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SCATTERING RESONANCES ON TRUNCATED CONES

DEAN BASKIN AND MENGXUAN YANG

We consider the problem of finding the resonances of the Laplacian on truncated Riemannian cones. In a
similar fashion to Cheeger and Taylor, we construct the resolvent and scattering matrix for the Laplacian
on cones and truncated cones. Following Stefanov, we show that the resonances on the truncated cone are
distributed asymptotically as Ar" 4 o(r"), where A is an explicit coefficient. We also conclude that the
Laplacian on a nontruncated cone has no resonances.

1. Introduction

In this note, we consider the resonances on truncated Riemannian cones and establish a Weyl-type formula
for their distribution. To fix notation, we let (Y, &) be a compact (n—1)-dimensional Riemannian manifold
(with or without boundary) and let C(Y) denote the cone over Y. In other words, C(Y) is diffeomorphic
to the product (0, 00), x ¥ and is equipped with the incomplete Riemannian metric g = dr? + r?h. We
refer the reader to the foundational works [Cheeger and Taylor 1982a; 1982b] for more details on the
geometric set-up. We also introduce the fruncated Riemannian cone C,(Y) formed by introducing a
boundary at r = a; i.e., C,(Y) is diffeomorphic to [a, 00), x ¥ and equipped with the same metric.
The (negative-definite) Laplacian on C(Y) (or C,(Y) with a choice of boundary conditions) has the

form
-1
92+

1
0 + r_zAhv
where Aj denotes the Laplacian of (Y, k). Its resolvent R(A) is given by
RO =(A+2H7L

We consider the cutoff resolvent x R(A) x, where yx is a (fixed) smooth compactly supported function on
C(Y) (or C,(Y)). One consequence of the resolvent formula of Theorem 2.1 is that the cutoff resolvent
extends meromorphically to the logarithmic cover of C \ {0}.

More precisely, we identify elements A of the logarithmic cover of C\ {0} by a magnitude |1| and a
phase arg A € R. We identify the “physical half-plane” as those A with arg A € (0, ). These A correspond
to the resolvent set C \ [0, 00) via the map A — |A|2¢? 2% The cutoff resolvent then extends to be
meromorphic as a function of A on this logarithmic cover.
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The poles of the cutoff resolvent consist of possibly finitely many L?-eigenvalues lying in the upper
half-plane (which do not appear with Dirichlet boundary conditions) and poles lying on other sheets of
the cover. The latter poles are called the resonances of A.

The main theorem of this paper counts the most physically relevant resonances for the truncated cone. In
particular, we count those resonances A nearest to the physical half-plane, i.e., those with arg A € (— 7 O)
and arg A € (rr, 37”) The resonances on other “sheets” of the cover remain more mysterious and are
related to the zeros of Hankel functions near the real axis. We consider the resonance counting function
on these sheets, defined by

N(r) =#{A : L is aresonance and |A| <r}.
The following theorem provides an asymptotic formula for N (r).

Theorem 1.1. Suppose either that the set of periodic geodesics of (Y, h) has Liouville measure zero or
that Y = S"~! equipped with a constant rescaling of the standard metric. Consider the truncated cone
C1(Y) equipped with the Dirichlet Laplacian and let N (r) denote its resonance counting function on the
neighboring sheets as above. We then have, as r — 00,

N@) = A, Vol(Y, Hr'" + o™,

where A, is an explicit constant (defined below in (7)) and Vol(Y, h) denotes the volume of the Riemannian
manifold (Y, h).

The constant A, Vol(Y, &) in Theorem 1.1 is the same constant as computed in [Stefanov 2006] for
the resonance counting function on the domain exterior to a ball in R”. When ¥ = S"~! is equipped
with its standard metric, the truncated cone C;(Y) can be thought of as the exterior of the unit ball in
Euclidean space. Theorem 1.1 recovers Stefanov’s result. (When ¥ = $"~!, n odd, is equipped with
its standard metric, the cutoff resolvent in fact continues to the complex plane; this can be seen in the
resolvent formulae below.)

We also state the following theorem, which is known to the community but does not seem to be in the
literature.

Theorem 1.2. If (Y, h) is a compact Riemannian manifold (with or without boundary) then the cone

C(Y) has no resonances.

In fact, Theorem 2.1 below shows that A is a resonance of the truncated cone C;(Y) if and only if A /a
is a resonance of the truncated cone C,(Y). Sending a to 0 then pushes all resonances out to infinity and
provides evidence for Theorem 1.2.

The proof of Theorem 1.1 has two main steps. We first separate variables and obtain an explicit
resolvent formula in Theorem 2.1 to characterize the resonances as zeros of a Hankel function. In
Section 3 we consider the asymptotic distribution of the zeros of each Hankel function appearing in the
resolvent formula. The hypothesis on the link (Y, /) is used to control the error terms when synthesizing
the result. Theorem 1.2 is an immediate corollary of the resolvent formula in Theorem 2.1.
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The proof of Theorem 1.1 follows an argument of [Stefanov 2006] very closely. Stefanov established a
Weyl-type law for the distribution of resonances for the exterior of a ball in odd-dimensional Euclidean
space. The main contribution of this paper is the observation that, after some natural modifications, the
core of Stefanov’s argument applies to the setting of cones. Borthwick [2010; 2012] and Borthwick and
Philipp [2014] showed that a similar approach works in the asymptotically hyperbolic setting.

We further remark that we have specialized to the Dirichlet Laplacian in Theorem 1.1 only for simplicity.
For Neumann or Robin boundary conditions, the resolvent formula of Theorem 2.1 has an analogous
expression. The resonance counting problem then involves counting zeros of H}gz)’ + CvH?, which can
be handled with similar arguments.

2. Resolvent construction

In this section we write down an explicit formula (via separation of variables) for the resolvent and
then show that the cut-off resolvent has a meromorphic continuation to the logarithmic cover A of the
complex plane. The construction is essentially contained in the [Cheeger and Taylor 1982a; 1982b], but
the resolvent is not explicitly written there.

Suppose ¢; form an orthonormal family of eigenfunctions for —Aj, with corresponding eigenvalues ,ujz.
We decompose L2(C(Y)) into a direct sum in terms of the eigenspaces of —Ay, i.e.,

o o
L*(Co(Y): ©) = @ L (@, 00): Ej).  f(r.y) =Y _ fi(");(y),

j=0 j=0
where the first space is defined with respect to the volume form induced by the metric and the latter spaces
can be identified (via the identification f(r)¢;(y) — f(r)) with the space L?*((a, 0); C) equipped with
the volume form "~ ! dr.

For arg A € (0, ), the resolvent R(X) splits as a direct sum of operators R; (1) acting on L?*((a, 00), E )5

with measure r"~! dr.

R(%) (Z fi(r)g; (y)) = PR ) ) ().
j=1 j=1

In this section, we prove the following explicit formula for the j-th piece of the resolvent. For the
cone C(Y) (i.e., for a = 0), we use the Friedrichs extension of the Laplacian to guarantee self-adjointness
(though in high enough dimension the Laplacian is essentially self-adjoint):

Theorem 2.1. The piece of the resolvent corresponding to the j-th eigenvalue has the following explicit
expression on the truncated cone Cy(Y) or the cone C(Y) (a = 0):

(R0 1)(r) = / Ko (P f (PP dF.

where K, j(r,T) is given by

HSP ) d, ) — (1, Ga) /H) ) HS QR HYY (), 1 < T,

) ~ _ T~ —(n—-2)/2 )
Ky i(r,r)==(@r - - -
@i (o7) =57 7) {J‘,j()\r)H,)(jl)()\r)—(ij()»a)/Hlfjl)(ka))Hlfjl)()\r)HSjl)()\r), r> 7.
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Here J, are the standard Bessel functions of the first kind and H,Sl) are the Hankel functions of the first
kind. The second term in both expressions should be interpreted as 0 when a = 0.

Proof. After separating variables, we may assume that f = f;(r)¢;(y). We construct the resolvent for
JA > 0 and then meromorphically continue the expression.
Writing u = u; (r)¢$;(y), the equation (A + A%)u = f induces the following differential equation for u i

n—1 T
arzuj+78ruj—r—£uj+k2uj:fj. (D

We solve this equation by showing it is equivalent to a Bessel equation.
Changing variables to p = Ar and writing u(p) = u(p/A) yields

2
9~ n—1__ //Lj _ 1 -

Writing v = p”~?/2{1, we obtain a Bessel equation for v:

2

1 1 / ]
v+ v+ (1--5 Jv=2g(p), (2)
o o
where
n-2)/2 _

A

We now proceed by the standard ODE technique of variation of parameters. One basis for the space of

vi=pi+((1=2)/2)° and g(p) =

solutions of the homogeneous version of this Bessel equation is {J,, (p), Hlfjl)(,o)}, where J), is the Bessel
function of the first kind and H" is the Hankel function of the first kind. We thus may use the following
basis for the space of solutions of the homogeneous equation:

wi(r) =r" PRI, wa(r) =r " PRPHD ). 3)

For 3A > 0, R;(}) f; must lie in L*((a, 00), r*~Vdr). If fj 1s compactly supported, this means that
uj = R;(A) f; must be a multiple of r= =2/ 2H,fjl)()m) near infinity. When a > 0, u; must satisfy the
boundary condition at r = a. When a = 0, the choice of the Friedrichs extension requires that both u;
and u} lie in the weighted L? space near 0 and so u ; must be a multiple of rm(=2/2 Jy; (Ar) near r =0 as
any nonzero multiple of w, will not have this property.

We may thus write

uj(r)=( T @)@

Tow(F) fi(F)
W(wy, w2)(¥)

df)““(r”(“ W, w) ()

df) wa(r),

where C is a yet-to-be-determined constant, the functions w; and wy are as in (3), and W(wy, w») is
their Wronskian. The Wronskian W can be easily computed in terms of the Wronskian of the Bessel and
Hankel functions and is

W, w)(r) =D 2L



SCATTERING RESONANCES ON TRUNCATED CONES 389

We now turn our attention to the boundary condition. For a = 0, the requirement that the solution and
its derivative live in L? forces C = 0, yielding the result. For a # 0, we require that u i(a) =0;1e.,

( / H“)mr"/zf(f)df)“Mmfv.f(ka)%a(””ZHV(,-”(M)=°

and so we must have
Jy.(Aa
co_ 2 Il )/ HO QR f(x) dax,
2i H,) (ra)

finishing the proof. U
We now claim that y R(})x has a meromorphic continuation:
Lemma 2.2. Given a fixed x € C2°(R4. xY), x R(A) x meromorphically continues from
{LeC:31>0}
to the logarithmic cover A of the complex plane.

Proof. We first prove the statement for the full cone; the statement for the truncated cone will follow by
an appeal to the analytic Fredholm theorem.

Fix x € C2°((0, 00)) and regard x (r) as a compactly supported smooth function on C(Y). We let R(1)
denote the resolvent on the nontruncated cone (i.e., « = 0) and K (X; r, y, 7, y) denote its integral kernel.
In order to show that x R()) x meromorphically continues, it suffices to show that for any f, g € L>(C(Y)),
the function

A= (xR xS, g)

meromorphically continues to A.
Fix two such functions f, g € L*(C(Y)) and let fj(r)and g; (r) denote their coefficients in the expansion
in terms of eigenfunctions of Ay, i.e.,

9= [0 ().

j=0

We observe that because f and g are square-integrable, the sum and the integral commute; i.e.,

oo @ o0 00
1/ W22y :/ Do dr =y / | ;)P dr.
0 —Jo
Jj=0 j=0

From Theorem 2.1, we may write

o0

(XRMxf.8) = Z( /0 N /0 D () () Fi®)gi(r) 1y, GO H Or)F" "=t dF dr

Jj=0

+ / h / oo(fr)_("_z)/zx(r) X (F) f;(F)gj(r)Jy, (kr)H,fjl)(kf)F”_lr”_ldfdr), @)
0 Jr
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where J, and HS" are as above. Because each term in (4) meromorphically continues to the Riemann
surface A, it suffices to show that the partial sums of the series converge locally (in 1) uniformly (in j).

By the asymptotic expansions of Bessel functions for large order, we know [DLMF 2018, 10.19] that,
locally in A € A, and for r € supp yx,

JoGr) 1 err v+ 1 [ferr)’
r)y=—— ol —( =— ,
’ V2mv \ 2v Jv\ 2v
HY () 1 /2 [err _v+ 1 [erxr\ "’
r)=—,—— ol — (| — ,
Y i Vv \ 2v Jv\ 2v
as v — oo through the positive reals. In particular, for j large enough, each term in (4) can be bounded by
o0 pr 1 F Vj
C/ / —X(r)x(f)ﬁ(f)gj(r)[(—> (1 +0(1))] (Fr)"/? dF dr
0o Jo Yy r
(e elydee] 1 r Vj )
+ Cf / —x()x (@) f;(r)g; (r)[(:) (1 +0(1))] (Fr)"/? dF dr.
o Jr TV r

Observe that in the first integral, 7/r is bounded by 1, while /7 is bounded by 1 in the second.
Because yx is compactly supported, we may therefore bound each term (for j large enough) by

X
— I fille2ligjll 22
Vj

This sequence is absolutely summable, so the partial sums of the series in (4) converge locally uniformly.
This establishes that the cut-off resolvent on the full cone (a = 0) meromorphically extends to the
logarithmic cover A of the complex plane.

We now proceed to the case of the truncated cone (a > 0). We proceed by an appeal to the analytic
Fredholm theorem.

Fix x0, Xoo € C*°((a, 00)) so that xo(r) is supported near r = a, xoo(r) is identically zero near r = a,
and xo+ xoo = 1. We let Ry (1) denote the resolvent on the nontruncated cone and Ry()\) denote the
resolvent on a compact manifold with boundary into which the support of yy embeds isometrically. We
define the parametrix

Q) = XoRo(A) x0 + XooRoo (X) Xoos

where ¥ have similar support properties and are identically 1 on the support of their counterparts. Applying
A + 22 yields a remainder of the form 7 + > [A, xi1R; (1) x;. Both terms are compact and the operator is
invertible for large IA by Neumann series, so applying R, (%) to both sides and inverting the remainder
shows that it has a meromorphic continuation. O

3. Proof of Theorem 1.1

By the formula for the resolvent in Theorem 2.1, the resonances of R, (1) correspond to those A for which
Hu(_il)(ka) =0 for some j. For simplicity we will discuss only the case a =1 as the other cases can be
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found by rescaling. As mentioned in the introduction, we consider only those resonances nearest to the
upper half-plane, i.e., those with

—% <argh <0 or n<argk<37”. (5)

Because v; is real, we may relate the zeros of Hv(_,l)()») in the region given by (5) to zeros of H\sz) (A) in
the quadrant 0 < arg A < 7 via analytic continuation formulae. Indeed, it is well known [DLMF 2018,
10.11.5, 10.11.9] that

Hﬁ])(zen) — _e—vaISZ)(Z)’

1= @ ©)
HY () = H”(2).

The first of these equations identifies zeros of H, Dinx < arg A < 3—” to zeros of H\” in the first quadrant;
the second equation does the same for zeros of H, D with —Z < argk < 0. In particular, each zero of
(2) with 0 < argA < 7 corresponds to exactly two resonances.
For large enough v, the zeros of the Hankel function H? in the first quadrant lie near the boundary
of (a scaling of) an “eye-like” domain K C C. The domain K is symmetric about the real axis and is

bounded by the following curve and its conjugate:
z==4(tcotht — )2 +i(t> —rtanh )/, 0<1 <1,

where fy is the positive root of t = coth . We refer to the piece of the boundary of K lying in the upper
half-plane by 0K .
The constant A, above is given by

A, =

B 2112
2(n — 1) Vol(B,,_1) / | d\zl, @)
0K

n(271’)” |Z|n+1

where B,,_ is the (n—1)-dimensional unit ball. Observe that, up to a factor of the volume of the unit
sphere (which is replaced by the volume of Y in the theorem statement), the constant A, is the same
constant computed in [Stefanov 2006].

We use below two different parametrizations of the piece of 9K, lying the in the quadrant 0 <argz < 7.
The first parametrization is by the argument of z, i.e., by the map

[O, %] — 0K, O =argzr>z=2z(0).

For the second parametrization, we introduce the function p, defined by

14+41
p() =2 =log "5 T2 Jagz] <, ®)

where (following [Stefanov 2006, Section 4; Olver 1974, Chapter 10]) the branches of the functions above
are chosen so that ¢ is real when z is. Another characterization is that the principal branches are chosen
when 0 < z < 1 and continuity is demanded elsewhere.
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The boundary dK is the vanishing set of fp. This yields a parametrization of the part of 9K lying in
O<argz < 7:
[0.Z] > 3Ky, t>p l(—it) =z

The transition between the two parametrizations is given by
dt dtdz ,
—_— = —— =1 ] = 1 — 2‘
20~ dz=do (ip (i) =v1-z
The function ¢ defined in (8) is the solution of the ODE

() -1
dz) — ¢z?

that is infinitely differentiable on the positive real axis (including at z = 1). As is implicit in (8), it can be
analytically continued to the complex plane with a branch cut along the negative real axis.

Because the resonances correspond to zeros of HU(_/Z), we must also consider the asymptotic distribution
of the v;. In what follows, we consider only the case when the periodic geodesics of (Y, i) have measure
zero.! The eigenvalues ,uj2. of Aj, obey Weyl’s law:

Ny () =#{p; : pj < p with multiplicity}
. Vol Bn—l

= 1 Vol(Y, i)' + R(w).

Here Vol(B,_;) denotes the volume of the unit ball in R”~! and Vol(Y, k) is the volume of ¥ equipped
with the metric /. In general, R(u) = O (1"~?), but if we now impose the dynamical hypothesis (that
the set of periodic geodesics of (Y, k) has Liouville measure zero), then a theorem of [Duistermaat and
Guillemin 1975] (in the boundaryless case) and [Ivrii 1980; 1982] (in the boundary case) shows that

R() =o(u"™?).
The nonperiodicity assumption then allows us to count eigenvalues on intervals of length 1:

Np(u, p+1) =#{p; : p < u;j < p~+ 1 with multiplicity}
VOI(Bn—l)

Gy Vol(Y, k)"~ + o(u"~2).

=mn-1)

As vj2 = MJ? + (n — 2)?/4, the same counting formula holds for vj;ie.,

Ny(p, p+1) =#{v; : p <v; < p+ 1 with multiplicity}
Vol(B,—1)

Gyt VOl " 40 (p" 7). ©)

=mn-1)
We now turn our attention to the zeros of the Hankel function H\ (z) with arg z € [0, Z]- An argument
from [Watson 1944, pages 511-513] is easily adapted to give a precise count of the number of zeros of

IWhen (¥, h) is a sphere, the analysis is simplified slightly. In that case, one replaces the use of the Weyl formula with
explicit formulae for the eigenvalues ;sz. and their multiplicities.
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H'? in this sector. Indeed, that argument shows that the number of zeros is given by the closest integer

to %v — i (when v — % is an integer, there is a zero on the imaginary axis and so rounds up).

As v — oo through positive real values, we have an asymptotic expansion [DLMF 2018, 10.20.6]
relating the Hankel function to the Airy function

4{ >]/4<Ai(e—2ﬂi/3v2/3§) [ee] Ak(§)+Ai/(e_2T[i/3U2/3€) o0 Bk(g)) (10)

1—22 V173 p2k v3/3 2k
k=0 k=0

H]fz)(vz) ~ 2ein/3(

Here Ay and By are real and infinitely differentiable for ¢ € R. This expansion is uniformin |arg z| <7 —4&
for fixed 6 > 0. In particular, for large enough v, the zeros of the Hankel function are well-approximated
by zeros of the Airy function and we may identify each zero h, ; of the Hankel function H with a zero
of the Airy function Ai(—z).

Let a; denote the k-th zero of the Airy function Ai(—z); all a; are positive and

2/3 _
a = [3(kr =2 + 0.
We now define A, ; and Xv,k via the Airy zeros and their leading approximations:

Ak = vf_l(v_2/3e_i”/3ak) = vp_l (—i%azﬂv_l),
Tk =vp™! (=il = Hv),

where k=1, ..., |_%v + leJ By the Hankel expansion (10), |4, x — A, x| < C/v for large enough v, while
Ak — ):V,k| < C/v for large enough v and k. As we have identified I_%v + ;H approximate zeros, we can
conclude that these account for all 4, .

We now divide our attention into those zeros with small argument and those with large argument. We
introduce the auxiliary counting function

N(r, 61, 6,) =#{o : 0 is a resonance with |o| <r, argo € [0y, 62]}.

We first address those with small argument. Fix € > 0 and consider those zeros with |z| < r and
arg z € [0, €]. We need count those A, ; with arg A, x € [0, €] and |A, | <7r. As |A, x| is comparable to v,
we can over-count these zeros by counting all A, ; with argument in [0, €] and v < Cr.

Because |p| < Ce3/? for those Ay k With arg A, & € [0, €], we must only count those a; with a; < Cv?/3e.
The leading order asymptotic [DLMF 2018, 9.9.6] for the zeros of the Airy function shows that this
number is O (ve3/?).

We now count those resonances with argument in [0, €]. Putting together the asymptotic for v; in (9)
with the previous two paragraphs, we have (with m(v;) denoting the multiplicity of v;)

N(r,0,€) =Y m)#lhy i : [y k| <7 arghy i €[0, €]}

j=1
Cr Cr

<> m)Cyie? <CEPNY " 3" m(v)p < CE (11)
j=1 p=0 v;jelp,p+1]
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We now consider those resonances with argument in | €, Z |. For large enough v, the approximations
2

Ay are valid for these resonances. We count those approximate resonances with v; € [p, p + 1) and
arg A, € [0, 0 + AB]. We start by introducing, for fixed v, the number Ak, of XU, x with argument lying
in [0, 6 + A@]. Observe that the definition of ):,,, ¢ relates Ak, with Ar by

Ak, = 2 At + 0(1),
T

where At denotes the change in ¢ corresponding to Af in the parametrizations above. Note that At is
independent of the choice of v. We can then write

3 N "
#hi v €lp. p+ D arghyx €10,0+ A0l = Y m)Ak,= > m)| ZAr+01)).
p=<v;<p+l p=vi<p+1 T

By the definition of the approximate zeros Xv,k, we can estimate their size |)~»U,k| in terms of |z(6)],
provided that arg ):U,k € [0, 0 + Af], yielding

i = v(12(0)| + O(AH)).

In particular, if v;[z(6)| > r but A, x| < r, then

e[ L (1—cnp), — ]
Vj —(—-c sy — |-
7 L1z |2(0)]

We may thus rewrite our counting function as

#lokt hoil <rarghok €10,0+A01) = Y m(v)

. |)~Lv,k|§r
arg A, k€[0,0+A0]

= Y mop+ > m(vy).

vilz@)|=r vie[(r/12(0))(1—cAb),r/12(0)]]
arg 2« €[0.0+A0] arg i, 4 €[0,6+A6]
By our improved Weyl’s law (9), the second term is O (r"~2).

We now focus our attention on the first term (here | - | denotes the “floor” function):

Lr/lz|-1]
Yoo omp= Y > Yo o mp+ Y. > m)
vilz@®l=r p=0 vielp.p+1) argi, r€[6,0-+A0] vi€llr/zl.r/z] arg X, 1 €[6,0+A6]
arg Aj 1 €[0,0+A0]
Lr/lz]-1]
= Y > mopAk+ Y > my.
p=0 vielp,p+1) viellr/z].r/z] argX, 1 €[6,0+A0]

Again by Weyl’s law, we observe that the second term is O (+"~2). By relating At and Ak, we can rewrite
the first term:

Lr/lzl—1] lr/lz|—-1] .
Yooy mepak= Y > m(v) — At + > m@)o).
p=0 vje[p,p+1) p=0 vj€lp,p+1) v <|r/lzl]

By Weyl’s law (9), the second term is O ("~ '), so we again consider the first term.
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As At is independent of v;, we may use Weyl’s law as well on the first term:

Lr/1zl—1] b I/l =1
YY) mwplar= N [ Vol(B,_1) Vol(Y, h) p" "' At + O (p" %) + o(p"_l)At]
7 2n—17-[n
p=0 vjelp,p+1) p=0
2n— 1) Lr/lz]—1]
== Vol(B,—) Vol(Y. At Y~ p" '+ 00" ) +o(r™ At
Qm)" 0=0
2(n—1)

_2m—D (Y n—t n
= G Vol(B,_1) Vol(Y, h)n<|z(0)|) A+ O™ Y +o(r™ At.

We finally introduce a Riemann sum in ¢ to understand this main term:
#{ Ao Aol <7, arghog € [€, 3]}

_ /”/2 (zm — 1) Vol(B,—1)
o t=1(e) (27'[)””1
_ (n=1) Vol(B,-1)

rn

n—1 n
EOT dt+ 0" ) +o(r")

Vol (Y, h))

n 1 n n
2y Vol(Y, h)r /BK+ W dt+ O(er™) +o(™)

B _ 2172
_ ((n I)VOI(BH*I) VOI(Y, h)/ ud|z|)r"+0(6rn)+0(rn)
Qm)'n ok, Izl

= A, Vol(Y, h)r'" 4+ O (er™) + o(r"). (12)

Here the prefactor of 2 disappeared because the first integral parametrizes only half of 0 K. It reappears
in the statement of Theorem 1.1 because each zero there corresponds to two resonances (one on each
sheet). We further observe that the constant A, Vol(Y, #) agrees with the leading term found in the
Euclidean case found in [Stefanov 2006].

Sending € to O establishes the theorem for the approximate zeros A, x. Because each A, x isina C/v
neighborhood of a zero #, x, this finishes the proof of the theorem.
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