug,, 96 023 Peavg,),
+o,%1,+2 ¢O,cl,c?
where C%,C1,C? € {C
suffices to bound

(£)}. By duality, in order to estimate the summand on the right-hand side, it

min

/ P Q7 Poow O3 QL Peruy, . 00 Q22 Peavy,) dt dx. (8-97)

Let ¢max cmed gnd ¢™in denote the reindexing of the boxes —C, C 1 ¢2 which are situated at the frequency
annuli {|&] o 2kmex} {|€] ~ 2Kkmea} and {|g| ~ 2kmin}, respectively.

Note that (8-97) vanishes unless C° + C! 4+ €% 5 0. Combined with the geometry of the cone
(Lemma 8.21) we see that for a fixed C™* (resp. C™9), (8-97) vanishes except for O(1)-many C™" and
cmed (resp. C™*). By Holder, Cauchy—Schwarz (in C™* and ¢™ed) and Lemma 8.22, we obtain

1
Yoo > B[y 2% (Z”PijiOPCOw(ta')”iz) ‘Lz
+o co

+o,%1,£2 0,1, c? ‘
1
2
2
(§ :||VPcluk1(z,-)||Loo)
Cl

1
2
(Z||VPczvk2<z,~>||iz)
CZ
1

20 + > ¥
< 277 P O 0w||L2L2 ||VPC1uk1 ||L2Lo<> vakz”LooL2
J
+o c!

X

L? L

<27272360km 23K w0 a | Vg, s | Vo, ll oo 2
By duality, (8-94) follows.

Steps 1.2—1.3: proofs of (8-95)—(8-96). We now sketch the proofs of (8-95) and (8-96), which are very
similar to Step 2.1. As before, we expand each modulation projection to the +-parts, and decompose the

output, 1, v by frequency projection to —C°,C!, C? € {Cx_. ()}, respectively.

min
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We proceed as in Step 1.1 but put the test function w in L% L? and the input with the dominant
modulation in L2 L2 Then we obtain

+ + +
Z Z // PkQS;?PCoO(B“ Qj "Porug,, 0q Q<§Pc2vk2)
+o0,%1,%2 ¢9,¢l,c? s .
2742300k 26 ] o [ Vi, 72 Vi .

>y // PrOZ9 P00 Q= Portuy, . 0 Q7> Peavr,)

+o0,%£1,%2 ¢9,¢l,c2

_1:.5 AL
<2 2J22€2kmmzzk1||w||LooL2||Vukl ||S||Vvk2||X2<.)1/z.

By duality, (8-95) and (8-96) follow. O
8D4. Bilinear estimates for the X} :b.p -type norms. Next, we prove Propositions 8.13, 8.14, 8.15 and 8.16.

Proof of Proposition 8.13. Estimates (8-26) and (8-27) were proved in [Krieger et al. 2015, equations (132)
and (133)]; note that the slightly stronger S!-norm is used on the right-hand side in [Krieger et al. 2015,
equations (132) and (133)], but the proofs in fact lead to (8-26) and (8-27). Estimates (8-28) and (8-29)
follow from slight modifications of the proofs of [Krieger et al. 2015, equations (134) and (140)] (the
Z-norm in that paper is stronger than ours), as we outline below.

For (8-28), we first recall the definition of H*. For each j < k; — C, we introduce £ = %( j —kp) and
take the decomposition

PrO<j—cN(IDI7' Qjur,, Q<j—cviy) = ) PuQ<j—cN(DI™' PP Qjup,, Py Q< j—Ck,)-
w,w’
By the geometry of the cone (Lemma 8.21), the summand vanishes unless |Z(w, o’)| < 2¢ for some
sign +. In this case, the null form A" gains 2ki1+k22t (see Definition 8.3), and hence we have

|PxQ<j—cN(ID|7 Qjuk, . O<j—cor,)lp1 2

kant ’
5 Z 2129 ||P€ijukl ”LlLoo”Pew £2<j—Cvkz||L°°L2
w0 :ming | Z(w,tw’)|$2¢
1

1
1_ 1 2 / 2
< 202 ”W(Z(2<2+2b°>f||P;’Qk+2eukl ||L1Loo)2) (ZMP;’ Q<,-_cvk2||iooL2)
w w’

1

1_ 1 2
< 2(z72b)t (Z(zbmoﬂnm‘" Qr+20tk, ||L1Loo)2) 1D, Ils-
w

In the second inequality, we used Cauchy—Schwarz (or Schur’s test) with the fact that the w,w’ is
essentially diagonal (i.e., for a fixed w, there are only O(1) many @"’s such that the sum is nonvanishing,
and vice versa). Summing up in j < k; — C, then using the definition of the Z!-norm, (8-28) follows.
Next, (8-29) is proved by essentially the same argument (with the same numerology) as above. Here
we do not gain 2¢ from the null form A, but rather from the extra factor A~'/2[0'/2 in the norm
A~1/201/2 71 Finally, (8-30) and (8-31) follow from the preceding proofs, once we observe that the
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modulation localization of uy, restricts the j-summation to j < k1 —«, which then leads to the small
factor 2~ (1/2—2bo)k, O

Proof of Proposition 8.14. In view of the embedding N N[ Z lcoz },O, (8-32) would follow once (8-33)
is proved. Estimates (8-34) and (8-35) follow from (134) and (141) in [Krieger et al. 2015], respectively.
Moreover, when k > k1 — C, (8-33) follows from (134) and (135) in [loc. cit.]. In using the estimates from
[loc. cit.], we remind the reader that the Z-norm in [loc. cit.] (whichis equal to ) ; || Px O <xu|| xgl/a/an )
is stronger the Z-norm in this work. Moreover, although (134), (135) and (141) in [loc. cit.] are stated
with the S!-norm on the right-hand side, an inspection of the proof reveals that only the S-norm is used.

It remains to establish (8-33) in the case k < k1 — C. By Littlewood—Paley trichotomy, note that the
left-hand side vanishes unless k = ki, and k1 = ko + O(1). By (8-34), we are only left to show that the
0OZ!-norm of

PeHRN iy i) = Y PrQiN(Q<j—ciiey Q<j—C V) (8-98)
j<k+C

is bounded by < 2k||Du/cl sl Dvg,lls-

Consider the summand of (8-98). We decompose the inputs and the output by frequency projections
to rectangular boxes of the form Ci (¢), where £ = min{(j —k)/2,0}. Then we need to consider the
expression

PrQiPc N(Q<j—cPerug,, Q<j—c Pe2vg,),
where C,C!,C? € {Ci(£)}. This expression is nonvanishing only when —C + C! + C? 5 0. In fact,
combined with the geometry of the cone (Lemma 8.21), we see that for each fixed C! (resp. C?), it is

nonvanishing only for O(1)-many C and C2 (resp. C!). The null form gains the factor 2K1t%22¢ By
Holder and Cauchy—Schwarz (in C! and C2), we have

| Pk Q;N(Q<j—cuk,, O<j—cVi,) oz

31
=2 2k2 27/ Z PijPCN(Q<j—CPcluk1,Q<j—CPc2vk2)
e,cl,c? LiLee
3 3
Bl
< 2-3kg-dighiHeayt (ZIIQ</—C Peruk, ||22Loo) (Z||Q<,-_c Pczvkzuizm)
c! c2
S e
<27 2% D2 Du |5 | Dy, 5.
Summing up in j < k + C, the desired estimate follows. O

Proof of Proposition 8.15. For all the estimates, the most difficult case is when k1 < k — 10 (low-high
interaction) and when uy, has the dominant modulation, i.e., the expression PkHZlN (D 'u k1> Vks)-
Step 1: proof of (8-36), (8-37) and (8-38). We divide into three cases: (1) k1 >k —10, (2) k; <k —10
but either the output or vy, has the dominant modulation, or (3) k1 < k — 10 and uy, has the dominant
modulation.
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Step 1.1: k1 = k —10. In this case, all three bounds can be proved simultaneously. The idea is to
apply Propositions 8.12 and 8.14. Indeed, by (8-33) and the fact that the left-hand side vanishes unless
k1 = kmax + O(1) (Littlewood—Paley trichotomy), we see that
| PN (DI gy v lmzn £ 257 PEI DTN gy vz
< 27 COrlenaom) | Duy |5 || D, -

Combined with (8-21), it follows that
1PN (D g, vio)llvaozt < 27 €81 Gma=kuind | Doy s || Dy, Il s

By the chain of embeddings N " OZ lcnoz 11,0 - DZ},O, the desired bounds follow.

Step 1.2: k1 < k — 10, contribution of 1 — 7-{,,’:1. By Littlewood-Paley trichotomy, Px N (|D|™Yug,, vk,)
vanishes unless k1 = kmin and k = kpax + O(1). In Steps 1.2a—1.2¢ below, we estimate the [(1Z !-norm of
Pr(1- H,’:I)N (D" u ky» Vk,)- Then in Step 1.2d, we conclude the proof by interpolating with (8-26).

Step 1.2a: High modulation inputs/output. The goal of this step is to prove
IPeN (DI g, vie,) — Pic @<ty N(ID IO <y ety - @<y Vi) Iz
_lg—
<273 0 Dug |15 [ Dvgy |15 (8-99)

Here there is no need for null structure, so we simply write A/ (|D|_1uk1 ,Vky) = O(ug,, Dvg,). We
begin by proving

_ _ _1
| Pt Ok, Our, . Dvr,y)llozt < 2700C %D D172y || 2 00| Dug, |- (8-100)

For j > k1, we take the decomposition
PrQ; Pj"%kO(ukl ,Duy,) = Z PO ij’%kO(ukl , Dij’%k Vi)
w/
Since (j —k)/2 > k1 — k, for each fixed w there are only O(1)-many o’ such that the summand on

the right-hand side is (possibly) nonvanishing, and vice versa. Therefore, by Holder, Bernstein and
Cauchy—Schwarz, we have

2 _%+b0)(j—k)2—2k (Z“Pk Qj Pj»u_k O(ukl s DP?)Lk vk2)”i1L°°)
® 2 2

1

. , 2
< 23400 U =R =3 k) (=3 gy ||L2Loo>(2<2ék2 I P2 vk, ||L2L6>2)
2
a)/
<205 +b0) Gk 9=b0®k =KD || D=3 121 00| D, |5

Summing up in j > kj, we obtain (8-100).
Next, we prove

_ _ _1
1P Q <k, Oty DOsiy i) oz < 2720 R0 D 72wy 1200 | Dog, |1 s- (8-101)
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By (4-6) and (uniform-in-; ) boundedness of Q; on LYL2 we have

1PeQ i, fllozr S 2700% 5D £l o, (8-102)

Therefore,

| P Q <k Ok, . DO i) Iz <270 V| PO e OCugey . DOjviy) 1 12
< 2—%(j—k1)2—bo(k—k1)(2_%]‘1 ||uk1 lL2) DO Uk, ||X261/2
S 272Uk bk D 7wy, 2 oo | Dug,y .
Then summing up in j > kq, (8-101) follows.
To conclude the proof of (8-99), note that ||| D |_1/2uk1 22100 < [[Dug, |ls. Moreover, observe that

Pk Q<klo(quk15 DQ<k1vk2)
vanishes unless j < kj + 10.
Step 1.2b: output has dominant modulation. Here we prove
DN PeQIN(DIT Q< Q<pvi)lmzr S 270 V| Du s I Dvis s, (8-103)
J<ki

where ji, jo = j + O(1).
Let{ = %(j —k1). After taking the decompositions ug, =",/ PE‘",uk1 and vk, =, P(“]’.Zk)/zvkz,
consider the expression

PkQ]P;I)%kN(|D|_1Q<]1PKw uk]? Q<j2P?)%kvk2)'

Using the geometry of the cone (Lemma 8.21), observe that for every fixed w (resp. w”), the preceding
expression vanishes except for O(1)-many ' and w” (resp. ). Moreover, for such a triple w, o', ",

the null form N gains a factor of 2t By Holder, Bernstein (for P(‘j'—k) /2vk2) and Cauchy—Schwarz (in
w,w"), we have

I P QN (DI Q< jytig,. O<jpvi,) gz

_3 A _ 2
52( 3+b0)(j—k) o 2k(Z||kaij"2kN(|D| 1Q<jluk1’Q<szkz)||ilLoo)
w

1

_1 i _lk— _1 / 1 2

< 2( 2+b0)(] k)2€2 5k k‘)(sup2 sk1 ||Q<j1 Pgw Uk, ||L2L°°)(Z(26k2”Q<j2P5‘ozkUk2||L2L6)2)
o’ )

< 27PN =bo® =KD | Dy 5| D, s -
Summing up in j < k1, (8-103) follows.

Step 1.2c: v has dominant modulation. Next, we prove

D PO joN(DI T Q<jittiy. Qjvi) ozt S 2720* FD | Duy |5 Dy, |1 (8-104)
J<ki



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 337

where jo, j1 = j + O(1). As before, let £ = (j —k1)/2. By (4-6) and (uniform-in- j ) boundedness of Q;
on L'L2 we have

1PcQ<; fllozt S 272® D) fllpi o

Hence it suffices to estimate the L!L? norm of the output. This time, we take the decompositions
Uk, =D o PPug, and vg, = Yoo Pe‘”/vkz. By the geometry of the cone, for a fixed w, the expression

PkQ<j0N(|D|_1Q<j1 Pgwukl, QjPewlvkl)

vanishes except for O(1)-many o’ and vice versa. Moreover, the null form N gains a factor of 2t By
Holder and Cauchy—Schwarz (in w, @), we have

2~bolk=7) || Pr Q<j0-/\/(|D|_1 Q< Pew“kw Q) Pﬁw Vi)l 22

1

1
(e VA3 I~ AL _lp 1 2 / 2
<2 botk=i)p3ty3kiy 21(2(2 skin 2£||Q<j1 PPuy, ||L2Loo)2) (ZkaHQ/Pzw Uk2||Xg61/2)2)
w w’

<2(4=b0)K1=Dp=bolk=kD || Dy |15 Dug, 5.

Summing up in j < k1, (8-104) is proved.

Step 1.2d: interpolation with (8-26). Combining (8-99), (8-103) and (8-104), we obtain
1Pe (1= N (D ugy viy)lmzn S 270 0 Dug, [l [ D, 5

On the other hand, (8-26) and the embedding N € X%~ '/? yields a similar bound for the X%~ /?-norm
without the exponential gain. Nevertheless, since we have

0 1-6,
1 lazy, S 1A IgZi L 0212
oo

where 6p = 2( l) >0,

1 _

po 2
| Pt =HE DN (D gy v gz, 2700 D |15 [ Dy |-

Then the desired estimate for (17 11,0 follows as well, thanks to the embedding DZ},O - DZ})O.

Step 1.3: k1 < k — 10, contribution of 7—[;1 . This is the most difficult case. We consider

PeHEN(D T ug vi) = D PrQ<je N(IDI 7' Qjug, . Q<j—cvky).
j<ki+C

As before, by Littlewood—Paley trichotomy, this expression vanishes unless k1 = kyin and k = kpax + O(1).

Recall that all three norms [1Z 117 o HZ 11, , and1Z 1 are of the type X f’b’p . To ensure the £?-summability

in w in the definition (4-3), we go through the L?L? norm. More precisely, by Bernstein and L2-
w

orthogonality of P( ' _k)/2> DOte that

S(L_1 i~a3(L_1);
1PE0; fllyrns 5 2%23 G D223 GoD £y, o

~

Since b + %(% — %) > 0 in all of these cases by (4-4), we have

|PeQ<; fllyrnp $2%23 G223 G2y o, (8-105)
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Hereafter, the proofs of the three bounds differ.

Step 1.3a: proof of (8-36). We decompose the inputs and the output by frequency projections to rectangular
boxes of the form Cy, (£). Then we need to consider the expression

PrQ<j—c PeN(ID|7' Q) Porug,, Q<j—c Peavg,),

where C,C!,C? € {Ck, (£)}. Note that the above expression is nonvanishing only when —C +C! +¢2 5 0.
Moreover, by the geometry of the cone (Lemma 8.21), for each fixed C (resp. C?), this expression is
nonvanishing only for O(1)-many C! and C2 (resp. C), and the null form gains the factor 2K1+422¢,

For exponents p1, p2,q1,¢92 > 2 such that pl_1 + pz_l = p~! and ql_l + qz_l = 271, proceeding
carefully to exploit spatial orthogonality in L2, we have

| P Q<j—cN(ID| Qjug,. O<jmcvr)llprr2

Z Py Q<j_CpCN(|D|_1 Qj Pc1uk1 s Q<j—C Pczvkz)
¢,cl,c?

(=

C

LPL2
1

2 N\3
)
%
(Z10<-c Paviatt. 1)
c2

$2°2%2)|Qjug, Lr1 Lo (Zu Q<j-c Pczvkzn,%pm) : (8-106)
C2

We now apply (8-105) and (8-106) with

<

~

Y PrO<j—cPeN(ID7' Q) Peruy,, O<j—c Peavi,)(t,-)
cl,cz?

Ly

< 2tk Hs('}lpHQj Perttge, (6, Lo |
1

P2
Ll

D=

(5 3 1 1 /1 2po
(S,b,p,p1,qlspz,6I2)—(4 p0+(4 50)90, 1 (4 50)90,p0,2,2,2_p0,00),

where 6 = 2( 7). We then obtain

1

pPo
-1

1Pk Q<j—c N(DI™" Qjuky. O<j-cVix)lnz),

< 2_(1_%0)162/‘2(_%_ %_bo)eo)(f—k)z_%(1_1%0)(1'_1‘)2%(1—7()25 1

2
10k, 212 Z||PczQ<,-_cvk2||ip2Loo)
02
< (R (hBo)0) -1, (=31 )+ (o)) k) ,
X110, 1 (ZIIDPcz v Bt (m) .
c2
On the last line, we used

3_ _ _ _1
||Q<j—C Pc2vk2||L1’2L°° < 2(2 00)52(2 o) (k1 kz)2(2 200)k2||PCZUk2||Sk2[Ck1(e)]v

which follows from interpolation. By (4-4), the factors in front of (k1 — j) and (k — k1) are both negative.
Summing up in j < kj 4+ C, we obtain (8-36).
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Step 1.3b: proof of (8-37). As in the proof of (8-104) (Step 1.2¢), we take the decompositions uy, =
Y0 PPug, and v, =3 Pe‘"/vkz, where £ = (j —k1)/2. By the geometry of the cone (Lemma 8.21),
the null form gain, Holder, Cauchy—Schwarz (in w, »’) and Bernstein (for u k,)» We have

IPQ<;N(ID|7'Qj PP ug,. O<j—c PE vi,)llprr>
1 1

_1 _1 2 , 2
S 200D (TP 0y 1) (ENPE Qcsmcvialimps) - (3107
) '

Applying (8-105) and (8-107) with (s, b, p) = (% —

2(% — %), we obtain

| PeQ<;N(DI™ Q) Pui,. Q<j P viy) oz,

ot (50}t = (3 =)Mo ). where 6y =

L_

—(1—L . 3 (1= (i— ’
52 (1 po)kz(%— by bO)QO)(J—k)Z 2(1 po)(J k)||PkQ<]N(|D|_1 QjPew”kp Q<jP[w vkz)”LPOLZ

—++(L-b0)0o+1(1—L))(k—k
52( i+ (3=0)80+3( 1’0))( 1)||quk1 ||X9/4—3/p0+(1/4—b0)90,3/4—(1/4—b0)90,pO||ka2||S.
1

By our choices of by and py, the overall factor in front of (k —k1) is negative. Summing up in j <k +C,
we obtain the desired conclusion.

Step 1.3c: proof of (8-38). We again take the decompositions ug, = >, Puy, and vg, =) Pf/vkz,
where £ = (j —k1)/2. We use (8-105) with (s, b, p) = (=2 — bo, —3 + bo. 1). By the geometry of the
cone (Lemma 8.21), the null form gain, Holder and Cauchy—Schwarz (in w, ®’), we have

260U=R PO N (DO PPk, O<jmc P vi)Ii 12

1 1
2 2
< rbo(j—k)rLrk> pw 2 ) o’ 2
<2 222 Y10 PPun 12, ZI|Q</—CP4 N
w w

< 2(bo+(§=b0)60) (k1 =) p=bolk—k1)3(1=55) (k1)

X ||uk1 ||X;()1—1/po)—1/2+<1/4—b0)00,1/2—(1/4—bo)90-ﬁo ||ka2 s,

where g L=p=1_¢ ])6)_1 and 6y = 2(% — %) By our choices of pg and by, the overall factors in front

of (k1 — j) and (k — k1) are both negative. Summing up in j < ky, the proof is complete.
Step 2: proof of (8-39). As in Step 1, we divide into three cases.

Step 2.1: k1 > k —10. In view of the embedding N N L2H~Y/2 € X~1/2+b1:=b1 for any 0 < by < 1,
the desired bound follows from (8-15) and (8-21).

Step 2.2: k1 < k — 10, contribution of 1 — Hzl . Consider the expression
Pr(1=H IN(ID| g, viy).-

Interpolating the N -norm bound (8-26) (recall that N C X, 85‘1/ 2) with an L2 H~Y/2-norm bound (which
is a minor modification of (8-15)), the desired estimate for this expression follows for 0 < b; < %
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Step 2.3: k1 < k — 10, contribution of ’Hzl . Finally, we estimate

PeHE N(D| gy i) = Y PeO<jcN (D' Qjuk,. O<j—cvk,).
j<ki1+C

By (8-107), we have

1k _
2™ V%) PN (DI Qju, . O j—cviy) lr0 12

<2043k (=g d 1551 =355kt ) (3 +Gob0)00) kD g 4y [ Dy o2
Po

_3(1-L1L)—(1- —iYa—(1—L ) (k—
52030750~ Grbo)@) =Dy =56k 0 | Do 5.
0

Summing up in j < k1 4 C and using the embedding 2001/P0k pp. 0 _, L.Po[2 C x~1/2+b1,=b1 wyhich
holds by Bernstein since b; < % — % the proof of (8-39) is complete. O
Proof of Proposition 8.16. As in Proposition 8.15, we divide the proof into two cases: k1 > k — 10 and
kl <k —10.

Step 1: k1 > k — 10. In this case, by (8-18), (8-23) and the embeddings L'L? C DZ})O NOZ! and
LYL2NL2HY? cX —1/2+4b1,-b 1, the three bounds follow simultaneously.

Step 2: k1 < k —10. We begin with (8-40) and (8-42). By Holder and Bernstein, we have
L_1)k —(1—L) -k
206 ) PeOGur, v o2 £ 27RO g e
By (8-105) with (s, b, p) = (% -3 —%, po), (8-40) follows. Moreover, by the L2 H ~1/2-norm estimate

po’
(8-15) and the embedding Py Q < LP0L? C X ~1/2+b1.=b1 (8.42) follows as well.

It remains to prove (8-41). Applying (8-100) (from Step 1.2a of the proof of Proposition 8.15) with
Duy, = v}, and the embedding 273172 Y C L2, we have
| P Qi Otk v )llmzr < 274V [ Dug ly 1oy, Is.

On the other hand, by (8-102) and Hélder, we have

1Pk Q <k, OCu, . v ) Izt S 27 0% * 0 P OGug, v )l 12

—bo(k—k1)~3(1— ) (k—k 2> -3)k
5270k k02026 1y @GR g )

—bo(e— 3(1—-L ) (k—k
52 bO(k k1)2( 7’0)( l)”DMkl ”Y“v;(Z”Sa

where g, T=2"1T_¢ pf))_l. By our choice of pg, the overall factor in front of (k — k1) is negative; hence,
(8-41) follows. O

8DS. Trilinear null form estimates.

Proofs of Propositions 8.17 and 8.18. Estimate (8-43) would follow from Lemma 8.10 and the core
estimates (8-44), (8-45) and (8-46), combined with Lemma 8.21 and (4-1).
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Estimates (8-44), (8-45) and (8-46) can be established by repeating the proofs of (136), (137) and
(138) in [Krieger et al. 2015] with the following modifications:

e Thanks to the frequency localization of the inputs and the output to rectangular boxes of the type Cy (£),
the bilinear operators O and O’ can be safely disposed of.

e Moreover, for any disposable multilinear operator M and rectangular boxes C,C’ of the type Ci (£)
situated in the annuli {|&| ~ 251} and {|€| ~ 2*2}, respectively, note that (by Lemma 8.7)

M@@QE; ¢ Peuy,.040%, _¢ Povg,....)
= C2k1+k2 maX{|Z(:|:C, izc/)lz’ 2j—min{k1,k2}}/\7l(Pcuk1, Pc/vkz, . )

for some disposable M, which suffices for the proofs in [Krieger et al. 2015].

We also note that although (136)—(138) in [Krieger et al. 2015] are stated with the factor 28 (k—mintk;})
on the right-hand side, an inspection of the proofs reveals that the actual gain is 28(k=k1) a5 claimed in
(8-44)—(8-46). We omit the straightforward details. O

9. The paradifferential wave equation

Sections 9, 10 and 11 are devoted to the proofs of Theorem 4.24 and Proposition 4.25. In this section, we
first reduce the task of proving these results to that of constructing an appropriate parametrix (Section 9A).
Parametrix construction, in turn, is reduced to constructing a renormalization operator that roughly
conjugates (1 + Diffp , to 0. Sections 10 and 11 are devoted proofs of the desired properties of the
renormalization operator.

9A. Reduction to parametrix construction. We start with a quick reduction of the problem (4-90). After
peeling off perturbative terms using commutator estimates (which will be sketched in more detail below),
we are led to consideration of the frequency-localized problem

Oug + 2[P<g—x P A, 0%ug] = fk.

9-1
(. 9110 (0) = (o 11 ). G-1)

for each k € Z. By scaling, we may normalize k = 0.
Our goal is to construct a parametrix to (9-1). We summarize the main properties of the parametrix in
this case, as well as the precise hypotheses on A, that we need, in the following theorem.

Theorem 9.1 (parametrix construction). Let Ag be a g-valued 1-form on I x R* such that
Al + 10Al g1 x—172401. 61y = M (9-2)
for some M > 0 and by > %. Let ¢ > 0. Assume that k > k1(e, M') and

IAllpsiiry + 10Al 1 2512 <8p(e, M, k1) (9-3)
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for some functions k1(e, M) > 1, 0 <8,(e, M, k1) < 1 independent of Ay. Moreover, assume that there
exists ffa such that

1Allgipr) + (D Ag. DPLA) |y < M. (9-4)
14l psiir + Il(Ao. PLI‘I)||L21'13/2[1] <8p(e, M, k1), (9-5)
and
1A 40— O A% 90401 (L1 Loonr2m-1/2)) < Sp(E M), (9-6)
|OPA— PO(AY, 05 Ay)) — PO’ (A%, aafi)||ZI(L1L20L2H,1/2)[,] <82(e. M. ky), (9-7)

where O(-,-) and O'(-,-) are disposable bilinear operators on R* Then the following statements hold:
(1) Given any (ug,u1) € H'x L% and f € NN L2H Y2 gych that ug, uy, f are all frequency-localized
in {C~1 < |£| < C}, there exists a g-valued function u(t) on I which obeys
lullsipry Sm o ud)ll gisepe + 1l ynr2 -2y, 9-8)
0u 4 2[P<— Py A, 0%u] — f||NﬂL2H—1/2[I] <e(l(uo,u)ll giyz2+ ||f||NnL2H—1/2[1])’ 9-9)
[|u[0] —(“07“1)”}]1)@2 = 8(||(“0,”1)||H1><Lz + ||f||NﬂL2H—1/2[I])‘ (9-10)
Moreover, u is frequency-localized in {(2C)~! < || <2C}.

(2) Assume furthermore that
[ Axllecos1pry + 1 Aollgoo 12 fras2py < 80(M) (9-11)

for some §,(M) < 1 independent of Ay. Then the approximate solution u constructed above obeys (9-8)
with a universal constant, i.e.,

lellsiiy S 1o )l grsczs + 1 Iz 1200 (9-12)

In the remainder of this subsection, we sketch the proofs of Theorem 4.24 and Proposition 4.25
assuming Theorem 9.1. Then in the rest of this section, as well as in Sections 10 and 11, our goal will be
to establish Theorem 9.1.

Lemma 9.2. (a) Let A; x and /It,x be g-valued 1-forms on I x R* which satisfy (9-2), (9-3), (9-4), (9-5),
(9-6) and (9-7). Then for ¢ > 0 sufficiently small (depending on M) and k sufficiently large (depending on
&, M), given any (ug,u1) € H' x L% and f € N N L2H ~Y/2[[], there exists a unique solution u € S'[I]

to the IVP
@O+ Difff,A)u = f,

9-13
u[0] = (o, 11), &1

which obeys
||u||S1[I] <M ||(UO»M1)||H1><L2 + ”f”NanH—l/z[[]- (9-14)

(b) If, in addition, || A|| g s117] Obeys (9-11), then the solution u constructed above obeys (9-14) with a
universal constant, i.e.,

||u||S1[I] < ||(UO,U1)||H1><L2 + ”f”NﬂL2H—1/2[I]' (9-15)
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Proof. Let uy be the function given by (the rescaled) Theorem 9.1 which is determined by the initial data
(Pruo, Pruy, P f). We set
Uapp = Z Ufr.
k/

We claim u is a good approximate solution to (9-13) in the sense that in any subinterval J C I we have
ltappllsipry Sar 1o u) gy + 1 I yar2zm-12p07 (9-16)
[2app[0] = (o u )l g1y 2 < e(lo u) giyr2 + 1 f I var2zm—12009): 9-17)
and
[ (O+Diffp ) rtapp—f I N2 E-1200]
Su (e+272 4294 (| PA| oo psi 17+ | Aollgoo 12 r37217))
X(No-u)l gisr2 1 I var2zm-12pp)-  (9-18)
Assume that we have these bounds. Then the solution u to (9-13) is obtained as follows:
(i) We choose « large enough so that 278 <« 1.
(i1) We divide the interval / into subintervals J; so that
264 PAl psipy + 1ol 2 gr3/2p7,7 <a 1.
(iii) Within the interval J; we now have small errors for the approximate solution u,p,; hence we can
obtain an exact solution by reiterating.
(iv) We successively repeat the previous step on each of the subintervals /;.

It remains to prove the bounds (9-16), (9-17) and (9-18). The first two follow directly from (9-8) and
(9-9) for uy, after summation in k. We now consider (9-18), where we write

(O +Diffp )u— f = (Oug +2[P—y PAg. 0%ug) — Pr f) + > gk
k k

where
8k =2[P—c PAq. %] = Y [P_tr—c PAg. 0 Poug]
k/
The first sum is estimated directly via (9-9), so it remains to estimate gj. We write

gk = & + gk
where
gi= Y. Pu[P_jr_PAq. 0% Pour] — [P_jr—c PAq. 0% Prruug].
k'=k+0(1)
g]% = Z [P[—k’—/c,k—lc) PAa, % Pk/uk].
k'=k+0(1)

Here g]i has a commutator structure, so we can estimate it as in Proposition 4.30, yielding a 27%2¢ factor.
For the expression gi, on the other hand, we can apply Proposition 4.20 to split it into a small part and a
large part which uses only divisible norms. Thus (9-18) follows, and the proof of the lemma is concluded.
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(b) The same iterative construction applies, but no we no longer need to subdivide the interval as (9-11)
ensure that the divisible norms in (9-18) are actually small. O

Proof of Theorem 4.24 assuming Theorem 9.1. We prove the theorem by repeatedly applying the preceding
lemma in successive intervals. To achieve this, we begin by choosing ¢ and « depending only on M so
that Lemma 9.2 holds. It remains to ensure that we can divide the interval / into subintervals J; where
the conditions (9-2), (9-3), (9-4), (9-5), (9-6) and (9-7) hold.

We choose A = A. We carefully observe that we cannot use Theorem 5.1 here, as Theorem 4.24 is
used in the proof of Theorem 5.1. However, we can use the weaker result in Proposition 5.4, which
immediately gives (9-2) and (9-4) from Theorem 5.1.

The remaining bounds are for divisible norms, so it suffices to establish them with a large constant
depending on M ; then we gain smallness by subdividing. Indeed, for (9-3) and (9-5) this still follows
from Proposition 5.4.

For (9-6) we choose O(A, dgA) = [A, d9A]. Then we can use (3-23) and (4-37). Finally for (9-7) we
choose in addition O (A, 0% A) = —2[Ay, 3% A]. Then by Theorem 9.1 we have

OA—O0(A, 3, A) — O(Ag, 3% A) = R(A) + Rem3(4) 4
and it suffices to use (3-21) and (4-74). O

Proof of Proposition 4.25 assuming Theorem 9.1. We write

__ qpert nonpert
Al,x - At,x + At,x ’

where

AP =) PrAs,
keK
with |K| = Os, ar)-1p(1) and
[ AP | oo 1777 < S0(M).

By Proposition 4.23, it follows that the contribution of any finite number of dyadic pieces of A; x in
Diff}p 4 is perturbative. More precisely, for AP, we have

IDiffp gpen Bll a2 fr—1/2077 Sk 1M 1 Bllsipn- (9-19)
Thus B solves also
(O + Diff’s guomer) B = G,
where
||G||NﬂL2H—1/2[1] M ||G||NﬂL2H—1/2[I] + “B”Sl[l]-

We now claim that Theorem 9.1 and thus Lemma 9.2 apply for A""P°™ If that were true, then the
conclusion of the proposition is achieved by subdividing the interval / into finitely many subintervals J;,
depending only on M, so that

(1) Lemma 9.2 applies in J;,

(ii) the size of the inhomogeneous term ||G || NALZH-1/2(1] is small in J;.
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Indeed, to verify the hypothesis of Theorem 9.1 with A replaced by A" it suffices to leave A = A,
unchanged, but instead replace the operators O and O’ by (1 —Y g Pr)O and (1 =Y g Pr) O,
respectively, which are still disposable. O

9B. Extension and space-time Fourier projections. As in [Krieger and Tataru 2017], our parametrix
will be constructed by conjugating the usual Fourier representation formula for the £-half-wave equations
by a renormalization operator Op(Ad(O+)<o); see (9-50). The renormalization operator is designed so
that it cancels the most dangerous part of the paradifferential term 2[PAqy, <—i, 0% Pou] (Theorem 9.9),
and furthermore enjoys nice mapping properties in functions spaces we use (Theorem 9.6).

9B1. Extension to a global-in-time wave. As in [Krieger and Tataru 2017], our parametrix construction
for (9-1) involves fine space-time Fourier localization of P A, which necessitates extension of PA outside 1.
Here we specify the extension procedure, and collect some of its properties that will be used later.

We extend PA by homogeneous waves outside /. By (9-2), this extension (still denoted by PA) obeys
the global-in-time bound

|PA|lg1 + |OPAlj1 x—1/245,.-5; S M. (9-20)
By Proposition 4.10, for any p > 2 note that

x5 PePA|lLrLoo S || P PAl Lo Lo (9-21)
Moreover, by (9-3), we have

D NPkOPA| 212 = IOPAl g1 12 g -1/207 < 8p- (9-22)
k
Next, we specify the extension of Ao, and also of the relations (9-6) and (9-7) outside /. We first
extend A by homogeneous wave outside I and Ao by zero outside I. These extensions (still denoted by
A and Ay, respectively) satisfy the global-in-time bound

1Alls1 + 11D Aolly < M. (9-23)
In addition, we introduce the extension G of P+ A4 by zero outside /. It obeys
IDGly < M. (9-24)

We emphasize that, in general, P A does not coincide with G outside /.
Define iéo and PR as

Ro(t) = AAo(t) — O(A4 (1), 0, A, (1)) fort €1,
PR(r) = OPA(t) — PO(A (1), 0 Ay(1)) + PO'(Aq, 0% A) fortel,
and O for ¢ € I. By the hypotheses (9-6) and (9-7), we have
||E0||61(AL1L000L2H—1/2) <85, (9-25)

”P§||£1(L1L2HL2H*1/2) <8§- (9-26)
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We extend Ag outside / by solving the equation

Adg= O(y1 A%, 8: A;) + x1 Ro. (9-27)

By (8-15), (8-17), (9-5), (9-23) and (9-25), it follows that
IDAollgry S M?, (9-28)
1A Aol g1 p25-1/2 S 85 (9-29)

Moreover, observe that the extension PA obeys the equation

OPA = PO(x; A%, 3, Ag) + PO’ (PyA, y13%A)
—PO'(Ay. x10:A) + PO'(Gy. y19° A) + 1 PR, (9-30)

9B2. Space-time Fourier projections. Here we introduce the space-time Fourier projections needed for
definition of the renormalization operator. We denote by (, £) € Rx R* the Fourier variables for the input,
and by (o, 7) € R x R* the Fourier variables for the symbol, which will be constructed from PA. We
remind the reader that our sign convention is such that the characteristic cone for a +-wave is {t +|&| = 0}.

Consider the following (overlapping) decomposition of R!*4, which is symmetric and homogeneous
with respect to the origin:

D&:E = {sgn(0) (0 £n-0) > Ll (InL? +lo £1-0?)
N {sgn(@)(0 £n-) < o[ (n > + o £ n-0P)},

’:t -
D ={lotn-o| <™ (nL? +lo£n-0P),

,E -
Doy = {sgn(0)(0 £ n-0) < =150 (1nL1> + |0 £ - 0]?)}
U {sgn(0)(0 £n-0) > 3lo|~ (nel? +lo £1-0*)},

where 1] = n— (n-w)w. See Figure 1 for a plot of these domains.
0, _ pl+d

We construct a smooth partition of unity adapted to the decomposition Dé‘())}fg U Dfl‘fl’lfb U Dt

as follows. We begin with the preliminary definitions

ﬁ.‘”’i(o 0 = may 4 o(c+tn-w)
e 5(n2=m-w)?) +loxn-0?)

sgn(o)|nl(c £1-w) )
(In?=(-w)?) +lo£n-0 )

sgn(o)|nl(c £1-w) )
(In?=(-w)?) +lo£n-0 )’
where m~1(z) : R — [0, 1] is a smooth cutoff to the region {z > 1} (i.e., equals 1 there), which vanishes
outside {z > 2}. Then we define the symbols

ﬁﬁj (o,n) =msq (8

ﬁg)lfti (0,1m) =m>1 (—8

~w,+ ~w,t
2E (0, n) = 025 (0,n) — T2 % (0, 1), (9-31)
, £ Sw,+ =w,+
Mo (o) = 1=T1025 (0. ) — How (0. 7). (9-32)
,+ S w,t Sw,t
Mo (0,m) = gy (o, n) + T~ (0. ). (9-33)
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n-w

Figure 1. Sketch of Dé‘f,’nf, D®¥ and D in the hyperplane {0 = 1} with £ = —.

med out

Note that the actual domains are defined to be slightly overlapping.

Observe that 1 = Hgﬁ,’nf + Hfuﬁ: + Hﬁ;’ti, and supp Hff’i - D,,ﬂ"’dE for * € {cone, null, out}. Moreover,
by symmetry, Hff’i preserves the real-valued property.
We also make use of a dyadic angular decomposition with respect to w. Given 6 > 0, we define the

symbol

R e (e

0
Furthermore, we define
255 (0.n) = 1 -T2 (0. ).
My (0,n) = (M25° — 257 ) (0, 1),
Since these symbols are real-valued and odd, the corresponding multipliers (which we simply denote by
n:E n2:F and Hg”i, respectively) preserve the real-valued property.

>0 >0 1

The regularity of the symbols Hé%’nf, Hﬁ)u’lf and T15;" degenerates as || — 0; however, they
are well-behaved when composed with Hg”iPh. The following lemma will play a basic role for our

construction.

Lemma 9.3. For any fixed +, w € S3, n € N, h € 2® and * € {cone, null, out}, the multiplier'®
0”82”)(1'1;"’*1'1‘9"’*Ph) is disposable.

Proof. In this proof, we take # = 0 by scaling, and fix £ = +. Let % € {cone, null}.

We begin with some elementary reductions. First, since 1 = neE+ Hnwdlf + Hf)"L{ti, and 9" ag”‘) Hg)’i Py
is disposable, it suffices to prove the lemma for just Hg&f and Hfu’ﬁt. In this case, note that the symbol
Hf’ing”im »(n) (where my, is the symbol of Pj) is compactly supported. Furthermore, the lemma is
obvious if 8 = 1, since then the symbol is smooth in £, &,  on the unit scale. Therefore, we may assume

that 6 < 1.

10We quantize (o, ) — (D¢, Dx).
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We now consider the case n = 0, when there is no £-differentiation. We fix w € S3. To ease our
computation, we introduce the null coordinate system (v, v, 77 ), where

v=0—nw, V=0-+n-w,

and 7, € R3 are the coordinates for the constant v, v-spaces. Observe that

o+n-ow . v
P +lo+n-o> [ +v

s>1 nul =il >0, |v|~6% |ul~1 (9-34)

on the support of Hi”ing”imo. Moreover, ¢ = o (v, v,7]1) andi|n| :i|r;|(1_), v, 71 ) are comparable
to 1, and are also smooth on the unit scale on the support of IT1%" H(é” my. Recalling the definition
of Hi”i, it can be computed from (9-34) that

020897 TI2%| 56721 on supp 19+ 112 *mq.

On the other hand,

Iaiaﬁagl(ﬂ‘g”imoﬂ <07 on supp I&EMYFmy,
so it follows that
029807 (moEmy )| < o2, 9-35)

vrUTnL

Furthermore, from (9-34) we have
|supp T E 114 my| < 6°. (9-36)

From these bounds, we see that the multiplier Hff’i Hg)’i Py has a kernel with a universal bound on the
mass, and thus is disposable.
Finally, we sketch the proof in the case n > 1. We first claim that

|08 (M2~ 115*mo)| < 67" (9-37)

Clearly |8§n) Hg”i | <, 07", so it suffices to verify that |8§") M%%| <, 67" on the support of 1%~ H(é)’imo.
Note that

0, |al=1,
0% (- )| S 10 1

+
L olez2 supp 12115 my. (9-38)

Then recalling the definition of Hi”i and using the chain rule, the claim (9-37) follows. We remark that
a differentiation in o + 1 - w loses 62, but we gain back a factor of 6 through the chain rule and (9-38).

Next, we fix w € S and start differentiating in (v, v, 771 ). Using the chain rule, (9-38) and (9-34), it
can be proved that

10298 97 ag”)(nf;’ing”in < g 2BI=lvig—n, (9-39)

vTvTny

We omit the details. Combined with (9-36), we see that enag’)n‘:’ing”ipo is disposable. O
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As a corollary of the proof of Lemma 9.3, we obtain the following disposability statement.

Corollary 9.4. For any fixed +, w € S, h,k € 2% and * € {cone, null, out}, the translation-invariant

bilinear operator on R'™* with symbol

—lg 4 —lg 4+
e e 0l S o P PP (6)

is disposable.

Clearly, the same corollary holds with any of the continuous Littlewood—Paley projections Py, Py,
replaced by the discrete analogue.
We also record a lemma which describes how the operator [ acts in the presence of Hgﬂ;nf Hg)’i Py.

Lemma 9.5. For any fixed +, v € S3,n € N and h € 2%, the multiplier

(@7 2m)0m ol (MeE Ty Py) (9-40)

cone

is disposable.

Proof. We set h = 0 by scaling. The symbol of [ is —o2 + ||%. For a fixed w, we introduce the null
coordinate system (v, v, 1 ) as before. Then observe that
1050507 (=0 + )| = 1050507 (—vv + i) 5 62672171

on the support of Hf;%}lfl'lg”iPo. The lemma follows by combining this bound with the proof of
Lemma 9.3. U

9C. Pseudodifferential renormalization operator. In this subsection we define the pseudodifferential
renormalization operator, and describe its main properties.

9C1. Definition of the pseudodifferential renormalization operator. As mentioned before, the aim for
our renormalization operator is not to remove all of PA, but only the most harmful (nonperturbative) part
of it. This part is defined as

AminE _ e-E nqotp , (pa)y;. (9-41)

j,<h Z|77|8 cone

Precisely, given a direction w, it selects the region which is both near the cone in a parabolic fashion near
the direction w, but also away from w, on an angular scale that is slowly decreasing as the frequency 7
of A approaches 0. We emphasize that this decomposition depends on w, which is what will make our
renormalization operator a pseudodifferential operator.

To account for the fact that our gauge group is noncommutative, and also to better take advantage of
previous work in this area, we divide the construction of the renormalization operator in two steps. The
first step is microlocal but linear, and mirrors the renormalization construction in the (MKG) case; see
[Krieger et al. 2015; Oh and Tataru 2018]. Precisely, we define the intermediate symbol

Ve = —LRATL AT -4
Here the operator L A;i 3:5 chosen as a good approximate inverse for L%, within the frequency-
main,

localization region for AJ’ <h

. In effect this frequency-localization region is chosen exactly so that this
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property holds within. This is based on the decomposition
—La:‘éLc:"); + A, =0,
which gives
LOLE2AY =1-0A%.

Given A;nf;li and W _j as above, we define their Littlewood-Paley pieces as

main, & __ d main, =+ _ d
Aj,h - dhAJ’<h ) \'I'Izl:,h - %qji,<h'

Now we come to the second step in the construction of the renormalization operator. This step is
nonlinear but local, and is based on the construction of the renormalization operator in [Sterbenz and
Tataru 2010a] for the corresponding wave map problem. Precisely, we solve the ODE

d _
75 O<h.x 0<}11,:i: =V, (9-43)

lim [|0xO<p,4(7,x,8)|Loe = 0.
h—>—o00

Thus our renormalization is achieved via the paradifferential operator
Ad(O+)<o.

where the localization to small frequencies is so that this operator preserves the unit dyadic frequency shell.

The parameter § > 0 is a universal constant, which is chosen below so that the parametrix construction

go through. In particular, we take 0 < § < ﬁ. Logically, it is fixed at the end of Section 10.

9C2. Properties of the pseudodifferential renormalization operator. Now we state the key properties
satisfied by the renormalization operator Ad(O+ )< that we just defined; see Theorems 9.6 and 9.9.
Proofs of these results are the subjects of Sections 10 and 11, respectively.

Theorem 9.6 (mapping properties of the pseudodifferential renormalization operator). Let A be a Lie-
algebra-valued spatial 1-form on I x R* such that A = P<_, A and

| PAllsi11r) < Mo
for some k, Mg > 0. Let Wy p, Wy j, and Oy, + be defined on R*4 as above from the homogeneous-
wave extension of PA. Let Z be any of the spaces L)ZC, N or N*.
(1) For k > 20, the following bounds hold:
e (boundedness)

[0p(Ad(O+)<0)(r.x, D) Pollz—z Sm, 1. (9-44)
e (dispersive estimates)

1I0P(Ad(Ox)<0)(t. x. D) Pollgs_, 5, Smo 1. (9-45)
(2) Forany ¢ > 0, there exist ko(g, My) > 1 (independent of Ax) such that if k > ko (e, My), then

¢ (derivative bounds)

[0z, Op(Ad(O4+)<0)(t, x, D) Pollz—2z < e (9-46)
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e (approximate unitarity)
1(Op(Ad(O+)<0)(t, x, D) Op(Ad(OL ) <0)(D, 5, y) =) Pollz—z S &, (9-47)
where the implicit constants are universal.

(3) There exists 0 < 6,(My) <K 1 (independent of Ay ) such that if , in addition to the above hypothesis,
1P Axllgoo 51117 < 80(Mo), (9-48)
then (9-44) and (9-45) hold with universal constants. That is, for k > 20 we have:
e (boundedness with a universal constant)
IOp(Ad(O+)<0)(t,x, D) Pollz—>z < 1. (9-44)
e (dispersive estimates with a universal constant)
1IOp(Ad(Ox)<0)(t. x. D) Pollgz_, 5, 1. (9-45)'
Here the frequency-localization operator Py can easily be replaced by a more general localization to
{151 =~ 15
Remark 9.7. As we will see in the proof below, ko (e, M) ~¢ log My and 6,(Mo) <m, 1.
Remark 9.8. Note that the symbol of each of the above PDOs is independent of t = £y, and thus it

defines a PDO on R* for each fixed ¢. By the mapping property Z — Z with Z = L%, we mean that the
PDO maps L2 — L2 for each fixed ¢, with a constant uniform in .

Theorem 9.9 (renormalization error). Let Ay be a g-valued 1-form on I x R* such that Ay = P<_ Aq
and |PAx||sii;) < M for some k, M > 0. Let & > 0. Assume that k > k1(g, M) and (9-3)—~(9-7) hold for
some functions k1(s, M) > 1 and 0 < §,(e, M, k1) < 1 independent of Ay (to be specified below). Let
Wy <p, Vi p and Oy 4 be defined as above from the homogeneous-wave extension of PAy. Then we
have

p
(0.4 OP(AA(0) <0) = Op(AA(0£) <0)D Pollgs (11, L1y < & (9-49)
Remark 9.10. As we will see later, k1(e, M) ~¢ log M and §,(e, M, k1) Kp, €.

9D. Definition of the parametrix and proof of Theorem 9.1. Our parametrix is given by

u(®) = Y (5 OP(Ad(01)<0) ¢, x, D)e* 1P Op(Ad(OL) <o)(D, 0, y) (g [ D|Hu)
: +OP(AA(0) <) (1. x. D) 5 K+ Op(AA(051) <0)(D.5.3)f ). (9-50)
where

t .
Kig(t)=/ ei’(t_s)u)lg(s) ds.
0

With this definition, the proof of Theorem 9.1 starting from Theorems 9.6 and 9.9 is essentially identical
to the corresponding proof in [Oh and Tataru 2018] and is omitted.



352 SUNG-JIN OH AND DANIEL TATARU

10. Mapping properties of the renormalization operator

10A. Fixed-time pointwise bounds for the symbols W and O. Here we state fixed-time pointwise bounds
for W and O. We borrow these estimates from [Krieger and Tataru 2017], while carefully noting dependence
of constants on the frequency envelope of A = A, in S!. The bounds below are stated using continuous
Littlewood—Paley projections Pj, but we note that the same bounds hold for discrete Littlewood—Paley
projections as well.

We begin with pointwise bounds for the g-valued symbol ¥y, 4 (¢, x, §).

Lemma 10.1. The following bounds hold:
(1) Form>0and 0 <n <871, we have
1000V, (1.x,6)| <2037 A5 (10-1)

When m = 0, we interpret the expression on the left-hand side as 82’ \Iff)h

(2) Let {t —s,x —y)2 =1+t —s|> + |x — y|% We have
(W (1. 8) = W (s, p. 6)] S min{2" (1 — 5. x — y), 1} An| 51 (10-2)
(3) Finally, for1 <n < 571 we have
0 (W (2,6, 8) = Wi (s, 3. §)] S minf2h (¢ — 5, x — ), 2= a0 (10-3)
For a proof, we refer to [Krieger and Tataru 2017, Section 7.3]. As a corollary of (10-1) we have
VW | < 2" Aplls0- (10-4)
Next, we consider the G-valued symbol O, +.
Lemma 10.2. Let ¢, be an admissible frequency envelope for A in S'. Then the following bounds hold:

(1) For0 <n <871, we have

100 (Ocp )t (0. %.6)] Sy apg, 207y, (10-5)
(2) We have
d(Ocp (1. x,8)02) (5. y.6).1d) Syay, log(1+2" (1 —s.x = y))cp. (10-6)

(3) Finally, for 1 <n <871, we have

135" (0w 1 x.E) O] 4 (5. 7. )]
Syt minf2" (=5, x =), PO A4 (=50 =y e, 10-7)

For a proof, we refer to [Krieger and Tataru 2017, Section 7.7].
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10B. Decomposability calculus. To handle symbol multiplications, we use the decomposability calculus
introduced in [Rodnianski and Tao 2004; Krieger and Sterbenz 2013], which allows us to roughly regard
these operations as multiplication by a function in L# L4, In the present work, we need an interval-localized
version in order to exploit small divisible norms.

Given 6 € 27N, consider a covering of the unit sphere S® = {w € R* : |€| = 1} by solid angular caps
of the form {w € S3 : |¢ — w| < 6} with uniformly finite overlaps. We index these caps by their centers
¢ € S3, and denote by {(m‘g)z(a))} the associated nonnegative smooth partition of unity on S3.

Let I be an interval. Consider a End(g)-valued symbol c¢(z, x, £) on [; X [RR; X [R{g, which is zero
homogeneous in &, i.e., depends only on the angular variable w = £/|£|. We say that c(¢, x, §) is
decomposable in LYLT[I]if c =) 4 ¢®, 9 e27Nand

Y 1ePlpyrarri < oo, (10-8)
6
where
40 3
||c(9) ”DquL’[I] — ‘ (Z Z Sup(mfg(w)nenagl)c(@) ”L;()Z) (10-9)
=0 & w L1

We define ||c||prarr[r] to be the infimum of (10-8) over all possible decompositions ¢ = ) 4 @ In
what follows, we will use the convention of omitting [/] when I = R.
In the following lemma, we collect some basic properties of the symbol class DL L"[I].

Lemma 10.3. (1) For any two intervals such that I C I’, we have

lellprerrin < lcllprarrir-

(2) For any symbols ¢ € DL L™ [I] and d € DL92 L"2[I], its product obeys the Holder-type bound

ledlipreprin S llellpLaLrnldlipLeLrin.

1 1 1 1 1
< < =1 —
where 1 <¢1,492,9,7r1,72,1 < 00, TR qand T

1
-
(3) Let a(t, x,£) be an End(g)-valued smooth symbol on I x R* x [Rg whose left quantization Op(a)
satisfies the fixed-time bound
SuII)”Op(a)(tv X, D) ||L2—>L2 = Ca‘
te

Then for any symbol ¢ € DLYL", we have the space-time bound

10p(ac)(t, x, D)l par L2192 7211 < CallellpLarrin,

where 1 <q1,92,9,7r2,1 < 00, qi] + % = qlz and % + % = % An analogous statement holds in the

case of right quantization.

The proof is essentially the same as the global-in-time versions in [Krieger and Sterbenz 2013,
Chapter 10] and [Krieger et al. 2015, Lemma 7.1]; we omit the details.



354 SUNG-JIN OH AND DANIEL TATARU

10C. Decomposability bounds for A, ¥ and O. Here we collect some decomposability bounds for 4,
W and O that we will use in our proof of Theorems 9.6 and 9.9. As before, we state the bounds using
continuous Littlewood—Paley projections Py, but note that the same bounds hold for discrete Littlewood-
Paley projections as well. For simplicity of notation, we will usually write |G| prerr = ||ad(G)||prarr
for a g-valued symbol G and ||O|prerr = |Ad(O)||prarr for a G-valued symbol O.

For any 6 > 0, h € R and * € {cone, null, out}, recall the definition

0 ,E
AQ) | =PI F (PA),.
As before, we will often omit the subscript x for simplicity, and write Azoi L= A;egl 4 €t
These symbols obey the following global-in-time decomposability bounds:
Lemma 10.4. For g > 2 and * € {cone, null, out}, we have
9 1y .52
14L) | -olpraze <2073 73 | 4451, (10-10)
0 )y a5_2
148) s lprozs <2070M937 T Ag 4lly 1. (10-11)
Furthermore, for x = cone we have
9 _1)p 0.2
1049 - olpraze 520796377 | 44151, (10-12)
_ 9 _ 1) ,5-2
1850049, -olprere $2079403 3 44150 (10-13)

Proof. The symbols (00d,)" (n‘:’ing”i) are smooth, homogeneous and uniformly bounded, and the
corresponding multipliers are disposable for fixed €2. Then the bounds (10-10) and (10-11) follow by
Bernstein’s inequality using the Strichartz component of the S norm, and, respectively, the L2 H 1/2
component of the VY ! norm.

For the bounds (10-12) and (10-13) we need in addition to consider the size of the symbol of [, and,
respectively, A;L within the support of Pj, Hé”o}lfl'[g)’i. This is 6222, respectively §—2272h, Precisely,
we have the representations

OpNSEing* =222 ongEng =, Al pneEng* =622 onging ",
with O disposable; see, e.g., Lemma 9.5. Then (10-12) and (10-13) immediately follow from (10-10). O
Next, we consider the phase W, which was defined in (9-42). Given 8 > 0 and / € R, let
v = Py Wy
We have the following global-in-time decomposability bounds.
Lemma 10.5. For q,r > 2 and % + % < 3, we have

1_2

(L4 1_2_3
lw?, 27V prarr <27 @G0 4y 51 (10-14)

In addition, suppose that 0 < 2% for some a € —N. Then for q,r > 2, we also have

[2] _ [2] (14 _2 1_3
10ht2a(¥ D, 2790 ) prarr <27 @+ h270903 2 4y 51 (10-15)
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Furthermore,
6
10, Iprore < 03230 45151 (10-16)

Proof. Observing that within the support of Py I1%;E H(g’i the symbol L¥ A~} has the form 27hg—20
with O disposable and depending smoothly on w on the 6 scale, the first bound (10-14) is again a direct
consequence of the Strichartz bounds in the S! norm for A.

For (10-15) it suffices to prove the case p = g = 2 and then use Bernstein’s inequality. But in this case
it suffices to use the X ;51/ 2 component of the S! norm at fixed modulation.

For the last bound (10-16) it suffices to combine the L2L> case of (10-14) with Lemma 9.5. O

We now consider the G -valued symbol Oy, +, which was defined in (9-43). It obeys the following
global-in-time decomposability bounds.

Lemma 10.6. Let cj, be an admissible frequency envelope for A in S. Then for any q > 4, we have

1
1(O<p, 5% O<hgs)IDLaLo S)a g, 2(1=)he, (10-17)
When g = 2, an analogous bound with a slight loss holds:
(O<h x> O<p,+; t)”DL2L°° SlAllgr 22Dk, (10-18)

Proof. These bounds are a consequence of the \Il bounds in the previous lemma. The proof is similar
to the proof of the similar result in [Krieger and Tataru 2017, Lemma 7.9] and is omitted. We note that
the constraint ¢ > 4 in the first bound is to prevent losses in the & summation in (10-14). |

Finally, we consider interval-localized decomposability bounds, which will be needed to exploit
divisibility (i.e., the hypothesis (9-3)) to gain smallness.

Lemma 10.7. Let |I| > 2"k \where h € R and k > 0. For q > 2, we have

6 —C ome
19, I prareerny S 2°°07C 27| ApllLapoorny. (10-19)
— 6
1AL 0 A Olprareern S2°°07C [ ApllLareers. (10-20)
loo- A\ prazeerr) 2407 | ApllLaLoopry. (10-21)
|- AN IpLoLoerr S 2°07C | Ao nllLeLoers. (10-22)

Proof. We will prove (10-19), and leave the similar cases of (10-20), (10-21), (10-22) to the reader.
By scaling, we set &7 = 0. By the definition of the class DL9L°°[I], we have

9 _ 2
1957 | pragoopsy < 6 2(2 D supl|mf (@)6" 9V TG TIE . Po(e- PA>||LW[,])
n=0 ¢

<6°¢ Z||9"a(”’n“’né‘gnePo<w - PA)|Laroops)-

Fix n € [1,40] and @ € S3. From the proof of Lemma 9.3, we see that the projection 6" 8(" )H"’H“’ Po,

cone
when viewed as a Fourier multiplier in (o, 17), has a symbol which is supported in a space -time cube of
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radius < 1, and its derivatives (up to 40, say) are bounded by 6~C for some large universal constant C.
Moreover, we have |9"U3(" w| <u~ 1. Denoting by x9 7 a generalized cutoff adapted at the unit scale as
in (4-22), we have

”9’18;’”)1_[5) conePO(a) PA)”LqLOO[I] 0~ C”XIPOA”LqLoo

Recall that A4 is extended outside / by homogeneous waves. By Proposition 4.10, the last expression is
bounded by

<29%07C|| PoA| La oo
which proves (10-19). O
10D. Collection of symbol bounds. Before we continue, we introduce the quantity M, which collects
various symbol bounds that we have so far.

We fix large enough N and a small universal constant §5 > 0. Then we let M; > 0 be the minimal
constant such that:

e The following pointwise bounds hold for all 0 <n < S land0<m < N:
9009V e, | <2mhgz M,
(W (1%, 8) =Wt (5, y.6)] <min{2" (=5, x—y), 1} Mo,
108" (Wt (1, %, 6) =Wt (s, 3, )] < min{2" (15, x—y), 127 (=2 g,
107 (0 )st,x (1, x,6)] < 207D,
d(Op+(1.x.6)02) 4 (5..6).1d) <log(14+2" (t—s.x—y)) M,
0D (Ot (1.3 E)OZh 1 (5.7, 8))igl <minf2{t—s,x—y), 11 =02 (1 fp s x—y ) =D

e The following decomposability bounds hold for all * € {cone, null, out}, ¢,r > 2 and 2 a1 % %

||A§10>)k 4 0llpLaree <2(=2)hg3-0

148) . s lpraze <20 06377 i,
0 )9 2
”DA/(’L zone,:l: 'a)”DL”LOO 52(3 p)h92 a Mg,
_1y, 5.2
”A;iDA;lG():one +° a)”DLqLOO 52(1 l’)he 2 a M,

”Oygi’z_thxm)”DLﬂLr52_($+%m95_3_7ﬁﬂn

1Qt2a(¥, 2790, ) prarr <2~ (GO G9g3 7 M, (6 <2% < 1),
109, Ipr2ree <6222 M,

1(O<p,+:x. O<p,+:t)IDLO Lo <20=9)hpy, (g=>4+65),

1=
”(0<h,ﬂ:;x’ 0<h,:|:;t)||DL2Loo 522(1 8)hMo-
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By the preceding results, there exists an My such that
My <m [|Allgeest + 1 Aollgooyt- (10-23)
In particular, note that all of the above symbol bounds are small if || A|jcog1 and || Ag||geoy1 are.

10E. Oscillatory integral bounds. Given a smooth function a, let

d§

K(t.x:5.y) = / Ad(O<p ) <o(t. x. £)a()e™ I ElIEC=D Ad(OZ) 1) <o(E. y.9) prt

Lemma 10.8. For a sufficiently small universal constant § > 0, the following bounds hold for the kernel
K2,(t, x5, ):
(1) Assume that a is a smooth bump function on the unit scale. Then
_3 _
Kot x5, )] Sm, (1 —9)72 (e —s] = |x — y|) 1% (10-24)
(2) Let a = ac be a smooth bump function on a radially oriented rectangular box C of size 2k % (2k +€)3,
where k, £ < 0. Then
Kot x55,9)| Sp, 2532040 @ — )73 2% (Jr — 5] | — ) 7. (10-25)

(3) Let a = ac be a smooth bump function on a radially oriented rectangular box C of size 1 x (2£)3,
where £ < 0. Let w € S3 be at angle ~ 2¢ from C. Then, fort —s = (x — y) - + O(1),

K20, x3 5, 9)] Sm, 2262740 —9) 7100 = )10, (10-26)
where x' = x —(x-w)wand y' =y — (y - 0)w.

This lemma is proved as in [Krieger and Tataru 2017, Section 8.1] by stationary phase, using the
symbol bounds in Lemmas 10.1 and 10.2.

10F. Fixed-time L2 bounds. The goal of this subsection is to prove (9-44), (9-46), (9-47) and (9-44)
for Z = L% The common key ingredient is the following fixed-time L2 estimate:

Proposition 10.9. For § > 0 sufficiently small, there exists 8y > 0 such that the following statement
holds. Let h + 10 < k < 0. Then for every fixed t, we have

| (OP(Ad(O<p, ) <i) (x. D) Op(AA(OZ; 1) <i)(D. y)—1) Pol 12, 2 Sm, 2°@" 427 10K =M (10-27)

Lemma 10.10. There exists 8y > 0 such that the following statement holds. Let h <0 and a(§) be a
smooth bump function adapted to {|&| < 1}. Then for every fixed t, we have

IOp(Ad(O<p,+))(x, D)a(D) Op(Ad(OZ; ))(D.y) —a(D)l| 212 Sm, 270" (10-28)

Proof. For simplicity of notation, we omit & in Oy, 4, 0:]1 4 and Wy 5. Following the hypothesis, we
fixtr e R.
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The idea is to derive a kernel estimate as in Lemma 10.8, but taking into account the frequency gap.
The kernel of the End(g)-valued operator in (10-28) is given by

. d
Kop(x,y) = [ (Ad(O<p(x,§)OZp(y. £)) — Da(E)e' =% % (10-29)

Sk Swoh.

We obtain two different estimates depending on whether |x — y| < 27 or|x —y| =2~

Case I: |x—y| < 278@" 1n this case, we use the fundamental theorem of calculus and simply bound

h
Kol 5 [[ 1440902 0.60)
h
< sup
|$SI/—00

Ou,v]0~' =[0u0~!,0v071], 0€G,u,vey,

la(§)|dtdg

%(Ad(Od(X’ )0 (. E)))' dl.

By the algebraic property

we have
ad(u) Ad(0) = Ad(0) ad(Ad(0O™ YY), Ad(0O~Y)ad(u) = ad(Ad(O~Vu) Ad(0™Y).

Therefore,

4 (Ad(0<(x. )0 (7, )
= ad(W) Ad(O<)(x,§) Ad(0Z})(y, §) — Ad(O<¢)(x,§) Ad(0Z) ad(¥() (v, )
= Ad(0<¢)(x, §) ad(Ad(OZ))We(x, §) — Ad(0Z)) We(y, ) Ad(0Z)) (7, §).
Then using the fact that the norm on End(g) is invariant under Ad(O) for any O € G, we have

‘%(Ad(od(x, §)0ZL (6. £)| = [Ad(OZ])Wy(x, §) — Ad(OZ)We(r. 6)].

By the symbol bounds (10-5) and (10-4), we have |0 (Ad(O:Zl)\IJg)| <M, 2%, Thus, by the mean value
theorem,

‘%(Ad(od(% £)0Z} (9, 6))| Sm, 22750,

Integrating in £, we arrive at
|K<n(x, y)| S, 20700, (10-30)

Case2: |x—y| 2 273" Here, the idea is to repeatedly integrate by parts in £. Since

g Ad(O<p(x,£) O} (1. §)) = ad((O<p(x. §) 025 (1. £)):e) Ad(O<p(x.£) O} (1, £)),

the symbol bound (10-5) implies

— _1
108” Ad(O<i (x, §) 024 (3, €D Sp,ma, 25720,
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Therefore, integrating by parts in £ for N times in (10-29), we obtain

1

for [x —y| 2 27%0" o< N <§7L.
|x_y|(l—8)N+%5 ~ -

|K<n(x, )| Ss.n.M,
Finally, combining Cases 1 and 2, we obtain
sup [[1K<u (x| dy =+ sup [ 1K <yx. )] di S, 20750000 5 200k
x y

provided that gy is small enough. Bound (10-28) now follows. O
Corollary 10.11. For any k € R we have

[Op(Ad(O<p,+))(x, D) Poll12512 SM, 1, (10-31)

[0p(Ad(O<p,x)<k)(x, D) Poll 212 Sm, 1. (10-32)

Proof. The first bound follows by a 7' T *-argument from Lemma 10.10. Next, note that Ad(Oj, 1) <k (x, §)
is simply a smooth average of translates of Ad(O.j_4)(x, §) in x. Therefore, the second bound follows
from the first by translation invariance of L2 O

Next, we borrow a lemma from [Krieger and Tataru 2017], which handles Ad(O«j, 4 )r when k is
large compared to h.

Lemma 10.12. Lett € R, h <0and k > h + 10. Then we have
|0p(Ad(O<p £)i) (¢, x, D) Poll 252 Sy, 2710ETM. (10-33)
Furthermore, for1 <gq < p <00, h <0and k > h + 10, we have
|0P(AA(Op )t %, D Poll o2 oz Su, 2070271060, (10-34)
Same estimates hold for the right quantization Op(Ad(O<p 1)k (D, s, y).

Remark 10.13. The specific factor 10 in the gain 2~ 10(k=h) ig not of any significance, but it is important
to note that this number is much bigger than 1; see the proof of Proposition 10.14 below.

For the proof, we refer to [Krieger and Tataru 2017, Proof of Lemma 8.4] or [Oh and Tataru 2018,
Proof of Lemma 9.11].

Proof of Proposition 10.9. Due to the frequency localization of the symbols in (10-27), we can harmlessly
insert a multiplier @ (D) whose symbol is a smooth bump function a () adapted to {|€| < 1}, and then
discard Py to replace (10-27) by

I0p(Ad(O<p,1)<k) (x. D)a(D) Op(Ad(OZ} 1) <k)(D.y) —a(D)ll 22 Sy, 250% 4271060,
Now it suffices to combine the last two lemmas. O

Proof of (9-44), (9-46), (9-47) and (9-44)' in the case Z = L2 By a T T* argument, the bounds (9-44)
and (9-44)" are immediate consequences of (10-27). Also from (10-27) we obtain the estimate (9-47)
with a constant 27%©¥ which is less than ¢ if « is chosen large enough depending only on M.
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Finally, for (9-46) we compute
9:(Ad(0))<o = (ad(0;r) Ad(0)) <o:

therefore it suffices to combine the decomposability bound (10-17) for O,; with ¢ = oo with (10-31).
The former bound yields a 27% factor which again yields & smallness if « is large enough. O

10G. Space-time L?>L? bounds. Next, we establish (9-44), (9-46), (9-47) and (9-44) when Z = N
or N*. As we will see below, (9-44), (9-46) and (9-44)" follow from the arguments in [Krieger and Tataru
2017]. In the bulk of this subsection, we focus on the task of establishing (9-47).

To state the key estimates, it is convenient to set up some notation. We introduce the compound
G -valued symbol

0<h,:|:(t’xvs’ J’»E) = O<h,:|:([7x’E)OZ%J:(S’))’S)'

The quantization of Ad(O ., 4 ), which is an End(g)-valued compound symbol, takes the form

Op(Ad(0<h,:|:))(t? x, D, Vs S) = Op(Ad(0<h,ﬂ:))([v X, D) Op(Ad(OZILj:))(D? Y, S).

Given a compound End(g)-valued symbol a(z, x, s, y, £), we define the double space-time frequency
projection

(a)<<k(t,x,s, )’»5) = S:ZSi’]':a([,X,S, y?é)

Therefore, according to our conventions,

Ad(O<p 1)k (1. x5, 3. €) = Ad(O<p 4) <k (1. X, §) Ad(OZ} L)<k (s5.7.£).

Proposition 10.14. For § > 0 sufficiently small, there exists §(1y such that the following bound holds for
any h < =20:

| (OP(A(O<p, +)<0) (1. %, D1, y) = 1) Po| g, yo.172 Sna, 20", (10-35)

Before we begin the proof, we state a lemma for passing to a double space-time frequency localization
of Ad(Op_ ), which is used several times in our argument below.

Lemma 10.15. For2 <qg <oocand h+ 10 <k <0, we have

1_1 _
| (OP(A(O 1) <0) — OP(AA(O < +) i) Po | o2y pag 2 Saa, 20782100 (10.36)

This lemma is a straightforward consequence of Lemma 10.12; we omit the proof.

Proof of (10-35). We follow [Oh and Tataru 2018, Proof of Proposition 9.13]. For simplicity, we omit +
in Ocp 4, O<p + etc.

Step 1: high-modulation input. For any j € Z and j’ > j — 5, we claim that

Lo i
19, (Op(Ad(O<n)<0) =D PoQjrll y«_, x0.1/2 SM, 280h2(=i", (10-37)
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Step 2: low modulation input, %h < j. Here, we take care of the easy case %h < j. Under this assumption,
we claim that

19, (Op(Ad(O<p)<0) = DPoQ <5l yu_, y0.1/2 S, 24k, (10-38)
Note that
0, (Op(Ad(O<p)«j—5)—1)PoQ<j—5=0.

Thus, using the L>°L? portion of N*, it suffices to prove
19, (Op(Ad(O <) <0 —Ad(O <)< j-5) PoQ <=5l s, x0.1/2 SM, 4h

Since Q; and Q<5 are disposable in L?L? and L*° L2, respectively, this estimate follows from
Lemma 10.15.

Step 3: low modulation input, j < %h, main decomposition. The goal of Steps 3—6 is to establish
10, (OP(Ad(O <) «0) —=Ad(O_; , 5,)<0) PoQ< sl ys_, yo1/2 Sma, 2°©", (10-39)

provided that j + §h < h.
At the level of End(g)-valued compound symbols, we expand

Ad(O.p) —Ad(0<j+gh) =L+ 9+C,
where

£=/ L, ..z dl,
j+(§h§€§h L, <j+8h

QZ/ Q .
J+8h<t/<t<h el <j+sh

C@,E’,(”,<€” dﬁ” dﬁl d@,

de' de,

c- [
JH6h<tl"<l/'<l<h
and the integrands Ly <k, Qg ¢/, <k and Cy g ¢ < are defined recursively as
Lo<k(t,x,5,y.§) =ad(We)(1,x,§) Ad(O<)(1,x.5,.6)—Ad(O<) (1, x,5,y.§)ad(W() (s, y.§),
Quur,<k(t,x,8,y,§) =ad(W)(t,x,8) Loy <k (t,x,5, 9. 6) =Ly <k (1, x,5,y,8) ad(Wy)(s. y.§),
Co e <k(t.x,5,.§) =ad(Wy)(t.x,6)Qp ¢, <k (t,x,5,9,6)=Qu o7, <k (t.x,5,.§) ad(Vy) (s, y.§).
The three terms Ly <k, Q¢ ¢, <k and Cy ¢ ¢ <k are successively considered in the next three steps.

Step 4: low modulation input, j < %h, contribution of £. Our goal here is to prove
”Qj£<<0P0Q<j_5||N*—>X8<51/2 <M, PIOLS (10-40)

We introduce

Lo, <k« = ad(We) (7, x,8) Ad(O <) <k (1, X, 8, ¥, §), = Ad(O<i) i (1, X, 5, ¥, §) ad (W) (5, ¥, §)
Lg,<—00 = ad(We) (7, x,§) —ad(We) (s, v, §)
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and take the decomposition

£=/~ L, .. :7z—-L, . 3 ._)d@—}—/ ~ L, . % . dt
i Eh<t<h L,<j+68h L,<j+86h, < j—5 i —108h<t<h ,<j+6h,Kj—5

of (L painagos— Lo de+ [ Lot
i +8h<t<j—105n O/ HORKj=5 i +8h<t<j—108h

=: L)+ L)+ La)+ La).

Step 4.1: low modulation input, j < %h, contribution of £(;). For this term we can add a double frequency
localization < C on L t<j+8h and then harmlessly discard the double < 0 localization in (10-40). Then
it suffices to prove that for £ > j + §m we have

— L= +8m)]~ (104 1)5hR
197 OD(Ly _ ;5 «c —Loejrinacjos) PoQ<jmsloorors Sy, 287U+ (10+3)5h,

and then integrate with respect to £. But this is a consequence of the decomposability bound (10-14) with
g = 6 and r = 00, together with the bound (10-34) with p = 6 and g = 2.

Step 4.2: low modulation input, j < %h, contribution of L. Here as well as in the next two cases the

<« 0 localization in £ has no effect and is discarded. The two terms in £ are similar; we

(,<j+8h,<j—5
restrict our attention to the first one. Consider now the operator

Q; Op(ad(¥() Ad(O_, 5,)«j—5)Q<j—s = »_ Q; Op(ad(¥{) Ad(O_, 5,)«j~5) Q< js.
0
The important observation here is that, because of the geometry of the cone, the frequency localizations
for both Ad(O<tsqn)«j—5) and \lfég) force a large angle 6 > 2U=0/2_ or else the above operator
vanishes.
Given this bound for 8, we can now use the decomposability bound (10-14) with ¢ =2 and r = oo
combined with (10-34) with p = oo and ¢ = oo to obtain

Ll lcippa_1
I Op(ad(qjée))Ad(0<j+§h)<<j—5)P0||L°°L2—>L2 <m, 272722079972,
which after # summation in the range 6 > 2%(1' -0 yields

_ 1. 5¢
10 Op(L2) PoQ<j—5llpeor212 Sn, 272723%%,

which suffices.

Step 4.3: low modulation input, j < %h, contribution of £(3). Here we have the same angle constraint as
above but this levels off for £ < j, namely 8 > 2~(¢—/ )+/2_ However, we can now replace (10-32) with
(10-27) to obtain

Ll lep_ iy, 1 i3 §
| Op(ad(WPYAA(O_, ,5,)jm5 — D) Pollpoorzo 2 Sy, 273 273E D3 (2P0 +3) 4 51080
which after 6 and £ summation yields
10 OP(L3) PoQ<jsllpeor2 2 Sm, 2727 (2L TaDN 1229y,

This suffices provided that § is small enough § < 8(0)-
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Step 4.4: low modulation input, j < %h, contribution of L(4). Here we have the same range j — §h <
L<j+ 1084 for £. We also have the same constraint on the angle 6 > 2~ ¢=/)+/2 byt this is no longer
relevant in this case, as we will gain in frequency, and this can override any angular losses.

This time we are able to take advantage of the difference structure for W. Precisely, it suffices to show
that for a, a localized at frequency 1, we have

0 0 -1 -
| Op(ad(¥™)) (1. x. D)a(D) —a(D) Op(ad(¥y))(t. x. D)oo 12 s Lar2 Su, 277°207C. (10-41)
But this was already proved in [Oh and Tataru 2018, (9.40)].
Step 5: low modulation input, j < %h, contribution of Q. We proceed in the same manner as in the case
of L. Defining the symbols

QZ,E’,<k,<<k’ = ad(‘IIZ)(t’ X, g)£(’,<k,<<k’(t’ X,5,), g) - LZ’,<k,<<k’(tv X,8,), %—) ad(‘lje)(s’ Y, E)?
QO <—00 = ad(Wp) (2, X, §) Lo <00 (t, X, 5, ¥, 8) — Ly <00, X, 5, ¥, §) ad(Wy) (s, ¥, §),

we decompose Q as

_ o - !
Q_/j+gh<£,<£<h(ge,£’,<j+8h Qtz,13/,<j+5h,<<j—1o)d(Z dt

+ dt de

j+8h<t'<t<h Qe,e’,<j+£§h,<<j—10
j—108h<t

+f ) (D in im0~ Qe <—co) AU dL
i+ 8h<t'<t<j—108h L ,<j+8h,<j—10

+[ B B Qg’y‘_oodﬁ/dﬁ
JjHSh<t/<l<j—105h

= Q) + Q) + L3 + Luw
Then we consider each term separately.

Step 5.1: low modulation input, j < %h, contribution of Q(1). Proceeding as in Step 4.1, we have

_ - _ - /
Qw1 = /j+8h<e/<e<h(QZ,E’,<j+8h,<<C Qbr,<j+ih<j-s)<odt dt

and we can again harmlessly discard the outer < 0. Applying the decomposability bound (10-14) with
q = 6 for Wy and with ¢ = oo for Wy, and r = oo, together with the bound (10-34) with p = oo and
q = 3, we obtain

1 i s 1)s
y _ N — L= +8m)]5(10+1)5h
19 <jsin«c — Qv <jrin<jsllLorz—>r2 Smz 27° 22T

Summing up with respect to £ and £’ we obtain
10p(Q1)) Pollpocr212 M, 2103k
which suffices.
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Step 5.2: low modulation input, j < %h, contribution of Q(,). Here and also for Q(3) and Q4) we can
remove the outer frequency localization < 0, which does nothing. The expression Q) contains four
terms depending on whether W, and Wy, act on the left or on the right. We consider one of them, for
which we need to bound the operator

Q; Op(ad(W) Ad(O_; , 5,)«j—5ad(Wp)) Q< j—s Po.
We decompose with respect to angles into
0 0’
Y 0, Opad(¥(”) Ad(O_, , 5,)«j—5 ad(¥ ) Q< s Po
0,6’
and consider the nontrivial scenarios. This is as in Step 5.2 but now we have two angles, which must

satisfy nonexclusively
either § > 2200 or g/ > 23G=0),

We can now use the decomposability bound (10-14) with ¢ = 3 and r = oo for the large!! angle and
q = 6 and r = oo for the other angle combined with (10-34) with p = oo and g = oo to obtain either
0 0’ L Leiipy =L Leigny 1L
| Op(ad(¥(”) Ad(O_, , 5) < j—5 ad(¥() ) Pollpsor 22 Sm, 2727230700 0250 ~0g's

or the same bound with the pairs (I, ) and (I’, 6’) reversed. Summing with respect to £, £/, and also with
respect to 6, 6" subject to the constraints above, we obtain

_1: 5%
10 Op(Q2) PoQ<j—sllpoor2 12 Sm, 272723%",
which suffices.

Step 5.3: low modulation input, j < %h, contribution of Q(3). We repeat the angle localization analysis
in the previous step, but as in Step 4.3, we again replace (10-32) with (10-27). The outcome is similar to
the one in Step 4.3; details are omitted.

Step 5.4: low modulation input, j < %h, contribution of Q(4). Again we apply the same angle localization
analysis as in the previous two steps. However, as in Step 4.4, we also need to exploit the difference
between one of the two W’s and its adjoint. Consider one such term, e.g.,

0 0’ 0’
ad(U) (1, x, ©)fad(W( ) (1, x, ) —ad (W[ )€, . 9)]
For this it suffices to apply the disposability bound (10-14) for \DEQ) combined with (10-41). The choice
of the exponents is no longer important. We obtain

i 1—C8 i
||OP(Q(4))P0||LooL2_)L2 SM(T 2 2412(1 Cﬁ),/.

Step 6: low modulation input, j < %h, contribution of C. This repeats the analysis for £ and Q, but we
no longer need to keep track of angular separation. Setting

Co o 07, <k, ks = ad(Wp) (2, x,8) Qur o7 <k, k(1. X, 8, Y, 8)— Q4 < <k (L, X, 5, y,§) ad(Wy) (s, ¥, §),
Cotr 4, <—oc0 = ad(We)(#, x,8)Qpr 17 <00 (t,X,8,9,6)—=Qu o <« o0o(t, x,5,y,8) ad(Wy)(s, y, ),

I That is, which satisfies the bound on the previous line.
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we decompose C as

C=/ 3 Cop 07, <t —Cop 7, <1, «—5)d " dt' dil
JHSh<t/<l/'<f<h

1 /
* /f+§h<e’/<e’<e<h Cop <t «—s5dl”dt dl

j—108h<t

+ / ) Cowrtretrjs—Coppr<oo) A" dU dL
JHoh<t/<l/<l<j—108h

+/ .  Cr<—o dt”"de de
JHOh<l'<l/<l<j—106h
=:Ca) +Cp) +Ci3) +Cu
and consider each of the terms separately.
Step 6.1: low modulation input, j < %h, contribution of C(y). The same argument as in Steps 4.1 and 5.1
yields the bound

| Op(ad(W¢) ad(Wy) ad(Wpr) (Ad((O<gr) — Ad((O<gr) «—5)) <ol Lo 2512
<M, =379 (i+8h—0n kG +8h—) 5 E(j +5h—€’)2106”2%§h’

as well as for any of the other choices of left/right quantizations for the W’s. Integration over j + §h <

"<t <t < 7 is now harmless.

Step 6.2: low modulation input, j < %h, contribution of C(2). Applying the decomposability bound (10-14)
with ¢ = 6 for each of the three W’s in the C, integrand, as well as the L2 bound for Op(Ad((O ) «—5)
yields the bound

| Op(ad(Wy) ad(We) ad(Wer) Ad((O_ 5, s llpoor2nr2 Saa, 273728070280 -26G-0),

which suffices after integration in £ > j — 108k and €', £" > j + §h.

Step 6.3: low modulation input, j < %h, contribution of C(3). This is the same argument as in the previous
step, but using (10-27) instead of (10-32).

Step 6.4: low modulation input, j < %h, contribution of C(4). Here we are concerned with symbols of
the form

ad(We)(t, x, §) ad(We) (7, x, §)[ad(Wer (¢, x, §) —ad(Wyr (€, y, 9],

where one or both of ad(\W,) and ad(W¥;,) may be switched to the right and in the right quantization. Here
we use again the decomposability bound (10-14) with ¢ = 6 for W, and ad(¥y), and (10-41) for the Wy~
difference.

Step 7: low modulation input, j < %h, low frequency O. To complete the proof of the estimate (10-35)
it remains to show that

1Q; Op(Ad(O_;  5,)<o(t, x, D, y,5) = 1) PoQ< 5|l jys , x0.1/2 SM, 25wk, (10-42)
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Ifj+ Sh < h, this is combined with the bound (10-39), which is the main outcome of Steps 3-6. Else,
this is used by itself, simply observing that we can harmlessly replace j + 64 by A.
The above bound is identical to

10 OP(AA(O_ , 5,) <0 — Ad(O__ 5,)j~5)(t, %, D, 3, 8)PoQ< =5 yu_, y0.172 Sha, 2,

which in turn would follow from

_1;
IOp(Ad(O_; , 51)«0—Ad(O_; , 5,)«j~5)(t. X, D. y.5)) Poll poc 2 12 M, 2 2728wk,
But this is a direct consequence of the bound (10-34). O

Proof of (9-47) in the case Z = N or N*. For the estimate (9-47) with Z = N* we combine the L>°L?
bound given by (10-27) with (10-35). If on the other hand Z = N, then the same bound follows by
duality. O

It remains to prove (9-44), (9-46) and (9-44)" when Z = N or N*. For this purpose, we recall the
following result from [Krieger and Tataru 2017]:

Lemma 10.16. For { <k’ £+ O(1), we have
1Q¢ Op(Ad(O<, +)i) (¢, x, D) Q<0 Poll yu_, yo.1/2 Spa, 271 HY, (10-43)
| Q¢ OP(AA(OZ;, )k )(D. ¥.5)Q<0Poll o, yo172 Saa, 271 7H). (10-44)
In particular, summing over all (£, k") with £ <k and k <k’ + O(1), we have
1 Q< (OP(AA(O<p +) <0) —~ OP(AA(Ocp £) <) (t. x. DY Q<0 Pol o, you1/2 Saa, 1. (10-45)
10 <k (OP(Ad(OZ;, 1) <0) —OP(A(0Z;, 1) <k—c))(D. ¥, 5) Q<0 Poll e yo.12 Sha, 1. (10-46)

Proof. The proof of this lemma is similar to that of Proposition 10.14, but simpler in the sense the
frequency gap need not be exploited. It can be proved with exactly the same arguments as in [Krieger
and Tataru 2017, Proof of Proposition 8.5] (there, M, < ¢). Because of this, we will merely indicate here
how to modify the preceding proof of (10-35) to obtain (10-43). We leave the details, as well as the entire
case of (10-44), to the reader.

As before, we omit % in the symbols. We replace Ad(Op) «k (t, x,5,y,E)—1by Ad(O<p) <k (£, x, §)

throughout the proof of (10-35). The main decomposition (Step 4) now takes the form
Ad(O<p)(1,x,8) =Ad(O_; 1 5,) = L'+ Q'+’

= c ~d€+/ Q' . dtde
/j+ghsfsh L,<j+bh j+gh5£’5€§h Ll ,<j+6h
’ " ogpr
<. de"dt dl
+ /j+§hge"5£’5egh CZ,Z/,Z”,<j+8h ’

where
Ly (1. x.6) =ad(¥y) Ad(O) (1. x. £),

Qp <k (t. x.8) =ad(W) Ly 4 (t.x.8) = ad(Wy) ad(Pp) Ad(O<f) (2. x. §),
Cp < (t.x.8) = ad(¥g) Qp pr 4 (t.x.§) = ad(¥y) ad(Vg) ad(Wpr) Ad(O<k)(t. x. §).
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For the expansion of £, Q and C in Steps 5, 6 and 7, we replace Ly <k «k’> Lt <—co> Qb7 <k, <k’
Qe,z/’<_oo, Cé,e/,é”,<k,<<k’ and Ce}e/’g//’<_oo by, respectively,

Ly <k = ad(W) Ad(O<p) <p/ (2, X, §),
LY oo = ad(¥p)(1.x,§).
Qv <ke<tr = 3(W) LY g o (t,x, ) = ad(¥y) ad(Py) Ad(O<f) < (1, X, £),
Q0o =AW LY __ (8, X, ) = ad(Wy) ad(Wp) (¢, x, §),
Cor ar<ke<kr =AY Qg g (8, X, £) = ad(Wy) ad (W) ad(Wer) Ad(O<f) < (2, X, §),
Cpr . <—oo = 8d(W0) Qp g1 oot x,£) = ad(Wy) ad(Wyr) ad(Wer) (1, x, ).

Accordingly, we replace the use of (10-27) and (10-36) by (10-32) and (10-34), respectively, which results
in loss of the smallness factor 280" in (10-43) compared to (10-35). O

Proof of (9-44), (9-46) and (9-44) in the case Z = N or N*. It suffices to consider the Z = N*; then
the case Z = N follows by duality. The L°°L? bound follows from the Z = L? case, so for (9-44) and
(9-44)' it remains to establish that
_1;
10 Op(Ad(O<p,+)<0) Polly+—12 Sm, 2727,

By Lemma 10.16 this reduces to

_ 1
[Q; Op(Ad(O<p +)<j—5)Polln+—r2 Sm, 27 27.

Now due to the frequency localization for Op(Ad(O.j +)<;—5 we can insert a (slight enlargement of)
Q; on the right, in which case we can simply use again the Z = L? case.
Similarly, in the case of (9-44)’ it suffices to show that

10,[0:. Op(Ad(O < £)<0)] Q< Pollyroszz Sm, 272720

We split into two cases. If j < %h then we write

0¢ Ad(0<h,:|:) = ad(0<h,:l:;)f) Ad(0<h,:|:)<0)v

and then we can easily combine the decomposability bound (10-18) with the L? boundedness of
Op(Ad(O<p,+)<0)- Else we have

Q;[9:, Op(Ad(O<p,+)<0)]1Q <) Po = Q;[0:. Op(Ad(O<p,+) 15,011 Q< Po-
Now we discard Q;, QO <;—s and d; and use directly (10-34) with p = oo and ¢ = 2. |

10H. Dispersive estimates. Finally, we sketch the proofs of (9-45) and (9-45)'. As in [Krieger and Tataru
2017], we exactly follow the argument in [Krieger et al. 2015, Section 11]. In the case of (9-45), we
replace the use of the oscillatory integral estimates (108), (110) and (111) in [loc. cit.] by (10-24), (10-25)
and (10-26), and the fixed-time L2 bound (114) in [loc. cit.] by (10-32), (118) in [loc. cit.] by (10-45)
etc. In case of (9-45)’, observe that all the constants in these bounds are universal under the smallness
assumption (9-48) for a suitable choice of §,(M), as we may take My < 1.
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There is one exception to the above strategy, namely the square function bound
| Op(Ad(O+)<o(t, x, D)||S§_>L;0/3L% <M, 1. (10-47)

This is due to the fact that the square function norm was not part of the Sy norm in [Krieger et al. 2015;
Krieger and Tataru 2017], and was added only here. The same approach as in [Krieger and Tataru 2017]
allows us, via a T T *-type argument, to reduce the problem to an estimate of the form

H/ x—1(t—5)S(,s)B(s)ds

< B s
10/3 %NMU || ”1)160/71%
where

S(t,5) = Op(Ad(O+) <o(t, x, D)eE Pl Op(Ad(04) <0(D, s, y)

and the bump function y_; corresponds to the modulation scale 2l in Sg. It is easily seen that the bump
function is disposable and can be harmlessly discarded. Hence in order to prove (10-47) it remains to
show that

H/ S(t,s)B(s)ds

< -
Lors 2 Mo 1Bl 107,2- (10-48)
X t

To prove this we use Stein’s analytic interpolation theorem. We consider the analytic family of operators

T,B(t) = ¢* /(z —5)?S(t,5)B(s) ds
for z in the strip

-1 <Imz < %
Then it suffices to establish the uniform bounds
T2\ 212 Sm, 1, Rez=-1, (10-49)
3
”TZ”L}CL%—>L§°L% <M, 1, Rez=3. (10-50)
For (10-49) we can use the bound (10-31) to discard the L? bounded operators
Op(Ad(O+)<o(t, x, D)e Pl ¢FsIPIOp(Ad(O4) <o(D, s, y).

Then we are left with the time convolutions with the kernels ¢?”¢%. But these are easily seen to be
multipliers with uniformly bounded symbols.
For (10-50), on the other hand, we consider the kernel K (, x, s, y) of T,. This is given by
Kz (1,5, 9) = ¢ (1 =) K% (t, x5, 7)
with @ a smooth bump function on the unit scale. Hence by (10-24) we have the kernel bound
y—100 3

K= (t.x.5.9)] S, (1t —s] =[x =y, Rez=3.

Fixing x and y we have the obvious bound

IKz(-ox,- )L2— 12 <M, 1
Then (10-50) easily follows.
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11. Renormalization error bounds

Without loss of generality, we fix the sign & = +. In this section, unless we specify otherwise, Op(-)
denotes the left quantization. For the sake of simplicity, we also adopt the convention of simply writing
Ay for P, A.

11A. Preliminaries. We collect here some technical tools for proving the renormalization error bound.

We begin with a tool that allows us to split Op(ab) into Op(a) Op(b). The idea of the proof is based
on the heuristic identity Op(ab) — Op(a) Op(b) ~ Op(—idga - dxb) for left-quantized pseudodifferential
operators; see [Krieger et al. 2015, Lemma 7.2] and [Krieger and Tataru 2017, Lemma 7.2].

Lemma 11.1 (composition via pseudodifferential calculus). Let a(t, x, &) and b(t, x, §) be End(g)-valued
symbols on I; X [Ri X Rg with bounded derivatives, such that a(t, x, §) is homogeneous of degree 0 in &
and b(t,x,§) = PZ, _  b(t. x,) for some 0 <6 <1 and 2h6 = 9. Then we have

[(Op(a) Op(b)—Op(ad)) Pollrar2[11—L7 L2[1]
S 100gallp,Lr2 Lot OP(0 ™ 9xb) PollLa 21> e 2y (11-1)
where r~! = p71 + psL.

Proof. For simplicity, in this proof we only present formal computation, which can be justified using the

qualitative assumptions on a and b.

X
<hg—10

(Op(a) Op(b) — Op(ab)) Po = Y  Op(af)) Op(b3) — Op(afby).
¢

Let us fix ¢ € 1. Thanks to the frequency-localization condition b(x, §) = P b(x, &), we may write

where

ad(x,£) = a(x, )X EMLE),  bY(x, &) = b(x, )G (E)mo(£).

Here ¢ runs over caps of radius ~~ 6 on S with uniformly finite overlaps, (mf;)Z(g) = (m£)2($/|§|)
are the associated smooth partition of unity on S and mg(£) is the symbol for Py. The functions
nﬁ‘g(é )= ﬁiz(é /1&1) and mg (&) are smooth cutoffs to the supports of m‘g and my, respectively, which can
be inserted thanks to the frequency-localization condition b(x, §) = P2 hg—lOb(x’ £).

For each ¢, we claim that

10p(ad) Op(b) —Op(ad b2, 12

20
< (Z sup m (@)[10"0{"a(- . w)nLoo) 0P 0xbP) L2z (11-2)
n=1 @

Assuming the claim, the proof can be completed as follows. Let us restore the dependence of the symbols
on t. By the definition of DgL?L", we have

20 2 %
(Z(Zswm@iersac i) V| | <160alo,imimin
¢ ‘n=1 ¢ L;2U]
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On the other hand, by LZ-almost orthogonality of nﬁ?(é) and Holder in ¢, we have

1
2
H (Z||0p(9—1axbz;’)||izﬂz)
¢

. S N0p(0~19xb) Pollpar2—rr 2117
L;7[I]

where r =1 + Do e P1_1 Therefore, by Cauchy—Schwarz in ¢ and Holder in ¢, (11-1) follows.
We now turn to the proof of (11-2). For simplicity of notation, we use the shorthand a = a‘g and

b= b¢ for now. Then the kernel of Op(a) Op(d) — Op(ab) can be computed as follows:

dé¢ dn

K(r.y) = [ 08,0 —ae b di g

! i(x—2)¢& i(z—y): ds dﬂ
:/0 /e ( )se ( y)"(é—ﬂ)-(aga)(x,sg + (1 _S)Tl)b(Z, n) dZWW
de  dy

1
_ i(x—2)£ i (z—)- _ -
=i [ [P x4 (1= 0xb) 1) d2 G )

Expanding
dea(x,-) = / e OB (Qea)V (x, E)dE
and making the change of variables Z = z — (1 — s) E, we further compute
d¢ dn
@)t emt @

d§¢ dn
(2m)* 2m)*

K(x,y) = —z// HmsB-2) 8 i G290 (9eq)Y (x, B) (9xb) (2. ) d E dz ———

= /0 /ei(x_E_Z)'gei(E_y)"’(85a)v(x, E)0xb)E+(1—5)E,n)dEdZ

1
_ Vv 2 i(x—sE—y)n g5 = ds.
l/()/(aga) (x, )([ (0xD)(x —sE,1n) n )4)61 ds

On the last line, note that the n-integral inside the parentheses is precisely the kernel of Op(d.b)(x—s &, D).
By translation invariance, we have

67 (@xb)(x =58, D)2 2 = (67 9xb)(x, D) Poll 2o 2.

On the other hand, returning to the full notation ag = a and rotating the axes so that ¢ = (1,0, 0, 0), note

that a, (x -) is supported on a rectangle of dimension >~ 1 x 6 x 6 x 6, and smooth on the correspondmg

scale. Integrating by parts in £ to obtain rapid decay in E (of the form (E!)™N(9E’)~N, where

=/ r-127-13
O o= (a7,

E4)), we may estimate

d§

_dE
Qm)* L

0 / 1(3ead)V (-, E)llz= dE < / H / e ZE0dea (-, E) P (E)ME(E) ——

e [16780a ollmmb Erio(e) de.
n=1
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Passing to the polar coordinates £ = Aw (where A = |£|), integrating out A and using Holder in @ (which
cancels the factor 673), we arrive at
20

0 [10a)Y (. )l dZ < Y- supmb (@670 a(- )1
n=1
which proves (11-2). O
Remark 11.2. As is evident from the proof, we in fact have the simpler bound
1(Op(a) Op(b) — Op(ab)) PollLar2[11—Lr L2[1]
< lalpyrr2LeonlOp(O ' 9xb) Pollpar2iry>rer L2 (11-1)

In other words, control of the Dg P2 [.°°-norm already encodes the fact that a is smooth in £ on the
scale 6.

In practice, Lemma 11.1 can be only be applied when we know that the symbol on the right (b in
Lemma 11.1) is smooth in x on the scale 6~1. Fortunately, when b = Ad(0Q), the remainder can be
controlled using decomposability bounds for W. We therefore have the following useful composition
lemma.

Lemma 11.3 (composition lemma). Let G = G(t, x, £) be a smooth g-valued symbol on I x R* x R*,
which is homogeneous of degree 0 in & and admits a decomposition of the form G = _gcp—n GD, where

1G @ p,r2peopr) < 0%B
for some B > 0 and o > % + 8. Then for every £ <0 we have
|Op(ad(G) Ad(O~¢)) Po — Op(ad(G)) Op(Ad(O<¢)) Polln+[11—>n[1] SM B. (11-3)

Proof. Let us assume that £ > hg — 20, as the alternative case is easier.
We decompose the expression on the left-hand side of (11-3) into 3" pcp—n D@, where

D® = 0p(ad(G?) Ad(0()) Po — Op(ad(G)) Op(Ad(O()) Po.
In order to reduce to the case when Lemma 11.1 is applicable, we introduce hy = log, 6 and further
decompose D® as

V4 V4
D® = / Op(ad(G®) ad (W) Ad(Op,)) Po dh— / Op(ad(G®)) Op(ad(¥y,) Ad(Op)) Po dh
hg—20 hg—20

+0p(ad(G ) Ad(O<jy—20) 5 1y—10) Po—Op(ad(G ) Op(Ad(O <p, —20)y—10) Po
+0p(ad(G?) Ad(0<jy—20) <hy—10) Po—Op(ad(G ) Op(Ad(O <p, —20) <hy—10) Po.
We claim that
1D oo L2115 L1 217 < 692 B. (11-4)

Assuming (11-4), the proof can be completed by simply summing up in 6 € 2~N, which is possible since
1
o> 5 + 4.
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For the first term in the above splitting of D(®), we have

{
fh  10p(@d(G®) ad) AA(O4)) Pollw 2112211y d
~

L

sM];l 20||G('9)||D9L2Loo[]]||\Ifh||DL2LOO[I]dh
o—
L

ST el S
hg—20

The second term can be handled similarly. For the third term, we use the D L2 L bound for G and
apply Lemma 10.12 to Ad(O<p,—20)>h,—10), Which leads to the acceptable bounds

10p(ad(G®) Ad(O <y —20)5hy—10) PollLoo 1211511 12117 <M 0% B,
10p(ad(G®)) Op(Ad(O<py—20)5hy—10) Poll oo 2(r— 11 L211) Sm 0% B.

Finally, for the last term we use Lemma 11.1 (in fact, (11-1)'). O

11B. Decomposition of the error. Let

E = 05" Op(Ad(0) <o) — Op(Ad(0)<)0.
We may take the decomposition
E = El +”'+E6a

where

Ey =2i Op((ad(®w - Ax,<— + Ao,<—c + LE V) Ad(0))<0)|Dx]|,

Ez = 2i Op((ad(@ - Oyx + O — LLW) Ad(0)) <o) | Dx|.

E3 =2 0p(ad(Aa, <) (ad(0*%) Ad(0)) <o) + Op((ad(Os) ad(0**) Ad(0))<o).

E4 = Op((ad(3* 0:) Ad(0)) <0).

Es = —2i Op(ad(4o,<—«) Ad(0)<0)(D1 + [Dx|) —2i Op((ad(O<—;r) Ad(O0))<0) (D¢ + | D)),

Ee = —2i Op([S=0,8d( - Ax,<— + Ao,<—)] Ad(0))| Ds].

In the remainder of this section, we estimate each error term in order.
11C. Estimate for E1. Here, our goal is to prove

IEvPoll gy iy = & (11-5)

with « large enough and §, sufficiently small.

11C1. Preliminary reduction. For this term, we may simply work with / = R by extending the input by
homogeneous waves outside /. The desired smallness comes from x and bounds for A, and AAg on 1,
which controls the size of the symbol of E; through our extension of A, as in Section 9B.
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We first dispose of the symbol regularization (- )<g by translation invariance, and also throw away
| Dx| using Py. Using (9-42) and the identity

-1
L‘_"FLEA"OL =—-A_0+1,
(11-5) reduces to showing

Le,

H / - Op(ad(Gy,) Ad(0)) Po dh
—0o0 Sg—>N

where
F] _ 8
1 =0 A= ASI + 85 004G + A,
Note that each angular component G® =" G, obe
h 0 h ys
2] 1p 3
16" Ipr2ree 52203 (| Axallst + 1 Ao llyr)-

Therefore, by Lemma 11.3, we have

H/_ (Op(ad(G) Ad(0)) — Op(ad(G})) Op(Ad(0))) Po dh H <m 273K,
—00 N*—>N

which is acceptable. By Lemma 10.12 applied to Op(Ad(O)>0), we also have

H /_ " 0p(ad(Gy)) Op(Ad(0)0) Py dh‘

—K
1
<m / 22" 0p(Ad(0)50) Poll o2 1212 dh
N*—>N —00
1
<p 272
Thus it suffices to show that

H/_K Op(ad(Gy)) Op(Ad(O) <o) Po dh KL e&.

So—>N

By (9-45), we have Op(Ad(O)<g) Po : Sg — So. Thus, in order to prove (11-5), we are left to establish

Le, (11-6)

H/_K Op(ad(Gy,))Po dh
—00 So—N

where we abuse the notation a bit and denote by Py a frequency projection to a slightly enlarged region
of the form {|&| >~ 1}.

At this point it is convenient to observe that the contribution of ﬁo to Ag in (9-27) is easy to estimate
in L' L and can be harmlessly discarded. Thus from here on we assume that

Ry =0. (11-7)
In order to proceed, we write

Gh = Gh,cone + Gh,null + Gh,outv
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where s s
Ghoone = @ ALy e + AL 0@ A0 + Ao pcone
Ghutt = @ - Ax pnatt + Ao,k nuls
Gh,out =w:- Ax,h,out + AO,h,out-

11C2. Estimate for Gp, cone. We claim that

—K
/ Op(ad(Gp,cone)) Po dh' <L e (11-8)
—00 N*—>N
Let G}(fc)one = I'IZ;’jEGh’COHe and consider the expression Op(ad(G}(fzone))Po. By the Fourier support

property of G,(ZOC)Onc (more precisely, the mismatch between its modulation < 2#62 and the angle ), it is

impossible that both the input and the output have modulation < 2#62. Using the L2L2 norm for the
input or the output (whichever that has modulation = 2102, we may estimate

”Op(Gh,cone)PO ||N*—>N

—Lha—1 0
<Y 27207 G llprape
0<1

L§% _lp. 1 _1lp. 1
S22 Axpllst + Y 27707210 chyrton, 0+cOAx 22 + Y 272702 || A Ay,
f<1 <1

212

We now treat each term separately.

Case 1: contribution of small angle interaction. The term 2©/2)% | 4 x,hlls1 is acceptable since it is
integrable in —oo < h < —«, and we gain a small factor 2~©/2) a5 a result.

Case 2: contribution of [1A,. For the second term, we split the -summation into 6 < 27 and 6 > 27X,
In the former case, note that
2b
[ Q<h+210g2 g+cUAx ||L2L2 <07 ”DAx,h ||X*1/2+h1=*h1 .
Since by > %, we may estimate
2-3hg=3 04 <2~ (2bi=3)k gy
10 <h+210g, 0+ T Ax 1212 < 18 Ax nllx—1/2451 .01 -
f<2—«K

The last line is acceptable, since it is integrable in —oo < h < —k, and it is small thanks to 2~ (2b=1/2)¢
In the case 6 > 27, we estimate

_lpa_1 1
> 270730 chgatog, 040 D Axllr2re S 27N 0Ax il 2 r—1/2-
0>2—K
After integration in /, this is acceptable thanks to (9-22).
Case 3: contribution of Ag. In this case, we simply sum up in 8 < 1 and observe that
iyl

Y 27207 | A Ao pllr2re S 1A Aol 2g-1/2

6<1
After integration in /, this term is then acceptable by (9-29).
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11C3. Estimate for Gp, . We claim that

—K
H/ Op(ad(Gp,our)) Po dh L e. (11-9)
- N*—>N
As in the case of Gy, Cone, the idea is again to make use of the mismatch between modulation of Gy, ¢
and the angle 6. Let G = Hw j:Gh out» and consider the expressmn Op(ad(Gw) ) Po. By definition,

G}(leo)th has modulation > 2h02 Thus, we take the decomposulon G;(l out =) 4 a9 Qht2a }(l ;n By the

Fourier support property of the symbol Q42,4 G,(l oyt (more precisely, the mismatch between the angle ¢
and the modulation 27129)_ it is impossible that both the input and the output have modulation < 2h+2a
Using the L2 L? norm for the input or the output, we have

10p(@d(Gpp ou)) Pollv+—sn
_1 0
sy Y 220 9)040,G80) prage

a fH<min{C24,1}

<S0Y @EtR202203 10, oA lpare + 27202022003 4g 4 1212)
a fH<min{C24,1}

S _ _1 3 —ag~—L
<Y 34273273 Qp 0 OAx sl 2r2 + 2247279272 | A A 4 212).

a

We split the a-summation into a < —k and a > —«. In the former case, the sum is bounded by
—(2p, =1 1
27O O A o172 + 272 Ao nl 212

which is integrable in & and small thanks to 2~ (221=1/2)¢; therefore it is acceptable. When a > —«, the
sum is bounded by

1
22°10Ax nll 2172 + 1A Ao nll 12 172
After integrating in £, this term is therefore acceptable by (9-22) and (9-29).

11C4. Estimate for G, . We claim that

<e. (11-10)

—K
H / Op(ad(Gp ) Po d
- S0—>N

)
Let G,

output have modulatlon >2"

= Hw jEGh nat- Note that G(G) , has modulation =~ 2192 Hence if either the input or the

C2hg2 the same argument as in the case of Gy, ¢one applies. Writing 6 = 2t

it remains to prove

—K
26) 2¢
> / O <htat-c Op(ad(@- AL, 1+ AG, ) PoQ<niae—c dh e (-1
{e—N So—N
(4
Our next simplification is to observe that we can harmlessly replace the symbols Aiz,h),n ; and Agzh)null

with the functions Qp42¢Ax p and Qp 124 Ay p. This is because the difference of the two is localized still
at modulation 2#+2¢ but also at distance 2#72¢ from the null plane {o + w - n = 0}. This would force



376 SUNG-JIN OH AND DANIEL TATARU

C2h+2€

either the input or the output modulation in (11-11) to be > 2~ , and again the same argument as

in the case of G, ¢one applies. Thus with j = h + 2¢ we have reduced the problem to estimating

—K
Zf O<j—cad(Q;Aq )% PoQ<j—c dh < e, (11-12)
j<h? T So—>N
—K
> [ 0jcad@ A Do+ D PO dh| e (LY
j<h'T® So—>N

The second bound is straightforward since (Do + | Dx|) Po Q<o : So — L% and Ag € L2H?3/2.

Thus it remains to consider (11-12). From here on, we assume that A is determined by the expressions
(9-27) and (9-30) in terms of A. By (11-7) we have already set Ro =0. Itis equally easy to see that we
can set R, = 0. Indeed, by (4-6) and (8-30) we have

10<j—c ad@ ' PR PoQ<j—cllsomn <25V P07 PRyl 21 S 250 PRyl L1 120

where R = yj P R. Now the summability in j < & and the smallness is assured due to (9-26).
Once we have dispensed with the error terms, we are left with A, , given by

Ao = AT10(y1 A% 3, 4yp), (11-14)
A=0"PO(x1 A" 0xAg) + O'(PiA, x10°A) — O' (Ao, x19: A) + O'(Gy. x10° A)).  (11-15)
We consider the contributions of each of these terms in (11-12).

Step 1: the contribution of Ag = A~10 (x7 A%, 8; Ay) and A, = O~ PO (1 AL, 35 Ay). This is the main
component, which we have to treat in a trilinear fashion. In particular we have to ensure that we gain
smallness. For this we use a trilinear Littlewood—Paley decomposition to set

A= ) Alkkika)= ) HAkkiko)+ ) (1=H)AK k1. k2),
k,k],k2 k,klakZ
where _ .
HA(k, k1, k2) := H Py PA(Py, x1 A%, Pryd: Ay),

(1 —=H)A(k, k1, k) := (1 —H) P PA(Py, x1 A, P, Ay).

For the terms in the first sum we use the trilinear estimate (8-43), which gives
| Q<j—c ad(Q;HAa(k.k1.k2))0* PoQ<j—c llggr 11 12 S 270 Wl g2 U0 i A g1 || P, Al 1.

For the Ay terms in the second sum we first use (8-21) and (8-33), (8-34) to obtain

I(1=H) Ax (k. k. ko) | 71 < 2701 o™il | Py A g1 | Py, A 1

and then use (8-30) to conclude that
| Q<j—c ad(Q;(1=H) Ag(k. k1.k2))3" Po Q< j—c || s>y S2~ 01 Vomin Kl 201 U=B0) Py A 1] Py, Al 1.
Similarly, for the A¢ terms in the second sum we use (8-35) and then (8-31) to obtain

10<j—c ad(Q; (1=H) Ao (k, k1, k2))3° PoQ<j—c || 5o 5 <2~ 31 Wmin=Huaxl 261G =K pr A 61| P, Al 51
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Adding the last three bounds, we obtain
10 <j—c ad(Q; Ak, k1,k2))0% PoQ < j—c || 59 < 2701 kmax=hminl 251G =RV | py A\ 61 || Pr, A 1.

This gives both summability in k, k1, k2 and smallness provided we exclude the range of indices j, kq, ks €
[k —«’, k + '] with &’ > 1.

On the other hand, in the range excluded above, the operator Py Q; is disposable, while both [J and A
are elliptic, i.e., of size 22k Then we can estimate

10 Ak, k1, k2)llp1 oo <2 | Piy Al pst | Peo All pst:

therefore we gain smallness from the divisible norm; see (9-5).

Step 2: the contribution of A, = 07! PO’(P, A, XI 3¢ A). This is a milder contribution, which we can
deal with in a bilinear fashion. Taking again the decomposition

Ax g Z A(k,kl,kz),
k.,k1,k>
we use (8-38) to obtain

1Ax (k. k1, ko)l 21 < 27 Km—Kmink ) o A 1 || P, Al 1.
Then by (8-30) it follows that
10<j—cad(Q;HAx(k.k1,k2))0* PoQ<j—cllsy—>L11L2
< 27 ol gh U0 Py A1 Py, Al (11-16)

Again this is suitable outside the range j, k1, ks € [k — k', k + k'] with ¥’ >> 1, whereas in this range we
can use divisible norms as in the previous step.

Step 3: the contribution of PO'(Ag, x19: A) + PO’ (G, y19¢A). These two terms are similar, as we
have the same bounds available for ffo and 61. We will discuss /fo. Setting

Ay =07 'PO(Ag, y19:4), Ap=0,
we decompose A as before,

Ay = Ax(k, ki ka).
We can estimate the terms in the sum using (8-41) to get
| Ax (k. Ky ko) || g1 < 270t tkm—Rninlj Py gy || P, Al 1.
Then (11-16) follows again from (8-30), and we conclude as in Step 2.

11D. Estimate for E,. Our next goal is to estimate the error term E5, which arises from the multilinear
error between O, and dy W. For this purpose, we rely crucially on interval localization of decomposable
norms (Lemma 10.7).
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11D1. Expansion of O.q. We will prove that

| E2 Polln+[11—np1] < € (11-17)

provided that « is large enough, and §, is sufficiently small.
As usual, we may dispose of the symbol regularization ( - )<¢ by translation invariance. Also disposing
of | Dy | using Py, it suffices to prove

|Op(ad(w - (Osx — 3x W) + (0 — 3, %)) Ad(0)) Po HN*[”%NU] Le. (11-18)
Recall that 0, O<p.q = Vo + [Yh, O<piql. Therefore,
dp(ad(O<pye) Ad(O<p)) = ad(daWp) Ad(O<p) + ad(Vy,) Ad(O<pie) Ad(O<p).

Repeatedly applying the fundamental theorem of calculus and this equation, we obtain the expansion

ad(0.¢) Ad(0)
—K
:/ ad(d,¥p,,) Ad(O<p,) dhy (11-19)
—00
—K h]
+ f / ad(Wy,,) ad(dg Wp,) Ad(O<p,) dhy dhy (11-20)
—00 J—00

—K h1 h5
+/ / / ad(Wy,) ad(Wp,) ---ad(0a Why) Ad(O<py) dhe --- dha dhy. (11-21)
—0oQ —0oQ —OoQ
On the other hand,
dp(ad(0a V<p) Ad(O<p)) = ad(daWp) Ad(O<p) + ad(9e Y<p) ad(W) Ad(O<p),

so we have

ad(0e ¥) Ad(0) = /_K ad(deWp,) Ad(Op,) dhy (11-22)

—00
-k phy

+[ [ ad(0,Wy,) ad(V,, ) Ad(O,) dhy dhy. (11-23)
—o0 J—o0

Observe that (11-19) and (11-22) coincide. Thus, we only need to consider the contribution of (11-20)-
(11-21) and (11-23) in (11-18).

11D2. Estimate for quadratic expressions. We begin with the contribution of the quadratic terms in W,
namely (11-20) and (11-23), which are most delicate. We claim that

<e, (11-24)

—K h1
H | [ vt ad Ly W4,) Ad(0=y,)) Po vz i <
o oo N*I1>NIT]

<e, (11-25)

—K h1
H / / Op(ad(L2 Wy,) ad(Wy,) Ad(O<p,)) Po dha dhy <
—00 J—o00 N*[I]—N[I]
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provided that 1 is large enough and &, is sufficiently small. In what follows, we will focus on establishing
(11-24), as the proof for the other claim is analogous.
By (9-42) and the identity L‘j; L? Aclu L= —A;ilj + 1, (11-24) would follow once we establish

—K h] .
/ / Op(ad(Wp, ) ad(w - A3S") Ad(O<p,)) Po dha dhy <e, (11-26)
—00 J—00 N*[I]->NII]
—K h] .
”/ / Op(ad(\Ilhl) ad(A;i O(w - A};‘;‘“)) Ad(0<h2))P0 dhy dhy Le. (11-27)
—00 J—00 N*[I]=NI[I]
I main,(6) ,__ ) -1 main, (6)
n Lemmas 10.4 and 10.7, note that w - 4, (Fw-Ay ) and AwLD(a) A, ) obey the

same bounds. Therefore, (11-26) and (11-27) are proved in exactly the same way. In what follows, we
only consider (11-26).
Our first task is to remove Ad(O.p,). For 0 € 27N define
0 in,(<0 <0 in, (0
GO = ad(@)”) ad(w - A7) + ad(U{=7) ad(w - A7),

2
so that

G :=ad(Wy,)ad(w- AF*™) = Y GO,
fe2—N

Note that

16 @ Iprapee Sar 22M122027M063,

by Lemma 10.4 and Lemma 10.5. Applying Lemma 11.3, then integrating —oo < hy < h; < —«k, it
follows that

1
< )72k

~ ’

—K h]
W /(%mmmwuw—%mmmmmw%mawwm
oo Joo N*[I1->N[I]

which is acceptable. On the other hand, using the DL?L* bound for G and Lemma 10.12, we have

e h
H[_ /_ Op(ad(G)) Op(Ad(O},)=0) Po dhz dhy

N*[I1—-N[I]
M o L ha—hy)
<M / / 2371232 | Op(Ad(Opy)20) Poll Lo 12111 121217 dh2 dhy
—00 J =00

<m 277K

so we may replace Op(Ad(O«p,)) by Op(Ad(O<p,))<o. Finally, by (9-44) we have
Op(Ad(0<h2)<0)P0 . N*[I] —> N*[I],

so we are left to prove

<e. (11-28)

0 h )
H/ / Op(ad(W¥p,) ad(w - AZ‘;”“)) dhy dhy
—o00 J—00 N*[I1—N[I]
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In order to place ourselves in a context where we can apply Lemma 10.7, we begin by dispensing with
the case of short intervals
|I| < 2—h2—CK.

For very short intervals | /]| < 2771=C¥ we have the bound

<m 2|1,

0 hy .
H/ / Op(ad(¥,) ad(w - A;lnzam)) dhy dhy
—00 J—00 L>®L25[1]12

which is a consequence of fixed-time decomposability bounds, namely (10-10) with ¢ = oo and (10-14)
with ¢ = oo and r = oo, combined with Holder’s inequality in time. This suffices for the integration with
respect to i1 and /5 in this range.

For merely short intervals 2771 7C¥ < || <27727C¥ we are allowed to use space-time decomposabilty
bounds but only for Wy, . In this case we apply (10-10) with ¢ = oo and (10-14) with ¢ = 6 and r = oo,
combined with Holder’s inequality in time, to obtain

1 5
<y 27sM2k2 g5,

0 h )
H/ / Op(ad(Wp, ) ad(w - AZ];““)) dhy dhy
—00 J—00 LX[2s11]2

This again suffices for the integration with respect to 4 and /5 in this range.

For large intervals, on the other hand, we will use Lemma 10.7. We begin by decomposing ¥, =
>, \I/}(lell) and A7 =" AZ;'H’(OZ). First, we consider the case 2162 > 272€2#202 For fixed h1, ha
and 6,, we use interval localized decomposability calculus to estimate

m in, (0
3 10p(ad(¥; ) ad(w - A3 ™) | oo 217111 22017

0 22—162(1/2)(}!2*/11 )92

0 in,(62)
< 3 195 p 2 poopplloo - AR p 2 poory
9, >2—x2(1/2ha—h1) g,

<22y 4y 51 2731265 oo AT .
Summing up in f> < 272¢, we see that

0
3 3 |0p(ad(W ") ad(w - A7“™ ) Ad(O <) IED N oo 1211121 2211}
0, <2— 2« 01 22—K2(1/2)(h2—h 1 )92
< 27230270 4y 61| Ay, D51

which is acceptable. On the other hand, in the large angle case 6, > 272¢, we use Lemma 10.7 to bound
275126, - A7) oy £ 2 Ay s i)

When 27162 < 272€2%202 e extend the input to R x R* by zero outside / and use modulation
localization. Here we do not apply Lemma 10.7, but rather gain smallness from —«. In this case, observe
that it is impossible for the input, the output and \IJ}(EHII) to all have modulation < 22 922 =: jp. Therefore,

we split into three cases:
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Case 1: high-modulation input. We estimate

0
> X I0pad)adw- A )0 el g
62 9y <2—K/22(1/Dhy—h1)g,
h 1 61) ,(62)
<2 > Hr gt o oo AT O
6> 91<2—K/22(1/2)(h2—h|)92
Lha-h) gt g2
=5 > 280200568 4, 4 151l A s s

02 6, <2—K/22(1/Dha—h1)g,
1 1
2o 23" A s A, ls
which is acceptable.

Case 2: high-modulation output. When the output has modulation > 2/27C then we have exactly the
same bound for L*®L? — )(0_1/2’1 (we use boundedness of Q< j,_c on L>®L?).

Case 3: high modulation for Wy, . By boundedness of Q<;, ¢ on L>®L? and L'L? it suffices to have
the estimate

3 3 I0p(ad(Q j,—c W5 ") ad(@ - Ay ™)) || o2y 112

0> 9, <2—K/22(1/Dha—h1)g,

(%
SZ Z 10>, C\I’hl ||DL2L<>O||a) Amam( 2)||DL2L<>0
0> 9, <2—K/22(1/2(ha—h1)g,
11
52 Z 912922||Ax,h1||sl||Ax,h2||51

0> 0 <2—K/22(1/2)(h2—h1)02

<2722 s A s
Here, we have use (10-15) for ;o . Q; \IJ(Q').

11D3. Estimate for higher-order expressions. The contribution of the cubic, quartic and quintic terms in
W in the expansion of O.q are treated in a similar manner as in the quadratic case; therefore, we omit the
proof. The only remaining case is the contribution of (11-21). For this term, we claim that

<e&

—k ph hs
H / / / Op(ad(Wy,) - ad(W,) ad(O—pyie)) Ad(Op)) dhs - dhz dy
—ood —co —00 N*[I]->N[I]

for k1 large enough and §, in (9-3) adequately small.

As in the case of the quadratic part, we start with very short intervals and move up the line. If
VARS 27M=Cx then we only apply fixed-time decomposability estimates, namely (10-14) with g = oo
and r = oo and (10-17) also with g = oo, together with Holder in time, to obtain

|Op(ad(Wp,) -+~ ad(Wps) ad(O<pgia) Ad(O<ig)) | poo g2y p1z2 Sh 211,

which suffices for the % integration.
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If 2771 =Cx < |J| < 27h2=CK then we switch to (10-14) with ¢ = 6 and r = oo for W}, , to obtain

—1 5
Hop(ad(\ljhl) e ad(lphs) ad(0<h(,;a) Ad(0<h6)) HLooL2_>L1L2 SM 2 6h12h6|l | 6,

which again suffices for the / integration.

Repeating this procedure for increasingly large / we eventually arrive at the last case |/ | > 2~he=Ck,

There by Lemma 10.3 and boundedness of Ad(O-j,) on L?, we have

Hop(ad(q‘hl) T ad(\ljhs) ad(0<h6;a) Ad(0<h2)) HLOOLZ[I]—>L1L2[I]

S W lprereorry 1Whsllpre ool O<ngsal DL6 Loo[r]-

Using Lemma 10.5 for \1;}(19) with 8 < 27 and Lemma 10.7 for the rest, we have

_1 _
1@l proreery < 276" QN A nllsipy + C2“N Ax nllpsi)-

This bound provides us with the desired smallness. By the previous estimate and (10-17), the A-integrals
converge as well, which proves our claim.

11E. Estimates for E3, ..., Eg. We finally handle the error terms E3, ..., Eg, for which we gain
smallness from the frequency gap «.

11E1. The estimate for E3. It suffices to show that
_1
IE3Pollpoor2—pir2 Sm 27 2%,

But this is a consequence of the L? boundedness for Op(Ad(Q)), combined with the L? L decompos-
ability estimates for Ay and O,y in Lemmas 10.4 and 10.6.

11E2. The estimate for E4. We expand with respect to /4,
—K
ad(0%*0.,4) Ad(0) = / 0%(ad(O<p:q) ad(Vy)) Ad(O~p) ad(OWy) Ad(O<p) dh.
—o0
For the first term we simply use two L2L% decomposability estimates as in the case of E3. For the
second term, in view of the bound (10-16), we can apply Lemma 11.3 to discard the Ad(Oj) factor.
Then it suffices to show that

<M 2k,

“/_K Op(ad(COIWy,)) Po dh
—00 So—N

After expanding Wy, in 6, we note that, due to the frequency localization of lIl}(le), either the input or the
output has modulation = 2792 We assume the former, as the other case is similar. Then we only need to
prove the bound

3
<m 622",

—K
“ / Op(ad(CW\?)) Py dh
—00 L2—>L1L2

which is an immediate consequence of the decomposability bound (10-16) for D\Ili(lg).



THE HYPERBOLIC YANG-MILLS EQUATION IN THE CALORIC GAUGE 383

11E3. The estimate for E5. It suffices to show that
_1
1E3Pollgs_,p1p2 Sm 2 2",

Since (D; + |Dx|) Po : Sg — L2, this follows from the L? boundedness for Op(Ad(0)), combined with
the L2 L decomposability estimates for A, in Lemma 10.4.

11E4. The estimate for Eg. In view of the L?L > decomposability estimates for A, in Lemmas 10.4
and 11.3, we can discard the Ad(O) factor. In addition, as in Proposition 4.30, we can express the
commutator [Sg, Ay] in the form

[So. Al f =2"O(Ap, f).

Then we have reduced our problem to proving

|

But then these follow, with the 2~%1% gain, from (8-21) and (8-23), thanks to the extra derivative (i.e., the
2h factor).

Le,

—K
/ 2" Op(ad(w - VA, 1)) Po dh
S()—)N

—00

Le.

—K
/ 2" Op(ad(Ag 1)) Po dh
S0—>N

—o0
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SCATTERING RESONANCES ON TRUNCATED CONES

DEAN BASKIN AND MENGXUAN YANG

We consider the problem of finding the resonances of the Laplacian on truncated Riemannian cones. In a
similar fashion to Cheeger and Taylor, we construct the resolvent and scattering matrix for the Laplacian
on cones and truncated cones. Following Stefanov, we show that the resonances on the truncated cone are
distributed asymptotically as Ar" 4 o(r"), where A is an explicit coefficient. We also conclude that the
Laplacian on a nontruncated cone has no resonances.

1. Introduction

In this note, we consider the resonances on truncated Riemannian cones and establish a Weyl-type formula
for their distribution. To fix notation, we let (Y, &) be a compact (n—1)-dimensional Riemannian manifold
(with or without boundary) and let C(Y) denote the cone over Y. In other words, C(Y) is diffeomorphic
to the product (0, 00), x ¥ and is equipped with the incomplete Riemannian metric g = dr? + r?h. We
refer the reader to the foundational works [Cheeger and Taylor 1982a; 1982b] for more details on the
geometric set-up. We also introduce the fruncated Riemannian cone C,(Y) formed by introducing a
boundary at r = a; i.e., C,(Y) is diffeomorphic to [a, 00), x ¥ and equipped with the same metric.
The (negative-definite) Laplacian on C(Y) (or C,(Y) with a choice of boundary conditions) has the

form
-1
92+

1
0 + r_zAhv
where Aj denotes the Laplacian of (Y, k). Its resolvent R(A) is given by
RO =(A+2H7L

We consider the cutoff resolvent x R(A) x, where yx is a (fixed) smooth compactly supported function on
C(Y) (or C,(Y)). One consequence of the resolvent formula of Theorem 2.1 is that the cutoff resolvent
extends meromorphically to the logarithmic cover of C \ {0}.

More precisely, we identify elements A of the logarithmic cover of C\ {0} by a magnitude |1| and a
phase arg A € R. We identify the “physical half-plane” as those A with arg A € (0, ). These A correspond
to the resolvent set C \ [0, 00) via the map A — |A|2¢? 2% The cutoff resolvent then extends to be
meromorphic as a function of A on this logarithmic cover.

MSC2010: 33C10, 35L05, 58J50.
Keywords: resonances, cones.

385


http://msp.org/paa/
https://doi.org/10.2140/paa.2020.2-2
http://https://doi.org/10.2140/paa.2020.2.385
http://msp.org

386 DEAN BASKIN AND MENGXUAN YANG

The poles of the cutoff resolvent consist of possibly finitely many L?-eigenvalues lying in the upper
half-plane (which do not appear with Dirichlet boundary conditions) and poles lying on other sheets of
the cover. The latter poles are called the resonances of A.

The main theorem of this paper counts the most physically relevant resonances for the truncated cone. In
particular, we count those resonances A nearest to the physical half-plane, i.e., those with arg A € (— 7 O)
and arg A € (rr, 37”) The resonances on other “sheets” of the cover remain more mysterious and are
related to the zeros of Hankel functions near the real axis. We consider the resonance counting function
on these sheets, defined by

N(r) =#{A : L is aresonance and |A| <r}.
The following theorem provides an asymptotic formula for N (r).

Theorem 1.1. Suppose either that the set of periodic geodesics of (Y, h) has Liouville measure zero or
that Y = S"~! equipped with a constant rescaling of the standard metric. Consider the truncated cone
C1(Y) equipped with the Dirichlet Laplacian and let N (r) denote its resonance counting function on the
neighboring sheets as above. We then have, as r — 00,

N@) = A, Vol(Y, Hr'" + o™,

where A, is an explicit constant (defined below in (7)) and Vol(Y, h) denotes the volume of the Riemannian
manifold (Y, h).

The constant A, Vol(Y, &) in Theorem 1.1 is the same constant as computed in [Stefanov 2006] for
the resonance counting function on the domain exterior to a ball in R”. When ¥ = S"~! is equipped
with its standard metric, the truncated cone C;(Y) can be thought of as the exterior of the unit ball in
Euclidean space. Theorem 1.1 recovers Stefanov’s result. (When ¥ = $"~!, n odd, is equipped with
its standard metric, the cutoff resolvent in fact continues to the complex plane; this can be seen in the
resolvent formulae below.)

We also state the following theorem, which is known to the community but does not seem to be in the
literature.

Theorem 1.2. If (Y, h) is a compact Riemannian manifold (with or without boundary) then the cone

C(Y) has no resonances.

In fact, Theorem 2.1 below shows that A is a resonance of the truncated cone C;(Y) if and only if A /a
is a resonance of the truncated cone C,(Y). Sending a to 0 then pushes all resonances out to infinity and
provides evidence for Theorem 1.2.

The proof of Theorem 1.1 has two main steps. We first separate variables and obtain an explicit
resolvent formula in Theorem 2.1 to characterize the resonances as zeros of a Hankel function. In
Section 3 we consider the asymptotic distribution of the zeros of each Hankel function appearing in the
resolvent formula. The hypothesis on the link (Y, /) is used to control the error terms when synthesizing
the result. Theorem 1.2 is an immediate corollary of the resolvent formula in Theorem 2.1.
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The proof of Theorem 1.1 follows an argument of [Stefanov 2006] very closely. Stefanov established a
Weyl-type law for the distribution of resonances for the exterior of a ball in odd-dimensional Euclidean
space. The main contribution of this paper is the observation that, after some natural modifications, the
core of Stefanov’s argument applies to the setting of cones. Borthwick [2010; 2012] and Borthwick and
Philipp [2014] showed that a similar approach works in the asymptotically hyperbolic setting.

We further remark that we have specialized to the Dirichlet Laplacian in Theorem 1.1 only for simplicity.
For Neumann or Robin boundary conditions, the resolvent formula of Theorem 2.1 has an analogous
expression. The resonance counting problem then involves counting zeros of H}gz)’ + CvH?, which can
be handled with similar arguments.

2. Resolvent construction

In this section we write down an explicit formula (via separation of variables) for the resolvent and
then show that the cut-off resolvent has a meromorphic continuation to the logarithmic cover A of the
complex plane. The construction is essentially contained in the [Cheeger and Taylor 1982a; 1982b], but
the resolvent is not explicitly written there.

Suppose ¢; form an orthonormal family of eigenfunctions for —Aj, with corresponding eigenvalues ,ujz.
We decompose L2(C(Y)) into a direct sum in terms of the eigenspaces of —Ay, i.e.,

o o
L*(Co(Y): ©) = @ L (@, 00): Ej).  f(r.y) =Y _ fi(");(y),

j=0 j=0
where the first space is defined with respect to the volume form induced by the metric and the latter spaces
can be identified (via the identification f(r)¢;(y) — f(r)) with the space L?*((a, 0); C) equipped with
the volume form "~ ! dr.

For arg A € (0, ), the resolvent R(X) splits as a direct sum of operators R; (1) acting on L?*((a, 00), E )5

with measure r"~! dr.

R(%) (Z fi(r)g; (y)) = PR ) ) ().
j=1 j=1

In this section, we prove the following explicit formula for the j-th piece of the resolvent. For the
cone C(Y) (i.e., for a = 0), we use the Friedrichs extension of the Laplacian to guarantee self-adjointness
(though in high enough dimension the Laplacian is essentially self-adjoint):

Theorem 2.1. The piece of the resolvent corresponding to the j-th eigenvalue has the following explicit
expression on the truncated cone Cy(Y) or the cone C(Y) (a = 0):

(R0 1)(r) = / Ko (P f (PP dF.

where K, j(r,T) is given by

HSP ) d, ) — (1, Ga) /H) ) HS QR HYY (), 1 < T,

) ~ _ T~ —(n—-2)/2 )
Ky i(r,r)==(@r - - -
@i (o7) =57 7) {J‘,j()\r)H,)(jl)()\r)—(ij()»a)/Hlfjl)(ka))Hlfjl)()\r)HSjl)()\r), r> 7.
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Here J, are the standard Bessel functions of the first kind and H,Sl) are the Hankel functions of the first
kind. The second term in both expressions should be interpreted as 0 when a = 0.

Proof. After separating variables, we may assume that f = f;(r)¢;(y). We construct the resolvent for
JA > 0 and then meromorphically continue the expression.
Writing u = u; (r)¢$;(y), the equation (A + A%)u = f induces the following differential equation for u i

n—1 T
arzuj+78ruj—r—£uj+k2uj:fj. (D

We solve this equation by showing it is equivalent to a Bessel equation.
Changing variables to p = Ar and writing u(p) = u(p/A) yields

2
9~ n—1__ //Lj _ 1 -

Writing v = p”~?/2{1, we obtain a Bessel equation for v:

2

1 1 / ]
v+ v+ (1--5 Jv=2g(p), (2)
o o
where
n-2)/2 _

A

We now proceed by the standard ODE technique of variation of parameters. One basis for the space of

vi=pi+((1=2)/2)° and g(p) =

solutions of the homogeneous version of this Bessel equation is {J,, (p), Hlfjl)(,o)}, where J), is the Bessel
function of the first kind and H" is the Hankel function of the first kind. We thus may use the following
basis for the space of solutions of the homogeneous equation:

wi(r) =r" PRI, wa(r) =r " PRPHD ). 3)

For 3A > 0, R;(}) f; must lie in L*((a, 00), r*~Vdr). If fj 1s compactly supported, this means that
uj = R;(A) f; must be a multiple of r= =2/ 2H,fjl)()m) near infinity. When a > 0, u; must satisfy the
boundary condition at r = a. When a = 0, the choice of the Friedrichs extension requires that both u;
and u} lie in the weighted L? space near 0 and so u ; must be a multiple of rm(=2/2 Jy; (Ar) near r =0 as
any nonzero multiple of w, will not have this property.

We may thus write

uj(r)=( T @)@

Tow(F) fi(F)
W(wy, w2)(¥)

df)““(r”(“ W, w) ()

df) wa(r),

where C is a yet-to-be-determined constant, the functions w; and wy are as in (3), and W(wy, w») is
their Wronskian. The Wronskian W can be easily computed in terms of the Wronskian of the Bessel and
Hankel functions and is

W, w)(r) =D 2L
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We now turn our attention to the boundary condition. For a = 0, the requirement that the solution and
its derivative live in L? forces C = 0, yielding the result. For a # 0, we require that u i(a) =0;1e.,

( / H“)mr"/zf(f)df)“Mmfv.f(ka)%a(””ZHV(,-”(M)=°

and so we must have
Jy.(Aa
co_ 2 Il )/ HO QR f(x) dax,
2i H,) (ra)

finishing the proof. U
We now claim that y R(})x has a meromorphic continuation:
Lemma 2.2. Given a fixed x € C2°(R4. xY), x R(A) x meromorphically continues from
{LeC:31>0}
to the logarithmic cover A of the complex plane.

Proof. We first prove the statement for the full cone; the statement for the truncated cone will follow by
an appeal to the analytic Fredholm theorem.

Fix x € C2°((0, 00)) and regard x (r) as a compactly supported smooth function on C(Y). We let R(1)
denote the resolvent on the nontruncated cone (i.e., « = 0) and K (X; r, y, 7, y) denote its integral kernel.
In order to show that x R()) x meromorphically continues, it suffices to show that for any f, g € L>(C(Y)),
the function

A= (xR xS, g)

meromorphically continues to A.
Fix two such functions f, g € L*(C(Y)) and let fj(r)and g; (r) denote their coefficients in the expansion
in terms of eigenfunctions of Ay, i.e.,

9= [0 ().

j=0

We observe that because f and g are square-integrable, the sum and the integral commute; i.e.,

oo @ o0 00
1/ W22y :/ Do dr =y / | ;)P dr.
0 —Jo
Jj=0 j=0

From Theorem 2.1, we may write

o0

(XRMxf.8) = Z( /0 N /0 D () () Fi®)gi(r) 1y, GO H Or)F" "=t dF dr

Jj=0

+ / h / oo(fr)_("_z)/zx(r) X (F) f;(F)gj(r)Jy, (kr)H,fjl)(kf)F”_lr”_ldfdr), @)
0 Jr
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where J, and HS" are as above. Because each term in (4) meromorphically continues to the Riemann
surface A, it suffices to show that the partial sums of the series converge locally (in 1) uniformly (in j).

By the asymptotic expansions of Bessel functions for large order, we know [DLMF 2018, 10.19] that,
locally in A € A, and for r € supp yx,

JoGr) 1 err v+ 1 [ferr)’
r)y=—— ol —( =— ,
’ V2mv \ 2v Jv\ 2v
HY () 1 /2 [err _v+ 1 [erxr\ "’
r)=—,—— ol — (| — ,
Y i Vv \ 2v Jv\ 2v
as v — oo through the positive reals. In particular, for j large enough, each term in (4) can be bounded by
o0 pr 1 F Vj
C/ / —X(r)x(f)ﬁ(f)gj(r)[(—> (1 +0(1))] (Fr)"/? dF dr
0o Jo Yy r
(e elydee] 1 r Vj )
+ Cf / —x()x (@) f;(r)g; (r)[(:) (1 +0(1))] (Fr)"/? dF dr.
o Jr TV r

Observe that in the first integral, 7/r is bounded by 1, while /7 is bounded by 1 in the second.
Because yx is compactly supported, we may therefore bound each term (for j large enough) by

X
— I fille2ligjll 22
Vj

This sequence is absolutely summable, so the partial sums of the series in (4) converge locally uniformly.
This establishes that the cut-off resolvent on the full cone (a = 0) meromorphically extends to the
logarithmic cover A of the complex plane.

We now proceed to the case of the truncated cone (a > 0). We proceed by an appeal to the analytic
Fredholm theorem.

Fix x0, Xoo € C*°((a, 00)) so that xo(r) is supported near r = a, xoo(r) is identically zero near r = a,
and xo+ xoo = 1. We let Ry (1) denote the resolvent on the nontruncated cone and Ry()\) denote the
resolvent on a compact manifold with boundary into which the support of yy embeds isometrically. We
define the parametrix

Q) = XoRo(A) x0 + XooRoo (X) Xoos

where ¥ have similar support properties and are identically 1 on the support of their counterparts. Applying
A + 22 yields a remainder of the form 7 + > [A, xi1R; (1) x;. Both terms are compact and the operator is
invertible for large IA by Neumann series, so applying R, (%) to both sides and inverting the remainder
shows that it has a meromorphic continuation. O

3. Proof of Theorem 1.1

By the formula for the resolvent in Theorem 2.1, the resonances of R, (1) correspond to those A for which
Hu(_il)(ka) =0 for some j. For simplicity we will discuss only the case a =1 as the other cases can be
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found by rescaling. As mentioned in the introduction, we consider only those resonances nearest to the
upper half-plane, i.e., those with

—% <argh <0 or n<argk<37”. (5)

Because v; is real, we may relate the zeros of Hv(_,l)()») in the region given by (5) to zeros of H\sz) (A) in
the quadrant 0 < arg A < 7 via analytic continuation formulae. Indeed, it is well known [DLMF 2018,
10.11.5, 10.11.9] that

Hﬁ])(zen) — _e—vaISZ)(Z)’

1= @ ©)
HY () = H”(2).

The first of these equations identifies zeros of H, Dinx < arg A < 3—” to zeros of H\” in the first quadrant;
the second equation does the same for zeros of H, D with —Z < argk < 0. In particular, each zero of
(2) with 0 < argA < 7 corresponds to exactly two resonances.
For large enough v, the zeros of the Hankel function H? in the first quadrant lie near the boundary
of (a scaling of) an “eye-like” domain K C C. The domain K is symmetric about the real axis and is

bounded by the following curve and its conjugate:
z==4(tcotht — )2 +i(t> —rtanh )/, 0<1 <1,

where fy is the positive root of t = coth . We refer to the piece of the boundary of K lying in the upper
half-plane by 0K .
The constant A, above is given by

A, =

B 2112
2(n — 1) Vol(B,,_1) / | d\zl, @)
0K

n(271’)” |Z|n+1

where B,,_ is the (n—1)-dimensional unit ball. Observe that, up to a factor of the volume of the unit
sphere (which is replaced by the volume of Y in the theorem statement), the constant A, is the same
constant computed in [Stefanov 2006].

We use below two different parametrizations of the piece of 9K, lying the in the quadrant 0 <argz < 7.
The first parametrization is by the argument of z, i.e., by the map

[O, %] — 0K, O =argzr>z=2z(0).

For the second parametrization, we introduce the function p, defined by

14+41
p() =2 =log "5 T2 Jagz] <, ®)

where (following [Stefanov 2006, Section 4; Olver 1974, Chapter 10]) the branches of the functions above
are chosen so that ¢ is real when z is. Another characterization is that the principal branches are chosen
when 0 < z < 1 and continuity is demanded elsewhere.
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The boundary dK is the vanishing set of fp. This yields a parametrization of the part of 9K lying in
O<argz < 7:
[0.Z] > 3Ky, t>p l(—it) =z

The transition between the two parametrizations is given by
dt dtdz ,
—_— = —— =1 ] = 1 — 2‘
20~ dz=do (ip (i) =v1-z
The function ¢ defined in (8) is the solution of the ODE

() -1
dz) — ¢z?

that is infinitely differentiable on the positive real axis (including at z = 1). As is implicit in (8), it can be
analytically continued to the complex plane with a branch cut along the negative real axis.

Because the resonances correspond to zeros of HU(_/Z), we must also consider the asymptotic distribution
of the v;. In what follows, we consider only the case when the periodic geodesics of (Y, i) have measure
zero.! The eigenvalues ,uj2. of Aj, obey Weyl’s law:

Ny () =#{p; : pj < p with multiplicity}
. Vol Bn—l

= 1 Vol(Y, i)' + R(w).

Here Vol(B,_;) denotes the volume of the unit ball in R”~! and Vol(Y, k) is the volume of ¥ equipped
with the metric /. In general, R(u) = O (1"~?), but if we now impose the dynamical hypothesis (that
the set of periodic geodesics of (Y, k) has Liouville measure zero), then a theorem of [Duistermaat and
Guillemin 1975] (in the boundaryless case) and [Ivrii 1980; 1982] (in the boundary case) shows that

R() =o(u"™?).
The nonperiodicity assumption then allows us to count eigenvalues on intervals of length 1:

Np(u, p+1) =#{p; : p < u;j < p~+ 1 with multiplicity}
VOI(Bn—l)

Gy Vol(Y, k)"~ + o(u"~2).

=mn-1)

As vj2 = MJ? + (n — 2)?/4, the same counting formula holds for vj;ie.,

Ny(p, p+1) =#{v; : p <v; < p+ 1 with multiplicity}
Vol(B,—1)

Gyt VOl " 40 (p" 7). ©)

=mn-1)
We now turn our attention to the zeros of the Hankel function H\ (z) with arg z € [0, Z]- An argument
from [Watson 1944, pages 511-513] is easily adapted to give a precise count of the number of zeros of

IWhen (¥, h) is a sphere, the analysis is simplified slightly. In that case, one replaces the use of the Weyl formula with
explicit formulae for the eigenvalues ;sz. and their multiplicities.
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H'? in this sector. Indeed, that argument shows that the number of zeros is given by the closest integer

to %v — i (when v — % is an integer, there is a zero on the imaginary axis and so rounds up).

As v — oo through positive real values, we have an asymptotic expansion [DLMF 2018, 10.20.6]
relating the Hankel function to the Airy function

4{ >]/4<Ai(e—2ﬂi/3v2/3§) [ee] Ak(§)+Ai/(e_2T[i/3U2/3€) o0 Bk(g)) (10)

1—22 V173 p2k v3/3 2k
k=0 k=0

H]fz)(vz) ~ 2ein/3(

Here Ay and By are real and infinitely differentiable for ¢ € R. This expansion is uniformin |arg z| <7 —4&
for fixed 6 > 0. In particular, for large enough v, the zeros of the Hankel function are well-approximated
by zeros of the Airy function and we may identify each zero h, ; of the Hankel function H with a zero
of the Airy function Ai(—z).

Let a; denote the k-th zero of the Airy function Ai(—z); all a; are positive and

2/3 _
a = [3(kr =2 + 0.
We now define A, ; and Xv,k via the Airy zeros and their leading approximations:

Ak = vf_l(v_2/3e_i”/3ak) = vp_l (—i%azﬂv_l),
Tk =vp™! (=il = Hv),

where k=1, ..., |_%v + leJ By the Hankel expansion (10), |4, x — A, x| < C/v for large enough v, while
Ak — ):V,k| < C/v for large enough v and k. As we have identified I_%v + ;H approximate zeros, we can
conclude that these account for all 4, .

We now divide our attention into those zeros with small argument and those with large argument. We
introduce the auxiliary counting function

N(r, 61, 6,) =#{o : 0 is a resonance with |o| <r, argo € [0y, 62]}.

We first address those with small argument. Fix € > 0 and consider those zeros with |z| < r and
arg z € [0, €]. We need count those A, ; with arg A, x € [0, €] and |A, | <7r. As |A, x| is comparable to v,
we can over-count these zeros by counting all A, ; with argument in [0, €] and v < Cr.

Because |p| < Ce3/? for those Ay k With arg A, & € [0, €], we must only count those a; with a; < Cv?/3e.
The leading order asymptotic [DLMF 2018, 9.9.6] for the zeros of the Airy function shows that this
number is O (ve3/?).

We now count those resonances with argument in [0, €]. Putting together the asymptotic for v; in (9)
with the previous two paragraphs, we have (with m(v;) denoting the multiplicity of v;)

N(r,0,€) =Y m)#lhy i : [y k| <7 arghy i €[0, €]}

j=1
Cr Cr

<> m)Cyie? <CEPNY " 3" m(v)p < CE (11)
j=1 p=0 v;jelp,p+1]
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We now consider those resonances with argument in | €, Z |. For large enough v, the approximations
2

Ay are valid for these resonances. We count those approximate resonances with v; € [p, p + 1) and
arg A, € [0, 0 + AB]. We start by introducing, for fixed v, the number Ak, of XU, x with argument lying
in [0, 6 + A@]. Observe that the definition of ):,,, ¢ relates Ak, with Ar by

Ak, = 2 At + 0(1),
T

where At denotes the change in ¢ corresponding to Af in the parametrizations above. Note that At is
independent of the choice of v. We can then write

3 N "
#hi v €lp. p+ D arghyx €10,0+ A0l = Y m)Ak,= > m)| ZAr+01)).
p=<v;<p+l p=vi<p+1 T

By the definition of the approximate zeros Xv,k, we can estimate their size |)~»U,k| in terms of |z(6)],
provided that arg ):U,k € [0, 0 + Af], yielding

i = v(12(0)| + O(AH)).

In particular, if v;[z(6)| > r but A, x| < r, then

e[ L (1—cnp), — ]
Vj —(—-c sy — |-
7 L1z |2(0)]

We may thus rewrite our counting function as

#lokt hoil <rarghok €10,0+A01) = Y m(v)

. |)~Lv,k|§r
arg A, k€[0,0+A0]

= Y mop+ > m(vy).

vilz@)|=r vie[(r/12(0))(1—cAb),r/12(0)]]
arg 2« €[0.0+A0] arg i, 4 €[0,6+A6]
By our improved Weyl’s law (9), the second term is O (r"~2).

We now focus our attention on the first term (here | - | denotes the “floor” function):

Lr/lz|-1]
Yoo omp= Y > Yo o mp+ Y. > m)
vilz@®l=r p=0 vielp.p+1) argi, r€[6,0-+A0] vi€llr/zl.r/z] arg X, 1 €[6,0+A6]
arg Aj 1 €[0,0+A0]
Lr/lz]-1]
= Y > mopAk+ Y > my.
p=0 vielp,p+1) viellr/z].r/z] argX, 1 €[6,0+A0]

Again by Weyl’s law, we observe that the second term is O (+"~2). By relating At and Ak, we can rewrite
the first term:

Lr/lzl—1] lr/lz|—-1] .
Yooy mepak= Y > m(v) — At + > m@)o).
p=0 vje[p,p+1) p=0 vj€lp,p+1) v <|r/lzl]

By Weyl’s law (9), the second term is O ("~ '), so we again consider the first term.
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As At is independent of v;, we may use Weyl’s law as well on the first term:

Lr/1zl—1] b I/l =1
YY) mwplar= N [ Vol(B,_1) Vol(Y, h) p" "' At + O (p" %) + o(p"_l)At]
7 2n—17-[n
p=0 vjelp,p+1) p=0
2n— 1) Lr/lz]—1]
== Vol(B,—) Vol(Y. At Y~ p" '+ 00" ) +o(r™ At
Qm)" 0=0
2(n—1)

_2m—D (Y n—t n
= G Vol(B,_1) Vol(Y, h)n<|z(0)|) A+ O™ Y +o(r™ At.

We finally introduce a Riemann sum in ¢ to understand this main term:
#{ Ao Aol <7, arghog € [€, 3]}

_ /”/2 (zm — 1) Vol(B,—1)
o t=1(e) (27'[)””1
_ (n=1) Vol(B,-1)

rn

n—1 n
EOT dt+ 0" ) +o(r")

Vol (Y, h))

n 1 n n
2y Vol(Y, h)r /BK+ W dt+ O(er™) +o(™)

B _ 2172
_ ((n I)VOI(BH*I) VOI(Y, h)/ ud|z|)r"+0(6rn)+0(rn)
Qm)'n ok, Izl

= A, Vol(Y, h)r'" 4+ O (er™) + o(r"). (12)

Here the prefactor of 2 disappeared because the first integral parametrizes only half of 0 K. It reappears
in the statement of Theorem 1.1 because each zero there corresponds to two resonances (one on each
sheet). We further observe that the constant A, Vol(Y, #) agrees with the leading term found in the
Euclidean case found in [Stefanov 2006].

Sending € to O establishes the theorem for the approximate zeros A, x. Because each A, x isina C/v
neighborhood of a zero #, x, this finishes the proof of the theorem.
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THE KAHLER GEOMETRY OF CERTAIN OPTIMAL TRANSPORT PROBLEMS

GABRIEL KHAN AND JUN ZHANG

Let X and Y be domains of R" equipped with probability measures u and v, respectively. We consider the
problem of optimal transport from p to v with respect to a cost function ¢ : X x ¥ — R. To ensure that
the solution to this problem is smooth, it is necessary to make several assumptions about the structure of
the domains and the cost function. In particular, Ma, Trudinger, and Wang established regularity estimates
when the domains are strongly relatively c-convex with respect to each other and the cost function has
nonnegative MTW tensor. For cost functions of the form c(x, y) = W(x — y) for some convex function
W : M — R, we find an associated Kéhler manifold on 7M whose orthogonal antibisectional curvature
is proportional to the MTW tensor. We also show that relative c-convexity geometrically corresponds to
geodesic convexity with respect to a dual affine connection on M. Taken together, these results provide a
geometric framework for optimal transport which is complementary to the pseudo-Riemannian theory of
Kim and McCann (J. Eur. Math. Soc. 12:4 (2010), 1009-1040).

We provide several applications of this work. In particular, we find a complete Kéhler surface with
nonnegative orthogonal antibisectional curvature that is not a Hermitian symmetric space or biholo-
morphic to C2. We also address a question in mathematical finance raised by Pal and Wong (2018,
arXiv:1807.05649) on the regularity of pseudoarbitrages, or investment strategies which outperform the
market.

1. Introduction

Optimal transport is a classic field of mathematics combining ideas from geometry, probability, and
analysis. The problem was first formalized by Gaspard Monge [1781]. In his work, he considered a
worker who is tasked with moving a large pile of sand into a prescribed configuration and wants to
minimize the total effort required to complete the job. Trying to determine the optimal way of transporting
the sand leads into deep and subtle mathematical phenomena and is a thriving field of research to this day.
Furthermore, optimal transport has many practical applications. Monge’s work was originally inspired by
a problem in engineering, but these same ideas can be applied to logistics, economics, computer imaging
processing, and many other fields [Peyré and Cuturi 2019].

The modern framework for optimal transport, due to Kantorovich [1958], considers arbitrary couplings
between two probability measures. In this formulation, we consider X and Y as Borel subsets of two
metric spaces equipped with probability measures @ and v, respectively. Intuitively, du is the shape of
the original sand pile and dv is the target configuration. To transport the sand from u to v, we consider a
coupling of p and v, which is a nonnegative measure on X x ¥ whose marginal distributions are p and v,

MSC2010: primary 49Q20, 53C55; secondary 46N10, 46N30.
Keywords: optimal transportation, Kéhler metrics, regularity of optimal maps, complex geometry, MTW condition, curvature,
Monge—Kantorovich, tube domains, tangent bundle.
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respectively. To measure the efficiency of a plan for transport u to v, we consider a lower-semicontinuous
cost function ¢ : X x ¥ — R. The solution to the Kantorovich optimal transport problem is the coupling y
which achieves the smallest total cost
min / c(x,y)dy(x,y).
yel(uw.v) Jxxy

Here I' (e, v) is the set of all couplings of u and v. In this case, a minimizing measure y is referred to as
the optimal coupling. An optimal coupling exists for very general measures and cost functions, so the
Kantorovich approach is a flexible and powerful framework to study optimal transport.

In Monge’s work, it is assumed that the mass at a given point will not be subdivided and sent to
multiple locations. This is known as deterministic optimal transport, which seeks to find a measurable
map T : X — Y so that the optimal coupling is entirely contained within the graph of T. When this
occurs, the map T is known as the optimal map. A priori, there is no guarantee that optimal transport is
deterministic, so a Monge solution may not exist for a given optimal transport problem. We will discuss
certain sufficient conditions for the optimal transport to be deterministic in Section 2.

For deterministic optimal transport, it is natural to ask whether the optimal map is continuous or even
smooth. This is known as the regularity problem for optimal transport. Historically, most of the work on
this problem was done in Euclidean space for the cost c(x, y) = ||x — y||?, better known as the quadratic
cost.

For more general cost functions (such as quadratic costs on Riemannian manifolds), the groundbreaking
work was done by Ma, Trudinger and Wang [Ma et al. 2005], who proved that the transport map is smooth
under the assumptions that

(1) a certain nonlinear fourth-order quantity, known as the MTW tensor (denoted by &), is nonnegative,
and that

(2) the sets X and Y are relatively c-convex with respect to each other.!

These results were refined by Loeper [2009], who showed that the nonnegativity of & is necessary to
establish continuity for the optimal transport between smooth measures. Furthermore, he gave some
insight into the geometric significance of the MTW tensor. Later work of Kim and McCann [2010]
furthered this understanding by presenting a pseudo-Riemannian framework for optimal transport in
which the MTW tensor is the curvature of certain light-like planes.

1.1. Our results. In this paper, we primarily consider W-costs, which we define as follows.

Definition (W-cost). Let ¥ : M — R be a locally strongly convex C* function? on an open domain M
in Euclidean space.
For open domains X and Y in R", a W-cost is a cost function of the form

c: XxY >R, ckx,y)=¥x-—y).

'More precisely, the assumption is that the supports of © and v are relatively c-convex.
ZHere, a function being locally strongly convex means that the Hessian is positive definite. Furthermore, it is possible to work
with less regular convex functions, but we will not do so in this paper.
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These costs were previously studied by Gangbo and McCann [1995] and by Ma, Trudinger and Wang
[2005]. For such a cost to be well-defined, M must contain the difference set X — Y, defined as

X —Y :={z € R" | there exists x € X, y € Y such that z = x — y}.

We can now summarize the main results of our work, which associate a complex manifold to a given
W-cost. To do so, we consider M as a Hessian manifold, using W as its potential function (i.e., setting
gij = 82W/(du'du’)). Such manifolds naturally admit a dual pair of flat connections, which we denote
by D and D* [Shima 2007].

Using the primal flat connection D and the metric g, there is a canonical Kihler metric on the tangent
bundle, known as the Sasaki metric and denoted by (T M, gD , JP). Our main result shows the following
correspondence between the curvature of this metric and the MTW tensor.

Theorem. Let X and Y be open sets in R" and ¢ be a V-cost. Then the MTW tensor G satisfies the
identity
%6(777 S) = ng(§7 JD’)ﬁ’ "i:v JDﬂn) - %gD (Uﬁ’ S’ nﬁ’ E)’

where & and n are an orthogonal real vector-covector pair (which we extend? to TM) and Ro is the
curvature of (TM, gP, JP) (where the metric is induced by the potential W).

For reasons that we will explain later, we call the right-hand expression the orthogonal antibisectional
curvature. We furthermore show that relative c-convexity of sets is geodesic convexity with respect to the
dual affine connection on M.

Proposition. For a W-cost, a set Y is c-convex relative to X if and only if, for all x € X, the set x — Y is
geodesically convex with respect to the dual connection D*. Here, D* is the connection on M satisfying

X, 2) =g(DxY, 2)+ 8V, Dy 2)
for all vector fields X,Y and Z.

Apart from providing a new geometric framework for the regularity problem, we can use these results
to address several questions of independent interest.

1.1.1. Applications to complex geometry. This approach can be used to construct several examples of
interesting metrics with subtle nonnegativity properties. In particular, we find a complete complex surface
which is neither biholomorphic to C> nor Hermitian symmetric but whose orthogonal antibisectional cur-
vature is nonnegative. Many of the complex manifolds constructed using this approach are of independent
interest, and we will provide a few examples which we will study in depth in future work.

1.1.2. Applications to mathematical finance. Our second main application is to establish regularity for a
certain problem in portfolio design theory. The recent work [Pal and Wong 2016] studies the problem
of finding pseudoarbitrages, which are investment strategies that outperform the market almost surely
in the long run under mild and realistic assumptions on the stock market. Their work shows that this is

3To be more precise, we consider certain lifts of these vectors to 7M. For a more formal statement, see Theorem 6.
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equivalent to solving an optimal transport problem where the cost function is a divergence function (in
information-geometric language) that is closely related to the free energy in statistical physics.

For this problem, our approach relates the MTW tensor of this cost to a Kdhler manifold with constant
positive holomorphic sectional curvature. As such, this cost function satisfies the MTW (0) condition (and
also satisfies a stronger condition known as nonnegative cost-curvature [Figalli et al. 2011]). We further
show that relative c-convexity corresponds precisely to the standard notion of convexity on the probability
simplex. Combining these calculations, we can apply the results of [Trudinger and Wang 2009] to obtain
a regularity theory of portfolio maps and their associated displacement interpolations. This addresses a
question asked in [Pal and Wong 2018b], and intuitively shows that when the market conditions change
slightly, the investment strategy similarly does not change by much.

A preliminary announcement of some of these results (stated in terms of the so-called fof )—divergences)
appeared in [Khan and Zhang 2019].

1.2. Layout of the paper. In Section 2 we discuss some background information on optimal transport.
In Section 3 we review some complex and Kéhler geometry. Section 4 discusses some background
information on Hessian manifolds and the curvature of the Sasaki metric. In Section 5, we state our main
results, which show the precise interaction between complex/information geometry and the regularity
theory of optimal transport. In Section 6, we explore various applications of this result. In Section 7, we
conclude with a section of open questions, which we hope to explore in future work.

1.3. Notation. We have attempted to preserve the notation from [De Philippis and Figalli 2014; Satoh
2007] as much as possible, while minimizing abuse of notation or overlap. For clarity, we introduce some
notational conventions now.

Throughout the paper, X and Y will denote open domains in R". Invariably, these will be smooth and
bounded. We will use {)c"};.’:1 as coordinates on X and {y"};?:1 as coordinates on Y. To study optimal
transport, we will use ¢(x, y) to denote a cost function ¢ : X x ¥ — R, which will generally be C* in this
paper. Often times, the domain of ¢ will be larger than X x Y, but we will ignore this. To avoid confusion
with coordinate functions and the notation for tangent spaces, we denote the solutions to equations of
Monge—Ampere type by U, and the associated optimal map by Ty.

For the most part, M will be an open domain in Euclidean space which contains X — Y, and ¥ will
denote a convex function ¥ : M — R. It is instructive to also consider M as an affine manifold, and we
will use {u' }7_, as its coordinates. When considering the tangent bundle of M (denoted by T M), we will
use bundle coordinates {(u', vi)}?zl. This notation is a change from [Satoh 2007] and is done to avoid
overusing x and y.

In order to prescribe T M with a Hermitian structure, it is necessary to consider a flat affine connection
on M, which we denote by D. More precisely, this will be the affine connection induced by differentiation
within the u-coordinates. Furthermore, we use W, X', J, Z and £ to denote tangent vectors on M (i.e.,
elements of 7M). This is the convention of [Satoh 2007], except with calligraphic font to avoid confusion
with our notation for domains. When computing the MTW tensor, we will denote the vectors in the MTW
tensor by £ and the covectors by 7.
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To simplify the derivative notation, for a two-variable function c(x, y), we use ¢y ; to denote 9,19,s¢
for multi-indices / and J. Furthermore, ¢’/ denotes the matrix inverse of the mixed derivative ¢; j. For a
convex function W, we use the notation W to denote 9,s W for a multi-index J and the notation W/ to
denote the matrix inverse of W;;. Finally, we will use Einstein summation notation throughout the paper.

2. Background on the regularity theory of optimal transport

The main focus of our paper is to study the assumptions needed to ensure optimal transport is regular. In
order to understand these, we first review several preliminary results on the regularity theory of optimal
transport.

As our primary interest is the geometric structure of the regularity problem, we will not make use of
the sharpest possible regularity estimates. The material in this section is based on the survey [De Philippis
and Figalli 2014], which provides a more complete background for the regularity theory. For a more
thorough overview on optimal transport, see [Villani 2009].

The regularity problem arises when the optimal coupling in the Kantorovich optimal transport problem
is induced by a deterministic transport map. As such, we first discuss some conditions which ensure
the Kantorovich optimal transport problem has a deterministic solution. The following theorem was
originally proven in [Brenier 1987] for the quadratic cost and in more generality in [Gangbo and McCann
1996]. It gives sufficient conditions for deterministic transport and shows that the optimal maps can be
found by solving an equation of Monge—Ampere type.

Theorem 1. Let X and Y be two open domains of R" and consider a cost function c : X x Y — R.
Suppose that du is a smooth probability density supported on X and that dv is a smooth probability
density supported on Y. Suppose that the following conditions hold:

(1) The cost function c is of class C* with llcllcaxxyy < o0
(2) Foranyx € X,themap Y 5y — c,(x,y) € R" is injective.
(3) Foranyy € Y, the map X 5 x — c,(x, y) € R" is injective.
(4) det(cy,y)(x,y) #Oforall (x,y) e X xY.
Then there exists a c-convex function U : X — R such that the map Ty : X — Y defined by Ty(x) :=

c-exp,(VU(x)) is the unique optimal transport map sending | onto v. Furthermore, Ty is injective

du-a.e.,
dp(x)
det(VT =——"— du-ae., 1
|det(V Ty (x))l DTy GHae (D
and its inverse is given by the optimal transport map sending v onto [L.

In order to express (1) more concretely, we recall the notion of the c-exponential map (denoted by
c-exp,).
Definition (c-exponential map). For any x € X, y € Y, p € R", the c-exponential map satisfies the
identity
c-exp(p) =y <= p=—c(x,y).
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For the squared-distance cost on a Riemannian manifold, the c-exponential is exactly the standard
exponential map, which motivates its name. For this cost in Euclidean space, (1) becomes the standard
Monge—Ampere equation

J)
g(Vu(x)’

Due to the comparatively simple form for (2), much of the initial work on the regularity problem was

det(V2U(x)) = (2)

done for the quadratic cost in Euclidean space. In this setting, Caffarelli [1992] and others proved a priori
estimates under certain convexity and smoothness assumptions on the measures (for a more complete
history, see [De Philippis and Figalli 2014]). Caffarelli also observed there is no hope of proving interior
regularity for Ty without assuming that the support of the target measure is convex.

For more general cost functions, Ma, Trudinger and Wang’s breakthrough work [Ma et al. 2005] gave
three conditions that ensure C? regularity for the solutions of the Monge—Ampére equation (1). In this
paper, we will use a stronger version of this result, originally proven in [Trudinger and Wang 2009].

Theorem 2. Suppose thatc: X x Y — R, wu, and v satisfy the hypothesis of Theorem 1, and the densities
du and dv are bounded away from zero and infinity on their respective supports X and Y. Suppose further
that the following hold:

(1) X and Y are smooth.
(2) The domain X is strictly c-convex relative to the domain Y.
(3) The domain Y is strictly c*-convex relative to the domain X.

(4) For all vectors &, n € R* with & L n, the following inequality holds:

. s koS lsisj k. 1
GE = Y (cijpc™lcqrs —cijr)c ™ EE Y > 0. 3)
i,j,k,l,p,q,r,s

Then U e C®°(X) and Ty : X — Y is a smooth diffeomorphism, where Ty(x) = c- exp, (VU(x)).

While we will not discuss the proof in detail, we note that the main challenge is obtaining an a priori
C? estimate on U. Once such an estimate is established, the Monge—Ampére equation can be linearized
at U, at which point standard elliptic bootstrapping yields estimates of all orders and implies that Ty is
smooth.

The main results of this paper concern the assumptions of Theorem 2, so we discuss these in more
detail. The first condition is self-explanatory, while the second and third provide the proper notions of
convexity for the supports. To explain this in detail, we recall the notion of c-convexity for sets.

Definition (c-segment). A c-segment in X with respect to a point y is a solution set {x} to ¢ ,(x, y) € £
for £ a line segment in R". A c¢*-segment in ¥ with respect to a point x is a solution set {y} to ¢, (x, y) € £,
where £ is a line segment in R"

Definition (c-convexity). A set E is c-convex relative to a set E* if for any two points xg, x; € E and
any y € E* the c-segment relative to y connecting xo and x; lies in E. Similarly we say E* is ¢*-convex
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relative to E if for any two points yg, y; € E* and any x € E, the c*-segment relative to x connecting yo
and y; lies in E*

Finally, we discuss inequality (3), which is known as the MTW (0) condition and is a weakened version
of the MTW (x) condition.

Definition (MTW (k), « > 0). A cost function c satisfies the MTW («x) condition if for any orthogonal
vector-covector pair £ and n we have S(&, ) > Kk |&1|n|? for k > 0.

Ma, Trudinger and Wang’s original work relied on the MTW (k) assumption, and this stronger condition
is used in many applications. Although it is not immediately apparent, S(&, 1) is tensorial (coordinate-
invariant) so long as one considers 7 as a covector [Kim and McCann 2010], which we will do throughout
the rest of the paper. Furthermore, it transforms quadratically in n and &, but is highly nonlinear and
nonlocal in the cost function.

The geometric significance of the MTW tensor is an active topic of research. On a Riemannian
manifold, Loeper [2009] gave some insight into its behavior. His work showed that for the quadratic cost,
the MTW tensor is proportional to the sectional curvature on the diagonal x = y. In this paper, he also
showed that c-convexity and nonnegativity of the MTW tensor are essentially necessary conditions to
prove regularity of optimal transport.

Building on Loeper’s results, Kim and McCann [2010] gave a geometric framework for optimal
transport. In their formulation, optimal transport is expressed in terms of a pseudo-Riemannian metric on
the manifold X x Y and the MTW tensor becomes the curvature of light-like planes. This interpretation
holds for arbitrary cost functions, and gives intrinsic geometric structure to the regularity problem. Our
geometric interpretation is different, but many of the formulas appear similar, in part due to the fact that
Kim and McCann chose notation reminiscent of complex geometry.

Before concluding our background discussion on optimal transport, we will introduce one more
strengthening of the MTW (0) condition, known as nonnegative “cross-curvature” [Figalli et al. 2011].

Definition (nonnegative cross-curvature). A cost function ¢ has nonnegative (resp. strictly positive ¥ > 0)
cross-curvature if, for any vector-covector pair  and &,

SE,n) =0 (resp. «|€|*|n|? for some k > 0).

Note that nonnegative cross-curvature is stronger than MTW (0), as the nonnegativity must hold for all
pairs n and &, not simply orthogonal ones. Cross-curvature was introduced by Figalli, Kim, and McCann
[Figalli et al. 2011] to study a problem in microeconomics. In later work, they also showed that stronger
regularity for optimal maps can be proven with this assumption [Figalli et al. 2013]. Cross-curvature was
also studied in [Sei 2013] for an application in statistics.

3. Background on Kiihler geometry

In order to connect optimal transport with Kéhler geometry, we will review some background on Kéhler
manifolds. We will only discuss what is needed for this work, and refer the reader to [Zheng 2000] for a
more complete reference on complex geometry.
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Given a smooth manifold* X, an almost complex structure J is a smoothly varying endomorphism of
TX which satisfies J? = —Id. In this case, we say that the pair (X, J) is an almost-complex manifold.
From the definition, it immediately follows that any almost-complex manifold must be even-dimensional
and orientable.

We say that an almost complex manifold X is complex if it admits an atlas of holomorphic coordinate
charts satisfying z/ = u’ ++/—1y' such that J9,; = 9, and J9d,; = —9,.. In other words, around each
point in X, a complex manifold admits a local biholomorphism to a subset of C" (in which J acts on
tangent vectors as multiplication by «/—1). If this can be done, we say that the almost complex structure
is integrable. Due to a deep theorem of [Newlander and Nirenberg 1957], integrability of an almost
complex structure J is equivalent to the vanishing of the so-called Nijenhuis tensor, which is defined as

Nj(X, )= —J?[X, Y]+ J[X, IV]+TJX, V] - [JX, JV].

Showing that this condition is necessary is relatively straightforward,> but it highly nontrivial to show
that it is also sufficient.

We say that an almost complex structure is compatible with a Riemannian metric g if it satisfies
g(X,Y) =g(JX, JY) for all tangent vectors X and ). In this case, the triple (X, g, J) is said to be
a Hermitian manifold. Furthermore, we say a Hermitian manifold is Kdéhler if J is integrable and the
Kihler form w = g(J -, - ) is closed (i.e., dw = 0). This closedness has many important consequences for
the geometry of Kihler metrics. Most importantly, in any set of holomorphic coordinates {z’ }i_,» we can
express the Kihler form as

a.sz dz' Ad7
0z’ 9z/

w=+~1

for some strictly plurisubharmonic potential ®. This leads to many important geometric properties, only
a few of which we will explore here.

3.1. The curvature of Kahler manifolds. In this paper, we will study the curvature for a certain class
of Kéhler manifolds. As such, it is necessary to review some background on the curvature of Kéhler
metrics. We will specialize our focus to the curvature of the Levi-Civita connection on X, which we
denote as V. For non-Kihler Hermitian manifolds, there are several canonical connections which have
distinct curvature tensors. Fortunately, all these connections coincide for Kdhler manifolds. As such, we
can unambiguously denote the curvature tensor as 93, which is defined® as

9{(2\?,)}, Z, W)Ig(vXVyZ—VyVXZ—V[X’y]Z, W) (4)

4Not to be confused with our notation for domains.

SThe Nijenhuis tensor vanishes if the Lie bracket of any two holomorphic vectors is holomorphic, which is automatically true
for complex structures.

6For this definition to be meaningful, we must extend each of the vectors to vector fields, but since the expression is tensorial,
the choice of extension does not matter.



THE KAHLER GEOMETRY OF CERTAIN OPTIMAL TRANSPORT PROBLEMS 405

Apart from the usual symmetries of the Riemannian curvature, the curvature of a Kihler metric satisfies
the following identity (when X is regarded as a (real) manifold):

R, Y, ZW)=RJX,JY, Z,W). 5)

After repeatedly applying this identity and using the other symmetries of the curvature tensor, it is
possible to show that we can determine the entire curvature tensor from the values R(X, Y, Z, W), where

X, Y, Z, W are holomorphic’ vector fields and the overline represents conjugation.’

3.1.1. Sectional and bisectional curvature. Aside from the full curvature tensor, there are various notions
of sectional and bisectional curvature on Kihler manifolds, which are important in the study of complex
differential geometry.

As a preliminary, we first recall the definition of sectional curvature for Riemannian manifolds. Let
X, Y be nonparallel tangent vectors. The sectional curvature is defined as

RX, YV, Y, X)

It is a classic theorem in Riemannian geometry that the sectional curvature completely determines the

KX, Y)=

entire curvature tensor, which can be proven using the polarization formula and a careful application of
the Bianchi identity. The sectional curvature is a fundamental concept in Riemannian geometry, and many
theorems depend on either upper or lower bounds for it. Furthermore, the assumption that the sectional
curvature is nonnegative greatly restricts the topology and geometry of a given Riemannian manifold.

For a Kéhler manifold, there are several notions of curvature closely related to the sectional curvature.
One natural type of sectional curvature on a Kdhler manifold is the holomorphic sectional curvature. For
a tangent vector X € T'X, this is defined as

R(X, JX, JX, X)
1)

HX) =

Similarly to the sectional curvature, the holomorphic sectional curvature determines the entire curvature
tensor of a Kihler manifold; see [Ballmann 2006, Proposition 4.51].

Of particular interest are Kédhler manifolds whose holomorphic sectional curvature is constant c. In
this case, the polarization formula can be used to show that such a Kihler manifold X is a Hermitian
symmetric space whose curvature satisfies

gX, 2)gYV, W) —g(X, W)g(V, Z2) +g(X, J2)g(, JW))

&
RX, Y, Z,W) = 1 ( —8(X, IW)g(V, JZ2)+2g(X, JV)g(Z, JW)

Spaces with constant holomorphic sectional curvature serve as the Kihler analogues of manifolds of
constant sectional curvature. It is worth noting that when the complex dimension is greater than 1, a
complex manifold cannot have constant sectional curvature (unless it is flat), so the definition of a complex
space form is not a Kéhler manifold with constant sectional curvature, but rather a Kéhler manifold with

7In other words, vectors which satisfy JX 4+ +/—1X = 0 in a holomorphic coordinate chart.
8In fact, this shows that R(X, Y, Z, W), R(X, Y, Z, W), and R(X, Y, Z, W) all vanish on a Kihler manifold.
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constant holomorphic sectional curvature. The sectional curvature of such a metric (with n > 1) ranges
between ¢ and }Lc, so the metric is quarter-pinched from the view of Riemannian geometry.

Despite the similarity between the holomorphic sectional curvature and the sectional curvature, the
former is a much more subtle invariant than the latter. For instance, nonnegative holomorphic sectional
curvature does not imply nonnegative Ricci curvature, but does imply nonnegative scalar curvature [Ni
and Zheng 2018].

As such, it is worthwhile to consider other curvature quantities which more directly control the geometry
of a Kihler manifold. One such example is the bisectional curvature,” which was introduced in [Goldberg
and Kobayashi 1967]. For two unit vectors X and ), it is defined as

BX,Y)=RX, JX, IV, V).
The reason that this is known as the bisectional curvature is that it satisfies the identity
BX, V) =R(X,JY, JY, X)+R(X, D, )V, X),

which can be proven using the Bianchi identity.

A metric is said to have nonnegative bisectional curvature if 28(X, ))) > 0 for all vectors X and ).
Nonnegative bisectional curvature is a weaker condition than nonnegative sectional curvature (as the
bisectional curvature is the sum of two sectional curvatures) but still provides very strong control over the
geometry of a Kdhler manifold.

There are several further curvatures of interest. For instance, it is possible to consider the bisectional
curvature when it is restricted to unit tangent vectors X’ and ) satisfying g(X, V) = g(X, JY) = 0. This
is known as the orthogonal bisectional curvature. We say that a Kéhler manifold has (NOB) (nonnegative
orthogonal bisectional curvature) if for all unit tangent vectors X and ) satisfying g(X, V) =g(X, J)Y) =0
we have B(X,)) > 0.

In this paper, we will need to consider a curvature tensor we call the antibisectional curvature. For
totally real vectors!? X and ), we define this to be

AX, V) =RX, JY, JY, X) —R(X, Y, V, X).

Similarly, we define the orthogonal antibisectional curvature (denoted by %) to be the restriction of
the antibisectional curvature to vectors X, ) satisfying g(X, V) = g(X, JY) = 0. More precisely,

OAX, V) ==X, V) ix, v | g(x,)=g(X,]V)=0}-

The reason for the term “antibisectional” curvature is that 2l and B differ only in that we subtract
rather than add the sectional curvatures. However, these curvatures are very different. For instance, the
bisectional curvature is J-invariant, in that we can multiply either X’ or )V by J and get the same result.

9This is more commonly called the holomorphic bisectional curvature, but we will omit the “holomorphic” for the sake of
exposition.
101n other words, vectors whose imaginary component is zero within a particular holomorphic chart.
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On the other hand, 2 changes sign if we multiply one of the vectors by J.!! As such, it takes some care
to define nonnegative orthogonal antibisectional curvature.
We say that a Kdhler metric on a domain in C" has (NAB) if, for all totally real vectors X, ),

AX, ) = 0.
Similarly, we say that a Kidhler metric has (NVOAB) if, for all orthogonal totally real vectors X, ),
OAX, Y) = 0.

Due the previous discussion, we define nonnegativity for antibisectional curvature when restricted to
totally real vectors. This definition inherently relies on a canonical decomposition of 77X into real and
imaginary vectors (i.e., an embedding into C"). For the spaces of interest in this paper, this can be done
in a natural way. However, for more general Kihler manifolds, formulating nonnegative antibisectional
curvature is less clear.

It is worth observing that if a Kidhler manifold X has constant holomorphic sectional curvature, then
the orthogonal antibisectional curvature identically vanishes. In fact, if we require that O20(X, ) > 0 for
all orthogonal vectors X' and ), then the polarization formula shows that Hermitian symmetric spaces are
the only spaces satisfying this property.'?

3.2. Positively curved Kihler metrics. One question of considerable interest in complex geometry is
to understand complete Kihler metrics with various nonnegativity properties. Most famously, Frankel
conjectured that if a compact Kéhler manifold has positive holomorphic bisectional curvature, it is
biholomorphic to the complex projective space CP". This conjecture was independently proven in [Mori
1979; Siu and Yau 1980].

For compact Kéhler manifolds, it is possible to obtain this result under weaker curvature assumptions.
For instance, all compact Kéhler manifolds with positive orthogonal bisectional curvature are biholo-
morphic to CP"; see [Chen 2007; Feng et al. 2017; Gu and Zhang 2010]. Furthermore, all compact
irreducible Kéhler manifolds with nonnegative isotropic curvature are either Hermitian symmetric or
else biholomorphic to CP" [Seshadri 2009]. For complex surfaces, nonnegative orthogonal bisectional
curvature is equivalent to nonnegative isotropic curvature!3 [Li and Ni 2019] so the previous result gives
a classification of such surfaces.

For noncompact manifolds, it is natural to ask whether similar results hold. The most famous conjecture
in this direction is Yau’s uniformization conjecture [1994], which states that any complete irreducible
noncompact Kéhler metric with nonnegative bisectional curvature is biholomorphic to C". Although the
full conjecture is still open, Liu [2019] proved it under certain volume growth assumptions.

Although these results are not directly related to the work in this paper, they provide much of the
intuition for how positive curvature of a Kdhler metric imposes strong restrictions on the geometry of

'This was pointed out to us by Fangyang Zheng.

12Thanks to Fangyang Zheng for this observation.

B1n higher dimensions, nonnegative isotropic curvature is a stronger assumption than nonnegative orthogonal bisectional
curvature.
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that manifold. In this spirit, by drawing a connection between the curvature of Kihler metrics and the
MTW tensor in optimal transport, we hope to provide strong restrictions on cost functions which have
nonnegative MTW tensor. We plan to develop this idea further in future work.

4. Hessian manifolds and the Sasaki metric

In order to interpret the MTW tensor as a complex-geometric curvature, we study the Sasaki metric,
which is an almost-Hermitian metric on the tangent bundle of a Riemannian manifold. We discuss some
background on this metric, focusing on the case of Hessian manifolds, in which case the Sasaki metric is
Kiéhler.

4.1. The Sasaki metric on the tangent bundle. On a Riemannian manifold (M, g) with a flat'* affine
connection D, the tangent bundle naturally inherits a Hermitian structure (T M, gD , JP) [Dombrowski
1962]. The metric g? is known as the Sasaki metric and the complex structure J P is called the canonical
complex structure. For completeness, we present a brief overview of this construction. For a more
complete reference, we refer to [Satoh 2007].

Since D is flat, we can find local coordinates {u"}f:1 on M in which the Christoffel symbols of
D vanish. Using these coordinates, define smooth functions v!, ..., v" on the tangent bundle 7M by
v/ (X) =X/ for a vector X = X'9,:. The collection of functions {(u’, v')}/_, then forms local coordinates
for TM. Then, for a tangent vector & € 7, M (which we consider as a point in the tangent bundle 7M)
and a tangent vector X = X?9,; € T, M, we can define vertical and horizontal lifts of X’ at £, denoted by
ng and XgH , respectively. These are elements of T¢ (7TM), which are defined as

X =X, X =X10,. (6)

This yields a decomposition of T (T’M) into horizontal and vertical subspaces, which depends on the
choice of connection D:

Te (TM) = He (TM) & Ve (TM).

As such, there is a natural identification Hg (T M) = Vg (T M) = T, M, which we use to construct the
Sasaki metric [Satoh 2007, Definition 2.1].

Definition (the Sasaki metric and canonical complex structure). Let (M”, g) be a Riemannian manifold
with a flat affine connection D. For X, )Y € T, M and & € TM with £ = (u, v) in bundle coordinates, the
canonical complex structure J? is defined as

DyH _ pV DyV _ H
J Xé _XS’ J7 X __XS'
Furthermore, the Sasaki metric g? is defined as
P v =3/ =gy, P yH=o0.

4y s possible to define the Sasaki metric for arbitrary connections, but that will not be necessary for this paper.
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This induces a Hermitian structure on 7'M, which depends on both the choice of metric and flat
connection on M. To see that this is indeed a Hermitian manifold (and not merely almost Hermitian), we
rely on the following result.

Theorem 3 [Dombrowski 1962]. Let (M, g) be a Riemannian manifold with an affine connection D. The
almost-Hermitian manifold (TM, gP, JP) satisfies the following:

(1) The almost-complex structure J P is integrable whenever the connection D is flat.

(2) (TM, gP, JP) is Kiihler if and only if D and D* are both flat connections, which further implies
that g is a Hessian metric.

4.2. Hessian manifolds. We are primarily interested in the case where T M is Kihler, for which we
must study Hessian manifolds (also known as affine-Kdéhler manifolds, due to the parallel with Kéhler
geometry). There are two equivalent definitions for such manifolds; with the former definition primarily
used in differential geometry and the latter primarily used in information geometry.

Definition (Hessian manifold: differential-geometric). A Riemannian manifold (M, g) is Hessian if
there is an atlas of local coordinates {u’ }7_, so that for each coordinate chart there is a convex potential W
such that

v

CQul ul”

Furthermore, the transition maps between these coordinate charts are affine (i.e., M is an affine manifold).

8ij

Definition (Hessian manifold: information-geometric). A Riemannian manifold (M, g) is said to be
Hessian if it admits dually flat connections. That is to say, it admits two flat (torsion- and curvature-free)
connections D and D* satisfying

XV, 2)) =g(DxY, 2) + 8V, D3 2) (7)

for all vector fields X, ), and Z. Because of these dual flat connections, a Hessian manifold is often
said to be dually flat.

Although these definitions initially appear different, they are actually equivalent. If we choose an
atlas of coordinate charts (we will abuse notation and refer to this chart as #) in which the metric g is
of Hessian form, we can induce a flat connection D by differentiation with respect to the u-coordinates.
The requirement that the transition maps be affine is exactly what is necessary for this connection to be
well-defined when we switch coordinates.

Before moving on, we take a moment to discuss the properties of the connection D in more detail.
Firstly, by definition we have that the Christoffel symbols of D vanish in the u-coordinates. As a result,
the D-geodesic equations

d*u’ - dul du*

a4 TR as T
simplify to the equations
d*u’

ds?
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As aresult, D-geodesics correspond to straight lines in the u-coordinates. It is worth noting that these
geodesics are distinct from the geodesics with respect to the Levi-Civita connection.
We now turn our attention to the dual connection D*. We can induce the dual connection by differenti-
ation with respect to the so-called dual coordinates 8, which are defined as
i 9
o' = R

It is a straightforward calculation to show that the connection induced by the u-coordinates and the

®)

connection induced by the 6-coordinates are indeed dual, in the sense of (7). For more information, see
Chapter 2 of [Shima 2007]. Similarly to the situation for the primal connection, the Christoffel symbols
of D* vanish in the 6-coordinates and D*-geodesics correspond to straight lines in the 6-coordinates.
Furthermore, we can define D*-convexity for subsets of M in terms of whether a subset entirely contains
the D*-geodesics between its points. This can be extended to define strict convexity as well. Strict
convexity will be important in Proposition 8, so we draw attention to it here.

In the dual coordinates, the metric is also of Hessian form, where the potential is the Legendre
transform W*, defined as

U*(0) = sup (0, u) — W (u).
ueM
When W is a convex function, W* is as well. In this case, we say that W and W* are Legendre duals.!?
For further details on this correspondence, we refer the reader to [Shima 2007, Chapter 2].

There are topological and geometric obstructions for a given Riemannian manifold to admit a Hessian
structure. In dimensions 4 and higher, there are local curvature obstructions as well; see [Amari and
Armstrong 2014]. As all of the manifolds of interest in this paper are open domains in R” (which admit a
global coordinate chart), we can construct Hessian metrics simply by choosing a convex potential.

4.3. The curvature of the Sasaki metric. We now calculate the curvature of a Kihler Sasaki metric. To
do so, we use the curvature formulas for a general Sasaki metric [Satoh 2007, Proposition 2.3] and then
simplify them using the dually flat structure. Applying Satoh’s Proposition 2.3 in the case where D is a
flat connection, we have the following.

Proposition 4. Let (M, g, D) be an affine manifold with flat connection D and Levi-Civita connec-

tion V. Let Ryp be the Riemannian curvature tensor of the Sasaki metric gP on TM. For vectors
X’y’Z,W7S ETL{M’

Reo (ZEWE XE V=R (2 W, X, ),

Reo (2L WY X V)= —}1 D [(De ) (X, 2)(De,8) (VW) —(De, ) (V. Z)(De, ) (X W],

Reo (ZE WY 2/ V) =R (I WY 21 ) =0,

Ren (22 WY, X VD) ==L (DR 20) VN =3 (Dyx ) D W) S (Dag) W, )-(Dz) (), 0).

15This is indeed a duality: for a convex function W, ¥ = W**,
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Here, {e;} is an orthonormal basis of T,M and y P is the difference between D and the Levi-Civita
connection on M:

yP2(X,Y) = DxY — Vi ).

When (M, g, D) is dually flat (i.e., Hessian), the situation simplifies further. To ease the computations,
recall that we are working in coordinates {u"}l"’:1 where the Christoffel symbols of D vanish. Doing so,
we find the following identities:

(1) The Riemannian metric g is given by the Hessian of a convex potential .

(2) In the induced coordinates {(u’, v’ )}7_, on the tangent bundle (T M, gP, JP), the complex structure
can be written as J?9, = 3, and JP?3, = —d,i. As such, the coordinate chart (x', v!, ... u", v")is
biholomorphic to an open set in C" under the natural identification.

(3) There are simple expressions for the Riemannian curvature and the Christoffel symbols of the
Levi-Civita connection.

(a) The Riemannian curvature of the (M, g) is (see [Shima 2007, Proposition 3.2])
Ry (01, 0y s Oys 0y) = — 3 WPI (W1, Wing — Wity Wikg).
(b) The Christoffel symbols of the Levi-Civita connection satisfy the identity
Tijk = 3 Wijk, T =305 W

(4) Using these formulas for the Christoffel symbols, we obtain a simple formula for D,,»(x z) for two
vector fields X = X79,; and Z = 2Z¥3:

D,oy.z) = —X 2'T Dy, = — X' 20, W Dy,

Combining these identities with the curvature formulas for the Sasaki metric, we find the following
proposition.

Proposition 5 (curvature of a Kihler Sasaki metric). Let (M, g, D) be a Hessian manifold. The Riemann-
ian curvature of the Sasaki metric on (TM, gP, JP) (in the (u, v)-coordinates defined on page 16) is

Ry Byis Dy Dyt Bt) =R Byiy Dy, i, 3yr) = — 1 U (W Wiy — W, W), ©)
R Byis Dy Dty Dyt) = — 3 Wijns + 3 (Wiges W W) + (U W Wy, (10)

Furthermore, when stated in terms of holomorphic vectors, the curvature of TM satisfies the identity
(ng)i./_'kl_ = 9%gD (aui s av-/ , auk’ av’) - ng(aui , auf’ au"'a au’) = _%\pijkl + %\Ijrslpiks"pjlr- (1 1)

We remark that for a Hessian manifold, Shima [2007] defined the Hessian curvature to be the negative
of formula (11). We will not use this convention and instead work in terms of complex geometry.
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4.4. The geometry when M is a domain. The previous calculation provides the curvature of TM for
an arbitrary Hessian manifold. However, in the special case where M is a domain in Euclidean space and
g is induced by a global potential \, it is possible to construct this Kéhler manifold explicitly as a subset
of C".

In this case, we consider the associated global coordinates {u}?_, as being defined on domain in R".
By a slight abuse of notation, we will denote the domain of the u-coordinates as M. We can then write
7z =u' + /10" as the standard holomorphic coordinate on C"% and T M can be identified with the
domain

TM={u,v)|lueM,veR"}cC".

This class of domains are known as tube domains and have been studied in various contexts. For an
introduction on these spaces, we refer the reader to page 41 of [Hormander 1973] and for a more detailed
study of their geometry, we refer the reader to [Yang 1982].

As for the associated Kéhler metric, we can write the Kdhler form as

w = V—l‘l—’,‘jdzi /\de

_ \Ifl'j(l/t) 0
S R A

As can be seen from these formulas, the Kéhler Sasaki metric is translation symmetric in its fibers (since

and the Sasaki metric as

W does not depend on the fiber coordinates v). However, from (9) we can see that the fiber directions are
not “flat” unless the underlying Hessian manifold M is Riemannian curvature free.

5. Optimal transport and complex geometry

With the background concluded, we can now state the central results of this paper, which relate the
regularity theory of optimal transport to the complex geometry of the Sasaki metric.

5.1. The MTW tensor and the curvature of TM. Whenc: X x Y — R is a W-cost (as in the definition
on page 398), Ma, Trudinger and Wang observed that the MTW tensor takes the form

Sy (&, 1) = (WijpWyg WP — W, VR WSE T iyl (12)

In this formula, k and / are summed over, despite the double superscript resulting from the vector-covector
ambiguity.

To make the connection between (11) and (12) precise, we do the following. Firstly, we induce M
with the structure of a Hessian manifold. To do so, we use W as a potential for a Riemannian metric
and let D be the flat connection induced by differentiation with respect to the u-coordinates. This then
induces (T M, gP, JP) with a Kihler metric. Secondly, given a tangent vector £ € 7, X and a point y € Y,
we induce a tangent vector (also denoted by &) in T,_,M by shifting the base by y and leaving the
components unchanged. We also use this same construction to induce cotangent vectors in 7, | M, given
a point x € X and a cotangent vector n € T)'Y.
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After doing so, by comparing (9), (10) and (12), we obtain the following result.

Theorem 6. Let X and Y be open sets in R" and c be a W-cost. Furthermore, let (§,n) be a vector-
covector pair in TxX x T'Y such that the associated vector-covector pair on Tx_yM x T{_ M is
orthogonal. Finally, let { be an arbitrary vector in T, _, M.

Then the MTW tensor satisfies the identity

SE. ) =2Rp & O ES D) = 2R (D ET DL €. (13)

Here, R,yp is the curvature of the Sasaki metric on (TM, gP, JP) after sharping n (recall that the n in
the MTW tensor is a covector with n(§) = 0). Furthermore, the cross curvature satisfies the same identity
when we allow & and n to be an arbitrary vector-covector pair.

Here, due to the symmetries of the Kihler Sasaki metric, the choice of ¢ is arbitrary. We will discuss
this fact in Section 7. Note that it is important to be careful with the indices in the previous result.®

Recalling our previous discussion on the curvature of Kéhler metrics, if we consider T M as a tube
domain, then the right-hand side of (13) is twice the orthogonal antibisectional curvature, which implies
the following corollary.

Remark 7. The MTW tensor for a W-cost is nonnegative if and only if 7M has (NOAB) on the set
T(X-Y)CTM.

5.2. Relative c-convexity of sets and dual geodesic convexity. In order to establish regularity for optimal
transport (as done in Theorem 2), not only is it necessary to assume that the MTW tensor is nonnegative,
there are also assumptions about the relative c-convexity of the supports of u and v. For W-costs, there is
a natural geometric interpretation for this notion, which we establish here.

Proposition 8. For a W-cost, a set Y is c-convex relative to X if and only if, for all x € X, the set
x — Y C M is geodesically convex with respect to the dual connection D*,

Proof. Recall that for x € X, a c-segment in Y is the curve c- exp, (£) for some line segment £ and a set Y is
c-convex relative to a set X if, for all x € X, Y contains all c-segments between points in Y. For a W-cost,
relative c-convexity corresponds with geodesic convexity with respect to the dual connection!” D*,
We now apply (8) to see
—ci, = =Wi(x —y) = —6'(x - y),

where 0 (x — y) is the point x — y € M in terms of the dual coordinates 6. By the definition on page 402,
c-segments correspond to straight lines in the 6-coordinates. From the discussion after (8), this shows
that c-segments are geodesics with respect to the dual connection D*.

As such, a set Y contains all its c-segments if and only if, for all x € X, x — Y contains all of D*
geodesics, which is another way of saying that x — Y is geodesically convex with respect to D*. O

167 previous version of this paper [Khan and Zhang 2019] mistakenly switched the roles of j and k, leading to an incorrect
claim of a correspondence of the MTW tensor to the orthogonal bisectional curvature.

17Recall that the dual connection D* satisfies (7), where D is the flat connection induced by differentiation with respect to
the u-coordinates.
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An analogous result holds for relative c-convexity of X relative to Y. Combining the previous two
results, we can restate Theorem 2 in this new language.

Theorem. Suppose X and Y are smooth bounded domains in R" and that du and dv are smooth
probability densities supported on X and Y, respectively, bounded away from zero and infinity on their

supports. Consider a \V-cost for some convex function ¥ : M — R and suppose the following conditions
hold.:

(1) W is C* and locally strongly convex (i.e., its Hessian is positive definite).
(2) Forall x € X, x — Y C M is strictly geodesically convex with respect to the dual connection D*,
(3) Forally €Y, X —y C M is strictly geodesically convex with respect to the dual connection D,

(4) The Kiihler manifold (TM, gP, JP) has (NOAB) on the subset T(X —Y).

Let Ty be the c-optimal transport map carrying w to v as in Theorem 1. Then U € C*®(X) and
Ty : X — Y is a smooth diffeomorphism.

We should note that for many W-costs of interest, ¥ will not be uniformly strongly convex over its
entire domain. This is no issue for the regularity theory, as we will restrict our attention to bounded sets
X and Y, so that X — Y is precompact. As such, ¥ will be strongly convex on X — Y.

5.3. Information-geometric interpretation. The previous results provide new interpretations of the reg-
ularity theory, but we can also use this approach to find new examples of cost functions which satisfy
MTW (0). Before doing so, we will briefly discuss information geometry, which is where many of these
examples originate.

Information geometry studies the geometry of parametrized statistical models. For a more complete
background, we refer readers to [Amari 2016]. All of the examples in this paper are constructed from
exponential families, so we will focus only on the information geometry of exponential families.

Given a sample space S (about which we make no assumptions), an exponential family is a parametrized
family of probability distributions whose probability density functions are of the form

fs(s |u) =h(s)exp(nu) - T(s) — Au)) (14)

for some known functions 2 : S —> R, : U - R", T:S— R", and A: U — R. Here, u € U serve as
parameters of the distributions, and they are generally defined on an open domain U in R”. Note that »
should not be confused with the covector notation; it is instead a function of the parameters. This class of
statistical models includes many commonly used parametrized families, such as the univariate normal
and multinomial distributions (both of which we consider in the application section).

An exponential family is said to be in canonical form if y(u) = u, in which case u is said to be the
natural parameters. In this case, we can rewrite (14) as

fs(s | u) =h(s)exp(u-T(s) — V¥ (u)). (15)
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Here, W (u) is known as the log-partition function, and serves to preserve the probability normalization
(.e., /. s Js(s | u)ds =1). When an exponential family is written in terms of its natural parameters, W (u)
is a convex function whose domain is also convex.

5.3.1. The Fisher metric. Given any parametrized statistical model (not just an exponential family), there
is a canonical Riemannian metric that can be induced on the parameter space. This metric, known as the
Fisher metric, takes the form

g( a 0 )_/8logf(s|u)810gf(s|u)
N

Bl BT ™" o f(s|u)ds. (16)
There are several reasons to consider the Fisher metric as a canonical metric, and this is just one of
several equivalent definitions for it. However, a more complete discussion of this topic would take us too
far from the central aim of the this project. For more information, we refer the reader to the paper by Ay,
Jost, Van Lg, and Schwachhéfer [Ay et al. 2015].
For an exponential family in canonical form, the Fisher metric takes a special form. More precisely, it
can be written as a Hessian metric

9 9\ _ 9 7
g(ﬁ’ﬁ)_ Buiau/\p(u)’ a7
where W (u) is the log-partition function (which is guaranteed to be convex). From this, there is a natural
statistical reason to consider Hessian manifolds, which we can further use to construct cost functions for
optimal transport.
This paper is not the first work to consider using the log-partition function to find interesting W-costs.
This construction was first introduced in [Pal 2017], who developed some of the optimal transport theory
for costs of this form. We thank the reviewer for bringing this paper to our attention.

5.3.2. The case of fof )-divergences. Although our main results are stated in terms of W-costs, they also
hold (with minor modifications) for cost functions that are fof )—divergences, which were previously
studied by the second author [Zhang 2004] in the context of information geometry.

Definition (Df{f )-divergence). Let ¥ : M — R be a convex function on a convex domain M in Euclidean
space. For two points x,y e M and a € R, a fof )—divergence is a function of the form

4 l -« I+« l—«o l+a
D\(ff)(x,y):W[T\IJ(X)—{—T\I!(y)—\I!( Xt y)]

For cost functions of this form, we use W to construct a Hessian metric on M and consider X and
Y as subsets of M. Theorem 6 relates'® the MTW tensor of a Df{f )-divergence on M to the orthogonal
antibisectional curvature of 7.M and Proposition 8.

There are several reasons to extend our results to the case of a Df{f )—divergence. Firstly, they are a natural
class of divergences which interpolate between dual Bregman divergences [1967] (as « approaches +1).

18There is a scaling factor of %(1 — a?) between the curvature and the MTW tensor for a Dgf ) -divergence.
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Secondly, such divergences satisfy a natural “biduality”, which is important to the study of information
geometry [Zhang 2004]. Thirdly, fof )-divergences are often more natural than W-costs for optimal
transport on statistical manifolds for the following reason.

Both W-costs and Df{f )—divergences involve a convex function defined on an open domain of R"”. When
choosing to use one versus the other as a cost function, the primary difference is whether to assume that
X — Y C M (as for the former), or that X, Y, %(1 —a)X + %(1 + a)Y C M (as for the latter).

For a Df{f )—divergence induced by a log-partition function W, the domain M is convex. As such, if we
consider X and Y to be subsets of the natural parameters of an exponential family and let o € (—1, 1),
we are assured that %(1 —a)X + %(1 4+ a)Y C M. Because of this, the D\(ff )—divergence is guaranteed to
be well-defined. We will give an example of such a divergence function and prove the regularity for an
associated optimal transport problem in Section 6.1.3.

More broadly, divergences are a generalization of distance functions, where the assumptions of
symmetry and the triangle inequality are dropped. Such functions are widely used in statistics and
information geometry because they can be seen as generalizations of the relative entropy. Using divergences
as cost functions in order to connect information geometry with optimal transport is an active field of
research [Wong and Yang 2019], and we expect that there are interesting connections yet to be found.

6. Applications

As the results in the previous section give a new interpretation for prior work, it is natural to ask for
original results that can be found using this approach. In this section, we give several such applications.
We will not provide the derivations of the identities in this section, as they are very involved but otherwise
routine. In order to compute the associated curvature tensors, we have written a Mathematica notebook,
which is available online [Khan 2018].

6.1. A complete, complex surface with (NOAB). Since the antibisectional curvature appears similar to
the bisectional curvature, we can also ask how much control nonnegative antibisectional curvature or
(NOAB) provides over the geometry of a Kihler manifold. Using the polarization formula [Hawley 1953],
it can be shown that any metric of constant holomorphic sectional curvature has vanishing orthogonal
antibisectional curvature, so any Hermitian symmetric space satisfies (NOAB). One can then ask whether
there are other examples.

The following example gives a very interesting metric which satisfies (NOAB) and completeness but is
neither Hermitian symmetric nor biholomorphic to C”".

Example 9 (a complete surface with (NOAB)). Consider the negative half-plane
M =H:={@', u?) | u* <0}.
Prescribe a Hessian metric associated with the potential function ¥ : H — R given by

@
4u> 2

W) =— log(—2u?).
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For a vector £ = 9,1 +ad,2 and a covector n = adu' — du?, the associated orthogonal antibisectional
curvature'® on TH is given by
6a*(—a(u')* +u*)?
(u?)?

As such, the metric has (NOAB). This metric is of independent interest, and for a more complete discussion,

OAM*, &) =

we refer the reader to [Molitor 2014]. We will note in passing a few of its curvature properties. For a
vector & = 9,1 +ad,» and a covector n = du' + adu?, the antibisectional curvature is given by

1 1\2
au au
A, &) =2 —12a° — 12— +6<—2) .
u u
As such, the antibisectional curvature does not have a definite sign. It can similarly be shown that the
orthogonal bisectional curvature also does not have a definite sign. However, the metric does have constant
negative scalar curvature. This manifold is complete and Stein (it is biholomorphic to an open set in C?).
However, it has the standard complex structure on a half-space in R*, so is not biholomorphic to C2.

6.1.1. The Fisher metric of the normal distribution N (v, o). Although this example has interesting
theoretical properties, it may appear to be a somewhat ad hoc construction without context. In fact, it is a
natural example from information geometry. If we consider u' and u? as the natural parameters of the
normal distribution with mean p and standard deviation o (i.e., u' = /0 and u?> = —1/(252)), then
the Riemannian metric g;; = \¥;; is the Fisher metric on the statistical manifold of univariate normal
distributions (with unknown mean and variance). As a Riemannian manifold, (H, g) is a complete
hyperbolic surface (which motivated our choice of notation). Note, however, that the (!, u?)-coordinates

do not induce the standard half-plane model of hyperbolic space.?”

6.1.2. A closely related example. Using the normal statistical manifold, it is possible to construct another
Kihler metric which satisfies (MTW). This space is actually Hermitian symmetric and was first constructed
by Shima [2007, Example 6.7].
Consider the domain
M:={(0",0% 16> —(0")* >0}

and prescribe it with a Hessian metric with potential W*(0) = —% —log(6% — (8H)?).

This potential arises from the parametrization of the univariate normal distribution in terms of its dual
parameters ' = 11 and 62 = u? 4 o' and the potential U*(0) is the Legendre dual of the above potential
in Example 9. Computing the antibisectional curvature for a vector £ and covector 7, we find that it
satisfies

AE, n*) = —nE)*.

As such, the orthogonal antibisectional curvature vanishes and the holomorphic sectional curvature is a
negative constant. From this, we can see that the geometry of T.M is of independent interest, as it is a
19By computing antibisectional curvature solely on real vectors and covectors, we are slightly abusing notation. To formalize

this, extend £ and 7 to their real counterparts on 7M.
20pp (u, 0)-coordinates, the Fisher metric is ds? = 1/ crz)(d uz + 2d0‘2), which is much closer to the standard model.
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complete Hermitian symmetric space with constant negative holomorphic sectional curvature. This is an
example of a Siegel upper half-space.

We note that it is possible to construct other Kédhler metrics with (NOAB) that are very similar to TM.
Using a similar construction for round multivariate Gaussian distributions, it is possible to construct such
a Hermitian symmetric space in arbitrary dimensions. For another example, we can consider the potential
(', 0% =—1 —log(6* — (6")*), which also has (NOAB).

6.1.3. Regularity for an associated cost function. We can also use the potential

@ 2

——=1lo 2u

a2 oe(=2u7)

to construct a cost function with a natural regularity theory. Due to the fact that the domain of W is
convex, it is more natural to consider a Df{f )-divergence rather than a W-cost. As such, we will consider

the cost function
c(x,y) =Dy (x,y)
(x1)? 1 (y )2 (xl+yh?
=2(_F_ og(—2x ))+2<4 : og(— 2y2))+4(m ~log(—x2—y ))

For this cost function, we can apply our previous calculations to obtain the following result.

V() =

Corollary. Suppose . and v are probability measures supported on bounded subsets X and Y of the
normal statistical manifold M. Suppose further that the following regularity assumptions hold.

(1) m and v are absolutely continuous with respect to the Lebesgue measure. Furthermore, dju and dv

are smooth and bounded away from zero and infinity on their respective supports.

(2) Forall x € X, %(x +Y) is strictly convex with respect to the coordinates 0' = . and 0% = > + o>
Furthermore, the same property holds for %(X +y)forally €Y.

Let c(x, y) be the cost function given by

c(x,y) =D (x, y) =20 (x) +2W(y) — 4\1;(%),

where W is the convex function given in Example 9. Then the c-optimal map Ty taking w to v is smooth.

6.2. The regularity of pseudoarbitrages. Recently, a series of papers [Pal and Wong 2016; 2018a; 2018b;
Wong 2018; 2019] has studied the problem of finding pseudoarbitrages, which are investment strategies
which outperform the market portfolio under “mild and realistic assumptions”. Their work combines
information geometry with optimal transport and mathematical finance to reduce the problem to solving
optimal transport problems where the cost function is given by a so-called log-divergence.

A central result in [Pal and Wong 2018a] shows that a portfolio map 7 outperforms the market portfolio
almost surely in the long run if and only if it is a solution to the Monge problem for the cost function
c:R" ! x R"~! = R given by

n—1

n—1
i i 1 . .
c(x,y)::log(l—i—Ze" _y)—log(n)—;Zx’—y’. (18)
i=1

i=1
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To give some context for this cost function, it is instructive to consider x and y as the natural parameters
of the multinomial distribution. For natural parameters {x’ }f’;ll, we can compute the probability p; of the
i-th event (in this context, the i-th market weight) using the formulas

e
Pi=—= forl <i<n, (19)
1+ e

1
Pn=TTT (20)
14+ e

To write this cost function in a more familiar form, we similarly find probabilities g; associated to the

21

y-parameters and fix ¥ = (1/n, ..., 1/n) € A". Rewriting our cost in these terms,~" we have

&(p. q) —log(znlpf> er 10g<pl)
i=1

i=1

This quantity is known as the free energy in statistical physics [Pal and Wong 2018a] and by various
different names in finance (such as the “diversification return”, the “excess growth rate”, the “rebalancing
premium” and the “volatility return”). Since Pal and Wong refer to this as a logarithmic divergence, we
refer to this cost as the logarithmic cost. This cost function is not symmetric, so is not induced by any
distance function. However, Jensen’s inequality shows that it is a divergence.

The main focus of Pal and Wong’s work is to study the information-geometric properties of diver-
gence functions induced by exponentially concave functions, of which ¢ is only a single example. For
any exponentially concave function, one can define a corresponding divergence which has a self-dual
representation in terms of the logarithmic cost; see [Pal and Wong 2018a, Proposition 3.7]. In order to
study optimal transport, we do not specify the exponentially concave function a priori. In fact, such a
function induces the solution to an optimal transport problem.

For the logarithmic cost, only the first term affects optimal transport. As such, we instead consider the

n—1
c(x,y) = log(l + Z e"l)").

i=1

cost function

This is now a W-cost for the convex function
n—1 _
W (u) = log(l +>° e“’).
i=1

As such, we can apply Theorem 6 to compute the MTW tensor for the cost ¢. For a vector £ and a
covector 7, the antibisectional curvature of TR"~! (denoted by 2/) with Hessian metric induced by W is

AE, n*) =2(g(n, &))%.

As such, the MTW tensor identically vanishes and the cost has nonnegative cross-curvature. A proof
for this identity can be found in [Shima 2007, Proposition 3.9]. From the curvature formulas, we see that

21'This is what Pal and Wong denote by T (p | q).
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this potential induces a Kihler metric on C" with constant positive holomorphic sectional curvature. As
such, it is a Hermitian symmetric space (although it is not complete).

In order to apply the result of [Trudinger and Wang 2009], we must also determine what relative
c-convexity means in this context. To do so, we solve for the dual coordinates to the natural parameters u’
by calculating 9,; ¥ fori =1, ...,n — 1. Doing so, we find that the dual coordinates are

ut

e
1 + Z;l;} e

which are exactly the formulas for the market weights p; (i.e., 8’ = p;). This is initially surprising, but

o' forl <i <n,

has a natural interpretation in terms of information geometry.

6.2.1. The information geometry of the multinomial distribution. It is worth discussing the geometry of
this example in more detail. It turns out that if we consider the {x'} as natural parameters, the potential W
induces the Fisher metric of the multinomial distribution, which is an important exponential family in
statistics. Geometrically, this is the round metric on the positive orthant of a sphere, which immediately
shows that neither the underlying Hessian metric nor the Sasaki metric is complete. It is worth mentioning
that this metric cannot be extended to a Kéhler Sasaki metric on the tangent bundle of the entire sphere,
due to the fact that the sphere is not an affine manifold.

For an exponential family of probability distributions, the dual coordinates are the expected values of
the natural sufficient statistics. More specifically, for the multinomial distribution the dual coordinates are
precisely the original market weights, which explains the relationship between the market weights and
the partial derivatives of the potential function. As such, if we let P be the coordinate transformation
from the natural parameters x to the market weights p (i.e., P(x) is as given in (19)), a subset X C R"~!
is relatively c-convex if and only if the set P(X) is convex as a subset of the probability simplex in the
usual sense. Using this transformation, we say that a subset P(X) of the probability simplex has uniform
probability if X is a precompact set. More concretely, a subset P(X) has uniform probability if and only
if there exists § > 0 so that forall p e P(X) and 1 <i <n, p; > 6.

6.2.2. Regularity of optimal transport. From these observations and the previous identity for the MTW
tensor (13), we can derive the following regularity result.

Corollary 10. Suppose u and v are smooth probability measures supported respectively on subsets X
and Y of the probability simplex A". Suppose further that the following regularity assumptions hold:

(1) X and Y are smooth and strictly convex. Furthermore, both have uniform probability (as defined
above).

(2) m and v are absolutely continuous with respect to the Lebesgue measure and d . and dv are bounded
away from zero and infinity on their supports.

Let ¢(p, q) be the cost function given by
n n
o 1 qi 1 qi
&p.q)=1o <—Z—’>——Zlo 4
D, q 2 n & p n & gpi

Then the ¢c-optimal map Ty taking w to v is smooth.
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Pal and Wong [2018b] study the cost function ¢ and use it to define a displacement interpolation
between two probability measures. In their paper, they inquire about the regularity problem for this
interpolation. We can now answer this question using the previous result.

Corollary 11. Suppose that y and v are smooth probability measures satisfying the assumptions of
Corollary 10 and that Ty is the ¢-optimal map transporting i to v. Suppose further that T(t)u is the
displacement interpolation from [ to v induced by the one-parameter family of exponentially concave
potentials ¢(t), with

1 n
o) =tUu+ (1 —1t)pg, wherepy= p Z;log Di.
=
Then Ty is smooth, both as a map on the probability simplex for fixed t and also in terms of the
t-parameter.

For ¢t = 1, the solution to the interpolation problem is simply Ty and so Corollary 10 shows that the
potential U is smooth. Since the displacement interpolation linearly interpolates between smooth potential
functions, the associated displacement interpolation is also smooth for 0 < ¢ < 1. The displacement
induced by linearly interpolating the potential functions is exactly the transport considered in [Pal and
Wong 2018b] (see Definition 6), and so this establishes regularity for this transport.

In closing, we note that the cost function considered here is very similar, but not identical, to the radial
antennae cost, which was studied in [Wang 2004]. It is of interest to determine whether there is some
deeper connection between these two costs which explains their apparent similarity.

6.3. Other examples in complex geometry and optimal transport. While writing this paper, we were
able to find several more examples of Hessian manifolds whose tangent bundles have nonnegative
bisectional curvature or (NOAB).

Relatively few examples of positively curved metrics are known (for some examples, see [Wu and
Zheng 2011]), so this method may be helpful for finding new ones. One limitation of this approach is
that many of the manifolds are not complete as metric spaces. It would be of interest to determine which
convex functions induce complete Kihler metrics with nonnegative or positive orthogonal bisectional
curvature, and we plan to study this problem in future work.

Each of these examples further induces a cost with nonnegative MTW tensor. Furthermore, since
many of these examples are obtained from statistical manifolds, it may be possible to use them to induce
meaningful statistical divergences.

D V) =— log(l -y e”i) defined on the set M = {u | >y et < 1}. This potential induces T M
with a Sasaki metric of constant negative holomorphic sectional curvature:

AE, n*) = —n(E)>

From an information-geometric point of view, this is the Fisher metric of the negative multinomial
distribution. As a Hessian manifold, M is a noncompact metric of constant negative holomorphic sectional
curvature, but is not complete.
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2) Y(u) = (e“1 + e”z)” for 0 < p < 1. For a vector £ = 9,1 +ad,» and covector = adu' — du?, the
associated orthogonal antibisectional curvature of the Sasaki metric is given by

_2(1/p — D(a— D" +ae')?
B (et + et)2tr '

OAE, n*)

This is nonnegative, and so the Kihler metric has (NOAB). As Hessian manifolds, this family of
metrics is neither compact nor complete.

(3) W(u) =log(cosh(u') + cosh(u?)). This potential induces a Sasaki metric on TR? whose bisectional
curvature is nonnegative. For a vector £ = £9,1 + £,9,,2 and covector n = 1 du' + 1, du?, the associated
bisectional curvature is given by

B(E, n*) = £ n]* +4&1&mna,

2 2 2 2 2 2
where [§]° =& +£&7 and [n|* =ny +n;.
Furthermore, the antibisectional curvature also satisfies the same formula:

AE, n°) = &2 n|* + 4& 1 Emim.

As such, this metric has (NOAB) and nonnegative bisectional curvature. As a Hessian manifold, this
metric is bounded, and so is not complete. Note that the curvature of this metric is in fact parallel with
respect to D, which makes it an interesting example. We will explore this metric further in future work.

7. Open questions

7.1. The complex geometry of optimal maps. 1t is of interest to understand the geometry of optimal maps
from the perspective of the complex geometry. Although we were able to give a complex-/information-
geometric interpretation of the Ma—Trudinger—Wang conditions, we do not have a complex-geometric
interpretation for Theorem 1.

It is worth comparing the situation to the pseudo-Riemannian theory of optimal transport of [Kim and
McCann 2010]. One striking feature in this theory is the natural geometric interpretation for optimal maps.
More precisely, if one deforms the pseudometric by a particular conformal factor (which is determined by
the respective densities), the optimal map is induced by a maximal codimension-n surface with respect to
the conformal pseudometric [Kim et al. 2010].

For a W-cost, we hope that [Gangbo and McCann 1995] will allow us to encode optimal transport
problems within 7'M so that the solution corresponds to some submanifold (or a less regular subset
when the transport is discontinuous). Intuitively, this should indicate the “direction” in which the mass
is transported from (X, i) to (Y, v). However, at present we cannot make this intuition rigorous, so we
leave it for future work.

If we are able to complete the previous step, a natural follow-up question would be to try to establish
the regularity theory for optimal transport with W-costs in terms of complex Monge—Ampére equations.
For an overview on complex Monge—Ampere equations, we refer the reader to the paper by Phong, Song
and Sturm [Phong et al. 2012].
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7.2. A potential non-Kahler generalization. While W-costs yield many interesting examples, there are
many relevant cost functions which are not of this form. As such, one natural generalization of the
construction considered here is to instead consider a Lie group G and cost functions of the form W (x - y~!)
for x, y € G. Our work thus far can be interpreted as doing this calculation in the special case where G
is Abelian. For non-Abelian groups, we hope it is possible to recover the MTW tensor as a curvature
tensor in almost-complex geometry. In this case, there would be correction terms due to the non-Abelian
nature of the group. Furthermore, the natural connections on a non-Abelian Lie group are not flat, so the
associated almost-complex structure on the tangent bundle 7G would fail to be integrable.??

There are several key difficulties in making this program rigorous. Firstly the curvature of an almost-
Hermitian manifold is much more complicated than that of a Kihler manifold, in that it does not satisfy (5).
Furthermore, there is not one, but several canonical connections to choose from, and it’s not immediately
clear which is the right one to use. Finally, the cut locus of a Lie group can be nontrivial, which plays an
important role in the regularity theory of optimal transport on manifolds. It seems that before any of these
issues can be addressed, it will be necessary to understand the optimal map in terms of complex geometry.
Hopefully this will provide insight into the correct generalization in the almost-complex setting.

However, there is reason to be hopeful about this approach, as there are several examples of MTW (k)
costs induced from this construction. Most strikingly, it is known that the squared distance cost on RIP?
with its round metric satisfies a stronger version of the MTW condition which implies regularity [Loeper
and Villani 2010]. However, RP? is diffeomorphic to SO(3) and the round metric is one example of a
left-invariant Berger metric (see [Brown et al. 2007] for a more complete discussion of left-invariant
metrics). As such, we hope that this approach can be used to find other examples of cost functions
satisfying MTW («), either by considering other Lie groups or by considering other left-invariant metrics
on SO(3).

7.3. Implications for optimal transport. The primary focus of this work is to use optimal transport
theory to study complex geometry and information geometry. However, it remains an open question what
can be proven about optimal transport using this approach. For instance, it is hard to find cost functions
which satisfty MTW (0). Similarly, relatively few Kéhler metrics of positive curvature are known and there
are various stability and gap theorems about them (see, e.g., [Liu 2019; Ni and Niu 2019]). In optimal
transport, we expect that similar results can be proven using complex geometry. We plan to explore this
topic in future work.

7.4. The complex geometry of the antibisectional curvature. The orthogonal antibisectional curvature
is a very subtle invariant, and its geometry is quite mysterious. It does not determine the full curvature
tensor of the manifold, since all spaces with constant holomorphic sectional curvature have vanishing
orthogonal antibisectional curvature. However, it is nonnegative for some important metrics which do not
have any other obvious nonnegativity properties. In future work, we hope to understand this curvature
more fully and to understand what sort of control it exerts over the geometry of a complex manifold.

221f we restrict our attention to torsion-free connections, we may be able to recover an almost-Kihler theory (see [Satoh 2007,
Theorem 1.1]), but it’s not clear that this is the best option.
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SEMICLASSICAL ASYMPTOTICS FOR
NONSELFADJOINT HARMONIC OSCILLATORS

VICTOR ARNAIZ AND GABRIEL RIVIERE

We consider nonselfadjoint perturbations of semiclassical harmonic oscillators. Under appropriate
dynamical assumptions, we establish some spectral estimates such as upper bounds on the resolvent near
the real axis when no geometric control condition is satisfied.

1. Introduction

Motivated by earlier work of Lebeau [1996] on the asymptotic properties of the damped wave equation,
Sjostrand [2000] initiated the spectral study of this partial differential equation on compact Riemannian
manifolds. He proved that eigenfrequencies satisfy Weyl asymptotics in the high-frequency limit [Sjostrand
2000, Theorem 0.1]—see also [Markus 1988; Markus and Macaev 1979]. Moreover, he showed that
eigenfrequencies lie in a strip of the complex plane which can be completely determined in terms of the
average of the damping function along the geodesic flow [Sjostrand 2000, Theorems 0.0 and 0.2] — see
also [Lebeau 1996; Rauch and Taylor 1975]. Following [Sjostrand 2000], showing these results turns
out to be the particular case of a more systematic study of a nonselfadjoint semiclassical problem which
has since then been the object of several works. More precisely, it was investigated how these generalized
eigenvalues are asymptotically distributed inside the strip determined by Sjostrand and how the dynamics
of the underlying classical Hamiltonian influences this asymptotic distribution. Mostly two questions have
been considered in the literature. First, one can ask about the precise distribution of eigenvalues inside the
strip and this question was addressed both in the completely integrable framework [Hitrik 2002; Hitrik and
Sjostrand 2004; 2005; 2008a; 2008b; 2012; 2018; Hitrik et al. 2007] and in the chaotic one [Anantharaman
2010]. Second, it is natural to focus on how eigenfrequencies can accumulate at the boundary of the strip
and also to get resolvent estimates near the boundary of the strip. Again, this question has been explored
both in the integrable case [Asch and Lebeau 2003; Hitrik and Sjostrand 2004; Burq and Hitrik 2007;
Anantharaman and Léautaud 2014; Burq and Gérard 2018] and in the chaotic one [Christianson 2007;
Schenck 2010; Nonnenmacher 2011; Christianson et al. 2014; Riviere 2014; Jin 2017].

The purpose of this work is to consider the second question for simple models of completely integrable
systems. Via these models, we aim at illustrating the influence of the subprincipal symbol of the selfadjoint
part of our semiclassical operators on the asymptotic distribution of eigenvalues but also on resolvent
estimates near the real axis. As briefly reminded below, this is related to the decay of the corresponding
semigroup [Lebeau 1996]. Among other things, our study is motivated by [Asch and Lebeau 2003,

MSC2010: 35P20.
Keywords: semiclassical analysis, nonselfadjoint operators, resolvent estimates, integrable systems, averaging method.
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Theorem 2.3]. In that reference, they indeed showed how a selfadjoint perturbation of the principal
symbol of the damped wave operator on the 2-sphere can create a spectral gap inside the spectrum in
the high-frequency limit. Theorem 7 below shows how this result can be extended to our context.! A
major ingredient in the proof of [Asch and Lebeau 2003] but also in [Hitrik and Sjostrand 2004; 2005;
2008a; 2008b; 2012; 2018; Hitrik et al. 2007] is the analyticity of the involved operators. One of the
novelties of the present article compared with these references is Theorem 3, where we only suppose that
the operators are smooth, i.e., quantizing C* symbols. This theorem shows what can be said under these
lower regularity assumptions and how this is influenced by the subprincipal symbols of the selfadjoint
part, as was the case in [Asch and Lebeau 2003]. This will be achieved by building on the dynamical
construction used by the first author and Macia [Arnaiz and Macia 2018] for studying Wigner measures
of semiclassical harmonic oscillators — see also [Macia and Riviere 2016; 2019] in the case of Zoll
manifolds. Asin [Arnaiz and Macia 2018], we restrict ourselves to the case of nonselfadjoint perturbations
of semiclassical harmonic oscillators on RY. Yet it is most likely that the methods presented here can be
adapted to deal with semiclassical operators associated with more general completely integrable systems,
including damped wave equations on Zoll manifolds.

1.1. Nonselfadjoint harmonic oscillators. Let us now describe the spectral framework in which we are
interested. We fix w = (w1, ..., @) to be an element of (R ) and we set Hh to be the semiclassical
harmonic oscillator given by

d
Z i (—h07 +x7). (1)

l\)l'—‘

We want to understand the spectral properties of nonselfadjoint perturbations of Hy. Before being more
precise on that issue, let us recall that the symbol H of Hj is given by the classical harmonic oscillator

H(x,5)=%z (& +xD, (. eRY, @

whose induced Hamiltonian flow will be denoted by ¢/7. A brief account on the dynamical properties of
this flow is given in Section 2. For any smooth function a € C*®(R>?), we define its average (a) by the
Hamiltonian flow ¢/ as

T
(a)(x, &) = hm %/ aopl(x,&)dr e C®(R*), (3)
0

whose properties are related to the Diophantine properties of w — see Section 2 for details.

Fix now two smooth functions A and V in C®°(R??, R) all of whose derivatives (at any order) are
bounded. Following [Zworski 2012, Chapter 4], one can define the Weyl quantization of these smooth
symbols:

Ap:=O0pP(A) and Vj:=Opl(V).

1Observe that, compared with [Asch and Lebeau 2003], our operators are not necessarily associated with a periodic flow.
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These are selfadjoint operators which are bounded on L?(R¢) thanks to the Calderén—Vaillancourt
theorem. We aim at describing the asymptotic properties of the following nonselfadjoint operators in the
semiclassical limit # — 07

Ppi=Hy+8,Vy+ihAp,

where 8, — 0 as i — 0T. More precisely, we focus on sequences of (pseudo-)eigenvalues Ay = o, +i% B
such that there exist 8 € R and (vg)s_0+ in L2(R?) for which

(an, ) — (1,B) ash—0"  and  Pyvp=rpvp+rm  loal2=1. 4)

Here r; should be understood as a small remainder term which will be typically of order o(#). This
remainder term allows us to encompass the case of quasimodes, which is important to get resolvent
estimates.

Remark 1. Throughout this work, we shall consider subsequences /, — O such that the above con-
vergence property holds. In order to alleviate notation, we will omit the index n and just write 7 — 0,
An=Ap
standard when working with semiclassical parameters.

Vp = Uy, etc. For a similar reason, we do not relabel subsequences. This kind of convention is

n’

Recall from [Markus 1988; Markus and Macaev 1979; Sjostrand 2000, Theorem 5.2] that true
eigenvalues exist and that, counted with their algebraic multiplicity, they satisfy Weyl asymptotics as
h — 0T, It also follows from [Rauch and Taylor 1975; Lebeau 1996; Sjostrand 2000, Lemma 2.1] that:

Proposition 2. Let (Ap = ap +ihBr)r—o+ be a sequence satisfying (4) with B — B and r = o(h). Then,
one has

Be[ min (A)(z), max (A)(2)]. (5)
ZeH-1(1) zeH-1(1)
Note that one always has
min A(z) <A_:= min (A)(z) <A;:= max (A)(z) < max A(z),
z€H-L(1) zeH-1(1) zeH-1(1) zeH-1(1)

where the inequalities may be strict. For the sake of completeness and as it will be instructive for our proof,
we briefly recall the proof of this proposition® in Section 3.1. One can verify that the quantum propagator
(' Py/ h),zo defines a bounded operator on L*(R?%) whose norm is bounded by eMOPa M2, Moreover,
if we suppose in addition that (A) > ap > 0 on R??, we say that the damping term is geometrically
controlled and one gets exponential decay of the quantum propagator in time [Lebeau 1996; Helffer and
Sjoestrand 2010]. More generally, controlling the way pseudoeigenvalues accumulate on the real axis
provides information on the decay rate of the quantum propagator [Lebeau 1996; Helffer and Sjoestrand
2010], and this is precisely the question we are aiming at when (A) may vanish.

2In the case where the nonselfadjoint perturbation is >> / and where the symbols enjoy some extra analytical properties, this
proposition remains true (after a proper renormalization) when r; = 0 and when w satisfies appropriate Diophantine properties,
such as (9) below.



430 VICTOR ARNAIZ AND GABRIEL RIVIERE

1.2. The smooth case. Let us now explain our main results, which show how the selfadjoint term f/\;-,
influences the way that the eigenvalues may accumulate on the boundary of the interval given by
Proposition 2. In the smooth case, our main result reads as follows:

Theorem 3. Suppose that A > 0 and that, for every (x,&) € H 1) N (A)~1(0), there exists T > 0 such
that

(A)ogy (x,8) >0, (©)
where ¢t<v> is the Hamiltonian flow generated by (V). For every R > 0, there exists® g > 0 such that, for
8n > ex 2,

and, for every sequence (Ap = oy + ihfr)n_so+ satisfying (4) with ||ry|| < erhidp, we have

lim inf& > R.
h—0+ 8

Remark 4. If 8, >> i and ||ry|| < hdp, then this theorem shows that

In other words, under the geometric control condition (6), eigenvalues cannot accumulate too fast on
the real axis as i — 0". We emphasize that, compared with the analytic case treated in [Asch and Lebeau
2003], our result applies a priori to quasimodes. Hence, it also yields the following resolvent estimate in
the smooth case. For every R > 0, there exists some constant g > 0 such that, for # > 0 small enough
and for 8 > e,}lhz,

Mm% RSy = 1(Pr—2) s <
h J— h h Lz—)L2 —_ 8Rh8h’

which is useful regarding energy decay estimates and asymptotic expansion of the corresponding semi-
group — see, e.g., [Helffer and Sjoestrand 2010].

Note that the assumption that A > 0 makes the proof a little bit simpler but we could deal with
more general functions by using the (nonselfadjoint) averaging method from [Sjostrand 2000] and by
making some appropriate Diophantine assumptions — see, e.g., Section 4. Our proof will crucially use

(7

the Fefferman—Phong inequality (hence the Weyl quantization) and this allows us to reach perturbations
of size 8, > h>. If we had used another choice (say for instance the standard one), we would have only
been able to use the Garding inequality and it would have led us to the stronger restriction 8, 2 £.

In the case where V = 0 and under some analyticity assumptions in dimension 2, it was shown in
[Hitrik and Sjostrand 2004, Theorem 6.7] that one can find some eigenvalues such that 8y is exactly of
order /i provided that ¢/ is periodic and that (A) vanishes on finitely many closed orbits. Hence, our
hypothesis (6) on the subprincipal V is crucial here. Note that this geometric condition is similar to the
one appearing in [Arnaiz and Macia 2018] for the study of semiclassical measures of the Schrodinger
equation — see also [Macia and Riviere 2016; 2019] in the case of Zoll manifolds. As we shall see,

3The (more or less explicit) constant ¢ g coming out from our proof satisfies limg_, { 5o €g = 0.
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ensuring this dynamical property depends on the Diophantine properties of w. Recall that, to each w, one
can associate the submodule
Ay ={keZ: w k=0). (8)

When the resonance module satisfies A, = {0}, we will see in Section 2 that our geometric control
condition (6) can only be satisfied if (A) > 0. A typical case in which our dynamical condition holds
is when H~1(1) N (A)~1(0) consists of a disjoint union of a finite number of minimal qth -invariant tori
(T)k=1....~n- In this case, our dynamical condition is equivalent to saying that the Hamiltonian vector
field X v, satisfies

forall l<k <N, forallze€Tp,  Xy(2) = %(¢,<V>(z))|,:0 ¢ T

1.3. The analytic case. We now discuss the case where the functions A and V enjoy some analyticity
properties. To that aim, we follow a method introduced in [Asch and Lebeau 2003] in the case of the
damped wave equation on the 2-sphere. We will explain how to adapt this strategy in the framework of
harmonic oscillators which are not necessarily periodic. The upcoming results should be viewed as an
extension of Asch and Lebeau’s construction to semiclassical harmonic oscillators and as an illustration on
what can be gained via analyticity compared with the purely dynamical approach used to prove Theorem 3.
We emphasize that the argument presented here only holds for true eigenmodes, i.e., r; = 0 in (4). In
particular, it does not seem to yield any resolvent estimate like (7), which is crucial to deducing some
results on the semigroup generated by 13\;1

We now assume some extra conditions on the symbols H, V and A. First, given the vector of frequencies
w:=(wy,...,wg) of the harmonic oscillator H, we shall say that w € R? is partially Diophantine [de la
Llave 2001, equation (2.19)] if one has

lw-k|~' < Clk|¥ forallk € Z\ A,. 9)

This restriction is due to the fact that, in the process of averaging, we will deal with the classical problem
of small denominators in KAM theory. To keep an example in mind, note that w = (1, ..., 1) is obviously
partially Diophantine.*

We will make use of some analyticity assumptions on the symbols V and A in the following sense:

Definition 5. Let s > 0. We say that a € L' (R??) belongs to the space A; if
llalls :=/ la(w)le! dw < oo,
R2d

where a denotes the Fourier transform of a and ||w|| the Euclidean norm on R??.
Let p, s > 0. We introduce the space A, s of functions a € L'(R?*?) such that

1 k
lally,s := i kZZ laxlls e”* < o0, (10)
(S

“In that example, the flow is periodic and we are in the same situation as in [Asch and Lebeau 2003].
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where
a(z) = / ao CIDf(z)e’ik" dr, keZ7?,
‘[rd

with ®# defined by (15).
Remark 6. Observe that, for any a element in .4, and for every multi-index « € Zi, 3%a belongs to L.
Hence, a is smooth and one has 9%a € L™ for every « € Zi. Hence, any element in A belongs to the
class S(1) of symbols that are amenable to semiclassical calculus on R?. In particular, by [Zworski 2012,
Lemma 4.10], one has,

foralla € A;, [ Opy (@)lizr2) < Casllalls. (1)
As a consequence of (30), one can show that |la||s < |lal|,,s for all p > 0.

Our next result reads:

Theorem 7. Suppose that A and V belong to the space A, s for some fixed p,s > 0 and that (A) > 0.
Assume also that w is partially Diophantine and that, for every (x, &) € H='(1) N (A)~1(0), there exists
T > 0 such that

(A) o\ (x, £) > 0.

Then there exists € := (A, V) > 0 such that, for
dp = h,
and for any sequence of solutions to (4) with r; = 0,
B=e. (12)

This theorem shows that eigenvalues of the nonselfadjoint operator Py cannot accumulate on the
boundary of the strip given by Proposition 2. Compared with Theorem 3, it only deals with the case
of true eigenvalues and it does not seem that a good resolvent estimate can be easily deduced from the
proof below. Finally, for the sake of simplicity, we also supposed that §; = £ but it is most likely that the
argument can be applied when §; does not go to 0 too slowly.

2. The classical harmonic oscillator

The Hamiltonian equations corresponding to H are given by
{)."f:‘”fgf" (13)
sjz_wjxj’ ]=1,,d

Hence, we can write the solution to this system as a superposition of d-independent commuting flows:

(x(0),6() = dH (x, &) =l o0l (x,6), (x,6) eR¥, reR,

where H;(x, &) = %(sz + éjz) and ¢IH'/ (x, &) denotes the associated Hamiltonian flow. In other words, the
solution to (13) can be written in terms of the unitary block matrices

Xj (t)> _ < cos(wjt) sin(a)jt)> <Xj> . p )
(S] (t) — sin(a)jt) COS(a)jt) é_—] ’ J s e, d. ( )
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Observe that each flow ¢, ' is periodic with period 277. We now introduce the transformation
H H
=g 009l T=(1,... 1) e R (15)

Note that 7 > ®# is 27 7¢-periodic; therefore we can view it as a function on the torus T¢ := R /27 74,
Considering now the submodule

Ay ={keZ k- -w=0},
we can define the minimal torus

T, :=AL/QrnziNAD),

where A i denotes the linear space orthogonal to A . The dimension of T, is d,, =d —rk A,,. Kronecker’s
theorem states that the family of probability measures on T¢ defined by

1 T
7/0 S dt

converges (for the weak-+ topology) to the normalized Haar measure v,, on the subtorus T,, C T<
For any function a € C>®(R*?), we have a o qS,H =ao @gu. Thus, we can write the average (a) of a by
the flow ¢/ as

T
<a)(x,§)=T1Ln;O%f0 aocb,’;’)(x,g)dz:/Tr ao®H(x, £)v,(dr) € C®(R*). (16)

Recall that the energy hypersurfaces H~!(E) ¢ R?*¢ are compact for every E > 0. For E > 0, due to the
complete integrability of H, these hypersurfaces are foliated by the invariant tori: {®# (x, &) : 7 € T,}.
Note that some invariant tori of the energy hypersurface H~!(E), E > 0, may have dimension less than d,,.
For instance, if w = (1, 7r) then d,, = 2, but the torus {CDf(O, 1,0,1):7 €T,} c H '(x) has dimension 1.

Observe also that 1 <d, <d. Inthe case d, =1 and w = w(1, ..., , 1), the flow ¢,H is 2n/wy)-
periodic. On the other hand, if d,, = d, then, for every a € C*°(R?¢), there exists Z(a) € C*°(R¢) such that
(a)(z) =Z(a)(H1(2), ..., Hi(z)). In particular, for every a and b in C>®(R2), one has {{a), (b)} =0
whenever d, = d.

To conclude this section, we prove the following lemma:

Lemma 8. Ifa € A, then (a) € A and ||{a)|ls < |lalls.

Proof. By (16), we can write the Fourier transform of (a) as
(@) (x, &) = f ao®H(x, &)v,(d1).
To

Moreover, since a/o@ (x,&)=ao q)f(x, &) thanks to (14), we have (/a\) = (a). Thus, using (14) one

more time, one finds

la)lls = f (@ @)le’ dz < / f G0 ! ()¢ dz v, (d7)
RZd ‘[w RZd

=wa la(z)le’ ! dz = |als. O
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3. Proof of Theorem 3

We now give the proof of our main result in the C*° case. Before doing that, we briefly recall the proof
of Proposition 2 in order to make the proof of Theorem 3 more comprehensive. Note that we use the
following convention for the scalar product on R¢:

(u,v)Lz=/ u(x)v(x)dx.
Rd

3.1. Proof of Proposition 2. Let Ay = oy + i1, be a sequence of (pseudo-)eigenvalues satisfying (4).
Denote by (vi)p—o+ the corresponding sequence of normalized quasimodes. Introduce the Wigner
distribution th e D'(R*?) associated to the function vy:

W CO(R™) 5 a—> W (a) := (Op} (@)vh, vh) 12 (@)

According to [Zworski 2012, Chapter 5] and modulo extracting a subsequence, there exists a probability
measure 4 carried by H~!(1) such that th — . The measure u is called the semiclassical measure
associated to the (sub-)sequence (v;)s_.0+. Note that these properties of the limit points follow from
the facts that v is normalized and that ﬁh vy = vy +072(1). We will now make use of the eigenvalue
equation (4) to derive an invariance property of u. Using the symbolic calculus for Weyl pseudodifferential
operators [Zworski 2012, Chapter 4], we have, for every a € CfO(RZd ,R),

~ ~ h
(LHp + 81 Vi, Opyy (@)]1vn, vi) 2@y = lT(OPhw({H, abvp, V) 2wdy + O (R (8 + 1)).

On the other hand, using that v; is a quasimode of l”\h and the composition rule for the Weyl quantization
[Zworski 2012, Chapter 4], we also have

([Hp + 84 Vi, OpY (@) ]vp, va) 12y = 2iA{ODY (@(A — Br))vn, va) 2y + O (lral) + O (A%).

Note that there is no O (/i%)-term due to the fact that a is real-valued and to the symmetries of the Weyl
quantization. Passing to the limit # — 0" and recalling that ||7;|| = o(%), one finds that u({H, a}) =
2u((B — A)a) for every a in C° (R4). This is equivalent to the fact that, for every r € R and for every
aeCr (R??), one has

f a(z)u(dz) = / ao gl ()i A=P18!@ds |y (g7, (17)
R2d R2d
Taking a to be equal to 1 in a neighborhood of H (), identity (17) implies
P = / 2 Jo 409 ds | (47 forall £ € R, (18)
RZd

from which Proposition 2 follows thanks to (3). In the case where 8 =0 and A > 0, one can deduce
from (18) that,
forallz e R, supp(u) C H-'()N{z: Ao¢H (z) =0}.

Hence, we can record the following useful lemma:
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Lemma 9. Suppose that A > 0. Let i be a semiclassical measure associated to the sequence (vp)p—o+
satisfying (4) with 8 = 0 and r, = o(h). Then

suppu C {z € H~1(1) : (A)(z) = 0}. (19)

3.2. Proof of Theorem 3. Let us now reproduce the same argument but suppose that a = (a), implying
in particular that {H, (a)} = 0. From this, we get

P A8y
([Hpn + 61 Va, Op; (@) 1vn, va) p2rey = ;

(Opy ({V, (@)D)vn, vn) L2y + O (7).
As before, recalling that a is real-valued, one still has

([Hh + 81 Vi, Opy ({a))1vn, va) 12y = 2iA(Op} ({a@) (A — Br))vn, va) r2gaay + O (Irall) + O (B).
Hence, one gets

(Opyy ((2(A = Br) + 81 Xv) (@) vn, va)y2 gy = OUlralln™") + O (1),

where Xy is the Hamiltonian vector field of V. Suppose now that A > 0 and (@) > 0. From the Fefferman—
Phong inequality [Zworski 2012, Chapter 4], one knows that there exists some constant C > 0 such that

285 (Opy ({a)) v, va) r2wey = 81 {OPY (Xv(@))va, Vi) 2@ay — C(R* + llrg |1,

where the constant C depends only on A, V, and a. Now, we fix R > 0 and we would like to show that
liminf;_, o+ Br /8 > R provided that §; > sglhz and that ||r|| < egrhdy for some small enough g > 0
(to be determined later on). To that end, we proceed by contradiction and suppose that, up to an extraction,
one has 28;/8, — ¢o € [0, 2R] (in particular B = 0). One finally gets, after letting 7 — 0,

copn((a)) = u(Xv(a)) — Ceg (20)

for some C > 0 depending on A, V, and a. Using one more time Lemma 9, one can also deduce that
w is invariant by ¢ . Hence,

r{V, (@) = n{(V), (@)},
which implies

copn((a)) = w(Xvy(a)) — Ceg. 1)

By our geometric control condition (6) and since H (N A)~10) is compact, there exist 77 > 0 and
&o > 0 such that

T
/ (A) o\ (2)dt > gy forallze H'(1)N(A)~'(0),
0
where qb,(V) is the flow generated by X y). Up to the fact that we may have to increase the value of C > 0

(in a way that depends only on T, A, V, and a), we can suppose that (21) holds uniformly for every
function {a) o ¢t<v> with 0 <t < Ty; i.e., for every t € [0, T1],

cop((a) o ¢y = u({(V), (@)} od\") — Ceg.
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This is equivalent to the fact that 4 (=<' [.,,(a) o ¢! du) < Cege™' for every t € [0, Ti]. Hence, if
co # 0, one finds that, for every ¢ € [0, T1],

fR (@ op" Ouidz) < e / (@) (@udz) + 2D 22)

R2d co
We now apply this inequality with a = A and integrate over the interval [0, T1]. In that way, we obtain

T, T C tco 1 CenT Tico 1
so<f / (A)O¢t<v>(z)u(dz)dt§/ Certe =1, _ CerTi(eh 1)
0 R2d 0

€0 €0

Observe that, for ¢g = 0, we would get the upper bound Cep le. In both cases, this yields the expected
contradiction by taking ez small enough (in a way that depends only on R, A, and V') and it concludes
the proof of Theorem 3.

Remark 10. Note that we could get the conclusion faster under the stronger geometric assumption
forall ze H~'(1)N{A)"'(0),  {(A), (V)}(z) #0, (23)

which implies (but is not equivalent to) the geometric control condition (6) of Theorem 3. Together
with (21), this yields the upper bound

u(Xvy(A)) < Ceg.

Hence, provided eg > 0 is chosen small enough in a way that depends only on A and V (but not R), we
get a contradiction. This shows that, for a small enough choice of g > 0, one has in fact 85 > 85 under
the geometric condition (23).

4. The averaging method

From this point on in the article, we will make the assumption that
8p =h.

This will slightly simplify the exposition and it should a priori be possible to extend the results provided
h < 8, does not go to 0 too slowly. In this section, we briefly recall how to perform a semiclassical
averaging method in the context of nonselfadjoint operators following [Sjostrand 2000; Hitrik 2002]. For
that purpose, we define

Fp:=OpY(Fi +iFy),

where F; and F, are two real-valued and smooth functions on R?“ that will be determined later on. We
make the assumption that all the derivatives (at every order) of F; and F, are bounded. For every ¢ in
[0, 1], we set Fp(t) = e”ﬁh. By [Engel and Nagel 2000, Theorem III.1.3], the family F5(¢) defines a
strongly continuous group (note that F; is invertible) on L?(R¢) such that

I Fr(Ol 22y < OP (F2)ll 2 (24)
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For simplicity, we shall set 7 = F5(1) and we will study the properties of the conjugated operator
O = Fi i’\h}},— :

for appropriate choices of F| and F,. Using the conventions of [Zworski 2012, Chapter 4], symbols of
order m € R are defined by

S((z2)™) := {(an)o<n<1 € C®°(R*, C) : for all @ € N??, |8%a(z)| < Cy(2)™},

where (z (1 + ||Iz|I>)/2. We shall denote by W' the set of all operators of the form Opy’(a) with

aeS|{z)™).

4.1. Semiclassical conjugation. Writing the Taylor expansion, one knows that, for every a in S({z)™),

1
Fn Opjy (@) Fy, ' = Opj/ (@) + il Fp, Op%’(a)]+/0 (L =) Fa @[ Fp, [Fa, Opy (@11 Fn(=1)dt.  (25)

Observe from the composition rules for semiclassical pseudodifferential operators [Zworski 2012, Chap-
ter 4] that [1’7}1, [I?h, Op}/ (a)]] is an element of hzlllg”. Moreover, a direct extension of the Egorov theorem
[Zworski 2012, Theorem 11.1] to the nonselfadjoint framework shows that the third term in the right-hand
side is in fact an element of hZ\D,’i”. Then one can verify from the composition rules for pseudodifferential
operators that

Fn Opy (a)F, ' = Op} (@) +h Opy ({F1, a}) + ih Opy ({F2, a}) + 1> Ry,
where R}, is an element in W' Applying this equality to the operator Py, one finds
On = Py+hOpy ({F1, H})+ih Opy ({Fy, H}) + h* Ry, (26)
where R\ﬁ is now an element in \IJ}%. We now aim at choosing F; and F> in such a way that
{Fi, H}+V =(V) and {F,, H}+A=(A). 27
If we are able to do so, then we will have

FaPoF; ' = Hy +hOpY (V) +ih OpY ((A)) + h%Ry. (28)

4.2. Solving cohomological equations. In order to solve cohomological-type equations like (27), we
need to make a few Diophantine restrictions on w. Let g € C>°(R??) be any smooth function such that
{(g) =0 and all of whose derivatives (at any order) are bounded. We look for another function f € C* (R2)
all of whose derivatives (at any order) are bounded and which solves the cohomological equation

{H, fl=g. (29)

We then apply this result with g =V — (V) (resp. A — (A)) in order to find f = F) (resp. F3).
For any f € C®(R2?) all of whose derivatives (at any order) are bounded, we can write f o CDf as a
Fourier series in 7 € T¢:
ikt
fo®f(x.8)=>" fulx, 5)67)d, fe(x, &) = /T fo®f (x,&)e T dr. (30)

kezd e
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Notice that fi o @ = f; e*'* and that, for T = 0, we have f = (27)"¢Y", fi. Recalling (16) and the
definition (8) of A, one has

1 g ik.(t+tw kT
(flodf(x.6)=>" filx, .s;)(T lim T(2n)df ettt )dt) n )d ka(x £)e'* .

kezd

In particular, as (g) o ® =0 for every 7 € T one finds that g, = 0 for every k € A,, and thus,

Yo alx, £t

keZd\ A,

forallt e T, godf(x,&) =

(2m)4

Observe also that, if f is a solution of (29), then so is f + A(f) for any A € R, since {H, (f)} = 0 thanks
to (16). Thus, we can try to solve the cohomological equation (29) by supposing f o ®# to be of the form

D fulx, £,

keZd\A,

H _
fol )= o

and writing
d 1 . "
{H,focpf}=E(foopfm)h:o:W Z ik-w fre*T.

keZd\A,,
Hence, if we set
1
fodl(x6)=—mo >

d
(2m) keZd\A,

gr(x, &), 31)

ik-w

then f will solve (29) (at least formally). It is not difficult to see that, unless we impose some quantitative
restriction on how fast |k - w|~! can grow, the solutions given formally by (31) may fail to be even
distributions — see for instance [de la Llave 2001, Exercise 2.16]. On the other hand, if w is partially
Diophantine, and g € C>(R?) has all its derivatives (at any order) bounded and is such that (g) = 0, then
(31) defines a smooth solution f € C>®(R%) of (29) all of whose derivatives (at any order) are bounded.
As a special case, we observe that, if o = (1, ..., 1), then an explicit solution of (29) is given by

1 2w pt
f=_E i /Ogoqsfdsdt. (32)

4.3. Proof of Theorem 7. We now turn to the proof of Theorem 7 and, to that aim, we should exploit
the analyticity assumptions on A and V in order to improve the result of Theorem 3 when r; = 0 in (4).
It means that we are not considering anymore quasimodes but true eigenmodes. Hence, from this point
on in the article,

rp =0.

The point of using analyticity is that the symbolic calculus on the family of spaces A; is extremely well
behaved — see the Appendix for a brief review. This will allow us to construct a second normal form for
the operator Py via conjugation by a second operator so that the nonselfadjoint part of the operator is
averaged by the two flows ¢ and ¢;"
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Recall from (28) that
FuPyFy = Hy +h OpP (V) +ih Op¥ ((A)) + h*Ry. (33)

Let us now make a few additional comments using the fact that A and V belong to some space As. First
of all, according to Lemma 8, we know that, as soon as A and V belong to the space A, both (A) and
(V) belong’ to the space A,. Moreover the functions F; and F> used to define F are constructed from
A and V using (31). In particular, by (9) and for every 0 < o < p, the following inequalities hold:

”Fl”s =< ”Flllp—a,s Sp,s ||V”pv and ”FZ”Y =< ||F2||p—a,s S,p,x ||A||p,s~

We can make use of this regularity information to analyze the regularity of the remainder term Ry
in (33). Recall that part of this term comes from the remainder term when we apply the composition
formula to [Opy' (A), Opy (F;)] and to [Op (V), Opy, (F;)] for j =1, 2. In that case, Lemma 15 from the
Appendix tells us that the remainder is a pseudodifferential operator whose symbol belongs to .A;_, for
every 0 < o < s. There is another contribution coming from the integral term in the Taylor formula (25)
with Opy,'(a) replaced by Py For that term, we first make use of Lemma 15 and of the fact that Fj solve
cohomological equations® (27) in order to verify that the double bracket is a pseudodifferential operator
whose symbol belongs to A;_, for every 0 < o < s. Then, an application of the analytic Egorov lemma
from the Appendix (point (1) of Lemma 11 with G = fi(F| +i F>)) shows that this remainder term is still
a pseudodifferential operator whose symbol now belongs to A, for every 0 < o < s. To summarize, we
have verified that ﬁh = Op}y (Rp) with || Ry |ls—¢ < Cj.q,p for every 0 < o < s and uniformly for 0 < /i < Aio.

We now perform a second conjugation whose effect will be to replace (A) in (33) by a term involving V.
Let F3 be some real-valued element in As_, for some 0 < o < s satisfying (F3) = F3. We set, for ¢ > 0

small enough (independent of #),
Fp(t) = et/MEn e [—e, €],
where 1/7\3’,5 = Opy, ({(F3)). We can define the new conjugate of ﬁ;—,:
Fr(=&)Fn P Ty ' Fa(e) = Hy+ hFp(—e)(Opy (V) +i Opy ((A) + hRn) Fr(e),

where we used that [ﬁh, Op; ((F3))] = 0. In fact, as H is quadratic in (x, £) and as we used the Weyl-
quantization, the fact that H and (F3) (Poisson-)commute implies that [ﬁ;—,, Op; ((F3))] = 0. Suppose
now that || (F3)|ls—e < %02 so that we can use the (analytic) Egorov lemma, Lemma 11, with G =i F3.
This tells us that

Fr(—&)RuFr(e) = Op¥ (Ry(e)), (34)

with Ry (¢e) belonging to A;_, uniformly for # small enough. Using the conventions of the Appendix,
one also has
Fn(e)(Opy (V) +i Op} ((A)) Fr(—e) = Opy (Wi (V) +i(A))). (35)

SRecall also that Ay C S(1).
0This comment is to handle the contribution coming from Hp.
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Consider now a sequence (A; = oy +ihifr)o<n<1 solving (4) with r; =0 and By — B. In particular,
one can find a sequence of normalized eigenvectors (V5)o<x<1 such that

fh(—S)]:hf’;if,{lfh(8)5h = AnUp.
Implementing (34) and (35), one obtains
Im(Op} (W (V) + (AT, 51) + O) = 3 In(Fy (—e)Fa Pr Ty F(e)in, i) = .
From point (3) of Lemma 11, one then finds
Br = (Op} ((A) — e{(F3), (V). Un) + O(°) + O (h).

Up to another extraction, we can suppose that the sequence (v5)x-0 has a unique semiclassical measure [t
which is still a probability measure carried by H~'(1). Letting # — 07, one finds

B =ii({A) +e{(V), (F3)}) + O(e?).

Given 0 < o < s, suppose now that we can pick F3 in A,_, such that {(F3), (V)} <0on (A)~1(0)NnH 1 (1).
Then, one can find some ¢y > 0 such that cye + O (¢?) < B. In particular, B cannot be taken equal to 0,
which concludes the proof of Theorem 7 except for the proof of the existence of F3.

Let us now show that the geometric control assumption (6) of Theorem 7 implies the existence
of F3. Since (A) and (V) belong to .4, Remark 12 from the Appendix and the compactness of the set
H~'(1) N (4)~1(0) show that, for every 0 < o < s, there exists some small enough 7y > 0 such that

F3(2) :=/O(f (A)o¢§V>(z)dr) dt
0 0

belongs to A,_,. One has, for every z € H~'(1) N (A)~1(0),
K V)
(.o = [ )o@ ar
0

It remains to verify that this quantity is positive for every zo in (A)~1(0)N H~'(1). Still using Remark 12,
one has the analytic expansion

X 4J .
WoW@=Z%MMMma (36)
j=0

uniformly for ¢ € [—#g, tp] and z € H~'(1). This implies that, if we fix some zq in H~'(1), then the map
t— (A)o ¢,<V)(z) is analytic on R. Now, given some zg € (A)~1(0)N H~'(1), there exists some z; in
the orbit of zg such that (A)(z;) > 0 thanks to our geometric control assumption (6). In particular, the
analytic map ¢ — (A)o¢."(zo) is nonconstant and there exists some j > 1 such that Ad{V) ((A))(z0) #0.
Hence, {(V), F3}(z0) > 0, which concludes the proof.
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Appendix: Symbolic calculus on the spaces A

We collect some basic lemmas about the quantization of the spaces .4;. We fix s > 0 throughout this
appendix. Let a, b € A;. The operator given by the composition Opy’(a) Op;’ (b) is another pseudodif-
ferential operator with symbol ¢ given by the Moyal product ¢ = afizb, which can be written by the
following integral formula [Dimassi and Sjostrand 1999, Chapter 7, p. 79]:

c(2) = atnb(z) = / A@Nb(e —w)e DT dut de (37)

Q2m)H Jga

where ¢(x, &, y,n) :=& -y —x -n is the standard symplectic product and where

a(w) ::/ e q(2) dz.
R2d

We set [a, bl; := atpb — bra. Given now a, G € Ay, the following conjugation formula holds formally:
¢! (t/1) Opy (G) Op}f (a)e—i(t/h) Opy (G) _ Op}” (\IJ,G’ha)
fi ’
where
G.h — Lt oo
v q ::Zﬁ(ﬁ> AdZ Y (a), teR, (38)
j=0
and
fis j ) i—1 1,0
AL (@) =[G, A @), AdP(@) =a.
One of the aims of this appendix is to prove the following analytic version of Egorov’s theorem:

Lemma 11 (analytic Egorov’s lemma). Let 0 < o < s. Consider the family of Fourier integral operators
{Gn (1) : t € R} defined by
Gr(t) == ef("’/h)aﬁ,

where éh = Op} (G) for some G € A,. Assume
o2
2|IGlls
Then, there exists a constant C, > 0 (depending only on o) such that, for every a € Ay,
() vi'a e Ay,
@ 1% a = alls—o < ColtlIGlsllalls;

(39)

1] <

3) ||\IJ,G’ha —a+1t{G, a}lls—s < CsltI*|Gllsllalls for some Cy > 0 depending only on o.

Remark 12. With the hypothesis of Lemma 11, one also has that a 0 pC € A;_,. To see this, it is enough
to follow verbatim the proof of Lemma 11 noting that Lemma 14 below remains valid for —i#i{a, b}

instead of [a, b]; and then using the formal expansion
oo

l‘ .
aopl = Z 7 Ad(a),
j=0

where Ad‘é (a) ={G, Ad{;_1 (a)} and Ad% (a) = a instead of the analogous quantities for \IJ,G Ay,
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A.1. Preliminary lemmas. Before proceeding to the proof, we start with some preliminary results.
Lemma 13. For every a, b € Ay, the following holds:
llablls < llallsliblls-

Proof. To see this, write

lablls = / |ab(w)|e*™! dw
de

o Aza

< / / la(w — w*)|e " Nb(w*) e dw* dw < |a|s||b]ls. O
R2d JR2d

/ a(w — wHbw*) dw* e dw
R2d

We shall also need some estimates on the Moyal product of elements in Aj:

Lemma 14. Let a, b € A,. Then, for every 0 < o1+ 02 < s, we have [a, bl € As—s,—0, and

Ila, blalls—01—0, < mllallsllbllmz-
Proof. From (37), we have
i7"z
[a. bla(z) = 2i f.; BB —w ) sin(bhg (w, & —wh) (s dw” de”.
Then, using that
ls (W™, 2% —wH)| < 2[w™|[z" — w7, (40)

we obtain

2h ~ A P %k *
”[aa b]h||s—01—02 =< W /4d |a(W*)| |w*| |b(z* — u)*)| |Z* — w*|e(3 o1—02)(|z" —w*|+|w*]) dw*dz*
R

2h

= <2n>4d'(S“P”e“’”)(supre‘“”*"”’)||a||s||b||s_(,2

r>0 r>0

< - blls—o,- g
= o101 1 02) lallsliblls—o

Finally, one has:
Lemma 15. Leta, b € Ay and 0 < o < s. Then there exists a constant C, > 0 depending only on o such
that

i
Hg[a, blp —{a, b} < Co*llallslIblls—o- (41)

§—0

Proof. First write

la, bln(z) +ik{a, b}(z)
. ~ *\ o ( * . * % * * % * eiZ*.Z * *
=2j -/[R4da(w )b(z* — w*)(sin(3hg (w*, 2* — w*)) — The(w*, z* —w ))de dz*.
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Using (40) and sin(x) = x — %xz fol sin(tx)(1 — t) dt, we obtain
3
(2 (Q2m)4d
< Co 1*||allsl|blly—o - O

lla, b1y +itfa, b} s—o < f @) [w* P 1o —w*)||2* —w* Pt WD gy gz

A.2. Proof of the analytic Egorov lemma. We are now in position to prove Lemma 11. Let us start with
points (1) and (2). By definition (38), we have

[e.e]
1 .
1w a —alls—¢ < Z]—(—) I AdE (@) 5o

Using Lemma 14, we also find that, for every j > 1,

J 2hj thaj—1
Il Adﬁ? @)ls—0 < mll Adg @ ls—j=1)0/i IG5

22h2j3 o
< W” AdG ™ @ ls—-20/ 1G]}
2/ 1t j2i
W”CIH ||G||]

Then, using Stirling’s formula and as 2|¢| |Glls/o% < 1, one gets

27110
PG
vt —ally—y < E e )2; llalls < ColtlIGlIsllalls (42)

for some constant C, > 0 depending only on o. In order to prove point (3), we now write

+Z ( )uAd”“( is—o-

We can now reproduce the above argument and combining this bound with Lemma 15, we can deduce
point (3) of Lemma 11.

i
W —a+1{G, a}lls—o < 1| 21G. aly —(G. a)

§—

Acknowledgements

We are grateful to S. Nonnenmacher for suggesting to consider how the methods from [Macia and
Riviere 2016; 2019] can be applied in the nonselfadjoint context. We warmly thank J. Sjostrand and the
anonymous referee for their useful comments on the article. Part of this work was achieved when Arnaiz
was visiting the Laboratoire Paul Painlevé in Lille. Arnaiz was supported by La Caixa, Severo Ochoa
ICMAT, International Ph.D. Programme, 2014, and MTM2017-85934-C3-3-P (MINECO, Spain). Riviere
was partially supported by the ANR project GERASIC (ANR-13-BS01-0007-01) and the Labex CEMPI
(ANR-11-LABX-0007-01).



444 VICTOR ARNAIZ AND GABRIEL RIVIERE

References

[Anantharaman 2010] N. Anantharaman, “Spectral deviations for the damped wave equation”, Geom. Funct. Anal. 20:3 (2010),
593-626. MR Zbl

[Anantharaman and Léautaud 2014] N. Anantharaman and M. Léautaud, “Sharp polynomial decay rates for the damped wave
equation on the torus”, Anal. PDE 7:1 (2014), 159-214. MR Zbl

[Arnaiz and Macia 2018] V. Arnaiz and F. Macia, “Concentration of quasimodes for perturbed harmonic oscillators”, in
preparation, 2018.

[Asch and Lebeau 2003] M. Asch and G. Lebeau, “The spectrum of the damped wave operator for a bounded domain in R2”,
Experiment. Math. 12:2 (2003), 227-241. MR Zbl

[Burq and Gérard 2018] N. Burq and P. Gérard, “Stabilisation of wave equations on the torus with rough dampings”, preprint,
2018. arXiv

[Burq and Hitrik 2007] N. Burq and M. Hitrik, “Energy decay for damped wave equations on partially rectangular domains”,
Math. Res. Lett. 14:1 (2007), 35-47. MR Zbl

[Christianson 2007] H. Christianson, “Semiclassical non-concentration near hyperbolic orbits”, J. Funct. Anal. 246:2 (2007),
145-195. MR Zbl

[Christianson et al. 2014] H. Christianson, E. Schenck, A. Vasy, and J. Wunsch, “From resolvent estimates to damped waves”,
J. Anal. Math. 122 (2014), 143-162. MR Zbl

[Dimassi and Sjostrand 1999] M. Dimassi and J. Sjostrand, Spectral asymptotics in the semi-classical limit, London Mathematical
Society Lecture Note Series 268, Cambridge University Press, 1999. MR Zbl

[Engel and Nagel 2000] K.-J. Engel and R. Nagel, One-parameter semigroups for linear evolution equations, Graduate Texts in
Mathematics 194, Springer, 2000. MR Zbl

[Helffer and Sjoestrand 2010] B. Helffer and J. Sjoestrand, “From resolvent bounds to semigroup bounds”, preprint, 2010. arXiv

[Hitrik 2002] M. Hitrik, “Eigenfrequencies for damped wave equations on Zoll manifolds”, Asymptot. Anal. 31:3-4 (2002),
265-277. MR Zbl

[Hitrik and Sjostrand 2004] M. Hitrik and J. Sjostrand, “Non-selfadjoint perturbations of selfadjoint operators in 2 dimensions, I”,
Ann. Henri Poincaré 5:1 (2004), 1-73. MR Zbl

[Hitrik and Sjostrand 2005] M. Hitrik and J. Sjostrand, “Nonselfadjoint perturbations of selfadjoint operators in two dimensions,
II: Vanishing averages”, Comm. Partial Differential Equations 30:7-9 (2005), 1065-1106. MR Zbl

[Hitrik and Sjostrand 2008a] M. Hitrik and J. Sjostrand, “Non-selfadjoint perturbations of selfadjoint operators in two dimensions,
IIIa: One branching point”, Canad. J. Math. 60:3 (2008), 572-657. MR Zbl

[Hitrik and Sjostrand 2008b] M. Hitrik and J. dest}rand, “Rational invariant tori, phase space tunneling, and spectra for
non-selfadjoint operators in dimension 2, Ann. Sci. Ec. Norm. Supér. (4) 41:4 (2008), 511-571. MR Zbl

[Hitrik and Sjostrand 2012] M. Hitrik and J. Sjostrand, “Diophantine tori and Weyl laws for non-selfadjoint operators in
dimension two”, Comm. Math. Phys. 314:2 (2012), 373-417. MR Zbl

[Hitrik and Sjostrand 2018] M. Hitrik and J. Sjostrand, “Rational invariant tori and band edge spectra for non-selfadjoint
operators”, J. Eur. Math. Soc. (JEMS) 20:2 (2018), 391-457. MR Zbl

[Hitrik et al. 2007] M. Hitrik, J. Sjostrand, and S. V. Ngoc, “Diophantine tori and spectral asymptotics for nonselfadjoint
operators”, Amer. J. Math. 129:1 (2007), 105-182. MR Zbl

[Jin 2017] L. Jin, “Damped wave equations on compact hyperbolic surfaces”, preprint, 2017. arXiv

[Lebeau 1996] G. Lebeau, “Equation des ondes amorties”, pp. 73—109 in Algebraic and geometric methods in mathematical
physics (Kaciveli, 1993), edited by A. Boutet de Monvel and V. Marchenko, Math. Phys. Stud. 19, Kluwer Acad. Publ.,
Dordrecht, 1996. MR Zbl

[de la Llave 2001] R. de la Llave, “A tutorial on KAM theory”, pp. 175-292 in Smooth ergodic theory and its applications
(Seattle, WA, 1999), edited by A. Katok et al., Proc. Sympos. Pure Math. 69, Amer. Math. Soc., Providence, RI, 2001. MR Zbl

[Macia and Riviere 2016] F. Macia and G. Riviere, “Concentration and non-concentration for the Schrédinger evolution on Zoll
manifolds”, Comm. Math. Phys. 345:3 (2016), 1019-1054. MR Zbl


http://dx.doi.org/10.1007/s00039-010-0071-x
http://msp.org/idx/mr/2720225
http://msp.org/idx/zbl/1205.35173
http://dx.doi.org/10.2140/apde.2014.7.159
http://dx.doi.org/10.2140/apde.2014.7.159
http://msp.org/idx/mr/3219503
http://msp.org/idx/zbl/1295.35075
http://dx.doi.org/10.1080/10586458.2003.10504494
http://msp.org/idx/mr/2016708
http://msp.org/idx/zbl/1061.35064
http://msp.org/idx/arx/1801.00983
http://dx.doi.org/10.4310/MRL.2007.v14.n1.a3
http://msp.org/idx/mr/2289618
http://msp.org/idx/zbl/1122.35015
http://dx.doi.org/10.1016/j.jfa.2006.09.012
http://msp.org/idx/mr/2321040
http://msp.org/idx/zbl/1119.58018
http://dx.doi.org/10.1007/s11854-014-0006-9
http://msp.org/idx/mr/3183526
http://msp.org/idx/zbl/1301.35191
http://dx.doi.org/10.1017/CBO9780511662195
http://msp.org/idx/mr/1735654
http://msp.org/idx/zbl/0926.35002
http://msp.org/idx/mr/1721989
http://msp.org/idx/zbl/0952.47036
http://msp.org/idx/arx/1001.4171
https://content.iospress.com/articles/asymptotic-analysis/asy523
http://msp.org/idx/mr/1937840
http://msp.org/idx/zbl/1032.58014
http://dx.doi.org/10.1007/s00023-004-0160-1
http://msp.org/idx/mr/2036816
http://msp.org/idx/zbl/1059.47056
http://dx.doi.org/10.1081/PDE-200064447
http://dx.doi.org/10.1081/PDE-200064447
http://msp.org/idx/mr/2180295
http://msp.org/idx/zbl/1096.47053
http://dx.doi.org/10.4153/CJM-2008-028-3
http://dx.doi.org/10.4153/CJM-2008-028-3
http://msp.org/idx/mr/2414958
http://msp.org/idx/zbl/1147.31004
http://msp.org/idx/mr/2489633
http://msp.org/idx/zbl/1171.35131
http://dx.doi.org/10.1007/s00220-012-1530-z
http://dx.doi.org/10.1007/s00220-012-1530-z
http://msp.org/idx/mr/2958957
http://msp.org/idx/zbl/1256.35039
http://dx.doi.org/10.4171/JEMS/770
http://dx.doi.org/10.4171/JEMS/770
http://msp.org/idx/mr/3760299
http://msp.org/idx/zbl/1405.35118
http://dx.doi.org/10.1353/ajm.2007.0001
http://dx.doi.org/10.1353/ajm.2007.0001
http://msp.org/idx/mr/2288739
http://msp.org/idx/zbl/1172.35085
http://msp.org/idx/arx/1712.02692
http://msp.org/idx/mr/1385677
http://msp.org/idx/zbl/0863.58068
http://dx.doi.org/10.1090/pspum/069/1858536
http://msp.org/idx/mr/1858536
http://msp.org/idx/zbl/1055.37064
http://dx.doi.org/10.1007/s00220-015-2504-8
http://dx.doi.org/10.1007/s00220-015-2504-8
http://msp.org/idx/mr/3519588
http://msp.org/idx/zbl/1348.58017

SEMICLASSICAL ASYMPTOTICS FOR NONSELFADJOINT HARMONIC OSCILLATORS 445

[Macia and Riviere 2019] F. Macia and G. Riviere, “Observability and quantum limits for the Schrodinger equation on s,
pp. 139-153 in Probabilistic methods in geometry, topology and spectral theory, Contemp. Math. 739, Amer. Math. Soc.,
Providence, RI, 2019. MR

[Markus 1988] A. S. Markus, Introduction to the spectral theory of polynomial operator pencils, Translations of Mathematical
Monographs 71, Amer. Math. Soc., Providence, RI, 1988. MR Zbl

[Markus and Macaev 1979] A. S. Markus and V. I. Macaev, “Asymptotic behavior of the spectrum of close-to-normal operators”,
Funktsional. Anal. i Prilozhen. 13:3 (1979), 93-94. In Russian; translated in Funct. Anal. Appl. 13:3 (1979), 233-235. MR Zbl

[Nonnenmacher 2011] S. Nonnenmacher, “Spectral theory of damped quantum chaotic systems”, preprint, 2011. arXiv

[Rauch and Taylor 1975] J. Rauch and M. Taylor, “Decay of solutions to nondissipative hyperbolic systems on compact
manifolds”, Comm. Pure Appl. Math. 28:4 (1975), 501-523. MR Zbl

[Riviere 2014] G. Riviere, “Eigenmodes of the damped wave equation and small hyperbolic subsets”, Ann. Inst. Fourier
(Grenoble) 64:3 (2014), 1229-1267. MR Zbl

[Schenck 2010] E. Schenck, “Energy decay for the damped wave equation under a pressure condition”, Comm. Math. Phys.
300:2 (2010), 375-410. MR Zbl

[Sjostrand 2000] J. Sjostrand, “Asymptotic distribution of eigenfrequencies for damped wave equations”, Publ. Res. Inst. Math.
Sci. 36:5 (2000), 573-611. MR Zbl

[Zworski 2012] M. Zworski, Semiclassical analysis, Graduate Studies in Mathematics 138, Amer. Math. Soc., 2012. MR Zbl

Received 27 Jul 2019. Revised 21 Oct 2019. Accepted 19 Nov 2019.

VICTOR ARNAIZ: victor.arnaiz@math.u-psud.fr, victor.arnaiz@icmat.es
Université Paris-Saclay, CNRS, Laboratoire de mathématiques d’Orsay, Orsay, France

and

Instituto de Ciencias Matemadticas (ICMAT), Campus de Cantoblanco, UAM, Madrid, Spain

GABRIEL RIVIERE: gabriel.riviere@univ-nantes.fr
Laboratoire de mathématiques Jean Leray (UMR CNRS 6629), Université de Nantes, Nantes, France

mathematical sciences publishers :'msp


http://dx.doi.org/10.1090/conm/739/14897
http://msp.org/idx/mr/4033917
http://msp.org/idx/mr/971506
http://msp.org/idx/zbl/0678.47005
http://www.mathnet.ru/links/73746cd64613b2a3785afb8961036c95/faa1930.pdf
https://doi.org/10.1007/BF01077500
http://msp.org/idx/mr/545380
http://msp.org/idx/zbl/0439.47002
http://msp.org/idx/arx/1109.0930
http://dx.doi.org/10.1002/cpa.3160280405
http://dx.doi.org/10.1002/cpa.3160280405
http://msp.org/idx/mr/397184
http://msp.org/idx/zbl/0295.35048
http://dx.doi.org/10.5802/aif.2879
http://msp.org/idx/mr/3330169
http://msp.org/idx/zbl/1314.58019
http://dx.doi.org/10.1007/s00220-010-1105-9
http://msp.org/idx/mr/2728729
http://msp.org/idx/zbl/1207.35064
http://dx.doi.org/10.2977/prims/1195142811
http://msp.org/idx/mr/1798488
http://msp.org/idx/zbl/0984.35121
http://dx.doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
mailto:victor.arnaiz@math.u-psud.fr, victor.arnaiz@icmat.es
mailto:gabriel.riviere@univ-nantes.fr
http://msp.org




PURE and APPLIED

ANALYSIS

Vol. 2, No. 2, 2020
https://doi.org/10.2140/paa.2020.2.447

ON THE SOLUTION OF LAPLACE’S EQUATION
IN THE VICINITY OF TRIPLE JUNCTIONS

JEREMY HOSKINS AND MANAS RACHH

We characterize the behavior of solutions to systems of boundary integral equations associated with
Laplace transmission problems in composite media consisting of regions with polygonal boundaries. In
particular we consider triple junctions, i.e., points at which three distinct media meet. We show that,
under suitable conditions, solutions to the boundary integral equations in the vicinity of a triple junction
are well-approximated by linear combinations of functions of the form ¢, where ¢ is the distance of the
point from the junction and the powers § depend only on the material properties of the media and the
angles at which their boundaries meet. Moreover, we use this analysis to design efficient discretizations
of boundary integral equations for Laplace transmission problems in regions with triple junctions and
demonstrate the accuracy and efficiency of this algorithm with a number of examples.

1. Introduction

Composite media, i.e., media consisting of multiple materials in close proximity or contact, are both
ubiquitous in nature and fascinating in applications since their macroscopic properties can be substantially
different than those of their components. One property of particular interest is the electrostatic response
of composite media, typically the electric potential in the medium which is produced by an externally
applied time-independent electric field. In such situations one often assumes that the associated electric
potential satisfies Laplace’s equation in the interior of each medium and that along each edge where two
media meet one prescribes the jump in the normal derivative of the potential. Typically the potentials in
these jump relations appear multiplied by coefficients depending on the electric permittivity. This leads
to a collection of coupled partial differential equations (PDEs). In addition to classical electrostatics
problems, the same equations also arise in, among other things, percolation theory, homogenization theory,
and the study of field enhancements in vacuum insulators; see, for example, [Lee 2008; Fredkin and
Mayergoyz 2003; Milton 2002; Tully et al. 2007; Tuncer et al. 2002; Fel et al. 2000; Ovchinnikov 2004].

Using classical potential theory this set of partial differential equations (PDEs) can be reduced to
a system of second-kind boundary integral equations (BIEs). In particular, the solution to the PDE in
each region is represented as a linear combination of a single-layer and a double-layer potential on the
boundary of each subregion. If the edges of the media are smooth then the corresponding kernels in the
integral equation are as well. Near corners, however, the solutions to both the differential equations and
the integral equations can develop singularities.

Analytically, the behavior of solutions to both the PDEs and BIEs has been the subject of extensive
analysis; see, for example [Craster and Obnosov 2004; Keller 1987; Helsing 1991; Chung et al. 2005;
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Keywords: boundary integral equations, multiple junction interfaces, corners, singular solutions, potential theory.
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Schéchter 1998; Berggren et al. 2001; Techaumnat et al. 2002; Afanas’ev et al. 2004; Greengard and Lee
2012; Claeys et al. 2015]. In particular, the existence and uniqueness of solutions in an 1>-sense is well
known, under certain natural assumptions on the material properties [Claeys et al. 2017; McLean 2000].
Moreover, the asymptotic form of the singularities in the vicinity of a junction has been determined for
the solutions of both the PDE and its corresponding BIE [Chung et al. 2005; Schichter 1998; Craster and
Obnosov 2004; Milton et al. 1981; Helsing 2011].

Computationally the singular nature of the solutions poses significant challenges for many existing
numerical methods for solving both the PDEs and BIEs. Typical approaches involve introducing many
additional degrees of freedom near the junctions which can impede the speed of the solver and impose
prohibitive limits on the size and complexity of geometries which can be considered. Recursive compressed
inverse preconditioning (RCIP) is one way of circumventing the difficulty introduced by the presence of
junctions in the BIE formulation [Helsing 2013]. In this approach, the extra degrees of freedom introduced
by the refinement near the junctions are eliminated from the linear system. Moreover, the compression
and refinement are performed concomitantly for multiple junctions in parallel. This approach gives an
algorithm which scales linearly in the number of degrees of freedom added to resolve the singularities
near the junction. The resulting linear system has essentially the same number of degrees of freedom as it
would if the junctions were absent.

In this paper we restrict our attention to the case of triple junctions, extending the existing analysis by
showing that under suitable restrictions the solution to the BIEs can be well-approximated in the vicinity
of a triple junction by a linear combination of %/, where ¢ is the distance from the triple junction and the
B;’s are a countable collection of real numbers defined implicitly by an equation depending only on the
angles at which the interfaces meet and the material properties of the corresponding media. This analysis
enables the construction of an efficient computational algorithm for solving Laplace’s equation in regions
with multiple junctions. In particular, using this representation we construct an accurate and efficient
quadrature scheme for the BIE which requires no refinement near the junction. The properties of this
discretization are illustrated with a number of numerical examples.

This paper is organized as follows. In Section 2 we state the boundary value problem for the Laplace
triple junction transmission problem, summarize relevant properties of layer potentials, and describe the
reduction of the boundary value problem to a system of boundary integral equations. In Section 3 we
present the main theoretical results of this work, the proofs of which are given in Appendices A and B. In
Section 4 we discuss two conjectures extending the results of Section 3 based on extensive numerical
evidence. In Section 5, we describe a Nystrom discretization which exploits explicit knowledge of the
structure of solutions to the integral equations in the vicinity of triple junctions, and in Section 6 we
demonstrate its effectiveness of numerical solvers. Finally, in Section 7 we summarize the results and
outline directions for future research.

2. Boundary value problem

Consider a composite medium consisting of a set of n polygonal domains €2y, ..., €2, (see Figure 1)
with boundaries consisting of m edges I'y, ..., [',, and k vertices vy, ..., vx. For a given edge I'; let L;
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Figure 1. Example of a composite region.

denote its length, n; its normal, £(i), (i) the polygons to the left and right, respectively, and let ; be an
arc length parametrization of I';. Finally we denote the union of the regions 2, ..., 2, by Q and denote
the complement of 2 by 2.

Given positive constants iy, ..., U, and vy, ..., v, we consider the boundary value problem

Au; =0 xe;,i=0,1,2,...,n,

We@iyUeiy — Mriyriy = fin x €y, i=1,...,m,

oy 0U (i . (D)
Ve() 8ni~l) — Vr(i) 8::) =g, xely,i=1,...,m,
Jim (- log(rug(r) —uo(r)) =0,
r|—0o0
where f; and g; are analytic functionson I';, i =1, ..., m, and £(i), (i) denote the regions on the left

and right with respect to the normal of edge T';.

Remark 2.1. In this work we assume that all the normals ny,...,n, to I'y,..., ', are positively
oriented with respect to the parametrization y;(¢) of the edge I';. Specifically, if I'; is a line segment
between vertices vy, vy, and y;(¢) : [0, L;] — I'; is a parametrization of I';, given by

v
yi(t) = v +1—0, (2)
v, — vl
then the normal on edge IT'; is given by
L
n; = (vr Ug) (3)

o, —vell”

where for a point x = (x, x3) € R2, we have x*+ = (x2, —x).

Remark 2.2. The existence and uniqueness of solutions to (1) is a classical result [McLean 2000].

Remark 2.3. In this paper we assume that no more than three edges meet at each vertex. Similar analysis
holds for domains with higher-order junctions and will be published at a later date.

Remark 2.4. Here we assume that uq, ..., u,, and vy, ..., v, are positive constants. In principle the
analysis presented here extends to the case where the constants are negative or complex provided the
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constants (u;v; +u;v;)/(u;v; — piv;) across each edge are outside the closure of the essential spectrum
of the double-layer potential defined on the boundary, and the underlying differential equation admits a
unique solution. Note that for nonnegative coefficients this is always true, since these constants are all of
magnitude greater than 1, and the spectral radius of the double-layer potential is bounded by 1.

2A. Layer potentials. Before reducing the boundary value problem (1) to a boundary integral equation
we first introduce the layer potential operators and summarize their relevant properties.

Definition 2.5. Given a density o defined on I';, i =1, ..., m, the single-layer potential is defined by
1
Sr,-[o*](y)=——/ log [|lx — yllo(x) d Sy, 4)
2 I;

and the double-layer potential is defined via the formula
1 n(x)-(y—x)
Dr,[o](y) = —/ ——— 50 (x)d5. ®)
27 Jr,  lx—yll

Remark 2.6. In light of the previous definition, evidently the adjoint of the double-layer potential is
given by the formula

« 1 n(y)-(x—y)
D [o1(y) = ~— f POV XV ey ds, ©)
2 Jr, llx—yll
Definition 2.7. For x € I' we define the kernel K (x, y) by
1 nx)-(y—x)
K(x,y) LS b (7)

S fx -yl
The following theorems describe the limiting values of the single- and double-layer potential on the

boundary ;.

Theorem 2.8. Suppose that x is a point in the interior of the segment I";. Suppose the point x approaches
a point xy along a path such that

—1l4a< yi(ty) <1—a (8)

e U
llx — xoll

for some a > 0. If (x — xo) - n; <0, we will refer to this limit as x — x , and if (x — xo) -n; > 0, we will

refer to this limit as x — x0+.
Then
lim_Sr, [o](x) = S, [0](xo), ©)
x—>x0
Tim, e 1) = pv. P [o1xo) 252, (10)
lim_n; - V55, [1(6) = p.v. Df, [p1(x) £ 25 an

’
X=X, 2

where p.v. refers to the fact that the principal value of the integral should be taken.
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Moreover, both the limits

lim n;-VDr,[p](x) (12)

x—>x0

exist and are equal.

Remark 2.9. In the following we will suppress the p.v. from expressions involving layer potentials
evaluated at a point on the boundary. Unless otherwise stated, in such cases the principal value should
always be taken.

2B. Integral representation. In classical potential theory the boundary value problem (1) is reduced to

a boundary integral equation for a new collection of unknowns p;, o; € L%(T;), i =1,...,m,related to
u;: Q2 — R, i=1,...,n,in the following manner:
m m
1 1
ui®) = — e, [pj1@) + 3 " Dr)lojlx). x e (13)
= =
We note that by construction u; is harmonic in €2;, i =0, 1, ..., n. Enforcing the jump conditions across
the edges and applying Theorem 2.8 yields the following system of integral equations for the unknown
densities p; and o; fori =1, ..., m:
Vs — A D e Ve V(i) fi
—lo,- + Hr@)Vei) — He@)Vr@) Dr,[o¢] = 0Gi)VrG) Ji ’ (14)
Kr@yVea) + Re@ Vri) =y Mr(i)Ve) + Hei) Vri)
m
VP — g V(s TIPS
—l/O' + Mr@)Vei) — He@)Vr @) ,DFZ (o] = — He@yHri)8i ' (15)
Mr(i)Vee) + Mei) Vr() =1 Moy Veay + ey Vr i)

We note that the preceding representation has several advantages. Firstly, the kernels of integral
equations (14) and (15) are smooth except at the vertices. In particular, the weakly singular terms arising
from the single-layer potential and the hypersingular terms arising from the derivative of the double-layer
potential are absent. Secondly, the equations for the single-layer density p and the double-layer density o
are completely decoupled and can be analyzed separately. Moreover, (15) is the adjoint of (14) and hence
the structure of solutions to (15) can be inferred from the behavior of solutions to (14).

Remark 2.10. The above representation also appears in [Helsing 2011] and is related to the work
in [Greengard and Lee 2012]. It has been shown in [Claeys et al. 2017] that the boundary integral
equations (14) and (15) are well-posed for f;, g; € L2[T;].

2C. The single-vertex problem. The following lemma reduces the problem of analyzing the behavior of
the densities p and o in the vicinity of a triple junction with locally analytic data to the analysis of an
integral equation on a set of three intersecting line segments.

Lemma 2.11. Let o, p satisfy the boundary integral equation (14) and (15), respectively. Consider three
edges I';, I'j, and 'y meeting at a vertex v,. If x,, denotes the coordinates of the vertex v,, then there
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RER))

Fo3)

Figure 2. Geometry near a triple junction.

exists an r > 0 such that
/ K(x,y)o(x)dSy and / K(y,x)p(x)dSy (16)
F\Br(xp) l—‘\Br(xp)

are analytic functions of y for all y € B,(x,). Here B,(x)) denotes the ball of radius r centered at x .

Remark 2.12. We note that by choosing r sufficiently small we can assume that the intersection of all
three-edges with B, (x ) are of length r. Moreover, since Laplace’s equation is invariant under scalings,
the subproblem associated with the corner can be mapped to an integral equation on three intersecting
edges of unit length.

In light of the preceding remark, in the remainder of this paper we restrict our attention to the geometry
shown in Figure 2.
The following notation will be used in our analysis of triple junctions.

Remark 2.13. Suppose that I'y ;) and I'(¢ vy are two (possibly identical) edges of a triple junction in
which all edges are of length 1. For (£, m) and (¢/, m’) in {(1,2), (2,3), (3, 1)} and ¢ € (0, 1) let

Deemysem[01(®) =p.v. Dy [0 (17)

(eans(ey 01O =P DE TP1]p (18)

m’)

for any o, p € L2(I'3,1) UT(1.2)UT(2.3)). Note that if (¢, m) = (¢, m’) then both quantities are identically
zero for any o and p. If (£, m) # (£/, m’) then the principal value is not required.

Finally, in the following we will also denote the restrictions of o and p to an edge I'(¢ ) by o, ) and
Oe.m), respectively.

3. Main results

In this section we state several theorems which characterize the behavior of the solutions o, p to (14)
and (15) for the single-vertex problem with piecewise smooth boundary data f and g. Before doing so
we first introduce some convenient notation. To that end, let I'(j 2), I'2,3) and I'(3 1) be three edges of
unit length meeting at a vertex as in Figure 2. Let 61, 6>, and 63 be the angles at which they meet and
suppose that 0 < 61, 6, 63 < 27 are real numbers summing to 2. Let €2; denote the region bordered by
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I'3,1y and I'(1,2), €2 denote the region bordered by I'(q 2) and I'(2 3y, and 23 denote the region bordered
by I'(2.3) and I'(3 1. Finally, let u; and v; be the parameters corresponding to €2;, i =1, 2, 3, and define
the constants d(]yg), d(2,3) and d(3,]) by

H1v2 — M2V _ M2V3— U3 M3V — UV3

, dozy=—"—"—"—, dan=—-—""". (19)
Hiv2 + Uavg @ U2V3 + 43V G.h U3V + U1v3

dao =
Remark 3.1. We note the following properties of d(3 1), d(1,2), d2,3) which, for notational convenience,
we will denote by a, b, and c, respectively. Firstly, since u;, v; are positive real numbers, it follows that
a,b,ce (—1,1). Secondly, a simple calculation shows that c = —(a + b) /(1 + ab). Thus, at each triple
junction, there are two parameters (a, b) which encapsulate the relevant information regarding material
properties at that junction. For the rest of the paper, in a slight abuse of notation, we will refer to (a, b)

as the material parameters.

Next we define several quantities which will be used in the statement of the main results. Let J denote
the set of indices {(1,2), (2,3), 3, D}and X =1%(I"(.2) ®L*(T2.3)) ®L*(T'3.1y). Let Kgir : X — X and
Kneu : X — X denote the bounded operators in (14) and (15) respectively. For any operator A : X — X,
h € X, and (i, j) € J, we denote the restriction of A[h] to the edge I'(; ;) by A[h], ;). For example,
given h(t) = [h,2)(t), ha,3 (1), ha, @] € X, and (i, j) € J,

KaielRi.j) = —3ha.j) +da.j) Z De.my: i, jylhe.m]s (20
(t.meJg
where the operators D¢, ), i, j) are defined in (17).
We are interested in the following two problems:

(1) For what collection of h € X are Kgi:[h] and Kpey[h] piecewise smooth functions on each of the
edges ', jy, (i, j) € T?

(2) Given h jy € Py, a polynomial of degree at most N, construct an explicit basis for ICd_ir1 [A] and
K111

neu

In Section 3A, we address these questions for Kgir, while in Section 3B we present analogous results
for Kpyeu.

3A. Analysis of Kqir. Suppose that k(t) = [h1.2)(t), h2.3)(1)., /’l(3’1)(l‘)]T = vt?, where ¢ denotes the
distance along the edge I'(; ;) from the triple junction, and v € R* and B € R are constants.

In the following theorem, we derive necessary conditions on B, v such that Kgi:[h], j) is a smooth
function on each edge I'; j), (i, j) € J.

Theorem 3.2. Let Agir(a, b, B) € R3*3 denote the matrix given by
-Adir (a’ ba ﬁ)
sin (7 B) bsin B(wr — 6,) —bsin (T —6))

= | (a+b)/(1 +ab)sin (T —0;) sin (7 B) —(a+b)/(1+ab)sinB(x—63)]|. (21
asintfB(1 —6)) —asinmB(1 —63) sin (7 B)
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Suppose that B is a positive real number such that det Aqir(d(3,1), d(1,2), B) = 0 and that v is a null vector
of Adgir(d3,1),d1,2), B). Let h(t) = vtP, 0 <t < 1. Then Kaiclh] i,y is an analytic function of t, for
0 <t <1, oneachofthe edges I'; j), (i, j) € J.

The above theorem guarantees that for appropriately chosen densities k € X, the potential KCg;;[R] is
an analytic function on each of the edges.

We now consider the construction of a basis for ICd_ir1 [k], when h(; jy € Py, (i, j) € J, for some N > 0.

In order to prove this result, we require a collection of 8, v satisfying the conditions of Theorem 3.2.
The following lemma states the existence of a countable collection of 8, v which are analytic on a subset
of (—1, 2.

Lemma 3.3. Suppose that 6, 65, 03 are irrational numbers summing to 2w, and (a, b) € (—1, 1)2. Then
there exists a countable collection of open subsets of (—1, 1)?, denoted by S;. j» as well as a corresponding
set of functions B; ;- S;j — R, i =0,1,2,..., j=0,1,2, such that det Agi:(a, b, B; ;) = 0 for all
(a,b) € S; ;. The corresponding null vectors v; ; : S; j — R3 of Adgir(a, b, B, ;) are also analytic functions.
Finally, for any N > 0, we have |ﬂ?/=0 ﬂ?zo Si,j| > 0.

In the following theorem, we present the main result of this section, which gives a basis for IC(;rl [A].

Theorem 3.4. Consider the same geometry as in Figure 2, where 61, 6,, and 03 sum to 2w and 0, /7,
0r/m, and 03 /7 are irrational. Let B; , v; j, Si j,i =0,1,2,..., j=0,1,2, be as defined in Lemma 3.3,
and for any positive integer N, let Sy denote the region of common analyticity of B; j, v; j, i.e., Sy =
ﬂlN:O ﬂ?:o Si,j. Finally, suppose that hl(‘[.’j), i, j)ed, k=0,1,2,...N, are real constants, and define
ha.j by

N
hi (@)=Y _hi; 15, (22)
k=0

0 <t <1. Then there exists an open region Sy CSyC (—1, D)2 with |§N| > 0 such that the following
holds. For all (a, b) € §N, there exist constants p; j, i1 =0,1,...N, j=0,1,2, such that

Gl,z(l) N 2
o=|o3) [ =)D pijvijtP (23)
03,1(7) i=0 j=0
satisfies
max_|hq.j) — Kailo 1.l < CeVH (24)
(. )ed

for 0 <t < 1, where C is a constant.

3B. Analysis of Kneu. Suppose that h(t) = [h(1.2)(t), h2.3)(t), ha.1) ()17 = wtP~!, where ¢ denotes the
distance on the edge I'(; ;) from the triple junction, and w € R? and B are constants. In the following
theorem, we discuss necessary conditions on 8, w guaranteeing that Kpeu[/];, ) is a smooth function on
each edge I'; ), (i, j) € J.
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Theorem 3.5. Let Aneu(a, b, B) € R3*3 denote the matrix given by

sin (7 8) —bsin B(mr—6) bsin B(r—6,)
Apeu(a, b, B) = | —(a+b)/(14ab) sin B(w —6,) sin (7t 8) (a+b)/(1+ab)sinB(mr—03) | . (25)
—asinB(mr—6;) asint(1—63) sin (7 8)

Suppose that B is a positive real number such that det Apeu(d3,1y, d1,2), B) = 0 and let w denote a
corresponding null vector of Aneu(d3,1y, d12), B). Let h = w1, 0 <t < 1. Then Kneulhli,j) is an
analytic function of t, for 0 <t < 1, on each of the edges I'; j), (i, j) € J.

Before proceeding a few remarks are in order.

Remark 3.6. We note that det Agi;:(a, b, B) = det Apeu(a, b, B). Thus, the existence of 8, w which satisfy
the conditions of Theorem 3.5 is guaranteed by Lemma 3.3.

Remark 3.7. For a given g, if there exists a v € R3 such that Ky [vt#] is piecewise smooth then there
also exists a vector w € R such that Kyeu[wt?~1] is also a smooth function. However, the requirement
that wrf~le X implies that, for KCpey, only 8’s which satisfy g > % are admissible.

For Kgir, note that By ; =0 for j =0, 1, 2 (see the proof of Lemma 3.3 contained in Appendix A.1).
These densities are essential for the proof of Theorem 3.4, since these are the only basis functions for
which the projection of their image under Cg;; onto the constant functions are nonzero.

However, since By, ; # % the densities wo_;##07~! are excluded from the representation for the solution
to the equation Kpey[o] = h. Note that, unlike Kgir[v; ;%7 ], Kpeulw; ;#7711 i =1,2,..., j=0,1,2,
have a nonzero projection onto the constants (see Lemma B.2).

The following theorem is a converse of Theorem 3.5 under suitable restrictions.

Theorem 3.8. Consider the same geometry as in Figure 2, where 01, 65, and 03 are irrational numbers
summing to 2. Let B; j, w; ;, S;;j, i =0,1,2,..., j =0,1,2, be as defined in Lemma 3.3. Let T, ;
denote the open subset of (—1, 1)> on which Bi,j and w; ; are analytic and B; ; > % For any positive
integer N, let S7" denote the region of common analyticity of B; j, w; j; i.e., Sy = lN:ng m§:0 T; ;.
Finally, suppose that h](‘i’j), (i,j)€J, k=0,1,2,...N,are real constants, and define h jy by

N
hi gy (8) =Dkt~ (26)
k=0

O<t<l.
Then there exists an open region :S’}:,eu C S C (=1, 1) with |§R,e“| > 0 such that the following holds.
For all (a, b) € §“e“, there exist constants p; j, i =1,2,...N+1, j=0,1,2, such that

01,2() N+1 2
o=|o023(t) | = Z Zpi,jwi,jtﬂi'j_] (27)
03.1(1) i=1 j=0
satisfies
max |k, j) — Kneuloli jy| < CtV ! (28)
i, )eg

for0 <t < 1, where C is a constant.
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4. Conjectures

There are four independent parameters that completely describe the triple junction problem, any two
out of the three angles {61, 62, 65}, and any two of the parameters {d(; 2), d2.3), d3,1)} = {b. ¢, a}. Let
Y C R* denote the subset of R* associated with the four free parameters that completely describe any
triple junction given by

Y ={(1,02,a,b):0<601,00 <2m, 01 +6<2m, —1<a,b<1}. (29)

When 61, 6,, are irrational multiples of 7, and (a, b) are in the neighborhoods of a =0, b =0, and ¢ =0,
Theorems 3.4 and 3.8 construct an explicit basis of nonsmooth functions for the solutions of Kgi:[o] = h
and K,eu[o] = h and show that this basis maps onto the space of boundary data given by piecewise
polynomials on each of the edges meeting at the triple junction. However, extensive numerical studies
suggest that both of these results can be improved significantly. In particular, we believe that this analysis
extends to all (01, 6, a, b) € Y, except for a set of measure zero. Moreover, on the measure-zero set where
this basis is not sufficient, we expect the solution to have additional logarithmic singularities; including
functions of the form 77 log (t)v should be sufficient to fix the deficiency of the basis. We expect the
analysis to be similar in spirit to the analysis carried out for the solution of Dirichlet and Neumann
problems for Laplace’s equations on vicinity of corners; see [Serkh and Rokhlin 2016; Serkh 2019].

In this section, we present a few open questions for further extending Theorems 3.4 and 3.8, and
present numerical evidence to support these conjectures.

4A. Existence of B;, j. The solutions B; ;, i =0,1,2,..., j =0,1,2, are constructed as the im-
plicit solutions of det Agi:(a, b, B) = 0 (recall that det Agi-(a, b, B) = det Aneu(a, b, B)). Note that
det Agir(a, b, B) =sin (wB) -a(a, b, c; B), where « is as defined in (52). From this, it follows that §; o =1
always satisfies det Agir(a, b, B) = 0 for all 6, 6, and that By ; = O results in three linearly independent
basis functions of the form t#v since Aqgir(a, b, 0) = 0.

The remaining B; ;, i=1,2, ..., j=1, 2, are constructed in the following manner. «(a, b, c; B) simpli-
fies significantly along a =0, b =0, and ¢ =0, and the existence of B; ; which satisfy det Agi-(a, b, B) =0
is guaranteed based on the explicit construction detailed in [Hoskins 2018]. The construction then uses
the implicit function theorem to extend the existence of B; ; to a subset of (a, b) € (—1, 1)2. The implicit
function theorem is a local result and only guarantees existence in local neighborhoods of the initial
points. However, extensive numerical evidence suggests that the B; ; are well-defined and analytic for all
(a,b) € (—1,1)*> and all 6}, 6. In Figure 3, we plot a few of these functions to illustrate this result.

Conjecture 4.1. There exists a countable collection of B; ;, i = 1,2,..., j = 1,2, which satisfy
a(a, b, c; Bi j) =0. Moreover, these B; ; are analytic functions of 61, 02, a, and b for all (8, 6>, a, b) €Y.

An alternate strategy for proving this result is by making the following observation. For fixed 61, 6>,
consider the curve y,, : (m, m + 1) — R? defined by

Ym(B) == (sin B(r — 62), sin B(r — 63), sin B( — 61)), (30)

1
sin (7 B)



ON THE SOLUTION OF LAPLACE’S EQUATION IN THE VICINITY OF TRIPLE JUNCTIONS 457

17 1
4.0

0.51 0.5
3.9
1 38
37

051 05
36

14 1
1 05 0 05 1 :

Figure 3. Plots for S(a, b) which satisfy det Agi:(a, b, B) = 0 at a triple junction with
angles 0 =1//2, 6, = //3, with B(0, 0) =4 for the figure on the left, and 8(0, 0) =10
for figure on the right. In both of the figures, the solid black lines indicate sections of the
conjectured measure-zero set S defined in Conjecture 4.2.

o
=)

where m is an integer. This defines a curve in R? for which |y,,| — oo for each m. Then consider the
family of hyperboloids parametrized by (a, b) given by

b(a+b)x2_ aa+b) ,

H(x,y,z;a,b):=— T ab Txap +abz? +1=0. €2))

It follows immediately that the solutions to «(a, b, c; B) = 0 can be characterized geometrically as points
in the intersection of the hyperboloid H (x, y, z; a, b) with the curve y,,.

4B. Completeness of the singular basis. Having identified the B; ; and the corresponding null vectors v; ;
for Agir and w; ; for Apey, the second part of the proof shows that every set of boundary data which
is a polynomial of degree less than or equal to N on each of the edges has a solution to the integral
equations (14) and (15) in the v;, jtﬂ"vf' basis for Kgi and w;, jtﬂ"vf' ~1 for Kpew which agrees with the
boundary data with error O (+V*1).

This part of the proof relies on constructing an explicit mapping from the coefficients of the density o
in the v;, jtﬁi’f to the coefficients of Taylor expansions for Cgi:[o]. Then, alonga =0, b =0, or c =0,
based on the results in [Hoskins 2018], we show that this mapping is invertible along these edges. It then
follows from the continuity of determinants that the mapping is invertible for open neighborhoods of
the line segments a =0, b = 0, ¢ = 0. This implies that in the basis v;, jtﬂi«/ there exists a o such that
|Kaic[lo] — k| < OV 1) for all boundary data f in the space of polynomials with degree less than or
equal to N.

While we prove this result for an open neighborhood (a, b) of the line segments a =0, b =0, ¢ =0,
when the angles 61, 6, are irrational multiples of 7, we expect the bases to have this property for all
(61, 62, a, b) € Y except for a measure-zero set. Moreover, this measure-zero set is the set of (61, 62, a, b)
for which the multiplicity of B; ; as a repeated root of det Agi;(a, b, B;, ;) = 0 is not the same as the
dimension of the null space of Agi;(a, b, B; ;).
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Conjecture 4.2. Suppose that Conjecture 4.1 holds; i.e., B; j : Y — R are analytic functions. Suppose

further that h'(‘l.’j), (i,j)ed, k=0,1,2,...N, are real constants, and suppose that

N
hi (@) =Y _hi; 15, (32)
k=0

0 <t < 1. Then there exists a measure-zero set S such that for all (61, 62, a, b) € Y \ S the following result
holds. There exist constants p; j, i =0,1,...N, j=0,1,2, such that

01,2(1‘) N 2
o= [ =D pijvijth (33)
03,1(1) i=0 j=0
satisfies
max_|h j) — Kailo]g. )| < CtV ! (34)
i, ))ed

for 0 <t < 1, where C is a constant.

In Figure 3, we plot sections of the zero measure set on which Conjecture 4.2 does not hold.

5. Discretization of (14) and (15)

In this section we discuss a numerical method for solving (14) and (15) for the unknown densities o, p
which exploits the analysis of their behavior in the vicinity of triple junctions. There are two general
approaches for discretizing these integral equations: Galerkin methods, in which the densities p and o are
represented directly in terms of appropriate basis functions, and Nystrom methods, where the solution is
represented in terms of its values at specially chosen discretization nodes. In this paper, we use a Nystrom
discretization for solving (14), though we note that the expansions in Theorems 3.4 and 3.8 can also be
used to construct efficient Galerkin discretizations.

In [Bremer et al. 2010], the authors developed a Nystrom discretization for resolving the singular
behavior of solutions to integral equations in the vicinity of corners. In this approach, the authors obtain a
basis of solutions to the integral equation in the vicinity of the corner by solving a small number of local
problems. Based on these families of solutions, discretization nodes capable of interpolating the span of
these solutions, coupled with quadratures for handling far-field interactions (inner products of the basis of
solutions with smooth functions), and special quadratures for handling near interactions (for resolving the
near-singular behavior of the kernel in the vicinity of the corner) are developed. This approach was later
specialized for the solution of Laplace’s equation on polygonal domains to obtain universal discretization
nodes, and quadrature rules [Bremer and Rokhlin 2010].

Recent advances in the analysis of integral equations for Laplace’s equation have provided analytic
representations of solutions to integral equations in the vicinity of the corners [Serkh and Rokhlin 2016;
Serkh 2019], obviating the need for obtaining the span of solutions in the vicinity of corners through
numerical means. Based on the approach above, these analytical results have been exploited to construct
universal discretization and quadratures for solutions in vicinity of corners [Hoskins et al. 2017]. Below
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we briefly discuss the construction of the Nystrom discretization in [Hoskins et al. 2017]. Let F denote
the family of functions

F={t? forall e {0}U[4,50], 0 <t <1}. (35)

Then there exist ¢; € [0, 1], w; > 0, an orthogonal basis ¢ (1), j=1,2,..., kap =36, and a kap X kap
matrix V whose condition number is O (1), with the following features. For any f € F, there exists c¢;

such that
kas

‘f(t) = i)

j=1

<é&. (36)
12[0,1]

Let f; = f(t;) /w; denote the samples of the function at the discretization nodes scaled by the square
root of the quadrature weights. The matrix V maps f; to its coefficients c; in the ¢; basis. Finally the
weights w; are such that

<e. (37)

1 kap 1 kaB
'f fydi =" fiwy| = ‘/ f@dt =Y ftpw,

0 = 0 o
Specialized quadrature rules for handling the near-singular interaction between corner panels which
meet at the same vertex are also constructed. The Dirichlet problem for Laplace’s equation can then be
discretized using panels with scaled Gauss—Legendre nodes for panels which are away from corners, and
using scaled nodes ¢; for panels at corners.

In the vicinity of triple junctions, the behavior of the solution o of (14) can be represented to high-order
as a linear combination of functions in F. Thus the discretization for the Dirichlet problem discussed above
can be used to obtain a Nystrom discretization for (14). Unfortunately, the same is not true when solving
(15), since the singular behavior of p is not contained in the span of F. In particular, the leading-order
singularity in p is of the form ¢#, where 8 € (—%, 0). The nature of the singularity of p is similar to the
singular behavior of solutions to integral equations corresponding to the Neumann problem on polygonal
domains.

Recall that (15) is the adjoint of (14). Thus, formally, one could use the transpose of the Nystrom
discretization of (14) to solve (15). Specifically, if p = {p; }9’:1 are the unknown values of p at the
discretization nodes, and g = {g j}ﬂ.vzl denote the samples of the boundary data for (15) at the discretization
nodes, then we solve the linear system

M'p=3, (38)

where M is the matrix corresponding to Nystrom discretization of (14). The solution p is a high-order
accurate weak solution for the density p which can be used to evaluate the solution to (15) accurately
away from the corner panels of the boundary I". This weak solution can be further refined to obtain
accurate approximations of the potentials in the vicinity of corner panels through solving a sequence of
small linear systems for updating the solution p; in the vicinity of the corner panels. This procedure is
discussed in detail in [Hoskins and Rachh 2020].
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Figure 4. Discretization of geometry along with material parameters w;, v; (left), the
panels at corners/triple junctions are indicated in red; exact solution u ; in the domains
(center), and log,, of the absolute error in the solution (right). The geometry consists of
7 vertices, 8 edges, 3 regions, and is discretized with 768 points. In order for the solution
of the linear system to converge to a residual of 10~'%, GMRES required 35 iterations
for (14) and 48 iterations for (15).

6. Numerical examples

We illustrate the performance of the algorithm with several numerical examples. In each of the problems let
¢ denote the exterior domain and £2;, i =1, 2, ... N,, denote the interior regions. Letc; s, k=1,2,...10,
denote points outside of the region 2; for j = 1,2,... N,. The results in Sections 6B and 6C have
been computed using dense linear algebra routines, while the results in Sections 6A and 6D have been
computed using GMRES where the matrix vector product computation has been accelerated using fast
multipole methods [Greengard and Rokhlin 1986].

6A. Accuracy. In order to demonstrate the accuracy of our method we solve the PDE with boundary data
corresponding to known harmonic functions using our discretization of the integral equation formulation.
We set u(x) = Z,ﬁl log |x —cj | and set u = 0 for x € 9. We then compute the boundary data

ey i dur iy
an "8
and solve for o, p. Given the discrete solution for o, p, we compare the computed solution and plot the

error in the computed at targets in the interior of each of the regions. In Figures 4 and 5, we demonstrate
the results for two sample geometries.

fi = meiyiey — Mriylriys & = MeG) (39)

Remark 6.1. Note that we do not use special quadratures for handling near boundary targets which is
responsible for the loss of accuracy close to the boundary. For panels away from the corner, the potential
at near boundary targets can be computed accurately using several standard methods such as quadrature
by expansion, or product quadrature; see [Klockner et al. 2013; Helsing and Ojala 2008b; Barnett et al.
2015]. In order to evaluate the solution at points lying close to a corner panel, a different approach
is required. A detailed description of a computationally efficient algorithm for evaluating the solution
accurately arbitrarily close to a corner is presented in [Hoskins and Rachh 2020].
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Figure 5. Discretization of geometry along with material parameters u;, v; (left), the
panels at corners/triple junctions are indicated in red; exact solution u; in the domains
(center), and log,, of the absolute error in the solution (right). The geometry consists
of 20 vertices, 24 edges, 5 regions, and is discretized with 1952 points. In order for
the solution of the linear system to converge to a residual of 10~!%, GMRES required
22 iterations for (14) and 28 iterations for (15).

6B. Condition number dependence on p, v. In this section, we discuss the dependence of the condition
number of the discretized linear systems as a function of the material parameters of the regions. Recall
that the condition number of a linear system A, which we denote by x(A), is the ratio of the largest
singular value spax to the smallest singular value sy, i.€., K (A) = Smax/Smin- As discussed in Section 3,
for fixed angles the integral equation and the analytical behavior of integral equations (14) and (15) are
solely a function of d(1 2, d(2,3), d(3,1) defined in (19). Furthermore, d(; ») can be expressed in terms of
d@3,1y, d2,3) which are contained in the interval (—1, 1). As before, let a =d3,1) and b = d» 3). Since the
discrete linear system corresponding to (15) is the adjoint of the linear system corresponding to (14), it
suffices to study the condition number for either linear system.

In Figure 6, we plot the condition number of the discretization of (14) as we vary (a, b) € (—1, 1)? by
holding the values of w in each of the regions to be fixed. In particular, we set u; = 0.37, u, = 0.81,
u3 =1, and v3 = 0.77. The constants v{, v, can then be defined in terms of (a, b) as

vl 1+a vsur 1 —b
V) = T -
us 1—a us 1+b

(40)

We note that the problem is well-behaved for almost all values of (a, b) and becomes ill-conditioned
as we approach the lines b = —1 and a = 1. This behavior is expected since the underlying physical
problem also has rank-deficiency along these limits since these values of the parameters correspond to
interior Neumann problems in regions 1 and 2 respectively.

6C. Condition number dependence on angles at the triple junction. In this section we discuss the
dependence of the condition number of the discretized linear systems as a function of the angles at the triple
junction. Let 61, 6,, 65, denote the angles at the triple junction; then 8; + 6> + 63 = 2m. The three angles
at any triple junction can be parametrized by 6, 6, in the simplex {(6;, 62) : 61 > 0,6, > 0,0, + 6, <27 }.
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Figure 6. Left: discretization of geometry and material parameters w, v as a function
of a, b. Right: condition number as a function of (a, b) with u; = 0.37, u, = 0.81,
w3 =1, and v3 =0.77.

Suppose that we split this simplex into four regions as shown in Figure 7. By symmetry it suffices to vary
the angles (61, 6) € (0, )?.

The physical problem as either of the angles approach 0 or 27 becomes increasingly ill-conditioned
due to close-to-touching interactions on the entire edge (not just near the corner). In order to avoid these
issues and to automate geometry generation as we vary the angles 61, 6>, we use two different types of
geometries for regions I and IV, which are shown in Figure 7.

Resolving the close-to-touching interactions has numerical consequences as well; due to the increased
number of quadrature nodes required as the angles tend to 0 in the universal quadrature rules. In order for
the universal quadrature rules to remain efficient, they are generated for the range (9;, 6;) € (%, 2w — %)
Regions with narrower angles should be handled on a case-by-case basis and regions with careful
discretization of the boundary should be coupled with special purpose quadrature rules which account for
the specific singular behavior of the solutions in the vicinity of triple junctions. In Figure 7, the top right
missing corner corresponds to 63 € (0, 7).

Referring to Figure 7, we observe that the condition number of the discrete linear systems varies mildly
as we vary the angles 61, 6>, with a maximum condition number of 2.8. The discontinuity in the plot is
explained by the different choice of geometries for regions I, IV.

6D. Application: polarization computation. In this section, we demonstrate the efficiency of our ap-
proach for computing polarization tensors for a perturbed hexagonal lattice with cavities. The polarization
computation corresponds to the following particular setup of the triple junction problem, w; = 1,
fi =0, v; = ¢;, where ¢; denotes the permittivity of the medium, and g1(x) = (g¢¢) — &-))n1(x)
or g2(x) = (&¢i) — &r(i))N2(x), where x = (x1,x2) € I';, n(x) = (n1(x), n2(x)), and &), &(;) are the
conductivities of the regions on either side of the edge I';. If u; is the solution corresponding to g; and
uy is the solution corresponding to g;, then the polarization tensor P is the 2 x 2 matrix given by

p_ |:fr x1-(0uy/on)ds frxz-(aul/an)dsi| .

~ Lfpx1- Qua/dn)ds [ xp- (uz/0n)ds “D
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Figure 7. Regions I-IV in (01, 6;) simplex (top left); condition number of discretized
linear system corresponding to (14) as a function of (61, 6,) (top right); sample domain
for (01, 62) in region I (bottom left); sample domain for (8, 6;) in region IV (bottom
right).

Note that in this particular setup, we only need to solve the problem corresponding to the operator Kyey,
as the solution o for Kyi;[o] = 01is 0 = 0. Let p;, po» denote the solutions of (15) corresponding to
boundary data g; and g, respectively. Using properties of the single-layer potential, the integrals of the
polarization tensor can be expressed in terms of p as

_[Jexi-prds Jpx2-prds
pP= . (42)
Jrxi-p2ds [rx2-p2ds

We compare the efficiency of our approach to RCIP, which to the best of our knowledge is the state-
of-the-art method for such problems. The geometry is generated using a regular hexagonal lattice inside
the unit square whose vertices are perturbed in a random direction by a tenth of the side length, and the
permittivity € is region i is given by 10, where c; is a uniform random number between [—1, 1]. The choice
of parameters for the problem setup is identical to the setup in Section 11 in [Helsing and Ojala 2008a].

We discretize the geometry with 3 panels on each edge of roughly equal size, and the reference solution
is computed using 5 panels on each edge. The geometry contains 10688 vertices, 15855 edges, and 5189
regions. There are 1395240 degrees of freedom for the coarse discretization (approximately 88 degrees
of freedom per edge) and 1902600 degrees of freedom for the reference solution. These discretizations
required 131 iterations for GMRES to converge to a relative residual of 107!, and the absolute error in
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Figure 8. Material parameters v; for each of the regions (left), exact solution u; in
the domains (center), and log;, of the absolute error in the solution (right). The
geometry consists of 10688 vertices, 15855 edges, 5189 regions, and is discretized
with 1395240 points. In order for the solution of the linear system to converge to a
residual of 107'%, GMRES required 138 iterations for (14), and 130 iterations for (15)
in the accuracy tests, and 131 and 130 iterations (for g;, and g, respectively) for (15)
in computing the polarization tensors.
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the polarization tensor when compared to the reference solution is 5.1 x 107! In comparison, RCIP
using approximately 71 degrees of freedom per edge in a hexagonal lattice with 5293 inclusions obtained
an accuracy of 2 x 10™!# in computing the 2, 2 entry of the polarization matrix and required 105 GMRES
iterations to converge.

The polarization tensor for this configuration, correct to 13 significant digits, is given by

_ | —0.038291586646 —0.004056508957 43)
~ | —0.004056508957  0.045585776453 |

In Figure 8, we plot the material parameters v;, an analytical solution generated using a process similar to
the one described in Section 6A, and the error in the computed solution using our discretization.

Remark 6.2. We note that the performance of our approach is close to current state of the art methods
such as RCIP [Helsing 2013]. In our examples, further improvements in speed can be achieved using
additional compression techniques to reduce the degrees of freedom in the resulting linear system [Bremer
et al. 2015; Greengard et al. 2009].

7. Concluding remarks and future work

In this paper we analyze the systems of boundary integral equations which arise when solving the Laplace
transmission problem in composite media consisting of regions with polygonal boundaries. Our discussion
is focused on the particular case of composite media with triple junctions (points at which three distinct
media meet), though our analysis extends to higher-order junctions in a natural way.

We show that under some restrictions the solutions to the boundary integral equations corresponding
to a triple junction are well-approximated by a linear combination of powers t#/, where ¢ denotes the
distance from the corner along the edge, and the 8;, j = 1,2, ..., form a countable collection of real
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numbers obtained by solving a certain equation depending only on the material properties of the media
and the angles at which the interfaces meet.

In addition to the theoretical interest of the result, our analysis also enables an easy construction of near-
optimal discretizations for triple junctions. In particular, RCIP, which is the leading method for solving
electrostatic problems on multiple junction interfaces, requires approximately 71 discretization nodes
per edge to compute solutions to near machine precision accuracy, whereas our proposed discretization
achieves an accuracy of 5 x 107! using roughly 88 discretization nodes per edge. Finally, we illustrate
the properties of this discretization with a number of numerical examples.

The results of this paper admit a number of natural extensions and generalizations. Firstly, the analysis
outlined in this paper extends almost immediately to junctions involving greater numbers of media.
However, the construction of an efficient Nystrom discretization of higher-order junctions requires special
care since the solutions to corresponding integral equations are not [ functions on the boundary; in fact the
solutions are known to be IL! functions on the boundary [Helsing 2011]. Secondly, with a small modification
a similar analysis should be possible for boundary integral equations arising from triple junction problems
for other partial differential equations such as the Helmholtz equation, Maxwell’s equations, and the
biharmonic equation. This line of inquiry is being vigorously pursued and will be reported at a later date.

Finally, a similar approach will also work for generating discretizations of triple junctions in three
dimensions. This is particularly valuable since geometric singularities in three-dimensions can often
result in prohibitively large linear systems. Accurate discretization with few degrees of freedom would
greatly improve the size and complexity of systems which could be simulated.

Appendix A. Analysis of /Cg;,

First we present the proof of Theorem 3.2. In order to do so, we require the following technical lemma
which describes the double-layer potential defined on a straight line segment with density s# at an arbitrary
point near the boundary. Here s is the distance along the segment.

Lemma A.1. Suppose that I is an edge of unit length oriented along an angle 6, parametrized by
s(cos (@), sin(0)), 0 < s < 1. Suppose that x = t(cos (6 + 6y), sin (0 4 6p)) (see Figure 9) where
0<t<1,andx &T. Suppose that o (s) = sP for 0 < s < 1, where B > 0. If B is not an integer, then

o0

_sin(B(@—00) g, 1 sin (k6p)
Prlol) == Gnp) | T 2x ; p—k 49
If B = m is an integer, then
_ (r —6p) cos (mb) ,, B sin (m6o) ,, i >, sin (ko)
Drlo](x) = = t S "log () + ; — (45)
k#m

In the following lemma, we compute the potential Kgi;[v¢#], in the vicinity of a triple junction with
angles 6, 6», 65, and material parameters d = (d(1,2), d(2,3). d(3,1)), Where v € R3 and B are constants
(see Figure 2).
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Figure 9. Illustrative figure for geometry in Lemma A.1.

Lemma A.2. Consider the geometry setup of the single vertex problem presented in Section 3. For a
constant vector v € R>, suppose that the density on the edges is of the form

01,2
o= |03 |= vtﬂ. (46)
03,1
If B is not an integer, then
1 =1
Kairlo] = —=——Adair(ds.1, di 2, B)vtP ——Cd, kv, 47
o) = — 5o Adn(da i, Bv +k§ﬂ—’< d, kyv (47)
where Agir is defined in (21) and
1 0 —d(l,z) sin (k@z) d(l’z) sin (k@])
C(d, k) = 2— d(2,3) sin (k@g) 0 —d(2’3) sin (k93) . (48)
b4 . .
—d(3,1) sin (k@l) d(3,1) sin (k93) 0

If B = m is an integer, then

(—D™ m — 1 m
Kairlo'] = = Adgic(ds 1, d1.o, m)ot" log (1) + Y ———C(d, kyot"* + Caiag(d, m)ve™,  (49)
Em
where
Cdiag(d» m)
1 /4 d(1,2) (7w — 62) cos (mby) —d(1,2)(w — 01) cos (mb)
= —5— | —dey(r —62) cos (mb) m d2.3)(m —63) cos (m63) | . (50)
d(371)(7'[ — 91) COS (m91) —d(3,1)(7'[ — (93) CcoS (m93) b3

Proof. The result follows from repeated application of Lemma A.1 for computing D n).¢, )0, j)- U

The proof of Theorem 3.2 then follows immediately from Lemma A.2.

We now turn our attention to the proof of Lemma 3.3, which provides a construction of 3, v satisfying
the conditions of Theorem 3.2. In order to do that, we first observe that if one of a, b, or c is 0, then the
expression of det Ag;; simplifies significantly, and there exists an explicit construction of B satisfying
det Agir(a, b, B) =0. Recall that we interchangeably use the following variables for the material properties:
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(a,b,c)=1(ds,1,d1,dr3). Having established the existence of analytic 8, v on a 1-dimensional manifold
which is a subset (a, b) € (—1, 1)2, we now analytically continue these values of f, v to carve out the
open region S on which 8, v can be analytically extended. This proof is discussed in Appendix A.1.

Al. Existence of B, v satisfying Theorem 3.2. The determinant of the matrix Ay (a, b, B) is given by
det Agir(a, b, B) =sin (wB) a(a, b, c; B), (51)

where ¢ = —(a + b)/(1 + ab), and
ala, b, c; B) = sin? (7 B) + be sin® (B(r — 62)) +acsin® (B(r — 63)) +absin® (B(r —6)).  (52)

Given the formula above, for all (a, b) € (—1, 1)*> when 8 =m > 0 is an integer, det Agi:(a, b, ) =0.
When m # 0, the matrix Agj; has rank 2, since the matrix is similar to an antisymmetric matrix and is not
identically zero. The null vector v of Agi:(a, b, m) is given by v,, = [sin (m63), sin (m6), sin (mo)]";
i.e., the pair (m, v,,) always satisfies (21). When g =0, Agi:(a, b, ) = 0 and hence for any v € R3, the
pair B, v satisfies (21). Based on this observation we set

Bmo=m, Vo= [sin(mb3),sin (mb), sin(mo)1", Sno= (-1, 1)

Boo=0, woo=1I1,0,0]", So.0 = (=1, 1)?, 53
Bio=0, wv10=10,1,0]", So.1 = (—1,1)%,
Bro=0, v0=10,01]", Soo = (=1, 1)%.

We now turn our attention to constructing the remaining f; ;, the corresponding vectors v; ;, and
their regions of analyticity S; ;, i = 1,2,..., j = 1,2. From (51), the remaining values of S, ;
as a function of the material parameters (a, b) are defined implicitly via the roots of the equation
a(a, b, c(a,b); Bi j(a, b)) =0, where c = —(a + b)/(1 +ab) and « is defined in (52).

It turns out that the implicit solutions S(a, b) of «(a, b, c(a, b); B(a, b)) =0, are known when a =0,
b =0, or c = 0. This gives us an initial value for defining g; ; in order to apply the implicit function
theorem, and extend it to a region containing the segments a = 0, b = 0, or ¢ = 0. Given this strategy, let
Ri,...,Re C (—1,1) x (—1, 1) be defined as follows (see Figure 10):

Ry ={(x,0):x > 0}, (54)
Ry ={(—x,0):x > 0}, (55)
R; ={(0,x) :x > 0}, (56)
Ry ={(0, —x) : x > 0}, (57)
Rs ={(—x,x):x >0}, (58)
Re ={(x, —x) : x > 0}. (59)

In the following, we will consider only the segment R;, and construct an open region Sl{ ;C (=1, 1)?
which contains Ry on which we define a family of functions B; j(a, D) : Sl.{ i~ R, j = 1,2, which
satisfy the conditions of Lemma 3.3. Analogous results hold for the open sets containing the remaining
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1,-1) (1,1)

-L-1 “ 1,-D

Figure 10. Illustration of the edge segments R;, i = 1,2, ...6, and a typical region of
analyticity of B; ; denoted by Sl.{ j

segments Ry, R3, ... Re with almost identical proofs. The region of analyticity for §; ; is then given by

Si.j = Uiz SE;-
Definition A.3. For (¢,0) e Ryandi =1,2... let B; 1(a, 0) be the solution to the equation
sin (7 B;,1) = —asin (B;1(w — 63)) (60)
such that
lim B; 1(a,0) =1i. (61)
a—0
Similarly, fori =1, 2, ... let 8;2(a, 0) be the solution to the equation
sin (77B;,2) = a sin (B 2(w — 63)) (62)
such that
lim B; 2(a, 0) =1i. (63)
a—0
The existence of B; ; fori =1,2,... and j = 1, 2 satisfying these conditions is guaranteed by the

following Lemma A.4, proved in [Hoskins 2018].

Lemma A.4. Suppose that § € R, 0 < |8] < 1, and 6 € (0, 27) and 0 /7 is irrational. Consider the

equations
sin(rz) = 8 sin(z(w — 0)).

Then there exist a countable collection of functions zii ), i=1,2,...,suchthat
(1) sin’(mz;"(8)) = 8% sin*(z"(8)(r — 0)) forall § € [0, 1],and i = 1,2, ...,
(2) the functions zijE are analytic in (0, 1),

(3) lims—o 2" (8) =1,

4) zH(8) > i and z; (8) <i forall § € (0, 1).
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The following lemma extends the domain of definition of the functions g; ;, j = 1, 2, to some open
subset Si1 j containing R;.

Lemma A.5. Suppose 6y, 6, and 03 are positive numbers summing to 2, and 01 /7, 0, /7, and 63 /7 are
irrational numbers. Suppose that B; j are defined as above fori =1,2,... and j =1,2. Fora € (0, 1),
the function B; j satisfies

a(a,0, —a; B ;) =0. (64)

Moreover, there exists a unique extension of B; j to an analytic function of (a, b) on an open neighborhood
Ri C S}, C (=1, 1)* which satisfies

a(a, b, c(a,b); Bi.j) =0. (65)
Proof. We begin by observing that, for j =1, 2, ; ; satisfies

a(a,0,—a; B j) = —a’sin*(B; ; (m—63))+sin*(7p; ;) =0,

dor ) . (66)
ﬁ(a’ 0, —a; Bi,j) =2(—(w—63)a’sin(B;,j (r —03)) cos(B;, ; (T —63))+7 sin(zB;, ;) cos(mB;. ;).
Upon multiplication by
g(a; B) = (m —63)a” sin(B( — 63)) cos(B(r — 03)) + 7 sin(B) cos(B)
and using (66) we get
gla; B j)g—/‘;‘<a, 0. —a; Bi.j) = =2sin’ (@i ;) (1° — a*(r — 63)> — (° — (w — 63)°) sin” (7w, ;).

which does not vanish for all @ > 0. Thus by the implicit function theorem, there exists an analytic extension
of B; ; to a neighborhood (a, b) € Ry C Sil,j C (=1, 1) which satisfies a(a, b, c¢(a, b); Bi.j) =0. Il

The following theorem establishes the analyticity of the null vectors of Agi:(a, b; B) in a neighborhood
of R when ,3 = ,Bi,j.

Theorem A.6. Foreach j=1,2,andi =1,2, ..., the matrix Agi(a, b, B; ;) defined in (21) has a null
vector v; j whose entries are analytic functions of (a, b) on Sl.{ j

Proof. Since B; ; is such that the matrix Agi:(a, b, B;, ;) is singular, it has a null vector v; ;. Moreover,
as long as (a, b) # (0,0) and B; ; is not an integer, the matrix Ag;, has rank at least 2. Thus 0 is an
eigenvalue of Agir(a, b, B;, j(a, b)) with multiplicity 1 for all (a, b) € Sil, IE Since the entries of the matrix
Agir are analytic functions of (a, b), we conclude that the entries of v; ; are analytic on Sl.l. U

Finally, each Sl{" i is an open subset containing the segments R¥, k=1,2,...6. Then Sij= U,f:l S{f i
is an open subset of (—1, 1)? containing | JS_, Ry. Thus, for any finite N, |, ﬂ?zo Si.j| > 0.
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A2. Completeness of density basis. Recall that for any §, v which satisfy the conditions of Theorem 3.2,
and o = vtP, the potential ICgi:[o] corresponding to any of these densities is an analytic function. In
order to show that the potential corresponding to a particular collection of g8, v span all polynomials of a
fixed degree on all the three edges meeting at the triple junction, we explicitly write down the linear map
from the coefficients of the density in the v¢# basis to the coefficients of Taylor series of the potentials
on each of the edges using Lemma A.2. We then observe that this mapping is invertible along the line
segments corresponding to a =0, b =0, or ¢ = 0, and since the mapping is an analytic function of the
parameters (a, b), it must also be invertible in an open region containing the segments a =0, b =0 or
¢ = 0. This part of the proof is discussed in this section.

For any integer N > 0, let §N, denote the common region of analyticity of 8; j,v; ;, j =0,1,2,
i=0,1,2...N;ie., Sy = U,?:l Slli,, where Slli, = ﬂlN:O ﬂ?zo Sfj. By construction, R; C SZJ;, for all N.
We now prove the result Theorem 3.4 in one of the components of Sy, say S}V. The proof for the other
components follows in a similar manner.

Let p; = [pi.o, pi1, pi2)’, and suppose that

N 2
o(t)y=> "> pijvi it/ (67)

i=0 j=0
Then, using Lemma A.2, since f; ;, v; ; are such that Agi-(a, b, B; ;) - v; j =0, the potential corresponding

to this density on the boundary (I'(1 2), I'2,3), I'3,1)) is given by

u(l’z)(l) N N

1.3 () =Z(Z B;; -p,->|r|l'+0(|z|N“>, (68)

u(g,l)(t) i=0 “j=0

where B; ; are the 3 x 3 matrices given by

1 . 1 . 1 . e .
[,Bj,o—iC(d’l)v”O —ﬁj,1—ic(d’l)v1’l j,z—ic(d’l)vf’z] ifi #j,
Bi,j = [Cdiag(d,i)vj,o 'll—l'C(d’ l')l)j,l 'zl—iC(d’ i)vj,2:| ifi=j#0, (69)
J. j,
[ Caiag(d, v 0 ‘ Caiag(d, i)V ‘ Caiag(d, i)V, | ifi =j=0.

Let B denote the 3(N + 1) x 3(N + 1) matrix whose 3 x 3 blocks are given by B; ;, i, j =0,1,2,..., N.
Recall thaton R, C SL,, b =0, Bio =1, Bi1, satisfies sin (7w f; 1) = —a sin (B;,1(w — 63)), Bi 2 satisfies

sin (B 2) = asin(B;2(wr —63)), i =0,1,2..., and the corresponding vectors v; ;, i =0,1,2...,

j=0,1,2, are given by

sin (i03) 1

vio=—|sin(if) |, vi1=—7 . Vio=—0| 1], (70)

i | sin (i65) V2| V2|

where

ni = v/sin? (i6)) + sin? (i6,) + sin2 (i63). (71)
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Furthermore, the matrices C and Cyi,g defined in (48), and (50) respectively also simplify to

u 0 0 0
C = | sin (m0;) 0 —sin (m63) |, (72)
—sin (m6q) sin (m63) 0
1 b4 0 0
Ciiag = —z— | a(mw — 602) cos (mb,) b4 —a(mw —63) cos (mbs3) | . (73)
a(mwr —0p) cos (mB;) —a(mwr — 03) cos (m0Os) T

Let u(1,2),i, u2,3),i» 43,1, denote the coefficient of |t|’ in the Taylor expansions of u(1,2), 4(2,3), U@3,1)
respectively. Let P denote the permutation matrix whose action is given by

Po.o | D0.,0 ]
Po.1 P10
Po.2 :
P10 PN.,0
P Po,1
b2 P1’1
P = h (74)
PN.1
Po.2
P12
PN,0 .
PN.1
| PN.2 ] | PN.2 |
Then along R;, the matrix PBPT is demonstrated in Figure 11.
The matrices Dy, D, are diagonal and are given by
sin (63) m
sin (293) 1 n2
D= o Da=—3 - (15
sin (N — 1)63) nN-1
sin (N63) NN
The matrices C1, C, are Cauchy matrices whose entries are given by
C C 1 (76)
Li,j = ) 2,i,j = .
Y Ba— Y Bia—

Since we have assumed 6, /7, 6, /7, 03 /7, to be irrational, we note that n; > 0 and that sin (m83) # 0 for
all m # 0. Thus, the diagonal matrices D;, D, are invertible. Furthermore on (a, 0), neither of ;| or
Bi o take on integer values by Lemma A.4. Thus, the Cauchy matrices C;, C; are invertible.
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1. N i 2N +1)

1. ]-12

-1/2 0 q 0 :l

D chl q —D1C2 N

QN+ 1)

-q 0 -12 0 I

93 DICI qs D1C2 N

e N s N

Figure 11. Structure of the matrix PBPT.

Let T denote the bottom-right 2(N + 1) x 2(N + 1) block. Then from the structure of PBPT and the
fact that the diagonal matrix D D; is invertible, it is clear that B is invertible if and only if 7 is invertible.

Remark A.7. The matrix 7T is the mapping from the coefficients of the singular basis of solutions for
the transmission problem with angle w63 and material parameter a to the corresponding coefficients of
the Taylor expansion of the potential on the edges (2, 3), (3, 1). The invertibility of 7" follows from the
analysis in [Hoskins 2018]. We present the proof here in terms of the notation used in this paper.

Upon applying an appropriate permutation matrix P, to 7 from the right and the left, we note that

I ¢ 0 0
1

- - 0 0
pTPI =| "9 72 . 77
2 q q4 DICy —D1Cy 7

g g5 D1C1 D1

The matrix PZTPZT is invertible if and only if its bottom-right 2N x 2N corner is invertible. Let Iy
denote the N x N identity matrix; then the bottom right corner of P2TP2T factorizes as

D, 0 Iy —Iy|]|C; O
ol Tl ) ®
which is clearly invertible since the matrices D1, Cy, C; are invertible.
Finally, using all of these results, it follows that the matrix B is invertible for all (a, 0) = R;. Since all

of the quantities involved are analytic, on every compact subset of S\, we conclude that the matrix B is
invertible in an open neighborhood R; C Szlv cSs 11\, By construction |511v| > 0.
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Appendix B. Analysis of Cyey

All the proofs for the analysis of Ky, are similar to the corresponding proofs of gi;. We only present
the analogs of Lemmas A.1 and A.2.

In the following lemma we present the directional derivative of a single-layer potential defined on
straight line segment with density s? at an arbitrary point near the boundary. Here s is the distance along
the segment, at an arbitrary point near the boundary.

Lemma B.1. Suppose that T is an edge of unit length oriented along an angle w6, parametrized by
s(cos (A), sin (0)), 0 <s < 1. Suppose x =t(cos (0+8p), sin (0+6p)) and n = (— sin (0+6y), cos (6+6p))
(see Figure 9) where 0 <t < 1, and x & T. Suppose that o (s) = sP~! for0 <s < 1, where B > % If B is
not an integer, then

sin(B(r —60)) 4 1 = sin(kbp) ,_
VS n=———— _pt N kel 79
o)) m 2sin (7f) 2nk2:1: p—k 7
If B = m is an integer, then
—6 6 in (m6 1 o sin (k6
VSrlo] () -n = — T cos (m O)I’"_]—l-mtm_llog(t)——Zwtk_l. (80)
2 2 = m—k
k#m

In the following lemma, we compute the potential at a triple junction with angles 7 6;, 76,, w63, and
material parameters d = (d(1,2), d2,3), d3,1y) (see Figure 2).

Lemma B.2. Consider the geometry setup of the single vertex problem presented in Section 3. For a
constant vector v € R3, suppose that the density on the edges is of the form

01,2
o= |03 |= wtﬂ_l. (81)
031
If B is not an integer, then
=1
Kairlo] = —=————Aneu(ds.1, d1 2, Bwt? =Y ——C(d, Hywt* ", 82
o] = — 5o Aneu(da o, pw ];ﬁ_k d, bw (82)
where Apey is defined in (25), and C(d, k) is defined in (48). If B = m is an integer, then
(=n"

o0
1
Kneulo'] = Anca(ds,1, d o, mywe" log (=) | ——-C(d. kywr* ™" —Caiag(d, mywt" ™", (83)

k=1
k#m

2w
where Ciyg is defined in (50).

Proof. The result follows from repeated application of Lemma B.1 for computing Dzkl’ my:(i ) OG- U

The proof of Theorem 3.5 then follows immediately from Lemma B.2.
In the following lemma, we prove that 8; ;, S; ;, i =1,2,..., j =0, 1,2, defined in Appendix A.l
satisty B; j(a, b) > % for all (a, b) in an open subset T; ; C §; ;.
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Lemma B.3. Suppose that B; ;, S; j, i=1,2,..., j=0,1,2, are as defined in Appendix A.1. Then there
exists an open subset T; ; C S; j such that B; j(a, b) > % forall (a, b) € T; ;. Moreover for any N > 0,
N M=o 1Tl > 0.

Proof. Since B;o = i, the statement is trivially true with 7; ; = (=1, 1)2. Since B;, ji= zl.i((S, 6) on
a=0,b=0, or c =0, for appropriate parameters d, 6, we conclude that g; ; > %, ona=0,b=0,or
c=0,fori=1,2,..., j=1,2. Since B; ; are analytic on §; ;, there exists an open subset containing the
segments a =0, b =0, or ¢ =0, which we denote by T; ;, such that 8; ;(a, b) > % forall (a, b) € T; ;. Since
each T; ; is an open subset of (—1, 1)? containing U,?:l Ry, we conclude that |ﬂlN:J§1 ﬂ?zo T.;| >0. O
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ENHANCED CONVERGENCE RATES AND ASYMPTOTICS
FOR A DISPERSIVE BOUSSINESQ-TYPE SYSTEM
WITH LARGE ILL-PREPARED DATA

FREDERIC CHARVE

We obtain, for a stratified, rotating, incompressible Navier—Stokes system, generalized asymptotics as the
Rossby number ¢ goes to zero (without assumptions on the diffusion coefficients). For ill-prepared, less
regular initial data with large blowing-up norm in terms of ¢, we show global well-posedness and improved
convergence rates (as a power of ¢) towards the solution of the limit system, called the 3-dimensional
quasigeostrophic system. Aiming for significant improvements required us to avoid as much as possible
resorting to classical energy estimates involving oscillations. Our approach relies on the use of structures
and symmetries of the limit system, and of highly improved Strichartz-type estimates.

1. Introduction

1.1. Geophysical fluids. The primitive system (also called primitive equations; see for example [Chemin
1997; Babin et al. 2001]) is a rotating Boussinesq-type system used to describe geophysical fluids located
at the surface of the Earth (in a large physical extent) under the assumption that the vertical motion is
much smaller than the horizontal one. Two phenomena exert a crucial influence on geophysical fluids:
the Coriolis force induced by the rotation of the Earth around its axis and the vertical stratification of the
density induced by gravity. The former induces a vertical rigidity in the fluid velocity as described by the
Taylor—Proudman theorem, and the latter induces a horizontal rigidity to the fluid density: heavier masses
lie under lighter ones.

In order to measure the importance of these two concurrent phenomena, physicists defined two numbers:
the Rossby number Ro and the Froude number Fr. We refer to the introduction of [Charve 2005; 2018a;
2018b] for more details and to [Bourgeois and Beale 1994; Cushman-Roisin 1994; Bougeault and
Sadourny 1998; Pedlosky 1979] for an in-depth presentation.

The smaller these numbers, the more important these two phenomena become and we will consider the
primitive equations in the whole space, under the Boussinesq approximation and when both phenomena
are of the same scale, i.e., Ro = ¢ and Fr = ¢ F with F' > 0. In what follows ¢ will be called the Rossby
number and F the Froude number. The system is then written as follows (we refer to [Chemin 1997,

MSC2010: 35B40, 35Q35, 35Q86, 76U05.
Keywords: stratified rotating Navier—Stokes system, 3-dimensional quasigeostrophic system, Strichartz estimates.
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Babin et al. 2001] for the model):

0:Us + ve - VUs — LUg + 1 AU = 1(=V @4, 0),
divv, =0, (PEy)
U€|t=0 = UO,s-

The unknowns are U, = (vg, 6,) = (vsl, vg, vg’, 6:) (where v, denotes the velocity of the fluid and 6, the

scalar potential temperature) and @, which is called the geopotential and gathers the pressure term and
centrifugal force. The diffusion operator L is defined by

LU. ¥ (vAv,, V' AG,),

where v, v’ > 0 are the kinematic viscosity and the thermal diffusivity. The matrix A is defined by

0 —1 0 0
el 0 0 0
A= 0 0 0 F!

0 0-F1 o

We will also make precise later the properties satisfied by the sequence of initial data Up ¢ (as € goes to
zero). Let us now state some remarks about this system (we refer to the introductions of [Charve 2005;
2018a; 2018b; Charve and Ngo 2011] for more details):

» This system generalizes the well-known rotating fluids system (see [Chemin et al. 2000; 2002; 2006]).
The penalized terms (which are divided by the small parameter ¢), namely AU, and the geopotential, will
impose a special structure to the limit when & goes to zero.

o As A is skew-symmetric, thanks to the incompressibility, any energy method (that is based on L?
or H®/HS-inner products) will not “see” these penalized terms and will work as for the classical
incompressible Navier—Stokes system (AU - U = 0 and (V®g, ve) JHS = 0). Therefore the Leray and
Fujita—Kato theorems provide global-in-time weak solutions if Up ¢ € L? and local-in-time unique strong
solutions if Up ¢ € H2 (global for small initial data).

e There are two distinct regimes: F # 1 or FF = 1. The first one features very important dispersive
properties. In the second case, the operators are simpler but we cannot rely on Strichartz estimates and
the methods are completely different (see [Chemin 1997; Charve 2018b]). In the present article we focus
on the case F # 1.

1.2. Strong solutions. As explained before, thanks to the skew-symmetry of matrix .4, any computation
involving L? or Sobolev inner products will be the same as for the Navier—Stokes system. So given the
regularity of the initial data (even if some norms can blow up in €), we can adapt the Leray and Fujita—Kato
theorems as well as the classical weak-strong uniqueness results: for a fixed € > 0, if Up ¢ € H: (R3),
we denote by U, the unique strong solution of system (PE;), defined on [0, 7] forall 0 < 7T < 7,*. In
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addition, if the lifespan T}" is finite then we have (blow up criterion)

Tr
/(; ||VU8(T)||i.Il/2(R3)dT = 0. (1-1)

Moreover, if Up ¢ € H* then we also can propagate the regularity as done for the Navier—Stokes system.

1.3. The limit system, the QG/osc decomposition. We are interested in the asymptotics, as the small
parameter & goes to zero. Let us recall that the limit system is a transport-diffusion system coupled with a
Biot—Savart inversion law and is called the 3-dimensional quasigeostrophic system:

8;@()(} + 5QG . VﬁQG — FQQG =0,
Uqc = (UgG. Bgc) = (—02,01.0, —F93) A7 Qqa.
where the operator I' is defined by

(QG)

T AAZ (002 + 032 + v/ F202),

with Ap = 3% + 8% + F 28%. Moreover we also have the relation

Qac = 0103 — 02Ug — FO3USs = 91936 — 02046 — Fd30qG.
Remark 1. The operator Afr is a simple anisotropic Laplacian but I' is in general a tricky nonlocal
diffusion operator of order 2 (except in the case F = 1 where Ap = A and I' = vd% +v93 + 193, or
in the case v =’ where I' = vA). We refer to [Charve 2016; 2018a] for an in-depth study of I" in the

general case (neither its Fourier kernel nor singular integral kernel have a constant sign and no classical
result can be used).

This limit system is first formally derived, and then rigorously justified (see [Chemin 1997; Charve
2005]). Led by the limit system we introduce the following decomposition: for any 4-dimensional vector
field U = (v, ) we define its potential vorticity Q(U) by

def

QU) = 3102 — 0t — Fd36

and its quasigeostrophic and oscillating (or oscillatory) parts by

-0,
def 01
Ugc = Q) = 0

—Fos3

AF'QU) and Use =P(U) E U - Ugg. (1-2)

As emphasized in [Charve 2005; Charve and Ngo 2011] this is an orthogonal decomposition of 4-
dimensional vector fields (similar to the Leray orthogonal decomposition into divergence-free and gradient
vector fields) and if Q and P are the associated orthogonal projectors on the quasigeostrophic or oscillating
fields, they satisfy (see [Chemin 1997; Charve 2004; 2005; 2018a; 2018b]):

Proposition 2. For any function U = (v, 0) € HS (for some s) we have:

(1) P and Q are pseudodifferential operators of order 0.
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(2) Forany s € R, we have (P(U) | Q(U))HS/H'S = (AU | P(U))HS/HS = 0 (when defined).
3) PU)=U <= QU)=0 <+ QU)=0.

@) QU)=U <= P(U)=0 <= there exists a scalar function ® such that U = (—0d,, 01,0, —F d3)®.
Such a vector field is said to be quasigeostrophic (or QG) and is also divergence-free.

(5) If U = (v, 0) is a quasigeostrophic vector field, then v-VQU) = Qv -VU) and TU = Q(LU).

(6) Denoting by P the Leray orthogonal projector on divergence-free vector fields, PP = PP and
PO=0P=20Q.

Thanks to this, system (QG) can for example be rewritten in one of the equivalent following velocity

formulations:
8~,I7QG + Q~(5QG -VUqg) — T'Uqgg = 0,~
Uqgc = Q(Uqg). (or equivalently P(Ugg) = 0), (QG)
ﬁQG|t=0 = ﬁO,QG,

or

%UQG + ﬁgG . VﬁQG - LﬁQG = PE)QG,
Uae = QUqo): (QG)
Uqclt=0 = Uo,qG-

Remark 3. We recall that Theorem 2 from [Charve 2004] claims that if (70,QG € H! then system (QG)
has a unique global solution Ugg € EONn E! (see below for the space notation). We refer to [Charve
2004; 2008] and to the next sections for more details.

Remark 4. It is natural to investigate the link between the quasigeostrophic/oscillating parts decom-
position of the initial data and the asymptotics when € goes to zero. This leads to the notion of well-
prepared/ill-prepared initial data depending on whether or not the initial data is already close to the
quasigeostrophic structure, i.e., when the initial oscillating part is small/large (or going to zero/blowing
up as ¢ goes to zero). In the present article we consider large and ill-prepared initial data with very large
oscillating parts depending on ¢.

Going back to system (PE;), we introduce Q; = Q(Ug), Ug o = Q(Ue) and Uy osc = P(Ug). We
showed in [Charve 2005] that for an initial data in L2 (independent of ¢), the oscillating part Ug osc of a
weak global Leray solution U, goes to zero in Lﬁ)c([R{+, L9(R3)) (¢ €]2.6[), and the quasigeostrophic
part Ug oG goes to a solution of system (QG) (with the QG-part of Uy as initial data). This requires
the study of system (A-79), and its associated matrix in the Fourier space: As explained in detail in
Proposition 43, when v # V'’ there are four distinct eigenvalues (it is necessary to perform frequency
truncations to obtain their expression). The first one is explicit but discarded as its associated eigenvector
is not divergence-free, the second one is real (and mainly linked to the quasigeostrophic part). The last
two are nonreal and mainly linked to the oscillating part.

Let us denote by P; (i € {2, 3,4}) the associated projectors. When v = v/, many simplifications arise

(see Remark 44). Unfortunately none of these simplifications are true anymore in general (when v # V')
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but we are able to bound their operator norms and prove that the P»-part of an oscillating divergence-free
vector field is small (we refer to [Charve 2005; 2006]; see also Proposition 43).

Moreover we are able to obtain Strichartz estimates for the last two projections P344. In [Charve
2005] we obtained the following Strichartz estimate upon which the main result depended:

1
1P3+4Prrf lp4p00 < Cr.rE*(Pr,R follz2 + IPr,RF || L2)-

In [Charve 2004] we focused on strong solutions. We first proved that if the initial QG-part Up g is
H' then the limit system has a unique global solution ﬁQg. We proved that if Up osc € H 3 then U, is
global if ¢ is small enough. For this we filtered some waves: we constructed a solution WST of (A-79)
with a particular external force term (constructed from (7QC,) and proved that U, — ﬁQG - WST goes to
zero thanks to a generalization of the previous Strichartz estimates (allowing different regularities for the
external force term):

1
IP3+aPr R f |l 2000 < Cr.re* (|PrR foll L2 + Pr R F2ll L2 + | PrrF | 1212)-

In [Charve 2006] we generalized the previous result for initial data depending on ¢ and with large
oscillating part (bounded by [In|ln ¢|| in the general case and |In | when v = v’) considering frequency
truncations P, g, with radii depending on ¢ allowing us to exhibit explicit convergence rates. In this
work we distinguished the case v = v’ for which we were able to produce Strichartz estimates without
frequency truncations in inhomogeneous spaces:

1
[WellL2ps,, = CéeB (||f0||B§4c;3/4 + ”G”LI(B;Z”“))'

In the second part of [Charve 2006], inspired by the work of Dutrifoy [2004] on vortex patches in the
inviscid case and by the work of Hmidi [2005] for Navier—Stokes vortex patches, we investigated the case
of initial potential vorticity which is a regularized patch, and very large initial oscillating part (regular but
bounded by a negative power of ¢) when v = v’. This work was recently generalized in the case v # v’ in
[Charve 2016; 2018a] where we deeply studied the limit quasigeostrophic operator I" which is nonlocal
and nonradial. In this setting, the fact that v # v’ highly complicates every computation.

Let us also mention that in [Charve 2008] we obtained global existence when the initial QG-part is
only H 247 This required real interpolation methods (inspired by [Gallagher and Planchon 2002]) in
order to obtain economic estimates for the limit system (see (1-12)). In [Charve and Ngo 2011] with
V. S. Ngo we studied the asymptotics in the case of evanescent viscosities (as a power of ¢) and for
simplified oscillating initial data (as the initial QG part is zero, the limit is also zero).

Let us now give a survey of other results on this system. In the nondispersive setting F' = 1 there are
few works: let us mention the seminal work [Chemin 1997] (that we recently generalized in [Charve
2018b]) and [Iftimie 1999a] in the inviscid case.

In [Koba et al. 2012] the authors distinguish the rotation and stratification effects, in the case v = v’ for
initial datain 2 N ! and for a special condition azu(l) — Blug = 0 (the initial potential vorticity only
depends on the temperature), and they obtain existence of a unique global solution to (PE;) in C(Ro, HY)
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for strong enough rotation and stratification. If the initial data is small in H > they manage to obtain that
VU, € L?Hz.

Lee and Takada [2017] studied global well-posedness in the case of stratification only (no rotational
effects) when v = v’ and for large initial oscillating part (independent of €). They first give global existence
of a unique mild solution in L*(R, W2 3(R3)) for large initial oscillating part in H* (s € ] ], there
is a kind of smallness condltlon see Remark 17) and small QG-part in H 2 5. Then they show global
well-posedness in the case s = 5 L and for any initial oscillating part and small QG-part, of a unique mild
solution in C(Ry, H 2) NL* Ry, W 3(R3)).

These results are adapted to the primitive system in [Iwabuchi et al. 2017]. Iwabuchi, Mahalov and
Takada focused on the case v = V" and obtained (through stationary phase methods) the following
Strichartz estimates, which we state with our notation:

Proposition 5 [Iwabuchi et al. 2017, Theorem 1.1 and Corollary 1.2]. Assume F # 1. If r €12, 4[ and
p €2, 00N [1/( (— — —)) 2/( (— — —))] there exists a constant C = Cf, p r such that, if f solves
the homogeneous (A-79),

Ifs € ]% %] there exists a constant C = C(F, s, v) such that

leg1
1 sy issorasasy < Ce2¢~ 2N foll g

From this they are able to obtain through a fixed point argument the following global well-posedness
results for initial data (independent of &) with small quasigeostrophic part (assume v = v’ and F # 1):

o Ifse ] ] there exist 81,62 > 0 (depending on v, F, s) such that for any ¢ > 0 and any initial data
Uo = Up,G + Uo,osc With (Up,qc Uo,osc) € Hz2 x H* and

||U0,QG||1;11/2 <41,

1-3
”UO,osc”[_'Is < 828_%(‘9_%), (1-3)

there exists a unique global mild solution in L*(R., W* 3 (R3)).

<4,

e There exists § > 0 such that for any initial data Uy = Up,qoc + Uo,osc € H? with 100,06l gr1/2
there exists g9 > 0 such that for any 0 < & < &g, system (PE;) has a unique global mild solution in
C(Ry, H2) N L*Ry, W3 (R3)).

Let us also mention works in the periodic case where resonances have to be studied (see for example
[Gallagher 1998; Ngo 2009; Ngo and Scrobogna 2018; Scrobogna 2018]), in the rotating fluids system
case (see [Chemin et al. 2000; 2002; 2006; Giga et al. 2008; Hieber and Shibata 2010; Koh et al. 2014a])
or in the inviscid case (see [Dutrifoy 2004; 2005; Koh et al. 2014b; Takada 2016; Widmayer 2018]).

In the present article we wish to generalize our results from [Charve 2004; 2006; 2008] and motivated
by the very interesting results in [Iwabuchi et al. 2017] we want to obtain full asymptotics (as in [Charve
and Ngo 2011; Charve 2018a]) for very large ill-prepared initial data (less regular, depending on & and
bounded by a negative power of ¢). In our work we will provide global well-posedness results but also
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precise convergence rates as € goes to zero. We also generalize [Iwabuchi et al. 2017] in the sense that
we consider initial data with large quasigeostrophic part (with low-frequency assumptions) and provide
solutions in homogeneous energy spaces E* both in the particular case v = v’ and in the general case
v # V', Let us also mention that our methods closely rely on the special structures and properties of the
3-dimensional quasigeostrophic system.

1.3.1. Statement of the results. We will consider general ill-prepared initial data Up, s = Up,¢,05c + U0, 6,06,
whose QG-part converges to some ﬁo,QG (without any smallness condition), and whose oscillating part is
very large (see below for details).

The aim of the present article is to generalize Theorem 3 from [Charve 2004], Theorems 1.2 and 1.3
from [Charve 2006] and Theorem 4 from [Charve 2008] with the least possible extra regularity for the
initial data and the biggest possible blowing-up initial oscillatory part (as a negative power of €). The
energy methods used in [Charve 2004; 2005; 2006] would only allow at best an initial blow-up of Up ¢ osc
as |In s|ﬂ . Indeed, these methods require the use of energy estimates for the oscillations W, and WST and
produce large terms involving exp(||Up.¢.osc||?) that can only be balanced thanks to &¥ provided by the
Strichartz estimates. We need to change our point of view and try to not resort to energy estimates for
these oscillations. This will require us to make more flexible dispersive estimates so that the oscillations
can be estimated with minimal use of their energy (the only term where it was unavoidable is Fg; see
below for details). We will here state only the new results. Let us define (in the whole space R3) the
family of spaces EST for s € R,

Ef =Cr(H) N L7(H*),

endowed with the following norm (where we define vy = min(v, v’); see the Appendix for other notation):

T
2 def 2 2
||f||E%=||f||L%oHS+Vo/O I/ 11 de

When T = oo we write £ and the corresponding norm is over Ry in time. Let us now state the main
result of this article (we do not assume v = v’).

Theorem 6. Assume F # 1. Forany Co > 1, § € ]O, %], and ag > 0, there exist five constants
0,7, Bo,k, B > 0 (depending on F,v,V',Cqy,ag) such that for all ¢ € 10, 9] and all divergence-free
initial data Up ¢ = Up ¢,0G + Uo,e,05c Satisfying

1) Uyp.¢.0G converges towards some quasigeostrophic vector field l70 G € H%+8 with
( £Q g quasigeostrop Q

U . 7 < Coe®,
;H 0,6,06 — Uo,oG | g1/2+5 < Coe (1)

18,6l 1/2+5 < Co,
2 HUO,E,OSCHF8 < Coe ™, where the space Fy is defined as follows (¢= %)
H>nHz+s ifv=yv,

Fg=19 .1 s )
Bj,NH:2 if v#v/,
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then system (QQG) has a unique global solution ﬁQG €cE°NE %"'8, and system (PE;) has a unique global
solution Ug € Es foralls € [% —1é, % + n8], which converges towards ﬁQG with the estimate

10e— Gl = Bos™ @0 8),

Remark 7. In the general case, « is small (less than Wloo)’ whereas in the case v = v/, k¥ < % (and is as

close to % as we want). We refer to the next section for a more precise statement of this theorem.

Remark 8. It is interesting to adapt these results to the case with only stratification.

1.4. Precise statement of the main results. This section is devoted to giving the precise statement of
Theorem 6, which will be split into two formulations based on whether we have v = v’ or v # V. This
statement requires us to introduce auxiliary systems, which is the subject of the first two subsections, and
state additional regularity properties for the solution of the limit system (we refer to the third subsection).
Then we will state the results we will prove in this article.

1.4.1. Auxiliary systems in the general case v # V'.
Remark 9. In what follows, we will systematically write, for f :R> - R%, f-Vf=Y7_ fi0; f.

Following [Charve 2004] we rewrite the primitive system, projecting onto the divergence-free vector
fields (P is the classical Leray projector):

%atUg — LUs + 1PAU; = =P (U, - VUj).
U8|t=0 = UO,s-

Notice that we can rewrite (QG) as follows (we also refer to [Charve 2004] where it was first used):

(1-5)

%ﬁQG—LUi-l-%PAﬁQG = —P(ﬁQG-VﬁQG)-FG, (QG)
Uogli=0 = Uo,qG-
where
—Fazezg
G =Gb+ G EPP(Ugs - Vi) — Fv —v)AAT? Fa(;a3 Qg (1-6)
(8% + 3%)33

Remark 10. It is important to notice that G is the sum of two terms, both divergence-free and whose
potential vorticity is zero, which is crucial to fully take advantage of (A-84). We refer to [Charve 2004;
2008] for more details.

As explained in [Charve 2004; 2005; 2006; 2008; 2018a; Charve and Ngo 2011], in the case F # 1
the oscillatory part enjoys dispersive properties that allow us to obtain Strichartz-type estimates. More
precisely the oscillatory part satisfies system (A-79) (we refer to the Appendix for details), and in all the
cited articles, we used that the frequency-truncated third and fourth projections of the oscillatory part
satisfy Strichartz-type estimates as given by Proposition 46. As in [Charve 2004; 2008; Charve and Ngo
2011], in the present article we will consider some particular oscillatory terms whose existence is devoted
to absorbing some constant terms in order to get the desired convergence rate for the asymptotics as &
goes to zero.
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More precisely, we introduce the following linear system (we refer to the Appendix for the notation
re, Rg and Py, R,):
IWI —LWI +1pAW] = —P, g P314G,

(1-7)
WST [t=0 = P"s,Rg [FD3+4U0,8,OSC-

Remark 11. We recall that it would be useless to consider the free system: indeed the system satisfied
by Ug — UQG features G as an external force term which is independent of ¢ and blocks any convergence.
It is then necessary to absorb a large part of this term, which is the reason why we considered such an
external force term in system (1-7). In other words, WgT is small due to dispersive properties, but still it
allows us to “eat” a large part of G. We refer to [Charve 2004] for more details.

Finally we define 8, = U; — UQG — WST, which satisfies the following system (see [Charve 2004] for
details):
3:8s — Ls + 1PAS, =38 | Fi+ £+ f1,

: (1-8)
Ssjr=0 = (Uo,£,06 — Uo,q6) + (Id = Pr, R, ) Vo,6,05c + Pr.,R.P2U0,6,05c:
where we define
FE-P@VE), FBE-P0VU). FE-PlcVse). FiS—P@E VW),
def def i &ef 0 =
Fs P Vo). Fe & -Ploa VW), B E P V). FE-pI VWD)

P _1d—P,, r)GP—P; r. PGP,
Y _(1d=P,, z.)G' =P, g, P2G".

1.4.2. Auxiliary systems in the special case v = V'. In this case, many simplifications arise in the
computations of the eigenvalues and eigenvectors of system (A-79) (see Remark 44). In this case, as used
in the first part of [Charve 2006], we can use the following system instead of (1-7):

{BtW,g—LWs—I—%PAWg:—Gb, (1-10)

W8|t=0 = UO,a,osc-

We will be able in the present article to provide for this system much more accurate Strichartz
estimates without any frequency restrictions (generalizing the ones obtained in [Charve 2006]). If we
write 8, = Uy — Ugg — W, it satisfies the system

{8,58—1453-1—%”3’.,45(1: 218=1F'l’ (1-11)

8ejr=0 = Uo,e,oc — Uo,qG-

Remark 12. We choose here to use the same notation as in the general case; the only difference is that
WST has to be replaced by W,.

1.4.3. The limit system. Let us recall that Theorem 2 from [Charve 2004] states that when the initial
data ﬁO,QG is in the inhomogeneous Sobolev space H!, system (QG) has a unique global solution
l7QG € E9N E'; moreover there exists a constant C = C(8) > 0 such that for all s € [0, 1] and all 7 € Ry
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(and denoting as usual vy = min(v, V") > 0)

t
10617 o s + Vo/ IVUac(D)1%, dt < C(1Uo,q6 12" 1Uo,61551)% < CllUo,6 1 71
4 0

In [Charve 2008] we used real interpolation methods from [Gallagher and Planchon 2002] (we also refer
to [Calderén 1990]) to obtain a much more accurate estimate, which allowed us to bound the energy in
EONE>TS only with the H 2+8 initial norm instead of the full H '-norm (we refer to Lemma 2.1 in
[Charve 2008]; our aim was to consider less regular initial data): for any § > 0 there exists a constant
C = Cs,y, > 0 such that for all 7 € Ry

~ Lo ~ ~ 1
||UQG||iooH1/2+5+V0/ ||VUQG(T)||§.II/2+6 dT=Cjs Vo, QG”%I/H&maX(L“UO QG||£I1/2+3)~ (1-12)

Remark 13. The reader may wonder why the right-hand side is not simply C; ,,, ||Uo QG|| Hl Sris AS
stated in [Charve 2008; Gallagher and Planchon 2002]. This is the right formulation when || Uy QG g1/2+8
is large (in [Charve 2008] we implicitly focused on large initial QG part). When it is small, the right-hand
side is even simpler: Cg ,,, ||(70,QG||12L11/2+3- In the proof in [Charve 2008] of (1-12) it is crucial to use
Lemma 4.3 from [Gallagher and Planchon 2002], and for this some threshold jo > 1 has to be defined:

e cither || ﬁO,Q(}H H1/2+8 > %cv0228 (where c is the smallness constant from the Fujita—Kato theorem),
and we can define the threshold jg as stated in [Charve 2008] so that the right-hand side of (1-12) is

1
TN 3\, ~ 2+%
Co(1—27%%) 2(@) 1TU0,Q6 1l 717245

(Cp is a universal constant),

e or | Uo QG g1/2+48 < 3cv0228 and then we can simply choose the threshold jo = 1 and obtain (1-12)

with right-hand side that can be simplified into Co(1 —274%)72| ﬁO,QG||12ql/2+5-
In other words, the right-hand side of (1-12) is in general

1
4§28 1({ 3 ,~ 3
Co(1 =274 Bl o1 max (1.5 (52 W Bnalgass ) ).

Our first result is devoted to the limit system and generalizes Theorem 2 from [Charve 2004] using the
precise estimates obtained in [Charve 2008]:

Theorem 14. Let § > 0 and ﬁO,QG € H%""S be a quasigeostrophic vector field (that is, UO,QG = QUO,Qc,).
Then system (QG) has a unique global solution in E 3+ = EON E34 and the previous estimates hold
true.

1.4.4. Statement in the case v =V'.

Theorem 15. Assume F # 1. Forany Co > 1, § e] Lo] y € ]O [ and any g > 0, if we define n > 0
such that

y=(1 _2;7)% (that is, n = %(1 - 27)/))
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there exist €9, Bo > 0 (both of them depending on F,v,Cy, 8, y, ag) such that for all ¢ € 10, go] and all
divergence-free initial data Up ¢ = Up ¢,oc + Uo,¢,05c Satisfying

(1) there exists a quasigeostrophic vector field ﬁO,QG € H2%3 such that

1Uo,6,06 — Uo,qc | g1/2+5 < Coe®®, 113)
100,06 || gr1/2+5 < Co,

(2) Uo,e,05¢c € H2 0 H with 1Uo,,05¢ | gr1/2n 17245 < Coe™,
then system (PE;) has a unique global solution U, € ES foralls € [%, % + r]8], and if we define
. UQG as the unique global solution of (QG) in E'N E%‘*‘S,
o We as the unique global solution of (1-10) in E% N E%+8,
o 8¢ = Us — U — W,
then for all s € [ %, 1 +n§]
8¢l 5. < Boemn@-3). (1-14)

Moreover if we ask for more low-frequency regularity for the initial oscillating part, that is, Ug g osc €
H%—b‘ N H%+8 with ”U0’8,05c||H1/2—5mH1/2+5 < Coe™ 7 then (1-14) is true for all s € [% —né, % + r}é’]
and we also can get rid of the oscillations W, and obtain that

~ . 8

1Ue = Oagllp2 00 < Boe™ (3.

Remark 16. Compared to Theorem 1.3 from [Charve 2006] we highly reduced the regularity of the
initial data, only the quasigeostrophic part lies in a inhomogeneous space, and we allow a far greater
blowup in ¢ for the oscillating part, keeping a satisfying convergence rate as a power of & (in accordance
with physicists) for any size of the initial quasigeostrophic part.

Remark 17. In [Lee and Takada 2017; Iwabuchi et al. 2017] there is a smallness condition for the initial
quasigeostrophic part (and also for the oscillating part in some sense). Their result states there exist
81,2 > 0 such that for any initial data satisfying (1-3), there exists a global unique mild solution for any
& > 0. This has to be compared with our formulation, where we prove that for any size Co and any initial
data with ||Up,¢,0c|l < Co and ||Up ¢ 0sc|| < Coe™7, there exists a unique global solution when ¢ < gg.

Remark 18. Compared to the assumptions in [Iwabuchi et al. 2017, Theorems 1.3 and 1.5], we reach
the same regularity for the oscillating part, we ask more regularity for the initial QG-part, and we ask
more low-frequency regularity for both of them (we have to assume Up ¢ € H 2 as we need to consider
Fujita—Kato strong solutions)

Uo.eose € H3 N H3*8  (H3+5 in [Iwabuchi et al. 2017]),
Upe.oc € H2T  (H 2 in [Iwabuchi et al. 2017]),

but we do not ask any smallness to the initial quasigeostrophic part, and we provide global strong solutions
in the energy spaces E* for any s € [% —1é, % + 178] (compared to mild solutions in L*(R, W%’3)).



488 FREDERIC CHARVE

Remark 19. At first sight our blow-up rate seems slightly less general than the one from [Iwabuchi et al.
2017] (in that work they require 8g 1 U0, 6,0l g1/2+s be smaller than some 62 > 0, and in the present
< Cy for any y < ) but in our result we

work, we choose any Co and require & || Uo,g,0sc || g1/2 g 1/2+5
look for explicit rates of convergence as powers of &. We refer to Remark 32 for more details.

Remark 20. We refer to Remark 48 for a comparison of the Strichartz estimates we use and the ones
from [Iwabuchi et al. 2017].

1.4.5. Statement in the general case v # V'.

Theorem 21. Assume F # 1. Let § € 0, %] q= % ag >0, m €0, ﬁ], and M, n > 0 such that
0<2n =t <3535

and let yg € ]0, #] If we define R, = &M and re = &™ then for all Cy > 1 there exist gg, Bg (all of
them depending on F,v,Vv’, Cy, 8, y, o) such that for all initial data Uy z = Uy ¢,0sc + Uo,e,Qc satisfying

(1) there exists a quasigeostrophic vector field ﬁO,QG € H2%S such that

1Uo,6,06 — Uo,qG | gr1/2+5 < Coe® (115)
1Uo,061 g1/2+5 < Co,

.1 -1 . _
2) UO,s,osc € qu,q N H2+8 with ”UO,s,osc“Bl/ZmHl/z-i-& < Coe™7,

system (PE¢) has a unique global solution U, € Es foralls e [— — r]S + 775] Moreover, with the same
notation as in Theorem 14 (replacing We by W', T \which involves m, M ),

186 ] s < Boe™n(@0- ), (1-16)
and finally, thanks to the Strichartz estimates, we can get rid of the oscillations WET and obtain
|Ue — UQG||L2(R+ Loo) < Bogmm(ao, 4 )

Remark 22. This generalizes the first result from [Charve 2006]: in the present work we reduced the
assumptions on high and low frequencies for the initial oscillating part, and the choice for r, and R; now
correctly fits the power of & provided by the Strichartz estimates, which produces a convergence rate as a
power of ¢ without any assumption on the viscosities.

.1
Remark 23. The low-frequencies assumption Ugg0sc € Bg4 is mainly needed to produce a pos-
itive power of & when estimating || x(|D[/Re) x(ID3]/re)Uoe,0sc|l s (the other need is to reach
regularities less than 5), and the high-frequencies assumption Up g osc € Hits helps to estimate

”(1 - X(|D|/R8))U0,8,osc”Hs-

. . . . ~1_3 ;
Remark 24. The classical Bernstein estimate ensures that qu,q s H2732% 50 that Uo,¢,05c € H* for all
S [ 38 1 5+ 8]
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The rest of this article is structured as follows: we will first prove Theorem 14, then turn to the proof
of Theorem 15 in the case v = v’ (much easier computations to obtain the eigenvalues and vectors, but
needs more careful use for the Strichartz estimates as W, is not frequency-truncated) and we will finish
with the proof of Theorem 21 (the eigenvectors are not mutually orthogonal anymore, and care is needed
for the frequency-truncated terms). We end the article with an Appendix gathering results on Sobolev
and Besov spaces, the process of diagonalization of system (A-79), and the new Strichartz estimates that
allow us to reach this level of precision.

2. Proof of the results

2.1. The limit system. 1f ﬁO,QG is as described in Theorem 14, we regularize it by introducing for A > 0
(where y is the smooth cut-off function introduced in the Appendix)

~) def_(|D|
UOQGﬁX( 7 )UOQG

Then U(fQG € H! and applying Theorem 2 from [Charve 2004] there exists a unique global solutlon
U )‘G ceE'NE!to system (QG) and thanks to Lemma 2.1 from [Charve 2008] we apply (1-12) to U,
and for all 1 € Ry (taking Co = max(1, || U, QG ll g1/2+5))

F7A 2 : [7A 2
10 e g2 va +minGo,0)) [ VT paea

|D| 2 |D|
A Uo ,QG max U() ,QG
H1/2+8

< Cs,0 100,06 1I371/2+5 max(1, 1| T, QG||H1/2+8) = Cs,1,C

E C5,V()

1
s
H1/2+3)

2+5

(2-17)

Then (taking A = n) we prove that (ﬁ&;)neN* is a Cauchy sequence in Ezt8 = EONE2%5 Forn >m,
let us define &, ;, = UQG, which satisfies the system

a1‘8n,m - an,m = _Q(ﬁg(} : Vgn m+ Sn ,m’ Vﬁén(}),

- |D| |D| (2-18)
Snmlt=0 = (X(T) —X( p )) Uo,qG-

For any s € [O, % + 8], taking the H5-inner product and then using the classical Sobolev product laws

(see Proposition 38), we get ((sl,sz) € {(1, s — %), (s, %)})

2dt || n m”2 s +VO||V5n m”2 s
= C||U3G : V5n m +5n m: VUé"GIIm—l 8n,m |l grs-+1

< C(|Uggll 11 18 mllz,vll n mIIHY+1 + UGG 372 118n,m | g s 18n,m || 41

Vo 3 2 c 2 1~
EEHV(Sn,m” s UOHnm“ V(HVUQG”HI/Z EHUSG” 1/2||VUQG||H1/2) (2-19)
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Thanks to the Gronwall lemma and using (2-17), we obtain that

B2 /24 = 1B O 212 g Cooro MG AH oy MG

As ||(§n,m (0)[| 71/2+s goes to zero when m = min(n, m) goes to infinity, the sequence is Cauchy and if

we denote by ﬁQG its limit in £ %J”S, we immediately get that it solves system (QG) and satisfies the

expected estimates. O
As an immediate consequence we easily bound G?! (introduced with the auxiliary systems) as follows:

Proposition 25. There exists a constant Cr > 0 such that, for all § € |0, 3] and s € [0, 1 + 5],

b Cr 241
/0 162l s dr = o€y,

| V|2 2+}
/0 16! Oy d = Cr iy €5

(2-20)

Remark 26. In [Charve 2004] the previous terms were estimated for any s € [0, 1] with || ﬁo,Qgﬂ Hl-

Proof of Proposition 25. G is estimated as in [Charve 2004], and for G?, as we wish to use only % +6
derivatives on ﬁo’Qg, a much better way than in that work is to write (thanks to the Bony decomposition;
see the Appendix for details)

I1G® Il s < CF1Uqc - VUqG |l s < CF || div(Uqc ® Uga) | s
< Cr QI Tg,,Uasll g1 + 1R (Taa, Too)l rs+1) (2-21)
< CrQ210qclILe + 10acl go_ ) NTac g1

Then using the injection B .1 <> L™ together with the Bernstein lemma and Lemma 27 below (whose
proof is close to Lemma 5 from [Charve 2016]), we obtain that

2/ Tq Iz + 1 Taal 5o

0,00

~ ~ 1 ~ 1
=3lUqcll g32 = CllUQG N /25 11UQG 3350 (2-22)

and we end up with (using also (1-12))

o0
, 3 3
fo 162l e d < CrIVT612, sy IV D612, 11 s 1V Dl s

2+5

Cs v0Co (2-23)

This completes the proof of the proposition. O

Lemma 27. For any o, B > 0 there exists a constant Cy g > 0 such that for any u € Hs~ N H5E e
have u € 35,1 and

el gy | < Ca ,sllull;,tfallull;‘,tﬁﬁ (2-24)
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2.2. The case v =v’.

2.2.1. Estimates for W,. Let us first focus on the linear system (1-10). Let us recall that thanks to
Proposition 25 we obtain that (see [Charve 2004] for details) for any s € [% % + 8]

1 ! 1t yab .
Wil = (10l + 5 [ 162 @) 81" @i < Do(1Uo el + 1. 229

with c
DO déf C_F C8 , V0 G:(z)-i_%e TOFCS'VOC%J’_ v .
Vo
One of the main ingredients is to provide a generalization of the Strichartz estimates obtained in [Charve
2006]. Our new Strichartz estimates are much more flexible and we refer to the Appendix for the most
general formulation (see Propositions 47 and 51). We also postpone to the end of the next section the
precise statement of the Strichartz estimates we will use.

2.2.2. Energy estimates. As explained in Section 1.3, we already have a local strong solution U, whose
lifespan is (}elnotefilb}:g T. As seen in the previous section UQG and W, exist globally, and &, is well-
definedin E7 N E7 ~ forall T < T,* and we can perform for any s € [%, % + 778] the inner product in
HS of system (1-11) with §,. We have to bound each term from the right-hand side.

Let us begin with the easiest terms, namely Fp, F> and F3: thanks to the classical Sobolev product
laws ((s1,$2) = (%, s); see Proposition 38), we obtain that

[CF1 [ 8e) gis| = 1186 - Viell ot 8ell grsrn = ClIell 18 11% 41 - (2-26)

Similarly we obtain that

~ v C ~
[(F2 ] 8e) s | = CIVUQGH ;3 18ell s 18ell grsv = 1—6||5s||§-,s+1 + ;IIVUQGIIEIMII&IIZW

(2-27)

16
Compared to [Charve 2004; 2006] we cannot use for the other F; the same methods because they would
produce (after using the Gronwall lemma) a coefficient of the form e IWells which would ruin our efforts

~ v 2 Cr 4 2
|(F3 1 8e) gis| = CllUoGl o ll8ell gro+1/2 186l grsr = 7186l + T3 110G g 186 15,

to allow large initial blow up for the oscillating part (which could only be of size (— In €)#). We need to
estimate carefully these terms and especially use as much as possible the new Strichartz estimates (giving
positive powers of ¢ thanks to Proposition 47) and the least possible basic energy estimates on W, (that
produce 77 from (2-25)).

The most obvious way would be to use the paraproduct and remainder laws (see the Appendix). For
example with F7, as s —1 < 0, we have

|(F718¢) gs| < 1 WeV UG | st I8¢l s
< CUITw, VOl g1+ 1 Tg g, Well fro—s 1 VIR We, Toa)) | s I8¢ | o4
< C(IWelloo IV U6l o1+ IV U st 1Well go,_ +IWell go. 100G ) I8ell ot

5 v 2 C 2 o2
< CIIWsllggo’l 1UQG s 190ell grs+1 = EII&IIHSH +7||sz:||1~g((>>o.1 1UqclI %5 - (2-28)
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This result could be also usable for Fs but to deal with || We|[; , B8O, from Proposition 47 we would have
to use Lemma 27 which would force us to have a slightly smaller range for y. More important, for Fg
this method would force us to require y < %, which is clearly not optimal.

Finally, the most important problem is that the previous estimates cannot be used to estimate F4 and Fg.
Indeed for instance if we wish to estimate Fg the same way

IF6ll frs—1 = CUITg,, VWell grs—1 + 1Ty w, Ugc |l gs—1 + Il div(R(Uqc. We)l gs—1).

and the first paraproduct (see the Appendix for the Bony decomposition) leads to an obstruction as the
only possibilities to estimate it are (for 8 > )

IUc oo | Well g -

| T7 ~
v 1Uacl grs-s1Well go. -

- (2-29)

VWil os <C {
In the first estimate each term is well-defined but the H*-norm of W, produces negative powers of ¢, and
in the second one the first term is not defined ((7QG is not defined for negative regularities). It is possible
to deal with this term using the same idea as in [Charve 2004] (with a,b > 1 so that % + % =1),

t t
[ Woa- Wil dr =€ [ 10a- VWelaIBoa- VWil oo d

< 1Uqc o2 IV WellLa Lo 1UqG | 16 grs+1/2 | Well oo s (2-30)

and due to the gradient pounding on W, the most interesting use of Proposition 47 consists in choosing
a as close as possible to 1, which implies that b is very large. As s + % > 1, this forces us to use (1-12)
for regularity index close to 1 (in this case it would be necessary to require that ﬁO,QG € H* with s close
to 1), which was something we wished to avoid as we only consider indices s < % + 8. Moreover it would
also produce a clearly nonoptimal decrease in &.

Finally both of these two methods fail for Fy4: the former for the same reason as for Fg, and the latter
as we cannot consider ||, || 2: there is a lack of derivatives pounding on J,.

To overcome this lack of derivatives, we will distribute them differently among the whole H*-inner
product. We will do this for all the last five external force terms and the idea will be to do as in [Charve
2016; 2018a] and deal with the nonlocal operator |D|® applied to a product and dispatch s derivatives
on &, and obtain something close to the second line of (2-29). More precisely, we directly deal with the
inner product as follows:

|(Fa | 88)Hs| = [(div(de ® We) | 88)H's| = |(|D|s(88' We) | |D|SV88)L2|- (2-31)

The nonlocal operator | D|* can be written as a singular principal value integral (we refer to [Stein 1970;
Cérdoba and Coérdoba 2004; Hmidi and Keraani 2007; Abidi and Hmidi 2008; Charve 2016; 2018a]) and
when the index s lies in ]0, 1] (which is the case here as s is close to %) it is a classical singular integral:

SO f0) g [ SOy

R3S |x —y[3ts R3 ly[3Fs

|DP f(x) = Cs
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Let us recall that an equivalent formulation of the Besov norm involves translations as stated in the
following result:

Theorem 28 [Bahouri et al. 2011, 2.36]. Let s €10, 1{ and p,r € [1, 00]. There exists a constant C such

that for any u € B;,r

(- —y) —u(-)llLe
I

From this we can prove exactly as in [Charve 2018a] (see Section A.3.1 there) the following result:

<|

-1 . .
Cull 5, I (s = Cllulz

Proposition 29. For any s €10, 1[ and any smooth functions f, g we can write

IDI*(f8) = (DI f)g+ fIDI’g + Ms(f. ).
where the bilinear operator My is defined for all x € R3 by

(x) = fxr=y)(gx) —gx—y))

|y|3+s

My(f.)(x) = [R u . 232)

Moreover there exists a constant Cs such that for all f, g and all p, p1, p2,r1.72 € [1,00] and 51,52 >0
satisfying

l:i_,_i, 1=L+L, s1+52 =35,
P P P2 o r
we have
[Ms(f, &)llLr < Cs”fHB;l lgll gs2 - (2-33)
1:71 P21

Remark 30. The additional term M, allows us to freely dispatch the derivatives as desired provided
that s1, s > 0, which will force us to spend a small extra amount of derivative in order to meet these
conditions. So even if it is not possible to use Proposition 29 for (s1, s2) = (s, 0), our method will enable
us to do nearly as if we could estimate || Ms(8e, We) 12 by (I8¢l g1/2 1| DI° Well 6.

More precisely for a small &y > 0, instead of (2-31), we will write (also using the Sobolev injections):
|(Fe | 8¢) gis |
= |(div(Uoc®We) | 8¢) gis | = (| DI* 1 (Tga-We) | | DI* ™1 V5e) L, |
< (1D Ugg)-We+Uqa | DIS Y Wet M o, (Uga. We) | Lo/G+2e) -1 DI~ V| L o/G—2a1)
= CUIDIT* Ugall2 IWellyven +1 TG L 11DI* Well Losai+200 10 L s IWell g, )
XD~ Ve || oy
= C1 0l rs+er IWellpavan +100al sz NP1 Well porirvaan + 10 s I Well oy, ) 18ell
2.(1—051)
s
10061171 211 DI Wel o120+ 10 75, I Welly ). (2-34)

1:2

rr 2 2
” UQG”I_'(IXSI_A,_l ” Wé‘ ||L3/cx1

v 5 C ~
< e l8ell 3y (100l
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Remark 31. Notice that as 8., W, ﬁQG are divergence-free, we will systematically (thanks to integration
by parts) transfer the divergence as a gradient on the right-hand part of the inner product, and as a
consequence the computations are the same respectively for F4 and F5 and for Fg and F5.

Let us continue with Fy4, by the classical Sobolev interpolation and Young estimates, we can write that
(for ap > 0 small)

|(Fa|8e) sl

= |(div(8e®We) | 8e) s | = |(ID* T2 (8- We) | | DI* 742 V8e) L, |

< C[(IDF*%2)-We+38e:| DI* T2 Wet Mgy a5 (85, We) l L6120 || DI* ™2 Vg || Lo/3—202)

<C(IIDIF 286l L2l|Well L3raz +[18ell L3 1 DI T2 Well pora2az + 18e || g | W | Bgf/zazsz)
x[IDIF=*2Vée | g,

<C||5|l 1~_Sa2 113 ||};§‘fl IWellL3ras +C (I8ell L3 11 D12 We | posa+2an+ e [l s | We ||B§x/2a2’2) 1861l gs-+1

= R”S ”HS‘H

p— 1
+C||88||HS( s ||We||L3/52+;||We||§g/2 ) 81 2 N DP T2 Wel2 g2y (235
3/ay,

])10[2

Finally we estimate Fg with the same method, but the term My o, (W, We) has to be estimated differently

(otherwise we end up with the same problem as explained in the beginning of this section): instead of
estimating it as for the other terms by

Well g5 | Well 5
LAPHLA T

(the first term being L°°, and the second L? in time), we will estimate it by

[ Well grs+oz—ssl|We ||B§/6a3'2,

for small enough a3, B > 0 so that the first term keeps L in time and the second one is L? (we try to
be as close as possible to the forbidden choice § = 0). As we will make precise below, dealing with

2(1— 2
A RSN A IR AT

Lo HS L2HS L213/e3
(for the first term) will only lead to y < %, whereas
2
” WS ||L<>0Hs+a3 || W8 ||L2L3/oz3

will allow us to reach y < % For the same reason we will estimate the other term by

[ W&‘”ngf/sa )
3 3

instead of

[ We lle/(l_“3)B£fa3,z'



ENHANCED CONVERGENCE RATES AND ASYMPTOTICS FOR A DISPERSIVE BOUSSINESQ-TYPE SYSTEM 495

Although this choice seems very close to the other, it allows us to use a smaller p in the Strichartz
estimates, which allows a slightly wider range for 8 helping us to reach y < % instead of y < %. Once
more, we try to obtain as close as possible to what we would get if it Proposition 29 could be applied for

s1 =58+ o3and s, =0:
|(Fg |8¢) gs | = I DI T3 (We®We) || Lo/G+20s) || DI* ™3 Ve || L6/ 3—2003)
<(2”|D|s+a3W8”L2||W8||L3/0‘3+”W£“HS+°‘3 ﬁsIIWeIIBBS )-IIIDIS_“3V5aIIHa3

IISsllHY+1+ IWell sty IWe 7 375 1 Well 3yt = lelWellBﬁs ). (2-36)

3/a3.2

We can now gather all the external force term estimates (2-26), (2-27), (2- 35) (2-34), (2-36) and taking
the HS-inner product of system (1-11) with &., we obtain that for all s € [ 2 + 775] andallt < T

1d
§d_||86||2's+v”vg€”2's
< (Clsel o 8% )||8 B
C 2 I~ 5 1 =45 2
+ C 1802y, 19Tl (1 + 5510l + —s IVl 37 + el
Ul o an.,

2(1 —1) 2 2 r7 2 2
[IIUQ s 00615 IWellF 370, + 100617 1/0 11D Wl 7 67014200

2 2 2
+ ||UQG||HS IWell B, + ||58||H1/2|||D|s+a2 Well7 6/a+2a)
1.
2
FUNWelly s IWel7 30y + Wl BS”WEHBBS 2]- (2-37)

In order to perform the bootstrap argument (we refer to in [Charve 2004; 2006]), let us now define
7, & sup{t € [0, TF[: forall £/ <, [8o(t) | 12 < 4”C (2-38)

Due to the assumptions, ||8¢(0)|| g1/2+s < Coe*° so that we are sure that 7, > 0 if

1

- v ag
*=\scc, ) -

Thanks to the Gronwall and Young estimates, and estimating the first terms in the last block as

o0
2(1— 2 2
/0 T [ R A L

00 o 1—aq
i P
< ([ 18acliar) ([T IS Mol ar) L @39)

we can now state that for all s € [%, % + 7;8] and all ¢ < T,, we have (as W, and ﬁQG are globally defined,
each time integral in the right-hand side is over R4)
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t
V
1801 +5 [ 1980113, dv

C, 6 ~ _ ~
2 2(1 2 2
< [nae(mu ot (1006l e 1006135 i IWell 211y 37

2
10001 12 NP1 WellFa o420 100y IWe o

2 2
+ || | D |S+0l2 W8 ||L2L6/(1+2a2) + ” WS” oo[-'[S+f¥3 ” W8 ||L2L3/oz3
LA [ N

C 1 ~
XGXPF{ ||VUQG||L2H1/2( +U_2||UQG”iOOH1/2)
_2

L
g WVl 2 e s H Wl | 20)

v 1—ap

It is now time to properly use the new Strichartz estimates we proved in the present article (see the
Appendix for Proposition 47 and its proof).

Let us begin with the case (d, p,r,q) = (s +a,?2, 1+2a’2) for all 0 € ] 1= 4a[ 10,1] =10, 1].
Thanks to Proposition 40 (for simplicity we will not track the dependency in v),

Dt w, ||L2L6/(1+2a)

= C|||D|S+aWs||L2

6/(]—‘,—20{)2
£ (1—4a) ! b
<CFy,p0,aE12 * (||UO,s,osc||Hs+(9/6>(1—4a) +/ 1G” O gs+wrer1—400 df)» (2-41)
0

and if we choose o € ]O, %[, and
66+ 5—5)
1 —4a
(which isin]0,1]if 6§ <s— ; 23“ , recall that s ~ —), then we obtain (thanks to Proposition 25)

sta sto
|||D| Wg||L2L6/(l+2a) =< C|||D| WSHL B6/(l+20{)2

t
1 1_
<Crossae2072 ”(qu,s,oscngl/Hﬁ [ ||Gb(r>||gl/z+sdr)
0

14l
< CF,v,s,S,ot82(8+2 S)DO(||U0,s,osc||H1/2+s +1). (2-42)

Let us continue with the case (d, p, r,q) = (.2, 2,2), for all

if we assume « € |0, %[, and choose 0 = =5

s
”WS”Z%Bg/a ) = CF,v,S,agzDO(||UO,8,OSC||H1/2+8 +1). (2-43)
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For the case (d, p.r.q) = (0, 1. 2,2), for all

o
1_«a
23
0 e ]O, — [
3
ifoae ]0, 4[ and if we choose 0 = —da 4a, then
5
IWell p270-e0 p 370 = ClIWellp2/a- gy = CF.8.062D0([|Uo,e05cll gr1/2+5 + 1) (2-44)

All these estimates are verified fora; = oy = a = % if § < %. Then we turn to the last two terms from
(2-36), let us begin with the first one: as announced, due to the first factor (estimated thanks to (2-25)),
doing as before will only allow us to get 8%D0(||U0,8,OSC||H1/2+8 +1)2, which leads to y < %. In order
to reach the announced bound 3 . we will try to take a slightly smaller p which will allow us to widen
the range for 6. But taking p = 2 instead of ;=5 requlres that ||Wel| s+« is L°; that is, we need that
s+az =<3 L 1§ More precisely with (d, p, r,q) ( ,2, a,2), we have

0 l_m
[Wellp2p3/a5 =C ”WEHZ%BQ/M , = Cro5e47 73 )DO(HUO,e,osc||Hl/2—a3+(9/2)(1—4a3/3) +1) (2-45)

and as we want
a3+s=§+8=%—a3+%(1—%)
we choose

(a3,0) = (5+%—S,M).

.
-

This is possible (according to the condition from Proposition 47) when

1_o3
2 3
0 < | da
3
that is if
§<Is22 (2-46)

which is realized (recall that s € [, 3 + 75]) when § < {5 < 2. Then we have

1

IWellzzpss < CIWellzzpy < Crugae @2 D0(Ussoscl jiass +1D. 247

Now, for the last term, o3 is fixed and we will adjust 6 and §. For (d, p,r,q) = (,88, 2,3 o ,2) we choose
0 so that the corresponding o (see Proposition 47) is equal to % + §; that is

2(1-4)=C=ps+3-5

which is possible when

1_ a3

23
06}0,1_4053 [

3
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T7s—2

that is § < 73=¢ i which is realized when (2-46) is true (when § € ]0, 1]). In this case, we end up with

Loa— 1_
IWellgzpos = Crvasse @200 (Vo coscll 1215 + 1. (2-48)
a3,

Combining (2-40) with all these Strichartz estimates, namely (2-42), (2-43), (2-44), (2-47) and (2-48), we
end up with for all s € [%, % + n8], all 8 > 0 small and all t < T

v t
1801, +3 [ 198012, dv

1_
<182, + Do((€® 275 + &) (| Uoe .05 | 172105 + 1)
+ (25575 4 P (1Up e el gryats + DY)]
x exp{Do (1 + & (| Uo s,05cll 1215 + 1)?)}

1_ 1_ _ 1_
< []:DO[EZOlO + (88+2 N +88)||U0,8,05C”?f11/2+5 + (828+2 s —|—8(2 B)8+2 S)||U0,€,OSC||4I._'I1/2+5]

L3 2
x exp{Do(1 + & [Uo,e05 % 1/245 + (62 U 05 %1/245) T2} (2-49)

As s € [%, % + r]5], we can write that

t
Vv
1801, +3 [ 198012, de
< Dy [2%0 + g(=ms=2y | (2—ms—4y _|_8(2—77—;9)5—47]6@0(1+88_2”)’ (2-50)

so that we need
y <min((1=m3. (1-§)5. (1~ £2)3),

If we fix B = 7, the condition is reduced to y < (1 —7)$, so that if 0 < y < &, we define n = 1(1— 28—)’)
(or equivalently y = (1 — 27})%); then with 8 =7, for all s € [%, % + 778] and t < T, we end up with (as

soonas e <1)

t
1801, +5 [ 198D, dr < Dge?ogzminten®), @-51)

We can now conclude the bootstrap argument: there exists g9 > 0 such that for any 0 < ¢ < gg the
previous quantity is bounded by (%) , so that (1n particular for s = %) if we assume by contradiction
that 7, < T, then

v
||86||LC7>§(;H1/2 = 3C"
which contradicts the maximality of T (in this case, we would have ||8.(T¢)|| g2 = %) Then Ty = T,f

and the previous estimates hold true for any ¢ < 7,%, so that by the blowup criterion 7, = T," = oo and
the previous estimate is true for all # > 0 and all s € [%, % + 775]:

. 8
186 ] s < Bogmm(ao,%)‘

Finally, to prove the last part of the theorem, we only have to remark that the previous argument is then

true for any s € [% -1, % + nS] when we require § < ﬁ (instead of § < 2—36; see (2-46)), and use
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Lemma 27:
min(ao, %)

1
18ell 200 = 18ell2p0 | = (I8ell 2 fr3/o—ns [8ell L2 frasa4ns)? = Boe

For (d, p,r,q) = (0,2,00,1) and for all 8 ]0, %[, from Proposition 47,
o o0 b
[WellL2p00 < Cogt (||UO,€,OSC||31/2+9/2 +/ 1G” (@) g1/2+0r2 df)-
2.1 0 2.1

Using Lemma 27 with (o, 8) = ( %) and if 0 = 5 + k (for some small k > 0),

k
1+& ==
”UO,s,osc”le!/lere/z = ” UO,S,osc”H]/z ”Uo,a,osc||H1/2+(1+k)(9/2) Coe™ v (2-52)
Choosing k = 71 we get
né
||W8||L2Loo < Dogz(l—i-k (1-2n)) _ — Dope 2,
and the conclusion follows from the fact that U, — ﬁQG =8, + W,. -

Remark 32. Going back to (2-49), in the case s = % if we only seek for global well-posedness, we retrieve
here the same condition as in [Iwabuchi et al. 2017], except for the last term because Proposition 29
imposes B > 0, so that the condition for global well-posedness is still y < % If B could reach zero, the
conditions would be:

* |Uo,¢,0sc ||§{1 2NE /246 % < ¢, with ¢ some fixed small constant, if we want global well-posedness.

o ||Uo,e,osc||2-,1/20H1/2+888—>0 as ¢ — 0 if we want §; to go to zero.

ey < 8 if we want 8 to g0 to zero as a positive power of & (which is what we originally searched for).

In our case, due to this 8 > 0 these three conditions coincide.

2.3. The general case.

2.3.1. Estimates on WsT. Let us begin by recalling the energy estimates for WET (we refer to Theorem 21
for m, M).

Proposition 33. Assume M < 3, there exist eg = go(v,v', M) > 0, and By = Bo(Cop,v,Vv’, F,§) > 1
such that for any 0 < & < g9 (mdse[ 38, 1 +8],wehave

w2 +vo | W2 <Bo(e™% +1). (2-53)

L® R4 ,HY) L2Ry,Hs+1) —

Proof. We know from [Charve 2004] that there exists a constant Cr > 0 such that for any s € [0, 1] and
t € Ry, we have

||WT|| <0 IGP @5 dv

t 1
x(||W8T<0)||2-S+cF<1+eR§|v—v'|)2 /O (||Gb(r>||m+v—0||G’(r)||gs_1)dr). (2-54)
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Combined with (A-86), Proposition 25 allows us to obtain that when s € [% — %8 , % + 8]

r ey, o2t
Wl s < Cr(L+ v =v'[eR?)%e 6 Co.0oC
L =P 2+
X (HPrE,R(S UO,S,osc”iI's + (_ + — Q3 Cs VO(D 5. (2-55)
Vo Vo
We have [v —v'[eR? < 1 as soon as M > % ande <gg=|v— v/|ﬁ, which leads to (2-53). |

2.3.2. Estimates on 8. As explained in the previous section (see also [Charve 2004; 2018a]), as Up ¢ € HS
for all s € [% — %5, % + 8], in particular it lies in H 2 and thanks to the Fujita—Kato theorem there exists
a unique local strong solution U, € L%OI-'I N LZTH Sforall0< T < T}, where T,” > 0 denotes the
maximal lifespan. In addition, if 7, is finite then we have

T*
| 1TV a7 =

Moreover, as our initial data enjoys additional regularity properties, they are transmitted to the solution:
forall s € [% — %8, % + 5] and T < T*, we have Uy € L‘}OHS N L%I-‘IS‘H. As before, with a view to a
bootstrap argument, let us now define

7, & sup{t [0, TF[:forall ' <t, [8o(t) | g1z < 42 (2-56)

Thanks to (2-59), we are sure that [|8¢(0)]| g1 /2 < gc (and then T; > 0) if & is small enough Assuming
that T, < T.%, the computations from the previous case imply that, for all s € [— —né, % 5+ 7}5] and all
t S TE’

v t
IO+ / V5.0l dv

2 ~ o 2(1— &2 T2
s[nss(mn 2, (vonf s+ 122 s 1006 155 21006 125 W12 2 1 370
T T
FI00617 o 12 11D W 2 s 10061 oo s IWET 172
ap.

T2 T 21 T2 T
HIDET2 W12, 0rsaan HIWT 20 22 W, ||L°;3HY+1||W8 ||L2m_a3)L3/a3

C
xexp—{ voll f ||L1HY+||VUQG||L2H1/2(1+ 2||UQG||LOOH1/2)

T 1- T
WIS s HIW, 122 50

T—ctp 3/ap.2
Yo

_l’_

} . (2-57)

Compared to (2-40), the only differences are:

e The force terms f bl (dealt with as in [Charve 2004; 2006]).
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e The simpler estimates for Fg: as precision will be imposed by the truncated terms, we only write

T2(1—c T2 2
2 —(||W e W 1% IWell2 20—y 370

HIWell? o s IWe7

|(F8l8e) i 16511

|_16

(2-58)

LoHS L2B3;, 2)'

2.3.3. Estimates for the truncated quantities. We will now bound much more precisely than in [Charve
2004; 2006] the external force terms and initial data (see (1-9)):

Proposition 34. There exists a constant By > 1 such that for all s € [% -1, % + nS],

”fl”Lsz_l < Bo(s!72M ¢ gMU=ms . 8m(§—775)), (2-59)

18:0)l g < Bo(e®0 + 1 2M 7 4 FM=nm)=y 4 H(G=mim=ID=y)

- - 5
||fb||L1H's<Bo(81 M MA-mE | MGG +775))

Remark 35. Note that as we want positive powers of &, the previous estimates imply the conditions

M,n,né e ]0, %[

n < M < min(ﬁ % —1), (2-60)

y <min(1 —2M,8(M —nm), 8(( nym—M)).

Proof of Proposition 34. Let us begin with the terms involving G: thanks to (A-84), and Remark 10
and Proposition 25, we immediately obtain that there exists a constant Bg (only depending on Co, v, v’
and F) such that for all s € [% —né, % + 778]

2
”Prs,Rsl]:DZGb”LlH's + ||7)r8,R8|]:DZGl||L2Hs—1 < BoeR;.

Thanks to Lemma 42 (see the Appendix), Proposition 25 and (2-17), the second term in f; can be bounded

(for all s € [ 178 + nS]) according to
D D
)5
L'Hs R Te

(or(&:))e*

1(0d=Pyr RGO 11 s <

L1HS

1 D D D
iAol A e
Rs2 £ L1H1/2+8 £ re L1112
1 b sep2.\2-1, 7~ r7
Sm”G 21 gr1/2+8 +Re(Rere) 37 2| Uga VUG 1 1,372
R:
s+4 1 [~ ~
< 516t R0 [ 10060l VHac (0l dv
R? 0
1 11
EBO( 1+8_S+R2+2r86)7 (2-61)
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which implies the first estimates in (2-59) for all s € [% —n8, 1 5+ 778] Similarly, we have
D B
H (Id - (' l))G’ L — (2-62)
R, L2 Hs—1 R§(§+5—S)

and using that the expression of G! (see (1-9)) features some derivative d3, for all s € [% —né, % + 178]

we have
|D| | D3| |D| | D3| ~
X(R— =6  =crhv—vx[ 5 )x 3VUqs|
e e L2Hs—!1 Re Fe L2Hs—1
< Crlv—=V'[r$193 VUGl 2 frs—1
< Crlv—v' 100G 121 (2-63)

Let us now turn to bound the initial data 6.(0):

18:0) [ g5 < 1Uo.6,06 — Uo,qcl gis + I1Pre, R P2Ue0cll g5 + 10 = Pr ) Uo,es05¢ |l s

< Cos® + ”Prg,RS [F"zUo,a,oscHH'S
DI\ (1DPs]
T X X Uoeosc|| - (2-64)
Hs R, T'e He

—X R 0,&,0sCc
€

As before, we easily estimate the second and third terms for all s € [ 778 + nS] b

Cr 1

R % +8—s R > Lys— = | )
1

It is here that the quq—assumptlon on the 1n1t1al data will be specifically used (everywhere else we only

use the fact that this space is embedded in {2 28) To bound the last term, thanks to Proposition 40 let

us write that (we recall that ¢ = + T <2
D D3 D D3
“X(| |)X(| |)U0,8’OSC ] :Hx(u)x(l |)|D|SU0805C
R Fe Hs R Te L2

IDI\ (D3]
X R X |D|2U0€09c
& I'g
S+s—1

<CR 2|||D| UOsosc”BO

Cr v —V'|eRZ | Uo g.05cll s + (2-65)

1 Uo,e,05¢ll gr1/245 < Boe™” |:8R§ +

l S_*

= C(Rzra)" R¢

L4

< CR T Vool s (2-66)

Note that this can be done only if s > % In the case s € [5 —nd, 5 [, we simply go back to (2-64) and
write that (taking advantage of the frequency localization)

[|(d — Pre.r)Vo.e osc”Hv = _”(Id Pr..r.)Vo.¢ OSC”HI/Z
re
Cr (1
== 1 (R8 ||UO€osc||Hl/2+6+R g ||U080sc”31/2) (2-67)

reg
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We can sum up as follows: for all s € [ 778 + 778]

5
—(11—n)s + R(gl—’_")(sra2 ifs e [%
”(Id_Prs,Rs)UO,&‘,OSC”HS =< (]:08_}/ X ng 1 $ % 1 1
;73(}§'+'Rare) if s €[5 —nd. 3]

1
2t L (2-68)

M§(1—n) §(3—(A+mM)  ir¢ e
< Cos~ x e +¢& if s %

HSM—mn) 4 S(G—mm=M) ¢
As

MA—-n)— (M —mn)=nim—M), and (——(1 + n)M) (( )m M) =nm—-M),
and as m > M (see (2-60)), we obtain the announced result. O

2.3.4. Strichartz estimates for WST. We will need the following Strichartz estimates to complete our
bootstrap argument:

Proposition 36. There exist eg, Bo > 0 such that for any oo > 0 and € < gy, WaT satisfies

W72y < Bost$-MG—teDm20) < ged=§-2004m)
IWI || L2700 3/ < Boes~§ MG 3a=8)-m(330) < goea=§-3(M+m) (2-69)
|||D|S+aWT”L2L6/(I+2ot) < B()S% $- (5—3a)—m(§—2¢x) < B0€ﬁ_§_5(M+m).

Proof. Using Proposition 51 in the case (d, p,r,q) = (a 2, = 2), we obtain that

W, IILzBa

R4—3ot b
T)—m (FPre Ul P16+
Vg e

<B084(1_ ”Prg,RsGl”LzHa)

1 1_7 R 1 b 1 1§« 1
<Boe ) X( 3, 1U0,e,05cll gr1/2-38/2F Gl 1 o +—7—RE G M2 517245

rg ré ? Vg e

SBO&“I‘ —M(4-30)-m(3 2o¢)((‘3 y—m(3—% oe)+8 m—M(5—5— Dt)) (2-70)
From (2-60), we know that y < §M so that
e+ M(5=5-a)~ (y +m(3— % —a) = M(3-5-0) +m(3+ % +a) -y >0,
Which leads to the first estimate. Slmllarly, considering Proposition 51 in the case (d, p,r,q) =
(O, l—a 3 , 2) we get (thanks to Proposition 40)
IW N L2r-e 370 < ||W3T||Z230

4—3x

R 1
1—4 b
(=% 7_30,( =35 [ V0.cosell 172272 + G2l 1 12
2 2 2

e e U 3-8,
+——Re G 251245
Vg T'e

< B084

< Bogi—%—M(4—3a)—m(%—3a)(8—y—m(%—378) 4 eTmmMG -8y 2-71)
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which leads to the second estimate. In the case (d, p,r,q) = (s +0,2, 7554 +2 't 2), we obtain that (provided
O<a<d+ 5 —5)

st+opsT
1D W' 2 pera+200 < [|W, ”LzBéﬁﬁza)z
2 —3a
<Boe 20495 (12, & Uneuncl s + IPro. Gl 5
= Do % ou re,Re Y 0,6,0scl| frs+o re,Re L1H s+
&€
1 R, Gl ”Lsz—i-oc)
Vg Te
5—3u
L (1—4a) RE —y sta+i- ~
<Boe12 —_ +1+— R ||77rg,RsUQG||ngs/2+s
rg—za 8
< Boe12~§~MG—30)-m(3-20) ( o~y | g—m—M) (2-72)
which concludes the proof. O

2.3.5. Bootstrap. We are now able to conclude the bootstrap argument (see the previous section and
[Charve 2004; 2006]). Gathering (2-57), (2-59) and (2-69), we obtain that for all t < T,

t
V
1801, + 2 [ 198012y, dv
< Do[e2% + 2(-2M—y) 4 26(M—nm)=y) | 26(3—mm—M)=y) 4 1-2M
4+ eMO-ms 7 M(5+n8) + 82(1 2M) 82M(1 mé

o

><exp£{1—|—81 2M | MO-mS | E-MG+n8) | min(212g a)(f_g_f(Mer))} (2-73)
Vo

For simplicity we will require, instead of the second condition from (2-60), that

M _1..- 11
= = Emln(5+6n8’5_n)‘

This obviously implies that n < =& 10, so we will finally ask that
1 1
Me]o.z[. nelo gl
m<M 1L (2-74)
y <min(3(1 —2M), 18(M nm
Moreover, if we take o« = y and ask that
S(M+m)y<i and 25<i(i-3(M+m)). 275
%(M%—m)fﬁ and ‘%5%(%—%(M+m)).

As M < {5, this is realized when
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When
M$ m_8 m 1)=M_8

y =min(3*. 75 3. 33 el

we obtain that all powers of ¢ in the exponential are positive so that for small enough ¢, we get that for
allse[ —né, 5 +n8]andt<T8

1802, + 22 / V8 (D)1, dt < Doe?Pogmntan5%) (2-76)

so that we finally end up with (for small enough ¢), §:(7¢) < g C , which clearly contradicts the maximality
of T,. We can conclude that 7, = T,* and then the previous estimate is valid for all # < 7.%, which implies
for s = % that the integral in (1-1) is finite. Therefore 7,F = oo and (2-76) is then valid for all # > 0. The
rest of the theorem is done as for the case v = V. O

Appendix

A.1. Notation and Sobolev spaces. ForsecR, H* and H® are the classical homogeneous/inhomogeneous
Sobolev spaces in R endowed with the norms

Iy, = [ P l@lde and ully = [ 0+ 1P 1@ de,
We also use the following notation: if E is a Banach space and T > 0,
CrE=C(0,T],E) and LI;E =L?([0,T], E).
Let us recall the Sobolev injections, and product laws:

Proposition 37. There exzsts a constant C > 0 such that if s < 3, then for any u € HS (R3), we have
u e LP(R3) with p =

lullLr < Cllullzs-

Proposition 38 [Bahouri et al. 2011, Chapter 2]. There exists a constant C such that for any (u,v) €
HS1 (R3) x Hsz(R3), ifs1,82 € ]—% %[ and s1 + s2 > 0 then uv € HS1+32_%([R3) and we have

vl sy +52-3/2 = Cllell sy [0l s -

A.2. Besov spaces. We refer to Chapter 2 from [Bahouri et al. 2011] for an in-depth presentation of the
classical homogeneous and inhomogeneous Besov and Sobolev spaces. We also refer to the appendix of
[Charve 2018a] for a quick presentation.

Let us just recall that ¥ is a smooth radial function supported in the ball B(O ) equal to 1 in a
neighborhood of B(O, Z) and such that r +— ¥/ (r - e;) is nonincreasing over Ry. If we set ¢(§) =
w(%) — ¥(£), then ¢ is compactly supported in the annulus C = {§ e R? : ¢g = 3 < |§| < Co = &} and
we define the homogeneous dyadic blocks: for all j € Z,

Aju:=@Q 7/ Dyu =212/ ) xu, withh=F"lg.

We recall that qﬁ(/D\)u(E ) = ¢ (6)1(§) and we can define the homogeneous Besov norms and spaces:
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Definition 39. For s e Rand 1 < p,r < 0o, we set
1

. r .
lull 3 , o= (Z 2”S||Alu||2p) if r<oo and lullgy :=sup 25| Agul| o
lez

The homogeneous Besov space B;’r is the subset of tempered distributions such that

lim_[$jull e =0
j—>—o0

and ||u||3;§.r is finite (Where S’ju =D i<j—1 A=y (27 D).

e The space B;,r is complete whenever s <d/p,ors <d/p andr = 1.

For any p € [1, oo], we have the continuous embedding Bg}l — [P — BI?’OO.

. o—d(-L—-L)
IfoeR, 1<p; <py<oo,and1<r; <rp <oo,then we have B . < B L2
d

P1,71 D2,r2

The space Blf 1 1s continuously embedded in the set of bounded continuous functions (going to 0 at
infinity if p < 00).

HS = B3 ,.

Interpolation: if 1 < p,ry,r,r <00, 61 # 02, and 6 € (0, 1),
. < FILe 9 .
171 ggezva-mor S 1710 1F W (A7)

Proposition 40 [Bahouri et al. 2011]. We have the following continuous injections:

. BI?’I — L? forany p > 1.

. 31?,2 — L? forany p € [2, ]

. Bg’p — L? forany p €[1,2].

Let us then define the spaces ZI(])"BIS),r from the following norm:

Definition 41. For T >0, s e R,and 1 <r, p < 00, we set

leliz s . = 1271 Agull L 1o g oy

Any product of two distributions u and v may be formally written through the Bony decomposition:

uv = Tyv + Tyu + R(u, v), (A-78)

where

Tyv = Z Si_uljv, Tyu:= Zsl_lvAlu and R(u,v):= Z Z Aju Apv.
1 1 1 |—=I|<1
The above operator T is called a “paraproduct”, whereas R is called a “remainder”. We refer to [Bahouri
et al. 2011] for general properties and for paraproduct and remainder estimates but we can recall that (if
1_ 1

-1, 1 1_ 1, 1y.
r_r1+r2andp p1+pz)‘

e For any s € R, we have ”Tuv”Bg,, < ”u”Loo”U”Bg!r.
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e For any (s,7) € R* xR, we have ||Tuv||3;;!4;t < ||u||B1S7]~rl vl 5

e For any 5,7 € R with s +7 > 0, we have || R(u, U)HB;,J;’ S ||14||B}§1J1 ||v||B[,)2J2

A.3. Dispersion and Strichartz estimates. Consider the system

3 f — (L —LIPA) f = Fex.
f|t=0 = fO-

If we apply the Fourier transform, the equation becomes (see [Charve 2005] for details)

3 f —B(E &) f = Fext,

(A-79)

where
- —V[EP+E162/(ElEI?)  (E34E3)/(elEP) 0 163/ (eFI§%)
B(E.e) = L—llpA: —(E1+ED/ (€ —vlEP—E16/(lE>) 0 £263/(eF|E?)
’ £ 263/ (elE[?) —E163/(elEP) —vIEP —(E7+E2)/(eFIEI?)
0 0 1/(eF) —V'|§?

For 0 < r < R we will denote by C, g the set
Crr=1{E€R?:|E| < Rand |&]>r}.

We also introduce the following frequency truncation operator on Cy g:

N G-I\ VAL
rR =1\ R N\N——)) (A-80)

where y is the smooth cut-off function introduced before and (F~! is the inverse Fourier transform)

) (E)r) (2 (o))

and |D|® the classical derivation operator |D|* f = ]-"_1(|§|Sf(§)).

In what follows we will use it for particular radii r, = €™ and R, = ¢M where m and M will be
made precise later. Let us end with the following anisotropic Bernstein-type result (we refer to [Charve
2005], and to [Iftimie 1999b] for more general anisotropic estimates):

Lemma 42. There exists a constant C > 0 such that for any function f, o >0, 1 <q < p < 00, and all
0 <r < R, we have

(G ()
()5

Moreover if f has its frequencies located in Cy g, then

<C|fllr».
Le (A-81)

<cwni= () (22 s

Lr
IDI* fllr < CR¥[I flILr- O

La
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A.3.1. Eigenvalues, projectors. We begin with the eigenvalues and eigenvectors of matrix the B(¢, ¢).
We refer to [Charve 2004; 2005; 2006; 2018a; Charve and Ngo 2011] for details about the following
proposition. We will only state the results and skip details as the proof is an adaptation of Proposition 3.1
from [Charve and Ngo 2011] (there in the anisotropic case).

Proposition 43. If v # V' there exists &g > 0 such that for all & < gg, for all ro = ™, and R, = &M,

with M < % and 3M +m < 1, and for all § € C,, R,, the matrix B(§, ) = @ is diagonalizable
and its eigenvalues have the following asymptotic expansions with respect to &:

o = —v[£[2, A= @R +iEE B,
eFIE]
£ ; Er - (A-82)
p=—0E +vE + V' F )2 + 7 D(E.e), A=—1(§)E|—i +eE(£ ¢),
E12 eFlE]

where |§|2 = 512 + ’522 + F2$§’, and D, E denote remainder terms satisfying for all § € C,_ R,
2 ID(E,e)| < Crlv —V'Pe?[§|° < Crpv =P~ M « 1,
e|E(E &) < Crlv—v|2elg|* < Crlv—v/|2e! ™M « 1,
eldg, E(5,€)| < Crlv—v/[elE]> < Cplv —V/[2e1 M « 1,
F2 2 / F2 2
r(g‘):B(1+ 33)4_1)—(1— 23)Zmin(v,v/)>0.
2 Hi3 2 &%
Moreover, if we denote by P; (€, ) the projectors onto the eigenspaces corresponding to |, A and A
(i €42,3,4}), and set

and

Pi(u) = F (P (E. &) (@1(£))), (A-83)

then for any divergence-free vector field f whose Fourier transform is supported in Cyr, g, and s € R, we
have the estimates:

1 if Q(f) #0,
P s =C is A-84
IP2fl gis < CFILS N s X b=V [eR2 = v — [l 2M i Q(f) =0, (A-84)
and, fori = 3,4,
R _
IPi S gis < Cr =21 g = Cre™ ™01 £ . (A-85)
&
Finally, if we define Paqa f = (P3 +Pa) f = (I —P2) f (as div f = 0), then
IP34afllg7s < Cr 1+ v —1|eRD) fl gis- (A-86)

Remark 44. In the case v = v’ everything is simpler: the eigenvalues have simple explicit expressions:
—v|£|? (double, p and g coincide), —v|€|? £ (i |€|r)/(¢F|£]), the eigenvectors do not depend on &
and are mutually orthogonal (so that [P; are of norm 1) and this basis exactly corresponds to the QG/osc
decomposition (for divergence-free vector fields): P = P344 and Q = P3 so that the quasigeostrophic
part only depends on W, and the oscillating part only depends on W3 4. Finally the operator I' reduces to
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a simple anisotropic Laplace operator. We refer to [Charve 2006, Appendix B; 2016; 2018a] for more
details.

Remark 45. We emphasize that the leading term in u is the Fourier symbol of the quasigeostrophic
operator I". Moreover, the dispersion is related to the term (i |£|F)/(eF|€]), and when F = 1 this term
reduces to the constant ’g This is why dispersion does not occur in the case F' = 1 (we refer to [Chemin
1997; Charve 2018b] for a study of the asymptotics in the special case F = 1).

A.3.2. Dispersion, Strichartz estimates. Combining Proposition 3 from [Charve 2018a] (covering the
range p > 4) with the convolution arguments from the appendix of [Charve 2004] allows us to cover the
full range p > 1 and obtain the following Strichartz estimates satisfied by the last two projections of the
solution of system(A-79):

Proposition 46. Assume that f satisfies (A-79) on [0, T [, where div fo = 0 and the frequencies of fo
and F are localized in Cy, R,. Then there exists a constant C = Cf p ., > 0 such that, for i € {3, 4}
and p > 1, we have

T
1P fllL2 100 < CK(e) (nfoan - fo | Fe(@l12 dr).

where

LRV T4 /1 INTPTE s.o 41 1\ 4

& 582[—(———)} =e4‘(“M+(2+p’m)[—(———)} if pell.4]
2t Lvo\p 4 volp 4
&

K(e) = 546

LR T L (GHHMAtHm)

gD —=¢gP 27D D ifp24‘
2+4
ré‘

Unfortunately these estimates would be completely useless in our case: we need more flexibility than
only L?-L*-estimates, and in the case v # v’ we need to take into account the second term G! as done
in [Charve 2004]. We begin with the case v = 1/, where we have to deal with the fact that we obtain
Strichartz estimates on W, which is not frequency-localized (we improve the method from [Charve 2006,
Appendix B]). Then we deal with the case v # v’.

A.3.3. Strichartz estimates in the case v = v’. The main result of this section is stated as follows:

Proposition 47. There exists a constant Cg > 0 such that forany d € R, r >4, ¢ > 1, and
1

1

1 4
96j|0,2 ’[m]o,l], pe[l,—],

- o(1-3)

7

if f solves (A-79) for initial data fo and external force Fex both with zero divergence and potential

vorticity, then (co refers to the smaller constant appearing in the Littlewood—Paley decomposition, usually
3

cop = Z)

Cyo 6014 d
|||D|df||Zfng <Cp—L27 _g3(=7) (Ilfolll;gq +/O | Fexi (@)l g . a’f), (A-87)

pp30-D)
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23(1-2-20(1-1))
1 —2—3(1-7-200-3)"

Remark 48. It is interesting to compare our Strichartz estimates with the ones from [Iwabuchi et al. 2017;

>—50-H
o=d+3-2-248(1-%). Cpo,= [%(%_g(l_g))]p 4

Scrobogna 2017] (see Proposition 5). In our estimates we use the range r > 4, whereas in Proposition 5
they consider the case r € ]2, 4[ and they use it for r close to 3. Our index p is mostly equal to 2 but
we can reach p = 1 (which is useful when there are derivatives), whereas in [Iwabuchi et al. 2017],
p>1/(1-2)>2.

Proof of Proposition 47. Let us first assume that Fex = 0. As v = v/, the fact that f is divergence-free
and with zero potential vorticity implies that

Jfo=Pfo="PP fo = P314P fo = P314 fo.

so that we only consider the last two eigenvalues (we recall the eigenvectors are orthogonal). The idea is
to push further the Strichartz estimates without the frequency truncation we obtained in [Charve 2006]:
we will once more use a simple nonstationary phase argument (see for example the works of Chemin,
Desjardins, Gallagher and Grenier [Chemin et al. 2000; 2002; 2006]). As outlined previously, in this special
case there is no need to truncate in frequency through the operator P,_ g, but within the computations we
will truncate considering the vertical Littlewood—Paley decomposition (A}éu = @27/ D3)u):
Jj+1
1A flliprer = 1A) Flleerr = D 1ARA; fllLrrr
k=—o00
Now we will use the methods leading to the general Strichartz estimates (previously used when frequencies
are truncated on some C, g) as in our case r = 002k and R = Cy2/. We recall that @ is the truncation
function involved in the Littlewood—Paley decomposition, we denote by ¢; another smooth truncation
function, with support in a slightly larger annulus than ¢ and equal to 1 on supp ¢, and by B the set
BEAY € R : [V Loy ey < 1
Then following the same classical steps as in [Charve 2006] we get that (we choose for simplicity to write
it only for the third eigenvalue) for any § > 1

IALA; fllLows
= Sup/ AYA; f(t, x)¥(t, x)dx dt
veBJO
=¢ S“p/ / EPHERE A7 ()01 (27T )02 £V (1.6) dE di
veBJo JR3

SCSUPIIAjfoHLzUO / /RSK(v(z—i—s),u,x)-(W(t)*tﬁ(s))(x)dxdsdt]z,

weB €

X o0 poO |t—s|
<C sup ||Aj fol 2 / / Klv(+ys), L
weEB 0o Jo &

@) % T )]s ds dz} L (as)
LB
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with K defined as follows (we refer to [Charve 2006] for details):

. . |E| .
K, 7.x) = /A e EO PTG o) (07T ) 2027 |65))2 dE.
J.k

where

A EHE e 3102/ < |£] < Co2/ and co2F < &3] < C2¥}. (A-89)

Interpolating the following estimates (we refer to [Charve 2006, Section B.2] for more details), and using
as in [Charve 2018a, Section 3.2] that for all @, b > 0 and 0 € [0, 1] we have min(a, b) <a'=%b?,

2 i : 1
1K (0,7, )| oo < Cre=99%" 23 min(Zk_J, - )
r22k=J

2
1K, 7, )| 2 < Cre~ 392 2% 25"

we get forany r € [2,00], + =124+ £ =2 and 6 €0, 1]
2 i _ _2
Sk=)A-20)\1=2 L
IK(0.7,-)|1r < Cpe— 392" (231—9) 0F255)7
T2
A-90
B a1 2k=D1=71=20(1-P)] ( )

Now we can go back to (A-88), by the Cauchy—Schwarz inequality, fixing 8 > 1 so that

Iy @) * ¥ )liLs < 1Y Ol v ©)llzr

that is, choosing ,3 = % = % (which implies that r > 4), and using (A-90), we obtain that

IAYA fllorr < Cr sup [|A; foll 2652 % =D 5" (1-3-200-1)

v EeB %
/ / MO 4oarl® aon
|t—s|2(1 | —s50=D

2 .
h(t) = e~ 2V 2 |1y (1) | 7

with

Next we will use the Hardy—Littlewood—Sobolev estimates, which we recall in R for the convenience of
the reader (we refer to [Hardy and Littlewood 1930; Sobolev 1938; Lieb 1983]):

Proposition 49. There exists a constant C > 0 such that for any function h; € L1 (R) (¢; > 1 fori =1,2)
and any o > 0, with q% + qu +a =2, we have

hi(t)h
/f mOG) 41 4 < o oo,

|t —s|*
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Choosing hy = hy = hlg,, o = %(1 - %) > 0, and é =1 —%(1 —%), we get that

h(h(s 3 i
/ / OB g5 < ClmiR, < e T vl o)

It —s|20-9) 1
L ) 2
el [ I i S (A-92)
= \)% ) LPLF
1,1 _ 1 )
for m € [1, oo] chosen so that - ;—E,thatls,
1_1_ 6 4
m=7—a(1-7).

.. . ... 4 4
Remark 50. Note that this implies the condition p < Z(1/(1—%)).

Combining with (A-91), we can write that

251 (1-2-20(1-%)) o4
e G- a9y
VP

It is possible to sum this for k < j + 1 if and only if

1-2-20(1-%) >0,

that is, as r > 4, when

1-2
0<—=~L—.
4
2(1-3)
Summing over k we obtain that for all j,
A Cp.0 01— 3_3_2 4
|A; fllLrrr <Cr —L_IZ({r_i)““ D9iG-3-2+501~ DA foll 2 (A-94)
4 r

Vo

which leads to the desired result in the homogeneous case. The inhomogeneous case (i.e., when Fgy # 0)
easily follows thanks to the Duhamel formula. O

A.3.4. Strichartz estimates in the case v # V'

Proposition 51. There exists a constant Cp 4 > 0 (where W= w) such that for any d € R, r > 4,

and p < 4/(1 — —) if f solves (A-79) for initial data fy and external force Fexe = FP + F, all three of
them with zero divergence and potential vorticity, then fori = 3,4

4-2
Dp.r ta-4) Re ”
IDHEPErr S Nipap, = Cro s 5y

1
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where Dy, = max(bp r, dp r) with

1_1_4 1_1_4

b= ()G -0 1)
1

1 1_1la-% X »

dp.r =27 ()" (/o AT d’“) |

Remark 52. We could prove like in the previous section some refined estimate with 6 € ]0, 1] (allowing
p =< 4/(9(1 — %))) but we will only need the case 8 = 1 and p close to 2 in this article.

Proof of Proposition 51. Let us first assume that Fx, = 0. With the same notation as in the previous
section, we get that (see previous section, as well as [Charve and Ngo 2011; Charve 2018a] for details)

” [p)iPrs,Rgf ||ZP(R+’L"(R3)

—swp [ PP f 0w dxa

veB
_ €] 2

— Sup/ / lt($)|$|2+lt€F§|+81E(§’8)PZP’.E Rgf()(t %.)X( |€:| )(I—X( |$3|))1/f(l E)dédt

WGB R3 2R8 rg

00 OO _ %
<C sup ||uﬂ>n>rg,Rgfo||Lz[ L1590 F 6 s dz} L (A%
veB o Jo
where
_ 2
L(,’S’M):/ i XE— )T P+i (=) 1t +e1 E§,0)+esE (£.0) ( ISI) ( _X(2|§3|)) dt.
R3 2R8 rg

Like before, to obtain the L 2-norm, we will interpolate between L2 and L. It is easy to obtain

IL(s.t, e, )2 <CFR2 —e? P +s)rE

and we refer to [Charve and Ngo 2011; Charve 2018a] where we proved that (there we were working
with local-in-time solutions, and we dropped the exponential)

1
R? R3 2 v
IL(s,t, e, )| Loo <pr—m1n(l ;( € ) )e—czz?(t+s)r52,
g

e |t_sl
e 213
)

Thanks to (A-85), and doing the same as previously, we end up with (8 = %)

so that we obtain for any § > 2

tc\\o
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with

g0y = e~V |y (1) 7.

Using once more Proposition 49, we end up with

Mo

R4
Vgzms IPrere folle. (A-98)

5
2
&

b
IPiPr.,R. fllLrLr < CFp——1—5-€%

r

Then it is easy to deduce the nonhomogeneous case with F : only. Let us now focus on the other external
force term; we extend the method from [Charve 2004]. If we denote by S(¢) fo the solution of system
(A-79) with F = 0, we have by the Duhamel formula

t
S(t —1YP,. r.Pi F (1)) dt’

LyLr

= sup / / P; Pr,,r. F' (. §)
veB
/ o=~ T@IE2+i(— t’)ﬂ{gl—i-stE(ES) ( &1 )( _X(2|S3|))¢(z‘,§)dt dgdt’
p 2Rg rS

l o0 o0 o0 _
< C sup PPy r. F ||L2L2[/ f / ||L(r—r’,s—ﬂ,e,~>||u/z||w(t>*w(s)nu/(r-z)dsdr]
0 t’ t’

veB

1
2

9

—r
Rs pha=h
3

e € —(t+s 2t’)r 3
xsup[[ / / Lt zointrs — ||w(r>||u||w(s>||udsdrdr’]. (A-99)
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Computing the integral in ¢/,

v .
60270 mm(t,s)rgz,

min(s,?)
/ e FE gy <
0 vorz

and using the fact that |t —s| = s + ¢t — 2 min(s, ), we get

t
/ S(t—t'yP,, g, P F (") dt’
0
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Then setting
k(r) = e~ R IE 72070,
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we just have to estimate a convolution

o0 o0
|| R Ot ds e < Wellnal 1 s, (A-101)
provided that p > 2 and £ (1 —%) < 1 so that k € L%, whose norm is featured in the constant d, - and
we have
_9
D 14_4y R
IPiPr R fllLrLr < Cro—t—r—g et =5
»a=3) 3te7
v
0 e
1
< (1P fola 4 1P PO+ —— Pre Flazz) - (100
Vg T's
Finally, to obtain the announced estimates, we just have to apply this estimate to A jlD |d f. O
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DISPERSIVE ESTIMATES, BLOW-UP AND FAILURE OF
STRICHARTZ ESTIMATES FOR THE SCHRODINGER EQUATION
WITH SLOWLY DECAYING INITIAL DATA

RAINER MANDEL

The initial value problem for the homogeneous Schrédinger equation is investigated for radially symmetric
initial data with slow decay rates and not too wild oscillations. Our global well-posedness results apply to
initial data for which Strichartz estimates fail.

1. Introduction
In this paper we investigate the initial value problem for the Schrodinger equation
iy +Ay =0 inR", v(0)=¢, )

for radial initial data ¢ with slow decay at infinity. In particular, we are interested in a solution theory
for (1) without assuming ¢ to belong to one of the Lebesgue spaces L"(R") with r € [1, 2]. In this case
Strichartz estimates are not available and local or global well-posedness results for (1) are unknown.
Surprisingly, we could not find a complete statement about Strichartz estimates for such initial data in the
literature, so we clarify this point here.

Theorem 1. Letn € Nand p, g € [1, o], r > 2. Then there is no Strichartz estimate

le" bl L @ oy S 1Dy 2)
This theorem partly generalizes the known fact that for any given ¢ > 0 the Schrodinger propagator e/’
is unbounded as a map from L"(R") to L9(R") for all r > 2, g € [1, oo]; see [Linares and Ponce 2015,
p. 63] for the case ¢ = r. Theorem 1 may seem surprising in view of the fact that the optimal conditions
for Strichartz estimates in the most important special case r = 2 do not provide any obvious reason why
the estimates should break down completely for r > 2. Recall that these conditions are given by

2 n_n

p g2
see for instance [Cazenave 2003, Theorem 2.3.3]. We refer to [Strichartz 1977; Keel and Tao 1998;
Ginibre and Velo 1985] for three milestone contributions related to the discovery of these conditions. At
least for n > 3, each of the above conditions has a counterpart in the range r > 2. The scaling invariance of

p.q=2, (p,g,n)#(2,00,2),

the Schrédinger equation implies 2/p +n/q =n/r so that ¢ > r would be an immediate consequence that

MSC2010: primary 35Q41; secondary 35B40, 35B44.
Keywords: Schrodinger equation, failure of Strichartz estimates, dispersive blow-up.
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replaces the condition ¢ > 2. As we discuss in the Appendix p > 2 generalizesto p >2r/(2n —r(n — 1)) 4.
In particular, there is no evident reason for the necessity of » < 2 so that Theorem 1 seems to fill a gap
in the literature. Its short proof relies on a thorough analysis of a counterexample due to Bona, Ponce,
Saut, and Sparber [Bona et al. 2014]. The main feature of their solution is that the corresponding initial
datum oscillates quadratically with respect to the distance to the origin, which produces L*°-blow-up (or
dispersive blow-up) of the solution at some prescribable finite time; see [Bona et al. 2014, Lemma 2.1].
We reconsider this self-similar blow-up analysis for partly more general initial data and estimate the
blow-up rate in L9 (R"), which eventually leads to Theorem 1. Accordingly, our proof even reveals that
local Strichartz estimates cannot hold either and that no improvement in the radial situation is possible.

Given that Strichartz estimates fail, the question arises of how well-posedness results for the Schrodinger
equation can be achieved if the initial datum lies in L" (R") only for r > 2. In view of the above-mentioned
counterexample it seems reasonable to impose a condition on the oscillations of the initial datum. In
the following we present one possible approach in the radially symmetric case which relies on suitably
weighted Sobolev norms of the initial data. For instance we identify a class of initial data lying in L" (R")
only for r > 2n/(n — 1) with solutions that are bounded in time and uniformly localized in space; see
Corollary 3. In that case dispersion need not occur because there are solutions of the form

Ux, 1) =e P (x), where ¢(x) = x| F772 J 2y 2 (@] x|) for some o € R. (3)

Here, J(,—2),> denotes the Bessel function of the first kind and ¢ solves the linear Helmholtz equation
A¢+w*p =0in R™. Aiming for a more general result in this direction, we first consider initial profiles of
the form ¢ (x) = e/l (|x]), where ¢,, belongs to the function spaces X and Y,,, for somem € {0, ..., n},
which we introduce now. The space X is defined to be the completion of C2°(Rx¢; C) with respect to the
norm |- [lx := Il - lx, + Il - Il x, given by

Iflx, = sugz“‘")/2 fo (f O 21 (" Y dr,

Z

171 x, 3=/ ‘di(f(r)”(n_l)/z)‘dr-l—sup(z/ |f(r)|r("—5)/2dr)_
0 r .

z>0

Similarly, we define Y,, to be the completion of C2°(Rx¢; C) with respect to the norm

m 00
£y, :=Z/ O e itme{0, ..., n—1),
k=079

n 00 z
1flly, = / |F O dr +supz? / fryrdr+1f(0).
=1 70 z>0 0
One main feature of these spaces is that slow decay rates of their elements are admissible only provided
that their derivatives decay fast enough. For instance, we have that r — (1 4+ )~ lies in X if and only if
o> (n—1)/2 and in Y,, if and only if &« > n — m, whereas r — ¢" (1 4+r)~* belongs to X if and only if
o > (n+1)/2 and to Y,, if and only if « > n. Using these spaces we find a local well-posedness theory
for at most linearly oscillating radial initial data.
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Theorem 2. Letn € N, m € {0, ..., n}, and ¢ (x) = ¢, (|x|)e!“*! for some w € R:

1) If ¢, € Yy, then (1) has a unique global solution  satisfying
W@, 0l < CWD" " ldolly,-

(1) If ¢o € X then (1) has a unique global solution \ satisfying

¥ (x, )] < Clx|T2 o |1 x.
In (1) and (ii) the constant C does not depend on w.

Here we used the term “global solution” to indicate a distributional solution of the Schrodinger
equation (1) away from ¢t =0, i.e., on R\ {0} x R". Given that the test functions are dense in both X and
Y,, and that the above estimates hold, one even gets that such solutions are limits of smooth classical
solutions with respect to uniform convergence on all compact sets avoiding t = 0 and x = 0. By the
estimate (i) for m = n this convergence is even uniform on R x R" if we assume ¢, € ¥,,. Combining
the estimates (i) and (ii) we deduce the following.

Corollary 3. Let n € N and assume ¢ (x) = fR b0 (Ix]) e dp(w) for some Borel measure . on R.
Then (1) has a unique global solution satisfying

[y (x, )] < c<1+|x|>“—">/2fR<||¢w||x+ IBolly,) dp(w),

provided the right-hand side is finite.
Corollary 4. Letn € N, m € {0, ..., n}, and assume ¢ (x) = fR b0 (|x]))e! P du(w) for some Borel

measure L on R. Then (1) has a unique global solution satisfying

[ (x, )| < C(A+1)~"? fR(n%ny,,m + 1 ¢olly,) di(w),

provided the right-hand side is finite.

Remark 1. (a) In the case n > 2 we can apply Corollary 3 to initial conditions that are sufficiently
regular superpositions of radially symmetric Herglotz waves. The corresponding densities a are assumed
to be Lebesgue measurable and to satisfy [i; |a(w)|(Jo|™"/? + |w|"~?/?) < co. Using the asymptotic
expansions of the Bessel functions at infinity one finds

¢ (x) = / a(@)|x|%™2 J 2 p(@lx]) do = f do (XD dpu(w),
0 R

where du(w) = ddg(w) + dw (§y is the Dirac delta distribution) and

a(w)w "% By, (wr) ifw>0,

bo(r) =r'"" - [Ta®)E A, (Er)dE  ifw=0,
a(—w)|w|™?B,(—wr) ifw<D0.
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Here we anticipated the notation from (6). So Proposition 6 and a few computations yield that @ +—
|¢wllx + |¢olly, is pu-integrable because of

ol x +f ol x do sf la(w)||o| ™" dw,
R R

||¢O||Y,,+/ P, da)gf ()| |0]"2 do.
R R

In particular, Corollary 3 provides an abstract framework for the observation that the solutions of the
Schrodinger equation with initial data given by sufficiently regular superpositions of radially symmetric
Herglotz waves as in (3) remain bounded in time and uniformly localized in space.

(b) Theorem 2(i) is a generalized version of the fact that integrable initial data yield bounded solutions.
Indeed, the latter statement corresponds to m = 0 in the theorem. So we get that less integrability of the
initial datum is still sufficient for the absence of finite time L°°-blow-up provided that the derivatives
decay sufficiently fast. Notice that some kind of control on the derivatives seems necessary given that there
are initial data in L*(R") for any given s > 1, the corresponding solutions of which become unbounded
in finite time; see [Bona et al. 2014, Lemma 2.1 and Remark 2.2].

(c) The decay rates from Corollary 3 improve once we add regularity assumptions on . In the simplest
situation du(w) = b(w) dw for b € Wé"l (R) and w — ¢, € WE2(R; X NY,,), the decay rate improves
to (1 + |x|)'="/2=k This is proved using integration by parts as in the method of stationary phase. In the
Appendix we discuss the densities b(w) = (w — 1)*‘31[1,2] (w) with § € (0, 1) and find the intermediate
decay rates (1 4 |x|)(1="/2=(1=9)

(d) Theorem 2(i) tells us that nondispersive solutions of the Schrédinger equation (1) can only occur

for radial initial data ¢ (x) = @raq(|x|) that satisty |||y, = oo for all m € {0, ..., n — 1}. For smooth

initial data this essentially means that for some k € {0, ..., n — 1} the function |¢r(§c)1 (r)| does not decay

faster than (14 r)~'% as r — oco. We conclude that the lack of dispersion is a phenomenon related to
slowly decaying or heavily oscillating initial data.

2. Proof of Theorem 2

In the following let ¢ denote the unique solution of the Schrodinger equation (1) with initial datum ¢ given
by ¢ (x) = praa(|x]|) = b0 (|x) e’ ™!, By density, it suffices to prove the estimates for ¢, € C°(Rx¢; C).
In the following we use the abbreviations

£y = ¢rad<r)r"/zf<n_2)/z(%) and  g(p) = f2ip). 4

We first recall the representation formula of the solution for radial initial data.

Proposition 5. We have for all x € R", t > 0,

o0
W, 1) = x| G2 (1) i P 0=/ / g(p)e®’ dp. )
0
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Proof. From (4.2) in [Linares and Ponce 2015] or (2.2.5) in [Cazenave 2003] we get

T
W/ PI=IRIED g ()

el z(|x\2+r2)/(4t) / /20 g0 oo ) dr
(417‘[1‘)"/2/ ¢rad( ) 331(0) ( )

n=1,i (x| 242/ (41) irlxlo1/Q21) g d
(417‘[1‘)"/2/ ¢rad(r)r (\/33] (O)e (w)> r

2-n)/2
o n—1,i(xP+r2)/@0 9 B (O)IT 2(n 22 71Xl rlx| J
(4lJTt)”/2_/ Graa(r)r |0 B1(0)] _2t Jwn—2)2 2t r

=|aBl(0)|F(5)(4Tri)"/22”2|x|(2n)/2tleilxlz/(4t)/ f(r)eirz/(4t)dr
0

Y(x,1)=

o0
=|aBl(0>|F(§)(4m>—”/22"—1|x|<2—">/2(¢?>—1e"'x2”“” / F@Vip)e” dp.
0

So the claim follows from |3 B} (0)| = 27"/?/ T'(n/2). O

It will be convenient to split the integrand in (5) into three parts, g = g1 + g2 + g3. The function g
will be identical to g for small arguments and the corresponding estimates rely on the behavior of the
Bessel function Ji,_2)/2 on the interval [0, 1]. The sum g> + g3 represents g for large arguments and their
definitions are based on the asymptotic expansion of the Bessel function at infinity. To be more precise,
we fix some cut-off function y € C§°(R) such that x =1 on [O, 2] and x =0 on [1, oo]. Then, much as
in [Watson 1944, p. 202], we write

2" Ju=22(2) = An(2) + € By (2) + € B, (2), (6)
where the functions A,,, B, are given by
0
An(@) =X (@D J2(2), Ba(2) = (1= x(2))e "IN " gy D2k (7)
k=0

and the coefficients oy € C are g := 1/+/27 and for k e N

1 (n=2 i\ G- 1H@r-3Y) (- (2k— 1))
o -— E (T, k) (5) y where (V, k) = 4kk' s (8)

see [Watson 1944, p. 199]. The motivation for this decomposition is that A,,, B, and its derivatives satisfy
useful uniform estimates that we provide next.

Proposition 6. We have supp(A,) C [0, 1], supp(B,) C [2, ) and for all j € Ny, z € R,
2"~ if jef0,...,n—1},
AP ()| £ 4 1z if je{n,n+2,n+4,..]},
1 ifjen+1,n+3,...},

di . I ifj=0
A7 B ()21-m/2y| < . ,
R N I A S S
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Proof. The estimate for A, follows from

An(2) = x(2)2"? J(an)/Z(Z)

B X(Z)Zn/z Z (— l)m < )(n2)/2+2m

m!T'(m+n/2) ©)
B (—l)m n—142m
= X(Z)r;) 2(1=2)/242m | T (m +n/2)Z o

The estimate for B, follows from its series representation (7); see also [Watson 1944, p. 206]. O

Given the definition of g in (4) and the splitting (6) of the Bessel function, we decompose the integrand g
according to g = g1 + g2 + g3, where, for r := 2/1p,

(P) = Praa(r) A (”x')(m)_n/z PV, (r)A, ("X')(M)_m

81(0) ‘= @Prad n\ Y Y > ’

g2(0) = /gy B, (D) (1 o _ 2ivitwsx/ee g oyp (ML) (12 s
2 J\ 2 2 )\ 2 ’

g3(0) = e g iy, (1) (1] o Q2ivie-istieney g (TN (12 2
2 )\ 2 2 )\ 2 '

We now remove the linear phase factors by putting g 4, (p) := g;(p)e™"%* for
. . x| B |x]
a; :=2Viw, ay =2t a)+2—t , =2t —5 ) (10)

This implies, again for r :=2/1p,

B rlxl\ (1)
81,41 (:0) - ¢w<r)An <7> <2_t> s

rlxl\ [ 1x]
— 11
gZ,az(p) ¢w(r)B < 27 )(ZI) ) ( )

N—
A
W=
N——"
J

~

. [\e]

83,a3 ()0) = ¢w(r)Bn (%

So we infer from Proposition 5
o0 3 oo
WG Dl "D 0 [ dp =3 [ g, (e 0 dp. 12)
0 — J0
j=1

In order to estimate these terms, we make use of the following auxiliary result.

Proposition 7. Let a € R and E € C*°(R; C) for m € Ny be inductively defined by

0 * i > 1
E2(s) ::f e P o, BT (s) ::f E™" ! (p) dp.
R S

Then |E) (s)| < Cy, foralla e R, s > 0.
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Proof. This follows from E' (s) = emial/4 Ef (s +a/2) once we have proved the estimate
|E™(s)| < Cp(1+s51)™ 1 forall s eR,
where E" := E{'. The existence of the improper Fresnel integral E9(s) is a well-known consequence of
the residue theorem. Moreover, I’Hopital’s rule gives
Eo(s)(—Zis)e_"s2 —1 and s>(1+2is Eo(s)e_isz) — % as s — 00.

(For the second limit one may proceed as we do below in the computation of z;.) Since the improper
integral fs ey ,o)e""2 dp exists for s > 1 (again by the residue theorem), we obtain from the previous
statement that the integral E'(s) exists and

2l(s)(=2is)%e ™ 1 and s2(1 — (=2i5)2E! (s)e ") — 3—2’ as s — 0o,

By induction, we find that for all k € N, k > 2 the (proper) integral ZX(s) exists and

2 = lim s2(1 — (=2is)F 1 8k (5)e %)
S—> 00

o e (=2is) k1 — Bk (s)
= lim —
s—>00 s S—Z(_zis)—k—l
y —ei$* (=2is) K 4 2(k + Diels’ (=2is)~*=2 — (B (s)
= l1m - - X
s>00 —eis?5=2(—2is) "k — 2ei5? 53 (=2is) k=1 4+ 2(k + 1)iels’s=2(—2is) 2
_ —(=2i8) K 4+ 2(k + 1)i (=2is) %2 + k-1 (5)e~s
= lim 3 - ; ; ;
s—00 —§2(=2is) "k —2573(=2is)F 1 4 2(k 4+ 1)is—2(=2is) " 2
(k4 1)is™2 — 24+ 2(=2is)FEF1(5)e~ s

= lim

§—00 2572 =2is 4 — (k+1)is™*
o (k+ Di+252(1 = (=2i)* B (s)e ) (k+ D
= lim — — = + Zk—1,
§—>00 242is7>+ (k+ 1)is 2
implying
, k+2)(k+ 1)
2= lim s2(1 — (=2is)F T & (s)e™s") = kDG +Di )’.
§—00 4
This yields the bounds for E”(s) and we are done. Il

Let us remark that the proof actually yields the stronger estimate |E' (s)| < C,, for 0 <s <a_ and
[EX(s)| < 2+, (1 +5)™"! for s > a_. However, given that these estimates depend on a, it seems
difficult to make use of them. Moreover, the independence of a guarantees that our estimates below do not
depend on w since the latter is completely absorbed in the definitions of ay, a;, az from (10). From (12)
and Proposition 7 we deduce the following estimate for the solution .

Proposition 8. Forallx e R", t e R, m € {0, ..., n}, we have

o
|¢r<x,z)|scm_l|x|<2—")/2f1/2(am,n|g§f’al”<0)|+ f |g§’f;{<p>|+|g§’f;’2(p)|+|g§’f;1<p>|dp>, (13)
A :

where g1 a,, 82.a,» §3,a; are given by (11).
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Proof. In the following integration-by-parts scheme we use (EZ’_)/ =— E;”/__l as well as
80,0 =g}, O =--=¢g/'"20) =0, gf' V(0)=g{" "0 =0, (14)

which follows from (11) and Proposition 6. Recall that the support of B, is contained in [ ) by
choice of the cut-off function x so that the above estimate is actually trivial for j € {2, 3}. So we have for
mel0,...,n—1}

00 M o -
/ 870, (0747 dp 2 lim </ 8, () dt>e’<ﬂ 450 g
0 0

M— o0 0

M Mo
= lim 8},a,~([) (f elPrap) d,o) dt
0 ’ t

M— o0

o
- f &).q, (DES (1) di
0

o0 t
(lz“)f (/ g, (s) ds> g0 (1) dr
0 0 ™y J

o
— / 8] 4 (9Ey () ds
0

= [Temwzn o, (1)
0
Notice that the limit M — oo passes under the integral because g; ., has compact support and the gk
are bounded by Proposition 7. So we obtain form € {0, ..., n —1}
3
W nl'2 1 ERYH Y / gl (MEL () dp'
0

j=1
3 o0
< Cuabl® WY [ lel ol dp.
J=

Moreover, using (15) form =n — 1 we get

3
W, 0l =1 @AWY fo g\ (0 EL () dp'
j=1

3 00 0 t
= 1x O/ Z(gﬁ’; "o [ e+ ( | gj-’f;,<p>dp>sg;2<r>dt>

j=1
3
= x| Z(gj”a Yoo+ f 87, (PVE 1<p>dp)‘

j=1

(14) _n _ n
< Cualx|®2(W) 1(|g1 m”<0>|+2 / |g§3<p>|dp) O
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For notational convenience we write x < y, respectively x = y, instead of x < cy, respectively x > cy,
for positive numbers c that are independent of w, |x|, ¢, r but may depend on m € {0, ..., n} or the space
dimension n € N.

Proposition 9. Let m € {0, ..., n}. Then the functions g1 4,, 82,4, 83.a; from (11) satisfy the following
estimates for all p > 0 and r = 2/1p:

m
. . rixl)
181 (0] S x| "2y "“Dd)g‘)(rnr" e ‘-1[0,1]< 7 ) if m<n,

1810, () S (|x|<" PR Z|¢<">(r>|r" R CON |¢w(r)|r) 10, l]<r'x|>

kl 2t

) rlx)
B+ S e Y g (%)
k=0

Proof. We get forr =2/tpandm € {0, ..., n—1}

R Y (”“))‘(im)—"/z

w n 2t
S W0y ¢<">(r)A<m—k>(m ) ( x| )m—k—n/z
) k=0 Y ! 2t

2t
Prop 6 rlx| n—1—m+k Ix| m—k—n/2 rlx|
< W Z 60 >|< ) (5) 10 1]( > )

rlx|
< |x|(n 2)/2(\/_)111 n+22|¢(k)(r)|rn 1—m+k 1[0 1]( > )

m 1) m
81" ()| = (2/1)

m

This implies the first estimate. For m =n we use the estimate for Af,] ) from Proposition 6 for j € {0, ..., n}

(o ()G
@ 2t 2t
W'Y ¢“‘>(r)A<"—'<>(@) ‘ (m)n/z_k
~ —~ @ " 2t 2t
e\ YA rlx| (1x]\"? rlx|
n (k) i LS Bida) . =l
S W (Zws <>|( ) <2t) + o ()] t(zt) ) 1[0,1]( 2t>

S (|x|("—2>/2<¢2)2 D1t + |x|<"+2>/2<¢;)—2|¢w(r)|r> Lo (M)

2t
k=1

and obtain

18" (o) ‘= @i D'

This yields the second estimate. The third estimate results from
1B @) S |22, (16)

which is a consequence of Proposition 6. Thus
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£ oo ()(5)

© 2t 2t

B(m_k) (M) (m>mkn/2
" 2t 2t

(n—1)/2—m+k m—k—n/2
Wi Z 1600 )|< 'x') (%) i oo)(r;j')

m

_ —1j2— rlx|

2t
k=0
Proof of Theorem 2(i). We combine the estimates from Propositions 8 and 9. Under the assumption
b, € COO([RR>0; C)wegetforallme{0,...,n—1}

(11)
185" ()] + 185 (0)] ‘= 2(2J e

el xIC D f |g§"”<p>|+|gzaz(p)|+|g3a3<p>|dp
Pr0p9
< (W Z / 16 Vi Vi) dp

00
+|x|(1 n)/l(\/_) Z/ |¢L(:€)(2\/;p)|(2\/;p)(n—1)/2—m+kdp
k=0 ¢ V1/Qlx))

A

n 2t/x|
oy f 66 ("= ar
k=0
(n—=1)/2 m
+(f)m I’L( ) / |¢(E)k)(r)|r("_1)/2_m+kdr
k=0 Y 1/1x|

2t/|x| 00
(«ﬁ)’"‘"Z( fo 65 (" dr / |¢§f>(r)|r"—m+’<—1dr)

k=0 t/]x]

N

S W0" gl

In the case m = n we use the second estimate in Proposition 9 instead of the first one. By density of
CX(Rx0; C) in Y,, the result follows. Il

Proof of Theorem 2(ii). For r = 2/t p we use

1810, (DI S 1|22 (10 ()12 + 181, (I - Lo, n(r;;l)

as well as

1854, (P)| + 85,4, (P)]

Wy (¢> (r)B, (””))‘(M)_"/z
¢ 2t 2t
1L o)1) |02, (”’")'(ﬂ)_m
dr " 2t 2t

i( (a-m2p, (flzfl»'(%)-n/z

+/11g ()"
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d _ _ rlc N7V T2 rlx|
(n—1)/2y|.(1=m)/2 [ T1XT L) 1 )
P (P (r)r )| ( > ) Y 172,00\

m—ny2( Tlxl 2\ r|x|
o) (5 ()
g <|X|1/2(\/;)2 dd_r(ql)w(r)r(nfl)/Z) + |x|3/2(%)4|¢w(r)|r(n5)/2> . 1[1/200) (M)

2t
This implies

Prop. 6
SVt

~

Prop. 8 00
W, ol < xEAWD ! /0 181" ()| + 1857 ()| + 1857 (p) | dp

Prop. 9

Vt/1x|
< (VF /0 (|¢w(2¢?p)|<2¢?p)"—2+|¢;<2ﬁp>|(2ﬁp)"—l) dp

o0
d
+Hx |2 — (o (rr" V) dp
Jij@xpldr r=2Vip
o0
2 f 60 2VT) VT "9 dp
Vi/(2lx])

x|

o0
t/lx|

1-n)/2
< x9Nl x

So we get the result by density of C>°(Rxo; C) in X. O

¢ (1=n)/2  »2t/|x]|
< |x|<1—">/2<—) f (1o (IF" 2+ 19, (D)"Y dr
0

j—r(%mr("—”/z)

t oo
drt— | Agu)r® dr)
1] Ji/1x]

3. Proof of Theorem 1
We estimate the solution of the Schrodinger equation for the initial datum

G () = praa(X]).  Where raa(p) := e P41 21 p™°

and o is chosen according to (n —3)/2 < o < n. In this case, the formula (5) is well-defined and provides
a solution of the initial value problem (1). In [Bona et al. 2014, Section 2.1] it was shown that the solution
Y blows up in L®(R") as t — 1 provided that n/2 < o < n holds. In fact, in this case the function

a(x) = 1y=1lx|77

lies in L?(R") but not in L'(R") so that [Bona et al. 2014, Remark 2.2] applies. We now generalize
this analysis to the range (n — 3)/2 < o < n and detect a self-similar blow-up in L?(R") for all
q >n/(n—o), and a lower estimate for the corresponding blow-up rate then implies ||V || »r, L9 7)) = 00
for p > 2q/((n —o0)q —n),. From this we will finally deduce the nonvalidity of Strichartz estimates for
initial data ¢ € L"(R"), where r > 2.
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We set k; :=+/1/(4t) —1/4 for 0 <t < 1 and write ¥ (x) = Yq(|x|). We get for |x| = 2tk;z
plxl n2 o 1) g
J(n -2\ % Graa(P) P 1%
0

plx| 2
/ Jin— 2)/2( 5 ),0"/2 o ¢’k dp‘
1 t

o0
/ Jn—2)2(pki2) p"/* 7% P i dp‘
!

20 (e, )|k D (x| G2 o

2—n)/2 —1gn—
= |x| @/ g

_ (2tktz)(2—n)/2t—1ktn—a

= (2k,2) @ g

[e.¢]
/ J-22(s2)s">7 1 ds

ky

— (27)@ /2 ast — 1

f T2 2(52)s"> 7 ds
0

and the convergence is locally uniform in z € (0, 0o) due to (n — 3)/2 < o < n. Since the right-hand side
is not identically zero we may find § > 0 and radii 0 < R; < R; such that

Y (x,t)| 2 k{ ™" for Rik; <|x| < Rokyand 1 -8 <t < 1.

Hence we get

1 r/q 1 Rok; rlq
/ (/ [ (x, )| dx) dr 2, / (/ Ul S dr) dt
1=8 \J Bryk, (O\Bg, (0) 1-8 \J Rk,

1
> (k?+(0*”)4)p/q dt

~

1-5
> : (1 _t)p(n+(0—n)q)/(2q) dt.
1-5
This integral is finite if and only if (p/(2q))(n + (0 —n)q) > —1. So ¥ € LP(R; LY(R")) can only hold
for p < 2q/((n —o)q —n)4. Moreover, the initial datum lies in L"(R") if and only if ¢ > n/r. So,
for any r > 1 we can consider the limit o \( max{n/r, (n —3)/2}, and we find that the validity of the
Strichartz estimate (2) with initial datum in L"(R"), r > 1, implies

< 2q _ { 2qr 4q }
~ ((mn—max{n/r, (n —3)/2}))q —n)+ n((r—Dg—r)y (n+3)g—2n)4

On the other hand, the scaling invariance of the Schrddinger equation implies 2/p +n/qg = n/r and thus
p =2qr/(n(q —r)). Plugging this into (17) we obtain r < 2. Hence, the Strichartz estimate (2) cannot

7)

hold for any r > 2, which finishes the proof. 0

Appendix

In this appendix we briefly discuss the restriction p > 2 in the context of Strichartz estimates of the form

itA
e d’”Lf’(R;L‘I(R")) S el ey
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which results from an abstract reasoning involving translation-invariant operators due to [Hérmander
1960]; see [Keel and Tao 1998, p. 970-971]. Here we provide a family of explicit counterexamples that
not only implies p > 2 for square integrable initial data, but even shows p > 2r/(2n —r(n — 1)) for
initial data in L"(R") with r > 2n/(n + 1). In order to avoid lengthy computations involving oscillatory
integrals, we only sketch the proofs. The starting point is a reasonable choice of an initial condition. We
choose

2
6 (x) = x| /2 / @ = 1) Tz p(@lx]) do
1

for 6 € (0, 1). This function corresponds to a singular superposition of Herglotz waves; see Remark 1(c).
It is smooth and lengthy computations involving the van der Corput lemma [Stein 1993, p. 334] reveal

o0

| (x)] ~ 2|x|(1—n)/2—(1—5)/ Re(eipaoei(IXI—((H—I)H)/4))p—5 dp as |x| = oo,
0

where op > 0 is the dominant term in the series expansion of the Bessel function near infinity; see (8). In

particular we get ¢ € L"(R*) ifand only if 6 < (n+1)/2 —n/r.

The above choice for the initial datum allows to write down the corresponding solution of the
Schrodinger equation semiexplicitly via

Y (- DE) = e G(&) = e E1E T2 (1 — 1)Ly (€D,

Hence, one gets

2
Y, 0 = x| f e (@ = 1) J_gyp(wlx]) doo,
1
and the van der Corput Lemma implies |y (x, )| > ct®~! for small |x| and large ¢. In particular,
Y e LP(R; L1(R")) implies p(1—§) > 1. So we conclude that for any r € (2n/(n+1), oo] we can consider
the limit § /" min{1, (n + 1)/2 — n/r} in the above computations and obtain that ¢ € L?(R; L9(R"))
implies
2r

p> provided r >
2n—r(n—1)4 n+1

(18)

For r =2, i.e., for square integrable initial data, this implies p > 2, which is all we wanted to demonstrate.

Let us mention that a detailed analysis of ¥ reveals ¥ € L (R; LY(R")) if and only if

2n —1 2n
g > max , )
n—46 n+1-26
2q 2q
p > max , , .
1-6 gln—38)+1—-2n gn+1—-25)—2n

Keeping the scaling condition 2/p 4+ n/q = n/r in mind, these a priori more restrictive conditions do
however not result in stronger necessary conditions than (18), so that further necessary conditions cannot
be deduced from this example.
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