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STABILIZATION OF WAVE EQUATIONS
ON THE TORUS WITH ROUGH DAMPINGS

NICOLAS BURQ AND PATRICK GERARD

For the damped wave equation on a compact manifold with continuous dampings, the geometric control
condition is necessary and sufficient for uniform stabilization. On the two-dimensional torus, in the special
case where a(x) = Zj.\;l ajlxer; (R; are polygons), we give a very simple necessary and sufficient
geometric condition for uniform stabilization. We also propose a natural generalization of the geometric
control condition which makes sense for L dampings. We show that this condition is always necessary
for uniform stabilization (for any compact (smooth) manifold and any L damping), and we prove that it
is sufficient in our particular case on T2 (and for our particular dampings).

Pour I’équation des ondes amortie sur une variété compacte, dans le cas d’un amortissement continu,
la condition de contrdle géométrique est nécessaire et suffisante pour la stabilisation uniforme. Sur le
tore T2 et dans le cas ol a(x) = ZJI-VZI ajlxer; (R; sont des polygones), nous exhibons une condition
géométrique nécessaire et suffisante trés simple. Nous proposons aussi une généralisation naturelle de la
condition de contrdle géométrique, pour un amortissement seulement L°°. Cette généralisation est toujours
nécessaire pour la stabilisation uniforme (sur toute variété compacte réguliere), et nous démontrons qu’elle
est suffisante dans notre cas particulier du tore T2 (et pour nos fonctions d’amortissement particulieres).

1. Notation and main results

Let (M, g) be a (smooth) compact Riemannian manifold endowed with the metric g, A, the Laplace
operator on functions on M and for a € L.°°(M), let us consider the damped wave (or Klein—Gordon)
equation

07 = A+a(x)d +mu =0, (ulr=0.dsulr=0) = (uo.u1) € (H'x L)(M),  (I-1)
where 0 <m € L®°(M). If a > 0 a.e. it is well known that the energy
Em(u)(t)=/ (IVgul? + |9,u]? + mlu|?) dvolg (12)
M

is decaying and satisfies

t
En(u)(t) = Em(u)(O)—/O/M 2a(x)|d;u|* dvolg.

We shall say that the uniform stabilisation holds for the damping a if one of the following equivalent
properties holds (see Appendix B for the equivalence):
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628 NICOLAS BURQ AND PATRICK GERARD
(1) There exists a rate f(z) such that lim; 1o, f(t) = 0 and for any (ug,u;) € (H' x L?)(M)
Em(u)() = f(1) Em(u)(0).
(2) There exists C, ¢ > 0 such that for any (ug,u1) € (H! x L?)(M)
Emu)(t) < Ce " Ep(u)(0).

(3) There exists T > 0 and ¢ > 0 such that for any (ug,u1) € (H' x L?)(M), if u is the solution to the
damped wave equation (1-1), then

T
Em(u)(O)fC/O /M 2a(x)|d;u|* dvolg.

(4) There exists T > 0 and ¢ > 0 such that for any (ug,u1) € (H! x L?)(M), if u is the solution to the
undamped wave equation

0 —A+mu =0, (ul=0,duli=0) = (uo,u1) € (H' x L*)(M), (1-3)

then
T
Em(u)(O)fC// 2a(x)|8tu|2dvolg.
0oJM

The following result is classical; see [Rauch and Taylor 1974; 1975; Babich and Popov 1981; Babich
and Ulin 1981; Ralston 1982; Bardos, Lebeau and Rauch 1992; Burq and Gérard 1997; Lebeau 1996;
Koch and Tataru 1995; Sjostrand 2000; Hitrik 2003.

Theorem 1 [Bardos, Lebeau and Rauch 1992; Burq and Gérard 1997]. Let m > 0. Assume that the
damping a is continuous. For py = (x9, &) € S*M denote by y,,(s) the geodesic starting from xq in
(co-)direction &y. Then the damping a stabilizes uniformly the wave equation if and only if the following
geometric condition is satisfied:

T
AT,¢c >0 such that inf / a(ypo(s))ds > c. (GCC)
p()GS*M 0

When the damping « is not continuous but merely L°°, an adaptation of the same techniques gives:
Theorem 2. Assume that a € L°°(M). Then the strong geometric condition

3T, ¢ >0 suchthat VYpo€S*M, 3Is€(0,T), 3I§>0

(SGCO)

suchthat a > c a.e. on B(yp,(s),8)

is sufficient for uniform stabilisation, and the weak geometric condition
3T >0 suchthat Vpo e S*M, 3Is€(0,T) suchthat y,,(s) € supp(a), (WGCO)

where supp(a) is the support (in the distributional sense) of a, is necessary for uniform stabilisation.
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Though the question appears to be very natural, until the present work, the only known case in between
was essentially an example of [Lebeau 1992, pp. 15-16] (from an idea of J. Rauch) where M = s
and a is the characteristic function of the half-sphere (notice however some refinements of (WGCC)
in [Humbert, Privat and Trélat 2019; Trélat, Humbert and Privat 2017]). In the case of the half-sphere,
uniform stabilisation holds (see [Zhu 2018] for a more detailed proof and a generalization of this result).

Theorem 3 [Lebeau 1992]. On the d-dimensional sphere,
S% = {x = (x0.....xg) CR*T1: x| = 1},
uniform stabilisation holds for the characteristic function of the half-sphere
S9 = {x = (x0,...,xg) CRIL x| = 1, xo > O}.

Remark 1.1. Notice that in this case, all the geodesics enter the interior of the support of a, and hence
fulfill the (SGCC) requirements, except the family of geodesics included in the boundary of the support
of a, the (d —1)-dimensional sphere,

0S4 = {x = (xo.....xg) CR*1 1 |[x|| = 1, xo = O}.

When the manifold is a two-dimensional torus (rational or irrational) and the damping « is a linear

combination of characteristic functions of polygons, i.e., there exists N, R;, j =1,..., N, (disjoint and
not necessarily vertical) polygons and 0 < a;, j =1,..., N, such that
N
a(x) =) ajlxer;. (1-4)
j=1

we can state another natural simple geometric condition. Let us endow the torus with an orientation
(i.e., we see the torus as a surface in R3 and define at each point a normal vector 7(x)). For any initial
point xo and any norm-1 tangent vector Xp, let y be the geodesic starting from x¢ in direction X¢ and
parametrized by arc length. Let v(y(s)) be the unique vector normal to y in the torus and such that
(n(y(s)),y(s),v(y(s))) is a direct orthonormal frame. By convention, we shall say that v points to the
left of the geodesic (and —v to the right).

Assumption 1.2. Assume that the manifold is a two-dimensional torus T2 = R2 JAZ x BZ, A, B > 0.
Assume that there exists 7' > 0 such that all geodesics (straight lines) of length T either encounter the
interior of one of the polygons or follow for some time one of the sides of a polygon R, on the left and
for some time one of the sides of a polygon R;, (possibly the same) on the right.

Our main result is the following:

Theorem 4. The damping a stabilize uniformly the wave equation if and only if Assumption 1.2 is
satisfied.

Corollary 1.3. Stabilisation holds for the examples (a) and (d) of Figure 1, but not for (b), (c) and (e).
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(a) stabilisation holds (b) no stabilisation (c) no stabilisation

(d) stabilisation holds (e) no stabilisation (f) stabilisation holds

Figure 1. Checkerboards: the damping a is equal to 1 in the gray region, and O elsewhere.
For all these examples (WGCC) is satisfied but not (SGCC). The dashed lines are
geodesics which violate Assumption 1.2.

Remark 1.4. In Assumption 1.2, as soon as the damping is nontrivial (i.e., we have at least one polygon),
all nonclosed geodesics will enter the interior of this polygon (because any nonclosed geodesic is dense
in the torus). As a consequence, the second part of the assumption has to be checked only for closed
geodesics. Actually, closed geodesics corresponding to directions (£, 1) = (p,q)/V P2+ 4¢3, prg =1,
will also enter the polygon as soon as p? + g2 is large enough. As a consequence, the second part of
Assumption 1.2 has to be checked only for a finite number of closed geodesics.

Remark 1.5. As pointed out by a referee, our proof actually gives a sufficient condition for stabilisation
in a more general setting where the R; need not be polygons, but are open subsets, and we assume that
all but a finite number of closed geodesics are damped (in the sense that they enter the interior of one
of the R;’s) and the remaining closed geodesics satisfy the left/right property on intervals of positive
measure (which implies that the boundaries of the open sets R, and R;, have some flat parts). As a
consequence, stabilisation holds for Figure 1(f).

Remark 1.6. Stabilisation implies that exact controllability holds for some finite 7" > 0. However our
proof relies on a contradiction argument and resolvent estimates. It gives no geometric interpretation for
this controllability time. This contradiction argument allows us on tori to avoid a particularly delicate
regime at the edge of the uncertainty principle (see Section 3A). Giving a geometric interpretation of the
time necessary for control would require dealing with this regime; see [Burq > 2020].
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The plan of the paper is the following: In Section 2 we give a proof of Theorem 2 using classical
methods. In Section 3, we focus on the model case of the checkerboard in Figure 1(a). We first reduce
the question of uniform stabilisation to the proof of an observation estimate for high-frequency solutions
of Helmholtz equations. We proceed by contradiction and construct good quasimodes, for the study of
which we perform a microlocalisation which shows that the only obstruction is the vertical geodesic
in the middle of the board. Then we prove a nonconcentration estimate which shows that solutions of
Helmholtz equations (quasimodes) cannot concentrate too fast on this trajectory. This is essentially the
only point in the proof which is specific to the torus and it relies on the special geometric structure of
the torus which was previously used in the context of Schrddinger equations [Burq and Zworski 2004;
2005; 2012; Macia 2010; Anantharaman and Macia 2014; Bourgain, Burq and Zworski 2013] and also
for wave equations [Burq and Hitrik 2007; Anantharaman and Léautaud 2014]. Finally, by means of a
second microlocalisation with respect to this vertical geodesic, we obtain a contradiction. In Section 4,
we show how the general case can be reduced to this model case. Finally, in the last section we introduce
a generalized version of (GCC) that makes sense for a € L°° and which is equivalent to Assumption 1.2
in our particular case. We prove that this generalized geometric control condition is always necessary (on
any Riemannian manifold and for any damping 0 < a € L°°) and we conjecture that it is always sufficient.
For the convenience of the reader, we gathered in Appendix A quite a few classical results about the link
between resolvent estimates and stabilisation.

The second microlocalisation procedure has a well-established history starting with [Laurent 1979;
1985; Kashiwara and Kawai 1980; Sjostrand 1982; Lebeau 1985] in the analytic context (see also [Bony
and Lerner 1989] in the C*° framework and [Sjostrand and Zworski 1999] in the semiclassical setting)
and in the framework of defect measures by [Fermanian-Kammerer 2000; Miller 1996; 1997; 2000;
Nier 1996; Fermanian-Kammerer and Gérard 2002; 2003; 2004]. Notice that most of these previous
works in the framework of measures dealt with lagrangian or involutive submanifolds, and it is worth
comparing our contribution with these previous works, in particular [Nier 1996; Anantharaman and Macia
2014]. Here we are interested in the wave equation, while the authors in [Nier 1996; Anantharaman and
Macia 2014] were interested in the Schrodinger equation, and (compared to [Anantharaman and Macia
2014]) we are dealing with worse quasimodes (o(h) instead of 0(h?)). Another difference is that we
perform a second microlocalisation along a symplectic submanifold (namely {(x=0, y, £=0, n) € T*T?}),
while they consider an isotropic submanifold {x = 0} in [Nier 1996] or {(x’, x”,£'=0,£”) € T*T4} in
[Anantharaman and Macia 2014]. An exception is [Fermanian-Kammerer 2005], to which our construction
is very close. On the other hand, a feature shared by the present work and [Nier 1996; Anantharaman and
Macia 2014] is that in all cases the analysis requires working at the edges of the uncertainty principle and
using refinements of some exotic Weyl-Hormander classes (S L1 in [Nier 1996], S in [Anantharaman
and Macia 2014] and S 1/2,1/2 in the present work); see [Hormander 1985; Léautaud and Lerner 2017]
for related work. Another worthwhile comparison is with [Burq and Hitrik 2007; Anantharaman and
Léautaud 2014] on the damped wave equation on the torus when the control domain is arbitrary (in
this case (WGCC) is in general not satisfied). However, though both works use some kind of second
microlocalisation and deal with the wave equation, in [Burq and Hitrik 2007; Anantharaman and Léautaud
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2014] the approaches use Schrodinger equations methods (strong quasimodes) transposed to get wave
equations results and consequently lead to much weaker results (polynomial decay vs. exponential decay)
under much weaker assumptions (arbitrary open sets).

2. First microlocalisation, proof of Theorem 2

In this section we work on an arbitrary compact manifold M with an arbitrary damping function a €
L°°(M) and outline the classical propagation arguments which show that (SGCC) is sufficient for
stabilisation, while (WGCC) is necessary. Let us assume (SGCC) holds. According to Proposition A.S5,
we need to prove (A-5)
3ho >0 suchthat VO<h<hg, V(u,f)e H¥(M)xL*(M), (h*A+Du=f
1 1 (A-5)
lullz2qany = € (laull + 31 f1122)-

To prove this estimate we argue by contradiction and obtain sequences (4,) — 0 and (45, f») such that
1
(hiA + Dup = fa.  Nunllgz =1, lla2upllp2 =0(Dnstoo. I fnllz2 = 0(hn)n—too-

Extracting a subsequence, we can assume that the sequence (u,,) has a semiclassical measure v on 7*T?2.
For g € C§°(T* M), we define Opy,(q) by the following procedure. Using a partition of unity, we can
assume that g is supported in a local chart. Then, in this chart, we define

/ eHE G (x ) (y)u(y) dy dE, @1

Oy @) = g

where { = 1 in a neighborhood of the support of ¢ (note that modulo smoothing O(h*°) errors, this

quantisation does not depend on the choice of the cut-off ). Then a semiclassical measure for the
sequence (u, ) satisfies

lim (Opy, (@)un,un)r2(ar) = (v, q).
n——+o0o
In our case, it is supported in the characteristic set
- 2
{(X,E)eS™M | E|* =1}.
Furthermore, this measure has total mass 1 and is invariant by the bicharacteristic flow:
= - VXv =0.

We refer to [Gérard and Leichtnam 1993; Burq 1997; 2002, Section 3] for the definition of semiclassical
calculus on manifolds and semiclassical measures and a proof of these results in a very similar context
(see also [Zworski 2012]). Let

S = {x € M : there exists § > 0, ¢ > 0 such that a > ¢ on B(x,8)}.

Since [|a!/2

Unllr2 = 0(1)n—+00, We get that the measure v vanishes in a neighborhood of every point
p € SiM forall x € S. The assumption (SGCC) ensures that every bicharacteristic contains at least one

point in S. Hence v is identically 0, which contradicts the fact that it has total mass 1!
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For the sake of completeness, let us now prove that stabilisation implies (WGCC). We are going to use
that for any geodesic there exists a sequence of solutions to the wave equation which concentrates on this
geodesic. This can be obtained through geometric optics constructions (see Proposition 5.1) or systematic
use of semiclassical measures (see [Gérard 1996] in the special case of constant coefficients). In fact, we
shall in Section 5A refine this approach and use quantitative estimates for this concentration to show that
actually stabilisation implies the stronger condition (GGCC).

Proposition 2.1. Assume that (WGCC) does not hold. Let T > 0. Consider a geodesic y of length T
which does not encounter the support of the damping function a. Then there exists a sequence (Up) of
solutions to the wave equation (1-3) which satisfies

T
lim En(u,) =1, lim // a(x)|9;u|?(t,x)dx dt =0. (2-2)
0oJM

n——+o0o n——+o0o

First by compactness, there exists § > 0 such that
dist(y([-48, T + 8]), supp(a)) = 6.

Then, according to Proposition 5.1, there exists a sequence of approximate solutions (vy) to the wave
equation (with m = 0) which concentrate on the geodesic y and satisfy (5-2) and (5-3). From (5-3), we
deduce that

||Un||L2(M) = O(hn), (2-3)

and from the concentration on the geodesic y (and the § separation with the support of a)

T
/ / a(0)]33vnl2 (1, x) dx dt = 0(1)pos+00 (2-4)
0oJM

uniformly with respect to ¢ € [-1, T + 1]. The solution u, to the wave equation (with m) (1-3) with the
same initial data satisfies

(812_A+m)(un_vn) =—mvp, (Un—Vn)|t=0=0, 0:(up—vy)|t=0=0.
As a consequence of Duhamel’s formula and (2-3),

sup_[un —vall3gs agy + 1001n = 9017 25 = OUh).
t€l0,T]

This implies according to (2-4)
T
Em(up) =14 0(h2), / / a(x)|9;vn|*(t, x) dx dt = O(h2).
0 JM

3. The model case of a checkerboard

In this section we prove Theorem 4 for the model in Figure 2 on the two-dimensional torus T2 = R?/(27)?.
We shall later microlocally reduce the general case to this model.
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Figure 2. The checkerboard: a microlocal model where the damping a is equal to 1 in
the gray region, and 0 elsewhere.

As previously, we prove (A-5) via a contradiction argument and construct the associated semiclassical
measure v. According to the results in Section 2, since the only two bicharacteristics which do not enter
the interior of the set where a = 1 are

{(x=0.§ =0,n=%1)},

we know that v is supported on the union of these two bicharacteristics.

3A. A priori nonconcentration estimate. In this section we show that (u#,) cannot concentrate on too
small neighbourhoods around {x = 0}. This is the key (and only) point where we use the particular
structure of the torus as a product manifold.

Let us recall that ||(h2A + Duy||z2 = o(hy). Define

L OI(R2A + 1 s
e(hn)zmax(hg,(w) ) (3-1)
n
so that
hy '€ S )| A+ Dugllz2 <1, lim €(hy) =0, (3-2)
n—-+o0o

The purpose of this section is to prove the following nonconcentration result which is actually related to
Kakeya—Nikodym bounds; see [Sogge 2011; Blair and Sogge 2015; Miao, Sogge, Xi and Yang 2016].

Proposition 3.1. Assume that |uy||;2 = O(1) and (3-2) holds. Then there exists C > 0 such that

1
Vi eN. unll 2y <pl2e2pyy = €2 (n)-

The proposition follows from the following one-dimensional propagation estimate; see [Burq and Zuily
2015] for related estimates.

Proposition 3.2. There exist C > 0 and ho such that for any 0 < h < hg, 1 < p < h™Y2, and any
(u, f) € H? x L? a solution of

(03433 + Du = f.
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we have

1.1 3
el oo grei<pni2y:2) SCB™ 2 5 (el 2z g 2<ivi<api 2y th T B2 Iz rizapnisoy)- 3-3)

Let us first show that Proposition 3.1 follows from Proposition 3.2. Indeed, choosing B = e 3(h),
Holder’s inequality gives

el L2 qx1<n1/26=2 )y
< hA e ()l oo g <1 22 i)
< Ce M)z, resam=ieizanrzesapy +h '€ DI N1z quapniray)
< Ce2 (M) (lullz +h eS| f1lL2) <2Ce2 (). (3-4)

where in the last inequality we used (3-2).
Now we can prove Proposition 3.2. Denote by v (resp. g) the partial Fourier transform of u (resp. f)
with respect to y. For fixed x,

loGe. )z = @) e )l .
We deduce that (3-3) is equivalent to
0l Lootrei<pnt 2322
< CB2 4 (Il oqpm o <ivt<apmirayiayy + 1 B2 1S o apnirayazy)- G-5)
Now, by Minkowski’s inequality,
Il r2 < Ivllz2; 100
and we deduce that (3-5) is implied by the following one-dimensional result.

Proposition 3.3. There exist C > 0 and ho such for any 0 <h < hg, n € R, 1 < B <h~Y2, and any
(v, g) a solution of

hzd—2+1—h2 2Jv=
dx2 Ty

we have
_1._1 _
Wil oo gix1<pnirzy < CB2R7 3 ([0l 2¢gpnirz<ixi<apnirzy + B B2lIEl L2qri<apnirzy)- (3-6)
We change variables x = ,Bhl/ 2z, and it is enough to prove, for solutions of
(B2 02 +1=h*p*)v =g
that
vl giz1=1p) < CUDIIL21<iz1<apy + 7 BZlE N L2(g1z1<2p)- (3-7)

Finally, this latter estimate follows (with = = B2h~1(1 — h?n?)) from the result below, which is a
generalization of [Burq and Zuily 2015, Proposition 3.2] (note that taking advantage of the dimension 1,
we can replace the L? norm in the left of (3.3) of that work by an L°° norm).
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Lemma 3.4. There exists C > 0 such that, for any Tt € R and any solution (v, k) on (—2,2) of
(02 +1)v =k,
we have .
[v]lLoo(=1,1) < C(||v||L2({1§|z|52}) + —||k||L1(—z,2))-
V14|
Let y € C5°(—2,2) equal 1 on (-1, 1). Then u = yv satisfies
(02 + 1)u = yk +20,(x'v) — x"v. (3-8)
We distinguish two regimes.
Elliptic regime: 7 < —1. Then, multiplying by u and integrating by parts gives
192112y gy + [l 122 5 = — (it +20:('v) = v )2
=—(xk — x"v,u)24+2(x"v,0,u) 2, (3-9)
which implies
1000320y + I 1032 (s
< C(IIkll L1 2,2 llullzee + vl L2 <izi<ap (el L2 1 <)z1<2p) + 1020l 2(<2,2))).  (3-10)

and the one-dimensional Gagliardo—Nirenberg inequality
1 1
lulloe = CllOzull 72 llull7

allows us to conclude in this regime.

Hyperbolic regime: t > —1. Leto = /T € Rt Ui [0, 1]. The solution of (3-8) is

X

x . y . x .
u(x) :/ e_"’(x_y)/ e”’(y_z)g(z) dzdy :/ g(z)/ el02y—x=2) dydz,
y z z=—2 y=z

=2 =2
where g = yk — x"v+20,(x'v) = g1 + 0, g>. Since, for x,z € [-2,2],

xo C
/ elo(2y—x—z) dy‘ < ,
y=z 1+ o]

the contribution of g; is uniformly bounded by

C
m(”)(kHLl(—z,z) + ||U||L1({15|z|52}))-

Integrating by parts in the integral involving d,g», we see that similarly, the contribution of d, g5 is
bounded by

Cllx'vlLi(2.2)-
3B. Second microlocalisation. In this section we develop the tools required to understand the concentra-

tion properties of our sequence (1, ) on the symplectic submanifold {x=0, §=0} of the phase space T*T?2.
The construction is very close to the one in [Fermanian-Kammerer 2005].
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3B1. Symbols and operators. We define S to be the class of smooth functions of the variables
(X,EB,2,0) € R? x R? x R x R which have compact supports with respect to the (X, E)-variables
and are polyhomogeneous of degree m with respect to the (z, {)-variables, with limits in the radial

. oaro):=~( ] (z@))
wifwrm“(x’ Teor) = S con)

When m = 0, via the change of variables

direction

(.0
VI+lzP+ P
suchunctions are identified with smooth compactly supported functions on R‘(‘X,E) X IW,I)E’ & where
B(0, 1) denotes the closed unit ball in R2.
Let €(h) satisfy

)P (0=

lim e(h) =0, e(h) > h2.
h—0

In order to perform the second microlocalisation around the submanifold given by the equations x = 0,
& =0, we define, fora € S™,

h
Oph(a) = a(x’ y’ hDJCv hDy’ 6(1)x’ é(h)héDx)a
h2
where X = (x,y) and 8 = (&, ). Notice that this quantification is the usual one [Hormander 1985,
Chapter 18.1], associated to the symbol

ofentn 2

1
2

X, e(h)hig).
A simple calculation shows that since € () > h'/2 the latter symbol belongs to the class
S((1+E(Mh™"' ¥ + (hEH 2 g)

of the Weyl-H6rmander calculus [Hormander 1985, Chapter 18.5] for the metric

B e2(h) dx?
T Th 1+ Ehx2 + 2(h)hE?
dg? dy? dn?
+e2(h)h ; Y 2 n G-11)

h .
1+ €2(h)h—1x2 + €2(h)hE? + 1+ y2+ h2n? + 1+ y2 + h2p?
As a consequence, we deduce that the operators such defined enjoy good properties and we have a
good symbolic calculus; namely for all a € S, the operator Op(a) is bounded on LZ(R?) uniformly with
respect to &, and

VaeSP, beSY abe SPT,  Op(a)Op(b) = Op(ab) + €>(h)r,
where r € Op(S?T471), and

YaeS® a>0 = 3C >0 suchthat Re(Op(a)) > —Ce*(h) and |[Im(Op(a))|| < Ce*(h).
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3B2. Definition of the second semiclassical measure. In this section, we consider a sequence (u,) of
functions on the two-dimensional torus T2 such that

(2 A+ Duy = 0(1) 2. (3-12)

We identify u,, with a periodic function on R?. Now, using the symbolic calculus properties in Section 3B1,
and in particular Garding’s inequality and the L? boundedness of operators, we can extract a subsequence
(still denoted by (u,,)) such that there exists a positive measure i on T*T2 x N — N denotes the sphere
compactification of N = [R{; ¢ such that, for any symbol a € S°,

lim_(Opy,, (@)un, n) 2 = (i, d),
n—+00

where the continuous function @ on T*R? x N is naturally defined in the interior by the value of the
symbol a and on the sphere at infinity by

a(x,y.£.n.2.0) = r—lilfooa(x’ v, £, 0. rZ,rf)

(which exists because a is polyhomogeneous of degree 0). The measure ft is of course periodic, and
hence defines naturally a measure i on T*T?2 x N, and using (3-12), it is easy to see that there is no loss
of mass at infinity in the E-variable:

WTTT2XN) = lim sl 7o ). (3-13)

3B3. Properties of the second semiclassical measure. We now turn to the sequence constructed in
Section 2 and study refined properties of the second semiclassical measure constructed above, for the choice
€(h) given by (3-1). Notice that compared to (3-12) the sequence considered here satisfies the stronger

(ha A+ Dup = 0(hn) 2.
Proposition 3.5. The measure | satisfies the following properties:
(1) Assume only that

(h2A 4+ Duy = O(1) 2.
Then the measure | has total mass 1 = ||uy ”]Zﬂ (hp-oscillation).
(2) Assume now that

(hy A+ Dup = 0(hn)p2

and ||laup| 2 = o(1). Then, since the projection of the measure p on the (x,y, &, n)-variables is the
measure v of Section 2 which is invariant by the bicharacteristic flow, we get that the measure |L is
supported on the set

{(x,y,6.0,2,0);x=0,E§=0,n=£1}.

(3) Assume now that
(3 A+ Dty = O(hne(hn)) 2.

Then the measure [ is supported on the sphere at infinity in the (z, {)-variables.
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(4) Assume now that
(R2A + Dty = Olhne(hn))2,  |1RUAlIL2 = 0(1),

where R is a polygon. Then the measure [ vanishes 2-microlocally at each point of OR on the side where
the polygon R lies. Namely in our geometry, the measure |1 vanishes 2-microlocally on the right on
{x =0,y¢€ (0, %) U (—1, —%)} and 2-microlocally on the left on {x =0,y¢€ (—%,()) U (%, 1)}; more
precisely,

,u({(x,y,é, n,z,):x=0,y¢€ (O, %) U (—1, —%) z > 0}) =0,

,u({(x,y,é, n,z,):x=0,y¢€ (—%,0) U (%, 1), z< O}) =0.
(5) According to point (3) above, if we identify the sphere at infinity in the (z,¢)-variables with S' by
means of the choice of variables z = r cos(0), ¢ = r sin(f), r — 400, the measure [ can be seen as a

(3-14)

measure in (x, y, &, n, 0)-variables, supported on x =0, € =0, n = £1. In this coordinate system,
(nady — sin?(8) dg) . = 0. (3-15)

Remark 3.6. In Proposition 3.5, the only point where we use crucially the particular geometry of the
torus (Proposition 3.1) is point (3). For more general geometries, this point is not true. However, for
the part on the sphere at infinity of the measure, we can still get an analog of (3-15) for more general
geometries, involving the curvature of the surface along the geodesic; see [Burq > 2020].

Proof. The proof of point (1) follows from (3-13). To prove point (2), we just remark that the choice of
test functions a(x, &, z, {) = a(X, 8) shows that the direct image m«(u) of u by the map

7:(X,E,z,0)—~ (X, E)
is actually the (first) semiclassical measure v constructed in Section 2, and consequently, this property
follows from Section 2. To prove point (3), we recall that from Proposition 3.1, we have that for any
x € C5°, bounded by 1 and supported in (—A, A),

1
I (hn 2 €(hn)X)unll7 2 < lunllp2qgxi<an1/2e=1 iy
1
< lunlz2¢gixi<nr/ze—2@myy < Ce2(hn) = (. x(2)) =0. (3-16)
To prove point (4), recall from Figure 2 that the damping «a is equal to 1 on (0, 5) x (0, 1) and that
1
launlz2 = llazunll 2 = 0o(Dn—>+oo-

Point (4) will follow from:
Proposition 3.7. Assume that

launll2 = 0(1)n—+o0,

and that the damping is equal to 1 on (0,8) X (¢, d) (resp. (—8,0) x (¢, d)). Then the measure (i vanishes
two-microlocally on the right (resp. on the left) above T*—I]—2|{O}X(c,d):
px.y.§.1.2.8):x =0, y € (c.d), n=+£1,2>0}) =0,

(3-17)
(resp.  p(i(x,9,8,1,2,0):x =0, y €(c,d), n==*1, 2 <0}) = 0),
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Let ¢ € C*°(R) be supported in {1 <r} and equal 1 for r > 2. Let y € C§°(—1, 1) equal 1 on (—%, %),
and y € Cg°(c,d) equal 1 on ¢ + 8o, d — 8o, § > 0. Consider the symbol

z
Sol¢|

On the other hand, since y(2x/8) x(y) is supported on (—%, %)x x (c¢,d)y and since ¥ (z/8[¢]) is
supported in z > 0, we infer that the range of Opj, () is supported in the domain (0, %)x x (c,d)y and

2
sy ez 0 = 1 5 ) i@ ra-vw (o e+,

consequently
(Opp, (BYun, un) = (1,c(o,8)1ye(c.d) OPh, (D)un, un) = (Opp, (D)un, 1 (0,8 lye(c.a)tin)
= (Opp, D)un, 1 (0,8) lye(e.a)@tn) = 0()n—-+oo- (3-18)
This implies
p@(x,y,6,1,2,8):x =0, y € (c +80,d —80), n =1, z>28[¢[}) = 0.

Taking §¢ > O arbitrarily small, we deduce that on the (z, {)-sphere at infinity which contains the support
of 1, we have

n{(x,y,6,n,2,8):x =0,y €(c,d), n=1,z>0}) =0.

The case n = —1 and the other properties in (3-14) follow similarly.
To prove the last property, we write for g € S°
1
2ihy

(12 A +1,0py, (9)]

h h 1
= Opy,, (6 3x + 1y +82)q) —i 7" Opy, (Ax,yq) —i jn(e(hn)hn 2)% Opy, (02q). (3-19)

Since unfolding the bracket shows that, as n — oo,

1
h ([h,%A +1, Ophn (@)]un, un) — 0,
n

2i
we get

0(1)n—o00 = (Opp,, ((§ 0x +ndy + £ 02)q)un. un). (3-20)

Let us compute the limit on the sphere at infinity of (§ dx 4+ 10, + ¢ 0;)g. We denote by g the function g
in the (r, 6)-coordinate system. In this system of coordinates, the operator { d, is given by

—sin?(0) 9y + r cos(6) sin(8) 9.

Now we use that, for a polyhomogeneous symbol ¢ of degree 0, the main part of g at infinity does not
depend on r. As a consequence, the symbol 7 d,¢ is polyhomogeneous of degree —1 (while homogeneity
would dictate degree 0). Therefore we get, for any polyhomogeneous symbol g of degree 0O,

§0zqls1 = lim (—sin’(6) g + r cos(6) sin(9) 9,)a(x, y, €, 1,7, 6)
r—+o00
= —sin?(0) dg lim §(x,y, € n.1,0). (3-21)
r—>—+oo

Since the measure fi is supported in & = 0, (3-15) follows from (3-20). O
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We can now conclude the contradiction argument, and end the proof of the resolvent estimate (A-5).
Notice that the two fixed points for the flow of

6=— sin?(6)

are given by 6 = 0(;r). We want to show that the measure /i vanishes identically to get a contradiction
with point (1) in Proposition 3.5. For (x=0, =0, yo, no= =% 1, 6p) in the support of fi, let us denote by
¢5(6p) the solution of

L 5y(00) =~ sin*(9 (). $o(0o) = o,

so that ¢5(89) = Arccotan(s + cotan(6p)). From the invariance (3-15) of the measure i, we deduce that

VseR, (x=0,ys=yo+sno (mod2m), §=0,no, s =ds(6o)) € supp(iL).

Consequently, if 6y € [0, ), there exists s > 0 such that y, € (O, %) (mod 27) if 65 € [0, %), while, if
Bp € [—m,0), there exists s > 0 such that ys € (—%, 0) (mod 27) if 05 € [—]T, —%) This is impossible
according to (3-14).

4. Back to the general case

Let us work on the torus T2 =R2/AZx BZ with A> 0, B > 0. Since the irrational directions & = (A&, B7),
with &/n ¢ Q, correspond to dense geodesics, and since a is bounded from below on an open set, we
deduce that the measure v defined in Section 2 is supported —in the E-variables— on the set of finitely
many rational directions

E = (A&, Bn), with § e Q,
n

satisfying moreover the elliptic regularity condition, |2|?> = 1, which do not enter the interior of the
rectangles. Hence, there exists an isolated direction E¢, so that (X, E¢) € supp(v), which can be written
as

1 1
0= (nA,mB), E(J)‘ = (—mB,nA), 4-1)
/n2 A2 + m2 B2 /n2 A2 + m2 B2

where the integers 7, m may be chosen to have gcd 1. The change of coordinates in R2,

(1]

F:(x,y)— X = F(x,y) = xE¢ + yEo. (4-2)

is orthogonal and hence —Ax = D2 + D)z,.
We have the following simple lemma [Burq and Zworski 2012, Lemma 2.7], which can be deduced
from an elementary calculation.

Lemma 4.1. Suppose that g and F are given by (4-1) and (4-2). If u = u(x, y) is periodic with respect
to AZ x BZ then F*u :=uo F satisfies

F*u(x +ka,y +£B) = F*u(x,y —ky), k. LeZ, (x,y)eR?, (4-3)
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Figure 3. The microlocal model: on the left the rectangle R, on the right the rectangle R»,
in the middle the bicharacteristic in the support of u.

where, for fixed p,q € Z such that gn — pm =1,

AB A? B?
a= , B=+vVn%2A2 +m2B2, y:—pn tgm )
/2 A2 + m2B2 /n2A2 + m2B2

When B/A=r/s€Q, r,s € Z\ {0},

F*u(x +ka,y+4£8) = F*u(x,y), k,LeZ, (x,y)ecR>? (4-4)
for & = (n?s? +m?r?)a.

In this new coordinate system, we know that there exists xg such that (xg, yg, 0, 1) is in the support of
the measure F* . By translation invariance, we can assume that xo = 0. Since

we infer that actually the whole line (xo=0, R (mod 27), 0, 1) belongs to the support of F* . If this
bicharacteristic curve enters the interior of the support of a (i.e., encounters a point in a neighborhood of
which a is bounded away from 0), then by propagation, no point of this bicharacteristic curve lies in the
support of u, which gives a contradiction. On the other hand since Assumption 1.2 is satisfied, we know
that there exist two (at least) polygons Rj, R, so that the right side of Ry is {0} x [«, B], while the left
side of R; is {0} x [y, §]. We may shrink these polygons to rectangles having the same property.

In other words, we are microlocally reduced to the study of the checkerboard in Figure 3. Notice that
the change of variables we used in Lemma 4.1 does not keep periodicity with respect to the x-variables but
transforms it into some pseudoperiodicity condition (see (4-3)). However, for the study of the checkerboard
model in Section 3, we only used periodicity with respect to the y-variables (to prove Proposition 3.1) —
which is preserved. The rest of the contradiction argument follows the same lines as in Section 3.

5. Generalized geometric condition

For a general Riemannian manifold and a general damping function a € L°° (M), a natural substitute
to (GCC) is the following generalized geometric condition:

1
i7,¢ >0 suchthat liminf inf ———— a(x)dx >c, (GGCO)
>0 poeS*M Vol(I'py.e,7) Tpp.e.T
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where Iy, ¢ 7 is the set of points at distance less than € from the geodesic segment {y,,(s) : s € (0, T)}.
At first glance, (GGCC) might seem to be a strong condition, difficult to fulfill. We shall prove below
that it cannot be relaxed as, on any manifold and for any a € L°°(M), it is a necessary condition for
uniform stabilization. On the other hand, we also prove below that in the case of two-dimensional tori
it is equivalent to Assumption 1.2. We conjecture that on a general manifold and for general a € L*°,
uniform stabilization holds if and only if (GGCC) holds. The results in this article show that it is indeed
the case on two-dimensional tori, if @ satisfies (1-4). For general dampings it is easy to show that (GGCC)
implies (WGCC), while the compactness of S*M shows that it is implied by (SGCC) (§ in (SGCC) can,
by compactness, be chosen the same for all pg € S*M).

S5A. The generalized geometric condition is necessary for stabilization.
Theorem 5. Uniform stabilization implies (GGCC).

Proof. The proof of this result relies on geometric optics constructions (with complex phases) for the
wave equation of [Ralston 1982, Section 2.1] that we recast in our wave equation context.

Proposition 5.1. Let M be a compact manifold without boundary endowed with a smooth metric g and a
smooth density k. Let

be the Laplace operator. Let (to, X0, ‘[0=%, éo) € Char(9? — A), the characteristic manifold. Denote by
(t (s)=to + s, r0=%, y(s), E(s)) the bicharacteristic starting from (to, X0, %, éo). Then for any N > 0
there exists a family of approximate solutions vy, n (t, x) defined for 0 < h < hg to the wave equation

07 — Mvpy = O™ 2001y, E(upy) = /M(ngh,Nl2 +10vp [Pk dx =1+0(h) (5-2)

with error terms locally uniformly controlled in time, and which are (locally in time) exponentially
localized in Ry X M near (t(s), x(s):

VT >0, 3C.a>0 suchthat Vte[0,T], VYxeM,

ist(x.x (s 2 (5'3)
(vnn |+ RV xvp x| + 17 8 vpy (E(s). x) < Ch T e @™

Consequently, if we denote by I't = y ([0, T]) the image of the geodesic in M,

VT >0, 3C,aa>0 suchthat Vxe M,
T _ dist(x,T7)2 5-4
[ (Tevn P+ e Pex)dr < Ch e T o
0
Let us first show how we can deduce Theorem 5 from Proposition 5.1. We are going to test the
observation estimates (1-3) on such sequences of solutions.
Let us we assume that (GGCC) does not hold. Fix T > 0. Then there exist n, = (x5, &) € S*M,
€, — 0 such that

. 1
lim «, =0, «y:= ) / a(x)dx.
n—>+00 Gn nn.€n.T
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Lett, = 0. Let p, = (tn, t,,:%, Xn, Sn), fix N = 1 (we actually need a crude version of Ralston’s
construction) and let vy be the approximate solution of the wave equation constructed in Proposition 5.1,
with initial point p,. We shall use that the family of solutions which depends on two parameters /. and the
initial point in the cotangent bundle is uniformly controlled with respect to this latter parameter, which
will follow from the proof of Proposition 5.1 given below. Since, according to Proposition 5.1, we have

Iy 0:vp)li=oll g1y 2 =1+ 0(Dn—stoco.

and according to (5-2) and Duhamel’s formula, v} is, modulo a (’)(h,’lv ) error in energy space, equal to
the solution to the exact wave equation with the same initial data, to show that uniform stabilization does
not hold, it is now enough to show that for a properly chosen sequence /i, — 0

T
lim / / a(x)|0svp, »
n——+oo 0o JM

Extracting a subsequence, we can assume that the sequence of initial points p, converges to p =

2dxdt =0. (5-5)

(t():(), 50:%,x0,§0). The only point we shall use about our approximate solutions is the upper
bound (5-4), which implies

T
/[ a(x)|d;vp, |* dx dt
0 JM

T
:// a(x)|0;vp, |* dx dt
0o JM
d

_d=1 __dis(x.T,, 72 _d=1 __disx.Tp, 7)%
§C/ a(x)h, 2 e % dx—i—/ a(x)h, 2 e % I dx. (5-6)
LCon.en.T ;nsén.T
The contribution of the first term is bounded by
_d=1 €2 o
Ch, ? / a(x)dxf/cn(—") )
Copen.T hn
On the other hand, the second term is bounded by
_d=1 _ dis(x.Tp, 7)2

lallw [ b e 57

FOn,én,T
To estimate this integral we work in (a finite set of) coordinate systems. In such local coordinates, I'y, 7
is a finite union of smooth arcs of geodesics (because the geodesic can self-intersect) and it is enough to
estimate (5-7) where we replaced dist(x, I'y, 7) by the distance to any such arc. We can change again
coordinates such that locally the considered arc of geodesic is

{1 =0,y eRI™),
and the distance to the arc y, satisfies

3C >0 such that %|y’| <dist(y,yn) < C|y'].
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This leads to the estimate (if €, > C2/h,)

—dzl o distxyn)? _d=l 2
/ hy, 2 e % M dx= h, 2 e “Chn dx
dist(x,y)=e€n Ix/|> <%
712 _ai
=C’ / e gy < Clem (5-8)
’ €n
Yz ez
‘We now choose
1
__ ,d—1,2
hn =Ky '€, =0
such that
d_
€2 _1 2\ 1
L=y, 7 > 4o, Kyl Z =7 — 0. (5-9)
hn hn

This choice implies
T
[ atpiwn, P dxdr = o
0 JM

which contradicts (1-3) because the energy of the initial data (wy,,, d,wp,, ) is constant and nonzero. This
completes the proof of Theorem 5. O

Let us now come back to the proof of Proposition 5.1. This is basically done in [Ralston 1982,
Section 2.1]. The idea is to define oscillating solutions (phase and symbol) by constructing the germs
on the bicharacteristic curve. Let pg = (to, ro=%, X0, éo) be a point in the characteristic variety of the
wave equation

Char = {(t,x,7,§) e T*M : |t]* = |E|* = 1}.
Let
L ={t(s), y(s), 7(s) = 3. £(5))}

be the bicharacteristic curve issued from pg. For any T < +o00, we can choose systems along the
geodesic y and get an immersion

i:(—€,T+¢)xB(0,e) CRxRI™! - M,
along which the bicharacteristic takes the form
)/(S):(Z:S, X1 =3, X’ZO, f:%’ i:l :_%’ %-/:0)’

which allows us to reduce the analysis to R. In this coordinate system, (5-1) takes the form
L vy 0 iy 9
A= k(x) Z 0x; g (ke (x) ox;
i,j

We now write y = (¢, x) and seek approximate solutions of the wave equation with the form

op(t, x) = e WV Ot x b, (5-10)
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where o (t=0) = 09 € Cg° (R9) has sufficiently small compact support near 0. Applying the operator
92 — Ay we get

1 . i
(a%_Ax)Uh:—h—z((atlﬂ)z— Z gk’f(x) 3xk\118lep)gehw

1<k,j<n
iyl ; j
+eh‘/’z(28;w 00—2 Y gh )y 3j0—% > (@00 3ﬂﬂ)
1<k,j<n 1<k,j<n
+enV (92 — AY)o. (5-11)

Ralston [1982, Section 2.1] then showed that provided
VU (t(s), x(s)) =1(s) —x1(s) +cste = I xV(t(s), x(5)) = (r(5),&(5)),

and choosing
I 7y
m —
dx2
it is possible to solve both the eikonal equation

p= ((aw S R )0y b, w) 0

1<k,j<n

>cld, ¢ >0, (5-12)

v(0)

and the transport equation

T=(28twa,o—2 Z gk’j(x)akwajo—% Z 8k(gk’jlc)(x)o8j1ﬂ)ezw+h(8$—A1ﬂ)a=O,

1<k,j<n 1<k,j<n
>c(s)Ild, c(s)>0, (5-13)

Im(az_‘/f)
0x2 /|,s5)

to arbitrarily large order on the bicharacteristic y by choosing
o= Z hPop.
p

Here by solving to arbitrarily large order, we mean that we can cancel an arbitrarily large number of

with

(¢, x) derivatives on y.
On the torus T¢, these constructions can be performed explicitly and we get

Y(t.x) =t —x1 +i((t =x1)? +gOx"1?) + Ot —x1* + [x']?), (5-14)
with g solving
2ig'(t) +4g%() =0 = g(t) = LO), g(0):=1.
1—2itg(0)
Notice in particular that
Re(g (1)) = 0, (5-15)

_— >
1+ 4¢2
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and we can choose a symbol

oo(t —x1,x’
o(t,x1,x") = 0(—1d_1) + O(h) + O(|t —x1| + |x']).
(1-2it) =
Finally, it remains to cut off the symbol such constructed near the geodesic (taking advantage of (5-13),
we see that this truncation will add an exponentially small error), and to normalize by multiplying by

_d
ch'™%

to ensure the normalization of the energy in (5-2) and the error bound (5-3). We leave the details to the
reader.

5B. Assumption 1.2 and (GGCC). On two-dimensional tori and for dampings a satisfying (1-4) we
have:

Proposition 5.2. On a two-dimensional torus T2, if the damping a satisfies (1-4), then (GGCC) is
equivalent to Assumption 1.2.

Proof. Since Assumption 1.2 implies uniform stabilization (Theorem 4) which in turn implies (GGCC)
(Theorem 5), it is enough to show that (GGCC) implies Assumption 1.2.

Let us assume (GGCC). If Assumption 1.2 were not satisfied, then there would, for any 7' > 0, exist a
geodesic curve y of length T which either does not encounter R = UJN=1 R 7, or does encounter R only
at corners or only on the left (or only on the right). In the first case, by compactness, the geodesic curve
remains at distance €p of R, and consequently for 0 < € < €g we have

/ a(x)dx =0.
Fp().e.T

In the second case (see checkerboard in Figure 1(b)), by compactness, the geodesic curve encounters
only a finite number of corners, and consequently (d = 2)

/ a(x)dx = O(€?),
Fpo,e.T
with a constant ¢ > 0 depending on the angles of the corners, while

Vol(I'py.e,7) ~ Ce,

which implies that (GGCC) does not hold. In the last case (see the right checkerboard in Figure 1(c)
and Figure 4), let us consider the family of geodesics yo = {y, (s) :5 € (0,T)}, o € [0, 1), parallel on
the right to yo = {yp,(s) : s € (0, T)} (i.e., if po = (Xo, Eo), then ps = Xo + UE(J)‘, where E(J)- is the
unit vector orthogonal to Eg, pointing on the right of yp). Since on the right y encounters no side of
any rectangle R;, it may encounter only (finitely many) corner points. As a consequence, for any o > 0
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14 Vcry

0

=

Figure 4. Proof of Proposition 5.2, last case.

sufficiently small, and 0 < ¢ < 0o,

/ a(x)dx ~coe (e —>0),
FDJ-ET

Vol(l'p, e,7) ~Ce (e = 0).
‘We deduce that

. 1
lim < Cpr) [ | atyd=co

and letting 0 — 0 shows that (GGCC) does not hold. O

Appendix A: Resolvent estimates and stabilization
In this appendix, we collect a few classical results on resolvent estimates.

Al. Resolvent estimates and stabilization. 1t is classical [Gearhart 1978] that stabilization or observ-
ability of a self-adjoint evolution system is equivalent to resolvent estimates; see also [Burq and Zworski
2004; Miller 2012; Anantharaman and Léautaud 2014]. For completeness we shall give below a proof
(only the fact that resolvent estimates imply stabilization).

Proposition A.1. Consider a strongly continuous semigroup e'4 on a Hilbert space H, with infinitesimal
generator A defined on D(A). The following two properties are equivalent:

(1) There exist C, 8 > 0 such that the resolvent of A, (A — L)~! exists for Re A > —§ and satisfies
3C >0 suchthat YAeC®={zeC:Rez>-6}, [(A=V)"Yzm <C.
(2) There exist M, 5 > 0 such that for any t > 0
le | ccy < Me™".

Proof. Let us first prove that (2) implies (1). We start with the resolvent equality (always true for Re A >> 0)

+o00
(A=) f = _/ ! A=D) £ gy
0
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and we deduce that if ||e’4|| < Ce™#?, then (1) is satisfied for any § < 8. To prove that (1) implies (2),
for ug € D(A), and y € C*°(R) equal to O for # < —1 and to 1 for ¢ > 0, consider

u(t) = y(0)e! =y,
For w large enough, u belongs to L°°(R; H) because strongly continuous semigroups of operators satisfy

3C,c>0 suchthat V¢>0, [e™|<Ce,

and u satisfies
0 +w—ADu() = )(’(t)et(A_‘”)uo =:v(t).

Taking Fourier transforms in the time variable, we get
(it+w—Au(r) =0(). (A-1)

Since v(¢) is supported in ¢ € [—1, 0], the right-hand side in (A-1) is holomorphic and bounded in any
domain
Coy={reC:Im7t>0a, a €R}.

From the assumption on the resolvent, we deduce that 2 admits a holomorphic extension to {7 :Im 1 <§+w}
which satisfies

la()lg < Cllov@)|a.
We deduce that

(w+6)t

le ull 2@, my) = 10 +i(@ + 2w, ;5 < Clo( +i(@+ 2w, ;m@)

< Cle“t ) 2@,y < C'luolla- (A-2)

This implies exponential decay of e?4ug in the L? norm, with the weight %% Now consider w() :=
x(t — T)e'4ug, which satisfies

(0 — Aw =1 (t =T)e' g, wl=7_1 =0.
From Duhamel formula, we deduce
T
w(T) = / eT=945 (t —TYeSAug ds,
T-1

and consequently (recall that the semigroup norm is locally bounded in time)

T
nwwwgs/'|w”ﬂmxa—ﬂfﬂmmds

T
<C sup k“waH{/ le*Auoll g ds< C'e 0T |5 eAuol| Lor_1.7):1
o€l0,1] T-1

<C"e T ug| 1. O
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A2. Semigroups for damped wave equations. The solution to (1-1) is given very classically by

U\ _ 4 (uo _ 0 Id
(8tu) =¢ (ul) A= (A—m —a) ’ (A-3)

where A is defined on H = H'(M) x L?>(M) with domain H%(M) x H'(M). When m > 0, since
E(u) = [lull 3 + 10:u]7 2.

to study the decay of the energy, we can apply directly the characterization given by Proposition A.1.
When m = 0, the semigroup e’ is not a contraction semigroup on H' x L? (because the energy (1-2)
does not control the H! norm). The main difference from the case m = 0 and m nontrivial comes from:

Lemma A.2. Assume that 0 <m € L (M) and m is not trivial ( [,, m(x) dx > 0). Then the norms

1 1 1
el = (WVxulzo + w222, ul = VE@) = (IVaulZ, + Im2ulz,)?
are equivalent.

Indeed, as for a classical proof of Poincaré’s inequality, we proceed by contradiction to prove the only
nontrivial inequality (||u||g1 < C|lu||), and get a sequence (u,) € H (M) such that

lunllgr =1, |unl =n—+00 0.

By the weak compactness of the unit ball in H! we can extract a subsequence (still denoted by (u))
which converges weakly in H !, and hence because M is compact strongly in L2, to a limit u € H 1. Since
lun| — +oc we get that the sequence actually converges strongly in H ! and

lul =0 — Veu =0, m2u=0.

We deduce that u is constant in M and since |, a mu = 0, we finally get u = 0, which contradicts the fact
that ||u,| g1 = 1 (and the strong convergence of u, to 0).

For s = 1,2, we define H® = H*(M)/R to be the quotient space of H*(M) by the constant functions,
endowed with the norm

il g = 1Vullg2, Nl g2 = [[Aull 2.

=(1 %)

on H'!x L? with domain H2 x H!, where I1 is the canonical projection H' — H' and A is defined by

We define the operator

Al = Au

(independent of the choice of u € 11). The operator A is maximal dissipative and hence defines a semigroup
of contractions on H = H! x L2. Indeed for U = (%),

Re(AU, U)j, =Re(Vu,Vv)r2 + (Au—av,n)r2 = —(av,v)2,
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and

(A—Id)(lj):(i:) — TMv—u=f, Ai—(a+v=g
= Mv—u=f, Av—(l4+aw=g+AfecH (M), (A4

and we solve this equation by variational theory. Notice that this shows that the resolvent (A—Id)is
well-defined and continuous from H' x L2 to H? x H!.

Lemma A.3. The injection H2xH'1t0 H' x L2 is compact.
This follows from identifying H" with the kernel of the linear form u > /, MU
Corollary A.4. The operator (A—1d)~" is compact on H.

On the other hand, it is very easy to show that for (g, u) € H' x L?

HO tA_ IA HO
(0 Id)e —¢ \o 1)

and consequently, stabilization is equivalent to the exponential decay (in norm) of ¢4 (and consequently,
according to Proposition A.1 equivalent to resolvent estimates for A).

A3. Reduction to high-frequency observation estimates. In this section, we show that for m > 0, stabi-
lization is equivalent to semiclassical observation estimates; see [Miller 2012].

Proposition A.5. Assume that 0 < a € L°° is nontrivial ( /, My a> O). Then stabilization holds for (1-1) if
and only if

3hog >0 suchthat YO<h<hg, V(u,f)e HX(M)xL*(M), (*A+Du=f

1 1 (A-5)
lullz2qany = € (Na2ullza + 71 lz2)-

We prove the proposition for m = 0. The proof for m s 0 is similar (slightly simpler as we do not
have to work with the operator A but can stick with A). From Proposition A.1, stabilization is equivalent
to the fact that the resolvent (4 —A)~! is bounded on C?. Since A is maximal dissipative, its resolvent
is defined (and bounded) on any domain C™¢ (¢ > 0). We deduce that it is equivalent to prove that it is
uniformly bounded on iR (and consequently by perturbation, on a § neighborhood of iR). Since

(A=) =1+0-1)A-DTHA-1),

and (A— 1)~ is compact on # (see Corollary A.4), the operator (1 + (1—A)(A—1)"1) is Fredholm with
index 0 and consequently, A — A is invertible if and only if it is injective. As a consequence, stabilization
is equivalent to the following a priori estimates

JC >0 suchthat VAeR, Ue H>xH', Fe H' x L?,

L (A-0)
(A—iMU=F = |Ully=ClFly-
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A3.1. High-frequency resolvent estimates imply stabilization. We argue by contradiction. We assume (A-5)
holds and assume that (A-6) does not hold. Then there exist sequences (A,), (Uy), (Fy) such that

(A_i)‘vn)Un:an ||Un||H>n||F””’H

Since Uy, # 0, we can assume ||Uy ||, = 1. Extracting subsequences we can also assume that A, — A €

- (2). ne(2)
Un &n

and distinguish according to three cases:

R U {£o00} as n — co. We write

Zero frequency: A = 0. In this case, we have
AUy =o0(); < Tva=0)gi. Atix—avy=o0(1)p>.
We deduce that there exists ¢, € C such that
vp—cn =01, Auy—acy, =0(1);2.
But
/ Auy, =0 = cn/ a=o0(l) = cp=0(1).
M M

As a consequence, we get vy, =o0(1)72 and Aup, = 0(1)72 = 1ty = o(1) 1. This contradicts [|Uy||;, = 1.

Low frequency: A € R*. In this case, we have
(A=iNUs=0(l);; < Tvy—iditn=01)z1. Alix—@A+a)vy=o0(1)po.

We deduce
Avy —id(a+id)vy =o(l)2 + A(o(1) 1) =o0(D) g—1.

Since (vy) is bounded in L2, from this equation, we deduce that Av,, is bounded in H ~! and consequently
vy, is bounded in H !. Extracting another subsequence, we can assume that v,, converges in L? to v which
satisfies

Av 4+ A%v —idav = 0.

Taking the imaginary part of the scalar product with v in L? gives (since A # 0) fu alv|?> =0, and
consequently av = 0, which implies that v is an eigenfunction of the Laplace operator. But since the
zero set of nontrivial eigenfunctions has Lebesgue measure 0 in M, av = 0 implies that v = 0 (and
consequently v, = 0(1);1). Now, we have

Aty = (iA+a)vy+o(D)2=0(l)2 =y =0()p.

This contradicts ||Up||;, = 1.



STABILIZATION OF WAVE EQUATIONS ON THE TORUS WITH ROUGH DAMPINGS 653
High frequency: A, — f-00. We study the case A, — 400; the other case is obtained by considering U .
Let h, = )L;l. Then
(A—iAn)Un = 0(1)y
— iyt vy =0) g1, Aty —(iAn +a)vp =0(1)12
To conclude in this regime, we need:
Lemma A.6. The observation inequality (A-5) implies the more general

ho>0 suchthat VO<h<hgy, Y (u,fi, r)eH*(M)xL>(M)xH Y (M), (h*A4+Du=fi+/f>,
(A-8)
IIthulle+||u||Lz(M)<C(||a2u||Lz+—||f1||Lz+ I 20l - )

Proof. Let P* = h2A + 1 +iha be defined on L? with domain H2. Writing
PE=(1+Qxiha)(B*A—1D)"H(H*A-1),
and since (h2A — 1)1 is compact on L2, we deduce that (1 + (2 +iha)(h*? A — 1)) is Fredholm with
index 0; hence PI;t is invertible if and only if it is injective. On the other hand we have
hlla2u|2, = £ Im(PFu.u) 2 < | P g2 ul) 2.

which combined with (A-5) implies ((h%2A + 1)u = Phiu Fihau)

1 1
Il = € (labuld+ g0 PEuls + i)

"

C’ C’ + 12 C +
WIIP;, ullp2llullgz + — 2 [Pyull;. = ull2 < TIIP;, ullp2. (A-9)
Since

ull?> = [1AVxull?,] = [Re(Pifu.u) 2| < | Pifull g2 lull2. (A-10)

we deduce that PhjE is injective and hence bijective from H? to L? with inverse bounded by C”/h from
L? to L? and by C/h? from L? to H'. We now proceed by duality to obtain (A-8). The adjoint of Phi
is Pth and is consequently bounded from H ! to L? by C/h?. Using again the identity (A-10) we get

C
Phiu =h+/f2 = |AVxulpz +lullpzony < —||f1||L2 + h_2||f2”H—1-
Finally
(FPA+Du=fi+fp = Plru=iahu+ fi+ fa.

and we get

1. . 1
IAVxullp2 + ullL2y < C (EthCm + fille2 + h—2||f2||H—l)

1 1 1
fC,(||a2u||L2+E||f1“L2+h_2”f2“H—l)- O
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We now come back to our sequence satisfying (A-7). From (A-8), (A-7) implies

1AnVxvnllpz + lvnllrz = 0o(Dn—+oo,
and in turn
IVxtnlz2 = 0(Dn—+oo-

This contradicts ||Up||;, = 1.

A3.2. Stabilization implies resolvent estimates. Consider now U = (Z), F= (g: ) such that
(A—iNU=F << —iMi+HOv=f and (Av+A?—ila)v=ilg+Af
From (A-5) with & = 1™, we get

[vliz2 + [1AVxvllp2 < Cligliz + CllAf lg—1 < CUlgllz2 + ClIVx flL2),
and also
[Vxullg2 =h[|Vx(v— ) < C(lglliz2 + ClIVx flL2)-

Appendix B: Characterization of stabilization

Here we shall prove that the properties (1), (2), (3) and (4) of the Introduction are equivalent. The
implication (2) = (1) is trivial. To show (1) = (3) we fix T such that f(T) < % Then since

T 1
Ent0(T) = En©) = [ [ a(olonPe.x)dx di = 2 En(0(0)
we deduce

T
En(u)(0) 52/0 /Ma(x)|8tu|2(t,x) dx dt,

which is (3). Conversely, if (3) is satisfied, we get

T
En()(T) = En@©)~ [ [ a0 dxdi = (1= &) Enw(O)
0 JM
Let§ = (1 — é) < 1. Applying the previous estimate between O and 7, then T and 27, etc., we get
Emu)(nT) < 8" Em(u)(0),

and hence the exponential decay along the discrete sequence of times n7. Finally, writing nT <t <
(n+ DT, we get

Em(u)(t) < Em)(nT) < 8" Ep(u)(0) < e ®OF=D g, (1)(0),

which is (2). It remains to prove that (3) and (4) are equivalent. We shall actually prove that if (3) holds
for some T > 0, then (4) holds for the same 7" > 0. Let us fix 7" > 0 and assume that (4) does not hold;
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i.e., there exist sequences (uj,u’) € H 1 % L? such that the corresponding solutions to the undamped
wave equation (1-3) satisfy

T
En(un)(0) > n/o fM a(x)|d,u"|?(t, x)dt dx.

This implies that u,, is not identically 0 and dividing u, by / Ep, (14,,)(0)), we can assume E,, (14,)(0) =1,
and

T
// a(x)|8tun|2(t,x)dtdx§l. (B-1)
0 JM n

Consider now (vy) the sequence of solutions to the damped wave equation (1-1), with the same initial
data (ug,u?), and wy = u, — vy, a solution to

(07 —A+ad; +mwy =—adun.  (Wnlr=0.0:wnli=0) = (0.0) € (H' x L*)(M).
From Duhamel’s formula and (B-1) we deduce
[ (Wn, s wn) || Loo(0,7): B (M)x L2y = lla dcutn L1 0,7):12(01)

1 1
= ||a||ioo||612 8l‘un”Ll(O,T);Lz(M) = 0()n—>+oo- (B-2)
We deduce
Em(vn)(0) =1+ 0()n>+oo

and -
1
/0 /M a(0)dvn (0. x) dt dx = a3 vm ]l 201 rnt) = 0(Dns o0

which implies that (3) does not hold. As a consequence, we just proved (3) = (4). The proof of (4) = (3)
is similar.
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