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RATIO TESTS FOR CONVERGENCE OF SERIES

RarLru PALMER AGNEW

1. Introduction. The following theorem was proved and used by Jehlke [2] to
obtain elegant improvements of the classic tests of Gauss and Weierstrass for

convergence of series of real and of complex terms.

THEOREM 1. If the terms of two series 2 a=gan and 2 5=o by are such that
n=04%n n=o0v%n

b
(1) n+il _ Ap+1 (1 + Cn) (n =, 1’ ese )’

by, an

where 2n=o cn is absolutely convergent, then the two series 2=y ap and

Zn=0 by are both convergent or both divergent.

It is the main object of this note to prove that Theorem 1 is a best possible
theorem in that no hypothesis weaker than the hypothesis that 2% =, lcn} < ®is
sufficient to imply the conclusion of the theorem. The final result, Theorem 4, is
obtained from two preliminary theorems, Theorems 2 and 3, which seem to have

independent interest.
2. Preliminary theorems. We first establish the following result.

THEOREM 2. Let cp, ?é -1,n=0,1,2, * * *. In order that the sequence §cn§
be such that 2=y b, converges whenever (1) holds and 2y = a, converges, it

is necessary and sufficient that

Ms

) [(1+co)(1 +ey) == (1+cnt)en| <.

il

n=1

Proof. To prove Theorem 2, let (1) hold. Then

b
bn+l=_"_(1 +Cn) (n=0,l,2,'-°),

Gn+1 Qan

3)

and hence
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2 RALPH PALMER AGNEW

b, b
4) “—=—9“(1+co)(1+cl)"'(l+cn—1) (n=1,2,"').
an agp
Let
b
(5) pn=— (L +co)(l +c;) =+= (1 +cn-y) (n=12--).

ag

Then b, = pja,. But by a well-known theorem of Hadamard [1], Z;%; ppa, con-
verges whenever Zn=o a, converges if and only if Z5% |pn+1 — pn| < ©. But
(5) implies that

b
(6) Pn+1 = Pn = ° (l+CO)(1+Cl> te (1 +Cn—1)cn:
agp

and the conclusion of Theorem 2 follows.,

THEOREM 3. Let ¢, 74- -1, n=20,1,2, * * . In order that the sequence {cn}
be such that 23 =y an converges whenever (1) holds and Z%3=¢ by, converges, it is

necessary and sufficient that

> 1 1
7N 3 1 . ‘n <@,
n:

1 L L+eo 1l +ey 1 +cp-11+c,

Proof. Theorem 3 may be proved by revising the proof of Theorem 2 to use the

relations

b 1
(8) Intl _ 2ntl (h=0,1,2, -+ )
an bp 1 +cpn

instead of (1) or, which amounts to the same thing, replacing 1 + ¢ by 1/(1 + ¢%)

in (2) and then removing the primes.
3. Theorem. Our main result is the following.

THEOREM 4. Let ¢, 7é -1, n=0,1,2, * * * . In order that this sequence be
such that the two series Zp=q an and Zn=o b, are both convergent or both di-

vergent whenever (1) holds, it is necessary and sufficient that 2 3=, | Cn l < ©,

Proof. To prove necessity, suppose Zp=q ap and 2p=o b, are both convergent

or both divergent whenever (1) holds. Then, by Theorems 2 and 3, both (2) and (7)
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hold. Denoting the nth terms of the series in (2) and (7) by u, and v,, we see that,

as n—>®, we have u,—0 and v,—>0 and hence

cn
9) Upn = —0.
1 +ecp,

This implies that ¢, — 0 and hence that |1/(1 + c,)| > 1/2 for n sufficiently
great. This and (7) imply that

cp | <O,

00
1
(10) ¥ 1 1.
=1 1+Co].+C1 ]_+Cn_1

n

If we let x, = ](1 +eo)Atey) oo X+ cp-y) l , then (2) and (10) imply that
[ee]

(11) Z (xn + x5 1) lcnl <@,
n=1

But the mere fact that x, > 0 implies that (x, + x,') > 2, and it follows that
=0 |en| < ©. This proves necessity. To prove sufficiency, suppose that
3%-y len| < @ . Then the infinite product JI(1 + c;) converges to a number not
zero, and this means that each of (1 + ¢4)(1 +¢;) *** (1 + ¢,-y) and [(Q + ¢p)
(1 +¢y) *++ @+ cp)] ! converges to a number not zero. This and Zp=, lenl
< @ imply (2) and (7). Therefore Theorems 2 and 3 imply that Z;’= a, and Z3=, by

are both convergent or both divergent. This completes the proof of Theorem 4.
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TOPOLOGIES FOR FUNCTION SPACES

RicHARD ARENS AND JAMES DucunDjI

1. Introduction. Let ZYdenote the class of continuous functions (or “mappings,”
or “maps”’)

(1.1) f1Y—~>2Z

of a topological space Y into another Z. A great variety of topologies ¢ may be
introduced into Z¥ making it into a topological space Z¥(¢). The topologies we
deal with in this paper can be classified by using the notion of “continuous con-
vergence ” of directed sets (generalized sequences) fu in 7Y as follows: with no
reference to any topology ZY, we can say f,, converges continuously (Frink [1];
Kuratowski [2]) tof(f# and f are elements of ZY) if

(1.2) fuly) = f(y)

whenever y,, = y in Y. (We use the “—” for convergence as in (1.2),as wellas for
indicating the domain-range relation as in (1.1). The context prevents confusion.)
We can classify the topologies ¢ for Z¥ according as to whether

(1.3) convergence in ZY(t) implies continuous convergence
or
(1.4) continuous convergence implies convergence in ZY(¢).

Certainly there are other topologies possible in ZY, but we do not discuss
these. There may be a topology ¢ satisfying both (1.3) and (1.4), but if so it is
unique; see (5.6).

An apparently different approach to the same classification is suggested by
homotopy theory. Beside ¥ and Z, consider a third space X. For a function g de-
fined on X X Y with values in Z, we can define g*(x) mapping X into ZY by
setting g* (x)(y) = g(x,y). Then a topology ¢ for ZY may be such that, for any X,

(1.5) if g is continuous, then g* is continuous,
or
(1.6) if g* is continuous, then g is continuous.

Received May 12, 1950.
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6 RICHARD ARENS AND JAMES DUGUNDJI

It is proved ((2.4), (2.5)) that (1.5) is equivalent to (1.3) and (1.6) is equivalent
to (1.4). We call the former class of topologies proper, and the latter admissible.

The following questions about this class of topologies in ZY are considered in
this paper: What are the relations (in the sense of the conventional partial ordering
of topologies) of the proper topologies to the admissible topologies? What can be
said about the order-type of the proper topologies? of the admissible topologies?

We write s < ¢ if s and ¢ are topologies such that a set open in Z¥(s) is open
in Z¥(¢). Then (a) if s < ¢ and ¢ is proper, s is proper; (b) if s < ¢ and s is admis-
sible, so also is ¢; (c) if s is proper and ¢ is admissible, then s < ¢; (d) there is
at most one proper admissible topology, and such a topology is both the greatest
proper and least admissible topology.

The proper topologies form a principal ideal in the lattice of all topologies for
ZY; thus there is always a greatest proper topology. The admissible topologies are
much more disorganized. We state some findings for the special case in which Z is
the real line. (¢) When Y is not locally compact, but is completely regular, there is
no least admissible topology and (hence) no proper admissible topology; (f) if Y is
a metric space, not locally compact, then there always exists a pair of admissible
topologies none of whose common lower bounds are admissible.

When Y is locally compact, there does exist a proper admissible topology, as
is well known, which we call the k-topology (see below (4.3)). We ask:To what
extent do any of these properties of the k-topology persist when Y is not locally
compact? It is always proper, but sometimes not the greatest of the proper topolo-
gies even if Y is completely regular. Admissibility does not often persist (See (c),
above).

We consider a special class of topologies, the set-open topologies, whose defi-
nition is patterned after that of the k-topology except that arbitrary families 43
of sets are admitted. We determine fairly complete criteria as to whether a given
one is proper or admissible. The k-topology is always the greatest proper set-
open topology, when Z is metric, and also the g.1.b. of all admissible set-open
topologies.

A subclass of the set-open topologies are the o-topologies defined in terms of
coverings (just as the k-topology is definable in terms of the covering by open sets
with compact closure when Y is compact). These topologies are admissible, and
for any pair there is a common lower bound.

Considering that the space F of closed subsets of Y can be regarded as a
function space, we felt it appropriate to point out that the usual Hausdorff topology,
even when Y is a compactum, is not proper, and that k-topology is not a Hausdorff
topology.

One interesting by-product of our investigation of admissible topologies is that
it enables us to answer in the negative, surprisingly enough, the following simple
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question about topological products:
Let Y be a space, let s, ¢t be two topologies for a set X, and let u be the
greatest lower bound of the topologies s and ¢. Then is the (product) topology of

Xw) XY

the greatest lower bound of the topologies of X(s) X Y, X(t) X Y?

Finally, we determine a necessary and sufficient condition that, when Y is a
locally compact regular space, X is a set, and a topology ¢ has been given to
X XY, a topology s can be found for X such that ¢ is the product topology of

X(s) XY.

2.Admissible topologies and proper topologies. By a space Y we shall mean
a set Y in which certain subsets, including Y and the empty set, are designated
as open, and which have the property that their finite intersections and arbitrary
unions are also open; no separation axioms are assumed. A basis for a space Y is
a collection o of open sets such that any open set in Y can be represented as the
union of sets of o ; a subbasis for the space Y is a collection of open sets which,
together with their finite intersections, form a basis. Compactness in this paper
shall always be the bicompactness of Alexandroff-Hopf [1]; a space with the
property that every infinite subset has a limit point is called Frechet compact.
A space Y is locally compact if every point lies in an open set having compact
closure. Y is completely regular if, given any y€Y and open U with y e U, there
exists a continuous real-valued function f satisfying f(y) =1 and f(x) =0 for
x ¢U. If ¥, and Y, are two spaces, the topological product ¥, X Y, is the space
whose points are all collections of ordered pairs (y,,y,), y,€Y,, €Y, and in
which a basis consists of all sets of form (U; X U, ), U; being open in ¥;,i = 1,2.

If Y and Z are two spaces, the symbol“f: ¥ — Z” will always denote a con-
tinuous mapping of Y into Z; the totality of all such continuous maps will be
written Z Y. Various topologies can be introduced into the set 7Y a set ZY with a
topology is called a function space. In this section, we shall single out two im-
portant types of topologies in Z Y, and give elementary consequences of the
definitions.

(2.1) DEFINITION. Let Z and Y be two given spaces. A topology ¢ in zYis
called admissible if the mapping w(y,f) = f(y) of ¥ X ZY into Z is continuous in
y and f.

The set ZY with the topology ¢ will be denoted by ZY(¢), but when no ambiguity
is involved regarding the topology ¢ under discussion, the () will be omitted. The
mapping w will be called the evaluation mapping.

We now make the following observation. Let X, Y, Z, be three spaces and g a
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mapping of X X Y into Z. Setting g*(x)(y) = g(x,y) = f(y) and varying x, we
can evidently regard g* as a mapping of X into ZY. Conversely, if we have a
mapping g* of X into Z¥, we can write gx,y) = g*(x)(y) = f,(y) and regard g
as a mapping of X X Y into Z. Two maps g and g* related as just described will
be called associated.

We can now show the intimate relationship between mappings of cartesian
products and admissible topologies in function spaces: the continuity of any g*
implies the continuity of the associated g.

(2.2) THEOREM. Let Z and Y be two given spaces. A topology t in Z is
admissible if and only if

(2.21) for every space X, g*: X — ZY(t) implies g:X XY — Z, where g is
the associated mapping.

Proof. Assume ¢ is admissible, and g*: X — Z¥(¢). Define
h:Y XX = Y XZY(2) by hix,y) = (g*),9).

If @ is the evaluation map, we have wh: ¥ X X = Z, and it is not hard to see
that wh is the mapping associated with g*. Hence, (2.21) holds.
Assume now (2.21) holds. In particular, select X= Z¥(¢) and the identity map
I* : ZXt) — Z¥(¢); by (2.21) this means the associated map of ¥ X Z¥(¢) into
Z is continuous, and this associated mapping is precisely the evaluation mapping.
The othér important class of topologies in ZY is given in the following defi-
nition.

(2.3) DEFINITION. Let Z and Y be two spaces. A topology ¢ in ZY is proper
if for every space X, g: X XY — Z implies g*: X = Z¥(t), where g* is the
associated map.

An extremely useful equivalent formulation of the notion “proper”can be given
which is based on directed sets and continuous convergence. We therefore insert
an explanatory paragraph (cf. Birkhoff [2]).

A directed system [\ is a partially ordered system with the property that for
any 4, u' € A, there exists a "€ A with " > pu, u” > p' . Every directed
system A gives rise to a directed space A’ by addition of one ideal point ® satis-
fying @> u for all u € A. The topology in A' =Ay fw} is obtained by defining
all 1 to be open sets, and neighborhoods of ® to be all sets of form Sy p> u’
for some '}, p'e AL T = § 1} is another directed system, the set

AXT = (u,v)

of all pairs is also a directed system if we define (u,v) > (' , V') whenever
both u> u' and v > v'. A (A-) directed set in a space Y is a function on a
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directed sys.tem A with values in ¥, and is denoted by fy# }/LEA or more briefly by
{yuf; a directed set iyu_} converges to y (in symbols, 3, —y) if for every
neighborhood V' of y ghere exists a u' € A with y, € Vforall u > p'. Furthermore,
we have g: Y — Z if and only if for every directed set {yug, y, —>y implies
glyu) = g(y) (see Tukey [1,p.28]). Let {fu) be a directed set in the set ZY;
f, converges continuously to f € Z Yif for every y and every neighborhood W of
fly) there is a ' and a neighborhood V of y such that for © > ' we have
f(V) € W. (This definition is equivalent to that made in Section 1.) Notice that
the idea of continuous convergence does not require any topology in Z7,

With these preliminaries, we prove the following result.

(2.4) THEOREM. Let Z and Y be two spaces. A topology t in ZY is proper if
and only if for every directed system A and every A-directed set {f‘} in Z¥(2),
the continuous convergence of fu to f implies fu. — f according to t.

Proof. Suppose, first, ¢ is proper and let f, converge continuously to f, {fu}
being directed by A. Let A’ be the corresponding directed space. Then define
g(yy) = fu(y), g(o,y) = f(y). Now we have g: A’ XY — Z, by the definition
of continuous convergence. Hence f, = g*(u) = g*(@w)=f as desired.

Now suppose continuous convergence always implies convergence, and suppose
we have g: X X Y — Z. Suppose x, = x in X. It is easy to see that g*(x, ) con-
verges continuously to g*(x) since g is continuous. Thus g*(x,) = g*(x) in Z.
This proves that we have g*: X — ZY. Consequently ¢ is proper.

We remark that if every continuously convergent sequence in Z¥(¢) converges,
the topology need not necessarily be proper.

A rather parallel criterion for admissibility can also be stated. We formulate
it now but leave the proof, which resembles that of (2.4), to the reader.

(2.5) THEOREM. Let Z and Y be two spaces. A topology t in Z Y is admissible
if and only if for every directed system A and A-directed set ifu } the convergence
fu. = [ in Z(t) implies the continuous convergence of f, to f.

Kuratowski [11] has shown that the idea of continuous convergence can be
used to introduce a convergence (in Kuratowski’s case [10], L*-convergence)
in Z provided also Y and Z are L*-spaces. The convergence obtained is both
admissible and proper, in a suitable sense (see Kuratowski [11]). There is not
always a corresponding topology in ZY associated with this convergence, but the
poor showing of topologies in this connection (see (6.01)) seems to commend this
step beyond the class of topological spaces, as Kuratowski points out.

3. Comparison of topologies. Since we are going to be concerned with various
topologies for ZY it is natural to recall that there is a useful partial ordering for
all the topologies on a fixed fundamental set E. For references, see Birkhoff

[5,p.173].
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To define this partial ordering, it is useful to take the attitude that a topology
t on a set E is (rather than merely determines) the class of those sets which are
open in the topology. Thus a topology is a subset of 2E, the class of all subsets
of E. Hence for two topologies ¢t and u on the same set E the set-theoretic state-
ment of inclusion, “¢ < u,” is meaningful and leads to the following definition.

(3.1) DEFINITION. If ¢ and u are two topologies for a set E, we shall write

t<uoru>tortis smaller than u or u is greater than t when every set open
in ¢t is open in u, that is, when ¢ C u.

Notice that the statement “z is smaller than u” is not comparable with the
statement “u is not greater than ¢,” since the former is not intended to exclude the
possibility: t = u. If £ < u we shall sometimes call u an expansion of ¢t and t a
contraction of u. This partial ordering is easily seen to have the property that
¢t < u if and only if the identity mapping

(3.2) E@) — E(¢)
is continuous.
Since the class 7(E) of all topologies is a subset of 2£, and since the relation

“< ”defined above is just that which is inherited from the natural partial ordering
(by inclusion) (see Birkhoff [5]) in 2E, we have the following result.

(3.3) THEOREM. The relation “<” in the class T(E) of topologies on E is a
partial ordering.

7(E) is not a sublattice of 2 because, while ¢ n u is always a topology, t u u
is not always a topology. This does not exclude the possibility that 7(E) be
nevertheless a lattice (see Birkhoff [5,p. 19]).

(3.4) THEOREM (Birkhoff [4]). T(E) is a lattice; that is, for two topologies
t and u there is a least upper bound t v u and a greatest lower bound t A u. In fact,
every subset T of T(E) has a least upper bound (briefly: “join”")

vV t
teT

and a greatest lower bound (briefly: “meet”)

At s
teT

that is, T(E) is a complete lattice with greatest and least members.
The greatest lower bound of a class T of topologies has the open sets

nt
teT
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which are open in all. On the other hand, if we take as a basis the class of sets

Ut
teT

we obtain a topology which is easily seen to be the least one including all the
members of T. The discrete topology is the greatest of all topologies and the
trivial topology (only E and the void set are open) is least.

The familiar classes of topologies (for example, Hausdorff, completely regular,
normal) are not all well behaved with reference to expansion and contraction (see
Hewitt [9]). Since there will emerge some trouble with admissible topologies
under the operation “meet,” it is only fair to show that things do not go smoothly
with every one of the familiar classes of topologies. The following theorem is in-
tended only for orientation. The statement that a property T is preserved under
“meeting of two” means that if ¢ and u have property T then so does ¢ A u,and so
on for the other terms to be used.

(3.5) THEOREM. In the lattice of topologies on a set E,

(3.51) The Riesz [T,], Hausdorff [T,], and Urysohn (see Hewitt [9]) separa-
tion properties are each preserved under arbitrary expansions (Hewitt [9]), and
hence under joining:

(3.52) Although not preserved under arbitrary expansion (Hewitt [9)), regularity
and complete regularity are preserved under joining of two

(3.53) Riesz separation is preserved under meeting (Birkhoff [4]);

(3.54) Hausdorff and Urysohn separation, regularity, complete regularity, nor-
mality, complete normality, and metrizability are not generally preserved under
meeting of two.

Proof. Statements (3.51) through (3.53) may be found in the references or easily
proved. We content ourselves by supplying an example supporting (3.54).

Let E be any denumerable infinite set, and let x;, x2 be a pair of distinct ele-
ments of E£. Consider the topology ¢, in which any set is open if it either excludes
%y or has a finite complement. This (compact) space has all the properties men-
tioned in(3.54). By interchanging the roles of x; and x, we obtain another topology
t,. Since ¢, A t, is a non-Hausdorff Riesz space, all the properties in(3.24) also
fail since each guarantees Hausdorff separation when points are closed sets. This
completes (3.5).

The result (3.54) just obtained entitles one to consider that perhaps the com-
parison of topologies based on (3.1) is not the most satisfactory one possible.
However, no other generally applicable definition of ordering seems to have been
proposed anywhere.
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We now apply these ideas to topologies on a function space Z7.

(3.6) THEOREM. Let t and u be topologies on ZY. If t is admissible and u> ¢
then u is admissible. If u is proper and t < u then t is proper.

These facts follow at once from the definition and property (3.2). In particular,
admissibility is preserved under joining,and properness is preserved under meeting.

We shall see in (5.1) and (5.2) that the proper topologies form a principal ideal
(t;) in the lattice of all topologies; that is, there exists a topology ¢, such that ¢
is proper if and only if ¢ < t,,. In particular, they constitute a sublattice. For ad-
missible topologies, there sometimes exists a topology u such that u < ¢ precisely
for the admissible topologies, but sometimes (see (6.3)) not even ¢ A u is admissi-
ble when ¢t and u are.

The general position of the admissible topologies with respect to the proper
ones is this:

(3.7) THEOREM. If t is proper and u is admissible then t < u.
Proof. Since u is admissible, the mapping
"w: ZYWXY—>2Z
is continuous. From the definition of “proper,” we obtain
wt: ZY(w) = ZY(1).

From (3.2) we conclude that ¢ < u.
See also (6.01) below.

4. Examples of function spaces. In this section we shall give examples of
function spaces, some having a proper topology, and some an admissible topology;
we also investigate in some detail a method for introducing topologies in the set
ZY. Notice that the discrete topology in the set ZY is always an (the greatest)
admissible topology, and the trivial topology (3.4) in ZY is always a (the smallest)
proper topology. We proceed to less trivial methods for introducing a topology.

(4.01) DEFINITION. Let 4 and B be subsets of the spaces Y and Z respec-
tively. The symbol (4,B) denotes the set of all f € ZY satistying f(4)  B.

We utilize this notation to define a class of topologies in ZY: the o-topologies.
Let o be an arbitrary covering of Y by open sets; we keep o fixed throughout this
discussion. Introduce a topology in ZY as follows. Let F be any closed set in Y
contained in some member of o, and ¥ an open set in Z. The class of all sets of
form (F,V) is taken as a subbasis in Z?.

(4.02) DEFINITION. The topology in ZY thus determined by o is called the
o -topology.
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(4.1) THEOREM. Let Y be regular, Z arbitrary. Then for any o, the o-topology
in ZY is always admissible.

Proof. We are to show that we have w: Y X ZY — Z. Letf € ZY, y € Y, and
let W be a neighborhood of f(y) in Z. Since Y is regular, we can find an open V
containing y with closure V™ in f-1(¥) and also in some member of o ; then
w(VX(V~, W) € W and w is continuous, as was to be shown.

The following fact about o -topologies is to be compared with (6.3) below.

(4.11) THEOREM. Let o, and 0, be open coverings of Y. If o, is a refinement
of 0, then the oy -topology is less than or equal to the o,-topology. If Y is regular,
the meet of two o -topologies is also admissible.

Proof. The first assertion is obvious. It implies the second as follows. Let o
be a common refinement of o, and o,. When Y is regular, the o -topology is ad-
missible, and since

o -topology < o, -topology A o,-topology,

the latter is admissible. There is no reason why the latter should be a o -topology,
of course.

Variants of the o -topologies can be found by varying the allowable sets in ¥,
that is, by permitting open, or arbitrary, subsets of members of o to be used in the
definition of the subbasis. Although these variants of o -topologies are also
always admissible (when Y is regular) there is a reason for preferring the o -topol-
ogies. To see this, we first remark that the existence of a proper admissible
topology in ZY is a desirable property. For example, it is easily seen that with
such a topology, the homotopy of two maps Y — Z is equivalent with their being
joined by an arc in the functional space. Now, when Y is regular, it is easy to see
that the o -topology is always less than or equal any of its variants, so that the
former is “nearer” to the proper topologies than any of the latter. For this reason,
the o -topologies appear better suited to our work.

We shall now introduce a class of topologies including the class of o -topol-
ogies. Let Y and Z be as before and let a family § A3 of subsets of Y be given.
Taking the family of sets (4,W) (see (4.01)), where W is open in Z and 4 belongs
to { A}, as a subbase in ZY we obtain a topology.

(4.2) DEFINITION. The topology described above is called the { A}-open
topology. Any such topology will be called an S-topology, or set-open topology.
The space ZY with the {A}-open topology will be written ZY (S: {43}).

One reason for still limiting W to open subsets of Z in (4,W) is that in this
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way we can be sure that if we consider only the class of constant functions, it will
be homeomorphic to Z.

The next result shows how a large class of proper topologies may be obtained.
(Recall that o -topologies provide a way of obtaining admissible topologies.)

(4.21) THEOREM. Let Z and Y be two spaces. If all the sets in {A} are com-
pact, then the {A}-open topology in Z¥ is proper.

Proof. Suppose we have g: X XY — Z; to prove g* continuous, it is enough
to show that given any subbasic open set (4, V) 3 g*(x,), there is a neighborhood
U of xy with g*(U) (4, V). Using the continuity of g and the definition of g*, we
see that from x, X A being contained in the open set g~1(V) we have to conclude
that U X A < g=1(V) for some neighborhood U of x,. To do this, for each (x,, y)
in xy X 4 we find a set W), open in X X Y with (xo,¥) € Wy < g~1(V); this gives
a covering of x, X A, and the compactness of x, X 4 allows us to extract a finite
covering. The intersection of the projections of the sets of this finite covering on
X gives an open U containing x4 and clearly U X 4 < g-1(V).

On the basis of this theorem, an important special case of the set-open topol-
ogies is singled out: the case where {4} is the collection of all the compact sub-
sets of Y (see Arens [2], Fox [7]). We will call this special case, for ready
reference, the k-topology. For separation properties of the %-topology, see Arens
[2]. For example, if Z is a Hausdorff space, the k-topology is a Hausdorff topol-
ogy. It is evident that the A-topology is the greatest set-open proper topology
based on compact sets.

The proof of the properness of a set-open topology contains essentially the
following question: What conditions on the sets {A} insure that, for every X, an
open V in X X Y containing x, X A also contains an “open tube” U X 4 (U a
neighborhood of x, in X)? With this observation, we are ready to approach the
problem: Which of the set-open topologies are proper? Our procedure enables us
to answer a more inclusive question: What conditions on the class $ A} follow
from the assumption that the {A4}-open topology is < every admissible topology?
(See (3.7).) A sufficient condition has been given in (4.2); we have several neces-
sary conditions, but have not found both necessary and sufficient conditions,
except in isolated instances.

We first treat the special case of real-valued functions.

(4.3) THEOREM. Let Y be a completely regular space, and E, the Euclidean
line. If the §A3-open topology in EY is < every admissible topology, then the sets
of $ A} must all have compact closure.

Proof. Let B be any set of {4} and o: {V} an arbitrary covering of the closure
B~ of B. We are to show that we can extract a finite covering of B™.

Let f be the constant function 0 in E,Y. Then f € (B, W), where W is the com-
plement of 1 in E,. Now form the o -topology based on the covering of Y by the
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sets {V} together with the complement of B~. By (4.11) this topology is admis-
sible, and by hypothesis there exists a neighborhood

U=(Cl’ C2p' A Cn; Wi, WZ" ° % Wfl)

in ZY (o -topology) such that f € U < (B,W). Let C denote the closed union of
Cyy*+*, Cp. If C does not contain B™, there is a point b in B~ which is not inC,
and which hence has a neighborhood ¥ not meeting C; since b € B, it follows
that V/ contains some point b' in B not in C. Construct a continuous real-valued
function r with r(6’)=1 and r(y) =0 for y é V. It is clear that r € U since it
coincides with f on C, but evidently r ¢ (B, W). Hence, B~ is contained in C. Let
Vi,*+*, V, be sets of the covering o containing the closed sets Cy,+ -, C,
respectively; then B™ is contained in the union of the former. Hence, B~ is com-
pact, as was to be shown.

It is evident that a similar theorem holds for mappings of a completely regular
space Y into any space Z that contains at least one non-degenerate arc. Thus an
application of the special case (4.3) yields the same conclusion in many more
general cases.

(4.31) THEOREM. Let Y be a completely regular space, and Z a space con-
taining a non-degenerate arc. A necessary and sufficient condition that a set-open
topology based on closed sets be < every admissible topology is that it be a

proper topology.

Proof. The necessity stems from (4.3) and (4.21).The sufficiency arises from
(3.7).

(4.311) COROLLARY. Let Y be a completely regular space, and Z a space
containing a non-degenerate arc. A set-open topology based on closed sets is
proper if and only if all the sets are compact.

The following concept is useful in the further investigation of § A3 when the
{A}-open topology is proper. Let B be a subset of Y. A point y, of Y is ines-
sential to B if, for every f: Y — E, there exists a y in B, y # ¥,, such that
f(¥) = f(yo). Note that in a metric space Y no point is inessential to any B. In a
completely regular space, y, is essential (that is, not inessential) to B if and only
if yo is a G-set relative to B.

(4.4) THEOREM. Let Y be an arbitrary space, Z a space containing a non-
degenerate arc. If the {A}-open topology in ZY is < every admissible topology,
then each set A of {A} must contain all points of its closure which are essential

to A.

Proof. One may regard E; as embedded in Z. Let A belong to §43, and let
Y € A™ —A. Suppose y, is essential to 4. Then there exists an f: Y — £, with
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f(y) # f(y,) for every y in 4. Let us take f(y,) = 0.
Select X = £, and define g: E; X Y = E; by the condition g(x,y) = x + f(y).
We can now define an admissible topology ¢ in ZY as follows: (a) the set

G = {g*x); x € E}

is open and homeomorphic to £,; (b) all other elements are isolated. This topology
is clearly admissible, due to the continuity of g. By hypothesis there must exist a
set U open in ZY () with f € U = (4,W); and due to the definition of ¢, this U is
(or at least contains) the image of some interval (—e,e), e > 0. Now, since y, is a
limit point of 4, and f is continuous, there must exist a y, in 4 with —e <f(y,) <e.
Construct f; = g* [—f(y;)]. This f; belongs to U, but it does not belong to (4, W)
since f,(y;) =—f(y,) + f(y;) = 0. This is a contradiction, and shows that y, is
inessential to A. This proves (4.4).

We give an example to show that the sets {4} on which a proper S-topology is
based need not be closed. Let Y be any uncountable set in which all points are
declared open sets except one, y,, whose neighborhoods are defined as the com-
plements of finite sets excluding y;, . Introduce a set-open topology ¢ into E,Y based
on the non-closed set A = Y —y,. Note that g € (Y —y,,W) if and only if g € (¥,W),
since otherwise g would assume a value at y, different from all its other values,
and y, would be a Gg. Thus this topology is the same as that based on 4, =7,
which is proper, by (4.3), since A, is compact.

With the aid of this Theorem (4.4), one can refine the results of (4.31) and
(4.311). We state the result but leave the proof to the reader.

(4.41) THEOREM. Let Y be a completely regular space in which every point is
a G5, and Z any space that contains a non-degenerate arc. A set-open topology in
ZY is proper if and only if it is based on sets that are all compact. A necessary
and sufficient condition that a set-open topology in ZY be proper is that it be
< every admissible topology.

If a simple condition be satisfied by Z, we lose no proper set-open topologies
by limiting ourselves to {A}-open topologies where every A is compact. This is
shown in the next theorem.

(4.5) THEOREM. Let Y be a completely regular space, Z a metric space con-
taining a non-degenerate arc. If an {A}-open topology in ZY is < every admissible
topology, then it is equivalent to the set-open topology based on the compact
sets {47}

Proof. We have, by (4.3), that all the sets A~ are compact; on the basis of
(4.4) every A contains all points of A~ that are essential to A. Let 4; be the set
of points of A~ inessential to A; then 4 y 4y = A~. The theorem will be proved
when we show that, for the subbasic open sets, we have (4 u 4,, W) = (4, ). The
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inclusion (4 v 4y, W) < (4,W) is evident. To prove also (4,W) < (4 v 4y, W) we
need only show that f € (4, W) implies f(ao) € W for every ay € A, To this end
denote by d the metric in Z, and set F(y) = d(f(y), f(ao)); then we have

F:Y—)El,

and since a, € 4, this means there must be a point a € 4 with F(a) = F(a,) = 0;
this in turn implies that f(ao) = f(a) € W, finishing the proof as indicated. (All
that is really needed for this theorem is that (a) Z be completely regular, (b) every
point of Z be a G5, and(c) Z contain a non-degenerate arc.)

If we specialize Z instead of ¥, we get a more complete converse to (4.2). Let
us take Z to be the Sierpinski space consisting of two points, which we call 0
and 1, with the empty set, the entire space, and the point 0 as the only open sets.

(4.6) THEOREM. Let Y be an arbitrary space, S the Sierpinski space. A neces-
sary and sufficient condition that an {A}-open topology in SY be < every admis-
sible topology is that all the sets of {A} be compact.

Proof. The sufficiency follows from (4.2). We need only prove the necessity.
Let B be an arbitrary set of the collection {A} and “/,8 } an arbitrary covering of
B. We shall reduce { ¥z} to a finite covering., Let V be the union of all the Vﬁ'

Let & € SY be the function which is 0 precisely on V. Introduce an admissible
topology ¢ in SY as follows: (a) All elements of SY except k are isolated, (b) the
neighborhoods of & are of form (V, u ¥, y *** u Vﬁ’ 0) where the ¥V, are open
sets with /; < Vg, . In fact, ¢ is admissible, as is not hard to verify. The hy-
pothesis then gives us a neighborhood in ¢ with

ke(WVulVyur+-ul,, 0 c(B0).

Selecting V/3i D V., we form their union G. This set covers B; for otherwise, if g
is the function vanishing precisely on G we have g € (I3 y **+ y Vp, 0) and
g ¢(B,0), a contradiction. Hence B is compact, proving (4.6).

We now turn to the admissible case, and seek conditions under which a set-
open topology is admissible.For convenience we make another definition. A family
of sets {4} is a regular family in Y if, given any y in Y and neighborhood U of y,
there exists an A in {4} contained in U and containing v in its interior.

This concept permits the following statement.

(4.7) THEOREM. Let Z and Y be arbitrary spaces. A set-open topology in Z¥
based on a regular family of sets is always admissible.

Proof. We are to show that we have w: Y X ZY — Z. Let f € Z¥, y € Y and
W a neighborhood of f(y); then f~'(W) is open in Y, and y € f™(W); by regularity
of the family §43 we can find an 4 with y € int 4, 4 < f~1(W). It is clear that
w [int A X (4;,W)] € W, and so w is continuous.
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This theorem has two interesting consequences, the first of which has been
known for a long time; see Fox [7] and Arens [2].

(4.71) THEOREM. Let Y be a regular locally compact space, and Z arbitrary.
Then the k-topology (see (4.2)) in ZY is admissible and proper.

Proof. The totality of all compact subsets of Y, since Y is locally compact
and regular, forms a regular family.

A corollary of (4.71) particularly useful in discussions of homotopies is the
following.

(4.72) CoroLLARY (Fox [7]). Let Y be regular, and let X and Y both satisfy
the first axiom of countability. Then g: X X Y — Z is equivalent with

gt X = ZY(k),
for any Z.

Proof. One half of the result comes from (4.2); we prove g*: X = ZY (k) im-
plies g: X X Y — Z. Note that (4.71) implies g is continuous on all sets of form
A XY where A is a compact subset of X. In particular, g is sequentially con-
tinuous, and with our hypothesis this implies that g is continuous.

5. The proper topologies. The situation of the proper topologies in the class
of all topologies in a class ZY is a particularly simple one: with the partial
ordering of (3.1), they form an ideal with a (smallest and a) greatest element. We
establish first the completeness of the class of proper topologies.

(5.1) LEMMA. Let Z and Y be arbitrary spaces; let {to} an arbitrary collection
of proper topologies in ZY. Then A t, and Vy t, are also proper topologies in ZY,

Proof. That Aty is a proper topology is immediate from (3.6). To prove the
remaining part, suppose we have g: X XY — Z; we are to show that we have
g*: X = ZY(Vy ty). Select an open set U in ZY(V,ty); since it is sufficient
to consider only the subbasic open sets, this selected set can be assumed open
in some topology tg. Since tg is proper, the inverse image of U under g* is open
in X. Hence g* is continuous, as was to be shown.

Since an application of (5.1) gives a greatest and a least proper topology, we
may reformulate (5.1) in the following way.

(5.2) THEOREM. Let Z and Y be arbitrary spaces. With the partial ordering of
(3.1), the proper topologies in ZY form an ideal with a greatest element.

The least proper topology is, of course, the trivial topology. The (unique)
greatest proper topology ¢, can be characterized as follows: let {to} be the col-
lection of all the proper topologies in ZY; then ¢,, =V, t,. We have been unable
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to characterize this greatest proper topology more directly in terms of the topologi-
cal structures of Z and Y. So far as its properties are concerned, since ¢,, > k-
topology, all properties of the k-topology invariant under expansion (such as
Hausdorff separation, disconnection) are inherited by ¢,. A method for obtaining
the greatest proper topology that sometimes works will be given in Section 6; we
merely remark here that a proper admissible topology in ZY is the greatest proper
topology.

The problem initiating this paper was to determine the status of the k-topology.
From (4.71) and the above remark, we note that if Y is locally compact, the -
topology is in fact the greatest proper topology inZY. We ask then if the k-topology
has any distinguished role in the hierarchy of proper topologies for ZY. Theorems
(5.4) and (5.5), below, will give a reason why the k-topology is a convenient topol-
ogy to be used in function spaces. However, it is not distinguished by being
always the greatest proper topology in ZY. We now present an example.

(5.3) THEOREM. Let Z be the unit interval [0,1) in E,. Then there exists a
completely regular space Y such that the k-topology in ZY is not the greatest

proper topology.

Proof. Let Y be the set of all ordered pairs of positive integers, and one
additional element which we will call ©. The topology in Y is obtained by taking
each pair (i,j) as an isolated point, and the neighborhoods of ® to be all sets
obtained as follows: if N, Jy+(, Jy+,,* * * is any collection of integers, the set

V=1{G; i>N and j> J;}

is a neighborhood of ©. We remark that, in this space Y, all the compact sets are
finite sets; see Arens [3, p. 234] .

Define a function f,: ¥ = Z, f, (i,j) =0 or 1 according as i # n or i = n, and
f, (®) = 0. Expand the topology of Z¥(k) by declaring the set B = $fis far*}
closed, thus obtaining a topology £* in Z . We note first that £#* > £ since f, = 0
in the k-topology, but not in the k*-topology.

The theorem will be proved when we show that £+ is a proper topology in ZY.
To this end, let g, converge continuously to g (see (2.4)); we are to prove
gu — 8- Our proof breaks into two cases.

Case 1: g # 0. Since ZY(k) is a Hausdorff space (see (4.3)), if g # 0, we can
find a k-neighborhood U of O that excludes the sequence B, because f, — 0 im-
plies that 0 is the only limit point of B in ZY (k). Since the topologies of ZY (k+)
and ZY (k) coincide at all points g # 0, and k is a proper topology, this means g,
is ultimately in U, and so converges to g in k and in £*.

Case 2: g=0. Let U* be a neighborhood of 0 in £*. Then U* =U—B
(U open in k-topology), and g, is again ultimately in U. Let us assume that
nevertheless g#-fé 0 in k*. Then we must have g, € B cofinally; that is, given
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My there exists a u' > u with g, € B. The g,/ still converge continuously to
0. Hence there is a neighborhood ¥ of ® (say the one described in the first para-
graph) and a y, such that for u' > o, we have g,» =0 on V. But since g,/ € B,
we have g, = fp(ur); and since gy = fo(u) =0 on V for ' > g, we would
have 1 <n(u') <N for ' > . Since the f(,) converge continuously to 0,
they converge also in the k-topology (see (2.4)). Hence there exists a p; such that
M > py implies fr(y) (5,1) =0 for i =1, 2, + +, N; this means that for ©' > u,,
' > py, we have g,r =0 = fy (). Thus the g, are finally all 0, contradicting
that they all lie on B. Hence, g, — 0 in £*. This concludes the proof of the fact
that £+ is proper.

If we do not require Y to be a completely regular space, then a construction of
a proper topology greater than the k-topology becomes simpler. We append such an
example for later use.

(5.31) LEMMA. Let Y be a completely regular space, satisfying the first axiom
of countability, and Z the unit interval in E,. Let Y~ be an expansion of the
topology of Y in such a way that the sets ZY and ZY " are the same. Then for any
space X, g: X XY™ — Z implies g: X X Y — Z.

Proof. We first establish the following results.

(5.311) A point y in Y" has a basis of neighborhoods of the form V— D",
where V is openin Y, D™ is closed in Y", and V n D" has no interior in Y.

To see this, note that any neighborhood of y in ¥~ has the form Y™ — E ",
where E” is closed in Y~. Suppose now that the interior / of £~ in Y has y as
limit point. Pick a basis V;, V,,* ++ of y in Y such that

hohilh oV, -,

in such a manner that [ n (¥, — V,%,) # 0. Define f;,: ¥ = Z by

1 at some point of [ n (¥}, — Vpuy)
faly) =

Ofory ¢ 1 n (W, =V 31)e

Then f =2, f, is a continuous on Y except at y. In Y~, however, it is continuous
even at y because f=0on Y"— E". The real-valued continuous functions being
the same, this can only happen if / does not have y as a limit point in Y. Hence,
we can pick V so that ¥ n E” has no interior in Y, as was to be shown.

(5.312) g: X XY™ — Z implies g: X XY — Z.

With the notations of (5.311), g: X X Y™ — Z implies that there exists a
neighborhood U of x5 and a V¥ — D~ containing y, such that

lg(x,y) = glxg, %) | < €
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for (x,y) € U X (V —D"). Now, each point of ¥ n D" is a limit point of ¥ — D"
soif y € (V n D7), there exists a sequence {y,}withy, € (¥ =D") andy, —y
in Y. Since g(x, *) is still continuous on Y, we have |g(x,y) — g(x¢,%)| < E
and therefore g: X X Y — Z, as desired.

(5.32) THEOREM. Let Y be a completely regular space, satisfying the first
axiom of countability, and let Z be the unit interval of E,. Let Y" be an expansion
of the topology of Y that introduces no new continuous real-valued functions. Let
ZY" (k™) be the functional space with the k-topology, and let ZY " (k) be the same
functional space with the k-topology of ZY. Then k> k™, and k is also proper.
Hence, the k-topology in ZY " is not the greatest proper topology.

Proof. Tt is not hard to verify that in fact £ > £”.To see that £ is also proper,
note that g: X X Y™ — Z implies g: X X Y — Z, which yields

g* i X = ZY(k)=2Y" (%),

as was to be shown.

An example of such a space is exhibited in (6.21) below.

The position of the k-topology in the proper topologies for ZY can now be
somewhat clarified; and a reason for its utility will appear from the following
sequence of theorems.

(5.4) THEOREM. Let Y be a completely regular space, and Z an arbitrary
space. Then the k-topology is the greatest of the proper set-open topologies based
on closed sets.

(5.5) THEOREM. Let Y be a completely regular space, Z a metric space con-
taining a non-degenerate arc. Then the k-topology is the greatest of the proper
set-open topologies.

The proofs of these theorems are immediate from (4.311) and (4.5).

(5.51) COROLLARY. Let Y be a completely regular space, and Z a metric
space containing a non-degenerate arc. If the k-topology is not the greatest proper
topology, then the greatest proper topology is not a set-open topology.

From consideration of the results in (3.6) it is clear that, if a proper admis-
sible topology exists, there must be a delicate balancing of open sets. In general,
there is no such topology (see (6)). But we now show there can never be more than
one, if any.

(5.6) THEOREM. Let Z and Y be arbitrary spaces. If t is a proper admissible
topology in ZY, then t is unique. That is, there is no other proper admissible
topology except t.
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Proof. Let s be another proper admissible topology. Since s is proper and ¢ is
admissible, by (3.6), we have s < ¢. Reversing the roles of s and ¢, we get also
t <s. Hence, t =s.

Some of the considerations of this section can be applied to more general
situations in which topologies for a set X are considered, there being no function
space in the picture. The following generalization of (5.1) is related to a con-
struction of Choquet’s [6,p.85].

(5.7) LEMMA. Let L be a “notion of convergence,” that is, a rule which
assigns, to some directed sets in X, a point. Let a topology t for X be called
“L-proper” if whenever L assigns x to {xﬂf then x,, — x in X. Then, if T is any
family of L-proper topologies, the topology

t—=V ¢
teT

is also L-proper.

Proof. Let L assign x to {x,}. Let a neighborhood U of % in X (¢-) be given.
There exist t;,**+, ¢, in T such that U=U; n *++ nU,, where U; is open
in X (¢;). Hence there is some u; such that the relation x> u; implies x; € U;.
Select g > pyy* * ¢y fpe For 4> o, we have x, € U. Thus ¢~ is proper.

To obtain (5.1), let L be the notion of continuous convergence, and let T be
the class of all L-proper topologies.

One may also define what is meant by an “L-admissible ” topology. A topology
t for X is L-admissible if whenever x, = x in X, then L assigns x to fx,,,} . The
next Section shows that the L-admissible topologies do not always have the
property dual to that established for the L-proper topologies in (5.7), not even
when T is limited to finite sets.

6. Admissible topologies. The o -topologies provide many examples of admis-
sible topologies. We shall now see that proper admissible topologies are scarce,
and that the hierarchy of admissible topologies rarely forms a lattice.

(6.01) THEOREM. A proper admissible topology for ZY is both the greatest
proper topology and the least admissible topology.

Proof. The proof rests on the fact that any proper topology is smaller than or
equal to any given admissible topology (see (3.7)).

One conceivable way of determining whether there is a proper admissible
topology is to examine the greatest proper topology itself. It is unique and is
admissible if and only if there exists a proper admissible topology. A direct ex-
amination of the greatest proper topology seems rather cumbersome. The following
partial converse to (5.71) shows that, under fairly general conditions, when Y is
not locally compact, there is no proper admissible topology.
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(6.1) THEOREM (Fox [7, Theorem 3)). If Y is separable and metrizable and
Z is the real line, and if there exists a proper admissible topology, then Y is
locally compact.

Now (6.1) is, by (6.01), immediately deducible from the following somewhat
stronger result.

(6.2) THEOREM (Arens [2, Theorem 3]). If Y is a completely regular space
and Z is the real interval [0,1], and if there exists a least admissible topology
for ZY, then Y is locally compact.

In particular, the “separable and metrizable” in (6.1) can be replaced by

“completely regular.” As to the necessity of complete regularity in (6.2): a locally
compact Hausdorff space must be completely regular. However, this justification

for assuming Y to be completely regular is not as convincing as is the following
example.

(6.21) THEOREM. There exists a non-locally-compact Hausdorff space Y such
that ZY can be given a least admissible topology, where Z is the real interval

[0,1].

Proof. Let Y, be the real interval [0,1] with the ordinary topology. Let y be
the interval [0,1] with the topology generated by the following subbasic open
sets (cf. Alexandroff-Hopf [1, p.31]): first, the complement of the set D, where
is the set of numbers 1/n (n =1,2,+ + *); second, the open sets of Y,. Thus ¥
differs from Y, only at 0, but the mutilation at 0 is enough to make Y an irregular
Hausdorff space. Hence it cannot be locally compact. The remaining part of the
argument hinges on the fact that a function f: [0,1] — Z is continuous on Y if
and only if it is continuous on Y,. We leave the proof of this to the reader. (This
in itself implies that Y is not completely regular.) Let {4} be the class of sets
which are compact in Y,. In ZY these determine a set-open topology (see (4.2))
which we shall call the k,-topology. It is clearly admissible, by (4.7). Let ¢ be
any other admissible topology for ZY. Suppose f € ZY and let (4,W, ) be a neigh-
borhood of fin ZY(ky). Now the image f(A) is surely compact in Z so that we can
find an open set W in Z such that f(4) = W and W~ < W;. For each y in 4 there
is a neighborhood V;(y) of y and a neighborhood U(f,y) of f in Z¥(¢) so that
z € V; (y) and so that the relation g € U(f,y) implies g(z) € W. Let V (y) be the
interior of the closure of V (y). It is easy to see that g(z) € W, for z € V(y) and
g as before. Since each V(y) is open in Y,, where 4 is compact, we can find
¥is***s ¥n such that

AcVy)u---uVip).

Let U()=U(f,yy) a*++ aU(f,yn). It is easy to see that U(f) is contained in
(A, W,) (see Arens [2,p.482]). We infer from this that ¢ > k,.
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The complete regularity is used in the proof of (6.2) (see Arens [2, p.483])
in constructing an element of ZY which distinguishes a closed set from a disjoint
point. Hence the proof may be duplicated in any other case where such separation
by continuous functions is always possible.

An application, rather than extension, of (6.2) shows that in (6.2) the space Z
may be taken as any T, -space containing a non-degenerate arc. Thus we obtain a
result when Z is the Sierpinski space {0,1}. However, in this particular case the
proof of (6.2) can be adapted so as to give a still better result: complete regularity
is relaxed to regularity. We state the result but leave the proof to the reader.

(6.25) THEOREM. If Y is a regular space and Z is the Sierpinski space (see
(4.6)), and if there exists a least admissible topology for ZY, then Y is locally
compact.

Returning to the remark just made about having an arc in Z, we wish to show
that this requirement cannot be simply omitted. Let us consider an extreme ex-
ample in which Y is connected but Z is totally disconnected. Then ZY consists
only of constant functions and can hence be given the topology of Z, which is
both proper and admissible, regardless of any other properties of Y.

Theorem (6.2) says that when Y is completely regular, and Z is [0,1) but ¥
is not locally compact, then there is at least one class (i of admissible topologies
whose greatest lower bound is not admissible. The class ( which (6.2) exhibits
for this purpose is a large one—in fact the largest possible. One might ask whether
any two admissible topologies have an admissible “meet” topology (greatest lower
bound) (see (3.4)), especially since we know of an extensive class of admissible
topologies (see (4.11)) for which the meet of two is always admissible. The follow-
ing theorem shows that the answer is “no” for any metric non-locally compact
space Y. We define a Frechet-compact set to be one in which every infinite sub-
set has a limit point.

(6.3) THEOREM. Let Y be a completely regular Hausdorff space in which each
point has a countable basis, and let Z be the real line or the interval [0,1].If
the meet of every pair of admissible S-topologies for ZY is admissible then Y is
locally Fre'chet-compact.

Proof. Suppose Y is not locally Frechet-compact. One can then find a point
¥o for which one can construct a basis /{ D F, D F; D+, and a sequence
of infinite sets ry, r,, r3, * * *, none of which has a limit point and such that r; is
contained in V, — V,1,. Break each r, into disjoint infinite subsets s,, t;. Let
r be the union of ry, ry, 13, *+ . A set A will be called an R-set if A7 intersects
r in but a finite set. Let B, be any open subset of |, — ¥, 4+, containing all of ¢,
and no points of s,, and let 4, be any R-set. Then let (V;, — B,) U 4, be called

an Sp-set (n =1,2, « + +).
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Define an S-topology in ZY by taking as a subbase the sets (4, W) where W is
open in Z and 4 is an R-set or an S,-set for some n. (The notation (4, W), defined
earlier, refers to the class of functions sending 4 into W.) Designate this topology
simply by “S”.

We first show that S is admissible.

Let f and y be given, as well as a neighborhood W of f(y). We consider two
cases.

Case 1: y =1y,. There is a neighborhood 7, on which f has all its values in
W. For each x in s, obtain a neighborhood B, contained in ¥, — V,3; and avoid-
ing the set ¢,. Let B, be the union of these By. Then (V}, — B,, W) is a neighbor-
hood of f, and for g therein and x in I}, +; we surely have g(x) in I.

Case 2: y =y,. We can find a neighborhood 4 of y which is an R-set and on
which f has values only in W. For g in (4,%) and x in 4 we have g(x) in W. With
the completion of this second case we have shown the admissibility.

Replacing each S by a T, each s by a ¢, and each ¢ by an s, regardless of sub-
scripts, we obtain the definition and admissibility of another topology, T.

(6.31) The meet S A T is not admissible.

Suppose it were admissible. Let W be the complement of 1 in Z, and let f; be
a function in ZY such that f,(y,) = 0 and f,(y) =1 for some y in r;. Then there
is a set U open in both S and T, and a ¥}, such that:

(6.32) The relations f € Uandy € V, together imply f(y) € W.
Continuing the proof of (6.3) we now deduce the following from (6.32):

(6.33) If U contains an f which assumes the value 1 on some point of ry, then
it contains an f{ which assumes that value on some point of ry, for some n greater
than m.

Proof. We may suppose that f in U assumes the value 1 on some point of s,.
Now f has a neighborhood U1 = (44, * - -, Ajs Wiy =00y W ), where the latter
expression denotes the intersection of (4y,W;), *++, (4;,W;) in T. Some W;
clearly excludes 1, for otherwise the constant function 1 belongs to U, violating
(6.32). Let W;, = - -, W be those that exclude 1, and suppose 4, is a T, -set with
the lowest value of n. The closures of the finitely many R-sets figuring in U7
clearly cannot cover t,. Hence there is a point y; in ¢, with a neighborhood V
intersecting none of Ay, * *+, Aj. We construct a continuous real-valued function
g with g(y;) =1 — f(y,), vanishing outside V/, and having 0 and 1 — f(y;) as its
bounds. Let fy = f+ g; this function has the property required by (6.33), but it
remains to show that we have n > m. If we had n < m then s,, would be inside 4.
Now f assumes the value 1 somewhere on s,. Thus 1 belongs to W,. This con-
tradicts the earlier finding that W, does not contain 1. Hence (6.33) is proved.



26 RICHARD ARENS AND JAMES DUGUNDJI

To prove (6.3) we observe that from the f, and an iterated application of
(6.33) we finally obtain an f in U which assumes the value 1 somewhere on V.
This contradicts (6.32). Hence (6.3) is proved.

As in the case of (6.2), this result (6.3) can be extended automatically to the
case in which Z merely possesses a non-degenerate arc, and is a T,-space. The
“Sierpinski space” (see (4.6)) is an example. However, one can do a little better
in the case of the Sierpinski space, as follows.

(6.4) THEOREM. Let Y be a Hausdorff space in which each point has a count-
able basis, and let Z be the Sierpinski space {0,1} (see (4.6)). If the meet of
every pair of S-admissible topologies in ZY is admissible, then Y is locally
compact.

The reader can obtain the proof out of that of (6.3), observing these changes:
(a) instead of having no limit points, the r, have no complete limit points (see
Alexandroff and Urysohn [14, p.7]); (b) the R-sets may intersect each ry,
in a set of power less than that of r;; (c) the value j need not exceed 1; and (d)
the sets B, may be taken as t,. In fact, our method of investigating these matters
was to consider first the case where Z is the Sierpinski space.

The following observation is of interest. In (6.3) we saw that the meet ¢ of two
admissible topologies may not have enough open sets to be itself admissible,
unless Y is locally compact. Although there are obviously topologies which are
neither admissible nor proper, one might wonder whether any such are accessible
through lattice operations from admissible topologies. In other words, if the ¢
above is not admissible is it necessarily proper? A consideration of the proof of
(6.3) shows that the meet ¢t of S and T need not be proper: each set of the form
(4,W), where 4 is an R-set, is open in t; but there is no reason why all R sets
should be compact, and hence (by (4.41)) why ¢ should be proper.

An observation which sometimes leads to the identification of the greatest
proper topology is this: If the meet of two admissible topologies is proper, this
meet is the greatest proper topology. An application of this to the reasoning of
(6.3) yields a result which should be compared with the earlier example (5.3).

(6.5) THEOREM. When Y is not locally compact, and Z is the Sierpinski
space {0,13}, then the k-topology may be the greatest proper topology.

Proof. Let Y be the space of pairs of positive integers (i, ;) with an added
point “®@”, Neighborhoods of ®@ shall be ¥V, (n =1,2, « * +) of points with j > n,
plus ®© itself. Other points are isolated. Define an S-topology as follows. Let 4,
be the set of points (i, j) where j > n + 1 when i is odd and j > n when i is even,
plus @ itself. Let Ao be void. A set denoted by B shall be any finite set. The
S-topology shall be based on such 4 or B sets; call it S. The sets of the form
(A, u B, 0), where 0 € §0,1} is the open point, clearly form a basis. Interchange
“odd” and “even” in the above and arrive at another topology 7. Both these
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topologies are admissible, and hence >k, whence S A T > k. Let U be open in
S AT, and contain the function 0. Select an (4, u B, 0) containing 0 and con-
tained in U, the former being open in S. Then there must be anelement fin U
which has the value 1 at almost all points with j <n, and also at almost all points
(i, j) with j = n and i odd. Now select another neighborhood (4, v By,0)of f in U,
the former being open in T. Then clearly p > n. There is then a g in U with value
1 at almost all points with j <p and at almost all points (i, j) with j = p and i
even. By induction we arrive at a set K of points, finitely many on each row, such
that, if £(i,;) =0 for j > N (any N) and for (i,j) € K, then we have A € U. Let
K, =K u {©}. What we have just said is that if € (K, 0) then 2 € U. Hence U
is open in ZY (k). If in the first neighborhood (4, u B,0) we have n = ©, then we
have already a k-open set containing 0 and contained in U. The argument is still
simpler for any function which is not O identically. Thus we have S A T < £k, or
SAT=kE

It is probable that this example can be adapted to the case where Z is the
real interval [0,1].

7. The space of closed sets. Let S be the Sierpinski space of two points 0 and
1, where {0} is open and {11} is not open. Consider SY for any space Y. Let
f € SY, and let F be the class of points on which f(y) = 1. Then F is evidently a
closed set, and clearly every closed set can be obtained in this way. The notation
of S has been so chosen that the correspondence f <> F preserves the lattice
operations (S obviously is a lattice, and this introduces lattice ordering into SY in
an obvious way) and the Boolean ring operations (where we use intersection and
symmetric difference (F; v F,) — (F; nF,) in the class J of closed sets). We
sum up this situation briefly as a theorem.

(7.1) TuEOREM. SY and & are isomorphic.

We shall henceforth prefer the symbol “3”, or “3(Y)”, to “SY”, and shall

write the elements as F, Fy, * + +, using F in a dual way when we write
(7.11) y € F if and only if F(y) =1.

Having decided to regard 3 as a space of continuous functions, we naturally
investigate first the interpretation of any kind of convergence in J which does not
require introduction of any topology in the function space.

(7.2) THEOREM. Let {Fﬂf be a directed set in 3. Then F,, converges con-
tinuously (see circa 2.4) to F if and only if F D lim sup F,.

Before proceeding to the proof, we must explain what the lim sup of a directed
set of sets E, is. Generalizing Hausdorff’s definition (Alexandroff-Hopf [1,
p.111]) in an obvious way (see Choquet [6]) we say:
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(7.21) y € lim sup £, if and only if for every u and every neighborhood V' of
y there is a ' > w such that £,/ intersects V.

We add the customary companion:

(7.22) y € lim inf E,, if and only if for every neighborhood V' of y there is a
M such that for every u' > u, E, intersects V.

Proof of 7.2. Let lim sup F,, be denoted by L. Then L (y) = 0 precisely if for
some u and some V of y and every u' > i we have F,+ (y) = 0. Now suppose
that F, converge continuously to F (the definition precedes (2.4)), and suppose
F(y) =0. It follows at once that L (y) = 0. Hence the continuous convergence
implies L © F (see (7.11)). Conversely, suppose F D L. To check continuous
convergence we need only consider y such that F (y) = 0. Then L (y) = 0. Reading
the second sentence of this proof, we see that the condition of continuous con-
vergence is satisfied.

Observe that continuous limits are not unique. Everything converges con-
tinuously to Y itself, for example.

The condition that a topology for & should be admissible is easily deducible
from (2.5) and (7.2).

(7.23) THEOREM. A topology t for 3 is admissible if and only if for every
directed set of closed sets EFM} which converges to F according to t we have
F O lim sup F,.

We shall now consider the significance of proper topologies.

(7.3) THEOREM. Let X and Y be spaces, and let & be a closed subset of
X X'Y. For each x let Fy be the closed set of points y for which (x,y) € ®. Then
a necessary and sufficient condition that a topology for & be proper is that for
every ® the associated mapping

f: X—=3; fx)=Fy,
be continuous.

According to (6.25), (6.01), and (4.71), when Y is a regular space we can
obtain a topology ¢ with the properties of (7.23) and (7.3) if and only if Y is locally
compact, and that topology will be the k-topology. We wish to compare this topol-
ogy with that introduced by Hausdorff into J when Y is a compact metric space
(see Alexandroff-Hopf [1]) and further generalized by Choquet [6, pp.87-93].
Hausdorff’s topology H is surely not the same as the k-topology, for SY(H) is a
Hausdorff space whereas in SY (k) the closed set Y has, as its only neighborhood,
J itself. Theorem VI (Alexandroff-Hopf [1, p.115]) shows that convergence in
SY(H) fulfills the condition of (7.23), so that H is admissible, and thus # > k. As

a matter of fact, the void set is omitted in Hausdorff’s treatment; but a formal
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application of definitions shows that it would be isolated, as itis in the k-topology.

Since Hausdorff’s topology H makes & compact [1],there is no other Hausdorff
topology H' lying between & and H. This supports the conjecture that H is the
least admissible Hausdorff topology.

8. Topological products. The techniques of this paper enable us io give an
answer to the following question: If X is an arbitrary set and Y a space, if T is a
topology in the set of all couples (x,y), x € X, y € Y, yielding a topological
space P, when can a topology ¢ be introduced in X so that P is the topological
product X (¢) X Y ?

(8.1) THEOREM. With the notations as above, assume T has the following
properties:

(8.11) For each fixed xo, the mapping fx,(y) = (x0,y) of Y into Pis continuous;
(8.12) The mapping g(x,y) =y of P into Y is continuous;

(8.13) Given any two points (xq, %)y (%0,¥5 ) of P, and any neighborhood V
of (%9, Y0)s there exists a neighborhood W of v, and a neighborhood V' of (x4, y5)
such that (x,y=) € V' andy € W imply (x,y) € V.

Then, if PY has a proper and admissible topology, there exists a topology t in
X with X(() X Y=P.

Proof. Since by (8.11), for each x, fi(y) € PY, the map F*, F*(x)(y) = fx(y),
is a one-to-one mapping of X into PY, and so in all that follows we shall consider
X © PY. We now give X the topology ¢ of a subset of the space PY. Then we have
F*: X(¢) > PY; and, due to the admissibility, for the associated map we have
F: X(e) XY — P. It is evident that F is the identity map.

On the basis of (8.13) we note that defining A[y, (x,y=)]= (x,y) we get
h:Y X P — P; by the properness we find h*: P — PY, and it is easy to see that
k* maps P into X © PY, so that we have h*: P — X. Using (8.12), we also have
g: P — Y. Defining H(x,y) = [A*(x,y),g(x,y)], we thus have H: P — X (¢) X ¥,
and H is the identity map. Hence, from the above we find that X (¢) X Y and P are
homeomorphic, and the theorem is proved.

Note that in case Y is locally compact and regular, then from (4.71) the k-
topology in PY, for any space P, is admissible and proper.

(8.2) THEOREM. Let Y be a locally compact regular space, and let X be an
arbitrary set. A necessary and sufficient condition that a topology T in the set
X XY be a product topology with one factor the space Y, is that T satisfy (8.11)
through (8.13).

Proof. The necessity of (8.11) through (8.13) is immediate from elementary
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properties of topological products. The sufficiency of (8.11) through (8.13) stems
from (4.71) and (8.1).

Another result on the behavior of topological products that is implied by our
results will now be given. Let Y be a fixed space, and X a set carrying topologies
s and ¢t. In the set of all pairs, X X Y, let S be the product topology of ¥ X X (s),
T the product topology of ¥ X X(¢), and R the product topology in ¥ X X (s A ¢).

(8.3) THEOREM. In the set X X Y, we always have R < S A T. Furthermore:
(8.31) If Y is locally compact and regular, then R=S A T;
(8.32) If Y is not locally compact, then in general R #S A T.

Proof. If W is open in R, and (y,x) € W, then there is a set of the form U X V,
U open in Y, V open in X(s) and in X (¢), with (y,x) € UXV < W. This means
that U X V is open in S and in T, hence in S A T. It follows that W is open in
S AT,sothat R<S A T.

Ad (8.31). Let P denote the set X X Y with topology S A T. Since Y is locally
compact, PY has, by (4.71), an admissible and proper topology. We first remark
that for the identity map, we have g: ¥ X X (s) — P; due to properness, we have
for the associated map g*: X(s) = PY. Using the same map, we also obtain
g*: X(t) = PY, and so evidently we have g*: X(s A t) = PY. By admissibility
we find for the identity map g: ¥ X X(s A t) = P. This shows that S A T <R
and, with what we have already shown, this gives S A T =R.

Ad (8.32). Let us take Y to be the space of (6.4) and X to be the set ZY of
(6.4). Let s and ¢ be two admissible topologies whose meet is not admissible. We
show that R# S A T. First we note that the evaluation map w of ¥ X ZY(s A ¢)
into Z is not continuous in R since s A ¢ is not admissible. But w is clearly
continuous in S A T, since it is continuous in both S and T. This proves that
R #S A T, and also establishes the theorem.

In case both factors are allowed to change, the assertion (8.32) always holds,
regardless of whether Y is compact or not.

(8.4) THEOREM. Let X be an arbitrary set, and let s and t be two topologies
in X. If S is the topology of X (s) X X(s), T the topology of X(t) X X(¢), and R the
topology of X(s A t) X X (s A t), then in general R#S A T.

Proof. We take X to be the countable set of (3.54) and s and ¢ the two compact
Hausdorff topologies mentioned there. We remark that it is trivial to prove that the
diagonal D = {(x,y); x =y} in a space X () X X (/) is closed if and only if r is
a Hausdorff topology To prove the theorem, we note that on the basis of this
remark, D is closed in S and in T, hence in S A T, but that D is not closed in R
since s A ¢ is not a Hausdorff topology.
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DISTRIBUTIVE LATTICES WITH A THIRD OPERATION DEFINED

B. H. ARNOLD

1. Introduction. If L is the direct union of two distributive lattices, one may
define a new operation % between any two elements (a,b) and (c,d) of L by

(1) (a,b) ¥ (c,d)=(aNe, bUD).
This operation * is:

P1. Idempotent

P2. Commutative

P3. Associative

P4. Distributive with *, U, N in all possible ways.

The main results of this paper are the following.

First (Theorem 16), this is essentially the only way in which an operation with
properties P1-P4 can arise in a distributive lattice. That is, if L is a distributive
lattice with a binary operation % having properties P1-P4, then L is a sublattice
of the direct union of two distributive ldttices, and the operation * is given by
equation (1).

Second (Theorem 9), if

P5. L contains an identity element e for the operation *,

then L is the entire direct union. Here P5 is sufficient but not necessary; a neces-
sary and sufficient condition is given in Theorem 17. In case * is identical with
U or N, Theorems 9, 16, and 17 still hold, but give trivial decompositions.

Finally, Section 5 shows that the presence of an operation % is equivalent to
the existence of a partial ordering with certain properties, so that our theorems
may be restated so as to apply to distributive lattices with an auxiliary partial
ordering.

2. Preliminary considerations. Throughout the paper, L is a distributive lat-
tice with an operation % having at least properties P1-P4. By an isomorphism

Received February 10, 1950. Published with the approval of the Oregon State College
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between two such algebraic structures, we shall mean a one-to-one correspondence
which preserves the operations U, N, %; as is customary, in the direct union
A X B of two such algebraic structures, all operations act coordinatewise; for
example, (a,b) * (c,d) =(a * ¢, b*d).

For later reference, we collect here several simple consequences of P1-P4.
The proofs consist of repeated applications of the idempotent and other laws, and
will be presented briefly and without annotation of the separate steps. These re-
sults will be used frequently in later proofs without any explicit reference being
made. In these theorems, small Latin letters represent arbitrary elements of L.

THEOREM 1. xNy<x*y<xUy,
Proof. We have
ENNPUGaxy) =[Ny Ux]*x[xNy Uyl==x*7y;
thus x Ny < x * y. Similarly for the other inequality.
THEOREM 2. Ifx; < xyand v, < y,, thenx ¥ y; < x, ¥ y,.
Proof. We have
(e % y2) N (ey ¥ y) =2 % (y N yp) =y K g5
thus x, * y; < x; % y,. Similarly, x; ¥ y, < x, ¥ y,, and the theorem follows.
THEOREM 3. x*(xUy)=xUx *y)andx * (x Ny)=x N (x *y).
Proof. Clearly,
x¥@Uy)=@*x)Ux*y)=xU(x*y).
Similarly for the other equation.
THEOREM 4. x*y=(xNy) *(xUy).
Proof. The result follows from the continued equation,

Ny *EUy=[xNy) *x]U [(xNy) *y]
=[x*y)Na]U [x *y) Ny]
=x*y)NxUy) =x*y.

THEOREM 5. x ¥ (x ¥ y) =x ¥ y.
Proof. Clearly,

x %k (x ky) = (x ¥ x) %y =x Xy,
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THEOREM 6. Ifx < u<lx*y<v<y,thenu*v=x%y,
Proof. Since x < uand x ¥ y < v, Theorem 2 shows that
xXy=x%(x *%y) < uxv.
Similarly,

u*vﬁ(x*y)*y=x*y,

3. The operation % has properties P1-P5. In this section, we prove one of the
main results of the paper (Theorem 9), using the assumption that L contains an
element e which is an identity element for the operation *.

THEOREM 7. I[fa< eandc< e,thena*c=alNec.

Proof. Since a ¥ ¢ =(aNc) * (a Uc), it is sufficient to consider the case
a<c<e and prove a ¥ c =a. But then a <a <a* e <c<e, and Theorem 6
shows that ¢ ¥ ¢ = a * e = a.

THEOREM 8. Ifb>e andd>e,thenb*d=0>bUd.
The proof is similar to that of Theorem 7.

THEOREM 9. [If L is a distributive lattice with a binary operation * having
properties P1-P5, then L is isomorphic to the direct union of two distributive lat-
tices A, B each with an operation % having properties P1-P5; and if (a,b), (c,d)
are any two elements of A X B, then (a,b) * (c,d)=(aNe¢, bU ).

Proof. Set
Azfalafef, B={b|b2e§;

then, with the same operations as in L, 4 and B are distributive lattices each
with an operation % having properties P1-P5.

We prove that the correspondence (a,b) — a * b is the required isomorphism
from A X B onto L. It is clearly a single valued correspondence from 4 X B into L.
It covers L because, for any element x of L, we have x N e €4, x U e €B and,
by Theorem 4, (x Ne) ¥ (x Ue) =x ¥ e =x. It is one-to-one because, for any
a€Ad, beB, we have eN(@* b)=(eNa)*(eNb)=a*e=a. Thus if a *b
=c*d, c€Ad, deB, then a=c. Similarly, b6 =d.

This correspondence preserves the three operations U, N, *. For instance,

(@) U(,d=@Uec,bUd) > @Uc)*(bUd=@@Uec)* [(bUd) *((UJ)].

By Theorem 8, b U d = b * d; making this replacement in one parenthesis only,
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and rearranging the factors connected by %, we have [(a U ¢) * 5] * [(b U d) * d).
But b=5bUc, d=a Ud, sothat we have

[lau)* BU]* [(bU) *(aUd)
=[e*b)Ucl*[(bxa)Udl=(x*b) U *d),

whence the operation U is preserved by our correspondence. Similarly for N.
For the operation *,

(a,b) ¥ (c,d)=(@*c, bxd) >(a*c)*k(b*xd)=(a*b)*(c*xd).

[hus our correspondence is an isomorphism.

By Theorems 7 and 8, (a,b) * (c,d) =(a N ¢, b U d).This completes the proof.

REMARK. The element e will be the / in 4 and the O in B. The lattice 4 will
have an O if and only if L has one; B will have an I if and only if L has one.

4. The operation % has properties P1-P4, In this section, we prove one of the
main results of the paper (Theorem 16). The method employed is to complete L in
such a way that * has properties P1-P5 and then to apply Theorem 9. Several pre-
liminary definitions and theorems will be of use.

DEFiNITION 1. We extend the operations U, N, * to act on any subsets H, K
of L by defining HUK = fx Uy | x€H, y €K}, and similarly for the other

operations.

Notice that 5/ U K, for example, is a subset of L, and is usually neither the
supremum of the elements inthe subsets / and K nor the point setunion of H and K.

DEFINITION 2. A subset P of [ is a x-ideal if P ¥ L C P.

For any fixed a € L, the set a * L is a *-ideal; it is called the principal
*-ideal generated by a.

THEOREM 10. An element x of L is in the principal *-ideal A generated by a
if and only if a ¥ x = x.

The sufficiency is evident. To prove necessity, we note that if x € A4, then
x = a % y; by Theorem 5 it follows that a ¥ x =a * (a ¥ y) = x.

DEFINITION 3. A subset H of L is intervally closed if x € l, y € H, and
x <z <y imply z € H. The interval closure of a set G is the smallest intervally
closed subset containing G.

It is easily seen that the interval closure of any set is the collection of ele-
ments which lie between two elements of the set.
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DEFINITION 4. A subset R of L is special if it is

(a) a %-ideal,
(b) a sublattice, and
(¢) intervally closed.

THEOREM 11.  Each principal *-ideal is also a special subset.

Proof. Let A be the principal *-ideal generated by a, and let x, y be any two
elements of 4. Then a ¥ (x Uy) =(a*x) U(@*y)=xUy, and x Uy € 4, by
Theorem 10. Similarly x N y € 4, and 4 is a sublattice of L.

If x, y are any two elements of 4, and x < z < y, we must show that z is in A.
Since 4 contains a 1 x and a Uy, there is no loss in generality in supposing that
x < a< y. Set a* (aUz)=u We prove first that u=a U z. Since a ¥ y = y
and a < u <y, Theorem 6 shows that u * y =y, so that

(2) (@Uz)N(u*y) =(aUz)Ny=alz.

By Theorem 5, u % (a U z) = u. From the definition of u and Theorem 1, we have
u<alz, sothat

3) [(aUz)ﬂu]*[(aUz)ﬂy]'—‘u%(aUz)zu.

But, from the distributive law, the left-hand members of equations (2) and (3) are
equal, and u=a U z.
We now proceed with the proof that z € 4. Set

v=zN(@*z)=z*%(@Nz).
Then, by Theorem 1, a Nz < v < z, and
aUv=aU[z*%@N2)]=G@Uz)*%[aU@@N2)]=@Uz)*a=u=alz.
But now
v=(@Nz2)VUv=@Uv)NiEUv)=(@Uz)NEzUv)=(U2z)Nz=z.

That is, z N (@ % z) = z, whence z < a * z. Similarly, z> a % z. Thus z =a ¥ z
and, by Theorem 10, z € 4.

THEOREM 12. If P is any %-ideal, the interval closure of the sublattice
generated by P is a special subset of L.

Proof. Let () be the sublattice generated by P, and let Q be the interval
closure of (. Then evidently () is intervally closed.

( is a sublattice because if x, y € O , there exist elements u;, u,, v, v; of ¢
such that u, < x < vy, us < ¥ < vye Then uyUuy < x Uy < v U vy and, since ¢
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is a lattice, x Uy € Q. Similarly x Ny € , so that  is a sublattice of L.

Qis a *-idea_l_., Since * distributes over U, N, Q is a *-ideal, and Theorem 2
then shows that Q is a *-ideal. This completes the proof.

REMARK. It is evident that any special subset containing P must contain ().
Thus Theorem 12 gives a construction for the smallest special subset containing
(generated by) a given *-ideal.

THEOREM 13. If R, S are special subsets of L, then R %S, RUS, RNS

are special subsets of L.

Proof. That each of the sets R ¥ S, RUS, RN S is a *-ideal is a simple
consequence of the distributive laws and Definition 1.

To see that R * S is a special subset, note that R * S is contained in both R
and S, since both are *-ideals; but clearly R % S contains the point-set inter-
section of R and S since * is idempotent. Thus R * S is this intersection, which
is easily seen to be a special subset of .

R US is intervally closed because, if ry Us; < x < r, U s,, then

rnNrnxNrnpsr,
and, since R is a special subset, x N r, € R. Similarly, x N s, € S. But then
(x N ’2) Uln s2)=x n (r2 U s2)=x
lies in R U S, and R U S is intervally closed.

R U S is a sublattice of L because, if r; Us,, r, U s, are any two elements of
RUS, clearly (r, Us,) U(r,Us,)=(r,Ur,) U(s,Us,)lies in R US. Also, since
rnNr,< (rpUs) N(rp,Usyand s, Ns, < (rp Usy) N(r, Us,), we have

(rx n "2) u (31 n 32)5_ (rx U 31) n (r2 u 32)5 (Tx U r2) U (31 Usz)-

But the two extreme elements of this sequence of inequalities lie in R U S; thus,
since R U S is intervally closed, the center element also lies in R U S. This com-
pletes the proof that R U S is a special subset; dually, R N S is a special subset.

DeFINITION 5. L= {R, S, T, <} is the collection of all special subsets
of L with the three operations U, N, *.

THEOREM 14. The set L with the operations U, N is a distributive lattice
and * has properties P1-P5.

Proof. Theorem 13 shows that £ is closed under the operations U, N, *. To
show that { is a distributive lattice, we prove
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I. RUR=R, RNR=R,

2. RUS=SUR, ROS=SNR,

3 RUSHUT=RUBSUD, RNSHYNT=RNESNTD),
4. RURNS) =R,

5. RUSNATI=RUSNRUTD.

Numbers 1, 2, and 3 are evident. To prove 4, we note that clearly
RUMRNS) DR;

we show that RU(RNS) € R.Ifx=r, U, Ns) is any element of RU (R N S),
thenry <x <r, Ur,, and x € R.

To prove 5, we note that clearly (RUS)N(RUT) DR U(S NT); we show
that RUSINRUT cRUSNT.Ifx=(r, Us) N(rUt)is any element of
(RUSN(RUT), then (, Nr))U(sN)<x<(,Ur)U(sNt),and

xeRUGNT.

The proofs that the operation * has properties P1-P4 are similar to those just
given and will be omitted. For P5, the lattice L itself is a special subset of L
and acts as the identity element for the operation * in £.

THEOREM 15. The correspondence x — the principal ¥-ideal generated by
x is an isomorphism of L onto a sublattice of { which identifies the operations
% in L and the sublattice of .

Proof. By Theorem 10, if x, y generate the same principal *-ideal, then
y =x ¥ y =y ¥ x = x, so that the above correspondence is one-to-one.
To prove that this correspondence is an isomorphism, let

x> X=x*%L, y>VY=y*L; thenxUy—>&Uy) *¥xL=2Z.

Clearly Z < X U Y. Conversely, if w = (x % u) U (y % v) is any element of X U Y,
then b Uy)* wNo)<w< (xUy) % (@Uv), and w € Z. The proofs for N, *
are similar, and will be omitted.

Theorems 9,14, and 15 give immediately our main result:

THEOREM 16. If L is any distributive lattice with an operation * having
properties P1-P4, then L is isomorphic to a sublattice of the direct union of two
distributive lattices A, B, each with an operation % having properties P1-P5;
and if (a,b), (c,d) are any two elements of A X B, then

(a,b) * (c,d)=(aNec, bUd).

THEOREM 17. If L is any distributive lattice with an operation * having
properties P1-P4, then L is isomorphic to a direct union in which the operation %
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is given by equation (1) if and only if each pair of elements of L is contained in
some principal %-ideal.

Necessity. If L is a direct union with % given by equation (1), the two arbitrary
elements (a,b), (¢c,d) are contained in the principal %-ideal generated by (a U ¢,

bNd).

Sufficiency. By Theorem 16, L may be considered as a sublattice of a direct
union in which ¥ is given by equation (1). Let (v,,%) be any fixed element of L,
and define 4 = {x [ (x,y,) € L, B= {y | (%) € L}; then 4 X 8 < L. In fact,
if (x,y,) and (x,y) are in the principal x-ideal generated by (a,b), then

a>xUxy, b< yNy,
and L contains
[(x,}’l) n (a’b)] * [(xl,y)U (a’b)] = (x9b) * (a’y) = (x’_')’)'

Conversely, L < A X B, for if (x,y) is any element of L, and (a,b) generates a
principal %-ideal containing (x,y) and (x 5y, then L contains

[(x,y) n (a,b)] u {(xl ,)’1) n [(x,y)*' (xl ,}'1)]E
=(x,0) U {lx,y) N6 Nxy, y U y) 3= (x,y,) .

Similarly, (x,,y) is in L, and (x,y) € 4 X B.

CAUTION. The decomposition of L will be trivial (one of 4, B consisting of a
single element) if and only if * is identical with U or N.

5. The ordering equivalent to ¥. In any distributive lattice L with an opera-
tion % having properties P1-P4, we may define an auxiliary order relation by
making x > y mean x ¥ y =y. It is easily seen that this order relation has the
following properties:

Ol. x>x;

02. x>y, y>ximplyx =y ;

03. x>y, y> z imply x > z;

04. Any two elements x, y of L have a greatest lower bound (namely
x X y);

05. The operation of taking the greatest lower bound is distributive
with itself and with the two lattice operations in all possible ways.
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Conversely, if L is any distributive lattice (with no additional operation * de-
fined) with an auxiliary order relation having properties 01-05, then the operation
% defined in L by setting x * y equal to the greatest lower bound of x and y has
properties P1-P4. Moreover, the operation % will have property P5 if and only if
the order relation satisfies:

06. There is a greatest element e in L.

Our results may thus be restated as theorems concerning distributive lattices
with an auxiliary order relation.
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CONCERNING HEREDITARILY INDECOMPOSABLE CONTINUA

R. H. Binc

1. Introduction. A continuum is indecomposable if it is not the sum of two
proper subcontinua. It is hereditarily indecomposable if each of its subcontinua is
indecomposable. In [3] Knaster gave an example of a hereditarily indecomposable
continuum which was not a point. In this paper we study some properties of the

Knaster example and describe some other hereditarily indecomposable continua.

2. Chained hereditarily indecomposable continua are homeomorphic. The he-
reditarily indecomposable continuum given [3] by Knaster was a plane continuum
which was described in terms of covering bands. For each positive number €, it
could be covered by an €-chain. Moise used [5] a hereditarily indecomposable
continuum to exhibit a continuum which was topologically equivalent to each of its
nondegenerate subcontinua. He called it a pseudo-arc and noted that it was similar
(if not in fact topologically equivalent) to Knaster’s example. It could be chained.
Bing used [2] such a continuum as an example of a homogeneous plane continuum.
Anderson showed [1] that the plane is the sum of a continuous collection of such
continua. Theorem 1 reveals that all of these continua are topologically equivalent.

We follow the definitions used in [2]. In particular, we recall the following.
A chain D = [dy, dy, * *+, d,] is a collection of open sets dy, dy, * * *, d, such
that d; intersects d; if and only if i is equal to j —1,j, or j+ 1. If the links are of
diameter less than €, the chain is called an €-chain. We do not suppose that the
links of a chain are necessarily connected.

If the chain £ = [e, e, * * *,e,] is a refinement of the chain D = [d,, d,,
«++,dy,], E is called crooked in D provided that if . —h > 2 and e; and e; are
links of E in links dj and dj of D, respectively, then there are links e, and egof

E in links di-; and dp+1, respectively, such that either i > r > s > j ori <
r<s<j.

EXAMPLE 1. The pseudo-arc. The following description of a chained heredi-

tarily indecomposable continuum appeared in [2] and is much like one given
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earlier in [5]. In the plane let Dy, Dy, * * * be a sequence of chains between the
distinct points p and ¢ such that for each positive integer i, (a) D;+, is crooked in
D;, (b) no link of D; has a diameter of more than 1/i, and (c) the closure of each
link of D; +; is a compact subset of a link of D;. The common part of the sum of the
links of Dy, the sum of the links of D, + - + is a pseudo-arc. That it is heredi-

tarily indecomposable is shown in [2] and [5].

A continuum can be chained if for each positive number €, the continuum can
be covered by an €-chain. A composant of a continuum ¥ is a set H such that for
some point p of W, H is the sum of all proper subcontinua of W containing p. We
recall that a nondegenerate indecomposable compact continuum has uncountably
many composants and no two of its composants intersect each other. The follow-

ing result holds in a metric space.

THEOREM 1. The compact nondegenerate hereditarily indecomposable continua
M and M' are homeomorphic if each can be chained.

In fact, if p and q are points of different composants of M while p' and q' are
points of different composants of M', there is a homeomorphism carrying M into

M', pintop', and q into q'.

Proof. Since M can be chained, there is a sequence Cy, Cj, * * * such that
C; is a 1/i-chain covering M, each element of (; intersects M, and C;+; is a re-
finement of C;.

First, we show that there is an integer n, so large that an is crooked in
C, = [c,,l, Cr,2s * " %5 C1,ty ] . If this were not true there would be elements
cy,h and ¢y, of C; such that & — k& > 2 and for infinitely many integers m,
Cm = lem,1s Cm,2s° " " Cm,tm] would have two links ¢, ;and ¢, jin cq,n and
cy,x respectively such that if ¢, ; is in ¢ t-; and between ¢, ; and cp, j, then
there is not a link of C,, in ¢ 4+; which is between ¢ ; and ¢y, ;. Denote by
W the sum of ¢, ;, cpy r, and the elements of €y, between them, where we sup-
pose that no element of C, in ¢ - is between c,,,; and ¢, . Let ¥y, be the
sum of ¢, ;. , €, j, and the elements of C,, between them,

Let ay,a,, =+ be an increasing sequence of integers such that both W, ,
Wayr - and Vg , Va2 , * ** converge. But the limiting set W of W , Wa, ,* **
is a continuum which intersects cy,; but not ¢, ;. Also, the limiting set V' of
Vays Va, s =+ is a continuum which intersects ¢y j but not ¢y ;. Hence the
assumption that there is no integer n, such that Cp, is crooked in C,has led to

the contradiction that the hereditarily indecomposable continuum # contains the
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decomposable continuum ¥ + V.,

Hence, there is a subsequence Cp , Cp,, Cpys * 0 * of C;, C;, C3, ++* such
that Cn, 4, is crooked in Cp ;.

Let p and ¢ be points belonging to different composants of M. Then for each
integer j, there is an integer % greater than j such that the subchain of C,, from
p to ¢ has a link that intersects the first link of Cn; and has a link that intersects
the last link of an- To see that this is so, let ¥; be the sum of the links of the
subchain of C,, from p to ¢. Since the limiting set of each subsequence W, W, ,
*++ is a continuum in M containing p + ¢, each such limiting set is M. Hence,
some W (£ > j) intersects both the first and last links of Cpy» and the subchain of
Cp, corresponding to i, has links intersecting the first and last links of Cnj

We find from Theorem 4 of [2] that there is a chain kj such that the first link
of £j contains p, the last contains ¢, £ is a consolidation of Cnj, while each link
of £} lies in the sum of two adjacent links of Cpjand is therefore of diameter less
than 2/j. Hence, there is no loss of generality in supposing that each of the chains
Cy, Cy, * ** is from p to q. Therefore, there is a sequence D, D,, * * * of chains
from p to q such that for each positive integer i, (a) D; +, is crooked in D;, (b) the
closure of each link of D;4, is a subset of a link of D;, (c) no link of D; has a
diameter of more than 1/i, and (d) M is the common part of the sum of the links of
Dy, the sum of the links of D, « ++ .

Similarly, we find that if p’ and ¢’ are points of different composants of #',
there is a sequence Dy, D3, * ++ of chains from p’ to ¢’ such that (a) Dj +, is
crooked in D/, (b) the closure of each element of D} ;is a subset of an element
of D/, (c) no element of D/ has a diameter of more than 1/;, and (d) D; covers ¥
Theorem 12 of [2] shows that there is a homeomorphism that carries }{ into ¥,
p into p’, and ¢q into q'.

The preceding theorem shows that }/ is homogeneous and homeomorphic with
each of its nondegenerate subcontinua. It also reveals that the continua studied by
Knaster [3], Moise [5], Bing [2], and Anderson[1] are all topologically equiv-

alent and are pseudo-arcs.

QuESsTION. It would be interesting to know if each nondegenerate bounded
hereditarily indecomposable plane continuum which does not separate the plane is
homeomorphic to #. This question would be answered in the affirmative if it were
shown that each bounded atriodic plane continuum which does not separate the

plane can be chained (see Section 6, below).

3. Most continua are pseudo-arcs. Mazurkiewicz showed [4] that the continua
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contained in a circle plus its interior which were not hereditarily indecomposable
were of the first category. We go even further to show that those which are not
pseudo-arcs are of the first category.

The space of compact continua in the metric space S is the metric space C(S)
whose points are the compact continua of S, where the distance between two ele-
ments gy, g, of C(S) is the Hausdorff distance between them in S, namely L.U.B.
(distance from x to g;in S), x € g; + g,; i =1,2. By saying that most compact
continua of S have a certain property, we mean that there is a dense inner limiting
(Gs) subset W of C(S) such that each element of W has the property (when regarded
as a continuum in S). The collection of continua of S with this property is said to
be of the second category.

The following theorem holds in a space S which is either a Hilbert space or a
Euclidean n-space (n > 1)

THEOREM 2. Most compact continua are pseudo-arcs.

Proof. Let F; be the collection of all compact continua f in S such that f can
not be covered by a 1/i~-chain, If f;, f, , *+ * * is a sequence of elements of F; con-
verging to a compact continuum f,, f, is an element of F; because if a 1/i-chain
covers fo, it covers some f;. Hence, F; is closed in C(S).

Let G; be the set of all compact continua K such that K contains a subcon-
tinuum K' which is the sum of two continua K, and K, such that K contains a
point at a distance (in S) of 1/i or more from K,, while K, contains a point at a
distance of 1/i or more from K ;. Then G; is a closed subset of C(S). Furthermore,
the collection of points of S is closed in C(S).

The collection of all pseudo-arcs is dense in C(S). For suppose that g is an
element of C(S) and € is a positive number. There is a broken line ab whose dis-
tance (in C(S)) from g is less than €/2. Let D be an €/2-chain from a to b covering
ab such that each element of D is the interior of a sphere. There is a pseudo-arc %
containing @ + b which is covered by D. The distance from g to £ is less than € in
c(S).

Fach element of C(S) not belonging to 2 F; can be chained and each element of
C(S) not belonging to XG; is hereditarily indecomposable. Let W be the set of all
elements g of C(S) such that g is not a point of S, g is not an element of any F;,
and g is not an element of any G;. By Theorem 1, each element of ¥ is topologi-

cally equivalent to M. However, W is a dense inner limiting subset of C(S).

4. Decomposition of a pseudo-arc. Like a simple closed curve, the pseudo-arc
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is homogeneous; and like an arc it is homeomorphic with each of its nondegenerate
subcontinua. We now show that like both a simple closed curve and an arc, it is

topologically equivalent to itself under a nontrivial monotone decomposition.

THEOREM 3. If an upper semi-continuous collection of continua fills a chained

compact continuum, the resulting decomposition space is chained.

Proof. Suppose G is an upper semi-continuous collection of continua filling the
chained continuum M and that the resulting decomposition space M' is given a
metric. We show that for each positive number €, an €-chain in M’ covers ¥'.

Let & be a positive number so small that if two elements of G are no farther
apart in M than §, then the points in M’ corresponding to them are no farther apart
than €/5in M'. Let [c(1), ¢(2), « + +, c(n)] be a 8-chain covering M. Let n= 1,
Mgy Mgy **"ynj=n be a monotone increasing sequence of integers such that an
element of G intersects c(n;) and c(n; +, ), but none intersects c(n;) and c(n; +;+1).
Denote by D(i,j) the open subset of M’ consisting of those points corresponding to
elements of G which are covered by c¢€i) + ¢(i + 1)+ + + « +¢(j). Then

D(ny, ns), D(M’ ns), D(flw nu),"‘, D(n3k+1, nj)’
i—5< 3k+1<j—3

is an €-chain covering M'.

The following result follows from Theorems 1 and 3.

THEOREM 4. If M is a pseudo-arc and G is an upper semi-continuous collection
of proper subcontinua of M filling M, the resulting decomposition space is topologi-

cally equivalent to M.

5. Other types of hereditarily indecomposable plane continua. The pseudo-arc
can be imbedded in the plane. We now show that there are nondegenerate heredi-
tarily indecomposable plane continua which are not topologically equivalent to the
pseudo-arc. In fact, there are as many topologically different hereditarily indecom-
posable plane continua as there are plane continua.

A method which differs from the one below of showing that there are topologi-
cally different nondegenerate plane continua is to consider in 3-space the inter-
section of a plane with a hereditarily indecomposable continuum which separates
3-space. That there are such continua in 3-space will be shown in my paper,
Higher dimensional hereditarily indecomposable continua, which proves that

there are hereditarily indecomposable continua of all dimensions.
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EXAMPLE 2.4 hereditarily indecomposable continuum that separates the
plane. A circular chain differs from a chain in that its first and last links inter-
sects each other. In the plane let Dy, D,, * - + be a sequence of circular chains
such that (a) each element of D; is the interior of a circle of diameter less than
1/i, (b) the closure of each element of D; 4, lies in an element of D;, (c) the sum
of the elements of D; is topologically equivalent to the interior of an annulusring,
(d) each complementary domain of the sum of the elements of D; 4, contains a
complementary domain of the sum of the elements of D;, and (e) if E; is a proper
subchain of D; and E;+, is a subchain of D; 4+, contained in E;, then E; ., is
crooked in £;. Condition (c) is superfluous since it follows from condition (a). The

required continuum ¥ is the intersection of the sum of the elements of D, the sum
of the elements of D,, + + - .

Suppose that a chain D; = [dy, d,, * * *, d,] satisfying the preceding con-
ditions has been found. To see that there is a chain D; 4, satisfying the required
conditions, it might be convenient first to consider a chain D} = [d{, d}, ",
d4n] in D; which follows the following pattern: d{, dj+,, ds,+, are subsets
of dy5d;, dy+y, d3, are subsets of d,; d3, dy+3, d3;—; are subsets of dz;°***;
dp, dyn, dyp+, are subsets of d,. Roughly speaking, D| goes through D; twice in
one direction and once in the opposite direction. Then the circular chain D; +;
satisfying the required conditions is the sum of two chains one of which is crooked

in [(d{,ds,***,djp+,] and the other of which is crooked in
[d,2n+l’ don+2s """ d3ns d'i]'

That M separates the plane follows from conditions (c) and (d). We show that
it is hereditarily indecomposable by showing that each of its proper subcontinua is
indecomposable.

Suppose M' is a proper subcontinuum of M. Let m be an integer so large that
some element of D,, does not intersect M'. If £4(k > m) is the collection of
elements of Dj, which intersect M', then E,, Ey+;, * * * is a sequence of chains
such that £+, is crooked in Ej. If M' were the sum of two proper subcontinua #
and K, there would be a point p of H; a point ¢ of K, and an integer w such that the
distances from p to K and from g to H are each greater than 2/w. Suppose e; and
ej are elements of £, 4+, containing p and g respectively. Since Ey+, is crooked in
E,, there are elements e, and eg in £, +; such that e, separates e; from e, in
E, +,, each point of e is nearer than 2/w to p, and each point of e, is nearer to g

than 2/w. Then H would not be connected because it has a point in eg, a pointin
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e;, but none in e,.

QUESTIONS. Theorem 1 shows that if M; and M, are two nondegenerate
chained hereditarily indecomposable continua, they are topologically equivalent
and each is homogeneous. Suppose W, and W, are two continua, each defined as
described in Example 2. It would be interesting to know if W; would necessarily

be homeomorphic to I, . Also, is any such continuum homogeneous?

EXAMPLE 3. Another hereditarily indecomposable continuum. The following
example of a hereditarily indecomposable plane continuum is somewhat of a combi-
nation of Kxamples 1 and 2.

If W is a nondegenerate indecomposable plane continuum, it contains a non-
degenerate subcontinuum H such that no point of H is accessible from the
complement of . To see that this is true, consider two parallel lines L, and L,,
each of which separates W. Let G be an uncountable collection of mutually exclu-
sive subcontinua of W each irreducible from L, to L,, and let K be the sum of
L,y L,, and the closure of the sum of the elements of G. If D is a complementary
domain of K between L, and L,, its closure does not intersect three elements of
G. Hence, some element of G is not accessible from any complementary domain of K
between L, and L,. If H is a subcontinuum of this element of G which does not
intersect L; + L, , no point of H is accessible from the complement of W.

If W, is a nondegenerate hereditarily indecomposable plane continuum, there
is a point p of Wy such that if W' is a nondegenerate subcontinuum of W, contain-
ing p, then p is not accessible from the complement of W'. To find such a point,
let Wy, W, , +++ be a sequence of continua such that W, is a subcontinuum of
W; -1, no point of W;+, is accessible from the complement of W;, and W; is of
diameter less than 1/i. Then Wy + W, « W, + +++ is a point p; and if W' is a
nondegenerate subcontinuum of , containing p, it contains one of the W; ’s. Hence,
p is not accessible from the complement of W '.

Let M, be a pseudo-arc in the plane and M, be a hereditarily indecomposable
plane continuum as described in Example 2. Let p be a point of M, such that p is
not accessible from the complement of any nondegenerate subcontinuum of #.By
a theorem of R. L. Moore, there is a continuous transformation T of the plane into
itself such that T"!(p) = (M, plus its interior) and the inverse of each other point
is a point. We show that M; = (T"'(M;) minus the interior of M, ) is hereditarily
indecomposable. That ¥, and M5 are not homeomorphic follows from the fact that

M, is irreducible with respect to separating the plane but M3 is not.
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If W is a subcontinuum of }Y; intersecting M, and containing a point of Mz —M,,
it contains M,. For suppose that it does not contain some point of M,. Then there
is an arc a from the exterior of Y, to M, that does not intersect W. But T(a) would
be an arc, revealing that p is accessible from the complement of T(¥). This is con-
trary to the definition of p.

Suppose that some subcontinuum # ' of M is the sum of two proper subcontinua
H and K. Since M, is hereditarily indecomposable, ¥’ is not a subset of M,.
Since M is hereditarily indecomposable, we may suppose that T(H) = T(M'). But
H would equal ¥’ because T is one-one on the exterior of M, and H contains ¥ ,
if it intersects it.

A variation of the method used in obtaining Example 3 may be used to get other
topologically different hereditarily indecomposable plane continua. Instead of re-
placing a point of M, by a continuum homeomorphic to M,, we can replace each of

several points of M, by such a continuum.

THEOREM 5. There are as many topologically different hereditarily indecom-

posable bounded plane continua as there are real numbers.

Proof. Suppose ny, ny, * * ¢ is a monotone increasing sequence of positive
integers. The collection of such sequences has the power of the continuum. For
each such sequence we describe a hereditarily indecomposable plane continuum
such that no two of these continua are topologically equivalent.

The hereditarily indecomposable continuum associated with ny, n,, * «+ will
have one composant containing exactly n; continua each topologically equivalent
to M, of Example 2, another composant containing exactly n, continua each topo-
logically equivalent to M; ,+*+; no other composant contains a continuum
topologically equivalent to M,.

Let M, be a pseudo-arc in the plane. Suppose

Pi,15P1,25°**s P1,nys P2,15 " °°
is a converging sequence of different points of M; such that P; ; is not accessible
from the complement of any nondegenerate subcontinuum of M, containing it, and
pi,j belongs to the composant containing p, s if and only if i = 7.

Suppose My,1s Mi,25 s My,nys Ma,1,* ** is a sequence of mutually ex-
clusive continua in the plane all topologically equivalent to M, of Example 2 such

that the sequence convergesto a point and each of the continua lies in the exterior
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of each of the others. There is a continuous transformation T of the plane into it-
self such that Tﬂ(Pi,j) is (M,-’j plus its interior), and 77!(q) is a point if g is not
apj,je The argument used in Example 3 shows that ¥; = (T7'(¥,) minus the sum
of the interiors of the M; ;’s) is a hereditarily indecomposable continuum. Further-
more, one composant of ¥; contains exactly n, mutually exclusive subcontinua,
each topologically equivalent to ¥, , another composant contains exactly n, such

subcontinua, < + +, while the other composants of ¥; contain no such continua.

6. Added in proof. R. D. Anderson answered the question at the end of Section
2 in the negative by announcing at the February, 1951, meeting of the American
Mathematical Society in New York that there are nondegenerate bounded heredi-
tarily indecomposable plane continua other than pseudo-arcs which do not separate

the plane.
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GENERALIZATIONS OF HYPERGEODESICS

Davm B. DEXKKER

1. Introduction. In a recently published paper [1] the author studied families
of hypergeodesic curves on a surface in ordinary euclidean space of three di-
mensions. Here we wish to define a more general class of curves on a surface
which will contain all the hypergeodesics as a subclass and at the same time will
possess most of the properties of the subclass of hypergeodesics.

The summation convention of tensor analysis with regard to repeated indices
will be observed with Greek letter indices taking on the values 1, 2, and Latin
letter indices taking on the values 1, 2, 3. The notation of Eisenhart [2] will be
used throughout.

2. The differential equation. Consider a surface S in ordinary space of three

dimensions represented by the three parametric equations
xt = %' (ul, u?) :=12,3)

referred to a rectangular cartesian coordinate system. A family of hypergeodesics
on S is defined as the set of all solutions u* = u*(s) (¢« = 1,2) of a differential

equation [1]
(2.1) K, = Qaﬁyu'au'ﬁu"y ,

where K, is the expression for geodesic curvature of a curve C given by u*= u*(s)
(e = 1,2) in which the parameter s is arc-length, the primes indicate differentia-
tion with respect to s, and the ()4 g, are the covariant components of a tensor of
the third order relative to transformations of the surface coordinates u' and uw?. If
we use the scalar () to abbreviate the right member of (2.1), the equation reads
Kg = where (1 is a polynomial homogeneous of degree three in the parameters
u'! and u'? with coefficients as analytic functions of u' and u®. Division by
(u'")? and some further simplification reduces this differential equation to a form
stating that the second derivative of u? with respect to u! is equal to a cubic in

the first derivative.

Received September 24, 1950.
Pacific J. Math. 1(1951), 53-57.
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In order to retain most of the properties of hypergeodesics for our generali-
zations we replace only the polynomial () by a rational function U/V with the
same homogeneity property. Thus a curve C: u® = u*(s) (0 = 1,2) will be called

a supergeodesic if it satisfies a differential equation of the form
(2.2) Kg =W

where the scalar W is the quotient U/V of the two scalars

(2.3) U= Usjagag - apt “1u %20/ 3 «oey/tn
and
(2.4) V= Vg 8,83 + - ,B,,-3ulﬁ1 wPz B3 ey Bnms

If we divide equation (2.2) by (u'1)?® it reduces to

du? du?\? du?\"
AQ +A1 +A2_ +"’+An-‘

2.5) d (d:ﬁ ~ du' | \du! du!
du! \du? Be +B du? + B (du2>2 N v B <du2)"_3 ’
0 ! du?! 2 du! 3 du?

or, if we divide by (w'?)3, a similar equation is obtained.

It is easy to see that there exists a unique solution [3, p.106] to (2.5) at any
point (u',u?) in any direction (u'!,u'?) for which V does not vanish. Hence,
(2.2) defines a two-parameter family of supergeodesics on the surface S with the
property that at any point of S there is a supergeodesic in every direction except
those directions in which ¥V = 0. It may be said that ¥V = 0 defines n — 3 one-
parameter families of curves which are never tangent to any supergeodesic of the
family defined by (2.2) within a region R on S at each point of which U and V

% are relatively prime. (This excludes points of

considered as polynomials in '
S where U and V have common factors.)

Now W is a polynomial in »'® if and only if the family defined by (2.2) is a
family of hypergeodesics. Otherwise, (2.2) represents a more general family of

supergeodesics.

3. Supergeodesic cutvature. We define the supergeodesic curvature of a curve

u* = u*(s) at a point P of the curve as the scalar K given by
3.1) Ks =Kg — W.
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The supergeodesic curvature vector we define as the vector whose contravariant

components A are given by
(3.2) A= (K — W) b = Ko

where ,us = e'ysg'y nu'" is a unit vector which makes a right angle with the unit
vector u' *.
We see from (3.1) and (2.2) that a curve C is a supergeodesic of the family if

and only if the supergeodesic curvature along the curve is identically zero in s.

4. The elements of the cone related to the supergeodesics through a paint. The
elements of the cone enveloped by the osculating planes of a family of super-
geodesics through a point P of the surface S may be determined by the procedure
sketched in Section 4 of [1]. The only change is that the symbol () be replaced
by W. This replacement is possible since only the homogeneity of {1 was used,
and W possesses this same homogeneity property. The direction numbers c™ of the
element of the cone corresponding to the supergeodesic in the direction u' % will

have the values

OK
(4.1) ch =P a/jg "o (Kn =0, W#0)
or
(4.2) ch = r(xxh,a + xh (Kn #0, V #0)
where
o Bo o
(4.3) r = e =5 (W/Kn) (Kn #0, V#0).

5. A geometric interpretation of supergeodesic curvature. It can be demon-
strated that the supergeodesic curvature of a curve C: u® = u*(s) is the curvature
of the curve C' which is the projection of the curve C upon the tangent plane at
the point P, the lines of projection being parallel to that element of the cone
determined by the direction u’'®* at P. The proof of this property consists of re-
placing Q by W in Section 5 of [1]. Of course at points of C for which K, =0
or /' = 0 there can be in general no geometric interpretation of this type since the

element lies in the tangent plane or does not exist.
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6. Supergeodesic torsion of a curve. The torsion at P of the supergeodesic

u® = u*(s) of the family having the same direction as a curve C at P (if such a

supergeodesic of the family exists) will be called the supergeodesic torsion 7,

of C at the point P. The expression for 7; as found by the calculations in Section
6 of [1] with Q replaced by W is

csc?gp

Y
(6.1) Te = eﬁg{rﬁ[(l/L),a-i-%d(x.;J

- [(rﬁ/L) o —Ll dwgﬂi}} u'®u'® Kn #0, W#0),

h

where ¢ is the angle between the vector ¢” as given by (4.2) and the unit tangent

vector x‘;ou'a, L is the length of the vector ch, and r? is defined by (4.3).

7. A geometric condition that a supergeodesic be a plane curve. If we find
the differential equation for the special related intersector net of the complex of
cone elements for the family of supergeodesics under consideration, it will be

exactly the same as the differential equation
(7.1) 7s = 0,

as can be verified by simply replacing 1 by ¥ in Section 7 of [1]. Now a curve

h at each

of the special related intersector net is a curve for which the elements ¢
point of the curve corresponding to the direction u’* of the curve form a develop-
able surface. Hence, we may state that a supergeodesic not in an asymptotic
direction is a plane curve if and only if it is a curve of the special intersector
net of the complex of cone elements.

Geometrically speaking the theorem reads: A supergeodesic not in an asymp-
totic direction is a plane curve if and only if the one-parameter family of cone
elements, which are the elements of contact of the osculating planes of the

supergeodesic with the cones, constitutes a developable.

8. A study of the special related intersector net. If we discard the nonzero
multipliers from the left side of the differential equation (7.1) and make use of
(4.3), the differential equation reads

8.1 €M —— + 3y (___> d +d 'yﬁ} o018 .
(8.1) 6,38{[ Y <KnV)],a € du'® K,V oy oy 8 uu 0
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After performing the partial and covariant differentiation in (8.1) and clearing
the fractions we see that the equation is of the first order and in general (when U
and K,V are relatively prime) of degree N = 3n — 1 where n is the degree of
homogeneity of U in the parameters u’ %.

If U and K,V have exactly m common factors then the degree N of (8.1) is
3(n —m) —1. For hypergeodesics, V divides U so that N is 8 in general. However,
for union curves, K,V divides U so that N is 2. Now union curves are specializa-
tions of hypergeodesics in that K, divides 0 [1]. A similar specialized class

of supergeodesics containing the class of union curves as a subclass is obtained

when K, divides U.

9. Pangeodesics. In the case of the family of pangeodesics [4, pp.203-204]
on the surface, it is observed that the differential equation is of the type (2.5) and
hence the pangeodesics constitute an example of a family of supergeodesics. For

the pangeodesics n is 6 so that in general N is 17.
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RELATIONS AMONG CERTAIN RANGES OF VECTOR MEASURES

A.DVvoRETZKY, A.WALD, AND J.WOLFOWITZ

1. Inroduction and definitions. The purpose of the present paper is to prove
certain measure theoretical results concerning ranges of measures. One of our
results (the closure and convexity result implied by Theorem 4) may be regarded
as a generalization of a theorem of Liapounoff [5]. The results obtained here
have applications to statistics and the theory of games.

Throughout this paper {x} = X denotes an arbitrary space, and {S} =G de-
notes a Borel field of subsets of X; that is, © is a nonempty family of subsets of
X which is closed with respect to the operations of complementation (with respect
to X) and countable union. The phrase, S is measurable, will be used as synony-
mous with § € ©.

A real-valued countably additive set function defined for all measurable sets
will be called a measure. Thus we admit measures assuming negative or infinite
values. A measure cannot, however, assume the value +® for one measurable set
and —® for another such set, since in such a case additivity cannot be defined
satisfactorily. A measure is called finite if it assumes finite values for all meas-
urable sets. It is called nonnegative if it assumes nonnegative values for all
such sets.

We say that f(x) is a measurable function if it is real-valued, defined for all
x € X, and if, moreover, the set f, of all x € X for which f(x) < ¢ is measurable
for every real number c. A step function is a measurable function which assumes
only a finite number of values.

If n is a positive integer and 7)(x)(j =1, * *, n) are nonnegative measurable

functions satisfying
1) T (x) 4o+ p(x) =1 for every x € X,

then 7(x) = [7;(x),* + +, Mulx)] will be called a probability n-vector. The func-

tions 7); (x) are called the components of this vector. If all the components of

Received July 20, 1950. This research was sponsored (in part) by the Office of Naval
Research; the main results of the paper were announced without proof in an earlier publi-
cation [1}.The first author is on leave of absence from the Hebrew University, Jerusalem,
Israel.
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7 (x) are step functions, then 7)(x) is called a (probability) step n-vector. We shall
occasionally denote such vectors by 7°x). If, in particular, all components of
7 (x) assume only the two values zero and one, that is, if for every x € X one
mj (x) is equal to one and all others vanish, then 7(x) is called a pure n-vector.
Such vectors will be denoted by 17*(x). If the jth component (j =1, - «, n) of ¥ (x)
is considered as the characteristic function of a set S]', then the sets S, -+, S,
are measurable and disjoint and their union is X. Conversely, if S;,- -+, S, is a
decomposition of X into n disjoint measurable sets, and 77}!< (x)is the characteristic
function of Sj , then *(x) = [(ni@), - -, n’fl(x)] is a pure n-vector. We therefore
call n*(x) also a decomposition n-vector or, more specifically, a decomposition
n-vector corresponding to the decomposition X = S; U+ -« U S,.

Let pg(S)(k =1, - -, p)be a finite set of measures, and let 7)(x) be a proba-
bility n-vector. We denote by v(7) = v(n; py,* + +, up) the np dimensional vector

(or point in np space),

[L N1(x) dpg(x), =<+, jx M1(x) diy(z),

fx My (%) dpyy(x), + =, L{ Np(x) d,va(x)].

The set of all points v(n) =w(n; py,* * *, 4p) corresponding to all probability
n-vectors 7 (x) is called the n-range of wy,+++, up and is further denoted by
Va(teys® * *y up) or, more concisely, by V, . In the same way we define the step
n-range of fiy,+ + *, yup as the set of all points v(1n°) =v(n°; wy,* * *, Up)corre-
sponding to all step n-vectors 1n°(x), and denote it by V2 (s, * -, Mp) or /A8
Similarly V' or Vp(tyy* = Hp) denotes the set of all points

v =v(M Ly, pp)

corresponding to all pure n-vectors n*(x) and is called the decomposition n-range
of g, *+, tp. When no confusion is possible we replace n-range in the above
terms by range.

It is shown in Section 2 that if py,* * *, yp are finite measures then the range:
V(s s+ ¢y pp) is compact and convex and coincides with the step-range
UV (peqs® * oy ,up). Actually a stronger result is proved;this states that the points
v(7M; Wy * 5 p) for which the components of 7)(x) assume at most 2npPH
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different values already fill ¥}, . Applying a theorem of Liapounoff we deduce, in
Section 3, the result that if the measures are atomless then the decomposition
range Vp (i, * * pp)is identical with ¥, (11, « =+, pp)s This result is extended
in Section 4 to arbitrary (not necessarily finite) atomless measures. Applications
of these results to statistics and the theory of games are briefly indicated in

Section 5.

2. Identity of the step range and the range for finite measures. First, we prove

the following result.

THEOREMIL. If wy,° *+, up are finite measures, then for every n, the range

Va(pigs =+ +, pp)is a compact and convex set in Euclidean np dimensional space.*

Proof. Let A =v(m) and 4' =v(n') be any two points of ¥, . Then every
point of the segment joining them is represented vectorially by c4 + (1—¢)4’,
with 0 < ¢ < 1. But such a point is clearly v [¢n + (1 = ¢)n'] and, since
en + (1—¢)n' is a probability n-vector, the point also belongs to the range.
Thus V, is convex.

The proof of compactness is more difficult. We start by establishing a lemma

on sequences of measures.

LEMMA 1. Let {B}= 9 be a Borel field of subsets of X generated by count-
ably many sets. Let u* (¢ =1,2, ) and p be measures over B satisfying, for
all B ¢ B,

(2) 0 <uf(B) <uB) <w (t=1,2--).
Then there exists a measure vV over B satisfying
(3) 0 <u(B) <B) forall B eB,

and a sequence of integers tq (g=1,2,+ ") satisfying

4) 0 <ty <ty < ooty < tgyy <vee
such that
t
(5) lim 2 %(B) = v (B) for every B e D,
q=m

* For the special case when X is a finite-dimensional Euclidean space and all the iy
are absolutely continuous, this theorem follows from Theorems 3.1 and 3.2a of [6] .
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The proof of the lemma proceeds as follows. Let By =X, By,***, By, * be
a countable basis of B. Then,according to the well-known diagonal procedure of

Cantor, there exists a sequence (4) for which
B = Lim u'9(B,)
g=o

exists forr = 0,1,2, + + *. To prove the existence of the limit in (5) for every B,
and the fact that this limit is a measure, it suffices to show that: (a) if u’%(B)
tends to a limit as ¢ —» ®©, then so does w!%B) where B is the complement of B
with respect to X; and (b) if B%(s = 1,2, * *+*) are disjoint sets of B for which

limq=oo w1 a(BS) exists fors = 1,2, * * * , then we have also

t,f ® . t
(6) lim,u"(UBs> = ) lim pw9B®).
g= s=1 $=1 g=w

Now (a) follows immediately when we write u’(B) = /.Lt (X)— 1t (B) and observe
that 1 *9(X) has the limit B, To prove (6) it is sufficient to observe that the
functions u’ are countably additive, that by (2) we have p‘e(B%) < w(B®), and
that 2=, (B®) is a convergent series of nonnegative terms. (This is the standard
bounded convergence argument.) Since (2) and (5) obviously imply (3), the proof
of Lemma 1 is completed.

Let now 7'(x)(t=1,2,*+*) be any sequence of probability n-vectors. The
compactness of V;, will be proved if we show that there exist a probability n-vector

and a sequence (4) satisfying

)] }1302-[" 77;9(25) duy(x) =L 7 (x) dpey(x) (=1, ,n; k=1, =+-,p).

Denote by Bﬁ-,p(t:— 1,2, ++3;j=1,+-+,n; prational with 0 < p < 1) the
set of all x for which 'r}?(x) < p, and let {B}=B c Gbe the smallest Borel
field containing these sets. Write | u k| for the absolute measure* associated with

Kre Pat w(B)= | |(B)+ 4+ |/,LPI(B) for every B € B. Then B, n, and

*That is, |[ugrl|(S) = sup [|;L;,(S' )+ |#k(5”)|] for all decompositions of S into two
disjoint measurable sets S’ and S”.
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ut, defined by

ut(B) =L ﬁ:(x) dul x) (t=1,2, *++, Be®B),

satisfy the conditions of Lemma 1. Hence there exists a nonnegative measure

v, over B and a sequence (4), for which

(8) lim L M4 (x) dplx) = v1(B)
q:c:

for every B € B.

Again applying Lemma 1, we can extract from the sequence ¢, a further sub-
sequence for which (8) holds with the subscript 1 replaced by 2. Repeating this
n — 1 times, and again denoting, for simplicity of writing, the final subsequence
by t4, we see that there exist nonnegative measures vy,* **, v, over B and a

sequence (4) satisfying

(9) lim fB 77;" (x) du(x) = v (B) (=1, +=-,n)

g=o

for every B € B. Clearly, we have
(10) vi(B) + +*++vn(B) = n(B) (Be®).

By the Radon-Nikodym theorem there exist B-measurable functions f; (x)
(j=1, -+, n) such that

a1 v; (B) :fB fj (%) dp(x) (j=1, -=+,n)

for every B € B. Since the v; are nonnegative measures, we may assume that the
fj are nonnegative functions; and, because of (10), we may further assume that
file) + ++++ fr(x) =1 for every x. The f; are B-measurable and are, a fortiori,
C-measurable; hence [fy(x), -+, fo(x)] is a probability n-vector. We denote
this vector by 7)(x) and proceed to show that (7) holds with this 7 and the above
constructed sequence (4) satisfying (9).

Let gr(x)(k=1,---,p) denote a B-measurable Radon-Nikodym derivative
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dug(x)/dp(x). Then, replacing f; in (11) by 1;, we have

fx mj(x) dug(x) =fx mj (x) gp(x) dilx)

= L gk(X) dfnj(X) du(x) =fx gk(x) de(x),

Similarly, the left side of (7) may be rewritten as

limf gp(x) df n]tq (x) ddx) ,
g=° JX

and thus (7) follows from (9). This completes the proof of Theorem 1.

For any compact convex set C in a Euclidean space, we designate as extreme
points of C, all those points of C which are not interior points of any segment

lying in C. Our next result is the following.

THEOREM 2. If the measures (1, * * *, pp are finite, and v(7) is an extreme
point of Vy,, then the set of x for which 0 <7);(x) <1 for at least one j(j =1, -,
n) is a null-set* for each of the measures (1q,* *, tp- In particular, all extreme

points of V,, belong to the decomposition range Vy.

Proof. Let Y denote the set of x defined in the theorem. If ¥ is not a null-set
for pp, with 1 <ko < p, then there exist integers jo, j; with 1 <jo <jy< n, a
number &> 0, and a measurable set Z < Y, such that

(12) d<my(x) <1—8& forxeZ and j=jo,51,

and

Hio(Z) #0.

Let {={(x)= [{; &), **+, {nlx)] be the vector defined as follows:

S ifxeZ

Gox) = =8 =10 ey g

*A measurable S is a null-set for the measure u if ©(S’) = 0 for every measurable S* ¢ S.
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and all other components vanish identically.
Because of (12), 7(x) + 6((x) is a probability n-vector whenever —1 < < 1.

Since

L [, (%) + Lo (x)] disey (2) —fx [, (x) = L5 ()] dpgy ()

= 28u,(2) # 0,

the points v(m + ) and v(7m — () are different. But clearly as & increases from
—1 to +1 the point v(7n + 60) moves from v(n — ) to v(n + {) along the seg-
ment connecting them. Moreover, v(7) is the middle point of this segment and
thus it cannot be an extreme point of V.

If v(7m) is an extreme point, then Y is a null-set for all uj. Therefore, if we
put n*(x) = n(x) for x £ Y and, say, n}(x) =1 for x € ¥, the decomposition
vector 7)"(x) thus defined satisfies v(1*) = v (7). This proves the last assertion
of Theorem 2.

THEOREM 3. If the measures 1y, * *, Wp are finite, then the step-range | /A
coincides with the range V. More precisely, every point of ¥, may be represented

as v(n°), where 1° is a step n-vector whose components assume not more than
2P P*L Jifferent values.

Proof. According to Theorem 1, V;, is a compact convex set in Kuclidean

np-dimensional space. However, because of the p equations

EL 7, (x) dpg(x) = () (k=1, «+-, p)
7=1

V,, lies in an N = np — p dimensional linear subspace. Hence, according to well-
known facts on convex bodies, every point P of V;, may be represented vectorially
by

P=c P, + - +cyPy + oyer1 Pyser
where P, - ¢+, Py 4, are extreme points of V, and ¢y, * * +, cy+; are nonnegative
constants whose sum is 1. According to Theorem 2, we have P, = v(n*r) with

1n*r a decomposition n-vector r =1,2,+++, N+ 1).
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¢;n*’, we have P = v(n°). Clearly, for every x,
rex Cr» where K is a subset of {1,2,+++,N+11%

such subsets, Theorem 3 is proved.

Hence, putting 7° = Zerll

every component of 7°(x) equals Z

There being o1

3. Identity of the range and the decomposition range for finite atomless meas-
ures. A measurable set S is called an atom of the measure u if u(S) # 0 and if,
moreover, for every measurable S’ S we have either p(S') = 0 or n(S') = w(S).
If the measure 1 (S) has no atoms it is called atomless.

For atomless measures we can improve on Theorem 3 by establishing the

following result.

THEOREM 4. If py,* **, pp are finite atomless measures then, for every n,

the range V, and the decomposition range Vy are identical.
According to Theorem 1, the common range is convex and compact.

Proof. In view of Theorem 3 it suffices to prove that, in the present case,
vy =Vo.
For this purpose we shall use the following fact: If py,+ ++, u, are finite

and atomless, then, given 0 < ¢ <1, there exists a measurable set S for which
(13) wrlS) = cup(X) (k=1, =+, p).

The existence of such a setSfollows immediately from a result of Liapounoff
[5] (see also [3]) according to which, under the above stated conditions, the
set of points 1, (S),+ + *, wp(S) in Euclidean p-space corresponding to all measur-
able S is convex. Indeed, the empty set A and X are certainly measurable and
(1 — ¢) pp(A) + cpplX) = epp(X) for all k.

To complete the proof of Theorem 4, we use the following lemma.

LEMMA 2. If juy, * =+, pup are finite and atomless and cy, * * *, cp are non-
negative numbers satisfying ¢y + ¢+« ++ ¢, =1, then there exists a decomposition

of X into n disjoint measurable sets Sy, * * *, S, having the property that
(14) Kr(S;) = cjprX) (G=1, ==, n; k=1, ==, p).

Indeed, according to (13) there exists a measurable S; satisfying (14) for
j = 1. Similarly, there exists a measurable S, € X — S, satisfying

C
pr(Sy) = ————— w(X = Sy) = e (X) ,
¢y +oot cp
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where we interpret
C2
¢y Tty
as zero if ¢y = + -+ =¢, =0. That is, S, satisfies (14) for j = 2. In the same

manner S; C X — U]i;ll S; satisfying (14) may be obtained for j=1,+++,n— 1.

But then
rn—1
Mk(X -u Sf) =1—(cp + -+ cp-1) X)) = crup(X) ;

thus

satisfies (14) for j = n as required. Hence, Lemma 2 holds.

The proof of Theorem 4 can now easily be completed. Let 7°(x) be any step
n-vector. Then X can be decomposed into a finite number of disjoint measurable
subsets Y; over each of which allthe components of 11°(x) are constant. According
to Lemma 2, ¥; may be decomposed into n disjoint measurable sets S, ;,** *,S,,¢
such that

(15) #k(Sj ) :fy 7%(x) dprlx) (j=1, =+, n; k=1, -+, p).
t
Putting S; = U, S; ;(j=1, * * +, n) we have, from (15),
fx 77]0(x) dig(x) = pi(S;) (j =1, =+, n; k=1, ==+, p).

Thus the point v(n% wy, ***, ;Lp) coincides with v(n*™; wy, * -+, /.Lp), where
77}‘(96) =1if x €S; and zero otherwise. In other words, V2 < V5 . Since the con-

verse inclusion is obvious, Theorem 4 is proved.

Remarks. (a) Liapounoff [5] proved that if the conditions of Theorem 4 are
satisfied then the set of all points [u,(S), *+ -, ,LLP(S)] in Euclidean p-space
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corresponding to all measurable S is convex and compact. This result is clearly
implied by the convexity and compactness of V' ; thus the convexity and compact-
ness of ¥y may be considered as a generalization of Liapounoff’s theorem, If we
put § =X — S, then Liapounoff’s result is easily seen to be equivalent to the
statement that the set of all points [u(S), ** -, p(S)y 7 U /.Lp(g)] in
Euclidean 2p dimensional space is convex and compact. But this amounts pre-
cisely to the assertion that ¥V is convex and compact for n = 2. That this as-
sertion remains valid also for n > 2 is precisely the generalization of Liapounoff’s
result contained in Theorem 4.

We used in our proof the convexity part of Liapounoff’s result. This is, how-
ever, the easier part (cf. Halmos [3]), and thus our method furnishes also a new

proof of Liapounoff’s theorem.

(b) The values 0 and 1 are among those which the components of 7° in Theo-
rem 3 are allowed to assume. Hence, on combining the results of Theorems 3 and
4 we see that, if all but p' of the measures g+, pp are atomless, we may
replace p by p’ in the exponent of 2 in Theorem 3. This estimate is again inde-

pendent of the number of atoms.

(c) If the measures (i, ¢+ +, up in Theorem 4 are not assumed to be atom-
less, then of course ¥ need not be convex. It is, however, compact as can easily
be seen on decomposing into atomless and purely atomic parts and dealing sepa-

rately with each (see, for example, [3]).

(d) For some applications the following is of importance: If 7) is a probability
n-vector, then there exists a decomposition n-vector ™ with v(n*) = v(7) having
the further property that, for every x ¢ X and j=1, ¢+, n, the vanishing of
7j (x) implies that of n;f(x). This assertion follows easily from Theorem 4. Indeed,
X may be decomposed into a finite number of measurable sets ¥ with the following
property: If 7j(x) = 0 for some x € ¥, then 7 (x) =0 for all x € Y. Let jy,* * *, jm
be those j for which 7;(x) > 0 when x € Y. We may now define 7n*(x) for x € Y by
applying Theorem 4 (with X replaced by Y and n by m) to the m-vector formed by
these components, and putting Ul (x) = 0 for all other j and x € Y. Combining these

definitions for all sets Y, we obtain an 7* with the required property.

4, Extension to arbitrary atomless measures. The assumption of finiteness in

Theorem 4 is unnecessary. Indeed, we shall prove the following result.

THEOREM 5. If the measures ji1,* * *, Wp are atomless, then, for every n,
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the range V, and the decomposition range Vy are identical.

Since the measures are now allowed to assume infinite values, the components
of V(7)) are no longer necessarily finite and one should look upon ¥, and ¥, as
imbedded in Kuclidean space extended by allowing each coordinate to assume

also infinite values,

Before proceeding to the proof we establish the following lemmas.

LEMMA 3. If i is a nonnegative atomless measure with (X) =, and u is

any finite positive number, then there exists a measurable set T with pu(T) =u.

Proof. Since u is nonnegative and atomless, there exists a set § with0<
n(S) <o, We first show that « =sup u for all such sets S is infinite. Indeed,
assume G finite; then, for every integer m, there exists a measurable §,, with
tSm)>a—1/m. Put §' = Up=; Sm; then p(S')= o, But p(X — §') =03
hence, there exists a measurable S" C X — S’ with 0 < u(S")=b <®., Thus
%< u(S"US"), contradicting the assumption that « is finite.

Therefore, given u there exists a measurable 7' with u < u(7T') <. But
then, according to the intermediary values theorem of Sierpinski (see, for example,
[2,52]), or the one dimensional case of Liapounoff’s theorem, there exists a
measurable T < T' with u(T) = u.

LLEMMA 4. [f i is a nonnegative atomless measure with u(X)=®, and q is
any positive integer, then X may be decomposed into g measurable disjoint sets

Xi,e ‘,Xq withp(Xl)z . e :#(Xq):m-

Proof. According to Lemma 3, there exist a set 7y with p(7y) =1, a set
T, c X— T, with u(Tl,)=1,aset I; ¢ X— (I, UT,) with u(73)=1, and
so on. Putting X; = Uj =, Tgn+i fori=1,+++, g~ land X=X — qu=11Xi we

obtain the required result.

LEMMA 5. If vy, ***, v, are nonnegative atomless measures with v (X)
=+ v (X)=®, and g is any positive integer, then X may be decomposed into
q measurable sets Xy, ***, X4 satisfying vi(Xy)=-+-- = Vi(Xq) = for

izl,“‘,m.

Proof. For m =1, this lemma reduces to the preceding one. Assume m > 1 and

the lemma proved for m — 1. According to Lemma 4, X is the union of m disjoint
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measurable sets Y, ¢+, ¥, with v,(¥;) = +++ = v, (Y,) = ©. For every
iG=1,+++,m— 1) let i’ denote the smallest integer for which v;(¥;,) = ®,
(Since v;(X) = ® we have 1 < {' < m.) Put Y'=U§n.—__1l Yir and Y"=X—Y'.
Then v, (Y") = ® and Y” is the union of disjoint measurable sets ¥{', <+ «, Yq"
with v ,(Y{) = ++ - = vm(Yg) =0, Also v;(Y") = for ij=1,+++, m— 1 and
hence, by the assumption of induction, it can be decomposed into measurable sets
Y{, -, Yq' with v, (¥)) = «++ = V,'(Yq') for i = 1,+++,m— 1. Putting
X, =Y uy',- .-, Xq=1Y, UYy, we obtain the required decomposition.

LEMMA 6. Let u, v be nonnegative atomless measures with pu(X) < o
v(X) = . Then either X may be decomposed into countably many measurable

sets, each having finite v measure, or there exists a measurable set T with

p(Ty =0, v(IN = o,
Proof. For every positive integer ¢ consider the measure i1, defined by
©e(S) = v(S) —tu(S) .

According to Hahn (see for example [2,p.l8] or [4,p.121] ) X may be decomposed
into two disjoint measurable sets ¥, and ¥, with u;(S) < 0 for every measurable
S ¢ Y, and p; (S) > 0 for every measurable S < Y. Clearly,

() <tu(l) <tpX) <o,

Putnow' =Y, U+ UYyandZ,=Y/,Z;, =Y — Y-, fort=2,3,+--,
and denote by Z, the complement of U3z, Z;. Then X = Uf=, Z; and v(Z;)<®
for t > 1. If v(Zy) < @ then this is a decomposition of X into countably many sets
of finite v measure. If, on the other hand, v(Z,) = ® then, by Lemma 3, there
exists for every integer u a measurable T, < Z, with v (T, ) = u. Moreover,
w (Ty) = 0 since, according to the construction of Zgy, u (S) > 0 for SC Z,
implies v(S) = ®@. Thus T = Uy=; T, has the properties required in Lemma 6.

Proof of Theorem 5. Since every measure is the difference between two
nonnegative measures, we may assume throughout the proof that the measures
ur k=1, -+, p) are nonnegative.

Let 71 be any probability n-vector. For every j(j =1, * * +, n) we denote by
Y o the set of x for which 7;(x) = 0 and by ¥; (¢ = 1,2, « « +) the set of x for
which

1
< <=,
t+1 7y () t
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We use Y to denote any set of the form

Q thj

with £; = 0,1,2, (j=1,°+,n).
]-1

The space X is thus decomposed into countably many sets Y having the
following property: There exists a nonempty subset | = J(Y) of {1, +++, n}and
a positive 6 = 8(Y) such that for all x € ¥ we have

(16) mi(x) >8>0 if jelJ, ni(x) =0 if j ¢ J.

Let Y be any such set and consider the subset K’ of {1, *+, p} consisting
of all those £ for which ¥ can be decomposed into countably many sets, all having
finite 4 measure. If K’ is empty, we call Y final, if not we decompose Y into
countably many measurable sets Y’ with p(Y’) < for k € K'. Let Y' be any
such set and denote by K" the subset of {1, «+, p} consisting of all & for which
Y' can be decomposed into countably many sets, all having finite wj; measure.
Clearly, K' < K". If K' = K" we call Y' final, if not we decompose it into
countably many ¥” with p;(Y") <® for k € K". Again a K" D K" is defined and
Y" is called final if K" = K", and so on. After not more than p steps we always
end with a final set Z.

We have thus decomposed Y, and hence X, into countably many sets Z having
the following property: To every Z there corresponds a decomposition of {1,2,

.., p§ into two disjoint sets K and K such that p;(Z) < © if k € K, whileif

k € K then Z cannot be decomposed into countably many sets, all having finite

i, measure. Furthermore, since Z is contained in some Y, (16) holds for all
x € Z.

Next, we show how to decompose Z into disjoint measurable sets Z,,* ++, Z,

satisfying

a7 /va(ZJ) :fz M;(x) dpg(x) (=1, ==, n; k=1, *++, p).

(If nj (x) = 0 for all x € Z, the right side of (17) is understood to be 0 even when
pp(Z) =)

If K is empty, then the possibility of such a decomposition is assured by
Theorem 4.

If K is empty then, by (16), the integral in (17) is infinite if j € J andis zero
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otherwise. By Lemma 5 it is possible to decompose Z into sets Z; (j € J) with

,LLk(Z])l‘OC for k=1,"",p.

Denoting the empty set, for j ¢ J, by Z;, we have a decomposition satisfying (17).

Finally, assume both K and K nonempty. We define a nonnegative measure u
by u(S) = 2jexpr(S). Clearly, 1 is atomless and ©(Z) < ©. According to
Lemma 6 there exists, for every & € K, a measurable T, < Z with u(T;) =0,
wi(Ty) = ©., Let T be the union of T;(k € K). Then (see the treatment of the
case when K is empty) it is possible to decompose T into disjoint measurable sets
Z{,***,Zp sothat Z/ is empty for j ¢ J, while for all j € / and & € K we have
Kk(Z]) =®. Since u(T) = 0 we have, for all j, uj(Z]) = 0 whenever k € K. Let
T' = Z— T; then it is possible, by Theorem 4, to decompose T' into disjoint
measurable sets Ty, « + +, T,/ such that T} is empty for j ¢ J, while for j € / and
k € K we have

,LLk(Y]-) = fT’ 77]‘(5‘) du(x) = jz 77]'(96) dpg(x) .

Putting Z; = T;' U YA for j =1, ¢, n, we have a decomposition satisfying
an.

We now define the decomposition n-vector m* as follows: For x € Z, put
n¥x) =1if x € Zj, and n’}f(x) = 0 for all other x € Z. Because of the countable
additivity of the measures and the integrals, (17) implies v(77*) = v(7) and the

proof is completed.

Remarks. (a) The last remark after Theorem 4 applies also here. Indeed, our
construction in the proof of Theorem 5 yields a vector having the properties re-
quired of 77* in that remark.

(b) In applications usually X can be decomposed into countably many sets of
finite pj measure (5 =1, ¢ + -, p). For this special case Theorem 5 is, of course,

an immediate consequence of Theorem 4.

4. Application to statistics and the theory of games.* Theorem 4 (together

with its extension mentioned in the last remark of the preceding section) has

* A more detailed discussion and other results, including a discussion of the sequential
statistical decision problem, are contained in our paper, Elimination of randomization in
certain statistical decision procedures and zero-sum two-person games, Annals of Mathe-
matical Statistics, 22, No. 1, March, 1951. A brief discussion of these applications was
also given in an earlier publication (1].
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immediate applications to the following statistical decision problem: Let y =
§Y1, *++, y;} be a random vector with ¢ components, where ¢ is a given positive
integer. For every point x = (x,, * * +, x;) of the ¢-dimensional Euclidean space
X, let F(x) denote the probability that y; < x; for i =1, « » +, ¢; that is, F(x) is
the distribution function of y. The distribution function F{x) is assumed to be
unknown. It is known, however, that F(x) is one of the distribution functions
Fy(x), +++, F(x). An observation x is made on y and according to the observed
value x the statistician may adopt any one of n decisions j(j =1, + -, n). Let
Wi, (x) denote the loss sustained by the statistician when F; (x) is the true
distribution of y, x is the observed value of y, and the jth decision is adopted.
W;,j(x) is assumed to be a finite nonnegative and measurable function of x. If the
statistician, on observing the value x, adopts the various decisions with proba-
bilities 7;(x), where these are nonnegative measurable functions satisfying (1),
then the risk, or expected loss, when F; (x) is the true distribution function, is

given by
rom) =22 My () 7, () dF, ()
Jj=1

The decision function 7); (x) is said to be nonrandomized if for every x all but
one of the 7;(x) vanish. Theorem 4 yields without difficulty the following result:
If the distribution functions F;(x)(i =1, ¢+, m) are atomless then, given any
decision function 7 (x), there exists a nonrandomized decision function 1*(x) such
that ry(m) =r, (M) GE=1,+++, m.

Similar application can be made to the theory of games. In fact, the above
described statistical decision problem maybe interpreted as a zero-sum two-person
game as follows: Player 1 has a finite number of pure strategies i(i =1,+ * +, m),
while a pure strategy of Player 2 is a nonrandomized decision function 7 *(x)
(decomposition n-vector). If i is the pure strategy of Player 1 and 7*(x) the pure
strategy of Player 2, the outcome is defined by

R[i,ﬁ*(x)] =r; (n%.

A mixed strategy of Player 1 is represented by a vector & = (&;, * *+, £,,) with
nonnegative components whose sum is one, while a mixed strategy of Player 2 is
given by a probability n-vector 77(x). The expected value of the outcome corre-

sponding to the nixed strategies £ and 7)(x) is given by
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REMDT =30 & ().

1=1

The above stated result for the statistical decision problem can be restated in
game terminology as follows: If the distribution functions F; (x)(i =1, +++, m)
are atomless, then given any mixed strategy 7 (x) of Player 2, there exists a pure
strategy m*(x) such that R[£, n*(x)] = R[£, n(x)] for all strategies & of
Player 1.
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SCHLICHT TAYLOR SERIES WHOSE CONVERGENCE ON THE
UNIT CIRCLE IS UNIFORM BUT NOT ABSOLUTE

P.Erpds, F. HERzoG, AND G. PIRANIAN

1. Summary. That a Taylor series which converges uniformly on the unit circle
C need not converge absolutely on C was proved by Hardy [2] (see also Landau
(4, p.68]; for a simpler example, see Herzog and Piranian [3, Section 4]). The
present paper exhibits two functions that are schlicht on the closed unit disc, and
whose Taylor series converge uniformly but not absolutely on C. Each of the
examples satisfies an additional restrictive requirement: the first function has

only one singular point on C, and the Taylor series
o
(1) D> apz™k
k=0

of the second function has the property that lim(my+; — my) = .

The condition that (1) represent a schlicht function and converge uniformly
but not absolutely on C imposes restrictions on the sequence of exponents fmp 3
For the condition implies that 2%=, my|ag|? < ® (see Landau [4, p.65]);

since, by Schwarz’s inequality, we have

® 2 ® ©
(Z !akl) < X omplap]? - 2 Umge,
k=0 k=0

k=0

it follows that
@) 2 Ung =,
k=0

It remains an open question whether the condition implies a restriction on {mj}

which is stronger than (2).
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In the construction of both examples, the basic idea consists of the observation
that if

3) h(z) =2 +ka)[1—-(l—z/a))1/"]

(where k is a real constant, |w| =1, n is a positive integer and the function
(1 — z/w)¥™ is chosen to be positive when z = «w/2), then h(z) maps the unit
disc into a region which consists roughly of the unit disc with a tooth of length %
protruding at the point z = w. The tooth can be made arbitrarily narrow by choosing
n large enough. If additional terms are joined to the right member of (3), the map
of the unit disc by A(z) bristles with teeth; and if the lengths, widths and po-
sitions of these teeth are chosen appropriately, the Taylor series of h(z) con-
verges uniformly, but not absolutely, on C. The geometric and analytic motivation
for the devices that induce £ (z) to satisfy the additional requirements will be

obvious from the text,

2. The first example., Let {¢]§ be a decreasing sequence of real numbers
27> ¢y, P; = 0), and ij} a sequence of positive numbers such that the discs
|z — ei®i| < 6j are disjoint. For each index j, (}; shall denote the complement,
relative to the disc Izl < 2, of the union of the disc Iz - ei‘ﬁfl < &; and the

line segment z = re’®j, 1 < r < 2. Also, for each index j, ©j shall denote a real

number subject to the condition
(4) 1<p; <1+8/2;

N; shall denote a positive integer such that, for every p; satisfying (4) and

every n; greater than V;, the function
fiz) =1—(1 - z/wj)l/"l

(w; = pjeid’f, a - z/a)j)l/nf positive when z = «;/2) satisfies the inequality
lfj (z)| < 27 throughout Qe
We now proceed to select the integers n; in such a way that, in a suitable

region about the origin, the series

) 1+ 2w f(2)/

j=1
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converges uniformly to a function which is endowed with the desired properties.

To this end, we define the numbers am,j by the equations
o)
f](l) = Z Ap, 5 (Ze_l¢j )m
m=1

keeping in mind that at this stage of the discussion the numbers ap,j must be
regarded as functions of the still undetermined constants p; and n;. It should
be noted that the a, ; are all positive; that, for each fixed j, they form a de-

creasing sequence whose first element is (0; n;)""; and that

(6) Z =1l t) =1 = (1 =1/ )

Let n; be an integer greater than N,; and let p; be a real number satisfying
condition (4), and near enough to one so that (1 —1/p,)¥"t < 271, Once n, and
Py have been chosen for v = 1,2,+++,j—1, let M; denote an integer so large
that

(7) i; Z 27,

=1 M

AN

and let n; be greater than N, and so large that, for all p; satisfying (4),
(8) 2 an,; <27
m<M,

finally, let p; be chosen near enough to one so that
(9) (1 —1/p;)" <277,

Then the series (5) converges uniformly in some closed region whose interior
contains all points of the closed unit disc except the point z = 1, Its sum F (z) is
therefore continuous on the closed disc, and holomorphic at all its points except

at z = 1. The Taylor series 2m=; amz™ of F(z) does not converge absolutely on

C; for

oo}
Z V/V V i¢ym, m 2 21
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and therefore

|am1 _>_am,j/j -2 Z An, v 5
v#j

hence it follows from (6)—(9) that

Y a2t —0(277).

M <mSM]‘+1

That 2=, ap z™ converges uniformly on C can be shown directly; but it will also
follow from the continuity of F (z) and Fejér’s Theorem, once univalence has been
established (see Fejer [1] or Landau [4, pp.65, 66]).

To establish univalence of the function F (z), it is sufficient to note that
(d/dz)‘_—a)j (1- z/wj )1/"1] = (l/nj)(l — z/wj )V"j_l’

whence the argument of the quantity on the left is —(1 — 1/nj) arg(l — z/a)j);
since —7/2 < arg(l — z/w;) < 7/2, the real part of the derivative of w;f;(z) is
positive throughout the open unit disc, and therefore RF ' (z) > 1 when |z| < 1.
This implies that | F(z;) — F(z,)| > |z, — z; | for all pairs of points z; and z,
in the open unit disc; and because F(z) is continuous in the closed unit disc, it

is schlicht in the closed unit disc,

3. The second example. The schlicht function whose Taylor series has Fabry
gaps and converges uniformly but not absolutely on C is obtained from the first

example by simple modifications. Let

(10) G(z) =z + 2 gj(2),
j=1

where
gj(z) = kjz{l — [1 = (z/w;)Pi]V"i},

the symbols w; and n; play the same role as in the first example; k; is a certain
real number; and p; is an integer, much smaller than nj. For the sake of intuitive

clarity, it should be observed that the value of gj (2) is kj z when (z/w]-)pf =1,
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and that it is small whenever |z]| < la)j | and (z/w;)PJ is very different from
one. A rough idea of the image of C under the mapping by G (z) can be obtained by
attaching to C a tooth of length k&, at each of the points

z=-expli{bi+27h/p1)], hR=0,1,2 -+-,p1 -1,

then adding further sets of teeth as dictated by the parameters k,, w,, p,, and
so forth.

A rigorous proof that the parameters can actually be chosen in such a way that
the function G(z) is schlicht and will be schlicht after it has been modified

through the introduction of gaps in its Taylor series is based on the study of

R Y ' (z), where

Y(2) = 2{1 = [1 = (/)P

(lwl > 1, p and n integers, 1 < p < n). If t = (z/w)?, then

Y'(z) =1+ Q=) Y(1+p/m) t —1] = ®(¢) .
We wish to show that
(11) RyY'(z) >—3p/n, lz] <1.
In order to do this we shall prove that
(12) RE(t) >—3p/n, |[t] <1, t#1.

Since ®(z) is holomorphic for |t| < 1, ¢ # 1, it will suffice to show that (12)
holds

(a) when ¢ is inside the unit circle (of the t-plane) and sufficiently near the
point ¢t = 1;

(b) when ]tl =1, t# 1.
Since the coefficients of the powers of ¢ in the power series of ¢(¢) are all real,
we may restrict ourselves in (a) and (b) to values of ¢ whose imaginary part is

nonnegative; if ¢ has one of these values,

0 >arg(l —t)>-7n/2.
(a) Let t = u + {v, and consider those values of ¢ for which

1+p/2
, ...__p_/__ﬁ<u<1’ 0<vw p

2 2 R
+ <1 < .
¢ v 1+p/n - 2n%(1 + p/n)
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We then have

0 <arg(l— )" < (m/2)(1 — 1/n)
and

(1 +p/n)v <p/2n2 T
(1+p/mu—1 p/2n 2n°

0 < arg[(1 +p/n) t — 1] = arctan

whence R ¢(¢) > 1.
(b) Let t = e*?, where 0 < 0 < 77. A simple computation gives

ol 1/n-1
1-— (2 sin —)
2

X[(l +£) gin DO ("_1)6+W]

Il

(13) RA(t)

n 2n 2n
G\vn 7—6
=1- (2 sin —> cos
2 2n
p ( , 9)1/"‘1 . (pn+1)0—
—— {2 sin — sin ——
n 2n

(by) f 0 < 8 < 7/(n + 1) then, from the second expression for £ ¢ (¢) in (13),

we have

RP(t) > 1 — (2 sin 6/2) " cos[(m—6)/2n] > 0.

(by) If 7/(n + 1) < @ <77, then the content of the braces in the first expression
for £ ®(¢) in (13) is less than

(1 +p/n)(2 sin 6/2) cos [(m —6)/2n],

and hence
RE(¢) >1—2Y"(1 + p/n) >—3p/n.

This establishes the validity of (12), and therefore that of (11).
Now let

fpi}=1{1,2,2,4,4,4,4,8,8,8, -+ };
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/c]' = l/p]';
{dj/2m = {0, 0,1/4, 0, 1/16, 2/16, 3/16, 0, 1/64, 2/64, +-+ }.

The choice of the parameters nj and p; is similar to the analogous procedure in
the first example, However, here we restrict ourselves entirely to the closed unit
disc and choose as the region (1; the complement, relative to Izl < 1, of the

union of certain neighborhoods of the points

expli(®, + 27h/p;)], h=0,1,2,+,p; — 1.

These neighborhoods are chosen sufficiently small so that if a point z of the
closed unit disc fails to lie in (2, it lies in (), whenever r # jand pr = pj.

Furthermore, the indices nj should be greater than p; and such that

2. l/n; <1/8.

J=1
In this manner we will again arrive at the result that the series in (10) converges

uniformly for |z| < 1, and that the convergence of the Taylor series for G (z) is

not absolute on | z| =1 because, as in the first example,
(14) 2 lan] 2k —0@7)
M] <m§M]+1

and 2}’,‘;1 kj = o,

The function G(z) has all the properties that are required of the second ex-
ample (see Summary), except that it fails to possess Fabry gaps. In order to
introduce these, we replace each g;(z) by a partial sum s;(z) of its Taylor series.
Because the Taylor series of gj(z) and g;'(z) converge uniformly in the closed
unit disc, it is possible to choose the degrees P; of the polynomials s; (2) large

enough so that
lgj(z) —s;(2)] <27
when {z | < 1 (this ensures uniform convergence of the series

o0}

z + Z sj'(z)

j=1

S(z)

1]
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on the closed unit disc); so that

lgj' (2) = 5" (2)| <1/

when |z| < 1, and in turn

@
RS'(z) >1—4 3 1/n; >1/2
J=1
(this guarantees univalence of the function S(z) in the closed unit disc); and so

that the analogue to (14) holds for the Taylor series of S(z). The function S(z)
then has the desired properties.
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ON DEDEKIND’S FUNCTION n(7)

WiLHELM FISsCcHER

1. Introduction. A transformation of the form

_a7'+b
cT +d

(1.1)

where a, b, c, d are rational integers satisfying

ab
cd

(1.2)

=ad—cb=1,

is called a modular transformation. Without loss of generality we may assume
¢ > 0. A function f(7), analytic in the upper halfplane d(7) > 0, and satisfying

the functional equation

T+b
L) $0) = (er s 5(T),
cT +d
is called a modular form of dimension k. An example of a modular form is the
discriminant
(1.4) A1) = exp{2mit} H (1 — exp{2minT})*,

which is of dimension —12; that is, it satisfies the equation*
(1.5) AT') = (e + d)P2A(T) .

An important role in the theory of modular functions is played by the function

T e8]
i ]H (1 —exp §2minT})

(1.6) (r) = exp [

Received June 12, 1950.
*Cf. Hurwitz [6] ; however, he gives this formula only in homogeneous coordinates.

Pacific J. Math. 1(1951), 83-95.
83
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which is the 24th root of A (7). The transformation formula for this function may

be obtained from (1.5) and is conveniently written as:

aT + b
cT +d

(1.7) n(T") =77< )=€\/—i(c7’+d) n(r) .

Since we have assumed ¢ > 0 and d(7) > 0, the radicand has a nonnegative real
part, By the square root we always mean the principal branch; that is, R (vV7) > 0.
The € appearing in (1.7) is a 24th root of unity. The purpose of the present paper
is to determine this € completely.

Investigations concerning this root of unity were carried out first by Dedekind
[2] and later by Tannery and Molk [10] and Rademacher [8; 9]. However, they
use the theory of log 7)(7), which requires much more than is needed for this
purpose. Hurwitz discusses only [A(7)]*/'? and remarks that the transformation
formula of 7(7) can be obtained by means of O-functions. The investigations of
Hermite [5] are likewise not sufficient for our purpose, because he discusses
only 13(7), and therefore a third root of unity remains still undetermined.

In the following, we shall approach the determination of ¢ directly by investi-
gations of the function 77(7), which, by a well-known formula due to Euler, can

be written as the following sum:

(1.8) 7(7) = exp [szr]

12 > (“1))‘ exp{mi TA(3A — 1)}

N
= )\gw (> expl3 LT ()\ —5)2‘ .

Our starting point is formula (1.8); our principal tools are a Poisson transfor-

mation formula and Gaussian sums.

2. Application of a Poisson formula, We introduce a new variable z with
R (z) > 0 by the substitution*

(2.1) TN =+, c>0; (g,¢)=1,

* This requires ¢ # 0, but the case ¢ = 0 is trivial.
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and obtain, from (1.8)

22 77(2 +*ii> - 3 exp{ SALRYO iz)(}\ _lﬂ

c c c 6

2 exp7Ti|j + %(j—%fl

J mod 2¢
e 37z 1\?
X 2 exp\— <2cq+j—g)].
c

Il

q=-(l')

To the inner sum,

12¢

Lg=m®

we apply Poisson’s formula (cf. [11]),

+o 1 t® 77m2
Z exp{*‘w(m +01)2t§=F Z exp 277im0t—'—t— , R () >0,

m==0 i m==
and obtain
ko (2) 1 § o 6j —1 mq?
= T — — .
T g Ber e T 12 122
Putting this in (2.2), we get:
2.3) (a N iz) 1 %‘S —1mq? I ()
. —+—] = e c),
K c c N g=- *P 12¢z | ¢
where
. 1 1 3af. 1V 6 — 1
L) == X expmiij +—'<J —g) ta—
2 j mod 2¢ ¢ ¢
1 -2
= — expTi [a q] [1 +expmif8ac + ¢ —a + qi]
2 12¢

X z exp[’;—i Baj? +j(c —a + q)]}.

But, ¢ and ¢ being coprime, and thus
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3ac+c—a=1 (mod 2),

only the Ty with odd subscripts actually appear so that we have

(24) Tyreq(c) = expwi[z—————zl f: [——i [3aj? + j(c—a+1 +2r)]].

In order to have a complete square in the exponent we multiply each term of
the sum by

ad — 1

exp'ﬂi[j (c—1 +2r)] = expri {jb(c + 1)} .

As we do not wish to change T,,4, by this multiplication, we have to assume

that, for ¢ even, b also is even. Using the abbreviation

(2.5) B=cd+d—1,

we obtain from (2.4):

—4r—2
(2.6) Tor+1(c) = exp 7i [a—r—} > exp[———— [36j 2+ 12j(cd +d — 1+2rd)]]
12 ) /5 12
— 2__2
=expTi :‘IB—‘— — (ad?r +adfS+1)
12¢ 3c

X E exp[ o0

(6j +,8+2rd)2]

In the sum appearing here, j can be taken as running over any full residue
system mod ¢, because 5 = ¢ (mod 2) and therefore the sum remains unchanged
if j is replaced by j + c. Consequently, 5 can be chosen arbitrarily, mod 6, and
T3r+1(c) can be simplified by the substitution r =3x + v. We note that

expﬂl[; (ad*r +adf8 + 1)}
c

=ewai[1L (3ud +3ubed +2dv +befS + cd + d)
c

v
"'3— (dv + bedv+ be B + cd +d)];
c
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and considering
exp{—mip GB+d +3ubd)} = expi{—min (bed—b+d)} = expimiu},
we obtain

a—af?—2

Z [bd rd+b B+ +1)]
o d
12¢ 3 c

Toptavi1(c) = expri I
~E3ud +d(1 +2v) + c]l Hec (B +2vd)
(5

with the abbreviation

Tia
@D He@)= T ew| (6 +67, £=cmod?).
J mod e 12¢
Looking back to (2.3), we see that the result we have obtained so far may be
written as:
‘ 1 —a 22
(2.8) 7}(9— + Z) = expﬂi[i—ié“——‘]
c c 3cz 12¢
2 ~TT iV d )
x ¥ expl [bdv+d +68+—~ (v +1)”UV(Z)HG,C(B+2dv),
v=0 ¢
with
® 3d d 377 2v +1)\?
Uy(z) = 3 explwi[p———/f———,u(27/+l)]———(,u+ - )]
p—w c c cz 6

These expressions are easy to sum, since, according to (1.8), we have

boe) = 3 exp[m[ﬂ—?}(m +&)] _3m (u +l)zl

=00 3 cz 6

_ {z_d} (ﬁ+i)
explzc 7 c czl’

and, replacing pu by —p—1, we see that
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U1(Z) =-U,(z), or Ui(z) =0,

Uz(z) =—exp{77i z:i] Uo(z) .

Now, by the meaning of z in (2.1), we get

d i__—d7'+b

]
c cz cT —a

:’r’

. R2N +
(2.9) n(v')=iexp7’i[a(l 512) : d]
C

—27

X [Ha, . (B) - exp[ (d +2bd +b B)]

X Hq o (B +4d)] V=ilcT +d) n(7).

Comparing this with (1.7), we see that we have obtained so far:

[a(l—ﬁz)—2 +d]

1
2.91) ¢ =— exp7i

3¢ 12¢
k[Ha,c(ﬁ) = exp[~2ﬂi (d +2bd +b,8)] Ha,c(,8+4d)]
1 | bd(1—c?)—cd N (1—d)(b +ad)
T e TR 12 6

—2mt

x[Ha,c(/s) - eXp[ (d+2bd +b5)Jua,c(ﬁ+4d)]

and it remains to be shown that this is a root of unity.

3. Reduction to Gaussian sums. The sums H, . (8) which appear in (2.91) are
defined in (2.7) only for 8 = ¢ (mod 2). In this section, however, it will be more

convenient to consider the more general sums*

*We have used the letters % and k instead of a and ¢ in order to indicate that the
investigations of this section are independent from our previous results.
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1 mih
@.1) Hpp(v) == 2 eXp[ (6j + 7)2] ,
. 12k
j mod 2k

with no restriction on 7. These sums can be expressed in terms of Gaussian sums

271 1h
(3.2) k)= 3 exp[ : j2].
Jj mod k k

Comparing the definitions (3.1) and (3.2) one finds immediately that:

1
Hu g (0) + Hp g (1) +Hpp (2) +Hop (3) +Hpp (4) +Hup (5) = " G(h, 24k) ,
1
Hhk (0) +Hpp (2) +Hop (4) = 3 G(h,6k) ,
1
Hy p (0) +Hpyg (3) = G(3h,8k) .
If we consider that
Hpp (=) =Hhp (¥) =Hpp (y +6n),

we get the following relations:

1
(3.31) Hpp (0) = 5 G(3h, 2k) ,

1 1
(3.32) Hhe (3) = " G(3h, 8k) — 3 G(3h, 2k) ,

1 1
(3.33) Hyp (2) = N G(h, 6k) — n G(3h, 2k) ,

: 1 1 1 1

(3.34) Hpp (1) = . G(h, 24k) — Py G(3h, 8k) — n G(h, 6k) + " G(3h, 2k) .

In order to obtain the sums /iy i () explicitly, the following rules concerning

Gaussian sums may be useful.*

* For the formulas (3.41)—(3.47) see [1] or [3]; (3.46) may also be found in (7].
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As elementary consequences of the definition (3.2) we have:

(3.41)  G(mh,mk) = mG(h, k) n>0
(3.42)  G(h, kiks) = G(hky, k2) G(hka, ky) (ky,ka) =1
(3.43)  G(m2h,k) = G(h,k) (m k) =1
B.44)  G(h,m2k) = nG(h, k) (mh)=1; m>0 and odd.

The following results, due to Gauss [4], are a little deeper:

h
(3.45)  G(hyhy, k) =(k—‘) G(hy, k) (hiha, k) =1, k odd

(3.46) G(L k) = vk 1Lk-0/2) k odd

hodd, a=1

0
3.47 i(h,2%) = at1
R L(“”)/z (%) eI/ hodd, a>2.

The symbol (%) is the Jacobi symbol.

The following discussion may be restricted to the case ¥ = k (mod 2), which
will be sufficient for our purpose. Furthermore, we put* throughout & = 27\101
(% ; being odd), and have then to distinguish whether 3 does or does not divide
ky.

Assume first 3 | ky. Then we find, using (3.41) and (3.44), that
(3.51) Hp (1) =0, Hpp (2) =0

and, applying (3.41), (3.42), (3.44), (3.45), and (3.47), we obtain:

2\* 3
(3.52) Hy ¢ (0) = gh/2 (;> exp [Z With}G(Zh, 3ky) ,
_ 3
(3.53) Hyp 1 (3) = exP[Z mhk] G(2h,3k) .

*We do this in order to avoid the reciprocity law for Gaussian sums which would
require additional distinctions concerning the sign of k.
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As a consequence of (3.46) we have:

—7ik

G(1,3k) =3k expr‘%i‘ (3k — 1)2] =—3 eXp[ ] G(L,k),

and therefore, according to (3.45),

2h 2h ik
G(2h,3k) = (—) G(1,3k) =—(——) V3 exp[—l—“] G(2h, k) .
3k 3 2
This formula enables us to express (3.52) and (3.53) in the single formula:

h ki(h—1) hk; _h?-—1
3.6) Hpp (k) =3 272 (5) expﬂil—1(2—)+—2—l—+/\ 5 ]G(2h,le1).

In case 3/k, by useof (3.42) and (3.43) we can express the more complicated
sums Hp 1(1) and Hp 1(2) by Hp 1(3) and Hy j (0), respectively:

4
(3.71) Hrp (1) = exp[g mhk] Hpp (3),

(3.72) Hpp (2) = eXPE Wihk] Hpk (0) .

More generally, the following recursion formula holds:

(3.73) Hpp(y + 2n) = exp[%i‘ (y +n) ”hk} Hpk () -

In order to compute Hp ;(0) and Hp, 4(3), we apply (3.42), (3.43), (3.45), and
(3.47) to obtain:

| k k=1 3hk) _
ing (3) = g)expm | eemk),

k 2\ M k; =1 3hk,
Hip (0) = (= 2M<—) w'[ L ]GZh,k X
i (0) (3) % B i 3 | G2 k)

Applying this on (3.71) and (3.72), and considering

'[4 hk+3th ‘[hk+3h(k k)}
Ty — - = mi1— + — - ,
exp7i 3 1 1 exp7i 12 4 1
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we can combine (3.71) and (3.72) into:

k
(3.8) Hp i (k) = 2>\/2(§)

hk 3 ki—1 _h?2—1
Xexpﬂilﬁ+zh(k1-‘k)+ : +A . lG(Zh,kl).

2

4. Determination of the root of unity. Now we go back to our result (2.9) and

consider the following expression:

1 T
@D o=t epl™ -
o= o] (L= d)(6 + ad)

3¢

— 271

X [Ha,c B) - exp[ (d + 2bd +b/5)] Ha,c(/i+4d)] .
According to the results of the preceding section, we have to distinguish whether ¢
is divisible by 3 or not and to keep in mind that ¢ = 2%eq, ¢y odd.

Let us assume first 3 | ¢; according to (3.51) we know that:

]

Ha,c (/8) =Hg,c (dc +d — 1) =0 if d
Ha,c (IB +4d) :Ha,c (dc +5d — 1) =0 if d

-1 (mod 3),
+1 (mod 3).

Therefore we have:

6D = (g) J% expwil-é‘ (1~d) (6 +ad) +§ (d—1)(1+b)] Haye (c)

- (.‘33) % exp{%i (@=1)( +ad)} Hoe (c) .

Considering that

eXpr;—i [(d—1)(b +ad +¢) + (a—1)(c; — c)]J =1,

and therefore that
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eXpm[-;— (d—1)(b +ad) +§ (a—1) 01]

= expr—;i [(d—'l) (b +ad +c) + (a-l)(el —c) - c(d—a)]}

= exp[w—é c(d—-a)] ,

we get from (4.2) and (3.6):
1 a cd -1
(4.3) =— L1 — —c) +— + *—+)\—“_" G(2 .
1% \/;T expTrll4 (01 c) 6 12 8 ( a, cl)

In case 3/ c,we can apply (3.73), which gives us

Ho e (B+ 4d) = exp 2 (,6 +2d) acd} Hq,c (B)
3

271

)} Hae 5,

= exp[

and obtain from (4.1):

o[ T (1= )b + aa)] 1= ['2:” || #o.c ®

N
SV T

(%) expi {-6]£ (1—d) (b + ad)—%+23 }Ha e .

%

Now we apply (3.37) once more, putting

Hose (8) = Hae (e + 6= ) = exp| = (o P 0 e e (o)

= e[ (8 = ¢ ac Hae (o).
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Using (3.8) and considering

12

exP[ T (52—c?) ac]

= exp {% lac(c® —1)(d* —1) +2ac(d—1) (cd +d)]]

I

exp [7% (d=1)(bc+c+b +c2)]

= exp i [% (d=1) (b +ad) —é (@=1) (1) +5 (d—l)] ,

7
o[ [a=1) (1) = @1 (-1} =1,
we see that the expression for o becomes again (4.3), Therefore, we have in all
cases:

17— C 0.2—1

1
(44) € =exp7i [TQ_ [bd(1—c?) +c(a+d)] +a < i + A 5

1
X ——=G(20,¢1) ,
c1

with the only restriction that, for even ¢, b also has to be even.
In order to show that our formula (4.4) holds even if this condition is not

satisfied, we put

+b
7! =aT+d , ¢ even, b odd,
cT
T*___(a +C)T+(b+d):7_, i1,

cT +d

Then, for 7*, formula (4.4) holds; considering

-7

T+1)=
7( ) eXP[ .

] n(r) ,

which is an immediate consequence of (1.6), we find:



ON DEDEKIND’S FUNCTION 7 (T) 95

n(T*) = e*n(7) = eXpr;;i] n(r') = eXp[—;;i] en(r)
(4.5) € = exp [717—;] e*,

Now, if we compute €* by means of (4.4), and then €, using (4.5), the result will
be exactly the same as we get computing € directly by means of (4.4).
Finally, we can omit the Gaussian sums in (4.3) and, using (3.45) and (3.46),

obtain:

a
46 - (Z)
1—¢y c—cy a?—1

1
X exp7i{— [bd(1—c?) +cla +d)] + + + A
expllz[(c)c(a )] . e, -

This formula agrees with the one given by Tannery and Molk[10, p. 112] .
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THE HEAVY SPHERE SUPPORTED BY A
CONCENTRATED FORCE

WERNER LEUTERT

1. Introduction. In the linear three-dimensional theory of elasticity only a few
particular solutions are known which describe the action of a concentrated force
on an isotropic homogeneous solid. The fundamental particular solution which ex-
presses the displacement due to a force at a point within an indefinitely extended
solid was given first by Lord Kelvin [S]. It was found again at a later date by
Boussinesq [1] along with other particular solutions which can be derived from it
and which lead to the solution of the problem of a concentrated force acting on an
infinite solid bounded by a plane. Michell [4] obtained the displacements and
stresses in an infinite cone acted on bya concentrated force at the vertex by using
Boussinesq’s results. The solids considered by these authors all extend to infinity.

In this paper a particular solution describing the action of a concentrated force

on a finite solid will be considered.

2. The problem. Let there be given an isotropic homogeneous sphere of radius
a, which is supported by a radial concentrated force at the south pole. Qur problem
is the determination of the displacement vector at any point of the sphere in the
case of equilibrium, that is, in the case in which the magnitude of the force

is equal to the total weight of the sphere.

3. General theory. In the linear theory of elasticity for an isotropic homo-
geneous medium, the components u, v, w of the displacement vector u with respect

to a cartesian coordinate system x, y, z satisfy the differential equations of Lame’

(2],
1) Av + o grad divu + 8X=0,

where
32 32 32

b .
9x?  dy? 322

i
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The vector X with components X, Y, Z respectively denotes the body force per
unit volume, and

D
D

are two constants depending on the material considered. The first component of

(1) is given by

u P [a2u PG a2“’]+ Y =0
- 08 X =
322 3yt | 3.2 o2 "oy T TP ’

which explains the vector notation used. We restrict our attention to the physically

important case
1< a, 0< S -

The components Fy , F) , F, of the distributed force per unit surface area F which
is necessary to maintain the displacement u throughout the solid are given by

_(au )+il+( 1) ny di

/81'; = ax,n 3 o ny div v
o du dv )

(2) BE = a—y,n +a—n+(0(—'l) ny div u

Ju dw
/5FZ=<—,n +—+(O'L—l)nz div u ;
9z on

Ny, Ny, nz are the components of the exterior unit normal n. The first line in (2)

may be written in the form

u v Ow du
BE, =nx'§;+ny§;+nza—x+nx§;
du u du 3U+3w

+n, —+n ——+(C\”‘1)n — +— +—
Ty iy "o« dy 9z
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4. Particular solutions when no body forces are present. Boussinesq showed
[1] that particular solutions of (1) for X = 0 may be obtained from a scalar func-

tion @(x, ¥, z) by putting

3% 3% 3% a+1
v w -~ 5 -

0x0z - ayaz - 8;2 G

3) u = A

’

provided ¢ is a biharmonic function,
(4) ANAPp=0.
Let

r2———x2+y2+22-

then

(5) ¢=r

represents the action of a concentrated force in the z direction at the origin within
an infinite solid [5].

The function
(6) b=z log(r +z)—r

leads to Boussinesq’s solution [1] for an infinite solid bounded by the (x, y)-plane
and acted upon by a concentrated force at the origin in the z direction. Michell’s
solution [4] can be obtained by a linear combination of (5) and (6).

The function

(7) ¢ = (r* —32%) log(r +z) + 3zr

was used by the author [3] to describe the displacements in a spherical shell
under concentrated radial forces.

Since for X = 0 the system (1) is linear homogeneous with constant coefficients,
particular solutions can be obtained from (5)—(7) by partial differentiation.

If (5) and (6) are differentiated with respect to z, two new particular solutions

(8) p==,
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9) ¢ = log(r + z)

result. From (9) the particular solution

1
(10) $=-
-

can be derived. A linear combination of (10) and the derivative of (8) with respect

to z yields

22

(11) b=".

r

5. A particular solution for constant body force in the z-direction. If u, v, w
are computed from

B Pof3
647 (o +1)(3c—1)a®
+ (40 +7) 2* —16(a + 1) az® +8(c +1) ar’z ],

(12)

[ (20— 1) r* —6rtz?

according to (3), it can be verified that (1) is satisfied for

3P

(13) X=Y=0, Z=— 3
47a

Equation (4) is no longer valid for the ¢ of (12).

6. Solution of the problem. The south pole of the sphere is taken as the origin
of the coordinate system, with the z axis directed vertically upward. The sphere is
then represented by the equation

(14) r? < 2az.

The components of the exterior unit normal n are

any = x, any =y, an, =z —a.

It can be verified that the function

Puf
15) = B _ . aa
( ? 647 (. +1)(3a— 1) o° [- (@a—1)r 6r2z



THE HEAVY SPHERE SUPPORTED BY A CONCENTRATED FORCE 101

+ (4o +7) 2* = 16(w+1) az® +8(x + 1) ar?z ]
Iy
. 3

9% 7(+1) ar

s[9(a+1) er* — 1220 + 1) ar?

— 48ca?zr? + 16(a - 1) a®r?+ 160a’ 22]

il ]10 r+z
32774 5(r +2)

16a?
[r2 — 32?2 + 4az—
a+1

satisfies (1) provided the body forces are distributed according to (13). The par-
ticular solution (14) consists of a linear combination of (5)—(11) added to (12). On
the surface of the sphere r? = 2az it is found that the distributed force F per unit
surface area (2) vanishes on the whole surface except at the origin, where the
particular solution (15) has a singularity.

Because the resulting body force must be in equilibrium with the resulting ex-
terior force, it follows from (13) that the latter is radial upward and of magnitude P.

Since ¢ in (15) possesses a singularity at the origin, the corresponding dis-
placements and stresses will be infinite at that point. To avoid this difficulty we
can imagine the material near the origin cut out and the concentrated force P
replaced by the statically equivalent forces distributed over the surface of the
small cavity.

The displacements belonging to (15) can be computed by using (3).
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ON THE DEFINITION OF NORMAL NUMBERS

Ivan Niven AND H.S. ZUCKERMAN

1. Introduction. Let R be a real number with fractional part .x;x,%3 * *+ when
written to scale r. Let N(b,n) denote the number of occurrences of the digit 4 in

the first n places. The number R is said to be simply normal to scale r if

'y lim =—

for each of the r possible values of b; R is said to be normal to scale r if all the
numbers R,rR,r?R,+ * + are simply normal to all the scales r, r2,r3, ¢+, These
definitions, for r = 10, were introduced by Emile Borel [1], who stated (p.261)
that “la propriete caracteristique” of a normal number is the following: that for
any sequence B whatsoever of v specified digits, we have

NBn) 1
n— =

(2) 1i ,
n=®  p rY

where N (B, n) stands for the number of occurrences of the sequence B in the first
n decimal places,

Several writers, for example Champernowne [2], Koksma [3, p.116], and
Copeland and Erdos [4], have taken this property (2) as the definition of a normal
number. Hardy and Wright [5, p.124] state that property (2) is equivalent to the
definition, but give no proof. It is easy to show that a normal number has property
(2), but the implication in the other direction does not appear to be so obvious. If

the number R has property (2) then any sequence of digits
B =b1by +--by

appears with the appropriate frequency, but will the frequencies all be the same
for i = 1,2, ¢, v if we count only those occurrences of B such that b, is an
i,i + v,i + 2v, ««+ -th digit? It is the purpose of this note to show that this is

Received August 14, 1950, and, in revised form, November 22, 1950.
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104 IVAN NIVEN AND H.S.ZUCKERMAN

so, and thus to prove the equivalence of property (2) and the definition of normal

number,

2. Notation. In addition to the notation already introduced, we shall use the
following:
So. is the first o digits of R,
BXB is the totality of sequences of the form byb,* ¢ *byxx* * *xb by * < by,
where xx * * * x is any sequence of ¢ digits.
k; (@) is the number of times that B occurs in Sy with b, in a place congruent
to i(mod v).

60 = 2 kile).

G, (&) is the number of occurrences of BXB in S.

ki j(o) = ki) — kj (o), iFg.

B* is any block of digits of length from v + 1 to 2v — 1 whose first v digits

are B and whose last v digits are B. Such a block need not exist.

3. Proof. We shall assume that the number R has the property (2), so that we

have
1

®) i 80 L

n=® r
and

. O4(n) 1
@) BT T
for each fixed ¢, and we prove that

ki j (n)

5) Lim ——— =0,

n—® n

from which it follows that R is a normal number.

Now £;( + s) — k; @) is the number of B with b; in a place congruent to

to i (mod v) that are in Sy+s but not entirely in Sy . Therefore
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z fley (o4 s) = ki () {kj (o +5) = kj (1)}
1<y .,

,;:
]:
counts the number of BXB and B* that occur in Sy+s such that the first B is not
contained entirely in Sy. Here the number ¢ of digits in X runs through all values

#0(mod v) with 0 <t <s— v— 1. We take n > s and sum the above expression

to get

© o=Y X fei(ats) — k(@ (ats) = k;(a)].
o=0 . 129]
i=0, 1, .- -,v"2
J=1,2,---,v-1

Considering S, and any BXB contained in it with ¢t <s — v — 1, we see that BXB
is counted in o a certain number of times. In fact if BXB is not too near either
end of S, it is counted just s — ¢ — v times and it is never counted more than this
many times. Furthermore if BXB is preceded by at least s — ¢ — 2v digits and is
followed in S, by at least s — ¢ — v — 1 digits then BXB is counted exactly
s — t — v times. Therefore we have, ignoring any B* blocks which may be counted

by o,

(7 o> Sgl (s —t—=v){0:(n—s) —6:(s)}.

B t=0
t£0(mod v)
Using (4) we find
- O6i(n — s) 1
lim —=

il 2
n—o© n rev

for any fixed s; hence, from (7), we have

s-v—1

.o
,ll}.rgn}_ tzo (s—t—v)rzv.
t£0(mod v)

It is now convenient to take s, which is otherwise arbitrary, to be congruent to
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0{mod v). Then the above formula reduces to

— — 2
®) g Tp (Dm0l L

n~® p T 2v r2v

In a similar manner we count the BXB in S, where the number ¢ of digits of X

is congruent to 0(mod v). This gives us

©) %i%l"f ”zl L (ot ) = ki (003 Bk (o + <) — ki (o) — 1]

s—v-1
= )> (s—t—‘v) 2v o, 2wt
150(mod

Now, by (3) we have

n-s v-1 1 n-s
lim — ki (o + —ki(0)} = — glo+ —gla
b  TOX dilets) “hiE) = lipns T el ) - (o)
1 n s
= 11 o+s)—— )
nt 2n oc—nzsu 5! Z0 2r’

1 7°s vl s(s —v)

(10) .m—— — =
T i B O
From (6), (8), and (10) we find that
W ety v Tei(o+s) = ki (@)] = [hj (ot s) — kj (0)]}2
n=o p a0 b
i=0, 1,-<]-~,v-2
]2, ,v—1

(v —1)s + (v —l)(s —v)

- r‘U r2U

for any fixed s = 0(mod v). Using the inequality
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we obtain
T kot s) = k(0] = [k (k) =y (@2

>t lZ[klo+s)~k() k](oc+s)+k]-(o;)]l

n—s+1 0

:n—i+1L§0 [kij ot+s)—kl,j(og)]‘
:n_SIJrll:go ki,j(n_a)—:cz:’o ki’j(a)] .

This with (11) implies

(12) llm —_‘i“‘"'_ z l Z kl] (n - sz_:l ki,j (O()]2

n=w n(n — s + l) =0

<(v—l)s+(v—1)(s-v) .

- rv r2v

From the definition we have Ik,-,j(a) | < o« and hence

1 2
lim ——m— =0
ey (n—s+l) Z

and

_ 1
}lzgm Z kij(n =) 3 kij() =0

for fixed s.
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Therefore (12) implies

which can be written in the form

- 1 s—1 2
n}g n(n~s+l) E] l L,]() go [l,]( ) l,]()]}
1=0,1, -+ ,v—2
j=1, 2,000, 01
<(v—l)s +(v—-l)(s—'v) '
—_— rv r2v

But | kijj(n— ) = k; ;(n) | < 2 so that this implies

—— 1
lim ——m—MmM8M8 z: 28p. . 2
n}'rorfll n(n - s + l) 1< ’ { lrl(n>§

‘0,1'...’
1,2,¢,

(SR~

1::
]=

»

<(v—1)s+(v—l)(s—v)

— rv r2v

or

— 5 {k j(n)}? <v—1+(v—1)(s—v).

n=o —_ - v 2 2y
i<y nfn—s +1) sr s°r
0,
L

1= 1, -+ ,v"2
j:: 2,...’1]—1
From this we have

—fk () ki (n)3? v=1 (—1)(s—v)
lim ———— = lim < vl
n=m n? n® nn —s + 1) sr

82r2v

for any fixed s = 0(mod v). Since the right member can be made arbitrarily small,

we have
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Lim \ki,] (n)’ -0

n—© n

or

lim = lim — .
n—o n n—w n

REFERENCES

109

1. Emile Borel, Les probabilite's denombrables et leurs applications arithmétiques,

Rend. Circ. Mat. Palermo 27 (1909), 247-271.

2. D. G. Champernowne, The construction of decimals normal in the scale of ten, J.

London Math. Soc., 8 (1933), 254-260.

3. J. F. Koksma, Diophantische Approximationen, Ergebnisse der Mathematik, Band 1,

Heft 4, Springer, Berlin, 1937.

4. Arthur H. Copeland and Paul Erdos, Note on normal numbers, Bull. Amer. Math.

Soc., 52 (1946), 857-860.

5. G. H. Hardy and E. M. Wright, The Theory of Numbers, Second Edition, Oxford

University Press, Loondon, 1945.

UNIVERSITY OF OREGON AND
UNIVERSITY OF WASHINGTON






COMPLETE MAPPINGS OF FINITE GROUPS

L. J.PAIGE

1. Introduction. A complete mapping of a group, loop, or quasigroup G is a
biunique mapping x — &(x) of G upon G such that x X 8(x) = 7(x) is a biunique
mapping of G upon G. This concept was introduced by H.B.Mann [3]; other
applications have been indicated by R.H.Bruck [2], and Paige [6]. However,
the determination of all groups which possess a complete mapping is still an
open question. For abelian groups and groups of infinite order the problem has
been answered in [1] and [5].

The first part of the present paper considers the question of complete map-
pings for finite non-abelian groups; the latter part is devoted to an application of

complete mappings in the construction of orthogonal Latin squares.

2. Complete mappings. We shall consider finite groups G written multiplica-
tively, the identity element being g, = 1. A group G will be called an admissible
group if there exists a complete mapping for G; otherwise G is said to be non-
admissible.

It should be noted that all groups of odd order are admissible by letting
0 (x) = x.

THEOREM 1. A necessary condition that G be an admissible group is that
there exist an ordering of the elements of G such that gy X gy X ***Xgp=1.

COROLLARY. If G is an admissible group, the product of the elements of G

in any order is an element of the commutator subgroup of G.

Proof. Assume that x — O{x) is a complete mapping for G. Without loss of
generality we can take &(1) = n(1) = 1. Now consider g, X 6(g;); here g3'
# 0(g,), so that O(g,)”! occurs among the remaining elements of G. Then let
6(g,) ™! = g3 and form the product g, X O(g,) X g3 X 6(gs). We continue in this

manner and ultimately reach a product

(1) g2 X 0(gg) X g3 X O(g3) X +++ X g XO(gs) =1,

Received October 16, 1950.
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where 6(g;-) =g/ (i =3, *+,s)and O(g;) =g;"'.

If s < n, we repeat the process beginning with g5 +; X O(gs +;) and finally we
arrive at a series of cycles similar to (1) whose product is the identity. Thus,
7(g1) X M(gy) X+ +X n(g,) =1, completing the proof and yielding the corollary
as a consequence.

We note that in the cycle represented by (1), the elements
g2 X 6(g2) X +++ X gi X 6(gi) =nlg2) X +++ X 7n(gi) (i <s),

are all distinct; for the equality of two such products would imply &(g;) = 6(g;)

or { = j, Hence, we have the following result.

THEOREM 2. A necessary condition that G be admissible is that there exist
an ordering of the elements of G into subsets, such that in each subset, the

elements

@ iy gizxgiy Tty 8i2Xgi3X“'Xgis=1
are all distinct.

In the most favorable case where G possesses a single subset of n — 1 non-
identity elements which satisfy condition (2), we may prove that G is an admissi-
ble group. To do this, let g, be the element that is not represented in the set of
elements (2). Construct the mapping O(x) as follows: 6(1) = 1, 6(g,) is the
solution of the equation g, X x = g;,, and successively let g;+; = O(g;)7", and
let 6(g;+1) be the solution of the equation g;4+; X x = g;;, . All the 0(x)’s are
are distinct and different from 1; for if O(gy) = O(gs), & # s, we would have

g2 X6(gr) = giy X =+ Xgy, =gi, X *=* Xg;, =g, X0(g),

the inner equality being contrary to hypothesis for k& # s. Moreover if 6(g;) =1,
we would have g, = g;, X+ X g;,, contrary to the selection of g;. Thus, we
have proved the following theorem.

THEOREM 3. A4 sufficient condition that G be an admissible group is that
there exist an ordering of the nonidentity elements of G, such that the elements

g2 X o+ Xgi  for (i=2+,n)

are all distinct and g, X * *+ = X g, =1,
For abelian groups, Theorem 1 is also a sufficient condition that G be admis-

sible and we conjecture that this is likewise the case for non-abelian groups.
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However, the best we have been able to prove are theorems of the following type.

THEOREM 4. Let H be a normal subgroup of G. If G/H admits a complete
mapping 0, H a complete mapping 0,, then G is an admissible group.

Proof. Let G/H = K, the elements of K being e, p, g, * * *+ Let up be an
element of G that maps upon p € K. Every element of G has the form up X A or
h X up, where p € K, h € H. The equality of u, X hand ug X &' implies
p=gand A=4h'.

Define 6(up X k) = 0,(h) ug,(p). Obviously this mapping is biunique of G

upon G. Consider
(3) up X h X QQ(h)ugl(p) = uqh'92(h')u91(q) .
This implies
up Xugp) XH=ugq X ug(q) XH OT  Upy8,(p) XH = ugxo,(q) XH,

whence p X 8,(p) = ¢ X 8,(q) or p = q, since 8, is a complete mapping for K. It
then follows from (3) that 2 = %' and & is a complete mapping for G.

THEOREM 5. If G is a group containing a subgroup H of odd order such that
G/H is a nonadmissible abelian group, then G is nonadmissible.

Proof. It G/H is a nonadmissible abelian group, G/H possesses a single
element of order 2 [6; p.49]. Let this coset be g, X H. Considering the product
of the elements of G modulo H, we have []?=;g; = g, mod H. Since g, is not in
H, the product of the elements of G in any order is not in H. However, H contains
the commutator subgroup of G and it follows from Corollary 1 of Theorem 1 that G
is not admissible.

The two preceding theorems may be used to establish the admissibility or
nonadmissibility of many groups. Often it is necessary to develop other tech-
niques, as for example in groups of order 2". Here we are able to argue modulo
the commutator subgroup and establish by mathematical induction the admissi-
bility of those groups whose commutator subgroups are not cyclic. The remaining
cases have been analyzed by Bruck and found to be admissible except in the

obvious case where G is cyclic of order 27,

3. Orthogonal Latin squares. Recalling the definition of a Latin square [3,

p.418],we see that the multiplication table of a quasigroup, loop, or group G is
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a Latin square. Indeed, any Latin square of order m may be used to define a
quasigroup of order m. Mann [3, 4] has shown how Latin squares, orthogonal to
a group G, may be constructed by means of complete mappings. (A Latin square L
is said to be orthogonal to a group G if L is orthogonal to the multiplication table
of G.) We may extend these results in the following manner.

For convenience we shall assume henceforth that the elements of a group or

quasigroup G are 1,2, * * *, n.

THEOREM 6. Let G be a quasigroup. Let 6y, 0,, ++*, 6, be n complete
mappings of G with the following property:

4) 6i(g) # 6j(g) , for 1 #j, all g€ G.

Construct a Latin square S by placing j in the kth row and 8; (k)th column. Then
S is orthogonal to G.
Moreover, all Latin squares S, orthogonal to G, may be represented in this

manner.

Proof. Obviously the square S is a Latin square and it is orthogonal to G
since the number pairs [k X Gj (k), j] assume n? distinct values.

Conversely, let S be any Latin square orthogonal to G. Let j occupy the row
and column positions (1, ij,l), cee (n, ij,n) in S, where (i]',l, e e ij,n) is, of
necessity, some permutation of (1,2, ***, n). Let 0;(k) be defined by 0; (k)
= ij, k- The assumption that &k X 6; (k) = h X 6; (k) = m for k # h leads to a con-
tradiction, in that the number pair (m, /) would occur twice in the orthogonal Latin
squares G and S. Since iy # ig ) forr # s, property (4) is satisfied, and this
completes the proof.

Although anticipated in part by Theorem 2 of [3], we may improve upon the

previous result for a group G.

THEOREM 7. A necessary and sufficient condition that there exist a Latin

square orthogonal to a group G is that there exist a complete mapping O(x) for G.

Proof. The necessity follows trivially from Theorem 6. The sufficiency is
evident from the fact that, given one complete mapping &(x) of G, we may define n
complete mappings of G satisfying (4)by letting G(x) X i = 6;(x), i = 1,2,* * *, n.

A more convenient method of obtaining a Latin square orthogonal to a group G

is to apply the following theorem,

THEOREM 8. Let G be a group, O(x) a complete mapping for G. Construct a
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Latin square S as follows: In the ith row and kth column place i X k X (k). Then

S is a Latin square orthogonal to G.

Proof. Trivially, S is a Latin square. In the orthogonal squares the number
pairs are [i X k, i X k X 0(k)]; and every pair (r,s), (r,s = 1,2, * * *, n), exists
since the equations i X k =r, i X k X 6(k) = s have a unique solution. Thus the
Latin square S is orthogonal to G.

Theorem 8 is a variation of the method employed by Mann [4, p.253] and is
simpler to compute.

The problem of finding more than two mutually orthogonal Latin squares has
its basis in investigations of finite plane geometries [4] and nets [2]. Theorem
6 yields easily formulated but involved results in this connection. The repre-
sentation of Theorem 8 yields more interesting results. Consider the case of two
Latin squares S; and S, represented in the manner of Theorem 8 and orthogonal

to a group G. Then S, will be orthogonal to S, if and only if the number pairs
[i Xk X6O1(k), 1 Xk X0,(k)] (i,k=12 = ,n)

take on every value (r,s), (r,s = 1,2, * + +, n). Hence, we can conclude immedi-
ately that a necessary and sufficient condition for S, to be orthogonal to S, is that

the equation

(5) rx6(k) =5 X6,k)?

have a unique solution % for all pairs (r, s). The generalization to any number of

mutually orthogonal Latin squares of this type should be apparent.

We note from (5) that if G,(x) = 6, (x) X x is a complete mapping, our condition
is trivially satisfied. In the case that G is abelian of order 2"(n > 1) and every
element of order 2, &,(x) = &, (x) X x is a complete mapping. Thus for this group
it is always possible to find at least two Latin squares mutually orthogonal to
G. This brings us to an interesting question that we have been unable to answer:
For a given group G, what is the maximum number of mutually orthogonal Latin

squares orthogonal to G?

In conclusion, we would like to conjecture that there exist no Latin squares

orthogonal to a Symmetfic group.
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ON A TAUBERIAN THEOREM FOR ABEL SUMMABILITY

OrTtOo SzA4sz

1. Introduction. In 1928 the author proved the following theorem [2, Section
2]:

THEOREMA. Ifp > 1 and

(1.1) z Vplay|p =0(n), n— @

v=1

H

then Abel summability of the series Zn=q an to s implies its convergence to s.

The theorem is the more general the smaller p is; it does not hold for p =1
[2, Section 1; 1, pp.119,122]. However, for this case Reényi proved the following

theorem:

THEOREM B. If

n
lim — Z 7/|a1,|:l<°°

exists, then Abel summability of 25=q a, to s implies convergence of the series
to s.

2. Generalization. We give a simpler proof and at the same time a slight

generalization of Theorem B.

THEOREM 1. Assume that

n

(2.1) Vp = Z Vlav | =O(n) ,
v=1
and that
1 1
(2.2) -V, —=V,— 0,
m n

Received April 10, 1950. The preparation of this paper was sponsored (in part) by the
Office of Naval Research.
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for every sequence m = mp, such that mp/n—>1 as n—> ©. Then Abel summa

bility to s of 2 =0 @n implies its convergence to s.
Property (2.2) is called slow oscillation of the sequence ¥, /n.

Proof of Theorem 1. We write

n n
Zav=sn, Zsy=(n+l)0’n.
v=0 v=0

It is easy to verify that, for £ = 0,1,2, * * *, we have

n

k+1

1 k
23)  spoy —Oper = (On+k —Opoy) — z (k +1-— 7/) Qn+y
k+1 2

It is known [see 2, Section 2] that if for a finite s we have

[o 4]
lim Y, apx" =5,
1 p=
then (2.1) implies o, — s ; thus, if
(2.4) l.;x}.ob. lUn—l — On+k | = €,
then €, — 0.
We now choose
(2.5) k =k, =[ne¥?], so that k <neY?<k +1;

it follows, in view of (2.4), that

n

k+1

lUn-l — On+tk \ < €r%/2 .

In view of (2.3) our theorem will be proved if we show that

1 k
mz (k+l“'7/)an+u—)0, n—,

v=0
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Now
1 k
— | Y (k+1-V)anw
k+1| 2
1 & E+1—v 1
< +v y| <= (Vask = Va-1),
_k+lyz:0 (n )Ian+ ! n+ v _n(n+k n1>
and
1 Vaeh nt+k Vooy n—1
(2.6) = WVpsp = Vpoy) = ——— + - .
n(n+k nl) n +k n n—1 n

Ve _ Vn—l +_’i Vn+k +l Vn—l ;
n+k n—1 nn+k nn-—1

using (2.2) and (2.5), we see that
1

(2.7) = (Vpsp = Vp-1) —0 as — —0 and n — @,
n

and thus Theorem 1 is proved.

Renyi observed that the Theorems A and B are overlapping. We now show that
Theorem 1 includes not only Theorem B, but also Theorem A. Clearly (2.1) follows
from (1.1) by Holder’s inequality. Furthermore,

nt+k n+k 1/p
Vosk = Vo= X via| <kPVP{ X vPla, P
v=n+t1 v=ntl1

= KPP o[ (n + k)] ;

1 Kk [(n\¥F k\(P-1/p k
_(Vn+k_vn):_0<—> =O<'_) —0 as — —0,
n n k n n

It now follows from (2.6) that (2.2) holds; thus (1.1) implies (2.1) and (2.2), which

proves our assertion.

An example of a sequence V,, > 0, and increasing, for which (2.2) holds,
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while n 7'V, * @, is

Vo, =n log n, n>2,
because

V, V k
‘-rik——l=log(1 +—)—>0, as — —0, n— ©,
n+k n n

3. A more general result. A generalization of Theorem A is the following
[see 5, p. 56] :

THEOREMA'. If for some p > 1, we have
n
(3.1) > Y(lay| = a, )P =0(n), n— ®
v=1

then the Abel summability of Zp=o a, implies its convergence to the same value.
An analogue to Theorem 1 is the theorem:

THEOREM 2. Assume that

n
(3.2) Up = Z v( lavl - av) :O(n) )
v=1
and that
1 1 m
(3.3) U, ——U,—0 as — —™1, n—®,
m n n

If now 2=y a, is Abel summable to s, then it converges to s.
Proof of Theorem 2. We have

n

=% var €3 vl - ) =00

v=1

hence [see S, the Lemma on p.52] Abel summability of Z3,=, a, implies its
summability (C,1). From (2.3) we have
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n
Sn-1 " %n+k _<_k 1 (Un+k _O—n—l)
1
+k+1 z (k+1—v)(’an+vl~an+v);

V=0
from (2.4) ana (2.5) we obtain

n

k+1

(Un+k _Un>1) < (:-nl/2 .

Using the same argument as in the proof of Theorem 1, replacing ¥, by U, we

find that

(3.4) lim sup s, <s.

n—®

We next employ the identity, similar to (2.3),

n+1
Sn T On-k-1 = (On = on-k-1)
1 k
t o1 EO (k=) an, k=012 -,
and the inequality
@ > a, = la,f.

The same reasoning as before now yields

(3.5) lim inf s, > s.

n—®

Finally (3.4) and (3.5) prove Theorem 2.
It is clear from the proof that condition (3.3) can be replaced by

1 m
_(U,,,—Un)—)O, as — — 1, n—>w,
n n

4. An equivalent result. A glance at the proof of Theorem 1 shows that the

following lemma holds:
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LeEMMA 1. If V, is positive and monotone increasing, and if
(4.1) V, =0(n), as n—>®,
and (2.2) holds, then

(4.2)

n— 0,

S |

(Vo = V,) —0, as — 1

We now prove the inverse:

Lemma 2. If V, > 0, and increasing, and if (4.2) holds, then (4.1) and (2.2)
hold.

Proof. We write

Vnznwn’ wn _>_0’
and
1 m
(4.3) —(V,,,—V,,)=a),,,—wn+(*—'1) Wy o
n n
Let

wy = ;
rgg;{ v=Pn;
then p, * p <@, If p <@, then I, = O(n). Suppose now that p = ©; then there
are infinitely many indices m = my , so that w, = pp form =my,,v=1,2,3,¢ « -,

For these m and for n < m, from (4.3) we get

(4.4) 1
n

(Vm—vn)>(§—1)pm.

We now choose

mo. 1/2
n=_JLW_<m,
1+ pop'"
so that
1+ o 12

1/2 !
m
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then, using (4.4), we have
1 1/2
R ]
in contradiction to the assumption (4.2). It follows that (4.1) holds; finally (2.2)
follows from (4.1), (4.2), and (4.3). This proves Lemma 2.
We now prove the following theorem:

THEOREM 3. Let U, = 23 v(layl —ay); if
1
(4.5) = (Up —U,) >0, as — —1, n—o,
n

and if Zy=o an is Abel summable, then Zn=y a, is convergent to the same value.

Proof of Theorem 3. In view of Lemma 2, Theorem 3 includes Theorem 2; it

also includes Theorem 1, because of Lemma 2, and of the inequality
Upn — Un S,Z(Vh _'Vn)x m>n.

Conversely, by Lemma 2, (4.5) implies (3.2) and (3.3), so that Theorem 3 is
equivalent to Theorem 2, and is thus valid.

To show that Theorem 1 is actually more general than Theorem B we give an
example of a sequence w, so that nw, is increasing, w, is slowly oscillating

and w, = 0(1), but lim w, does not exist. Let

n
wp = . vle,, where €, = 11;
v=1

choose €, = *+1 as long as w, <3; v=1,2,***, ny, say. Choose €, = —1 as
long as w, > 2; v=1+ ny, 2 + ny, * **+, ny, say; and so on. It is clear that
wy, = 0(1), and that lim w, does not exist. Furthermore, for n < ny, wy*, for

ny <n< n, wp v, and so on. Now

(n +1) wpsr —nwp = nlwpsy ~wn) +wnss ZE“ 1 =5
hence nw, 1. Finally
" 1 m—n m
|wn —wn| < > —< —0, for — —1,
v n n

v=n+l1
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hence w, is slowly oscillating.
5. Another equivalent result, We first establish the following lemma.

LEMMA 3. Suppose that U, > 0 and increasing, with Uy = 0, and let

1
(5.1) bp == Uy —Un-1) , n>1, by =0;
n
n
(5.2) Bn=Y by, n>0.
v=0

Then whenever k = k(n) is so chosen that k/n—0, as n —®, the two statements

1

(5.3) - (Un+k - Un) —0
n

and

(5-4‘) Bn+k —Bﬂ—_) 0

are equivalent.

Proof. From (5.1) we have

n n+k
U, = Z vb,, Un+k —Up = z vby .
v=0 v=n+l1
Now
n+k l n+k 1
Bp+r — Bp = 2 b, <— Z vb, =— (Un*k - Un) H
v=n+1 N y=n+1 n

thus (5.3) implies (5.4). Furthermore,

1

n

Bnsg '—Bn > b (Un+k _Un) )

hence (5.4) implies (5.3). This proves the lemma.

We note that
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B, =

Z!b—‘

8 T

U
2/+1)

and

Un =nB, — Z By .
v=0
It is an immediate consequence of Lemma 3 that Theorem 3 is equivalent to
the following theorem (for a direct proof see [4, Theorem IV]).

THEOREM 4. If

n+k k
2 (la|—a)—0, as = —0, n®
v=n+1 n

then Abel summability of 2=y an implies convergence of the series to the same
value.

A generalization of this theorem to Dirichlet series and to Laplace integrals,

on different lines, is given in [3].
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CLASSES OF MATRICES AND QUADRATIC FIELDS

OrLcA Taussky

1. Introduction. In a recent paper [1] a correspondence between classes of
matrices with rational integral elements and ideal classes in algebraic number
fields was discussed. This is now studied in more detail in the case of quadratic
fields.In particular the ideal classes of order 2 are discussed and the significance
of the sign of the norm of the fundamental unit in real quadratic fields is displayed
in an example; further results in this connection will be published elsewhere.

for completeness the result of [1] is repeated:

T.et f{x) = 0 be an irreducible algebraic equation of degree n with integral co-
efficients, « one of its algebraic roots, 4 = (a;;) an n X n matrix with rational
integers as elements which satisfies f(x) = 0, and S a matrix with rational integers
as elements and determinant +1. It was shown that the matrix classes S™'A S are
in one-to-one correspondence with the ideal classes in the ring generated by «.
The correspondence can be expressed in the following way: If Gy, ***, &yis a

module base for an ideal in the ring and A the matrix for which

(]) a(al’...’ar'): A(C{l’...’an)

then the ideal class determined by (&, * * +, &,) corresponds to the matrix class

determined by A.

2. Inverse classes. l.et m be a square-free positive or negative integer. Con-
sider the quadratic field generated by m"? or (1/2)(—1 + m"?) according as
m =2, 3(1) or =1(4). The first result to be proved is the following.

TiEOREM 1. The inverse of an ideal class corresponds to the class deter-

mined by the transpose of the matrix class which corresponds to the ideal class.

Proof. We treat the two cases separately.
(@) The case u = 2, 3(4). Here choose u=m" 2 let &y, &, be a module base

for an ideal o, If

. /
G = a + om™? , By = ¢ +dm'?

Received July 11, 1950.

Pacific I. Math. 1 (1051), 127-132. 127



128 OLGA TAUSSKY

then norm (¢t y, &,) = |ad — bel|. Put ad — bc = A. On the other hand, norm a

= o+ o when o' is the conjugate of «; hence,
norm a = [b%m — a?, d’m — ¢?, ac — bam — afad — be),
ac — bdm + w(ad — be)].

In order to find the matrix

A Ay

M1 Mo
which corresponds to the ideal a, we use the fact that
oy = bm + ac. = A(a +ba) +Ay(c +da),

Gy =dm +co=pla +ba) +py(c +do) .
Hence,
bdm —ac a? — bn

A A

Ay A

d’mn — ¢c?  ac — bdm

A A

1 M2

The elements in this matrix are rational integers.

The ideal which corresponds to the transpose of this matrix is, by (1),
ac — bdm b?m — a?

ad — be ad — be

which is equivalent to
6= [ac — bdm — tad — bc), b2m — a®] .

It will now be shown that this is an ideal inverse to a. For this purpose we

show that the product ab is a principal ideal, namely, the ideal (ad — bc)¢y . For,
ab = {[ac — bam — lad — be)]uy, lac — bdm — o(ad — be)lay ,
(bzm - az)al, (bzm — a2>0'.2§ .

The number (6%n — a?) &, can be expressed in the following form:

= (bn"?*+ a)(a — bmm) (¢ +dmn'?) = — ay[ac — bdn + a(ad — be)l.
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Similarly,
lac = bdm — Glad — be)] 4, = (d*m — c?) Gy -
Hence, it follows that
¢b = ¢, * norm a .

(b) Case m = 1(4). Here we choose «.=(1/2)(—1 + m¥?),

Let
2a — b bn'/?
Q1:a+b(/l,: + )
2 2
. 2¢ — d dm'?
(A.2:C+dCA.: +
2 2
Then
m—1 m—1
norm Gy = a(a—b) — b2 . norm Gy = c(c— d) — d? A

-1
norm @ = [norm &; , norm U, , a(c— d) — bd ﬁ—4— + a(be — ad),

1
a(c —d) — bd T—Z—— a(be — ad)].

It follows that

1
Uy =bzl—4——+oc(a—b) =N (a +ba) + Ay(c +da),

-1
Gl = d _m_4_ +alc —d) = p(a + ba) + wy(e +da) .

Hence,

At Ay

M1 M2
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Again, all the numbers in this matrix are rational integers.

The ideal which corresponds to the transposed matrix is equivalent to:

-1 n— 1
b:[a(c—d)—bme—a(ad—bc), ala—b) — 62" L ]

The product ideal ab is again shown to be the principal ideal (ad — bc)o.

For it is

[(0;1 norm 0 , Gy morm ¢y, Gy [a(c —d) — bd m_;_l = (ad — bc)] ,
¢y [a(c —d) — bd '—";—l - ofad - bc)”.

We have

¢y norm Uy = (a +bc)(a + 64’)(c +dc)
where o' is the conjugate of «. Further,

[2a + b(—1—n"?)][2¢ +d(~1 +u"?)]
4

(¢ +ba’)(c +d&) =

-1
= a(c — d) ’bme-FO’.(ad*bc) .
Similarly,
m—1
Gy [a(c —d) — bd —4— — oad — bc)] = (¢ norm Ciy .
This shows that again, ab = ¢« norm a.

3. Classes of order two. From Theorem 1 it follows that a matrix which cor-
responds to an ideal class of order 2 is equivalent to its transpose. The question
arises, when does the class to which this matrix belongs contain a symmetric

matrix? A result in this direction is the following.

THEOREM 2. A matrix class which corresponds to an ideal class of order two
contains a symmetric matrix if and only if every matrix in the class is transformed
into its transpose by a unimodular matrix of the form XX'. In particular the trans-

forming matrix must be of determinant +1.

Proof. Let A be a matrix equivalent with its transpose; that is,

A' = SAST!
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when S is unimodular, Let T also be unimodular and assume that T7*AT is sym-

metric. We then have
TTYAT=T"A'"T'™"

or

T'"YTTVATT = A"
Hence, it is possible to transform 4 into its transpose by a matrix of the form XX'.
Conversely, if

A =X"TEXTAXX!
we have

X'"A'"X' TV =X"14x .,

Hence X "' AX is symmetric.

The question arises, are both cases possible, the one when the matrix class
contains symmetric matrices and the one when it does not? Both cases, in fact,
are possible and it can even happen that the same field contains ideal classes of
order 2, some of which correspond to symmetric matrices, while others do not. An
example is the field generated by (410)¥2. An ideal of order 2 in this field is
[7,19 + (410)¥?], and a matrix which corresponds to it is

—19 7
7 19

which is clearly symmetric. Another ideal of order 2 in the same field is the ideal
(2, 20 + (410)2], a corresponding matrix being

-20 2
5 20
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Any matrix which transforms the latter into its transpose is of the form

—40b + 5d
2

b d

where b, d are parameters. In order to have integral coefficients we put d = 2d’.
The matrix will then be

—20b + 5d' b
b 2d’

This will be unimodular if

—40bd’ + 10d'2 — b2 = 410d'%2 — (b +20d')% = +1.

This equation for +1 is impossible, since the fundamental unit of the field gener-
ated by (410)¥2 has the norm +1. Hence, the matrix class which corresponds to this
ideal does not contain any symmetric matrix.

A symmetric matrix can correspond only to ideals in real fields since such a
matrix can have only real characteristic roots. It can further be seen easily that,

in this case, m has to be a sum of two squares.
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THE ASYMPTOTIC EXPANSION OF A RATIO
OF GAMMA FUNCTIONS

F.G.TricoMi AND A. ERDELYI

1. Introduction. Many problems in mathematical analysis require a knowledge
of the asymptotic behavior of the quotient ["(z + &)/T"(z + 3) for large values
of | z

. Examples of such problems are the study of integrals of the Mellin-Barnes
type, and the investigation of the asymptotic behavior of confluent hypergeometric
functions when the variable and one of the parameters become very large simul-
taneously.

Stirling’s series can be used to find a first approximation for our quotient for

very large |z |, it being understood that « and /3 are bounded. Without too much
algebra one finds

(1)

Uz + ) “”3[1 s (=B (a+5-1)
T,
Nz + 5) 2z

+0(|2 I'Z)]

as z — @, under conditions which will be stated later; but the determination of

the coefficients of 272, z7°

, * **, in the asymptotic expansion of which (1) gives
the first two terms, is a very laborious process, and the determination of the
general term from Stirling’s series is a well-nigh hopeless task.

The present paper originated when the first-named author (F.G. Tricomi)
noticed that the asymptotic expansion of ['(z + )/T"(z + [5) can be obtained by
methods similar to those which he used in a recent investigation of the asymptotic
behavior of Laguerre polynomials [3]. The first proof given in this paper, and
the detailed investigation of the coefficients 4, and C,, are entirely due to him.
Afterwards, the second named author (A.Krdélyi) pointed out that a shorter proof
can be given by using Watson’s lemma. His contributions to the present paper are
the second proof, the generating function (18) of the coefficients, and their ex-
pression in terms of generalized Bernoulli polynomials.

We may mention that the same quotient was recently investigated by J.S.Frame

[1]; but there is no overlapping with the results presented here.

Received April 17, 1950 and, with the contribution of A. Erdelyi, July 24, 1950. This
research was sponsored by the Uffice of Naval Research.

Pacific J. Math. 1(1951), 133-142.
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2. The case S=0. Let us begin with the particular case 5 =0 (after which

the general case will easily be treated), starting from the well-known formula

e M) M —u)
dx = < <
(2) /(: O+ % ) ) (0<Ru <Rv),
where each power has its principal value.
Putting
Mz +a) .
u=z+0(, v=Z;-_Z__=F(CC,Z);x=i, C:etargz’
I'(z) t

from the previous equality, under the hypothesis

0 < R« + 2) < Rz
we obtain

(+4]

I%mﬁ@ﬂ:ﬂfeﬂmmmrww.
0
But as long as [¢]| < |z| we have

2 2
o2 log (1+t/2) — et exp [t_ (l —_ l i + .1_. t_2 — ...)]
z \2 3 2 4

Hence, if we put generally*

1 1 1, " N ok
3) — 4+ —wt+—w Feee)] = Z g™z, (m=0,1,2, *+*) ,
2 3" 4 s
and in particular
3) m=Ll am-_ T C(m>:’”_(§”‘_i_5)_ e
0 om ’ 1 2m—1 .3 ’ 2 2m+1 . 32

* The repeated use of the coefficients of the (formal) mth power of a power series is
one of the features of the methods of the paper quoted [3].
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with the help of the substitution £ + m = n, we obtain

© —1)k
e~ ? gl +t/z) _ (-1 C(m) t2’"+k Z-—m—k

k,m=0 -

= (=D &y (=1)m
=2 X om, e

!
n=0 m=0 m.

This shows that our quotient F(c¢,z) = I'(z + O()/l—‘(z) admits at least

formally the negative-powers expansion

@) S w 2
n=0

where, for the sake of brevity, we put

_1)12 n ( __,l)m f{m
A () = (m) -t _ntm-c-1
L) S 2 - e i et dt .

Better still, because

1 ¢ Mn +m—a o
— B e (‘1)n+m( ) ntm) !
r(-cofo ‘ ¢ M~ n4n "
since R > 0, we can also write
u « \(n +m)!
5) A () = ( )”__’i_ em
£= \n+tnm m! ‘
In particular, we have
o Jau—1 fu«
5') A =1, A =( ) A0 = ( ) ,
2 4 3

A ) = (;)(Z) e

3. Relations connecting the coefficients A,(c). The infinite series (4) is gener-
ally divergent because otherwise the function F would be the product of z%* by a

function regular at infinity, in contradiction with the fact that, as long as o is not
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an integer, the function F has an infinite number of poles at z =0, -1, =2, * - -,
with the condensation point z = ©. In spite of its divergence, the series (4) repre-

sents the function F asymptotically (in the sense of Poincare); that is, we have

'z + hd
. = ——— o n
(6) Floy2) = —=— n:ZOAn(CL) 2%
at least as long as
(7) 0<—Ro < Rz,

because for any positive integer N we obviously have

N —1\n _n —_1\n
o ? log(l+t/z):Z (—1) Z (-1 clm) yntm +0(lz[-N—l).

n \ n-m
n=0 z m=0 e

Let us now establish some relations connecting the coefficients 4,(c)together;
these arise from the unicity theorem for the asymptotic expansions, and from the

functional equations

® Kot 1l,2) = (a+2) Fla,z), Flaz+1) = (1 +3) Fla,z) |

2z

which are obviously satisfied by the function F'.
Precisely from the first equation (8) it follows immediately that

(9) Ao+ D) =4, +ad _ (0, (n=1,2,3, ++) ,

while from the second one it follows that

, s o 1 Cl—m
(l +&) Z Ap(Q) 20-m ~ Z Ap(a) 2%7m (l +—>
2/ w=o n=0

Z

(4]

NiAm(CL) 2% Z (a;m) 2k NZ.O: 297" 5 (

m=0 k=0 n=0 m=0 \1 m

“” m) Ap(al) .
This shows that
n —

An(0) + Gy (@) = D (Z::) RO (j m)Am(a)Jr(a——n 1),
3 =0 - m

m=0
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simplifying and changing n into n + 1, we thus obtain the important recurrence

relation

1 &l A
(10) Ap(0) == Z (n

m=0 -m

”‘1) A (o), (h=1,2, ).

From the manner of deduction, it may seem that the validity of (9) and (10) is
conditioned by Ko < 0; but since these equalities are equalities between certain
analytic functions of &(even polynomials!), there is no doubt that, as a matter of

fact, both equations are true for any value of «.

4. On the condition (7). By use of the functional equations (8) and the relations
(9) and (10) between the coefficients, it would be possible to weaken progressive-
ly the conditions (7) by passing successively from & to « —1, & —2,+ -, and
fromztoz+1, z+ 2, -+ . But we do not need to enter into the details of this
reasoning because the method of Section 7 will give us directly the end results
free of unnecessary restrictions. Nevertheless, we state explicitly that the asympto-
tic expansion (6) is valid for any & (real or complex)on the whole complex z-plane
cut along any curve connecting z = 0 with z = ©* provided that, in going to
®, z avoids the points z = 0, =1, =2,*** and z ==, —0 —1, =X =2, * .

For example, when « is real and positive the expansion (6) is surely valid if

—7m7+e< arg z <17 — €

’

where € is an arbitrarily small positive number.

5. The asymptotic expansion. Now in order to obtain the asymptotic expansion

of the quotient indicated at the beginning, it is sufficient to observe that

'z + @
W2) = == B 2+
z TG+ h (=B, z + /)
Precisely, putting
a—5B=cd,

*This with regard to the many-valuedness of the power 27",
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we find thus

= ] il ' hd - i\ k
02) ~ 37 an(a)z + A~ 3 aga) 4 Y (“ ’") (ﬁ)
m=0 m=0

k=0 k z

(e} , n (X, —m
szot*n Z( )Am<0(/>/6n_m.

n=0 oo \nTm

In other words, if we put
(= m ,
(11) c;Wgﬁ):}E( )AMq)ﬁ"“ , (n=0,1,2,+++ ),
n—m

m=0

on the whole z-plane cut along any curve connecting z =0 with z = ©, we have
Mz + =

- Cnlo— B,B) %A ™,

[z + A z; ne=fp) 2

provided that z avoids the points z =—, —&—1, —d—2,* ** and z =—f3,—1,
—B=2, ¢ .

The coefficients C,, are given by (11), which shows in particular that

(12)

1
Co=1, Clzgma' +26-1 == (=Pt -1,

C, = L (C;> (o —2)3a’ — 1) +128’ +B8—1)]

12
1 a—ﬂ)
=— Bla+B8-1)2 —a+B—-1], ---.
(%7 ) B -1 —as
6. The coefficients C,. The calculation of the coefficients C, by means of
(11) is quite easy, but in spite of this it may be useful to know that for such coef-
ficients there is also a recursion formula of the kind (10). Precisely, in a similar

manner as in Section 3,we notice first that the function ®(z) satisfies the function-

al equation e . ey
&z +1) == +/8@(z) = (1 +—Z—)(1 +;—) (z) .

Consequently, since

2 ’
z z

(- S
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we obtain

(e8]

-1 © )
(1+ é) o(z) ~ Z Cp 2%7" Z (—1)kBkk
2 m=0 k=0

~i (—pn 2*n zn: (=)™ B""Cy
n=0

m=0

and further

-1
(l +g) (1 + -é) d(2)
z z
r\,Z [Cn +(—=1)"(B— 2 (—1)m ﬂn-—m—l Cm:Iza'-"
n=0 m=0

on the other hand,

By comparing the two results we thus cbtain

m=0 m=0
that is,
(13) }: (“l- "‘) + (=1t o prmllc =0 .
n—m m

1
m=0

In other words, detaching the last term of the sum and changing » into n +1, we

have the recurrence relation

1 e o —m . _
w cen == 5 ) = (-t ),

= n—m+1

(n=1,213-").
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7. An alternate proof. If we put u =exp(—v) in Euler’s integral of the first

kind, 1 r r(3 )
(z+w I'(B—«
2401 _  \B-o~1 —
‘/0‘ u (1 —u) du TG 15 ,

we have the integral representation

Mz +a) 1 fw “(z+ o) (1 _ ~v\B=&-1
TG 1 5) _F(B—a) b ¢ (1=e") dv .

We shall now show that an alternative proof of the asymptotic expansion (12) can

(15)

be obtained by applying the standard technique (Watson’s lemma) to this integral
representation.

To begin with, (15) holds only if B(8 —«) > 0 and R(z + «) > 0; but its
validity can be extended by the introduction of a loop integral. We assume that
z + & is not negative real. Then there is a & such that

1 1 .
—'577<5<577, Ri(z+0t)el8§>0.

With such a §, we have

'z + 1 /‘0‘”) ¢
16 — = : d
1o Uz + B 27 J- . e® e S dt,
where
17) f(t) = T +a—pB) e (ef —1)F 1,

and for small [¢],

§—7< argle! =1)< 8+ 7

on the loop of integration. Now (16) is valid for all « and [, with the trivial ex-
ception of ¢— B8=-—1,—2, * ++, and for all z in the complex plane slit along the
line from —u« to —a— .

Watson’s lemma can be applied directly to (16). It is usual to state this lemma
for an integral between 0 and © , but it is clear that the customary proof [4)
goes through for a loop integral like (16) provided that the restriction on the growth
of f(¢) is imposed along the whole loop, and that the expansion

©

(18) f(t) :Z an t,B—oc+n-—1

n=0
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is valid in a neighborhood of ¢ = 0 on the loop. Both assumptions hold good in our

case, and hence a term-by-term integration of (18) leads at once to the asymptotic
expansion

Zoc—,@—n

F(z+o¢) an
Iz +P) E Na—B—n+1) aszmEsy

valid for all «, 5, a—p #-1, =2, - - +, and the complex z-plane slit from — & to

Comparing with (12), we see that
Fla=B=n+1) Cila—B,8) =ap

has the generating function (17). The proverties of C, established in the earlier
sections can also be derived from this generating function. It also follows from the
generating function that the coefficients can be expressed in terms of generalized

Bernoulli polynomials. In Norlund’s [2] notation* , we have
1

(19) an = =11 + o= p) BIF*(a) .
n!

8. Particular cases. Finally, we notice that in the particular case &= n, for

n=1,2,++-, the expansion (6) becomes

['(z +n)

(20) —T(z)—Zz(z-f—l) cee (2 +n—l)=m2::oz4m(n)z""";

hence, we have
(21) An(n) = (=1)" st

where Sﬁ,'") denotes the sum of the products of the negative numbers —1, =2, * * *,
—(n —1) taken m at a time in all the possible manners (Stirling’s numbers of the
first kind) .

Another interesting particular case of (6) is the case a = 1/2,z =n +1, in
which we have

(22)

1+3-+(2n—1) 1 < 1 1 )

~ -—+
2+ 4+--(2n) (rn V2 8n  128n?

*In the first instance, n in Blsn)(x) is an integer, but Nérlund remarks (p.146) that it
may be replaced by an arbitrary complex parameter.
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Among the other things we can read from (22) is the following approximation formu-
la for 7:

1 2™ n! 1 1 2
23) 7= —[ 1—— + + — (.3 .
n 1 . 3 -0-(2"1—- 1)< 8n_ 128n2 En ) en, O(n ))

for instance, taking n = 20 and neglecting the remainder €, from (23) we obtain
the good approximation 77= 3.141557, with an error of only 36 millionths.

Another interesting application concerns the asymptotic evaluation of the bi-
nomial coefficient (¥) as n — ©and x (which is not a positive integer) remains

bounded. Since

<x>_ [z +1) _ (=17 I'(n — x)
n ['(x —n + 1)n! nl'(—x) I'(n) ’
we obtain from (6), with z = n and & = —x, the relation

£\ (D" 4y § An(—x)

(n) M(—x) ; n"

I S Vi n_(x+1)[1+(x+l)_];+(x+2)l+3x +]
M —x) 2 n 3 An?

This formula gives very good numerical results even for relatively small values

of n, for instance for n = 10, provided only that x/n is small.
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ON TOTALLY DIFFERENTIABLE AND SMOOTH FUNCTIONS

HassLER WHITNEY

1. Introduction. H. Rademacher has proved that a function of n variables satis-
fying a Lipschitz condition is totally differentiable a.e. {(almost everywhere) (see,
for instance, Saks, [6, pp. 310-311]). It was discovered by H. Federer (though not
stated as a theorem; see [2, pe 442]) that if f is totally differentiable a.e. in the
bounded set P, then there is a closed set ) © P with the measure IP - Ql as
small as desired, such that f is smooth (continuously differentiable) in Q; that is,
the values of f in Q) may be extended through space so that the resulting function
g is smooth there.

Theorem 1 of the present paper strengthens the latter theorem by showing that
f is approximately totally differentiable a.e. in P if and only if Q exists with the
above property. The rest of the paper gives further theorems in the direction of
Federer’s Theorem, as follows.

Suppose the domain of definition of f were a bounded open set P. Then in ap-
plying the part (a) — (c) of Theorem 1, we might alter f in a set P — Q which in-
cluded a neighborhood of the boundary of P. In applications, it might be important
to keep the values of f in most of a subset close to the boundary of P, or in most
of some other subset. That such can be done follows from Theorem 2.

If f satisfies a Lipschitz condition, Theorem 3 shows that g may be made to
satisfy a Lipschitz condition also, with a constant which equals a number p,
(depending on the number 7 of variables only) times the constant for f;in the case
of one variable, we may take p; = 1.

If we weaken the assumption on f, assuming only that it is measurable, then
Lusin’s Theorem shows that we can alter f on a set of arbitrarily small measure,
giving a continuous function g. In the other direction, suppose we assume that f
(defined in an open set) has continuous mth partial derivatives, and that these
derivatives are totally differentiable a.e. Then Theorem 4 shows that we may alter
f on a set of arbitrarily small measure, giving a function g which has continuous
partial derivatives of order m + 1. For the case of one variable, this is essen-
tially a theorem of Marcinkiewicz, [5, Theorem 3].

Examples show that the hypotheses in the theorems cannot be materially

Received February 20, 1950.
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weakened without altering the conclusions. For instance, define a function ¢ of
one variable as follows. Let ¢, (t) be the distance from ¢ to the nearest integer.

Using any sufficiently large integer a, set

#i(t) = 2t po(al t)/a’, H(t) = % Pt) .

Then ¢ satisfies a Lipschitz condition of order 1 — o, for any . > 0; but Prop-
erty (c) of Theorem 1 is not true for it. If ®() = fotq')(s)ds, then @ is smooth, and
its first derivative satisfies a Lipschitz condition of order 1 — «; but the conclu-

sion of Theorem 4 (with m = 1) fails.

2. The theorem for bounded sets. Let x = (x,, * **, x,) denote points of
n-space E". With the unit vectors ey, * * *, e, of a coordinate system, any vector
v can be written in the form 24 e;. The length of v is |vl = (2o} ), Iy —x !

is the distance from x to y. Given n numbers f,(x), * * *, f(x), set

(2.1) F(z) v =Y filx)w;

this is linear in v. If f(x), f(y), and the f;(x) are defined, set

(2.2) e(x,y) = fly) = f(x) — F(x) - (y —x)
ly = x|
for y # x, and e(x,x) = 0. Let S, [a(z)] denote the set of elements z with the

property . Given f, and so on, as above, set

(2.3) H(x,e) = Syle(x,y) < €].

The measurable function f defined in the set P is a.t.d. (approximately totally
differentiable) at x € P in terms of the f(x) (see [6,p. 300])if for each € > 0
the set H(x, €) has x as a point of density. (Any standard definition of density

points may be used for the purposes of this paper.) If this holds, then x is a point
of density of P, and the f{x) are uniquely determined; if x is a point of density in
the direction of each axis, then the fi(x) are the approximate partial derivatives of

f at x. The f), are measurable (see [6, p. 299]).

THEOREM 1. Let f be measurable in the bounded set P. Then the four follow-
ing conditions are equivalent:
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(a) The function fis a.t.d.a.e. in P.

(b) The function f is approximately derivable with respect to each variable a. e.
in P.

(c) For each € > 0 there is a closed set Q © P such that |P — 0| < eand
[is smooth in Q.

(d) There is a sequence of disjoint closed sets Qy, @y , * ** in P such that

IP—QIUQZ Us---

REMARK. If f is assumed totally differentiable a.e. in P, the proof that (c)
holds is simplified; see [2, p. 442].

=0 and f is smooth in each Q;.

Proof of Theorem 1. For the equivalence of (a) and (b), see [6, pp. 300-303].
Note that (b) is an obvious consequence of (d). We shall prove the equivalence of
(a), (c) and (d).

Suppose (c) holds. We choose the disjoint closed sets {;, 5, * ** in suc~
cession so that f is smooth in each and [P | < |P| /2%, where

Pp=P-QiU--UQ,

as follows. Having found Q,, * **, Q;-;, choose a closed set Q] so that fis
smooth in Q} and |P — Q/ | < |P|/2*!. Let Us (4) denote the S-neighborhood

of the set 4. For small enough &, we may use

Qi = Q3 — UsQ U-++UQ;-y).

Thus (d) holds.

Suppose (d) holds. Let QF be the set of points of density of Q;, and set
O =0fUQiU-++. Then |P —Q*| = 0. Take any x € Q¥; say x € Q}.
Since f is smooth in ; and x is a point of density of Q;, f (considered now in P)
is a.t.d. at x. Thus fis a.t.d. at all points of Q*, and (a) holds.

Now given (a), we must prove (c). There is a number @ > 0 with the following

property. For any points x, v, and number r with Iy — x| < r, we have

[0: GIN U, ()] 2 20 U, ()
Forx € P,setV; = IUl/i(x)|,and

(294) L//l(x,’r)): (Ul/l('V)_[{(x’ 77)! ’

(2.5) ¢ilx) = glb. Sl (%, n)<aV;].
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Since e(x,y) is measurable in the pair of variables x,y, it follows that y;(x, 1)
is measurable for fixed 7. Also, as a function of 7, Y;(x, 7)) is monotone and con-
tinuous on the left; hence

(2.6) ¢;x) < if andonly if Y;(x, {) < aV;.

Therefore ¢; is measurable.
Let Q, be the set of points where f is a.t.d.; then f;, * * ¢, f, are defined in
Q. Givenx € Q, and €' > 0, we may choose § > 0 so that

Yi(x,€') < avy if  1/i < §
using (2.6) shows that
(2.7 lim ¢i(x) =0, x € Q1 .
l—‘

By Lusin’s and Egeroff’s theorems, there is a closed set Q © Q; such that
|01 — Q| < e, the fj are continuous in Q, and ¢;(x)—>0 uniformly in Q. We now
prove that for each €' > 0 there is a & > 0 such that

(2.8) e(x,y) < € if xy€Q |y—zxz[< 3.
Setting €; = €'/6, we may choose § so that
29 [Fly) -v—F(x) - v| <erfo| if xnye€Q |y—=xz[<28,

(2.10) $i(x) < e if x€Q  (GE+1)<8,

Now take any x, vy € Q with |y — x| < & Let j be the largest integer such
that 1/j > |y — x|, and set

R=Uy; () DU, (y) ; then [R| > 2a¥;.
Since 1/(j+1) < |y —x| < &, (2.10) and (2.6) give
Yile, €)Yl €0) <alj .
Hence there is a point z in R in neither corresponding set; that is,
lz==xl, lz—y|<Vi; elxz), e@,z)<er.
Since F(x)*v is linear invand |z —x|, |z—y]| < 2|y —x]|, we have
e(xy)ly —x| = [fy) = f(x) —F(x)-(y —x)]
< f(z2) = fx) = F(x)- (z — %) |
+f(2) =FG) —FO) (2 =y) | + |[F&y) —Fx)]-(z = y)]|

sallz=x|+ e =yl + o =yl]<e'ly —«
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if y # x, proving (2.8).

This fact, together with the continuity of the fi(x) in Q, shows that fis “of
class C! in terms of the f in Q”, as defined in [7] (the definition is given after
(6.3), below). Hence, by [7, Lemma 2], we may extend f to be smooth in E”,
completing the proof. (The extension is described in Section 4, below; by use of

the results of that section, it is not hard to show that f has the required proper-
ties.)

3. The theorem for unbounded sets. We remove the restriction of boundedness

in Theorem 1, and give more information about the set in which f may be left
unaltered.

THEOREM 2. Let Ay, A,, * * * be open sets in E™ such that each has points
in common with, at most, a finite number of the others, and let €, €,, * * * be
positive numbers. Let K be the set of points x such that there is a sequence of
distinct sets Apys Au,, *** and a sequence of points xy, x3,*** with
x; € Ay and x;—> x. Let P be a measurable subset of E™ — K, and let f be
a.t.d.a.e. in P in terms of the fi,. Then there is a set Q C P such that Q is
closed in E" — K and |(P — Q) N A;| < €;, and there is a smooth function g in
E™ = K such that g (x) = {(x) and 3g(x)/dx) = fix) in Q.

ReEMARKks. Clearly K is closed and KN 4; = 0 for all ;. If Q*c P, Q%is
closed in E™ — K, and for some positive continuous functions $1(x), 85(x), * * ¢ in
0*7

elr,y) <1/28 itz €Q", |y —x]<8(x),
the proof shows that we may make Q D Q. For instance, we may make Q contain
any given set of points of P in which f is totally differentiable and which has no
accumulation points in E” — K. On the other hand, we must expect to drop out a
neighborhood of the set of points where f is not totally differentiable. Further, we
cannot in general keep in  any given closed set where f is approximately totally

differentiable, as is shown by the following example (in one variable):

f(&) = t? sin (i/t)(t #0), f(0) =0 .

Proof of Theorem 2. For eachpair (k, [) of positive integers, let U, ; be the

set of points x satisfying the conditions (with a fixed xo in E")

k—1<|x—xo|<k+1, 1/(L —1)> dist(x,K) > 1/(L +1);

for k=1 or { =1, we drop out the first inequalities. If K is void, the index [ is
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not needed, and the situation is simpler. The Uy, ; are bounded open sets covering
E™ — K, and each one touches at most eight others. Arrange them in a sequence
Ul UL, oee.

For each i, let \; 1, A; 5 ,* ** be the (finite or infinite) set of numbers such
that U"y l.'kn A; # 0. Since the Dj' are compact and in E" — K, each touches at
most a finite number of the 4;; hence for given j, there is at most a finite number
of values of i such that A; ; = j for some k. Let € be the smallest of the num-
bers €; /2%, using these values of ; and corresponding k.

Considering f and the fj in P N U alone, apply the proof of Theorem 1 to find
a closed set ¢ © P N U/ such that [P N Uf — ¢ | < €}, and such that fis
of class C! in terms of the f; in Qj« Set

Vi=Ui—Q, V=U Vi, Q=E‘-K-V.
Then V is open, Q is closed in E" — K, and Q N U/ € Q;. Now
(P=Q)N 4;,=PNnVn4;=U;(PNVnN4)),
[PnVi|=|PNnUj—0Q;]<ey.
Since ; © U, P N KN 4; is void unless j = A; j for some k. Hence

[(P-nA; | < ZlPayna;| <X e, < Y e/eb=¢, .
k k

]
Since each U/ is open and QN U/ < Q;, fis clearly of class C! in terms

of the f; in Q. Hence, as before, we may extend the values of f in Q through
E™ — K, as required. (We are applying [7, Lemma 2] in an open set; the change
required in the proof is very simple. Or we could use [7, Theorem III ].)

4. The theorem for Lipschitz functions. The following theorem has two parts,

corresponding to the two theorems above.

THEOREM 3. For each positive integer n there is a number p, (we may take
01 = 1) with the following properties.

(a) Let f be defined and satisfy a Lipschitz condition in the bounded closed
setP < E™:

(4.1) l7(y) = f(x)| < Ny — =], x,y € P.

Then for each € > O there is a closed set Q € P such that ]P - Ql < €, and
there is a smooth function g in E™ satisfying a Lipschitz condition (see (4.15))
with the constant ppN, such that g = f in Q.
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(b) Let the A;, €;, and K be as in Theorem 2. Let P be closed in E™ — K (it
may have accumulation points in K). Let f be defined in P and satisfy (4.1). Then
there is a set Q © P which is closed in P (and hence in E™ — K) such that
[{(P=Q)N4;| < € ; and there is a function g satisfying (4.15) in E™ which is
smooth in E" — Q¥, where Q* = Q — Q, such that g = fin Q.

(c) We may take Q [in either (a) or (b)] so that f is totally differentiable in Q
in terms of functions fi, ***, fn; we may then take g so that dg/dxj = [y in
Qk=1,+++,n).

(d) Given a positive continuous function 7(x) in E* — K [in E", for case

(@)1, we may make

4.2 le(x) = £ | < ) , x€P

REMARKS. It is no restriction to take P closed (or closed in E” — K).For if P
is not closed, it is easily seen that we may extend f (uniquely) over P so that it is
continuous there; then (4.1) now holds in P.(We can in fact extend f to satisfy
(4.1)inE™; see [3] or [4].) Note that, in (b), Q* C P — P;if K is void, then
Q* is void, and g is smooth in E™ As an immediate consequence of (4.15), we

have
@3)  [Z93(x)/0mp| < oV if x€E"-Q*, P|=1.
The hypothesis of total differentiability a.e. in P, together with

| Zog fr @) < Nv]

where the f; are defined, is not enough to give the theorem (unless, for instance,
P = E™),as simple examples show. (Compare the examples in H. Whitney [81.)
If we wish to prove (4.3) rather than (4.15), the proof may be slightly simplified;
of course (4.15) follows from (4.3) if Q* =0 (hence if K = 0). See also the remarks
following Theorem 2.

Proof of Theorem 3. To prove the theorem, we first note that (a) is contained
in (b); use 4, =E" €, = €. Next, (d) will follow at once from (4.1) and (4.15)
if we make sure that each point of P is sufficiently close to some point of (J; this
will clearly be the case if, in applying the proof of Theorem 2, we take the €’;
small enough. Also, just as in Theorem 2, (c) will hold.It remains to show that we
can obtain the properties in (b), using the proof of Theorem 2. We do this here,
except for showing that we can make p,=1.

We must examine the proof of [7, Lemma 2]. First, since f is totally differ-
entiable a.e. in P [6, p. 311], we may choose Q as in the proof of Theorem 2;
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recall that the f; are continuous in Q. We shall use a cubical subdivision of
E® — (, essentially as in [7]. For each integer s (in [7], onlys > 0 was
used), let KJ be the set of all cubes of edge length 1/2%, the coordinates of
whose corners are integral multiples of 1/25. Let Kg consist of the cubes of K
whose distances from ( are at least 6nY%/2° | Let K, consist of the cubes of K¢
which are not in cubes of K —;. Take any cube C € K ; suppose C C C',
C' € Ki-,.Then dist(C', Q) < 6nY¥25 "1, Therefore, clearly

(4.4) 6nV%/25 < dist(C, Q) < 13nY?%/2% | CEKs.
Take C € K5, C' € Kg+,. Then each point of C' is within
n1/2/2s+2 + 13n1/2/2s+2

from Q; hence

(4.5) dist(C, C') > (5/2)n'%/2%, CEKs, C' € Ks+a

Let y', y2 «++ be the set of all corners of all cubes of all K. Choose
x¥ € Q with |x¥ — yvl = dist(y”, -Q_) Let b, be the largest length of edge of
any cube of any K with y” as a corner, and let [, be the cube defined by

]xl—yll,J' < bV(I' = ]-1‘.""/) .

Let ¢ be a smooth function which is positive within a fixed unit cube and is
zero outside; by a translation and similarity transformation, define ¢}, positive
within I, and zero outside. Set ¢, = (f){,/ZqS')\; then ¢, is positive within /, and
zero outside, and b, = 1 in E® — (. Since there is at most some fixed number
of shapes of cubes (of some K, and K g4+ perhaps) forming any I,, there is
clearly a number M, > 1 with the following property (compare [7, Section 10]):
taking |v| = 1,

(4.6) | S0, 3¢,/x;| <25M, if ¢,(y)# 0 forsome y € C € K .

Extend f to be continuous in P (if P # P); (4.1) still holds. For any x* € Q
and any x € E”, set

(4.7) Ylr*) = F*) + 2 fi (%) (xi — ) ;

this is the value at x of the linear function approximating to f at x*. Then set

(4.8) glx) =X du(x) Y(xx), x € E"—Q.
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It is not hard to show that if g = fin @, then g is smooth in E™ — Q™ and
9g/dx; = f; in Q; see the proof of [7, Lemma 2]. We must still prove (4.15).

Take first any x and x' in E™ — Q; say for definiteness that
(4.9) x €ECEKs, x €C €Ky, s>s".
Let x* be a point of @ nearest to x. Since 2¢py(x) = 1, we may write
g(x) =f(x") + T d @) — G+ X bule)fi () (x —2¥) .
v v, 1

Hence

(4.10) g(x') —g(x) = Z [d)u (xl) "¢V(x)][f(xy) -'f(x*)]

v

+ 2 (") = (@)]fi ()l =) + T bue)fi (W) (et =)

v, 1
We shall find a bound for each non-zero term. First we show that

(4.11) oy (x') —Pu(x)| |f(x¥) = F(x*) | < 64NMnY? |2' — x| .
Consider first any v such that ¢b,{x) # 0. Then by (4.6),
(4.12) o (x') = bulx)| < 2Mplx’ —x].
Also, since

|x* — x| < diam(C) + dist(C,Q) < 14nV%2°,

ly¥ — x| <2diam(C) < 2n'/%2°,

‘yv__xvl S lx* ___y'u[ S 16n1/2/2$’

we have
|« ¥ —x*| <32n'2/25,

and hence

If(x”) = f(x*)] < 32nNnV?/2° |
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These relations give (4.11). Next consider any v such that ¢,(x') # 0. Then

(using inequalities like those above) we obtain
¥ — x| < & — 2| + |2 — x| + |x— "]
< 18nV%/2%"+ |z’ — x| +14nY%/2°8 <320V2/28" + |2’ —x].
In the present case, (4.12) holds with s’ . Suppose first that
[x' — x| < 32nV2/s’.
Then
[f ") = fG)l < N - 64n¥2/2%"

and (4.11) follows. If |x' — x| > 32nY2/25", then |x” —x*| <2 |x' — x|, and
since l Plx') — ¢, (x) | <2 and 4N < 64NM n¥? , (4.11) follows again.

Next we show that
(4.13) lpu(x') = o (x)| |fi(x?)] |xt —2%| < 40NM, V2 |x' —x].

We may suppose that ¢, (x’) # 0, in which case |x' — x¥| < 182Y%/2%, or
#,(x) # 0, in which case |x' — x”| < 182Y%2% + |x' — x| ; in either case,

et —x%| < |x' —x¥| <18nY%/2°8" + |x' —x].

First suppose that |x' — x| < 21Y2/25". Then, by (4.5), s < s’ + 1. Hence,
using (4.6) with s ors' we get

‘¢v(x') "'¢’v(x)| SZSIHMnlxI '—x| )

since |f;(x¥)| < N, (4.13) follows. Next suppose that |x’ — x| > 2n¥2/28" .
Then |, (") = ¢u(x)| < 2, and |z’ — x%| <10|x' — x|, giving (4.13) again.

Finally, we have
(4.14) |bu(x) fi (&) (xi —=i) | <N|x" —x].

There is clearly a number ¢, such that for any x, there are at most ¢, values
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of v such that ¢, (x) # 0. In the three groups of terms in (4.10), there are at most
2¢p, 2cpn, and cpn non-zero terms respectively. Hence, by (4.11), (4.13) and
(4.14), we have

|g(x') —g(x)] ganMnnl/2 (128 +80n+on' —xl ,

which gives
(4.15) le(x') —g(x) | <puN|x" —x|,  on =209 c,Mn®?.

If x and ' are in Q, (4.15) follows from (4.1), since g = f(or the extended f)
in Q. Suppose finally that x € Q, x' € E™ — Q (or vice versa). Let x" be the
last point of the segment xx' in (. Then (4.1) holds for x and x”, and (4.15) holds

"

for x” and x', with x” in x”x' and arbitrarily close to x”; hence (4.15) holds in

all cases, and the proof is complete.

5. Lipschitz functions of one vatiable, We must prove Theorem 3, with n = 1,
o1 = 1. The proof is elementary in nature; we do not need [7]. Find a closed
subset Q; of E' =K (orof E', in case (a)) as in the proof of Theorem 2 (or
Theorem 1, if we are only using (a)). Now (4.1) holds in Q, f; is continuous in
Q, and f is smooth in terms of f; in Q,(see Section 3, above), that is, for each
% € (Q, and each €'> 0 there is a § > 0 such that

6.1 [f") =) = G =) i) < e — x|

1f |x"—x|, |x'—x1<3, x'x" € Q.

Let primes on functions denote differentiation. We shall find a set Q) which is
closed in E' — K, with [Q; —Q| < € in case (@) or [(Q, —Q)N4;| < &
in case (b), and a function g which satisfies (4.1) in £ ! and is smooth in £! — K,
and such that g = fand g’ =f, in Q; for € or the €} small enough, Q and g have
the required properties.

LetI,, I,, * * * be the closed intervals whose interiors fill out E' — @, U K.
Extend f through E' so that (4.1) holds there; see [3] or [4]. Set go = fin
Q; UK, and let g, be linear in the /;, so that gq is continuous in the closed
intervals. Then g, is continuous in E', and satisfies (4.1) there.

We shall need the following lemma,

LEMMA 1. Let ¢ be defined and satisfy (4.1) in the closed interval [a*, b],

and let ¢ be linear in the subinterval [a, b]. Then there is an arbitrarily small
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interval [a’, a"] about a such that ¢'(a’) exists, and there is a function Y in
La*, b] which equals ¢ in [a*, a'] U [a”, b] and is smooth in [a’, b], and
is such that y'(@') =¢'(a'), and for x in [a’, a"], ¢' (%) lies between ¢'(a’)
and @' (a").

We use the notation Ag(x, y) = [Ply) — &%) ]y — x). If ¢ is linear in some
interval [x,, b] with x, < a, we may set Y = . If not, we may choose ¢ < a
arbitrarily close to a so that Adlc, a) # Adla, b). Suppose for definiteness that
Agle, a) < A¢la, b). Take " > a arbitrarily close to a. Because of (4.1), ¢ is
absolutely continuous, and ¢(a”) = ¢(c) = [2" @' (x)dx. Hence there is a point
a' in [c, a] such that ¢’ (a’) exists and

¢'(a') <bP(a’, a") <DP(a", b) = ' (a") ;

that is, the tangents at a' and a" intersect at a point x' between a' and a”.
Using these tangents except near x ' ,and smoothing near x', gives the required y.

We return to the theorem. Let x,, x,, * ** be the set of end points of the
intervals /;. Let /] be an interval about x; , of length <e€] for some €; (see
below), with one end point interior to an interval /; with x; as end point. Apply
the lemma (or the lemma with x replaced by —x) to find an interior interval [
= [a{, a{] about x,, and using ¢ = g, in I, define Yy = g in I{ . We may re-
quire that neither a; nor af is any x; . In general, having found disjoint intervals
L'y -, lj'—l , let x3, be the first point of the sequence which is in none of these,
and let /' be an interval about x, of length < ¢/, disjoint from the preceding
I;' . Apply the lemma as before to find ', and define g in [ . Set g = g, elsewhere
in E'. Let Q be the set of points of Q, interior to no I . For small enough ¢/,
the inequalities with €* or € hold. We shall show that g is smooth in E! —K
and g’ = f; in Q; the other properties of g are clear.

Clearly g’ is continuous in a neighborhood of any point interior to an J/ or an
Iy, that is, in E! — KUQ. Now take any x € Q; we shall show that g’ (x)
= f1(x) and g' is continuous at x, considering only points x' > x for which
g'(x') is defined. The same fact holds for x’ < «x, and this will complete the
proof. By definition of g, this is true if x is the left hand end point of some J';
suppose this is not the case.

Given €' > 0, choose 5 so that (5.1) holds, and sothat |f; (x') —f;(x)| < €
for x' € Q, |x' —x| < &.Choose y> «x in Q; within & of x. Now any dif-
ference quotient of f, with points in [x, y] N Qy, is within 2¢’ of f,(x); hence
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clearly any difference quotient of gy in [x, y] is within 2 €’ of f,(x). Hence, for
any ' in [x, y] such that gh(x') exists, |gs(x') — filx)| < 2¢€'. Because of
the last property in the lemma, |g'(x') — fi(x)| < 2€' if g'(x') exists. Since
glx') — glx) =fxx Ig' (¢) d¢, this shows that g’ (x) exists (as arighthand derivative)

and equals f;(x), and proves the required continuity.

6. Functions with totally differentiable mth partial derivatives. We shall prove
a theorem corresponding to (a) — (c) in Theorem 1; the extension to the case

corresponding to Theorem 2 is clear.

THEOREM 4. Let f and its partial derivatives of order < mbe defined in a
bounded open set P C Em", and let each mth partial derivative be totally differ-
entiable a.e. in P. Then for each € > 0 there is a closed set ) C P such that
|P— Q| < €, and there is a function g with continuous (m + 1) th partial deriva-
tives in E" such that all partial derivatives of f of order < m + 1 exist in Q and

equal those of g there. In particular, g = f in Q.

Because of Theorem 1, we may suppose m > 1. We use the notation of [7];
thus
fk(x) fkl"'kn(xll...ixn)

Ve =
S %) Ryl ek

CEP R PAL

[do not confuse with the earlier fy(x)], oy =k, +++++ k,, and so on. Also

fkl"'kn = aakf/axfl -..axrlfn

where defined.

Take any k with o = m —1, and any integers i and j. Since Bfk/axi and
Of /Bx]' are defined in P and are totally differentiable a.e. in P, it follows that
their partial derivatives 92 f; /axiaxj and 92 fk/axj Jx; exist a.e. in P; bya
theorem of Currier [1], these are equal a.e. in P. Where this is so for all 4, j, it
is clear that we may define f; with o = m + 1 uniquely. Let P’ be the subset
of P in which the f; exist for oy < m + 1, and each fi (o, = m) is totally differ-
entiable in terms of the f; (I; > k;, 0y = m + 1); then |P —P' | =0. As seen
in Section 2, the f; are measurable.

As in [7], let Yi(x'; x), for o) < m, be the value at x' of the polynomial of

degree at most m — o which has the same value and partial derivatives of order
< m—0k atx as fi. Then ()
fr+1 (=
D I

o1€m—ok
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Let R (x'; x) be the corresponding remainder in Taylor’s expansion:

(6.2) Re(x'; x) = fa (') — di(a'; ) , op <m.

Define 4 and R similarly for x € P', with m replaced by m + 1. We shall say
a remainder R} is of order m' at x° if the following is true. For each ¢’ > 0
there is a & > 0 such that

(6.3) IRE (x;2°) | < €' |x — 2° I”‘I if |x—x% <8,

Recall from [7] that in a closed set, [ is of class C™*! in terms of the f; (0o
< m + 1) if and only if each R} is of order m + 1 —oy, uniformly in a neighbor-
hood of each point.

With the help of Lemma 2 below, we prove Theorem 4 as follows. By Lusin’s
Theorem, there is a closed set Q' C P' with [P’ — Q' | < €/2 such that
each f (x) with o, = m + 1 is continuous in Q'; that is, R}(op = m + 1) isof
order 0 in Q'. For each integer ; and each x° € Q', let §; (x°) be the upper
bound of numbers § < 1 such that (6.3) holds with m' = m —o;, + 1, €' = 1/2¢,
for all £ with oy < m + 1. Then by the lemma, 8;(x) > 0 in Q'. As in Section 2,
we see that the $;(x) are measurable. Find sets (J; as in Section 2, and set
Q=0Q,NQ, N---.Then clearly f is of class C™*! in Q in terms of the f;, and
hence [7, Lemma 2] f may be extended from Q over E™ so that

Jokf/dxk1 <o Oxkn = £
in Q. This extension is the required g. There remains to prove
LEMMA 2. Let P be open, let
Q%kf/ dxk1 «+- 3xkn = £,

in P for o < m, let fi,(x°) be defined for o = m + 1, and let the fy(o} = m) be
totally differentiable in terms of the fi(l; > ki, oy = m + 1) at x°. Define
Ry (x; x°) as above. Then R}, is of orderm — o+ latx® ifop < m—1.

Note that the hypothesis shows that R} for oy = m is of order 1 at x°.
Suppose we have proved Lemma 2 for the case that f;(x°) = 0 for all &,
o £ m + 1. Then it holds for the general case. For set

fr(x) = fa(x) — Yh(x;2°) =Rh(x2°) (o <m +1);

then f;(x*) = 0. Also, since @é (x; x°) = 0 (using the .Fl ), Rf (x; x°) = Rj(x; x°).
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Since the R} are of order m — o + 1 at x° for 0 = m, the lemma shows that
this is true also for o < m. Thus R} = R is of order m — oy + 1 atx?, as
required.

We shall need Taylor’s Theorem with exact remainder:

LEMMA 3. Let ¢ be a function of one variable such that (]5(h) = dh¢/dxh

exists for h < m' in an interval and is bounded. Then

m' (h)
¢(t1) = E ? (tO) (ta —to)h

1

e o f (b =)™ [#(s) = ¢ (20)]ds .

Since qﬁ(’"')is bounded, ¢(m'~1)satisfies a Lipschitz condition; hence for

X ’— . .
any smooth ¢, 8 = C(d)(m Dig absolutely continuous, and

[ s = 506) - pG) .

Therefore the usual proof applies.
We return to Lemma 2, assuming f,(x°) = 0 (o <m + 1). Set

- 0 0y .
x'—(xla."’xi:xi"'ly...’xn s

then x” = x. Take any i > 0, and any k with o, < m—1.Setm' = m—oy,
k(i):(kly trty, ki + m,,°..’kn)9 and
xi(s): (xl’ frt, Xi-1, S, x?'f‘l’ "’9"2) .

Then x*(x?) = x'7%, # (5;) = # . For some §; > 0, the f;(x) (o} < m) are
bounded for |x —x°| < §,. Lemma 3 gives

Felxt) =vp(xh 2*71)

F g e e ] = Ao ()]

Since f;(x¢ (s)) = R} (x%(s); x°), and so on, the definition of R;, gives

. . 1 X n'-1
VR £b 1 QS — . — s
Rep(x% 2 ) (n' — 1)! j;ol (xi )

X {Rk(i) [xi (s);2°] — Rki) (xi_ L)% ds.
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For a certain €* chosen below, choose § < §, so that

IRi(x'; xo)l < G*Ix' —x0| if o7 =mn, |x' —xol <3$.
Then if |x — °| < 8, using | % (s) — 0] < |x—x°] fora? < s < x;, and
so0 on, gives
I+1
L1 [x — = | e ; n'=1 26* ol
R f @ n'l ‘

Now in [7, (6.3)], subtract fi(x") from both sides, and change %, x', " to
7 xt respectively; this gives

. . R i; i-1 )
Re(x2'™) = Rp(x;2t) = 2 ij—l%'—x———) (x — 2)t.

O'lém—ok

Hence,

- 1
‘Rk l l) —Rk(x,x )l <2€* Ix __xo ,m 0'k+1 Z
oSm-oy (m—'o—k '—'0'1)! I

Let Ay denote the sum, and let 4 be the largest 4;. Since Rf (x; x°) = R(x; x°)
for the case at hand, adding the inequalities for i = 1, * * +, n gives

IRL(x;xo)l < 2nA E*lx — xOlm-ak-Fl .

Given €' > 0, set €* = €’/(2nA), and choose § accordingly; this inequality then
completes the proof.
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