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1. Introduction. Frank L. Hitchcock [1] has offered a mathematical formula-
tion of the problem of determining the most economical manner of distribution
of a product from several sources of supply to numerous localities of use, and
has suggested a computational procedure for obtaining a solution of his system
in any particular case. L. Kantorovitch [ 2], Tjalling C. Koopmans [ 3], George
B. Dantzig [4b], C. B. Tompkins [5], Julia Robinson [7; 8], Alex Orden [6],
and others [ 4] have also discussed the computational aspects of this problem;
paper [ 5] illustrates the use of the ‘‘projection method,’” due to C. B. Tompkins,
as a computational process applicable to either of the Fundamental Problems of

the present paper.

We shall be concerned only with the mathematical justification of computa-
tional procedure, and shall limit our attention to one specific method of solution
of general validity. No attempt will be made to compare the various methods
already proposed, either as to their mathematical similarity or as to their rela-

tive efficiency in any particular case.

2. The problem. The problem is to find a set of values of the mn variables

%ij, subject to the following conditions:

m n

(2.1) 2 Xij = Cjs D %ij =T
i=1 j=1

(2.2) xij > 0,
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(2.3) inj d;j = minimum.

2y
The numbers m, n, rj, cj, and d;; are given positive integers with Zc]' =2r;
The indices i and j are understood always to range over these same integers
m and n, respectively; it is also assumed, for convenience, that m > n. Any
set of values x;; that satisfies all these conditions is called a solution of the

problem.

There is no loss of generality in assuming that the d;; are positive integers,
rather than rational numbers, since the problem is essentially unchanged if
d;j is replaced by ad;j + b, where a and b are any positive rational numbers. We
have not examined the case in which some of the quantities r; cj, and d;j are
irrational. The only effect of irrationality on the results of the present paper is
a possible lack of convergence of the iterative process of solution. These con-

siderations are not of importance in the usual applications.

It will sometimes be more convenient to use an alternative statement of the

problem, in matrix notation, as follows:

(2.4) My > b,
(2.5) y >0,
(2.6) a’y = minimum .

It is easily seen that the two formulations are equivalent if y, a, b, and ¥ are
defined as follows:

= X..

Yn(i-1)+j ij?

TnG-1)+j = dij s

In Iy oo I, ¢
) A —c
M= b =
I, Iy oee n r
“‘Jl —]2 "‘—‘]m 9 -T )

where I, is the identity matrix of order n, and J; is the m x n matrix with all
elements zero except for the ith row in which each element is unity. Of course,
¥s a, ¢, and r are column matrices (or vectors) with components y, -1)+j°

G (i-1)+j2 Cjo and r,, respectively, and a prime denotes the transpose of a

matrix (or vector).
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3. Fundamental theorems. There are several fundamental theorems con-
cerning systems of linear inequalities that are useful for this paper. I reproduce
their statements here in a form given by A. W. Tucker in an unpublished note
dated December, 1949, The interested reader can find proofs of these theorems,

and of others of similar type, in a paper by Gale, Kuhn, and Tucker [ 4c 1.

FUNDAMENTAL PROBLEMS. (Here lower case roman letters denote one-
column vectors, while capitals denote rectangular matrices; M, a, and b are

given, but d is to be determined.)

ProBLEM I. To satisfy the constraints Mx < a, x > 0, and make b'x = d

for d maximal in the sense that no x satisfying the constraints makes b“x > d.

ProBLEM II. To satisfy the constraints M’y > b, y > 0, and make a’y = d

for d minimal in the sense that no y satisfying the constraints makes a’y < d.
Problems I and II are said to be dual.

FUNDAMENTAL FEASIBILITY THEOREM. The constraints in a problem
are feasible (that is, satisfied by some x or y) if and only if the dual problem

in homogeneous form (that is, with b = 0 or a = 0) has a null solution.

FUNDAMENTAL EXISTENCE THEOREM. i. The vectors x and y are solu-
tions of Problems 1 and 11 if and only if they satisfy their constraints in the two
problems and make a’y = b’x. Such x and y exist if the constraints in both

problems are feasible.

ii. A problem has a solution if and only if its constraints are feasible and

its homogeneous form has a null solution.

FUNDAMENTAL DUALITY THEOREM. A problem has a solution (for a
unique d) if and only if the dual problem has a solution (for the same d).

4. The dual and combined problems. We note that the problem, as stated in
relations (2.4)-(2.6), is a Fundamental Problem of form II. The dual problem

1S

(4.1) Mx < a,
(4.2) x>0,
(4.3) b’x = maximum.

This can be rewritten in a more convenient form, for our present purposes, as
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follows:

(4.4) Vi~ uj Sdij,

(4.5) Zc]' vj—Zri u; = maximum,

where vj=xj—%n4+j, and u; =~ xXpp+i + Xan+m+i; We omit the condition (4.2),

that x > 0, since this imposes no limitation on u; and v;.
THEOREM 1. The problem has a solution.

Proof. By the Fundamental Existence Theorem, there is a solution if and

only if the constraints are feasible and y = 0 is a solution of the problem when

b = 0. Now
Se- Zn,

SO
T C]'

. -
1T

satisfies the constraints. When b = 0, obviously the only values that satisfy the

constraints are x;j = 0, and so the theorem is proved.
By the Fundamental Duality Theorem, we see:
COROLLARY 1A. The dual problem has a solution.

THEOREM 2. The numbers x;j, and u;, vj, are solutions of the problem and
the dual, respectively, if and only if they satisfy:

(4-.6) inj=ri, inj=cj’ xijZOy
j i

(4.7) dij + uj — vj >0,

(4.8) xij(dij + u; — v]') =0.

Proof. Since (4.6) and (4.7) are simply the constraints for the problem and
the dual, respectively, it remains only to show that (4.8) is equivalent to the
condition a“y — b’x = 0. Now
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d
a’y - b’x = injdij - Zijj + Zriui
i ] j i

= 2 xijdij = 2 wijvj + 2 wijui = 30 xij(dij + ui = vj).
i, ] i, ] i, ] i, ]

Since each term in this sum is nonnegative,
a’y —b’x =0
if and only if
xij(dij + u; — vj) = 0.

We refer to the problem of finding values for x;;, u;, and v; that satisfy
(4.6)-(4.8) as the ‘““combined problem”’, and note that the combined problem

always has a solution.

5. Linear graphs. It will be convenient, for some purposes, to associate

linear graphs [ 9] with certain subsets of the elements of a matrix S = ||s,, [|.
If I is a given subset of the elements of S, we define the I-graph L of S as
follows: the vertices of L are all the points (A, £) in the Cartesian plane for
which s, , € I; the arcs of L are all line-segments joining pairs of neighboring
vertices with either equal abscissas or equal ordinates, where two vertices with
equal abscissas (ordinates ) are neighboring if they are not separated by another
vertex of L with the same abscissa (ordinate). For the moment, denote the
vertices of L by symbols a, b, ¢, +++, f, and the arcs by symbols such as
ab, bc, +++, cf (no distinction is made between the arcs ab and ba). Then a
chain is a set of one or more distinct arcs that can be arranged as ab,bc, + -+, de,
ef, where vertices denoted by different symbols are distinct. A cycle is a set of
distinct arcs (at least four are necessary ) that can be ordered as ab, bc,+++, ef,
fa, the vertices being distinct as in the case of a chain. A graph is connected
if each pair of vertices is joined by a chain. A forest is a graph containing no

cycles, and a tree is a connected forest.

If L contains v vertices, a arcs, and p connected pieces, the number
p=a—v +p is known as the cyclomatic number (or first Betti number) of L.
It follows from a well-known theorem [9] concerning linear graphs in general
that: (i) L is a forest if and only if x =0, and (ii) L contains just one cycle
if and only if p= 1.

Note that L contains a cycle if and only if there is a subset of / that can be

arranged as a sequence
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Shykys Shykys Shokygs Shykys***sShy k,s Shy kg »

where the #’s and k’s are distinct among themselves; and L contains a single
cycle if and only if / contains just one subset that can be arranged in the dis-
played form. We call such a subset of / an I-circuit on S, and denote it by [ S, 1.
For a particular arrangement of [S; ], we also refer to the terms sp_k, as odd-

terms, the others as even-terms.

In case I consists of all sp; > 0, as it frequently will, we speak of the
positive graph of S, positive circuits on S, and abbreviate such statements as

““the positive graph of S is a forest” to “‘S is a forest”.

6. The method of solution. In the method of solution to be developed for
the problem, we start with a special set of values X° = HxlO]H that satisfy the
constraints (4.6). We then test to determine whether or not there exist u; and
v; satisfying the relations (4.7) and (4.8) for the given X°. If so, then X° is
a solution, otherwise not. The method next yields a new trial matrix X '=|| x:]H,

if X0 is not a solution, such that
0 1
Z (xi]- - xij)dij > 1.
i ]

After a finite number of steps this process necessarily must terminate, and it

leads to an exact integral solution of the problem.

The first trial matrix X® is a forest of ¢ trees, and has m + n — ¢ nonzero

elements. According as t=1 or ¢t > 1, two essentially different cases may be

met at each stage of the solution process. !

At each stage when X = || x;;|| is a tree, the equations (4.8) have a general
solution for u; and v; with one free parameter, say u;. However, the quantities
dij + u; — vj are uniquely determined in this case, so it is sufficient to calcu-
late them and note whether or not they are all nonnegative in order to decide

whether or not X is a solution. If some

1These are the nondegenerate and degenerate cases in the work of Dantzig [4b].
We shall use these terms also. The method of solution developed by Dantzig [4b] for
the nondegenerate case is essentially the same as the one in the present paper, al-
though the derivations of the results are quite different. Orden [ 6] has subsequently
given an elegant method for reducing the degenerate case to the nondegenerate one, as
an extension of the €-method proposed by Dantzig [4b]. The author believes that the
treatment of the degenerate case provides the only results in the present paper that are
new, or at least fresh for the Hitchcock problem, and also of some mathematical in-
terest. It also seems likely that the method given here will often be more efficient
computationally, in the degenerate case, than the Dantzig-Orden €-method.
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diljl +ouj — vj, <0,

then there is a unique I-circuit [X] on X, where [ consists of xi, j, and all
positive x;j, that may be arranged with x;, j, as the second term, say. Let g
denote the smallest odd-term of [ X5 ]. Then the new trial matrix X* is obtained
from X by adding g to the even terms of [ X; ], subtracting g from the odd-terms,

and leaving the other elements of X unchanged.

At each stage when X is a forest of ¢ > 1 trees, the equations (4.8) have a
general solution for u; and v; with ¢ independent parameters, and the quantities
dij + u; — vj involve ¢ — 1 independent parameters. The rows and columns of the
matrix X are rearranged so that it can be represented as a square matrix of order
t whose t? elements are submatrices Xgp such that Xgp =0 if @ # b, and X4,
is a tree with mg + ng — 1 nonzero elements and is of order mg X ng. It may also

be assumed that each X, is a solution of its subproblem. We can select

Uyg, uml+[’ ceey U'ml+.u tmy.t1

to be the ¢ parameters. If we assign these the value zero and denote this parti-
cular solution of (4.8) by u; and v}, then we may define numbers
We partition the matrix P = H;7”|| into submatrices corresponding to the Xab
and denote them P ,. Let p,, be the smallest element in P , and define the
square matrix P of order ¢t by P = {[p_; ||. To designate the position of p_; in
the matrix P = HELJH , we may write p_, alternatively as

~ia Jb

paab ’
the subscripts referring to the submatrix and the superscripts to the rows and

columns in the submatrix. When it introduces no ambiguity, the subscripts on

the superscripts will be omitted in order to simplify the notation.

The test as to whether or not X is a solution consists of forming all sums
pal ay sevap = Paja, + Pa, ay toreet Paj, a,
for h=2,3,+++,¢t, where (a; a;+++ap) is any permutation of % different

positive integers, none greater than ¢; X is a solution if and only if all such

sums are nonnegative,
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If any

pala2"°ah < 0’

then there is a unique /-circuit [Xs] on X, where / consists of all positive %ij

together with all x;; that correspond to the terms

=

pak ak+1 of pa1 ajeccap?
which can be arranged to involve all

xl
af Gk +1

as even-terms. If g is the smallest odd-term in [Xs], then (as in the nonde-
generate case ) the new trial matrix X* is obtained by adding g to the even-terms

of [Xs], subtracting g from the odd-terms, and leaving the other elements of X
unchanged.

7. The initial trial solution. An X that satisfies (4.6) will be called a

trial solution. It would be all right to take the positive values

r; C]'

=

for the initial trial solution X° = Hx? . An alternative is to construct an initial

trial solution that is a forest. It is always possible to do this in integral values.
The following theorem certifies the existence of such an integral trial solution.

The method of proof shows how to construct one.

THEOREM 3. There is a matrix X°= Hx?}ll with integral elements that

satisfies (4.6) and is a forest.

Proof. The theorem is trivial for m = 1. Assume the theorem is true for m and
consider the case m + 1.

Let the notation be chosen so that

Ty 2Ty > eee> ey > 0, and ¢y > ¢y > eee>cp > 0.

If n <m+1, then ¢; > rp4re f n=m+1 then ¢; > rp4; unless c;=rj=2A
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(for all i and j); in this latter case X = A satisfies the conditions of the theo-
rem. Hence, by the induction hypothesis, there is a set of nonnegative integers

x;."]. (¢=1,+.., m) such that

Zx;j=cj_81jrm+1’ Zx?}:rw and X*:Hx;‘jll
]

is a forest. Then X, defined by

0 _ % 0 _
XD = %, me].-_S

1j Tm+1
satisfies (4.6). Now since the (m + 1)st row, with only one positive element,
clearly cannot contribute terms to a positive circuit, X° is also a forest; the

theorem is proved.

To apply this method, in the construction of a trial solution, search for the

smallest r; ~and the largest c; , and then set

x?l =iy
In effect, this deletes the i st row, after cj is replaced by ¢; —r;, and the
process is repeated (with interchanged rows and columns as necessary) until
all x?j have been determined. For automatic machine calculation, the procedure
is easily made unique, for any one starting order of rows and columns, by speci-
fying that the search is first on row-totals when the number of rows is the same
as the number of columns at any stage, and that the row-total or column-total
with the smallest index is chosen whenever at any stage there are several equal
values to choose from. This initial trial solution will be called “‘preferred’” for

identification. ?

THEOREM 4. A trial solution that is a forest of t trees has m + n — t non-

zero elements.

Proof. Observe first that if the trial solution X is a forest of ¢ trees, the

rows and columns of X can be rearranged so that X has the form

2Sometimes, as in this instance, we indicate how to make a unique choice among
possible alternatives at each computational step, but usually do not. It is necessary
to do this in order completely to routinize the computing steps, of course, but the matter
presents no difficulty and we omit it here.
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0 Xy ee-0

DR A B IR

0 0 «..X,

where each X4, is a tree. Consequently, the theorem amounts to proving that an
m X n matrix with no zero rows or columns, which is a tree, has m + n — 1 posi-
tive elements. If m + n = 2, this is obvious, so assume the statement to be true
for all matrices for which m + n =% and consider one for which m+n=1F% + 1.
Since m > n, clearly some row has only one positive element, as otherwise
there would be a positive circuit. Delete this row and apply the induction hypo-
thesis.

In actual cases when m and n are relatively small, or when there is other
reason to believe that an initial trial solution better than the preferred one can
be found by trial and error, it may be better to construct the initial trial solution
in some other way than the one given in the proof of Theorem 3, in order to

reduce the number of steps required in the iterative process.

The methods developed in this paper apply directly for any trial solution that
is a forest, and are readily extended for other cases. It is easy to see that there

must be at least one solution which is a forest.

8. Nondegenerate case. We consider now the case of a trial solution X

which is a tree. Let the positive elements of X be
%ig ja (a=1,«ec,m+n=1)

We shall need the following theorem.

THEOREM 5. If X is a trial tree, the set of equations
(8.1) dij + uj —vj =0 for (i, j) = (ia, ja),
has the general solution

uj = u'+ z, vj = vj*+ <,

where (u], v].*) is a particular solution and z is arbitrary.

Proof. The theorem is apparent for m = 1, and we proceed by induction.
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Suppose the theorem is true for all trial trees of m rows, and let X be an
(m + 1) x n trial tree. Obviously, there must be at least one row of X that has
exactly one nonzero element; we may suppose it to be x,4,, without loss of

generality — also that

=m+1 and j . | =n.

‘m4n-1 1

Since X is a trial tree, the matrix obtained from X by deleting the last row (or,
if m + 1 =n, its transpose) is also. The induction hypothesis implies that the

general solution of (8.1), with the final equation omitted, is of the form

We note next that this final equation becomes

*
m+1

u = (v* - d

m+1 n m+1n)+z=u’

+ z.

The theorem follows easily.

It will be convenient to call the particular solution u;, v; of (8.1) obtained
by setting u, = O the preferred trial solution of the dual problem corresponding

to the trial tree X. As an obvious consequence of Theorem 5, we state:

COROLLARY 5A. If X is a trial tree, then it is a solution of the problem if
and only if the corresponding preferred trial solution (u; vj) of the dual problem

satisfies
dij + u; - 3]' >0
for all i and j.

All that is needed now in order to establish the method for the nondegenerate
case is to show how to construct a new trial matrix X*, if X is not a solution,
such that

2 (x5 = x;.k].)dij > 1.
i, ]
In this case, it follows by Corollary SA that

dkl+uk—vl<0
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for at least one pair (%, [) and, of course, %y, = 0.

THEOREM 6. [f the trial solution X is a tree, and x;; =0, then there is a

unique Il-circuit on X, where I consists of all positive X together with x.

Proof. It suffices to show that the [-graph of X has cyclomatic number
p = 1. By assumption, the positive graph of X has cyclomatic number zero; and
since X must have positive elements x_; and x,, for some a and b, the I-graph
of X has two more arcs, one more vertex, and the same number (one) of con-

nected pieces. Hence p =1, and the proof is complete.

Now arrange this unique [-circuit [ Xg] with x,,; as the second term, and let
g be the minimum of the odd-terms of [X;] in this arrangement. If we subtract
g from the odd-terms, add g to the even terms, and leave the remaining elements
of X unchanged, we get a matrix X* that satisfies (4.6) and is a forest (since

[Xs] is unique).
THEOREM 7. The following relation holds:
Z (x,']' - x;.kj)di]' > 1.
i,
Proof. Let
(XY= Uiy jys %ip jys Bigjps Migja sttt Figjgs %igjy 1s
where
Xiyja = Xk
Then
. *
2 (xij—xij)dii =gldij ~dipj, +diyj, —diyja+eer+digjo —digj)
i ]
=—g(di”-2 +oug - vfz) > 1.
The theorem follows.

If X* is a tree, then the whole process is repeated until at some stage a

trial matrix is obtained that either (i) is a solution, or (ii) is not a solution
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and is a forest of ¢ > 1 trees. We shall now discuss (ii).

9. The degenerate case. Let X be a trial matrix which is a forest of ¢ > 1
trees. As we have seen, we may suppose that the rows and columns of X are
ordered so that

where each submatrix X4 of order mg x ng is a tree. We can apply the methods
of the nondegenerate case to the subproblems corresponding to the submatrices
Xgaa, and either obtain a solution to each subproblem or further decompose the
matrix X; thus we may also assume that each X;, is a solution to its sub-

problem.

By Corollary 5A, we know that
(9.1)  diJ+ul - >0 (a=1,eev, 85 ia=1, 0 ,ma; ja=Leee,ma),

where ug, v, is the preferred trial solution of the dual subproblem corresponding
to the solution X,,, and that

2 vt S B S i
(9.2) dyd+uy =) =0 if x /> 0.
We recall also that the most general values for ufl and ”{1 are given by
=t I =)
ul =u, +z,, vl =vl+z,

where the z, are arbitrary parameters.

It follows from Theorem 2 that X is a solution if and only if there are values

of z, that satisfy inequalities corresponding to (4.7), or in our present notation:
(9.3) débj + uli - vfé) >0 for all a, b, ig, and j, .

But (9.3) has a solution for z, if and only if the following inequalities have a

solution for z,:

(9.4) Pub + %a — %5 20,
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where

Pab = Ao + g = Vhs Pop = min {pab -
l,]

We have proved:

LEMMA A. The matrix X is a solution if and only if there are real numbers
Zq such that

Pab + 24 — 2> 0 (ayb=1,+00,t) .

In order to establish a criterion for the solvability of (9.4), we consider a

special case of the original problem, defined as follows:

dab'—:pab, ra= Cb = 1, a, b=1,"’,t.

We call this the special problem, the corresponding dual the special dual, and
now consider the special combined problem:

;yab =2 V=1 (y,5 > 0),
a

Pap + 2 — Wy 20, Yp(pyp + 2, — wp) = 0.
If we set y,, =3,;, then for this trial solution the conditions reduce to:

Pap + 24— Wy >0 for a £ b,

Since p,, = 0, it follows that z, = w,, and so these conditions are equivalent to
(9.4). Hence, by Theorem 2, (9.4) has a solution if and only if [[5,, || is a

solution of the special problem. Using Lemma A, we now have:

LEMMA B. The matrix X is a solution of the original problem if and only if

the identity matrix is a solution of the special problem.
THEOREM 8. The matrix X is a solution of the problem if and only if

palaz...ah >0 (h=2,3,¢e4,t),
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where (ay, a,, «++, ap) is any permutation of h different positive integers, none

greater than t, and
Payay eevap = Payay T Pagag T Py ag

Proof. By Lemma B, it suffices to show that the condition of the theorem

is equivalent to the statement that || 5, || is a solution of the special problem.

First of all, it is easy to see that at least one solution Y = ||y, || of the
special problem is a forest, and hence has less than 2¢ nonzero elements. That
the elements of Y are all either zero or unity can be seen by induction as fol-
lows. The basis of the induction is obvious, and we consider the case ¢ + 1,
assuming the statement for ¢. There must be at least one element of Y that is
unity, as otherwise Y would have at least 2¢ nonzero elements. We may suppose
that this element is y,, ,, . But then the induction hypothesis implies that each
element y,, (a, b=1, .+, ¢) is zero or one. It follows that there are exactly

t elements of Y that are unity, whence we can write

ZZ Yab Pab = palbl + pa2b2 toees Pa, b,
a

where (@, a, «++ a;) and (b, b, --- b;) are permutations of the first ¢ integers.

Then || 5,, 1] is a solution of the special problem if and only if always
Pay by + Payb, 000 F Po,b, 2 Py ¥y ettt =0,
The proof is completed by noting that this sum can be written as
Payay T Payagt ttPaya 0

with (@, a, +++ ap ) as described in the theorem.

We now need to show how to construct an improved trial solution X* in the
event that X is not a solution. In this case, we know from Theorem 8 that there

is a sum

_i00 _0;0 ~ 90 <0
4 eee + .
pal a, + p¢12 ajz Pay, a,

Let I consist of all positive elements xflja together with all
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.0.0
xr ]
A A+

of X. Then we assert:

THEOREM 9. There is a unique I-circuit on X that can be arranged to in-
volve as even-terms all the
xt 1 .
Qpak+1

Proof. The positive graph of X has m + n — ¢ vertices, m + n — 2t arcs, and

t connected pieces. Also, for each

-0 -0

x
Qg ag+y
there are nonzero elements

xio].x L0
apar’ “Gg+10k+1 "

Hence in passing from the positive graph to the I-graph, A vertices and 24 arcs
are added, and the number of connected pieces is decreased from ¢ to ¢t — A + 1.

Thus the cyclomatic number of the /-graph is
p=(2h+m+n-2t)=(h+m+n—-t)+(t—-h+1)=1,

so there is a unique /-circuit [Xs] on X. Since the graph obtained by omitting
from I any

;00
xt
Ak Ak +1

clearly has no cycle, [ X ] contains all of these.

Evidently [ X ] can be arranged, for example, as

S A o A L S A A A A
ayay’ “aya,’ “aya, >Taya,? Tayaz’?
so that all
.0 .0

X
A Ak +1
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appear as even-terms.

As in the nondegenerate case, let g be the smallest odd-term in [ X5 ] (hence
g > 0), and define a new trial matrix X* by replacing the elements of X that
appear in [ X ] by new ones increased by g for even-terms and decreased by
g for odd-terms; the other elements of X are left unchanged. Again X * satisfies
the conditions for a trial matrix. To complete the discussion of the degenerate

case, it remains only to prove:
TueorEM 10. The following relation holds:
*
2 (xﬁ"xﬁ)du'z-l'
i’j

Proof. Since X and X* differ only on
[Xs1= (xiyjys iy s iy fp s Figja ittt Figjgs Figjy b

then

2 (xif_x:j)dif="g(di1f1 —diyj, tdiyj, —diyjyt e Hdigjo—digfy ).
i, ]

The proof is completed by noting that

di]-=p.~+71-—71,i and Bij=0 if x..>0,

g ] )

so that

2 (xif_x;}')dif T g(palaz"' ah) 2 1.
l’]
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