R
” PURE and APPLIED?

7
/

”

.

oo

°®

L

"l

be

"o

L

/ ;.
/7 .

Y GIORGIO METAFUNE, LUIGI NEGRO AND CHIARA SPINA
o1
od
',‘," L? ESTIMATES FOR BAOUENDI-GRUSHIN OPERATORS
.ﬁ

’
y



PURE and APPLIED

ANALYSIS

Vol. 2, No. 3, 2020
https://doi.org/10.2140/paa.2020.2.603

L? ESTIMATES FOR BAOUENDI-GRUSHIN OPERATORS

GIORGIO METAFUNE, LUIGI NEGRO AND CHIARA SPINA

We prove L” estimates for the Baouendi—Grushin operator A, + [x[*Ay in LP(RVNTM) 1 < p < o0,
where x € RY, y € R™. When p = 2 more general weights belonging to the reverse Holder class B, (RY)
are allowed.

1. Introduction

We prove L? estimates for the Baouendi-Grushin operator L = A, + [x|*Ay in LP(RV ™M) 1 < p < o0,
where x € RY, y € RM; more specifically, we prove the L? boundedness of the operators Dy, ij_l,
|x|* Dy, y; L~ and |x| iD xyi L. We use these results to characterize the domain of the operator L, denoted
by D, (L), where the solution of the equation Au — Lu = f exists and is unique for any f € L? (RN+M)
and A > 0. In an equivalent way, we describe the domain under which L generates an (analytic and
symmetric) semigroup in L? (RN*+M),

If « is an even integer, the operator is hypoelliptic but is not a sublaplacian in the sense of [Folland
1975] and our estimates seem to be known only for « = 2 and even N > 2; see [Koch et al. 2015]. When
« is an unrestricted positive real number, many results are known on local regularity of the equation
Lu = f; see for example [Franchi and Serapioni 1987; Franchi et al. 1994; Franchi and Lanconelli 1984;
Garofalo and Vassilev 2007] for the unique continuation property. We refer to [Robinson and Sikora
2008] for heat kernel estimates even in a more general context. However, we are not aware of global
regularity results for the second derivatives of u, with the exception of [Wang 2003], where global Holder
regularity is proved for every o > 0 and of [Kim 1999], where L” estimates are proved, when o = 1 and
N =1, in the half-plane x > 0 for the inhomogeneous problem Lu = f, u(0, y) = g(y). When g =0
the estimates in [Kim 1999] reduce to ours: even though our results are valid in the whole space, they
can be rephrased when N = 1 in the half-space x > 0 for Dirichlet or Neumann boundary conditions by
considering odd and even functions with respect to x, respectively.

We prove L? estimates through an interpolation theorem in the absence of kernels in homogeneous
spaces due to Z. Shen [2005, Theorem 3.1], see also [Auscher and Martell 2007, Theorem 3.14], and
weighted mean value inequalities for subsolutions of the elliptic equation Lu = 0, with respect to the
balls associated with the subelliptic distance defined by the operator, proved in [Franchi and Serapioni
1987; Chanillo and Wheeden 1986]. Some of these results can probably be generalized to the case when
|x|* is replaced by a weight function ¢ (x) belonging to the reverse Holder class B, (RM). This is the
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case when p =2, where the result is not obtained via integration by parts but using maximal inequalities
due to P. Auscher and B. Ben Ali [2007] for Schrédinger operators with B, potentials. However, local
estimates for subsolutions seem to be known only in special cases and they are crucial in our approach
when p # 2. Another restriction comes from the estimates of the mixed derivatives, that is, for the
operator |x|2 ny,.L_l, where our proof relies on scaling. In order to unify our approach and to improve
the readability, we consider only the |x|* case in our L? estimates. Perturbation arguments from this
model case allow us to treat different powers near 0 and co or power-like behavior, but we prefer not to
deal with these variants here.

The paper is organized as follows. In Section 2 we define the operator in L(R"+M) through a form and
prove L2 estimates via partial Fourier transform and maximal regularity results on Schrodinger operators.
In Section 3 we briefly recall the subelliptic distance associated with L and the main geometrical objects
needed in L? estimates. The latter are proved in Section 4, where a separate subsection deals with mixed
derivatives.

Notation. We use L” for L? (RYTM) and CX for C° (RN+M), L° stands for the space of all bounded
measurable functions on RVY*¥ having compact support. S is the Schwartz space and S’ the space of
tempered distributions. We also write B(r) := {x € R : |x| < r}, B(xo,r) = xo+ B(r).
2. L? estimates
Let ¢ : RN — [0, +00[ be a nonnegative continuous function and set
RVoQyv={xeRY:¢(x) >0}, Q=Qy xR,
Let L be the operator defined on smooth functions by

L=Ac+¢x)A,,

a= ( 0 ¢IM> _(alj)

ot ri=isN. 0
a;j(x, = .
T =) ifN+I<i=j<N+M

where x € RY, y € RM. Setting

or

and O elsewhere, we can write
L =div(a V)
and, therefore, L is formally self-adjoint with respect to the Lebesgue measure.

Remark 2.1. L is nondegenerate in the x-direction but degenerates in the y-direction outside 2. Accord-
ingly, V,u will denote the distributional gradient (with respect to x) of u in the whole space R¥+M and
Vyu only its distributional gradient (with respect to y) in 2.

We give a formal definition of L through a symmetric form:
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Definition 2.2. Consider the sesquilinear form a in L? defined by

a(u, v) :=/ [(Viu, Viv) + ¢ (x)(Vyu, Vyv)ldx dy,
RN+M

D(a):={ue L ueH (), Vou, $7Vyu € L*}.

According to the remark above, we require that the weak gradient V,u exists only in .
We summarize in the following lemma the main properties of a. Note that, due to the assumptions on ¢,
a is locally uniformly elliptic on 2.

Lemma 2.3. The form a is densely defined, nonnegative, symmetric and closed in L* and the following
properties hold:

() If Q is an orthogonal matrix in RM, yo € RM and Toiyu(x,y) =u(x, Qy + yo), then for every
u,v € D(a), one has g ,u, Io;yv € D(a) and
a(loqyut, Ig4y,v) = a(u, v).
(i) If ¢ is homogeneous of degree a > 0, i.e., ¢ (sx) = s%¢(x) for x € RN, s > 0, then defining the
dilation
Liu(x,y) =u(sx, sHTay),
for every u, v € D(a) one has IL;u, I;v € D(a) and
a(lsu, Iv) = SZ_N_HTHMG(M, V).
Proof. Clearly, due to the positivity of ¢, a is a nonnegative symmetric form in L2 The closedness of

the form follows easily since a is locally uniformly elliptic in €2. The proofs of (i) and (ii) follow by a
straightforward computation. Il

Let —L be the operator associated with a, that is,

D(L) := {u € D(a) : there exists v € L? such that a(u, w) = fRN+M vwdxdy forall w e D(a)}, @)
—Lu:=v.

The basic properties of L are listed below.
Proposition 2.4. The operator —L defined in (2) is nonnegative and self-adjoint. Moreover:

(i) C® < D(L) <> {u € L>*NW22(Q) ; Lu € L?} and for every u € C°

Lu=Axu+¢(x)Au.

(ii) L generates a contractive analytic semigroup {e*F : z € C,} in L.

(iii) The semigroup {e'L : t > 0} is submarkovian; i.e., it is positive and L>-contractive.

(iv) If Q is an orthogonal matrix in RM and yo € R™, then

L=1I,y, Llgiy, lopyu(x,y)=u(x, Qy+ yo).
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(v) If ¢ is homogeneous of degree o, then
§2L = IS_ILIS, Liu(x,y) =u(sx, sHTay), s > 0.

Proof. Part (i) is clear by construction and from interior elliptic regularity (see, however, the proof of
Theorem 2.9 for justifying the integration by parts). The generation property of L follows by standard
results, see [Ouhabaz 2005, Chapter 1, Section 4]; the positivity of e'l as well its L°°-contractivity is a
consequence of the Beurling—Deny criteria satisfied by the form a, see [Ouhabaz 2005, Corollary 2.18],
and note that a is real; that is, a(u, v) € R whenever u, v are real functions. Concerning (iv) and (v), let
ue D(L),ve D(a) and s > 0. Then

a(lsu,v) = SZ_N_HTHMG(M, I-1v)
= —SZ_N_HTQM f (Lu)l-vdxdy = —s2/ (IsLu)vdx dy;
RN+M RN+M

hence I,u € D(L) and LI,u = s*I;Lu. The proof for g, is similar. U
The following proposition shows that C2° is dense in D (L) with respect to the graph norm.
Proposition 2.5. C2° is a core for the operator (L, D(L)) and the form a.
Proof. Since I — L is invertible we have to show that (/ — L)(C?°) is dense in L? or, equivalently, that
(I — L)(C®)* = {0}. To this aim let v € L? such that
/ (I-Luvdxdy=0 forallueCX.
RN+M

Taking the partial Fourier transform with respect to the y-variable and applying the Fubini and Plancherel
theorems we get

/RMMWX’ £) — Ayli(x, )+ p(X) €12 (x, £)]D(x, E)dx dé =0 forall u e C.
Choosing u = A(x)B(y) € C>° we have ii(x, £) = A(x)B(£) and
fRM[A(x) — A AG) + P )IEPAM)BE)D(x, &) dx d& =0. 3)
Fix £ € R™, r > 0 and let

w() = XB(&,r) € LZ(IRM).

_
|B(o. )|

Let (B,), € C°(RM) be a sequence of test functions such that B, — w in L2(RM); then B, — w in
L?>(RM) and taking the limit as n — o0 in (3) with B replaced by §n we obtain

1 _
— de | [A(x) — AcAX) + ¢ (0)[EFAX)] D(x, &) dx = 0.
| B0, )| JBgy,r) RV

Letting » — 0 and using the Lebesgue differentiation theorem, we have for a.e. £ € RM

/RN [A(x) — A A(x) + ¢ (x)€0* Ax)] D(x, &) dx =0,
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which, since u was arbitrary, is valid for every A € C*° (RM). The operator A, —¢(-)|€ |>isa Schrodinger
operator in L*(R") with nonpositive potential —¢|£|> € L7, (RY) and C°(RY) is dense in the domain
D(A, — ¢(+)|E|*) with respect to the graph norm; see [Kato 1972]. The last equation then implies
d(-, &) =0 for a.e. & € RM, which proves the required claim.

Since D(L) is dense in D(L'/?) = D(a), see [Kato 1966, Theorem VI.2.23], the second statement
follows from the first. O

In order to prove the main result of this section we recall the definition of B),-weights. Let 1 < p < co.

Then w € B,(R"), where B,(R") is the class of the reverse Holder weights of order p, ifw € L] , @ >0

loc®
a.e. and there exists a positive constant C such that the inequality

(wapyfifw @)
|B| JB |B| JB

holds for every ball B. If p = oo, the left-hand side of the inequality above has to be replaced by the
essential supremum of @ on B. The smallest positive constant C such that (4) holds is the B, constant
of w. We recall that powers |x|* belong to B, (R") whenever « > 0. This is easily seen first considering
balls of radius 1 (and large centers) and then scaling.

Remark 2.6. In the proof of the following result we need the maximal L? inequalities for Schrodinger
operators A—V, 0 <V € B>(RM), shown in [Auscher and Ben Ali 2007, Theorem 1.1, Corollary 1.3].
They say that the operator V (A — V)~ ! is bounded in L2(R"); moreover, the norm of V(A — V)~ is
bounded by a constant which depends only on N and the B, constant of V. This last fact is not explicitly
stated in [Auscher and Ben Ali 2007], even though it follows from the proofs, but can be found in
[Carbonaro et al. 2008, Theorem 3.6] in the more general setting of parabolic Schrodinger operators
D; — A + V. In fact the norm of V(A — V)~! depends on C in (4) and the constant in the Harnack
inequality for the Laplacian in RY. See also [Shen 1995, Theorem 0.3] where, however, N > 3 and
V € B, for some ¢ > &.

Theorem 2.7. Assume that ¢ : RN — [0, +-00[ belongs to B>(RY). Then for every 1 < i, j < N,
1<h,k <M,one has

| Dx;x;ullz + ¢ Dy, yulla < CllLullz, u€ D(L).
Moreover
1
| Viulla + @2 Vyulla < C(|Lullz + lull2), we D(L).

Proof. By Proposition 2.5 we may assume that u € C°. Consider the partial Fourier transform with
respect to the y-variable. Let v(x, §) = éi(x, &). Then, setting Lu = f, we have

Acv(x, &) —p()E[Pu(x, &) = f(x,8) € L%

Observe now that, for every fixed & € RM, Ay —¢(-)|E%isa Schrodinger operator in RN with potential
¢|£|%>. Moreover, since ¢ € B, (RV), it immediately follows that ¢|& |2 satisfies the reverse Holder condition
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with the same constant as ¢. By Remark 2.6 above, we have
4 2 2 7 2
e [ owhenoPdr=c [ e ofar
RN RV
with a constant C not depending on &. Integrating the last inequality over R, we get

fnw E1% (0o (x, £)° dx dE < C/Rw |f e, &) dx ds.

Since | - [Pv(x, -) = A/y\u(x, -) we get, using Fubini’s theorem and the Plancherel theorem in RY,

/ P Ayulx, y)I* dxdy < c/ |f (e, »I* dxdy,
RN+M RN+M
which reads as [|¢ A ull, < C|[Lull>; by difference we also get [[Ayull> < C||Lull>.
The Calder6n—Zygmund theorem applied separately to each variable implies
||Dxin”||iz(RN) S C(N)”A)CuHiZ(RN)a 1 S i, .] S Na
”Dyhyku||%2(RM) S C(M)”Ayl’t”iZ(RM)s 1 S hs k S M

Integrating the previous inequalities (with the last one multiplied by ¢ (x)?) over RM and RY, respectively,
we get the first claim.
Concerning the gradient estimates, it is enough to observe that, by interpolation, for every € > 0,

A c
IVellzzn) <€ 3 IDgull 2y + — el 2gay)-
i,j=1
The estimates for the first-order derivatives with respect to x immediately follow after integration over RY

and by using the first part of the theorem. For the gradient with respect to y, we start, analogously, from
M

C
IVyllzzgony < € 3 1Dyl 2oy + — el 2.
hk=1

Choosing € = ¢ (x)!/2, the claim follows after the integration over RY and by using the first part of the
theorem. O

Remark 2.8. If ¢ € By(R"Y) and N > 3, it can be proved along the same lines that
1
2 Dy, y,ull2 < Cl|Lull2, u € D(L).

In fact, the partial Fourier transform of Dy, ,u is —i&, D, ii(x, &) and ¢|& |? satisfies the By (RY) reverse
Holder condition with the same constant as ¢. By [Shen 1995, Theorem 0.8]

|$|2f ¢<x>|vxv<x,s>|2dxsc/ |f(x, ) dx, 5)
RN RN
with a constant C not depending on £. Integrating over R™ and using Plancherel’s theorem, we get

f <z>(y>|Dx,.y,,u<x,y>|2dxdyfc/ |f(x, )|*dx dy.
RN+M RN+M
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The above result probably holds also for N =1, 2 since the maximal inequality (5) is discussed in [Auscher
and Ben Ali 2007] (see the comments after Corollary 1.5); the authors say that their methods give the
result for all N but a detailed proof is not given. Since we shall not use this remark in what follows we
omit further investigation.

In the following theorem we characterize the domain of the operator L.
Theorem 2.9. If ¢ € B>(RY) then the domain of the operator L defined in (2) satisfies
D(L) = {u € L*: Veu, Dyyju, ¢2Vyu, $Dy,u € L2, ()

Proof. Let D(L) be the set defined in the right-hand side of equality (6). Theorem 2.7 then implies
D(L) C 5(L). To prove the equality it is then enough to prove that the operator (L, 5(L)) is dissipative
since in this case [ — L : 5(L) — L? is an injective extension of the resolvent operator / — L : D(L) — L?
and so both operators must coincide. Let u € 5(L); then, by the definition, for every compact set w € 2,
we have u, D’u € L*(w); hence u € HIZOC(Q). Moreover a section argument, see for example [Ziemer
1989, Theorem 2.1.4], shows that for a.e. x € Qy, we have u(x, -) € H*(RM) and

A;{MMAyudyz—/RM |Vyu|2dy for a.e. x € Q.

Then multiplying by ¢, integrating in x and using Fubini’s theorem we get

/ d()uAyudxdy = —/ ¢ (X)|Vyu|* dx dy.
RN+M RN+M

Analogous reasoning applied to the y-sections shows that

/M uAudxdy=— fM |Veu|? dx dy.
R R

The last two inequalities imply
/ uLudxdy:—/ (IVyu|* + ¢ (x)|Vyul*) dx dy <0,
RN+M RN+M

which, since u € 5(L) was arbitrary, implies the dissipativity of (L, lN)(L)). O

The next proposition provides regularity properties of the solution of the resolvent equation with respect
to the y-variables.

Proposition 2.10. Let u € D(L) be such that u — Lu = f € CX°. Then for every multiindex o one has
D;‘u € D(L) and
o o na
Dju—LDju =Dy f.

Proof. Let u € D(L) be such that u — Lu = f € C2°. Then

/ (v + (Vyu, Viv) + ¢ (x)(Vyu, Vyv))dx dy = / fvdxdy foreveryve D(a). (7)
RN+M RN+M
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For h e RM let D;,g(z) :=(g(x, y+h)—g(x, y)) and let us take, in the last equation, v = D_;, Dju € D(qa).
Then, since D_j;, = D}, one has

|\, (Dl Dl p ) + 1Dy dwdy = [ Dy Dy dy
RN+M RN+M
< IDu fll2 Duuellz < 5IDw £13 + | Dpue]13)- (8)
In particular for every w € 2 there exists some positive constant C = C(w) such that
I1DpVull 2wy < CIRIIV [l 2(w)

for sufficiently small %; this proves that Vu is weakly differentiable in w in the y-variable and that

Dyu e HILC(Q). Moreover, if e, ..., ey is the standard basis of R, ¢ # 0, and h = te;, then dividing
both sides of (8) by ¢ and taking the limit for t — O we obtain
1
5/ (IDyul® + Dy, Veuu$ (x) + | Dy, Vyul*) dx dy 5/ Dy, fI?dx dy,
RN+M RN+M

which proves that Dy, u € D(a). Let us fix now v € C2°; using (7) with v replaced by D_;,,v we get

f Dy, fvdxdy =/ fD_tevdxdy
RN+M RN+M
= /N M(qute,-v + (Vau, Vfote,-U> +¢(x)<vyu, VnyteiU>) dxdy
RN+

= fN ; (Dye;uv + (Do, Viut, Viv) + ¢ (x)(Dye, Vyu, Vyv)) dx dy.
RN+
Dividing both sides of the last equation by ¢ and taking the limit for # — 0 we obtain
/ Dy, fvdxdy = f (Dy,uv + (Dy, Veu, Vi v) + ¢ (x)(Dy, Vyu, Vyv)) dx dy.
RN+M RN+M

Since by Proposition 2.5 CZ° is a core for a and since v is arbitrary in the last equation, we have that
Dyu € D(L) and Dyu — L(Dy,u) = D,, f, which is the required claim for |@¢| = 1. An inductive
argument easily proves the claim for any multiindex «. Moreover, since Dfu = (I — L)™! DY f, for some
C = C(a) > 0 we have

| D%ull < ClID% £ o, O

We end this section by proving a version of Kato’s inequality adapted to L, which will be used for
proving L?-estimates.
Proposition 2.11. Let u € D(L) and let us define
0 j =0,
sign(u) = { tfu(x)
u(@)/lu(x)| if ulx) #0.

Then |u| satisfies the distributional inequality

—a(lul, @) 2/ sign(u) Lupdx dy forany 0 <¢ € C°.
RN+M
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Proof. We suppose first that u € C°. If

Ue(x) =/ |ul? + €

then u, > |u| and
u.(aVue) =u(a Vu) 9)

(here a is the matrix defined in (1)). Thus (9) implies

—1
|Veute| < |ulluel™ [Vyu| < |Viul,

(10)
¢ ()| Vytte] < lulluel ™ ¢ (x)|Vyul < ¢ (x)|Vyul.
Taking the divergence of (9) we obtain
e L + [Verte|* + ¢ ()| Vyue|* = uLu + |Veul* + ¢ (x)| Vyul?,
so by (10)
Lu.>Lru. (11)

Ue

Integrating by parts the right-hand side of (11), it follows that

—u(ue,(p)zf lLu(pdxdy forany 0 < ¢ € C°.
R

N+M U

Letting € — 0 we get
—a(lul, ¢) > / sign(u) Lupdxdy forany0<g¢ e CX.
RN+M

Let now u € D(L) and let u, € C2° be such that u, — u in D(L). Up to a subsequence, if necessary, we
can also suppose that #,, — u almost everywhere. Since also u, — u in D(a) by the last inequalities

—a(luu|, @) 2/ sign(u,) Lu, ¢ dxdy forany 0 <¢ e C.°;
RN+M

the claim follows letting n — oo. ]

3. The distance d associated with L

Let o > 0 and let
L=A,+[x|"Ay

be the self-adjoint operator defined in Section 2 with ¢ (x) = |x|% In this section we introduce a natural
RN*+M associated with L and which makes the triple (R¥Y*™ 4, £), consisting of RN *+M
equipped with the distance d and the Lebesgue measure £, a homogeneous space in the sense of [Coifman
and Weiss 1971; 1977].

metric d on

Definition 3.1. Let y : [0, T] — RY*M be an absolutely continuous curve. We say that y is a subunit
curve if for a.e. t € [0, T'] one has

(p (1), €)* < |&7 + |x|°|&, 1> for every & = (&, &) e RV TV,
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For every z1, 20 € RV*M we define

d(z1,z2) = inf{T € RT : there exists a subunit curve y : [0, T] — RN ™™ (0) =z, y(T) = 22}
=sup{y(z2) — ¥ (z1) : ¢ € WHP RV, | Voyr P+ x|V P < 1. (12)

We remark that d is a well-defined distance and that any pair of points z;, z, € R¥Y+M can be joined by
a subunit curve; see [Franchi and Serapioni 1987, Section 2, Example 3.6] and [Franchi and Lanconelli
1984, Definition 2.4]. A proof of the equality in (12) can be found in [Jerison and Sdnchez-Calle 1987,
Proposition 3.1].

For zo € RVtM r > 0, we write

S(zo,7) :={z e R"M 1 d(z9,2) < 1)

to denote the balls of RV with respect to the metric d. In the next proposition we clarify the structure
of the metric and define an equivalent system of balls which are explicit and easier to work with. For

20 = (x0, yo) € RN*M » > 0, let us define the cylindrical set

0(z0,7) == B(xo, 7) X B(yo, 7 (x0)), 7 (x0) :=r(r + |xol) 2. (13)

Proposition 3.2. There exist two positive constants Cy, Co > 0 such that the distance function d satisfies
for every zi = (x1, y1), 21 = (x2, y2) € RV M

Ci1F(z1,22) <d(z1,22) < CoF (21, 22),

where
Iy1 — y2l

F(z1,22) = |x1 —x2] + (—a
(I =+ |x2])2

_2
/\|yl_y2|2+°‘)-

In particular

1S, 1) {rN*M(”” if r = o,
20,7 =~ 4 .
rNFM M3 if r < fxol,

and the metric balls satisfy the doubling property
1S(z0, s7)| < CsMN MU+ 1S (20, 1) for every zo € RV 5> 1.

Furthermore there exists a constant ¢ > 1 such that for every zo = (xg, Yo) € RN+M > 0,

0(z20,¢™'r) € S(z0, ) S Q(z0, cr).

In particular |S(zo, r)| =~ rNtM (r + |x0)M%/? and (RN*M | d, L) is a metric space of homogeneous type.

Proof. The first part of the statement is proved in [Robinson and Sikora 2008, Proposition 5.1, Corol-
lary 5.2] (take in that paper §; =8, =0, 5, =8, =%, D=D'=N+M(1+%)). A proof of the second
part can be found in [Franchi and Serapioni 1987, Proposition 2.7, Example 3.6] and [Franchi et al. 1994,
Proposition 1]. U
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4. L? estimates

Let 1 < p < oo. In this section we assume that ¢ (x) = |x|% with o > 0, and consider therefore the operator
L=A,+[x|"Ay

in L? with x € RY, y € R, Property (iii) of Proposition 2.4 shows that the symmetric semigroup ('),
generated by L in L? is submarkovian. Then by a standard result, see for example [Ouhabaz 2005,
Chapter 3], it induces a consistent family of strongly continuous semigroups on L? for any 1 < p < oo,
still denoted by (e’ Ly +>0- Moreover (e’ L)tzo extends to a contractive holomorphic semigroup on a sector;
see [Ouhabaz 2005, Theorem 3.13].

Definition 4.1. For any p € (1, oo) we define the sectorial operator (L, D,(L)) as the generator of the
extrapolated semigroup (e’L),Zo in LP. We also write D>(L) = D(L).

D,(L)N D(L) is dense in L?; in fact, if f € CZ°, then el fe D,(L) N D(L) and converges to f
in L?. Then D, (L) N D(L), being a dense invariant set, is by construction a core for (L, D,(L)).

Theorem 2.7 holds in the specific situation since |x|* € Boo(R") and we prove that those estimates
extendto 1 < p < o0.

We recall that |x|? belongs to A, (R"), the class of Muckenhoupt weights of order ¢ > 1, whenever
0<pB < N(t—1). This means that

1 1 Ao\ !
—f Ix|? dx —/ Ix|P0-"ax) <cC
|B| /B |B| /B

for any ball (or cube) B of R"; see for example [Duoandikoetxea 2001, Chapther 7.3]. However, we
need Muckenhoupt weights in (R¥Y ™™ d, £) with respect to the metric defined in Section 3. Since |x|?
is independent of y and since the balls S in this space are equivalent to the cylinders Q(z, r) defined in
(13), which are products of balls in R and R respectively, one easily verifies that

1 1 , =1
<m/|x|’3dxdy)(E/|x|’3(1_t)dxdy) <C
s N

for every ball S (or cylinder) in (RN™™ 4, L).

A theory on these classes of weights in homogeneous spaces is presented for example in [Stromberg
and Torchinsky 1989, Chapter I], to which we refer for the proofs of the results needed in what follows.
In particular, we recall that Muckenhoupt weights induce doubling measures. The following well-known
consequence of the definition is crucial in our approach.

Lemma4.2. If p(x,y) = |x|?, t > 1, and B < N(t — 1), there exists ¢ > 0 such that the inequality

(il 5 e
01 ,%) = /¢
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holds for all nonnegative functions g and all cylinders Q in (RN*M d, [). Here

2= o
0
Proof. By Holder’s inequality one has

()~ =G ) o)

and the claim follows from the A, property of |x|# in (RN*M 4, L). ]

The A, property of ¢ = |x|*, combined with mean value inequalities for Baouendi—Grushin operators,
allows us to characterize the domain of the operator. We prove the following result.
Theorem 4.3. Forevery1 <i, j <N, 1 <h, k <M, the operators |x|* Dy, (I — L)y, Dy, (1 — L)y,
originally defined in L?, extend to bounded operators in L.

The main tool is the following result due to Shen [2005, Theorem 3.1], which can be considered as a
version of the Calderén—Zygmund theorem in the absence of kernels. The original proof, where Euclidean
balls are used, can be modified to work also for our space (RVN*+M 4. ). Indeed an improved version of

Shen’s result in more general homogeneous spaces, which covers the cases of our interest, can be found
in [Auscher and Martell 2007, Theorem 3.14 and Section V].

Theorem 4.4. Let 1 < py < qo < 0o. Suppose that T is a sublinear bounded operator on LP°. Suppose
moreover that there exist ap > o1 > 1, C > 0, such that

(1 /ITflq")lo<C( : ITfI””>p10
10| le1 Q| Jo, 0

for all cylinders Q and for all f € C°, with support in RN M\ ay Q. Then, for py < p < qo, there exists
a positive constant C, such that for all f € C*°

ITfllp < Cpll fllp-

We briefly describe our strategy of proof of Theorem 4.3. We first prove the a priori estimates for

p > 2 by applying the above theorem to the operator T = |x|* Dy, y, (I — L)™', with py = 2, arbitrary
qo > 2 and o =3, ap = 4. Therefore we have to prove that, if Q is a cylinder and f € C2° has support
in RV*M\ 40, then u = (I — L)~ f satisfies

1 1
1 40 1 5 2
<@/Q||X|QD}’/1)%M|%) <C(|3Q|/ ||x|aDy11ykM|)

for some positive C independent of f. Observe that u satisfies in 4Q the equation
u—Lu=u—Awu—|x|"Ayu=0.

Moreover, by Proposition 2.10, the operator L commutes with the second-order derivatives with respect
to y and v = Dy, u satisfies the same equation in 40.
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To get the a priori estimates in the case 1 < p <2, we apply Shen’s theorem to the adjoint operator 7*.
As a first step we recall a mean value inequality for subsolutions of L, that is, for functions v satisfying
the inequality Lv > 0 in Q, in a weak sense. This means that a(u, ¢) <0 for any 0 < ¢ € C°(Q).

Lemma 4.5 (see [Franchi and Serapioni 1987, Theorem 5.7]). There exists a positive constant C such
that, if v is a local subsolution of L in 4Q, then

1 2
sup |v| fC(—/ v2) .
0 1301 J30

The previous mean value inequality remains true also for 0 < r < oo. It follows from the self-
improvement of the right-hand side in weak reverse Holder estimates; see for example [Chanillo and
Wheeden 1986, Theorem 4.1]. We give a simple self-contained proof which is a simplification of [Bernicot
et al. 2016, Theorem B.1] for the sup-norm. Note that the case r > 2 follows from Holder’s inequality.

Lemma 4.6. For every 0 < r < 00, there exists a positive constant C, such that, if v is local subsolution

of L in4Q, then
1
1 G
SUPIUI<C( / lv Ir)-
130|

Proof. Let r < 2 and Q be the collection of all cylinders Q' contained in Q. For € € (0, 1) let

sup |v
C(€) := sup Po V| feflsup|v|.

1
/ 1 v
Q'eQ (@LQ,IUI’) +€ Q
Let us fix Q' € Q and let Q” be a cylinder centered at some point of Q" and such that 9Q” C 3Q". We

assume that the radii 7(Q”), r(Q’) of Q" and Q' satisfy ¢~ 'r(Q’) < r(Q") < cr(Q’) for some fixed
constant ¢ € (0, 1). Applying Lemma 4.5 in Q" we get

Sg/l/)l’ul §C2(|3Q//| Q” ) <C2 §ZB|U| (|3Q//| Q// >
L 1 P F _5 1 r %
< C2Cr(e)' 2 907 9Q”|U| +€ 130" 3Q”|U|

1 1
/1 ; /1 ;
§C’C2C,(e)1_2|:< Ivlr) +6:| 5C”C2C,(€)1_2[< |v|’) +e].
190”1 Jogr 130 J3o/

Since Q" is arbitrary
1
r 1 r
sup [v] < C”CzCr(e)l_2|:( , / |v|’) +e}.
0’ 130’ J3or

Taking the supremum over Q' € Q we get C,(€) < (C”C»)*" and the thesis follows letting ¢ — 0. [

Now we prove that Lemma 4.6 holds if we replace the Lebesgue measure with |x|? dx, g > 0.



616 GIORGIO METAFUNE, LUIGI NEGRO AND CHIARA SPINA

Lemma4.7. Fix0 <s <ooand v as in Lemma 4.5. Then

C S %
SZP|U|S<@/3Q¢|U|> )

where C depends only on s, p and the B, constant of ¢ (x) = |x |# and

$(30) =/ ¢.
30

RN-ﬁ-M

Proof. Let 0 < s < oo and Q be a cylinder of . We fix t as in Lemma 4.2. By using Lemma 4.6

with r = 7 and (14) we obtain

1 N 1 ;
C v cl —— . u
] = (|3Q|/ ") = (¢(3Q)/3Q¢|v|)

By combining the estimate in Lemma 4.7 and the B, property we deduce the following.

Corollary 4.8. Let0 <5 <00, 1 < p <00 and v as in Lemma 4.5. Then

1 5 C
_ By [S\P _— B8
(|Q|/Q(IXI Ivl)) < 301 Jio lx]”[v]*,

where C depends only on s, p and the B, constant of Ix|P.

Proof. Using the B, property of ¢ = |x|# and Lemma 4.7 we obtain

(i/<¢|v|S>P)l<< 1 /asp)l sup|v|*<C( : /¢> wpbl" < o0 [ gt O
01 Jo 0 0 30]

We can now prove our main result.
Proof of Theorem 4.3. We first consider the operators [x|* Dy, y, (I — L)~

Let us preliminarily treat the case p > 2. Let us fix go > 2 and let Q be a cylinder in R¥*¥ and
f € C a smooth function with support in R¥*™\ 40. We set

= |x|*Dy,,, —L)", u=U~-L)""f, v=Dy,, I-L)""f

By Theorem 2.7, T is bounded on L%. Since f = 0 in 4Q, by Proposition 2.10 v — Lv = 0 in 4Q.
Combining the last equality with Kato’s inequality of Proposition 2.11, we get

—a(|v|,<p)z/signvago:/Mgon forall0 <9 € C(4Q).

It follows that |v]| is a local subsolution of L. Note that v is a local solution of v — Lv = 0 but we cannot
assert that it is a local subsolution of L, that is, Lv > 0, since its sign is not given. By Corollary 4.8 with
s =2 and B =2« we have

1
1 q C
(—/(|x|2°‘|v|2>q)qs— Ix[*v]?, 1<g < oo,
101 Jo 30| J30
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or, equivalently,

1 o 2 ﬁ C o 2%
(@/;(bﬂ [v]) q) 5(@/3Q(|X| |v|)) . 1<g<oo.

It follows that for 2 < gy < o0

1

1 ‘ 1
490 —
<|Q|/| f| ) (|Q|/(|x| |Dyh}ku|) )
« e 2\
(|3Q|f (Ix| |Dyh)ku|)> (|_3Q| /3Q|Tf|) .

By Theorem 4.4, T extends to a bounded operator in L? for every 2 < p < qo. Since we can choose
qo arbitrarily, the case 2 < p < oo follows.

To treat the case p < 2 we consider the adjoint operator
T* = Dy, (I — L) '|x|*,

which is bounded in L2. By duality, the boundedness of T in L” for every 1 < p < 2 is equivalent to that
of T* in L? for every p > 2. As before we fix gp > 2 and we prove that T* satisfies Shen’s assumption
for every 2 < go < 0o. Let Q be a cylinder in R¥N*™ and f e C ° with support in RNTM\ 40; set

u=(~I-L)Y""(x|"f), v=Dy,yu.

Then v satisfies v — Lv =01in 4Q. By arguing as above, |v| is a local subsolution of L; hence Lemma 4.5
yields a positive constant C such that

1

1 3
suplvlfC(—/ vz) .
0 1301 J30
It follows that

) -G o)
<|Q|/' il |QI/| Dyl
LN (i )
SS‘ép'”'5C(|3Q|/3Q”> _<|3Q|f3Q'T /1

and the proof is complete by Theorem 4.4 applied to T*.

By difference the operator A, (I —L)~! is bounded on L7 and, integrating with respect to y the classical
Calder6n—-Zygmund estimates in the x-variables we deduce the L” boundedness of D, X -0 O

Remark 4.9. Theorem 4.3 holds for every 0 < ¢ € Bo(R") when 1 < p <2. In fact, the properties of the
powers |x|* stated in Lemma 4.7 and Corollary 4.8 have been used in the above proof only when p > 2.

We can now give a partial description of the domain D, (L), which will be strengthened in Theorem 4.21
after proving L?”-estimates for mixed derivatives.
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Proposition 4.10. Let p € (1, 00). Then one has

Dy(L)={uc€ L? :Viu, Dy u, |x|%Vyu, |x|“Dyyu e LP}. (15)
Moreover
| Dyl p + 1x|* Dy, y,ull p < Cl|Lullp,  u€ Dy(L). (16)

Proof. Let 1 < p < 0o and let 5,,(L) be the set defined in the right-hand side of equality (15).
Let us preliminarily prove that D, (L) € D p(L).
Theorem 4.3 and the consistency of the resolvent operators in L? and in L? imply that

1D ellp + 11x1% Dy yuell p < CIHA = L)l (17)

for any u € (I — L)y~ &%) which is dense in D, (L) with respect to the graph norm. This implies that
(17) extends to D,(L), proving that u has pure second-order distributional derivatives which satisfy
Dy,x;5 |x|%Dy,y, € L? and that

I Dy,x;ullp + x| Dy, yullp < CIU = Lyull, < C(llullp + I Lullp),  u € Dy(L). (18)

As in Theorem 2.7, an interpolation argument shows that V,u, |x|%Vyu e LP(RN*My: e, ue 5,, (L).
To get homogeneous estimates, we use Proposition 2.4(v), and apply (18) to u(x, y) = v(sx, s@T¥/2y),
s > 0, thus obtaining

1Dy el p + X1 Dy yell p < CAILO, + 57201 ).

Letting s — oo we obtain (16).

To prove that D »(L) = D(L), we proceed as in the proof of Theorem 2.9 and show that the operator
(L, 5p (L)) is dissipative. Let u € 5p (L); then the same sectional argument of (6) shows that for a.e.
x € Qy, we have u(x, -) € WP(RM) and from [Metafune and Spina 2008]

f ululP2Ayudy = —(p — 1)/ \Vyul*lu|P~2dy forae. x € Qy.
RM RM
Then multiplying by |x|%, integrating in x and using Fubini’s theorem we get
/ |x[“ulul”2Ayudxdy =—(p—1) / x| Vyu|*|u|P~2 dx dy.
RN+M RN+M

Analogously
/ ululp_zAxudxdyz—(p—l)/ |Veu|*|u|P~% dx dy.
RN+M RN+M

The last two inequalities imply
[ ulu|P?Ludxdy=—(p — 1)[ (IVeu|* + x|%|Vyul*) [u|P~> dx dy <0,
RN+M RN+M

which, since u € 5p (L) is arbitrary, implies the dissipativity of (L, 5[, (L)). U
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Remark 4.11. The previous theorem implies, in particular, the equivalence between the graph norm
lull , + l|Lull , and the norm

lellp + 1 Vellp + 1212 Vyuell p + | Daxellp + 1111 Dyyell .
since this last clearly dominates || Lull,.
The following proposition shows that C2° also is a core for (L, D,(L)).
Proposition 4.12. For any p € (1, 00), CZ° is a core for the operator (L, D,(L)).

Proof. Letu € D,(L); we preliminarily approximate # with functions in D, (L) having compact support
in RVN*M, Let n € C°(RY) be a smooth function such that xz, <1 < xp, and, for every n € N, x € RV,
define n,(x) = n(%) Set u, = n,u. Now u, has, by construction, compact support in x and, using the
characterization in (15), one can easily recognize that u, € D,(L). Lebesgue’s theorem immediately
implies that u,,, |x|°‘/2Vyun, |x|*Dyyu, tend to u, |x|“/2Vyu, |x|*Dyyu in L7, respectively. Concerning
the x-gradient, we have

IIVx(nnu)—Vx(u)Ilﬁff Inn—ll”Iqul”dxderf |Vl P |ul” dx dy
RN+M RN+M

S/ |nn—1|”|Vu|pdxdy+Cn_p/ lu|” dx dy,
RN+M {n<|x|<2n}

which tends to 0 by dominated convergence. Similarly D, u, tends to D.,u in L?. By Proposition 4.10
and Remark 4.11, this proves that u, tends to u in D,(L). Using a similar argument with » replaced
by an analogous cut-off function n € C2°(RM), we can approximate u with functions in D, (L) having
compact support also in the y-variable.

Let us suppose first that p < 2 and let u € D, (L) (the case p = 2 is already proved in Proposition 2.5).
From the first part of the proof, we can suppose u has compact support. Let n € C2° such that n =1 on
the support of u# and, using Proposition 2.5, let (u,),cn be a sequence of C2° functions such that u, — u
in Dy(L) as n — oo. This implies

IL(nup —wllp + Inun —ull, < CUILup —u)ll2 + lInu, —ull2] =0 asn — oo,

where C depends on the measure of the support of u. This proves the claim for p < 2.

The proof of the case p > 2 can be carried out by slightly adapting the arguments used in the proof of
Proposition 2.5. We equivalently show that (/ —L)(CZ°) is dense in L? and to this aim let v € L (RN+M)
such that

/ (I—Luvdxdy=0 forallueCX.
RN+M

Since 1 < p’ < 2, the partial Fourier transform of v(x, -) € Lp/([F\RM ), with respect to the y-variable, exists
as a function in L” (RM) for a.e. x € RV, Therefore, taking in the last equality the Fourier transform with
respect to the y-variable and applying the Fubini and Plancherel theorems, we get

/ [G(x, &) — Aii(x, &) + |x|¥|E)Ph(x, €)] 1:)(x, £)dxdé =0 forallueC.
RN+M
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By [Semenov 1977, Theorem 1.1], since the potential is nonnegative and in Lf;c, we know C2(RY) is

a core for A, — ¢ (-)|€)? in L?; proceeding then as in the proof of Proposition 2.5 we conclude that
d(-,&) =0 for a.e. £ € RM and the proof follows. O

Mixed derivatives. By using classical covering results and Rellich inequalities we obtain here L? estimates
for the mixed second-order derivatives. To simplify the notation we write x for any of the variables x;,
i=1,..., N, and y for any of the variables y,, h=1,..., M.

Theorem 4.13. For everyu € D,(L)
IIxI2 Dayull, < ClILull .
We need a Rellich-type inequality.
Lemma4.14. Let p £ N, &Y. There exist a positive constant C such that for u € C > satisfying u(0, y) =0,

Vou (0, y) =0 forall y € RM, we have

= CllLullp.
p

u
|x[?
Proof. Let u € C2° such that u(0, y) =0, V,u(0, y) =0 so that ||u/|x|2||p < 00. Then by [Metafune
et al. 2019, Theorem 4.2; 2015, Theorem 3.3]

J.

Integrating the previous inequality over RY and using Theorem 4.3,

|x|?

p
dx < C/ [AculP dx.
RN

u
“W < CllAyull, = CUILullp + lx1*Ayullp) < CllLullp. O
p
Remark 4.15. The above Rellich inequality uses Theorem 4.3 to replace A, with the operator L.
However, even its version in dimension 1 (that is, for Dy, rather than L) is not obvious and probably
cannot be obtained by integration by parts; see, e.g., [Metafune et al. 2019], where it is shown that Rellich
inequalities can be proved for the Laplacian in L? (R") when p < %, a condition which is never verified

in dimension 1.

We first prove mixed derivatives estimates assuming that both u and V,u vanish for x = 0. We need
the following covering result.

Proposition 4.16 [Cupini and Fornaro 2004, Proposition 6.1]. For every 0 < k < % there exists a
natural number { = {(N, k) with the following property. Given F = {x + B(p(x))}cr~, where p :
RN — R, is a Lipschitz continuous function with Lipschitz constant k, there exist a countable subcovering
{(xn + B(o(xu)}nen of RN such that at most ¢ among the double balls {x,, + B(2p(x,))}nen overlap.

The following lemma is an immediate consequence of the classical Calder6n—Zygmund inequalities
for the Laplacian.
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Lemma 4.17. Let 1 < p < oo. Then for every a € R, u € CZ°, one has
| Dxxtellp + lla® Dyyutllp + llaDyullp < Cll Axu+a Ayull .
Proof. 1t is sufficient to apply the Calder6n—Zygmund inequalities to v(x, y) = u(x, ay). U
Lemma 4.18. Let p # % N. One has
IDxellp + [[1x1* Dyyullp + I x]% Dyyull, < ClILullp
for every u € C° such that u(0, y) =0, V,u(0,y) =0 forall y € RM.

Proof. We fix xo € R" and choose 9 Cé’o([RN) suchthat 0 <9 <1, ¥(x) =1 for x € B(0, 1) and
¥ (x) =0 for x € RV \ B(0, 2). Moreover, we set 0y (x) =9 ((x —x0)/p), where p = }L|x0|. We apply
Lemma 4.17 to the function ,u and obtain

||Dxx(l9,0”)””p + I |x0|aDyy(0pu)”p + |||x0|%ny(75,o”)”p = C”Ax(ﬁpu) + |x0|aAy(ﬁp“)”p-
By the classical interpolation inequalities for the gradient we get, for every n > 0,

| Dyxtll e (Bxo,p)) F11X01" Dyyttll L2 (B(xo, p)) F111X01 2 Diyttll L2 (B(xo, p))

1 1 |xo|2
<C <|| Acu|xo|* Ayu ||Ll’(B(xo,2p))+; | Viull LP(B(x0,2p))+? [|u ||LI’(B(x0,2p))+T I VyullLr(B(xo.2p))

1
<C <|| Axu+|xo0l" Ayull Lr(Bxo,200) F NN Axttll Lo (Bxo,200) 11 X0]% Ay ||L1’(B(xo,2p))+w flu ”L”(B(xo,Zp))) .

Since
1 1 3
p = zlxol,  3lxol = Ix| = 35lx0l, x € B(xo,2p),

we get
| DyxttllLr(B(xo,p)) + 11X 1% Dyyttll Lo (Bxo,p)) + 11X12 Dxytt |l Lr (B(xo,0))

< C(IIAM + X" AyullLr(Bxo,20)) + NI Axttll Lr(B(xo,20))
1

u
+nlllx|* AyullLrsoo.200) + "

xP? 4

L”(B(XO,Z/))))

Let {B(x,, p(x,))} be a countable covering of RY as in Proposition 4.16 such that at most £ among the
double balls {B(x,, 2p(x,))} overlap. Writing (19) with x,, instead of x¢ and summing over 7 it follows

that
| Daxtellp + [[1x|* Dyyull p + l1x]2 Diyull
p)

u

1
= C(Ileu+ X1 Ayullp +nll Axullp +77|||X|aAyM||p+5 e

)

and the claim follows from Lemma 4.14. |

By choosing 1 small enough we get

a u
||Dxxu”p + |||x|aDyyu||p + [l]x] szyu”p = C<||Axu + |x|aAyu||p + HW
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Next we prove mixed derivatives estimates assuming that either # or V,u vanishes for x = 0.

Lemma 4.19. If p # %, %, N, then

I1x1% Dyull, < CllLull,
for every u € C° such that u(0, y) = 0 or u, (0, y) =0 forall y € R™.

Proof. Let u € CZ° such that u(0, y) =0 and let v(x, y) = %u()»x, y). Then v(0, y) =0 and V,v(0, y) =
V,u(0, y). This implies that w = u — v satisfies w(0, x) = w, (0, x) = 0. Moreover

a _a_ N a
|||x|7nyv||p =12 |||x|2nyu”p
and, applying Theorem 4.3,
ILv]lp < llvaxllp + X" Ayvll,
1-X —a—1-Y o
=A  Pluxxllp+A P x|* Ayull, < CA)|| Lullp.
Applying Lemma 4.18 to w we then have
1212 Dyyullp < 11x12 Daywllp + [11x12 Dyl p < CULWIp + [[1x]2 Dyyvll )
<C(lLullp + ILvll, + |||x|%nyU||p) < CM)IILull,p +C”|x|%nyU”p

o

N @
=CM)Lullp+Cr 2 7 |[|x[2Dyyul p.

The claim then follows by choosing A large enough such that CA=%/2=N/P < %
Assume now u,(0,y) = 0 and let v(x, y) = u(Ax,y). Then u(0,y) = v(0,y) and v, (0, y) =
M, (0, y) = 0. Moreover

o 1_%_E LR}
[1x12 Dxyvll, =2 7 [lx|2 Diyullp.

It follows that w = u — v satisfies w(0, x) = w, (0, x) = 0. Hence an analogous argument yields

1—2_

a N Q
1x12 Dyyullp < C)IILullp +CA™ 2 7 [[1x]2 Dyyull p.

35— N~ 0 we get the claim
p

Choosing A large enough or small enough according to 1 — 5 — % >0orl—
for1—3 — % # 0 or, equivalently, p # % O

Proof of Theorem 4.13. Let us suppose, preliminarily, p # ZZTNa x= % p # N andletu € C°. We
introduce the operators

Pu(x,y) = e +2M(—x, y)’ Qu(x,y) = . y) —2”(_9" 2

Observe that
u=Pu+ Qu, Qu(,y)=0, V. (Pu)0,y)=0, ye RM,

P and Q commute with the second-order derivatives and || P(Lu)||, + || Q(Lu)|| , is equivalent to || Lul| ,.
Moreover
L(Pu)= P(Lu), L(Qu)= Q(Lu).
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We can therefore apply the results in Lemma 4.19 to Pu and Qu. For the mixed second-order derivatives
we get
%12 Dyyull p < 1x]2 P(Dryu)ll p + 1112 Q(Dryi) | p = [11X]2 Day (Pl p + l[1x]2 Qxy (Qu) [ p

=CULPu)p +IILQWIlp) = CUPLu)l, + QL)) < ClILullp.
By density the proof extends to u € D, (L).

Suppose now p = ZZTNa Observe that, by the previous part of the proof, the operator |x|%/?D oy (I — L)™!
is bounded in L? for some p; < 22_—Na < p2, with p1, pr # %, N. The Riesz—Thorin interpolation theorem

then yields the boundedness of |x|*/ szy (I — L) " also for p = %; the same scaling argument used
in the proof of Proposition 4.10 then proves the required claim. We can argue similarly for p = N,
N

As a corollary we improve gradient estimates near x = 0 showing that |x|%/ 2*IVyu €LP, ueD,(L),
when (% — 1) p + N > 0. This last condition is necessary for the above integrability, since otherwise
the weight |x]%/2~1 is not locally p-summable near x = 0. We also recall that |x|°‘/2Vyu € L? by
Proposition 4.10.

Corollary 4.20. Let ($ —1)p+ N > 0. Then for every u € D(L)

3

e
1x[27" Vyullp, < CllLullp.

Proof. By density we may assume that u € C2°. By the Hardy inequality, see for example [Metafune et al.
2015, Proposition 8.1],

P
f |x|<‘51)f’|vyu|1’dxs<m>/ x[$7 Dyyul? dx.
RN 5 p RN

Integrating over RM and using Theorem 4.13, the claim follows. (I
We can now strengthen Proposition 4.10.

Theorem 4.21. Let p € (1, 00). Then one has
D,(L)={u € L?:Vu, Dyyu € LP, |x|2Vyu, |x|2 Dyyu, |x|*Dyyu € LP).
In particular the graph norm |lu|| , + || Lul| , is equivalent to
Nullp + I Veull, + |||x|%vy”||p + | Dyxullp + |||x|aDyyu||p + ”lxﬁnyu”p-
Moreover, if (% — l)p + N > 0, then also |x|%_1Vyu elL?.
Proof. The proof follows from Proposition 4.10, Theorem 4.13 and Corollary 4.20. O
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