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We extend the large-deviation results obtained by N. J. B. Aza and the present authors on atomic-scale
conductivity theory of free lattice fermions in disordered media. Disorder is modeled by a random external
potential, as in the celebrated Anderson model, and a nearest-neighbor hopping term with random complex-
valued amplitudes. In accordance with experimental observations, via the large-deviation formalism, our
previous paper showed in this case that quantum uncertainty of microscopic electric current densities
around their (classical) macroscopic value is suppressed, exponentially fast with respect to the volume
of the region of the lattice where an external electric field is applied. Here, the quantum fluctuations of
linear response currents are shown to exist in the thermodynamic limit, and we mathematically prove
that they are related to the rate function of the large-deviation principle associated with current densities.
We also demonstrate that, in general, they do not vanish (in the thermodynamic limit), and the quantum
uncertainty around the macroscopic current density disappears exponentially fast with an exponential rate
proportional to the squared deviation of the current from its macroscopic value and the inverse current
fluctuation, with respect to growing space (volume) scales.

1. Introduction 944
2. Setup of the problem 946
2.1. Random tight-binding model 946
2.2. (C*-algebraic setting 947
2.3. Linear response current density 948
2.4. Large deviations for microscopic current densities 949
3. Main results 950
3.1.  Quantum fluctuations of linear response currents and rate function 950
3.2. Nonvanishing quantum fluctuations of linear response currents 953
4. Technical proofs 954
4.1. Quasifree fermions in subregions of the lattice 954
4.2. Current observables in subregions of the lattice 955
4.3. Differentiability class of generating functions 956
4.4. Nonvanishing second derivative of generating functions 963
Acknowledgments: 969
References 969

MSC2020: 32A70, 60F10, 82C70.
Keywords: quantum fluctuations, large deviations, fermionic charge transport, disordered media.

943


http://msp.org/paa/
https://doi.org/10.2140/paa.2020.2-4
http://https://doi.org/10.2140/paa.2020.2.943
http://msp.org

944 JEAN-BERNARD BRU, WALTER DE SIQUEIRA PEDRA AND ANTSA RATSIMANETRIMANANA

1. Introduction

Surprisingly (in view of [Ferry 2012]), experimental measurements [Weber et al. 2012] of electric
resistance of silicon nanowires doped with phosphorus demonstrate that the macroscopic laws for charge
transport are already accurate at length scales larger than a few nanometers, even at very low temperatures
(4.2K). As a consequence, microscopic (quantum) effects on charge transport can very rapidly disappear
with respect to growing space scales. Understanding the breakdown of the classical (macroscopic)
conductivity theory at microscopic scales is an important technological issue, because of the growing
need for smaller electronic components.

From a mathematical perspective, the convergence of the expectations of microscopic current densities
with respect to growing space scales is proved in [Bru et al. 2016; Bru and de Siqueira Pedra 2015a],
but no information about the suppression of quantum uncertainty was obtained in the macroscopic limit.
In [Aza et al. 2019], in accordance with experimental observations, it was proved for noninteracting
lattice fermions with disorder that quantum uncertainty of microscopic electric current densities around
their (classical) macroscopic value is suppressed exponentially fast with respect to the volume of the
region of the lattice where an external electric field is applied. This is proved in [Aza et al. 2019]
via the large-deviation formalism [Deuschel and Stroock 1989; Dembo and Zeitouni 1998], which has
been used in quantum statistical mechanics since the 1980s [Aza et al. 2017, Section 7]. Given a fixed
electromagnetic field £, we derive in particular in [Aza et al. 2019] the (good) rate function I©) associated
with microscopic (linear response) current densities' ng) eR, Le [Ra”, meaning in this case that, in a
cubic box of volume L? (d-dimensional lattice), for any a, b € R,

Prob[x(” € [a, b]] ~ e~ H infrean VW a5 5 o0, (1)

with I®) > 0 and I'©)(x) = 0 if and only if x is the macroscopic (linear response) current density, x (€.
In this paper, we complement these studies by rigorously showing two new properties of charge
transport of quasifree fermions in disordered media:

(a) The quantum fluctuations of linear response currents exist in the thermodynamic limit and are
meanwhile explicitly related to the rate function 1), as expected.

(b) In general, the quantum fluctuations of currents do not vanish in the thermodynamic limit and the
quantum uncertainty around the macroscopic current density disappears exponentially fast with
an exponential rate proportional to (x — x©)? and the inverse current fluctuation, with respect to
growing space (volume) scales.

Properties (a) and (b) refer to Theorems 3.1 and 3.3, which are the main results of this paper.

Our results show that the experimental measure of the rate function I© (see (1)) leads to an experimental
estimate on the corresponding quantum fluctuations. Conversely, an experimental estimate on these
quantum fluctuations gives the behavior of the corresponding rate function 1) around the macroscopic
current density x€). This fact is certainly not restricted to fermionic currents.

1n some direction of RY.
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Note that the existence of quantum fluctuations and associated mathematical structures has been
extensively studied for quantum many-body systems. This refers, for instance, to the construction of
so-called algebra of normal fluctuations for transport phenomena, which are related to quantum central
limit theorems (see, e.g., [Bru et al. 2014; 2016; Goderis et al. 1989a; 1989b; 1989c; 1990a; 1990b; 1991],
as well as [Verbeure 2011, Chapter 6]). The explicit relation (a) we derive between quantum fluctuations
and the large-deviation formalism in quantum statistical mechanics [Aza et al. 2017, Section 7] is, however,
a new general observation on quantum many-body systems.

We use the mathematical framework of [Aza et al. 2019; Bru and de Siqueira Pedra 2015a; 2017a] to
study fermions on the lattice. For simplicity we take a cubic lattice Z¢, even if other types of lattices can be
considered with very similar methods. Disorder within the conductive material, due to impurities, crystal
lattice defects, etc., is modeled by (i) a random external potential, as in the celebrated Anderson model,
and (ii) a nearest-neighbor hopping term with random complex-valued amplitudes. In particular, random
(electromagnetic) vector potentials can also be implemented. The celebrated tight-binding Anderson
model is one particular example of the general case considered here.

In order to prove Property (a), i.e., Theorem 3.1, we use the large-deviation formalism and follow the
argument lines of [Aza et al. 2019, Section 4] to show [Aza et al. 2019, Theorem 3.1] via the Akcoglu-
Krengel ergodic theorem [Aza et al. 2019, Theorem 4.17], for one has to control the thermodynamical
limit of (finite-volume) generating functions that are random. We perform, in particular, the same box
decomposition of these random functions, which can be justified with the help of the Bogoliubov-type
inequality [Aza et al. 2019, Lemma 4.2] and the “locality” (or space decay) of both the quasifree dynamics
and space correlations of KMS states, which is a consequence of Combes—Thomas estimates [Aza et al.
2019, Appendix A] (see [Aza et al. 2019, Section 4.3]). In this paper, we only give the new arguments
that are necessary to prove Property (a), like the existence of the thermodynamic limit of quantum
fluctuations of currents and the continuity of the second derivative of the generating function. In particular,
as in the proof of [Aza et al. 2019, Corollary 4.20], we use the (Arzela—)Ascoli theorem [Rudin 1991,
Theorem AS5], which requires uniform bounds on the third-order derivatives of finite-volume generating
functions. This proof is much more computational than the one of [Aza et al. 2019, Proposition 4.9],
which only controls the first and second derivatives of the same function. Note that derivatives of the
logarithm of the expectations of an exponential, like the generating function we consider here, are
generally related to so-called “truncated” or “connected” correlations. We demonstrate that it is the case
for the third-order derivative we refer to above, allowing the reader to follow the computation of that
derivative in a systematic way. Considering the third-order case, the algorithm to compute the derivatives
of the generating functions at any order becomes apparent, showing that the generating function is in fact
smooth. We give below further remarks on that.

In order to prove Property (b), i.e., Theorem 3.3 (Theorem 3.1 being proved), we rewrite the second
derivative of the generating function, which is the thermodynamic limit of the quantum fluctuations of
currents (Theorem 3.1(i)), as a trace of some explicit positive operator in the one-particle Hilbert space.
This quantity can be estimated from below by the Hilbert—-Schmidt norm of a kind of current observable
in the one-particle Hilbert space. Various computations and estimates then imply Theorem 3.3.
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As discussed in [Aza et al. 2019], observe the existence of vast mathematical literature on charged
transport properties of fermions in disordered media, see for instance [Schulz-Baldes and Bellissard 1998;
Bellissard et al. 1994; Bouclet et al. 2005; Klein et al. 2007; Klein and Miiller 2008; 2015; Dombrowski
and Germinet 2008; Prodan 2013; Brynildsen and Cornean 2013]. However, it is not the purpose of this
introduction to go into the details of the history of this specific research field. For a (nonexhaustive)
historical perspective on linear conductivity (Ohm’s law), see, e.g., [Bru and de Siqueira Pedra 2015b] or
our previous papers [Bru et al. 2014; 2015a; 2015b; 2016; Bru and de Siqueira Pedra 2015a; 2016; 2017a].

To conclude, this paper is organized as follows:

e In Section 2, we describe the mathematical framework, which is the one from [Aza et al. 2019; Bru
and de Siqueira Pedra 2015a; 2017a]. It refers to quasifree fermions on the lattice in disordered
media. Although all of the problem can be formulated, in a mathematically equivalent way, in
the one-particle (or Hilbert space) setting [Aza et al. 2019, Appendix C.3], since the underlying
physical system is a many-body one, it is conceptually more appropriate to state our results within the
algebraic formulation for lattice fermion systems, as in [Aza et al. 2019; Bru and de Siqueira Pedra
2015a; 2017a]. Short complementary discussions on response of quasifree fermion systems to
electric fields can be found in [Aza et al. 2019, Appendix C].

e In Section 3, the main results are stated. In particular, Property (a) described above refers to
Section 3.1, while Property (b) is explained in Section 3.2.

« Section 4 gathers all technical proofs. In particular, Sections 4.1-4.2 give preliminary definitions and
observations, while Sections 4.3 and 4.4 refer to the proofs of Theorems 3.1(i) and 3.3, respectively.

Notation 1.1. A norm on a generic vector space X is denoted by || - || x. The Banach space of all bounded
linear operators on (&X', || - || x) is denoted by B(X). The scalar product of any Hilbert space X" is denoted
by (-, -)x. We use the convention R™ = {x € R : x > 0}, while Rt = R* U {0}. For any random
variable X, E[X] denotes its expectation and Var[X] its variance.

2. Setup of the problem

We use the mathematical framework of [Aza et al. 2019; Bru and de Siqueira Pedra 2015a; 2017a] in
order to study fermions on the lattice.

2.1. Random tight-binding model . We consider conducting fermions in a cubic crystal represented
by the d-dimensional cubic lattice Z¢ (d € N). The corresponding one-particle Hilbert space is thus
h = ¢2(Z¢; C). Its canonical orthonormal basis is denoted by {ex}reza, Where e, (y) =8y y forall x, y € 74,
(8y,y 1s the Kronecker delta).
Disorder in the crystal is modeled via a probability space (€2, g, ag), defined as follows: Using the
sets
D={zeC:lz]<1} and b={{x,x}CZ% |x—x|=1},

we define
Q=[-1,1"" xD* and Ag = (R,czeAM) ® (@rco2A?),
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where QLJ(C]), x €79 and Ql,(cz), x € b, are the Borel o -algebras of, respectively, the interval [—1, 1] and the
unit disc D, both with respect to their usual metric topology. The distribution ag, is an ergodic probability
measure on the measurable space (2, 2lg). See [Aza et al. 2019] for more details. Below, E[ - ] and
Var[ - ] always refer to expectations and variances associated with ag.

Given ¥ € [Riar and w = (w1, w2) € €2, we define a bounded self-adjoint operator A, » € B(h) encoding
the hopping amplitudes of a single particle in the lattice:

d
[Aws(¥)](x) i2d1/f(X)—Z((1+l9wz({x, x—eiMY(x—e)+vx+e)(1+%m({x, x+e;})) (2)
j=1
for any x € Z¢ and ¥ € b, where {ek}jle is the canonical basis of R?. If # =0, A, ¢ is (up to a minus
sign) the usual d-dimensional discrete Laplacian. Random (electromagnetic) vector potentials can also be
implemented in our model, since w; takes values in the unit disc D C C. Then, the random tight-binding
model is the one-particle Hamiltonian defined by

B = Ay +r01, o= (@,0m)eQ, i eR], 3)

where the function w; : Z¢ — [—1, 1] is identified with the corresponding (self-adjoint) multiplication
operator. The celebrated tight-binding Anderson model corresponds to the special case ¥ = 0.

2.2. C*-algebraic setting . We denote by U the universal unital C*-algebra generated by elements
{a(Yr)}yep satisfying the canonical anticommutation relations (CAR): For all ¥, ¢ € b,

a(alp) = —alp)a(¥), a@a(e)* +alp) aly) = (¥, ¢)y1. “4)

As is usual, a(y) and a(y)* refer to, respectively, annihilation and creation operators in the fermionic
Fock space representation.

For all w € Q and A, ¥ € IR(J)r , a dynamics on the C*-algebra U{ is defined by the unique strongly
continuous group 7(®) = (r,(‘”)),eR of (Bogoliubov) *-automorphisms of I/ satisfying

7 a@) =a@ ¥), teR,yebh. 5)

See (3), as well as [Bratteli and Robinson 1997, Theorem 5.2.5], for more details on Bogoliubov
automorphisms.

For any realization o € 2 and disorder strengths A, € R, the thermal equilibrium state of the system
at inverse temperature 8 € Rt (i.e., > 0) is by definition the unique (z(“’, 8)-KMS state 0“’, see
[Bratteli and Robinson 1997, Example 5.3.2.] or [Pillet 2006, Theorem 5.9]. It is well known that such a
state is stationary with respect to the dynamics 7(“, that is,

(w) (@) (w)

0ot =0, we,tel.

The state o(“ is also gauge-invariant, quasifree, and satisfies

0@ @a) = (v 1), eV eb. ©)
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The gauge-invariant quasifree state with two-point correlation functions given by (6) for 8 = 0 is the
tracial state (or chaotic state), denoted by tr € U*.

Recall that gauge-invariant quasifree states are positive linear functionals p € U* such that p(1) =1
and, for all Ny, N> e Nand ¥y, ..., ¥nN4n, €D,

pa*(Yn)---a*Wn)aWn,+n,) - - a(Yn,+1)) =0 (7
if N1 # N,, while in the case Ny = N, = N,
p@*(Yn)---a*Wn)a(on) - -a(¥ny1)) = det[)o(a*(Wk)a(wN-i—l))]]I:l:l- 8)

See, e.g., [Araki 1970/71, Definition 3.1], which refers to a more general notion of quasifree states. The
gauge-invariant property corresponds to (7) whereas [Araki 1970/71, Definition 3.1, Condition (3.1)] only
imposes the quasifree state to be even, which is a strictly weaker property than being gauge-invariant.

2.3. Linear response current density . (i) Paramagnetic currents: Fix w € Q and ¢ € IR(J)r . For any

oriented edge (x, y) € (Z¢)?, we define the paramagnetic? current observable by

12 = —23m((ey. Agpey)y alen)*aley)), )

where, as is usual, the real and imaginary parts of any element A € I/ are respectively defined by
Re(A) = %(A +A*) and JIm(A)= %(A — A"). (10)

The self-adjoint elements I((x“j)y) € U are seen as current observables, because they satisfy a discrete
continuity equation, as explained in [Aza et al. 2019, Appendix C]. This “second-quantized” definition of
a current observable and the usual one in the one-particle setting, as in [Schulz-Baldes and Bellissard
1998; Bouclet et al. 2005; Klein et al. 2007], are perfectly equivalent, in the case of noninteracting
fermions. See for instance [Aza et al. 2019, Appendix C.3].

(i1) Conductivity: Asisusual, [A, B]= AB— B A €U denotes the commutator between the elements A € U
and B e U. For any finite subset A C Z¢, we define the space-averaged transport coefficient observable

CXU) e C'(R; B(R?; 4?)), with respect to the canonical basis {eq}ﬁll: , of R?, by the corresponding matrix

entries
t
(®) .1 Z (@) p (@) (@)
{cx (t)}k,q N / e Uyte, ) Lixrarmlde
X, yeA 0
X+ey,y+e €A 20k g

+

Zme«ex-i-ekv Aw,ﬁex>a(ex+ek)*a(ex)) (11)

xeA

|A]
2Diamagnetic currents correspond to the ballistic movement of charged particles driven by electric fields. Their presence
leads to the progressive appearance of paramagnetic currents which are responsible for heat production. For more details, see

[Bru and de Siqueira Pedra 2015a; Bru et al. 2015b; Bru and de Siqueira Pedra 2016] as well as [Aza et al. 2019, Appendix C] on
linear response currents.
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foranywe Q,teR, A, 0 € RT, and k, q €{1,...,d}. Itis the conductivity observable matrix associated
with the lattice region A and time ¢. See [Aza et al. 2019, Appendix C]. In fact, the first term in the right-
hand side of (11) corresponds to the paramagnetic coefficient, whereas the second one is the diamagnetic
component. For more details, see [Bru and de Siqueira Pedra 2016, Theorem 3.7].

(iii) Linear response current density: Fix a direction w € R? with ||@|/ge = 1 and a (time-dependent)

continuous, compactly supported, electric field £ € Cg (R; R), i.e., the external electric field is a continuous
function ¢ — £(t) € R? of time ¢ € R, with compact support. Then, as it is explained in [Aza et al. 2019,
Appendix C] as well as in [Bru and de Siqueira Pedra 2015a; 2016] 3, the space-averaged linear response
current observable in the lattice region A and at time ¢ = 0 in the direction w is equal to

d 0
109 = > wy / {S(a)}q{CE\w)(—oz)}k’q da. (12)
k,q=1 —o0
By [Bru et al. 2016; Bru and de Siqueira Pedra 2015a], the macroscopic (linear response) current density
produced by electric fields £ € Cg (R; R?) at time ¢ = 0 in the direction w is consequently equal to

€ = lim B[ (15,7)] <R, (13)

where Ay ={ZN[—L, L]} forany L € I]Qiar . In order to obtain the current density at any time ¢ € R in
the direction w, it suffices to replace £ € Cg([Ri; R?) in the last two equations with

Ela)y=E(a+1), ackR. (14)

For a short summary on response of quasifree fermion systems to electric fields, see [Aza et al. 2019,
Appendix C]J.

2.4. Large deviations for microscopic current densities. Fix again a direction w € RY with ||t ||ge = 1
and a time-dependent electric field £ € Cg (R; RY). Recall that Ay = {ZN[-L, L]}¢ for any L € [R{(J)r .
From [Bru et al. 2016; Bru and de Siqueira Pedra 2015a] combined with [Aza et al. 2019, Corollary 3.2],
it follows that the distributions* of the microscopic current density observables (I]X”L’S) )Ler+, in the
state Q(“’), weak™® converge, for @ € € almost surely, to the delta distribution at the macroscopic value x©,
well-defined by (13). By [Aza et al. 2019, Corollary 3.5], the quantum uncertainty around the macroscopic
value disappears exponentially fast, as L — oo.

To arrive at that conclusion, we use in [Aza et al. 2019] the large-deviation formalism for the micro-
scopic (linear response) current density in the state o). More precisely, we prove in [Aza et al. 2019,
Corollary 3.2] that, almost surely® (or with probability one in ), for any Borel subset G of R with interior

3Strictly speaking, these papers use smooth electric fields, but the extension to the continuous case is straightforward.

4Here, as in [Aza et al. 2019], the distribution associated to a selfadjoint element A of a unital C*-algebra 2 and to a state on
this algebra is the probability measure on the spectrum of A representing the restriction of the state to the unital C*-subalgebra
of A generated by A. Recall that this measure exists and is unique, by the Riesz—Markov representation theorem.

5The measurable subset  C € of full measure of [Aza et al. 2019, Corollary 3.2] does not depend on 8 € RT, 9, A € RT,

£eCYR:RY), and w € R? with 1| = 1.
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and closure respectively denoted by G° and G,

1
[ALl

Ino@ (1[157° € 6]) <limsup — In o (11" € G]) < — inf I (x).

— inf I©(x) < liminf
xege L—o0 L—o0 |AL| xeg

By an abuse of notation®, we applied above the (discontinuous) characteristic function 1[x € G] to I]X"L’E).
Here, by [Aza et al. 2019, Theorems 3.1, 3.4, and Corollary 3.2], the so-called good” rate function I®) is
a deterministic, positive, lower-semicontinuous, convex function defined by

I9(x) = sup{sx =149} >0, xeR, (15)
seR
where
&~ 1 1 SYAVVI
1O = fim S E[ng ()] e (16)

forall B e RY, 9, A e R}, £ € CJ(R; RY), and ) € RY with || w]|ge = 1. By [Aza et al. 2019, Theorem 3.4],
I©) restricted to the interior of its domain is continuous and, as clearly expected, the rate function 1)
vanishes on the macroscopic (linear response) current density x©), i.e., € (x®) =0, whereas ') (x) > 0
for all x # x©.

For any € € Cg (R; RY), note that (15) means that I©) is the Legendre—Fenchel transform of the
generating function s > J© from R to itself, which is a well-defined, continuously differentiable,
convex function, by [Aza et al. 2019, Theorem 3.1]. Moreover, by [Aza et al. 2019, Corollary 4.20 and
Equation (54)], for any g € R*, 9,1 e R}, £ € CJ(R; RY), W € R? with || ||gs = 1, the macroscopic
current density defined by (13) can be expressed in terms of the generating function

x®=0,309| . (17)

3. Main results

In order to provide a rather complete study of conductivity at the atomic scale for free-fermions in a lattice,
we analyse here the rate function defined by (15) in much more detail than in [Aza et al. 2019]. See [Aza
et al. 2019, Corollary 3.2]. We focus on the behavior of the rate function near the macroscopic value of
the current density (see (17)), because it establishes a very interesting connection between exponential
suppression of quantum uncertainties at the atomic scale and the concept of quantum fluctuations, in the
case of currents.

3.1. Quantum fluctuations of linear response currents and rate function . For any inverse tempera-
ture B € R, disorder strengths ¥, A € [R{(J{, disorder realization w € €, direction w € R? with || ||ge = 1,
and time-dependent electric field £ € Cg(IR; R%), the quantum fluctuations of linear response currents in

SIn fact, the object Q(“’)(I[HXOL’S) € G]) can be easily given a precise mathematical sense by using the (up to unitary
equivalence) unique cyclic representation of the C*-algebra U associated to the state Q(w), noting that the bicommutant of a
x-algebra in any representation is a von Neumann algebra, and thus admits a measurable calculus.

Tt means, in this context, that {x € R: 1© (x) < m} is compact for any m > 0.
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cubic boxes are defined to be

Fi = 1A01(((07)) = (157)") =0, LeRy, (18)

with Ay ={ZN[—L, L]}¢ and I]X”L’S)(t) being the space-averaged linear response current defined by (12).
Observe that

1ALl (I @), LeRy,
is the (total) current linear response (in the direction w) to the electric field; and, consequently,

FEO = @ (AL Y) = el i?)). L e, 19
are naturally seen as (normal) quantum fluctuations of the (total) linear response current. Note that
these quantum fluctuations are not quite the same current fluctuations of [Bru et al. 2014; 2016], which
correspond only to the paramagnetic component of the current, whereas (F L(w,s)) also includes the
diamagnetic one, and thus refers to the total current.

Recall that x© is the macroscopic (linear response) current density defined by (13), and I(€> (see (15))
is the (good) rate function associated with the large deviation principle of the sequence { )} Ler+ Of
microscopic current densities, in the KMS state Q(“’) and with speed |AL|. See, e.g., [Aza et al. 2019,
Theorems 3.1, 3.4, and Corollary 3.2]. We are now in a position to connect the quantum fluctuations of
(linear ) currents with the generating and rate functions associated with the large-deviation principle for
microscopic current densities.

Theorem 3.1 (Quantum fluctuations and rate function). There is a measurable subset QCQ of full
measure such that, forall B e RT, 9, e RT, 0 € Q, € € CH(R; RY), and W € R with ||W|lga = 1, the
following properties hold true:

(i) The generating function s — J© defined by (16) belongs to C*°(R; R) and satisfies

92 J(‘Y5)|S hm [E[F( 5)] = l F(‘” 9 >0, (20)

(ii) The rate function I'©) satisfies the asymptotics

1 2 2
I(g)(x) = m(x —x(‘g)) +0((x —x(g)) ),

provided that 3% J©) |y # 0.

Proof. Fix all parameters of the theorem. By Corollary 4.2, the generating function s — J©*€) belongs
to C2(R; R) and satisfies (20). As explained after Corollary 4.2, under the assumptions of Theorem 3.1,
one can straightforwardly extend our arguments to prove that the generating function s — J©&) defined
by (16) is infinitely differentiable. Assertion (i) thus holds true. It remains to prove Assertion (ii): Since
the map s — J© from R to itself is convex and belongs (at least) to C'(R; R) (see, e.g., Assertion (i) or
[Aza et al. 2019, Theorem 3.1]), all finite solutions s(x) € R to the variational problem (15) for x € R, i.e.,

[©(x) = s(x)x — JEWO, (1)
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satisfy
x = f(s(x)), (22)

with f being the real-valued function defined by

f(s)=3,71%9, seR. (23)
Assume now that asz J68) | o # 0, which is equivalent in this case to

3 f(0)=037159| _, >0, (24)

by positivity of fluctuations (see (i)). Since, by Corollary 4.2, the mapping s > J“ from R to itself
belongs (at least) to C2(R; R), by the inverse function theorem combined with (21)—(24) and (17), there
is an open interval

Z<A{f(s):s €Rsuchthat o, f(s) >0} CR

containing x©® = f@O)andaC I_function x > s(x) from Z to R such that (21)—(23) hold true. In particular,

0 f(sx) =159 _ >0, xel. (25)
Clearly,
1
hs(¥) = 77—, xel. 26
0= 50 (26)

We thus infer from (21)—(23) and (26), together with (i), that
119 (x) =s(x), xeT.
Consequently, 3,1¢) is differentiable on Z with derivative given by
21O (x) = d,s(x), xel.

As a consequence, 1©) is twice differentiable on Z D {x®)} and, using the Taylor theorem at the point x ),
one obtains that

190) =s(x@)(x —x©) + %Bxs(x(g))(x —x®)? 4o((x —x©)?), (27)

provided (24) holds true. Since, by (17), (23), and (26), s(x©)) =0 and

1 1
35 £(0) 9265

one thus deduces (ii) from (27). O

9,5 (x®) =

9
s=0

This theorem is a very interesting observation on the physics of fermionic systems, because it shows
that the experimental measure of the rate function of currents around the expected value leads to an
experimental estimate on the corresponding quantum fluctuations. Conversely, by Theorem 3.1, an
experimental estimate on these quantum fluctuations gives the behavior of the corresponding rate function
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around the expected value. This phenomenon is certainly not restricted to fermionic currents, and this is a
new observation on transport properties of quantum many-body systems, to our knowledge.

Remark 3.2 (Extension of Theorem 3.1). The proof of Theorem 3.1 can be generalized to very general
kinetic terms (i.e., it does not really depend on the special choice A, »), provided the pivotal Combes—
Thomas estimate holds true for the one-particle Hamiltonian. Note, however, that this would require
a new, more complicated, definition of currents, which results from the commutator of the density
operator at fixed lattice site with the kinetic term (cf. continuity equations on the CAR algebra [Bru and
de Siqueira Pedra 2016, Equations (38)—(39)]). We did not implement this generalization here, because
we think that, conceptually, the gain is too small as compared to the drawbacks concerning notations,
definitions, and technical proofs. Instead, we aim at obtaining an extension of Theorem 3.1 to weakly
interacting fermionic systems by using new constructive methods based on Grassmann—Berezin integrals,
Brydges—Kennedy expansions, etc.

3.2. Nonvanishing quantum fluctuations of linear response currents . By Theorem 3.1, the behavior
of the rate function within a neighborhood of the macroscopic current densities is directly related to
the quantum fluctuations of the linear response current, provided these fluctuations do not vanish in the
thermodynamic limit, i.e., if 83 168 |,_o # 0 (see Theorem 3.1(i)). We do not expect this situation to
appear in presence of disorder. We discuss this issue in Section 4.4, where we give sufficient conditions
ensuring nonvanishing quantum fluctuations of linear response currents in the thermodynamic limit. This
study leads to the following theorem:

Theorem 3.3 (Sufficient conditions for nonzero quantum fluctuations). Take ¥, A € RT, T, B € RT,
& e CY(R; RY) with support in [—T, 01, and w = (wy, ..., wg) € RY with ||0||ge = 1. Assume that the
random variables {w(2)},cz¢ are independently and identically distributed (i.i.d.). Then, for sufficiently

small T and ¥,
)\ZT(E,IZ)

0719 =

B (1 +eﬁ(2d(2+ﬁ)+x))2 Var[(-)1(0)],

with

) 0 2 1 d 0 2
YEW ~ (/ (w, E(a))gaa® da) +3 Z(wk/ (E(@))re? da) .
N P —o0

In particular, 832 J69) o # 0 whenever TE®D) 0, w1(0) is not almost surely constant (and thus,
Var[(-)1(0)] > 0, by Chebyshev’s inequality), and T, ¥ are sufficiently small.

Proof. This is a direct consequence of (66) and (68) in Section 4. Il

By Theorems 3.1 and 3.3, we thus demonstrate that, in general, the quantum fluctuations of linear
response currents do not vanish in the thermodynamic limit, and the quantum uncertainty around the
macroscopic current density x(€) disappears exponentially fast, as the volume of the cubic box A; grows,
with a rate proportional to the squared deviation of the current from x¢) and the inverse current fluctuation.
In particular, by combining Theorem 3.1(i) with Theorem 3.3 we can obtain an explicit upper bound on
the rate function I©) around x©.
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The fact that the random variables {w;(z)},cz« are independently and identically distributed (i.i.d.) in
Theorem 3.3 is not essential here: For any w € €, let w® = (wfw), e wfl“’)) € R4 be the random vector
defined by

wy” = 2w1(0) — w1 (er) — w1 (—e))wp,  kefl,....d),

with {ek}z:l being the canonical basis of R4, By (64), (66), and (67), it suffices that

2 0
[E[ ] =Var[/ (W', E(a))paa® doz:| >0

—0o0
in order to ensure nonvanishing quantum fluctuations of linear response currents in the thermodynamic
limit, i.e., 82 J¢&) |9 # 0.
Theorem 3.3 can be applied to the celebrated tight-binding Anderson model, which corresponds to the

0
/ (W), £(@))gaa? da

—o0

special case ¢ = 0. This is why we focus on this important example in this theorem. The remaining case
of larger parameters 9, T € [R(J{ can certainly be studied, even if this is not done here.

4. Technical proofs

4.1. Quasifree fermions in subregions of the lattice . Let Pp(Z%) C 22 be the set of all nonempty finite
subsets of Z4. Like in [Aza et al. 2019, Section 2.1], we need the sets

3=(2C2": (V21,0 €2) Z1 £ L= 21N 2 =2),
3= 3N{Z S PHZ): | 2] < oo},
This kind of decomposition over collections of disjoint subsets of the lattice is important to prove
Theorem 3.1(i).
Recall that h = ¢%(Z¢; C), and B(b) is the Banach space of all bounded linear operators acting on b.

One can restrict the quasifree dynamics defined by (5) to collections Z € 3 of disjoint subsets of the
lattice by using the orthogonal projections P, A C Z¢, defined on the Hilbert space b by

Y(x) ifxeA,

[Pa(¥)](x) = (28)
0 else,
for any ¥ € b. Then, the one-particle Hamiltonian within Z € 3 is, by definition, equal to
Wy =" Pzh Py € B(b), (29)

ZeZ

where 1) € B(b) is the random tight-binding model defined by (3) for any w € Q and A, ¥ € IR(J)r . For
any Z € 3, it leads to the unitary group {e”h(g)},eR acting on the Hilbert space b.
Similar to (5), for any Z € 3, we consequently define the strongly continuous group 7 (%) = { t,(w’z) ber

of Bogoliubov x-automorphisms of I/ by

P @) =a@™= ), 1eR, Y eb.
This corresponds to replace 4 in (5) with h(zw). Similarly, for any Z € 3, we define the quasifree
state 0z by replacing 4 in (6) with the one-particle Hamiltonian 4z within Z.
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If Z € 34, then both 7(@2) and Qiff) can be written in terms of bilinear elements®, defined as follows:
The bilinear element associated with an operator in C € B(h) whose range, ran(C), is finite dimensional
is defined by

(A, CA)= Y (Wi, C¥jdpa(¥) a(y)), (30)
i,jel

where {;};e; is any orthonormal basis® of a finite dimensional subspace
H D ran(C) Uran(C™")

of the Hilbert space . See [Aza et al. 2019, Definition 4.3]. For any w €  and A, ¢ € R, the range
of h(zw) € B(h) is finite dimensional whenever Z € 3; and one checks that, for any time z € R, inverse
temperature B € R™, finite collections Z € 3; and elements B € U,

tr(B e PANE )

(w 2) LA A) poa—it (AL A) (@)
(B) = 4 Be z and (B) = s
ez tr(efﬁm,h(;) A))

where tr € U* is the tracial state, i.e., the gauge-invariant quasifree state with two-point correlation
functions given by (6) for 8 =0. See [Aza et al. 2019, Equations (27)—(28)]. The dynamics corresponds in
this case to the usual dynamics written in the Heisenberg picture of quantum mechanics, while the above
quasifree state is the Gibbs state at inverse temperature 8 € R™, both associated with the Hamiltonian
(A B A) €U for Z € 3.

In order to define the thermodynamic limit, we use the cubic boxes A, = {Z N[—¢, E]}d for £ [R(")'r .

Then, as £ — oo, for any ¢ € R, r(w 4D converges strongly to r(w) = ‘L'(w A7) , while Q } converges
in the weak* topology to 0@ = Q Z‘,} For an explicit proof of these well-known facts, see for instance

[Ratsimanetrimanana 2019, Propositions 3.2.9 and 3.2.13].

4.2. Current observables in subregions of the lattice . Fix once and for all w € R? with ||0||ge = 1. By
[Aza et al. 2019, Equation (29)], for any 1,9 € R}, w € Q, £ € CJ(R; RY), Z € 3¢, and 2 € 3, the
linear response current observable is, by definition, equal to

—
& . ,Z®
0=y uy ¥ [ et ae [asites =0, e, )

k,q=1 ZeZ x,yeZ
x+ek yte,€Z

0
+2Zwk > > ( / @)y da)ﬂ'te((ex+ek, Apped)alecse) aler)), (1)
= ZeZ x,x+exeZ o0
with {ek}zz1 being the canonical basis of R9. Recall that fte(A) € U is the real part of A € U, see (10).
Note from (11)—(12) that
R

Nl =ML, A e Pr@?, (32)

are linear response current observables within finite subsets of the lattice.

8This refers to the well-known second-quantization of one-particle Hamiltonians in the Fock space representation.
9(A, C A) does not depend on the particular choice of A and its orthonormal basis.
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The above current observables can obviously be rewritten as bilinear elements (30) associated with
one-particle operators acting on the Hilbert space h. In order to give an explicit expression of these
operators, we first define, for any x € Z¢, the shift operator s, € B(h) by

)M =Y+y). yeZ' yeb. (33)

Note that s} =s_, =5 !'for any x € Z¢. Then, for every w € Q and ® € R, the single-hopping operators
are

S)(cio; = (ey, Aw,ﬂeyhj P{x}sxfyp{y}, X,y € Zda (34)

where Py, is the orthogonal projection defined by (28) for A = {u} and u € Z4. Observe that
(A, S A) = (er, Awpeylpalen)aley), x,yeZ’.

Similarly, by the identity
Sm{(A, C A)} = (A, Sm{C} A)

for any C € B(h) whose range is finite dimensional, the paramagnetic current observables defined by (9)
equals

I ==2(A, Sm{S)}A), x,yeZ’,

foreachw € Q and ¥ € [R{a’. For any A, ¥ € Rt, weQ, e Cg([R{; RY), 20 e 3 and Z € 3y, the current

observable (31) can then be rewritten as

€ € £
KOO = (A KPS A =Y (e KYE e ale) aley), (35)

x,yez4

where K (szg()n € B(h) is the operator acting on the one-particle Hilbert space h) defined by

d 0
KOO =4y wey Y. /_ {E(@)}, da

k,qg=1 ZeZ X, yeZ
X+ex,yte €2

—
ro—ish® (@) ish® (@)
X /0 dsi[e”""=0 3m(S), [1e""=0, 3m{S, 7, 1]

d 0
+2) we Y Y < / {5(a)}qda)9te{s)§”fek,x}. (36)
k=1

= ZeZ x,x+er€Z -

Note that the range of this bounded and self-adjoint operator is finite dimensional whenever Z € 3.

4.3. Differentiability class of generating functions . The aim of this section is to prove Theorem 3.1(i),
in particular that the generating function s — J©¢€) defined by (16) belongs to C*(R; R). By [Aza et al.
2019, Theorem 3.1], we already know that it is a well-defined, continuously differentiable, convex function.
So, one has to prove here that the second derivative of the generating function exists and is continuous. To
arrive at this assertion, we follow the argument lines of [Aza et al. 2019, Section 4], showing [Aza et al.
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2019, Theorem 3.1] via the control of the thermodynamic limit of finite-volume generating functions that
are random.

Fix once and for all B € R*, 1,9 € R}, and w € R? with || ]|ge = 1. For any £ € CJ(R; RY), w € Q,
and three finite collections Z, 2@, 2™ ¢ 3y, we define the finite-volume generating function

(w,€) (w,€) (w,0)
Jz 20 z0 = gg 20 z0 T8z z@ z® > (37)

where

8yl o = =15 lentr(exp( BIA, 150 A exp(RY5)). (38)

Recall that the tracial state tr € /™ is the gauge-invariant quasifree state with two-point correlation function
given by (6) for § = 0, while ne 2@ is the one-particle Hamiltonian defined by (29). See also (30) and (31).
Compare (37)—(38) with the equalities

e 8>
@ = lim In el Al
I L—o0 |AL| [ Q ( )]
(@) (JALIED ) ' ©.6) (39)
- nggo ALl In (e ) = ngrolo Lél,linoo Lhin LIV RV VRRVVRE

where the random variable w is in a measurable subset of full measure '°, by [Aza et al. 2019, Theorem 3.1
and Equation (45)]. Recall that A, = {Z N [—¢, £]}¢ for £ € [Riar . See again (16) for the definition of
the generating function. In fact, by [Aza et al. 2019, Proposition 4.10], the above local generating
functions can be approximately decomposed into boxes of fixed volume, and we use the Akcoglu—
Krengel (superadditive) ergodic theorem [Aza et al. 2019, Theorem 4.17] to deduce, via [Aza et al. 2019,
Proposition 4.8], the existence of the generating functions as the thermodynamic limit of finite-volume
generating functions, as given in (39).

In order to prove that the generating function is continuously differentiable, one uses in [Aza et al.
2019, Corollary 4.20] the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS]. This approach requires
uniform bounds on the first and second derivatives of the finite-volume generating functions

s 1050 Lo EECIRRY, weQ, 2,2@ 20e 3, (40)

This is done in [Aza et al. 2019, Proposition 4.9], which establishes the following: Fixing £ € CS(R; R%)
and By, s1, 91, A1 € R, one has

(w,sE) 2 (w,s&)
sup {‘8 Jzz0 20| T |8 2.2 z® } < 00. 41)
Be(0,81], ¥€[0,94], 1€[0,A1]
weR, se[—s1,51], 2,2@, 203,

In order to get in the same way the existence and continuity of the second derivative of the generating
function, we need to control the third-order derivative of the same finite-volume generating functions (40).

10The measurable subset €2 C € of full measure of [Aza et al. 2019, Theorem 3.1] does not depend on g € Rt, 9, A € Ra' ,
£ € CYR; RY) and w € RY with [[@]|ga = 1.
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Equation (41) is proved by using the CAR (4) and the Combes—Thomas estimate [Aza et al. 2019,
Appendix A], in particular the bound

-7 (@)
sup sup sup|(er, ez ey)y| <362y v e 79 9 e Rt R, (42)
)‘ER(T Ze3 we

(see [Aza et al. 2019, Equation (7)]), where

NE! n }
= umin}z, ———— 1, 43
Mo =1 m{z 8d(1+ ) eH )

the parameters 1, i € RT being two arbitrarily fixed (strictly positive) constants. For any £ € Cg([Ri; R%)
and By, s1, 91, A; € R, the Combes—Thomas estimate leads also to the uniform estimates

1

Sup Sup Z ‘(ey» _51((“”5) ](w) ) ex> ‘ < o0 (44)
Pe@pl, D€0.01) ALIOM]  xez? yEZd 1+e 27 z,z0 eﬂ 12(@) e 20z =z b

weR, se[—s1,s1], Z2,2@ 203,

(see the end of the proof of [Aza et al. 2019, Proposition 4.9]), as well as

1

£
sup sup sup sup Z Z |(ex, K;‘”Z(),)ey)h‘ < 00 (45)
Pel0n] reri 2,20e3; we V2] e ’
and
sup sup  sup sup|(ex, K(Zw;()r) ey)h| < Cf)’,ﬂ‘) < 00 (46)

Del0.91] reRf Z,2Me3; we
9 o
for x, y € Z¢, where C ,(ng D e R* are constants satisfying

sup C)E’gy”}‘) <oo and sup Z C)(C’Sy’ﬁl) < 00. (47)
x,yezd xezd yezd

Recall that K(szg()r) € B(bh) is the operator defining linear response current observables, by (35)—(36).

In order to give a uniform estimate on the third-order derivative of the finite-volume generating
functions (40), similar to the proof of (41), we use again the Combes—Thomas estimate, which yields
(44)—(47). This proof bears, however, on more complex computations than the one of (41), which only

controls the first and second derivatives of the same function.

Proposition 4.1 (Uniform boundedness of third derivatives). Fix an electric field £ € Cg (R; RY), w e R?
with ||W||ge = 1, and the parameters By, s1, 91, A1 € RT. Then,

|as’3 J(w,sé’)

sup z,2 z@®

Be(0,81], ¥€[0,91], A€[0,A1]
we2, s€[—s1,51], Z,Z(g),Z(’)GSf

< Q.
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Proof. For any g € R*, 9,1 € R}, £ € CJ(R; RY), w» € R? with [|W]lge = 1, and Z, 2@, 2 € 31 a
straightforward computation yields that

3758 _ 1 70008 | a8 | 08
as Jz,g(g),z(r) - |UZ| Wy (ﬁz,g(r)’ ﬁz,z(rw ﬁzyg(ﬂ)
(48)
1 (@.8) \3 (@.8) \2 (@.8) @.£) \3
= Uz (w‘v((ﬁz,zm) ) - 3”?((5%2,2(1)) )ws (ﬁz,zm) + 2w (ﬁz,zm) )
where @ is the (unique) gauge-invariant quasifree state satisfying
1
ws(a*(so)a(l/f))=<l/f, @D R §0> . . ¥ eD. (49)
l+e 272z eﬂhz(g) e 2 zzm Iy
In the first equality of (48), wST( -3 +; +) denotes the so-called “truncated” or “connected” correlation

function of third order, associated with the state wy. Recall that, for all A, A, Az € U, this function is
defined by

@l (A1; Ag; A3) = @, (A1A243) — @, (A) @, (A2A3) — @, (Ar) s (A1 Az)
— Wy (A3)ws (AIAZ) + 2w, (Al)ws (A2)ws (A3)

(This is similar to [Aza et al. 2019, Proof of Proposition 4.9, until Equation (48)].) Recall that {e,},cz7¢ is
the canonical orthonormal basis of b, which is defined by e, (y) =4, , forall x, y € 7¢. By linearity and

continuity in each argument of ZD'ST(- ; -5 -), one has
3 (@,58) 1 (@.£) (@,) (@,£)
as JZ,ZW),Z(T) = [UZ] Z (exl , szz(f)eyl )b (exz, KZ,Z(’) 9y2>b <9x3 , KZ,Z(T)e”)h
x,—,y,-eZd
ie{1,2,3)

xa ] (@*(ey,)aley,); a*(ex)aey,); a*(ex)aey,)).

Note that, by (8) and the fact that @ is a gauge-invariant quasifree state,

Wy (a*(exl )a(eyl )a*(exz)a(eyz)a*(%3)“(9)*3))

ws(a*(exl)a(eyl)) ws(a*(exl)a(eyz)) ws(a*(exl)a(em))
=det | —m(aley)a*(e,) @i(a*(enaley,)) @@ (ex)ale,)) | =Y EECxr, yi. X2, y2. X3, y3)
_wx(a(eyl)a*(em)) _ws(a(eyz)a*(em)) w‘v(a*(em)a(em)) 8€93

(use, for instance, [Bru and de Siqueira Pedra 2017b, Lemma 3.1] to get the above determinant), where

G3={{(1,1),(2,2), 3,3)}, {(1, 1), (2,3), 3, 2)}, {(1,2), 2, D, B, 3)}}
Ul{d. 2),(2,3). G, D}, {(1,3), (2, 1), 3, 2)}, {(1,3), (2,2), 3, D}}
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is a set of oriented graphs with vertex set {1, 2, 3} and
gIDQDCI () 1y xo, y2, X3, ¥3) = @y (@™ (e, )aley) @y (@ (ex,)a(ey,)) s (@ (ex,)aley,)),

gIIDQICDI(x vy, xa, y2, X3, ¥3) = @5 (@* (ex))aley, )@y (a* (exy)aley,)) s (a(ey,)a* (ex,)),

gl D.CDCIN(x y1,x9, y2, X3, ¥3) = @y (a*(ex,)aley,))ws(a(ey, )a* (ey,)) @y (@ (exy)ale,,)),
glDCDCD ey vy, xa, ¥, x3, 3) = = (a* (ex))a(ey,) s (a* (ex,)aley)) s (aley, )a* (ex,)),

gIDQDCDN(xy vy, xa, y2, X3, ¥3) = @5 (@* (ex))aley,)) @y (aley,)a* (ex,)) s (@(ey,)a* (ex)),

gIEDCDED ey, y1, 3, y2, 23, 33) = @y (@ (ex)a(ey)) @ (@ (ex)aley,) @y (aey, )a* (ex,)).-
By elementary computations, one sees that taking connected correlations corresponds here, as is usual, to
only keep the terms associated with connected graphs. That is,

@] (@*(ex,)aley,); a*(ex,)aley,); a*(ex)aey,))
= Wy (a*(exl )a(ey3))ws (a(eyl )a*(exz))ws (a(eyz)a*(ex3))

— Wy (a*(exl )a(eyz))ws (a*(exz)a(ey3))ws (a(eyl )a*(en))-

Hence,

&
0; Jfé”,;gizm = K, — K», (50)

where

.1 (@,E) (,€) (@,€)
K, = |U_Z| Z (ex,, KZ’Z(weyl)h (2 Kg,z(r) ey2>h (exs, KZ,ZG) e}‘3>h
xi,y;i €Z%

iefl,2,3) X s (a*(ex,)a(ey,))@s(aley,)a*(ex,))@s(aley,)a*(ey)) (51)

and

| (@,E) (@,E) (@,€)
K= |UZ| Z {exs K3 e eudp (exns K5 2o en)n (0xs K3 5 evslp
x,«,yieZ‘l

iefl,2,3} Wy (a*(exl )a(eyz))ws (a(eyl )a*(QX3))ws (a*(exz)a(em))- (52)

Applying the triangle inequality, we now obtain that

1 £ £ £
K1l =gz 20 Mew KEmmenol Hews K220 endal ew, K5 z0en )|
1, yi€Z?
;'ve{)i,z,3} * * *
|3 (a” (exaley, )| [y (a(ey, )a™ (ex,)) | [ (@(ey,)a™ (ex,)|

£ (@.8) 1 (@.8)
< sup (e, K&5h ey )yl sup Y e K2 e i1 Y Hew, K2 el

) d d
x3,y3€Z X€L% \ cpd x1,y1€2¢

sup Y Jms(a*(ex)aley,))] sup Y |wilaley,)a* ()| sup Y |ws(aley,)a* (ex)l.

d ; i
ML e pd NELE s czd V€L ezd
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We can finally use (44)—(47) and (49) to arrive from the last upper bound at

sup |K| < oo.
Be(0,811, ¥€[0,91], 1€[0,11]
weR, se[—s,51], £,20@, 203,

The absolute value | K5| of the other term of 83 J(,;Zy‘fg)) 20 (see (50)—(52)) can be bounded exactly in the

same way. By the triangle inequality applied to (50), this concludes the proof. U
y. by g q y app p

We can now sharpen the result given in [Aza et al. 2019, Corollary 4.20], stating that the mapping
s > J8 defined by (16) is continuously differentiable with

@8
@ (g0 1Al )
. A
3, 749 = lim L =5

L—oo Q(w)(eslALlﬂAL )

Thanks to (41) and Proposition 4.1, we now obtain the following assertion:

Corollary 4.2 (Differentiability of generating functions). There is a measurable subset 2 C 2 of full
measure such that, for all B € RY, 9,1 e R}, w € Q, £ € CY(R; RY), and w € R with ||W||ga = 1, the
mapping s — 1% from R to itself belongs to C*(R; R) and

0,109 i =x©@ = lim E[e"(15,7)] = lim o (1{¥),

205 1o = Jlim E[F{ )= Jim F{"0 =0,

where F L(a),g) is the quantum fluctuation of the linear response current defined by (18) for any L € [Riar .
See also (13) for the definition of the macroscopic current density x©.

Proof. [Aza et al. 2019, Corollary 4.19] states, among other things, the existence of a measurable set
of full measure such that, for all 8 € Rt, ¥, A € RT, we Q, Ee CS(R; Rd), w e R? with |Wllge =1,
and s € R,

(s€) _ . (w,5E)
= erLlé}IZnL%oJ{AL},{ALQ},{ALr} : (53)

Fix from now on all parameters 8 € RT, 9, A e R, w e Q, £ € CS(R; R%), and w € R? with ||||pe = 1.
By combining (41) and Proposition 4.1 with the mean value theorem and the (Arzela—)Ascoli theorem
[Rudin 1991, Theorem AS5], there are three sequences

(L hnen ALG Inen (L™ hnen S Ry (54)

with LY > LY > L™ such that, as n — oo, the mappings

(w,sE)

(w,sE)
(A b (A o157 B Ta 0

2
ia L BA ) and s > 9; J{AL(")}s{AL(Vl)}’{AL(")}
4 T o T
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from R to itself converge uniformly for s in any compact subset of R. So, the mapping s > J“&) from R

to itself is a C2-function with
(w &)

Q(a))(”(w ) oSIALILY )
3,199 = lim 8, J(“’ € = lim ( )
s Li>Ly>L—>o00 {AL} (AL}, (AL} = L—>00 Q(w)( S|AL| E\Ls))
and
2 1(s&) _ . 2 (w s€)
I = L m BT A

(w £)

. Q(w)((l]xu,g))zeS|AL|I]X“L'S))Q(w)(eﬂALH]X“Lg)) (Q(w)(l](a) ,€) S\AL|
= lim |AL|< L
L—oo

)’
(o (&) )

See (32). Note that the above limits for the first- and second-order derivatives do not need to be taken only
along subsequences, by the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS5] and (53). In particular,
fors =0,
£ : D (nCE) : (@,8)
8,309 ;=0 = lim E[o")(I;;7)] = lim ¢ (13,") (55)

and
32‘](s<‘!)|Y 0= hm |AL|[E[ ()(([I( 5)) )_(Q(')(H( 5)))]

. (@,E)52 (@.8) (0
= 1im [AL](e® (U;)) = (' W, ))’):

By (18)—(19) and (56), BSZ J68) |, is the thermodynamic limit of the quantum fluctuations of linear
response currents. Il

From the proof of Proposition 4.1, it is apparent that the n-th derivative 9;' J (Zw;,i,)) zm» 1 €N, has the

following structure:

(w,5E) (@,€) (@,8)
9 J Jz 20 20 = |UZ| Z Z (ex;, Kz Zmeyp e (ex, KZ 208 )b
k=1 7d
ke xw ] (@*(ex)aley,); - 5 a*(ey,)aley,))

(,8)
|UZ| ZCZ Z Slgn(g) exla ZZ(T)eylhl <exk’ KZ Z(T)e}]\h)
2€GS k=1 x;,ypez¢ xl_[ks(l;xl,yl,...,xn,yn),
leg

where G is the set of all connected oriented graphs g such that, for each vertex v € {1, ..., n} of g € G,
there is exactly one line of the form (v, v;) € g and exactly one line of the form (v;, v) € g, for some
vy, 2 € {1, ..., n}. The constants k;(/; x1, y1,...,Xn, ¥n), L € {1, .. .,nY%, Xy, ViseeosXn, Yn € 74, are
defined by
. L |@s(@*(ex)aley;)) ifi <,
ks (G, J): X1 Y15 oy Xny Yn) = {m(a(eyj)a*(%)) ifi> .
The quantity sign(g) € {—1, 1} is a sign only depending on the graph g € GS. By using this expression,
exactly as in the special case n = 3, for any fixed n € N and electric field £, one can bound the n-th
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derivative 97 J (©, ;i,)) = uniformly. This implies that the generating function s — J 5€) defined by (16)

1s a smooth functlon of s € R, by the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS5] used as in
the proof of Corollary 4.2. We refrain from working out the full arguments to prove this claim since
absolutely no new conceptual ingredient would appear in this generalization.

4.4. Nonvanishing second derivative of generating functions at the origin . We discuss necessary con-
ditions for

32358 |9 #0, (57)

which is a condition appearing in Theorem 3.1(ii). In other words, the aim of this section is to prove
Theorem 3.3. To this end, it is convenient to write this quantity by means of the one-particle Hilbert
space b.

Lemma 4.3 (Quantum fluctuations on the one-particle Hilbert space). For all B € RT, 9, » € R,
£ e CUR; RY), and w € RY with ||W]lge = 1,

2766 1 1 (-.) 1 (-.6) 1 )]
o] |‘Y=0—L1LHQO|AL|[E[T”J(K (ALMZ) o PR K(ALLZY 4 opi ) |

with Try being the trace on h = 02(74; ).

Proof. Fix all parameters of the lemma. Using (32) and (35) together with the quasifree property of o(*,
one obtains from (56) that

1 ,E €
82 J(sg) |s =0 = ll)ngo m Z ( K(w ){Zd}ey>h<euv K{(X) }){Zd}ev>h
x0“(a(ey)a(e,)*)0” (a(ey)*a(ey)).

x,y,u,veZd

because of the identity
plaler) a(ey)aley) aley)) = plalex) aley))plales) aley)) + plaley)ale,)*)plaler) aley))

forany x, y,u,ve 7% and quasifree state p onl, see (4) and (8). By (6) and straightforward computations,
the assertion follows. Il

Therefore, (57) holds true if

K (@8 1 (@,E) 1 )H
LILH;O{ |AL| ‘ Trb( (AL}, {Z9) 1+e—f3h“”) K{AL},{Zd} 1+eﬂh(w) >e>0

for some strictly positive constant ¢ € R™. To verify this bound, we start with an elementary observation:

Lemma 4.4 (Quantum fluctuations and the Hilbert-Schmidt norm of K/ @, g) (zay)- Forall B € R*, 9, A€
R, we Q& eClR;RY), and w € R? with ||]|ge = 1,

(@,E) 1 (@,E) 1 ) 1 (@,€) (@,€)
Trh<K {ALMZYY | 4 e—BR©@ K{AL},{Zd}1+eﬁh(w) 2 (14ePRd2+D)+1))2 Trb((K {zd) K{AL }{zd })'
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Proof. Fix all parameters of the lemma. By the functional calculus, (1 + " )~1 are positive operators
satisfying
1 - 1 1
1+ei’3h(w) B 1—{—6/3 SUPyeQ ”h(MHB(f)) b
while, for any w = (w1, wp) € Q and A, ¥ € R,
1R N5y < 1 8w.s | + M@ 8@y <242 +9) + 4, (58)
see (2)—(3). Since K {(E\Uf}){zd} is a self-adjoint operator (see (36) or (59) below), it thus suffices to use the
cyclicity of the trace to prove the lemma. O
Recall that K {(j\"’f}){zd} is defined by (36), that is in this case,
@.€) : ° Lo, 1 Ny
w, . D) W
K= Y w / Oo{E(a)}q <5k,qu + /O Ny % dy) da, (59)
k,q=1 -

where, forany k,g € {1,...,d},y eR, 9, L e R}, w € Q, and L € Rt,

L, .
ME = 3 29e(SD, ) (60)
x,x+ereA
Lw) - To—ivh@ i@
NED = 3 4ife M smis\, Fe™ sm(s, ], ©61)
xX,yeAL

X+er,ytes€AL
with S)(C“’y) being the single-hopping operators defined by (33)—(34) for any x, y € Z¢.

The square of the Hilbert—Schmidt norm of K {(j\”j){ is obviously equal to

74}
(w,8) * o (@,8) _ (@,8) 2
Ty (K o z) K izn) = 2 1K oyl
zez4
and, consequently, we derive an explicit expression for the vectors

K@

d
Az €0, 2€Z5

This can be directly obtained from (59) together with the following assertion:

Lemma 4.5 (Explicit computations of M ,EL"") and N)(/’Lq’,";c) in the canonical basis). Forallk,qe€{l,...,d},
ye[Ri,z?,)»e[Rﬁ,weQ,ye[RE,LzZ,andzeAL/z,

(L,w)
Mk ¢, = <227€k7 Aa),z? ez)h Cr—ep + (ez+ek9 Aa),z? ez)h Crteps

and, in the limit L — oo,

(L,w) (L,w) 2
NyoRee= ) Goycer t R D0 1oyl <00,
) (L.o) o x,yezd x,yezd
with R, € B(h) satisfying

lim | R

My g,k s =©: 62)
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uniformly with respect to w € Q, » € RT, and 9, y in compact subsets of [Riar and R, respectively, and
where, for any x, y, z € 7¢,

—iyh@ iyh@

Crryee = i(1L+ D2({x — e, X)L+ 902 ((y, ¥+ egD)exer €7 ey )y ey, €™ e )y
—i(1+ 9wr((x — e, X))+ 002 (v + egs YD) (exmers €7 €)0p (eye,. €7 e2)
—i(1+ P ([ + e XD+ 902 ({y, ¥+ D) (rsers €7 ey g (), €7 02}y
i (1+ 902 (x + e, X)) (L + 902 (Y + eqs YD) (Gt €7 €))p (g, €71 e2)y
—i(1+9wr({y, y + e (1 +9wn({z, 2+ e ey, €™ e )y (er, e ey )
i (140w ({y, vy + e (1 + 002 (2, 2 — e ey, €7 ec_o )y (e €7 ey, )y
+i (14002 ({y + e, Y1+ 002({z, 24+ e (eyeys €7 erpa )y ex, e 7 e
—i(1+ 0wr({y +eq. V(L + D02 (z, 2 — e (eye,» €77 ermedpler, €M ey

Proof. Fix in all the proof k,q € {1, ...,d}, ¥, L € RY, weQ, Yy €R,L>2,and z € Ay ;. Since, by
(33)=(34), for any x, y € Z%, 2Re{S\)} = (¢y, Aw.sex)t PyiSy—x P + (€xs Aw.9€y)p PaySxy Plyys We
deduce from (60) together with (28) and (33) that

L,
M]E w)ez = Z (az,x—i-ek(ex, Aw,ﬂex—i-ek)b ey + 81,x<ex+ekv Aa),ﬂex)h ex+ek)

X, x+ereA

= I[Z € AL]I[(Z —er) € AL](Q—eka Aa),z&‘%)h Cr—ep
+1[Z € AL]I[(Z +er) € AL]<ez+ek» Aw,ﬁez>hez+ek-

Ifz€ Appp € Ap and L > 2, then, obviously, z, (z — ex), (z + ;) € AL, and the last equality yields the
first assertion.

By (33)-(34), forany x, y € Z%, 23m{S)} =i ((ey, Aw.5ex )t Py}Sy—x P} — (x> Do 9 €3 )t Pra)Sx—y Py
and we compute that, for any x, y € 74,

. _ w [ (@)
4i [e iyh %m{S)(za-i)-)eq’y} e 3m{S)(ca—:-)ek,x}]

. —iyh@ ivh(@
= i(Cxters Do,oCx)h (Cyte, Dwoey)y Se Py €™ 7" se, Pryy '’

—iyh(“)) iyh("))

—i(Cxters Aw,ﬁ%c)h (ey, Aw,z?ey—i-eq)b Sep P{x} € S—e, P{y+eq} €

. —iyh@ ivh@
—i{ex, Do9Crte )b (Cyte,s Dooey)yS—e Pleyey €7 se, Pyyel”

. —ivh@ ivh@
+iey, Aw,ﬁex+ek>h (ey’ Aa),z?eereq)b sfekP{x+ek} e S—eq P{y+eq} e'”

iyh@

. —ivh@
—1 <ey+eqv Aw,ﬂey>h (ex-‘rek’ Aw,z?%c)h € ivh seq P{y} € Sep P{x}

h@

. —ivh@ i h@
+l<ey+eq, Aw,ﬂey)h (ex, Aa),z?e,H»ek)h e Seq P{y} e'” S—ep P{x+ek}

—iyh@

. )
'H(eyv Aw,ﬂey-i-eq)h (ex-i-ek» Aw,ﬁ%c)h € S—e, P{y+eq} e'” Sey P{x}

—iyh@ iyh@

_i<ey’ Aw,ﬁey—i-eq)h (ex, Aa),z?ex-i-ek)h €

S—eg Ply+e,) €77 S—ep Platey)-
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Using this last equality together with (33)—(34) and (61), we thus get that

(L,w)
NMJc e,

. —iyh@ ivh@
= E {l (ex-‘rek» Aw,z?%c)h <ey+eq’ Aw,ﬁey>h (ex, € 4 ey—i—eq)h <ey’ e’ ez)h Cx+tep
X, yEAL
X+ep,ytes€AL —iyh(”’)

. : h(a))
—1 (ex+ek’ Aw,ﬁ%)h (ey, Aa),ﬂey+eq>b (ex,© ey)h<ey+eqv e'” ez)h Cxtex

(w

) iy h(@)
ey-i—eq)h (ey» e'” ez)h €x

—iyh©@ ivh(@
v ey>b<ey+eq,ey ez)h Cx

iyh@ —iyh@
4 ex-i—ek)h e’ Cyte,

. —ivh
—1 <e)m Aw,ﬁex-‘rek)b (ey-‘reqa Aw,z?ey>h <ex+€/<v e
+i<ex’ Aw,l?eerek)h (ey, Aw,ﬁey+eq>h <ex+ek, €

_i8x,z<ey+eqa Aw,z?%’)h <ex+ekv Aw,l?ex>h (ey» €

ivh(@ —ivh@
el yh ey > b€ iyh

+i5x+ek,z<ey+eq, Aw,z?%)h (€xs Aa),z?ex+ek>h<eya Cy+te,

. iy h(@ _iyh@
+18x,z<eyv Aw,ﬂey—i-eq)h <ex+ek, Aw,z?%c)h(ey—i-eqv elth ex+ek>h € iy h

Cy
8oz (€ys A ye, )b (s Dy o Crte ) (€yre, €71 ey €77 e ).
By using (2) and (42)—(43) together with
Z e 2un(x—zl+ly=zl) < g=pylr—yl Z e Hnlx—zltly=z) < g=pylx—yl Z e 2mnlzl
zezd zez4 zez4

which are simple consequences of the Cauchy—Schwarz and triangle inequalities, all the above summands
are absolutely summable, uniformly with respectto L € RT, w € Q, A € Rt and 0, y in compact subsets
of [R{aL and R, respectively. For instance, for any (characteristic) functions f, g : 74 — {0, 1}, one estimates

i (®) A @)
> L8 [(exrers Awpex)y (Byre,r Dopeydy (exn e ey ) {6y, €M e2)pllex e Iy
x,yezd

<367 (1+ )2 Y f(x)?g(y)? e HnllreamyHlmyD

x,yez4

1/2
S 362(1 + 19)2 62)/77|<Z g(M +Z)2 e—zﬂnul>

uezd 172
x Y @) e‘“"'X‘Eq‘Z'(Z g0y +x—e,) e—zﬂny> < 0.

xez4 yezd
(Recall that u, > 0, by (43).) In fact, by the same arguments combined with
ICHBm) < sup Y I{ex. Cedpl.  C € B(h),

d
xeZ ZEZd

(see [Aza et al. 2019, Lemma 4.1]), the absolutely summable sum

e ey = 3 eufen € e)y, wezd, (63)
uez4
(see (42)—(43)) and Lebesgue’s dominated convergence theorem, in the limit L — oo and for any z € Ay 2,

there is an operator R

vk €B (h) with vanishing operator norm as L — oo, uniformly with respect to
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weQAE [RR(J{ , and ¥}, y in compact subsets of [Ria’ and R, respectively, such that

NEDe, = (NOP + R,

7.9,k v.q.k v.4.k
where
o0,w . . —iyh@ ivh@
N)(/’q,k)eZ = Z {i (exters Do) (Cyre,s Dwpeydp, (ex, €7 eyie Ve, €7 e )pente,
x,yez? . _ivh@ i h(@
_l<ex+eka Aa),z?%c)h (ey’ Aw,ﬁey-i—eq)h (e, e 4 ey>h<ey+eq, e'” ez)h Cx+tep

—iyh@

. iy h©@)
—l(?x, Aw,ﬂex—l—ek)b (ey—l—eq’ Aa),z?%*)h <ex+ek, € ey—l—eq)b (ey’ e'” ez)h Cx

. —i h(w) . h(a))
+1 <ex’ Aw,ﬂex-‘rek)b (ey» Aw,ﬁey—}-eq)h <ex+eka e ey>f)<ey-‘,-eqa e'” ez)b Cx

Vh(a) _iyh(a))

. i )
_lax,z(eereqa Aw,ﬂey>h (ex+ek7 Aw,ﬁex)h (eya e ex+ek>h € Cy+te,

—iyh@

. iy h(@)
‘H(sx-i-ek,z (ey-i-eqa Aw,z?eyh) (exs Aw,ﬁex+ek>h<e)r» e'” ex)h € Cyte,

—iyh@

(w

. iyh@
+18x,z(ey, Aw,ﬂeereq)h <ex+ek, Aw,ﬁex)b@wreq, el” ex+€k>h € ey

h@) €x>b e_,-yh(w)

—10xter,z(Cys Aw,ﬁey—i-eq)h (exs Aw,ﬂex—i-ek)b(ey—i-eq, e'” ey}-

It suffices now to use again (2) and (63) together with elementary manipulations in each sum of N)(,O;)’Z))

in order to arrive at the second assertion. O

We are now in a position to show (57), at least for |y|, <« 1, as a consequence of the next two
lemmata:

Lemma 4.6 (Asymptotics for ¥ < 1). Forallk,qe{l,...,d}, 9, »eRI, 0eQ,y eR,and 7 € 79,

~ —7 (®) : (w)
D Ceye =29M((sg, — S_g)ez, €T (50, =5 ) €V e )y + O@),  as® — 0,
yezd
uniformly with respect to w € 2, A € [R(")'r and y in compact subsets of R. Note that ¥ is not necessarily 0
in the definition of h'®.

Proof. By Lemma 4.5 at ¢ = 0, one directly computes that, for any k,q € {1,...,d}, A € RT, we Q,
yeR,ze7 and ¥ =0,

~ —7 h(ﬂ)) ; h(m)
Z é‘z,y,z = 22~9m<ez+ek —Cz—¢» € v (eereq - eyfeq))h (ey’ e’ ez)h .
yezd yezd

If ¥ # 0, then one performs the same kind of computation in order to (trivially) deduce the assertion, by
(33), Lemma 4.5, and (42)—(43). O

Lemma 4.7 (Asymptotics for |y| < 1). Forallk,q €{l,...,d},9, AR, we Q, y eR, and z € 7¢,

—ivh@ iy h @)
23m((se, — S—e,)ez, €M e e )y

=2y Ak ¢ {201 (2) —wi(z+ ex) — w1 (z —e)} + O(?),

(seq - Sfeq)

as |y| = 0, uniformly with respect to w € Q and 9, A in compact subsets of [Riar .
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Proof. By (58), for any y € R,

@ iyh@)"
e’Vh(’:1b+2%:15+wh(‘”+0(y2), as ly| =0,
neN )

in the Banach space B(ly), uniformly with respect to w € 2 and 9, A in compact subsets of [R?(J)r . The
assertion then follows by direct computations using (2)—(3), (33), and the last equality. O

Lemma 4.8 (Lower bounds on the Hilbert—-Schmidt norm of K @, g){zd ). Take 9, A, T € R}, T € RY,
£ e Cg([RR, RY) with support in [—T,0), and w = (wy, ..., wd) e R? with |lWlge = 1. If T, 9 are
sufficiently small, then

1 22 ° .
e L (COW R 7Var[ [ w >,5(a)>woﬂda}+0<ﬁ2>+O(T4>,
STy -

uniformly with respect to A in compact subsets of RT, where w*) = (wi') e wfl )) € R? is the random
vector defined by
w” = 201(0) —wi(er) — o1 (—e)wg, kell,....d},weQ. (64)

Proof. Fix all parameters of the lemma. Take any L > 2. Note that

Trb((K{(f\) g}) zd}) K{(XLS){zd Z HK(XL‘S){zd H;Z Z ’<°Z’K{(Z)f},){zd}°ﬁb{2~ (65)

ZEAL Z€ALp

By using (59)—(61) and Lemma 4.5, for any z € A 2, we have that

(e, K{(A ¥ Z"} Z wk/ {g(a)}qf Z é‘zyzdy do

£ u / E@l, / (e, RES e}y dy doy

k.g=1 yezd
k,g=1 -

with R(L w) € B(h) satisfying (62). Note that ¢ , , is y-dependent, and its explicit expression is found in
Lemma 4 5 If T, ¥ are sufficiently small then, by Lemmata 4.6—4.7, we deduce that, for any z € Ay )2,

d
(e K(3) ezh—AZwk f {2w1<z>—wl(z+ek)—w1<z—ek)}{5(a)}ka da

+O@®) +O(T?) + Z wy f @l f ez, Ry %ec)y dy de,
k,q=1 -
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uniformly with respect to @ € €2 and A in compact subsets of [R{aL . By the translation invariance of the
distribution ag, (see [Aza et al. 2019, Equations (1)-(2)]) and (62), it follows that

2
}+ow%+oaﬁ

0
lim E[|(e., K{(Al‘g}?{zd}ez>h|2] :kZE[‘/m(w('),S(Q))RdWZ do

L—oo
0
=2 Var[/ (W), E(@))gae’ da]+ OB + O(TH,

uniformly with respect to A in compact subsets of [F\R(J)r . Thanks to (65), the assertion then follows. Note that

0
[EU (w', g(a)mmZda?} =0. O

By combining Lemmata 4.4, 4.8, and 4.3, we directly obtain that, for any 9, A, T € RY, T, g € R,
£ € CY(R; RY) with support in [—T, 0], and © € R? with [|i]|ge = 1,

1

92160 | o>
s s 2(1+eBAC+D)+1)

0
)2 (xz Var[/ (w, S(a))Rd(x2dot:| + 00+ O(T4)), (66)
—00
provided that 7', ¢ are sufficiently small. In particular, if
0
Var[/ (w), 5(0{))Rda2dai| > 0, (67)

then 82 J¢€ |;_o > 0. This last condition is easily satisfied: Because the variance of the sum (or the
difference) of uncorrelated random variables is the sum of their variances, if the random variables

w1(0), wi(er), wi(—ey), ..., wi1(eq), w1(—ey) are independently and identically distributed (i.i.d.), then
0 2 0 2
[EH/ (W', E(a))gaa® dex ] =2 Var[(-)1(0)] x (2(/ (w, E(Q))Rdazdoz>
—00 —o0

d 0 2
+Z<wk f (E(@))ra? da) ) (68)
k=1 -

which is strictly positive as soon as £ # 0 and w(0) is not almost surely constant, by Chebyshev’s
inequality.
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