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RESONANCES AND VISCOSITY LIMIT FOR
THE WIGNER-VON NEUMANN-TYPE HAMILTONIAN

KENTARO KAMEOKA AND SHU NAKAMURA

The resonances for the Wigner—von Neumann-type Hamiltonian are defined by the periodic complex distor-
tion in the Fourier space. Also, following Zworski, we characterize resonances as the limit points of discrete
eigenvalues of the Hamiltonian with a quadratic complex-absorbing potential in the viscosity-type limit.

1. Introduction

We consider the one-dimensional Schrédinger operator
dZ
dx?

and its resonances, where V (x) is an oscillatory and slowly decaying potential. A typical example is

pP— +V(x) onL*R)

d? sin 2x
P = U2 +a

where a € R. We note that P is not dilation-analytic in this case since the potential is exponentially

on L*(R),

growing in the complex direction. More generally, we consider the following class of potentials.

Assumption A. The potential V (x) has the form
J
V) =Y six)Wx),
j=I
where J € N, s; € C(R; R) are periodic functions with period = whose Fourier series converge absolutely,
and W; € C*°(R; R) have analytic continuations to the region {z =x +iy | |[x| > Ro, |y| < K|x|} for some
Ro > 0 and K > 0 with the bound |W;(z)| < C|z|™* for some u > 0 in this region; see Figure 1, left.

We note that V (x) = a(sin 2x)/x satisfies Assumption A for any K > 0. We also note that dilation-
analytic potentials satisfy Assumption A by setting s;(x) = 1. We first show that resonances can be
defined for this class of potentials. We write the set of threshold by 7 = {n? | n € NU{0}} (see Remark 2.2
for the necessity of 7°). The resolvent on the upper half-plane is denoted by R, (z) = (z— P)~!, Imz > 0.

Theorem 1.1. Under Assumption A, there exists a complex neighborhood Q2 C C of [0, 00) \ T such
that the following holds: for any f, g € L% (R), the matrix element (f, R, (z)g) has a meromorphic

comp
continuation to 2.

MSC2020: primary 35J10; secondary 35P25.
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Figure 1. Left: the domain of analyticity of W; from Assumption A. Right: the domain
in Theorem 1.1 and Theorem 1.6.

Remark 1.2. The neighborhoods €2 in Theorems 1.1 and 1.6 are given explicitly in Sections 2 and 3; see
also Figure 1, right.
Remark 1.3. Unfortunately, the original Wigner—von Neumann potential [von Neumann and Wigner
1929], see also [Reed and Simon 1978, Section XIII.13],

V(x)=(14g(x)*)"2(=32sinx)(g(x)> cosx —3g(x)?sin’ x + g(x) cos x + sin> x),

where g(x) = 2x —sin 2x, does not seem to satisfy Assumption A. In fact, the argument principle implies
that if v > % and € > 1 with £ € Z, then g(z) £i have two zeros in the region

[zeC|(t—%)m <Rez=< (¢+1)m, —vlogl <Imz <vlogt}.
Thus another method is needed to study the complex resonances for the original Wigner—von Neumann
Hamiltonian.

Following the standard theory of resonances, the complex resonances are defined using this meromorphic
continuation.

Definition 1.4. Let R, (z) be the meromorphic continuation of the resolvent for P as in Theorem 1.1. A
complex number z € Q is called a resonance if z is a pole of (f, Ry (z)g) for some f, g € L2 (R) and

comp
the multiplicity m, is defined as the maximal number m such that there exist fi, ..., fin, &1,---,8m €
L mp(R) with
1 m
det(r (fis Re(©)g)) d;) #0,
Tt Je() ij=1

where C(z) is a small circle around z. The set of resonances is denoted by Res(P).
Remark 1.5. Res(P) is discrete in 2 and m, < oo for any z € Q2 (see Remark 2.3).

We prove Theorem 1.1 by introducing the periodic complex distortion in the Fourier space (see Section 2
for the definition and the underlying idea).
We now introduce the complex dissipative potential
dZ

2 +Vx)— iex?, &>0.

P, =
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We easily see that P;, & > 0, has purely discrete spectrum on L?(R). Zworski [2018] proved that the
set of resonances can be characterized as limit points of the eigenvalues of P, as ¢ — 0, namely
limg_,g 04(P:) = Res(P) for compactly supported potentials employing the dilation-analytic method.
Zworski [2018] also proposed a problem of finding a potential V (x) such that the limit set of o;(P;)
when ¢ — 0 is not discrete, and suggested V (x) = (sinx)/x as a candidate for such a V (x). Our next
result disproves this conjecture (away from the thresholds).

Theorem 1.6. Under Assumption A, there exists a complex neighborhood Q2 C C of [0, 00) \ T such
that lim,_,. g 04(Pg) = Res(P) in Q2 including multiplicities. In particular, limg_,g o4(P,) is discrete in S2.
More precisely, for any z € Q2 there exists pg > 0 such that for any 0 < p < pg there exists €9 > 0 such
that for any 0 < ¢ < g

#oq(P:) N B(z, p) = mg,

where B(z, p) ={w e C||w —z| < p}.

Wigner—von Neumann-type Hamiltonians have been investigated by many authors. See for instance
[Behncke 1991; 1994; Cruz-Sampedro et al. 2002; Devinatz et al. 1991; Froese and Herbst 1982; Hinton
et al. 1991; Klaus 1991; Lukic 2013; Rejto and Taboada 1997; Richard et al. 2016]. To our knowledge,
the definition of the complex resonances based on the complex distortion for Schrédinger operators with
oscillatory and slowly decaying potentials is new. The complex distortion in the momentum variables
is studied in [Cycon 1985; Sigal 1984] for radially symmetric dilation-analytic or sufficiently smooth
exponentially decaying potentials. In [Nakamura 1990], this method is extended to the not necessarily
radially symmetric case. See the references in that work for related earlier works on the complex distortion.

Stefanov [2005] studied the approximation of resonances by the fixed complex-absorbing potential
method in the semiclassical limit. Similar methods are used in generalized geometric settings in [Nonnen-
macher and Zworski 2009; 2015; Vasy 2013]. As mentioned above, Theorem 1.6 was proved by Zworski
[2018] for compactly supported potentials. This was extended to more general dilation-analytic potentials
in [Xiong 2020]. Analogous results were proved for Pollicott—Ruelle resonances in [Dyatlov and Zworski
2015] (see also [Dang and Riviere 2017; Drouot 2017]), and for Oth-order pseudodifferential operators in
[Galkowski and Zworski 2019]. For the numerical results and original approach in physical chemistry,
see the references in [Stefanov 2005; Zworski 2018].

This paper is organized as follows. In Section 2, we present the proofs of the theorems for the model
case V(x) = a(sin2x)/x, which contain all the essential ideas for the general case. In Section 3, we
present technical arguments which complete the proofs for the general case.

2. The model case

In this section, we explain the general ideas for the proofs and give the full proofs for the model case
V(x) =a(sin2x)/x, a € R.

2A. Periodic distortion in the Fourier space. The main idea of Theorem 1.1 is as follows: We note the
standard dilation-analytic method for the complex resonances does not apply to our potentials. On the
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other hand, it is known that if we set

=3(-D'+D"x), Dux)=s=u(x+mn)—ulx—m)),

2771
then we can construct a Mourre theory with this conjugate operator; see [Nakamura 2014]. We can use
this operator as the generator of complex distortion to define the resonances for our model. Actually, in
the Fourier space, A’ is a differential operator
Al = 3 ((i9g) - sin(w) +sin(r£) - (i),
and this generates a periodic complex distortion in the Fourier space; see [Nakamura 1990] for Hunziker-
type local distortion in the Fourier space.
Thus we introduce the periodic distortion in the Fourier space
®y(§) =& +0sin(rE),  Unf(§) = Dy(§)® f(Du(£),
where § € (—7~!, #~1). In the Fourier space, P has the form P= £2+ V, where V = (271)_1/217* is a
convolution operator and V is the Fourier transform f/\(f;' )= (2m)~1/? f V (x)e~*¢ dx. Hence we have

Py :=UgPU; ' = (£ +0sin(m&))> + Vo, Vo=UyVU; .

Lemma 2.1. Let V(x) = a(sin2x)/x for a € R. Then ‘79 = (P, )I/ZV(CD Y2 where (P, Y2 s a

172

multiplication operator by dJ’ &)=, and V = (a/2) x[—2.21%, where x[—22] denotes the character-

istic function of [—2,2]. In particular, V@ is analytic with respect to 0 and £*-compact for 0 €
C\ ((_009 _T[il] U [nilv Oo))

Proof. By direct computation, we immediately have V= (a/2) x(—2,21*. Thus we have, for 6 € (=7~ L,
Vof (&) =Us VU, ' f(§)
1 _ 1 _
= / ) (E)7 5 x1-2.21(Po (&) — (@5 ()7 f (D ()
R

1
= / @} ()2 5 x1-2.2 (P () = Do ()P} ()2 f () .
R
On the other hand, we note

%(%(5) — () =1+ 06m cos(n§) >0

for 0 € (—m~!, #~1). Moreover, we have
Dy(n£2) — dy(n) = £2+0(sin(w (n £2)) — sin(n)) = 2.
These imply that —2 < ®4(§) — Pg(n) <2 if and only if —2 < & — 5 < 2. Thus we have

Vo f&) = / L6 S X2 & — M) f ) d

= (@) V(D)2 £(5).

The second part of Lemma 2.1 follows from the first part. We note that (QD/G)% is well-defined for
6 € C\ ((—oo, =~ 'U[r ™!, 00)) since @ (&) = 1+67 cos(w&) # 0 and C\ ((—oo, — ' U[r !, 00))
is simply connected. U
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1 Imz

z O'ess(ﬁe)

2 0 v 6 8 10 12 14 6 18 Qn’s
Re

< (n—1)? 72 Rez

Imz=r402(Rez)
2 Imz =x45(Rez)

Figure 2. Left: aeSS(F@) for 6 = 0.2i. Right: the region €2, ;.

2B. Definition of resonances. In Sections 2B and 2C, we assume that V(x) = a(sin2x)/x for a € R.
The modifications needed for the general case are explained in Section 3.
By Lemma 2.1 we learn that Py is analytic with respect to 6 in the sense of Kato, and the essential
spectrum of Py is given by
oess(Py) = {(§ +0 sin(w8)* | § € R);

see Figure 2, left.

Remark 2.2. We note that, for complex 6,
Tess(Po) N[0, 00) = {n® | n € NU{0}}.

Thus 7 = {n? | n e NU{0}} C [0, c0) is considered as the set of thresholds with respect to our periodic
complex distortion in the Fourier space and is analogous to the set of threshold {0} C [0, co) in the case
of the usual complex scaling. In addition to the usual threshold 0, the set 7~ contains energy n2, n € N, at

+inx

which corresponding plane waves e are half-harmonics, i.e., the waves of half-multiple frequencies

of the oscillating part of the potential.

We fix n € N, and for the energy interval ((n — 12, n?) we take 6 = (—1)"i8 = +i8. We easily see that
for 0 < 8 < ! the essential spectrum of ﬁj:i& is the graph of a function k5 : [0, c0) — R in R2x~C.
Namely, we may define k15(x), x = Rez > 0, by the relation

Oess(Pis) = {z € C | Imz = k45 (Re z), Rez > 0).

More explicitly, if x =& 2 _ §2sin? (&) for & € R, then k15(x) = £256& sin(;r§). A important fact is that
K(—1ys(x) <0 for x € (n — 1%, n?).
We set 8o = 7! and take any 0 < 6 < §g. We also set

Qus={z=x+iy|(n— )% <x <n?, y > Kk—1yns(x)};
see Figure 2, right. Note that Q,, s C Q2,5 if 0 <§ < 8’ < Jp.
Proof of Theorem 1.1 for the model case. We fix n € N and § > 0 as above, and we write A = L2 (R).

comp
We first note that Uy f (f € .A) has an analytic continuation for complex 6. We denote the resolvent
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R (2) on the Fourier space by §+ (z). For f, g € A, we have
(f. Ri(2)8) = s f, Us Ry () Uy ' Up®) = (Us f (2 — Py) ™' U ),

where 6 € R and Im z > 0. The right-hand side is analytic with respect to 8 by Lemma 2.1, where 6 ranges
over a complex neighborhood of {(—1)"i§ | 0 <8 < §p}. This in turn implies that the left-hand side has a
meromorphic continuation to €2, s, with respect to z. Thus Theorem 1.1 is proved for 2 =, . 2n,50- O

Remark 2.3. We set

1 5
n'=_— — Pp)~!
: =0 C(Z)(C ) d&

to be the spectral projection for Py. Then we have

1 1 2 ~ _ n A n
5 P (LRA@QdE =52 Usf. (& =P~ Upd) de = (U3 f . TI2UQ).

Tt Je) Tt Je)
We note that {Uy f | f € A} is dense in L2, which is proved by an argument similar to [Hunziker
1986, Theorem 3]. This implies that m, = rank[l'lg]. Namely, the resonances coincide with the discrete

eigenvalues of Py including multiplicities. In particular, Res(P) is discrete and m, < oo for any z € Q.

2C. Viscosity limit. As in [Zworski 2018], the essential ingredient of the proof of Theorem 1.6 is the
resolvent estimate of the distorted operator which is uniform with respect to ¢ in the case of V = 0. We
prove this by employing the semiclassical analysis in the Fourier space with the semiclassical parameter

h = /. Since we work in the Fourier space, the term —iex?

= 1'8852 is the usual viscosity term (multiplied
by i) and the viscosity limit corresponds to the semiclassical limit.

For notational simplicity, we set Py = P, Py = P and Py y = Py. In the Fourier space, P;, ¢ > 0, has
the form

P =£2+V +isd}.
Hence the distorted operator ﬁg,g = Uy 138 U, Uis given by
f~’g,9 =(¢E+6 sin(ﬂé))2 + \79 —ieDg (1470 cos(né))_zDg —ierg(€),

where 7 (&) = —®}, ()~ 1/20: (D), ()19 (P}, () ~1/?)) is a function which is analytic with respect to &
and bounded with respect to §&. Since }1,9 has a compact resolvent, 5&9, e > 0, has purely discrete
spectrum. Moreover, for fixed ¢ > 0, 138,9 is analytic with respect to 6 in the sense of Kato. These imply
that the eigenvalues of 13;,9 coincide with those of P, including multiplicities by the same argument as in
Remark 2.3. Thus it is enough to show that the eigenvalues of }N’gyg converge to those of Py as € — +0.

Proof of Theorem 1.6 for the model case. We first prove the resolvent estimate (2-1) for the distorted free
Hamiltonian

Oco = (€ +0sin(r£))? —ieDs (1 + 70 cos(£)) 2 Ds —ierg(§), &> 0.

In the following, we fix n € N, and set § = (—1)"i§ = £iéd, 0 < § < &, as in Section 2B.
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We set h = /¢ and view é ¢.0 as an h-pseudodifferential operator in the Fourier space. Recall that €2,, s
is defined in Section 2B; see Figure 2, right. We easily see that the numerical range of the A-principal
symbol of ég,g, ie.,

(€ +0sin(wE))? —i(1+ 70 cos(wE)) x| x, £ € R),

is disjoint from €2, s for small § > 0. For instance, this is true for 0 < § < §;, where §; = (\/5 —Dr~ L
The constant §; comes from requiring

d d 27 é
||| - 225

sup dx

x>0

is less than or equal to the minimal value %(1 /(m8) — m§) with respect to £ € R of the absolute value of
the slope of the half-line {—i (1 £ 78i cos(&))~2x? | x € R} in the complex plane. For simplicity, we
consider 0 < 6 < §; and do not pursue the optimal §. Now we fix 0 < § < §; and z € 2, 5. Then there exists
po > 0 such that there is no resonance in B(z, po) € 2,5 possibly expect for z, where B(z, p) denotes
the ball of radius p with the center at z. In the following, we fix 0 < p < pg, and let w € B, = B(z, p).
By the standard semiclassical calculus we learn (éa,g — w)~ ! exists and

1(Qeo —w) 22 <C 2-1)

for w € B, and for sufficiently small ¢ > 0. We note that it also holds for ¢ = 0.
We next employ the perturbation argument. Since (ég,g — w)~! exists, we have

Pog—w=(14Ve(Qepo—w) NQeo—w).

By Lemma 2.1 and the boundedness of (E2 + i)(ég,g —w)~!, we learn \79(@48,9 —w)~! is compact for
¢ > 0. Thus the analytic Fredholm theory can be applied. We have

(w—Pog) ™' = (8u(Peg — w))(Prg —w) ™!

= @0 Vo (Qeo —w) N1+ Vo(Qeg —w)™H ™! ~ s
+ (14 Va(Qep —w) N(w — 0ep) 1+ Vo(Qeg —w)™H"

The Gohberg—Sigal factorization [1971, Theorem 3.1] applied to 1+ V(0,9 — w)~', Cauchy’s theorem
and the cyclicity of the trace imply that

trf (14 V(0o —w) DW= 0e0) ' A+ Vo(Qep —w) ™) ™' dw =0.
3B,
Thus the number of the eigenvalues of P, g, € > 0, in B; is given by
1 Byl e L T -l s T e
trzmyg&(w Pe6) dw—trszéBz(awVe(Qa,e w) A+ Ve(Qep —w)™ ) dw.

Note that the right-hand side of this equality is the number of zeros of 1 + Vg(ég,e —w)~"in B; in the
sense of [Gohberg and Sigal 1971, Theorem 2.1]. Thus the operator-valued Rouché theorem [Gohberg
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and Sigal 1971, Theorem 2.2] implies that in order to prove Theorem 1.6, it suffices to show

(14 Va(Qo.p — w) ™) = (1 4+ Vo(Qeo — w) ™) A+ Vo (Qop —w) D722 < 1

for w € 9 B; and small ¢ > 0. Since (1+ Vg(éo,g —w)~H~! exists and independent of ¢ > 0 for w € B,,
the above estimate holds if we show

lim 1Vo(Qop —w) ™ = Vo(Qep—w) 122 =0 (2-2)

uniformly for w € 9B;.
Let y > 0. We claim that we can decompose Vy = Vy 1 + Vp 2, where Vj | is a smoothing pseudodif-
ferential operator in the Fourier space and ||Vp 2|;2_. ;2 < y. To see this, we take the decomposition

~ 1~ 1 1 ~ 1 1~ 1 ~ ~
Vo = (@) 2V (®p)2 = (P)2 V1 r(D)2 + (D)2 Vo, r (D)2 = Vo1 + Va2

for large R > 0, where Vj, r 18 the Fourier multiplier on the Fourier space by V; g, x € C2°(R) such that
x = 1 near x =0, and

sin 2x sin2x [ x sin 2x X
S () () =i

Then the claimed properties are easily verified.

Since ||(§8,9 —w)~! 7272 < C for small ¢ > 0 and w € B,, we have
1Vo.2(Qo —w) ™ = Vo2 (Qep —w) 122 <2Cy,
where C is independent of y. By the resolvent equation, we also learn
Vo 1(Qo.6 —w) ™' = Vg 1(Qep — w) ™!
= —ieV,1(Q0,6 —w) ™' (Ds (1476 cos(w8) > Dg +r9(5))(Qe. —w) ™.

Since 179,1 is a smoothing pseudodifferential operator and (QJO’g —w) s also a pseudodifferential
operator with a bounded symbol, \79,1 (éo’g — w)_ng is L2-bounded. Thus we have

Vo1 (Qop —w) ™' = Vo1(Qep —w) 122 < Cye,
with some (y-dependent) constant C,, > 0. If & is so small that ¢ < (C/C, )y, we have
1Vo(Qo6 —w) ™" = Va(Qes —w) Ml 212 <2Cy + Cpe <3Cy
and thus (2-2) is proved since ¥ > 0 may be arbitrary small. Thus Theorem 1.6 is proved for 2 =
Unen Qs (I
3. The general case

3A. Analyticity of ‘79. We recall that ‘79 was defined in Section 2A.

Lemma 3.1. Under Assumption A, Vg is analytic with respect to 6 and £*-compact for 0 in some complex
neighborhood of {i8 | —Km~' <8 < Kn~'}, where K is the constant in Assumption A.
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Proof of Lemma 3.1. For real 6, the integral kernel % (&,n) of ‘79 is given by

V(e ) = ﬁ%@ﬁﬁ(%(s) — Dy Dy, £ eR.

We first consider the case of V € C°(R; R). Then the Paley—Wiener estimate implies that ‘79 (&,n)is
analytic with respect to 6 € C and has the off-diagonal decay bounds

1020E Vo &, Ml < CapnE—m)™Y, EneR,

for any «, B and N, where C, g v is independent of & when 6 € C ranges over a bounded set. We also
recall the formula, see, e.g., [Zworski 2012, Section 8.1],

Vo = b" (5. Ds: ), b(S,X;9)=/V9<§+g,S—g)ei<’7'x>dn,
R

where bY denotes the Weyl quantization

bw(é,Ds;G)f(é)=%/RbeG%,x;G)ei<§‘”’x>f(n)dndX-

In fact, the integral kernel of b¥ (&, Dg; 0) is

1 / b('gﬂ, x: Q)ei@n,x) dx
2 R 2

and this coincides with V (&, n) by simple computations. These imply that Vyisa pseudodifterential
operator in the Fourier space with a symbol rapidly decaying with respect to x (that is,

108 92b(E, x:0)| < Capn(x)™N, & x€eR,

for any «, B and N, where C, g n is independent of & when 6 € C ranges over a bounded set) and analytic
with respect to 6. Thus Lemma 3.1 is proved in this case.

We next consider the case of V(x) = s(x)W(x), where s(x) and W (x) satisfy the condition in
Assumption A; see Figure 1, left. We first estimate the Fourier transform of W (x). By the deformation of
the integral (see Figure 3, left), we have

~ 1 .
%% = — W e iz§ d s +£& > O,
&) N (2) z &

where
Cy.r = (e*"(—00,0] —2R0) U[—2Ro, 2Ro] U (2Ry + €T'7[0, o0)),

0 < 7 < arctan K, and Ry is that in Assumption A. This expression shows that W(S) has an analytic
continuation to

S;={zeC'l—t<argz<t}U{zeC|—t<argz—7m <t}

see Figure 3, right. We see that W(S ) decays rapidly in S; when |§| — oo thanks to the smoothness of W.
For small & € S, we have |W(§)| < C|g|7"/(+m where u > 0 is the constant in Assumption A. To see
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Imz Imz

C_
- / T
Rez

—2Ry 2Ry Rez

Figure 3. Left: the curve C_ ., and C, ; is its reflection with respect to the real axis.
Right: the domain ;.

this, we take Cy  for 0 < 7 < 7/ < arctan K and estimate
A o o0
W) < Cf e ) dx =C|5|—1/ el x /151y du.
0 0
We divide the integral into fog + Eoo and we obtain the bound
€ 1
— +—(e/IE]) "
1€ 18]

Taking & = |&|*/0+4), we have |W(&)| < Clg|~V/1+m),
We next claim that the Fourier transform V(é ) has an analytic continuation to the region 7; = _J ez Te ks
where (see Figure 4)

Try=1{zeC\{0,2}| —t <argz <1, -7 <arg(2—z) < v} + 2k,

and the estimate

3 sup [& —2k| T [ — 2k — 2|77 |V (§)] < o0 (3-1)
kez §€Tok

holds. To see this, we first denote the Fourier transform of s by §(£§) = /27 ), ., ax8(§ — 2k). Then we
have

VE) =Y aW(E —2k).

keZ
By Assumption A, we have ), _, lax| < oco. The estimates on W(S) above show
3 sup [€ — 2|77 € — 2k — 2|7 W (&) < oo.
kez €Tk

Then the estimate (3-1) follows from Young’s inequality in £!(Z) applied to sequences {ay}rez and

[ sup |& — 2k| ™ |€ — 2k — 2|77 | W (£)])

kez®
SETI,/{

By (3-1), we have |V9(§, n)| < g(§ — n) for some integrable function g. This is also true for
9/ 80)179 (&, ) by Cauchy’s formula with respect to 6. Thus Young’s inequality implies that the
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Imz

T 3 T T: T:0 T: 1 Tro

Figure 4. The domains 77 and 77 k.

operator Vg with integral kernel Vg (£, ) is L>-bounded and analytic with respect to 6. We note that if 6
is purely imaginary, we have

| Im(Pp (§) — Do ()| < [0][Re(Py(§) — Py (1)) — 2k,

with any k& € Z, in particular k such that [ — n — 2k| < 1. Thus 6 may be taken from a complex
neighborhood of {i§ | —7~'tant <8 < w~!tant}. Since 0 < 7 < arctan K is arbitrary, Vy is analytic
for 6 as claimed in Lemma 3.1.

To see £2-compactness, we approximate V by C2* functions. Take x € C2°(R) such that x =1 near
x = 0. We take the decomposition V (x) = V| g + Vg, where R > 0,

Vir=x (%)W(X) > ae®™,

[k|<R

Var=W) Y e + (1 - X(%))W(x) 3w,

lk|>R lk|<R

We also denote the corresponding distorted operators on the Fourier space by Vg,], r and \7&2, r. Since
Vi.r € C°, we know Vp 1 g is $z—compact. We also see that limg_, o0 || Vs,2, 8l 12— 12 = O by the estimate
for V =s(x)W(x) as above. This completes the proof of Lemma 3.1. O

3B. Proofs of theorems for the general case. Although we set 8y = ~! for the model case in Section 2,
we set 8o = min{mw !, K7~} for the general case in this subsection in view of Lemma 3.1. Similarly
we set 61 = min{(ﬁ —Dr LK 7~} in this subsection. Then all the statements in Sections 2B and 2C
remain true for these §y and §;.

Proof of Theorem 1.1 for the general case. The proof is exactly the same as that for the model case in
Section 2 if we replace Lemma 2.1 by Lemma 3.1. ]

Proof of Theorem 1.6 for the general case. The proof is almost the same as that for the model case in
Section 2. The only necessary change is the following: In the claim that we can take the decomposi-
tion Vy = V9 1+ Vg 2, where V@ 1] is a smoothmg pseudodlfferentlal operator in the Fourier space and
||V9 22 <y, we set Vg 1= Vg 1,r and Vg = V@ 2, g for large R > 0, where Vg .j,R was defined in
the £2-compactness part of the proof of Lemma 3.1. ]
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Remark 3.2. In the case of V = a(sin2x)/x + Vy, Vo € CZ(R; R), Lemma 2.1 and the proof of
Lemma 3.1 show that Lemma 3.1 holds for 6 € C\ ((—o0, —7 U, 00)). Thus the set of resonances
Res, (P) is defined in C\ (0, co) for any n € N including multiplicities by the meromorphic continuation
of (f, Ry(z)g) from {z |0 <argz < m} to

(z]|0<argz <m}U{z|argz=0, (n—1)> < |z] <n?’}U{z| —27 < argz < 0}.

This poses the problem of whether Res,, (P) # Res,/(P) when n £ n'.

Acknowledgements

Kameoka is partially supported by the FMSP program at the Graduate School of Mathematical Sciences,
the University of Tokyo. Nakamura thanks Professor J.-F. Bony for suggesting considering the problem
using methods of [Nakamura 2014]. He also thanks Professor M. Zworski for valuable discussions and
encouragement. Nakamura is partially supported by JSPS grant Kiban (B) 15H03622.

References

[Behncke 1991] H. Behncke, “Absolute continuity of Hamiltonians with von Neumann—Wigner potentials”, Proc. Amer. Math.
Soc. 111:2 (1991), 373-384. MR Zbl

[Behncke 1994] H. Behncke, “The m-function for Hamiltonians with Wigner—von Neumann potentials”, J. Math. Phys. 35:4
(1994), 1445-1462. MR Zbl

[Cruz-Sampedro et al. 2002] J. Cruz-Sampedro, I. Herbst, and R. Martinez-Avendafio, “Perturbations of the Wigner—von
Neumann potential leaving the embedded eigenvalue fixed”, Ann. Henri Poincaré 3:2 (2002), 331-345. MR Zbl

[Cycon 1985] H. L. Cycon, “Resonances defined by modified dilations”, Helv. Phys. Acta 58:6 (1985), 969-981. MR

[Dang and Riviere 2017] N. V. Dang and G. Riviere, “Pollicott—Ruelle spectrum and Witten Laplacians”, preprint, 2017. To
appear in J. Eur. Math. Soc. arXiv

[Devinatz et al. 1991] A. Devinatz, R. Moeckel, and P. Rejto, “A limiting absorption principle for Schrodinger operators with
von Neumann-Wigner type potentials”, Integral Equations Operator Theory 14:1 (1991), 13-68. MR Zbl

[Drouot 2017] A. Drouot, “Stochastic stability of Pollicott—Ruelle resonances”, Comm. Math. Phys. 356:2 (2017), 357-396.
MR Zbl

[Dyatlov and Zworski 2015] S. Dyatlov and M. Zworski, “Stochastic stability of Pollicott—Ruelle resonances”, Nonlinearity
28:10 (2015), 3511-3533. MR Zbl

[Froese and Herbst 1982] R. Froese and I. Herbst, “Exponential bounds and absence of positive eigenvalues for N-body
Schrodinger operators”, Comm. Math. Phys. 87:3 (1982), 429-447. MR Zbl

[Galkowski and Zworski 2019] J. Galkowski and M. Zworski, “Viscosity limits for Oth order pseudodifferential operators”,
preprint, 2019. arXiv

[Gohberg and Sigal 1971] I. C. Gohberg and E. 1. Sigal, “An operator generalization of the logarithmic residue theorem and the
theorem of Rouché”, Mat. Sb. (N.S.) 84(126) (1971), 607-629. In Russian; translated in Math. USSR-Sb. 13 (1971), 603-625.
MR Zbl

[Hinton et al. 1991] D. B. Hinton, M. Klaus, and J. K. Shaw, “Embedded half-bound states for potentials of Wigner—von
Neumann type”, Proc. Lond. Math. Soc. (3) 62:3 (1991), 607-646. MR Zbl

[Hunziker 1986] W. Hunziker, “Distortion analyticity and molecular resonance curves”, Ann. Inst. H. Poincaré Phys. Théor.
45:4 (1986), 339-358. MR Zbl

[Klaus 1991] M. Klaus, “Asymptotic behavior of Jost functions near resonance points for Wigner—von Neumann type potentials”,
J. Math. Phys. 32:1 (1991), 163-174. MR Zbl


http://dx.doi.org/10.2307/2048326
http://msp.org/idx/mr/1036983
http://msp.org/idx/zbl/0726.34072
http://dx.doi.org/10.1063/1.530600
http://msp.org/idx/mr/1267899
http://msp.org/idx/zbl/0799.34080
http://dx.doi.org/10.1007/s00023-002-8619-4
http://dx.doi.org/10.1007/s00023-002-8619-4
http://msp.org/idx/mr/1914145
http://msp.org/idx/zbl/1021.81016
http://dx.doi.org/10.5169/seals-115629
http://msp.org/idx/mr/821113
http://msp.org/idx/arx/1709.04265
http://dx.doi.org/10.1007/BF01194926
http://dx.doi.org/10.1007/BF01194926
http://msp.org/idx/mr/1079816
http://msp.org/idx/zbl/0731.47050
http://dx.doi.org/10.1007/s00220-017-2956-0
http://msp.org/idx/mr/3707328
http://msp.org/idx/zbl/1406.37031
http://dx.doi.org/10.1088/0951-7715/28/10/3511
http://msp.org/idx/mr/3404148
http://msp.org/idx/zbl/1369.37037
http://dx.doi.org/10.1007/BF01206033
http://dx.doi.org/10.1007/BF01206033
http://msp.org/idx/mr/682117
http://msp.org/idx/zbl/0509.35061
http://msp.org/idx/arx/1912.09840
http://mi.mathnet.ru/eng/msb3169
http://mi.mathnet.ru/eng/msb3169
https://doi.org/10.1070%2FSM1971v013n04ABEH003702
http://msp.org/idx/mr/0313856
http://msp.org/idx/zbl/0254.47046
http://dx.doi.org/10.1112/plms/s3-62.3.607
http://dx.doi.org/10.1112/plms/s3-62.3.607
http://msp.org/idx/mr/1095235
http://msp.org/idx/zbl/0689.34018
http://www.numdam.org/item?id=AIHPB_1986__45_4_339_0
http://msp.org/idx/mr/880742
http://msp.org/idx/zbl/0619.46068
http://dx.doi.org/10.1063/1.529140
http://msp.org/idx/mr/1083102
http://msp.org/idx/zbl/0772.35057

RESONANCES AND VISCOSITY LIMIT FOR THE WIGNER-VON NEUMANN-TYPE HAMILTONIAN 873

[Lukic 2013] M. Lukic, “Schrodinger operators with slowly decaying Wigner—von Neumann type potentials”, J. Spectr. Theory
3:2 (2013), 147-169. MR Zbl

[Nakamura 1990] S. Nakamura, “Distortion analyticity for two-body Schrodinger operators”, Ann. Inst. H. Poincaré Phys. Théor.
53:2 (1990), 149-157. MR Zbl

[Nakamura 2014] S. Nakamura, “A remark on the Mourre theory for two body Schrodinger operators”, J. Spectr. Theory 4:3
(2014), 613-619. MR Zbl

[von Neumann and Wigner 1929] J. von Neumann and E. Wigner, “Uber merkwiirdige diskrete Eigenwerte”, Phys. Z. 30 (1929),
465-467. Zbl

[Nonnenmacher and Zworski 2009] S. Nonnenmacher and M. Zworski, “Quantum decay rates in chaotic scattering”, Acta Math.
203:2 (2009), 149-233. MR Zbl

[Nonnenmacher and Zworski 2015] S. Nonnenmacher and M. Zworski, “Decay of correlations for normally hyperbolic trapping”,
Invent. Math. 200:2 (2015), 345-438. MR Zbl

[Reed and Simon 1978] M. Reed and B. Simon, Methods of modern mathematical physics, IV: Analysis of operators, Academic,
New York, 1978. MR Zbl

[Rejto and Taboada 1997] P. Rejto and M. Taboada, “A limiting absorption principle for Schrodinger operators with generalized
von Neumann—Wigner potentials, I: Construction of approximate phase”, J. Math. Anal. Appl. 208:1 (1997), 85-108. MR Zbl

[Richard et al. 2016] S. Richard, J. Uchiyama, and T. Umeda, “Schroédinger operators with n positive eigenvalues: an explicit
construction involving complex-valued potentials”, Proc. Japan Acad. Ser. A Math. Sci. 92:1 (2016), 7-12. MR Zbl

[Sigal 1984] I. M. Sigal, “Complex transformation method and resonances in one-body quantum systems”, Ann. Inst. H. Poincaré
Phys. Théor. 41:1 (1984), 103-114. MR Zbl

[Stefanov 2005] P. Stefanov, “Approximating resonances with the complex absorbing potential method”, Comm. Partial
Differential Equations 30:10-12 (2005), 1843-1862. MR Zbl

[Vasy 2013] A. Vasy, “Microlocal analysis of asymptotically hyperbolic and Kerr—de Sitter spaces”, Invent. Math. 194:2 (2013),
381-513. MR Zbl

[Xiong 2020] H. Xiong, “Resonances as viscosity limits for exterior dilation analytic potentials”, preprint, 2020. arXiv

[Zworski 2012] M. Zworski, Semiclassical analysis, Grad. Studies Math. 138, Amer. Math. Soc., Providence, RI, 2012. MR
Zbl

[Zworski 2018] M. Zworski, “Scattering resonances as viscosity limits”, pp. 635-654 in Algebraic and analytic microlocal
analysis (Evanston, IL, 2012/2013), edited by M. Hitrik et al., Springer Proc. Math. Stat. 269, Springer, 2018. MR Zbl

Received 25 Mar 2020. Revised 3 Sep 2020. Accepted 3 Nov 2020.

KENTARO KAMEOKA: kameoka@ms.u-tokyo.ac.jp
Graduate School of Mathematical Sciences, University of Tokyo, Tokyo, Japan

SHU NAKAMURA: shu.nakamura@gakushuin.ac. jp
Department of Mathematics, Faculty of Sciences, Gakushuin University, Tokyo, Japan

mathematical sciences publishers :'msp


http://dx.doi.org/10.4171/JST/41
http://msp.org/idx/mr/3042763
http://msp.org/idx/zbl/1278.34100
http://www.numdam.org/item?id=AIHPA_1990__53_2_149_0
http://msp.org/idx/mr/1079776
http://msp.org/idx/zbl/0736.35026
http://dx.doi.org/10.4171/JST/80
http://msp.org/idx/mr/3291926
http://msp.org/idx/zbl/1308.81165
http://msp.org/idx/zbl/55.0520.04
http://dx.doi.org/10.1007/s11511-009-0041-z
http://msp.org/idx/mr/2570070
http://msp.org/idx/zbl/1226.35061
http://dx.doi.org/10.1007/s00222-014-0527-y
http://msp.org/idx/mr/3338007
http://msp.org/idx/zbl/1377.37049
http://msp.org/idx/mr/0493421
http://msp.org/idx/zbl/0401.47001
http://dx.doi.org/10.1006/jmaa.1997.5293
http://dx.doi.org/10.1006/jmaa.1997.5293
http://msp.org/idx/mr/1440345
http://msp.org/idx/zbl/0902.35028
http://dx.doi.org/10.3792/pjaa.92.7
http://dx.doi.org/10.3792/pjaa.92.7
http://msp.org/idx/mr/3447743
http://msp.org/idx/zbl/1338.35308
http://www.numdam.org/item?id=AIHPB_1984__41_1_103_0
http://msp.org/idx/mr/760129
http://msp.org/idx/zbl/0568.47008
http://dx.doi.org/10.1080/03605300500300022
http://msp.org/idx/mr/2182314
http://msp.org/idx/zbl/1095.35017
http://dx.doi.org/10.1007/s00222-012-0446-8
http://msp.org/idx/mr/3117526
http://msp.org/idx/zbl/1315.35015
http://msp.org/idx/arx/2002.12490
http://dx.doi.org/10.1090/gsm/138
http://msp.org/idx/mr/2952218
http://msp.org/idx/zbl/1252.58001
http://dx.doi.org/10.1007/978-3-030-01588-6_14
http://msp.org/idx/mr/3903329
http://msp.org/idx/zbl/1420.35081
mailto:kameoka@ms.u-tokyo.ac.jp
mailto:shu.nakamura@gakushuin.ac.jp
http://msp.org

EDITORS-IN-CHIEF
Charles L. Epstein

Maciej Zworski

EDITORIAL BOARD
Sir John M. Ball

Michael P. Brenner
Charles Fefferman
Susan Friedlander

Anna Gilbert

Leslie F. Greengard

Yan Guo

Claude Le Bris
Robert J. McCann
Michael O’Neil
Galina Perelman
Jill Pipher
Johannes Sjostrand
Vladimir Sverdk
Daniel Tataru
Michael I. Weinstein
Jon Wilkening

Enrique Zuazua

PRODUCTION
Silvio Levy

PURE and

AN

msp.org/paa

PPLIiED

A
L

University of Pennsylvania
cle@math.upenn.edu

University of California at Berkeley
zworski @math.berkeley.edu

University of Oxford
ball@maths.ox.ac.uk

Harvard University

brenner @seas.harvard.edu
Princeton University
cf@math.princeton.edu

University of Southern California
susanfri@usc.edu

University of Michigan

annacg @umich.edu

Courant Institute, New York University, and
Flatiron Institute, Simons Foundation
greengard @cims.nyu.edu

Brown University
yan_guo@brown.edu

CERMICS - ENPC

lebris @cermics.enpc.fr

University of Toronto
mccann@math.toronto.edu

Courant Institute, New York University
oneil @cims.nyu.edu

Université Paris-Est Créteil
galina.perelman @u-pec.fr

Brown University

jill_pipher @brown.edu

Université de Dijon
johannes.sjostrand @u-bourgogne.fr
University of Minnesota
sverak@math.umn.edu

University of California at Berkeley
tataru @berkeley.edu

Columbia University

miw2103 @columbia.edu
University of California at Berkeley
wilken @math.berkeley.edu
DeustoTech-Bilbao, and
Universidad Auténoma de Madrid
enrique.zuazua@deusto.es

(Scientific Editor)
production@msp.org

Cover image: The figure shows the outgoing scattered field produced by scattering a plane wave, coming from the northwest, off of the
(stylized) letters P A A. The total field satisfies the homogeneous Dirichlet condition on the boundary of the letters. It is based on a
numerical computation by Mike O’Neil of the Courant Institute.

See inside back cover or msp.org/paa for submission instructions.

The subscription price for 2020 is US $505/year for the electronic version, and $565/year (4$25, if shipping outside the US) for print
and electronic. Subscriptions, requests for back issues and changes of subscriber address should be sent to MSP.

Pure and Applied Analysis (ISSN 2578-5885 electronic, 2578-5893 printed) at Mathematical Sciences Publishers, 798 Evans Hall #3840,
c/o University of California, Berkeley, CA 94720-3840 is published continuously online. Periodical rate postage paid at Berkeley, CA
94704, and additional mailing offices.

PAA peer review and production are managed by EditFlow® from MSP.
PUBLISHED BY
mathematical sciences publishers
nonprofit scientific publishing


https://msp.org/paa/
cle@math.upenn.edu
zworski@math.berkeley.edu
ball@maths.ox.ac.uk
brenner@seas.harvard.edu
cf@math.princeton.edu
susanfri@usc.edu
annacg@umich.edu
greengard@cims.nyu.edu
yan_guo@brown.edu
lebris@cermics.enpc.fr
mccann@math.toronto.edu
oneil@cims.nyu.edu
galina.perelman@u-pec.fr
jill_pipher@brown.edu
johannes.sjostrand@u-bourgogne.fr
sverak@math.umn.edu
tataru@berkeley.edu
miw2103@columbia.edu
wilken@math.berkeley.edu
enrique.zuazua@deusto.es
production@msp.org
http://dx.doi.org/10.2140/paa
http://msp.org/
http://msp.org/

UL L e i i
‘ PURE and APPLIED ANALYSIS

R

N
B A A A A N A R T e A TR R RN

vol.2 no.4 2020

Radially symmetric traveling waves for the Schrodinger equation on the 739
Heisenberg group
LOUISE GASSOT

Z
7
/
/
Z
'y
Z
/ Resonant spaces for volume-preserving Anosov flows 795
Z MIHAJLO CEKIC and GABRIEL P. PATERNAIN
% Semiclassical resolvent estimates for Holder potentials 841
% GEORGI VODEV
/ Resonances and viscosity limit for the Wigner—von Neumann-type 861 r
/ Hamiltonian :‘4
% KENTARO KAMEOKA and SHU NAKAMURA ::‘.
.
/ A free boundary problem driven by the biharmonic operator 875 E:‘
/ SERENA DIPIERRO, ARAM KARAKHANYAN and ENRICO v"
% VALDINOCI :/
’
/ Quantum fluctuations and large-deviation principle for microscopic 943 V
4 currents of free fermions in disordered media /‘
/ JEAN-BERNARD BRU, WALTER DE SIQUEIRA PEDRA and ANTSA , :1
/ RATSIMANETRIMANANA b4
Z e,
Z 7
)
.
Z Z
7 £
7/
/ oe
, Be
»®
Pe
e
(L

NS RN NN

.

7
A s s NS 7

N


http://dx.doi.org/10.2140/paa.2020.2.739
http://dx.doi.org/10.2140/paa.2020.2.739
http://dx.doi.org/10.2140/paa.2020.2.795
http://dx.doi.org/10.2140/paa.2020.2.841
http://dx.doi.org/10.2140/paa.2020.2.861
http://dx.doi.org/10.2140/paa.2020.2.861
http://dx.doi.org/10.2140/paa.2020.2.875
http://dx.doi.org/10.2140/paa.2020.2.943
http://dx.doi.org/10.2140/paa.2020.2.943

	1. Introduction
	2. The model case
	2A. Periodic distortion in the Fourier space
	2B. Definition of resonances
	2C. Viscosity limit

	3. The general case
	3A. Analyticity of V"0365V
	3B. Proofs of theorems for the general case

	Acknowledgements
	References
	
	

