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RADIALLY SYMMETRIC TRAVELING WAVES FOR
THE SCHRODINGER EQUATION ON THE HEISENBERG GROUP

LOUISE GASSOT

We consider radial solutions to the cubic Schrédinger equation on the Heisenberg group
i0;u—Aju= |u|u, Ay = %(8)2c + Bi) +(x2+ y2)a§, (t,x,y,5) e Rx H!.

This equation is a model for totally nondispersive evolution equations. We show existence of ground
state traveling waves with speed 8 € (—1, 1). When the speed B is sufficiently close to 1, we prove their
uniqueness up to symmetries and their smoothness along the parameter §. The main ingredient is the
emergence of a limiting system as 8 tends to the limit 1, for which we establish linear stability of the
ground state traveling wave.
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1. Introduction

Dispersion for nonlinear Schridinger equations. We consider the cubic focusing Schrodinger equation
on the Heisenberg group

iatu—AH1u=|u|2u, (t,x,y,5) e Rx H!, (D

where Ay denotes the sub-Laplacian on the Heisenberg group. When the solution is radial, in the sense
that it only depends on 7, |x + iy| and s, the sub-Laplacian becomes

Ayt = 503 +33) + (x> + y?)d7.

The Heisenberg group is a typical case of geometry where dispersive properties of the nonlinear
Schrédinger equation disappear. Let us recall the motivation for this setting.

MSC2010: 35B35, 35C07, 35Q55, 43A80.

Keywords: nonlinear Schrodinger equation, traveling wave, orbital stability, Heisenberg group, dispersionless equation,
Bergman kernel.
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Fix a Riemannian manifold M, and denote by A the Laplace operator associated to the metric g on
M. As observed by Burq, Gérard and Tzvetkov [Burq et al. 2005], qualitative properties of the solutions
to the nonlinear Schroédinger equation

idsu—Au=ulPu, (t,x)eRxM

are strongly influenced by the underlying geometry of the manifold M. When some loss of dispersion
occurs, for example in the spherical geometry, a condition for well-posedness of the Cauchy problem in
H?(M) is that s must be larger than a critical parameter.

To take it further, on sub-Riemannian manifolds, Bahouri, Gérard and Xu [Bahouri et al. 2000] noticed
that the dispersion properties totally disappear for the sub-Laplacian on the Heisenberg group, leaving
the existence and uniqueness of smooth global in time solutions as an open problem. Del Hierro [2005]
analyzed the dispersion properties on H-type groups, proving sharp decay estimates for the Schrodinger
equation depending on the dimension of the center of the group. More generally, Bahouri, Fermanian and
Gallagher [Bahouri et al. 2016] proved optimal dispersive estimates on stratified Lie groups of step 2
under some property of the canonical skew-symmetric form. In contrast, they also give a class of groups
without this property displaying total lack of dispersion, which includes the Heisenberg group.

In this spirit, Gérard and Grellier [2010a; 2010b] introduced the cubic Szegd equation on the torus as
a simpler model of a nondispersive Hamiltonian equation in order to better understand the situation on
the Heisenberg group. The cubic Szegd equation was then studied on the real line by Pocovnicu [2011],
where it has the form

i9:u = TI(Jul?u), (t,x) e RxR,

IM: L*[R) — Li(IR) being the Szegd projector onto the space Li(R) of functions in L?(R) with
nonnegative frequencies. The cubic Szeg6 equation displays a strong link with the mass-critical half-wave
equation on the torus [Gérard and Grellier 2012] and on the real line [Krieger et al. 2013]. On the real
line, the cubic focusing half-wave equation is written

id;u+|Du=uPu, (. x)eRxR,

where D = —idy, W(é) = |&| f (§). Some of the interactions between the Szegd equation and
the half-wave equation will be discussed below, because they can be transferred to the setting of the
Heisenberg group.

Traveling waves and limiting profiles. Constructing traveling wave solutions which are weak global
solutions in the energy space can be obtained by a classical variational argument. For example, this
technique was used to study the famous focusing mass-critical NLS problem

id;u—Au = |u|%u, (t,x) e RxR".
From [Weinstein 1982], the existence of a ground state positive solution Q € H!(R") to

AQ-0Q+0Q"i =0
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leads to a criterion for global existence of solutions in H ! (R"). The uniqueness of this ground state (up
to symmetries) holds [Gidas et al. 1979; Kwong 1989].

Concerning the half-wave equation, the Cauchy problem is locally well-posed in the energy space H 3 (R)
[Gérard and Grellier 2012; Krieger et al. 2013]. Moreover, one also gets a global existence criterion,
derived from the existence of a unique [Frank and Lenzmann 2013] ground state positive solution
0ecH>®R)to

DIQ+0-0°=

Contrary to the mass-critical Schrodinger equation on R”, the half-wave equation admits traveling waves
with speed 8 € (—1, 1) (see [Krieger et al. 2013]),

up(t,x) = Qﬂ(x—i-/;t) ot

The profile Qg is a solution to

IDI gD

y Qﬁ+Qﬂ—|Qﬂ| 0p.

Moreover, it satisfies

f}iglollQﬁ =0l 1 ®) =0 and [Qpll2m <2lL2@-

While the existence of the profiles Q g follows from a standard variational argument, their uniqueness is
more delicate to prove. This can be done through the study of the photonic limit 8 — 1 as follows. It has
been shown in [Gérard et al. 2018] that the traveling waves converge as 8 tends to 1 to a solution of the
cubic Szegd equation. More precisely, (Qg)g converges in H > (R) to a profile Q 4, which is a ground
state solution to

DQ++ Q4+ =T(0+?°Q+), D =—idx.
From Q. , we recover a traveling wave solution to the cubic Szeg6 equation by setting
u(t,x)=Q4(x—1)e '

But Pocovnicu [2011] showed that the traveling waves u are unique up to symmetries and that Q + must
have the form

O4(x )—2x+l

Moreover, the linearized operator around Q 4 is coercive [Pocovnicu 2012]; and in particular, the Szegd
profile is orbitally stable. Gérard, Lenzmann, Pocovnicu and Raphaél [2018] deduced the invertibility of
the linearized operator for the half-wave equation around the profiles Qg when f§ is close enough to 1,
which leads to their uniqueness up to symmetries. This allowed them to define a smooth map of solutions
B+ Qg on a neighborhood of 1.
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On the Heisenberg group, one can also construct a family of radial traveling waves with speed
B € (=1, 1) under the form

X y s+ Bt
Mﬂ(t,x,y,S)ZQﬁ(m, =5 1_,3). 2)
The profile Qg satisfies the following stationary hypoelliptic equation:
Ay + BD
—HlfﬁsQﬂ =|Qﬁ|2Qﬂ- 3)

There exist ground state solutions, constructed as optimizers for some Gagliardo—Nirenberg inequalities
derived from the Folland—Stein embedding H'(H') — L*(H") [Folland and Stein 1974]. The proof of
existence relies on a concentration-compactness argument, which first appeared in the work of Cazenave
and Lions [1982] and was refined into a profile decomposition theorem on R” by Gérard [1998]. The
profile decomposition theorem was then adapted to the Heisenberg group by Benameur [2008]. The
family of traveling waves ug is constructed in the radial setting for simplicity, but it seems realistic to
establish the existence of nonradial traveling waves as minimizers for the same Gagliardo—Nirenberg
inequalities restricted to some other set of functions.

Our purpose is to show the uniqueness of the profiles Q g when their speed f is close to 1 up to some
symmetries. Following the strategy deployed on the half-wave equation, we derive a limiting system in
the photonic limit 8§ — 1. We then determine all ground state solutions to the limiting system and prove
their linear stability. From the linear stability of the limiting ground states, we recover the uniqueness of
the profiles Qg up to symmetries when their speed f is close to 1.

Main results. Any solution u of the Schrodinger equation on the Heisenberg group (1) enjoys the
following symmetries:

e Forall sg € R, (¢, x,y,5) — u(t,x,y,s + so) is a solution (translation in s).

e Forall 0 €T, (t,x,y,s) —~ eieu(t, X, Y,s) is a solution (phase multiplication).
e Forall A e R, (¢,x,y,5) — Au(A%t, Ax, Ay, A25s) is a solution (scaling).

Our main result is the uniqueness of the ground states Q g when § is close to 1.

Theorem 1.1. There exists B« € (0, 1) such that the following holds: For all B € (B«, 1), there is a unique
ground state up to symmetries to (3),
. A[H]l + IBDS
1-p

Denote by Q g this ground state, then the set of all ground state solutions of the above equation can be

0p =1041*0p.

described as
{To0.0.0Qp: (x, 9.8 eieaQﬂ (cx, oy, 0> (s +50) | (s0.6,0) € RxTxR% .
For B € (B«, 1), Qg can be chosen such that, as f tends to 1, it tends to the profile
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V2i
s+i(x24+y2)+i

O4:(x,y,5)eH

and so that the map f € (Bx,1) — Qg € H'(HY) is smooth. Moreover, for all y < (0, %) and all
k €[1,00), Qg liesin H*(HY), and as B tends 1o 1,

108 — O+l g gy = O(1 = B)Y).

We refer to Theorem 5.14 for a more precise statement.

Note that the energy of the traveling waves u g, which have been defined in (2), vanishes as B goes to
1, indeed, |[ug ”Hl(u-ul) =/1-B10g ”Hl(u-ul) — 0. This is similar to the cubic half-wave equation, for
which the critical norm [|ug || 2(g) vanishes as B goes to 1 [Krieger et al. 2013].

We now briefly present the emergence of the profile Q + as a ground state solution to a limiting system
and the key ingredient for the proof of Theorem 1.1, which relies on the study of the limiting geometry.

We are interested in radial solutions with values in the homogeneous energy space H ! (H'), which is a
Hilbert space endowed with the real scalar product

(u, v)Hl(I]-Hl) = Re (/HI—AH]u(x, y,s)v(x,y,s)dxdy ds).
For u € H™Y(H') and v € H'(H'), we will also make use of the duality product

(u, U)H—l(Hl)le(u-nl) =Re (/1 ulx,y,s)v(x,y,s)dxdy ds).
H

Up to the three symmetries (translation, phase multiplication, scaling), one can show convergence as 8
tends to 1 of the profiles Qg to some profile Q4 in H'(H"). Then, Q is a ground state solution to

DsQ+ =T (0+704). Ds=—id. 4)

The operator H(T is an orthogonal projector from L2(H') onto a subspace LZ(H') N V", which will
be defined in Section 2B. In order to study this projector and the space LZ(H!) N V0+, we introduce
a link between the space L2(H') N VO+ and the Bergman space L?(C+) N Hol(C4) on the complex
upper half-plane [Békollé et al. 2004]. The orthogonal projection H(J{ from L2(H') onto L2(H') N VOJr
then matches with a Bergman projector. This projection is a simplification of the usual Cauchy—Szegd
projector for the Heisenberg group in the radial case.

A salutary fact is that the profile Q4 can be determined explicitly and is unique up to symmetry (see
Section 3C):

V2i

s+Hi(x24+y2)+i

Q+(.X,y,S) =

Our key result is the coercivity of the linearized operator £ around Q 4+ on the orthogonal of a finite-
dimensional manifold in some subspace H!(H') N VO+ of H(H?) (see Section 2B). On H(H') NV,
the linearized operator £ around Q 4 is defined by

Lh = Dsh—21§ (|Q+[*h) — g (Q%1).
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Theorem 1.2. For some constant ¢ > 0, the following holds: Let h € H! (HY) N V", and suppose h is
orthogonal to the directions Q4 ,iQ 4,950+ and idsQ 1 in the Hilbert space H'(HY). Then

2
(Lh, h)H—l(Hl)XI:Il([H]l) Z CHhHH](IH]l)

In particular, the linearized operator £ is nondegenerate in the sense that its kernel is composed only
of three directions coming from the three symmetries of the equation

Ker(£) = Vectr(ds Q+,10+, O+ +2i0504).

Following the approach employed in the study of the half-wave equation [Gérard et al. 2018], one
can then prove the invertibility of the linearized operators Lg, for the Schrodinger equation around the
profiles Qg for B close enough to 1. In order to do so, we need to combine the above coercivity result
with some regularity estimates and decay properties for Q g. This enables us to achieve our goal, which
is the uniqueness of these profiles up to symmetries for 8 close to 1.

Stereographic projection and Cayley transform. Conclusive information on the linearized operator £
around Q4 is not easy to obtain directly. Indeed, the operator £ is self-adjoint acting on L?(H!), but
the space we consider is the Hilbert space H'(HY). In order to get a coercivity estimate, we rely on a
conformal invariance between the Heisenberg group H! and the CR sphere S in C? called the Cayley
transform

2 1—|wl|?2—i
C:H' - S3\ (0,-1), (wa»(: W [wl ’s)

L+ |wz+is’ 1+ w2 +is

where H! is parametrized by the complex number w = x + iy and by s.

This transformation links estimates for the linearized operator £ to the spectrum of the sub-Laplacian
on the CR sphere, which is explicit [Stanton 1989]. Potential negative eigenvalues are discarded by the
orthogonality conditions from Theorem 1.2. This latter step follows from technical but direct calculations.

For the n-dimensional Heisenberg group H”, the Cayley transform gives an equivalence between H”
and the CR sphere S?>"*! in C”. This transform is the counterpart of the stereographic projection, which
links the space R” with the euclidean sphere S” in R?*1. Both transformations have been a useful tool
in the study of fractional Folland—Stein inequalities on H” and fractional Sobolev inequalities in R”, as
we will now recall.

On the space R”, Lieb [1983] characterized all optimizers for the fractional Sobolev embeddings
HK(R") < LP(R"),0 <k <n/2, p=2n/(n—2k), as the set of functions which, up to translation,
dilation and multiplication by a nonzero constant, coincide with

N 1
- (1+|x|2)(n—2k)/2’

U(x) U € HERM).

Stereographic projection appears in Lieb’s paper in order to show that these functions are actually
optimizers. The formula for U was first established with different methods for k = 2 and n = 3 by Rosen
[1971], and then for k = 1 and arbitrary n by Aubin [1976] and Talenti [1976].
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Stereographic projection also appears in the proofs of nondegeneracy of the optimizers for the critical
Sobolev embeddings, indeed, this transformation provides a simpler form of the eigenvalue problem when
transferred to the unit sphere S”. In this spirit, Davila, Del Pino and Sire [2013] proved the nondegeneracy
of the linearized operator for the critical equation corresponding to the fractional Sobolev embeddings.
Chen, Frank and Weth [2013] showed a quadratic estimate for the remainder terms for the equivalent
fractional Hardy—Littlewood—Sobolev inequalities.

On the Heisenberg group H”, Frank and Lieb [2012b] determined the optimizers for the fractional
Folland—Stein embeddings H*(H") < L?(H"),0<k < Q/2, p =20/(Q —2k), Q = 2n + 2, with
the use of the Cayley transform. These optimizers are the functions equal, up to translations, dilations
and multiplication by a constant, to

H(u) = ! , HeHmH").

O e ) @ "
Here, the notation u = (w, s) uses the identification of H” with C" x R”. In [Frank and Lieb 2012a],
the same authors proved that a similar approach with stereographic projection on R” enables one to

characterize the optimizers of the fractional Sobolev embeddings on R”. Liu and Zhang [2015] then
carried the study of the remainder term to the complex sphere $?”*! by using the Cayley transform.
When k = 1, the optimizers were first determined by Jerison and Lee [1988], who already made use of
the Cayley transform. One can notice that fixingn =k = 1, u = (x, y,s) € H!, we get

1
T
(A +x24y2)2+52)2
Therefore, up to multiplication by a constant, H coincides with |Q + |, where O + is the ground state we are

interested in. In fact, the profile Q 4+ is an optimizer for the Folland—-Stein inequality H! (HY) — L4HY)
restricted to the subspace HY(HYN V0+.

H(u) =

Plan of the paper. In Section 3, we prove the existence of the profiles Qg and their convergence to a
ground state solution to the limiting system (4). We then determine all the limiting profiles (Section 3C);
in particular, we show that they are unique up to symmetries. In Section 4, we focus on the linear stability
of the limiting profile Q1. After recalling some results about orthogonal projections on Bergman spaces
(Section 4A) and about the spectrum of the sub-Laplacian on the CR sphere (Section 4C), we prove
the coercivity of the linearized operator around Q4. Finally, in Section 5, we retrieve the uniqueness
of the profiles Qg up to symmetries for 8 close to 1. In order to do so, we first need to collect some
regularity properties and decay estimates on the profiles Q g, which come from the theory of elliptic and
hypoelliptic equations (Section 5A).

2. Notation

2A. The Heisenberg group. We recall some facts about the Heisenberg group. We identify the Heisen-
berg group H! with R3. The group multiplication is given by

(x,p.8)- (Y sy =(x+x"y+y s+ +2(x"y —x)).
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The Lie algebra of left-invariant vector fields on H! is spanned by the vector fields X = dx + 2y0;,
Y =0, —-2x05and T = 05 = %[Y, X]. The sub-Laplacian is defined as

Lo:=3(X>+7Y?) =102+ 2) + (x* + y*)92 + (ydx — x0y)0s.
When u is a radial function, the sub-Laplacian coincides with the operator
Ayt := (35 +03) + (x> + y*)03.

The space H! is endowed with a smooth left invariant measure, the Haar measure, which in the
coordinate system (x, y, s) is the Lebesgue measure dA3(x, y,s). Sobolev spaces of positive order can
then be constructed on H! from powers of the operator — Ay ; for example, H'(H) is the completion
of the Schwarz space .7 (H') for the norm

1
el g1 ary o= (=) 2ull 2

The distance between two points (x, y, s) and (x/, y’,s’) in H! is defined as

1
d((x,y,5), (¥, ¥, 5)) = ((x =) + (7 =) + (s =" +2(x"y —xy")?) .
For convenience, the distance to the origin is denoted by
1
px.y.s) = ((x* +y*)* +5%)*.

2B. Decomposition along the Hermite functions. In order to study radial functions valued on the Heisen-
berg group H', it is convenient to use their decomposition along Hermite-type functions (see, for example,
[Stein 1993], Chapters 12 and 13). The Hermite functions

x2
hm(X) = ———(C1ymeT M (e™), xeR.meN,
n42% (ml)2

form an orthonormal basis of LZ(R). In L?(R?), the family of products of two Hermite functions
(hm (x)hp(¥))m,pen diagonalizes the two-dimensional harmonic oscillator: for all m, p € N,

(—Ax,y + X2+ YD) (X)hp(y) = 2(m + p + Dhm(x)hp(p).

Given u € .(H'), we will denote by i its usual Fourier transform under the variable s, with corre-
sponding variable o:
—iso

u(x,y,s)ds.

. 1
ux,y,0)=——1, e
== [
For m, p € N, set ﬁm,p(x,y,o) = hm(y/2|o| x)hp(y/2]0] y). Then
Agrhm,p =—(m+p+1) 0| hm,p.

Let k € {—1,0,1}, and denote by H¥(H') N VnjE the subspace of functions in H*(H') spanned by
{hm,p :m,p € N,m + p = n}. A function u,jf e H*(H') belongs to H*(H") N VndE if there exist
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functions fnf: p such that

Uy (x.y.0)= Y fop(@hmp(x.y.0)1520
m,peN
m+p=n

For uf € H*(H') N V., the H* norm of u:F has the form
+ k ~t 2
I gy = [ (4 DI [ 1y dxay ao

do
Yoo | (DD @)
R 2|o]|
m,peN +
m+p=n
Any function u € H*(H') admits a decomposition along the orthogonal sum of subspaces H¥ (H') N Vni.
Letus write u = Y 3 uF, where uf € H*(H') NV, for all (1, £). Then

+ neN
2 +2
e g ry = 22l Fers eany:
+ neN

Note that rotations of the (x, y) variable commute with —A1, so u € H¥(H") is radial if and only if for
all (n, &), u,jf is radial. Moreover, u € H* (H") belongs to H*HYN VndE if and only if —Ay;1u belongs
to Hk_z(I]-I]I) N Vn:':, and the same holds for D;u.

For k = 0, we get an orthogonal decomposition of the space L2(H!), and denote by H,ﬂf the associated
orthogonal projectors.

The particular space H*MHY)N VO+ will be especially interesting in our discussion below. This space
is spanned by a unique radial function A, satisfying

h+(x y, U) ﬁ —(x2+y2)al

Set u € H*(H') N V", then there exists f such that

a(x.y.s) = f(o)hg (x,y.0),
and in this case

s oy = [, 1/ P

3. Existence of traveling waves and limiting profile

In this subsection we prove the existence of ground states Qg for equation (3) with speed 8 € (—1,1)
(Section 3A), and we will show the convergence in H ! (H') of the profiles Q g to a limiting profile Q
as B tends to 1 (Section 3B). The profile Q4 is a ground state solution of equation (4), which will be
determined explicitly (Section 3C).
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3A. Existence of traveling waves with speed 8 € (—1,1). A family of traveling wave solutions to the
Schrodinger equation on the Heisenberg group (1) can be found under the form

X y s—l—ﬂt)
ST B Vi p 1-8)

u(t.x. y.s) = Qﬂ(

with Qg satisfying the equation

_A[H]l +ﬂDS
1-p

The Qg are constructed as minimizers of some Gagliardo-Nirenberg inequalities. We will be adapting the

0p =104170p.

proofs of Krieger, Lenzmann and Rapha¢l [Krieger et al. 2013] which concern the L2-critical half-wave
equation on the real line. Our starting point is the Folland—Stein embedding:

Theorem 3.1 [Folland and Stein 1974]. Let p € (1,4), and set p* = 44Tp Then there exists C, > 0
such that for u € C°(HY),

n 1
* * p
(/ lu(x,y,s)|? dxdyds)p SCP(/ |(—AH1)§u(x,y,s)|l’dxdyds) .
H! H!
In particular, from the embedding H ' (H') < L*(H"'), we deduce some Gagliardo—Nirenberg inequalities.

Proposition 3.2 (Gagliardo—Nirenberg). Set 8 € (—1,1). Then there exists some constant C > 0 such
that for every u € H'(HY),

”“”izt(u.ul) <C(—=(Amp +ﬂDS)”’“)§J—1(n-ul)xH1(u-ul)'

Proof. Fix u € H'(H"), and decompose u along the spaces VEUV, asu= Y up, where up, =u}+u,.
Then neN

(=(App +ﬂDs)“’“)Hfl(Hl)XH1(H1) = Z /ﬂq{3((” + Dlo| —ﬂa)lftn(x, y,0)|2 dx dy do,

neN
2y = 32 [0 Dl (e, .00 dy o
neN
We deduce the equivalence of norms
(= BN 12,1 1y < (~(Aoat + D) s gayngany < O+ DI g )
The result follows from the Folland-Stein embedding H ' (H') < L*(H"). O

From the Gagliardo—Nirenberg inequalities, one knows that the infimum over nonzero radial functions
u € H'(HY) of the functional

(~(Aw1 + BD . u)?,

[

—1(H)xH1(H!)

Jﬂ(u) =



RADIALLY SYMMETRIC TRAVELING WAVES FOR THE SCHRODINGER EQUATION 749

is positive. Let us denote by /g the minimal value of Jg. We want to show that it is attained by some
Op € H'(H"). We consider a minimizing sequence for J g- Then this sequence converges to a minimizer
for Jg thanks to the following profile decomposition theorem:

Definition 3.3. The scaling-core pairs ((h Jiens (5i)ien) and ((h;)ien, (si)ien) of (RY W xRN are said

to be strange if
~ IS0 — Snl
( ) or ((hn),, = (hy)n and Tnjgooo .

Theorem 3.4 (concentration-compactness). Fix a bounded sequence u = (U, )nen of radial functions

hin

1
ogh

in Hl(l]-l]l). Then there exist a subsequence (Up; );en of u and sequences of cores (s,(,f))i,jeN C R, scalings
(hf,{.)),-,jeN C R, and radial functions (UY)jen € H'(HY) satisfying these conditions:

(1) The pairs ((h(])),, (s(J)) ), j €N, are pairwise strange.

l

(2) Let r(l)(x s) =up, (x,y,5)— E I v ol y 3 _S'g{) Then
ni ) il IS T L) R D7 Dy2 )
j=1"n; n; n; ni

hm lim sup||r( )||L4(u-n1) =0.
[>00 {500

Moreover, for all | > 1, one has the following orthogonality relations as i goes to co:

l
letm; W1 1y = Z||U</>||H1(Hl)+||r“||H1(H1)+o<1),

l

l
(Dsttn; tm) s ey gty = 9 (PsU D UD) g gy Psti 1) g oy oy +0(D).
i=1

0o
4 2 : ()4
. —> U .
Hunl ||L4(H1)i = ” ”L4([H]1)

This result is an adaptation of a concentration-compactness argument from [Cazenave and Lions 1982],
which was refined into a profile decomposition theorem as above by Gérard [1998] for Sobolev spaces on
R”. One can find a proof of this profile decomposition theorem for Sobolev spaces on the Heisenberg
group in [Benameur 2008], which is here restricted to the subspace of radial functions.

3B. The limit  — 1~. In this section, we study the behavior of the traveling waves Qg as 8 tends to
the limit 1~. We show that these traveling waves converge up to symmetries to a limiting profile. The
strategy is similar to [Gérard et al. 2018] for the half-wave equation.

For B € (—1, 1), let Qg be a minimizer of Jg: Ig = Jg(Qp). Up to a change of functions Qg v aQpg,
one can choose Qg such that

(—(Ayr + BD5) O, Qﬂ)I-'I*I(I]-[Il)xI-'Il(Hl) 4
1_[3 = ||Qﬂ||L4([H]1)v
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so that Qg is a solution to (3).

Definition 3.5 (minimizers in Qg). For all € (-1, 1), denote by Qg the set of minimizers Qg of

Jg :u > (—(Ayr + BDs)u, u)?q , which satisfy

4
_I(HI)XHI(HI)/”u”L
(—(Aw1 + BDs) Qp. Qﬁ)H—l(Hl)xyl(Hl)
-8
Note that equation (3) is satisfied for Qg € Qg.

1
=||Qﬂ||24=ﬁ, Ig=1Jp(Qp). (6

Definition 3.6 (minimizers in Q). For all radial functions u € H'(H") N V0+ \ {0} whose Fourier
transform has a nonzero component only along the Hermite-type function A", define

4
Joy o= )
”M”;A(Hl)
(note that —A 1 = D; on the space H'MHYN V0+). Denote by /4 its infimum:
Iy =inf{J+(u) :u e H'(HYH NV, \{0}}.
Let Q4 be the set of minimizers Q4+ of J4 such that

10+15% gy = 12+ I Lagany = T+ 14+ = J4(Q).

Then any Q4+ € Q- is a solution to (4):

DsQ4+ =TI5 (10470 4).

The minimum /. is attained and positive. The proof is similar to the one for /g; we just need to
restrict the profile decomposition theorem to the closed subspace H'MHYN V0+ of HY(H").

The term H:{(|Q+|2Q+) may not seem suitable since |Q +|?> Q4 belongs to L3®) H~Y(HY,
whereas H(')" is a projector defined on LZ(H'). Later arguments, however, will show that things work out:
we will see in Section 3C that |Q 4 |>Q 4 € L?(H'), and in Theorem 4.6. that the projector H(}L extends
to L?(H') for all p > 1.

The convergence result is as follows:

Theorem 3.7 (convergence). Forall B € (—1,1), fix Qg € Qg. Then, there exist a subsequence B, — 17,
scalings (ot )nen € ([R*+)N, cores (Sn)nen € RN and a function Q 4 € Q4 such that

HanQﬂn(an'van "a%(' +5n)) — Q"‘HHl(Hl) —> 0.

n—o0
We introduce the quantity §(u), which quantifies the gap between the norms of a function u in H ! (H")
and those of the profiles Q4 € Q. We prove that §(Q g) is small and then show that §(u) controls the
distance up to symmetries from u to the profiles Q4 in Q.

Definition 3.8. For u € H!(H), define

S(u) = “|“”i’11(|]_ﬂ1) _I+| + |||ul|i4(|]—ﬂ1) — 14
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We first show a lemma about §(Qg), Op € Qg.

Lemma 3.9. There exist C > 0 and B« € (0, 1) such that the following holds: For all B € (B«, 1) fix
Qp € Qp, and decompose Q g along the Hermite-type functions from Section 2B,

0p = Q++ Rg,
where Q+ e H'(HYNV," and Rg € H'(HY) N D, +y2(0.4) Vir- Then | Rg i@y < CA —B)3.,
505 )< C1— )} and8(0p) < C(1— )},

Proof. Fix u € H'(H'). Thanks to inequality (5), one knows that Ig > (1— B)%21o when B € (0, 1).
Furthermore, let Q4 € Q4. Then, using the fact that —Ay1 Q4+ = D0+,

_B)\2 2
(1 :B) (DSQ+v Q+)H—1([H]1)XHI(H1)
1O+1174
Consequently, ((liﬁ) ) is bounded above and below:

Ig < Jp(Q4)= =(1-B)1.

o< 18
CCa-pr T

We will show that actually (11# — I as Btendsto 1.
Let us decompose a minimizer Q g € Qg along the Hermite-type functions from Section 2B:

Qp = Q5+ Rg,

where Q; e H'(HY) N VO+ and Rg € H'(HY) N @(n,i#(o’_ir) VnjE is a remainder term which will go
to zero.
Multiplying (3) by R_ﬂ, we get that for all n,

_Aﬂ-ﬂl + BDs
(e

Since the operators Ay and Dy let invariant the spaces Vni, we can replace Qg by Rg in the left term

Qﬂ’R/})_ =(10p170p.Rp) . 4

H=1(H)xH(H!) L3 HHxLAEHY)’

of the equality

A[H]1 + BD; )
———Rs.R = ,
( 1-8 b H-1(HYxHI(H') (|Qﬂ| QB B)L3(H1)XL4(H1)

Applying Holder’s inequality, we deduce that

Ay + BD
(_ HI_IB SRﬁ’Rﬂ) . . = ||Q/3||24(H1)”Rﬂ ”L4(I]-H1)- (7)
H-1(HY)xH(H)

We now write more precisely the equivalence between the norms

1
el g1 g1y and (_(AHI+/3DS)M’M);'I*1(I]-D1)XH1(D-I]1)'

The left inequality in (5) can be controlled with sharper constants which do not depend on 8 when we
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require the function u € H'(H) to have a zero component u . Indeed, we haven+1—f8>n> 2
n>1,andn+1+p>n+1> "t whenn > 0. We deduce that for allu € H'(H' YND(.4)£(0.4) VE,
decomposing u as u = Z(n,i)#o,Jr) uf u,:f e H'HY N Vni,

(B + B0 sy = | (0 Dlol =) 65 (5. 3.0) P dr dy do
(n,£)7#(0,0)
% / (n+1|o| |u (x,y,0)*dx dy do.
(n, i)#(O 0)
This implies the inequality
||u||H1([H]1) = 2( (AHI +IBDS)u u)H I(HI)XHl([H]l)’ ue HI(HI) N @ Vn:l:’ (8)
(n,£)#(0,+)

which we can use for ¥ = Rg. Combining this inequality and the Folland-Stein inequality |l g4 @) <
Cllull g1y in (7), we get

AHI ‘JrﬂDs
(_—1—/3 Rﬁ’Rﬂ) . .
H-1H)xHH)
AH] +ﬂDS

<Cl0gl; (2<1—ﬂ>(——R K ) )
BlLAwY) 1-8 BT H=1(H)xH(H!)

—————"Rs.R <2C*(1-P)10pll° :
1-8 P ﬂ)H—l(Hl)xH'(Hl) plLs @

Nl—

SO

Since (|| Qg ll4@1)) g is bounded independently of 8 thanks to the norm conditions (6) and the bounded-

ness of ( we deduce that as 8 goes to 1,

Ayt + BD
(—HlfﬂsRﬂ,Rﬂ) . . =0(1-p).
H-1H)xH!(#H)

This implies immediately that ”RB”HI(HI)Z O(1 — B) and ||R13||L4(u-nl) O(1 — B). Using the
orthogonal decomposition Qg = Qﬂ + Rg in H'(H') and the fact that — —Ayt = Dg on H'MHY NV,
we get

B
(1—/3)2)/3’

Ayt + BDy
”Q;HHl(Hl) =( Hl—ﬁQﬂ Qﬂ) H-1HYxH!H)
A 1 Ds
H-1(HY)xHIH)
B Loa-p
(1—p)2 ’

+0((1-B)?).

1 Ig

We can now prove that a2 I+ as B — 17. From the definition of /4 as a minimum on

(1/3



RADIALLY SYMMETRIC TRAVELING WAVES FOR THE SCHRODINGER EQUATION 753
HYHYN VT,

||Q;||L4(Hl) i Ww((l—ﬂ) ) (=52

(1+0((1-8)7)).

We already know that < I4 for all B, so we conclude that

(1— ﬁ)2 -
Ig

1.

(1—B2 po1- T+

1
Therefore, the norms of Q,g can be written as ||Qﬂ ”Hl(u-ul) =1++0((1-p)2) and ”Q[J;”z“(u-nl) =
I+ +0((1- ,3) ). We conclude that

805 )=0((1-$)?) and 5(Q5)—5(Q3+R5)—0((1—ﬂ) )- 0

The following stability result allows us to complete the proof of Theorem 3.7:

Proposition 3.10. Fix a sequence (Un)nen of radial functions in H'MHYN VJr Suppose that §(u,) — 0
as n — oo. Then, up to a subsequence, there exist scalings (ctn)nen € (RY )N cores (Sp)nen € RN and a
ground state Q + € Q4 optimizing

Iy =infl Jy(u) = ue H'(HY)Y NV, \ {0}

Ju ||L4(H1)
such that Hoznun(an ap e a2(c +sn)— O+ HHI([H]I) —0asn— oo.

Proof. Let (un)nen € (H'(H') N V;7)N such that §(uy) — 0 as n — oo. Since H'(H') N V" is a closed
subspace of H'(H), one can restrict the concentration- compactness Theorem 3.4 to this subspace. In
consequence, one can assume that the profiles U () from the theorem lie in A ' (H! ) ﬂ V+ Hence, up
to a subsequence, there exist a core sequence (s,z )n ,jeN C R, a scaling sequence (h )n ,jen CRand
radial functions (U ()); jeNn C H'MHYN VO+ satisfying these conditions:

e Forall j,k €N, j # k, the pairs ((h(J))n, (s(]))n) are pairwise strange.
l

e Let rD(x, y,5) = un(x, y,5) = Y — U(ﬂ( X S‘S'(’J)) then
n ’ ’ - n ’ ’ . K] N s
o D ) ey

lun lim sup||r( )||L4(H1) =0.
—00 n—>

Moreover, for all [, as n goes to co,

ln %1 1) = Z||U<f>||H1(H1)+||n||H1(H1)+o<1) ©

and

el F ety = Z 1T 4 -
=1
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By construction, since §(u,) — 0, we have Z 1 ||U(f)||H1(H1) = I+ and Z 1 ||U(J)||H1(H1) <1,

and |Ju, ||* /lun ||L4([H]1) tends to /4. But from the definition of /4 as a minimum,

HIHY)

00 2 o) 0o 00
2 )12 )4 )4 )4 2
Iz (Z ||U<f>||H1(H1)) > MU gy Z 1 20PNy 2 14 D MU sy =12
Jj=1 Jj=1 j=1 j=1

All the above inequalities must then be equalities.
In particular, only one of the profiles U /) is allowed to be nonzero, we denote this profile by Q .,
and by ry, hy, and s, the corresponding rests, scalings and cores. Then Q4+ must be a ground state of the

functional J4, and
X y s —

I 02 )-i-rn(xys)

un(x.7.9) = -0+ (-

From relation (9), as n goes to oo,

Since ||uy ||

712

B0 must converge to | Q + ||2 Lt because the inequalities turned to equalities, we get
— 0 as n — o0, and the sequence h Up(hy -, hy - ,h2( + s5,)) converges to Q4 in H(HY).

O

HI(HY)

Proof of Theorem 3.7. Consider the sequence (Q} 8 )Be(~1,1) from Lemma 3.9. We know that § (Q ) =
o((1-p8)2 ) Applying Proposition 3.10, there exist a subsequence (Q )neN with 8, — 17 as n — o0,
a core sequence (s, )nen € RY, a scaling sequence (atn)nen € (R +)N and a ground state 0+ € Q4 such
that

+ 2
llon Qﬂn (o an-,oy(- +s2)— O+ ”Hl (”'"l)n:o)oo'
To conclude, since Rg, = Qg, — Q;n satisfies || Rg, ||H1(H1) — 0 as n — oo, and since the H! norm
is invariant by translation and scaling, we deduce that

len @, (o - etn - 07 (- 4 5n)) = Ot ll 1 gy, =2 0- 0

3C. Ground state solutions to the limiting equation. We now show that the optimizers for

el o
1+:=inf{ﬂ eH(Hl)mv+\{0}§

lull7 LAH)
are unique up to symmetries (translation, phase multiplication and scaling).
Proposition 3.11. The minimum Iy is equal to 2. Moreover:

o The set composed of all minimizing functions for 1 is

C
s+so+i(x2+y?)+ia

{(x,y,S)EHIH :(so,C,oz)e[RixCx[R{i}.
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o The set Q4 composed of all minimizing functions for 1 which satisfy

104151 a1y = 104 Iy = I+
(so that Q 4 is a solution to (4)) is

200
s+so+i(x2+y2) +ia

Q+={(X,y,s)€[|'|]1'—> :(so,G,(x)e[R{xTx[R{i}.
Proof. Let U € H! HYHN V0+. Let us transform the expression of the L* norm of U as follows:
— 1 A .
”U”zzt(u.ﬂ]) = “UzlliZ(Hl) = U2||i2(n.|]l) = E”U * U”i2(ﬂ.|]1)

Let f be the function associated to U in the decomposition along E(J)r :

A 1 24,2

U(x.y.5) = f(0)—— e @10

(.3.9) = f0) 7=

Then

1 [ 2
0By =3 | /@Fdo,

/0 ) e~ (x*+y*)(0—0") , e~ (x*+y?)o , 2
flo—0") f(0')———=——do’| dxdydo
J J

_‘7

1
”U”i4(|].ﬂl) = E n

~ 22 /

Applying Cauchy—Schwarz’s inequality,
4 1 *re ’ NV y do
||U||L4(H-I]1)S4_2 |f(0'—0')f(0)| do ldO'—
0 o

4n2/ f f6 =0 f 00" do = L1 Flidae ) = S0, 0

Consequently, 14 > 2.

/ f(o—0') f(o) do’

Equality holds if and only if there is equality in Cauchy—Schwarz’s inequality, that is to say, for almost
every o > 0 and almost every o’ €10, 0],

f(©@") flo—0o")=C(o).
Fix an open interval / contained in ]0, o[ with positive length |/|. Then

/1 £(0) f(o — 0" do’ = 1] C(0).

Therefore, C is continuous on R as a product of two L? functions. Since f is not identically zero, one
can find an interval J C R% such that [, f(¢) d¢ # 0. Integrating the equality

f@fQ)=Clo+9), (0.9)e®}) (10)
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along the ¢ variable, one gets that for all o € R ,

ﬂ@ﬁj@mpzﬁcw+0@=/;f@ma

Therefore, f has C! regularity on R% ., so C also has C ! regularity on R% . Fix { > 0 such as f({) # 0.
Letting 0 — 0% in (10), one knows that f admits a finite limit as 0 — 0" which is equal to

+ = CO
JOD =%

Likewise, computing the derivative along the variable o of (10), f'(0) f({) = C'(o + ), one gets that
! admits a finite limit at 0% which is equal to

')
1@

0=
We deduce that f satisfies the differential equation

(@) f(07) = f(0) f'(07)=C"(0), oeRL.
Let us show that £(07) # 0. Supposing £ (0%) = 0, we would get that for all & > 0, C’(¢) = 0. Then C

would be a constant function, so f would be constant too since

_C(o+9)
JO=="55

As f isin L?(R4), this would imply that £ is identically zero, which is a contradiction.
Therefore, solving the differential equation, there exist some constants K and « such that, for all o > 0,

flo)=Ke ™.

The assumption f € L?(R, ) implies that Re(ar) > 0.
Computing the inverse Fourier transform leads to

o0
Ulx,y,5) = lsaf(U)ﬁ e~ 4o = nLﬁ /g el$0-a0=(x*+y%)0 45

1 o0
—— €
«/271/(;

SO

K 1

a2 x2+y?+a—is’

This is the first point of the proposition. Let us now prove the second point.

Ulx,y,s) =

Since the equation and the result we want to show are both invariant under translation of the variable s,
up to translating of a factor sg, we will assume from now on that « is a (positive) real number.

Now,
(o] 2
2 _ l 2 —2a0 _ 1|K|
||U||H1(H1)_2|K|/(; ¢ dO’—2 20
1) o 2 o) 4
4 _ 1 2 —a(o—0") g—ao’ gr| o _ 1 24 —200 4, _1_|K]
10N Z3gu) = 372K fo /0 e ¢ do’| —= = 5 IK] o oc do=7— a)?’
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. 2 _ 4 _ . . 2 _ 2 . . _
so U sat.lsﬁes ||U”H1(|]-n1) = “U||L4(u-[|1) = I4 if and only if |K|* = 4w“«. In this case, write K =
27 Ja e'? for some 6 € T, then
K 1 e 2a
T2 X2+ y2+a—is  x2+y2+a—is’
We proved that up to the symmetries of the equation, there is a unique minimizer Q 4 in Q, which is
equal with the choice of parameters (sg, 8, ) = (0,0, 1) to
iv2
sHi(x2+y2)+i’

U(s,x,y) = O

Q+(s,x,y) =

with Fourier transform
O+(x,y,0)=2we "hf(x,y,0).

Note that the profile O+ has infinite mass.

4. The limiting problem

We now focus on the stability of Q 4, which is the unique ground state solution up to symmetry to (4).
Let us study the linearized operator £ close to Q 4:

Lh=—Agh =207 (10+1Ph) — T (Q%h), he HY(HYNV, .

We first study the linearized operator on the real subspace spanned by (Q+,iQ+,dsQ+,ids04) with
the help of the correspondence with Bergman spaces (Sections 4A and 4B). Then, on the orthogonal
of this subspace in H ! (H"') N V", we prove the coercivity of £ by using the spectral properties of the
sub-Laplacian on the CR sphere via the Cayley transform (Sections 4C and 4D). We conclude this section
with some estimates about the invertibility of the linearized operator £ (Section 4E).

4A. Bergman spaces on the upper half plane. In order to better understand the spaces HYHYHY NV,
k € {—1,0, 1}, we need to introduce their link with Bergman spaces on the upper half-plane C. The
space H*(HY) N V0+ is the subspace of H*(H!) spanned (after a Fourier transform under the variable s)
by };(J)r(x, y,0) = ——= exp(—(x2 + ¥2)0)14>0 such that u € HXHY N V0+ ifu e H*(H') and

Nz
i(x,y,5) = fo)h (x,y,0),

where

5 B k2 _ 2 _do
||u||Hk(|]-|]1) = H(—AHl)zuHLZ(HI) - A+|f(0)| 20_1_k.

Definition 4.1 (weighted Bergman spaces). Given k < 1 and p € [1,00), the weighted Bergman
space Af _ is the subspace of Lf _x = LP(C4, Im(z) " dA(2)) composed of holomorphic functions of
the complex upper half-plane C:

o0
Af_k = FeHol(C+):||F||ip ::/ /lF(s+it)|pdsikt<oo .
1—k o JR t
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Thanks to the following Paley—Wiener theorem on weighted Bergman spaces [Békollé et al. 2004],
one can associate to each element of H* (HYHN V0+ a function of the weighted Bergman space A%_ P

Theorem 4.2 (Paley—Wiener). Let k < 1. Then for every f € L2(R4, 051 do), the integral

F(z) = 29 f(0) do (11)

1 o0
— e
V2 [)
is absolutely convergent on C+ and defines a function F € A%_k which satisfies

ra-k) (% d
IFIG, =55 [ 1R (12

Conversely, for every F € A%_k, there exists f € L*(Ry, o5 do) such that (11) and (12) hold.
When dealing with functions from the space H'(H"), we use the Paley—Wiener theorem [Rudin 1966].

Definition 4.3. The Hardy space 7£2(C_. ) is the space of holomorphic functions of the upper half-plane C 1
such that the following norm is finite:

”F”iz(&r) = sup [R |F(s+it)?ds < oco.
Theorem 4.4 (Paley—Wiener). For every f € L?(Ry), the integral

F(z) = 129 £ (o) do (13)

1 o0
— e
V2w fo
is absolutely convergent on C and defines a function F in the Hardy space H?*(C4.) which satisfies

2 oo 2
IF s, = [ /@R (14)

Conversely, for every F € H?(C.), there exists f € L*(R4) such that (13) and (14) hold.

Given any h € H*(H") radial, one can define
Fr(s +i(x*> 4 y?) :== h(x, y, ).

Ifhe H k([H]I) N V0+, k € {—1,0, 1}, then F}, is holomorphic, since the holomorphic representation
given by the suitable Paley—Wiener theorem is given by /7 F},. Note that

F_a,n=—iFy =—iF;, heH*MH)NV,
Fon=FgF,, g he HFMYHNvt.
Moreover, if 1 € LZ(H'),
112 2y = 71 Fill22(c., . (15)
For example, the holomorphic representation in the Hardy space %2(C.) of
iv2

i(x24y2)+i+s

Q+()C,y,S) =
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is

One can now identify the orthogonal projector H[)F from the Hilbert space L?(H') onto its closed
subspace L2(H!) N V0+ as a projector Po from L%(Cy) to A% = L?(C4+) NHol(C4). More generally,
for k < 1, the orthogonal projector from the Hilbert space H* (H') onto its closed subspace H* (H')N V0+
corresponds to the Bergman projector Py from L%_k onto A%_k. For general k < 1, the Bergman
projector Pj can be expressed as a convolution through a reproducing kernel, called the Bergman kernel
[Békollé et al. 2004]. We are here interested in the case k = 0.

Proposition 4.5. Forall F € L?(Cy),
1 1
Po(F)(z) =

For h € L?(H'), the holomorphic function Fr+ +(h) is the projection of Fz on the subspace A2
of L2(C4):
FHE)’_(h)(Z) = Po(Fp)(2).
Hence

1 1

F L
oy (z—s+it)?

H+(h)(Z) Fp(s+it)dsdr.

For p € (1, 00), the orthogonal projector Py can be extended as a bounded operator from the space
LP(C4, dA(z)) onto the Bergman space Af [Békollé et al. 2004].
Theorem 4.6. Let p € [1,00). Then the Bergman projector Py is a bounded operator in LP(C.) if and
onlyif p > 1.

One has ||h||Lp HQ ]T”Fh”LP(C ) when this quantity is finite. Therefore, if &1, ko, h3 lie in H'(H')
(which embeds in L#(H1)), it makes sense to consider H (h1hahs).

4B. Symmetries of the equation and orthogonality conditions. In this subsection, we focus on the
linearized operator £ around Q +

Lh=—Agh =217 (10+1Ph) — T (Q%h), he H'(HYNV, .
This operator is self-adjoint acting on L2(H), but we are interested in elements of H!(H') endowed
with its own scalar product. After studying the action of £ on the real subspace V' spanned by
(Q+, iQT, 0sQ+,i050+), we will try to find a new form for (Lh, h)H—l(Hl)le([H]l) on the orthogonal
of V in H'(H') which is more suitable for a spectral study.

Proposition 4.7. In the real subspace V of H'(H') N V0+ spanned by the orthogonal basis of vectors
(0sQ+,i04+— 050+, Q4+ +2i05Q+, Q4), the linearized operator L has the form

000 0
000 0
Lv={oo00 1 (16)

000-1
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Proof. We define
L(F):=—iF'=2Po(|Fo, | Fy) — Po(F), Fp), F € H*(Cy).
For h € H'(H") NV, the holomorphic function F;, € H#2(C ) satisfies
L(Fp) = Frp
We study L on #2(Cy). For F € H3(Cy), define
F(F):=—iF' — Py(|F|*F).

Let U be aC! function defined on a neighborhood of # = 0, valued in H#?(C+-), and satisfying U(0) = Fp 4

and U’(0) = F. Then

- d
LF = 3| _ #WU©).

Thanks to the invariance under translation in the variable s, we consider U : 5o € R Fg_ (- + s0).
For all sg € R, #(U(s0)) =0, so

E(Fy,) =0=L(d:0+).
Following the same pattern, the invariance under phase multiplication gives, with U : § € R+ &' OF 01s
that #(U(0)) = 0 for all 8, so
L(iFg,)=0=L(>i04).

Finally, let U : A € |-1,1[ = (1 + 1) Fo_ ((1 + A)2-), then .Z(U(A)) = 0 for all A thanks to the
scaling invariance, so

L(Fg, + 2:Fp,) =0.
Remark that
2F), = —% = —Fo,—iF)..
Consequently,
L(Q++2i050+)=0.
In order to determine £ entirely on the subspace V, it is sufficient to calculate £L(Q+). Yet

L(Q+) =—i050+—3M§ (|0+*Q+) =2i050+.
We have proved that in the orthogonal basis (s Q+,iQ+—05Q+, Q++2id50+, Q+) of V, £ admits
the matrix representation (16). O

We want now to work on the orthogonal of V', so we will study the orthogonality conditions. For this
section, it is more natural to work with the complex scalar product in H ! (H")

(h1.h2) g gy = /u—nl (=Agrh)hz dx dy ds = (=Ayih1, h2) g gy @)
We have
<h7 Q+)H1(H1) = (h» Q+)H1(H1) +i(h,iQ+)H1(H1).
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Proposition 4.8. Let h € H'(HY) NV, Fj,(s +i(x% + y2)) = h(x, y, s) its holomorphic counterpart.
Then

(h. Q+) 1 gy = V22 F Q).
Consequently:
e his orthogonal to Q4 and i Q4 in HY(HY) if and only if Fj,(i) = 0.
* his orthogonal to 050 + and id5 Q + if and only if F, (i) = 0.

This proposition enables us to check easily that the basis (0sQ+,iQ+— 050+, 01+ +2idsQ+, Q+)
of V is orthogonal in H!(H").

Proof. We study the duality bracket in H~'(H') x H!(H") between —Ay1 Q4 = DsQ+ and h, for
which we use the holomorphic function F. Knowing that

[ \/2
Fy,(2)=F), (2) = —%,
equality (15) leads to
(h. 0s Q) gy —1 a1y = (Z’ f)zF (z) dA(2).

Let ¢ > 0, and define f; : z +— Fy(z +it) on {z € C:Im(z) > —t}. Applying the residue formula
to z > ﬁf, (2), which is holomorphic on {z € C : Im(z) > —t} \ {it 4+ i} with a simple pole at
it +1i, we get that on every rectangle % := [—a, a] +i[0, b] containing it + i,

1 . o . o
/i;gmft(z)dZZZlnftl(lt-i_l):2l‘T[FI’/1(2lt+l)' (17)

Since the integral of z > (Z_l+l)2 f1(z) is absolutely convergent on {z € C; Im(z) > —t}, there are
some sequences (a;);en and (b;);en of real numbers converging to oo that satisfy

1
R4 (—a] +i[/—lt

_l_)zft(—aj +it/)dt, —)0,

/IKQ - ! - _l.)zft(aj -f—il‘/)dt/—)(),

L (aj+ir'—it

l .
/R (S+ibj—i[—i)2ft(s+lb])ds — 0.

Applying (17) to the rectangles [—a;, a;] x [0, b;] and passing to the limit j — oo, one gets

/ = l)zf,(s)ds—Zanh(th—H)
Consequently,

R+
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since Fj,(it) goes to 0 as ¢ goes to co. This latter fact can be established by using the function f € L?(R4.)
associated to F, which satisfies for all ¢ € [RR"jr

Fy(it) = OOe_"’f(a)da.

7

Indeed,

|Ep(i0)] < J_(f e—”“do)z(/o |f<o)|2do)— =l

which goes to 0 as 7 goes to oo.
We have shown, as wanted, that

(h, Q+>H1(Hl) = (h, _iasQ-i-)Hl([H]l)X[_'I—l(Hl) = V272 Fy(i).

In particular,
(h,05Q+) 1 gy = —(0sh, =185 Q) i aywgr—1 gy = —Y 270 F (). O

We now check that £h, h € HY(H') decomposes in the Hilbert space H~Y(H") as an orthogonal sum
Lh = Lyyh+ Lyy1h, where V- is the orthogonal of V in H(H').

Corollary 4.9. Let h € HY(H') and decompose h as h = ho + h— + h., where

ho € H' (MY NVt N Vectr(d5 04,104, 04 +2id504),
h— e H'(HY) NV N Vectr(Q4),
hy e HYHY NV N (Q4.i0Q+. 0504100 1) H ¢

Then

(ﬁh’h)H—l(Hl)le(Hl) = (£h+’h+)H—1(H1)xH1(H1) + (ch_’h_)H—l(Hl)le(Hl)

and

T A o S Ve

I(Hl) I(Hl) I(Hl)’

Proof. We decompose Lh as Lh = Lh4+ Lh_.
Let us show that £Lh is orthogonal to Q 4, iQ+, dsQ+ and ids Q4 for the duality product space
H~Y(HY) x H'(H"). We treat separately each term of

Lhy = —Agihy =211 (|04 Phy) = TIT (QFAT).
By assumption on Ay, —Ayi1hy = Dghy and

(Dsh+ Q+) H-1MHHYxHIMHY) — (h—i-, Q+>H1([H]1) =0,
(Dsh, 95 Q-I—)H—I(HI)XHI(HI) = (h+., g Q+)1-'11(Hl) =0.
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Moreover, using Proposition 4.8,

(TT§ (|0 +*hy), O+) g—1@nyxmiay = (Q+h+, 03 ) L2@hyxL2@)
= (Q4h4.—iNV20s0 1) 2@yxr2@ny = 272 Fo n, (1) =0,

since Fg_p, = Fo, Fy, and Fy, (i) = 0. In the same way,

(TG (Q31), 0) sy gy = (0% Qh) 2oy = 0.
Finally,
(TG Q414,95 0 +) sy nary = 2(Q+h+,05(Q%)) L2anywr 2y
= —5{05(Q+h+). 0F) g2y 2y
= —3{0s(Q+h1), =i V205 04) oy gy
= —nzFQ+h+(i) =0,

and in the same way,

(TIF (Q2h™T), 0 O+) =1 mnyx g1ty = (0%.05(Q-)hy) L2@nyxr2@y = 2> Fy (o yny (i) = 0.
Therefore, Lhy € H-'(HY) N V0+ N(Q+,i0+,050+, i83Q+)J-’L2(H1), where the orthogonal is
taken for the duality product H~1(H') x H'(H'). In particular,
(Lht 1) =1 gy oy = ChBe) g1 oy gy
Now, since Lh_ is in Vectr(idsQ+), write Lh_ = Aids Q4+ = AA1 Q4+ for some real number A.
One has
(Lh-, h)H—l(ﬂ-l]l)le(I]-ﬂl) = _A(Q—i-, h)Hl(Hl) = _A(Q—i—, h—)Hl(Hl) = (Lh-—, h_)H—l(Hl)xHI(I]-Hl)’
which gives the first part of the proposition.
Then,
(£h+, Eh—)H—l(Hl) = (Eh—l—, _/\Q"’)I-‘I—I(HI)XI-.II(HI) =0,

so we conclude that

VERIZ s gy = IR 1%

—I(H-I]I) - + ”'Ch—”il O

G RGO
We now give a simplified expression of (Lh, ) g4 (< Fr 11y When h is orthogonal to Q 4+ and i Q 4.

Proposition 4.10. For h € H'(H') N VO+ N Vectr(Q +, iQ.i_)J"Hl (Hl), the following identity is true:

(Lh, 1) g1 gpys iy = (—Bwrh —2|Q+|2h,h)H—I(H1)xH1(H‘)

Note that it is more convenient to switch to a complex scalar product, because —Ay1h —2|Q +|?h is a
complex linear operator of the variable /.
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Proof. We only have to show that (H(J{(Qﬁﬁ), h)H—l(u-ul)xHI ) is zero. We calculate

+cn2 _ 5 7
(HO (Q-‘rh)s h)I-.I*I(D-I]l)XI-.Il(I]-Dl) = (Q+h’h)1-.1*1([l-ﬂl)x1-'ll(ﬂ-[]1)
2 2
= (Q+’h )H—I(HI)XHI(HI)
= (_i\/zaSQ'i'v hz)I-.I*l(Hl)XHI(H])
= 272 Re(F2(i)).
Now, Fj2 = th. Therefore, F;,2(i) =0 as soonas h € Hl(ﬂ-ﬂl) N V0+ N Vectr(O 4, iQ+)J"H1(H1), 0

4C. Study of the limiting profile through the Cayley transform. We will now study the spectrum of
—Ayt —2|Q+|?, which is natural since we are searching for a coercivity estimate on £ and we just
proved in Proposition 4.10 that

(Lh, h)H—l(Hl)xHI(Hl) = <_A|H11h - 2|Q+|2h’ h)H—l(Hl)XHI(Hl)-

This spectrum can be determined via the equivalence between the Heisenberg group H! and the CR
sphere S3 in C2, called the Cayley transform. We rely on [Branson et al. 2013] in order to introduce this
equivalence and its spectral consequences. In this subsection, we will denote by (w, s) the elements of
the Heisenberg group, bearing in mind that w = x + iy in the former notation. The Cayley transform is

2w 1—|w|?—is
H > ST\ 0,-1), (w8 ( , ).
¢ = S7\( ) (W) I+ |w2+is’ 1+|w|?2+is
The inverse of C is given by C™1(¢1, &) = (1EF—1§2, Im i ;g ) The Jacobian of the Cayley transform is
8

Je(w,s)| = .
e, 5) ((1+|w|2)2+s2)2

Notice that | J¢| is linked to Q4 as follows:
[Je(x +iy. )| =204 (x. .9

For any integrable function F on S3, we have the relation
/ Fdt =/ (FoO)|Jc|dAs(w,s).
s3 H!

Here, d¢ denotes the standard euclidean volume element of S3. We consider the complex scalar product

on L%(S?)

(F.G)12(s3) = / FGdt, F,GeL?*S>).
s3

One can notice that

f|F|2dz=/ |F 0P Je| dhsw, ).
s3 H!

In particular, |Jc| = 2|Q+|* is in L2(H'), so if a function F is such that F oC belongs to L*(H') (for
example if F oC € H'(H")), then |F o C|? belongs to L2(H'), and therefore F is in L%(S3).
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On the standard sphere S3, let
R = Clagl + 528;2.
Then the vector fields
T, =0, —GR., i=1.2,

generate the holomorphic tangent space to S3.

The conformal sub-Laplacian is defined as
2

D=—3) (T +TiT)+1.
i=1
where D — % is the sub-Laplacian. One can construct the Sobolev space

1
HY(S?) :={v e L*(S?) : vl g1 (s3) := ID2 vl 2(s3) < 00}.

The operator D on the sphere has a direct link with the sub-Laplacian on the Heisenberg group via the
Cayley transform: for any radial function F oC in H(H'),

1 3
~ A (@I (F 00)) = @lJe) 3 (DF) oc.
Notice that a function in A ' (H') maps to a function in H'(S?) via the following transformation:
Proposition 4.11. Let h be a function on H', and define a function vy, on S3 by

h(x,y,8) = 21T (0 0C)(x +iy,5) = V204 |(vy 0 C)(x + iy, 5). (18)
Then for radial h,

(Dun, vn)L2s% = 5Byt I h) g gy gy @nd (s v)p2s3) = /HllhlleJrlzd/\y
Therefore, vy, defines a function in H(S?) if and only if h is in H'(H").
Proof. Fix a radial function /, and define v by (18). Then

(—=Agih) -l = 2|Je])3 (Dvy) 0 C- (2] Je]) 3 (v 0 C) = 2] Jc| (Dvy) 0 C - vy o C,
SO
(—Ath, h>H*1(H1)XH1(H1) = Z(Dvh’ vh)L2(§3)‘

Moreover, when & € L*(H'), we have v;, € L?(S?) and
(vn ey = [ lonP s = [ oy CPlJel ddatw.s)
s3 H1
1 1
- E/Hl BP1Jel dhaCw.s) = [ BR1Q4P o O

Propositions 4.10 and 4.11 combined imply the following corollary:
Corollary 4.12. Let h in H'(H') N VO+ N(Q+, iQ+)J-’H1(H1). Then

(Lh, h)H—l(Hl)le(Hl) = 2(Dvp, vp)r2(s3) — 2{Vh, Vi) L2(s3)-
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The spectrum of the operator D on H ! (S?3) is well known. Indeed, the space L?(S?) endowed with
the inner product (F, G)12(s3) = Js3 F G d¢ admits the orthogonal decomposition

L*(S%) = (D Haju.
J,k>0
where Ha; ; is the space of harmonic polynomials on C? that are homogeneous of degree j in ¢1,¢>
and k in {1, {5, restricted to the sphere S3. Fix J-k >0, then the dimension of Ha; j is

mji:=dim(Ha;z) =j+k+ 1
The spectrum of D is as follows:

Proposition 4.13 [Stanton 1989]. Let A; = j + 1. Then for all Y; s € Haj g,
DYj,k = AjAij,k-

In particular, the smallest eigenvalue of D —Id is Ag0—1 = —%, with multiplicity 1 and eigenvectors
the constant functions on S3. The second one is also negative, equalto A o —1 =191 — 1 = —%, with
eigenvectors spanned by 1, &2, {1, &». The third one is positive, equal to Aro—1=Aop—1= %.

Let us study the radial property on S3. Let 1 € H'(H') be a radial function and let vj, be as in (18).
Since A and |J¢| only depend on |x + iy| and s, so does vy o C, which means that v, only depends on
1], &2 and &». This discards the eigenfunctions ¢; and ¢; in the above orthogonal decomposition of vj,.

The last step is to treat the remaining eigenvectors with negative eigenvalues for the operator D —Id,
in order to find a lower bound in the quadratic form

(Lh.h) g1 gyryx i gty = 20Uk Vi) 12(s3) = 2(Vns Vi) 12(s3)

forh e H'(H) N V0+ NVectr(Q+,iQ+,050+, iasQ+)J-’H1(H1). These eigenvectors are the constant
function e; = 1 (with eigenvalue —%) and the harmonic polynomials e = ¢ and e3 = {5 (with
eigenvalue —%). In order to do so, we reformulate the above spectral study back to the setting of
holomorphic functions of the upper complex plane.

For fractional Sobolev embeddings on R” and fractional Folland—Stein embeddings on H” [Chen et al.
2013; Liu and Zhang 2015], the potential negative eigenvalues are naturally discarded by the orthogonality
conditions, since they correspond to the tangent space to the manifold of functions equal, up to translation,
dilation and multiplication by a nonzero constant, to the respective optimizers U and H:

M(R™) = {CU(';XO) ¢ eR*, xp € R",g>o},

MMHY ={cH@BW-)):c e R*,u e H",§ > 0}.

4D. Coercivity of the linearized operator. We now use the spectrum of D on the CR sphere in order to
get a coercivity estimate on L. The lowest eigenvalues of D — Id are, in increasing order,

10,0—12—%<)&0,1—1=)Ll,0—1=—%<lo,2—1=/\2,0—l=%.

The negative eigenfunctions are e; = 1 (for A¢,0), e2 = Z_Z (for Ag,1) and e3 = {3 (for Aq,0).
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Lethe I-'Il(l]-l]l)ﬂVOJr NVectr(Q+,i0+,0s0+, i83Q+)J-’H](HI) and let v be as in (18). Decompose
v as
(v,e1)r2(s3) (v, e2)r2(s3) (v,e1)p2(s3)
(61, e1>L2(§3) (ez, ez)L2(§3) (63, 63)L2(§3)

V=v4+ e3, v4 € Vecte(eq, 62,63)l-

Since e; € Hag,, e2 € Hag,1 and e3 € Haj o, these three vectors are pairwise orthogonal in L2(§3),
and they are orthogonal to @( 7.5)24(0,0),(0,1),(1,0)3 Haj & The knowledge of the eigenvalues of D —1Id
enables us to say that

1
S (LRI fr—1 ey gary = (DU, V) L2(s3) = (V. V) L2(s3)

> 1||U 2 1 ven) 2?3 1v.ea) 2?3 1(v.es) 2y )?
i —+ 3y — 7 _ = 2 .
4 L2OY 4 (er,en)paey 4 (e2.ex)p2eyy 4 (es.e3)asd)
But
1017253 = 0417263 T, + (0. €2) 125 n (v, e3) 125317
L2(S?) L=(S?) {e1.e1)r2(s3) (e2,€2)12(s3) (e3,€3)12(s%) )
SO

l(ﬁh h) . - l||v||2 1 [{v.e1)r2(s3)|? B (v, e2)12(s3) I B (v, e3)2(s3)*
B s Hfl(ﬂ-[ll)le(l]-ﬂl) -4 L2(§3) 2 (el,el)L2(§3) (62,62)L2(§3) (63,63)L2(§3) ’

Let us replace these last terms by their expression on the Heisenberg group. We define

[ =~21Q4lejoC, j=12.3.

1—|w®—is

=204+ (w.5)—1, t
s = V20w —Lovege

From the identity {; o C(w, s) =

fi=V2[04]. fo=V2|04(V204-1) and f3=V2|04|(vV20+-1).

Thanks to Proposition 4.11, one knows that (v, v)2(s3) = (hQ+,hQ+) 21y, SO

(‘Ch’h)[-'l—l(ﬂ.ﬂl)xﬁl(ﬂ_ﬂl)
(RO +. 30 1)L2am)l? _ {nQ+, £20+)L2am)l? _2|(hQ+» [10+)L2aml?
||f3Q+”12J2(H1) ||f2Q+||%2(H1) ||f1Q+||]%2(H1)

For h € H'(H') N V5" N Vectr(Q4,i0+, 3SQ+,i8sQ+)L’H1(H1), let us consider the space where
Fpo, lies.

Since h € H'(H), from the embedding H'(H") — L*(H"), one knows that hQy isin L?(H') so
Fpg. belongs to L?(Cy).

From Section 4A, h being in H'(H') N V;t, Fj, (defined by h(x, y,s) = Fj(s + i|x + iy|?) for
(x,.s) € HY) is a holomorphic function (Fj, lies in the Hardy space #2(C)). This implies that

1 2
= E”hQ-I—”LZ(Hl) -

the function Fjo, = FpFg, is holomorphic too: we have shown that Fj, is in the Bergman space
A% = L?(C4) NHol(C4).
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Moreover, the fact that / is orthogonal to Vectp(Q +,iQ 4,950 1,90 ) in H'(H") is equivalent by
Proposition 4.8 to Fj (i) = F,; (1) = 0. But then, Fg, = F,Fg has a double zero at i. Proposition 4.8
again implies that

(hO+.050+) 2wty = (hQ+.05Q+) 2y = 0.

which is equivalent to
(FhQ+’ F/Q+)L2(@+) = (FhQ+’ Fé+)L2(C+) =0.

Now, define W := AN Vectc(F - Fo p )l .L2(€+)_ and denote by Py the orthogonal projection from
L?(C4) onto W. We have shown that 1fh € H LHYHN VJr NVectp(Q4.i04,0s04.,i0504)" HI(HI),
then Fpo € W. In particular, for u € L?(HY),

(hQ+. u) 2@y = 7(Fno, . Fulr2cy) = 7{Fno, . Pw(Fu))r2(c,)-
Back to the quadratic form, we deduce that

(Fro,» Pw(Fr0 )2l

1 2
(ﬁh,h)H—l HYx B 1 (H! Z”(_”FhQ “Lz cu)
HYHYxH (M) 2 +1L2(C4) ”Ff3Q+”z2(c+)

Froy Pw (Fr0 ) 2@yl B 2|(FhQ+, Pw (Fy, Q+))L2(C+)|2)

1Fr0: 7 2c, 1F5 04 172c,)
Let us denote
_ PwFro,) _ Pw(Fy) 123
T o lien  THRlpe, =077
with
1 1 20 1 —2i
RO = e PO = mmem(ar ) ™ RO = e ()

We try to find an upper bound on the quadratic form on LZ(C)
q(F):=2|(F, X1)12c)|> + {F. X2) 12c)|> + (F. X3) 2c >, F € L2(Cy).

In particular, we want to show that this upper bound is strictly less than %

Let us first write explicitly the orthogonal projector Py from L2(C4) onto the subspace W =
A3n Vect@(F’ F” )J- L2(C4+) We start by finding an orthogonal basis of Vect¢ (F e F” ) for the
scalar product on L2(<E+) We know by Proposition 4.8 that

(. 050 4) 2y = —i V22 Fy(i), ue L2(HY),

SO
(F.Fp )12y =—ivV27F(i), Fe€L*Cy).

Using the equalities

FQ(Z):%’ /()_—i«/i FI(2) = 2i/2

0 Z)=—"">, = " ﬁ
(z+i)? (z+i)?

( +i)*

/N()
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we obtain

. 1 , . I ///
Fo . (i)=—7, F,p, (i)=—F—, i)= = .
0.()="7 Fo )=77% Fo. )= zf +0= 4f
Therefore,
14
(FQJr FQ+>L2(C+)——I 2JTF (l)_lz
In the same way,

/ / _ . / N T
(FQ+’FQ+>L2(C+)__I 27[FQ+(Z)—E,

/ !
wFoepr o Folrrey

o+ (F// F’

"o At/ ro.
v )LZ(C+) F FQ+ + ZFQ+ is orthogonal to FQ+.
+

o+
(F,Fp )2y =0.
Moreover,
(F.F)r2cyy = (F. Fp 12y +(FiFg 2y =0+ F' Fy Y2,y = V27 F'(i).

Since F/(i)—F” (l)+lF”’ (l)—T 7 is of norm

T
<F’F>L2(C+) = Z

The orthogonal projection on Vectq;(F ’ Fg ’ )J- L2(C4) i L?(Cy) is then written

2 4 . .
Fel*(Cy)—F— ;(F, Fé+)Lz(C+)F’Q+ — ;(F, F/Q+ + 1Fé+)L2(C+)(F’Q+ + 1F6+).

Besides, from Proposition 4.5, we know that the orthogonal projection Po from € L?(C) onto A% is
given by

. 1 1 : 2
PoF t)=—— F dudv, FeL“(Cy).
oF(s+in) n/CJr (s—u+it+iv)? (7 iv) du dv (C+)

Therefore, the orthogonal projection Py on the space W = A% N Vectq;(F / . Fg ’ )J- L2(C4) | for
F € L?(Cy), is written

1
L (s—u+it+iv)?

PwF(s +i1) = —l F(u+iv)dudo— %(F, Fp )12 Fo, (s+i0)

—%(F, Fh, +iFy Ve (Fy, +iFy ) (s +i0).

We use the following estimates of (7 PoFj, Fj)r2c,), / =1.2,3:
Lemma 4.14. If¢ = 10710, then
|<7TPOF1, Fl)LZ(@+) —2| <e,

|(7 Po F2, FZ)LZ(C+) - 19—0| =e,
(7 PoF3, F3)12(c,)—0.1303955989| <.



770 LOUISE GASSOT

The proof of this lemma is rather technical and is postponed to the appendix. It involves simplifying the
integrals defining Po F;, j = 1,2, 3: we determine explicitly the holomorphic function which coincides
with PoF; on C4 thanks to a massive use of the residue formula. This part is necessary in order to
compute numerically (PoFj, Fj)r2 +)- Without this preliminary work, there is a four-dimensional
numerical integration to perform and the error estimate is big with a naive approach.

A direct calculation gives

T 14

<F17 Fl)LZ(C+) = Za (Fz, F2>L2(C+) = (F3, F3>L2(C+) = g,
22 22 2/2
(FiL.Fg ey =—3 (P Fo )iy =—"5" (B Fo ey =75
2 2V2 - 144/2 - 22

We deduce that

(PwFi. Fi)r2cyy (Pwha. F2)p2@cyy  (Pwh3 F3)p2cy)

—0.2046049976| < 24e¢.
(F1, Fi)r2c) (F2. F2)12cy) (F3. F3)12(cy)

This enables us to get a sufficiently precise estimate for the quadratic form. Indeed, we want to show
that the norm of the following quadratic form is smaller that %:

q(F) =2/(F. X1)12c) /> + {F. X2) 120 I> + (F. X3) 12c 1>, F € L2(CH).

Applying Cauchy—Schwarz’s inequality, for F' € W,

q(F) —2‘ T ‘<F’ B2y |? ‘<F’ F3)iacy) |
| F1 ||L2(C+) ||F2||L2(C+) ||F3||L2(C+)
2 (PwFi. Fl)i2c,y  (PwFa. Fa)i2c,)y  (PwF3. F3)r2c,)
=P leen PR |22 |52
1 L2(Cy) 2 L2(Cy) 3 12(cy)

But we just estimated

(PwFi, Fi)i2cyy (Pwhz, Fa)p2cyy  (PwF3 F3)12cy)

122, 1022, 155122,
as C ~0.2046049976 < 1. Going back to /1 in H(HY)NVy" NVectr(Q+,iQ+, 8501, ids 04) 1 H ¢,
(Lh. ) gr—1 iy iy = (31 Fro, “iZ(ch) —4q(Fno,))
> (31 Fno s 22y = CllFros Iz2c )
= 250004 12y = T2 Mol 2

But %(ﬁh,h)g—l(u-nl)xgl(u-ul) = (Dvn, va)12(s3) = (Vhs VR L2(53)s SO
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1-2C
(Dvp, vp)p2(s3) = (1 + T) (Vs VR)L2(s%)

1
(Dvn, vp)p2(s3) — (Vs Vn)p2(s3) = (1 - m) (Dop, vi)12(s3)-

2

Hiwy the following theorem holds:

Set § =2(1 ). Since (Dvy, vp)r2(s3) = 4]l

1
T 1+(-20)/4
Theorem 4.15. The linearized operator L around Q +
Lh = —Agih =217 (10 Ph) — TIF (0% h)
is coercive outside the finite-dimensional subspace spanned by Q+,i1Q+, 950+ and i95Q 4 there exists
8§ > 0 such that for all h in H*(H") N V0+ N(Q+.,i04+,0;0+, i33Q+)J"H1(H1), then
2
(ﬁh’h)H—l(Hl)xﬂl(Hl) z 5||h||H1(H1)-

For the Szegd equation, Pocovnicu [2012] proved that the linearized operator is coercive in directions
which are symplectically orthogonal to the manifold of solitons
{ ape” ERY,aeR:,0eT e[R{}
—_— o , ,a .
wx—a)+i HeRt +

The nondegeneracy follows from this theorem and the study of £ on the finite-dimensional subspace
V =H'"MHYNV;" N Vectr(Q+,i0+,050+,i050+) (Section 4B).

Corollary 4.16. The linearized operator L is nondegenerate:

Ker(£) = Vectp(9s Q4,10+, Q++2i050 ).

4E. Invertibility of L. The following corollaries of Theorem 4.15 make precise the invertibility of £ and
the linear stability up to symmetries of the ground state Q. These estimates will be useful in order to
prove the invertibility of the linearized operators Lo, around Qg in Section 5.

Corollary 4.17. There exists ¢ > 0 such that for all h € H*(H) N V",
”Eh”H—l(H]) + [(h, asQ+)H1(H1)| + |(hsiQ+)Hl(H1)| + |(h, Q++2i8SQ+)H1(Hl)| z c”h”Hl(Hl)-

Proof. Let h e HY(H) N V0+. We decompose & into three orthogonal components i = hg +h_ + h,
where ho € H'(H') N V" N Vectr(d504,i0+, O+ +2i0;04), h— € HY(H') N V5t N Vectr(Q4)
and hy € H'(H) N VO+ NVectr(Q+,iQ+,050+, iasQJr)J-’Hl(Hl). Then Lho =0, and Lh satisfies
the above coercivity estimate Theorem 4.15: for some § > 0,

14 g1 ary = S0 1
Write h— = AQ 4 for some real number A. Then £Lh_ =21idsQ 4, so
(Lh— h=) g1 gy g1 ) = 22295 0. O+) g1 @yx i1 ai1y-

But
”h_”i.ll(ﬂ-ﬂl) = (_l/\as Q+7 AQ-F)H—I(HI)XHI(HI)’
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80 (Lh— h) g1ty g1ty = —2Ih- ”Hl(u-nl) In particular, || LA g—1 g1y = 22—l g1 qy-

Thanks to Corollary 4.9, we deduce that
] A /S S 0 AP

> 4lh-|3 + 814 I ggry = (Min(2, 8)? (7= + 7 |

H1HY) HIWHY)

Moreover, since Ay is in the space spanned by d;Q +, i Q4+ and Q4+ 2iQ 4, there exists some constant
0 < ¢ <min(2, §) such that

|(h, 8sQ+)H1(H1)| + |(h’ iQ+)H1(H1)| + |(/’l, Q++ 2i0s Q+)H1(ﬂ-ﬂ1)| = C||h0“H1(H1)-

Therefore,
||£h||H—1(IH]1)+|(ha ds Q+)H1(H1)|+|(h7 iQ+)H1(H1)|+|(ha Q++2iasQ+)H1(H1)| ZC||h||H1(H1). u
Let us recall that for h € H'(H") N V", we have set in Definition 3.8
5(”) - “|u||H1(H1) ||Q+”ill(|].ﬂl)‘ + ‘”M”}tél»(n.ﬂl)_ ||Q+||i4(|].ﬂl)‘

Corollary 4.18. There exists g9 > 0 and ¢ > 0 such that for allu € H' (H)NV,F, if lu— Q0+ ”Hl(u-ul) <&y,
then

8() + 114, 05 04) g gy |+ 104,1Q-4) s gy | 104, O 208504) 1 gy = el = O 121 411

Proof. Letu € H'(H"Y) N V+ and set h = u — Q4. We decompose & as above in three orthogonal
parts h = ho + h_ + hy, where hg € H'(H') N V+ N Vectr(0sQ+.,iQ+, Q4 +2i0504), h— €
HY(HY) N V" N Vectr(Q4) and hy € HY(HY) N V+ N(Q4,i04,0504,id,04)HH G,

The link between &(u) and the linearized operator £ appears through the functional

E ) =l gy = 31l 0oy

Indeed,

|E(u) — E(Q4)| = 8(u),
but since Q4+ is a solutionto D;Q 4+ = HJ(|Q+|2Q+) and h belongs to H'(H') N V", we have the
Taylor expansion

E(u) E(Q-|—) —_— (£h h)H I(HI)XHI(HI) + O(”h”Hl(Hl)

Therefore,
8(1,{) > (El’l h)H LHYxHI M) ™ O(”h”Hl(Hl))

From Corollary 4.9, we know that

(Eh’h)H_l(ﬂ-ﬂl)le(I]-ﬂl) = (Lh+, h+)H_1(H1)xH1(H1)+ (Eh_’h_)H—l(Hl)le(I]—ﬂl)'
Consequently, the coercivity estimate on £ implies that for some constants c¢1, C; > 0,

8u) = crllh 3, gy, — Crlll-13 + A3 (19)

HI(H) HI(HY) Hl(ll-ﬂl)
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Let us focus on the term ||A— ”Hl s We use the fact that

8) Z [(Q++h. Q++h) g1 any— (@+. Q) g1y

> 2001 1 oy | = 1811 g, = 200+ ey =1 oy = 0%

SO
8)* = 410+ 171 4y 1131 gy =B 1)-

We use this estimate to control ||/— ||2 in the lower bound (19) of §(u). Up to decreasing ¢,

L(H!
one can absorb the term §(u)? into the term §(u): there exist ¢z, Co > 0 and g9 > 0 such that if

121l g1 gy = = O+l g1 gy = €0,
(Hh) (Hh)

28(u) = 8(u) + C28w)* = c2|| b4 |3 +e2llh-13 —Co||h|I3

HIHY HI®MHY HIHY

We now control || /¢]|2 If &9 < 1, we have an upper bound

HI®Y
170171 a1y = 10l 1 ry < A 35 Q1) g1 gany |+ 1101 1 gy |+ 1 (. Q442005 0 4) g1 ) -

In the end, there exist ¢35 > 0 and C3 > 0 such that for all u € HI(HI) nv.r,

§(u) + [(h, 05 Q+)['11(H1)| + [ (7, iQ+)1L'11(H1)| + |(h, Q++2i 0 Q+)H1(H1)|
>C3(”h+”H1(Hl)+”h ||H1(Hl)+||h0”Hl([H]l)) C3||h”Hl(Hl) C3||h||Hl(|].|]l) C3||h||Hl(Hl)
Up to decreasing &¢ again, we can absorb the term ||h||3 Ll into the term ||h||2 Y Note that Q 4 is or-

thogonal in HY(H') to 9,0 +,iQ+ and Q4 +2id; Q+,theref0re (h, s Q+)H1(H1)—(u ds Q+)H1(H1),
(h lQ+)H1(H1) - (u lQ-i—)Hl(Hl) and (h Q++2la Q+)H‘(H—I]1) - (u Q++2la Q+)H‘(H1) 0

We now control the distance of a function u € H'(H') N V0+ to the profile O+ up to symmetries by
the difference of their norms §(u).

Definition 4.19. Fix h € HY(H)N V", 5o €R,0 € Tand o € R% . We denote by T, 9.,/ the function
in H'(H') NV, defined by

Tso.0ah(x,y,s):= eieah(ax,ay,az(s +50)), (x,y,8)¢€ HL.
Corollary 4.20. There exist 8o > 0 and C > 0 such that for allu € H'(HY) N V", if §(u) < 8, then

inf T, u— Cé(u
(So,e,a)eRxTlei” 50,0, Q+”H1(H1) - ().
Proof. Assume by contradiction that there exists a sequence (un)neny C HI(HY) N VO+ such that

8(uy) — 0, but
1

— inf T Uy — 2 — 00.
8(un) (50,0,0) ERXTXRY, | so,8.a%n Q+”H1(H1)n—>oo

According to the consequence of the profile decomposition theorem stated in Proposition 3.10, since
8(un) — 0; then, up to a subsequence, there exist cores (s,)neny € RY, an angle 6 € T and scalings
(ctn)nen € (Rj)N such that

||Tsn3001anun Q+||H1(H-I]1) _) 0.
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We will make use of the implicit function theorem in order to apply Corollary 4.18 with some functions
T, 6, .a,4n orthogonal to 050 +,iQ+ and Q4+ 2id;Q+ and get a contradiction. Consider the maps

F:Hl(Hl)ﬂV0+—>[R3, u'_>((“’asQ+)H1(H1),(u’iQ+)H1(H1),(u’Q++2iasQ+)H1(H1)),
G:RxTxREx(H'HHNVH) = R3 (5,0,0,u) > F(Ty04u).

Then F(Q4+) = 0, so G(0,0,1, 04+) = 0. Moreover, G is smooth in (s, 8, «), and the Jacobian
ds,0,4G(0,0,1, Q) of this application along (s, 8, @) at (s, 0, a,u) = (0,0,1, Q) is equal to

||asQ+||i~11(H1) (Q+.95sQ1) g (Q++42i050+,050+) g1y
(asQ+»iQ+)Hl(Hl) ”iQ—i-”i,l(Hl) (Q++2iaSQ+’iQ+)H1(HI)
05O+, Q++2i050 1) gy ((Q+.Q++2i050 1) figyy  1Q++2i0s Q+||21(H1)

Replacing all the terms by their values, we get

2 2
Tc o
5 2 Y
ds,G,aG(Os 0,1, Q+) = 0 7T_2 0 s
2
0 0 nx2

which is invertible. By the implicit function theorem, we get continuously differentiable functions So(u),
®(u) and A(u), defined in a neighborhood V of Q4+ and valued in a neighborhood of (0,0, 1): ifu € V,
then || Ts)w),0m), 4% — O+l 1 ) = €o (where ¢g¢ is taken from Corollary 4.18). These functions

satisfy (So(Q+). ©(Q), A(Q)) = (0,0, 1) and
G(So(u),®(m), A(u),u) =0.

Now, since || Ty, 6.0, Un — Q+“H1(H1) — 0 as n — oo, there exists N € N such that for all n > N,
Ty, 60,0, 4n € V. Therefore, defining s;, = s, + So(T,, 60,0, Un)> O = 6o + O(T§, 6,.a,Un) and o), =
an + A(Ts, 00,00 Un), We get iy =Ty o1 oty € HY(HY) NV, such that ||ii, — Q-+l g1 g1y =< €0 and

(ﬂn;aSQ—i-)Hl([H]l) = (ﬁn,iQ+)Hl(H1) = (Uin, Q++2iasQ+)Hl(H1) =0.

Moreover, by invariance under symmetries, §(ii,,) = 8(u,), so applying Corollary 4.18 to 11, = Ty/ g7 o Un,
we get that for some constant C > 0,

2
175050, m = Q-1 g1y = C8n).
This is a contradiction with the assumption that

! inf
S(un) (50,0,0) ERXTXRY,

2
||TS(),6,Clun_Q+||H1(H1)n:o)ooo' D
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5. Uniqueness of traveling waves for the Schriodinger equation

We now show that the study of the limiting profile Q +, and in particular the linear stability, enables us to
prove some uniqueness results about the sequence of traveling waves Q g with speed j sufficiently close
to 1. The argument is similar to that of [Gérard et al. 2018] for the half-wave equation: for B close to 1,
Qp is close to Q4+, so we can make a link between the respective linearized operators.

In order to do so, we first need to show some regularity properties and decay estimates on the
profiles Qg (Section 5A). For the half-wave equation, these estimates came from the Sobolev embedding
H? (R) — LP(R), 2 < p < 0o and the convergence in H? (R).

Recall that from Definition 3.5, Qg denotes the set of ground states Qg satisfying (3). One can
summarize the convergence of (Qg)g from Section 3B combined with the uniqueness result for Q
from Section 3C as follows:

Proposition 5.1. For all B € (—1, 1), fix a ground state Qg € Qg of speed B. Then there exist scalings
(qﬂ),g in RY., cores (sg)g in R and an angle 0 in T such that after a change of functions Qg :=
e’eaﬂ Qplag-,ag- ,aé(- +5g)), the sequence (Qg)g of solutions to (3),

_AHI +ﬂDS
1-8

converges as B — 1 in H LHY) to the unique (up to symmetries) ground state solution to (4), namely
DO+ = H(')"(| 0 +1?>Q+), which is written

0p =1051°0p.

iv2
s+i(x2+y2)+i’

O+(x,y.8) =

5A. Regularity and decay of the traveling waves () g. In this section, we collect information on the
regularity of the profiles Qg. We show that after the transformations from Proposition 5.1, they are
uniformly bounded in L? (H') for all p > 2 when B is close to 1. We deduce a uniform bound in L (H?!),
from which we estimate the decay of these profiles when the variable (x, y,s) € H! tends to infinity.
Finally, we show that the sequence (Q )4 is bounded in H¥(H") for B close to 1 and fixed k > 1.

The operator — (A1 + BD;)/ (1 — B) admits an explicit fundamental solution.

Theorem 5.2 [Stein 1993]. Let
1— 1— 1+ 1
mp(x.y.5) =~ (18 r(1EE)

272 2 S (x24y2—is) 2 (x24y24is) 2
Th . d I soluti A1 +8Ds . h distributi
en mg is a fundamental solution for—T. in the sense of distributions,
Ay + BDs
EH T S g = 6.
1—-g P

The proof of regularity for the Qg relies on the use of generalized Holder’s and Young’s inequalities
in weak Lebesgue spaces (see [Vétois 2019] for the strategy). We define the Lorentz spaces as follows:
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Definition 5.3 (Lorentz spaces). Fix p € [1,00) and ¢ € [1, oo]. The Lorentz space L?*4(H!) is the set
of all functions f : H' — C with finite L?>9(H') norm, where

(p /Oo RTI({ueH : | f(u)| = R})% dR)q if g < 00,
0

£ llLra(HY) =
sup (R?A3({u e H' : | f(w)| > R})) if g = o0
R>0
The usual L? (H') spaces coincide with L?? (H') spaces. In general, || -[| .4 31y is not a norm, since

the Minkowski inequality may fail. The following inclusion relations are true [Stein and Weiss 1971]:

Proposition 5.4 (growth of L7+ spaces). Let p € [1,00) and q1,q> € [1, 00 such that q1 < q3. Then
LPA1(HY) c LP92(HY).

Note that the functions mg, B € [0, 1), are uniformly bounded in L2%:°°_ Indeed, let R > 0, then

As({(x, y,s) € HY x>+ [y >+ Is] < RY) = R2A3({(x, Y, s ) e HY X2+ /1> + 15| < 1D).
= _1=Bp(1=5 1+8
“6-=" 2712 ( 2 )F( 2 )

Definition 5.5 (convolution). The convolution product of two functions f and g on H! is defined by

Moreover, the constants

are bounded for § € [0, 1).

frew= [ 0000 = [ o e dao.
Note that the convolution in H! is not commutative and that the relation

P(fxg)=fxPg

holds for every left-invariant vector field P in H! (for example, P = —

P(f*xg)#Pf *g.

Let us recall the generalizations of Holder’s and Young’s inequalities for Lorentz spaces.

A..1+B8D .
Hllfgs), whereas in general

Lemma 5.6 (Holder). Let p1, pa, p € (0,00) and let q1,4q2,q9 € (0, <] such that TR % and
L L L ywiththe convention o5 = 0. Then there exists C = C(p1, p2, P, 41,92, q) such thatfor any

a T =q
f e LPLA1 (HY) and any g € LP2"12(|]-|]1), we have fg € LP4(H') and

IfgllLra@y = ClLf lLrra@nllglliLrza gy
Lemma 5.7 (Young). Let p1, p2, p € (1,00) and let q1,q2,q € (0, 0] such that Tt = + 1 and

qll + q12 > é with the convention _; = 0. Then there exists C = C(p1, p2, p, 41, qz q) such that for any

f e LPr9 (HY) and any g € LP? ‘12([H]1), we have f x g € LP4(H') and

I/ *gllLe. M) = <C|flLe q1(u—nl)||g||Lp2 92 (H1)-

Theorem 5.2 implies the following formula for Qg:
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Corollary 5.8. Forall B € (—1,1),
0p =(10p1>0p) xmg.
Let us now prove the boundedness of Qg in LP(HY), p>2.

Theorem 5.9. For all p > 2, there exist C, > 0 and B«(p) € (0,1) such that for all B € (B«(p),1),
198l Lr@y < Cp-

Proof. We proceed by contradiction. Fix p > 2. Assume that there exists a sequence (8, )nen in (0, 1)
converging to 1 and such that || Q g, | » @1y € [, 00] for all n € N. By duality and density of C°(H!) in
L9(HY), ; L' — 1, there exists a sequence (¢p)nen in L9 (HY) N L3 (H') such that l@nllLa@ory <1 for
all n and

—> OQ.

'/ Qﬂnﬁl’n dAs
H] n—o00

Let us define

4
Kni={p € LG N LIG): lglzagan < gl and lgll 3., <

Since Qg, € L*(H"), the supremum over functions ¢ € K, of le Q0p, ¢ dAs is finite. Thus, if we

< llonll, 4 1, -

change ¢, to another function ¢ from Kj, where le 0g, 9 dA3 is closer to this supremum, the K,
corresponding to ¢ and thus the new supremum will decrease. We can therefore assume up to changing
@y that

> sup
peK;,

2‘/ 00 425 [ 2p0dis).
H! H!

By density, let (fx)xen be a sequence in C2°(H') such that |||Q 4| — SillL2@ary — 0 as k — oo.
Denote, fork,n €N, g, r :=10g, |2 — fx. We will use the fact that the functions g, x have a small norm
in L2(H') when k and n are large enough thanks to Proposition 5.1. Let us cut

/ Qp,n dds = / (195, 1*Qp,) xmp,)en d3
H! H!
=/ ((kaﬂn)*Mﬂn)%dker/ ((8nkQp,) *mp,)¢n dA3
H! H!

in order to evaluate these terms separately.
Concerning the first term on the right-hand side, using Lemmas 5.6 and 5.7,

/Hl ((fxQpg,) *mp,)pn dAs

<[ ((fxQp,) *mp,)en | 1.1 ey
< Ci(PIISkQp,) *mp, [l r.r@nyllenllLa.a@r)
<GP/ Qp, L2/t @nyllmp, IL2.00garyllon | La gty

(we used that 2p/(2 4+ p) > 1 since p > 2). Using again Lemma 5.6, choosing any t € (0, co) such that
1/t>(@4—p)/(4p)and o =4p/(4+ p) > 1, we get

VHI((fk 08,) xmg,)pn dAz| < C3(P)Il fi | Lor w1 O, I 44wy lm g, | L2.00 a1y | 0n |l La 1y -
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We know that [|¢n || a@gy < 1 for all n, that ||mg, ||12.00¢y1) is bounded independently of n and that
(O8)eo,1) is bounded in L*(HY), so there exists C4(p) > 0 such that for all k,n € N,

[ (@) w5, )on 022 = oD felle oy,

Applying Fubini’s theorem to the second term on the right,
f ((gnxQp,) *mp,)en dA3 =/ / (20 0p,)(W)mg, (v u)gn (u) dA3(v) dA3(u)
H! Hl JH!
:/HI/HI(g"=kQﬂ")(v)mﬂn(v_lu)‘/’n(“)dh(“)dlz(v)
:[HI[HI(gn,kQ,Bn)(U)nVilgn(u_lv)gon(u)dk3(u)dk3(v)
= /Hl(gnstﬂn)(v)(¢n *1itg, ) (v) dA3(v),

where

» _ 1y = _1=Bp(1=B\p (118 !
g ) = mal(rey ™ = =2 ()P (5 )(x2+y2+is)156(x2+y2—is)1+2ﬂ

has the same bounds in L2**°(H!) as mg.
But thanks to Lemmas 5.6 and 5.7,
lgn .k (@n x Mg )Lagy < C1(Pgn kL2000 |00 * g, | L2p/ (0200 1)
= C3(PIgn ke llL2.00@a1) |0n I La.a ey 17 g, 12200 1) -
Note that the assumption p > 2 ensures that % € (1, 00).

Moreover, this last inequality still holds with the same reasoning when replacing p by 4 and its
conjugate exponent g by %. Fix

C =max(C;(p),C3(4)) x sup |mgll2.c001)-

Be€[0,1)
Then, when g, x is nonzero in L?(H"), the function

1 o
k= k(n * g,
Yk = Elgn il izooqn, Sk n * 6,)

belongs to K. Therefore by definition of ¢y, for all k,n € N,

‘/ﬂ;}l 08, 8nk(@n *mp,)dA3| <2C | gn k|| L2.00 1) /Hl 08, %n dA3]|.
But

lgn llz2comny < 11Qp, 1> = fell L2ty < 1108, 12 =10+ N2y + 11O+ = fiell2any



RADIALLY SYMMETRIC TRAVELING WAVES FOR THE SCHRODINGER EQUATION 779

and this quantity converges to 0 as min(n, k) goes to co thanks to Proposition 5.1 and the construction of
(fx)ken- Therefore, there exists ng such that, for all k > ng and n > no, 2C||gp k|l L2.00gq1) = % or in
other words,

5 1
'/ 08, 8n k(@n xng,)dAs 55‘/ 0p,Pn dAs
H1 H!

Since

[ 0nndia= [ (1iQp) +ma)ondra+ [ Qpukton wiig,) dha,

we get that for all k > ng and n > ny,

‘/ 0p,9ndAz
H!

Fix k > n¢ and consider this inequality. There is a contradiction when n goes to 0o, since the right-hand

< 2‘/ ((fxQp,) xmp,)pn dA3
Hl

side remains bounded by C4(p)|| fx |l Loz 1), Whereas the left-hand side tends to co. O

Corollary 5.10. Forall p € (2,00) and q € (1, 00), there exist Cp 4 > 0 and B«(p.q) € (0, 1) such that
Jorall B € (Bx(p.q). 1), 1QpllLra@t) = Cpg-

We now collect some estimates on the decay of Qg when f§ is close to 1.
Theorem 5.11. There exist C > 0 and B« € (0, 1) such that, for all B € (B«, 1) and all (x, y, s) € H!,

C

X, V)< —F—m—5——,
|Qﬂ( y )| p(x’y,s)2+1
where p(x,y,s) = (x2 4+ y?)? + sz)% is the distance from (x, y, s) € H! to the origin.

Proof. We first show that the Q g are uniformly bounded in L®(H) for B € (Bx. 1) if By is large enough.
Let u € H!. Applying Holder’s inequality (Lemma 5.6) to the right-hand side,

Q)| =

/GHI 108120 pw)mg(v~"u)dAs ()| < [1Qp12 Qpmp(- W)l < 1Qp170p

2.1y llmpll 2.0 1y < ”QB||]?:6.3(H1)||m/3||L2~°°([H]1)-

The conclusion follows from Corollary 5.10.
For every R > 0, we set Bg = {(x, y,s) e H!; p(x,y,s) < R} and M(R) = sup |Qp(x.y.5)|
Let R > 0, u € BS. We split the integral: (x.y,5)€BR

110817 0p) * m(u)]

<[ 10sP0semp T i) | [ 105 0p0Imp0 ) a0
vEBR,> veBL /s
For the first summand, v € B/, implies uv~! e Bfe/z’ SO
. cg]
L.y, 08P 0s M0 0 5] = SN0 gy
R/2
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Thanks to Theorem 5.9, one knows that up to increasing S, there exists some constant C such that

ca11Q 81331y = C forall B (B, 1).
To estimate the second summand we apply Holder’s inequality (Lemma 5.6):

[ 108 0pimp ) ara)| < 11Qp PmaC- il igag M (4)

eBR/2

< |||Qﬂ|2“L2-1(BC 2)||mﬂ('_lu)llesw(B;/z)M(g)
< 10pllLa4(8g, )10l La.4/3(8g, ) ImpllL2.00my M (3)-

Thanks to the convergence of (Qg)g to O + in H'(H) as B tends to 1 and the Folland—Stein embedding
H'(H'") < L*(H"), the sequence (Qp)p converges to O in L*(H') and therefore is tight in L*(H").
Moreover, the norms || Q g||1,4.4/341y, for B close to 1, are bounded. Therefore, up to increasing B« again,
one can choose Ry > 0 such that

yimplip2.cogy) x 1Qpllipaacpe ) <3

R/2

sup  ([1QpllLs.ar3Be

BE(Bis1) Ro/2

Then, for every R > Ry,

/ . 081> Qp(@)mp(v~"u) dAs(v)| < §M(5).

eBR/2

Combining the two estimates and applying them to R = 2", n > ng so that 2"° > Ry, we get

M@2" += M(2” .

e

Iterating, one knows that for all n > ny,

n—no

3L 1 .
M(zn) < C 4n—k 8_k + Sn_n0+l M(2n0 )

k=0

n—ng
<4 Y 4 gt g < 2 + 870 MM )a
k=0

Since p(u) ~ 2" for 2" < p(u) < 2"*1, this completes the proof of the result. O

Corollary 5.12. For some B« € (0, 1), for all k > 1, there exists Cy, > 0 such that for all B € (B«, 1),

1981 g1y < Ck-

Proof. 1t is enough to prove the first part of the claim for k € N. We proceed by induction on k. We
already know that it is true for kK = 1, because

||Q ”2 < (_(AH-I]‘ +ﬁDS)Qﬂv Qﬁ)H—l(Hl)le(ﬂ-l]l) _ ]ﬂ
Pl = 1-p T (-p?

and ( is bounded (see 3B).

(1- ,3)2)/3



RADIALLY SYMMETRIC TRAVELING WAVES FOR THE SCHRODINGER EQUATION 781

The following additional assumption will be useful in the induction step: Up to increasing B+, we can
assume that the Qg are bounded in L®(H') and in L>(H!) for B € (B« 1).

Suppose now that the Qg are bounded in H¥(H") for an integer k > 1. Then by Leibniz’ rule, since
Ayt = %(X2 + Y?2) for radial functions, with X = d, + 2yds and ¥ = 9y — 2x0;, there exist some
coefficients c) such that

_ Ay + BD
_Akll(_ H ﬁ N

=5 0p) =—Ak'(10520p) = > c20*1(0p)0*2(05)3% (0p).

[A1l+]A2]+|A3|=2k—2

The notation is similar as in RV, ; being a finite sequence of letters X and Y of length |4/, X =X,
dY := Y. The following inequality can be easily proven via the Fourier transform:

k+1 _ k
(- A Qﬂ» Qﬂ)g—l(Hl)xgl(W) = (_A[H]l Qﬂa — Ay Qﬂ)Hl(Hl)xH—l(Hl)
< —Ak_l —AH1+ﬁDSQ _AH1+/3DSQ
— H1 1— ’ 1— B . .
B B HIMY)xH-1 (1)

Ayt D
S( Aﬁll( %Qﬁ),lQﬂleﬂ)

We replace the term on the left by the above sum. By integration by parts and Leibniz’ rule again, we can

I-'Il(I]-Hl)XI-'I—l(I]-[Il).

manage so that the following indexes of derivation y; all have length less or equal than (k —1):

(- Ak+1Q/3 Qﬂ)H LHYxHLIHD) = Z C;l«/l aMI(Qﬂ)“'a'u4(Q,3)aM5(Q_ﬂ)aM6(Q_ﬁ).
1 4+l =2k—2 "
|M1|99‘M6|5k_1
We now apply Holder’s inequality with exponents pq, ..., pe € (2, 00) satisfying % 4t é =1, to

be chosen later. Then, denoting m; = |u;|,

‘/ﬂ-l]l ! (Qﬁ) te 8M4(Qﬂ)aM5(Q_ﬂ)aM6(Q_ﬁ)‘ =< ”Q,B ||Wm1-ﬂl(ﬂ-[|l) te ”Q,B ||Wm6..”6(ﬂ.|]l)'

Let us choose the p; appropriately. The aim is to use complex interpolation, and in particular the following
relation between homogeneous Sobolev spaces (see, e.g., [Bergh and Lofstrom 1976], Theorem 6.4.5,
assertion (7)):

(LIHY), HF1))g = WmPHD),

where p, q € (2, oo) m=(1-0)0+0k and = %‘9 + %. For example, we choose 6; = % and p;
such that 6k —i— . Then
1 1 [ k=1 _143k-3 1
R — frd -
O< o <o ™ 2% 6k 2
so p; € (2,00) and
1 1 1, 2k-2
— —=-+—F—=1
P1 pe k= 2k
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This choice leads to the exponents
. 6k
U= ke
Since 0 <m; <k —1,2 < 6k < ¢; < 6k? < 0o, and we can therefore apply the interpolation result.
Since there is a finite number of terms in the sum, the boundedness of Qg in Lé(H!), in L>(H') and
in H*(H) for B > B+« ensures that there exists Ck+1 > 0 such that for B > B,

K+l
[(=Au1) 2 OgllL2@y < Cr+1s

so the Qg are bounded in H¥*1(H?). O

5B. Invertibility of Lg,. For € (—1,1) the linearized operator around Qg for the Schrodinger equa-

tion is

AHI + ,BDS
1-p

We prove the invertibility of this operator on a space of finite codimension.

Loyh=— h—2|Qgl*h—Q3h, he H'(H").

Proposition 5.13. There exist a neighborhood V of Q +, B« € (0, 1) and some constant ¢ > 0 such that
forall B € (B, 1), forall Qg € Qg NV and for all h € H'(H'),

||£Q5h||y—1(|].n1)+ (R, 0 Q+)H1(ﬂ-ﬂ1)|+ (R, iQ+)H1(H1)|+ (R, Q++2iasQ+)H1(H1)| = C||h||H1(H1)-

Proof. Let B € (0,1) and Qg € Qg. Let h € H'(H'). We decompose h = h™ + h,, where ht €
Hl(Hl) N V0+ and hJ_ =h —h+ € Hl([H]l) N @(n,ﬂ:);é(o,+) Vn:t.
We split Lg4h as
Logh=Lh* —ry—r_+Ly h,

where L
LhT = =A™ =211 (|0 + [*h™) — TI§ (0% A ),

ry = 200§ (101> = [Q+ )R + T (QF — QF)h ),
r— =203 (10ph1) + T (QFh1),

_Aw+BDs, g 3)(107h) — (d—TI5)(QFh).

Loph=="1—4

We treat each term separately.

e Concerning Lh™, thanks to Corollary 4.17,

||£h+||H—1(Hl) + |(h+’ aSQ+)H1(Hl)| + |(h+’iQ+)Hl(Hl)| + |(h+’ Q++2iaSQ+)H1(Hl)|
2C||h+”[-'11(|].ﬂ1)-

Since 05 Q +,iQ + and (Q ++2idsQ ) are in V0+,weknow that (h+,85Q+)H1(H1)=(h,BSQ+)H1(H1),
(h+,iQ+)H1(H1) = (h’iQ-i-)Hl(Hl) and (h+, Q++2iasQ+)H1(H1) = (h’ Q++2iasQ+)H1(H1)-
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¢ Now consider r4 and r—. Let K be the constant in the Folland—Stein embedding H'(H") — L*HY),

lglzaey < Kllgl grggy, €€ H'(HY).
Since the sequence (||Qgll41))p is bounded by some constant Cy,

=l 4 <3CTIALlLagy < 3KCENALI g1y

L3 (G
| +||L3(H1) <3108 — O+ llLeayIQplLagny + 1O+ ILagu) AT I Lagan)
<6C1[08— O+ lpa@mlh™ s
<6KC1|Qp — Q+||L4(D-|]1)||h+”H1(H1)-

Fix & > 0 to be determined later. There exists B« (¢) such that for 8 > B«(¢),
108 — O+llLaqy <&

We conclude by the dual embedding L3 (H') — H~1(H") that there exists a constant C» (independent

of €)) such that for all 8 € (B«(e), 1),
||r+||[-'1—1(H1) + ”r—”H LMYy = C2||hJ_||H1(H1) + C25”h ||H1(|]-D1)

¢ Finally, we focus on
A[H]l + ﬂDS

1-p

In order to bound the H ! norm of this term, we will use the fact that

Lozh=— hy—2(d—TI§)(1Qp*h) — (d =TI ) (Q3h).

2||£Qﬁh”2 —1(H!) 2||hJ.|| HIMH) = ”[:QBhHH I(Hl)HhJ_”Hl(Hl) = ('CQBh hJ.)H LMY H(H)"
On the one hand, by inequality (8),

AHI +/3DS )

————h ., h >_———|h

( 1-8 o Hfl(u-nl)le(u-ul)_zl—,B” J_”Hl("'”l)
On the other hand,

|(20d—TIE)(Qg1PR) + (d— T (QFR). ML) s gty gy | < 3CE Nl gy et sy
2

=¢ ||h||L4(H-[I1) + m”thL“(Hl)'

To summarize,
2

1, .— 2 1 2 1 1 2 2015112 1 2
S1£, My 1L gty = 5T 1Ly = 21 sy = o3 12

and by removing the squares appropriately,

_ B 3C?
L0400 -1y = \/— 1ALl g1 gary — ﬁsllhllm(w) - 2—; (L FZYC)

V ”hJ_HHl(Hl) \/_KSHI’IHHI(HI) V K”hJ_“Hl(Hl)
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¢ We conclude by combining all the estimates. Because of the orthogonality of the decomposition along
the spaces H ' (H') NV, in H~1(HY),

120k -1 uny = 10T+ rt I3y oy + 1€,

—I(Hl) —I(Hl) I(Hl)’

so we can add up the estimates to get

\/EHCQﬁh”H—l(Hl) + |(hvasQ+)H1(H1)| + |(hviQ+)H1(H1)| + |(h, Q++2i8sQ+)H1(H1)|

P
2 el sy = Collal sy = Cosl gy + \ 725 sy = V2Kl g
3C

- 2¢ ha2 K”hJ_”Hl(Hl)

The terms compensate as follows: Concerning |27 || i) fix & > 0 small enough in the sense that
(Ca + V2K)e < %
Then for all 8 > B«(g),

\/5 ”[’Qﬁh”H—l(ﬂ-ﬂl) + |(h, ds Q+)H1(H1)| + |(h, iQ+)H1(H1)| + |(h, Q++ 2i0s Q+)H1(|]-ﬂ1)|

B 3CY
2 S0 s + (Y725~ (Co VaKe w53 ) YUl

Now let B4« € (0, 1) such that for all 8 € (B«, 1),
B 3CE ¢
> C 2K —.
‘/l—ﬂ >+ V2 8+‘/28 +5
Then for all B € (B«, 1),

V1L @ g1 gty + 10135 0+ 1 ey | + 10 10) g gy + 10, Q- +208500) 1 |
Cc + Cc
= E(”h ||1-']1(H1) + ”hLHHl(Hl)) > zllh”Hl([H]l)' 0
5C. Uniqueness of the traveling waves for B close to 1~.

Theorem 5.14. There exist « € (0,1) and a neighborhood V of Q4 in Hl(l]-l]l) such that for all
B € (Bx. 1), there is a unique Qg € Qg NV N (050+.,iQ+, Q++ 2i85Q+)L’H1(HI). Moreover:

(1) Forall B € (B« 1),

Qp = {TSO’Q’aQﬂ S(x,y,8) > eiean(ax,ay,az(s +50)) | (50,0, ) e Rx T x [R:L}

() Forally € (0. }) and all k € [1.00). [0 — Q-+ |l ity = O(1 = B)Y).
(3) The map B € (B, 1)~ Op € H(H") is smooth, tends to Q 1 as B tends to 1 and its derivative Q,g

is uniquely determined by
. A[H]] + D

Loyz(0Qp) = 0g,
0p'\B (1— 13)2 B

. (20)
Op € H'(HY) N (504,004, Q4 +2i0;04)HH B,
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Proof.  Fix any neighborhood V of Q. We first prove the existence of a profile Qg € Qg NV N
(0sQ0+.,i0+,04++ 2i85Q+)J-’H1(Hl) for B close enough to 1. For B € (0, 1), we choose Qg € Qg
arbitrarily. By combining Corollary 4.20 with the fact that §(Qg) = O((1 — ,3)%) from Lemma 3.9, we
know that

1
inf T 1y = O((1— B)3).
(50,0,0) ERXT xR 150,60 Q8 = Q+ll g1 ey (1-8)%)

The same argument as in the proof of Corollary 4.20, based on the implicit function theorem, enables
us to state that for 8 close enough to 1, one can choose (sg, 0g,ag) € R x T x R% such that QB =

Tsﬁ,gﬂ’aﬂ Q,g €V and

(Q;‘L 3SQ+)H1(H1) = (QB’ iQ-i—)Hl(Hl) = (Qﬁ» O++ 2i3SQ+)H1(H1) =0.
This gives the existence part of the result.
e We now prove uniqueness for some small neighborhood V of Q4. We first set VV as the neighbor-

hood of Q4 from Proposition 5.13. Let B € (Bx, 1), and fix two profiles Qg and Qﬂ in QgNyn
(0504.i04, 04 +2i0504)1H M) We define

~ . . . 71yl
hi=Q0p—0pcH'H)N(0:0+.i0+, Q4 +2i9;04) T ).
By subtracting the equations solved by Qg and Q g~ h satisfies

_AHI +ﬁDS

5 h =217 (10 7h) + T (QF 1) + O(||A||>

H! ([H]‘))
so that

Logh= O, 4

Since Qg belongs to the neighborhood V from Proposition 5.13, this means that for some constants ¢ > 0
and C >0,

CURIZ, s gy 2 101 s ary = €l gy
Up to reducing the neighborhood V, one can chose it small enough such that / has to be the zero function.
e The description of the set Qg is then a direct consequence. Indeed, if B € (B, 1), fix Ug € Qg. We
know from the first point that B« is sufficiently close to 1 to ensure the existence of (sg, g, ag) in
RxT xR suchthat Ty, 9,.0,Ug € VN (35Q+,i 0+, O+ 2i0s 0.)* H . By the uniqueness part,
Tsp.0p.0p Uﬂ = 0p-
* We now show the convergence of (Qg)g to Q4 in H¥(H") for all k > 1. Applying Corollary 4.18 to
(QOp — Q+), we know that for B close to 1,

S(Qﬂ) = c”Qﬁ - Q+||§-.11(IH|1)

But §(Qg) = O((1 —,B)l) from Lemma 3.9, therefore ||Qg — Q+”H1(n-u1) = 01— ,3) ).
One can now deduce that for all 0 < y < 1, as 8 goes to 1,

108 — 0+l g gary = O((1 = BYY).
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Indeed, the interpolation formula [Bergh and Lofstrom 1976], (H™(H'), H'(H'))4, = H*(H'), with
m € R chosen so that k = (1 —4y)m + 4y, leads to

1-4
108 = Ol ey = 10 = Q40T 108 = Q4115 -

and it only remains to use the fact that (Q g —Q +) g is bounded in H™(H") for B close to 1 (Corollary 5.12)
and that | Qg — Q+”H1(Hl) =0O({(1—pB)Y) as B goes to 1.

* We now prove the last point of the theorem about the smoothness of the map 8 — Qg. We first show
that (20) uniquely determines a function Q g lying on the appropriate space

W= H'MHYN 0504,i04, 04 +2i8,04)HH ®D

Define
Woi:= H ' MY N (0504.,i0+4, 04 +2i9;04) D,
and set
A D .
F:(BU)€ (B ) x Wi 1> —ng-wy c 1Y),

Notice that dg I takes values in the space W—_1. Indeed, the derivative dg F'(B, U) is equal to

Ayt + Dy
(1-p)?

In particular, since Q4,iQ4, 9,04 and id;04 belong to HY(H) N V", and since —(Apr + Dy)
vanishes on this space,
(8/3F(ﬂ, U), 8SQ+)H_I(HI)XHI(H]) = (3/3F(/3, U)viQ+)1L'1—l(Hl)XHl(H1)
= (aﬂ F(,B, U), Q++ 2i8sQ+)H—1(H1)xHI(H1) =0,

dgF(B,U) = — U.

or equivalently dg F'(B,U) € W_;.
Consider Lg, as a self-adjoint operator on L?(H'). Thanks to Proposition 5.13, we get that
Ker(Lg,) C Vectr(95Q +,i0+, 0+2id50+). Therefore,

Im(Lo,) = Ker(Lo,) ) = A1 (HY) N Vet (3, 04,10+, 0+ +2i0,04) 40,
so Im(Lg,) = W_;. This implies that Lg , is an isomorphism from W to W_y, with continuous inverse:
”ﬁQBh”H—l(l]-l]l)ZC“hllgl(Hl), h e W.

In particular, dg F(8, Op) € W-1 =Im(Lg), and by the invertibility of Lo, from W} to W_4, Q/; =
(Log)™ 1(8,3 F(B, 0 ﬂ)) is uniquely determined and satisfies (20).

We now show that Q,g is a derivative of the map Be(Bx. 1)~ Qg€ H'(H"). Fix B € (B+. 1). For
e > 0 small enough, f; := (Qg4+,— 0p)/e— Qg is well-defined. Moreover, since (B + ¢, Qg4,) and
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(B, Q) are both solution to the equation F(a, U) = 0, then

0=F(B+e Qpse)—F(B.0p)=F(B+e Qpye) = F(B.Qpte) + F(B. Qpte) — F(B. Op)
=sdp F(B+¢ 0p) +L0s(Qpre— 0p) + O +1|Qpte — QB”?L'U(H]))-

Actually, since F is smooth in the 8 variable,
0 =0 F(B.0p) +Loy(Qpre— 0p) +OE +110p1s— OpllZy1 )

Replacing dg F(B, Qg) by CQB(Qﬂ), we get

ﬁQB(fg) = (9(8+

&

Since fe € W1, we get [[Lg, (fg)||H,1(H1) > c||f8||H1(H1)' This implies that for some constant C > 0,

10p+e— Qg%
H!H!
C(8+ o ¢ ))ECHfSHHI(HI)-

BUt Qe — Ol iy = 21 fe + O3, yprys 50

C8(1 + ”fS + Q,B”HI(HI)) = cl|f8||H1(|].[|1)-

Letting ¢ — 0, we get that || fe|| g1 T e 0, so the map B — Qg is indeed C 1 with derivative Q g- The
smoothness follows from an implicit function theorem. Set

®:(B,U, V)€ (B, ) x Wi x Wi > Lo,V =3 F(B,U) € W_y.

If B+ Qp has regularity C" for B € (Bx. 1), then the function ® is also C". For fixed B € (Bx.1),
®(B. 0. Q,g) =0and dy F(B, Qg, ) = Lo, which is an isomorphism from W to W_;. Applying the
implicit function theorem, there exists a C" map V' defined on a neighborhood of (8, Qg) in (B, 1) x W1
and valued in Wy such that V(B, Qg) = 0 p and that

F(B.U.V(.U)) =0

in this neighborhood. In particular for 8’ close to 8, F(8’, Q" B V(B',Qp’)) = 0, and since 0 g’ is
uniquely determined by (20), O g =V(B’. Qp’). The function V being C", supposing that S — Qg is
C" for some integer 1, then § — Qﬂ is C"" and therefore, B — Qp is crtl O

Appendix: Proof of Lemma 4.14

We establish an explicit formula for the orthogonal projections Pg Fy, Po F> and Py F3, which are under
integral form. Then, we estimate numerically (Po F;, F;) L2(C4)> j =1,2,3, in order to get Lemma 4.14.

e We know that

—Po(F1)(s +it) =

1 1 1
veRy /ueR G—ur i) i) ez o &
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Using the change of variables u = (v + 1)sinh(y), du = (v + 1)cosh(y)dy = v/u? + (v + 1)2dy. Then

1 1
veR, /yeR (s—(v+ Dsinh(y)+i(r +v)) (sinh(y) +i) (v +1) ¢

We now apply the change of variables x = exp(y), dx =exp(y)dy:

—mPo(F1)(s +it) =

ydv.

—nPo(F1)(s+it)

ge3 1
= . dy dv
/veR+ /yeR (2(s+i(t+v)) ¥ —(v+1) €2 + (v+1))? (¥ —14+2i ) (v +1)

8x2 1

/UGR+ /xe[Ra+ (2(s—i—i(t+v))x—(v+1))c2+(v+l))2 (x2=1+2ix)(v+1) r

Thanks to Fubini’s theorem, one can exchange the integral signs so that

: 8x2 1 1
—7TPO(F1)(S+ZZ):/ —_— dx dv
sery (X2 Joery (2(s+if)x—x2+ 1+v(—x2+2ix+1))> ©+1)
:/ Bx* L 1 dv dx
xery (x+D)2(x—i)* Jyer, (%4—0)2 (v+1) '

By the residue formula, for any rational function R such that fR+ R(v) dv is convergent, we have

/ R(v)dv =— Z Resy (R(w) logy(w)),
R+ weC
where log,, is the positive determination of the logarithm. Here, we consider the rational function
2 _ — . 2_ —
R(v) = (% +v) (04 1)71, where z = s +it. We fix A = %
Assume that z # i, so A # 1. The residues at the simple pole —1 and the double pole —A are

Res_1(R(w) logy(w)) = (m logo(w)))w:_1 = ﬁiﬂ,

Res_j (R(w) logy(w)) = d_cllu (ﬁ logo (w)) )wz—k

_( 1 _logo(w))’ _ 1 logy(=4)
S \ww+l) w412 lw=—2r  AA-1) A-1)2"

Remark that

o B X 1 __l(x_i)zL 1 _l(x—i)4 1
A=I=2G-D65 T 3 = M goETE e e
Therefore,
1 (x—i)* 1

Res_l(R(w)logo(w))zinZ ) m,
(x—i)?  (x=i)?

Res_ 3 (R(w) logy(w)) = Cx2-2zx—12x(z—i)

2(z—i)x) (x—i)*

—logo(~1 .
%o\ 71+ (x—i)? /4x2(z—i)?
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Consequently,
8x2 B —2im 4x
(x+1)2(x—i)2 /MR(”)d” = Gt —i2 T P2z ) ()2 (=)
+21o (—1+2(2_i)x) ! !
£o (—)2 ) (x+1)2 (z—0)2"

We can integrate every term on the right-hand side. First,

/ 2w g =2
xery (X+i)*(z—i)? (z—i)*
Then, an integration by parts leads to

2(2 i)x 1 _ . 1
f,ceml"g"( )G =T [ e &

‘We conclude that

2 4 1 X
—Po(F1)(z) = (z—i)? tIo /GR+ x2=2zx—1 (x+1i)? &
2 . 1
+—(Z—i)2 (7‘[ +2(Z —l) reRy (x—i)(x2—22x—1) dx)

_ 4 1 2x?ix—1
=i Jyemy ¥*—22x—1 (x+i)?(x—i)
We apply the residue formula to get an exact expression for —m Po(F7). We consider
1 2x% +ix—1
x2—2zx—1(x+i)2(x—1i)

R(x) =

Fix x4+ :=z £ +/z2 + 1. Since z # i, the rational function R admits three simple poles x4, x_ and i and
one double pole —i. We calculate the residue

2x3 +ixg—1
(x4 —x) (g + )2 (x4 —1)

The identities x_zIr =2zx4+1, (xy+i)?>=2(z+i)xy, xyx_=—land (x4 —i)(x— —i) = —2i(z —i)
enable simplification to

Resy, (R(w) logg(w)) =

logo(x+).

) =i (z4+i)x_—2iz

Resx+ (R(w) 1OgO(u)) 4(22 1)2

logo (x4).

The same arguments lead to

2x2 +ix_— (z+z)x+ 212
(- —x ) (x— +z)2(x 7y 10goli-) == 4(z2+1)3

Moreover, the residue at the pole i is

Resx_(R(w)logy(w)) =

logo(x-).

L Aim_ =
—1-2zi—1-42 _ 4(z—i)

Res; (R(w) logy(w)) =

Finally, the residue at the double pole —i is
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1 2x%+ix—1 Ax+i
Res_; (R(w)1 :[ 1
es—i (R(w)logo(w)) x(x2=2zx—1) (x—i) (x2=2zx—1)(x—1i) 020(x)
2x2+ix—1 1 1 1
(x—x+ X—Xx_ . x—i)lOgO(x)]x=_i’

S (x2=2zx—1)(x—i)

which simplifies to Res—; (R(w) logy(w)) = —ﬁ. We conclude that
1 2x24+ix—1 (z4i)x_—2iz (z4i)x4—2iz
- —dx = —i——————"logy(x4) +i—"—1logy(x—
/xeR+ x2—2zx—1(x+i)2(x—1i) 4(22+1)% golx+) 4(22+1)% gO(. )
b4 i
Ta—h T2G+)
Therefore, as soon as z # i,
—nPy(F1)(2) = —iwlogo(m)ﬂwlogou_w g o+ 221 -,
(z—=i)(z2+1)2 (z—i)(z2+1)2 (z—i)? 22+

with x4 =z + +/z2 + 1. Note that logy (x4 ) is well defined, because if z == +/z2 + 1 is real, then z should
be real, which we exclude by assumption (z € C).

e We apply the same strategy for (F1 + F»)(z) = @f——lzﬁﬁ We have
1 1 1

7 o
gnrmerin= [ | e e T e

With the change of variables u = (v + 1)sinh(y), du = (v+ 1)cosh(y)dy = yu? + (v + 1)2dy, we get

im _ 1 !
TPO(FI +F2(Z)) - /;;eR+ /):GR (s—(v+1)51nh(y)+l(t—|—v))2 (s1nh(y)+l)2(v+1)2

Now apply the change of variables x = exp(y), dx = exp(y) dy:

dy dv.

%TPO(FI + F2(z2))

:/ / 16e® L dy dv
veRy Jyer (2(s+i(t+v)) ¥ —(v+1) €2 +(v+1))> (2 =14+2i )2 (v +1)?

:/ / 16x3 1

very Jxery (2(s+i(t+v))x—(w+1)x2+(v+1))* (2 =14+2ix)2(v+1)?

Thanks to Fubini’s theorem, one can exchange the integral signs so that

dx dv.

dx dv

i 16x3 1 1
— Py(F1+ F2(2)) = / —
2 xery C+D* Joery (2(s+it)x—x2+1+v(—x2+2ix+1))> @+1)?

_ / _dex / 1 L dode
vey OHDND Juen, (SZEEA )" 04D
We apply the consequence of the residue formula to R(v) = (—x2—2zx—1 + v)_2 (v+1)72, where z = s +it.

2-2ix—1

2_9zx— . . *

We fix A = 25=22X=1 45 in the first point.
x-—2ix—1
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Assume that z # i, therefore A # 1. The residue at the double pole —1 is equal to

Res_1 (R(w) logg(w)) = d_?u (W logO(UJ)> ‘w=—1

_ ( 1 _, logg(w) )’
ww+A)?Z2 T(w+Ar)3/ lw=—1

=1 ___, 1 .
(—14+1)? (A=1)3

Gt im (=)

T 4x2(z—i)?2 4 x3(z—i)3¥

The residue at the double pole —A is

Res_ (R(w) logo()) = i (72 lozo ()|

w=—A1

_ ( 1 B logo(w))‘
ww+1)2 T(w+1)3/ lw=-21

_ o1 —logy(d)

S A(A=1)2 (A-=1)3

o (x=i)® 1 (x—i)® 2(z—i)x
T X2 0xz—14x2(z—i)2  4x3(z—i)3 log0<—1 T s )
Therefore,
16x3 . 4x 4im(x—i)? 4(x—i)x
(x+i)*(x—i)* /RJFR(U) dv= (x+0)4(z—i)2  (x+i)*(z—i)3 + (x+i)*(x2—2xz—1)(z—1)?

N 4(x—i)? 2(z—i)X).

— 1 (—1
Criyiz—n? ST T i
We now integrate again in x to get that for all z # i,

—2(z-2i)  (142iz)(logg(z+ V22 +1)—logy(z—v/z2+ 1))

%TPO(FI + F2(z2)) =

3(z—i)(z+i)? 3(z—i)(z4i)2V/22+1 '
¢ We do the last computation for (F; + F3)(z) = G +7)2(;—i) |z—1H'| = |Z;2ii|3. We have
— T Py(F, +F3)(s—|—it)=/ 1 1 du dv.
—2i very Juer (S—u+i(t+v))? @2+ (v+1)2)3/2

Apply the change of variables u = (v + 1)sinh(y), du = (v + 1)cosh(y)dy = y/u2 + (v + 1)2dy. Then

im . 1 1
_TPO(FI ) +in) = /UE[RQJr /J.,E[R (s—(v+1)sinh(y)+i(t +v))? cosh(y)?(v+1)?

dy dv.
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We now put x = exp(y), dx = exp(y)dy:

—%Po(Fl + F3)(s +it)

:/ / 16e% ! dy dv
ver  Jyer (2(s+i (1 +v)) e¥ —(v+1) 2V + (v+1))* (2 + 1?0+ 1)?
16x3 1 dx dv

:/UGRJr/xGR+ (2(s+i(t+v)x—(+1Dx2+(v+ 1))2 (x2+1)2(v+1)?

Thanks to Fubini’s theorem, one can exchange the integral signs so that

—F Po(Fi+ F3)(s +i1)

16x 1
= —_ dx dv
/yle[&r (x+i)>(x—i)? vER4 (2(S+it)x—x2+1+v(—x2+2ix+1))2 (v+1)?

=[ _texd 1 L vd
xery (XH1)2(x=1)° Jyep, (% v)? (0+1)? '

We have already done the computation of the integral in the v variable in the latter point. We proved
2 : —
that putting R(v) = (% +v) 2w+ 1)72,

x2—2ix—1
16x3 _ 4x dim(x —i)? 4(x —i)%x
(o +)*(x —i)* /R+R(”)d” T =02 G+ D)= -2z —1)(z—i)?
4(x —i)? 2(z—i)x
1) C—i) s logo (~1+ (x—i) )
Therefore,
16x3 4x 4im 4x
(x—i—i)z(x—i)G/veRJrR(v) dv= (X+0)2(x—i)2(z—i)>  (x+i)2(z—i)3 * (x+i)?(x2=2xz—1)(z—i)?
4 ) 2(Z—l)x
HCENEEnE °g°< (x —1)2>

We now integrate again in x to get that for all z # i,
2(z +2i) N (1—=2iz)(logy(z + V22 4+ 1) —logy(z — vz2 + 1))
(z—i)2(z +1) (z—0)2(z+i)v/z2+1

» Now we can compute numerically (Po Fj, Fj)12(c 4y J =1,2,3, the error estimate, for every term
can be chosen almost arbitrarily now that we know Po F;.

—%TPO(FI + F3)(z) =

We set ¢ = 10719 and we deduce
(7 PoF1. F1)p2(cy) —2| <e,

[(mPoF2. Fa)r2cyy — 5| <
(7 PoFa, Fa) e,y — 0.1303955989| <e.
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RESONANT SPACES FOR VOLUME-PRESERVING ANOSOV FLOWS

MIHAJLO CEKIC AND GABRIEL P. PATERNAIN

We consider Anosov flows on closed 3-manifolds preserving a volume form 2. Following Dyatlov
and Zworski (Invent. Math. 210:1 (2017), 211-229) we study spaces of invariant distributions with
values in the bundle of exterior forms whose wavefront set is contained in the dual of the unstable
bundle. Our first result computes the dimension of these spaces in terms of the first Betti number of
the manifold, the cohomology class [tx€2] (where X is the infinitesimal generator of the flow) and
the helicity. These dimensions coincide with the Pollicott—Ruelle resonance multiplicities under the
assumption of semisimplicity. We prove various results regarding semisimplicity on 1-forms, including
an example showing that it may fail for time changes of hyperbolic geodesic flows. We also study
non-null-homologous deformations of contact Anosov flows, and we show that there is always a splitting
Pollicott—Ruelle resonance on 1-forms and that semisimplicity persists in this instance. These results
have consequences for the order of vanishing at zero of the Ruelle zeta function. Finally our analysis also
incorporates a flat unitary twist in the resonant spaces and in the Ruelle zeta function.

1. Introduction

We study resonant spaces of invariant distributions with values in the bundle of exterior forms for volume-
preserving Anosov flows on 3-manifolds. One of the main motivations for looking at these spaces is that
when a natural restriction is placed on the wave front set of the distributions, their dimensions are related
to the Pollicott—Ruelle resonance multiplicities, which in turn determine the order of vanishing at zero of
the Ruelle zeta function. For the case of contact Anosov flows this analysis was carried out in [Dyatlov
and Zworski 2017] and here we show that the transition from “contact” to “volume-preserving” presents
some new features, making the overall picture more involved, partially due to the nonsmoothness of the
stable plus unstable bundle.

Let (M, Q2) be a closed 3-manifold equipped with a volume form €2 and let ¢, be a volume-preserving
Anosov flow with infinitesimal generator X. If we write the Anosov splittingas TM =RX @ E; @ E,,,
then we define the spaces Ejj, E; and E; as the duals of RX, E, and E; respectively. In particular, this
means that for each x € M, E(x) is the annihilator of RX (x) @ E,(x) and E C T*M, a closed conic
subset. We denote by D', (M; QF) the space of distributions with values in the bundle of exterior k-forms
and with wave front set éontained in E;; (see Section 2 for background on these notions). The resonant
spaces that we are interested in are

Resi(0) := {u € Dy, (M; 1) : 1xu =0, tx du = 0}.

MSC2020: 37D20.
Keywords: Anosov flow, resonances, dynamical zeta functions.
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The dimensions of the spaces can be considered as geometric multiplicities. We note that [Dang and
Riviere 2017] studies generalised resonant spaces of forms (at zero) for arbitrary Anosov flows and these
have a good cohomology theory (see Remark 2.2 for more details and definitions) but in principle these
generalised resonant forms are not in the kernel of ¢x and might only be in the kernel of some power of
the Lie derivative.

Our first result computes the dimension of these geometric spaces in terms of the first Betti number
b1 (M) of the manifold M and two natural characteristics of the flow that we now recall.

Since X preserves the volume form €2, its Lie derivative Lx €2 is equal to 0. Hence the 2-form w :=1x 2
must be closed.

Definition 1.1. We say that X is null-homologous if the cohomology class [w] is equal to 0, i.e., w is
exact. For a null-homologous X, its helicity is the number

H(X) :=f (X) Q,
M

where 7 is any 1-form such that d7 = w.

It is easy to check that this definition is independent of the choice of primitive t. The helicity (also
referred to as the asymptotic Hopf invariant) measures how much in average field lines wrap and coil
around one another. We refer to [Arnold and Khesin 1998] for a complete account of this concept as well
as its interpretation as an average self-linking number.

We can now state our first result:

Theorem 1.2. Let (M, 2) be a closed 3-manifold with volume form Q2 and let ¢; be a volume-preserving
Anosov flow. Then:

(1) dimRes(p(0) = dimRes;(0) = 1.
(2) If [w] # 0, then dimRes; (0) = b (M) — 1.

3) If [0] =0, then
by (M) if H(X) #0,
bi(M)+1 if H(X)=0.

This result generalises [Dyatlov and Zworski 2017, Proposition 3.1] as a contact Anosov flow fits

dimRes; (0) = {

into [w] = 0 and H(X) # 0, since in that case we can take t to be the contact 1-form and 7(X) = 1. In
Section 5 we give some examples to illustrate the various cases in Theorem 1.2, but we should point out
right away that we do not know of any example of a volume-preserving Anosov flow with zero helicity.

We note that all the notions involved in Theorem 1.2 are invariant under time changes. Namely, if f is
a positive smooth function, the flow of f X is also Anosov and with the same E;;. Hence the resonant
spaces Resy (0) are the same for all such flows. Also the notion of being null-homologous or having
nonzero helicity is unaffected by time changes.

As mentioned before, the dimensions of Resg (0) are important since they are related to the Pollicott—
Ruelle resonance multiplicities m(0). In general m;(0) > dim Res;(0), and equality holds under the
following condition (see Lemma 2.1):
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Definition 1.3. X or ¢, is said to be k-semisimple if given u € D/..(M; Q) with ixu = 0 and (xdu €
Res; (0), then u € Resg (0), i.e., txdu = 0.

Semisimplicity for k = 0, 2 will be easy to establish, but 1-semisimplicity does not always hold. In the
case of contact Anosov flows, 1-semisimplicity was proved in [Dyatlov and Zworski 2017, Lemma 3.5].
For general volume-preserving Anosov flows the bundle E, & E; is only Holder continuous [Foulon
and Hasselblatt 2003] and thus the 1-form adapted to the flow, defined to be zero on E, & E5 and 1 on
the generator X, is only Holder continuous. As a consequence the computations done in [Dyatlov and
Zworski 2017, Lemma 3.5] are no longer viable due to this lack of smoothness.

Our next two results show that the picture for volume-preserving Anosov flow is rather more subtle. Let
Xq denote the set of vector fields that preserve 2 and let Xg C Xg denote those which are null-homologous.

Theorem 1.4. Let (M, Q2) be a closed 3-manifold with volume form 2. Consider a smooth 1-parameter
family X of volume-preserving Anosov vector fields with X 1-semisimple:

(1) If X, € Xg for every ¢ and H(Xo) # O, then X, is 1-semisimple for all ¢ sufficiently small.
(2) If X is not null-homologous, then X is 1-semisimple for all € sufficiently small.
For any hyperbolic surface, there is a time change of the geodesic flow which is not 1-semisimple.

Consider now a contact Anosov flow X with contact form « on a closed 3-manifold M. In particular,
by Theorem 1.4 we know that 1-semisimplicity persists in Xg and near X, where 2 = —a Ada. The
next theorem gives us a local picture for what happens near X and away from Xg.

Theorem 1.5. Consider Y € Xq \ Xg. Then for sufficiently small e, the flow X, = X +¢&Y is 1-semisimple.
Moreover, there is a splitting Pollicott—Ruelle resonance —i, = O (&?) of —iLx, acting on Q'n kerx,
with Ay < 0 for € # 0, with Pollicott—Ruelle multiplicity 1 (see Figure I).

1A. Ruelle zeta function. We denote the set of primitive closed orbits of X by Gy (i.e., the ones that are
not powers of a closed orbit in M); the period of y € Gy is denoted by /,,. The Ruelle zeta function is
defined as

()= ] d=em. (1-1)

v€%0

The infinite product converges for Re s > 1 and its meromorphic continuation to all C was first established
in [Giulietti et al. 2013] in full generality and subsequently in [Dyatlov and Zworski 2016], where
a microlocal approach was employed; see [Pollicott 2013] for a survey of dynamical zeta functions.
Moreover, it was shown in [Dyatlov and Zworski 2016] that there is a factorisation (assuming that £ and
E,, are orientable)

_ Gl

 0()6(s)]
where i (s) is an entire function with the order of vanishing at each s € C equal to my(is) for k =0, 1, 2.
Here my ()) is the Pollicott—Ruelle resonance multiplicity (see Section 2 for more details). Hence the order

¢(s) (1-2)

of vanishing of ¢ at s = 0 is determined by m(0) := m(0) — mq(0) — m>(0). Using this and Theorem 1.2
we derive the following:



798 MIHAJLO CEKIC AND GABRIEL P. PATERNAIN

Ims Ims

X = large eigenvalues X = splitting resonance
X = small eigenvalues
X = special points

_1 I/ \ 1 I/ \l
O HOP——%—> . =z i
0 / Res Vo0 = Res
N ’ \ 7
—_1 1
Res=—3 Res =3

Figure 1. Left: resonance spectrum of Ly acting on !(SX) for a closed hyperbolic
surface ¥. According to [Guillarmou et al. 2018; Dyatlov et al. 2015] and Remark 8.3
below, the green crosses correspond to (large) eigenvalues p > }‘ of —Ay, the blue ones
correspond to (small) eigenvalues u < A% and the red ones are “special”. Right: resonance
spectrum of Ly, acting on !(ST) and the splitting resonance, according to Theorem 1.5.
We remark that the resonances in the rest of this paper will often be given by A =is, i.e.,
obtained by a rotation of 5 from this picture.

Corollary 1.6. Let (M, 2) be a closed 3-manifold with a volume-preserving Anosov flow ¢, whose stable
and unstable bundles are orientable. Then

$"M X0 (5)
is holomorphic close to zero, where
nM,X)=3-bi(M) if o] #0,
nM,X)=2—-bi(M) if [w]=0and H(X) #0,
n(M,X)=1—=b (M) if [w]=0and H(X)=0.
Moreover, if ; is 1-semisimple, then s"™-X) ¢ (s)|s=0 # O.
The Ruelle zeta function for the suspension of a hyperbolic toral automorphism A € SL(2, Z) is equal to

(e =M =1/
(e =172

where A and 1/X are eigenvalues of A. This has a pole of order 2 at s = 0, which of course matches the

g(s) =

9

computation in Corollary 1.6 since b; (M) = 1. However, the corollary asserts that any other volume-
preserving non-null-homologous Anosov flow on M will have ¢ with the same behaviour at s = 0 since
1-semisimplicity holds trivially given that Res; (0) is zero-dimensional. An interesting class of Anosov
flows with [w] # 0 is given in [Bonatti and Langevin 1994]. These examples have a transverse torus, but
they are not conjugate to suspensions. We do not know if they are 1-semisimple.



RESONANT SPACES FOR VOLUME-PRESERVING ANOSOV FLOWS 799

Magnetic flows are also examples to which the previous corollary applies. They are null-homologous
(see Section 5), but they are generically not contact (see [Dairbekov and Paternain 2005]); hence they
were not covered by the main result in [Dyatlov and Zworski 2017]. In this setting, magnetic flows can
be described by a vector field of the form X + (A o)V, where X is the geodesic vector field, V is the
vertical vector field of the circle fibration 7 : §¥ — X, and A € C*°(X) (here M is equal to S¥, the
unit circle bundle of the orientable surface X). They are volume-preserving since X and V preserve the
canonical volume form. Suppose the geodesic flow is Anosov. Thanks to item (1) in Theorem 1.4, if X is
small enough, the magnetic flows remain Anosov and 1-semisimple and hence the order of vanishing of
the zeta function at zero is the same as for Anosov geodesic flows, namely —x (X).

The last statement in Theorem 1.4 and Theorem 1.5 have consequences for the zeta function. The
failure of 1-semisimplicity means that m(0) > b (M) + 1, and hence the order of vanishing at zero of
the zeta function is strictly bigger than that of the geodesic flow case. Hence time changes can a priori
produce alterations in the properties of ¢ near zero. Similarly the cohomology class [@] can also produce
alterations. For the particular construction of Theorem 1.4 we do not know the precise order of vanishing
at zero.

Corollary 1.7. The order of vanishing of the zeta function ¢x,_(s) of the flow X, from Theorem 1.5 at zero,
for e #£0, is equal to by (M) — 3. Moreover, for the time change f X of the geodesic flow on the hyperbolic
surface constructed in Theorem 1.4, the order of vanishing is greater than or equal to —x (X) + 1.

1B. Flat unitary twists. 1t is possible (and natural) to introduce a unitary twist in the discussion above.
Consider (M, 2) a closed 3-manifold with volume form €2 and X a volume-preserving Anosov vector
field. Let £ be a Hermitian vector bundle over M, equipped with a unitary connection A. We consider
D;:*(M :QFRE) the space of distributions with values in the bundle of £-valued exterior k-forms and
with wave front set contained in E *. We replace the exterior differential d by the covariant derivative d
(induced by the connection A) acting on £-valued differential forms. Thus we can define resonant spaces

Resg 4(0) :={u eD%*(M; Qk®5) cixu =0, txy dau = 0}.

We shall compute the dimensions of these spaces in analogy to Theorem 1.2 under the assumption that
A is flat and unitary, i.e., di = 0 and dy4 is compatible with the Hermitian inner product on £. Recall
that flat unitary connections are in 1-1 correspondence with representations of 71 (M) into the unitary
group. Under this condition, one can define twisted Betti numbers b; (M, £) in the standard way (we note
that these numbers may depend on A). The upshot is a theorem similar to Theorem 1.2 where the Betti
numbers b; (M) are replaced by b; (M, £); see Theorem 4.1 for the full statement. With this information
in hand we can study a twisted Ruelle zeta function,

ta(s) == [ ] det1d—a,e™"). (1-3)
y€Go

Here, given a point xo on y € Gy, we denote by «,, the parallel transport map (i.e., an element of the
holonomy group) along the loop determined by y . It is easy to check that the product is independent of the
choice of xo on y, as this amounts to conjugating &, by a linear map. Note that if £ =M x C and d4 =d,
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the expression in (1-3) reduces to that in (1-1). If the connection A is flat, we recover the definition of
the twisted Ruelle zeta function considered in [Fried 1986]; it was also studied in [Adachi 1988; Adachi
and Sunada 1987], where functions of this type were called L-functions in analogy with number theory.
Fried conjectured that the coefficient at zero of ¢4 for an acyclic connection (i.e., one that has vanishing
Betti numbers) is related to the analytic torsion, but proved it only for hyperbolic manifolds. For recent
progress on this conjecture and more information, see [Dang et al. 2020; Shen 2018; Zworski 2018].

The notion of semisimplicity extends naturally to the twisted case (just replace d by d4 in Definition 1.3).
In that case we will say a flow ¢, or X is 1-semisimple with respect to d4. Putting everything together
we shall derive the following corollary:

Corollary 1.8. Let (M, 2) be a closed 3-manifold with a volume-preserving Anosov flow ¢, whose stable
and unstable bundles are orientable. Let £ be a Hermitian vector bundle equipped with a unitary flat

connection A. Then
s" MDA (s)

is holomorphic close to zero, where
n(M, X, A)=3bo(M,&E) —bi(M, &) if [w] #0,
n(M,X,A)=2by(M,E) —b1(M, &) if [w]=0and H(X) #0,
n(M,X,A)=by(M,&E)—b1(M,E) if [w]=0and H(X)=0.

Moreover, if X is 1-semisimple with respect to da, then s"MXA) e (8) | 5=0 #0.

A particular instance of the corollary arises when we consider A to be the pullback of a flat connection
on a surface X. In this case it is easy to check that (see Lemma 2.9)

2boy(M, E) — b (M, E) =rank(E) x ().
Thus:

Corollary 1.9. Let £ be a Hermitian vector bundle over an oriented closed Riemannian surface (2, g),
equipped with a unitary flat connection A. We consider M = SX with footpoint map mw and any Anosov
Sflow, 1-semisimple with respect to dy= 4, null-homologous with nonzero helicity, preserving the volume form
of SX. We consider the pullback bundle 7*E with the pullback connection w* A. Then in a neighbourhood
of zero we have s E XX . ¢ .\ (s) holomorphic such that

sTAREAE) ()]s # 0.

We remark that Corollary 1.9 applies in particular to contact flows, since for those 1-semisimplicity
holds with respect to any flat and unitary dy4.

This paper is organised as follows. Section 2 gives preliminary information, recalls the Pollicott—Ruelle
resonances and proves some necessary lemmas. In Section 3 we recall the factorisation of the twisted
zeta function in terms of some traces of operators on £-valued k-forms. In Section 4, we compute the
dimension of the resonant spaces Resi 4(0) and obtain Theorem 1.2 as a particular case. Corollary 1.8
is also proved in this section. Section 5 gives examples and develops material needed for the study of
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time changes. Section 6 discusses perturbations and proves the main result needed for items (1) and
(2) in Theorem 1.4. Theorem 1.5 is proved in Section 7. Finally, Section 8 exhibits a time change of
the geodesic flow of a hyperbolic surface for which 1-semisimplicity fails, thus completing the proof of
Theorem 1.4.

2. Preliminary results

In this section we review the necessary tools to prove the results stated in the Introduction. In particular,
we recall the Pollicott—Ruelle resonances and put forward some preparatory lemmas.

2A. Microlocal analysis. Here we outline the microlocal tools necessary for our proofs. For more
information on distribution spaces and properties of wavefront sets see [Grigis and Sjostrand 1994,
Chapter 7] or [Hormander 1983, Chapters VI, VIII] and for more about pseudodifferential operators see
[Grigis and Sjostrand 1994, Chapter 3] or [Hormander 1985, Chapter X VIII].

Let M be a closed manifold and £ a smooth complex vector bundle. We consider the space of infinitely
differentiable smooth sections and the space of distributional sections, respectively,

C®(M;&) and D' (M;E).

We recall the notion of the wavefront set of a distribution, which keeps track of the directional singularities.
Given u € D'(R"), we have (x, &) € WF(u) C T*R"\ 0 =R" x (R" \ 0) if there exists ¢ € Cy°(R™) with
@(x) # 0 and an open conical neighbourhood U of & such that

lpu(m|=0(n)~>)

for n € U. Here we let () = (1+|n|*)'/? and by O({n)~>) we mean an expression bounded by Cy ()~V
for every N. A vector-valued distribution u € D' (R"; R™) for some m € N may be identified with a vector
u=uy,...,u,) withu; € D'(R"). Then

WF(®u) = UWF(ui).
i=1

It is standard that these definitions are coordinate invariant, so for u € D'(M; £) we have
WF(u) C T*M \ 0.
It is moreover true that for any pseudodifferential operator A we have
WF(Au) C WF(A) NWF(u) C WF(u),
a fact that will be used later on. Then, we introduce for a closed conic set I' C T*M \ O the space
Dr(M; E)={ueD(M;E) | WFu) CT}.

Note that by the above relation on wavefront sets, the spaces D-(M; £) are invariant under the action of
pseudodifferential operators.
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2B. Pollicott—Ruelle resonances. Let us now quickly recall the microlocal approach to Pollicott—Ruelle
resonances, as in [Dyatlov and Zworski 2017]. Let M be a compact smooth manifold without boundary
and X be a smooth vector field. We assume that the flow ¢, of X is Anosov, i.e., that there is a splitting
of the tangent space

I'M =RX(x) ® Ey(x) ® E;(x)

for each x € M, where E,(x) and E(x) depend continuously on x and are invariant under the flow and,
moreover, that for some constants C, v > 0 and a fixed metric on M

tZO’ UGES(X),

d . <C *U|t|. S
ldei(x) -v] = Ce "0 Ju] {th, v € E,(x).

We call E(x) the stable bundle or direction and E,(x) the unstable bundle or direction. It is a
well-known fact that the geodesic flow on the unit tangent bundle M = SN for N with negative sectional
curvature is Anosov.

Let us define the spaces Ej(x), Ej; (x), E; (x) as the duals of Eg(x) := RX (x), Es(x), E,(x) respec-
tively. Explicitly, E;(x) is the annihilator of RX (x) ® E,(x), E;(x) is the annihilator of RX (x) ® E(x)
and Ej(x) is the annihilator of E,(x)@® E, (x). The continuous vector bundle E}; :==(J, ), Ei(x) CT*M
is a closed conic subset.

Let us consider a complex vector bundle £ over M, equipped with a connection A (which defines
the covariant derivative d4) and a smooth potential ® (section of the endomorphism bundle of £). This
defines a first-order operator

P=—iixdy+® @2-1)

acting on sections of £, denoted by C*°(M; £). Later on we will dispense with @, but for the moment it
can be included without trouble.
For A € C with sufficiently large Im A > Cy > 0, we have the integral

o0
R()) ::i/ eMe P gt L2(M; €) — L*(M; €) (2-2)
0

converges and defines a bounded operator, holomorphic in A and, moreover, R(L) = (P —1)~! on L?. The
propagator ¢''? is defined by solving the appropriate first-order PDE and the constant C depends on P.
In [Faure and Sjostrand 2011] (see also [Dyatlov and Zworski 2016]) it is proved that the operator

R(X) has a meromorphic extension to the entire complex plane
R(\):C®¥(M; &) — D' (M;E) (2-3)

for A € C and the poles of this continuation are the Pollicott—Ruelle resonances.
We proceed to define the multiplicity of a Pollicott—Ruelle resonance Ag. By definition, there is a
Laurent expansion of R(A) at Ag (see [Dyatlov and Zworski 2019, Appendix C])

J (o)

RG)=Ry() =)

j=1

(P — o)/~

T I, Ry (A) : Dy, (M: £) > Dy (M: £) (2-4)
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where Ry (A) is the holomorphic part at A and IT = IT,, is a finite-rank projector given by

ho = 2—71” M(x — P) ldx. (2-5)
Here, the integral is along a small closed loop around A and it can be easily checked that Hio = I1,,,
[IT,,, P1=0. The fact that Ry (A) and IT can be extended to continuous operators on D’ follows from
the restrictions on the wave front sets given in [Dyatlov and Zworski 2016, Proposition 3.u3] and [Grigis
and Sjostrand 1994, Theorem 7.8]. The Pollicott—Ruelle multiplicity of 1y, denoted by m p (Ag), is defined
as the dimension of the range of IT;,.
By applying P — A to (2-4), we obtain (P — Xg)’ *?IT;, = 0 and so ran IT;, C ker(P — 1o)’ *. The
elements of ran IT, are called generalised resonant states and we will define, for j € N,

Resy (o) = {u € Dy, (M: €) : (P — Ao) u = 0}, (2-6)
We also write
Resp(ho) = {u € Dy (M; €) : (P — 10)” *u = 0).

In fact, we may show that Resp (1) is equal to the range of IT,, and we may think of J (o) as the size
of the largest Jordan block.

Lemma 2.1. Letu € D%* (M; €) be such that (P — Ao)u = 0 with jo € Ny the minimal such number
Then jo < J(Xo), Il u = u and ker(P — 20)? ?0) = ran Iy,

Proof. Assume that jy > J()Ag) for the sake of contradiction. Since Sobolev spaces filter out D' (M; &),
there is an s > 0 such that u € H~*(M; £). Recalling the definition of the anisotropic space H,c(M; E)
for r > 0 (see (6-1) below), we get

D%:(M; EYNH(M; ) CHrg(M;E)

since H,¢ is microlocally equivalent to H™" near E;. Therefore u € H,c(M; E) for r > s and by
Lemma 6.1 below (P —A\) "' H,g(M; ) — H,g(M; ) is meromorphic near A for r > s.

Let us set v := (P — A0)?~!'u. Then (P — 1) v = (Ao —A)'v and by applying (2-5) to v we get
I1;,v = v. Note that (2-4) also implies (P — A¢)’ *1;,t = 0 for all # € H,. But all this implies

(P — o) lu =T, (P — ho) " tu = (P — X0) " Ty u = 0. (2-7)

This contradicts the minimality of jy and proves the first claim.
For the second claim, take some u € Res(ff(’)()»o) and use induction on jy. Note that the first two

equalities of (2-7) show IT,,u = u for jo =1 and more generally that
(P — ho) ™ (T u — u) = 0.

The fact that IT,,, is a projector and the induction hypothesis show IT,,u = u, proving the claim.
Lastly, if u € ranIl, then IT, ,u = u and so (P — X))/ ®0y =0 by (2-4), which together with the
previous paragraph shows ker (P — 1)’ *0 N Dy (M; €) =ranTl,,. ]
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Remark 2.2. Generalised resonant spaces of forms (at zero) have a good cohomology theory; see [Dang
and Riviere 2017, Theorem 2.1]. We emphasise that here we study resonant spaces at zero with j =1 in
(2-6) and such that the elements are in the kernel of ¢y, as well as conditions under which there are no
Jordan blocks.

2C. Coresonant states. Here we study the connection between the semisimplicity and a suitable pairing
between resonant and coresonant states. We start off with a lemma relating the adjoint of the spectral
projector and the spectral projector of the adjoint.

Lemma 2.3. Let P be a first-order differential operator acting on sections of £ with principal symbol
—io (X) x Idg and consider the adjoint operator P*. Denote the spectral projector of P at Ao € C by I,
and of P* by H&O. Also, denote the resolvent by Rp (L) = (P — L)~ L. Then!

Rp(M)*=—R_p:(=1) and T} =T':.
Proof. Firstly note that for ImA > 1 and all u, v € L3(M; &), by (2-2) we have the identity
(Rp(Wu, v) 2 = (u, —R_pe(—=2)v) 2. (2-83)

Then by analytic continuation we have the equality in (2-8) for any u, v € C* for all » € C. Moreover, by

continuity and the mapping properties of Rp (1) : D, (M; £) = Do (M; €) and R_p«(—1) : D', (M; ) —

D' (M; £) outside the poles, we have (2-8) for all u € Dy, and v € DJ.. This proves the first claim.

Now let u € D/EZ (M; &) and v € D%;k(M; £). We may write
1 1

(ILyu,v) = —5— @ (Rp(Mu, v)dxr

- R_pi(—h A= (u, I - v).

This proves IT} = H/—I\O‘ O

We proceed to define the coresonant states. Given an operator P as in Lemma 2.3 and a resonance
Ao € C, the space of coresonant states at Ag is Res_ p« (—=xo) C D, (M E). By the wavefront set conditions,
notice that we may multiply resonances and coresonances in the scalar case, or form inner products; see,
e.g., [Grigis and Sjostrand 1994, Proposition 7.6]. We are now ready to reinterpret the semisimplicity in
terms of the pairing

Resp(rg) X Res_p«(—Ag) = C, (u,v) — (u, V). 2-9)

Observe that the pairing (2-9) is nondegenerate: we have (u, v) =0 for all v € Res_ p« (—Xo) if and only
if (u, H/—XO@ =0 for all ¢ € C*°(M; ). Then by Lemma 2.3 and since I, u = u, this holds if and
only if # = 0; by an analogous argument for the other entry, we obtain the nondegeneracy. In particular,
mp(ho) =m_p+(—ig) and also J (Ao) = J'(—Ag). Here J' (1) denotes the size of the largest Jordan block
of —P* at .

Here we interpret —R_ p«(—1) : C®(M; ) — D' (M; &) as the operator obtained by meromorphic continuation, but with
respect to the flow generated by —X.
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Lemma 2.4. Assume P satisfies the assumptions of Lemma 2.3. Then we have that the semisimplicity for
P at ko holds if and only if the semisimplicity for — P* at —g holds. Moreover, P is semisimple at Ao if
and only if the pairing

Resg)(ko) X RCS&I;*(—)_\.O) — C, (u, v) — (u, U)Lz' (2_10)
is nondegenerate.

Proof. For the first claim, simply note that by the previous paragraph we have J(Lg) = J'(—Ag).
For the second claim, assume first that the pairing (2-10) is nondegenerate. Assume we have u, u’ €
Dy (M; E), with (P — Ag)u = u’ where u’ € Resg)(ko). We want to show u’ = 0. We have, for any

(', v) = ((P — xo)u, v) = (u, (P* — Axg)v) =0.

Now nondegeneracy implies u’ = 0.
Assume next the semisimplicity holds for P at Ay and let u € Res(lgl)(ko) satisfy (u, v) = 0 for all
v E Resg}*(—)_\o). Then we have, for all ¢ € C*°(M; &),

(u, @) = (Myu, @) = (u, M’ ; ¢) =0.

Here we used Lemma 2.3 and the assumption. Thus u = 0. The fact that — P* is semisimple at —X¢ and
an analogous argument for the other entry proves the nondegeneracy and finishes the proof. (I

2D. Further preparatory results. We start by quoting an important technical result; see [Dyatlov and
Zworski 2017, Lemma 2.3].

Lemma 2.5. Suppose there exist a smooth volume form on M and a smooth inner product on the fibres of
& for which P* = P on L*(M; £). Suppose that u € D,..(M; £) satisfies*

PueC®M; &), Im(Pu,u)>0.

Then u € C*®°(M; £). In particular, the conclusion of the lemma holds for u a resonant state with the
eigenvalue ). € R— just swap P with P — A.

We also need a simple regularity result analogous to [Dyatlov and Zworski 2017, Lemma 2.1]. We
give it here for completeness

Lemma 2.6. Assume d, is flat and let T' C T* M\ 0 be a closed conic set. Assume that u € D.(M; Q&)
and dyu € C®°(M; Q1 ® ). Then there exists v € C®(M; QK ® £) and w € Di.(M; Q"1 ® &) such
thatu =v+daw.

Proof. The proof follows formally by replacing d with d4 and é with d} in the proof [Dyatlov and
Zworski 2017, Lemma 2.1]. U

2The inner product in this paper is complex conjugate in the second variable.
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2E. Cohomology in a flat bundle. Given a manifold M of dimension n and a Hermitian vector bundle £
with a flat connection A, we may consider the complex given by

04y C®M; &) Y45 c®M: Q' @) M5 ... By cooM; Q" @ &) s 0. 2-11)

Here we extend, as usual, the action of d4 to vector-valued differential forms by asking that the Leibnitz
rule holds. The homology of this complex will be denoted by H ’g(M ;) fork =0, ..., n. Consider now
¥ an oriented Riemannian surface and let £ be a Hermitian vector bundle over ¥ equipped with a unitary,
flat connection A. We can pull back the bundle £ to the unit sphere bundle 7 : S¥ — X to obtain 7*&,
equipped with a unitary, flat connection 7*A.

Lemma 2.7. Assume X has genus g # 1. Then the following map is an isomorphism:
T* HY(Z: E) — HL (ST 1%E). (2-12)

Proof. There is a vertical vector field V that generates the rotation in the fibres of S¥. We first check
7* is injective, so assume 7*6 = d«4 F, where 6 € C®(Z; Q! ® &) is dy-closed and F € C®(SX; £).
This implies tydy«4 F = 0. Note that if x € X, there is a small ball B with x € B, over which & is trivial.
Thus tydy«s F =0 implies VF = 0 (since ty7*A = 0) and so F = 7* f locally; this is easily seen to
extend to F' = r* f globally for some f € C*(X; £). This implies 7*(ds f —0) =0and so da f =90.

For surjectivity, take u € C*(SZ; Q' @ 7*€) with dy«4u = 0. We want to prove there are v and F
such that u = w*v + dy+« 4 F, where v is ds-closed. This implies

tyu = tydgsa F. (2-13)

If we solve (2-13), then w = u —d;+4 F satisfies d;+4w =0 and 1y w = 0. By going to local trivialisations
where A =0, a computation implies w = v *v for some 1-form v locally. Again, by uniqueness this may be
easily extended to some global v € C*°(Z; &) with dyv = 0. We now focus on (2-13) and finding such F.
To this end, we introduce the pushforward map 7, : C®(SX; Q! @ 7*E) — C®(Z; £) by integrating

along the fibres
Teialx,v)— Bx) = f o. (2-14)

%>
One can show that the pushforward is well-defined and that it intertwines d4 and d+4; after going to a
trivialisation where A = 0, this reduces to showing commutation with d, which follows from [Bott and Tu
1982, Proposition 6.14.1]. Thus m, descends to cohomology; i.e., we have m, : H;*A(SE; E)— Hg(E; &).
Now observe that (2-13) can be solved if and only if 7,.u = 0. We introduce the section s € C*°(Z; £)
with s(x) = m.u. Note that d4s = 0. Moreover, we have for K the Gaussian curvature of X:

/ (u,rr*(stvolg)):/(n*u,stvolg):/||s||2KdV012:||s||227rx(2). (2-15)
Ap b )

Here we used that ||s]|? is constant, since s is parallel and A is unitary, and we applied Gauss—Bonnet theo-
rem. In the first equality we use a generalisation of [Bott and Tu 1982, Proposition 6.15]. We use the conven-
tion that (sor, s'B) = (s, ') A B, where o and B are forms of complementary degree and s, s” are sections.
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On the other hand, we have 7*(K d voly) = —d v, where  is the connection 1-form on SX. Therefore
we have the pointwise identity, as d;«au = 0 and das =0,

(u, 7*(sK dvols)) =d(u, (x*s)y).

So by Stokes’ theorem we obtain that the first integral in (2-15) is zero. Since g # 1, we have x (X) #0
and so s = 0. Therefore m,.u = 0, which concludes the proof. |

Remark 2.8. Alternatively, we could have proved Lemma 2.7 more abstractly using a version of the
Gysin sequence for twisted de Rham complexes; see [Bott and Tu 1982, p. 177] for more details.

We now compute the Euler characteristic of the twisted de Rham complex. This shows that, although
the twisted Betti numbers, i.e., dimensions of H ’g (M; &) can jump by changing A, the Euler characteristic
is independent of the choice of flat connection. We could not find an appropriate reference for this result.

Lemma 2.9. The Euler characteristic of the chain complex (2-11), denoted by xa(M; E), is equal to
xa(M; &) =rank(E) x (M).

Proof. A way to prove this is given by an application of the Atiyah—Singer index theorem; we sketch the
proof here. It starts by noting that, as with the usual nontwisted forms, we have

da+d} : C®¥(M; QYR E) - C®¥(M; Q"R E). (2-16)

Here Q2" =@, Q% and Q°4 =P, Q%! are the bundles of even and odd differential forms, respectively.
Let us introduce the twisted Hodge laplacian, A 4 =dids +dad}. By Hodge theory, we have H /]§ M; &=
ker A z|qgrge. Therefore, we also have ind(d4 +d}) = xa(M; &), where by ind we denote the index of
an operator.
By the Atiyah—Singer index theorem,
ind(da +d7}) :/ ch(d(da +d})T(T M)

*M

= / ch(&) ch(d(d +d*))T(T M)
T*M
= rank(&) f ch(d(d +d*))T(T M) =rank(E) x (M). (2-17)
T*M

Here, 7 denotes the Todd class and ch denotes the Chern character.’ The letter d denotes the difference
bundle. Since (£, A) is flat by assumption, we have ch(€) = rank(&). The transition to the second line is
justified since the principal symbol of d4 + d is equal to o (d +d*) ® Idg, so that

d(da+dy) =d(o(d+d")®1d) =[G1®E] - [G2®E] = (IG1] — [G2]) - [€] € K™ (T*M).

Here G| and G are certain vector bundles over a one-point compactification of 7*M and K “°™P denotes
the suitable K -theory. Since ch is multiplicative over the K -theory, we get the product of characters. The

3More explicitly, these are given for a vector bundle V over M with curvature two-form 2 and w = —Q/(2ni), by
ch(V) =trexpw and 7 (V) = det(w/(1 —exp(—w))). Here we apply the Taylor series at zero to forms.
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last equality follows from the Atiyah-Singer index theorem for the operator d + d* : Q°% — Qe and
the nontwisted Hodge theory. (I

3. Meromorphic continuation of ¢4 (s)

We devote this section to showing meromorphic continuation of ¢4(s) given by (1-1) for an arbitrary
(possibly nonflat, nonunitary) A. We note that the meromorphic continuation of the Ruelle zeta function
was first established in [Giulietti et al. 2013] and later in [Dyatlov and Zworski 2016], and that here
we follow the latter microlocal approach. Let (M, g) be a compact Riemannian manifold and £ a
Hermitian vector bundle over M equipped with a connection A and an endomorphism-valued function .
Also assume M admits an Anosov flow ¢, with generator X. We consider the first-order operator
P=—iixds+®.
Let us denote by «, ; the parallel transport (with respect to P) in the fibres of £ along integral curves
of ¢;:
oyt E(x) = E(@r(x)). (3-1)

Recall now that the propagator e~/'? is the one-parameter family of operators, defined by solving the
first-order PDE in (¢, x) for u € C®°(M; &)

it

a9 . —itP N _ )

(at—i-lP)(e ) = 0. (3-2)

Then the solution u(t, x) = (e ""Pu)(t, x) € C*®°(R x M; £) (we pull back £ to R x M) and we have
€ u)(t, x) = u(t, x) = oy qu(p—rx). (3-3)

This follows by a computation in local coordinates. In fact, in a local coordinate system U > x over which
E |y E U x C™ is trivial and for small 7, we have

(0 + A(@) +iP(px))ax,; = 0. (3-4)

We write A for the matrix of 1-forms associated to d4 = d + A and identify o, ; with a matrix. Then we
may compute, using the chain rule,

du(t, x) = —(AX (X)) +iP(x))otg_x, 1t (@1 X) — (X g, 1u(P_1X) — p_,x 1 Xui(9_1X)
= —i P(aty_x, ), x) + X (otg_x ), x) — (Xtg_x )u(@—1x) — p_x 1 Xu(p—;x)
= —iPu(t, x).

Here we used (3-4) in the first equality, the definition of P in the second and the chain rule in the last one.
We thus obtain (3-3) for small # and by iteration we obtain it for all #. As a consequence, we obtain for
any f € C*(M)andu € C*(M; €)

e (fuy=fope . (3-5)
Denote by P, ; the linearised Poincaré map for any time ¢ and point x € M:

Prer = de ()T Qy(x) — Qgrx),
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where, for x € M and k € N, we define the subbundle of differential forms in the kernel of tx by
Q](‘) = QF Nkerty.

We write —T for the inverse transpose. Note Ly acts on sections of QS for any k. Also, we have that ¢/
is a one-parameter family of maps acting on QF, for any k, such that we may write (¢;)* = e/~*. So we
obtain that, by the definition of ¢*, for any 1 a smooth k-form (see (3-3))

NP (n(x) = e EXn(@rx). (3-6)

Here /\kPx,, is the exterior product of maps acting on Q’é. Given a closed orbit y with period T, we
consider a point xp € y and define

tray, :=troy, .
Since the maps o, x, 7 are conjugate for varying ¢, the trace is independent of y. Similarly, we define
det(Id — P, ) := det(Id — Py, 7).
In what follows, for technical purposes we assume that we have a constant § € N such that
|det(Id — P,)| = (—1)” det(Id — P,). (3-7)

This happens in particular if E; and E, are orientable, where f = dim E;. This assumption may be
removed by using a suitable twist with an orientation bundle; see [Dyatlov and Guillarmou 2016; Dyatlov
and Zworski 2016; Giulietti et al. 2013] for details.

We will denote by y* a general primitive periodic orbit, and if  is an arbitrary periodic orbit, then lff
will denote the period of the primitive periodic orbit corresponding to y .

Theorem 3.1. Define for Res > 1

—sl, 1#
e Vlytroey

FP(S) II};gldet(Id—_Py)l, (3'8)

where the sum is over all periodic trajectories. Then Fp(s) extends meromorphically to all s € C. The

poles of Fp(s) are precisely s € C, where is a Pollicott—Ruelle resonance of P. Moreover, the poles are
simple with residues equal to the Pollicott—Ruelle multiplicity mp (is).

Proof. We give only a sketch of the proof here, as it follows from [Dyatlov and Zworski 2016]. The sum
(3-8) converges by [loc. cit., Lemma 2.2] and as ||a, || < CeCY for some C > 0. Observe that by (3-3), we
have that the Schwartz kernel K of the propagator e~/'F as a distribution K (¢, y, x) € D'(R x M x M),
satisfies WF(K) C N*S, where S = {(t, ¢;(x), x) : x € M, t € R} and N*S denotes the conormal bundle
of S. Therefore, Guillemin’s trace formula [loc. cit., Appendix B] applies to give, for ¢ > 0,

Btron,8(t—1,)
£ |det(ld—Py)|

b —itP
tr e |come) =
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All that is left to do is to note that the remainder of the proof in [loc. cit., Section 4] is not sensitive to
changing ¢*, to a general propagator e """ for P as above. This completes the proof.

Alternatively, the whole statement follows from more general work [Dyatlov and Guillarmou 2016,
Theorem 4] on open systems. O

We now prove the meromorphic extension of the zeta function using the meromorphic continuation of
the trace above.

Proposition 3.2. The zeta function {4 (s) is given by

cals) = l_[det (Id — arype ™) (3-9)
v*
for large Re s and holomorphic in that region. Moreover, it has a meromorphic extension to the whole of C
and the poles and zeros of the extension are determined by Pollicott—Ruelle resonances of P = —itx dy+®
acting on differential forms with values in £.

Proof. We follow the now standard procedure of writing log ¢4 as an alternating sum of traces of maps
between bundles of differential forms with values in a vector bundle; see [Dyatlov and Zworski 2016,
equation (2.5)], originally due to [Ruelle 1976]. We write for large Re s

log ;A (s) == Z log det(Id —_ a _Sli) = Z tr log(Id _ ay#e—slﬁ)
y
tr(a’ #)e isty

#
=— Z =— Z tr(ay)e_”yi—y
¥

n—1

(AP tr(ay e If
_ k+B+1 14 v _V - 2 —1)ktA -
i (=D Z |detdd —P,)| I, k:()( 1" g (s). (3-10)

We used the formula log det(Id + A) = trlog(Id + A), which works for ||A|| small enough, the fact that
there is a C > 0 such that [, || < C ¢ and [Dyatlov and Zworski 2016, Lemma 2.2]. The function gi
is defined as

B (AP, tr(a, e I
SO =2 =Py L

Also, we used the identity
n—1
det@d—P,) =Y (—D (NP, ),
k=0
which comes from linear algebra. Introduce then
(NP, ) tr(ey e~ 1

Fil) = =gl0) == ), =y (3-11)
y 14

This is reminiscent of (3-8). In fact, consider the vector bundle & := 915 ® £. We extend the action of P
on & to the action on & by the Leibnitz rule and denote the associated first-order differential operator
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by P.. We have, for w € C*°(M; Q’é) and s € C*(M; &),
Ps®@w)=(—iixda+P)sQwW)=PsQ@Qw+sQ (—iLxw). (3-12)
Then we observe that, by using (3-12),
& +iP)(e "Ps@e X w) =0. (3-13)

Introduce the parallel transport Sy i ; : Ex(x) — Ex(¢:x) along the fibres of . Then by (3-3), (3-6) and
(3-13)
Broxi (s(x) @ w(x)) = e " (s @ w) (g x)
= "Ps(px) ® e YW (rx) = o 1 (5 (1)) ® NPy (w (). (3-14)

We claim that for k =0,1,...,n—1
Fp,(s) = F(s).

To see this, observe that along a periodic orbit y of period /,, by (3-14) we have
tw(Br,,) = tr(a, @ NP, ) = tr(er,) - tr( A'P)).

Here we write Bi , = B x.1 ) where x is any point on y. The trace tr i, is independent of xo. This
proves the claim.
By Theorem 3.1 and an elementary argument, for each & there exists a holomorphic function i 4 (s)
such that )
foa _ —Fi(s) = g (s).
Sk, A

Thus by (3-10) we obtain the factorisation
n—1
o =T . (3-15)
k=0
By Theorem 3.1, s € C is a zero of ¢ 4(s) precisely when is is a Pollicott—Ruelle resonance of Py and
the multiplicity of the zero is equal to the Pollicott—Ruelle multiplicity at is. (I

For convenience we restate the factorisation above for 3-manifolds.

Corollary 3.3. Consider a closed 3-manifold (M, g) with an Anosov flow X. Let € be a vector bundle
over M equipped with a connection A and a potential ®. Then, assuming E; is orientable, we have the
factorisation, where ¢4 is entire fork =0, 1, 2,

_ C1,4(8)
20,4(5)22,A(s)"

Moreover, the order of zero at a point s of £4(s) is equal to

a(s) (3-16)

mp,(is) —mp,(is) —mp,(is), (3-17)
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where m p, (is) denotes the Pollicott—Ruelle resonance multiplicity at is of the operators Py = —itx dg+®
acting on sections of the vector bundle £, = Q](‘)(M) ®E fork=0,1,2.

4. Resonant spaces
In this section we prove:

Theorem 4.1. Let (M, 2) be a closed 3-manifold with volume form Q2 and let ¢; be a volume-preserving
Anosov flow. Let £ be a Hermitian vector bundle equipped with a unitary flat connection A. Then:

(1) dimResg 4(0) =dimResy 4(0) =bo(M, €&).
(2) If [w] #0, then dimRes; 4(0) =b1 (M, E) —bo(M, E).
3) If [w] =0, then

bi(M, & } X) #0,
dim Res; 4(0) = { 1( ) l.f7'l( ) #
bi(M, &) +bo(M, &) if H(X)=0.
Moreover, k-semisimplicity holds for k =0, 2.
In particular, as a consequence we obtain:

Proof of Theorem 1.2. This is a direct consequence of Theorem 4.1 applied to trivial bundle £ = M x C
and the trivial connection d4 =d. t

We break down the proof of Theorem 4.1 into the following subsections.

4A. Smooth invariant 1-forms. We first show that smooth resonant 1-forms are zero. The idea is that
an invariant 1-form decays along the stable direction in the future and in the unstable direction in the
past and so must vanish. This first subsection is quite general and holds in any dimension for any unitary
connection A and Hermitian matrix field ®. Recall that QS = QFNkeruy.

Lemma 4.2. We have
Res| 4.0(0)NC™(M; Q(l)®5)={0}. 4-1)

Proof. We start by proving the following formula, which holds for any u € C*(M; Q¥ ® £):

g (g (E5)) = 71ty ((Nodg,)E5). (4-2)

Here £F A';M is a k-vector and x is any point in M. The definitions of «, ; are given in (3-1) and (3-3).
Note firstly that it suffices to prove the claim above for u = s ® w, where w is a k-form and s is a
section of &, since we can write 1 as a sum of such terms near x and a term which is zero close to x. But
this follows from (3-14) and by the definition of the map Py ;.
If u € Resy 4.9(0) N C®(M; Q(l) ® &) we must have (—itxds + ®)u = 0 and (xu = 0. This further
implies e~/ x4+ ®)y — y since (3, + 1xda +i®)u = 0. Then by (4-2) for k = 1 and £ € E,(x)

()] = et gt (§)] = lug, o (dpiE)| Sld@i§lg Se™™,  1>0. (4-3)
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Here we used that a, , is a unitary isomorphism* the Anosov property of X and that ¢ > 0 in the last
inequality. By taking the limit + — oo, we get u is zero in the direction of E;. Similarly, we get that u is
zero in the direction of E,, so u is zero. O

Remark 4.3. The above method shows that for an arbitrary smooth k-form u € Resg 4.4 (0), we have
u| NE, = 0 and u| NE, = 0, and more generally one could compare rates of contraction and expansion to
obtain vanishing on larger subspaces. Other components can be nonzero, as can be seen, e.g., below from
the computation for Res; 4(0) for A flat.

4B. Resg 4 (0) and Res; 4(0). Recall that w = ix$2 and assume from now on that A is flat.

Lemma 4.4. We have

Resp 4(0) = {s € C®(M; E) : dpas =0} = HY(M, £), (4-4)
Resy 4 (0) ={sw:s € C®(M; &), dss =0}. (4-5)

Moreover, k-semisimplicity holds for k =0, 2.

Proof. We distinguish the cases k =0 or 2.

Case k =0: If s € Resg 4(0), then s € C*°(M; £) by Lemma 2.5. Since A is flat, dis = 0 and therefore
das €Res; 4(0)NC®(M, Q(l) ®¢&) and by Lemma 4.2 we have d4s = 0. So in this case we get a bijection
with the parallel sections of £.

For semisimplicity, consider s € D, (M; £) with 1xds =: v € Resg 4(0). Then v € C*(M; &) by
Lemma 2.5 and v is parallel by the pre\;ious paragraph. For u € C*°(M; &) parallel, since dy4 is unitary,
we have

/ (LdiS,Lt>gQ=/ X(s,u)e 2=0. (4-6)
M

M
By picking u = v, we get v =0 and so s € Resg_4(0).

Case k = 2: For u € Res; 4(0), we may write u = sw for some distributional section s € D..(M; £).
Then txdau = 0 implies txdas =0, as LxQ2 = dw = 0. By the analysis of Resp 4(0), we immuediately
get that s is parallel.

For semisimplicity, assume txdau = v € Resp_4(0) with u € D (M, Qg ® ). So u = sw for some
s € Dp(M; €) and v = s'w with s" smooth and parallel. Therefore s’ = tx das € Resp 4(0) and by
semisirrulplicity in the k = 0 case, we obtain s’ = 0. O

Remark 4.5. In the proof of Lemma 4.4, the fact that J(0) = 1 in the case k = 0 also holds for A nonflat
and unitary. To see this, consider the spectral theoretic inequality, which holds for ¢ € C*(M; &),

1P =@l llellz2 = [Tm((P = 1)@, @) 2| = [ Tm A [lg]|7.. (4-7)

4This can be shown as follows. Fix x € M and take two parallel sections u1 and uy of £ along the orbit {p;x : t € R},
solving locally in some trivialisation (9; + A(3;) +iP)u; =0 for j = 1,2. Then 9;(uy, uz)e(p,x) = (Ot + A@))uy, uz) +
(w1, (0 + A(9))up) = —i{DPuy, up) +iuy, Puy) =0, as dy4 is unitary and ® is Hermitian. Therefore the parallel transport
preserves inner products and oy  is unitary.
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Here we used that P = P* on L%. Therefore IR 22 < 1/]ImA| for ImA > 0, which implies
J(O)=1.

4C. Resy, 4(0). Recall that Hg(M ; €) is the space of parallel sections (i.e., smooth sections s of £
such that d4s = 0). We start with a solvability result along the lines of [Dyatlov and Zworski 2017,
Proposition 3.3.].

Proposition 4.6. Assume X preserves a smooth volume form Q and A is unitary and flat. Let f €
C®(M; €) and assume fM(f, $)eQ2=0forall s € C*(M; €) parallel. Then there exists u € D..(M; E)
such that txdau = f.

Proof. Let us set P = —itx d4. By Lemma 4.4 we have the 0-semisimplicity and so J(0) = 1. Thus by

(2-4) near zero, where IT = I,

R(A)=Rg(A) — %

Therefore, by applying P — A to this equation we obtain close to zero
(P—MRy(W)+ Tl =1d. 4-8)

We introduce u := —i Ry (0) f, which lies in D..(M; £) by the mapping properties of Ry (1) in (2-4).
Then, assuming Iy f = 0 we have by (4-8), evaluated at A =0,

f=f—Tof=PRyO)f=GP)(—iRyO)f)=1xdau.
Now we prove that [Ty f = 0. By Lemmas 2.1 and 4.4, we get

ran(To) = ker(Plp: u.e)) = Reso,a(0) = HY(M; ).

Since X is volume-preserving and A is unitary, we have P* = P. Therefore ran Il = HA0 (M; &)
analogously, where IT;, denotes the spectral projector of — P with respect to the flow —X. Now Lemma 2.3
gives I1§; = IT;, and so for any g € C*(M; £)

(Mo f, &) 2 = (f, M5g) 12 = 0.
Thus Iy f = 0, which concludes the proof. U
We proceed with:

Lemma 4.7. There is a linear map T : Res; 4(0) — HX(M; &) such that dau = T (u)w, where u €
Res; 4(0). The map T satisfies the following:

(1) If [w] #0or H(X) #0, then T is trivial.
(2) If H(X) =0, then T is surjective.

Proof. Let u € Res; 4(0). Since A is flat, di =0 and hence dau € Resy 4(0) and so dqu = sw with s
parallel and smooth, by Lemma 4.4. If we set T'(u) = s, this defines a linear map such that dyu = T (1) w.
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Next note that given parallel sections p, g € Hg (M; &), the inner product (g, p)¢ is a constant function
on M. By Lemma 2.6 there is a smooth v such that dqu = dav. We write

d(T (W), v)e = (T (u),dav)e = |T )| e

and observe that the left-hand side is exact. Hence we must have T = 0 if [w] # 0.
If [w] =0, we set w = dTt and thus

da(u—Twm)r)=0.

Using Lemma 2.6, we can write u — T (u)T = n + da F, where n is a smooth 1-form with d4n =0 and
F € Dy.(M; €). Contracting with X and taking (pointwise) the inner product with T (1) we derive

—IT @)t (X) = o(X) + X(T (u), F)e, (4-9)

where ¢ is the smooth, closed 1-form ¢ := (T (u), ). But note that

/<P(X)Q=/ g0/\dr=—/d(cp/\r):0.
M M M

Hence integrating (4-9) yields
—IT@|*H(X)=0

and therefore T = 0 if H(X) # 0, thus showing item (1) in the lemma.
To show item (2) assume H(X) = 0 and let s be a parallel section. We shall show that there is
u € Resy 4(0) with T'(u) = s. Note that for any parallel section p

/M<”(X)’ e Q= (s, p)e H(X) =0,

By Proposition 4.6 there is an F € D,.(M; £) such that ixdy F = st(X) and hence u := st —dsF €
Res; 4(0) and T (1) = s as desired. O

Lemma 4.8. There is an injection
ker T < H}(M;€). (4-10)

The injection can be described as follows: Let u € ker T. Then there exists F € D), :(M ; €) such that
u—dsF € C¥(M; ER@Q") (4-11)
and also da(u — da F) = 0. The injection map is given by
S:uekerT > [u—dsFle H\(M;E). (4-12)
An element [n] € Hj (M; &) is in the image of S if and only if

/ (pn(X))e 2 =0
M

for any parallel section p.
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Proof. Let u € ker T, so that dau = 0. By Lemma 2.6 there is F € D..(M; £) such that u — ds F €
C®(M; Q' ® £). We claim that the class [u — dsF] € H)‘(M; £) is inéependent of our choice of F.
Suppose there is a G such that u —d 4 G is smooth and d4-closed. Then ds(F —G) € C*(M; Q' ®&), so
by Lemma 2.6 (or ellipticity), F' — G is smooth and thus u —d4 F and u — d4 G belong to the same class.

For injectivity, we assume that u — d4 F is exact; so without loss of generality assume u = d4 F. Then
txu = 0 implies d4 F(X) =0, so by Lemma 4.4 we have F smooth and parallel, so u = 0.

If [n] is in the image of S, then n = u — d F for some F € D, (M; £). Contracting with X, we see
that n(X) = —d4 F(X) and hence (p, n(X))e = —X{(p, F)e¢. Inteérating gives

/ (p (X)) 2 =0,
M

Conversely, if the last integral is zero for all p, Proposition 4.6 gives F € DF.(M; £) such that —n(X) =
daF(X)andu :=n+dsF € kerT and Su = [n]. U

And finally we can compute the rank of § in terms of whether X is null-homologous or not.
Lemma 4.9. We have:
(1) dimS(kerT) =b1(M, €) if [w] =0.
(2) dimSkerT) =b1(M, &) —bo(M, &) if [w] #O.

Proof. If X is null-homologous, we write w = dr. We use Lemma 4.8 to show that S is surjective.
Consider n € H}‘(M; E)and p € Hg(M; £). Since the 1-form ¢ := (p, n) is closed we have

/(p(X)Q:/ <p/\dt:—/d((p/\t):0
M M M
and item (1) follows.

Suppose now [w] # 0. We define a map W : H}‘(M, &) —> (Hg(M, £))* by

W (p) = /M (P n(X))e 2.

By Lemma 4.8 the image of S coincides with the kernel of W. Thus, to prove item (2) it suffices to show
that W is surjective. By Poincaré duality there is a closed 1-form ¢ such that

/ o Aw #0.
M

If p and g are parallel sections we compute

W(lgeD(p) = (p.q)e / P(X)Q=(p,q)e / pA®
and hence W is onto. Y Y U
We are now in shape to put the ingredients together and prove:
Proof of Theorem 4.1. The theorem follows directly after applying Lemmas 4.7 and 4.9. ([

Putting together the material from this section and Section 3 we obtain:
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Proof of Corollary 1.8. The order of vanishing of ¢ (s) is equal to m(0) —my(0) —m,(0) by Corollary 3.3.
By Theorem 4.1 we have that m(0) = m2(0) = bo(M, £) and m(0) > dim Res;_4(0), which concludes
the proof. (I

Moreover, we obtain:

Proof of Corollary 1.6. This is a direct consequence of Corollary 1.8 applied to the case £ = M x C and
the trivial connection d4 = d. U

5. Examples

In this section we consider a few noncontact examples of Anosov flows on the unit tangent bundle of a
surface. They illustrate the various cases in Theorem 1.2 and give specific deformations for Theorem 1.5.

S5A. Structural equations. As a general reference for structural equations, see [Singer and Thorpe 1967,
Chapter 7]. For this section assume (X, g) is a compact oriented negatively curved surface. Let X be
the geodesic vector field on the unit sphere bundle SX. Denote by 7 : S¥ — X the footpoint projection.
Then, there are 1-forms «, 8 and ¥ on SX defined by, for £ € T(* AD>

X,V) ’

A(x,0)(§) = (v, d7(§))x,
Bxw) () = (dm(§),iv)y, (5-1)
Vix,w) () = (K(§), iv)x.
The 1-form « is called the contact form. From the defining equation one obtains txox =0 and tx dae =0,
and Q = —a Ada is a volume form. Also, here K : TT X — T X is the connection map, i.e., the projection

along the horizontal subbundle, and v is called the connection 1-form. The expression iv denotes the
vector v rotated by an angle of 5 (we fix an orientation). Explicitly,

Kaw(® =220 e T3, (52)

where (y (), Z(¢t)) is an arbitrary local curve in TX with the initial data (y(0), Z(0)) = (x, v) and
(v (0), Z 0)) =¢; % denotes the Levi-Civita derivative along the curve. One can then show that {«, 8, ¥}
form a coframe on SX such that the following structural equations (see [Singer and Thorpe 1967, p. 188])
hold:

da=vy NB,
dB = -y Aa, (5-3)
dyr=—Ka nPB.

From this, we deduce the following properties

xB=wxy¥y =0, xdfp=v, xdy=—-K8B. (5-4)
Furthermore, there is a natural choice of metric on S, called the Sasaki metric. It is defined by the
splitting
Tie.ySE =H(x, v) ®V(x, v) =ker(K(x, v)|sxz) @ ker(dn (x, v))
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into horizontal and vertical subspaces, respectively. Then the new metric is defined as

(&, m) == (K(&), K(m)) + (dr (&), dm (n)). (5-5)

It follows after some checking from relations (5-3) and the definitions that {«, 8, ¥} is an orthonormal
coframe for 7*S3 with respect to the Sasaki metric. This also yields an orthonormal dual frame {X, H, V'}.
We record the structural equations (5-3) for these vector fields:

[H,V]=X,
[V,X]=H, (5-6)
[X,H]=KV.

Here V is the generator of rotations in the vertical fibres.
We now use the Hodge star operator * with respect to the Sasaki metric on SX to write £ = — % Lx*
on 1-forms. We also have an extra structure given by

oaANJu =*xu (5-7)

for u a section of Q(l). Here J : Q(l) — Q(l) is the (dual) almost-complex structure associated to the
symplectic form da on ker @ = span{V, H} and is given by

T +usy) =uzf—uryy, J>=-Id.
Therefore (E})k u = 0 for some k € N is equivalent to E'}J u = 0 and we obtain
Res_;zx o1 (0) = J ' Res;z, g1 (0). (5-8)

In the next section we use this relation together with time changes to derive an explicit expression for
coresonant states at zero.

5B. Time-reversal and resonant spaces. Here we consider the action under pullback of the time-reversal
map R: S¥ — S¥, given by R(x, v) = (x, —v). We first collect the information on this action on the
orthonormal frames and coframes given in (5-3) and (5-6).

Proposition 5.1. We have R*a« = —«a, R*8 = —f and R*Y = . Similarly, we have R*X = —X,
R*H=—H and R*V = V.

Proof. We consider the coframe case first. Simply observe that
R*a(x,v)(g) =(—v,dmr dR§), = _Ol(x,v)(é)
so R*a = —«. Similarly
R*Bix,v)(§) = (—iv, dm dRE)x = —Bxv)(§)

so R*B = —pB. Finally, recall that K(§) = %(0), where c(t) = (y(t), Z(t)) is any curve in T X with
¢(0) = &. Therefore
DZ
K(dR) = ——7(0) = =K(@)
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since ¢(t) = (y(t), —Z(t)) is the curve adapted to —d RE. Now we easily see that R*yy = y from the
definition.
The frame case follows from the coframe case, since contractions commute with pullbacks. O

Now note that in any unit sphere bundle SN over an Anosov manifold (N, g;), the pullback by R
swaps the stable and unstable bundles. More precisely, we have

REf =EFX=E Y=E,.. R'E)=E.
The upper index denotes the vector field with respect to which we are taking the stable/unstable bundles.

This follows from the fact that R intertwines the flows of X and —X. Thus we also have

R'E], = Ef

s,u0

R*E} = E}.

The upshot is of course that R* is an isomorphism between resonant and coresonant spaces, i.e., the
ones with the wavefront set in £ and in E7.

Proposition 5.2. The pairing (2-9) between resonant and coresonant states is equivalent to the pairing
on

Res iz, o1 (0) xRes_z o1(0),  (u,v) = f uAaARD. (5-9)
A

The pairing (5-9) is Hermitian (i.e., conjugate symmetric).

Proof. We first claim that
Res_;p+ 1(0) = J7'R* Res ;-\ 01(0). (5-10)

This is obtained from (5-8) and by observing that v € Res; ;.  o1(0) if and only if R*v e Res_; cy.2)(0),
since R* commutes with tx and d, and as R* swaps E and E} by the discussion above. Thus by another
application of (5-7), we obtain (5-9). For the symmetry part, observe that R is orientation-preserving and

(u,v):/ u/\ozAR*ﬁ:—/ Runoanv=(v,u). O

sM SM

5C. Magnetic flows. These flows are determined by a smooth function A € C*°(X). The relevant vector

field is X, := X + AV. A calculation using the structure equations shows
1x,2=—da+raAB=—da+rr0,

where o is the area form of g. If ¥ has negative Euler characteristic, then Ko generates H>(X) and thus
there is a constant ¢ and a 1-form y such that

Ao =cKo +dy.
Therefore

lx,Q=—da+rn*oc =d(—a —cy +1*y),

and hence X, € Xg. If X is Anosov and A is small, X, remains Anosov. In general these flows are not
contact; see [Dairbekov and Paternain 2005].
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5D. Explicit flows with [w] # 0. In this subsection, we construct explicit volume-preserving non-null-
homologous Anosov flows that are close to the geodesic flow on a compact oriented negatively curved
surface (X, g). Let 6 # 0 be a harmonic 1-form on X. At the level of SX this can be seen in terms of
two equations

X@)+HV(@®) =0,

(5-11)
H@®)—-XV(©)=0.

This first is zero divergence, the second is d8 = 0. To check these equations one can argue as follows.
We will use that dm(, ) (X (x, v)) = v and dm(, ) (H(x, v)) = iv. Given 6, we consider 7*6 and note
(using the standard formula for d applied to 7*6)

d(n*0)(X,H)=X7"0(H) — Hxn*0(X)) —7*0([X, H]).

By the structural equations, the term [X, H] is purely vertical; hence it is killed by 7*6. Now one can
check that 7*0(H)(x, v) =0(iv) = V(0) = —(*%60)(v) and 7*0(X) = 6(v). Finally since

d(n*0) (X, H)=n"d0(X, H) =d0(dn(X),dn(H)) =d6 (v, iv),

one obtains that d6 = 0 if and only if H(#) — XV (8) = 0. The form 6 has zero divergence if and only if
x6 is closed so the first equation also follows.

We consider the vector field Y := 60X + V (6) H. This vector field is dual to the 1-form on SX given by
m*0 = 6a 4+ V(0)B. This form is closed as well as ¢ := —V (0)x + 88 which is the pullback 7*(x0).
We can easily check that ¢(Y) =0 and 7*0(Y) = (012 + [V ()]

The flows we wish to consider are of the form X, = X + €Y, where X is the Anosov geodesic vector
field and ¢ is small so that it remains Anosov. Using the above we observe:

o X, preserves the volume form Q2 =« A 8 A . This is thanks to the fact that 6 has zero divergence.

o [tx, 2] # 0 for e # 0. This is because 7*0(Y) = [61* + [V (9)]* = 0, and hence if 6 is not trivial,

/JT*Q(Xg)Q=€/ T*0(Y) Q # 0. (5-12)
S¥

ST
What we will prove in the coming sections is that X, has a splitting resonance for 1-forms near zero,
and the semisimplicity does not break down.

6. Perturbations

In this section we study the behaviour of the Pollicott—Ruelle multiplicities under small deformations and
start with the proof of Theorem 1.4.

6A. Uniform anisotropic Sobolev spaces. We start by laying out the necessary tools to study perturba-
tions of Anosov flows and associated anisotropic Sobolev spaces. We will follow the recent approach
of [Guedes Bonthonneau 2020], where a uniform weight function that works in a neighbourhood of the
initial vector field is constructed. For brevity, we will only outline the necessary details. We refer the
reader to [Faure and Sjostrand 2011] for more details in the case of a fixed vector field, and to [Dang
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et al. 2020] for an alternative construction of a weight function that works for perturbed vector fields.
The use of anisotropic spaces in hyperbolic dynamics has its origins in the works of many authors; see
[Baladi 2005; Baladi and Tsujii 2007; Blank et al. 2002; Butterley and Liverani 2007; Liverani 2004;
Gouézel and Liverani 2006].

Let M be compact and X an Anosov vector field. By [Guedes Bonthonneau 2020, Section 2], there
exists a 0-homogeneous weight function m € C*(T*M \ 0) that applies to all flows with generators
IX — Xollct < n, for some n > 0, in a sense to be explained. It satisfies, for all such X,

m=1 near E}, m=—1 near E}, X.m <0.

Here X, is the symplectic lift of X to T*M. We set G(x, &) ~ m(x, &) log(1 + |&]) for all |£]| large. The
anisotropic Sobolev spaces are defined as, for r € R,

Hp.rc = Op, (e ") LH(M). (6-1)

Here h > 0 and Op,, denotes a semiclassical quantisation on M; we write Op := Op;. We will write
H,c =Op(e™ GYL2(M). Frequently we consider a smooth vector bundle £ over M and in that case we
consider the corresponding spaces H, .G = Op,,(e "1 L2(M; £). We will write

Hh,rG+kloge) = OpPy (e " H (M &).

We will use the special notation H,G x := H1,rG+klog(g) = Op(e_’G)Hk (M; £). We remark that the spaces
‘Hp.rc for varying h are all the same as sets, equipped with a family of distinct, but equivalent norms.

Let X, be a smooth family of Anosov vector fields on M. Consider also a smooth family of differential
operators P, with principal symbol o (X,) x Ide. We will consider any Q € W~*°(M; £) compactly
microsupported, self-adjoint operator, elliptic in the neighbourhood of the zero section in 7* M. Introduce
now the spaces

D;z,rG ={ueHprc: Pt € Hprg)

and equip them with the norm |ju HZDZ — |lu II%{]”G + ||h Peu ”%—Lh .- Completely analogously with H,¢,
we introduce Dy, and also Dy , for an integer k.
Then [Guedes Bonthonneau 2020, Lemma 9] states:

Lemma 6.1. There exists an &g > 0 such that the following holds. Given any sy > 0, k € Z and
r > r(so) + |k|, there is hy > 0 such that for 0 < h < hy, Ims > —sq, |Res| < h™'/? and |¢| < e,

Pe=h™'Q =5 D} .G ii0gt6) = HhrG+hiog(e)
is invertible and the inverse is bounded as O (1) independently of ¢.

Here r(s) is a nonincreasing function of Im s, so that r(s) > rp,(Ims) for all ¢ € (—&o, €0). Also, here
rp, (So) represents a certain threshold (see [Guedes Bonthonneau 2020, p. 4]) depending on P; such that
for r bigger than this quantity the resolvent (P, — h 1o —s)1: Hn.rG — Hn.rc 1s holomorphic and

(P, —s)"': H,¢ > H,c admits a meromorphic extension to Ims > —sg and | Re s| < h=1/2,
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6B. Pollicott—Ruelle multiplicities are locally constant. In this section we prove, using the construction
of anisotropic Sobolev spaces in the previous section, that in some fixed bounded region, the sums of
multiplicities of resonances are locally constant. Observe that under the assumptions in Lemma 6.1, we
have the factorisation property

(Pe—s)(Pe—h7'Q—s) '=1d+hr'QP. - 'Q—5)"". (6-2)
This holds for s in 2 5, := {s : Ims > —sp, |Res| < h~=1/2}. We introduce the notation
D(e,s):=h"'Q(P, —h 10 —s)"\.
Since Q is smoothing, we have that D(e, s) is of trace class, and, moreover, since for any ¢, &'
D(e.s) = D(e",s) =h™'Q(Po —h™'Q =)\ (Po = P)(Pe —h™' Q =)™,

we have that € = D(e, s) is continuous with values in holomorphic maps from 4 5,41 to L(H,G, H,G)-
Here £(A, B) denotes the space of bounded operators from A to B, with the operator norm.

Then P, —s : D}, — H,¢ are an analytic family of Fredholm operators for Ims > —so. Consider now
a resonance s; of P = Py, and a simple closed curve ¢ around s; containing no resonances on itself or in
its interior except sy, such that y C €2 5,. The fact that D(e, s) is continuous allows us to say that for ¢
small, a neighbourhood of y still contains no resonances of P,. Introduce the family of projectors

1 _
I, ::%f;(s—Ps) Vds.
Our first aim is to prove:

Lemma 6.2. The ranks of I, are locally constant; i.e., there is an &1 > 0 such that rank I, is constant
for e € (—ey, €1).

Proof. We first claim that, for ¢ small enough,

ﬁ tr?g 3;(Id+ D(e, 5))~'(Id+ D(e, 5)) ds = — rank I1,. (6-3)
¥

The left-hand side is well-defined by the generalised argument principle [Dyatlov and Zworski 2019,

Theorem C.11], since the contour integral is a finite-rank operator. To prove the equality in (6-3), we

apply the residue theorem for meromorphic families of operators. Use (6-2) to obtain the left-hand side

of (6-3) is equal to

1 -1 -1 -2 -1 -1
ﬁtryé((s—l)s) +(Pe—h'Q—=5) (P =) ") (Pe—s5)(Ps—h™'Q—5)""ds
_ T I | 1 -l [ s L |

=5 tr?g(Pg h " Q—s) "ds+ i trfi/(Pg h—Q—s5)(P.—s) (P.—h "Q—s) " ds.

The first integrand in the second line above vanishes, since (P, — h 1o —s)"is holomorphic; the second
one is equal to — tr [1, = —rank I'l, by the cyclicity of traces. This shows (6-3).
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Now recall by Jacobi’s formula that we have

1 trf 3,(Id+ D(e, )~ (Id+ D(e, 5)) ds = — —— f tr((Id + D(e. s)) "' 3, D(e. s)) ds
2mi Y 2mi Y
1 [ 3, det(ld+ De, 5))

27i J, det(ld+ Dee, 5))

2mi
Here we used integration by parts, and that d; D (e, s) is a smoothing operator to commute trace and

integration. In particular, the continuity of € — D(e, s) as above and so that of the Fredholm determinant
e > det(Id + D(e, s)) and its derivative ¢ — d; det(Id + D(e, s)) imply that for ¢ small enough the
integrand changes by a small margin, and since the integral is integer-valued, we obtain the claim.” [

Note that a priori projections I, are continuous only as functions of ¢ with values in L(H,¢.1, HrG)
and L(H,g, Hrc,—1) if the resolvents (P, — s)~ ! are. The maps I, : ran [1g — ran 1, are isomorphisms
for small ¢ by Lemma 6.2. We will show ¢ +— I1, € L(H,¢, Hr) is continuous; we follow the argument in
[Chaubet and Dang 2019, Appendix A]. Pick a basis ¢/ € H,G.1, j =1, ..., k =rank I, of ran Iy, and
define <pg = Hggof; then & —~ <pg € H, ¢ is continuous. Define also ¢3£ = I"Iol'Iggoj and note & — ¢g ceH, G
is also continuous. Let vg be the dual basis in ran IT of gﬁg ; then ¢ — vg € (ranTlp)’ is continuous. Here
the prime denotes the dual. Finally, let l! = vg o [y o I1,, continuous as a map € — lg € ’H;G. Then we
may write

k
H£:Z¢g®lg.
j=1

By construction, this map is continuous H,g — H,g for r > r(sg) + 1.
One may further bootstrap this argument as in [Chaubet and Dang 2019] to reobtain [Guedes Bonthon-
neau 2020, Lemma 10]:

Lemma 6.3. Forr > r(so) +k + 1 and & small enough, & — Tl is a C* family of bounded operators
on H,g.

We are now in good shape to prove some of the basic perturbation statements from the Introduction.

Proof of Theorem 1.4(1) and (2). If Xg € Xs% has nonzero helicity, then for & small enough, H(X.) # 0
and we may assume by Lemma 6.2 that m x, (0) <m x,(0) = b;(M). Thus by Theorem 1.2, we have
dim RCS_iLXE’Q(I) (0) =b1(M) =m x,(0), so that X, is 1-semisimple, which proves (1). The proof of (2)
is completely analogous to the proof above and we omit it. O

7. Proof of Theorem 1.5

In this section we discuss what happens with semisimplicity if we perturb an arbitrary contact Anosov
flow. For this purpose, consider M, a closed orientable 3-manifold, and a contact Anosov flow X on M.
This implies there is a contact 1-form « such that 2 = —a Adw is a volume form, o (X) =1 and tx do = 0.

5Alternatively, one may apply the generalised Rouché’s theorem [Dyatlov and Zworski 2019, Theorem C.12] to conclude that
the sums of null multiplicities (in the sense of Gohberg—Sigal theory; see [Dyatlov and Zworski 2019, Appendix C]) over the
resonances in the interior of y of operators Id + D (e, s) for small enough ¢ are constant. By (6-3), we know that these sums of
null multiplicities are equal to rank I, which proves the claim.
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We consider a frame {X;, X»} of kera (such a frame exists since M is parallelizable) such that
da(X1, Xp) = —1. The dual coframe {«, a1, ay} to {X, X, X,} satisfies

doa =ay Aoy, Q=—anda=arno; ANay.

Next, consider a Riemannian metric g on M making {X, X, X;} an orthonormal frame. Observe that
Ql=Rad® Qé and for any u = u 01 +usap € D'(M, Q(l)), we have for the action of the Hodge star * of g

*uU=ujr Ao +urax Aoty =a A (U — ujop). (7-1)
We introduce the complex structure J : Q) — Q} given by
Ju = uro —ujop,
so that *u = a A Ju. In particular, we have L3 u = —* Lx *u = 0 if and only if
LxJu=0. (7-2)

Let Y € Xq. Since Y preserves 2 we may consider the winding cycle map associated to Y':
Wy: H' (M) — C, Wy(8):= / 0(Y) Q.
M

Clearly Y is null-homologous if and only if Wy = 0. The next lemma characterises the property of Y
being null-homologous in terms of a distinguished resonant state of X. Let IT denote the spectral projector
at zero of —i Ly acting on Q! (see (2-5)). Set

u:=IlLya € ReS_iL'X’Ql(O).

Lemma 7.1. We have txu = 0. Let 0 be a (real) smooth closed 1-form and let r € D, «(M) be such that
vi=(N)"1O+dy) e Res_; v 1(0). Then

(u, v) 2 = =Wy (0).
In particular, Y is null-homologous if and only if u = 0.
Proof. We may write for some a, aj, a; € C*°(M)
Y=aX+a X +arX;,
and a calculation shows

Lyoa = (tyd +diy)a = ajix, do +asxx, do 4 da. (7-3)

Therefore, we have

txu =IlixLya =T1Xa = XIla =0. (7-4)
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In the previous equation we used that I1a is constant by Theorem 1.2 and that [T commutes with X. Next
we compute, using that xv = o A (0 +dVY),

(Lya, v)Lz=/ (ajtx,da+axx,da+da)y Na AN (O +dy)
M
- / (@13, + a2, (6 +dy) Q
M

:—/ Ly(9+d1//)Q=—f ty0 Q= —Wy(0). (7-5)
M

M

Here we used the graded commutation rule for contractions, integration by parts and the following facts:
0 4+ d is closed, tx (6 +dy¥) =0 and Y is volume-preserving. By Lemma 2.3 it follows that [T*v = v.
By this and the computation in (7-5), it follows that

(u, v) 2 = (MLya, v) 2 = (Lyar, v) 2 = — Wy (0)

as desired. Clearly, the relation (u, v) = —Wy(0) implies that if u = 0, then Y is null-homologous. If Y
is null-homologous, then (u, v) = 0 for all v. Since 1-semisimplicity holds for X, Lemma 2.4 implies
u = 0 and the lemma is proved. U

The next lemma provides important information about the pairing between resonant and coresonant
states in the contact case.

Lemma 7.2. Let 6 be a smooth closed 1-form on M. Let ¢ € D) :(M ) and € D;Z;ﬁ (M) be such that

u = 0 +d(p S ReS_iLX QI(O),
1 o (7-6)
v=(J)" (0+dy) e Res_w}’%(O).

Then

Re(u, v);2 =Re/ O+dp) AaA@+dy) <0
M

with equality if and only if 0 is exact, or in other words u = v = (.

Proof. By (7-6) we have txu =0 and txv =0, so X¢ = Xy = —6(X). We have the chain of equalities

Re(u,v)Lz:—/ Re(@/\é)Aa—Re/ pdand
M M

=Re/ 00(X) Q= —Relp, Xp) 2 =Im(—iX¢, ¢);2. (7-7)
M

Here we used X¢ = —60(X), Re(6 A 6) =0 and integration by parts.
Assume now Re(u, v);2 > 0. By the computation in (7-7), Lemma 2.5 implies ¢ € C*(M), so
ueC®M,; Q(l)) and Lemma 4.2 implies u = 0 and 6 exact, so also v =0. [l
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7A. Constructing the splitting resonance. Let Y € Xq such that Y is not null-homologous and consider
a perturbation of X
X.=X+¢Y.

Consider a simple closed curve y around zero, so that no resonances of —iLx, on Q' (M) cross the
curve y for small enough values of the parameter €. Consider the family of projectors given by

M, :=Tg, = ﬁ%(x +ilx,) " dx. (7-8)
4

By Lemma 6.3, the I1, are C kKin e in suitable topologies. More precisely, we have ¢ — [, € L(H,G, Hrc)
is Ck forr > r(0)+k+1 (e, r large enough).
We will construct the splitting resonant state “by hand”. For that purpose, consider

te = ﬁXg Moo =¢ell,Lya.

Here we used that I1, commutes with ty, and d, which follows since the integral defining I, does so.
Our candidate for the splitting resonance is

ug, :=Il.Lya.
Firstly, we note that tx,_u, = 0, which follows from
tx.te = Lx I (1 +ea(Y)) =0.

This is because

1
e/ = Soian fogz

is constant, which follows from Theorem 1.2. We also understand that I, acts on forms of any degree,
and is given by the expression (7-8). This implies directly that ¢y, u, = 0 for € 7 0, and then by continuity
we have 1y, u, = 0 for all .

Fix now ¢ # 0. Then either exactly one resonance “splits” by Lemma 6.2 and Theorem 1.2, so we must
have Lx, t, = pete for some e 7 0 and thus Ly u, = pu,, or a resonant state does not split, in which
case Ly, 1 =0 and so Lx,u, = 0. Also, we clearly have Lxuo = 0. Therefore, there exists a function A,
such that for each small enough ¢

Lx g = Aellg. (7-9)
Hence we may write
e, )
<u€’ M*>

where u* is a coresonant 1-form at zero such that (ug, u*™) # 0. Such a 1-form exists by Lemma 2.4.
Therefore, for ¢ small enough and by continuity the above expression makes sense, so we conclude that
Ae is in C? for ¢ in an interval around zero. Note that Ao = 0 and that by Lemma 7.1, ug # 0 since Y is
not null-homologous.
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7B. Proving that ). # 0. We dedicate this subsection to proving that A, # 0 for ¢ # 0 and we achieve
this by looking at the second-order derivatives of A, in . Recall we have a C? family of resonant 1-forms
us = I, Lya corresponding to resonances —i A, for the flow X 4 eY such that
Ix+tey dUe = Aellg, (7-10)
txteytte = 0.
We will denote u( by u and Ag by A, and we apply the same principle to the derivatives of A and u at zero.
We want to linearise (7-10) by taking derivatives in €.

First linearisation of (7-10): We take the first derivative of (7-10) to get

ty dug + LX+eY dite = Aeltg + Al

. (7-11)
lyUe +txteyite =0.
Evaluating (7-11) at € = 0, we get the system
vy du+ 1y dit =,
(7-12)

tyu +1xu =0.

This further simplifies, since u is a resonant state at zero, so by Lemma 4.7 we have du = 0. By (7-1)
we may write xu™ = o A w, where w = Ju™ and we have Lxw = 0 and txw = 0. Much as before, since
w € D (M; Q(l)) we have dw = 0. Therefore, by taking the inner product with u* in (7-12), we get

)»(u,u*):(txdzk,u*)zf ixdi Ao Aw

M

=—/ db't/\w=—/ uANdw=0.
M M

Second linearisation of (7-10): By taking the e derivative of (7-11) we get

This implies A = 0.

2y dite + txqey dily = holte + 2ty + gy,

) . (7-13)
2ytle +txqeyiie =0.
We evaluate (7-13) at ¢ = 0 to get
2y dii + 1x dii = Ju,
. . (7-14)
2ty +txii = 0.
Consider the same coresonant state u* as above. Pairing (7-14) with u* yields
X(u,u*>=2/ Lydlft/\a/\w-i-f ix dii Ao Aw. (7-15)
M M

Now the second integral above is equal to — |, y dii Aw =0, by integration by parts.
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The first integral is a bit trickier and it is equal to
/ tydu ANa Aw =f (artx, +axx,)du Na Aw
M M

=/ (artx, +axx,)wdu Aa:/ w(¥)du A« (7-16)
M M

Here we used that tx du = 0 by the first linearisation analysis and (xw = 0. Note that 1x dit = 0 also
implies that di A o is X-invariant, so the integral | y w(Y) dit A may be interpreted as “some winding
cycle”.

Observe that WF(duit) C WF(i) C E;;. This follows by differentiating IT, at zero to deduce

Iy = ﬁ f A+ilx) N (—=iLy)A+ilx) " dr=i(Ry(0)LyTly+ oLy Ry (0)).
Y

At this point, we recall that (—iLy — A~ = Ry (L) — Iy/A. Since Iy and Ry (0) extend to maps
D (M; Q') — Dy (M; Q1), we have that it = [ToLya € Dy, (M; Q).
By Theorem 1.2 it follows that dit A o = ¢2 for some constant c. In fact, we have

cvol(M):/ dd/\d:/ mm:-/ W(X) Q
M M M

(7-17)
:/ u(Y) Q2= Wy(u).
M

In these lines we used the second equation of (7-12) and txu = 0. Combining (7-17), (7-15) and (7-16)
we have
. 2Wy(u)Wy(w)

Mu, u ):2cfﬂ4w(Y)Q:2ch(w):W. (7-18)

Next we choose a special u*. Namely, if we write u = 0 + d¢ for some (real) smooth closed 1-form 6
and ¢ € D, (M), then we choose u* = v as in Lemma 7.2. This ensures that (u, u*) < 0 and, moreover,
by Lemma 7.1 we have
(u, u™y =—Wy(@®) < 0.
Hence (7-18) simplifies to
. —2Wy (0
3= —2Wy () <0
vol(M)
By the symmetry of the Pollicott—Ruelle resonance spectrum, we have that A, is real, since otherwise we
would contradict Lemma 6.2. We conclude by Taylor’s theorem

S 82(_ Wy ()

—Vol(M) +0 (8)) .

In particular A, is negative (so nonzero) for sufficiently small ¢ # 0. Therefore, the resonance —i A, of
—i Ly, splits to the upper half-plane and 0 is a strict local maximum for A.. This completes the proof of

Theorem 1.5.
‘We conclude this section with:
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Proof of the first part of Corollary 1.7. By Corollary 3.3, the order of vanishing of the Ruelle zeta
function at zero is equal to m(0) — mo(0) —m,(0). By Theorem 1.2, we know m(0) = m(0) = 1 and
by Theorem 1.5 and Lemma 6.2 we have m(0) = b1 (M) — 1 for small enough nonzero ¢. O

8. Time changes

In this section we consider the transformation X — X = fX, where X is an Anosov vector field and
f > 0 a positive smooth function and call such a transformation a time change. By [de la Llave et al.
1986, Lemma 2.1], we have that X is also Anosov and, moreover, its stable and unstable bundles E* and
E" are given by

E'={Z+6(2)X:Zc E*}. (8-1)

Here the continuous 1-form 6 is given by solving Lx(f~'6) = f~2df. Therefore, we notice that
E* = (ES ® [RX)* E and E* = (E“ ® [RiX)* = E7, where we used (8-1). This means that the resonant
states associated to the flow fX lie in suitable spaces D’,., which will be very convenient.

We begin by recasting Lemma 2.4 to the case of 1-forms and consider a time change.

Proposition 8.1. Ler X be an Anosov flow on a manifold M and let f > 0 be a positive smooth function.
Then Lyx acting on Q(l) is semisimple at zero if and only if the pairing

Res'” PSIOR Res'! E* o1 = C. (. v) > < v> (8-2)
LA(M; Q)
is nondegenerate.
Proof. Let us determine the appropriate resonant spaces of £ rx and L% #x atzero. Note first that ker £ rx =
ker Lx on D (M; Q(l)), since time changes preserve the E set. Next, we compute E* rx = =LY(f")
on Q(l), with respect to a fixed smooth inner product (e.g., given by a metric). Therefore, we have

Resll. @)= 7Res e

Thus the nondegeneracy of the pairing between resonances and coresonances is equivalent to the nonde-
generacy of (8-2) and applying Lemma 2.4 finishes the proof. (I

8A. Time changes of the geodesic flow on a hyperbolic surface. The aim of this subsection is to ex-
plicitly specify the equations for 1-forms in the kernel of L£x on the unit sphere bundle M = S¥ of a
closed hyperbolic surface X. We start by considering the case of general variable curvature and use the
orthonormal frame {«, B, ¥} constructed in Section SA.

Let u € D'(M; Q(l)). Then u = bB + f for some b, f € D'(M) and we have

du=an(XOD)—fK)+BAYH()=VD)+anyb+X(f)).

Therefore, du = 0 implies
X)) =K,
X(f)=—b, (8-3)
H(f)=V(b).
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The first two equations come from ty du = 0. The third is an additional one, which we know holds if
u €Dy (M; SZ(I)) and ty du =0; it can be explained as an additional horocyclic invariance (see [Guillarmou
and Faure 2018] and below).

Now we specialise to K = —1, i.e., the case of hyperbolic surfaces. Then in the {8, ¥} coframe
spanning Q(l), the operator £y may be written as

01
ﬁx—XXId+<1 0)

and the first two equations in (8-3) then read

X-D®b-[f)=0,

X+DbB+f)=0.
Thus f = —b as there are no resonances with positive imaginary part, since X is volume-preserving.® The
third equation in (8-3) now gives U_b =0, where U_ = H + V is the horocyclic vector field spanning E,,.
Now we may also write, where the adjoint is with respect to the Sasaki metric on SX,

. 01

Therefore L3 v =0, where v =b'B 4 f't for some V', ' € D%j (M), is the same as

—X+DH@'+ fH=0,
(=X -1 - fH=0.

Since we are looking at the vector field — X, no resonance with positive imaginary part gives f' = —b’
and so (X + 1)b" = 0. The third equation in (8-3) then reads U, b’ = 0, where U, = H — V spans the E;
bundle.

Therefore, we have

Res), ()= {b(B—¥) € D'(M) : (X — )b =0, (H+V)b=0),

Res! _ / ) _ _ (8-4)
es_ze (0)={b(B—v) € D'(M): (X + Db =0, (H—V)b=0}.

Note that we may drop the wavefront set conditions, since they follow from the equations being satisfied.
We remark that since we know —i Ly at 0 is semisimple by [Dyatlov and Zworski 2017], then so is —i X
at —i by the correspondence (8-4) and dim Res_; x (—i) = b;(M). Alternatively, we may use [Guillarmou
et al. 2018, Theorem 1] to deduce semisimplicity even at the special point —i for hyperbolic surfaces.

Proposition 8.2. Let f € C*°(M) and f > 0. Semisimplicity for —i L yx at zero acting on Q(l) is equivalent
to the nondegeneracy of the pairing

b
Res') (—i) x Res'V(—i), (b1, by) <—1, by (8-5)

S >L2(M).

—itP — (pft is an isometric isomorphism on L2(M ) and so the integral defining the

6This can be seen from (2-2), since e
resolvent converges for Im A > 0.
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Proof. The proof is based on the correspondence (8-4) and Proposition 8.1. Then for b1 (8 — ¥) €

Res();, (0) and (bo/f)(B —¥) € Res'}., (0). we have
b2 b2
bl(ﬁ—vf),—> =2<b1,—> .
< FB=v) 2.0 Il
This proves that the pairing (8-5) is equivalent to the pairing (8-2), which finishes the proof. (Il

In the next sections, we would like to find out more about the pairing (8-5), similar to [Dyatlov et al.
2015; Guillarmou et al. 2018], where a pairing formula for generic resonances is proved.

Remark 8.3. Using the decomposition u = ax + b + f, by (8-3) it may be seen that (Lx +s)u =0
isequivalentto (X +1+s)(b+ f) =0, (X —1+s)(b— f) =0 and (X 4 s)a = 0. This enables us to
determine the resonance spectrum of Ly on 1-forms from the resonance spectrum of X on functions,
using the works of [Dyatlov et al. 2015; Guillarmou et al. 2018]. In particular, for Re s > —1 we obtain
b+ f =0, which suffices to determine the spectrum on the left in Figure 1. The small and large eigenvalues
in this figure are in the sense of [Ballmann et al. 2016].

8B. Reduction to distributions on the boundary. We follow the notation from [Dyatlov et al. 2015,
Section 3]. We consider the hyperboloid model

sz{xz(xo,xl,xz)z(xo,x/)€R3 : (x,x)szg—xlz—xgzl, xo > 0}

of hyperbolic geometry, equipped with the Riemannian metric —(-, - )4, restricted to TH?. Here
(-, ) is called the Lorentzian metric. We also consider the action the isometry group G = PSO(1, 2)
of H?, consisting of matrices preserving the Lorentzian metric, orientation and the sign of xq. This
action extends to an action on the unit sphere bundle SH?, since G consists of isometries and in fact
Gay—vy-(1,0,0,0,1,0) SH? is a diffeomorphism. We also have explicitly

SH? = {(x,&) e H? 1 x, £ e R?, (£, &)p=—1, (x,E) 0 =0). (8-6)

We will write ¢, for the geodesic flow on SH? and X for the geodesic vector field. In the identification
(8-6), we may write
X =& 0r+x- 0.

Therefore the geodesic flow on SH? may be explicitly written as
¢r(x,&) = (x cosht 4 & sinht, x sinht + & cosht). (8-7)

We may compactify H? to the closed unit ball B> by embedding it with the map yo(x) = x'/(xo + 1)
and we call S' bounding B? the boundary at infinity. Note that to a point v € S' we may associate a ray
{(s, sv) : s > 0}, which is asymptotic to the hyperboloid ray {(+/1 +s2, sv) : s > 0}. The action of G
extends to an action on the boundary at infinity S' as follows. Let y € G and v € S'. Then the matrix
action on R?

y-(L,v)y=N,(v)(1, Ly (v)) (8-8)

defines an action of y € G on S! via L, . It also defines the multiplicative map N, : § L
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Denote by 7 : SH?> — H? the footpoint projection. We will consider the mappings
Bi(x,&):SH* = S',  Bi(x,&) = lim 7(p(x, §)). (8-9)
t—£00

The limit in (8-9) is interpreted as the point of intersection of the geodesic starting at x and with tangent
vector £ with the boundary at infinity. We introduce also

<I>i:SI]-I]2—>IR+, Dy(x,&):=x0x& > 0. (8-10)
In fact, then we can write for any (x,§) € S H?
x£&=di(x, §)(L, B+(x, §)). (8-11)

The maps B and ®_ have nice interactions with the geodesic vector field X and the horocyclic vector
fields U4, defined in Section 8A. By this we mean that

dBy-X=0, UisB:1=0. (8-12)

The first equation holds since B is constant along X and the second one since B4 is constant along
horospheres. We also have

Xop =1+, UsPL=0. (8-13)

Here, the first equation follows from & (¢;(x, §)) = et 4 (x, ), which is true by (8-7). The second
one also follows from a computation. Finally, since (x + &, x — &) »¢ = 2 and by (8-11), for (x, £) € SH?,
we have

D4 (x, §)P_(x,6)(1 — By (x,8) - B_(x,§)) =2. (8-14)
The maps &1 and By are G-equivariant in the following sense. We have
Bi(y - (x,8)) =Ly(B+(x,8)), Pi(y-(x,8))=N,(B(x,§)Ps(x,$). (8-15)
Now the Jacobian of the map L,, : § ' S' may be computed explicitly and is given by
(dLy(v) - 51.dLy (v) - Q)ge = Ny () (1. g, 1.2 € TS (8-16)

Consider ¥ =TI"\H? a compact hyperbolic surface, where I' C PSO(1, 2) is a discrete subgroup. Then we
may identify the unit sphere bundle as S = I\ SH?. We introduce the space of boundary distributions as

Bd’() = {w e D'(S") | Liw(v) = N (Ww(v), y T, ve '} (8-17)
The generator X of the geodesic flow descends to S¥ and we define the first band resonant states by
Resy (1) = {u € D, (ST) | (X +2)u =0, U_u =0}.
We similarly introduce the first band coresonant states via (see Section 2C)

Resy.(A) = {u € D) L(ST) | (X =Mu =0, Uyu =0}.
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Then we have the correspondence, valid for all A € C proved in [Dyatlov et al. 2015, Lemma 5.6], which
we prove here for completeness. Note that by ®% for A € C we simply mean the exponentiation of the
function @4 > 0 by the exponent A.

Lemma 8.4. Let i : SH?> — S be the natural projection. Then

7} Resy (1) = ®* B* Bd°(1). (8-18)
Similarly we have, for the space of coresonant states,

7 Resg. (1) = &4 BX BA(R). (8-19)
We also have ]F(k) = Bdo(i).

Proof. Let w € Bd’(1) and put v = ®* B*w € D'(SH?) (the pullback of distributions under submersions
is well-defined; see [Grigis and Sjostrand 1994, Corollary 7.9]). We use now the invariance properties
and B4 given by (8-15) to prove v is I'-invariant. For y € I' we have

y*v=(y*®_)'y*B*w = B*(N,)*®* B* L’w = ®" B*w =v.

Thus v is I'-invariant and descends to D'(SM).

Now using (8-12) and (8-13), we obtain directly that (X + A)v = 0 and U_v = 0. This proves
®* B* Bdo()») C npt Res())( (A) (the wavefront set condition on v follows from [Grigis and Sjostrand
1994, Chapter 7]). The other direction follows by reversing the steps above and noting that a function
(distribution) invariant by X and U_ is immediately a pullback by B_. The statement about coresonant
states follows similarly. ([l

We now introduce the set of coordinates (v_, v, s) € (S xS') A xR on SH?, yielding a diffeomorphism
F:(S'x 85 x R— SH?, and given by identification

(8-20)

P (x,
(v_, vy, 8) = <B(x, £), By (x, &), %log +(x §)>.

P_(x,8)
Here (S; x S;)a denotes the torus S' x S! without the diagonal A. The coordinates (8-20) can be
interpreted as (v_, vy) parametrises the geodesic y starting at v_ and ending at v4 and s is the parameter
on this geodesic such that y (—s) is the point on y closest to eg = (1, 0, 0) (or O in the disk model). The
geodesic flow in these coordinates is simply ¢; : (v—, v4, ) = (v—, v, s +1).

The coordinates (8-20) enable us to write a product of distributions in resonant and coresonant spaces
more explicitly, but we first require an explicit computation of the Jacobian of the change of coordinates

(x7 S) - (U—5 Vi, S).
Lemma 8.5. For the coordinate system introduced in (8-20), we have the equality
2dv_dv.ds

oo — vy 2

Proof. This is the content of [Nicholls 1989, Theorem 8.1.1]. U

F*(dxd§) = (8-21)
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Remark 8.6. The Jacobian popping up in Lemma 8.5 is well known and the current in (8-21) is called
the Liouville current.

We now prove that the invariant distributions formed as products of resonant and coresonant states
have a very nice form in the coordinates (8-20).

Proposition 8.7. Let w; € Bdo()\) and wy € BdO(X), and consider the invariant distributions v, =
®* B*w; and v, = CIDiBiwz constructed in Lemma 8.4. Then the product distribution in (v—, vy, s)
coordinates takes the form’

224+l wi(vo)wa(vy)

F*((vivp)(x, &) dx d&) = v — v, 20D

dv_dvyds. (8-22)

In particular, for . = —1 the product F* (v v;) extends to a distribution on St x ST xR

Proof. By definition, we have the following expression for the product v;v;:

(1) (x, §) = (P_(x, )P4 (x, £))* B*wi (x, £) B wa(x, §). (8-23)
Now changing the coordinates to (v_, vy, s) given in (8-20) and by using the identity (8-14) we get

22 wi(vo)wa(vy)

Fr@iin)(v-, vy, 9) = 21 —v_ v wn (0 )ia(vy) = 27 =27 (8-24)
Using the Jacobian computation in Lemma 8.5, we establish (8-22).
In the special case A = —1, using (8-22) we may write
F*(v1va(x, &) dx d§) = %wl(v,)ﬁ)z(u) dsdv_dvy. (8-25)
In particular, for A = —1 the distribution F*(vv;) extends to a distribution on the space S IxSIxR. O

Remark 8.8. The distributions in (8-14) are called distributions of Patterson—Sullivan type. See [Anan-
tharaman and Zelditch 2007] for more details, where the particular case of A = —% +ir; is studied, in
connection to eigenvalues of A on ¥ with eigenvalue }f + r/2 Note however there is an extra factor of
lv_ — vy |? compared to (8-24), obtained by changing coordinates according to (8-20).

8C. Construction of a time change that is not semisimple on 1-forms. Here we construct a smooth,
positive function on the unit sphere bundle S of a compact hyperbolic surface ¥ = I'\H? such that
under a time change of the geodesic flow, the action of the Lie derivative on resonant 1-forms at zero is
not semisimple. We establish a few auxiliary lemmas first. We denote by - : H> — I'\H? the associated
projection.

Lemma 8.9. Let w € Bd’(—=1). Then w(v) dv is T-invariant and we have

/ w)dv =0.
Sl

7Formally, by (8-22) we mean an equality in the sense of O-currents. More explicitly, we mean an equality in the sense of
distributions (221w, () (v4)/|v— — vy |FA+D] Fl(s1xshy,xr = V102, fo Ffl)sﬂ_ﬂz.
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Proof. For the first claim, recall that by (8-16) we have L dv =N '(v) dv for any y € G. Therefore, by
(8-17) we have also L} (wdv) = wdv for any y € I', which gives the required property.

The second property is a direct consequence of the works [Dyatlov et al. 2015; Guillarmou et al. 2018]
on pairings. Note that [Dyatlov et al. 2015, Lemma 5.11] proves a pairing formula, which for A = —1
gives

(1, Tev2)y =0 (8-26)

for all v; resonance states at —1 and v, coresonant states at —1. Here 7, maps first band resonant and
coresonant states at —1 to eigenfunctions of A on X at zero by [Dyatlov et al. 2015, Lemma 5.8], so m,v;
and m,v, are constants. Using the time-reversal map R from Section 5B we may identify resonant and
coresonant states; i.e., we have R* : Res?((—l) — Resg(*(—l) is an isomorphism. Moreover, we claim
that 7, R*v = m,v for any v € Resg)((—l). For this recall the connection 1-form i on SX (dual to the
vertical fibre), and observe that w,v = m,(vy). Then for any 2-form 6 on X

(. (R*0Y), )5 =/ R*v¥ A0 = (mu(v9), 6)5.

SE
Here we used R*Y = ¢ and m o R = . By applying (8-26) to v, = R*v;, we obtain that , is zero on
both resonant and coresonant states.

Alternatively, this follows directly from the proof of [Guillarmou et al. 2018, Theorem 1] (more
precisely, see p. 19 of that work and the start of discussion of the Ag = —n case). ([

Next we prove an auxiliary lemma that relies on the dynamics of the action of T on S.

Lemma 8.10. Ler w € Bd’(—1) and let (v_, vy) € Stx St with v_ #v.. Then there exists a ¢ € C*®(S1),
such that:

(1) ¢ = 0.
2) p(vy) #0.

(3) @ vanishes in a neighbourhood of v_.
4 (w, p)s1 =0.

Proof. We denote by B.(A) the e-neighbourhood of a set A. Let ¢, € C*°(S ) be a nonnegative function
with ¢, =1 outside B¢ (v_) and ¢, =0in B />(v_); assume also 0 < ¢ < 1. Here ¢ > 0 is a small enough
positive number. If (w, ¢.) = 0 for some ¢, we are done by setting ¢ = ¢.. If not, then we may assume
(w, @e) > 0 for every ¢ > 0. Assume (w, ¢.) > 0 and (w, ¢s) < 0 for some ¢, § > 0. Then if we take
s = —(w, @) /{w, gs) > 0, we have (w, ¢, + sps) = 0 and so we are done by setting ¢ = @, + s@s.

Next, we may without loss of generality assume (w, ¢.) > 0 for all & > 0 small enough. By Lemma 8.9
we have (w, 1) = 0, which implies (w, 1 — ¢.) < 0. The invariance of w(v) dv under the action of I"
following from Lemma 8.9 then yields that for any v € C*®(S!)

(w, ¥) = /sl L;(w(v) dv)yr = _/51 wW)y oL, 1(v)dv=(w,yoL,). (8-27)
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Now use that since I' = 7r; (M) has 2g > 4 generators, it is not elementary by [Katok 1992, Theorem 2.4.3].
Therefore, by Exercise 2.13 of that work we have that I contains infinitely many hyperbolic elements
(fixing exactly two elements of S'), no two of which have a common fixed points.

So take y € I' hyperbolic such that v_, v are not in the set of fixed points of y, which we denote by
{p1, p2}. Assume without loss of generality p; is an attractor and p, is a repeller.

By (8-27) for y = 1 — ¢, we get (w, 1 — @) = (w, (1 — @) o L,-1) <0. Since supp((1 —¢@e)oL,,-1) =
L, (B:(v-)), we have that for n > Ny large enough, ¢; , := (1 —¢,) o L,-» has support arbitrarily close
to pi, so disjoint from v_ and v.. Therefore, for s = —(w, ¢¢)/{w, @ ) > 0, we have

(W, g +5¢cn) =0.
Then ¢ = ¢, 4 s¢. , does the job. [l
With this in hand, we can prove the following claim:

Theorem 8.11. Let ¥ = I'\H?2 be a closed hyperbolic surface. Fix wy € Bd’(—1) and let vs € Res())(*(—l)
be the corresponding coresonant state, according to Lemma 8.4. Then there exists an f € C®°(SX) with
f > 0 such that

/ fuitydx dE =0 (8-28)
S¥

forall v € Resg)((—l). In other words, semisimplicity of the Lie derivative L_;x,r acting on resonant
1-forms at zero fails.

Proof. We divide the construction of f into several steps.

Step 1: First, fix (xg, &) € SH?. Denote the corresponding coordinates of (xg, &) by (vo—, vo+, So),
according to (8-20). By Lemma 8.10, there is a nonnegative ¢, € C*°(S'), nonvanishing at vo,,
vanishing near vy_ and in the kernel of w,. Now let ¢_ € C*®(S') be such that ¢_ > 0, ¢_(vo_) # 0
and supp(¢y) N supp(p-) = J. Also, let ¥y € C;°(R) be such that ¥ (so) # 0 and ¥ > 0. Set
X(W_, vy, 8) =L (vi)e_(v_)Y(s). Take any w; € Bdo(—l) and denote the corresponding element of
Resg)((—l) by vi. Then by the computation in Proposition 8.7 for A = —1, we have F*n{(viv2dx d§) =
Twi(v2)wo(v4) dv_ dv, ds and

(102 dx dE), Fix)spe = 5 (w1 (v_)Wo(v4) dv_ dvy ds, X)(s1xs1), xR
= Hwi, o_) (W2, @) (ds, ) =0

since (wa, ¢1) = 0 by the construction. We will denote the x above by x(x,g) and by U, g a
neighbourhood of (xo, £) where Fj x(x,.g) > 0. Note that x is a function in C{°((S' x S')a x R), by the

(8-29)

condition on disjoint supports of ¢_ and ¢ in the construction, and as ¥ € C;°(R). Therefore we have
F, x afunction in CSO(S[I-[IZ).

Step 2: Denote by D C H? a compact fundamental domain for X. Then SD is a fundamental domain
for §X. By compactness, we have an N > 0 and (x;, &;) € SH? fori =1,2,..., N such that

SD C U U(x;,é;)-
(xi,6)
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Define then

N
Fux(x, €)=Y FuXe.z)(x, £) € CE(SH?).

i=1

By the construction, we have

N
%/ = 1 _
(rr(uivadx d§), Fix)swe = 3 E (wi(v)wa(ve) dv—dvids, X .6)) (st xshaxk =0 (3-30)
i—1

Step 3: We introduce the pushforward map 7, : C3° (SH?) — C>°(S%) by defining for any 1 € CgO(SI]-I]2)

mn(x, §) ¢=Z77()/-(XO,50)) € C(SY). (8-31)
yel
Here (xo, §0) € m ! (x, &) C SH? is an arbitrary point in the fibre and the definition of m, is independent
of any choices. Note that the only accumulation points of orbits of I" are on the boundary at infinity S',
so the pushforward is well-defined and sequentially continuous. Note also that 7, is dual to 7 in the
sense of distributions.
Then we observe that f(x, &) := . Fux(x, &) € C*°(SX) satisfies the required properties. Firstly,

(vivadx dé&, fss = (mr(vivadx d§), Fux)sue =0 (8-32)

by (8-30) from Step 2 and duality of m, with 7{%. Secondly, we have f > 0. To see this, let (x, &) € SX
and denote a lift to SH? by (xo, &). Then there exists y’ € " with ' (xo, &) € D. Therefore, there is an
i€f{l,2,..., N} with y"- (x0, &) € U, ¢, and so Fyxx;.&) (' - (x0, &)) > 0. Hence

N
=Y Fx(r- o600 2 Y Fextrey ¥ - (%0, £0)) = Fuxa (v - (x0. £0)) > 0.

yel i=1
This proves the first claim. The final claim now follows directly from the correspondence in (8-4) and
Proposition 8.1. U

Remark 8.12. One may see the element in the kernel of Eg( /7 and not in the kernel of Ly, constructed
in Theorem 8.11 more explicitly. Namely, one such element is given by the formula

u'=—iRp(0)(fu).

Here u € Resg)((—l) is an element such that fsz fuvdxdé =0forallv e Resg)(*(—l) and Ry(A) is
the holomorphic part at zero of (—iLx — 1)~ on 1-forms. The conclusion follows as ITo( fu) = 0 and
—iRy(0) is an inverse to Lx on ker [To N D, (M; Q).

Theorem 8.11 completes the proof of Theorem 1.4. We conclude this section with the following:

Proof of the second part of Corollary 1.7. By Theorem 1.4 there is a time change f X on the unit sphere
bundle S of a closed hyperbolic surface ¥ with ker E? x ZkerL¢x on Q})(SE). By Theorem 1.2, for
the flow fX we have m((0) = m>(0) = 1 and dim Res;(0) = b; (%), so that m(0) > b1(X) + 1. The
claim then follows by applying Corollary 3.3. ]
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SEMICLASSICAL RESOLVENT ESTIMATES FOR HOLDER POTENTIALS

GEORGI VODEV

We first prove semiclassical resolvent estimates for the Schrodinger operator in R?, d > 3, with real-valued
potentials which are Holder with respect to the radial variable. Then we extend these resolvent estimates
to exterior domains in R?, d > 2, and real-valued potentials which are Holder with respect to the space
variable. As an application, we obtain the rate of the decay of the local energy of the solutions to the wave
equation with a refraction index which may be Holder, Lipschitz or just L.

1. Introduction and statement of results

In this paper we are going to study the resolvent of the Schrodinger operator
P(h) = —h*A+V(x),

where 0 < & < 1 is a semiclassical parameter, A is the negative Laplacian in R?, d > 2, and V € L®(R%)
is a real-valued potential satisfying the condition

V(x) < p(lx)), (1.1)
where p(r) > 0, r > 0, is a decreasing function such that p(r) — 0 as r — oco. More precisely, we are
interested in bounding the quantity

gy (h, &) :=log||(jx| + D (P(h) — ELie) (x| + D 7*| o

from above by an explicit function of /4, independent of ¢, without imposing extra assumptions on the
function p. Here L? := L*>(RY),0 <e < 1,5 > % is independent of 2 and E > 0O is a fixed energy level
independent of /. Instead, we impose some regularity on the potential with respect to the radial variable
r = |x|. Note that throughout this paper, the space C' will denote the Lipschitz functions, that is, the
ones with first derivatives belonging to L (and not necessarily continuous).
We will first extend the result of [Datchev 2014] to a larger class of potentials. Recall that in [Datchev
2014] the bound
g (h,e)<Ch™! (1.2)
is proved when d > 3, with some constant C > 0 independent of / and &, for potentials V € C!(R*) with
respect to the radial variable r and satisfying (1.1) with p(|x|) = C1(|x| + 1)~?, as well as the condition

3,V (x) < Ca(lx| + 7P, (1.3)
where C1, Cp,8 > 0 and 8 > 1 are some constants. We will prove the following:
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Theorem 1.1. Let d > 3 and suppose that the potential V satisfies the conditions (1.1) and (1.3). Then
there exists a constant C > 0 independent of h and & but depending on s, E and the function p, such that
the bound (1.2) holds for all 0 < h < 1.

Note that the bound (1.2) was first proved for smooth potentials in [Burq 2002]. A high-frequency
analog of (1.2) on Riemannian manifolds was also proved in [Burq 1998] and [Cardoso and Vodev 2002].
When d =2, the bound (1.2) is proved in [Shapiro 2019] for potentials V € C L(R?) satisfying (1.1) with
p(x]) =Ci(|x| + 1)~% as well as the condition

IVV ()] < Co(lx|+ 177, (1.4)

where Cy, Cp, 6 > 0 and 8 > 1 are some constants.
On the other hand, for compactly supported L°° potentials without any regularity, the weaker bound

g5 (h,e) < Ch P log(h™") (1.5)

was proved for 0 < & <« 1 in [Klopp and Vogel 2019] and [Shapiro 2020] when d > 2. When d > 3, the
bound (1.5) has been extended in [Vodev 2019] to potentials satisfying the condition

|V (x)| < C3(|x|+ 1), (1.6)

where C3 > 0 and § > 3 are some constants. Note that (1.5) has been recently proved in [Galkowski and
Shapiro 2020] for potentials satisfying (1.6) with § > 2. For potentials satisfying (1.6) with 1 < § < 3, the
much weaker bound
_ _ 10 1/(6—1
g‘fc(h,e) < Ch (2645)/(3(8 1))(log(h 1)) /(6=1) (1.7)

was proved in [Vodev 2020c].

In the present paper we show that the bound (1.5) can be improved if some small regularity of the
potential is assumed. To be more precise, given 0 < o« < 1 and 8 > 0, we introduce the space Cg (RF) of
all Holder functions a such that

la(r) —a(r’)|
Wp
r'>0:0<lr—r'|<1  [r—1r']

<Cr+1D7P, VvreRt,

for some constant C > 0. We now suppose that the function V (r, w) := V (rw) satisfies the condition
V(,w)eC{RY), O<a<l, (1.8)
uniformly in w € S~

Theorem 1.2. Let d > 3, and suppose that the potential V satisfies the conditions (1.1) and (1.8). Then

there exists a constant C > 0 independent of h and ¢ but depending on s, E and the function p, such that
the bound

gE(h, &) < Ch @ og(hH +C (1.9)

holds for all 0 < h < 1.
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The proofs of the above theorems are based on the global Carleman estimates proved in [Vodev 2020c],
but with different phase and weight functions (see Theorem 4.1). In fact, in the case of Holder or Lipschitz
potentials, we need to construct better phase functions, and hence get better Carleman estimates. Such
functions are constructed in Section 2, modifying the construction in [Vodev 2020c] in a suitable way. In
order for the Carleman estimates (see (4.1) and (4.6) below) to hold, the phase and weight functions must
satisfy some inequalities (see (2.5), (2.9) and (2.21) below), so most of the proofs of the above theorems
consist of verifying these inequalities. Note also that the above theorems have been recently proved in
[Galkowski and Shapiro 2020] by using similar Carleman estimates, but with a better choice of the phase
function. Consequently, the bound (1.9) is proved in [Galkowski and Shapiro 2020] for a larger class of
a-Holder potentials. On the other hand, it is shown in [Vodev 2020a] that the logarithmic term in the
right-hand side of (1.9) can be removed for radial potentials.

We next extend the above results to arbitrary obstacles and all dimensions d > 2. To do so, we need
to replace the conditions (1.3) and (1.8) by stronger ones. To be more precise, we let Q C RY, d > 2,
be a connected domain with smooth boundary dQ such that R? \  is compact. Let ro > 0 be such that
RI\ Q C {x e R?: |x| < ro}. Given a real-valued potential V € L°°(2) satisfying (1.1) for |x| > r¢, we
denote by P (h) the Dirichlet self-adjoint realization of the operator —42A + V (x) on the Hilbert space
L%(Q). We define the quantity g in the same way as above with L?>=L*(Q). Given 0 < o < 1 and
B > 0, we introduce the space Cg(S_Z) of all Holder functions a such that

la(x) —a(x)|

r e SCU+DT Vrel,

sup
x'eQ:0<|x—x'|<1

for some constant C > 0. Note that the case « = 1 corresponds to the Lipschitz functions. We suppose
that

VeCi(Q), O<a<l,p>1 (1.10)

Theorem 1.3. Let d > 2, and suppose that the potential V € L°°(Q2) satisfies (1.1) for |x| > ro. If V
satisfies (1.10) with @ = 1 and B > 1, then the bound (1.2) holds for all 0 < h < 1. If V satisfies (1.10)
with0 <o < 1 and B = 4, then the bound (1.9) holds for all 0 < h < 1.

To prove this theorem we follow the same strategy as in [Vodev 2020b], where the bound (1.5) is
proved in all dimensions d > 2 for potentials V € L*°(2) satisfying (1.6). It consists of gluing up two
different types of estimates — one in a compact set coming from the local Carleman estimates proved in
[Lebeau and Robbiano 1995] (see Theorem 3.1) with a global Carleman estimate outside a sufficiently
big compact (see Theorem 4.2). This is carried out in Section 4.

Theorem 1.3 together with Theorem 1.1 of [Vodev 2020b] allow us to get uniform bounds for the
resolvent of the Dirichlet self-adjoint realization, G, of the operator —n(x)~'A in the Hilbert space
H = L*(2, n(x)dx), where n € L®(Q) is a real-valued function called the refraction index, satisfying
the conditions

ny<n(x)<ny in <, (1.11)
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with some constants ny, n, > 0, and
n(x) =11 <C(x|+ D~ ing, (1.12)
with some constants C, § > 0. More precisely, we have the following:

Corollary 1.4. Suppose that the function n satisfies the conditions (1.11) and (1.12). Then, given any
s > % and Ay > 0, there is a constant C > 0 depending on s and Ly such that the estimate

|4xl+ DG =22 i) (x| + D77, , <eSVP (1.13)

holds for all X > ko uniformly in &, where ¥ (L) = A*3log(A + 1) if n € L>(Q) satisfies (1.12) with § > 3,
YA =27 og(h+1) ifn € C{(Q) with 0 < a < 1 and Y (1) = A if n € C4(RQ) with > 1.

To get (1.13) we apply the theorems mentioned above with & = Ag/A, V = )L(z)(l —n), E= )L(z) and
e replaced by sh’n.

Using Corollary 1.4 one can extend the result of [Shapiro 2018] on the local energy decay of the
solutions of the wave equation

(n(x)3* — Au(t,x) =0 inRx Q,
u(t,x)=0 on R x 9L, (1.14)
u(0, x) = fi(x), ou(0, x) = fr(x) in Q.

Given any rp > 1, denote 2,, = {x € Q: [x| < rp}.

Corollary 1.5. Suppose that the function n satisfies (1.11) and that n = 1 outside some compact subset

of Q2. Then, the solution u(t, x) to (1.14) with compactly supported initial data (f1, f>) € HOZ(Q) X HO1 ()
satisfies the estimate

IVu(, )iz, + 110, )2, = Co®) (I fill m2) + 1 2l 51 ) (1.15)
Jort > 1, where
loglogt\*/*
w(t):(Og o8 ) .
logt

Suppose, in addition, that n € C"(S_Z) with 0 < a < 1. Then, the estimate (1.15) holds with

loglog ¢ (a+3)/4
w(t) = < 0208 )
logt

if0 <o < 1 and with w(t) = (logt)~" ifa = 1. The estimate (1.15) remains valid when Q = R¢.

Remark 1.6. In view of the recent results in [Vodev 2020a], when = R?, d > 3 and the function n
depends only on the radial variable r, the estimate (1.15) holds with w(z) = (log#)>/* if n € L™ and
with @ (1) = (log 1)@/ if n is a-Holder in 7.

Note that estimates similar to (1.15) were first proved by [Burq 1998] in the case n = 1. Note also
that an analog of the above theorem is proved by [Shapiro 2018] in the case = R?. Then, an estimate
similar to (1.15) is proved with w(¢) replaced by (log#)~/**¢, & > 0 being arbitrary. Moreover, if in
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addition the function n is supposed Lipschitz, then the decay rate is improved to w(¢) = (log#)~!. The
proof in [Shapiro 2018] is based on the resolvent estimates obtained in [Datchev 2014], [Shapiro 2019]
and [Shapiro 2020].

The assumption that n = 1 outside some compact set is only necessary to study the low-frequency
behavior of the cut-off resolvent of G. Indeed, under this assumption one can easily see that this behavior
is exactly the same as in the case when n = 1, which in turn is well known (see Appendix B.2 of [Burq
1998]). Therefore, in this case the low-frequency analysis can be carried out in precisely the same way as
in [Shapiro 2018]. Most probably, the condition (1.12) with § > 2 would be enough. The high-frequency
analysis, in our case, is also very similar to the one in [Shapiro 2018], with some slight modifications
allowing to deduce from (1.13) the sharp decay rate w(¢) (instead of (log 1) "3/4te,

2. Construction of the phase and weight functions

Let p € C3°([0, 1]), p > 0, be a real-valued function independent of & such that fooo p@)do=1.1fV
satisfies (1.8), we approximate it by the function

Vo (r, w) :9—1f

0

oo /

,o(r e_r>V(r/, w)dr' = /Ooop(o)V(r+90, w)do,

where 0 = h%/@+3)_Indeed, we have
o0

|V (r, w) — Vy(r, w)|§/ p(@)|Vir+0o,w)—V(r,w)|do
0

oo 2.1
<O0%(r + 1)—4/ o%p(o)do <6%r+1)~%.
0
This bound together with (1.1) implies
Ve(r,w) < p(r) +O(0r + D). 22)
Clearly, Vy is C! with respect to the variable r, and its first derivative V, is given by
i —r
V,(r, w) = G_Zf ,0/(—9 )V(r/, w) dr’
0
o o
=0"! f 0 (@)V(r+6o, w)ydo =6~" / 0 @)V (r+0c,w)—V(r,w))do,
0 0
where we have used that fooo 0'(0)do = 0. Hence,
(0.¢]
Vg (r,w)| SO (r + 1)“‘/ o®lp' (o) do SO r+ D7 (2.3)
0

We now construct the weight function p as follows:

(r + D — (r 4+ 1)%0 for0<r<a,

pu(r) = {(a +D* @+ D+ @+ D~ + D forr 2 a,

where a =agh™" with ag > 1 independent of i, m =0 if V satisfies (1.3) and m =2 if V satisfies (1.8). We
choose k = %min{l, B —1}, ko =0if V satisfies (1.3) and k =1, kg = % if V satisfies (1.8). Furthermore,
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s is independent of £ such that

_. {%min{& B+ 1) ?f 1% saqsﬁes (1.3), 24)
2 7 if V satisfies (1.8).
Clearly, the first derivative of p is given by
o = [+ D =2k (r + D071 for0<r <a,
les—-Dr+1)E forr > a.
Lemma 2.1. Forallr > 0, r # a, we have the inequalities
2r () — ' () = 0, (2.5)
J .
“fi <ai(r 1), 2.6)
w'(r)

for every j > 0.
Proof. 1t is shown in Section 2 of [Vodev 2020c] that when k¢ = O the inequality (2.5) holds for all
0 <k < 1. Here, we will prove it when v :=2k —2kg > 1 and 0 < k < 1. For r < a we have

2u(r) —ri'(r) =2(1 = k) (r + D% = 2(1 — ko) (r + D 4+ 2k (r + D1 — 2k (r 4 1)%k0!
=20r+ DA =)+ D" =1 —ko)(r + 1) +k(r +1)" — ko)
=20r+ DN (A —r(r+ D" =D+ + 1" —vr/2—1)
>20r+ PN (r+ 1" —vr/2—1) > vr(r + D*7 >0,

where we have used the well-known inequality (r +1)” > vr 41, as long as v > 1. For r > a the left-hand
side of (2.5) is bounded from below by

2r Y ((a+ D* = (a+ D —5) > 0,
provided a is taken large enough. To prove (2.6) observe that for r < a we have
W) 22k —ko)r + D* T = 2k = ko) + D7 = 20k —ko) (r + D)7,

which clearly implies the bound (2.6) with j = 0. This together with the fact that ;. = O (a?*) implies the
bound (2.6) with any j > 0. O

We will now construct a phase function ¢ € C ([0, +00)) such that ¢(0) = 0 and ¢(r) > 0 for r > 0.
We define the first derivative of ¢ by

, tr+ D) *—t@@+1D* for0<r<a,
@i(r)=
0 forr > a,
where
T0 if V satisfies (1.3),
= 2a/3p—1/3 : 2.7
1002313 if V satisfies (1.8),

with some parameter 7y >> 1 independent of 4 to be fixed later on. We choose now the parameter ag of
the form ag = t(f, where £ > 0 is a constant such that k¢ > 2 and (8 — 2k — 2s)¢ > 2. Note that the choice
of the parameters k and s guarantees that 8 — 2k —2s > 0.
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Clearly, the first derivative of ¢’ satisfies

—kt(r+ D% for0<r <a,

0 forr > a.

¢"(r) = {

Lemma 2.2. For all r > 0 we have the bounds

h! if tisfies (1.3
ey <At TV sanses (L), 2.8)
h=4 @) Jog(h=1) 4+ 1 if V satisfies (1.8).
Proof. The lemma follows from the bounds
a a =k ifk < 1
max<p=/ <p’(r)dr5r/ r+D*ar <™ HE=4 O
0 0 tloga ifk=1.

Forr > 0, r #a, set
A(r) = (ne'?) (),
B(r) = Bi(r) + Bx(r),
where
Bi(r) =+ D Pu@)+ perw (r),
(u(r)e" (r)*

B = S ) + )

with 8 > 1 if V satisfies (1.3) and

Bi(r) =07+ 1)Pu@)+ (p(r) + (r + )P (r),

()10 + 1D + 1" (n)D)?
h=te (N (r) + ' (r)

with B =4 if V satisfies (1.8). The following lemma will play a crucial role in the proof of the Carleman
estimates (4.1) and (4.6) in the case d > 3:

By(r) =

’

Lemma 2.3. Given any constant C > 0, there exists a positive constant t1 = t1(C, E) such that for t
satisfying (2.7) with Ty > 11 and for all 0 < h < 1, we have the inequality

AC) = CBOY = — 2/ () 2.9)
forallr >0,r #a.

Proof. For r < a we have

A() == (r+1)%0g' ) 4229, (1- r+ D @+ 1))
=20+ D% (N g" (r)=2ko(r + D* o' (r)* =2k (r + D @+ D) (1= (r+ DF (@ + D 7F)
> 27 (k—ko) (r+ D20+ =1/ (1) =2k 2 r + DN a+1) 7%
> 27 (k—ko) (r+ 1)1 () — O (2a™ )i/ (r)
> 27 (k—ko) (r+ 1) 19 (r) — O (x5 ay )i/ (r)
= 20 (k—ko) (r+ D (1) — O (g ) ().



848 GEORGI VODEV
Hence, taking 7o large enough, we can arrange the inequality
A(r) = 2t (k — ko) (r + 1)1/ (r) — 4;/(r) (2.10)
for all » < a. Observe now that if 0 < r < a/2, then
¢'(r)=yrr+D7* .11
with some constant y > 0. By (2.10) and (2.11) we conclude
A@) = T+ DT 20 (2.12)
for all r < a/2 with some constant y > 0, and
A(r) > —%/(r) for all r # a. (2.13)

We will now bound the function B; from above. Since the function p is decreasing, tending to zero, there
is b > 0 such that

p(r)—i-(r—i—l)*’gfg% for r > b.

Hence, for every N > 0, there is a constant Cy > 0 such that we have

(p)+ T+ D P\ <Cner+1D7N+ %u '(r) forall r #a. (2.14)

Let0 <r <a. Then u(r) < (r + )% and in view of (2.14) with N big enough, we have
2%k—p
Bi(r) = Co+ ¥+ ()

if V satisfies (1.3), and
Bi(r) < COT T (r+ 1) 4 %u/(r)

with B =4 if V satisfies (1.8). Observe now that the choice of the parameters k, kg and 8 guarantees that
B — 2k > 2(k — ko) + 1 and 6% = g4¢/3,=2/3 Therefore, the above inequalities imply

Bi(r) < O(ty 2) e (r + 1) 2k —ko=1 4. C[L 'r) forr % (2.15)
in both cases. Similarly, we get
2 —B+1 E a
Bi(r) < (’)(‘L’ a Bt )M’(r) + 9—CM’(r) for 5 <r=<a (2.16)
and
Bi(r) < O(t2a ™ PHH2) 0/ (r) + %M’(r) for r > a. (2.17)
Since
24P+ —B+2kt2s 2, ~PH2kt2s —(B—2k—2s)E+2

<T a ‘L'an :TO )
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we obtain from (2.16) and (2.17),

Bi(r) < %,u’(r) forr>2.r £a, (2.18)

provided 1y is taken large enough.
We will now bound the function B, from above. We will first consider the case when V satisfies (1.8).
Let 0 <r <a/2. In view of (2.11), we have

p@)(h26%r + D7 + 9" (1)?)

BZ(r) 5 _1(,0/(1")
< p-lga B0+ n—* h,u(r)<,0”(r)2
¢'(r) ¢'(r)

<7192 4 12 L pr(r 4 12
< ‘L’O_S‘EZ(I’ 1) 2kk0 =1 p (e 4 k2,
where we have used that 5k — 2ky <28 — 1. Since 3k — 2kg — 1 > 0, we have the inequality
(r 4+ 1)F=2 < p3k=2ko=1 (| 1)=2k=ko)=1 | py=k=1 (. | 1)2k=1

for every b > 1. We take b such that b>*=%%0=1 = p)1, where by > 0 is a small parameter independent of
7 and 4 to be fixed below. Then the above inequality takes the form

_L_(r+1)k72SbOTZ(r_i_l)fZ(kfko)fl_i_ —2(1—k+ko)/(Bk—2ko—1) /(r)<bo‘l,’2(r+1) 2(k—ko)— 1+T /(r).

Thus, taking 1y big enough depending on by, E and C, we get the bound

Ba(r) < O(ty ' 4 bo) T2 (r + 1)~ 2k—k0) ! +3 u 'r) for0<r % (2.19)
When V satisfies (1.3), we have 3k — 2kg — 1 < 0, and hence
T(r 4+ DF2 < o(r 4 1) 26—k0-1 < TO—I_L_Z(’,_i_l)—Z(k—ko)—l.
Therefore, the inequality (2.19) still holds in this case.
Let us now see that
B(r) < Eu (r) forr > 4 , T #a. (2.20)

Leta/2 < r < a. Since in this case u(r)/u'(r) = O(r), we get the bound

w(r)
w'(r)

S+ DT 20+ D))

(h ~242-26 4 12, 2k)M r)

(h2m(ﬂ n-2, 2 26 4 p2m- 2/3 2k),u/(r)

(g

2
Ba(r) S (550 ) (h70% G+ D7 + 1 (1) W ()

AN AN AN N

2z 1
a +r0a )M r) < (To B- )+t0 2k€+2)M/(r)’
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which clearly implies (2.20) in this case, provided 1y is taken big enough. Let r > a. Using (2.6) with
j=1, we get
B2) 5 (P Y (e 1))
wr)
5 h—204k(r + 1)4s—2ﬁul(r)
S h_2a4k+4s_2’3u/(r)

S h2m(ﬂ—2k—2s)—2a8k+4s—2/3u/(r)

which again implies (2.20), provided ¢ is taken big enough. Similarly, in the case when V satisfies (1.3),
one concludes that the inequality (2.20) holds for all r > 0, r #a.

It is easy to see that for » < a/2, the estimate (2.9) follows from (2.12), (2.15) and (2.19) by taking
bo and to_l small enough, while for r > a/2, r # a, it follows from (2.13), (2.18) and (2.20). O

Remark 2.4. It is easy to see from the proof that when V satisfies (1.8), the inequality (2.9) holds as
long as % <k<l,ky=k— % The choice k = 1, however, provides the best resolvent bound in the
semiclassical regime, that is, for 0 < 7 < hg with some constant 0 < hg << 1. When hg < h < 1, the
choice of k does not really matter, because in this case g;t (h, €) is bounded from above by a constant.
For example, we may take k = % and ko = 0.

The following lemmas will play a crucial role in the proof of the Carleman estimate (4.6) when d = 2:

Lemma 2.5. Given any constants C, ro > 0, there exists a positive constant t; = t1(C, E, ry) such that
for T satisfying (2.7) with to > 11 and for all 0 < h < hy, 0 < hg < 1 being a constant depending on E,
ro and tg, we have the inequality

A(r) —h*r > u@r) — CB(r) > —ZTE,/(r) (2.21)
forallr > rg, r # a.
Proof. For ry <r < a, we have
W) SR E+ D R0) S+ D 0) = (),
provided 4 is taken small enough. For r > a, in view of (2.6) with j = 1, we have
R 3 (r) < RZa(r + 1230 () < R2a* 30 < h2—m(2k+2s—3)agk+2573u/(r) < %M/(V),

provided / is taken small enough, depending on ag. Clearly, (2.21) follows from these inequalities
and (2.9). ]

It is easy to see from the proof that when V satisfies (1.3), the inequality (2.21) holds also for hg < h < 1.
This is no longer true when V satisfies (1.8), because in this case 2k + 2s — 3 does not have the right
sign. Therefore, to make (2.21) hold for & not necessarily small, we need to make a new choice of the
parameters k and ko in order to change the sign of 2k 4+ 2s — 3 and for which Lemma 2.3 still holds.
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Thus, in view of Remark 2.4, in the semiclassical regime (0 < h < hg) we take k =1, kg = %, and in the
classical regime (hg < h < 1) we take k = % ko = 0. To cover the second case we need the following:

Lemma 2.6. If V satisfies (1.8), we take k = % and kg = 0. Then, given any constants C, ry > 0, there
exists a positive constant 11 = 11 (C, E, ro) such that for t satisfying (2.7) with to > t; the inequality (2.21)
holds for allr > ro,r #a,and all0 < h < 1.

Proof. For ro <r <a/2, we have
Rr2ur) S+ D7 u) S+ D7 S o )20

Fora/2 < r < a, we have
W) S D) Sa0) Sagtil () = Gr ),
provided qag is taken big enough. For r > a, we have
W) S @0+ DP ) S a0 S e ) = Zi o),

provided ay is taken big enough. Then, (2.21) easily follows from these inequalities and Remark 2.4. [J

3. Carleman estimates for Holder potentials on bounded domains

Throughout this section X C R4, d > 2, will be a bounded, connected domain with a smooth boundary 0X.
Introduce the operator
P(h) = —h*A+V(x),

where 0 < & <1 is a semiclassical parameter and V € L®(X) is a real-valued potential. Let U C X,
U # &, be an arbitrary open domain, independent of &, such that 0U NdX = &, and let z € C, |z| < Cy,
Co > 0 be a constant independent of 7. We will also denote by th the Sobolev space equipped with the
semiclassical norm. Given any 0 < « < 1, denote by C%(X) the space of all functions a such that
a(x)—a(x’
lallce := sup M < 400

¥/ xeX :0<|x—x'|<l |)C _x/|a
Theorem 3.1. Let V € C%(X) with 0 < a < 1. Then, there exists a positive constant y depending on U,
IV ce and Cy, but independent of h, such that for all 0 < h < 1, we have the estimate

h74/(a+3)
”””H}}(U) 3.1

=4/ (@+3)
”u”H}}(X) <e ||(P(h)_z)u”L2(X)+ey

for everyu € H?(X) such that u|yx = 0.

It is proved in Section 2 of [Vodev 2020b] that for complex-valued potentials V € L*°(X), the estimate
(3.1) holds with & = 0. The proof is based on the local Carleman estimates proved in [Lebeau and
Robbiano 1995]. We will follow the same strategy in the case of Holder potentials as well. For such
potentials we will get new local Carleman estimates by making use of the results of [Lebeau and Robbiano
1995]. To be more precise, we let W C X be a small open domain and let x be local coordinates in W.
If I := WNaJX is not empty, we choose x = (x, x'), x; > 0 being the normal coordinate in W and x’
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the tangential ones. Thus, in these coordinates I" is given by {x; =0}. Let ¢, ¢p; € C (W) be real-valued
functions such that supp¢ C supp¢; C W, ¢y = 1 on supp¢. When V € C*(X) with 0 < o < 1, we
approximate the function ¢,V by the smooth function

Vo(x) =671 /X p(%)(«zsl\/)(x/)dxc

where p € C°(|x| < 1) is a real-valued function such that fRd p(x)dx =1and 0 < 8 < 1 is a small
parameter to be fixed later on. The fact that V € C*(X) implies the bounds

(1 V) (x) — Vi (x)| < 6%, (3.2)
108 Vo (x)| S 671, (3.3)

for all multi-indices 8 such that || = 1. Set V= 01=%(Vy —2) if Ve C*(X) with 0 < & < 1 and
V=V—zif Ve C'(X). Inview of (3.2) and (3.3), we have 8°V (x) = O(1) uniformly in 6, for all
multi-indices S such that || < 1.

Now, let ¢ € C>(W) be a real-valued function independent of 4 and # such that

Vi #0 in W. (3.4)

If I # @, we also suppose that

9
a—;ﬁl(o, x)>0 forall x'. (3.5)

We set ¢ = e*¥, where A > 0 is a big parameter to be fixed later on, independent of /# and . Let
p(x, £) € C®(T*W) be the principal symbol of the operator —A, and let 0 < i < 1 be a new semiclassical
parameter. Then the principal symbol, p,, of the operator

e?!h (—=h*A+ v )e_‘/’/ﬁ
is given by the formula
Pp(x,8) = p(x,§ +iVe(x)) + V(x).

An easy computation shows that given any constant C > 0, there is A = A(C) such that the condition (3.4)
for the function v implies the following condition for the function ¢:

{Re py,Im py}(x, §) = 1 for [§] < C, (3.6)

with some constant ¢; > 0 independent of 6. On the other hand, if C is taken large enough, we can
arrange the lower bound

|y (x, )] = 2|6 for |§] = C, (3.7
with some constant ¢, > 0 independent of 6. If I' # &, the condition (3.5) implies

dg
8)61

0,x"y >0 forall x'. (3.8)
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Now, we are in position to use Propositions 1 and 2 of [Lebeau and Robbiano 1995], where the proof is
based on the properties (3.6), (3.7) and (3.8).

Proposition 3.2. Let the function u be as in Theorem 3.1. Then there exist constants Cy, ho > 0 such that
forall 0 < h < l~zo, we have the estimate

/ (1pul® + 1AV (pu)?) e/ " dx < C i~ / [(—=R*A+ V) (pu) e/ dx. (3.9)
X X
We take 7 = h81=*/2 when o < 1, and we rewrite the inequality (3.9) as follows:
/(|¢u|2+91"‘th((ﬁu)Iz)ez“’/hQ(la)/z dx
X

< CipTlemn / |(—h?A+ Vo — 2) () e/ 10" dx
X

S Clh—103(1—0l)/2 / |(P(h) _ Z)((pu)lzezw/he(l—a)/z dx
X

g(1-a)/2

+ Ch 103D 2 qup |V — V9|2/ |pu|?e*! " dx
X

< Clh_103(1_°‘)/2/ I(P(h) — 7)(pu) |22/ M0 gy +c2h—10<3+“)/2/ pu|2e20/ M0 gy
X X

We now take 0 = h?/(@+3),2/(1=) "where k > 0 is a small parameter independent of /. Thus, taking «
small enough we can absorb the last term in the right-hand side of the above inequality. When o = 1, we
take /1 = hx. Thus, we deduce the following from Proposition 3.2:

Proposition 3.3. Let the function u be as in Theorem 3.1. Then there exist constants C, ko > 0 such that
forall 0 <k <kgand all0 < h <1, we have the estimate

/(|¢u|2+|hv(¢u)|2)62(p//(h4/(a+3) dxiaKh—Z(a+l)/(a+3)/ I(P(h)_Z)((pu)lzeZ(p/Kh“/(quS) dx. (310)
X X

Now Theorem 3.1 follows from Proposition 3.3 in precisely the same way as in Section 2 of [Vodev
2020b], where the analysis is carried out in the particular case o = 0. It is an easy observation that the
general case requires no changes in the arguments, and therefore we omit the details.

4. Resolvent estimates

The following global Carlemann estimate is similar to that of [Vodev 2020c, Section 3] and can be proved
in the same way. The proof will be carried out in Section 5. In what follows, we set D, = —iho,:

Theorem 4.1. Let d > 3, and let the potential V satisfy (1.1). Let also V satisfy either (1.3) or (1.8), and
let s satisfy (2.4). Then, for all0 < h <1, 0 < & < 1 and for all functions f € H*(R?) such that

(Ix|+ D*(P(h) — E £ie) f € L*(RY),
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we have the estimate
IQxl+ D7 e " fll ey + 1] + D7 "Dy £ 12ma)

< Ca’h M |[(|x]+ 1)*e?" (P(h) — E L ie) fl| ;2ay + CTale/ ) *(|e?’" fll 2may.  (4.1)
with a constant C > 0 independent of h, € and f.

Theorems 1.1 and 1.2 can be obtained from Theorem 4.1 in the same way as in Section 4 of [Vodev
2020c]. We will sketch the proof for the sake of completeness. It follows from the estimate (4.1) and
Lemma 2.2 that for 0 < h < 1 and s satisfying (2.4), we have the estimate

(x| 4+ D)7 fll 2 < M|+ D (P(h) — E £ie) fll 2+ Me' 2| fll 2, 4.2)

where M > 0 is given by

Cch~! if V satisfies (1.3),

log M =
g {Ch4/<“+3> log(h™Y)+C if V satisfies (1.8),

with a constant C > 0 independent of # and €. On the other hand, since the operator P (%) is symmetric,
we have

ell f1I3, = £Im((P(h) — E £ie) f, f) 2
< M) (x| + D7 F 13, + @M (x| + D (P(h) — E £ie) I3,

which yields
Me 2| fll2 < MI0x1+ D7 Fll 2 +2M2 ) (x| + D (P(h) — E £ie) f || 2. 4.3)
By (4.2) and (4.3), we get
I(xl+ D7 fll2 <4MP|[(1x| + 1D (P(h) — E ie) f|l 2. 4.4
It follows from (4.4) that the resolvent estimate

[(x1+ D5 (P(h) — E £ie) " (x| + D) 7*|| o, ,» < 4M? (4.5)

holds for all 0 < & < 1 and s satisfying (2.4), and hence for all s > % independent of /. Clearly, (4.5)

implies the desired bounds for g.

Given any rp > 0, we denote Y, :={x € R?: |x| > ro}, and we let Nr, € C*°(R) be such that n,,(r) =0
for r <rp/3 and n,,(r) =1 for r > ro/2. We set V, (x) := n,,(|x])V (x). To prove Theorem 1.3 we need
the following:

Theorem 4.2. Let d > 3, and let the potential V satisfy (1.1) for |x| > ro. Let also V;, satisfy either (1.3)
or (1.8), and let s satisfy (2.4). Then, for all0 < h < 1,0 < ¢ < 1 and for all functions f € HZ(YrO) such
that f =9, f =0o0n dY,, and

(Ix|+ DS (P(h) — E £ie) f € L*(Y,,),
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we have the estimate

Cx T+ D75 Fll gy, + 1]+ D7 D, fll gy, )
< Ca’h7 (x| + 1’ e? " (P(h) — E +ie) fll 2y, + Crale/ M) e fll oy, ) (4.6)

with a constant C > 0 independent of h, ¢ and f.

Let d =2. If V), satisfies (1.8) and k =1, ko = %, then (4.6) holds for 0 < h < hg with some constant
0 < ho < 1 depending on . If V, satisfies (1.8) and k = %, ko =0, or V, satisfies (1.3), then (4.6) holds
forall0 < h <1.

The proof of Theorem 4.2 is similar to that of Theorem 4.1 with some suitable modifications when
d = 2 and will be carried out in Section 5.

Theorem 1.3 can be derived from Theorems 3.1 and 4.2 in a way similar to the one developed in
Section 5 of [Vodev 2020b]. Let rop > O be such that Y, ;3 C Q. Fix r;, j = 1,2, 3,4, such that
ro < rp < rp <r3 <ryq. Choose functions vy, Y, € C ®(RY), depending only on the radial variable r,
such that ¥y = 1in R4\ Y,,, Y1 =0in Y,,, Yo = 1 in R\ Y, ¥ =0 in ¥,,. If 5 satisfies (2.4), we
choose a function x; € C®(R), xs > 0, such that x;(x) = |x|™* on Y,. Let f € H?(2) be such that
X '(P(h)—E+ie)f € L>(Q) and f|yq = 0. Set

Qo= llx;, "(P(h) — E £ie) fll 2,

Q1 = f ez, v,y FIDr fll2y, \v,)
D = flle2g, v T 1Dr fll2, vy,

and observe that

1P (), ¥jlflle S Qj J=1.2.

We now apply Theorem 3.1 to the function v, f with X = Q\ Y,, and U C X such that U Nsupp ¢ = &.
Thus, we obtain
||f||1-1h](g\yr3) = IllﬂzfllH,;<Q\y,4)
I(P(h) — Exie)ynfliray,) 4.7
~4/(+3) . ~4/(+3)
<" NP — Exie) fllpqy,y T O,

S eyh74/(0:+3)

with a constant y > 0 independent of / and 7p. In particular, (4.7) implies

—4/(a+3) —4/(a+3)
e’!

Q) <e’ Qo + Q). (4.8)

On the other hand, it is clear that if V satisfies (1.10) with « = 1 and 8 > 1 (respectively, 0 < o < 1
and B = 4), then V,, satisfies (1.3) (respectively, (1.8)). Therefore, we can apply Theorem 4.2 to the
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function (1 — yrp) f to obtain
I(xl+ D7 " fll g, ) + 1 x I+ D7 "D, fll o,
< 10l + D7 (A =y) fll 2y, ) + X1+ D75 D1 = 91) fll 2y,
< Ca’h™ (x| + 1)*e? " (P(h) — E £ie)(1 = Y1) fll 2y, + Crale/ W) 211" [l 2y, )
< Ca®h (x| + 1)’ " (P(h) — E i) fll 2y, + Ca*h™ e? 1P/ Q,
+Crae/ )21 fll 2y,  (4.9)
for all 0 < i < 1. In particular, (4.9) implies
e?INQy < Calh ™M Q)+ Cra(e/ ) 2e™™ /|| £ 2 gy + Ca*h™ e’ ™/ Q. (4.10)

We have
() — () = 7 f (D™ — @+ D) dr = cr,

rn
with some constant ¢ > 0. We deduce from (4.10)

max ¢
h

max ¢

>Q0+81/26Xp<,3h Y3 4 = h )||f||L2(§z)

+15 exp((B — ct)h )y, (@.11)

Q, <exp (,Bh 4/t3) 4

with a constant 8 > 0 independent of /& and a constant 8 > 0 independent of & and y. Combining (4.8)
and (4.11) we get

h h
+lexp((B+y —crh @), (4.12)

O < exp((,g +y)h™ 4/(@+3) | maxw) Q0+ el/2 exp(,sh 4/(@+3) 4 maX(ﬁ) 1 12

Taking 1o big enough, independent of £, we can arrange that
Tge exp((,B +y— cto)h_4/(°‘+3)) < r()% exp(—ctoh_4/(°‘+3)/2) < ‘EOM exp( C‘L’()/2) %

for all 0 < A < 1. Thus, we can absorb the last term in the right-hand side of (4.12) to conclude that

Q1 +9< eXp(lglh 4latd) 4 me;lw)Q +¢!/? exp(,B o4 @3 4 mil’“p) Ifll 2y, (413)

with a constant B; > 0 independent of 4. By (4.7), (4.9) and (4.13) we obtain
s f 2@y < NQo+e' >Nl fll2(q) (4.14)

where

N =exp (ﬁzh_4/(“+3) + _ma;lx (p) ;
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with a constant 8, > 0 independent of 4. In the same way as above, using the fact that the operator P (h)
is symmetric, we get from (4.14) that the resolvent estimate

| xs(P(h) — E £ie)~ 'y, 4N? (4.15)

|| L2(Q)— L%(Q) =

holds forall 0 < h < 1,0 < ¢ <1 and s satisfying (2.4), which together with Lemma 2.2 clearly imply
the desired bound.

5. Proofs of Theorems 4.1 and 4.2

The main point is to work with the polar coordinates (r, w) € Rt x S~ r = |x|, w = x/|x| and to use
that L2(R?) = L>(R* x S?~!, r?~1 dr dw). In what follows in this section, we denote by || - || and (-, -)
the norm and the scalar product in L2(S¢~!). We will make use of the identity

~

YN I B (5.1)
r

where Zw = zll(d — 1)(d — 3) and A, denotes the negative Laplace—Beltrami operator on S4=1. Set
u=r@=D72e0/" f and

PE(h) =r' " D2(P(h) - E xig)r~“D/2,
Py (h) = e?/"P*(h)e /"

Using (5.1) we can write the operator P~ (k) in the coordinates (r, w) as follows:
+ 2 Aw .
P (h):Dr+—2—E:|:l8+V,
r

where we have put D, = —ihd, and Ay, = —hZZw. Since the function ¢ depends only on the variable r,
we get

A
P (h) =D} + r—;" —E+ic—¢?+he" +2i¢'D, + V.

We write V =V, + Vg with V; :=Vy and Vg :=V — Vj if V satisfies (1.8), and V; :=V and Vg :=0
if V satisfies (1.3). For r > 0, r # a, introduce the function

F(r)=—(r"Ay—E—@' (r)> + Vi (r, Dur, ), u(r, ) + | Drur, )%,

where Vi (r, w) := Vi (rw). Then its first derivative is given by

202 M), 10 D)+ (@) = Vi) G DI =20 In(PE G, ), Dy, )

+2eh ' Re(u(r, - ), Dou(r, -)) + 40~ | Doulr, )|* 4+ 20~ Im((Vs 4+ ko Yu(r, - ), Dour, -)).

F'(r)=
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Thus, we obtain the identity

(WF) = W' F 4+ uF’
= Qr 7 =) r P A, ) u(r ) + (B + (@) = wVe) ) ludr, |17
—2h~ W Im(Py (h)u(r, - ), Drulr, -)) £ 2eh™ wRe(u(r, ), Deu(r, -))
+2h~ L Im((Vs + ho"Yu(r, ), Deu(r, -)).
Using that A,, > 0 as long as d > 3 together with (2.5), we get the inequality
wWF+uF'
> (Ep' + (@) — V) ) lur, 1P+ (W + 40~ o' ) [ Dur, )|

3 72/‘1“2

/

1P (hyulr, )|I* - %nuu(n NP —eh™ u(llutr, HIP + 1Drur, )|

- - - 1 -
= 3h72 P + 4R ) THI(Vs g Yl P — S + 4R ) [ Dy ) |

/ NN _ / 2 M Ly 2
Z (Epw+ (ul)) = Tep = Zop) llur I+ =1 Drutr, -l ——— Py (Wu(r, )

—eh™ u(llulr, I+ 1Drulr, HI) = 30720 (' + 40" )~ (Qs + Al D lutr, I,

where
TL=0(r+1)7"), Zo=pr), Qs=0
if V satisfies (1.3),
T,=00"""c+D™", Z.=pr)+0(r+17*"), Qs=00""+17?),
if V satisfies (1.8), and we have used the bounds (2.1),(2.2) and (2.3) in the second case. Hence, we can
rewrite the above inequality in the form
,U,/

WE+pF = (B + A() = CBO))u(r, )| + 2 1Dut, |

3h—2M2

/

1P (yur, )I1* = eh™ w(llutr, I+ 1Drudr, )|1?),

with a suitable constant C > 0. Now we use Lemma 2.3 to conclude that

—2'“2

w

175 (hyudr, )|
—eh ™ u(llulr, HIZ+ 1Dulr, HI?).  (5.2)

E w 3h
WF+pF' 2 2@ lu(, )P + - 1Du I =

We integrate this inequality with respect to r and use that £(0) = 0. We have

o0
/ (WF+uFdr=0.
0



SEMICLASSICAL RESOLVENT ESTIMATES FOR HOLDER POTENTIALS 859

Thus, we obtain the estimate
E [e9) o0 M/ B 0o MZ
S WP+ [ B ar =30 [T et wue P ar
2 Jo o 3 0o M
o
o™ [ (it O+ 1D ) dr (53)
0
Using that u = O(a?) together with (2.6), we get from (5.3)
oo o
[0 0 P 1D ) dr = Cat [ 1R B P dr
0 0
[e.¢]
+68h—‘a2f (lu(r, DI+ 1Drutr, ) dr,  (5.4)
0
with some constant C > 0 independent of 4 and €. On the other hand, we have the identity

o0 o0
Re f Qig/Dour, ), ur, ) dr = f he utr, )12 dr,
0 0

and hence,
o0 o0 o0
Re/ (Pj(h)u(r,-),u(r,-))drz/ ||D,u(r,-)||2dr+f (r2Ayu(r, ), u(r,-))dr
0 0 0
—f (E+<p/2>||u<r,-)||2dr+/ (Vu(r,-), u(r,-))dr
0 0
o0 o0
2/ ||Dru(r,->||2dr—0<r2>/ lur, - )| dr.
0 0
This implies
o0 o0
eha? / IDur, )P dr < O)eh™' f Ju(r, I dr
0 o0 O o0
+y / r+ D" lur, ) dr+y~'ha f (r+ D> Py (Wu(r, )|*dr  (5.5)
0 0

for every y > 0. Taking y small enough, independent of %, T and a and combining the estimates (5.4)
and (5.5), we get

/ r+ D7 (lulr, I+ 1Dpur, )|*) dr < Ca*h™> / (r + D> Py (Ru(r, I dr
0 0
+C8h_1a2r2/ lw(r, 1> dr, (5.6)
0

with a new constant C > 0 independent of & and ¢. Clearly, the estimate (5.6) implies (4.1).

The proof of Theorem 4.2 in the case when d > 3 goes very much like the proof of Theorem 4.1 above.
The only difference in this case is that we have to integrate the function F(r) from rg to co and use that
F(rg) = 0 by assumption. Thus, by Lemma 2.3 we conclude that the inequality (5.2) holds for all r > ry.
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When d =2, the operator A,, is no longer nonnegative. Instead, we will use that so is the operator —A,.
Thus, it is easy to see that the above inequalities still hold with V;, replaced by V; — h%(2r)~2. Since

W () @)™ = R () @) 72 =27 0 ) > =R ),

we can use Lemmas 2.5 and 2.6, instead of Lemma 2.3, to conclude that the inequality (5.2) remains
valid for r > rg with E/2 replaced by E/3.
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RESONANCES AND VISCOSITY LIMIT FOR
THE WIGNER-VON NEUMANN-TYPE HAMILTONIAN

KENTARO KAMEOKA AND SHU NAKAMURA

The resonances for the Wigner—von Neumann-type Hamiltonian are defined by the periodic complex distor-
tion in the Fourier space. Also, following Zworski, we characterize resonances as the limit points of discrete
eigenvalues of the Hamiltonian with a quadratic complex-absorbing potential in the viscosity-type limit.

1. Introduction

We consider the one-dimensional Schrédinger operator
dZ
dx?

and its resonances, where V (x) is an oscillatory and slowly decaying potential. A typical example is

pP— +V(x) onL*R)

d? sin 2x
P = U2 +a

where a € R. We note that P is not dilation-analytic in this case since the potential is exponentially

on L*(R),

growing in the complex direction. More generally, we consider the following class of potentials.

Assumption A. The potential V (x) has the form
J
V) =Y six)Wx),
j=I
where J € N, s; € C(R; R) are periodic functions with period = whose Fourier series converge absolutely,
and W; € C*°(R; R) have analytic continuations to the region {z =x +iy | |[x| > Ro, |y| < K|x|} for some
Ro > 0 and K > 0 with the bound |W;(z)| < C|z|™* for some u > 0 in this region; see Figure 1, left.

We note that V (x) = a(sin 2x)/x satisfies Assumption A for any K > 0. We also note that dilation-
analytic potentials satisfy Assumption A by setting s;(x) = 1. We first show that resonances can be
defined for this class of potentials. We write the set of threshold by 7 = {n? | n € NU{0}} (see Remark 2.2
for the necessity of 7°). The resolvent on the upper half-plane is denoted by R, (z) = (z— P)~!, Imz > 0.

Theorem 1.1. Under Assumption A, there exists a complex neighborhood Q2 C C of [0, 00) \ T such
that the following holds: for any f, g € L% (R), the matrix element (f, R, (z)g) has a meromorphic

comp
continuation to 2.

MSC2020: primary 35J10; secondary 35P25.
Keywords: quantum resonances, Wigner—von Neumann potential, semiclassical analysis, viscosity limit.
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Imz Imz
arctan K Q
_RO ““_“..- .. RO Re z 1 4 9
Rez

Figure 1. Left: the domain of analyticity of W; from Assumption A. Right: the domain
in Theorem 1.1 and Theorem 1.6.

Remark 1.2. The neighborhoods €2 in Theorems 1.1 and 1.6 are given explicitly in Sections 2 and 3; see
also Figure 1, right.
Remark 1.3. Unfortunately, the original Wigner—von Neumann potential [von Neumann and Wigner
1929], see also [Reed and Simon 1978, Section XIII.13],

V(x)=(14g(x)*)"2(=32sinx)(g(x)> cosx —3g(x)?sin’ x + g(x) cos x + sin> x),

where g(x) = 2x —sin 2x, does not seem to satisfy Assumption A. In fact, the argument principle implies
that if v > % and € > 1 with £ € Z, then g(z) £i have two zeros in the region

[zeC|(t—%)m <Rez=< (¢+1)m, —vlogl <Imz <vlogt}.
Thus another method is needed to study the complex resonances for the original Wigner—von Neumann
Hamiltonian.

Following the standard theory of resonances, the complex resonances are defined using this meromorphic
continuation.

Definition 1.4. Let R, (z) be the meromorphic continuation of the resolvent for P as in Theorem 1.1. A
complex number z € Q is called a resonance if z is a pole of (f, Ry (z)g) for some f, g € L2 (R) and

comp
the multiplicity m, is defined as the maximal number m such that there exist fi, ..., fin, &1,---,8m €
L mp(R) with
1 m
det(r (fis Re(©)g)) d;) #0,
Tt Je() ij=1

where C(z) is a small circle around z. The set of resonances is denoted by Res(P).
Remark 1.5. Res(P) is discrete in 2 and m, < oo for any z € Q2 (see Remark 2.3).

We prove Theorem 1.1 by introducing the periodic complex distortion in the Fourier space (see Section 2
for the definition and the underlying idea).
We now introduce the complex dissipative potential
dZ

2 +Vx)— iex?, &>0.

P, =
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We easily see that P;, & > 0, has purely discrete spectrum on L?(R). Zworski [2018] proved that the
set of resonances can be characterized as limit points of the eigenvalues of P, as ¢ — 0, namely
limg_,g 04(P:) = Res(P) for compactly supported potentials employing the dilation-analytic method.
Zworski [2018] also proposed a problem of finding a potential V (x) such that the limit set of o;(P;)
when ¢ — 0 is not discrete, and suggested V (x) = (sinx)/x as a candidate for such a V (x). Our next
result disproves this conjecture (away from the thresholds).

Theorem 1.6. Under Assumption A, there exists a complex neighborhood Q2 C C of [0, 00) \ T such
that lim,_,. g 04(Pg) = Res(P) in Q2 including multiplicities. In particular, limg_,g o4(P,) is discrete in S2.
More precisely, for any z € Q2 there exists pg > 0 such that for any 0 < p < pg there exists €9 > 0 such
that for any 0 < ¢ < g

#oq(P:) N B(z, p) = mg,

where B(z, p) ={w e C||w —z| < p}.

Wigner—von Neumann-type Hamiltonians have been investigated by many authors. See for instance
[Behncke 1991; 1994; Cruz-Sampedro et al. 2002; Devinatz et al. 1991; Froese and Herbst 1982; Hinton
et al. 1991; Klaus 1991; Lukic 2013; Rejto and Taboada 1997; Richard et al. 2016]. To our knowledge,
the definition of the complex resonances based on the complex distortion for Schrédinger operators with
oscillatory and slowly decaying potentials is new. The complex distortion in the momentum variables
is studied in [Cycon 1985; Sigal 1984] for radially symmetric dilation-analytic or sufficiently smooth
exponentially decaying potentials. In [Nakamura 1990], this method is extended to the not necessarily
radially symmetric case. See the references in that work for related earlier works on the complex distortion.

Stefanov [2005] studied the approximation of resonances by the fixed complex-absorbing potential
method in the semiclassical limit. Similar methods are used in generalized geometric settings in [Nonnen-
macher and Zworski 2009; 2015; Vasy 2013]. As mentioned above, Theorem 1.6 was proved by Zworski
[2018] for compactly supported potentials. This was extended to more general dilation-analytic potentials
in [Xiong 2020]. Analogous results were proved for Pollicott—Ruelle resonances in [Dyatlov and Zworski
2015] (see also [Dang and Riviere 2017; Drouot 2017]), and for Oth-order pseudodifferential operators in
[Galkowski and Zworski 2019]. For the numerical results and original approach in physical chemistry,
see the references in [Stefanov 2005; Zworski 2018].

This paper is organized as follows. In Section 2, we present the proofs of the theorems for the model
case V(x) = a(sin2x)/x, which contain all the essential ideas for the general case. In Section 3, we
present technical arguments which complete the proofs for the general case.

2. The model case

In this section, we explain the general ideas for the proofs and give the full proofs for the model case
V(x) =a(sin2x)/x, a € R.

2A. Periodic distortion in the Fourier space. The main idea of Theorem 1.1 is as follows: We note the
standard dilation-analytic method for the complex resonances does not apply to our potentials. On the
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other hand, it is known that if we set

=3(-D'+D"x), Dux)=s=u(x+mn)—ulx—m)),

2771
then we can construct a Mourre theory with this conjugate operator; see [Nakamura 2014]. We can use
this operator as the generator of complex distortion to define the resonances for our model. Actually, in
the Fourier space, A’ is a differential operator
Al = 3 ((i9g) - sin(w) +sin(r£) - (i),
and this generates a periodic complex distortion in the Fourier space; see [Nakamura 1990] for Hunziker-
type local distortion in the Fourier space.
Thus we introduce the periodic distortion in the Fourier space
®y(§) =& +0sin(rE),  Unf(§) = Dy(§)® f(Du(£),
where § € (—7~!, #~1). In the Fourier space, P has the form P= £2+ V, where V = (271)_1/217* is a
convolution operator and V is the Fourier transform f/\(f;' )= (2m)~1/? f V (x)e~*¢ dx. Hence we have

Py :=UgPU; ' = (£ +0sin(m&))> + Vo, Vo=UyVU; .

Lemma 2.1. Let V(x) = a(sin2x)/x for a € R. Then ‘79 = (P, )I/ZV(CD Y2 where (P, Y2 s a

172

multiplication operator by dJ’ &)=, and V = (a/2) x[—2.21%, where x[—22] denotes the character-

istic function of [—2,2]. In particular, V@ is analytic with respect to 0 and £*-compact for 0 €
C\ ((_009 _T[il] U [nilv Oo))

Proof. By direct computation, we immediately have V= (a/2) x(—2,21*. Thus we have, for 6 € (=7~ L,
Vof (&) =Us VU, ' f(§)
1 _ 1 _
= / ) (E)7 5 x1-2.21(Po (&) — (@5 ()7 f (D ()
R

1
= / @} ()2 5 x1-2.2 (P () = Do ()P} ()2 f () .
R
On the other hand, we note

%(%(5) — () =1+ 06m cos(n§) >0

for 0 € (—m~!, #~1). Moreover, we have
Dy(n£2) — dy(n) = £2+0(sin(w (n £2)) — sin(n)) = 2.
These imply that —2 < ®4(§) — Pg(n) <2 if and only if —2 < & — 5 < 2. Thus we have

Vo f&) = / L6 S X2 & — M) f ) d

= (@) V(D)2 £(5).

The second part of Lemma 2.1 follows from the first part. We note that (QD/G)% is well-defined for
6 € C\ ((—oo, =~ 'U[r ™!, 00)) since @ (&) = 1+67 cos(w&) # 0 and C\ ((—oo, — ' U[r !, 00))
is simply connected. U
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1 Imz

z O'ess(ﬁe)

2 0 v 6 8 10 12 14 6 18 Qn’s
Re

< (n—1)? 72 Rez

Imz=r402(Rez)
2 Imz =x45(Rez)

Figure 2. Left: aeSS(F@) for 6 = 0.2i. Right: the region €2, ;.

2B. Definition of resonances. In Sections 2B and 2C, we assume that V(x) = a(sin2x)/x for a € R.
The modifications needed for the general case are explained in Section 3.
By Lemma 2.1 we learn that Py is analytic with respect to 6 in the sense of Kato, and the essential
spectrum of Py is given by
oess(Py) = {(§ +0 sin(w8)* | § € R);

see Figure 2, left.

Remark 2.2. We note that, for complex 6,
Tess(Po) N[0, 00) = {n® | n € NU{0}}.

Thus 7 = {n? | n e NU{0}} C [0, c0) is considered as the set of thresholds with respect to our periodic
complex distortion in the Fourier space and is analogous to the set of threshold {0} C [0, co) in the case
of the usual complex scaling. In addition to the usual threshold 0, the set 7~ contains energy n2, n € N, at

+inx

which corresponding plane waves e are half-harmonics, i.e., the waves of half-multiple frequencies

of the oscillating part of the potential.

We fix n € N, and for the energy interval ((n — 12, n?) we take 6 = (—1)"i8 = +i8. We easily see that
for 0 < 8 < ! the essential spectrum of ﬁj:i& is the graph of a function k5 : [0, c0) — R in R2x~C.
Namely, we may define k15(x), x = Rez > 0, by the relation

Oess(Pis) = {z € C | Imz = k45 (Re z), Rez > 0).

More explicitly, if x =& 2 _ §2sin? (&) for & € R, then k15(x) = £256& sin(;r§). A important fact is that
K(—1ys(x) <0 for x € (n — 1%, n?).
We set 8o = 7! and take any 0 < 6 < §g. We also set

Qus={z=x+iy|(n— )% <x <n?, y > Kk—1yns(x)};
see Figure 2, right. Note that Q,, s C Q2,5 if 0 <§ < 8’ < Jp.
Proof of Theorem 1.1 for the model case. We fix n € N and § > 0 as above, and we write A = L2 (R).

comp
We first note that Uy f (f € .A) has an analytic continuation for complex 6. We denote the resolvent
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R (2) on the Fourier space by §+ (z). For f, g € A, we have
(f. Ri(2)8) = s f, Us Ry () Uy ' Up®) = (Us f (2 — Py) ™' U ),

where 6 € R and Im z > 0. The right-hand side is analytic with respect to 8 by Lemma 2.1, where 6 ranges
over a complex neighborhood of {(—1)"i§ | 0 <8 < §p}. This in turn implies that the left-hand side has a
meromorphic continuation to €2, s, with respect to z. Thus Theorem 1.1 is proved for 2 =, . 2n,50- O

Remark 2.3. We set

1 5
n'=_— — Pp)~!
: =0 C(Z)(C ) d&

to be the spectral projection for Py. Then we have

1 1 2 ~ _ n A n
5 P (LRA@QdE =52 Usf. (& =P~ Upd) de = (U3 f . TI2UQ).

Tt Je) Tt Je)
We note that {Uy f | f € A} is dense in L2, which is proved by an argument similar to [Hunziker
1986, Theorem 3]. This implies that m, = rank[l'lg]. Namely, the resonances coincide with the discrete

eigenvalues of Py including multiplicities. In particular, Res(P) is discrete and m, < oo for any z € Q.

2C. Viscosity limit. As in [Zworski 2018], the essential ingredient of the proof of Theorem 1.6 is the
resolvent estimate of the distorted operator which is uniform with respect to ¢ in the case of V = 0. We
prove this by employing the semiclassical analysis in the Fourier space with the semiclassical parameter

h = /. Since we work in the Fourier space, the term —iex?

= 1'8852 is the usual viscosity term (multiplied
by i) and the viscosity limit corresponds to the semiclassical limit.

For notational simplicity, we set Py = P, Py = P and Py y = Py. In the Fourier space, P;, ¢ > 0, has
the form

P =£2+V +isd}.
Hence the distorted operator ﬁg,g = Uy 138 U, Uis given by
f~’g,9 =(¢E+6 sin(ﬂé))2 + \79 —ieDg (1470 cos(né))_zDg —ierg(€),

where 7 (&) = —®}, ()~ 1/20: (D), ()19 (P}, () ~1/?)) is a function which is analytic with respect to &
and bounded with respect to §&. Since }1,9 has a compact resolvent, 5&9, e > 0, has purely discrete
spectrum. Moreover, for fixed ¢ > 0, 138,9 is analytic with respect to 6 in the sense of Kato. These imply
that the eigenvalues of 13;,9 coincide with those of P, including multiplicities by the same argument as in
Remark 2.3. Thus it is enough to show that the eigenvalues of }N’gyg converge to those of Py as € — +0.

Proof of Theorem 1.6 for the model case. We first prove the resolvent estimate (2-1) for the distorted free
Hamiltonian

Oco = (€ +0sin(r£))? —ieDs (1 + 70 cos(£)) 2 Ds —ierg(§), &> 0.

In the following, we fix n € N, and set § = (—1)"i§ = £iéd, 0 < § < &, as in Section 2B.
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We set h = /¢ and view é ¢.0 as an h-pseudodifferential operator in the Fourier space. Recall that €2,, s
is defined in Section 2B; see Figure 2, right. We easily see that the numerical range of the A-principal
symbol of ég,g, ie.,

(€ +0sin(wE))? —i(1+ 70 cos(wE)) x| x, £ € R),

is disjoint from €2, s for small § > 0. For instance, this is true for 0 < § < §;, where §; = (\/5 —Dr~ L
The constant §; comes from requiring

d d 27 é
||| - 225

sup dx

x>0

is less than or equal to the minimal value %(1 /(m8) — m§) with respect to £ € R of the absolute value of
the slope of the half-line {—i (1 £ 78i cos(&))~2x? | x € R} in the complex plane. For simplicity, we
consider 0 < 6 < §; and do not pursue the optimal §. Now we fix 0 < § < §; and z € 2, 5. Then there exists
po > 0 such that there is no resonance in B(z, po) € 2,5 possibly expect for z, where B(z, p) denotes
the ball of radius p with the center at z. In the following, we fix 0 < p < pg, and let w € B, = B(z, p).
By the standard semiclassical calculus we learn (éa,g — w)~ ! exists and

1(Qeo —w) 22 <C 2-1)

for w € B, and for sufficiently small ¢ > 0. We note that it also holds for ¢ = 0.
We next employ the perturbation argument. Since (ég,g — w)~! exists, we have

Pog—w=(14Ve(Qepo—w) NQeo—w).

By Lemma 2.1 and the boundedness of (E2 + i)(ég,g —w)~!, we learn \79(@48,9 —w)~! is compact for
¢ > 0. Thus the analytic Fredholm theory can be applied. We have

(w—Pog) ™' = (8u(Peg — w))(Prg —w) ™!

= @0 Vo (Qeo —w) N1+ Vo(Qeg —w)™H ™! ~ s
+ (14 Va(Qep —w) N(w — 0ep) 1+ Vo(Qeg —w)™H"

The Gohberg—Sigal factorization [1971, Theorem 3.1] applied to 1+ V(0,9 — w)~', Cauchy’s theorem
and the cyclicity of the trace imply that

trf (14 V(0o —w) DW= 0e0) ' A+ Vo(Qep —w) ™) ™' dw =0.
3B,
Thus the number of the eigenvalues of P, g, € > 0, in B; is given by
1 Byl e L T -l s T e
trzmyg&(w Pe6) dw—trszéBz(awVe(Qa,e w) A+ Ve(Qep —w)™ ) dw.

Note that the right-hand side of this equality is the number of zeros of 1 + Vg(ég,e —w)~"in B; in the
sense of [Gohberg and Sigal 1971, Theorem 2.1]. Thus the operator-valued Rouché theorem [Gohberg
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and Sigal 1971, Theorem 2.2] implies that in order to prove Theorem 1.6, it suffices to show

(14 Va(Qo.p — w) ™) = (1 4+ Vo(Qeo — w) ™) A+ Vo (Qop —w) D722 < 1

for w € 9 B; and small ¢ > 0. Since (1+ Vg(éo,g —w)~H~! exists and independent of ¢ > 0 for w € B,,
the above estimate holds if we show

lim 1Vo(Qop —w) ™ = Vo(Qep—w) 122 =0 (2-2)

uniformly for w € 9B;.
Let y > 0. We claim that we can decompose Vy = Vy 1 + Vp 2, where Vj | is a smoothing pseudodif-
ferential operator in the Fourier space and ||Vp 2|;2_. ;2 < y. To see this, we take the decomposition

~ 1~ 1 1 ~ 1 1~ 1 ~ ~
Vo = (@) 2V (®p)2 = (P)2 V1 r(D)2 + (D)2 Vo, r (D)2 = Vo1 + Va2

for large R > 0, where Vj, r 18 the Fourier multiplier on the Fourier space by V; g, x € C2°(R) such that
x = 1 near x =0, and

sin 2x sin2x [ x sin 2x X
S () () =i

Then the claimed properties are easily verified.

Since ||(§8,9 —w)~! 7272 < C for small ¢ > 0 and w € B,, we have
1Vo.2(Qo —w) ™ = Vo2 (Qep —w) 122 <2Cy,
where C is independent of y. By the resolvent equation, we also learn
Vo 1(Qo.6 —w) ™' = Vg 1(Qep — w) ™!
= —ieV,1(Q0,6 —w) ™' (Ds (1476 cos(w8) > Dg +r9(5))(Qe. —w) ™.

Since 179,1 is a smoothing pseudodifferential operator and (QJO’g —w) s also a pseudodifferential
operator with a bounded symbol, \79,1 (éo’g — w)_ng is L2-bounded. Thus we have

Vo1 (Qop —w) ™' = Vo1(Qep —w) 122 < Cye,
with some (y-dependent) constant C,, > 0. If & is so small that ¢ < (C/C, )y, we have
1Vo(Qo6 —w) ™" = Va(Qes —w) Ml 212 <2Cy + Cpe <3Cy
and thus (2-2) is proved since ¥ > 0 may be arbitrary small. Thus Theorem 1.6 is proved for 2 =
Unen Qs (I
3. The general case

3A. Analyticity of ‘79. We recall that ‘79 was defined in Section 2A.

Lemma 3.1. Under Assumption A, Vg is analytic with respect to 6 and £*-compact for 0 in some complex
neighborhood of {i8 | —Km~' <8 < Kn~'}, where K is the constant in Assumption A.
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Proof of Lemma 3.1. For real 6, the integral kernel % (&,n) of ‘79 is given by

V(e ) = ﬁ%@ﬁﬁ(%(s) — Dy Dy, £ eR.

We first consider the case of V € C°(R; R). Then the Paley—Wiener estimate implies that ‘79 (&,n)is
analytic with respect to 6 € C and has the off-diagonal decay bounds

1020E Vo &, Ml < CapnE—m)™Y, EneR,

for any «, B and N, where C, g v is independent of & when 6 € C ranges over a bounded set. We also
recall the formula, see, e.g., [Zworski 2012, Section 8.1],

Vo = b" (5. Ds: ), b(S,X;9)=/V9<§+g,S—g)ei<’7'x>dn,
R

where bY denotes the Weyl quantization

bw(é,Ds;G)f(é)=%/RbeG%,x;G)ei<§‘”’x>f(n)dndX-

In fact, the integral kernel of b¥ (&, Dg; 0) is

1 / b('gﬂ, x: Q)ei@n,x) dx
2 R 2

and this coincides with V (&, n) by simple computations. These imply that Vyisa pseudodifterential
operator in the Fourier space with a symbol rapidly decaying with respect to x (that is,

108 92b(E, x:0)| < Capn(x)™N, & x€eR,

for any «, B and N, where C, g n is independent of & when 6 € C ranges over a bounded set) and analytic
with respect to 6. Thus Lemma 3.1 is proved in this case.

We next consider the case of V(x) = s(x)W(x), where s(x) and W (x) satisfy the condition in
Assumption A; see Figure 1, left. We first estimate the Fourier transform of W (x). By the deformation of
the integral (see Figure 3, left), we have

~ 1 .
%% = — W e iz§ d s +£& > O,
&) N (2) z &

where
Cy.r = (e*"(—00,0] —2R0) U[—2Ro, 2Ro] U (2Ry + €T'7[0, o0)),

0 < 7 < arctan K, and Ry is that in Assumption A. This expression shows that W(S) has an analytic
continuation to

S;={zeC'l—t<argz<t}U{zeC|—t<argz—7m <t}

see Figure 3, right. We see that W(S ) decays rapidly in S; when |§| — oo thanks to the smoothness of W.
For small & € S, we have |W(§)| < C|g|7"/(+m where u > 0 is the constant in Assumption A. To see
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Imz Imz

C_
- / T
Rez

—2Ry 2Ry Rez

Figure 3. Left: the curve C_ ., and C, ; is its reflection with respect to the real axis.
Right: the domain ;.

this, we take Cy  for 0 < 7 < 7/ < arctan K and estimate
A o o0
W) < Cf e ) dx =C|5|—1/ el x /151y du.
0 0
We divide the integral into fog + Eoo and we obtain the bound
€ 1
— +—(e/IE]) "
1€ 18]

Taking & = |&|*/0+4), we have |W(&)| < Clg|~V/1+m),
We next claim that the Fourier transform V(é ) has an analytic continuation to the region 7; = _J ez Te ks
where (see Figure 4)

Try=1{zeC\{0,2}| —t <argz <1, -7 <arg(2—z) < v} + 2k,

and the estimate

3 sup [& —2k| T [ — 2k — 2|77 |V (§)] < o0 (3-1)
kez §€Tok

holds. To see this, we first denote the Fourier transform of s by §(£§) = /27 ), ., ax8(§ — 2k). Then we
have

VE) =Y aW(E —2k).

keZ
By Assumption A, we have ), _, lax| < oco. The estimates on W(S) above show
3 sup [€ — 2|77 € — 2k — 2|7 W (&) < oo.
kez €Tk

Then the estimate (3-1) follows from Young’s inequality in £!(Z) applied to sequences {ay}rez and

[ sup |& — 2k| ™ |€ — 2k — 2|77 | W (£)])

kez®
SETI,/{

By (3-1), we have |V9(§, n)| < g(§ — n) for some integrable function g. This is also true for
9/ 80)179 (&, ) by Cauchy’s formula with respect to 6. Thus Young’s inequality implies that the
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Figure 4. The domains 77 and 77 k.

operator Vg with integral kernel Vg (£, ) is L>-bounded and analytic with respect to 6. We note that if 6
is purely imaginary, we have

| Im(Pp (§) — Do ()| < [0][Re(Py(§) — Py (1)) — 2k,

with any k& € Z, in particular k such that [ — n — 2k| < 1. Thus 6 may be taken from a complex
neighborhood of {i§ | —7~'tant <8 < w~!tant}. Since 0 < 7 < arctan K is arbitrary, Vy is analytic
for 6 as claimed in Lemma 3.1.

To see £2-compactness, we approximate V by C2* functions. Take x € C2°(R) such that x =1 near
x = 0. We take the decomposition V (x) = V| g + Vg, where R > 0,

Vir=x (%)W(X) > ae®™,

[k|<R

Var=W) Y e + (1 - X(%))W(x) 3w,

lk|>R lk|<R

We also denote the corresponding distorted operators on the Fourier space by Vg,], r and \7&2, r. Since
Vi.r € C°, we know Vp 1 g is $z—compact. We also see that limg_, o0 || Vs,2, 8l 12— 12 = O by the estimate
for V =s(x)W(x) as above. This completes the proof of Lemma 3.1. O

3B. Proofs of theorems for the general case. Although we set 8y = ~! for the model case in Section 2,
we set 8o = min{mw !, K7~} for the general case in this subsection in view of Lemma 3.1. Similarly
we set 61 = min{(ﬁ —Dr LK 7~} in this subsection. Then all the statements in Sections 2B and 2C
remain true for these §y and §;.

Proof of Theorem 1.1 for the general case. The proof is exactly the same as that for the model case in
Section 2 if we replace Lemma 2.1 by Lemma 3.1. ]

Proof of Theorem 1.6 for the general case. The proof is almost the same as that for the model case in
Section 2. The only necessary change is the following: In the claim that we can take the decomposi-
tion Vy = V9 1+ Vg 2, where V@ 1] is a smoothmg pseudodlfferentlal operator in the Fourier space and
||V9 22 <y, we set Vg 1= Vg 1,r and Vg = V@ 2, g for large R > 0, where Vg .j,R was defined in
the £2-compactness part of the proof of Lemma 3.1. ]
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Remark 3.2. In the case of V = a(sin2x)/x + Vy, Vo € CZ(R; R), Lemma 2.1 and the proof of
Lemma 3.1 show that Lemma 3.1 holds for 6 € C\ ((—o0, —7 U, 00)). Thus the set of resonances
Res, (P) is defined in C\ (0, co) for any n € N including multiplicities by the meromorphic continuation
of (f, Ry(z)g) from {z |0 <argz < m} to

(z]|0<argz <m}U{z|argz=0, (n—1)> < |z] <n?’}U{z| —27 < argz < 0}.

This poses the problem of whether Res,, (P) # Res,/(P) when n £ n'.
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A FREE BOUNDARY PROBLEM DRIVEN BY THE BIHARMONIC OPERATOR

SERENA DIPIERRO, ARAM KARAKHANYAN AND ENRICO VALDINOCI

We consider the minimization of the functional
Jlu] = fﬂ (184 + xpu=0y)
in the admissible class of functions
A= {ue WH(Q) 1u—ug € Wy ().

Here, 2 is a smooth and bounded domain of R" and uy € W*2(2) is a given function defining the Navier
type boundary condition.

When n = 2, the functional J can be interpreted as a sum of the linearized Willmore energy of the
graph of u and the area of {u > 0} on the xy-plane.

The regularity of a minimizer u and that of the free boundary d{u > 0} are very complicated problems.
The most intriguing part of this is to study the structure of d{u > 0} near singular points, where Vu =0 (of
course, at the nonsingular free boundary points where Vu # 0, the free boundary is locally C' smooth).

The scale invariance of the problem suggests that, at the singular points of the free boundary, quadratic
growth of u is expected. We prove that u is quadratically nondegenerate at the singular free boundary
points using a refinement of Whitney’s cube decomposition, which applies, if, for instance, the set {u > 0}
is a John domain.

The optimal growth is linked with the approximate symmetries of the free boundary. More precisely,
if at small scales the free boundary can be approximated by zero level sets of a quadratic degree two
homogeneous polynomial, then we say that 9{u# > 0} is rank-2 flat.

Using a dichotomy method for nonlinear free boundary problems, we also show that, at the free
boundary points x € €2, where Vu(x) = 0, the free boundary is either well approximated by zero sets of
quadratic polynomials, i.e., d{u > 0} is rank-2 flat, or # has quadratic growth.

More can be said if n = 2, in which case we obtain a monotonicity formula and show that, at the
singular points of the free boundary where the free boundary is not well approximated by level sets of
quadratic polynomials, the blow-up of the minimizer is a homogeneous function of degree two.

In particular, if » = 2 and {# > 0} is a John domain, then we get that the blow-up of the free boundary
is a cone; and in the one-phase case, it follows that d{u > 0} possesses a tangent line in the measure
theoretic sense.

Differently from the classical free boundary problems driven by the Laplacian operator, the one-
phase minimizers present structural differences with respect to the minimizers, and one notion is not
included into the other. In addition, one-phase minimizers arise from the combination of a volume type
free boundary problem and an obstacle type problem, hence their growth condition is influenced in a
nonstandard way by these two ingredients.

MSC2020: 31A30, 31B30, 35R35.
Keywords: biharmonic operator, free boundary, regularity theory, monotonicity formula, free boundary conditions.
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1. Introduction

1A. Mathematical framework and motivations. In this paper we consider the problem of minimizing
the functional

Jul = Ju, Q] := / (1Aul* + X(u=0)) (1-1)
Q

over the admissible class of functions
A= lu e W) :u—ug € Wy 2(Q)). (1-2)

Here, Q is a smooth and bounded domain of R” and ug € W>2() is a given function defining the Navier
type boundary condition (see, e.g., the “hinged problem” on the right-hand side of Figure 1(a) and on
page 84 of [Sweers 2009], or Figure 1.5 on page 6 of [Ganguli 2017], or the monograph [Gazzola et al.
2010] for additional information on this condition, which can be interpreted as a weak form of two
boundary conditions: u# = ug along 0€2 and Au = 0 along 02N {u #~ 0}).

More precisely, we study here two different types of minimization problems related to the functional
in (1-1), namely the minimizers in the class A introduced in (1-2), as well as the minimizers among
all the nonnegative functions in A (that will be called one-phase minimizers and thoroughly discussed
from Definition 1.2 on). An important feature of the problem that we study is that these two types of
minimizers are different and exhibit different' features.

1 As a matter of fact, most of the results presented here will concern minimizers (see in particular Theorems 1.1, 1.7, 1.8, 1.10,
and 1.11); some results will include, basically at the same time, both minimizers and one-phase minimizers (see Theorems 1.3,
1.12, and 1.13), and one result (namely Theorem 1.14) will focus specifically on the case of one-phase minimizers. Yet, we

believe it was worth stressing the distinction between minimizers and one-phase minimizers, since it is a special characteristic of
the fourth order equations and provides a conceptual difference with respect to the more extensively studied case of second order
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The functional in (1-1) is clearly related to the biharmonic operator, which provides classical models
for rigidity problems with concrete applications, for instance, in the construction of suspension bridges,
see, e.g., [McKenna and Walter 1987]. Other classical applications of the biharmonic operator arise in
the study of steady state incompressible fluid flows at small Reynolds numbers under the Stokes flow
approximation assumption, see, e.g., formula (1) in [Mardanov and Zaripov 2016].

Moreover, the functional in (1-1) provides a linearized model for the Willmore problem which asks to
find an immersion/embedding M in R? that minimizes the Willmore energy

W(M) = / H?dA,
M
where H denotes the mean curvature. The linearization of this energy density gives

H?dA = }‘(Au)2 dx dy + lower order terms.

In this context, our problem can be regarded as a free boundary problem for the linearized Willmore
energy, where the surface M has a flat part on the xy-plane.

We also refer to the very recent work in [Da Lio et al. 2020] for a problem related to the minimization
of the Willmore energy functional with prescribed boundary, boundary Gauss map, and area. See also the
recent contributions in [Miura 2016; 2017] for the one-dimensional analysis of the global properties of
the solutions of free boundary problems involving the curvature of a curve.

In the setting of (1-1), an additional motivation for us comes from the study of the degenerate/unstable
obstacle problem, see [Caffarelli 1980; Monneau and Weiss 2007]. Indeed, we will see in Corollary 4.2
that u is globally almost subharmonic in €2, i.e., there exists C>0 (possibly depending also on the
energy of the minimizer) such that Au > —C. Therefore, the function Au := f 1s bounded from below.
Accordingly, we can relate our problem to an obstacle problem with unknown right-hand side, namely

A

determine u and f > —C such that

Au=f in 2,
u=|Vu|=0 on d{u > 0}, (1-3)
f=1 on d{u > 0}.

The principal difference from the classical obstacle problem is that f may change sign in €2 and degenerate
on the free boundary points, since the last condition in (1-3) is satisfied in a generalized sense: for this
reason, it does not follow from the classical obstacle problem theory that u is quadratically nondegenerate.

Motivation for (1-1) also comes from the limit as e—0 of the singularly perturbed bi-Laplacian equation

1,/u®
A%uf = —= (—) 1-4
u =——p(% (1-4)
where B is a compactly supported nonnegative function with finite total mass, see [Dipierro et al.

2019]. Equation (1-4) can be seen as the biharmonic counterpart to classical combustion models, see,
e.g., [Petrosyan 2002].

equations. In particular, while one-phase minimizers exhibit nontrivial zero sets, the same does not happen for the minimizers
(see Proposition B.1). Let us also mention that one-phase minimizers are perhaps less justified by physical motivations, since
one is adding an extra “obstacle condition” precisely at the discontinuity level of the potential, nevertheless we think they also
deserve further mathematical investigation besides the one carried out in the present paper.
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1B. Comparison with the existing literature. Free boundary problems are, of course, a classical topic
of investigation, nevertheless only few results are available concerning the case of equations of order
higher than two, and there seems to be no investigation at all for the free boundary problem in (1-1).

Other types of free boundary problems for higher order operators have been considered in [Mawi
2014]. Moreover, obstacle problems involving biharmonic operators have been studied in [Frehse 1973;
Caffarelli and Friedman 1979; Caffarelli et al. 1981; 1982; Adams and Vandenhouten 2000; Pozzolini
and Léger 2008; Novaga and Okabe 2015; 2016; Aleksanyan 2019]; but, till now, we are not aware of
any previous investigation of free boundary problems dealing with higher order operators combined with
“bulk” volume terms as in (1-1) here.

Of course, one of the striking differences in our framework, as opposed to the case of the Alt—Caffarelli
functional (see [Alt and Caffarelli 1981])

Jaclul Z=/(|VM|2+X{M>0}),
Q

is the lack of a maximum principle and the Harnack inequality for higher order operators. This, in our
setting, reflects to the fact that the set {# < 0} may be nonempty, even under the boundary condition uq > 0.
This is one of the peculiarities of the situation involving the bi-Laplacian, and it makes the mathematical
treatment of the problem extremely difficult (and this is likely to be the reason for which there are not
many results in the direction of free boundary regularity in the framework that we consider here).

Thus, the main difficulties in our setting, in comparison with the existing literature, follow from the
fact that major elliptic methods based on a maximum principle, the Harnack inequality, and propagation
of ellipticity cannot be applied. Moreover, many classical tools, such as domain variations, have not
been fully analyzed yet; and, in any case, cannot provide consequences which are as strong as in the
classical framework. For instance, the main result that we obtain by domain variation (given in details in
Lemma 4.4) is that, for any ¢ = (¢!, ..., ¢") € C(RQ),

2[9 AM(X)Z(ZVum(X)-V¢m(X)+um(X)A¢m(X))dx=/Q(|AM(X)|2+X{u>0}(X)) dive (x) dx. (1-5)

m=1
As customary, we denote by u,, = 0,,u = 9y, u the partial derivative of u with respect to the mth variable.
Then, in the classical literature, the standard argument leading to the monotonicity formula for the
Alt—Caffarelli problem would be to choose ¢ of a particular form, see [Weiss 1998]. More precisely, for
¢ > 0, the classical idea would be to consider
1 if x € By (x0),

if x € Br+€ (.XO) \ Br (X()),
0 otherwise,
where xg € d{u > 0}, and take ¢ (x) := xn(x) in identity (1-5). Note that
[ if x € B, (xp),
Vo) = § Iy — L E=XOEZX0) e g (x0)\ B, (x0),
&€ [x —x0|
0 otherwise,
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where [ € Mat,, ., is the identity matrix. However, in our case, identity (1-5) contains the term A¢ which
is not defined on the boundary of the ring B, 1. (xg) \ B:(xg), and this creates an important conceptual
difficulty. Thus, to overcome this issue, one needs to perform a series of ad hoc integration by parts. This
strategy, however, has to deal with the possible generation of third order derivatives of the minimizers,
which also cannot be controlled. Therefore, these terms need to be suitably smoothened and simplified
via appropriate cancellations.

In this setting, the lack of monotonicity formulas can also be seen as a counterpart to the lack of
Pohozhaev type inequalities, and our approach bypasses this kind of difficulty.

As a matter of fact, we will establish a new monotonicity formula in dimension 2, which will lead
to Theorem 1.12. In addition, differently from the harmonic case, there are no estimates available in
the literature for the biharmonic measure, and this makes the free boundary analysis significantly more
complicated. We will overcome these difficulties by Theorem 1.10.

Moreover, in terms of barrier and test functions, an additional difficulty of the biharmonic setting is
given by the fact that the function max{u, v} is not an admissible competitor, having possibly infinite
energy, so we cannot consider the maximal and minimal solutions.

The analysis of nondegeneracy and optimal regularity of minimizers and of their free boundary is also
a novel ingredient with respect to the classical literature, and nothing seemed to be known before about
these important questions.

1C. Main results. In what follows, we will denote by {u > 0} the positivity set of # and by d{u > 0} its
free boundary. The main results of this paper are the following:

e If z € 0{u > 0} and Vu(z) = 0, then either d{u > 0} can be approximated by the zero level sets of a
quadratic homogeneous polynomial of degree two, or u has quadratic growth at z.

o If n = 2, there exists a monotonicity formula, and we can classify the homogeneous one-phase
solutions of degree two.

» We provide various sufficient conditions for strong nondegeneracy in terms of a suitable refinement
of Whitney’s cube decomposition (c-covering). For instance, we show that if {# > 0} is a John
domain (see the definition in Section 7B), then d{u > 0} possesses a measure theoretic tangent line.

A road map of this article is displayed in Figure 1.

1C.1. BMO estimates for the Laplacian of the minimizers and free boundary conditions. In further details,
the first regularity result that we establish is a BMO estimate on the Laplacian of the minimizers.

Theorem 1.1. Let u be a minimizer of the functional J defined in (1-1). Then, we have Au € BM O1oc(£2).
We also introduce a notion of one-phase minimizer, in the following setting:

Definition 1.2. We say that u is a one-phase minimizer of J if it minimizes the functional J in (1-1)
among the nonnegative admissible functions A :={u € A:u > 0in 2}, A being as in (1-2).

Interestingly, one-phase minimizers, as given in Definition 1.2, arise from a combination of a biharmonic
free boundary problem and an obstacle problem. We also observe that, in general, minimizers of J which
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Free boundary Nondegeneracy and Measure theoretic properties
condition growth from below of free boundary points
(Theorem 1.3) (Theorem 1.8) (Theorem 1.10)

Analysis of the free Special features in

Regularity of

minimizers boundary the plane

Au in BMO Monotonicity formula
(Theorem 1.1) (Theorem 1.12)

Existence of measure
theoretic tangent lines

(Theorem 1.14)

Classification of
blow-up limits
(Theorem 1.13)

Classification of free

boundary points

Nonsingular points . Singular, rank- Quadratic growth
Rank-2 flat points from above

(Vu # 0) 2 nonflat points (Theorem 1.7)

|

Stratification

of the free boundary
(Theorem 1.11)

Figure 1. A road map of this article.

happen to be nonnegative do not naturally develop open regions in which the minimizer vanishes (see
Proposition B.1 for a concrete result), while one-phase minimizers do (hence, the notion of minimizers that
are nonnegative and the notion of one-phase minimizers are structurally very different in this framework,
due to the lack of a maximum principle).

We stress that one-phase minimizers, as given in Definition 1.2, are not necessarily minimizers over .A.
This fact produces significant differences, with respect to the classical case of free boundary problems
driven by the Laplacian, and requires some nonstandard techniques to overcome the lack of structure
provided, in the classical case, by super-harmonic functions.
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We also observe that, in the classical Alt—Caffarelli problem [Alt and Caffarelli 1981] a nonnegative
boundary datum produces, in general, considerable portions of the domain in which the minimizer
vanishes, but in our case minimizers with nonnegative (and even strictly positive) boundary data may
produce regions with considerable negative phases. This difference between zero and strictly negative
phases is indeed one of the typical features of our problem, and it is also due to the characteristic function
in (1-1). Specifically, the Alt—Caffarelli problem [Alt and Caffarelli 1981] with nonnegative datum
typically produces large zero phases, while in most of the situations that one can imagine, our minimizers
with nonnegative data have negligible zero sets (but nonnegligible negative sets): the role of one-phase
minimizers in our setting is precisely to create natural conditions to produce nonnegligible zero sets (the
reader may also consider looking immediately at the examples in Section 5 to see these phenomena of
zero and negative phases in simple, but concrete, cases).

Given the higher order structure of the biharmonic functional, the minimizers satisfy a free boundary
condition which is richer, and more complicated, than in the harmonic case. To express it in a general
form, suppose that the free boundary (locally) separates two regions, say Q1 and Q®, of the domain €2,
with 9QM = 39Q® = 3{u > 0}: in this case, the minimizer u can be seen as the result of the junction
of two functions, say «‘" and u®, from each side of the free boundary, with «" and #® not changing

sign. In this notation, for i € {1, 2}, we set
L. [1 ifu?>0in QO 16
1o ifu®<0in QO. (1-6)

Then, we have the following result describing the free boundary condition in this framework:

Theorem 1.3. Let u be either a minimizer or a continuous one-phase minimizer of the functional J
defined in (1-1). Assume that
d{|u| > €} is of class C", (1-7)

for all € € (0, go), for some g9 > 0. Then, for any ¢ = (¢, ..., ¢") € Cyo(2),

n
lim / ((|AM(1) |2+)»(1))¢'V—2Z (‘Pm(Au(l)VufJ)—u,(;)VAu(l))'v—l—Au(l)u,(,PV¢m.v))
=0 Ja@n{ju|>¢})

m=1

n
— lim ((|Au<2)|2+x<2>)¢-u—22(¢m(Au<2)wﬁ,?—uf,f)VAu<2>)-v+Au<2>u§,’f‘>v¢'"-v)), (1-8)

e=>0J3@n(jul>¢}) =t

where v is the exterior normal to Q.
Furthermore, ifu € C1(Q)NC*(QW)YNC3(QD) and d{|u| > &} approaches 3{|u| > 0} = d{u > 0} =
d{u < 0} = {u = 0} in the C'-sense, we have that

Au(l)uf,}) = Au(z)uf,%)
(1AuD 2+ 2D, —2(AuO V) — ul) VAuD) v (1-9)
= (|Au® P+ 1@, —2(AuP Vil —uFVAu?) v,

foranym € {1, ...,n}, on d{u > 0}.
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Concrete examples of this free boundary condition will also be presented in Section 5 (of course, the
reader is welcome to jump to these examples, before diving into all the rather technical details of this
paper, if she or he wants to immediately have a close-to-intuition approach to the model and the problems
discussed in this paper, as well as to develop some feeling on how minimizers may be expected to look).

As already discussed in Section 1B, one of the principal features of the problem that we consider in
the present work is that it does not share the standard properties of its “sibling” Alt—Caffarelli problem
[Alt and Caffarelli 1981], such as nondegeneracy, linear growth, etc. Moreover, the existing techniques
fail because of the involvement of higher order derivatives.

However, the scale invariance of the functional suggests that the optimal regularity of x must be C!!.
This is also supported by the computations that we have for the one-dimensional case (see Remark 4.5
and the explicit examples in Section 5).

1C.2. Notion of rank-2 flatness, the role played by quadratic polynomials, and dichotomy arguments. To
study the free boundary points of the minimizers, it is useful to distinguish between regular and singular
points. Related to this, suppose that x € d{u > 0}, then there are two possible cases:

e Vu(x) #0, then 3{u > 0} is C! near x.
e Vu(x) =0, then we expect u to grow quadratically, and the free boundary may have self-intersections.
To analyze these situations, we introduce the following setting:

Definition 1.4. If x € d{u > 0} and Vu(x) = 0, then we say that x is a singular free boundary point. The
set of singular points is denoted by Oging{u > 0}.

Clearly the singular points are the most interesting points of the free boundary to study. In order
to overcome all the difficulties mentioned in Section 1B and to study the regularity of u and that of
the free boundary a{u > 0}, we employ a dichotomy argument which was introduced in [Dipierro and
Karakhanyan 2018]. The idea is to exploit a suitable notion” of “flatness” and distinguish between points
where the free boundary is flat and points where it is nonflat, according to this new notion.

To this aim, we let

HD(A, B) := max{ supdist(a, B), supdist(b, A)} (1-10)
acA beB

be the Hausdorff distance of two sets A, B C R".
We also let P, be the set of all homogeneous polynomials of degree two, i.e.,

n
Py = {p(x) = > aijx;x;, forany x € R" with | pl| s, = 1}, (1-11)
ij=1

2We stress that the “flatness” condition that we consider here is not related to a geometric idea of flatness as being close to a
hyperplane. In general, the “flat” objects that we consider look like boundaries of cones and their special feature is related to the
“rank-2” notion of flatness, that is being close to zero sets of homogeneous polynomials of degree 2. With this respect, the usual
notion of flatness intended as proximity to hyperplanes can be interpreted as a “rank-1 flatness”. We maintained the name of
“flatness” also for the rank-2 case in order to make the comparison with the classical elliptic free boundary theory easier and more
transparent.



A FREE BOUNDARY PROBLEM DRIVEN BY THE BIHARMONIC OPERATOR 883

where a;; is a symmetric n x n matrix. Moreover, given p € P> and xo € R", we set p,,(x) := p(x —xp) and

S(p,x0) :={x e R": py,(x) =0}. (1-12)

We observe that the set S(p, xg) defined in (1-12) is a cone with vertex at xo, i.e., if x € S(p, x¢) then,
for every ¢ > 0, it holds that xo 4+ (x — xo) € S(p, x0).
With this notation, we set:

Definition 1.5. Let § > 0, R > 0, and x¢ € d{u > 0}. We say that d{u > 0} is (5, R)-rank-2 flat at x if,
for every r € (0, R], there exists p € P, such that

HD(9{u > 0} N B-(x0), S(p, x0) N B:(x0)) <.
Now, given r > 0, xg € d{u > 0}, and p € P, we let
Rmin (7, X0, p) := HD(8{u > 0} N By (x0), S(p, x0) N Br(xo)). (1-13)
Then, we define the rank-2 flatness at level » > 0 of d{u > 0} at xo as follows: We set

h(r, xo) := inf hpin(r, x0, p), (1-14)
PEP,
and we introduce the following notation:

Definition 1.6. Let § > 0, r > 0, and xg € d{u > 0}. We say that d{u > 0} is §-rank-2 flat at level r at xq
if h(r, xg) < ér.

In view of Definitions 1.5 and 1.6, we can say that d{u > 0} is (§, R)-rank-2 flat at xy € d{u > 0} if
and only if, for every r € (0, R], it is §-rank-2 flat at level r at xo.

We stress that the notion of “flatness” introduced in Definitions 1.5 and 1.6 does not refer to a geometric
property of being “close to linear,” but rather to a proximity to level sets of quadratic polynomials (that is,
from the linguistic perspective, one should not separate the adjective “flat” from its own specification
“rank-2""). Roughly speaking, our objective is to exploit quadratic objects to describe the minimizers,
and our typical strategy would be to distinguish between points of the free boundary where the free
boundary itself “looks like the level set of a quadratic polynomial” (i.e., it is in some sense rank-2 flat),
and the “other points” of the free boundary, proving in the latter case that then it is the minimizer itself to
possess some similarities, in terms of growth, with “quadratic objects”. The reason for which we used
the terminology of “flatness” to describe these “quadratic” (rather than “linear”) scenarios is to maintain
some jargon coming from the classical case in [Alt and Caffarelli 1981] and to interpret the notion of
flatness as the one describing the “deviation” from a well-understood case (that is, the linear case in [Alt
and Caffarelli 1981] and the quadratic case here).

Of course, making precise these results in our setting requires the development of a rather technical
terminology, and detailed formulations of these ideas will be provided in Theorems 1.7, 1.8, 1.10, and 1.11.

In this framework, we now state the following result concerning the quadratic growth of u at §-rank-2
nonflat points of the free boundary:



884 SERENA DIPIERRO, ARAM KARAKHANYAN AND ENRICO VALDINOCI

Theorem 1.7. Let n > 2 and u be a minimizer of the functional J defined in (1-1). Let D CC 2, § > 0,
and let xo € 0{u > 0} N D such that |Vu(xg)| =0 and o{u > 0} is not 5-rank-2 flat at x¢ at any level r > 0.
Then, u has at most quadratic growth at xy, bounded from above in dependence on é.

1C.3. Further results on the quadratic growth of the minimizers. Now we turn our attention to the
nondegeneracy properties of the minimizers. First of all, setting as usual ™" (x) := max{u(x), 0}, we
provide a weak form of nondegeneracy, investigating the validity of statements of this form:

If B C {u > 0} is a ball touching d{u > 0}, then supu™ > C[diam(B)]2 (1-15)
B

for some C > 0 (possibly depending on dimension, on the domain, and on the datum u).

We consider this as a weak form of nondegeneracy as opposed to the one in which B is centered at
free boundary points, which we call strong nondegeneracy.

We establish that (1-15) is satisfied, and, more generally, that the positive density of the positivity set
is sufficient to ensure at least quadratic growth from the free boundary. The precise result we obtain is:

Theorem 1.8. Let u be a minimizer of the functional J defined in (1-1). Then:

1° If xo € o{u > O} and

B, (x0) N {u >0
liminf Pr OO = O (1-16)
p—0 |Bp|

for some 6, > 0, then

sup |u| > ér?,

B, (x0)

as long as B, (xo) CC 2, for some ¢ > 0 depending on 0y, n, dist(B, (xo), §2), and |lug|lw22(q)-
2° If xo € {u > 0} and r := dist(xq, d{u > 0}), then

sup ut > ér?
B (x0)
as long as B, (xo) CC €, for some ¢ > 0 depending on n, dist(B,(xo), 2), and ||uo|lw22(q).

We observe that the claim in 2° is exactly the statement in (1-15).

Sufficient conditions for the density estimate in (1-16) to hold will be discussed in Section 7B, where
we also recall and compare the notions of the weak c-covering condition and Whitney’s covering. In
addition, in Section 7C we will relate the nondegeneracy properties with a fine analysis of the biharmonic
measure, which in turn produces some regularity results on the free boundary.

It is also convenient to consider “vanishing” free boundary points, in the following sense:
Definition 1.9. Let 1 be a minimizer of the functional J defined in (1-1), and let xo € 0{u > 0} N B;. We
say that 0{u > 0} is vanishing rank-2 flat at x if there exist sequences 6 — 0 and r; — O such that
h(ri, xo0) < 8k, (1-17)
where & is defined in (1-14).

Notice, in particular, that condition (1-17) is equivalent to limg_, 4~ hiry., x0)
Tk

=0, and this justifies
the name of “vanishing” in Definition 1.9.
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Theorem 1.10. Let u be a minimizer of the functional J defined in (1-1). Then:

1° The set of vanishing rank-2 flat points of the free boundary has zero measure in Q.

2° If D CC 2 and there exists ¢ > 0 such that

SUPB, (x) |ul Sz

lim inf D> (1-18)
r

r—0
for every x € 3{u > 0} N D, then d3{u > 0} has zero measure, and for any § > 0, the set of free

boundary points that are not §-rank-2 flat has finite (n — 2)-dimensional Hausdorff measure.

In general, we can restate the previous results in a dichotomy form: roughly speaking, the free boundary
in the vicinity of singular points is either “flat” with respect to the level sets of homogeneous polynomial
of degree two, being “close” to the level sets of quadratic polynomials, or “nonflat” and in this case
the growth from the free boundary is quadratic. To formalize these notions, we decompose the class P,
introduced in (1-11) as

P = Lnj p;,
i=1

where Pzi :={p € P, :Rank(D?p) =i}. As we will see, in our setting, the above notion will play a useful
role since if xg € d{u > 0}, with [Vu(xg)| =0, and d{u > 0} is rank-2 flat at x(, then there exists p € P,
such that the blow-up of d{u > 0} at xq is the zero set of p. We separate out some interesting cases:

o If Rank(D?p) =n and D?p > 0, then the free boundary is a singleton.

o If Rank(D?p) = 1, then the free boundary is a hyperplane in R”, i.e., a codimension 1 plane in R”"
and after some rotation of coordinates we can write p(x) = a(xfr)z, where o € R is a normalizing
constant.

« If Rank(D?p) = n and D?p has eigenvalues of opposite signs, then the free boundary has self
intersection. For instance, if n = 2, then p(x) = o¢(xl2 — x%), where « € R is a normalizing constant.

Roughly speaking, in this setting the classes Pzi detect the approximate symmetries of the free boundary
at small scales.
Now, let F C Oging{u > 0} be the set of singular free boundary points that are vanishing rank-2 flat and

N = @{u > 0} \ F) N {|Vu| = 0} = dging{u > 0} \ F.
In this framework, the main result in the stratification setting reads as follows:

Theorem 1.11. Let u be a minimizer of J. We have:

o For any z € F, there exist r;—0 and p € Pé,for somei €{l,...,n}, such that
klim HD((dEx) N Bg, {p=0}NBg) =0 (1-19)
— 400

for every fixed R > 0, where
Er:={xeR":z4+rx e f{u>0}}.
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Furthermore, u™ is strongly nondegenerate at z, namely

suput > cr?

By (2)
for some ¢ > 0, as long as B,(z) CC 2, with c possibly depending on n, dist(z, 02) and u.

o For any z € N, there exists C, > 0, possibly depending on n, dist(z, 9$2), and lullw22(q), such that

lu(x)| < Cylx —z|? (1-20)

near z.

1C.4. Monotonicity formula and classification of blow-up limits. To analyze and classify the free bound-
ary properties of the minimizers of J and their blow-up limits, it would be extremely desirable to have
suitable monotonicity formulas. Different from the classical case, in our setting no general result of this
type is known. To overcome this difficulty, we focus on the two-dimensional case, for which we prove:

Theorem 1.12. Letn=2 and t > 0 such that B CC Q2. Letu: Q2 — R, with 0 € 0{u > 0} and Vu(0) =0, be

e cither: a minimizer of the functional J, with 0 not (8, t)-rank-2 flat in the sense of Definition 1.5,

e or: a one-phase minimizer of the functional J with u € CY (), and such that 3{u > 0} has null
Lebesgue measure.

Then, there exists a function E : (0, t) — R, which is bounded, nondecreasing, and such that, for
any 7o > 11 >0,

211 ug,  2ug\’ 3u, 4du\?
E(tz)—E(rl):/ {72/3 [(T_r_z) +<u,,—7+r—2) ]}dr. (1-21)
T1 Br

The explicit value of the function E is given by

E(r) —/ Ausy Sup  Auu  Gu gt 4 Suj +i/ (1AuP + xpusoy). (1-22)
o o, \ 2r? 2r3 r3 r4 ré 5 4r? Jp Xlu=01)-

Furthermore, if E is constant in (0, T), then u is a homogeneous function of degree two in B.

We stress that the C'! assumption on u in Theorem 1.12 is taken only in the case of one-phase minimizers,
while for minimizers no additional regularity assumption is required in Theorem 1.12.
Given xg € 0{u > 0}, we consider the blow-up sequence of u at xo, defined as

u(xo + pix)
() 1= =P (1-23)
Pk
where pr — 0 as k — +o00.

In this setting, we can classify blow-up limits of minimizers in the plane.

Theorem 1.13. Letn =2. Let B, CC Q. Let xo € Q and u : Q — R, with xo € Osing{u > 0}. Assume that
either u is a minimizer of the functional J, with

d{u > 0} not 8-rank-2 flat at x¢ at any level (1-24)
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for some 8 > 0, or that u is a one-phase minimizer of the functional J with u € C“'(Q), and such
that 0{u > 0} has null Lebesgue measure. Then every blow-up limit of u at xq is either a homogeneous
Sfunction of degree two, or it is identically zero.

One of the main issues in the free boundary analysis is that, even in the one-phase problem, the
topological and measure theoretic boundaries of {# > 0} may not coincide. On the other hand, the
following is a regularity result for the one-phase free boundary in the plane:

Theorem 1.14. Let n = 2. Suppose that By CC Q2. Assume that u is a one-phase minimizer for J , that
ueCH(BY), (1-25)

and that 9{u > O} has null Lebesgue measure. Suppose that 0 € Osne{u > O}. Assume also that, for
every x € {u > 0} N By,

supg (7 U
liminf —20— > ¢ (1-26)
p—0t 14
for some ¢ > 0, for all p € (0, 1), and that
B,N 0
limsup 122 =0 (1-27)
p—0 |Bp|

Then there exists ro > 0 such that at every point X of d{u > 0} N By, the free boundary possesses a
unique approximate tangent line in measure theoretic sense, namely if D is the symmetric difference of the
sets {u > 0} and a suitable rotation of {(x — x) - e; > 0}, we have that

[Bo(x)NDJ _
p=0t  |By(x)]

We think that it is an interesting open problem to detect suitable conditions guaranteeing that the
C 1*1-assumptions taken in Theorems 1.12, 1.13, and 1.14 are fulfilled.

Moreover, in our setting, Theorems 1.1, 1.7, 1.8, 1.10, and 1.11 are obtained specifically for the
minimizers, and Theorem 1.14 specifically for the one -phase minimizers, while Theorems 1.3, 1.12,
and 1.13 are valid for both minimizers and one-phase minimizers. Though the minimization setting is, in
our case, structurally different from that of one-phase minimization due to the lack of Maximum Principle,
we think that it is an interesting open problem to unify as much as possible the theory of minimizers with
that of one-phase minimizers.

It is also an interesting problem to detect the optimal regularity of the solutions and their free boundaries.

1D. Organization of the paper. The rest of the paper is organized as follows: Section 2 contains the
main existence result. In Section 3 we provide the proof of the local BMO estimate for the Laplacian
of the minimizers, as given by Theorem 1.1. In Section 4 we present some structural properties of the
minimizers which are based on the first variation of the functional J. As a consequence, we also obtain
the free boundary condition, and we prove Theorem 1.3. In Section 5, we discuss some one-dimensional
examples. Section 6 contains a dichotomy argument which leads to the proof of Theorem 1.7. Section 7
is devoted to nondegeneracy considerations and to the proof of Theorems 1.8 and 1.10. In Section 8 we



888 SERENA DIPIERRO, ARAM KARAKHANYAN AND ENRICO VALDINOCI

consider the stratification of the free boundary, reformulating some results obtained in Section 6, and, in
particular, we prove Theorem 1.11. Section 9 focuses on the monotonicity formula and contains the proof
of Theorem 1.12. In Section 10 we present an application of such a monotonicity formula, proving the
homogeneity of the blow-up limits, and establishing Theorem 1.13. Then, Section 11 focuses on explicit
two-dimensional regularity and classification results and contains the proof of Theorem 1.14. The paper
ends with two appendices which collect some ancillary observations.

2. Existence of minimizers

The following result exploits the direct method of the calculus of variations to obtain the existence of the
minimizers for our problem. Due to the presence of several technical aspects in the proof, we provide the
argument in full details.

Lemma 2.1. The functional in (1-1) attains a minimum over A.

Proof. Let u; € A be a minimizing sequence, namely

lim J[ux] = inf J[v]. (2-1)
k—+00 veA
For large k, we can suppose that
] < Juol +1 < / (I1auol” +1) < C (2-2)
Q

for some C > 0. Also, since u; € A, we know from (1-2) that u :=u; —uo € w22(Q)n WOI’Z(Q). Let
also v} 1= Auj € L?(Q). In this way, we have that

Auy =v;} in Q,
u; =0 on 9L2.
Consequently, by elliptic regularity (see Theorem 4 on page 317 of [Evans 1998]), we know that
lugliwzz) < C' (Ve 2@ + Nugli2g)) (2-3)
for some C’ > 0. Also (see Theorem 6 on page 306 of [Evans 1998]), one has that
”I/‘Z”LZ(Q) < C//”U;:”LZ(SZ) (2-4)
for some C” > 0. Therefore, in light of (2-3) and (2-4) we conclude
”uZ”WZ’Z(Q) < CW”vZ”LZ(Q) = CWHAMZ”LZ(Q)
for some C”” > 0. This and (2-2) imply

lullwez ) < C”
for some C”” > 0. Therefore, we can suppose, up to a subsequence, that

uj converges to some u* weakly in W>2(), (2-5)
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and then, by compact embedding,
uj converges strongly to u™ in wh2(Q). (2-6)
Since uj € WJ’Z(Q), this implies that also u* € Wol’2(§2). As a consequence, recalling (1-2), we know
u = u* + ug belongs to A. 2-7

Furthermore, by (2-5), it holds that u; converges to u weakly in W22(Q). In particular, uy is bounded
in W22(Q), and therefore, for any i € {1, ..., n}, it holds that 9%uy is bounded in L(£2). This yields
that a,?uk converges to some w; weakly in L?*(). This and

the strong convergence of u; to u in WOl ’2(52) c LX(Q) (2-8)

(recall (2-6)) imply that, for any ¢ € C§°(£2),

/ w; @ = lim a,?uk ¢ = lim Uy 8l~2<p = / u al-zgo,
Q Q Q

k—+o00 Jo k—+4o00

which shows that w; = al.zu.
Accordingly, we have that Bizuk converges to 8i2u weakly in L%(Q2). Therefore, we have

0< lim f|A<uk—u)|

k—~00

= lim /lAuk|2+/ |Au|2—2/ AupAu= lim |Auk| flAu|2. (2-9)
k—+o00 Jo Q k—+00 Q

Now, up to a subsequence, recalling (2-8), we can suppose that u; converges to u a.e. in €2, and therefore,
liminfy_ oo X{u; >0} = X{u>0} a.€. in . Consequently, by Fatou’s Lemma,

it o> [ e

Combining this with (2-9), we see that (2-1) provides
Ju] <liminfJ[u;] = inf J[v].
k— 400 veA
This and (2-7) imply that u is the desired minimizer. ]

By taking into account a nonnegative constraint in the minimizing sequence in the proof of Lemma 2.1,
one also obtains an existence result for the one-phase problem? with datum uq > 0.

3To prove the existence of one-phase minimizers, one can proceed as in the proof of Lemma 2.1, but considering in this case
a minimizing sequence u; € A4 : notice that A, was introduced in Definition 1.2, and this space is nonempty due to the sign
of ug. Also, the sequence u; € A4 is not obtained by a minimizing sequence in .4 by taking its positive part, but simply by the
usual procedure of minimizing the energy functional in the given domain A4 . The argument given in the proof of Lemma 2.1
leads to a function u € A such that uy — u weakly in W22(Q), strongly to u™ in wLl2(Q), and ae. in €2, up to a subsequence,
with J[u] < liminfg_, 4 oo J[ug] = infye 4, J[v]. Since u(x) = limg_, oo ug(x) > 0 for a.e. x € , it follows that u € Ay,
hence u is the desired one-phase minimizer.
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3. BMO estimates and proof of Theorem 1.1

The goal of this section is to show that the minimizers of (1-1) have a Laplacian which is a function of
locally bounded mean oscillation, and thus prove Theorem 1.1.
Proof of Theorem 1.1. We fix Ry > R > r > 0 and xo € €2 such that the ball Byg,(xp) is contained in €2,
and we consider the function £ that solves

A’h =0 in Byr(xo),

h=u on 0By (xgp),

Vh=Vu on dByr(xp).
The existence of i follows from Green’s formula for biharmonic functions, see page 48 in [Gazzola et al.
2010], or by minimizing energy with

h—u € Wy (Bar (x0)). (3-1)

We also extend & outside Byg(xg) to be equal to u in Q2 \ Bog(xg). We observe that the function 4 is an

admissible competitor for u, since
he W2(Q). (3-2)

Indeed, if v := h — u, we see from (3-1) and the extension results in classical Sobolev spaces (see, e.g.,
Proposition IX.18 in [Brezis 1983]) that v € W>2(L). Since u € W>2(Q), the claim in (3-2) follows.
Then, by the minimality of u, we have that J[u] < J[h]; that is,

/ |Aul* + xu=0) </ |ARI + X(h=0),
B (x0) Bag (x0)

which in turn yields
/ |Aul® — |AR|> < CR" (3-3)
Byr(x0)

for some C > 0. Also, by (3-1), and since A%h =0in Byg (xp), we get

/ |Au|2—|Ah|2=f (Au — Ah)(Au + Ah)
Bar(x0)

Bar(x0)
:/ (Au—Ah)Au:/ |Au — Ah|?.
Bor(x0) Bagr (x0)
From this and (3-3), we obtain
/ |Au— Ah|*> < CR" (3-4)
Bar (x0)

Now we introduce the notation
(Au)x,.r :=f Au(x)dx,
By (x0)

and we observe that, by Holder’s inequality,

2
(At — (AR 2 < (f Au— Ah|) < f \Au— AP,
B, (x0) B, (xo)



A FREE BOUNDARY PROBLEM DRIVEN BY THE BIHARMONIC OPERATOR 891
which implies that
2 2
/ (AR)syr — (D)2 < / |Au— AhP. (3-5)
B, (x0) B, (x0)

Moreover, since the function H := Ah is harmonic in Bg(xg), we have the following Campanato type
estimate: there exists o > 0 and a universal constant C > 0 such that

62
foonn—@m P c(R) 1m0
Br(x()) Br

see, e.g., formula (1.13) on page 96 in [Giaquinta 1983] (see also the notation on page 92 there).
Hence, using also the triangle inequality and recalling (3-4) and (3-5),

/ A= (At P
Br(XO)

= / |Au — Ah+ Ah — (Ah) g, + (Ah) . — (Att) o0
By (x0)

f \Au— ARP + f AR — (AR, P+ / |(Ah)x0,r—(Au)xo,r|2>
B, (x0) B, (x0) By (x0)

C(R" A — (Ah)xo,mz)

BR(XO)

<C

oz+n
C(R” + |AR — Au+ Au— (Au) gy g + (Al) gy g — (Ah)xo,mz)

BR(XO)
n r atn 2 2
< C|r +(— |Ah—Aul?+ | Au—(Au)y, g P+
R BR(xo) Bg(x0) Br(x0)

n r a+n 2 2
<C|R" + E |Ah — Aul|” + [Au — (Au)x,rl
Bpr(x0) Br(x0)

<c[1e”+(%)“ <R"+f |Au—(Au>xo,R|2)]<C[R"+(%)“+"/ |Au—(Au>xo,R|2] (3-6)
B Br (xo0)

We can therefore exploit Lemma 2.1 in Chapter 3 on page 86 of [Giaquinta 1983] (see also Lemma 3.1 in
[Dipierro and Karakhanyan 2018] and Theorem 1.1 in [Dipierro et al. 2017]), used here with

|<Au>xo,R—<Ah>x0,R|2)]

R (X0)

o (p) :=/ |Au — (Au)xo,plz, B:=n, a=a+n, pB:=n, A:=C, and B:=C.
B, (x0)
Thus writing (3-6) in the form
r a r a
p) <C[RP + (%) o(R)| = a[(%) +e]o®) + BR?,
and hence deducing that ¢ (r) < C [(%)5 d(R)+rP ], up to renaming constants, that provides

/ |Au— (Au)y 1> < Cr", 3-7)
By (x0)

for a suitable C > 0, possibly depending on u, xo, Ro, which gives the desired result. U
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4. First variation of J, free boundary condition, and proof of Theorem 1.3

We consider the first variation of the functional in (1-1). Of course, the main problem is to take into
account variations performed by a test function whose support intersects the free boundary of u, since in
this case the lack of regularity of the characteristic function plays an important role. Therefore, it is useful
to know that the set {# > 0} is an open subset of €2, which, in the case of minimizers, follows from

u e Cllo’g‘(Q) for any « € (0, 1), 4-1)
which, in turn, follows from the fact that

u € W2P(Q) for any p € (1, +00), (4-2)

loc

in virtue of Theorem 1.1 and the Calder6n—Zygmund regularity theory (we think that it is an interesting
open problem to establish whether (4-1) and (4-2) are also fulfilled by one-phase minimizers).

The main structural properties of the minimizers which are based on the first variation of the functional
are given by the following result:

Lemma 4.1. Let u be a minimizer of J. Then u is weakly super-biharmonic in Q (i.e., A’u < 0 in the
sense of distributions) and biharmonic in {u > 0} U {u < 0}°, where E° denotes the interior of E.
Similarly, if u is a one-phase minimizer of J and B is an open ball contained in {u > a}, with a > 0,

then u is biharmonic in B.

Proof. We prove the claims assuming that # is a minimizer (the one-phase problem can be treated
similarly). Define u, := u — e¢, where 0 < ¢ € W>2(Q) N Wol’z(Q) and ¢ is a small parameter to be
fixed below. Using the comparison of the energies of u and u., and recalling (1-1), we get

/ (l1Aul* — |Au — e Ag[*) < / (X(u—ep>0) — X{u>0})-
Q Q

Note that {u — e¢ > 0} C {u > 0}, provided that ¢ > 0. Consequently, we have
o>f(|Au|2—|Au—e¢|2):28/ Au A¢—82/(Au)2. (4-3)
Q Q Q

Dividing both sides of the last inequality by € > 0 and then letting ¢ — 0, we get that fQ Au A¢p <0. If we
take ¢ € C;°(€2), this gives that u is super-biharmonic. In addition, if we suppose that supp ¢ C {u > 0},
then from (4-3) we deduce, without any sign assumption on ¢, that fQ Au A¢p =0. (Il

Concerning the statement of Lemma 4.1, it is interesting to remark that one-phase minimizers are not
necessarily super-biharmonic (an explicit counterexample to this fact is discussed on page 898).
The basic analytic structure of the minimizers is then completed by the following result:

Corollary 4.2. Let u be a minimizer of J. For every bounded subdomain Q' CC 2, there exists C > 0,
depending only on n, such that
CllAulpr ()

u_z————————— in Q/.
(dist(£2/, 9L2))"
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Proof. Letr := %dist(Q/ , 0R2) and, for all y € ', define the function
o) :=f Au(x)dx.
B (y)

Thanks to (4-2), we see that ¢ is continuous on the compact set . Therefore, there exists yy € € such
that ming, ¢ (y) = ¢ (yo). Then, for any y € &',

O (y) = ¢ (yo) = —f Aueoldx > 12 v@ (4-4)

B, (3) | B, |
As a consequence, since u is super-biharmonic, thanks to Lemma 4.1, we obtain the desired estimate
by the mean value inequality for weak subsolutions of the Laplace equation (see, e.g., [Serrin 2011]
and [Littman 1963]). More precisely, if v is weakly super-harmonic in 2, we know from Theorem A in
[Littman 1963] that there exists a sequence of smooth super-harmonic functions v, in ' that converge
to v a.e. in  and in L'(Q). Consequently, a.e. y €

v(y) = lim v, (y) > lim v (x)dx =f v(x)dx. (4-5)
h=0 h=0JB,(y0) B, (0)
Then, choosing v := Au and applying (4-4), we find that

B (y) |B|

For the sake of completeness, we observe that the statement of Corollary 4.2 can be strengthen by
showing, under additional regularity assumptions, that minimizers are super-harmonic, according to:

Proposition 4.3. Let u be a minimizer of J. Assume that

uecC(Q). (4-6)
Assume also that
Au is C! in a neighborhood of 92, 4-7)
and that
Q2N {|u| > 0} is dense in 022. (4-8)
Then,
Au>0 a.e in Q. (4-9)

We think that the result of Proposition 4.3 is helpful to understand the geometric structure of the
minimizers: nevertheless, since it is not used in the rest of this paper, we deferred its proof to Appendix C.

In Example 4 of Section 5 (see page 903), we will further discuss the result of Proposition 4.3, also
in view of the free boundary conditions provided by Theorem 1.3 and of the bi-harmonicity properties
outside the free boundary discussed in Lemma 4.1.

Next we compute the first domain variation (for this, we use the notation in which subscripts denote
differentiation and superscripts denote coordinates).
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Lemma 4.4. Let u be a minimizer or a one-phase minimizer of J. For any ¢ = (¢p', ..., ¢") € Coo(R2),

2/ Au(x)Z(ZVum(x)-qum(x)—{—um(x)Aqu(x)) dx=/(IAu(x)|2+X{u>o}(x))diV¢(x)dx. (4-10)
Q Q

m=1

Proof. Fix ¢ € R (to be taken with |¢| small in the sequel). Let
us(x) :=ulx +¢e¢p(x)). 4-11)

Notice that u, is an admissible competitor for u# (in case we are dealing with the one-phase problem,
observe that u, > 0 if u > 0).

For anyi € {1, ..., n}, we have
n

ditte =Y (i +£]")
m=1
n n
Biitte = i (81i + 60 Omi + €0 + Y ume;
m,[=1 m=1

n n n
=u; + 8|: Z (uml(ﬁ,gami + uml¢,'m81i) + Z um¢,’:l:| + 822 uml¢£¢;n
m=1

m,l=1 m,l=1

n n
= Uj; +SZ(2umi¢[m +”m¢{?)+822 uml¢f¢lm-
m=1 m,l=1

We use the change of variable y := x 4+ e¢ (x). Noticing ¢ (x) = ¢ (y —ep(x)) = ¢ (y) + O(e), we get

J[us]=f{
Q

n

Z[”‘“(’“ +e¢(0) e ) (2umi (x +e¢ ()" () +un (x + ¢ (1))} (x))]
m=1 ’
+ Xu>0y(x +€¢ (x))} dx

i=1

+o(e)

2
+ X{u>0}(y)}

X (1 —edivep(y)+o(e))dy

I
5

Z[ui,-(y) + 82(2umi WM& (¥) +um ()@} (Y))] +o(e)
i—1

m=1

2
+ Xgu=0; () } (I—edive(y)) dy+o(e)

n

D i+ Y (2umi NG ) Fum (B} (7))

i=1 i,m=1

3 w0 +26 Y (2u,~,~(y)umi(y)¢?1(y)+ujj(Y)“m(Y)¢’??(y))+X{“>°}(y)}
=l i.jm=1 x (1 —edivep(y)) dy+o(e)

Il
5

[l
S5~

= J[u]—SL{(IAu(y)IZJrX{WO}(y)) div g (y)
—2Au(y) Z(ZVum(y) V" (y) +um(y)Ag™ (y))} dy +o(e).

m=1

Thus, taking the derivative in ¢ and evaluating it at ¢ = 0, we obtain (4-10), as desired. |
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As a consequence of Lemma 4.4, we obtain the free boundary condition of Theorem 1.3:

Proof of Theorem 1.3. We use the notation
g(x) = |Au)* + =0y (x),  G™(x) := Au(x)Vup(x), and H™(x) := Au(x)ity(x)
foreachm e {1,...,n}.

We let ¢ € C3°(£2), and we claim that

n n
gdivg—4) G"-V¢" -2 H"A¢" =0 aec.inQ. (4-12)
m=1

m=1

To check this, we recall:

If feW-!(Q), then Vf=0ae. in{xeQ: f =0} (4-13)

loc

see, e.g., Theorem 6.19 in [Lieb and Loss 2001] (used here with A := {0}). Then, first of all, since u €
W?22(Q), we deduce from (4-13) that

Vu(x)=0 forallx e {u=0}\72, (4-14)

for a suitable Z of null measure. Furthermore, for every j € {1, ..., n}, we have that d;u € wh2(Q).
Accordingly, using (4-13) once again, we find

Vou(x) =0 forall x € {dju=0}\Z;, (4-15)

with Z; of null measure.
We also remark that

(3ju =0} 2 fu=0}\Z,
thanks to (4-14), and therefore (4-15) yields
Voju(x) =0 forallx € {u=0}\(ZUZ)j). (4-16)
Hence, defining Z* :=ZU ZU... Z,, we have that Z* has null measure and, by (4-14) and (4-16),
D*u(x)=0 forevery x € {u =0}\ Z*. (4-17)

Moreover, if x € {u = 0}, then x(,~0y(x) =0. This and (4-17) give that g =G = H" =0in {u =0} \ Z*,
which in turn yields (4-12), as desired.
As a consequence of (4-12) and of the Monotone Convergence Theorem, we deduce that

n n n n
/ <g divg—4) " G"V¢"-2) H'"Aqs’") - 1imf (g divg—4) " G"V¢"-2) HmA¢m>.
2 m=1 m=1 20 Ju]>e} m=1 m=1

e—0
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Therefore, recalling (4-10) and (1-7), we find that
n n
0:/ <g div¢—4ZGm-V¢’"—ZZH’"A¢”’)
2 m=1 m=1

n n
— lim <g div¢—4ZGm.v¢'"—2ZH'"A¢m)
on{lul=e} - -

e—0

(4-18)

e—>0

= lim (div(g ) —4 Z div(¢"G™) —2 Z div(H™V¢™)
QN{|u|>¢e} m=1 m=1

n n
+4Z¢’"divG’"+ZZVH’"-V¢m—Vg-¢).
m=1 m=1
We remark that, in {|u| > €},

n n
43 ¢"divG" +2) VH" V" —Vg-¢
m=1 m=1

n
= Z(4¢>’"(VAu Vit + Aulity) + 2V Au+ AuVuy,) - VO™ —2AuAuy ™)

m=1

n
= (4VAU- V" + 200 AUy @™ +2(unV Au+ AuViy,) - Vo)

m=1

n
= Z(4VAM Vu,d" +2Auru, " +2div(d" (U, VAU + AuVu,,)) —2div(u,, V Au + AuVum)qu)

m=1

=2 (div(®" umV Au+ AuViey)) =y A2ug™) =2 div(¢" (unV Au + AuViy,)),

m=1 m=1

by virtue of Lemma 4.1. As a consequence, we see that

/ (Z¢ de’"+2Z VH™ - V¢"—Vg- ¢)—2Z/ div(¢™ (umV Au-+AuVu,,))
QN {|u|>¢e} Q

—1 N{|u|>¢e}

n

= 22/ " (U V Au+AuVuy,) - v,
3(QN{

lul>€})

where v is the exterior normal to Q2 N {|u| > €}. Hence, using this information in (4-18), we obtain

n

0 = lim <g¢ v — Z(4¢me VA 2H"VO™ v — 20" (U V Au+ AuNVuy,) - v))
A(QN{|u|>¢}

e—0 J:
m=1
n
= lim <(|Au|2 + Xm0 ) v —2 Z(¢m(AuVum — U VAU) -V + Attty V™ - v)).
=0 Jy@n{ju|>e) el

This gives (1-8). To obtain (1-9), use the two different scales of the test function ¢ and its derivative. [J
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Remark 4.5. We point out if n = 1, when the free boundary divides regions of positivity and nonpositivity
of u (say, u® > 0 and the interior of u® < 0), formula (1-9) gives the free boundary conditions

iV =i (4-19)
20V M — D2 41 = 24P — ;i ?)2, (4-20)

Also, since u € W>2(Q) and n = 1, by standard embedding results we already know that u € C'(). This,
in view of (4-19), implies that either i = 0 at a free boundary point, or iil) = ii®. That is, either u has
horizontal tangent at a free boundary point, or it is C? across the free boundary point. Hence, from (4-20),
we have the following one-dimensional dichotomy for the free boundary points:

either: # =0 and |iV> — i@ > =1, (4-21)

or: it #0,u is C? across and &V = i® — % ) (4-22)

5. Some examples in dimension 1

Example 5.1. To better understand Remark 4.5, we can sketch some one-dimensional computations.
Namely, we let n = 1, consider an interval 2 := (0, A), with A > 0, and prescribe the Navier condi-
tions u(0) = i(0) =0, u(A) =1 and ii(A) = 0. We look for one-phase minimizers of J with such
boundary conditions.

In this case, by the finiteness of the energy and Sobolev embedding, we know that the one-phase
minimizer is C'(0, A); also the free boundary points are minimal point for u, and therefore

u = 0 at any free boundary point. 5-1)
Accordingly, condition (4-21) prescribes that
it =1. (5-2)

Let us see how such condition emerges from energy considerations. We suppose that the problem develops
a free boundary and we denote by a € (0, A) the largest free boundary point, i.e., u(a) =0 and u > 0
in (a, A). From Lemma 4.1, we know that %" =0 in (a, A), and so u is a polynomial of degree 3 in (a, A).
Consequently, we can write, for any x € (a, A),

ux)=a(x—a)+ Bk —a)2+)/(x —a)’.

Recalling (5-1), we conclude that @ = 0. Imposing the boundary conditions at the point x = A, we find

3 1

P=3—ar ™ V=50 a0

and therefore,
_ 3(x —a)? (x —a)?

U = Ay 2A—ap

(5-3)
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L 2

0

Figure 2. The one-phase minimizers of a one-dimensional problem, in dependence of
the right endpoint. We stress that the ones with a nontrivial zero level sets are one-phase
minimizers, but not minimizers (see Proposition B.1).

The goal is then to choose a € (0, A) in order to minimize the energy contribution of u in (a, A), namely
we want to minimize the function

A
®(a) := / lii(x)>dx + (A —a)

(A3 3(x—a) |’
—/a A—a? (A_ap dx + (A —a)
L [MA-— -G -a)
_9/a Ao dx+(A—a)

_ 9
- (A-a)®

3
(A-a)}

A
/ IA—x|?dx+(A—a)= +(A—a),

which attains its minimum for

a=A—+/3. (5-4)

That is, comparing with the linear function £(x) := % we have that

A=J[£]>J[u]>q>(a)>q>(A—ﬁ)=%Jr«/i.

This means that when A < % ++/3 =: B, the problem does not develop any free boundary; when A = B
the problem has two minimizers, and when A > B the minimizer in (5-3) becomes
(x—a)? (x—a)’

2 2.3
for which ii(a™) = 1. This checks (5-2) in this case.

The description of the different one-phase minimizers in dependence of the endpoint A is sketched in

u(x)=

(5-5)

Figure 2. It is also worth pointing out:

The one-phase minimizers described here are not super-biharmonic, (5-6)
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and this creates a major difference with respect to the case of minimizers, compare with Lemma 4.1:
indeed, if ¢ € C3°((0, A), [0, +00)) and A > % + /3, from (5-4) and (5-5) we see that

A A x—ay . A—ay . ) 44 x—ay .
/o““’:/a (1- ﬁ)wz(l——ﬁ)mm—w(a)—/a ~(1- ﬁ)w

. 1[4, . @(a)
=0—<p(a)+ﬁ/ p=—¢a)— Neh

which has no sign, thus proving (5-6).

Example 5.2. Having clarified condition (4-21) in a concrete example, we aim now at clarifying the role
of condition (4-22). Such condition is, in a sense, more unusual, since it prescribes the matching of the
second derivatives at the free boundary points with nontrivial slopes, with the bulk term of the energy
producing a discontinuity on the third derivatives.

To understand this phenomenon in a concrete example, we fix a small parameter ¢ > 0 and minimize
the energy functional

1
Jlu] = / (0P + & xpumy () dix.

1

subject to the Navier conditions
u(-1)=-1, i(-1)=0, u(l)=1, i(l)=0. 5-7)

If we call u, such minimizer, we can bound the energy of u, with that of the identity function. This
produces a uniform bound for u, in W22((—1, 1)), which implies that u, converges in C L((=1, 1) to
the identity function as e—0. Consequently, for a fixed and small ¢ > 0, we can find some a € (—1, 1),

which depends on &, such that
) {q(a—x)+ﬁ(a—x)2+y(a—x)3 ifx e (—1,a),
U (X) = — -
‘ ax—a)+B(x —a)l+y(x—a) ifxela, ).

The condition that u, € C'((—1, 1)) (with derivative close to 1 when ¢ is small) implies that —¢ =& = «a,

for some o > 0 (which depends on ¢ and it is close to 1 when ¢ is small). Imposing the boundary

conditions in (5-7), we find

3(1—a(l+a)) _l—a(l+a)
2(1+a)? Y= a+ap

Therefore, the energy of u, corresponds to the function

31 —a(l —a)) a(l—a)—1

== P="0—ay "= 20=ap OV

a

1
U(a, a) ::J[ug]:/ |2ﬁ+6y(a—x)|2dx+/ 2B+ 67 (x —a)|?dx +¢ (1 —a)
1 - - a

_(30—a(l+a)\* [* 5 31—a(1—a)\* [ s
_<W> [1|1+X| dx-i—(w)/a [1—x|"dx+¢e(1—a)

3 —a(l+a)? | 3(1—a(l—a)?
- (+a) (1—a)’

+¢e(1—a).
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Thus, we have to minimize such function for (a, «) € (—1, 1) x (0, +00), and in fact we know that such
minimum is localized at (0, 1) when ¢ = 0. Therefore, to find the minima of ¥, we solve the system

_ 12a(aa*(a 42) +2a*Q2a — o® +3) + a* — 6a +6)

0 - 8 \Ij 9

“ (1—a?)* ° (5.9)

a—1-a*(1+a)

0=0,¥ =12

’ (1-a?)?

The latter equation produces
2 o — 1
=t (5-10)

We notice that, by (5-8),

22 o l-all—a) l-a(l+a) 2(@+Dd*—a+1)

3PP = (1—-a)? (I1+a)? (1—a?? '
Hence, in view of (5-10),

2~ _2((a+1)‘{‘+;;—a+1)_2(a—1—a+1)_0

3P-D= (1—a?)? T d-a®r 7

and so = B. This says that the second derivatives match at the free boundary point, in agreement with
the condition in (4-22).
In addition, by (5-8),

a(l—a)—1 l—a(l—l-a))

da(y +y)= 201(

(1—a)? (1+a)?
__4aa (@®Qa+1) —2a+3) __4aa (—2aa* — a* + 4aa® — 2a® — 20+ 3) 5.11)
(1 —a?)3 (1 —a?)* ’
On the other hand, the first equation in (5-9) says that
12a £

(1—a2)* ~ aa*(@+2)+2a>Qo—a?+3)+a’—6a+6
Using this information in (5-11), we deduce that

ea (—2aa* —a* +4aa® — 24> —2a +3)

12a(¥ =— . 5-12
(v +y) aa*(a+2)+2a2Qa —a?+3) +a? — 60 +6 (5-12)
Moreover, in view of (5-10), we have
—2aa*— a*+4aa’* 24> —20+3 = (l—f—a)z’ aat(@+2)+2a>Qa—a’+3)+ o’ —60+6 = (lj-;.(lx)z'
Hence, we insert these identities into (5-12) and we find that 4
o ——
. . _ _ 1 2
Zi(a) (ii(a*) ~ii(a)) = 12a(7 +y) = —— T =
(1+a)?

in agreement with the third derivative prescription in (4-22).
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Example 5.3. As a variation of Example 5.2, we point out that positive data can yield minimizers which
change sign, thus providing an important difference with respect to the classical cases in which the energy
is driven by the standard Dirichlet form. This example is interesting also because it shows that, in our
framework, this “loss of Maximum Principle” can occur even when the domain is a ball (in fact, even in
one dimension, when the domain is an interval) and even when the data is strictly positive.

In this sense, this example is instructive since it shows that, even in domains in which the Maximum
Principle holds for biharmonic equations (such as the ball, as established in [Boggio 1905]), the Maximum
Principle can be violated in our framework due to the important role played by the “bulk” term in the
energy functional.

To construct our example, we take A > 0 and we look for minimizers in (—A, A) with boundary
conditions u(A) =u(—A)=1and ii(A) =ii(—A) =0.

First of all, we observe that

Jul <C, (5-13)

for some C > 0 independent of A. To this end, we take ¢ € C*°(R, [0, +00)) such that ¢ (x) = O for
all x <1land ¢p(x) =x —2 forall x > % Then, assuming A > 5, we define

d(x+3—A) ifxe(A—4, Al
v(x) =10 ifxe[—A+4,A—4],
P(—x+3—A) ifxe[—A, —A+4).

We observe v(A) =¢p(3)=3—-2=1land v(—A)=¢(—x+3—A) =¢(3) = 1. Moreover ti(A) = &(3) =0
and ¥(—A) = ¢(3) = 0. Therefore,

A
Ju] < Jv] < f (|v|2 + X{v>0}) = / (|v|2 + X{v>0})
—_A [-A,—A+4)U(A—4,A]
gf |<25(—x+3—A)|2dx+f |p(x +3 — A)|>dx
[-A,—A+4) (A—4,A]

=/ BOIP dx +/ GO dx+8
[—1,3) (—1,3]

<8ollczq-13p + D,
which proves (5-13).
Now we show that, if A is sufficiently large, then:
The minimizer u cannot be strictly positive in (—A, A). (5-14)
To check this, we argue by contradiction, supposing that # > 0 in (—A, A). Therefore, u = 0, and
hence # must be a polynomial of degree 3, namely

u(x) =ap+a1x +a2x2 +a3x3.

As a consequence,
0=1ii(+A) =2a; £ 6a3A,
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and hence
2a; + 6a3A =0 =2a; — 6a3A,
which yields a3 = 0 and as a result a; = 0. Accordingly,
l=u(xA)=ayta A,

giving that
apg+a1A=1=ag—aA,

and therefore a; = 0, which also implies ag = 1. In this way, we found u(x) =1 for all x € (—A, A), and
consequently J[u] = 2A. This is in contradiction with (5-13) as long as A is sufficiently large, and so we
have established (5-14).

We now strengthen (5-14) by proving:

The set {u < 0} is nonempty. (5-15)

For this, we first use (5-14) to find a point x € (—A, A) such that u(x) < 0. If u(x) < 0 we are done,
hence we can suppose 0 = u(x) < u(x) for all x € (—A, A). By the finiteness of the energy and Sobolev
embedding, we know the one-phase minimizer is C 1""(0, A), for some o € (0, 1). In particular, we can
take x as large as possible in the zero set of u, finding that u > 0 in (x, A], and therefore we can write

0 <u(x) <Colx—x|"t* forall x € (%, A,
for some Cy > 0. Notice also that
I =u(A) —u(x) < llullcr—a,ay(A—X),

and therefore, A — x > ¢, for some ¢y > 0.
Now, given ¢ > 0, to be taken conveniently small in what follows, we define

e\ l/(14+a)
5= (C—) , (5-16)
0

and in this way § < cg if ¢ is sufficiently small. Furthermore, we observe if x € (x, x 4+ 8] C (x, A], then
0 <u(x) <Copd'™™ =g,

that is, (x, x + 8] € {0 < u < &}. For this reason,

<0 <u<el={u>0}—|{u>e}. (5-17)
‘We now define
ulx)—e
ug(x) := ——,
1—¢

and we point out that

WEA) e Lme A

+A) = =
ue(£4) 1—¢ 1—¢ 1—¢

0.
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This says that u, is a competitor for u, hence, recalling (5-13) and (5-17),

A . 2 2 A i |2 -
0< Jue] = Jul= (liie 1> = 1ii]* + X{u.>0) — Xu=0}) = ‘ﬁ — |Ul” + Xu>e} — Xu>0)
—A _a\l1—

2e—e? (4,
< TS lit| + |[{u > e}| — |[{u > 0} < C18 =6,
- —A

for some C; > 0.
From this and (5-16), it follows that

1/(1+a)
€2 0= (i> = 1/(1+a)1 ’
& e \Cy CO go/(1+a)

which produces a contradiction when ¢ is sufficiently small and thus completes the proof of (5-15).

Example 5.4. A natural question arising from Proposition 4.3 (in view of of Lemma 4.1 and (4-21)) is
whether a function u € C1([—1, 1]) satisfying

U =0 in{u>0}U{u <0},

u(—1)=iu()=0,

. . (5-18)
u>0 in(@,1) and u<O0 1in(-—1,0),
#(0)=0 and [i(0)|>—1i(07)]* =1.
needs necessarily to satisfy
ii>0 ae. in(—1,1). (5-19)

Were a statement like this true, the result of Proposition 4.3 could be strengthened (at least in dimension 1)
by taking into account not only minimizers but solutions of Navier equations with prescribed free boundary
conditions. The following example shows this is not the case, namely (5-18) does not imply (5-19): Let

207 _

W Fx e ],
u(x):= 234 1)

—XTX if x € [—1,0).

We remark that
N V2(1—x) ifx€(0,1],
u(x) = .
—(14+x) ifxe[-1,0),
from which the system in (5-18) plainly follows.
Nevertheless, the claim in (5-19) does not hold, since ii < 0 in (—1, 0).

6. A dichotomy argument and proof of Theorem 1.7

We remark that if u is a minimizer of J in € in the admissible class in (1-2) and ' is a subdomain of €2,
then it is not necessarily true that u is a minimizer of J in €’ in the admissible class in (1-2) with Q
replaced by €'. This is due to the fact that the admissible class in (1-2) with € replaced by Q" does not
prevent the Laplacian of u — u( to become singular at 9€2’, and this provides an important difference with
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respect to the classical cases dealing with the standard Dirichlet energy. To circumvent this problem, we
will consider local minimizers in subdomains:

Definition 6.1. Let Q' be a subdomain of  with smooth boundary. We say that u is a local minimizer
in Q' if, in the notation of (1-1),
Ju, Q1< I, Q]
for every v € W>2(Q') such that v —u € W02’2(Q/).
In this way, we have:

Lemma 6.2. If u is a minimizer in Q, then it is a local minimizer in every subdomain Q' CC Q with
smooth boundary.

Proof. Letv € W22(Q') such that v —u € W(f’z(Q/). By the extension results in classical Sobolev spaces
(see, e.g., Proposition IX.18 in [Brezis 1983]), we can extend v outside €’ by setting v(x) := u(x) for
all x € Q\ €', and we have that v —u € WOZ’Z(Q) c W(;’Q(Q). In particular, recalling (1-2), we have
that v € A, and thus,

0< Jv, Q- Ju, Q= f (1Aul* + Xgu=0y — 1AV + xo=0)) + J[v, Q1= J[u, Q1.
Q\Q’

Since u = v in Q\ €/, this gives that 0 < J[v, Q'] — J[u, '], as desired. O

Before proving Theorem 1.7, we show a result concerning the convergence of the blow-up sequence of
a minimizer.

Lemma 6.3. Let D CC Q. Let uy € W>2(D), with k € N, be a sequence of local minimizers of

/(|Auk|2+MkX{uk>0})» (6-1)
D

with My € (0, 1), such that 0 € 0{uy > 0} and |Vuy(0)| = 0.
Fix R > 0 such that Bsg CC D, and suppose that

supur < Co(R), (6-2)
Bar R
lAurllLip,g) < Co(R), (6-3)

for some Cy(R), éo(R) > 0.
Then, there exists a positive constant C(R), independent of k, such that

lukllw22(e) < C(R), (6-4)
lAullsmosr) < C(R), (6-5)

for any k € N.
Furthermore, if uy : R* — R and the minimization property in (6-1) holds true in any domain D C R",

and the corresponding assumptions in (6-2) and (6-3) are satisfied, then there exists ug : R" — R such

that, up to subsequences, as k — +00, uy — ug in Wlif([R{”) N Cllo’g(R”), forany o € (0, 1).
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Proof. To check (6-4), we observe that, in virtue of Lemma 4.1,
/ Aug Ap <0, (6-6)
Bor

for any ¢ € WOZ’Z(BZR). Now, we take & € Cgo(BzR, [0, 1]) such that

C

C
§=1inBr, |VEI< L, and |D*|< o,

6-7
R (6-7)
for some C > 0. We set my := ming,, uy and choose ¢ := (u; — mi)E% > 0in (6-6). In this way, setting
I ::2/ AupVur-VE* and L= | (ux —my) Aug AE?,
Bog Bog

we have that

0> [ duca(—me) = [ @wesn+ b (6-8)
Bog Bog

Thanks to Corollary 4.2, we can use the standard method to prove Caccioppoli’s inequality, namely we

take n € C;°(Bag, [0, 1]) such that n =11in Bog and |Vn| < % and we infer from Corollary 4.2 and (6-3)

¢ (up —my) n* > —f Auy (ug —my) n?

Bagr Bar

=/ |wk|2n2+f 20 (uy —my) V- Vg
Bar Byr

>—/ \Vur*n* = C | (ux —mp)? |Vl (6-9)
2 Byr Bag

We remark that, in view of Corollary 4.2 and (6-3), we can choose here c proportional to C(R)/R".
Hence, the result in (6-9) yields that

f VulP < S [ e—mpr+c | ae—my (6-10)
Bog R Byg B4r

for some C > 0, possibly varying from line to line.
Hence, by Young’s inequality, (6-7) and (6-10), we get

I < 2(8 (Aup)?g?+1 / Vi IVSIZ)
Bor € Bar
< 2(s / (Aup?e?+ -5 / |wk|2>
Bar R Bar
242 C ,» C
S2{e| (Aup)E°+—75 | (ue—mp) "+ 55 | (up—my)). (6-11)
Byg &R Byg R Byg
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Furthermore, noticing that (uty —my) Aui|VE 12> —C (ux —my)|VE|?, thanks to Corollary 4.2, and making
again use of Young’s inequality, we obtain that

L= [ (ux—mg) Aug (2EAE +|VE]D)

Bag

> 2/ (s — my) Dug € AE —é/ (ux — m)|VEP
Brr B

2R

(g, — mk>2<As>2) —C | (ug —mp)|VE)?

> —2(8 (Aup) e+ 1
Bor € Bor

Bag

> —2<8 Bue+-S [ ‘m">2)
Bor

U —myg).
R4 B (k k)

Bor

C
R?
From this, (6-8), and (6-11), we conclude

(Auk)zszgz(e BuPe+ oo [ —m? + f (uk—mk>>
Byg

Bor Bor eR* Bar
C C
+2(s / (Au)’6*+ — | (= mk)2) +7 | (we—mp),
Byg Byr B
which, in turn, implies that
C » C C
(I1—4e) | (Au)’8*<— | w—-m)*+2 | (u—m)<=+C,
Bor eR* Bor R? Bor €

where the last step follows from (6-2). Choosing ¢ = % and recalling (6-7), we obtain

(A < | (Aup’€* < C,
Bg Brr
up to renaming C > 0, that does not depend on k. This implies the desired estimate in (6-4).
Moreover, the estimate in (6-5) follows from the BMO estimates in Section 3.
Finally, from the uniform estimate in (6-4), we can apply a customary compactness argument to
conclude that there exists a function u#¢ such that, up to a subsequence, uy — ug in Wli’cz([R”) ncLe (R™),

loc

for any « € (0, 1), as k — +o0. This completes the proof of Lemma 6.3. ]
With this, we are now in the position of completing the proof of Theorem 1.7.

Proof of Theorem 1.7. We suppose that By(xg) CC D, with x¢ as in the statement of Theorem 1.7.
We claim that there exist an integer kg > 0 and a structural constant C > 0, depending only on 4, n,
and dist(D, €2), such that the following inequality holds:

(6-12)

C WP, o Ul SUPR ) M supg, ) (Ul
22 72 T T aamt) T 2G|

sup  |u| < max{
B,_—1(x0)

for any k > ko.
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Indeed, if (6-12) fails, then, for any j € N, there exist singular free boundary points x; € D, integers k;,
and minimizers u; (with [lu|ly22(q) = lu|lw22(q) be given) such that

SUPs i cxp i1 SUPs e 1T supy, ) T (6-13)
2% 22 R UL

sup  |uj| > max{
Bz—kj—l(xj)

We denote by S; :=supp ,  (x;)|u;|, and we consider the scaled functions
2 "

uj(xj+ 27 kix)

vi(x):=
j(x) s,
In this way, (6-13) gives that
J supg, vl SUpg,., lvjl SuPsz.f [vj1
1> max{ 22kjS/', ) S TRmA 0 T 53t (6-14)
From this, we have that the functions v; satisfy the following properties:
supv; =1, v;(0)=|Vv;(0)|=0, suplv;| <4-2*"foranym <k;, oj:= % <1 13
B2 Bom 2K S] J
We also remark that, from the scaling properties of the functional J, we have
f (180 P+ 07 xpw,-0) = 25"} / (18u; 1 + Xiu;=0) (6-16)
Br BRz—kj (x;)
for every fixed R < 2%/,
We claim that
v; is a local minimizer in Bg. (6-17)

Indeed, by Lemma 6.2, we know that u is a local minimizer in B (xj). Hence, if w; is such

R27Ki
that w; —v; € Wg’z(BR), we define, for all y € Bp,—+; (x;),

W;(y) =8 w; Y (y — x))).
In this way, we have that W; € Wy*(B,,+; (x;)), thus yielding, in light of (6-16), that
0> 2052 ( / (180, P+ X, 20) — / (1AW, + X{W,.>0})>
B —k; (x;) B —k; (x;)
:/ (|Avj|2+0]‘2X{vj>0}) _/ (lij|2+U]'2X{wj>O})-
Br

Br

This completes the proof of (6-17).
Now, by assumption, u ; is not §-rank-2 flat at each level r = 27% forany k> 1, atx ;. As a consequence,
v; is not §-rank-2 flat in By. So, recalling (1-14) and Definition 1.6, this means that

h(1,0) = inf Ayin(1, xo, p) = 9. (6-18)
peP,
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Also, we have that condition (6-2) is guaranteed in this case, in view of (6-15). In addition, we have
that (6-3) holds true here, since, in view of (6-15), if 20R € [2"~!, 2™],

vj —ming,, v; < 2sup |v;| < 2suplv;| < 82" < 8- (40R)> < CR?,
Boor Bom

and consequently, by Lemma A.1 and (6-14),

/ |Avj(x)|dx
Bsk

272K | Auj(xj +27%ix)] 20n=2k;

- [ i = [ laudy

Bsg J J BSszk_/ (xj)
< 2 [ puoid=gf Dk
X 5o uijynay = ——q ujlyyay

22k1 Sj BSRz_kf (x;) 22/(_/ Sj Bst_kj (x})

CR"
S e f |D%uj(y)|* dy

S\ G

CR" <24k'if ( ) )2 22k; ( . ) 1/2
S 55—\ —=¢ Uj—ming _, (x;)U;j +—f uj—ming ,(x.)l/lj)

22](] Sj R BzoRz*kj (xj) 20824 R? Bzoszkj (x)) oz

CR" <24k_j szf ‘ , 2% ij . )1/2
= 55—\ — v; —ming,,, Vj) + Vi —ming,,, V;

22k1 Sj R4 BZOR( J 20R J) Rz BZOR( J 20R ])

CR" CR" CR"
< o> (24k/SJ2+22kjS])1/2<CRn+—<CR’1+ . <CR’1

2 JSJ' /22kij \/7

Therefore, recalling (6-16), from Lemma 6.3, applied here with M; := o2, we know that, up to a
subsequence, still denoted by v;, there exists a function v, such that

Vj —> Voo in WHA(BR)NC'*(Bg), forany a € (0, 1), as j — +oo0. (6-19)

Moreover, we have that Av; € BM O(Bg) uniformly. Consequently ve, € W22(Bg) N C1%(Bg), for all
o €(0,1), and Avy € BM O(Bg). Furthermore,

szoo =0inR", supve =1, |veo(x)| < 8|x|2 for any x € R", v50(0) = Vv (0)| =0. (6-20)
B>

Let now f := Awv, then we have that f is harmonic in R". Moreover, by Lemma A.1 and the second
line in (6-20), we see that, for any r > 0,

1 2 2 C . 2 C .
s / |D" v |” < Tt (Voo —ming,, Voo)” + ) (Voo —ming, V) < C,
B, B, B,

up to renaming C > 0. Thus, from the Liouville Theorem we infer that f must be constant, i.e., Avy, = Co,
for some Cy € R.
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Consequently, vy, — % |x|? is harmonic in R” with quadratic growth. Hence, by using the Liouville
Theorem once again, we have that v, (x) = g(x) + g—,‘l’ |x|2, where g is a second order polynomial.
Moreover, since Vv, (0) = 0, we deduce that g = ¢p, for some ¢ € R and p € P, (recall (1-11)).

Therefore, we can write

Voo (X) = x - Ax,
for some constant and symmetric matrix A. Consequently, recalling the notation in (1-12),
0{vee > 0} = S(p,0) (6-21)
for some p € P,. On the other hand, from our construction in (6-18), we have
HD(3{v; > 0}N By, S(p,0) N B;) >3

(recall the definitions of HD and Ap, in (1-10) and (1-13), respectively). As a consequence, there exist
points z; € d{v; > 0} N By such that

dist(zj, S(p,0)) > 6. (6-22)

Now we extract a converging sequence, still denoted z;, such that z; — z¢ as j — +00, and we see from
the uniform convergence of v; given in (6-19) that vo,(z9) = 0, which implies that zo € S(p, 0), thanks
to (6-21). On the other hand, we also have that dist(zg, S(p, 0)) > §, in virtue of (6-22). Therefore, we
reach a contradiction, and so the proof of Theorem 1.7 is finished. O

7. Nondegeneracy and proof of Theorems 1.8 and 1.10

In this section we deal with weak and strong nondegeneracy properties of the minimizers. Due to the
lack of Harnack inequalities for biharmonic functions, the strong nondegeneracy result does not follow
immediately from the weak one, unless we impose some additional conditions on the set {u > 0}.

7A. Weak nondegeneracy and proof of Theorem 1.8. Here we prove the weak nondegeneracy for u™,
according to the statement in Theorem 1.8.

Proof of Theorem 1.8. We prove the claims in 1° and 2° together, distinguishing the different structures of
the two cases when needed.

After rescaling u by defining » ~2u(xo + rx), we may assume without loss of generality that » = 1
and xo = 0. Also, denote by

y = sup |ul. (7-1)
B
We remark that in the setting of 2°, we have
B € {u >0}, (7-2)
and therefore,
y :=supu. (7-3)
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We also remark that, in the setting of 1°, in light of (1-16), we have
{u > 0} N By/16] = 04 | B1/16l- (7-4)

As a matter of fact, in case 2°, the statement in (7-4) is also true, with 6, := 1, as a consequence of (7-2).

Hence, we will exploit (7-4) in both the cases 1° and 2°, with the convention that 6, = 1 in the latter case.
We also point out that, in By g

u —ming, . u < 2y. (7-5)

Indeed, in case 1°, the claim in (7-5) follows from (7-1). Instead, in case 2°, we exploit (7-2) to write that
u—minB,/gu <u<y,

thus completing the proof of (7-5).

Now, let ¥ € C*°(R", [0, 1]) such that v =0 in B]/]6, Y > 0in R"\ E]/]6, and ¥ =1in R"\ B]/g.
Setv:=vu. Thenu —v € W()Z’Z(Bl/g), and so v is a competitor for u in By g. Therefore, from the local
minimality of u# (as warranted by Lemma 6.2) we have that

/ (|AM|Z+X{u>0})<f(|AU|2+X{U>0}),
Bl/g D

where D := Byg\ B, /16- From this, and recalling the definitions of v and v, we obtain that

(> 0} By g </ (18P + xum0y)
Bi/16

<f(|Av|2+x{v>0})—/(|Au|2+x{u>0})=/(|Av|2—|Au|2)
D D D
< [ AP
D
Hence, using Lemma A.1 and (7-5), it follows that

> 01 Byl < [ iy +29uvy 4y w2
D

<2||l/f||c2(31/8)/ W’ +4|Vul* 4+ |D*ul?

Byss

< C”'(/f||c2(31/8) / ((l/l — minBl/8 M)Z —+ (I/l — minBl/S M))

By

< C”‘ﬁ”C?(Bl/g)V(l'i‘V)s (7_6)
for some C > 0, possibly varying from line to line.
Combining this with (7-4) and (7-6), we conclude that
[{u> 04N Bijisl O |Biyiel
Clvllcap,y ~ 1Wllcap,y

which gives the desired result (using (7-1) in case 1° and (7-3) in case 2°). [l

y(l+y) >
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7B. Whitney’s covering. Here we recall the Whitney’s decomposition method, to obtain suitable con-
ditions which allow us to use Theorem 1.8 (in our setting, the structural assumptions of Theorem 1.8
will be provided by formula (7-7)). Suppose that E C R” is a nonempty compact set, then R" \ E can be
represented as a union of closed dyadic cubes Q’; with mutually disjoint interiors

Nk
ryE=JU ¢

ke? j=1
such that
dist(Q%, E)
aSs———— <
= diam Q'j‘. =

for two universal constants cq, ¢y > 0. Here Qlj‘. is a cube with side length equal to 27k,

Let now E := {u <0}N Q; (xo), where Q; (xp) is the unit cube centered at xo € d{u > 0}, and consider
the Whitney’s decomposition for R” \ E. Let kg € N be fixed, and suppose that for every k > k¢ there
exists ¢ > 0 such that, for some Qk., we have

dist(xo, Q%) < c27". (7-7)

Then u™ is strongly nondegenerate at x¢. To see this, for every large k let us take a cube Q’; such that
(7-7) holds. Then, if x; is the center of QF, we have that u(x;) > 0 and dist(x;, 3{u > 0}) > 27*1,
Hence, in view of claim 2° of Theorem 1.8, we find that

sup ut>e@FNH2=CS2% (7-8)
By—k—1(x1) 4

On the other hand, by (7-7), we see that
o —x1] <27+ /n2 7 = (e + V)27,
and accordingly B.«,-(xg) 2 By«-1(x1), with ¢* :=c+ /n + % Therefore, by (7-8),

sup ut>S27%

Bz:* 2—k (x0)

N

Definition 7.1. If (7-7) holds, then we say d{u > 0} satisfies a weak c-covering condition at xo € d{u > 0}.

We remark that the standard c-covering condition, introduced in [Martio and Vuorinen 1987], is
stronger than (7-7) and indeed it requires that

Moreover, it is known that the weak c-covering condition of Definition 7.1 is satisfied by the John domains,
see [Martio and Vuorinen 1987].

In order to recall the definition of a John domain, we let 0 < o < 8 < 0o0. A domain D C R" is called
an (o, f)-John domain, denoted by D € J(«, ), if there exists xg € D such that every x € D has a
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rectifiable path y : [0, d] — D with arc length as parameter such that y (0) = x, y(d) = x9, d < 8 and

o
-,
d

The point xg is called a center of D. A domain D is called a John domain if D € J(«, B8) for some «

dist(y (¢),0D) > for all ¢ € [0, d].

and B. The class of all John domains in R” is denoted by 7. For more on such coverings and applications
of Whitney’s decompositions we refer to [Martio and Vuorinen 1987].

Alternative sufficient geometric conditions on {# > 0} guaranteeing the strong nondegeneracy of u
can be given. Note that in order to pass from weak to strong nondegeneracy at some z € d{u > 0}, it is
enough to have a small ball B’ C B,(z) N {u > 0} and ¢ > 0 such that diam B’ > cr for every small r,
since this guarantees (1-16).

Definition 7.2. We say that d{u > 0} satisfies a nonuniform interior cone condition if for every x € d{u > 0}

there exist a positive number ry > 0 and a cone K, with vertex at x, such that B, (x) N K, C {u > 0}.
We also say that 0{u > 0} satisfies a uniform interior cone condition if there exist a positive number r > 0

and a cone K with vertex at 0, such that for every x € d{u > 0} we have B, (x) N (x + K) C {u > 0}.

From our observation above and Theorem 1.8, we immediately obtain the following result:

Corollary 7.3. Let u be a minimizer for J in 2, and xo € Q2. Suppose that {u > 0} satisfies the interior
cone condition at xy € d{u > 0}, then |u| is nondegenerate at xo. Moreover, if {u > 0} satisfies the uniform
interior cone condition and By C 2, then

sup ut > Corz,
B, (2)

for any z € 3{u > 0} N By, for some Cy > O.

7C. The biharmonic measure and proof of Theorem 1.10. In this subsection, we describe the main
features of the measure induced by the bi-Laplacian of a minimizer. For this, we observe that, since, by
Lemma 4.1, Au is super-harmonic:

There exists a nonnegative measure M, such that — A’u=M,. (7-9)

Hence, for any ¢ € C§°(£2), we have that

/ My = / (—Au)Ay. (7-10)
Q Q
Recalling the notion of flatness introduced in Definition 1.6, we have the following:

Lemma 7.4. Let u be a minimizer of the functional J defined in (1-1), let § > 0, and let xo € d{u > 0}
such that Vu(xg) = 0 and 0{u > 0} is not §-rank-2 flat at xy at any level r > 0 with B,(xo) CC 2. Then,

M, (B, (x0)) < Cr"™2 (7-11)

for any r > 0 as above, for some C > 0.
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Proof. Without loss of generality, we take xo = 0. We consider a function ¢ € C;°(Ba, [0, 1]), with ¢o =1
in By, and we let ¥ (x) := ¥o(x/r). In this way, ¥ = 1 in B, and |D>y/| < C/r? for some C > 0.
We now exploit (7-10) with such yr. Then, by Corollary A.2, we have

Mu(B,) < / Moy = f (—Au)AY < / Aup? / (AP P < Crrl2pn 912,
Q Q By B,

which implies the desired result, up to renaming C > 0. ]

We remark that a full counterpart of Lemma 7.4 does not hold for the one-phase problem (in particular,
M, as defined in (7-9) and (7-10) does not need to have a sign, see (5-6)). Nevertheless, the following
result holds:

Lemma 7.5. Let u be a one-phase minimizer of J. Assume that u € C>1(Q) and d{u > 0} has null
Lebesgue measure. Let ¢ € C;°(By, [0, 1]) with

—/
B
X

— Lo
030 = 5:0(5).
and ug := u x @s. Then, for any Q' CC Q, we have that

Forany § > 0, let

lim Azug us = 0.

§—0 Jo
Proof. Let
M= () Bis(p).
pedfu>0}
We claim:
If x € 2\ Ty, then A%u(x) =0. (7-12)

To prove this, we argue by contradiction, and we suppose that there exists x € 2\ I's such that
A2u(x) is either not defined or not null. (7-13)

We observe that:
There exists p, a > 0 such that u > a in B,(x). (7-14)

Because, if not, for any k£ € N, there exists x; such that |x — x| + u(x;) < 1/k, and thus u(x) = 0.
Since x lies outside I's, it cannot be a free boundary point, hence u must vanish in a neighborhood
of x. Consequently, A%u vanishes in a neighborhood of x, and this is in contradiction with (7-13), thus
proving (7-14).

Then, from (7-14) and Lemma 4.1, it follows that « is biharmonic in B,(x). Once again, this is in
contradiction with (7-13), and thus the proof of (7-12) is complete.
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Now, by taking § sufficiently small, we suppose that the distance from €’ to d<2 is larger than 8. Thus,
from (7-12) we obtain that, if x € @'\ I'»5 and y € B, then x — y € Q'\ I's, hence A%u(x —y) =0.
Consequently, for every x € Q' \ I'g,

AZug(x) = / Au(x — y) gs(y) dy = 0.
Bs

This implies that

/ A%ug u5=/ A%usug. (7-15)
/ QNI

We also remark that

1 Y
Bl < [ =8ty =g [ =i |a%(3)|dy
Bs Bs

C
=5 |u<x—6y>||A2¢<y>|dy<8—4/ u(x = 8y) dy. (7-16)
B B

for some C > 0. Now, if x € I'y5 and y € B;, we have that there exists p € d{u > 0} C {u = 0} such
that | p — x| < 28 and accordingly |(x —3dy) — p| < |x — p| 4+ 6 < 36. Then, in this setting, the regularity
of u implies that

u(x —8y) < 9ullcri s’ (7-17)

In particular, recalling (7-16), we find that, if x € I'ps,

<

|A%us(x)] < 5.

(7-18)

[e2)

up to renaming C > 0, also depending on [[ul|c1.1(q).
From (7-17) we also deduce that, if x € I'ys,

s ()| < / u(x— 89) 9(y) dy < Ilulleni s>
B

Using this information and (7-18) we conclude that, if x € I'y;,

|A%us(x) us(x)| < C,

/ Azu(s Us
QNI

and therefore,

< C1Q' NTsl,

up to renaming C > 0 once again.
This and (7-15) provide

/ AZM,; us| < C|Q/ﬂF25|.

Hence, taking the limit as § — 0,

;irr(l)/ Ausus| < |9 No{u > 0} O
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Now we prove a counterpart of (7-11) at nondegenerate points of the free boundary of the minimizers.
For this, recalling the setting in formula (1-14), we let N be the set of free boundary points x with the
property that there exists r, > 0 small enough such that A (r, x) > ér for every r < r,. Moreover, in the
spirit of Definition 1.4, we also denote by

N;™ = {x € N : Vu(x) =0}.
Lemma 7.6. Let u be a minimizer of J. Let D C 2 and suppose that there exists ¢ > 0 such that

Supp (y) lul S -

lim inf >¢ (7-19)

r—0 r2

for every x € 9{u > 0}N D. Then there exists co(8) > 0, depending on n, 3, ¢, ||ullw22(q), and dist(ﬁ, 092),
such that

lim inf

M, (B, sin
I —( Z(X)) >c(8), foranyx e Nj"®. (7-20)
r— r—

Proof. We argue by contradiction. If (7-20) fails, then there exists a sequence x; € N, ; "2 Such that

M, (B (x;
1iminfM <égj, (7-21)
r—0 rn=2
with &; — 0. Since x; € N} "2 there exists a sequence r; — 0 such that
h(rj, x;) > dr;. (7-22)
Now we define
u(xj+rjx)
U] (X) = ]—2]
i

By construction, recalling (7-19), we have that {U;} is nondegenerate with quadratic growth, i.e., there
exists C > 0 independent of j such that

legsuplUﬂgCRz foranyR<l. (7-23)
C Bgr Tj
Moreover, by (7-21) and (7-22), we see that
h(1,0)>8 and My, (Bg) <e;R"7>—0 (7-24)

for every fixed R > 0.
As a consequence, using a customary compactness argument, we can extract a converging subsequence,
still denoted by U, such that U; — Uy locally uniformly as j — +oc. Then (7-24) translates into

h(1,0) 28 and My,(Br)=0 (7-25)

for every fixed R > 0. In other words, in view of (7-23), we have that Uy is an entire nontrivial biharmonic
function with quadratic growth.
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On the other hand, applying Corollary A.2 we also have that
/ |D*ul> < CR".
Br
This, together with the Liouville Theorem, implies that
Uy is a quadratic polynomial. (7-26)

Accordingly, there exists & € R such that p := aUy € P, (recall the notation in (1-11)). From (7-25), we
conclude that
HD(S(p,0)N By, 9{Up > 0} N By) = 4,

which is a contradiction with (7-26). O

We are now in position to complete our analysis of the free boundary regularity results which follow
from the study of the biharmonic measure by proving Theorem 1.10.

Proof of Theorem 1.10. We start by proving 1°. For this, let D CC Q and x € Fs := (3{u > 0} N D) \ N,
where N has been introduced before Lemma 7.6. Then there exists r, > 0 such that

|9{u > 0} B, (x)| < C(n)srY,

where C(n) is a dimensional constant. In this way, we can cover Fs with balls B, (x), and we can then
extract a Besicovitch covering such that

|Fs N D| < C(n)§|D. (7-27)

Then, sending § — 0 the result in 1° follows.
We now focus on 2°. In thi's case, thanks to (1-18) we can use Lemma 7.6 and find a Besicovitch
covering by balls B, (x) of /\/5S "¢ such that

co(®) Y ri 72 < Mu(D') < o0, (7-28)
where D’ 3 D is a subdomain of 2 such that

dist(D,dD") < sup  ry:=rp.
xed{u>0}ND

Therefore, letting ro — 0 in (7-28), we get that
H' 2NN D) < 4o0. (7-29)
Furthermore, since the free boundary is C! near points in N \/\/'5s ing, we have that
H 2 (NG \N; ™) N D) < +oo,
which, together with (7-29), implies that

H"2(N5N D) < 400. (7-30)



A FREE BOUNDARY PROBLEM DRIVEN BY THE BIHARMONIC OPERATOR 917

This gives the second claim in 2°. We now prove the first claim in 2°. For this, we use (7-27) and (7-30)
to obtain
|0{u > 0}N DI < |FsND|+|NsND|=|FsND| < C(n)s|D|.

Then, sending § — 0, we complete the proof of 2°. ]

Remark 7.7. If {u>0} is a John domain, then |«| is nondegenerate by the discussion in Section 7B. Alter-
natively, as in Theorem 1.8, if {# >0} has uniformly positive Lebesgue density then |u| is nondegenerate.

8. Stratification of free boundary and proof of Theorem 1.11

In this section we reformulate some results obtained in Section 6 related to the dichotomy between the
notion of rank-2 flatness and the quadratic growth of the minimizer.

For this, to describe an appropriate flatness rate of the minimizers, we recall Definition 1.4 and we
also define a suitable class, in the following way:

Definition 8.1. Fix r > 0. We say that u € P, if:
e u € W?>2(B,) is a minimizer of J in (1-1) in B,, among functions v € W22(B,),and v—u € Wol’z(Br),
¢ 0 € Osing{u > 0}.

If, in addition, given § > 0, the free boundary is not (3, r)-rank-2 flat at 0, then we say that u € P, ().
In the setting of Definition 8.1, Theorem 1.7 can be reformulated as follows:

Proposition 8.2. Let u € P,(5). Then there exist ro > 0 and C > 0, possibly depending on n, 8, r,
and ||ullw22(q), such that
u(x)| < Clx|*, foranyx € By,.

Moreover, recalling the definition of 4 (7, x¢) in (1-14), a refinement of Theorem 1.7 can be formulated as:

Theorem 8.3. Let u € Py. Let 5 € (0, 1), k > 10, and ry := 2=k Then, either h(0, ry) < érg, or there
exists C > 0, possibly depending on n, 3, and ||u||y22q), such that

suplul < C r,?.

Br2

We are now ready to complete the proof of Theorem 1.11.

Proof of Theorem 1.11. Notice that (1-19) and (1-20) follow as a consequence of Theorem 8.3. Therefore,
to complete the proof of Theorem 1.11, it only remains to prove that u™ is strongly nondegenerate at z € F.
After rescaling U, (x) := r~2u(z + rx), we see that it is enough to show that

supU > C, (8-1)

B
for some C > 0 (which here can depend on n, dist(z, 9€2) and the minimizer u itself).

To check this, we first prove:
If p is a homogeneous polynomial of degree two,

then {p = 0} is contained in the union of finitely many hypersurfaces. (8-2)
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Indeed, up to a linear transformation, and possibly exchanging the order of the variables, we can suppose

n
px) =) aix},
i=1

with (ay,...,a,) € R\ {0} and a;,+1 =--- =a, =0, for some m € {1, ..., n}. Therefore the zero set
of p is obtained by the zero set of the polynomial

m
R">x+— px)= Zaixiz,
i=1

up to a Cartesian product with an (n — m)-dimensional linear space. Also:

If x € {p =0}, thenrx € {p =0} forall r € R. (8-3)
Therefore,
{(p=0}={tx, xe{p=0nS"""}. (8-4)
Furthermore,
{Vp=0}={Qaix, ..., 2anxy) =0} ={0}. (8-5)

Therefore, by (8-5), in the vicinity of any x € {p =0} N S"~!, the set {p = 0} is an (m — 1)-dimensional
surface, which, in view of (8-3), is transverse to S” 1. Consequently, we have {p =0} NS™~1 is the union
of (m — 2)-dimensional surfaces. In addition, from (8-5) we know that these surfaces cannot accumulate
to each other, and so {p = 0} N S™~! is the union of finitely many (m — 2)-dimensional surfaces.

This and (8-4) imply that {p = 0} is the union of finitely many (m — 1)-dimensional surfaces. Accord-
ingly, we have that {p = 0} is the union of finitely many surfaces of dimension (m — 1)+ (n—m) =n—1.
This completes the proof of (8-2).

We also stress that, in light of (8-3), the intersection of the hypersurfaces described in (8-2) and S"~!
have codimension 1 inside $"~'. In particular, for every p € S"~! outside these hypersurfaces there
exists p(p) € (0, %) such that B,(,)(p) does not intersect these hypersurfaces.

Given x € By \ {0}, we now use the notation X := x/|x|, and we claim:

There exists x, € B2 \ {0} such that U, (x,) > 0 and X, lies outside the hypersurfaces (8-2). (8-6)

Indeed, we can assume that |By,» N {U, > 0}| > O (otherwise u < 0, contradicting the assumption
that z € d{u > 0}), and from this we obtain (8-6).

From (8-6), we deduce that B,;,)(X,) does not intersect the hypersurfaces in (8-2). Hence, by (8-3),
setting 7 (x,) = |x,|p(Xs), we see that B,(y,)(x,) does not intersect the hypersurfaces in (8-2). Then,
from (1-19), it follows that if » = ry is sufficiently small, then B, (y,)/2(xs) does not intersect 3{U, > 0}.
For this reason, since U, (x,) > 0, we conclude that B,(.,)/2(xx) € {U, > 0}.

Consequently, we are in the position of using claim 2° in Theorem 1.8, thus obtaining that

Ut s (TED) 00’ _ E(pE))
rz 2 T4 4

2

sup |x«|“ for some ¢ > 0. (8-7)

Br(x* )/2 (x4)
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Now we claim that

By 2 By (x,)2(%x)- (3-8)
Indeed, if y € B, (x,)/2(x4), we have
7 () P (Fs) |x4] | x| Slxel 5
Iy < |y — X + [xi] < *+wu=—%fi+un< =t x| = *<§<L

thus proving (8-8).
Then, from (8-7) and (8-8) we obtain
o E(pGE))?

supU" >

, oA
|x4|” =: C,
B 4

and (8-1) follows, as desired. U

9. Monotonicity formula: proof of Theorem 1.12

This section is devoted to the proof of Theorem 1.12, which is based on a series of careful integration by
parts aimed at spotting suitable integral cancellations. In addition, some “high order of differentiability”
terms naturally appear in the computations, which need to be suitably removed in order to rigorously
make sense of the formal manipulations. We start with some general computations valid in R”, then,
from (9-24) on, we specialize to the case n = 2. In this part of the paper, for the sake of shortness, we
suppose that the assumptions of Theorem 1.12 are always satisfied without further mentioning them.

Without loss of generality, we also suppose that B CC 2. Then, we have the following identity:

Lemma 9.1. For everyry, ry € (0,3/2),
r2
4/ R(r)dr +2T (ry) — 2T (r1) + D(rp) — D(r1) =0, (9-1)
r

where

n n
1 x™ x 1 21 2
R(r): = AuVuy, e, — AuVu, - —5 = — Aul|” — — Audu,
(r) rn+l H;/Br UVUp - € mZ=I/BBr UvVin rn-‘,—l rn+1 ﬁrl Ml h /E;Br uo.u

n m 1
T(r).= / Attty 22— ———/ Au oyu,
n; 0B, Tt o,

D(r)::rin/ (1Au)* + xpu=0y) 9-2)

r

and the notation 0, :== (x/|x|) - V has been used.

Proof. Fix r € (0,3/2). We let § > 0 (to be taken as small as we wish in what follows), and consider
a smooth function n = ns supported in B,;s. Fixed ¢ > 0, we also consider the mollifier p.(x) :=
(1/&")p(x/¢), for a given even function p € C{°(By). We also define ¢ = (¢', ..., ¢") : R" —> R" as

R'sx=@x' ..., x")— ¢"(x) =W *p)(x), where " (x):=x"n(x).
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Let also
F™(x) := Au(x) u;, (x). (9-3)

In view of (4-1) and (4-2) (if u is a minimizer), or recalling that u is assumed to be in C LIQ) (fuisa
one-phase minimizer), we know that

F™ e LP(B;) forevery p e (1, +00).

We observe that ™ is supported in B, s, and so ¢™ is supported in B, 54, C By, as long as § and ¢ are
sufficiently small. Consequently,

/ Attt AG™ = / Attt AG™ = f F™ (A" sp2) = / f F" () AY" (1) pe (x—y) dx dy
Q n R~ ' X B (x)
_ / / F™ () AY™ (1) e (y — x) dx dy = / (F™ % p) () AY™ (y) dy
B (x) xR R~

=/ F;"Aw=_/ VE" .y, (9-4)
Q Q

with
F" .= F" xp,. (9-5)

&

Similarly, we have

/ AuVu,, -V¢" = f AuVu, - (VY™ % pg) = / ((AuVuy) * pg) - V™. (9-6)
Q Q Q
Also,
J 80P+ ) divs = 37 [ (180 + 1-0) 57 5 0
m=1

=f9((|AM|2+X{u>0})*/Oa) div .

Then, we plug this information, (9-4), and (9-6) into (4-10), and we see that

0 :2/ Au Z(zwm -v¢m+umA¢m)—/ (1Au* + xu=0y) div ¢
Q m=1 Q

=4 [@uVusp) vy =23 [ VETun [ (80P +x10) 20 div . 0D
m=1 m=1

Since the latter identity only involves the first derivatives of ¥, up to an approximation argument we
can choose 7 to be the radial Lipschitz function defined by

1 if x € By,

5 —
ﬂ(x) = HTM if x € Br+5 \ B,,

0 if x € R"\ Byys.
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In this way, we have

m
XB,.5\5 (x) and Wf’”(x)=emn<x>—ﬁxlg,+a\g,<x>,

X

V??(x)=—5|x|

which also gives that
|x]

divyy (x) = nn(x) — 5 XBris\Bs (x).

Therefore, we infer from (9-7) that
n
0=2%" f (2((AuVuy) % pe) —=VE) e —n f (1A + xgu=0)) * pe)
m=1 By

Br
/
B

m=1 +5\ By

(2((AuVuy) % po) — VEL) - (emnoc) - %)

_/ ((|AM|2+X{u>O})*p€) <nn(x)— M)
B4\ By S

Then, sending § — 01, we deduce that

0=2Z/B (2((AuVum)*pa)—VF£")-em—nf ((1Aul® + X=oy) * pe)
m=1 r

r

n m
23 [ @@V sp) e EE b [ (1l xun) )
m=1"9Br B,

n
222/ G;"-em—n/ ((1Aul® + X=op) * pe)
m=1 By By

n
— m x™ x 2 _
2; /2;3" Ge r +r/33r ((|AM| +X{u>0}) *,Og), (9-8)

where
G? :=2((AuVuy) * p;) — VF". (9-9)
Furthermore, letting
D)= /B (180 + X)) * 25). (9-10)
we have
D) =7 [ (80P +xueo) 0) = i [ (80P +xu0)0). ©-1D)

Thus, we multiply (9-8) by 1/r"*!, and we exploit (9-11) to conclude that

n n
2 m
0=—" Z[ G;"-em—ZZf Gl 5+ DL() = 2Z:(r) + D, (1), (9-12)
m=1 B, m=1 0B,
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where

n
. 1 x™x
Zo(r) = ng G" e / m-rn+2 (9-13)
m=1 r

Now, in light of (9-3), we observe that V F},, (and thus VF,Z) involves third derivatives, and therefore we
aim at “lowering the order of derivative” of this term from (9-13) in view of (9-9) (and this goal will be
accomplished via a suitable averaging procedure). To this end, we observe that

m
B, B, dB, r 9B, r

We notice that the last term in (9-14) does not contain any third order derivatives. As for the boundary
term in (9-8) that involves the third derivative, we have that

vim X g

/33, o2 /331 ¢
xm
= f 0, (F"(rx)) - —
3B r

d x™ x™

== Fm . " =

d"{/azal e(rx)r}—l-/aBl E(rx)r2

d x™m m XM
:d_”{/e;B, an’”"ﬂ}—i_/aza,.Fg e

As a consequence, using the latter identity, (9-9) and (9-14), we find that

f GT ey = 2/ ((AuVup) * pg) - en —/ VFgm ey = 2/ ((AuVuy) * pg) - ep _/ Fsm

B, B, B, B, B,
x™x x™x x™ x

/;B Gm n+2 = 2/3 ((AuVuy,) *108) : 2 _f F«Sm rn+2

=2 Auv N FnX __ 4 F™ i
33,(( UVily) * Pe) 2 /8& C R T dr | Jy

~ %

From this and (9-13), we obtain

Z:0) = ,,HZ / (AuVin) % ) em—zz f (BuVup) % po) - 20k +Z dr{ / . r,,:}

= 2Re(r) +T)(r),
with

n n
1 m
Ry i= e 3 [ suvuy ) e ) /d (AT w00 25
m:l r — r

Tg(r)::Z{fB F;"r’;:} {/ (At ) % pe n+1}

m=1 r

(9-15)

m=1

where we have also used (9-3) and (9-5).



A FREE BOUNDARY PROBLEM DRIVEN BY THE BIHARMONIC OPERATOR 923

Consequently, integrating (9-12),

rn

0=2/r225(r)dr+D8(r2)—Dg(rl)=4/ Re(r)dr +2T,(ry) — 2T (r1) 4 De(r2) — De(r1). (9-16)

ri ri

Comparing (9-2) with (9-15), we see that R, — R and T, — T as ¢ — 0, thanks to (4-1) and (4-2).
We thereby obtain the desired claim in (9-1) by passing to the limit the identity in (9-16). U

We also point out the following useful calculation:

Lemma 9.2. In the notation stated by (9-2), we have that

4/r2(l/ Au (2ﬂ—33u—2%)) dr—4V (1) +4V (r)+2T (1) —2T (1) + D (r2)— D(r1) =0, (9-17)
r JB, r r

rl’l

where

V(r)::rn%f Auu. (9-18)
0B,

Proof. For any smooth function v,

f |Av|2=/ (div(AvVv)—VAu-Vv)zf Avvr—/ VAv- Vv
B, B, 3B, B,

=/ Avvr—/ div(vVAvH—f szv=[ Avvr—/ vAvr+/ A*vv. (9-19)
9B, B, B, 9B, 9B, B,

We also observe that

d 1 d (1
E(’Tﬂ \/BBV Avv) - E(r_z /Q;Bl Av(re)v(rg))

:—%/ Av(r@)v(r9)+l2/ Av,(r@)v(r@)—i—%/ Av(0)v,(ro)
r> JaB, r= Jap, = Ja,

2 1 1
=—— A — A — Avv,.
rnt2 /aB, vt rrtl /33, vt rrtl /aB, o
From this and (9-19), we obtain that, for any smooth function v,
1 » 1 2 1 1 1 2 1 2
— Av|* — — Avoiv = A - — A — | A —— | Avo
rn+l/;;r| vl rn/Z;B, vo, v rn+1ABr vy rn+l/;Brv v’+rn+1/Br vv rn 3B, Vo, v

1 v ) v 1 ) d 1
LN N (2—’— —2—) A2py— L Avv).
7 Jos, v\, 9, v 2 +r"+1/3,. v (rn-H /E;B,- UU)

Integrating this identity and setting

1
Vo(r) := S /33 Avv, (9-20)
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we thereby obtain that

20 1
/ (H_-H/ |AU2——n/ Avarzv)dr
n \F B, r~ Jas,

|
201 vy 2 v 1 2
= (o[ av(e%-sv-28%)+ 5 | A%wo)dr =V, + Vo). (921)
e 3B, r r rt B,

rl’l
The idea is now to take v as a mollification of u and use either (7-9) (if u is a minimizer) or Lemma 7.5
(if u is a one-phase minimizer). In this way, the term | B A%v v approaches either /, 5. UM, in the notation

of (7-9) (if u is a minimizer), or O (if # is a one-phase minimizer, due to Lemma 7.5).

To make the notation uniform, we therefore define M := M, if u is a minimizer and M := 0 if u
is a one-phase minimizer: then, approximating u, passing to the limit (9-21), and comparing (9-20)
with (9-18), we can write

2001 1
rn \7 B, r™ Jas,

— 2/ u, 5 " 1 )
- /r1 (rn /83, At <2 y o _2r2) ol '/Br uM ) dr —V(r2) + V(ry).

That is, recalling (9-2),

7 201 U, 2 u 1 "
ROvar= | (o | au(2% = 0fu—225) = 5 [ udG)dr = Ve + V().
” n \I" Jos, r r r* Ja,

From this and (9-1) we obtain that
2T (r1) — 2T (r2) + D(r1) — D(r2)

r
:4/ (l/ s &_arzu—zl»—%/ qu)dr—4V(r2)+4V(r1). (9-22)
o\ Jap, r r r B,

Now we claim that
/ udM’ =0. (9-23)
B,

For this, since M = 0 in the one-phase problem, we can suppose that u is a minimizer, in which
case M} = M,,. Then, let us fix § € (0, 1). From Lemma 4.1, we know that

—/ uM, = uA2u+/ uA*u=0.
Brm{|u|>5} BJ‘]{M}(S} Brm{ugfs}

Therefore, exploiting Lemma 7.4,

/ uM, / uM,
B, B,N{Ju|<8)

for some C > 0. Then, sending § — 0T, we obtain (9-23) as desired.
Then, the identities in (9-22) and (9-23) lead to (9-17). O

<M, (B,) < C8r" 72,

Now we restrict the previous calculations to the case n = 2, and we complete the proof of (1-21).
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Proof of (1-21). Using polar coordinates (r, ), we compute

1 . ) u 1 U, u
—— Aul2— —0u—2—) = -Aulu,, —2—+2—
" Jos, r r2 0B, T r r2

1 u u u u
=/‘—@w+i+49Qm—zl+%g=Aame,@aa
9B, r r r r r

where

A(r)::faBl ’%u99<ur,—2 4ol ) and B(r)::faBl%@r,Jr”r)(ur,—z o4 ) (9-25)

Now, we perform several integrations by parts involving the terms related to A(r). First of all, we see that

_/ UpggUyr = __f UgUgrr
B] Bl

2
UgUrp ULg UoUor
__d +/ _"_f . (9-26)
dr 3B r3 3B r 3B ré
Similarly, we have that
1
_2f — ooty zzf ”9‘:9’ :2/ “”ff’ (9-27)
aB, ¥ aB; T aB; T
and
1 ué
2 —Suggu =-2 5 (9-28)
aB, ¥ aB; T

Combining (9-26), (9-27), and (9-28), and recalling (9-25), we get

2 2
d Uglrg ULy UgUor UpUpr Uy
] ) o
dr 3B r 3B r 3B rd 3B, r4 3B r
M%Q _ UgUgy _ ué
+ 3 4 2 5
aB; T aB; T aB; T
Uglt 1 2up\ > Ugl u?
03r9)+/ _3<M9r__0> +3/ 646r_6/ a1
B T aB; I r aB; T aB; T
2 2
u 1 2u
)L,
aB; T aB, ¥ r
2 2
u 1 2u
f —2) + / 4<u9,— ) : (9-29)
B, T B, I r

N

T~
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From (9-25), we also compute that

o 2upeuy 22Ul Uplyy 2uf 2uu,
B(r) = u;, — +——+ -t
9B r r

1 3u u\> 1 /5uu 6uu 1u?  26uu 16u>
:/ —(Mrr——r+4—) +_( r rr_ rr_ r+ r_ >
9B, r r

r r2 r2 r3 r4

:/ l(urr—3u’+4l)2+i(f 5u§_f 6uur+f ﬁ)
9B, r r r2 dr 9B 2}"2 9B, I"3 9B, r4
1 3u, u\> d SM% 6uu, 4y?
- /B.B r_2<urr o +4r_2) - E(/BB, 2r3 _/BB, r +/BB, ”_5) 630

r

Using (9-29) and (9-30), we conclude that

1 u 2u,\ > 3u u\?
A(r) + B(r) = —2/ [(i - ;) + (urr - +4—2) ] + W), (9-31)
r 9B, r r r r
where
W) /‘ 5uf 6uu, . 4u®  ugug 3u§ 9-32)
r) = — — =< . -
B, \ 2r3 r4 rd r4 2rS

Now, from (9-17) and (9-24), we see that
—4V (ry) +4V (r)) + 2T (r2) — 2T (r1) + D(r2) — D(ry) = _4/: (rl"/aB,Au (2”7 —8%u — 2:‘—2» dr
= 4/r2(A(r) + B(r))dr.
r
This and (9-31) give that

T (rp) ; T(ry) n D(rp) ; D(ry) —W(r) + W)

n( ] s 2ur\? 3u, 2
I r 9B, r r r r

Recalling (1-22), (9-2), (9-18), and (9-32), we see that

T(r) D(r) / Su?  6uu, 4u’  ugu,  3ul
+ — — _
2 4 2B,

V() + V() +

—V(r)+

2r3 r4 rd r4 2r3

1 1 1
=—— [ Auu+—| Audu+-— Aul*+ —/ - 4+ —
r?Jos, 2r2 Jys, et 472/&(' ul+ xu-0) BBr(2”3 ré rd rd 2

= E@).

This and (9-33) establish (1-21), as desired. U
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Now, since the proof of (1-21) has been completed, to finish the proof of Theorem 1.12, we only need
to show that the function E defined in (1-22) is bounded and to check that if E is constant then u is a
homogeneous function of degree two.

These goals will be accomplished by the following arguments:

Proof of the boundedness of E. To show that E is bounded, we claim that there exist C > 0 and a

sequence r; — 07 such that
[Vul>  |D?ul®
>+ <C. (9-34)
9B Iy Ik

Tk

The proof of (9-34) needs to distinguish the case in which u is a minimizer from the case in which u
is a one-phase minimizer. Suppose first that « is a one-phase minimizer. Then, since #(0) =0 < u(x)
for any x € Q and u is assumed to be Ch1(Q), we can write |Vu(x)| < C|x| and |D?*u(x)| < C, for
some C > 0, from which (9-34) plainly follows in this case.

Now, we prove (9-34) assuming that u is a minimizer. We argue by contradiction, supposing that (9-34)
does not hold. Then, for any C > 0 there exists 7 € (0, 1) such that for any r € (0, ) we have

[Vul>  |D*ul® =
5 T > C.
9B, r r

This, Corollary A.2 (if u is a minimizer) or the fact that « is assumed to be in C LIQ) Gfuisa one-phase

minimizer) imply that, for a suitable C > 0,
i 2 i 2.2
C>— | VuP+= | Dl
" JB: r= Jg;
1 r 1 r 1 r \V/ 2 D2 2
== (/ |Vu|2)dr—|—_—2/ (/ |D2u|2)dr: /([ |_’;| _|_/ | _M| )df'
r~Jo 9B, r=Jo 9B, 0 9B, T 9B, r
1 r \V/ 2 D2 2
L)
rJrp\Jos, T 3B, r
7 V2 D2ul2
R R L
7j2\JaB, T 3B, r

’

N

V

WV

o -

which is a contradiction if C is suitably large, and this establishes (9-34).
As a consequence, using the Cauchy—Schwarz inequality, Theorem 1.7, and (9-34),

./a By,

<Cf <|D2u||Vu|+|Vu|2+ | Aul N [Vu| +1><C/ (qu|2+|D2u|2+1><C
h 9By, rkl/zri/2 r,? r,:/zr,:/z r,?/zrkl/2 Tk A 3By, r,? Tk Tk S

Auu, SME Auu  6uu, ugug, 4u® 3u§

2 3 3 4 4 5 5
2r;; 2r; R Iy e R 2ry

for some C > 0, possibly varying from line to line.
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Using this, (1-22), and Corollary A.2 (if u# is a minimizer) or the assumption that u € C LI(Q) (f u is
a one-phase minimizer), we deduce that

Auu, 5u? Auu  6uu, ugug, 4u® 3u 1
3By, 2ry; 2r; I e I ; 2r; 4rk
1
C+— / X0y < C, (9-35)
4r7 Jp,

up to renaming C > 0.
Now, fix r € (0, 1). Let k sufficiently large, such that r; € (0,r). From (1-21), we know that
E(r;) < E(r) < E(1). Hence, by (9-35),

—C<E(r)<E(). ]

Having already checked the validity of the monotonicity formula in (1-21) and the fact that E is
bounded, in order to complete the proof of Theorem 1.12, we only need to show that if E is constant
in (0, 7), then u is a homogeneous function of degree two. This is now a simple consequence of (1-21).
The detailed argument goes as follows:

Proof of the case of constant E. Suppose now that E is constant in (0, ). Then, by (1-21),

0 2 2 d ;2 3 4
__(_&+_M):uﬁ_£_o and _r_(_“_+_“):ur,_ u Ao
;

roor? r? r or ror? r2

v(—ﬂ+212> —0.
r r

Consequently, the function —% + 2—? is constant for |x| € (0, ), hence we write
r

which, in turn, gives that

oy Z—Z =c, (9-36)
r r
for some ¢ € R.
Now we define
v(r, 0) == u(r, 0) +cr’logr. (9-37)

Using (9-36), we obtain
v = u, +2crlogr+cr = 2Tu +2crlogr = 2r_v

Integrating this equation, fixed € (0, 7), we find that

r2u(r, 9)

v(r, 0) = =)

This and (9-37) provide
r?u(r, 0)

u(r,0) = =)

—cr? logr.
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Therefore, exploiting Theorem 1.7 (if # is a minimizer) or the assumption that u € C LIQ) (ifuisa
one-phase minimizer),

, 0 7,0
> MO 1o fogr| - DL
r r
for some C > 0, and therefore,
r,0 C
o] < Tim 220 -
r—072|logr|  |logr]

Hence, we get that ¢ = 0 and, as a consequence, we can write (9-36) as

ur 2u _
—T + r—2 =0

for any x € By, and therefore Vu(x)-x =2u(x) for any x € B;. Observing that this is the Euler equation for

homogeneous functions of degree two, we thus obtain the homogeneity of u. The proof of Theorem 1.12

is thereby complete. (I

We finish this section by an explicit computation of the energy, E, for the homogeneous functions of
degree two on the plane. It will be used later in the proof of Theorem 1.14.

Lemma 9.3. Let C C R? be a cone in R2, written in polar coordinates as

C={(r0) € (0,+00) x (61, 62)},

for some 0 < 0; < 6, < 2.

Let u : C — R be a homogeneous function of the form u(x) = r’g(0), with g € C>([01,6-]), g > 0
in (01, 6,), and

g01)=g0)=0 and g'61)=g'6)=0.
Assume also that Au is constant in C. Then, for any r > 0,
Auu, 51/!% Auu  6uu, ugug, 4u® 3ug 1 ’
_Tr S ) _ A
/GmaB,( 2r? 2r3 r3 + r4 + ré 2r5> + 4r2 /emB,(| ul+ X0l

_w lfu>0NB,| _ 6 —6
4 | B, | 8

(9-38)
Proof. By assumption, in € we have that
Co=Au=4g+g”, (9-39)

for some Cy € R, and

2 2 2
Auu, Su _Auu 6uu, ugug, 4u 3ug

r _——

2r2 23 73 r4 r4 PER W
_Mstgle 10g® (“etghs 1287 2607 4" 3N 287 ()

r r r r r r 2r r 2r
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Therefore, after an integration by parts, and recalling (9-39), we have that

Auu, 5uf Auu 6uur+u9u9r 4y 3u§
enoB, \ 2r? 2r3 r3 r4 r4 rS2r

(2 (/2 6> 4 02
g") > &8 1/ p
= g7+ 27 ) = —20% — =—— 4g +
fel(g 2)/9.(g 2) 2elg(g g")

Co " Co e ” C(% (6, —61)
e ~ 8 TCo=mTe 9-40
2 01 8 8 0, (g 0) 3 ( )
On the other hand,
L iaup =t [Pagrgp= G020

4r2 Jons, 8 Jo, 8
This and (9-40) provide

/ (Auu, 5u%_Auu+6uu,+u9u9, 4y? 3u§>
CNa B,

1 1
B +— Aul4xus=0)) = — / o
22 23 3 o 45 95 )T g /(me,(| ul*+xu=0)) o rx{,, 0)

which proves (9-38). O

10. Monotonicity formula: homogeneity of the blow-up limits and proof of Theorem 1.13

In this section, we apply the results in Theorem 1.12 to study the homogeneity properties of the blow-up
limits of the minimizers of J at free boundary points with vanishing gradient, thus proving Theorem 1.13.

Proof of Theorem 1.13. Suppose that u does not vanish identically. We let

Urp Uug 2 Uy u 2
Qu,x)=0Q(u,r,0)=-——+2=| +|ur—-3—+4=) . (10-1)
r r r r
Note that Q is invariant with respect to quadratic scaling. Indeed, if we define, for any s > 0,
u(sx)
MS (x) = 52 ’

we have that

2 2
0y, ) = (— o | z(”;)9> 4 (<us>rr _3l)r +4”_;>
r r r r

2 2
_ (_ Uro(sX) +2u9(sx)> N (urr(sx) _5rGs) +4M(SX)) — O, s1), (10-2)

sr (sr)? ST (sr)?

Now, in view of (1-21) and (10-1), we observe that

k%) 2 2
s [ {4 [(2-2 o8 o
T ‘Br
_ / (rlz /B B Q(u,x)dx) dr. (10-3)
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As a consequence, for any s > 0, using the changes of variables p =r/s and y = x/s, and making use

of (10-2), we see that
ST 1
E(srg)—E(srl):/ (—2/ Q(u,x)dx) dr
ST| r 0B,

=/ (iz/ Q(u,sy)dy)dp

u \P" Jas,

(%] ocwna)a. (10-4)
u \P" Jas,

On the other hand, by Theorem 1.12, we know that E is monotone and bounded, and therefore the limit
as ¥ — 0" of E(¥) exists and it is finite. Consequently, we have that

E(st) — E(st1) >0, ass— 0.

Hence, recalling (10-4), we conclude that

©
/ (lz/ Q(us,y)dy>dp—>0, as s — 0. (10-5)
n \P" Jas,

Also, by compactness (ensured here, if u is a minimizer, by (1-24), which in turns allows us to exploit
Corollary A.2, and, if u is a one-phase minimizer by the assumption that u € C''(Q)), we have that u;
converges to some ug, up to a subsequence. Therefore, by (10-5),

© /Y
/ (—2 0o, y) dy) dp =0
7| o 0B,

for all 7, > 71 > 0. Thus, since Q > 0, due to (10-1), it follows that Q (ug, y) = 0. Consequently, by (10-3),
we have that the function E relative to the minimizer uq is identically constant. Therefore, in view of the
last claim in Theorem 1.12, it follows that u¢ is a homogeneous function of degree two. ]

11. Regularity of the free boundary in two dimensions: explicit computations, classification
results in 2D, and proof of Theorem 1.14

In this section we study the regularity of free boundary of minimizers in dimension 2. Some of the results
presented rely on direct calculations, while others are obtained by the monotone quantity E that has
been analyzed in Theorems 1.12 and 1.13. In this setting, we have the following classification result for
one-phase minimizers:

Theorem 11.1. Let u € C! (R") be a one-phase local minimizer in any ball of R", with O € dgjng{u > 0}.
Let u =r?g(0), where (r, 0) denotes the polar coordinates. Then, the following dichotomy holds:

e either u is a homogeneous polynomial of degree two,

e or, up to a rotation, u(x) = a(x1+)2f0r some a > 0.
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Proof. A direct computation shows that
Au_u,r—i— —I— ! Aglu_2g—|—2g+g =g" +4g. (11-1)

Accordingly, by Lemma 4.1, we have that, in the positivity set of u,

2A2 d2 /7
Au=— +49) =
T (& 8)
From this, we deduce that
g"(0)+4g0) =c10 +cp, foralld e {g #0}, (11-2)

for some constants ¢y and c;. We notice that (11-2) has explicit solution

0 0
g(o )—%+ 2 +C3COS(29)+C4SIH(29)—%+ 2 +c;(cos 6 — sin’ 0) +2c4sinfcosf (11-3)

for some constants ¢3 and c4.

Since 0 is a free boundary point for u, we have that g cannot vanish identically. Hence, we distinguish
some cases, depending on the number of zeros of g. First of all, we consider the cases in which either g >0
for all 6 € [0, 27) or g vanishes only at one point. Then, in this case the free boundary is contained in
a ray and, up to a rotation, we can assume that g(6) > 0 for all 8 € (0, 27) and so (11-3) is valid for
all 6 € (0, 2r). The periodicity of g then implies that

. . Cc1T
0=1 0)— 1 0)=——or,
og. 8O — I 8Oy ="

and so ¢ = 0. As a consequence, by (11-3),

cz(x]2 + x%)

2 +c3(xf — x3) + 2c4x1 %2,

2
u(r,0) = % + 63r2(cos2 0 — sin’ 0)+ 2r2cy sin6 cos O =

which is a homogeneous polynomial of degree two, thus proving the desired claim in this case.
Now we suppose that g vanishes at least at two points, say, up to a rotation, 6y and —6y, for some 6y €
(0, ), that is

g(@) > O0forall 6 € (—0y,0)) and g(6y) = g(—6y) =0. (11-4)
Then, by (11-3),
&
0=g(£by) = :I:% + — 2 —|— ¢3 cos(20y) = ¢4 sin(26p). (11-5)

By the assumptions that u € C'(R") and g > 0, we also know that

0=g'(£6) = C4—1 F 2c¢3 sin(20p) + 2c¢4 cos(26p). (11-6)
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Then, we obtain from (11-5) and (11-6) the system
c16o .
e + ¢4 sin(26y) = 0,

04—2 + c3cos(26p) =0,

(11-7)
c3 sin(26y) =0,
o+ 2c4c05(26) = 0.
Now, if
b0 # 7/2, (11-8)
from (11-7), we have that necessarily c¢3 = 0, and accordingly
16 .
e + ¢4 5in(26y) = 0,
2
~Z =0,
4

64—‘ +2¢4 c08(260) = 0.
This implies that ¢, = 0, and so (11-3) becomes
c10 .
g0) = e ~+ ¢4 sin(26).

In particular g(0) = 0, which is in contradiction with (11-4).
This says that the case in (11-8) must be ruled out, and thus 6y = /2 (and the positivity sets of u are
either one or two half-planes). In this way, the system in (11-7) reduces to

| .

8 — E)
(69)
2 =0,
PR
A 20, =0
— —2c4 =0,
2 4

which leads to ¢; = ¢4 = 0 and ¢, /4 = c¢3. Substituting these conditions into (11-3), we obtain that, for
allf € (—m/2,7/2),
2(0) = c3(1 4+ cos(20)) = c3(1 + cos> 6 —sin® §),

and therefore, for all x = (x1, x2) € R? with x; > 0,
ulx) = 2C3X12.
This gives that either u is a homogeneous polynomial of degree two, or u(x) =a (xfr)2 for some a > 0, or

axl2 if x; >0,
u(x)=1, 5, .

bxi if x; <0,
with a, b € (0, +00) and

a#b. (11-9)
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To complete the proof of the desired result, we need to exclude this case. To this end, we observe that
(1A, D*+1)=2(Au(0, Duy (0, D—u1 (0%, DA™, 1)) = ((2a)*+1)—2((2a)*+0) = 1—4a?,
and similarly,

(1Au(O™, D>+ 1) =2(Au(0™, Duy1(07, 1) —u1 (07, DAu(0™, 1)) = 1 —4b°.

These identities and the free boundary condition (1-9) computed at the point (0, 1), where according to
the definition in (1-6) we have AV = 1@ =1, lead to

1 —4a®> =1—4b%,
which provides a? = b?, and thus a = b. This contradicts with (11-9), and the desired result follows. [J

With this, we are now in the position of completing the proof of Theorem 1.14.

Proof of Theorem 1.14. Let E be as in Theorem 1.12, and let*
E©0):= lim E(p). (11-10)
o—0F

Let x € d{u > 0}. Suppose that u ; is a blow-up of u at x. Notice that u¢ ; cannot be identically equal to
zero, due to (1-26). Then by Theorem 11.1 we know that, after some rotation of coordinates,

ay(x; — X +ax(xa —%)?  alx —%)? or a((x; —x)h)?
2 ’ 2 ' 2 '
with ay, a3, a > 0 (say, possibly depending on X, though the free boundary conditions in Theorem 1.3
have to be fulfilled).
In particular, from (11-11), we know that

uo z must be either (11-11)

Au is constant in the positivity cone of u. (11-12)

Now, from (1-25), we know that, if

u(x + prx)
upz(x) = — (11-13)
P

with p, — 07, then, up to a subsequence,

Uz — uo,z in Ci (RM), (11-14)
as k — 4o0o, for any « € (0, 1).

We claim that
a(x;)?

up,0 must necessarily be (11-15)

2 ’

4We observe that the limit in (11-10) exist, due to the monotonicity of E, recall Theorem 1.12.
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namely the first and the second possibilities in (11-11) are excluded at the origin. To prove (11-15), we
argue by contradiction. If not, by (11-14) and (11-11), necessarily

2 2 2
u(orx . ayxy +axx ax
() = uk,0(x) = {elther L B or —l} =t up,0(x)
p7 ’ 2 2 ’
k

in Cllo’g‘ (R™). Therefore, using the change of variable y := pyx,
B, N 0 1 1 1
—l pi (1 {u > O} = 1l dx= lim

k=00 | B1| J By n{ug >0 | B1| J B,n{ug.0>0}

k——+o00 |Bpk| k——+o00 |B,0k| Bpkﬂ{u>0}

This is a contradiction with (1-27), and so (11-15) is proved.
We let Ey ; be the monotone function in (1-22) for uy z (while E; denotes the same type of function
for u centered at the point x). Let also Ey ; be the monotone function in (1-22) for u¢ ;. In view of (11-14),

we have that
Eoz(r)= lim Ej(r). (11-16)
k—+o00

We remark that (1-22) is compatible with the blow-up scaling, namely
Eyz(r) = Ex(pxr).
As a consequence, by (11-10) and (11-16),
Eoz(r)= lim Ez(prr) = Ez(0). (11-17)
k—+o00

We now classify the free boundary points according to the monotone function induced by their blow-up
limits. For this, we introduce the following notation: recalling (11-11), we say that x is Type-1 if, up to a

rotation,
ay(x1 — %1)* + az(x2 — %2)?
ug 5 (x) = > .
Similarly, we say that x is Type-2 if
a(x) —x)?
uo,z(x) = —
and Type-3 if
a((xy —x1)™)?
upi(x) = ————

2
In this notation, (11-15) says that the origin is Type-3.
Now, in light of (1-22) and Lemma 9.3 (which can be utilized here thanks to (11-12)), we have that

%, if x is either Type-1 or Type-2,
Eox(r) =1 5

g’

In particular, the monotone function E is minimized for Type-3 free boundary points.

(11-18)
if x is Type-3.
Moreover, we have the semicontinuity property: if x; € 0{u > 0} and x; — xo as j — 400, then

limsup E,; (0) < Ex,(0). (11-19)

j—>+o00
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Indeed, by the monotonicity of £ in Theorem 1.12 and (1-22), for any r € (0, 1) we have that

limsupEy; (0) <limsupE,, (r) = E,(r).
j—+o0o j—o>+oo
Then, we take the limit as r — 07, and we obtain (11-19), as desired.

Now we claim that there exists ry > 0 such that:
For any x € 9{u > 0} N B,,, we have that E3(0) = E¢(0). (11-20)

In other words, in B, all free boundary points must be of Type-3. To prove this we argue by contradiction:
If not, there exists a sequence of points x; € d{u > 0} such that x; — 0 as j — 400 and

E3;(0) # Eo(0). (11-21)

From (11-11), (11-15), (11-17), (11-18), and (11-21), we deduce that
{Z T
8 4

} > Eo.5,(r) = Ex;(0) # Eo(0) = Eo,0(r) = %
and accordingly
Ey,(0) = Eo, () =7 > & = Eoo(r) = Eo(0).

This gives that

. T T
jginoo Ez(0) =7 > <o = Eo(0),

which is in contradiction with (11-19), and so the proof of (11-20) is complete.
Then, by (11-18) and (11-20), it follows that if x € d{u > 0} N B,,, then x must necessarily be Type-3,
i.e., up to rotations, ug z(x) = a((x; — x1)1)?/2, which is the desired result. O

Appendix A. Decay estimate for D*u

Here we provide some decay estimates for the gradient and the Hessian of a local minimizer of the
functional J in (1-1).

Lemma A.l. Let n > 2, u be a minimizer for the functional J defined in (1-1), and xo € 9{u > 0}.
Assume that By CC 2. Then, there exist Ry € (0, R) and C > 0, depending only on n, |lu|ly22q)
and dist(Bg, 0R2), such that

1 / 2, 1 2 2 C 2 C
1 Vul +—/ D2 < S (u—m)* + (w—m),
R"2 Jpixo) R" JByxo) R J g exo) R™2 Jp

forany R € (0, Ry), where

m = Ming,(x,) U. (A-1)

Proof. Without loss of generality we suppose that xo = 0. Recalling Lemma 4.1, we have that, for
any ¢ € W>2(2) N W% (), with ¢ > 0, it holds that

0> / AuAé. (A-2)
Q
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Now, let ¢ € C3°(2), with ¢ > 0, and define ¢ := ¢ * p., where pe(x) := (1/&")p(x/¢), for any x € R",
is a mollifying kernel, for any € € (0, 1). We also set u, := u * p.. Then, if dist(supp ¢, 92) > ¢, we can
use (A-2) and make an integration by parts twice to obtain that

0>/ Au A¢g=/ Au(A@*pg:f Au(x)(/ pg<x—y>A¢(y>dy>dx
Q Q Q Q
_ / A¢(y)( f m(x—y)Au(x)dx)dyz / AG Aus
Q Q Q

= Z /Qfﬁii(us)jj: Z /89¢i(us)jjvi— Z /Q¢i(us)ijj

i,j=1 i,j=1 i,j=1

= /ag @i (ue) jjv' _,-,12::1 fm i (ue)ij) + ) fﬂqﬁij(ug)ij

i,j=1 i,j=1
= Z /Q<l5ij(ue)ij- (A-3)
ij=1

Moreover, we observe that

lim/ Gij(ue)ij =/ Gijuij.
e—0 Q Q

> f ¢ijuij <O0. (A-4)
Q

ij=1

From this and (A-3), we have that

Now, we choose ¢ := (u — m)n?, where m is as in (A-1), and 7 is a standard cut-off function supported
in By CC €2, such that n =1 in By and 1 =0 outside B;g. Therefore, we see that ¢ € WZ’Z(Q)HWO]’Z(Q)
and ¢ > 0. With this choice,

¢ij = uiin” +2uin;n +2umin + (u —m)(n?)i;.

If we plug this into (A-4), we have that

n
2 / (uijn® +4uinjn + w —m)(*)ij) uij <O0.
o Q
i,j=1

That is, rearranging the terms and integrating by parts,

n n
ngulzjﬂ2<— Z/Q(4uijui77j7l+(u_m)uij(nz)ij)

ij=1 ij=1
n n
=— E /4(uij7l)ui77j+ E /((”_m)ui(WZ)ijj+uiuj(772)ij)
i,j=1 i,j=1

n 8 n n
<28 ) /QM%,-UZ‘FE > /Qu,-zn§+ > fg((u—m)uimz)ijj+uiuj<n2)fj), (A-5)
ij=1

ij=1 ij=1
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where the last line follows from a suitable application of the Holder inequality, for some & > 0.
Now, by direct computations we have

(Dij =2min; +2nm;;  and  (Dij; = 200 + 2min; + 20,65 + 20035

and therefore,
C

C
|(n2)ij|<ﬁ and |(n2)i,-j|<ﬁ,

for some C > 0.
As a consequence, plugging this information into (A-5) and using the Holder inequality, we obtain that

(1-26) Z/uun <3 Z/u n]+Z/ (u —m)u; )i + uin j (i)

i,j=1 i,j=1
C / C C 2
< |Vul* + = / (u—m)|Vu|+ — / |Vul
3R? Bor R’ Bar R? Byr
1\ C C 2
| ) Vu —m)?, A-
<(1+5 Rz/ Vil + g | =) (A-6)

up to renaming C. Since Au > —C (up to renaming constants, recall Corollary 4.2), then from the
Caccioppoli inequality (see, e.g., (6-10)) we get that

C
f |W|2<—2f (u—m)2+C/ (u —m),
BZR R B4R B4R

1 / 2 C 2 C
— Vul” < — f (u—m)y "+ —- f (u —m). (A-7)
R +2 Byr R+ Byg R +2 Byg

Moreover, from (A-6) and (A-7), we conclude that

l,n < 2nrd / (= m)* + s / (u —m)

up to renaming C > 0. Putting together this and (A-7), we obtain the desired estimate. ]

which implies that

128 2 125

1]

i,j=1

Corollary A.2. Letn > 2,5 > 0, and u be a minimizer of the functional J defined in (1-1) in Q. Assume
that By CC 2. Let xo € 0{u > 0} such that Vu(xo) = 0 and d{u > 0} is not §-rank-2 flat at xy at any
level r > 0 in the sense of Definition 1.6.

Then, there exist Ry € (0, I_Q) and C > 0, depending only on n, |[u|ly22q), and dist(Bg, 9€2), such that

1 / 1 22
L va +—/ D2 < C.
R+2 Br (x0) R" Br(x0)

for any R < Ry.

Proof. The estimate follows from Lemma A.1 and the quadratic growth of u, as given by Theorem 1.7. [J
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Appendix B. a remark on the one-phase problem

here, we show that the one-phase problem, as presented in Definition 1.2, and the analysis of the
minimizers which happen to be nonnegative are structurally very different questions. indeed, while a
“typical” one-phase minimizer exhibits nontrivial open regions in which it vanishes, the free minimizers
that are nonnegative do not show the same phenomena. as a prototype result for this, we point out the
following observation:

Proposition B.1. Suppose that 0 € w, u € "' (w) is such that u > 0 in wN{x, >0} and u =0 in wN{x, <0}.

then, u cannot be a local minimizer for the functional j in w in the class of admissible functions - given
in (1-2).

Proof. without loss of generality, we can assume that by CC w. let ¢ € ¢{° (b2, [0, 1]) be such that ¢ =1
in b;. letalso ¢ € (0, 1) and u, :=u — e¢.

we observe that the regularity of u and the fact that u(x’, 0) =0 < u(y) for any x’ such that (x’, 0) € b,
and any y € b, give that, for every x = (x', x,,) € by,

ulx) < kx,%,
for some k > 0. consequently, for every x € by with |x,| < +/¢/k we have that
ug(x) < kx,% —e<0.
this gives that, for any x € (—1/n, 1/n)"~! x (0, \/¢/K) =: Q.,

ug(x) <0 <u(x),

as long as ¢ > 0 is sufficiently small.
Also note that u, < u and so {u, > 0} € {u > 0}. Accordingly, computing the energy functional in B,

Jlue] = J{ul =/ (18w 2 = [AuP) + B2 O {ue > 0} — [ B2 (u > 0)]
B>

=/ (18u —eA@l —|Aul®) — By N {ue <O < ul
B>

</ (21Ag[2 — 26 Aung) — |Q |<c8—(2>"7l )
X 5 @ @ el & » X )

provided that ¢ is small enough. O

Appendix C. Proof of an auxiliary result
For completeness, in this appendix we provide the proof of Proposition 4.3.

Proof of Proposition 4.3. Given § > 0, let p € 92 with |u(p)| > §. By (4-6), we can find p > 0 such that

80 B,(p)  {lu(p > 5. (€1
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)

Letp e C°(B , with ¢ =0 along 0€2. For each ¢ € R with |g| < ,
? € Co(Bo(p)), with ¢ =Oalong S S g

‘We observe that

we letu, :=u-+eg.

X{u€>0} = X{M>O}’ in Q (C_z)

Indeed, if x € 2\ B,(p), we have that ¢ (x) = 0, and thus u,(x) = u(x), proving (C-2) in this case. If
instead x € QN B,(p), by (C-1) we can assume u(x) > §/2 (the case u(x) < —4/2 being similar). Then,

Slgl~ 8

)
e (x) = u(x) —ellpllpe > = — :
‘ 2 A0+ @llomny) 4

and hence
X{ue>0}(x) =1= X{u>0}(x)a

completing the proof of (C-2).
As a byproduct of (C-2), we have that

0<J[ug]—f[u]=/

(|Au+8A¢|2—|Au|2):/ (2eAulg + | Ap?)
QNB,(p)

QNB,(p)

yielding that

/ Aulg =0. (C-3)
QNB,(p)

That is, defining v := Au, we have that v is weakly harmonic in 2N B, (p), hence harmonic in QN B,(p),
and therefore, v is smooth in 2N B, (p), up to the boundary. Hence, we deduce from (4-7) and (C-3) that

0= / VAP = (div(vVe) —div(p Vo)) = / (voy ¢ — Ppo,v) = / Vo,
QNB,(p) QNB,(p) (92)NB,(p) (02)NB,(p)

Therefore, since v is continuous on (9€2) N B,(p), thanks to (4-7), we find that v(p) = 0.
By taking § arbitrary, we thus conclude that v =0 on (3€2) N {|u| > 0}. This and (4-8) give that

v=0 along 0%2. (C-4)
Now we prove (4-9) by arguing by contradiction: We define V := —v = —Au, and we suppose that
M :=supV > 0.
Q

Now, we use (4-7), and we find some p > 0 such that V is continuous in a p-neighborhood of 92 that
we denote by O,. Thus, V is uniformly continuous in O, >. In particular, there exists § € (0, p/2) such
that if x, y € Os with |[x — y| <6, then |V(x) — V(y)| < %

Consequently, taking y € 92 and recalling (C-4), we find that

V()| < % for every x € O, (C-5)
and, as a result,

O<M=supV =sup V. (C-6)
Q Q\Os
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Furthermore, in view of Lemma 4.1, for every ¢ € C(‘)’Q(Q, [0, +00)),

fVA¢=—/AuA¢>0,
Q Q

hence V is weakly subharmonic. From this, (C-6), and Theorem B in [Littman 1963], we deduce
that V = M a.e. in Q. This is in contradiction with (C-5), hence the claim in (4-9) is established. [l
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conductivity theory of free lattice fermions in disordered media. Disorder is modeled by a random external
potential, as in the celebrated Anderson model, and a nearest-neighbor hopping term with random complex-
valued amplitudes. In accordance with experimental observations, via the large-deviation formalism, our
previous paper showed in this case that quantum uncertainty of microscopic electric current densities
around their (classical) macroscopic value is suppressed, exponentially fast with respect to the volume
of the region of the lattice where an external electric field is applied. Here, the quantum fluctuations of
linear response currents are shown to exist in the thermodynamic limit, and we mathematically prove
that they are related to the rate function of the large-deviation principle associated with current densities.
We also demonstrate that, in general, they do not vanish (in the thermodynamic limit), and the quantum
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1. Introduction

Surprisingly (in view of [Ferry 2012]), experimental measurements [Weber et al. 2012] of electric
resistance of silicon nanowires doped with phosphorus demonstrate that the macroscopic laws for charge
transport are already accurate at length scales larger than a few nanometers, even at very low temperatures
(4.2 K). As a consequence, microscopic (quantum) effects on charge transport can very rapidly disappear
with respect to growing space scales. Understanding the breakdown of the classical (macroscopic)
conductivity theory at microscopic scales is an important technological issue, because of the growing
need for smaller electronic components.

From a mathematical perspective, the convergence of the expectations of microscopic current densities
with respect to growing space scales is proved in [Bru et al. 2016; Bru and de Siqueira Pedra 2015a],
but no information about the suppression of quantum uncertainty was obtained in the macroscopic limit.
In [Aza et al. 2019], in accordance with experimental observations, it was proved for noninteracting
lattice fermions with disorder that quantum uncertainty of microscopic electric current densities around
their (classical) macroscopic value is suppressed exponentially fast with respect to the volume of the
region of the lattice where an external electric field is applied. This is proved in [Aza et al. 2019]
via the large-deviation formalism [Deuschel and Stroock 1989; Dembo and Zeitouni 1998], which has
been used in quantum statistical mechanics since the 1980s [Aza et al. 2017, Section 7]. Given a fixed
electromagnetic field £, we derive in particular in [Aza et al. 2019] the (good) rate function I©) associated
with microscopic (linear response) current densities! xf) eR, Le [RR(J)r , meaning in this case that, in a
cubic box of volume L? (d-dimensional lattice), for any a, b € R,

Prob[ng) € la, b]] ~ g~ L infreasy 1<€>(x)’ as L — o0, (1)

with 1) > 0 and I'©)(x) = 0 if and only if x is the macroscopic (linear response) current density, x ().
In this paper, we complement these studies by rigorously showing two new properties of charge
transport of quasifree fermions in disordered media:

(a) The quantum fluctuations of linear response currents exist in the thermodynamic limit and are
meanwhile explicitly related to the rate function I®), as expected.

(b) In general, the quantum fluctuations of currents do not vanish in the thermodynamic limit and the
quantum uncertainty around the macroscopic current density disappears exponentially fast with
an exponential rate proportional to (x — x©))? and the inverse current fluctuation, with respect to
growing space (volume) scales.

Properties (a) and (b) refer to Theorems 3.1 and 3.3, which are the main results of this paper.

Our results show that the experimental measure of the rate function I® (see (1)) leads to an experimental
estimate on the corresponding quantum fluctuations. Conversely, an experimental estimate on these
quantum fluctuations gives the behavior of the corresponding rate function 1) around the macroscopic
current density x©). This fact is certainly not restricted to fermionic currents.

n some direction of RY.
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Note that the existence of quantum fluctuations and associated mathematical structures has been
extensively studied for quantum many-body systems. This refers, for instance, to the construction of
so-called algebra of normal fluctuations for transport phenomena, which are related to quantum central
limit theorems (see, e.g., [Bru et al. 2014; 2016; Goderis et al. 1989a; 1989b; 1989c; 1990a; 1990b; 1991],
as well as [Verbeure 2011, Chapter 6]). The explicit relation (a) we derive between quantum fluctuations
and the large-deviation formalism in quantum statistical mechanics [Aza et al. 2017, Section 7] is, however,
a new general observation on quantum many-body systems.

We use the mathematical framework of [Aza et al. 2019; Bru and de Siqueira Pedra 2015a; 2017a] to
study fermions on the lattice. For simplicity we take a cubic lattice Z¢, even if other types of lattices can be
considered with very similar methods. Disorder within the conductive material, due to impurities, crystal
lattice defects, etc., is modeled by (i) a random external potential, as in the celebrated Anderson model,
and (ii) a nearest-neighbor hopping term with random complex-valued amplitudes. In particular, random
(electromagnetic) vector potentials can also be implemented. The celebrated tight-binding Anderson
model is one particular example of the general case considered here.

In order to prove Property (a), i.e., Theorem 3.1, we use the large-deviation formalism and follow the
argument lines of [Aza et al. 2019, Section 4] to show [Aza et al. 2019, Theorem 3.1] via the Akcoglu—
Krengel ergodic theorem [Aza et al. 2019, Theorem 4.17], for one has to control the thermodynamical
limit of (finite-volume) generating functions that are random. We perform, in particular, the same box
decomposition of these random functions, which can be justified with the help of the Bogoliubov-type
inequality [Aza et al. 2019, Lemma 4.2] and the “locality” (or space decay) of both the quasifree dynamics
and space correlations of KMS states, which is a consequence of Combes—Thomas estimates [Aza et al.
2019, Appendix A] (see [Aza et al. 2019, Section 4.3]). In this paper, we only give the new arguments
that are necessary to prove Property (a), like the existence of the thermodynamic limit of quantum
fluctuations of currents and the continuity of the second derivative of the generating function. In particular,
as in the proof of [Aza et al. 2019, Corollary 4.20], we use the (Arzela—)Ascoli theorem [Rudin 1991,
Theorem AS5], which requires uniform bounds on the third-order derivatives of finite-volume generating
functions. This proof is much more computational than the one of [Aza et al. 2019, Proposition 4.9],
which only controls the first and second derivatives of the same function. Note that derivatives of the
logarithm of the expectations of an exponential, like the generating function we consider here, are
generally related to so-called “truncated” or “connected” correlations. We demonstrate that it is the case
for the third-order derivative we refer to above, allowing the reader to follow the computation of that
derivative in a systematic way. Considering the third-order case, the algorithm to compute the derivatives
of the generating functions at any order becomes apparent, showing that the generating function is in fact
smooth. We give below further remarks on that.

In order to prove Property (b), i.e., Theorem 3.3 (Theorem 3.1 being proved), we rewrite the second
derivative of the generating function, which is the thermodynamic limit of the quantum fluctuations of
currents (Theorem 3.1(i)), as a trace of some explicit positive operator in the one-particle Hilbert space.
This quantity can be estimated from below by the Hilbert—Schmidt norm of a kind of current observable
in the one-particle Hilbert space. Various computations and estimates then imply Theorem 3.3.
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As discussed in [Aza et al. 2019], observe the existence of vast mathematical literature on charged
transport properties of fermions in disordered media, see for instance [Schulz-Baldes and Bellissard 1998;
Bellissard et al. 1994; Bouclet et al. 2005; Klein et al. 2007; Klein and Miiller 2008; 2015; Dombrowski
and Germinet 2008; Prodan 2013; Brynildsen and Cornean 2013]. However, it is not the purpose of this
introduction to go into the details of the history of this specific research field. For a (nonexhaustive)
historical perspective on linear conductivity (Ohm’s law), see, e.g., [Bru and de Siqueira Pedra 2015b] or
our previous papers [Bru et al. 2014; 2015a; 2015b; 2016; Bru and de Siqueira Pedra 2015a; 2016; 2017a].

To conclude, this paper is organized as follows:

e In Section 2, we describe the mathematical framework, which is the one from [Aza et al. 2019; Bru
and de Siqueira Pedra 2015a; 2017a]. It refers to quasifree fermions on the lattice in disordered
media. Although all of the problem can be formulated, in a mathematically equivalent way, in
the one-particle (or Hilbert space) setting [Aza et al. 2019, Appendix C.3], since the underlying
physical system is a many-body one, it is conceptually more appropriate to state our results within the
algebraic formulation for lattice fermion systems, as in [Aza et al. 2019; Bru and de Siqueira Pedra
2015a; 2017a]. Short complementary discussions on response of quasifree fermion systems to
electric fields can be found in [Aza et al. 2019, Appendix C].

e In Section 3, the main results are stated. In particular, Property (a) described above refers to
Section 3.1, while Property (b) is explained in Section 3.2.

 Section 4 gathers all technical proofs. In particular, Sections 4.1-4.2 give preliminary definitions and
observations, while Sections 4.3 and 4.4 refer to the proofs of Theorems 3.1(i) and 3.3, respectively.

Notation 1.1. A norm on a generic vector space X is denoted by || - || ». The Banach space of all bounded
linear operators on (X, | - || x) is denoted by B(X’). The scalar product of any Hilbert space & is denoted
by (-, -)x. We use the convention RT = {x € R : x > 0}, while R = R+ U {0}. For any random
variable X, E[X] denotes its expectation and Var[X] its variance.

2. Setup of the problem

We use the mathematical framework of [Aza et al. 2019; Bru and de Siqueira Pedra 2015a; 2017a] in
order to study fermions on the lattice.

2.1. Random tight-binding model . We consider conducting fermions in a cubic crystal represented
by the d-dimensional cubic lattice Z¢ (d € N). The corresponding one-particle Hilbert space is thus
h = ¢2(7¢; C). Its canonical orthonormal basis is denoted by {ex}yecze, Where e, (y) =4, , forall x, y € 74,
(x,y 1s the Kronecker delta).
Disorder in the crystal is modeled via a probability space (€2, 2q, ag), defined as follows: Using the
sets
D={zeC:lz]<1} and b={{x,x}CZ% |x—x|=1},

we define
Q=[-1,1" xD* and Ag=(®,cz0A") ® (®reoAP).
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where Ql,(cl), x €79, and 2(&2), x € b, are the Borel o -algebras of, respectively, the interval [—1, 1] and the
unit disc D, both with respect to their usual metric topology. The distribution ag is an ergodic probability
measure on the measurable space (€2, 2lg). See [Aza et al. 2019] for more details. Below, E[ -] and
Var[ - | always refer to expectations and variances associated with agq.

Given ¥ € IR(J)r and w = (w1, w2) € 2, we define a bounded self-adjoint operator A, y € B(h) encoding
the hopping amplitudes of a single particle in the lattice:

d
[Aw,s (¥)](x) iZdw(x)—Z((l +ow(fx, x —e; )Y (x—ej)+ ¥ (x+e)) (1 +0wa(fx, x+e;]))) (2)
j=1
for any x € 7% and € b, where {ek}i:1 is the canonical basis of R?. If ¥ =0, Ay 0 1s (up to a minus
sign) the usual d-dimensional discrete Laplacian. Random (electromagnetic) vector potentials can also be
implemented in our model, since w; takes values in the unit disc D € C. Then, the random tight-binding
model is the one-particle Hamiltonian defined by

K =Ny +ho), o= (0,o)eQ, iV eR], 3

where the function w: Z¢ — [—1, 1] is identified with the corresponding (self-adjoint) multiplication
operator. The celebrated tight-binding Anderson model corresponds to the special case ¥ = 0.

2.2. C*-algebraic setting . We denote by U the universal unital C*-algebra generated by elements
{a(¥r)}yep satisfying the canonical anticommutation relations (CAR): For all ¥, ¢ € b,

a(ap) = —alp)a(¥), a@a(@)”+alp) a@) = (¥, g1 “)

As is usual, a(y) and a(¥)* refer to, respectively, annihilation and creation operators in the fermionic
Fock space representation.

For all w € Q and A, ¥ € [Rﬁ(')Ir , a dynamics on the C*-algebra U/ is defined by the unique strongly
continuous group 7(® = (r,(w)) rer of (Bogoliubov) x-automorphisms of I/ satisfying

7 a@W) =aE” ¥), teR, ¢y ebh. (5)

See (3), as well as [Bratteli and Robinson 1997, Theorem 5.2.5], for more details on Bogoliubov
automorphisms.

For any realization o € 2 and disorder strengths A, € R, the thermal equilibrium state of the system
at inverse temperature 8 € R (i.e., B > 0) is by definition the unique (), §)-KMS state o(“’, see
[Bratteli and Robinson 1997, Example 5.3.2.] or [Pillet 2006, Theorem 5.9]. It is well known that such a
state is stationary with respect to the dynamics 7(“), that is,

() (@) (®)

oot =0, wel,tel.

The state 0(“ is also gauge-invariant, quasifree, and satisfies

@ @a) = (V. gmre). @ €b. ©
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The gauge-invariant quasifree state with two-point correlation functions given by (6) for § = 0 is the
tracial state (or chaotic state), denoted by tr € U/*.

Recall that gauge-invariant quasifree states are positive linear functionals p € U* such that p(1) =1
and, for all Ny, N2 e Nand ¥q, ..., ¥n4n, €0,

p(a*(Yn)---a*Wn)aWn+n,) - a(Yn,+1)) =0 (7
if N; # N,, while in the case Ny = N, = N,
p@*(Yn)---a*(Wn)a(on) - - a(Yyy1)) = det[p(a*(‘/fk)a(l/fN-i-l))]]]:l:l- (3

See, e.g., [Araki 1970/71, Definition 3.1], which refers to a more general notion of quasifree states. The
gauge-invariant property corresponds to (7) whereas [Araki 1970/71, Definition 3.1, Condition (3.1)] only
imposes the quasifree state to be even, which is a strictly weaker property than being gauge-invariant.

2.3. Linear response current density . (i) Paramagnetic currents: Fix w € Q and 9 € [F\R(J)r . For any

oriented edge (x, y) € (Z9)?, we define the paramagnetic’ current observable by

12 = =23m((er. Ay pey)y alen)*aley)), ©)

where, as is usual, the real and imaginary parts of any element A € I/ are respectively defined by
Ne(A) = %(A +A*) and JIm(A) = zll_(A —A"). (10)

The self-adjoint elements 7 @)

) € U are seen as current observables, because they satisfy a discrete
continuity equation, as explalned in [Aza et al. 2019, Appendix C]. This “second-quantized” definition of
a current observable and the usual one in the one-particle setting, as in [Schulz-Baldes and Bellissard
1998; Bouclet et al. 2005; Klein et al. 2007], are perfectly equivalent, in the case of noninteracting

fermions. See for instance [Aza et al. 2019, Appendix C.3].

(i) Conductivity: Asis usual, [A, B]= AB— B A €U denotes the commutator between the elements A € U
and B e U. For any finite subset A C Z¢, we define the space-averaged transport coefficient observable

C(w) e CY(R; B(R?; U?)), with respect to the canonical basis {eq}d_1 of RY, by the corresponding matrix
entries

) 1 (@) 7(@) 7@
{cy’ (t)}k,q:m Z fz[rw(]”e o) i 0] de

X, yeA

x+eg,y+egeN 2 Sk p

IAI

D NRe((errep Awpera(erie) ales) (1)

xeA

2Diama\gnetic currents correspond to the ballistic movement of charged particles driven by electric fields. Their presence
leads to the progressive appearance of paramagnetic currents which are responsible for heat production. For more details, see
[Bru and de Siqueira Pedra 2015a; Bru et al. 2015b; Bru and de Siqueira Pedra 2016] as well as [Aza et al. 2019, Appendix C] on
linear response currents.
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foranywe Q,teR, A, 0 € R, and k, q €{1,...,d}. Itis the conductivity observable matrix associated
with the lattice region A and time ¢. See [Aza et al. 2019, Appendix C]. In fact, the first term in the right-
hand side of (11) corresponds to the paramagnetic coefficient, whereas the second one is the diamagnetic
component. For more details, see [Bru and de Siqueira Pedra 2016, Theorem 3.7].

(iii) Linear response current density: Fix a direction w € RY with || w|jg¢ = 1 and a (time-dependent)

continuous, compactly supported, electric field £ € Cg (R; R?), i.e., the external electric field is a continuous
function ¢ — £(t) € R? of time € R, with compact support. Then, as it is explained in [Aza et al. 2019,
Appendix C] as well as in [Bru and de Siqueira Pedra 2015a; 2016] 3, the space-averaged linear response
current observable in the lattice region A and at time ¢ = 0 in the direction w is equal to

d 0
109 = 3wy / {E@){C (~)) rq 4o (12)
k,q=1 -0
By [Bru et al. 2016; Bru and de Siqueira Pedra 2015a], the macroscopic (linear response) current density
produced by electric fields £ € CS(R; R?) at time ¢ = 0 in the direction w is consequently equal to

.. (-, E)
¥ = Tim E[o"(1y,”)] R, (13)

where Ap ={ZN[—L, L]} forany L € IR(J)r . In order to obtain the current density at any time € R in
the direction w, it suffices to replace £ € Cg (R; R?) in the last two equations with

El)=E(+1), acR. (14)

For a short summary on response of quasifree fermion systems to electric fields, see [Aza et al. 2019,
Appendix CJ.

2.4. Large deviations for microscopic current densities. Fix again a direction w € R? with |0 ||ge« = 1
and a time-dependent electric field £ € Cg (R; RY). Recall that A; = {ZN[—L, L]}¢ for any L € [Ri(“)L .
From [Bru et al. 2016; Bru and de Siqueira Pedra 2015a] combined with [Aza et al. 2019, Corollary 3.2],
it follows that the distributions* of the microscopic current density observables (I]X”L’g)) Ler+, in the
state Q(w), weak™ converge, for o € 2 almost surely, to the delta distribution at the macroscopic value x©,
well-defined by (13). By [Aza et al. 2019, Corollary 3.5], the quantum uncertainty around the macroscopic
value disappears exponentially fast, as L — oo.

To arrive at that conclusion, we use in [Aza et al. 2019] the large-deviation formalism for the micro-
scopic (linear response) current density in the state o®). More precisely, we prove in [Aza et al. 2019,
Corollary 3.2] that, almost surely> (or with probability one in ), for any Borel subset G of R with interior

3Strictly speaking, these papers use smooth electric fields, but the extension to the continuous case is straightforward.

“4Here, as in [Aza et al. 2019], the distribution associated to a selfadjoint element A of a unital C*-algebra 2( and to a state on
this algebra is the probability measure on the spectrum of A representing the restriction of the state to the unital C*-subalgebra
of 2 generated by A. Recall that this measure exists and is unique, by the Riesz—Markov representation theorem.

5The measurable subset C Q of full measure of [Aza et al. 2019, Corollary 3.2] does not depend on § € R, 9, 1€ [R{(')",

£eCYR:RY), and i € RY with [|i]|ge = 1.
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and closure respectively denoted by G° and G,

— inf 1€)(x) < lim inf - In o (119 € 6]) < limsup —— In 0@ (112 € G]) < — inf 1) (x).
L— |A | L L—00 | L| L )CG@

By an abuse of notation®, we applied above the (discontinuous) characteristic function 1[x € G] to [I(") 2

Here, by [Aza et al. 2019, Theorems 3.1, 3.4, and Corollary 3.2], the so-called good’ rate function I(g) is
a deterministic, positive, lower-semicontinuous, convex function defined by

1©(x) = sup{sx — J(“'g)} >0, xeR, (15)

seR

where
J© = lim L [E[an ( lAL‘( "

L—o0 | |

)] eRr (16)

forall Be R*, 9, A e R}, £ € CJ(R; RY), and w € RY with ||]|gs = 1. By [Aza etal. 2019, Theorem 3.4],
I©) restricted to the interior of its domain is continuous and, as clearly expected, the rate function 1)
vanishes on the macroscopic (linear response) current density x(©), i.e., 1©) (x(®)) =0, whereas I©) (x) > 0
for all x # x©).

For any € € C8 (R; RY), note that (15) means that I©) is the Legendre—Fenchel transform of the
generating function s > J© from R to itself, which is a well-defined, continuously differentiable,
convex function, by [Aza et al. 2019, Theorem 3.1]. Moreover, by [Aza et al. 2019, Corollary 4.20 and
Equation (54)], for any B € R*, 9, » € R}, £ € CJ(R; RY), € R? with ||w||gs = 1, the macroscopic
current density defined by (13) can be expressed in terms of the generating function

x®=09,309 _ . (17)

3. Main results

In order to provide a rather complete study of conductivity at the atomic scale for free-fermions in a lattice,
we analyse here the rate function defined by (15) in much more detail than in [Aza et al. 2019]. See [Aza
et al. 2019, Corollary 3.2]. We focus on the behavior of the rate function near the macroscopic value of
the current density (see (17)), because it establishes a very interesting connection between exponential
suppression of quantum uncertainties at the atomic scale and the concept of quantum fluctuations, in the
case of currents.

3.1. Quantum fluctuations of linear response currents and rate function . For any inverse tempera-
ture B € R, disorder strengths 9, A € [R , disorder realization w € €, direction w € R? with || W||ge = 1,
and time-dependent electric field £ € Cg([R, R?), the quantum fluctuations of linear response currents in

OIn fact, the object g(“’)(l[ﬂg\wf) € g]) can be easily given a precise mathematical sense by using the (up to unitary
equivalence) unique cyclic representation of the C*-algebra U associated to the state 0@, noting that the bicommutant of a
*-algebra in any representation is a von Neumann algebra, and thus admits a measurable calculus.

1t means, in this context, that {x € R: 1© (x) < m} is compact for any m > 0.
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cubic boxes are defined to be
FO = a0 (0((057)) = (15,7)") z 0. LeRy. (18)

with Ay ={ZN[—L, L]}¥ and I]X‘)L’g) (t) being the space-averaged linear response current defined by (12).
Observe that

AL (19F 1), LeRg,
is the (total) current linear response (in the direction w) to the electric field; and, consequently,

F9 = S @A) = o (A1), Lery, (19)
are naturally seen as (normal) quantum fluctuations of the (total) linear response current. Note that
these quantum fluctuations are not quite the same current fluctuations of [Bru et al. 2014; 2016], which
correspond only to the paramagnetic component of the current, whereas (F £w’5)) also includes the
diamagnetic one, and thus refers to the total current.

Recall that x© is the macroscopic (linear response) current density defined by (13), and 1(5) (see (15))
is the (good) rate function associated with the large deviation principle of the sequence { )} Ler+ Of
microscopic current densities, in the KMS state Q(“’) and with speed |AL|. See, e.g., [Aza et al. 2019,
Theorems 3.1, 3.4, and Corollary 3.2]. We are now in a position to connect the quantum fluctuations of
(linear ) currents with the generating and rate functions associated with the large-deviation principle for
microscopic current densities.

Theorem 3.1 (Quantum fluctuations and rate function). There is a measurable subset Q C Q2 of full
measure such that, for all B € R*, 9, A € [R(J)r, weQ,Ec Cg([R{; RY), and w € RY with ||W||ge = 1, the
following properties hold true:

(i) The generating function s — J) defined by (16) belongs to C*(R; R) and satisfies

87199 _y= lim E[F;""]= lim F;"% >0, (20)
(ii) The rate function I'®) satisfies the asymptotics

1 2 2
I(g)(x) = 28‘2 J(Sg) |S=O (x —_x(g)) +0((x _x(g)) )’

provided that 83 J69 |9 £ 0.

Proof. Fix all parameters of the theorem. By Corollary 4.2, the generating function s — J*) belongs
to C?(R; R) and satisfies (20). As explained after Corollary 4.2, under the assumptions of Theorem 3.1,
one can straightforwardly extend our arguments to prove that the generating function s > J©&) defined
by (16) is infinitely differentiable. Assertion (i) thus holds true. It remains to prove Assertion (ii): Since
the map s — J©© from R to itself is convex and belongs (at least) to C!(R; R) (see, e.g., Assertion (i) or
[Aza et al. 2019, Theorem 3.1]), all finite solutions s(x) € R to the variational problem (15) for x € R, i.e.,

1(5)(x) =s(x)x — J(S(X)g)’ (21)
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satisfy
x = f(s(x)), (22)

with f being the real-valued function defined by

f(s) =839, seR. (23)
Assume now that BSZ J69 o = 0, which is equivalent in this case to

3 f(0) =0} 159| _ >0, (24)

by positivity of fluctuations (see (i)). Since, by Corollary 4.2, the mapping s > J*€) from R to itself
belongs (at least) to C2(R; R), by the inverse function theorem combined with (21)—(24) and (17), there
is an open interval

ZC{f(s):se€Rsuchthatd; f(s) >0} CR

containing x®) = £(0) and a C'-function x > s(x) from Z to R such that (21)—(23) hold true. In particular,

3 f(s(x)) = 82 J(S‘S)|S=S(x)> 0, xeZ. (25)
Clearly,
1
0s(x)=————, xel. 26
)= 3760 (26)

We thus infer from (21)—(23) and (26), together with (i), that
Bxl(g)(x) =sx), xeZ.
Consequently, 3,1 is differentiable on Z with derivative given by
O (x) =d,s(x), xeZ.

As a consequence, I©) is twice differentiable on Z D {x©)} and, using the Taylor theorem at the point x ),
one obtains that

I90) =s(x@)(x —x©) + %axs(x“))(x —x®)? 4 o((x —x©)?), (27)

provided (24) holds true. Since, by (17), (23), and (26), s(x®)=0and

£ 1 1
8xS(x( )) — asf(()) = 83](55)

one thus deduces (ii) from (27). O

s:O’

This theorem is a very interesting observation on the physics of fermionic systems, because it shows
that the experimental measure of the rate function of currents around the expected value leads to an
experimental estimate on the corresponding quantum fluctuations. Conversely, by Theorem 3.1, an
experimental estimate on these quantum fluctuations gives the behavior of the corresponding rate function
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around the expected value. This phenomenon is certainly not restricted to fermionic currents, and this is a
new observation on transport properties of quantum many-body systems, to our knowledge.

Remark 3.2 (Extension of Theorem 3.1). The proof of Theorem 3.1 can be generalized to very general
kinetic terms (i.e., it does not really depend on the special choice A, »), provided the pivotal Combes—
Thomas estimate holds true for the one-particle Hamiltonian. Note, however, that this would require
a new, more complicated, definition of currents, which results from the commutator of the density
operator at fixed lattice site with the kinetic term (cf. continuity equations on the CAR algebra [Bru and
de Siqueira Pedra 2016, Equations (38)—(39)]). We did not implement this generalization here, because
we think that, conceptually, the gain is too small as compared to the drawbacks concerning notations,
definitions, and technical proofs. Instead, we aim at obtaining an extension of Theorem 3.1 to weakly
interacting fermionic systems by using new constructive methods based on Grassmann—Berezin integrals,
Brydges—Kennedy expansions, etc.

3.2. Nonvanishing quantum fluctuations of linear response currents . By Theorem 3.1, the behavior
of the rate function within a neighborhood of the macroscopic current densities is directly related to
the quantum fluctuations of the linear response current, provided these fluctuations do not vanish in the
thermodynamic limit, i.e., if 83 J68 |9 # 0 (see Theorem 3.1(i)). We do not expect this situation to
appear in presence of disorder. We discuss this issue in Section 4.4, where we give sufficient conditions
ensuring nonvanishing quantum fluctuations of linear response currents in the thermodynamic limit. This
study leads to the following theorem:

Theorem 3.3 (Sufficient conditions for nonzero quantum fluctuations). Take 9, A € RY, T, B € RT,
& € CY(R; RY) with support in [T, 0], and & = (wy, ..., wg) € RY with ||0||pe = 1. Assume that the
random variables {w1(z)},cz¢ are independently and identically distributed (i.i.d.). Then, for sufficiently
small T and ¥,

2~ (W)
e L] J—_—

=0 (1+el3(2d(2+ﬁ)+)\))2 Var[(-)1(0)],

with

—0o0

0 d 0 2
TED = ( / (w,E(Ot))Rdotzdoz> %Z(u}k / (5(a))ka2da) -
=1 —o0

In particular, 83 169 o % 0 whenever TED 5 0, w1(0) is not almost surely constant (and thus,
Var[(-)1(0)] > 0, by Chebyshev’s inequality), and T, ¥ are sufficiently small.

Proof. This is a direct consequence of (66) and (68) in Section 4. O

By Theorems 3.1 and 3.3, we thus demonstrate that, in general, the quantum fluctuations of linear
response currents do not vanish in the thermodynamic limit, and the quantum uncertainty around the
macroscopic current density x(€) disappears exponentially fast, as the volume of the cubic box A grows,
with a rate proportional to the squared deviation of the current from x©) and the inverse current fluctuation.
In particular, by combining Theorem 3.1(i) with Theorem 3.3 we can obtain an explicit upper bound on
the rate function I'©) around x(©.
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The fact that the random variables {w;(z)},cz« are independently and identically distributed (i.i.d.) in
Theorem 3.3 is not essential here: For any w € €, let w@ = (wiw), R wf;")) € R4 be the random vector
defined by

w,” = 201 (0) — w1 (er) — w1 (—ex)wi,  ke(l,....d},

with {ek},‘f:] being the canonical basis of R4, By (64), (66), and (67), it suffices that

2 0
[E[ :|=Var|:/ (w('),é'(oz))Rdazda] >0

—00
in order to ensure nonvanishing quantum fluctuations of linear response currents in the thermodynamic
limit, i.e., 82 J¢&) |;_ # 0.
Theorem 3.3 can be applied to the celebrated tight-binding Anderson model, which corresponds to the

0
/ (w'), E(a))gea® da

—o0

special case ¥ = 0. This is why we focus on this important example in this theorem. The remaining case
of larger parameters 9, T € [Rg can certainly be studied, even if this is not done here.

4. Technical proofs

4.1. Quasifree fermions in subregions of the lattice . Let P(Z%) C 22 be the set of all nonempty finite
subsets of Z¢. Like in [Aza et al. 2019, Section 2.1], we need the sets

3={2C2" (V21,20 €2) Z1 £ 2o = 21N 2, =0},
3t=3N{Z SPHZ: |2] < o0},
This kind of decomposition over collections of disjoint subsets of the lattice is important to prove
Theorem 3.1(1).
Recall that h = ¢%(Z¢; C), and B(b) is the Banach space of all bounded linear operators acting on b.

One can restrict the quasifree dynamics defined by (5) to collections Z € 3 of disjoint subsets of the
lattice by using the orthogonal projections Px, A C Z¢, defined on the Hilbert space b by

. (x) ifxeA,
(PAI) =1 28)
0 else,
for any ¥ € b. Then, the one-particle Hamiltonian within Z € 3 is, by definition, equal to
WY =" Pzh Py € B(b), (29)
ZeZ

where 1®) € B(h) is the random tight-binding model defined by (3) for any w € Q and A, ¥ € [RR(")|r . For
. . ith(w) . .
any Z € 3, it leads to the unitary group {e'’"z },cg acting on the Hilbert space §.
Similar to (5), for any Z € 3, we consequently define the strongly continuous group 7®%) = {tt(w’z)},eR
of Bogoliubov x-automorphisms of I/ by

[P @) =a@" ), reR yeb.
This corresponds to replace 4® in (5) with h(zw). Similarly, for any Z € 3, we define the quasifree
state 0z® by replacing 2“) in (6) with the one-particle Hamiltonian 4z’ within Z.
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If Z € 34, then both 7(@2) apd Q(Zw) can be written in terms of bilinear elements®, defined as follows:
The bilinear element associated with an operator in C € B(h) whose range, ran(C), is finite dimensional
is defined by

(A.CA)= ) (Wi, C¥jdpa(¥) a(y)), (30)
i,jel
where {1/;};c; is any orthonormal basis® of a finite dimensional subspace

H D ran(C) Uran(C™)

of the Hilbert space h. See [Aza et al. 2019, Definition 4.3]. For any w € Q and A, © € R, the range
of h(Zw) € B(h) is finite dimensional whenever Z € 3; and one checks that, for any time ¢ € R, inverse
temperature 8 € R™, finite collections Z € 3; and elements B € U,

tr(B e PANE A

. (w) . (w)
.L.t(a),z) (B) — ell(A,hZ A) B e—lt(A,hZ A) and Q(Z,C’U)(B) — = ,
tr(e‘ﬁ(A,hZ A))

where tr € U* is the tracial state, i.e., the gauge-invariant quasifree state with two-point correlation
functions given by (6) for 8 =0. See [Aza et al. 2019, Equations (27)—(28)]. The dynamics corresponds in
this case to the usual dynamics written in the Heisenberg picture of quantum mechanics, while the above
quasifree state is the Gibbs state at inverse temperature 8 € R™, both associated with the Hamiltonian
(A, hgf)) A) € U for Z € 3.

In order to define the thermodynamic limit, we use the cubic boxes A, = {Z N[, 21} for € € [R(T .

d
Then, as £ — oo, for any t € R, r,(w’{Al}) converges strongly to r,(“’) = rt(w’{z

b . (@)
, while o/, , converges
in the weak* topology to 0@ = Q{(;g}. For an explicit proof of these well-known facts, see for instance

[Ratsimanetrimanana 2019, Propositions 3.2.9 and 3.2.13].

4.2. Current observables in subregions of the lattice . Fix once and for all w € RY with |||z« = 1. By
[Aza et al. 2019, Equation (29)], for any 1,9 € R}, w € , £ € CJ(R; RY), Z € 3¢, and 2 € 3, the
linear response current observable is, by definition, equal to

d 0 —a
) . L2
=Y wY ¥ [ e [ Casie a0, )
—00

k,q=1 ZeZ x,yeZ
X+ex,yte, €2

wuy Y ([

k=1 ZeZ x,x+er€Z -

0
{E(O[)}q dOl) SRe((@r-‘,—ek s Aa),z? ex)“(ex—l—ek)*a(ex)), (31)

with {ek}z:] being the canonical basis of R?. Recall that fte(A) € U is the real part of A e U, see (10).
Note from (11)—(12) that
Rz = A0, A e P@, (32)

are linear response current observables within finite subsets of the lattice.

8This refers to the well-known second-quantization of one-particle Hamiltonians in the Fock space representation.
(A, C A) does not depend on the particular choice of H and its orthonormal basis.
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The above current observables can obviously be rewritten as bilinear elements (30) associated with
one-particle operators acting on the Hilbert space h. In order to give an explicit expression of these
operators, we first define, for any x € Z¢, the shift operator s, € B(h) by

G =Y(+y), yeZ' yeb. (33)

Note that s* =s_, =s_ ! for any x € Z¢. Then, for every w € Q and ¥ € R, the single-hopping operators
are

S)(cw)) = (ex, Aa),z?ey>b P{x}sx—yP{y}7 X,y € Zd, (34)

where Py, is the orthogonal projection defined by (28) for A = {u} and u € Z%. Observe that
(A, S A) = (e, Awpey)palen)®aley), x,ye€Z?

Similarly, by the identity
Im{(A, C A)} = (A, Im{C} A)

for any C € B(h) whose range is finite dimensional, the paramagnetic current observables defined by (9)
equals

I = =2(A, Sm{S)A),  x,yeZ’,

foreachw e Q and ¥ € IR(J)F. For any A, ¥ € Rt,weQ, e Cg(IR; RY), 2@ €3 and Z € 3y, the current
observable (31) can then be rewritten as

€ € €
RO = (A KSE A = Y (e K25 ey ales) aley), (35)
x,yezd

where K(zwzi)ﬂ € B(h) is the operator acting on the one-particle Hilbert space ) defined by

d 0
K@D =4y wey Y / {E(@)}, da

k,g=1 ZeZ x,yeZ
X+ex,yte,€Z

—o
ro—ish) o () ish o o)
x/o ds i[e”""=0 3m(S)7, (}e""=0, 3m{S,7, 1]
d

0
+2) we Y Y ( / {S(oz)}qda)ﬂte{S)(fj_)ek,x}. (36)
k —0oQ

=1 ZeZ x,x+ere”Z

Note that the range of this bounded and self-adjoint operator is finite dimensional whenever Z € 3;.

4.3. Differentiability class of generating functions . The aim of this section is to prove Theorem 3.1(i),
in particular that the generating function s — J©¢€) defined by (16) belongs to C*(R; R). By [Aza et al.
2019, Theorem 3.1], we already know that it is a well-defined, continuously differentiable, convex function.
So, one has to prove here that the second derivative of the generating function exists and is continuous. To
arrive at this assertion, we follow the argument lines of [Aza et al. 2019, Section 4], showing [Aza et al.
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2019, Theorem 3.1] via the control of the thermodynamic limit of finite-volume generating functions that
are random.

Fix once and for all B € R*, 1,9 € R}, and w € R? with || ||ge = 1. For any £ € CJ(R; RY), w € €,
and three finite collections Z, 2@, 2™ ¢ 3y, we define the finite-volume generating function

w,E £ 0
J( z(g) zm = 8?53@ Z@® 8?23@ FOR) (37)
where
) e (@) R@E 38
8z z0 z0 = |UZ| ntr(exp(—B(A z0 A)) exp( z<r>)) (38)

Recall that the tracial state tr € /* is the gauge-invariant quasifree state with two-point correlation function
given by (6) for 8 =0, while h(z<)w is the one-particle Hamiltonian defined by (29). See also (30) and (31).
Compare (37)—(38) with the equalities

€ = L e ALl
JO = im0 Ene® () .
u(‘” -£) (@,8) (39)

= lim lim lim ,
t) G L AL AL A L)

1 A
- ngrolo AL In o (e "
where the random variable w is in a measurable subset of full measure '°, by [Aza et al. 2019, Theorem 3.1
and Equation (45)]. Recall that A, ={ZN[—¢, ¢ 114 for ¢ e IR%+ See again (16) for the definition of
the generating function. In fact, by [Aza et al. 2019, Proposition 4.10], the above local generating
functions can be approximately decomposed into boxes of fixed volume, and we use the Akcoglu—
Krengel (superadditive) ergodic theorem [Aza et al. 2019, Theorem 4.17] to deduce, via [Aza et al. 2019,
Proposition 4.8], the existence of the generating functions as the thermodynamic limit of finite-volume
generating functions, as given in (39).
In order to prove that the generating function is continuously differentiable, one uses in [Aza et al.
2019, Corollary 4.20] the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS5]. This approach requires
uniform bounds on the first and second derivatives of the finite-volume generating functions

s> 1900 L0 EECIRRY, weQ, 2,2@ 20e 3, (40)

This is done in [Aza et al. 2019, Proposition 4.9], which establishes the following: Fixing £ € Cg([R; R?)
and By, s1, 91, A1 € R, one has

(w,sE)

sup {’3 J(w gt z,2 z@®

Z(@) z(1)
Be(0,811, ¥€[0,91]1, 1€[0,A1]
weR, se[—sy,s1], Z,2@ 203,

+ 927

} < o0. 41)
In order to get in the same way the existence and continuity of the second derivative of the generating
function, we need to control the third-order derivative of the same finite-volume generating functions (40).

10The measurable subset €2 € € of full measure of [Aza et al. 2019, Theorem 3.1] does not dependon g e RY, 9, A € [R(';',
£ e COR; RY) and ) € R with [ = 1.
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Equation (41) is proved by using the CAR (4) and the Combes—Thomas estimate [Aza et al. 2019,
Appendix A], in particular the bound

sup sup sup|(ex,e eiths’ ey)p| < 36elm=2ml 1y yezd 9 eRE, 1R, (42)
)LERJr Ze3 we

(see [Aza et al. 2019, Equation (7)]), where

. (1 n }
~pminl~s, —— 1 43
P =K m{z 8d(1+ ) ek 43)

the parameters 1, i € R* being two arbitrarily fixed (strictly positive) constants. For any £ € Cg([R?; R%)
and By, s1, 91, A| € Rt, the Combes—Thomas estimate leads also to the uniform estimates

1
sup sup § : ‘<ey’ SK@E g _sg@d)
BE©,p1], €l0,91], A€[0,11]  xezd | 4 l4+e 27220 Pz e z,2(0)
weR, se[—sy,51], Z,Z(Q),Z(T)ef’)f Y

)h‘ <00 (44)

(see the end of the proof of [Aza et al. 2019, Proposition 4.9]), as well as

sup sup sup sup , e < 00 (45)
9€l0.91] reR} Z.2Me3; weR IUZI yX: ‘ o ZZ() ) |
and
sup sup  sup sup|(ey, K(‘”Z(),>ey p| < C(‘s ") < 00 (46)

9€l0.91] reRy Z,ZMe3; weR

for x, y € 7%, where C )(Ci’,ﬁl) € R are constants satisfying

(5 " <50 and sup Z C)(f’,ﬂl) < 00. “47)

sup C; g

x,yez4 xezd yezd

Recall that K, Z(f) € B(h) is the operator defining linear response current observables, by (35)—(36).

In order to give a uniform estimate on the third-order derivative of the finite-volume generating
functions (40), similar to the proof of (41), we use again the Combes—Thomas estimate, which yields
(44)—(47). This proof bears, however, on more complex computations than the one of (41), which only
controls the first and second derivatives of the same function.

Proposition 4.1 (Uniform boundedness of third derivatives). Fix an electric field £ € Cg([R{; RY), w € R?
with ||W||ge = 1, and the parameters By, s1, 91, A; € RT. Then,

3 ((w,5E)
}3 JZ,Z@’Z(I)

sup
Be(0,11, ¥€[0,11, A€[0,A1]
weQ, se[—s1,81], Z2,2@, 203,

< Q.
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Proof. For any B € R, 9, A € R}, £ € CQ(R; RY), w € R? with [|W]lge = 1, and Z, 2@, 2 € 31, a
straightforward computation yields that

3 {(@.56) I 78 . @8 . a8
8s J;;(g)7z<r) = mw—s (ﬁzaiz(f)’ ﬁzajz(r)’ JgiZajz(r)) 48
(48)
_ 1 (@,8) \3 (@,8) \2 (@,€) (@,€) \3
Uz (wS((ﬁz,zm) ) - 3w5((ﬁz,z<f>) )ws (ﬁz,zm) + 2w (ﬁz,zm) )
where w; is the (unique) gauge-invariant quasifree state satisfying
1
(@ (p)ay)) =<1//, Y] @ ig@® <ﬂ> . @Y eb. (49)
14e 25220 Plzo 725220 [y

In the first equality of (48), wST( -3 - ; ) denotes the so-called “truncated” or “connected” correlation
function of third order, associated with the state @w,. Recall that, for all A;, A, A3z € U, this function is
defined by

@] (A1; Ag; A3) = @i (A1 A2 A3) — o (A (A2 A3) — w5 (Ar) (A1 As)
— w5 (A3)ws (A1 A2) + 2 (A g (Ar) g (A3).

(This is similar to [Aza et al. 2019, Proof of Proposition 4.9, until Equation (48)].) Recall that {¢,},c7« is
the canonical orthonormal basis of b, which is defined by e, (y) =4, , forall x, y € 7. By linearity and

continuity in each argument of @ (- ; - ; -), one has
3 (0,55) 1 (@,) (@,8) (@.)
05 Jz 20, 20 = UZ] Z (ex,, Kg,gm ey )p(ex,, Kgg(r) ey, )h(Cxs, Kg,g(r)em)h
x,',y,-EZd
ie{1,2,3}

x| (a*(ex,)aley,); a*(ex)aley,); a*(ex)aley,)).

Note that, by (8) and the fact that w is a gauge-invariant quasifree state,

W (a*(exl )a(eyl )a*(exz)a(eyz)a*(e,m)a(eyg))

W (a*(exl)a(eyl)) W (a*(exl)a(eyz)) W (a*(exl)a(eyg))
= det _ws(a(eyl)a*(exz)) ws(a*(exz)a(eyz)) ws(a*(exz)a(em)) = Z é:sg(xla Y1, X2, Y2, X3, ¥3)
— Wy (a(eyl)a*(ex3)) — Wy (a(e)*z)a*(e)c3)) Wy (a*(exS)a(en)) 8€9s

(use, for instance, [Bru and de Siqueira Pedra 2017b, Lemma 3.1] to get the above determinant), where

G3={{(1, 1), (2,2),3,3)}, {(1, 1), (2,3), 3,2}, {(1,2), 2, D, 3, 3)}}
U{{(1,2),(2,3), 3, D} {(1,3), (2, 1), (3,2)},{(1,3),(2,2), 3, D}}
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is a set of oriented graphs with vertex set {1, 2, 3} and

glID-CDGIN () 1, xa, 2, X3, 3) = s (a* (ex))aley) @y (@ (exy)a(ey,)) s (a* (e )aley,)),

glD-CHCDN () vy, x2, y2, 43, ¥3) = @ (@™ (ex))aley, ) w5 (@ (e, )aley,) s (aley,)a* (ex,)),
gl0DEDCI () vy xa, y2, X3, ¥3) = @y (a* (e, )aley,) s (aey,a* (ex,)) s (@ (ex,)aley,)),
gl2D@DCDN )y X, y2, X3, ¥3) = = (a* (ex)aley,) g (@™ (exy)aley,)) g (aley,)a* (ex,)),
gl0DCDCDN () vy, x2, y2, 43, ¥3) = @ (@ (ex))aley,) s (aley, )a* (ex,)) s (aley,)a* (ex,)),

gl1:3.CD.CDY oy 1 X, y2, X3, 3) = @y (a* (ex,)ale,) s (@™ (ex,)aey,)) @y (aley, )a* (er,)).

By elementary computations, one sees that taking connected correlations corresponds here, as is usual, to
only keep the terms associated with connected graphs. That is,

@] (a*(ex)aley,); a*(ey,)aley,); a*(ex)aley,))
= Wy (a*(exl )a(e)@))ws (a(eyl )a*(exz))ws (a(eyz)a*(e)q))

— Wy (a*(exl )a(eyz))ws (a*(exz)a(eyg))ws (a(eyl )a*(en))-

Hence,
SE
BIC) =K - K, (50)
where
. 1 (w,€) (@,8) (@,8)
K, = m Z <2X1’ Kga’)z(r)e)H)fJ <8X2’ Kga,)z(wem)b <2x3, Kgcfg(r)e%)h
{Ci,yiEZd
iefl,2,3) Xy (a*(em)a(ey_g))ws (a(ey1)a*(exz))w-s(a(eyz)a*(em)) (51)
and
-1 @.6) (@.6) (@.6)
K, = 1UZ| Z (ex,, Kzajz(r)eyl)h (ex,, K;gmeyz)b (exs, Kzofzmem)h
Xi, i €Z
iefl,2,3) ws(a*(exl)a(eyz))ws(a(eyl)a*(e)g))w—s(a*(exz)a(em))- (52)

Applying the triangle inequality, we now obtain that

1 £ £ £
K| < m Z [{ex;, K(gajz<)r>ey1>h| |{ex,, Ké‘fziwyz)hl |(exss K(zajz<)r)ey3>b|
xi,yi€z!
ie{l,2,3} |ws(a*(ex1)a(ey3))| |ws(a(ey1)a*(exz))| |ws(a(eyz)a*(%3))|
€ ¥ 1 £
< sup e, K0 endpl sup Y (e, K;“fz@emw D Hew K550 ey )]
X3,y3€zd X2€Zd yzEZ‘[ X1,)1 ezd
sup Y @@ (ex)ale,))] sup Y [w(aley)a* (e,))] sup Y [w(aey,)a* (ex,)l.
x1€z¢ yyezd ezt ez nerd g
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We can finally use (44)—(47) and (49) to arrive from the last upper bound at

sup |K;| < oo.
B€(0.B1], v€[0,91], re[0,A1]
weR, se[—sy,s1], Z,2@ 203,

The absolute value | K;| of the other term of 83 J (Zw;g)) 20 (see (50)—(52)) can be bounded exactly in the

same way. By the triangle inequality applied to (50), this concludes the proof. O
We can now sharpen the result given in [Aza et al. 2019, Corollary 4.20], stating that the mapping
s > J8 defined by (16) is continuously differentiable with

(@,8)
0 )

9,14 = lim —
L—o0 Q(w)(eslALIUAL' )

Thanks to (41) and Proposition 4.1, we now obtain the following assertion:

Corollary 4.2 (Differentiability of generating functions). There is a measurable subset Q C  of full
measure such that, for all € R*, 9,1 e R}, w € Q, £ € CY(R; RY), and w € R? with ||W||ge = 1, the
mapping s — 14 from R to itself belongs to C*(R; R) and

8,3°9 =g =x@ = lim E[o"(1y,7)] = lim o (15,7).

07309 im0 = lim E[F{"“]= lim F;"¥ =0,

L—o0

where F L(w,g) is the quantum fluctuation of the linear response current defined by (18) for any L € Rg .

See also (13) for the definition of the macroscopic current density x©.

Proof. [Aza et al. 2019, Corollary 4.19] states, among other things, the existence of a measurable set €2
of full measure such that, forall B e RT, 9, A e R, w e Q, £ € Cg(IR; RY), w € RY with ||0]|ge = 1,
and s € R,

&) __ . (w,sE)
= i Tt A - (53)

Fix from now on all parameters 8 € RT, 9, A € Ra’, weQ, Ec Cg([R?; R%), and w € R? with ||w||ge = 1.
By combining (41) and Proposition 4.1 with the mean value theorem and the (Arzela—)Ascoli theorem
[Rudin 1991, Theorem AS5], there are three sequences

(LY wen: (LS Y nen: AL }nen S RS (54)

with L > L% > L™ such that, as n — oo, the mappings

(w,sE)
A A s, m)
0 T

(w,sE)

sH—] {AL(n)},{AL(n)}s{AL(n)}
o T

)8 2
S = 85 J{AL(")}’{ALQ")}’{AL(I”)}’ and s+~ 8s J
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from R to itself converge uniformly for s in any compact subset of R. So, the mapping s > J*&) from R
to itself is a C2-function with

6) (©.58) () (l](a) €) SlAL\ I](a) S))
9, I8 = lim 9, 1,27 = lim
s J P e J J{AL WA ALy ™ 55 Q(“’)( S|AL\ ﬂ( 5))
and
2 1(s&) __ : 2 (w,sE)
3S J o LzEnglglL—mo 8 J{AL by {AL )

(w £)

@ (([@)2 SIALIEEEON (@) (a5IALITED () H(wf) sIALIT
. |AL|(Q (7)™ )o@ (™ ) — (0" (0
L—o0

))2)
(0@ (e v\Aun(“"”))z '
See (32). Note that the above limits for the first- and second-order derivatives do not need to be taken only
along subsequences, by the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS5] and (53). In particular,
fors =0,
£ : (¢ E) : (,8)
8,309 s=o = lim E[o")(I;;”)] = lim o (1,") (53)

and
07309 o= lim |ALIE[e") (1)) - (1}, ))’]

i (@) (@ E)\2 (@) (1(@,E)\\2 (56)
= Tim [AL]("(@5;)?) = (e 4y ™))).

By (18)—(19) and (56), 83 J6E) o is the thermodynamic limit of the quantum fluctuations of linear

response currents. O
From the proof of Proposition 4.1, it is apparent that the n-th derivative 9;' J(;;‘(?) 2m»> 1 €N, has the
following structure:
(w,5E) (@,8) (@,8)
dg Jz 20 20 = |UZ| Z Z (ex;, Kg ZmCyilp e (ex, Kg eyl
k=1 74
ke xw, (a*(ex,)aley,); -+ 3 a*(ey,aley,))
(@,€)
IUZ| Z Z Z sign(g){ex,, K z z<r> ey {ewe K22 e
9€G; k=1 1, y ez s [ Ths @ xr, y1, o xas ya),
leg
where G is the set of all connected oriented graphs g such that, for each vertex v e {1,...,n} of g € G,
there is exactly one line of the form (v, v;) € g and exactly one line of the form (v;, v) € g, for some
vy, 02 € {1, ..., n}. The constants k;(/; x1, y1, ..., Xn, Yn), L € {1, .. .,n}2, X1y Y1y -v-»rXn, Yn € 74, are
defined by

ws(a*(ex)aley)) ifi < j,
@ (aley)a*(ey) ifi> .
The quantity sign(g) € {—1, 1} is a sign only depending on the graph g € G;. By using this expression,

ks((i» ])7x1’ )71, ---,xnayn) = {

exactly as in the special case n = 3, for any fixed n € N and electric field £, one can bound the n-th
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(w,sE)
; ZS(Q)’ z
is a smooth function of s € R, by the (Arzela—)Ascoli theorem [Rudin 1991, Theorem AS5] used as in

the proof of Corollary 4.2. We refrain from working out the full arguments to prove this claim since

derivative 97 J , uniformly. This implies that the generating function s > J €) defined by (16)

absolutely no new conceptual ingredient would appear in this generalization.

4.4. Nonvanishing second derivative of generating functions at the origin . We discuss necessary con-
ditions for

97169 1,29 #£0, (57)

which is a condition appearing in Theorem 3.1(ii). In other words, the aim of this section is to prove
Theorem 3.3. To this end, it is convenient to write this quantity by means of the one-particle Hilbert
space b.

Lemma 4.3 (Quantum fluctuations on the one-particle Hilbert space). For all B € RT, 9,1 € R(J)“ ,
£ e CUR; R, and w € RY with |W|lge = 1,

2 1(s&) 1 1 -,&) 1
3SJS |s_ —_— hm _lALl[EI:Trh<K{ {Zd 1+e ﬁh()K{AL}v{Zd}l—Feﬂh(‘))]’

with Try being the trace on b = 02(74; ).

Proof. Fix all parameters of the lemma. Using (32) and (35) together with the quasifree property of o,
one obtains from (56) that

1 2 : B, w, w,
82J(Yg) |S =0 — hm | A | ( ( 5){Zd}ey> <el/ta 1<( 8){Zd}ev>h
XQ( )(a(ey)a(eu) )Q( )(‘l(ex) Cl(ev))a

x,y,u,veZd

because of the identity

pla(ex)*aley)alen) aley)) = plalex)*aley))plales) aley)) + plaley)ale,))plales) aley))

for any x, y, u, v € Z¢ and quasifree state p on i/, see (4) and (8). By (6) and straightforward computations,
the assertion follows. O

Therefore, (57) holds true if

. 1 (.,8) 1 (@,8) 1 )H
Lli)nclx){_|AL| ‘Trb<K{AL}v{Zd}1+e_/3h(w) K{AL}’{Zd}l—i—eﬂh((u) 28 > 0
for some strictly positive constant ¢ € R™. To verify this bound, we start with an elementary observation:

Lemma 4.4 (Quantum fluctuations and the Hilbert—Schmidt norm of K {(j\" i){ld }) ForallBeRT, 9, A€
Ry, weQ, e CYR;RY), and w € R with ||W||ge = 1,

(@,E) 1 (@,8) 1 ) 1 (@,) (@,E)
Trh(K{AL} (2] fe—Bh® K{AL},{zd}1+eﬁh(w> = (14eBRd2+9)+1))2 Trh((K{AL},{zd}) KAL {zd})
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Proof. Fix all parameters of the lemma. By the functional calculus, (1 +eF1)~1

are positive operators
satisfying
1 1

>
1+eEAh™ = | 4 eBsWbeq 11 l50)

1,

while, for any w = (w1, wr) € Q and A, ¥ € R,

1A 5y < 18w, 1) + Al I8y <242 +9) + 4, (58)
see (2)—(3). Since K @, 5) 74) is a self-adjoint operator (see (36) or (59) below), it thus suffices to use the
cyclicity of the trace to prove the lemma. (Il

Recall that K @ 5){1{1 is defined by (36), that is in this case,
K= o [ e (ad [Ny ) e )
k,q=1 -

where, for any k,g € {1,...,d},y e R, ), A e R, w € Q, and L € R*,

MIEL,a»i Z 25ﬁe{S§“fekx} “
X, x+er€AL
‘ - ) o () w
NED =Y aife Y s, e, s, )], o
x,yeAL

X+er,ytes€AL
with S)(f"y) being the single-hopping operators defined by (33)—(34) for any x, y € Z¢.

The square of the Hilbert—Schmidt norm of K {(7\):?{14}

Toy (K iyiz) K iza) = 2 1Kzl

zezd

is obviously equal to

and, consequently, we derive an explicit expression for the vectors

K(‘“g)zd e.eh, zez4.

This can be directly obtained from (59) together with the following assertion:
Lemma 4.5 (Explicit computations of M. ,EL’(”) and N}E,Lq’f‘,? in the canonical basis). Forallk,q€{l,...,d},
yeR K LeRf,weQ,yeR L>2,andz e Ay,
M(L w) = (e,— ers Aa),z?%)h Crep T (ez+eka Aa),ﬂ%)h Crters
and, in the limit L — oo,

(L w) (L,w) 2
quez— Z é‘xyzex+qukezv Z |§x,y,z| < 00,

(L x,yezd x,yezd
with R, ) e B(h) satisfying

lim HR(L"‘))

Jim [R5 ) = O 62)
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uniformly with respect to w € Q, A € RI, and ¥, y in compact subsets of [R{aL and R, respectively, and
where, for any x, y, z € 74,

Croyee = 1(1+ D@2(fx — e, X)L+ 902 (Y, ¥ +egD)ex—er. € 7" ey g ey, ™ ey
—i(1+Dw2(fx — ek, xD)(1 + 92 ([ + g, YD) (exers €7 ) (eye,, €7 )y
—i(1+ Doy (fx + e, xD)L+ 002({y. ¥ + gD {exters €7 eyie )y (ey, €7 )
i (1+ 92 (x + e XD (L + 902 (Y + eq0 Y1)t €7 000y (g, €7 €2)y
—i(1+ 002y, y + e, (1 +00r({z, 2+ e ey, €7 ero )y (e, €7 ey, )y
+i(1+D2({y, y + e (1 +9a2({z, 2 — D) ley, €™ ey (e, e ey, )
Fi(1+ 0wy + e, YD+ 0wr({z, 2+ exD){eyteys €7 e )p fex, e ey)y

. _— _ i @) ik @

—i(14+ 9o ({y +eg, YD) (1 +D02({z, 2= D)) (eyte,, €7 g )pler, €77 ey)y .
Proof. Fix in all the proof k, g € {1,...,d}, 9, AR, weQ,yeR, L>2and z € Ay 2. Since, by
(33)~(34), for any x, y € 74, 290e{S\)} = (¢5, Aw.9ex )t Piy1Sy—x Pixy + (€62 Aw.9€y)y PiajSc—y Py W
deduce from (60) together with (28) and (33) that

L,
M]E ) ¢, = Z ((Sz,x—i-ek (em Aw,ﬁex—l-ek)h ey + 8z,x<ex+ek9 Aw,z?%c)h ex—',—ek)

X, x+ereAL

=1ze Apl[(z—er) € ALl{e;—ers Dw v er) e2—e,
+1ze A 11[(z+er) € Apl(esye, Aw,ﬁez>hez+ek~

Ifze Apjp € A and L > 2, then, obviously, z, (z —ex), (z +ex) € A, and the last equality yields the
first assertion.

By (33)~(34), forany x, y € 74, 23m{S\)} =i (¢4, A 9¢2)t Piy)Sy—x Pix) = (€x> Do 93 )p PixySa—y Piy))s
and we compute that, for any x, y € Z9,

T a—iyh@ (@) iyh®@  ~ (@)
4ife" 3miS), e, 3m(S L, (1]

. —iyh@ ivh@
= i(Cxters Dow,oCx)h (€yte, Dw,ny)y Se, Py ™" se, Pryy e’

iyh@ iyh@

. _ )

—i{Cxters Aa),ﬁex)b (ey’ Aw,ﬁey+eq)h Sey P{x} € S—eg P{y+eq} €
. —ivh@ iy h(@

—i(ey, Aw,z?ex-i-ek)h <ey+eq’ Aw,ﬂey'>hs—ek P{x+ek} e’ Sey P{y} e’

. —iyh@ ivh(@
+1i (em Aa),z?exqtek)h (ey, Aw,ﬂey+eq>h S—ep P{x+ek} e 4

—iyh@

S,eq P{y+eq} (¥

. ivh(@
-1 (ey-i-eqa Aw,pey)h (Cxters Dw,pex)p © Se, Py, e'?" Se Py

—iyh@

. ivh@
+1 (ey-i-eq» Aw,z?%)h (exs Aw,z?ex-i-ek)h € Seq Py e'rh S—e Plxter)

iyh®
S—e, P{y+eq} e

—iyh@

—iyh@

+i<ey’ Aw,ﬂey—i-eq)h <ex+eka Aw,z?%c)b € Sey P{x}

. iyh@
_l<ey» Aw,ﬁey—t-eq)h (ex, Aw,ﬁex-i-ek)b € e

S—eg Ply+ey €77 S—e Plrter)-



966 JEAN-BERNARD BRU, WALTER DE SIQUEIRA PEDRA AND ANTSA RATSIMANETRIMANANA

Using this last equality together with (33)—(34) and (61), we thus get that

(L,w)
Ny,q,k ¢z

, —iyh@ iy h@
= Z {l<ex+eka Aa),z?%c)b (ey—i-eq» Aa),ﬁ%])h <ex’ e’ ey—i—eq)h (eyv e’ ez)f) Cxter

xX,yEAL

Xteryteg€AL —iyh@ iyh

)
ey>h<ey+eqa € ez)h Cx+er

—iyh@

_i<ex+ek» Aw,z?%c)b <ey, Aw,f)ey+eq>h <exa €

. iy h@
—i{ey, Aw,ﬁex+ek>h (ey—i-eqv Aw,z?%)h (extes© ey—i—q,)h <eya e'” ez)p ex

. —iyh@ iy h©@)
+i (exa Aa),ﬁ%c—}-q)h (eys Aa),ﬁe}r-i-eq)h (ex-‘rek’ e ey>b<ey+eq, e'” ez)h Cx

—iyh(“’)

. iy h@
_18x,z<ey+eq, Aw,ﬂey>h (ex—',-ek: Aw,ﬁ%c)h <eyv e’ e)c+ek>h € ey—i—eq

ivh(@ —ivh@
etyh ex)b e iyh

+i5x+ek,z<ey+eq» Aw,z? ey)h <ex’ Aw,z?ex—i-ek)h(ey’ ey-‘req

. ivh@ —ivh@
+18x,z<ey9 Aw,z?ey+eq>b <ex+eka Aa),z?ex>b<ey+eqv e'” ex—i—ek)b e y

. iy h(@) —ivh(@
_lsx-i-ek,z(eya Aw,ﬁey-i-eq)h (exs Aw,ﬁex-i-ek)h(ey—o—eq» e'” ex)p © e ey}-

By using (2) and (42)—(43) together with
Z e~ 2 (x—zltly=z) < g=Hnlx—Yl Z e~ Hn(x=zl+ly=zD) < g=uylx—yl Z e 2zl
zezd zezd zezd

which are simple consequences of the Cauchy—Schwarz and triangle inequalities, all the above summands
are absolutely summable, uniformly with respectto L € R*, w € Q, A € R, and 0, y in compact subsets
of IR(J)r and R, respectively. For instance, for any (characteristic) functions f, g : 7¢ — {0, 1}, one estimates

—_ivyh(@) iy h (@
D F@P80) (erters Awpexdh (eyreyr Awweydy (exn eV ey re )y (e, €7 e)p]llexte NIy
x,yezd

<3671+ )7 Y fx)?g(y)? el meaytmyD

x,yezd

1/2
S 362(1 + 19)2 ez|771‘ (Z g(I/l + Z)Z e—2Mn|M|)

uez4 1/2
x 3 fla)reraben (Z g +x—e,) e—%'y') <.

xezd yezd

(Recall that u,, > 0, by (43).) In fact, by the same arguments combined with

ICHBm) < sup D l{ex, Cedyl.  C € Blh),

d
xeZ ZGZd

(see [Aza et al. 2019, Lemma 4.1]), the absolutely summable sum

—iyh@ —iyh@

€ Cy = ey ey, © ew)ba w e Zd’ (63)

uezd
(see (42)—(43)) and Lebesgue’s dominated convergence theorem, in the limit L — oo and for any z € Ay /5,
there is an operator R)(féf‘;() € B(h) with vanishing operator norm as L — oo, uniformly with respect to
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we, Le [R{(J{ , and ¥, y in compact subsets of [RR(J)r and R, respectively, such that

NEDe, = (NP + REY)e.,

v.q.k 7.4,k v.q.k
where
(c0,0) - . —iyh©@ iyh@
N e = E {i (exters Do) (Cyre,s Dwpey)p, (ex, €7 eyie Vp (ey, €7 e )perte
x,yez? @) i @)
. —iyh iyh
—1 (ex—}-e/(a Aw,z?ex>h (eya Aw,z?ey-i-eq)h (em e ey>h<ey+eqv e'” ez)h Cx+tep
—iyh@

ivh©@
Cyre,)p €y, €7 e )p ey
—iyh<‘”

—i(ey, Aw,z?ex+ek>h (ey+eq, Aa),z?ey>h (2x+ek, €

. ) iy h(@)
+1 (ex» Aw,ﬁex+ek>h (eya Aw,z?ey-i-eq)b (ex-‘rek’ € ey>b<ey+eq’ e’ ez)h Cx

. ivh@ —ivh@
—18x 2 (Cyte,s Dw,oCy)h (Cxterr Dwvex)n (€y, €77 expg )y €770 eyye
. ivh@ —ivh@
+16x+ek,z<ey+eqv Aw,ﬂ%)h <er Aw,z? ex-i—ek)h(eya e'” ex)h e Cy+te,
. ivh@ —ivh®
+15x,z<ey» Aw,ﬁey—}-eq)h <ex—|—ek’ Aw,z?ex>b<ey+eq’ e'” ex—i—ek)h e’ ¢y

iyh@ —iyh@
P ey e ey )
(00, w)
V:q,k

in order to arrive at the second assertion. O

_i8x+ek,z (ey, Aw,z? ey+eq)b (ex, Aw,ﬁex+ek>h<ey+eq, €

It suffices now to use again (2) and (63) together with elementary manipulations in each sum of N

We are now in a position to show (57), at least for |y|, < 1, as a consequence of the next two
lemmata:

Lemma 4.6 (Asymptotics for < 1). Forallk,qe{l,...,d},’, AR, 0 e Q,y eR, and 7 € 7¢,
Z Czryz = 23m((Se, — S—¢, )¢z, e=ivh® (Se, —S—c,) eirh e)p +O), asv — 0,
yezd

uniformly with respect to w € Q, A € IR(T and y in compact subsets of R. Note that ¥ is not necessarily O
in the definition of h®.

Proof. By Lemma 4.5 at ¢ = 0, one directly computes that, for any k,q € {1,...,d}, A € R, we Q,
yeR,zez% and ® =0,
—ivh@ iy h@
Y Gy = Y 28M(ecrg — e €T (e, — eyme))y Gy, €7 ey
yezd yezd

If ¥ # 0, then one performs the same kind of computation in order to (trivially) deduce the assertion, by
(33), Lemma 4.5, and (42)—(43). Ol

Lemma 4.7 (Asymptotics for |y| < 1). Forallk,q € {l,...,d}, 9, A € R, weQ,yeR, andz e 7,

—g h(w) ; h(w}
v (Seq _s—eq)ely e:)p

=2y A8k g {201 (2) — w1 (z + ex) — w1(z — ex)} + O(y?),

23m((sg, — S—¢ )0z, €

as |y| — 0, uniformly with respect to w € Q and ¥, A in compact subsets of Rar .
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Proof. By (58), for any y € R,

. . h(a)) n
e7h =1, +Z % =1y+iyh +O0?), as|y|—0,
neN ’

in the Banach space B(h), uniformly with respect to w € 2 and @, A in compact subsets of [R?ar . The
assertion then follows by direct computations using (2)—(3), (33), and the last equality. O
Lemma 4.8 (Lower bounds on the Hilbert—Schmidt norm of K {(x ’”? Zd}) Take 9,1, T € RT, T € RT,
& € CYR; RY) with support in [T, 0], and w = (w1, ..., wy) € R with ||W|ge = 1. If T, ¥ are
sufficiently small, then

0
1 &) V(D) A ) 2 2 4
ngrgom[E[Trb((KA " Z‘,}) K{AL},{Z(I})] > 7Var _oo<w ,E(a))pea” da |+ OW°) + O(T?),
uniformly with respect to A in compact subsets of R, where w") = (wg D wt(i')) € R? is the random
vector defined by

w” = Qw1 (0) — 01 (&) — w1 (—e)wi, ke(l,...,d}, oeS. (64)

Proof. Fix all parameters of the lemma. Take any L > 2. Note that

Ty (K50 K ) = 3 K etz Y e KT el 69

ZEALp Z€ALp

By using (59)—(61) and Lemma 4.5, for any z € A 2, we have that

<ez’ K{ {Zd eZ h_ Z wk/ {S(a)}q/ Z é‘Z yzdy da/

k,g=1 - )EZ‘I
£ u / (E@, f (e, R ey, dy da,

k,g=1 -

with R)(/Lq“,? € B(h) satisfying (62). Note that ¢, , , is y-dependent, and its explicit expression is found in

Lemma 4.5. If T, ¥ are sufficiently small then, by Lemmata 4.6—4.7, we deduce that, for any z € Ay )2,

(ec K2 g b—AZwk / (019 =1 -+0) e e @ d

+O®) +O(T?) + Z wk/ {S(a)}q/ (e, R Ves)y dy dar,
k,q=1 -
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uniformly with respect to w € €2 and A in compact subsets of IR(J)r . By the translation invariance of the
distribution agq, (see [Aza et al. 2019, Equations (1)—(2)]) and (62), it follows that

L—o0

2
]+Ow%+oa%

tim E[[(e., K30 oec)y '] = )\Z[EHfooo(w“, E(@))pea’ dat
=22 Var[fo (w'), E@)pea® do] + OB*) + O(T?),
—00
uniformly with respect to A in compact subsets of Rg . Thanks to (65), the assertion then follows. Note that
[E[/O (w, S(a))Rdazda2i| =0. a
—00

By combining Lemmata 4.4, 4.8, and 4.3, we directly obtain that, for any 9, A, T e R}, T, g € R,
& € CY(R; RY) with support in [T, 0], and w € R? with [|w]lge = 1,

0
1 .
32168 | o > (AZVar[/ w), & azdot:|+(’) 9%+ 0 T4), 66
W0z ) ! Ee@a @) +0(Th ). (66)
provided that 7', ¥ are sufficiently small. In particular, if
0
VarU <w<'),5(a)>Rda2da] >0, (67)
—0oQ

then asz J68) |;_o > 0. This last condition is easily satisfied: Because the variance of the sum (or the
difference) of uncorrelated random variables is the sum of their variances, if the random variables

w1(0), wi(e1), w1(—ey), ..., w(eq), w1(—ey) are independently and identically distributed (i.i.d.), then
0 2 0 2

[EH/ (W', &(a))pea® dot ] =2 Var[(-)1(0)] x (2([ (w, S(a))Rdazda)
—00 —00

d 0 2
+Z(wk / (5(a>)ka2da) ) (68)
k=1 -

which is strictly positive as soon as £ # 0 and w;(0) is not almost surely constant, by Chebyshev’s
inequality.
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