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1. Introduction. We are concerned in this paper with integrals of the form
1.1) 1(,0) = S f[%2(x), 20 (0] dx,
where
x=(,’cl, cee , xY), z=(zl, P ,ZN)’ P=Pi’_

(i=1,+» 3y Ny =1,00+, v),

f (x,z,p) is continuous in its arguments, and D is a bounded domain.

The object of the ﬁaper is to discuss necessary and sufficient conditions on
the function f for the integral / to be lower semicontinuous with respect to vari-
ous types of convergence of the vector functions z. Because of the success of
the ‘‘direct methods’’ in the Calculus of Variations, many writers have shown
that certain integrals are lower semicontinuous. However, the writer knows of
no paper in which a necessary condition for lower semicontinuity was discussed,
although such a condition is very easy to obtain (see Theorem 2.1).

In §2, a general condition called ‘‘quasi-convexity’’ (see Definition 2.2) on
the behavior of f as a function of p is obtained which is both necessary and
sufficient for the lower semicontinuity of / with respect to the type of conver-
gence given in Definition 2.1. This condition is that any linear function furnish
the absolute minimum to /(z,D) among all Lipschitzian (see below) functions
which coincide with it on D*, D being any bounded domain and D* its boundary;
here, of course, we consider f to be a function of p only. Section 3 discusses
cases involving more general types of convergence and gives an existence
theorem. In $4, it is shown that if f(p) is continuous and quasi-convex, then
it satisfies a certain generalized Weierstrass condition which reduces to the
ordinary one (for the case at hand) when f is of class C’; this is, in turn, seen
to be equivalent to the Legendre-Hadamard condition (see (4.8)) (quasi-regu-

larity in its general form) when f is of class C . In §5, a general sufficient
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condition for quasi-convexity is proved and the necessary condition of $4 is
seen to be sufficient when [ is either a quadratic form in the p, or is the inte-
grand of a parametric problem with N = v + 1. The view of Terpstra’s negative
result [5] that even the strong Legendre-Hadamard condition (> 0) does not
necessarily imply the existence of an alternating form C%jB p;: p/]é (Cg.a= - C?jﬁ,
and so on) such that

0.2 o)+ G5 B o = (agf e O ) ol 0

is positive definite when v > 2, it would seem that there is still a wide gap in
the general case between the necessary and sufficient conditions for quasi-
convexity which the writer has obtained. In fact, after a great deal of experimen-
tation, the writer is inclined to think that there is no condition of the type dis-
cussed, which involves f and only a finite number of its derivatives, and which
is both necessary and sufficient for quasi-convexity in the general case.

In (1.2), we have used the usual tensor summation convention, and will con-
tinue to use it throughout the paper; unless otherwise specified, the Greek letters
will run from 1 to v and the Latin letters from 1 to N.

We shall denote the sum and difference of vectors of the various sorts (x, z,

p, and so on) in the usual way. We shall define
%l = G=xyV2, 2] = (2F )2, Ip) = (6L L) V2.

If {(x) is a vector function with derivatives, 7 (x) will denote the vector function
17:; (x) = {;a (x); similar notations involving other letters will be introduced as
the occasion demands.

All integrals are Lebesgue integrals, frequently of vector functions. It is
sometimes desirable to consider the behavior of a function z (x) with respect
to a particular variable x® or to the v — 1 variables (x!, ..., x®71 xo*1,
«+«, x¥). In such a case, we write x; for (x!, .., 2271 xatl . . x?)

(x;, x%)for x and so on. It is also convenient to write the boundary integrals

Soda (2) dx,

where each 4, (x) may be a vector Ai (x) and the boundary D* of the domain is

sufficiently regular; such an integral is to be regarded as a Lebesgue-Stieltjes
integral with respect to the set function x (€) on D* chosen so that Green’s
theorem

-/Dt éi dx(;= f

i
b $xa dx
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holds. The closure of a set £ will be denoted by E.

Ordinary functions of class $5, %y, B4 and so on, s > 1, have been dis-
cussed at length in the papers [1] and [2]; the extension to vector functions is
trivial. We define the integrals 53 (z,G) and Dg (z,G) by

D (2,6) = Jj |20 dx + s (,6), s (2,6) = [¢L, () 2L, (0)] 2.

Each function z of class {5 is equivalent to a function z defined uniquely almost

everywhere as that number such that the Lebesgue derivative of the set function
‘/e' |z (%) ~ z2(%)|° dx

is zero at x4; z is supposed to be defined at every point x, where such a number
exists; z is of class {i (see [1] and [2]) and is also of class P in any co-
ordinate system related to the original by a regular Lipschitzian transformation
(cf. [2], Theorem 6.3; the z there used has a slightly different definition from
the present one but the present theorem has been proved for vectors z with
values in a Riemannian manifold in [4], Lemma 2.3 and Theorem 2.5).

A function z is said to satisfy a (uniform) Lipschitz condition with coef-

ficient M on a set S if and only if
2 (%) = z(x)| S M|z~ %], x, €S, %, €S.

A function is Lipschitzian if it satisfies a Lipschitz condition.
If g(y), y=(y' -++, y"), is summable on a domain D, we define the &-

average function g, by
- h
(= @™ [0 g(n) dn, B> 05

if g is summable then g, is continuous where defined; if g is continuous on D
then g, is of class C”and g, tends uniformly to g on each bounded closed set
interior to D; if g is of class 5 on D then g, tends strongly in%; to g on each
domain G with G C I (see [1], Lemma 5.1).

A form

ags**, a i i .
Cil.. i/‘l’ nal..-ﬂa/'l' (#ivylic{.'ysv,lslvy SN’Y':Ia"',IL),
1ot o by 1 “ = = = =

is called alternating if and only if the C’s satisfy the obvious symmetry require-

ments and also the antisymmetry condition that
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e

s Xy
il'.'.’i#

chv e Bu oy g

iy eee iy
according as (B,, +++, By) is an even or odd permutation of the indices

(Oyy »++y ay); if £ (x) is a vector function, then

ayereyay 0(C e, M)

Uyy oo

o 0 (%) = C
a/_,' ’

1 o 3 ay l
1 s b * L ay a
a(x ’..,’xﬂ)

the fractions on the right denoting Jacobians.

2. A necessary and sufficient condition for lower-semicontinuity. We begin

with some definitions.

DEFINITION 2.1. For the purposes of this section, we say that the vector
functions z, tend to the vector function z on the domain D if and only if the z,
and z all satisfy a uniform Lipschitz condition on D, independent of n, and the
z, tend uniformly to z on D. We shall write z; — z to denote this type of con-

vergence.

DEFINITION 2.2. A function f(pi) is said to be quasi-convex if and only if

L 1lp + 7 (0] dx > f(p)-m (D), mi (%) = La(®),

for each constant p, each domain D, and each vector function { which satisfies

a uniforn Lipschitz condition on D and vanishes on D*.

We shall show in this section that the integral /(z,D) is lower semicontinu-
ous with respect to the type of convergence specified in Definition 2.1 on each

bounded domain D if and only if f(x,z,p) is quasi-convex in p for each fixed

(x,2).

THEOREM 2.1. Suppose [(z,D) is lower semicontinuous with respect to the
type of convergence indicated on every region D. Then f is quasi-convex in p

for each fixed ( x, z).

Proof. Let x, be any point, R be the cell x, < x* < 2+ h, Q be the cell
0=< xt <1, and ¢ be any function of class C” and periodic in each x* with
period 1. Let z, be any function of class C” on R.

For each n, define { (x) on R by
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i -1 i -
Ch(x)=n" R Y [nh7Y (x - x,)].
Then
gzxa (%) = g;a [nh™' (x - %p) ]
and

I(zg + £ R) = ‘II; f{x,zé (x) + é; (%), pf)y (x) + n; [rh7! (x - xo)]}a'x

(£{meh @+ &G b, ()4l [ah™ (x = %)}

a

=X 4
— {ras 2 (ks P, () + md Db (5 = %0)1))dx

+ B TR L {xas 2l () b, (52 4 md (D)) de,

a

where

U = (O('U"’9a"u)9 Ra= Ral,..

cyay? n_‘(aﬁ— l)i_xﬁ; n! Ug

xa=<x§-1"", av)’xil’“' = n’! (O‘/@—l)’ B=1,c00,v.

s Ay

As n— ®, we see, since [ is uniformly continuous on any bounded part of space,

¢, (%) tends uniformly to zero, and the 77; are bounded, that

lim  I(zy + (s R) = f f flx, 2o (%), po (x) + 7 (£)] d&Y dx.
R Q

n— oo

From the lower semicontinuity of I, we must have

S {jo [l 2o (%), po (%) + 7 ()] dg} dx > [ 220 (%), po (1)) dx.
Now, let x,, z5, and p, be any constant vectors. By letting
2o (%) = Zo + Poa (%= %),
dividing by A and letting h — 0, we obtain

.fQ fl%,20,p0 + 7 (£)] df; f(%0520,P0) -
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By approximations,we can extend this to all { which satisfy a uniform Lipschitz
condition over the whole space and are periodic of period 1 in each x%.

Now, let D be a bounded domain and suppose ¢ satisfies a uniform Lipschitz
condition on D and vanishes on D*. Let R be a hypercube of edge A, with edges
parallel to the axes which contains D. Extend ¢ to the whole space by first de-
fining it to be zero on R-D and then extending it to be periodic of period 4 in
each variable. Then a simple change of function and variable reduces R to ¢ and

establishes the result.

LEMMA 2.1. Suppose R is a cell with edges (2h'), -+, (2h") and center
%o. Let h be the smallest h®. Suppose also that 0 < k < h, that (™ satisfies

a uniform Lipschitz condition with coefficient M > 1 on R*, and suppose
[{*(x)| <k, x €R*.

Then there is a function { on R which satisfies a Lipschitz condition with
coefficient M on R, coincides with {* on R*, and is zero except on a set of

measure at most

m(R)-[1-@1Q-~r"1k)"].

Proof. Let R; be the cell with center at x, and edges 2(h* - k), o = 1,

-++, v. Then, since & = min A%, we have
m(Ry) > m(R) - (1 - h71E)¥.
Define £, = 0 on R, and equal to ¢* on R*. Then
12, (%) = £, (5)| £ J2y = x| if x;, € R, x,€ R*.

Thus ¢, satisfies a uniform Lipschitz condition with coefficient ¥ on R, U R*
By a well known theorem, there exists an extension of éx to R (the whole space

in fact) which satisfies the same Lipschitz condition.

LEMMA 2.2. Suppose the vectors {, — 0 (in our sense) on R and suppose

f is quasi-convex in p. Then if p, is a constant vector we have
m(R) f(po) < lim inf 4 flpo + m, ()] dx.
n—so0

Proof. For all sufficiently large n, we have k, < h, and %, — 0, k, being
the maximum of | ¢, (x)| for x € R*. For each n for which k, < k, let n_ be the
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function of the preceding lemma which coincides on R* with {,» and let wp
= ¢, — 1, Then if each ¢, satisfies a uniform Lipschitz condition with coef-
ficient M 2 1lon R, then each n, and w, satisfies one with coefficient M and
2M, respectively. Moreover, each derivative U;xa is uniformly bounded and
N}, 4a—> 0 almost everywhere. Since f is uniformly continuous on any bounded
portion of p-space, we see that

lim .4 lf(Pf;a + Mha mfwa) - f(pga+ w;xa)| dx = 0.

n

But the result then follows, since, for each n, we have
§ (ot whea) dx 2 m(R) f(po),
because of the quasi-convexity of the function f.

THEOREM 2.2. Suppose f is continuous in (x,z,p) for all (x,z,p) and is
quasi-convex in p for each (x,z). Suppose also that z, — z, on the bounded

domain D. Then
1(z4,D) < lim inf I(2,,D).

n-—soo
Proof. Let ¢ be any positive number. For each positive integer k, let Dy
consist of all the hypercubes of edge 27 whose faces lie along hyperplanes
x%= 27 ;* (each i* an integer) which lie in D. Since all the points [%,z (),
po (%)] and [,z (x),pp (x)] for x€ D lie in a bounded portion of (x, z, p)
space, we may choose £, so large that

(2.1 fD_Dk1 | f(%,2n,pn) | dx < ¢/5, jD-Dk, | f(%,20,P0)| dx < /5

for all n.

Let the hypercubes of Dkl be Ry,--+,Ry. For each k > k,, let Ry;,
i=1,++¢,N. Zv(k —kl), be all the hypercubes of side 2% described above
which lie in Dkl' For each such &, define x} (%), z] (%), pl’: (x) on Dkl by

%t (x) = [m(Rg)]™! ka,- x dx, z} (%) = [m(R)] ™! JRM 7o (x) dx,
22)  pf () = [m(R NI L po (x) dx

R

n () = {15 (0) = %124 12 (D= 2 (D2 + |5y (9= po (9|2} 2,
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where x € Ry; . Let £, (%) = 2z, (x) — 2o (%), m, (x) = pp (%) — po (x). Then, on
Dy, »

f U220 (%), pn (0)] = f[% 20 (x), po ()]
= {1220 (), o (D] = [[% 20 (x), pa (2)1}
@3)  +{f %20 (%), po () + m, (2)] = f [} (%), 2 (x), py (%) + m, ()1}
~{f1x,20(x), po ()] = f L2} (x), 2 (2),p; (01}
+{f g (), 2 (20, P (9) + my ()] = [ L2 (2 pf (%), pf ()]} -

Now, all the arguments of f occurring in (2.3) for xCDkl lie in a bounded

closed cell in (x,z,p)-space over which f is uniformly continuous. Let

E(P)=maxlf(x',z',P')"f(x”’Z”,P")‘y 4

v
o

for all (x% z% p’) and (x”, 2z, p”) in this cell with

I LR P L P

then € (p) is continuous for p > 0 with € (0) = 0. Then, for each n and each
k > ky, we have

1% 20 (), pr (D] = (2,20 () pu (D] < €| 20 (%) = 20 (B)]),
|f1%, 20 (%), po (%) + m, (2)] = f L2} (%), 2 (%), pp () + m, (2)]] < eln (2)],
|f %, 24 (%), po (2)] = f L (%), 2 (x), py ()] < €l ()]

Now, the n, (x) are uniformly bounded on Dkl and tend to zero almost every-

where on Dj,. Hence we may choose a k > k; so large that

ka, |f 2,20 (%), Po(%) + m, (2)] = x4 (%), 24 (%), pj (%) + m,(2)]] dx < €/5,

(2.4)
S L% 20(%), po(2)] = fLx(%), z3(%), p(x)]] dx < €/5,

Dkl

for all n. Since z, converges uniformly to z,, there is an n;, such that

2.5) S

Dk ‘f[x’zn(x)’ pn(x)] - f[x,zo(x), pn(x)” dx < 6/5’ n > nl .

1
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Finally, since x}:(x), and so on, are constant on each Rj;, and f is quasi-convex,

we conclude from the previous lemma that

lim inf ka [FU5 ), 2, () + 7y (D] ~ [ (5D, 2(), P()] Jdx > 0.
n — oo l

Using (2.3)-(2.5) and the above inequality, we see that
lim inf I(z5,D) > I(2,, D) - €.

n— oo
Since € is any positive number, the result follows.

3. Lower semicontinuity and weak convergence in ng (s 21). In this
section, we discuss additional conditions which with the quasi-convexity of
fin p are sufficient to guarantee the lower semicontinuity of /(z, D) with respect
to weak convergence in P_on D.

DEFINITION 3.1. Suppose ( is of class $_ on the bounded domain D and
suppose R is a cell with R C D. Then ¢ is said to be strongly of class L on
R* if and only if ¢ is of class SBS in x7 on each face x* = const. of R* and thére

is a sequence { of class C”on R such that
D (¢, - &R —>0, Ds(¢, - &, RY — 0.

LEMMA 3.1. Suppose { is of class B (s > 1) on the bounded domain D.
For each o, 1 La <y, let (a%, b*) be the open interval projection of D on
the x®axis. Then there exist sets Z%of measure zero such that if R:c®< x2 < d°

(ot =1,+++,v) is any closed cell in D with
c* € (a% b - 2%, d* € (a%, b*) - Z° (a=1,c04,v),
then { is strongly of class $_on R*.

Proof. Let R’ be any rational cell in D (that is, R =[C, D] with C%, D*
rational). In [1], Lemma 5.1, we have seen that if { is of class §]3s on D, then

3.1) Jim Ds (¢, - ¢, R) = 0.

For each o, define

4
Da.
’

sp G Ry = L 1G-T1 e [ T 14,0 - Z2)o ) an
B=1
B#ta
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Since ¢ is obviously of class B in x; for almost all x* on [C*, D], ¢f (2% R")

is defined for almost all x* and

. Da ’ a
Jim [0 6 (e, R d® = .

By arranging the rational cells R’ in some order and choosing successive
subsequences, we may choose (on account of (3.1)) a final sequence h, — 0
such that qﬁ}‘fn(x“, R*Yy— 0 and { is of class $ in 7 on [C;; D] for each

x% not in a set Z*R’) of measure zero (O = 1,---,v). Now let

2% = UZ(R");
then
m(Za)=0 (a=1""av)~

Now suppose R is one of the cells described in the lemma. Then it lies in some

rational cell R’-and we may take { = éhn .

LEMMA 3.2. Suppose R is a cell with edges (2h'), -« -, (2h”) and center
%y. Let
h = min % K =h"1 (haha)l/z_
1;a;v
Suppose also that 0 < k < h, that {* is of class $ on an open domain con-
taining R in its interior, and that (* is strongly of class L on R* with

Joo 1F15dS < B, De(C* R < (s > 1).

Then there is a function ¢ of class % on R which coincides with {* on

R*, is zero except on a set of measure

m(R) - [1 -Q - A7 E)"],

and satisfies
25/2 (s
Ds (¢, R) X Ts R7HEQ + KSMS) Ts = i

A

2),
(.s ; 2).

Proof. For each x € R, x #£ %¢, let x*(x) be the intersection of the ray x—ox)
with R*, and for each x € R define
0 (x = xo)v
r(x) =

|x*(x) — 2|7t |x = x4 (x # x4).

Let Hi be the pyramid in R with vertex x, and base the face Fz where
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a

x* = x% + h%.

a
%o
On the pyramid H:, introduce coordinates &', + -+, Y7L, r by
xV—_—x(’)’+rhV, x? = x0'7+r§7 (0_<__r;1, y=1,+++,v=-1).
Then, if r and £ ¥ are considered as functions of x, we have
r(x) =1, 2% (%) = [EM(x) + x5, « oo, EV7 () + 270, BV + x7].

o e . +
Similar coordinate systems may be set up on each of the other I, .

Define

(Of_ril_kh_l)v
¢ (r) = _ _ -7
RETY(r -1 + kA7Y) -k r<).

Choose a sequence ( satisfying the conditions of Definition 3.1; and for each
n, define

L) = lr (0] - & [x* ()],

Then each ¢ (x) is of class D’ on R.
We now compute the derivatives of £ on each pyramid H taking II} as an
example. Then

$ oy =1 (D) 4:,57 1<y <v-1),

n

¢ =) (N = (R rg(r) 575:57 (y summed from 1 to v - 1).

nx

Then, since r™! (1) < 1and ¢°(r) = k™' hforl - hE™ < r <1,
M2 < (Grly Grty) + 221412 + 20072 (8 (¢85 201

< 2[],;"2 |< l2 + K2<€ 574 )] (n not summed).

n
Using the inequality

2)
2),

1 (s

(a2 + b22 < g (|a|® + |b]°), o .-
= = | ols 2)/2 (s

v A
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we obtain
Ds(é'n,l—[z) < Ts ‘[—-lkh‘l oL dr /F+ [k-s |&x s
v
s * *I \s/2
+ K (§n§y n§7> ]ds
< Ty hTUE [k-s oo 14115 ds + K5 Dy (¢F, F )],

14

Also

A R O el

<k S, 1) ds.
v
Adding these results for all the Hi, we obtain the result for each r; and also
Dy (&, R) is uniformly bounded. Thus, we may extract a subsequence which
tends weakly in $5 to some function ¢ of class $s on R. Since each ¢, = {*
on R*, (. tends strongly in Lg to Z* on R*, we see from [2], Theorem 8.5, that

¢ = C* on R*. From the lower semicontinuity of Ds (see [2], Theorem 8.2), the
result follows.

LEMMA 3.3. Suppose f is quasi-convex and of class C” for all p, and suppose
for all p that

> <f,-)2 < K2 (plFTt +1)? (s> 1).

lya a

If po is any constant vector, D is any bounded domain, and ¢ is of class Bs on

D and vanishes on D*, then f [p, + n(x)] is summable over D and
S, flpo + m(x)] dx > m(D) - f(po) -

Proof. There exists a sequence of functions gn, each of class C’on D and
vanishing on and near D*, such that D (é’n - (¢, D)— 0 (see [2], Definition

9.1). For each n and almost all x on D, we have

[fIpo + mn (2)] = flpo + m(%)] | =

| [ (%) = 7 (0)] fol foi Upo + (L= 0) w(x) + tmn (2)] de|

a
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mn(x) = 7(x)| . K - /;1 {|(1 ~ t)py + 7 (%) + tpy + mn (%) ""1}‘”

\n () = 7 ()] {hs Ipo + m (x)|° 71+ hs [po + mn (2)[°7F + 1} ,

st 1<s2 2
hg = - =
S s—l 25"2 (S ;2).

Using the Hélder inequality, and so on, and the strong convergence in L, we

see that

lim  f fpo + ma(x)] dx = [ flpo + n(x)] dx.

n—oo
Since f is quasi-convex, the result follows.

LEMMA 3.4. Suppose that f satisfies the hypotheses of Lemma 3.3. Suppose

also that each {, is of class s on a domain D and is strongly of class s on

R*, R C D, with

lim S, 1£,1°dS =0, Dy (£, R*) < M5, D5 (4 RY S M° (n=1,2.--+).

n—soo

Then for each py, f [ po + mn (%)] is summable for all sufficiently large n, and

lim inf  Jf f[po + mn (2)] dx 2 m(R) + [(po), (%) = & o(%).

n — oo

Proof. For each n, let
n =L L 1g,1° a1,

and let K and k2 be the quantities of Lemma 3.2 for R. Since k, — 0, we have
kn < h for all n > some n,. For each such », let n, be the function of Lemma
3.2 which coincides on R* with {,» and let

_ _ i o_ i _ i
Xn = Cn My Kpo = Mox®? @ng = Xpx*

nx

Then, since x, = 0 on R¥, we have

S flny + @, (0] dx 2 m(R) f(po) -
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As in (3.2), we see that, for each n, and almost all x on D,

[flpo + w, (%) + &, (x)] = flpy + w, (x)]]

S K-k (0]« (hs|po + @, (%) + k(D157 4+ bs [ py + 0, ()[°71+ 1)

A

K . ]Kn(x)] o [+ shg) hs | py + ™ ()57t 4+ sh;z lKn(x)|s-1+ 1.
Using the Holder inequality, and so on, we see that

lim f [flpo + my (0] = [[po + 0, (]| dx = 0,

n— oo

from which the result follows.

THEOREM 3.1. Suppose [ is of class C’ in (x,z,p) and quasi-convex in p.
Suppose also that there are numbers k and K, K > 0, such that

@) f(xz,p) 2 k, (i) fo fo £ K* (IpI° + D?
(U) fpi pi _<; K? (‘p‘S"l_'_ 1)2’ (1") fzi fzi _<.__ K2 (lp‘s + 1)2 .

for all (x,z,p).

Suppose also that z;, —» z, weakly in s on the bounded domain D and that
either

(a) each z, and z, are continuous on D and z, converges uniformly to zy, on
each closed set interior to D, or

(b) the set functions D (zp, €) are uniformly absolutely continuous on each

closed set interior to D.

Then

I(zy,D) < lim inf [ (2,,D).

n-—o00
REMARK. If s=1, weak convergence in %5 implies the hypothesis (b).

Proof. We note first that hypothesis (ii) implies

3.3) [f (52p) = [ (2,00 = Ipy 110 (52,05) d]

a

é Ipl ° j(;l [fpi pi (x’z7tpi)]l/2 dt
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< el - .{l K(e570 ps™h + 1) de < K(s™4 {p|* + |p]).
Also, hypotheses (iii) and (iv) similarly imply

(3.4) If(%,2,0) - f(0,0,0)| < K(|x]| + |z]).

Thus, for all (x,z,p), we have

@.3)  |f(%zp)| 10,00 + K(|x| + [2z] + s7* [p|® + [p]).

Therefore 1(zy,D) and the [(z,,D) are uniformly bounded.
For each « (1 < « < v), let (a% b%) be the open interval projection of D
on the x* axis and let Z3 and Z be the sets of Lemma 3.1 for z, and z,. Also

for each o, n, k, let E;‘ ; be the set of x% in (a%, %) — Z*, where

D (z,D ) < K

Dxa being the set of x; such that (x5, x%) € D. Suppose that —D_s (z,,D) =< M,

some uniform bound existing because of the weak convergence. Let
Zok = (a% b%) ~ Epy .
Then
m(Zn k) < ME™Y, m(Eng) > (b%= a®) - ME™!.

For each a, let

E® = ﬁ ﬁ fJo E,ﬁk,Z.a":(a"‘,b“)-Eang v
k=1 N=1 n=N n

ze .

B

1

Then m(Zg) = 0. For each a, each natural number n, and each integer i, define
Zg ; as the set of all x® such that x* — i . 27 € Z , and define

Z% = U Z,f;i .
n,i

Then m(Z%) = 0.

Now, choose a point x, such that xg is not in Z%* (X =1,+++, v). For
each natural number k, let (j be the totality of hypercubes of side 27% bounded
by hyperplanes of the form x* = x3 + i . 27, None of the numbers x5+ 2%
is in Z* and, moreover, z, and each z, is strongly of class ¥3s on R* with
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Ds (zn, R) uniformly bounded for infinitely many values of n, R being any hy-
percube of any Qk‘ Since the totality of these hypercubes is countable, we may
choose a subsequence, still called z,, such that /(z,,D) tends to the former
lim inf, Z,— Z, almost everywhere on D, and D (z,,R*) is uniformly bounded

for R of any Qk in D. Since z; — z in P_, we also have

lim _I};*|zn—zolsds=0

n —oo
for each such R.

Now, we first consider the alternative (a). Let € be any positive number.
For each %, let D; be the union of all the cells of Qk which are interior to D.

Since f is bounded below and I(z,, D) is finite, we first choose k; so large that

I'(zp,D-Dg,) >~ €/5 (n=1,2,+++).

(3.6)
I(Zo,Dkl ) > [ (z9,D) - €/5.

For this k;, let Ry, -« -, R4 be the cells of Dkl and for each k& > ky, let

be the cells of Qk in l)k1 For each %, define x;:(x), z;:(x), and p;:(x) on Dk1 by
(2.9). Then, from (ii), (iii), and (iv), it follows that

[ flx,20 (x), po(x)] - f[xZ(x), z;;(x), p}:(x)]l
(3.7 <CK(pe@@l* + D+ (12 = 5] + [20(3) = 24 (x)])

+ K(hs |po(x) 571 + ks [pp(x)|S71 + 1) - | po(x) = pp(2)],
where
st 1<s<2),
sTHe 2872 (s 2 2);
the method of proof is similar to that of (3.3). If we let
Cp = 2n = %05 W = Pn = Po

we see similarly that
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[ L% 20(x), po (%) + my ()] ~ f25(), Z5(x), Pp(%) + m (x)]]
3.8) S K(pa(®)|° + 1) (Ix=x(x)] + |20(%) ~ 2 (x)] )
+ K(hs [pa(®) |57 + hs |pp(x) + 2 (x)[S70 + 1) + | po (%) = pr(2)];
(3.9) |f[%,20(x), pa(®)] = f1%20(%), Pa(2)]]

_S_ K(IPn(xHS + 1)« |z(x) - zo(x)‘ .
Now, by the Holder inequality on each Rj;s we see that

(3.10) Sy, PRGN dx < L, [Po()I® dx.

1

By applying the Minkowski inequality, we see that the integrals
*

(3.11) Lkl |m (0)]° da, ka1 |pp (%) + 7 (%) |® dx

are uniformly bounded. Finally,

(3.12) lim S |po(x) - p;(x)ls dx = 0.
k ky

oo D,

Hence, using (3.7)-(3.12), we may choose a k so large that

(3.13) ka |f L% 20(x), Po(%)] = fl23(x), z(x), pr(x)]] dx < €/5,
1

a1e) by 1520 ()] =[5, 5() p(®) + m(D)]|dx < /5
* 1

(n=172,"')1

and then choose n; so large that

(3.15) .4;,{ lf[x’zn(x)v pn(x)] - f[x1zo(x)’ Pn(x)]l dx < 6/5; n>n;.
1

Since x}:(x), z;(x), p}:(x) are constant on each Ry;, it follows from Lemma 3.4

that

(3.16) liminf [ Jlxp(a), 5(2), pp(x) + 7, (0] da
n — oo 1
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> L [, z(2), p()] dx.
= ke

Using (3.6) and (3.13)-(3.16), we see that

lim inf [ (z,, D) > L(zy,D) - €.

n —oo
The result follows in this case.

We now consider the alternative (b). For each natural number ¢, we define

fq(xyz’P) = [1 - aq(x,z')] f(x’ZsP) + k. aq(x92)9

0 (0 <R < 9q),
ag(%,2) = 1 3(R-¢)? = 2(R-¢)®* (¢ <R <g+1),
1 (R>2g+1), R=(|x|?+]z]")V2.

Remembering (3.3)-(3.5), we see that each f; satisfies hypotheses (i)-(iv) with
the same £ and some Kq Moreover f; is independent of (x,z) for R 2q9+1,

and also
fq(xsz’p) ; g+1 (%,2,p), qli_.mm fq(x,Z’P) = f(x,2,p).

Thus it is sufficient to prove the lower semicontinuity for each gq.
For a fixed g, we note that we may replace |z,(x) - z;:(x)l by ¢ (%) in
(3.7) and (3.8) and |z, (%) = zo(%)| by ¢, (%) in (3.9), where

&y, (%) = min (| zo(x) - z;(x)| » 29 +2),
Y, (%) = min (lzn(%) = zo(%)], 2¢+ 2) .

From the uniform boundedness of the #, and ¢, (q fixed), the uniform absolute

continuity of the set function Dg(z,,e), and the facts that
klim (%) =0, lim ¢ (x)=0
— 00 n —oo
almost everywhere, it follows that the argument can be carried through as before
for each fixed q.

THEOREM 3.2. Suppose s > v and suppose f satisfies the hypotheses of
Theorem 3.1 with (i) replaced by
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(i f(x,2,p) 2 m|p|® + k (m > 0).

If z* is any function of class SBS on the bounded domain D, then there is a
function z, of class $_ which coincides with z* on D* and minimizes 1(z,D)

among all such functions.

Proof. Let z, be a minimizing sequence. It follows from (i”) that D (z,, D)
is uniformly bounded. From [2], Theorem 9.4, it follows that Dg (z,,D) is uni-
formly bounded. But then a subsequence, still called { z,}, converges weakly in
P, to some function z, of class B, which coincides with z* on D* by [2], Theo-
rem 9.2. But, from [3], Chapter II, Theorem 2.1, it follows that the equivalent
functions Zz, and z, are equicontinuous on closed sets interior to D. Hence z,
converges uniformly to z, on each closed set interior to D. Hence, from the pre-
ceding theorem, z, is a desired solution.

More general theorems involving variable boundary values, similar to those
in [3], Chapter III, §5, with s > v, can be proved.

4. Necessary conditions for quasi-convexity. In the two preceding sections,
we have established the connection between quasi-convexity and lower semi-
continuity. In this section, we shall establish some necessary conditions for
quasi-convexity. In the next section, we establish some sufficient conditions
which are also necessary when f has certain interesting special forms. Unfortu-
nately, the writer is unable to establish conditions which are both necessary and

sufficient in the general case.

LLEmMMA 4.1. Suppose f is continuous, Q is the cell

‘xa|;1 (O(-=1,“‘,V),8>0,

and suppose

(4.1) L flp+ (0] dx > f(p) - m(Q)

for every function ¢ which satisfies a Lipschitz condition with coefficient < §
on Q and vanishes on Q*. Then (4.1) also holds with Q replaced by any bounded

domain D.

Proof. Suppose ¢ satisfies the conditions on the bounded domain D). Let
R be a hypercube of side h which contains D, and extend ¢ to R:

a

(l< < a
xd < x :xo+h
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by defining ¢ = 0 on R — D. Then { satisfies the conditions on R, and

£* (%) = h7Y L(xg + ha)

satisfies the conditions on ), and
*7 i
= X hx .
CE) = Loz + )

DEFINITION 4.1. The function f is said to be weakly quasi-convex if with
each p is associated a & >0 such that (4.1) holds for all D and all £ satisfying
a Lipschitz condition with coefficient < 8, and vanishing on D*.

In other words, f is weakly quasi-convex if and only if each linear function
furnishes a weak relative minimum among all Lipschitzian functions coinciding
with it on the boundary, whereas f is quasi-convex if and only if any linear
function furnishes the absolute minimum among all such functions. Thus we have
the following result.

THEOREM 4.1. If [ is continuous and quasi-convex, it is weakly quasi-

convex.

We shall see that if f is weakly quasi-convex and continuous, then f satis-
fies a uniform Lipschitz condition on any bounded set in p-space and satisfies
a generalized Weierstrass condition (see Theorem 4.3) which reduces to the
ordinary Weierstrass condition if f is of class C’ (see (4.7)) and is equivalent
to the Legendre-Hadamard condition (see (4.8)) if f is of class C”.

LEMMA 4.2. Suppose ¢ is continuous, and suppose corresponding to any
point X in E, there is a & > 0 such that for any unit vector y we have

kp (Ao = hy) + hp (Mg + k) > (h + k) $(Xg) (0<h <35, 0<Ek<d).
Then ¢ is convex in M.
Proof. Let A, be any point, and ; any point with | x| = 1. We shall show that

Y (1) = ¢(Xo + pt)

is convex in ¢. From the hypothesis, it follows that for each g, there is a
8(ty) > 0 such that

4.2) ky(to—h) + hy(to+ k) > (h+ k) ¢(s) O<h <8, 0<k<8),
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Now, suppose t; < t,. Let

t -t

x (8) =y (2) = () = -

[ () = & (&)].

2 1

Then y (t) satisfies (4.2) and x(#;) = y (%) = 0. Suppose M = max y (¢)
(t; <t < ty), and suppose M > 0. Let ¢, be the smallest value of ¢ such that
x(t)_= M‘: and let the number 5(¢,) be chosen as above. Clearly ¢, < ¢, < ¢,.
Choose t; and #, with

[t3 = 8o | <8, [ta=to| <8 (t £ 85 < 85 <ty < t5).
Then y (¢3) < M, y () £ M, so that
(tg = to) x [to — (o — t3)] + (2o — t3) x[to + (2 — 25)] < (24 = t53) X (20),
which contradicts the hypothesis. Thus y (¢) <0, s0 that

t -1

g () £ () + [y () - w(e)].

L=t

Since ¢, and ¢, were arbitrary with ¢; < ¢,, the function ¢y is convex in ¢. Thus

¢ is convex in A.

THEOREM 4.2. If f is weakly quasi-convex, then f(pi + Ag .fi) is convex in
M\ for each fixed p and ¢.

Proof. Let pé, §i and Xoa be fixed and let iy be any unit vector, and sup-
pose h > 0, £ > 0. Choose 8(p;,~ fi, )\Oa) > 0 but so small that, for any bounded

domain G,
4.3) L UL + 2o &8+ ZEa(®0))de 2 m(6) f(ph + Xy, €9)

for all { satisfying a Lipschitz condition of constant < 8 on G and vanishing on
G*. Let (pyseee, ;Lv) be a normal orthogonal set of unit vectors. If £ = 0, the
result is obvious. If £ # 0, choose hand k with0 < & |£] < 8, 0< k | €] < &,

and let p be any number > | £|/ 8. Let H = (1/p) k, K = (1/p) h, and let R be
the rectangular parallelepiped

—pH<y ' < oK ¥Rl < p (B=2,004,7)
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where

y'3=x,/,¢ﬁ .

Let F] be the face y! = ~ p H, F{ be the face y! = p K, Flg be the face
yB =~ p, F,é* be the face y2 = p, and let H; and ng be the pyramids wit_li vertex
at the origin and base FB— and F7, respectively. Let ¢ be defined on R to be

with £(0) = &. Then

continuous on R, zero on R*, linear on each H,B and H,3+’
(b)Yt oy, & = by & , onlI7

~ (oK), &8 = = by £, on T}

[l

(4.4) ¢a y i )
Pt ng, € , oully

-1

=07 g, & » on I3

Also
m(H;) =71 gVl py H, m(H:) = 71 vl pV K, m(R) = gVt pV (H+K)
4.5)

m(I17) = m(II}) = v™* 2¥72 p¥ (H + K) (B=2,-++,v).

Then, by applying (4.3), (4.4), and (4.5), we obtain

1 2k . . ) .
L [ = FLpE o+ (A, — Ay €1 4 FIpE 4 (A, + kuy) €11

2v L h+k h+k

+ (f[pé + (A - p™! uﬁa) &9 + f[pi+ A+ pt yﬁa)])]
B=2
; f(Pi‘F )LOafi)'
Letting p— ©, we obtain
EfUpE + (Agq= by ) €51+ AFIpE+ (Ag + kpy ) €41 > (h+ k) f(ph+ Xy €F)

From the preceding lemma, it follows that f(pi + A, £') is convex in A for each

£ and p.
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THEOREM 4.3. Suppose f is continuous and convex in A for p and £.
Then f satisfies a uniform Lipschitz condition on each bounded closed set,

and for each fixed p there exists a set of constants A} such that

(4.6) FPL+ X D) 2 f(p) + AT A &

for all X and & If f is of class C’, (4.6) holds if and only if A} = fpi, that is,
a

(4.7) fPE+ A €D > fP) + £ (p) A, £

If fis of class C”, (4.7) holds for all p, A, & if and only if

4.8) [ i (P) Aghg £ ¢ >0

a Pp

for all A, &, p.

Proof. Suppose, first, that f is of class C’. Let p and ¢ be fixed. Then
(4.7) follows from the convexity in A. Moreover, since each unit vector e(i in

the p-space is of the form A &', we see from the convexity in A that
- —e) < f, < AR
*.9) F =1 (p=ed) < fps @) < f(p+ )= 1P

for all p. Thus the derivatives of f are uniformly bounded by these differences
in the values of f on any bounded part of space. Moreover, in this case, if
constants Aia satisfy (4.6), we must have

Al = fpi(P)°

Now, if f is of class C”, equation (4.8) with p replaced by pi + A, Elis
equivalent to the condition that f is convex in A for each fixed p and £.

Finally, if f is continuous and has this stated convexity property, it is clear
that the h-average function also does, and f, is of class C*. By letting A —0,
we see that [ satisfies a uniform Lipschitz condition on any bounded closed
set. Now, choose 4, = n”! and choose p fixed. From (4.9) and the uniform con-
vergence of f; to f on any bounded part of space, we conclude that the de-
rivatives fth}; (p) are uniformly bounded. We may therefore choose a subse-

quence, still called 4,, such that

nli-{noo fh"pé.(p) = A:L.
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Since (4.7) holds for all A and ¢ for each n, (4.6) holds in the limit.

5. Sufficient conditions for quasi-convexity. In this section we prove one
general sufficient condition and then give conditions which are necessary and

sufficient when f has certain interesting special forms.

LEMMA 5.1. Suppose ¢ satisfies a uniform Lipschitz condition on the closure
D of the bounded domain D and suppose { = 0 on D*. If

1<psv, 154

A

N, 1< « <o, <ees <o, <,

1’.'.’1'# 1

then

(LN, ...,
4 25

9(x™, v e, &™)

Proof. Choose a large cell R containing D in its interior, and extend ¢ by
defining it to be zero outside D. Then the second h-average function Cpp is of
class C* on R and vanishes on and near R*. Since any integral of the above
type formed for {;, tends to that for { as A— 0, we need prove the theorem
only for functions ¢ of class C* on cells R.

As an example, take iﬁ= Og= B, B=1,+++, u, D=R. Then

[}

S p
AL S J, T ot g g i

R
a(xly"‘sx#) a=1

It

j7
Joo 8 X DR Q)

a=1.

d
Q dx,

1

o
St 3 e

a=1 ox*

where

a( ly"’téa—ly aa"'s #—l)
L ¢ ¢y

a(xl’ "‘,xa—l xa+l’ "',x#)

the last equality holding by Green’s theorem. But the boundary integral vanishes
since ¢ = 0 on R*, and the integrand in the second integral vanishes on R (see
[3], Chapter II, Lemma 1.1, for instance).
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THEOREM 5.1. 4 sufficient condition that f be quasi-convex is that for
each p there exist alternating forms

a i a.,B Apy **Hyay iy iy
. LR . B m ¢« oo 7T
Ag b, ASB b aly, oo, ATV Y WY g

such that for all m we have

a i Qpsy **y Gy Iy iy
flo+m) 2 f(P+ AT aiweees L0 07w, eee )

Proof. This is an immediate consequence of the preceding lemma.

THEOREM 5.2. If the a?jﬁ are constants and

(5.1) f(p) = af p. ph,

a necessary and sufficient condition that f be quasi-convex is that

(5.2) aff A rg £1 ¢ 20

for all X and £.

Proof. If £ = 0 on D*, we see from Lemma 5.1 that

fu flp + (%)l dx = f(p) m (D) + ./L; a“ﬁ ;(x) ”/é(x) dx.

But Van Hove [6] has shown that the condition (5.2) is necessary (this also
follows from Theorem 4.3) and sufficient for the second integral to be > 0 for
all ¢ of class D’ on D which vanish on D* (hence this is true also for all ¢ of

class ¥, on D and vanishing on D*).

LEMMA 5.2. Suppose

Il
o

> awxy

ij =1

for all x and y for which

I
(=}

n . .
2 by

i,j=1

Then there is a constant K such that
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aij=Kbij (i, j=1,+0+,n).
Proof. We may introduce new variables £ and 7 by

x=cé&, y=dn,

c and d being n x n nonsingular matrices. Let a and b be the matrices of the

original forms and 4 and B those of the transformed forms. Then

).

A=c’ad, B=c"bd (cl.']. = ¢j;
We shall show that there is a scalar K such that 4 = KB. We may assume that

Bii=1 (i=1,+4+,71); Bij = 0 otherwise, r

A

n,

unless B = 0 in which case 4 = 0 also and the theorem holds. By taking ° = 1,
ni=0 (j# s, s =1,+++, n) in turn we see that

Ais=0 (i

leee,n,s>1); Ajis=0 (i s, s=1,000,1,i=1,¢00,n).

Then, by choosing 1 < s < ¢ < rand setting 7° = =10 =0,j#sj#¢

we have

(Ajs + Ajg) EF

]

0 for all & with &5 + &% =70,
Thus there exists a constant K (s,t) such that
Ass + Ast =K (S’t)’ Ats + Att = K (S, L)°

Hence

so that A = KB.
THEOREM 5.3. Suppose that N = v + 1 and
(5.3) f(p)=F(Xyyeer, Xpny),
where F is positively homogeneous of the first degree in the X; and

X, =—detM; (i=1,+++,v), Xp4; =detMy4y,

Mys; = Hpal7 mee ,P:HrMi = HP:”"',P;_I’ P:+l’ P(;+1”" 1PZ Il

(i=1,ec¢,v).
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Then f is quasi-convex in p if and only if F is convex in the X;.

Proof. If F is convex in the Xj, it follows from Theorem 5.1 that f is quasi-
convex in p.

Hence suppose f is given by (5.3) and is quasi-convex in p. If
M= (0 €) - (),
then
(5.4) AX, = kai A &
Also, since
kX, =0 (B=1 )
p[B k= B =Ly, V),
we have
k
(5-5) pﬁ z‘(kp:; = - 8(;3 Xl. .
Now, choose a set of X; not all zero and choose any p such that
Since f is quasi-convex and hence weakly so, there are constants A:; such that
Floh+ 2, €7) 2 1(p) + 48 2, &5
Since f depends only on the X;, we must have

(5.6) A% A, £l < 0 forall A, ¢ with kai)‘afi =0 (k=1,00, v+1).

Obviously, then, the equality must hold in (5.6). Using (5.4) and (5.5), we see
that

(5.7) pE AX, = - (% &) (B=1,-, v).

Hence, we must have

(5.8) 422 =0
for all A, & for which
(5.9) X, £ =0and D} A &5 =0, DF = X X, ;.

a
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Now, since not all the X; are zero, assume X; # 0. Then

(5.10) (x4 x)A =0
i £k

for all A, & for which

5. S (5% - 2 K) A £ - 0.
i %k

From the preceding lemma, it follows that there is a constant K such that

(5.12) 45X, - A2 X, = K(DZ X, - D2 X,).
Hence
(5.13) A% = KDg + L* X, L* = X' (42 - KDg).

From (5.7) and (5.13) it follows that
(5.14) A2 N &8 = KD¥ A &%+ Lo X, &8 = CF AX,, C* = (KX, - L* pF)

a

Finally, if we are given any values of the AX,, the quantities
hy=pEAX, Gi=1,.e0, v) and b, = X, AX,

are determined and the AX; are also uniquely determined by the 4. Using (5.7),
we may determine the A in terms of the A (i =1,+++, v), and substitute them

into
by =X, AX, =D X, &',
and we merely have to choose the & o satisfy the equation

(D;'I ha + kv+1 Xl) é:i =0 with XL' é‘:i ;é 0;

this is always possible unless all the D*h = 0. Thus, unless these linear

relations in the AX; hold, we have
(5.15) F (X + AX) = f(pl + A, &) > f(p) + A A &' = F(X) + CF AKX, .

The result follows in this case by continuity.
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Finally, since F is homogeneous of the first degree, we see by taking
AX = kX, h> -1,

that

FIQ + A X1 =@ + k) F(X) > F(X)+ hCkX,,
or
R[F(X) - X, ] > 0, A > - 1.

Hence F(X) = Cka. Then by setting X = hX,, X, # 0, choosing the C* for
this Xo’ and then letting £ — 0, we see that (5.15) holds for some C* even if
X =0.
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