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ORTHONORMAL CYCLIC GROUPS

PauL CivIN

In an earlier paper [1] a characterization was given of the Walsh functions
in terms of their group structure and orthogonality. The object of the present

note is to present a similar result concerning the complex exponentials.

TuEOREM. Let { Ap(x)} (n=0,%1,.0¢;0<x < 1) bea set of complex-
valued measurable functions which is a multiplicative cyclic group. A neces-
sary and sufficient condition that {A,(x)} be an orthonormal system over
0 <x <1 is that the generator of the group admit a representation exp (2mi c(x))

almost everywhere, with ¢ (x) equimeasurable with x.

As the sufficiency is immediate, we present only the proof of the necessity.

Let the notation be chosen so that the generator of the group is 4,(x), and
Ap(x) = (A (x))" (n=0, £1,+..).

The normality implies | 4;(x)| = 1 almost everywhere. Hence there is a measur-
able a(x), 0 < a(x) < 1, such that

Ai(x) = exp(2ria(x))

almost everywhere, Let b(x) be a function {2, p.207] monotonically increasing

and equimeasurable with a (x). Also let

c{x)=mlu:0<u <1, b(u) <x} (~x <x <)

The orthonormal condition becomes

So,n = ./0'l exp(27ni b(x))dx =f°o exp (2mniy) de (y),

- 00

where the latter integral is a Lebesgue-Stieltjes integral, Thus for any € > 0,
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482 PAUL CIVIN

b(1)
So,n =fb( exp (2mniy) de (v)

0)-¢

=f:((1)) exp (27niy) de(y) + exp(2ani b(0)) mix:b(x)=5(0)},
0

and the latter integral is interpretable as a Riemann-Stieltjes integral.

Integration by parts yields
b(1)
(1) 8o,n=exp(2mni b(l))—ani'/;( ) c(y)exp(2nniy)dy.
0
If f(y)=y, 0<y <1, and f(y+1)=f(y), a direct calculation shows that
1
(2) 80,n=exp(21mi b(l))-Zﬂni/ fly —=b(1)) exp(2mniy)dy.
0

Formulas (1) and (2), and the completeness of the complex exponentials,

imply the existence of a constant k such that for almost all y, 0 <y <1,

0, 0<y<b(0)
fly=b(1))+k={ c(y), b(0) <y < b(1)
0, b(1) <y <1.

Since the supremum of c(y) is one, and f (y) has no interval of constancy,
one infers that k=0, 5(0) =0, and 6(1) = 1. Thus c¢(y) =1y, 0 < y < 1, which

is equivalent to the proposition that was asserted.
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THE RATE OF INCREASE OF REAL CONTINUOUS SOLUTIONS OF
ALGEBRAIC DIFFERENTIAL-DIFFERENCE EQUATIONS
OF THE FIRST ORDER

K. L. CookE

1. Introduction. It is the purpose of this paper to prove several theorems
describing the rate of increase, as t — + o, of real solutions of algebraic dif-

ferential-difference equations of the form
(1) Pl,u(e), (), ule+1),u”(t+1))=0,

In this equation, and throughout this paper, P (¢, u,v,+-+) denotes a polynomial
in the variables ¢,u,v,+++, with real coefficients, and a prime denotes dif-
ferentiation with respect to i In order to explain the significance and limita-
tions of these theorems, it is first necessary to summarize the work, by other

investigators, which suggested the present discussion.

In 1899, E. Borel, [ 1], published a memoir in which he studied the magni-
tude of solutions of algebraic differential equations. His result, as later im-

proved by E. Lindelsf, [4], is quoted here for reference:

Let u(t) be a real function which is defined and which has a continuous
first derivative for all t larger than to, and which satisfies the first order alge-

braic differential equation
(2) Pltu(e),u’(£))=0
for t > to. Then there is a positive number k, which depends only on P, such

that

Iu(z)| < exp (tk/k)
for t > to.

It is noteworthy that it is impossible to prove a result of the above type for
higher order equations. For a discussion of this point, refer to Vijayaraghavan,

{71
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484 K. L. COOKE

Extensions of the Borel-Lindelsf method to difference equations have already
been effected by Lancaster, [ 3], and Shah, [ 5] and [6]. Shah demonstrated
that no theorem comparable to that of Borel and Lindelsf can be obtained for

the class of algebraic difference equations of the form
(3) P(tyut), ule+1))=0.

For, let g(¢) be an arbitrary increasing function which becomes indefinitely
large as ¢t —> + . Shah proved that it is possible to construct an equation of
the type (3) with a real solution u(¢) which exists and is continuous for ¢ > ¢,
and which exceeds g(¢) at each point of a sequence {¢,} such that ¢, — +
as n—> . Lhe situation with respect to higher order equations is similar.
Shah did, however, obtain the following weaker results concerning the possible

rate of growth of solutions of (3):

There exists a positive number A, which depends only on the polynomial P,
with the following property: if u(t) is, for all t > to, a real continuous solution

of (3), then there is no number T such that®
lu(e)] > e (AL forallt > T,

That is, for each such solution u(t) there is a sequence ty, ta,+++ (t, — + @

as n —» ) such that

(4) lu(e)] < ep(A4e)

for t=ty, ta,ees. If u(t) is a real, continuous, monotonic solution of (3) for
t > to, then there exists a number T > to such that (4) holds for all t > T

We shall now turn to a discussion of the class of differential-difference

equations of the form (1). We first make the following definition.

DEFINITION. A real function u(t) will be said to be a proper solution of
a differential-difference equation (1) if there exists a number ¢, such that u ()
exists and is a solution of (1) for all ¢ > t;, and such that u(z) has a con-

tinuous first derivative for t > to.

In view of Shah’s results on difference equations, it is not to be expected

that a theorem analogous to the Borel-Lindelsf theorem should hold for first

1We here employ the notation e,(x )= exp (e*) which was adopted by G. H. Hardy,

[2].
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order differential-difference equations. However, it might be expected that a
result like that of Shah could be obtained for equations of the class (1). This

is not the case, as is shown by the following theorem.

THEOREM 1. Let g(t) be an arbitrary increasing function which becomes
indefinitely large as t —>+ . It is possible to construct an algebraic dif-

ferential-difference equation of the form

(1) PCtyu(e), w (e), ule+1),u’(t+1))=0

which has a proper solution u(t) which exceeds g(t) for all t. This statement

remains valid if equation (1) is replaced by the equation
(5) Ptyu(e), u(t),u’(t+1))=0.

Proof. We shall prove this theorem at once by constructing a suitable ex-
ample. Define a function u(¢) as follows. Let u(t)=g(n+2)+1 in the in-
terval [n,n + 1], for n=0,2,4,.... In the intervals [n,n + 11, where n =1, 3,
5,+++, let u(t) be any continuous, non-decreasing function which has a con-

tinuous first derivative, and for which
u(n)=gln+1)+1, uln+ D=gn+3)+ L u"(n)=u’(n+1)=0.

It is clear that the function so defined satisfies the equation
(6) W (Du’(t+1)=0

for all ¢ > 0. Furthermore, u(t) is non-decreasing for all ¢ and u(?) > glt)
for t > 0. Since equation (6) is in the class of equations of the form (1), and

in the class of equations of the form (5), the proof of Theorem 1 is complete.

This theorem is in sharp contrast to those for algebraic differential or dif-
ference equations. It shows that no bound at all can be placed on the rate of
growth of solutions of differential-difference equations of the form (1). The

same difficulty intrudes even if we speak only of monotone solutions.

It is, however, possible to obtain useful bounds on the rate of growth of
solutions of less general classes of differential-difference equations. We ob-
serve first of all that, according to Theorem 1, no results like those of Borel
or Shah can be obtained for the class of equations of the form (5). We shall,

however, prove analogous results for equations of the following types:

(7) Pleu(t),u’(t+1))=0
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(8) P(tyu(t), u” (¢), ule+ 1))=0
(9) PCeu’(t), ule +1))=0.

Even for such equations it is not possible to establish a theorem like the Borel-
Lindelsf theorem. This may be seen from the following simple counterexample.
et g(¢) be an arbitrary real, continuous, increasing function which becomes
indefinitely large as t — + 0. Let m be any non-negative integer. Let u(¢) = ¢™
for ¢ in the intervals [2n,2n + 1], n=0,1,2,.... For ¢ in the intervals (2n + 1,
2n+2),n=0,1,2,..., let u(¢) be defined in any convenient fashion for which
u’(t) is continuous and u(2n + 3/2) > g(2n + 3/2). This function u(t) ex-
ceeds g(¢) for arbitrarily large values of ¢, and satisfies each of the following

equations for all ¢ > 0:
(10) {u'(t+1)—m(t+1)m_1}{u(t)—tm§=0

(11) luCe+ D)=+ D™ [ () =mt™ =0,

Note that {10) is an equation in the class (7) and equation (11) is in the
class (8) and (9). Furthermore, all the above remarks are correct for m = 0,
in which case (10) and (11) are equations with constant coefficients. The

following theorem has therefore been proved.

THEOREM 2. Let g(t) be an arbitrary increasing function which becomes
indefinitely large as t — + . It is possible to construct a first order algebraic

differential-difference equation of the form
(7) Pltu(e),u’(t+1))=0

with a proper solution u(t) which exceeds g(t) at each point of a sequence
{ta} for which t,—> +«© as n —>w. The statement remains true if (7) is

replaced by equation (8) or equation (9), or by one of the equations
(12) Plu(e),u’(t+1))=0

(13) P(u(t),u(t+1))=0.

Although we cannot establish theorems of the Borel-Lindelsf type for the
classes of equations mentioned above, we have proved several results analogous
to those of Shah. These results are stated in Theorems 3, 5, and 6 of § 3 below.
Moreover, in Theorem 4, stated below, we have proved a theorem of the Borel-

Lindelsf type for a certain subclass of equations of the type (7). No theorems
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are given in this paper for equations with higher order derivatives or differences,
since results like those mentioned above can be obtained only for rather special

classes of such equations.

2. Lemmas. In this section, we shall prove several lemmas which will be

required in proving the theorems of <3,

LEMMA 1, Suppose that u(t) is, for all t > to, a positive function with a
continuous first derivative. Let .1 and B be two positive numbers for which
R < el Let C be an arbitrary non-negative number. Suppose that there is a
sequence { 7, } for which T, — + © as n — @ and for which u(7,) > es(A1,).

Then there exists a sequence {t,} for which t, — + w as n —> o and for which
’ C B
u (tn+1)>tn ult,)®.

Proof. Assume that u(¢) is a positive function with a continuous first

derivative, and that
(14) u'(l+1)§lcu(t)8

for all ¢+ > T. We shall prove that as a consequence there is a number T, such
that

(15) u(t) < ey (At)

for t > T,. This will prove I.emma 1. We divide the proof of (15) into two cases.

Case 1. We assume that B > 1. We may, of course, suppose that T is as

large as is convenient; choose T so large that
(16) B"'log T > j-1 (j=1,2,3,...).

This is certainly true for j sufficiently large if log 7 > 0, and by choosing T

large enough we can ensure that it is true for all j. Then for j=1,2,3,...,

-1 -1 .
(17) T s oTBT S Tt s T
Having chosen 7, define

M= max u(t), M =max (M’, 1).
T<t< T+H1

We shall now prove by induction that
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n .
(18) u(e) <MB" T (74 pieros™

j=0
for T+n<t<T+n+1(n=0,1,2,...). This is evident for n = 0. Suppose
that (18) has been proved for n =&k — 1 (k£ > 1), Then by (18) and (14)
L (c+1)Bki
w e+ 1) < (T+k)UB T (14 ) CrDB
j=0

for T+ k-1 <¢ < T+Fk Upon observing that the right hand side of inequality

(18) is an increasing function of n, and employing (14) again, we get

T+k-1
u(T+k)<_u(T+1)+/T w’(t+1)de

k-1

k fei
<M+ (T+R)C(h=-1)UB H(T+j)(c+1)3 ]

j=o

kk-l ( b
AT+ W) AT+ k=DUE [T (74 LB,

j=o

On integrating the first inequality under (18) from T+ %k ~ 1 to ¢, where ¢t < T + £,

and combining with the inequality just derived, we obtain

k-1 .
k k=~

w(e+1) <e(T+k)HB T] (T+ctVB D Tik-1<e<THR).
j=0

Replacing ¢ by T + & in the right member of the above inequality, we see that
(18) is valid for n = k. This completes the inductive proof of (18).

We now employ (17). (18) takes the form

u(,:)S[M(27)("“)(0“)]3”:e2 [nlog B +log{(1+aXC+1)log(2T) + log M}]

for T+n <t <T+n+1l Let R=max (2T, M). Then

u(t) < eylnlog B +log (nC+n+C+2)+loglogR]

for T+n <t <T+n+l Since log B < A by hypothesis, (15) follows.
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Case 2, We now assume that B < 1, Using the same method as in Case 1,

we can easily prove by induction that

(19) w(e) <M [T+

j=o

for T+n <t <T+n+1(n=0,1,2,...). Hence
wl(e) < M(T 4 p)(mr0er) ¢ lerne-Ten

for T+n <t <T+n+1 (15) follows at once. This completes the proof of

l.emma 1.

LemMa 2. Suppose that u(t) is, for all t > to, a positive non-decreasing
function with a continuous first derivative, and that u(t) > e,(At) for t > tq.
Let B and C be any non-negative numbers for which B + C < e”, and let D be
any non-negative number. Then, given any positive number €, there exists a

sequence tyy by, +++ (t, — + @ as n —y o ) such that

(20) ulty +1) > uley)Bus ()¢

(n=1,2,...).

() Pule) <ut () <uley)

Proof. We divide the proof into two cases.

Case 1. Suppose that u’(¢) > tPu(s) for all sufficiently large ¢, say for
t > to. It will be sufficient to prove the lemma for values of € so small that
(B+ C)(1+¢€) < e Let € be any such number, and let o= (B + C)(1 4 ¢).

Borel, [ 1], proved that if a function u(t) is, for all ¢ > ¢, a positive, non-
decreasing function with a continuous first derivative, then, given any positive
number €, u’(¢) > u(£)' € at most on a set of intervals the sum of whose
lengths is a finite number (which depends on €). This result will hereafter be

referred to as Borel’s [.emma.

If u(t) satisfies the hypotheses of I.emma 2, then by Borel’s Lemma there
is a number T > ty such that 4" () < u(t)' for all ¢ > T, except for ¢ be-
longing to a set E of intervals of total length less than 1/2. We can now choose
a number 7 > T such that no point of the sequence 7, 7+ 1, 7+ 2,..., belongs

to E. It follows that (21) holds for eect point ¢, = 7+ n. We shall now show
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that (20) holds at the points of an infinite subsequence of the sequence { 7+ n}.

If this is not true, there is an integer N such that

wlr+n+1) <ulren)Bu (r4n)€ foralln > N.

This implies that

ulr7+n+1) <ul7+n) forn > N.
It follows that

u(7+N+m) <eylmlog « +loglogu(r+N)I]

for m=1,2,3,.... Since log & < 4, this contradicts the hypothesis that
ult) > ey(At) for t > to. It follows that there is an infinite subsequence of

the sequence {7+ n} at which (20) is valid. This completes the proof in Case

1.

Case 2. The alternative to the supposition of Case 1 is that u*(¢) < tPu(2)
for arbitrarily large values of z. We define o as in Case 1, and again suppose
€ so small that log & < A. From the fact that u(¢) > ey(As) it follows that
u”(¢) > tPu(t) for arbitrarily large . By continuity of u(¢) and 1’ (), u”(¢) <
tPu(t) in open intervals, and u’(¢) > t”u(t) in closed intervals. Let the

open intervals be
(al, by )v (a2,b2),"'v (anzbn)a s
(a; > to) and let the closed intervals be

[bl,az], [b2,a3],---,[bn,anﬂ],-o-.
Note that a, — + o and b, — + «c, and that
(22) u'(an)-—-anDu(an) and u'(bn)=b£u(bn).

By Borel’s Lemma, u”(t) < w(e)'te for all ¢ except for ¢t in a set £ of
open intervals of finite total length. Let £, be the subset of E contained in
[b,,an+1] and let L, be the sum of the lengths of the intervals of E,. Then
lim L, =0 as n — w. We shall prove that there are arbitrarily large values of

n for which there is at least one point ¢, in the interval [b,,a,+1] such that

u(tn+ 1) > u(tn)Bu'(tn)C
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and such that ¢, is not in £,. The proof will be by contradiction. Assume the

contrary. Then there is a positive integer N such that, for every n > N,

(23) w(e+1) <ul)Bur ()€

for all ¢ which are in [ b, a,+, ] but not in E,,.

First we suppose that 0 < ¢ < 1. Since u(t) > e,(At), we may select
an integer p > N such that

u(bn)€>br? foralln > p.

Equations (22) therefore imply that

u(b,t)1+5> u’ (b,) foralln > p.

Hence b, is not in £, if n > p. Consequently (23) implies that
wlbp+1) < u(by)Pur(b,)¢ <ulby)® < ulby).

But u(t) is non-decreasing. Thus we have reached a contradiction, and (23)

cannot be true if 0 < o < 1.

Suppose, then, that & > 1. Just as before, we may select an integer p > N
such that b, is not in £, for n > p. We also choose p so large that L, < 1 for

n > p and so large that

D+1)¢P ;
(24) max (—+-—)§—-<CA

L> b, ot log «

b log u(bp).

This is possible because the right-hand member becomes indefinitely large as
p—+c, since u(t) > e,(Ar) and 4 > log o, and because the maximum in
the left member is finite. Define ¢, = b,. We shall now employ an inductive

method to establish the existence of a sequence ¢p, cp+1, cp+a,ee+, for which

Ch+i-C +28j
p P log u(cp)

(25) log u(cpﬁ) <«
(i=0,1,2,...), where the summation is over all j > p for which bj < Cp+i-1s
and where the 5]~ are defined below. In the first place, it is clear that (25) is
true for i = 0. Suppose that we have established the existence of points cp+y,

cptaset ey Cpti-1 (k> 1) for which (25) holds. There are now two possibilities:
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(a) One possibility is that the point ¢cp+k-1 lies in an interval [bq, aq+1]
for some value of g. If this is so, cp+4.; may lie in £, or it may not. Let €, ,
be the smallest non-negative number such that Cpth-1— €g,1 1S in [bq, aq+1]

but not in Eq. Such a number exists, since bg is not in L. Then, by (23),
B C
U(Cp+k-1 + 1~ eq’l) < u(cp+k-1 - Eq,l) u'(cp+k-1 - Eq,l) .
By Borel’s Lemma and the fact that u(¢) is non-decreasing, this gives rise to

u(cp+k-1 +1- eq’l) < u(cp+k-1)a.

Since €g,1 < Lg <1, the points cp+4.1 and cp4g.1 + 1~ €4, 1 cannot lie in the
same interval of Eg. If cp+p1+ 1~ €51 > ag+y, we define cpvp=cpep-r +
1 - €4,1. If not, we proceed as follows. Let €; , be the smallest non-negative
number such that cpti-1+ 1~ €g 1~ €42 15 in [bq,(lqﬂ] but not in £ 4. Using
(23) again, we find that

u(cp+k-1+ 2—6q’1— €q,2) < u(cp+k_1 +1- €g,1 - Eq’g)a
and therefore that
log ulepsp1 + 2= €4 1= €4,2) < «? log uleptp.a).

We continue in this manner, obtaining a sequence of points

Cptk-1s Cp+h-1 + 1- €q,19 Cpt+h-1 +2- €g,1— €g,25 °*°

no two of which can lie in the same interval of Eq. Let
Cpthat +T—€g 1 =22~ Eqr

be the first point in this sequence which is larger than ag+; such a point must

.exist since

b =€g,1+ €Egat et Eqyr SLq < 1.

q
Define
Cp+k=cp+k-l +r- 5q,l — s — Eq,r'

Then
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Cp+k-Cp+i-1 18

log u(ep+) < o logulcpepay) = “log ulepp-1).

Combining this result with (25) for i = £ — 1, we find that (25) holds for ; = £,

with the choice of ¢}, +; made above.

(b) The alternative to (a) is that cp+k-1 lies in an interval (aq, bq) for
some value of g. (In this case k > 2, since cp =bp.) Now u”(2) < P u(e)

for all ¢ in this interval. Hence, by integration,

o +

(26) u(bq)<u(cp+k_1)exp(bé) 1__c£++k1-1).
In this case, we define Cp+k = bg- We shall now show that, with this choice
of cp+i, (25) is satisfied for i = /. From the extended theorem of the mean and

the inequality (24) we can deduce

D+1 D+1 Cptk Cptkel -Cp

Coth -—cp+k_1<(O( - U ) 10gu(cp).
This inequality will still be true if, in the right member, we place the additional
factor

25,

o 7,

where the summation is over all j > p for which b; < ¢p+4.2. Using this result,

(26), and (25) for i = k — 1, we obtain

+1  _D+1

D Cpt+f-C +Z
logu(cp+k)<cp+k ~up+k_1+logu(cp+k_1) <oP p

% log u(ep).

The inequality (25) for i = £ is an immediate consequence.

This completes the proof that there is a sequence of points cp+; for which
(25) is valid. It is clear that ¢,
8; (j=1,2,.+.) is no greater than the sum L of the lengths of all the intervals
of £,

+;—>+ o as i — . Since the sum of the

trep L log ulcp) = expl(s~cp+ L)log « + log log ulcy)l

log u(t) <
for t = cp4; (i{=0,1,2,...). Since log & < 4, it is a consequence of the above
inequality that there is a positive integer / such that log u(¢) < exp (4¢) for
L= cp+i (i > I). This contradicts the hypothesis of Lemma 2. Therefore (23)
cannot be true if o > 1. Hence, no matter what the value of «, there are arbi-

trarily large values of n for which there is at least one point ¢, in the interval
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[b,, an+1] such that

ult, +1) > u(ty)Bu (6)€,

and such that ¢, is not in E,. Since ¢, is not in £,, u’(t,) < u(ty)' "€ for
each such ¢,. Since ¢, lies in [b,, ay+;], we have u”(z,) > t,?u(tn). This

completes the proof of the lemma.

LEMMA 3. Suppose that u(t) is, for all t > to, a positive funciion with a
continuous first derivative, and that u(t) > ey(At) for all t > to. Let C be
any non-negative number less than e”. Then there is a sequence ty, tysess

(¢, — + 0 as n — ) such that

w(t, +1) > u” ()€, u’(ty) > ™.

Proof. First we suppose that there is a number T > ¢, such that u*(z) > e’

for ¢ > T. Then u(t) is non-decreasing for ¢ > 7, and the result follows at

once from Lemma 2.

On the other hand, suppose that u”(t) < e’ for arbitrarily large values of ¢.
Since u(t) > ey(At), u’(t) > e’ for arbitrarily large values of ¢ Therefore
there is a sequence of numbers ¢y, t5,+++ (£, — + © as n —» ) such that

u’(t,) = exp (¢, ). There exists a positive integer N such that

w(tn +1) > eafAd(ty+ 1)} > (™) = u(2)€

for n > N. This completes the proof of Lemma 3.

3. Theorems. We can now state and prove the theorems alluded to in the

last paragraph of the introduction. The first of these is the following.
THEOREM 3. Consider any equation of the form
(7) P(tyu(t),u’(t+1))=0.

There exists a positive number A, which depends only on the polynomial P,
with the following property: to each proper solution u(t) of (7) there corre-
sponds a sequence ty, ty, +++ (t, — + 0 as n —» ®) such that

(4) Iu(t)[ < ey(At)

fort=1t, (n=1,2,3,.++). That is, if u(t) is a proper solution of.(7) then there
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is no number T > O for which |u(t)| > ey(At) forall t > T.
Proof. Equation (7) may be written in the form

K

1 J
o) ST Tty

i=0 j=0 k=0

where
Tijk =ai]~ktiu(t)ju'(t + 1)k.

The a;j, are real numbers independent of ¢t. Among the terms 7;;; there is one

term 7,4 selected in the following way:
(1) Choose r = K.
(2) Choose g to be the greatest of the values of j among all the terms T;, .
(3) Choose p to be the greatest of the values of ; among all the terms Tigr-
The term T4, so defined will be called the principal term.

Except for constant factors, the ratios T;j;/T,4, are of the following three
possible types (excluding the ratio Tpgr/Tpqr):

r ry \r-k
t Ou(t) !

(a) u'(t+1)

where ry, and r; are rational numbers and r > £.

;2 q-j
(b) (D)

where r, is a rational number and ¢ > ;.

(¢) ¢iP

where p > i. Let R be the least non-negative number which is greater than or
equal to the maximum value of r; for all ratios of type (a). Let A4 be any posi-
tive number such that e” > R.

Now suppose that u(¢) is a proper solution of (7) and that u(t) > e,(4¢)
for ¢t > T. Choose B so that R < B < e, It follows from Lemma 1 that there
exists a sequence { t,} for which ¢, — + © as n — 0 and for which u” (¢, +1)>

u(t,)B. For each value t=1t,, the function u(¢) satisfies not only equation
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(7), but also the equation

IJ K T,
(28) PIDISY

i=0 j=0 k=0

=0,

3

3

q

Since u(¢) > e,(A4¢), all ratios of types (b) or (c¢) approach zero as t, — + w.
Each ratio of type (a) is bounded by

trou(t)R r-k
u(t)B

when ¢ = ¢, for appropriate values of ry and k. Since B > R and r > k, each
such ratio approaches zero on the sequence {¢,}. It now follows that we may
find a positive integer N such that the sum of all ratios Tijk/qur is less than
one in absolute value when ¢ =ty, whereas T,q,/Tpor = 1. Thus (28) camnot
be satisfied at the point ty. This contradiction shows that a proper solution
u(t) of (7) cannot satisfy u(¢) > e (At) forall ¢ > T.

Moreover, a proper solution u(¢) of (7) cannot satisfy u(t) < — e,(At)
for all ¢ > T. For if it could, the function U(t) =~ u(t) would satisfy U(¢) >
e,(At) for ¢t > T and would be a proper solution of an equation of the type (7).
We have just shown that this is impossible. Since a proper solution is con-

tinuous, this completes the proof of Theorem 3.

The following theorem gives a much stronger result than does Theorem 3,

but for a smaller class of equations.

THEOREM 4. Let u(t) be a non-decreasing or non-increasing proper solution

of an equation of the form

I
(29) Z aiLKtiu(t)Lu'(t+1)K+ Zaijktiu(t)ju’(t+ 1)k=0,
=0 Lk

wherein the a;j are constants and the latter summation is a triple summation
over the ranges i=0,1,¢00,l; j=0,1,000,J; k=0,1,¢¢¢,K-1. (L may be
greater than [, equal to J, or less than J.) Then there exists a number A > 0,
which depends only on the form of (29), and there exists a number T > 0, which
depends on (29) and on u(t), such that

(4) lu(t)| < ey(At)
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forallt > T.

Proof. The method used in the proof of Theorem 3 for selecting the principal
term T,,, leads to the choice p =1, ¢ = L, r = K for the equation (29). Except
for constant factors, the ratios T;j4/Tyq, are of the following two possible types

(excluding the ratio qu,/qu,):

K-k
t"o u(t )rl.

(a) -
uw' (t+1)

where ry and r; are rational and K > £.
(b) g

where [ > j. Define R, A, and B as in the proof of Theorem 3. Let C be any
positive number for which C/2 is larger than the maximum value of ry for all

ratios of type (a).

Now suppose that u(¢) is a proper, non-decreasing solution of (29) for
which u(¢) > e, (4t) for a sequence { 7,,} of values of ¢ for which 7, — + « as
n— w. It follows from Lemma 1 that there exists a sequence {t,} for which
tp—> + oo and for which »” (¢, +1) > Lf
function u(¢) satisfies not only equation (29), but also the equation (28) ob-

tained by dividing by the principal term. But for ¢ =t¢, all ratios of type (b)

u(t,)B. For each value t=1t,, the

approach zero as n —» . Each ratio of type (a) is bounded by

tC/zu(t)R K-k
tCu(t)B

Since B > R and K > k, and since u(t,) — +w as ¢, — + ©, each such
ratio approaches zero. We thus obtain the same contradiction as in the proof of
Theorem 3. No such solution u(z) can exist. Therefore to each proper non-
decreasing solution u (¢) there corresponds a T > 0 such that [u(¢)| < e;(4¢)
forall ¢t > T,

If a proper, non-increasing solution u(¢) exists for which u(t) < —ey(At)
fort=7,(n=1,2,...), where 7, — + © as n — w, we define U(t) =—ul(t),
and obtain the same contradiction. Therefore to each proper, non-increasing
solution u(¢) there corresponds a T > 0 such that |u(2)| < ey(4¢) for all
t > T. This completes the proof of Theorem 4.

Our next theorem is as follows.
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THEOREM 5. Consider any equation of the form

(8) Pltyu(t)yu’ (t)yult+1))=0

There exists a positive number A, which depends only on the polynomial P,
with the following property: to each proper non-decreasing or non-increasing
solution u(t) of (8) there corresponds a sequence ty, tyy+++ (t, —+ ® as
n — w) such that

(4) lue)] < ex(As)

for t =tn, (n=1,2,.+.). That is, if u(t) is any proper non-decreasing or non-
increasing solution of (8), there is no number T > O for which |u(t)| > e,(At)
forall t > 1.

Proof, Equation (8) may be written in the form

H I J K
22 2 2 Thijp=0
h=0 =0 j=0 k=0

where
Toiir =aripth (£)Yu () k
hijk = apijpt u(e) u” (¢ ule+ 1",

The ap;j are real numbers independent of . We select a principal term T}, 4,5 in
the following way. Let S be the set of all terms Tj;j;. Let S; be the subset of
S consisting of those terms for which 4 = K. Let M, be the maximum value of
i +j for all terms in S;. Let S, be the set consisting of those terms of S; for
which i+ j=M,. Let M, be the maximum value of j for all terms in S,. Let
S; be the set containing those terms of S, for which j=M,;. Let M3 be the
maximum value of 4 for all terms in S;. There is a unique term in S3 for which
h =Mz, This term will be called the principal term. We shall use the symbol
Thqrs for it.

Except for constant factors, the ratios Thij5/Tpqrs are of the following
possible types (excluding the ratio qus/ pqrs)

-k
FOu() ur ()2 °

ule+1)

(a)

where rg, 11, and r, are rational numbers and s > £.
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(b) PPy ()9 7 ()T

where g +r > i + j. Since i, j, g, and r are integers, terms of type (b) fall into

one of the following two sub-classes.

PPy ()™

u'(t)m+n

(1)

where m is an integer, h — p is an integer, n is a positive integer, and m + n is

a non-negative integer.

h-p ¢ m r3s o, m
(2) t u’(t) _ t3u’(t)

where m and n are positive integers, A — p is an integer, r3 is a rational number,

and r4 is a positive rational number.

trsu(t) rj
u'(t)

(c)

where rs is a rational number and r > j.

(d) ghp

where p > A,

Let Ro be the maximum value of rq for all ratios of type (a). Let R{ be the
maximum value of r; for all ratios of type (a), and let Ry =max (0,R]). Let
R; be the maximum value of r, for all ratios of type (a), and let R, = max
(O,R;). Let A be any number such that e > R, +R,. Select any numbers B
and C for which B > Ry, C > Ry, and B + C < e, Let R; be the maximum
value of r3 and let M be the maximum value of m for all ratios of type (b2). Let
R, be the minimum value of r, for all ratios of type (b2). Let € be any positive
number less than R,/2. Let R be the maximum value of rs for all ratios of
type (c), and let Rs = max (0, R ). Select any number D for which D > Rs.

Now assume that there exists a proper, non-decreasing solution n(¢) of (8)
for which u(¢) > e,(At) for all ¢ > ty. By Lemma 2 there exists a sequence
{¢,} such that (20) and (21) are satisfied. For each value ¢ = ¢,, u(t) satisfies

not only equation (8), but also the equation
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H ! I K Thi]k
EEX Y —-o.
h=0 =0 j=0 k=0 pars

Now since u(t¢) > e,(At) and u”(¢) > tPu(¢) when ¢t =¢,, all ratios of types
(bl), (c), and (d) approach zero as t, — + w. Also, each ratio of type (a)
is, according to (20), bounded by

ltROu(t)R‘u’(t)Rle'k

w()Bus ()€

when ¢ = t,; and each ratio of type (b2) is, according to (21), bounded by

SO . (o) ¥
u(p)tt2e w (ule)f
when t=t,. Since B > R and C > R,, all these ratios tend to zero as t,—>+co.

This conclusion yields a contradiction, just as in the proofs of the earlier

theorems. Therefore no such solution u(¢) can exist.

The assumption that a proper, non-increasing solution u(¢) satisfies u(t) <
—ey(At) for all ¢t > to may be shown to lead to a contradiction by defining
U(e)=-ule).

The conclusion stated in Theorem 5 follows.

Our final theorem is the following.
THEOREM 6. Consider any equation of the form
(9) P(gu’ (), u(t+1))=0.

There exists a positive number A, which depends only on the polynomial P, with
the following property: to each proper solution u(t) of (9) there corresponds a
sequence ty, tyy+++ (t, — + ® as n — w) such that

(4) lu(e)} < ey(At)

for t=t, (n=1,2,++2). That is, if u(t) is any proper solution of (9), there is
no positive number T for which |u(t)| > ey(At) forall ¢t > T.

Proof. Equation (9) may be written in the form (27), where

Tk = agjpt’u’ (M ue+ 1)E,
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The principal term qu, is selected as follows:
(1) r=K;
(2) g is the greatest of the values of j among all terms Tijrs
(3) p is the greatest of the values of i among all terms Tigr

By using Lemma 3, the proof of Theorem 6 may now be completed in much the

same way as before. We omit the details.
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LINEAR FUNCTIONAL EQUATIONS AND INTERPOLATION SERIES

PriLip Davis

1. Introduction. The question of obtaining complete sets of solutions for a
given linear partial differential equation is of the greatest interest from the
theoretical as well as from the computational point of view. For constructing
such sets, several methods of considerable generality have been proposed.
Thus, for instance, Bergman [ 3] has introduced an integral operator which pro-
vides a means for the generation of complete sets when the differential equation
is of the second or the fourth order. Extensions may be made to higher orders.
By means of Bergman’s operator, the space of analytic functigns of a single
complex variable is mapped upon the space of solutions of the given differential
equation, and the process yields a generalization of the operator Re in the case

of harmonic functions.

Complete sets of solutions may also be found by a method which is analo-
gous to Runge’s method of approximation in the theory of analytic functions. A
description of this may be found in [6, p.282]. This scheme has the practical
drawback of requiring a knowledge of a fundamental singularity for the differ-
ential equation, a function which is known explicitly for but few differential

equations.

In the present paper, we adopt a different point of view and study possible
representations of solutions of linear functional equations of a certain class,
and the generation of complete sets of such solutions by means of generalized

interpolation series, By this is meant a biorthogonal series of ‘the form

(1) f~ 2 Llf),; Lm(b,)=8,, .

n=o0

Here { L,,} is a sequence of linear functionals., When each L, is a point or a
linear differential operator, then the series (1) reduces to a classical inter-
polation series. Our method is, essentially, to reduce the problem of the solution
of the linear functional equation to a problem involving a denumerable infinity
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of interpolatory conditions. An interpolatory procedure then yields an operator
which may be cast into integral form, and which maps an appropriate space of

functions onto a subspace of solutions.

In order to carry out this method with ease, it is convenient to deal with
Hilbert spaces H of functions, H being supposed to possess a reproducing
kernel [cf. 5, 1], to restrict our basic functional equations to those possessing
certain boundedness properties with respect to H, and to consider only solu-
tions which lie in /. These assumptions will cause no difficulty in many in-
stances where the existence and regularity of solutions may be known before-
hand from independent considerations. Our work, therefore, falls mainly within

the region of representation theory.

It is our principal aim to construct interpolation series which converge in
preassigned regions to solutions of linear functional equations, and, by way of
corollary, to construct complete systems of solutions. This is carried out in
€§2-4. In $¢5 and 6 we discuss some related topics, while in the final sec-
tions we take up the problem of systems of equations. The work is applicable
to linear differential equations, both ordinary and partial, in an arbitrary number

of variables, or of systems of such equations.

2. Reduction to an interpolatory problem. For the sake of definiteness,
but realizing that restrictions other than the ones about to be set forth may
prove useful in other circumstances, we shall deal with n complex variables

zj=x].+iyj (j=1""’”)’
and shall designate by B a fixed 2n-dimensional region in the space Z=(z,---,
z,) of the n complex variables. We shall designate by L?(B) the class of
functions f which are single-valued analytic functions of z, are regular in B,

and are such that

(2) Hf”2= _/1; lflz do < «; do=dxy <=« dx, dy; ++- dy,.

It may sometimes prove expedient to introduce a weight function in (2). By L,
we shall designate a fixed linear operator defined on L?(B) and with the
property that L(f), f € L?(B), is regular analytic in B. Additional conditions
on L will be required below. We shall be concerned with representations of

solutions of class L?(B) of the functional equation

(3) L(f)=o0.
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A principal application will be the case in which L is a partial differential

operator of the kth order:

okf
W L(H= X o —— e,
i . . 15025 s ‘n 11 19 in
L1+12 +'-°+Ln=k aZl 822 ---azn

where the + ... in (4) indicates the presence of partial derivatives of order
< ko I now all the coefficients in (4) are regular in B, then so also will L (f)
be regular in B. It is to be remarked that the case n =1 which leads in (4) to
an ordinary differential equation is not excluded.

et {L,} (n=0,1...) be a sequence of linear functionals each of which
is defined over the set R of functions which are regular in B and which possess

the following two additional properties:

(a) The set {L,} is complete® for R; that is, if fER and L,(f)=0 (n =0,
1,.+.), then f= 0.
(b) Fach linear functional En =L,(L) is bounded over L%(B); that is,

for each %, there exists a positive constant My such that
(5) LR < My (1 £ 1]
for all f€ L2(B).
Tn connection with (b), let us observe that the composite operator
La(f) = Ly(L(f))
is a linear functional from L?(8) onto the complex numbers.

Example. let L be the differential operator (4) with coefficients regular

in B. Set

my +m‘2 +oes +mn

(6) Li(f) = ! ,

m m m
9z, Yoz 2 eea gz -
1 2 n j Tz

where k= k(my, mg,+++,my,) refers to a fixed indexing of the n-tuples of non-

*
29°°

interior to B. It is clear that condition (a) holds for the selection (6). Let us

negative integers my, my,+++,mp, and where the point Z* = (z;“, z .,z:) is

1 Banach [2, p- 42] calls such sets total.
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next examine En, which is (6) acting on (4). In this case Zn(f) is a finite
linear combination with constant coefficients of mixed partial derivatives of
f evaluated at Z = Z*, To show that condition (b) is satisfied, it suffices to
show that any linear functional of the form (6), with Z* interior to B, is bound-
ed over L2(B). This is a consequence of the fact that the functionals (6) have
a representation as Cauchy integrals with the path of integration lying in B,
and hence are applicable term by term to any series of analytic functions which

converges uniformly in a neighborhood of Z*. Now let
(]Sm(Z) = ¢m (21,22,0--,Zn)

be a complete orthonormal system for L?(B). Each fELZ(B) possesses a

Fourier expansion

[~

(7) [(Z)=3" ane,(Z); 3" lanl®=[If1]* <,

n=0 n=0

convergent uniformly in every closed bounded subregion of B. Hence

(8) Lk(f)=z anLk(qﬁn(Z)),

n=0
the series (8) converging for all selections a, with 2% lan]* <w. By a

lemma of Landau, this implies that
(9) 5 1L (6217 < o,
n=0
and the Schwarz inequality applied to (8) yields
(10) (O 12 < I 220 T L)%,
n=0
This establishes (b).

For analytic functions of a single complex variable, complete sets of func-
tionals {L,} of a wide variety are known. We can, for instance, replace (6)

(in the 1-dimensional case) by

(1) Li(f) =f(Zy); lim Zy=2% Zy, Z* interior to B.

- 00
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If we are dealing with differential equations with nonconstant coefficients,
such a selection may reduce the complexity of the subsequent formal work. The
points Z need not have an accumulation point interior to B as is suggested by
(11), but, as in the Blaschke theory for the unit circle, may only have a weak
accumulation of points on the boundary. In the theory of analytic functions of
several complex variables, questions of the completeness of linear functionals
are largely uninvestigated. However, certain sets in addition to (6) are known.
Thus, for example, we may select the set (11) with the added restriction that
the points Z; do not lie on an analytic hypersurface { 10, p.391.

The functionals (6) and (11) are the usual ““point” functionals met in
interpolatory function theory. However, complete sets of integral functionals
usually associated with orthogonal expansions may also be employed here.
Within an L? theory, for complex analytic functions the distinction between

these two types is weak, and persists only in certain discussions [ 8].

Under the fdregoing hypotheses, we have the following result.

TueorREM Y. The linear functional equation L(u) =0 possesses a non-
trivial solution of class L?(B) if and only if the set of functionals {L,} is
incomplete for L*(B).

Proof. Suppose first that { L} is incomplete. Then there exists an f € L2(B)
which does not vanish identically and such that Ly(f)=0 (%k=0,1,--.). That
is, L{L(f))=0for k=0,1,---. By hypothesis, L (f) is regular in B. Since
therefore { L } is complete for the class of regular functions in B, we must have
L (f)= 0. Conversely, let these begin a nontrivial f € L?(B) such that L (f)=0
in B. Then

Li(f) = Li(L(f) =0,

so that the incompleteness of { L1} follows.

In this way, the consideration of the functional equation L (f) = 0 may be
reduced to a consideration of the denumerable infinity of interpolation condi-

tions of the type?
Lu(fry=0 (k=0,1,-++).

It is frequently of importance to be able to solve this equation subject to the

auxiliary conditions

2 Interpolation problems of this type, where the functionals involved are point func-
tionals have been considered in Bergman, Mefnorial Sciences Math., vol. 106, pp. 46-48.



508 PHILIP DAVIS
(12) 4,(f)=0 (n=0,1,2,++4),

where A, designates a linear functional which we shall again assume is bounded
over L2(B). Let now { L } be an augmented set of linear funcnonals which in-
cludes both the sets {L,} and { 4,1}, but only these; that is, each L,, is either
an L, or an An, while every L, and every 4, is some L We may now state

the following result.

THEOREM 1% The linear functional equation (3), under the auxiliary con-
ditions (12), possesses a nontrivial solution of class L%(B) if and only if the

set of linear functionals { L,} is incomplete for L*(B).

Thus it appears that, from our present point of view, the role played by the
auxiliary conditions (12) is indistinguishable from that of the functional equa-
tion itself. In the notation used later, the circumflex * will indicate the pres-
ence of auxiliary conditions; that is, we deal with the equation (3) and derive
from it a set of functionals {Ln} but when auxiliary conditions are present,
the set § Z,, } will be augmented to yield { L }. It should also be observed that,
in eigenvalue problems, the operator L may involve a parameter A. In such

~ A
cases, the functionals L, and L, will also involve this parameter.

3. Representation of solutions. We reproduce here, for convenience of
reference, the following theorem on double orthogonality which was established

in a previous paper [12].

THEOREM 2. Let {Zk} be a set of linear functionals each of which is
defined and bounded over L*(B). The set {Zk} will be assumed independent.
There then exists a set of functions Y ¢F(Z)} (k=0,1,--) and a set of linear
functionals { L} (k=0,1,..) which possess the following properties:

(a) Each ¢f is of class L%(B) and the set is orthonormal over B:

(13) /B¢;&Edw=5ik

(b) Each Z}: is a finite linear combination of the functionals Ly, :

k
(14) *= S anp Ly (k=0,1,0-")

for an appropriate set of constants ajp.



LINEAR FUNCTIONAL EQUATIONS AND INTERPOLATION SERIES 509

(c¢) The sets { L} and { ¢} } are biorthonormal:
(15) Lx(¢f) =0,
(d) For all f€ L%(B), we have
(16) N;(f)=£f;?;dw.
(e) The functions ¢} may be obtained by taking the set?
(17) $,(Z) =L, 5 KS(Z, W) (n=0,1,.--)

and orthonormalizing them by the Gram-Schmidt process.

(£) The set {¢f} is complete for L*(B) if and only if the set (L3 is
complete for L*(B).

In (17),

KB(Z;W)=KB(Z1,22 3°**32pn; 51, 52,---,176,,)

designates the Bergman kernel function for the domain B, and in our notation
an asterisk * used with the symbols for either functions or functionals indicates
that the corresponding set of functions or functionals is orthonormal. Starting
from a given B and a given ordered set {L1}, the sets {Z}:} and { ¢} are de-
termined uniquely, and we shall speak of them as being the biorthogonal sets
associated with { Zk } and B.

The inner products

(18) (¢i’¢j)=.é¢i(z;dﬁ)’

which occur in the orthonormalizing process, may be easily evaluated in terms
of Kg(Z; W). We have, from (16), (17), and the orthonormal expansion for Kp,

If we introduce the determinants

(20) Dn=|(¢p¢,-)l (i, j=0,1,00+,1n),

3 The notation Ly, % means that L, is to be applied to Kp as a function of w.
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then we have

(9250, ¢0)9 Tty (¢0’ Qén)

(21) ¢x(Z)=(D, D v%.| -
(Ppers Bo)avesl, s b))

¢0(Z)’ cey an(Z)

while

(22) ani=("'1)i(Dn-an)-%

(¢0’ 9150)’ "',(¢0,¢i_1), (¢0a q5i+l)’ R (¢0, ¢n)

(¢n-l’ qso)’ "',(¢n_1, ¢i_1), (d)n-l’ ¢i+l)’ .“’(qsn-l’ qsn)

In view of the orthonormality of the functions ¢}, we may form the kernel

function

(23) Ki(Z; W) = 3 ¢(Z) $F (W),
k=0

the series (23) converging uniformly and absolutely for Z and W confined to any
closed bounded subset of B x B and defining there an analytic function of
Z1, Z25+++, 2 and an anti-analytic function of w,, wy,+«+,w,. If the system
{¢p} is complete for L?(B), then K; must coincide with Kg. If auxiliary con-

ditions are present, we replace (23) by

(23%) Ki(Z; W) = 3 $(2) L ()],
k=0

A o) A
where {¢}} and {L}} are the biorthonormal sets associated with { L}} and B.

Combining this observation with Theorem 1, we have the following result:

THEOREM 2. The functional equation (3) (augmented, possibly, by
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auxiliary conditions (12)) possesses nontrivial solutions of class L*(B) if

and only if K; # Kg, or if and only if K{(Z;2) < Kg(Z;Z), Z € B.

If we admit the possibility of a nontrivial solution, the kernel K; may be
thought of as an ‘“‘incomplete’” kernel for B relative to the functional equation
(3). Tt is wholly accessible to computation via (19)-(23) once Kg has been
established. Moreover, K; may be used to project the space L?(B) onto the

linear subspace S of solutions:

TuEoREM 3. The function g(Z) is a solution of (3) of class L*(B) if
and only if there exists an f € L?(B) for which

(24) T(f)zg(Z)=f(Z)~£K1(Z,W)f(W)de,

or alternately, for which

(24%) T(f)=g(Z)=f(Z)= 3 Lx(f) ¢p(Z).

k=0

Appropriate changes must be made if auxiliary conditions (12) are present.

Proof. We observe that in view of (16) and (23), (24) and (24°) are equiva-
lent. For a given f € L?(B), construct a g by means of (24°). Since the quanti-
ties Z:(f) are Fourier coefficients of f, the sum in (24°) is of class L?(B).
Thus also g € L2(B). As remarked previously, g will be a solution of (3) if
Ek (g)=0 (k=0,1,.-.). By (14), this is equivalent to Zl’:(g) =0 (k=
0,1,+++). In view of the boundedness of Z}t over L2(B), we have

~ ~

(25) (@) =Lr(f) = 3 Dx()Y () =L () -Lr(n)=o0.
n=o0

The last equality follows from (15). Thus g is a solution. Conversely, if g is

a solution of class L?(B) we shall have

Lx(g) =Ly (L(g)=0 (k=0,1,--),

so that (24°) holds with = g,
Equation (24)-(24°) yields a projection of L?(B) onto the subspace S

of solutions. The partial sums of (247),



512 PHILIP DAVIS

N
Ly () ¢ (2),
k=0

have the usual minimum property of Fourier series; that is, for each N they

solve the minimization of the integral
N 2
(26) 1N=/£; f= 22 a, ¢ ()| do.
k=0

On the other hand, the series in (247) has two characters: it is simultaneously
a Fourier series and an interpolation series as well. This means that the partial

sum

N
(27) Sy =2 LAf) ¢p(2)
k=0

is that linear combination of ¢, ¢ ,+++, ¢, which interpolates to f in the

sense that

(28) LHSN(Z)N) =L (f) (k=0,1,--+,N),
or, equivalently,

(28”) L(Sy(z)) =L, (f) (k=0,1,-++,N),

Cnce Kp is known, and if { L, } is a sequence of point or differential operators,
then no integrals extended over B of the inner product type need actually be
computed to obtain either ¢* or the series expansion in (247). The explicit
orthogonalization formulas of Gram-Schmidt (20)-(22) are equivalent to an
interpolation series of Newton type with respect to the sequence {En }. For a
fixed N, formulas of the Lagrange type may be developed, and may prove to be

more convenient.

In view of the reproducing property of Kg, we may write (24) in the form

(29) T(f)=g(Z)= 'éKB(Z;W)f(W)de—4K,(Z;W)f(W)de,

so that by introducing the kernel
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(30) Ks(Z;W)=Kg(Z;W) =K, (Z; W)

we have the representation
(31) g(Z)=4Ks(Z;W)f(W)a’wW.

IffeS, then g(Z)=f(Z) inasmuch as

Lx(fy=Lr(L(f)N=0 (n=0,1,.-.).

Thus, Ks(Z;W ) is a reproducing kernel for the subspace S and as such, may be
proved unique (that is, nondependent upon the selection {L,}) in the usual
way. Kg(Z,W) may also be defined by

(32) Ks (Z;W)= 22 v, (Z) ¢, (W),
k

where {l//k} is any orthonormal set which is complete for S. In the case of
ordinary differential equations, the sum in (32) will consist of a finite number
of terms. In the case of ordinary differential equations of infinite order or of
partial differential equations, there will, in general, be an infinity of terms

present.

The incomplete kernel K; may be identified as the kernel of the orthogonal
complement S” of S, and the utility of the backward decomposition of Kp given
by (30) lies in relative accessibility of K| as opposed to Kg. Let us note also
the orthogonality relationship

(33) /BKS(Z;W)K,(W;XM@W:o,
which follows from (30) and from the reproducing properties of Kg and Kg over

S and L?(B), respectively.
For f € S, we have, by (31) and the Schwarz inequality,

(4 1[I < IS /BKS<Z;W>KS<Z;w>de

=1 f120Kg(Z;Z)-K1(Z;Z) ].

The inequality (34) is a wide generalization of the Schwarz Liemma for functions
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regular in the unit circle. Finally, we may generate complete sets of solutions
in the following way:

THEOREM 4. Let 6,(Z) (n=0,1,-..) be a complete set for L*(B);
then the functions

(35) wn(2)=T(en)=fBKS(Z;W)0n(W)de
=0,(Z)~ 2 L} )¢t (Z) (n=0,1,--+)
k=0

form a complete set of solutions.

Proof. We must show that any solution g can be approximated arbitrarily

closely by combinations of ¢, +++, ¢, +++. Let

Then by (34), (35), we have

< elKg(Z;Z)~Ki(Z;Z2)1%,

N
= 2 Y
k=0

which establishes completeness.

4. The nonhomogeneous case. We consider next the nonhomogeneous linear
functional equation

(36) L(uw)=f,
which may be supplemented by auxiliary conditions of the form

(37) Al (u) = o (k=0,1,.-.).

We assume that f is regular in B, and that all previous hypotheses regarding L
and 4, remain in force. We first reduce (36)-(37) to a problem in interpolation

in the following way.

THEOREM 5. The linear functional equation (36), subject to the auxiliary
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conditions (37), is equivalent to the interpolation problem

(38) Ek(u)=Lk(f)

(38%) Aplu) = o (k=0,1,---).
If conditions (37) are absent we may omit (38°),

Proof. That (38), (38”) follow from (36), (37) is evident. Suppose con-
versely that (38) holds. We wish to prove that L (u) = f throughout B. We have

LkL(u)—Lk(f)=O (}f=0’1,"').
Thus

LilL(u)-f1=0 (b=0,1,+-2).

Now L (u) - f is regular in B, and { L} is complete for R. Hence the conclusion

follows.

It will now be convenient to uniformize our notation. We introduce an aug-
mented set { L} of linear functionals as in the previous paragraph, and intro-

duce a set of constants { 8, } by means of the definition

(39a) B=L,(f) it L,=T

The interpolation problem is now
(4‘0) Lk(u)=Bk (k:o’l,c--).

We observe again that there is no distinct role played by the auxiliary con-
ditions. Boundary value and initial value problems of mathematical physics may
be fitted into the pattern (40) providing it is known a priori that the required
solutions are regular across the boundary so that the functionals Lj will have
the requlred boundedness properties. We next introduce the biorthonormal sets
{ L*} and {qﬁk } associated with § L } and B. We have

k

A A

(41) Jl’:=z akaP
p=o

for constants Wp determined as in the previous paragraph. The following result
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now holds.

THEOREM 6. The linear functional equation (36), (37) possesses a solu-
tion of class L2 (B) if and only if

(42) >

The solution is unique (within L*(B)) if and only if {L,} is complete for
L%(B). If (42) kolds, then the series

00 k N
(43) W(2)= ¥ (Z: akpﬁp) 1 (2)

k=0 | p=o

converges to a solution u(Z) uniformly and absolutely in every closed bounded

subset of B.

Proof. Suppose that a solution u € L?(B) exists. Then from (40) and (41)

we have

A k
Lp(u)= 3~ akpo.

p=0

But since the L} (u) are Fourier coefficients of u with respect to { ¢} }, we must
have (42). If (42) holds, then the series (43) converges uniformly and absolute-
ly in every closed bounded subregion of B to a function V (Z) of class L% (B).
Now,

A k
L;:(V)= Z akp’BP

p=0

in view of the boundedness and biorthogonality properties of these functionals.
Hence

Ly (V) =B, (h=0,1,-+-).
so that V satisfies the equations (36) and (37) by Theorem 5.

A particularly important special case is to solve (36) subject to the auxiliary
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conditions
(44) Ap(u) =0 (k=0,1,.-.).

A A
As in Theorem 5, we again construct the biorthonormal sets {Ll’:} and {qﬁl’:},

and note that each functional L/’: is a finite linear combination of functionals

L) and A:
A k N
(45) L/’::Zakp p:ZbkaerchpAp,
p

where the coefficients bkp and Cip DOW contain certain dummy zeros. lLet us

write

(46) S by L, =3 b, LL=SLiS, = 3 b, L,
p

We now have the following result.

THEOREM 6% The linear functional equation (36), (44) possesses a
solution of class L*(B) if and only if

(47) > 1Sk()]? < 0.
k=0
If (47) holds, the interpolation series

(48) wW(Z)= 3 S(f) $2(2)
k=0

converges to a solution uniformly and absolutely in every closed bounded subset

of B.

Proof. U 3, = o, = 0 when L, = 4, then, by (39),

S By = 3 by Ly ()=, ().
P P

Under the assumption that the equation (36), (44 ) possesses a solution for
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all feL?*(B), we may find a second representation for the interpolation series
(48). The functionals S; are bounded over L*(B), and hence possess a Riesz
representative sy (Z ):

(49) Sk(f)=_/‘fs—;C do; feL?(B),
B

where

(50) si(Z) =Sy, Kg (Z; W),

If (36), (44) possess a solution of class L2 (B) for all f € L*(B), then (47)
must hold for all f € L?(B). In particular, from

(51) sk (Zo) =Sk,wKg(ZosW), Zo €8,
we learn that

o0

(52) Z 1sp(Z)]? < w for all Z, € B.

We may therefore form the mixed kernel
(53) Z; W)= Z “(Z) s (W),

which will converge uniformly and absolutely in every closed bounded subregion
of B x B. Finally, from (48) and (49), we have the representation

(54) U(Z)= /BD(Z;W)f(W)de.

The kernel D(Z; W) plays a role analogous to a Green’s function or to the
Duhamel kernel in the superposition theorem of the theory or ordinary linear
differential equations. The totality of solutions in L2 (B) of (36), (44) may be
written in the form

(55) U(Z)=fBD(Z;W)f(W)de+ _L;KS(Z;W)h(W)de; heL?(B),

or, in interpolatory form,
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(56)  U(Z)= 3 S(f)&H(Z)+h(Z)= 3 LEh)GE(2); h L2 (B).
k=0 k=0

5. Convergence of interpolation series for { ¢ L%*(B). In the present para-
graph we return to the interpolation series (24 7). This has been discussed under
the hypothesis that f € L2(B). If, however, each functional Z?; (or Zk) is ap-
plicable to a wider class of functions than L?(B), a formal series (24°) may
be constructed and its properties examined for f in this wider class. This will
be the case, for example, when Lj are differential operators. For the sake of
definiteness, let us assume that we are dealing with the ordinary linear dif-

ferential equation

(57) L) =1 ya(z) PV 4t va,(2)f=0,

and that we have selected

(58) Ly (f)=f%)(0) (k=0,1,.-).

The coefficients aj(z) in (57) are assumed regular in a region R containing

the origin. If { is regular at z = 0, then the series (24°) may be formed. If this

series then converges uniformly in a neighborhood of z = 0, the difference
gz)=f(2)= 2 Lx(f) ¢} (2),

k=0

which is again regular at z = 0, will be a solution; for, since the functionals

th are applicable term by term, we have
Lre)=Lp() = 3 DO LEe) = L) = LE(f) =0, (k=0,1,--2),
p=0

and this implies that L (g) = 0. The interpolation series (247) has a doubly

orthogonal character, but the above proof will apply to any interpolation series
(59) g(z)=f(z)= 2 Ly(f )y, (2)
k=0

in which the regular functions i, are merely biorthogonal:
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(60) Lry) =8, .

Such sets are more numerous than doubly orthogonal sets. To determine such
a set, we need only start from a given set of functions {¢,(z)} (n=0,1,+-+)
which has properties of independence with respect to { L;} and determine linear

combinations

k
(61) ¢k(z)=2 ekptp(z) (k=0,1,--+)
p=o

successively by the requirement (60).

We shall now prove that we may find a set {1, (z)} biorthogonal to {ZZ}
with the property that if f is regular in any neighborhood of z = 0, the inter-

polation series

(62) g(z)=f(z2)= 2 L)y, ()

k=0

will converge to a solution of (57) in some neighborhood of z = 0. The present
proof will generalize to both partial differential equations and to ordinary dif-

ferential equations of infinite order.

We have, from (57) and (58),

n

- dk n+k )
() Li=3 — lap (7P (] _ = 5 by 1900),
z j=0

p=0
while
ntk )
(64) Lr(f) =3 o £(0)
j=o0

for appropriate b]’." 4+ We assume that B contains the origin and is contained in
’

the region of regularity of a;(z).

LeEmMA. Let f(z) be regular in |z| < p. Then there exist positive con-
stants M and t such that

(65) |Lr(f)] < M (k=0,1,:+.).
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Proof. For any g € L*(B), we have
Lx(g) = ffgq?; dx dy (k=0,1,...).
B
Thus L7 (g) are Fourier coefficients of g, so that, by the Bessel inequality,
(66) i | Lx(g))? < ff lg|? dx dy.
k=0 B

In particular, we may select

g =2P/p! (p=0,1,.--),
so that
N nt+k ()l
(67) L:(zp/p!)z % b;:].[zp/p!] ] z=o=b;€kp°
j=

From (66) we obtain

o 0 P |2
(68) 3 \LpGP/pD|*= 32 [bf, 17 < ff —| dxdy
k=0 k=0 g 1P
A
cMrea(B) b (0,1,
(p1?

where d designates the maximum distance from the boundary of B to the origin.

1f now f is regular in | z| < p, we have, for some constant M¥,

(69) L0 < w1/ (j=0,1,+++),
so that from (64) and (68),

(70) L ()] < M(d/p) (k=0,1,++),
with

M = M* (Area (B))? (d/p)"*'/(d/p) ~ 1.
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LEMMA. There exist positive constants m and o such that
(71) |L($f (z)] < m|z|*
forall £ =0,1,--+, and for all |z]| < o.
Proof. The orthonormal functions ¢} (z) satisfy the requirements [12, p.16]
Lo(f) =Li(@f) =+- =Ly (gD = 0,
or with notation g, = Lo,
g, (0) =g/ (0)=... = glk-D(0) = 0.

Let |z]| =0”and |z| =0, 0" > o both be contained in B. Since ¢* are ortho-
normal over B, they are uniformly bounded by some M over |z| < o hence, by

(57) and Cauchy’s i.equality,

n
(72) lL((]_’)]";H_<_0'MZBjj!sj+1=m;‘z|SO,
j=0 ‘
where
s=0"~0 and B;j= max |a;(z)].
lz[ <o’

Thus the functions L (¢}) are uniformly bounded in |z| < o by m. The in-

equality (71) now follows from Schwarz’s lemma.

We observe now that the last two lemmas imply that the series

L*(f)Lp*(z)
k k

k=0

will converge absolutely and uniformly in |z| <r, r < 1/t. Furthermore, we

must have

(73) L(f)=3 Lr(f)Lgt(2);|z] <o
k=0

To show this, designate the sum of (73), |z| < r, by g(z). By uniform
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convergence, we may apply L, term by term. Thus

(74) Ly(g)= Z F(f)Lp L (2),
so that
(75) Lx(g)= 20 Ly(HLx (¢ () =Lx(f)=LXL(f).

By the completeness of { L b, g=L(f)

Let now B, designate a region containing z = 0 and contained in |z| < 1,
and let D(z,w)= DBl(z,uT) be the kernel described in (54)-(55). We have,
for each f regular in | z| < r, the identity

(76) f(z)= ffD(z,E)L(f(w))dww+s(z),
By

where s (z) is some solution of L (s) = 0, regular in B;. Applying this inversion

operator to (73), we have

(77) flz)=-s(z)= Z J.J D(z,w) L(¢f (w))day
k=0 B,
Z F()y, (2,
k=0
where
(78) U, ()= f D(z,w) L(¢f (w))day, (k=0,1,-.+).
By

The functions {¢, } are easily seen to be biorthonormal to the interpolation

operators { Z}: }. We therefore have the following result.

THEOREM 7. For each f(z) regular in |z| < o, the biorthogonal inter-

polation series
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(79) g(z)=f(z)~ 2 Lr(f)y, (2)
k=0

converges to a solution of the equation (57).

6. Relation to questions of stability. In a previous paragraph we have given
necessary and sufficient conditions in order that a given functional equation
possess solutions of class L?(B). If the coefficients of this equation involve
a parameter A, then a criterion may be obtained in terms of A. Here B designates
any region which possesses a kernel function Kg. If B is chosen as an un-

bounded domain, then membership in L? (B) acts as a stability criterion.

To elucidate this remark, let us consider the two dimensional case, and let
S designate the bhalf-strip

Re(z) > 0, |Im(2)} < h.

Then we have f € L?(S) if and only if*
2 _ h foo SN2
(30) iz = ) [Tireeimprad <o

Thus, to belong to L2(S) a function must not become large too rapidly as z
approaches the horizontal boundaries of the strip, and indeed, must approach

zero with a certain maximal rapidity along any horizontal line.
LEMMA. Let f€L?(S); then along each line
y=0, —h <o <h,
we must have

(81) lim f(x+io)=0.

x— + 00

Proof. 1f (81) were not true, we could find two positive quantities 4 and &

and a sequence of values A; < A; < +«. such that
(82) M=Ap1 >8>0 (n=1,2,++4),

and

4Various authors have considered solutions of class L2(0,oo); for example, see

[13].
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(83) lf(Ap+io)] >4 >0 (n=0,1,...).

In virtue of (82) we may find an r > O such that the circles
Cpilz=(Ay+i0)| <r

lie in S and do not overlap. Now

(84) « > fsf |f|2dxdy>_§; ﬂmzdxdy.

Since f is regular in C,, it possesses a Taylor series expansion

(85) )= f(P)+f(P)(z~Pp)4eees Py=Ap+ io,
so that .
50 U | (2)|2 dxdy > ar® |[(Py)|%,

CTL

Combining this with (84), we must have

(87) STOf(P)I? <.

n=0

This contradicts (83) and proves the result.

The ‘stability’ which is spoken of here is that usually associated with the

theory of linear, non time-varying electrical networks; in this theory we

confronted with a differential equation

(88) y(")+a1y("")+-~-+any=f(x),
to be solved under initial conditions such as

(89) y(0)=y7(0)=-+. y(»1(0) = 0.
If the characteristic roots of (88) are

’Tj=uj+i1}]' (j=

are

ceyn),

assumed distinct, then the n independent solutions of the homogeneous equation
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u;ix Iv;x
1" e I,

yi(x)=e

The equation (88) is called stable if u; < 0 (j=1,+++,n). We observe now that
y].(z ) € L*(S) if and only if uj < 0. For

[}’j(z)|2= o2 ix - vy,

and this result is now implied by (80). It appears then that the equation (88)
is stable if and only if the fundamental solutions of the homogeneous equation
are in ,2(S). For the case of more general linear networks, we propose member-
ship in L2(S) as a possible extension of this type of stability. Added flexi-
bility may be achieved by varying &, and by attaching a weighting function to
(80). Inasmuch as the mapping function for S is elementary, the kernel function
Ks of S may be computed explicitly, and the criterion of §3 can be formulated

in closed form.

7. Systems of functional equations. The methods of the previous paragraphs
may be extended to the case of systems of equations. As the proofs and the
principal results parallel those given in § 2-4 very closely, we shall not dwell
on these aspects, and shall be content merely with showing how the generaliza-

tion may be set up.

For the sake of simplicity, we consider here only systems of two functional

equations in the two unknown functions, u; = u;j{(zy, 25, ++, z) =;(Z), (i=1,2),
(90) Ll(ul, 11,2)=O9
Lz(ll.li ZL2)=O.

Introducing the solution vector u = (uy, u, ) and the vector operator L = (L, L,),

we may write (90) as
(90%) L(u)=0.

We assume that L:(u,, uy) are regular functions of zy,+-+,z, whenever u; are,
and that L is linear on the vector u. We shall say that (90”) possesses a solu-
tion of class L2(B) if there exists u; € L*(B) for which (90°) holds. In addi-
tion to (90), we may consider an augmented system comprising (90) plus certain

auxiliary conditions which may be written in the form
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(91) Ap(u)=A4,(uy,u)=0 (n=0,1,¢+2).

Here A, is a linear functional on u. Let again { L,} designate a fixed set of
linear functionals defined on the set of functions regular on B and complete for

this set. We introduce

(92) Ly, (u)=LoLYuy, uy) (n=0,1,-+-),
E2n+1(U)=LnL2(ul,u2) (n:O,ly...).

Ezn and Ezn-{»l are linear functionals defined over vectors u, and we shall say
that a sequence L, of such functionals is complete for a class S of vectors
if L,(u)=0 (rn=0,1,---) implies u=0. We have the following parallel to
Theorem 1.

THEOREM 8. The system (90°) possesses a nontrivial solution of class
L*(B) if and only if the set of functionals {L,} is incomplete for L*(B). If
auxiliary conditions (91) are present, the set { Ly} must be augmented by the

addition of { A}
It is now convenient to introduce the direct sum of L? (B) with itself:
LXB)=L*(BYDL*(B).
This space consists of pairs
u=(uy,u,),u; €L*(B).
Vector addition and scalar multiplication are defined by
u+ve=_{(uy,u )+ vy, vy)="(ur +vy, ug +vy)
and
au=aluy,uy)=(auy,au,).

We introduce an inner product in L22 (B) by means of ®

(93) {U, V}={(u1, 7% ), (‘Ul, Uz)}= é(ula +u21—}_2)dw,

5In what follows, the parenthesis is used solely for the element pairs of L (B). If
the inner product in L2 (B) is required, we shall write (u, v) L3(B)"
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and a norm by

(94) ull? =[] Ceryua) 1 =t (ugy uz), Cuyyup)

fBum%1u2|2>dw=nul||2z(3)+Huzniz(m.

Under this norm, it is known that L? (B) becomes a Hilbert Space. By classical
results, any bounded linear functional T over L22 (B) possesses a representation

of the form

(95) T(u)={uv}= 4(u151+u21—)_2)dw
for some v € L22 (B). Hence we have the decomposition
(96) T(u):Tl(u1)+T2(u2),

where T, and T, are bounded linear functionals over LZ(B). The converse

evidently holds also. Moreover,
(97) T2 =1V = o 12+ oo (2= [Ty (12 + (1 T2 112

In what follows, we shall assume that En as well as A, are linear and bounded

over L2 (B). The examples given in § 2 are easily extended to the present case.

"Nw)

converges uniformly and absolutely in every closed bounded subdomain of

If {u®} is a complete orthonormal system for L?(B), it may be shown by
: ]
]

an extension of the usual proofs that each of the series 2 = ugn)(z Yu

B x B. In addition, a strong Riesz-Fischer theorem exists for L22(B); that is,
uc L22(B) if and only if

u= > apu'™ with > lanl? <
n=o

n=0

and
ap =f{u, u'™} (n=0,.+.).

The convergence of each of the component series is uniform and absolute in

every closed bounded subdomain of B. The array
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3wl (z)ul® (w) > al™()udM (w)
n=o0 n=0

(98) Hg(Z;W)=
2 ué”)(Z)uf")(w) > ug")(Z)uén)(w)
n=o0 n=o0

will be known as a kernel tensor for the space L;(B). Each row of #p is, for
fixed W €B, a vector element of L7 (B) which we shall denote by ¥}(Z,W)
and #2)(Z, ). Thus,

3’{1; (Z;W)
(99) Hp(Z,W) =

2 7

%{B (Z;W)

If
u= (ul, U2)€L22(B),

then we have

(100) ui ={HL(Z, W), u(w)} (i=1,2).

Let us consider, for example, the case { = 1; then

an(uf™, ui™),

M

3
1l
(=]

so that

(HE(Z;W), W)}:[(}: uM(Z)uM (), 3 ufn)(z>u§">(W)),

n=o n=0
(Z anufn)(W), anuén)(W))].
n=o n=0

= > a u!™(2) fBu§m>(W)u§”)(W)+u§m>(W)u§ﬂ>(W)dw,

S 3

0
0
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which by orthonormality reduces to
N P
> a,u"(Z)=u/(2).
n=o

The reproducing property may be written more compactly as

(100%) u(Z) = {u(W), X (W;2)3.

It can be seen that if { u,} is a complete orthonormal system for L?(B), then

the set of vectors
(101) Uy, = (u,,0) (n=0,1,+++),
Uypey = (O,up) (n=0,1,++),

is complete and orthonormal for L22 (B). With this special selection, we find a

kernel tensor of the form

(102) Hp(Z;W) = _
0 Kg(Z,W) | ,

where K is the kernel for L2(B).

We come now to the analogue of Theorem 2.

THEOREM 9. Let {Ek} be a set of linear functionals each of which is de-
fined and bounded over L;(B). The set { Ly} will be assumed independent.

Then there exists a set of pairs
ﬁ;‘(z)=(¢z‘,l,¢z‘,2) (k=0,1,¢++)

and a set of linear functionals {It;:} (n=0,1,-++) which possess the following

properties:

(a) Each B is of class L22 (B), and the set is orthonormal:

(b) Each L} is a finite linear combination of the functionals Lj:
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k
(104) Ly = 2 akap (k=0,1,...)
p=0

for an appropriate set of constants akp .

(c) The sets {I,j;';} and {Ql";} are biorthonormal:
(105) i;(g;;):&ik,

(d) Forall ¥ €L§(B) we have

(106) LE(V) = { v, @5 ).

(e) The pairs Q’;‘ may be obtained by taking the set
(107) ¢, (Z) =L,z Kg(Z,W) (n=0,1,--+)

and orthonormalizing them by the Gram-Schmidt process.
(f) The set {Qk} (or {}1) is complete for L;(B) if and only if the set
{ Ly} is complete for L;(B )

By (107) is meant that

(108) by ((2) = Lo w25 W) (i=1,2)

where

2,(2)= (¢, (2D ¢, ,(2))

Using the specific set of functionals (92), we construct the related bi-
orthonormal sets { Lf} and {J} 1. We then have the following analogue of Theo-

rem 3.

THEOREM 10. The vector g(z) is a solution of the system (90) of class
L22(B) if and only if there exists an £(Z) € L22(B ) for which

oo

(109) §(Z)=1(2)= > D02t (2).
k=0

For each f € L22 (B), the series in (109) converges uniformly and absolutely
in every closed bounded subdomain of B. It is:simultaneously a Fourier series

and an interpolation series whose terms may be obtained by interpolating to f
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by means of { Ly }.
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SETS OF RADIAL CONTINUITY OF ANALYTIC FUNCTIONS

FrITZ HERZ0G AND GEORGE PIRANIAN

1. Introduction. A point set £ on the unitcircle C (|z]| = 1) will be called
a set of radial continuity provided there exists a function f (z), regular in the
interior of C, with the property that lim,_, , f(reie) exists if and only if el is
a point of E. From Cauchy’s criterion it follows that the set E of radial con-

tinuity of a function f (z) is given by the formula

o0 o0 . . 1
E< T1 S TTE {176 -1 e < 2,
k=1 n=1 _ ,if
where the inner intersection on the right is taken over all pairs of real values
ri, 7o with 1-1/n <r; <rp < 1. From the continuity of analytic functions it
thus follows that every set of radial continuity is a set of type Fy 5. The main

purpose of the present note is to prove the following result.
THEOREM 1. If E is a set of type F, on C, it is a set of radial continuity.

The theorem will be proved by means of a refinement of a construction which
was used by the authors in an earlier paper [ 2] to show that every set of type

F, on C is the set of convergence of some Taylor series.

2. A special function. That the set consisting of all points of C is a set of
radial continuity is trivial. In proving Theorem 1, it may therefore be assumed
that the complement of F is not empty. In order to surmount difficulties one at a
time, we begin with a new proof of the well-known fact that the empty set is a
set of radial continuity (see [1, vol. 2, pp. 152- 1551]).

Let
f(Z)E z Cn(z),
n=N
where

Received July 28, 1952,
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k
2

C,(z2)= [1+z/cum+(z/wnl)2+o--+(z/cunl)"2'1

n

+ 2" (1 +z/w,, +(z/0, )24t (z/wm)"z'l]

2

(1)

4 oo

1

2
+z(n-l)n [1+z/wnn+(z/wnn)2+..- +(z/wnn)n2-1]}?

here

_ _2mij/n
@, = e ,

and {k,} is a sequence of nonnegative integers which increases rapidly enough
so that no two of the polynomials C,(z) contain terms of like powers of z, and
so that a certain other requirement is met; the positive integer N, which is the

lower limit of the foregoing series, will be determined later.

If z is one of the points w,j, then [C,(z)[=1. On the other hand, let z lie
on the unit circle, and let I';(z) be any sum of consecutive terms from (1). If
z is different from each of the roots of unity w,; that enter into I',(z), and &

denotes the (positive) angular distance between z and the nearest of these

Wnjs then
Ay
(2) T, (z)| < —,
on?

where A, is a universal constant (see [ 2, Lemma A]). Now, if
w

(3) z=e'fany, 0] < =,
n

and Rp;(z) denotes the sum of the terms in the jth row of (1) (including the
factor zk" /n?), then

sin (n26/2)

(4) ll{nj(z)l= >
n? sin (6/2)

where A, is again a positive universal constant. But if the angular distance
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between z and w,; is less than 7/n?, the angular distances between z and the
remaining nth roots of unity are all greater than 1/n, and therefore (3) implies

that, for sufficiently large n, by (2) and (4),
lcn(z)‘ > A.2 —_ 2A1/n > 5A3 N

where A3 = A,/6. We now choose N so large that the second of these inequali-

ties holds whenever n > N.

Let ky = 0; let ry be a number (0 < ry < 1) such that

. . A
| Cy (reif) = Cy (9] < 22
Nt

for ry < r < 1 and all 0. Next, let ky+, be large enough so that

A3

Cy+4( 0y ¢ —
| Cy+1lryet?) ] Ty

for all 0; and let ry+1 be greater than ry, and near enough to 1 so that

. . 3
| Cyer (ret9) = Cyay (D)) < ST

for ry+; <r <1 and all 6. Let this construction be continued indefinitely.

Now let L be a line segment joining the origin to a point ' and let n be

an integer such that n > N and
(5) | Co(ei) ] > 545,
We then write

f(rneig) —f(rn_lei9)= Cn(eie) + [Cn(rneie) - C,L(eie)] - Cn(rn_leie)

+ 30 LG ™) = Gl = [ Cilryny o) = Ci(eFD)]]

1
¢
=N

~

3 4G (et = Ci (g i)}

j=nt1

and obtain from the inequalities above
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o ;0 [ A | > 1
|f(rne )"‘f(rn_le )( >A3 5——-!--——3—22 —"—2 Z —‘
nl n j=n 1! j=nt1 1!

> A3[5-2(e=1)1> 4,.

[t follows that, if there exist infinitely many integers n for which (5) is satisfied
f (z) does not approach a finite limit as z approaches el? along the line L. DBut
for each real 0 there exist infinitely many integers n with the property that, for

some integer T

(see [3, p. 48, Theorem 141), so that each z on C admits infinitely many repre-

sentations (3). It follows that lim,_ , f(reie) does not exist for any value 6.

3. Closed sets of radial continuity. Let £ be a closed set on C, and let G
denote its (nonempty) complement. Again, let f(z) be the function defined in
$2, except for the following modification. In the polynomial C,(z), let w,,
Wnas* ety Wnp, der‘lote those nth roots of unity which lie in G and have the ad-
ditional property that the angular distance of each one of them from I is greater
than n” "% The exponent of z in the factor outside of the brackets in the last row
of the right member of (1) becomes (p - 1)n?. And the p, nth roots of unity

wpj that occur in C,(z) must be so labelled that their arguments increase as the
index j increases, with arg w,; > 0 and arg wp, < 27 Then every partial

sum [, (z) of consecutive terms of C,(z) satisfies the inequality |I[},(z)]|<

Ayn~3/? for all z belonging to £, and therefore the Taylor series of f(z) con-
verges on £. On the other hand, let the exponents %, in (1) be chosen in a man-

ner similar to that of §2, and let L be a line segment joining the origin to a
point ¢? in the (open) set G. Then there exist infinitely many integers n for
which (5) is satisfied by our newly constructed polynomials C,(z), and there-

fore lim,_, f(reig) does not exist.

4. The general case. Suppose finally that £ is a set of type F; on C.Then
the complement G of E is of type Gs; that is, it can be represented as the inter-
section of open sets G;,Gz,+++, with G; D Gy+y for all k. In turn, we can
represent G, as the union of closed intervals I;; in such a way that no two
distinct intervals I, and I ;# contain common interior points, and in such a way

that no point of G, is a limit point of end points of intervals ;4. Similarly,



SETS OF RADIAL CONTINUITY OF ANALYTIC FUNCTIONS 537

each set G; can be represented as the union of closed intervals [ satisfying

similar restrictions.

et ny be any positive integer. Since the denumerable set of all open arcs

z:eig,\e—an/n\<7r/n2 (j=1,2,444,n, n > ng)

covers the entire unit circle, there exists a set of finitely many such arcs
covering the unit circle. It follows that we can choose a finite number of terms

C,(z) (see (1)), modified as in $ 3, such that their sum f,(z) has the follow-

ing properties:

i) for each 6 in I, there exist two values p” and p*;, 0 < p”" < p” < 1,
such that [fl(p'eig) —f‘(p"em)l > Ags

ii) for each point el? outside of l;1 and outside of the two neighboring
intervals I;; and I3, and for each n for which C,(z) occurs in fl(z), the

modulus of any sum of consecutive terms of Cn(ele) is less than 4, n"3/2

Next we accord a similar treatment to /,,, then to I, I3, I,5, I31, I14, and
so forth. The sum f(z) of the polynomials fl(z), fz(z),--- thus constructed
has the following properties: if e'lies in E, that is, lies in only finitely many

of the intervals I, the Taylor series of f(z) converges at z = el if ' lies

in G, there exist pairs of values p” and p” arbitrarily near to 1 and such that
[ (p et = f(p”ei®)] > 4.

It follows that £ is the set of radial continuity of f (z), and the proof of The-

orem 1 is complete.

5. Sets of uniform radial continuity. The following theorem is analogous to
Theorem 2 of [2].

THEOREM 2. If E is a closed set on C, then there exists a function f(z),
regular in |z| < 1, such that lim,_, | f(re“g) exists uniformly with respect to

all ¢'%in E and does not exist for any % not in E.

For the proof of Theorem 2, we refer to the function f(z), constructed in
$ 3. Note that |I,(z)| < A;n"3/2 for all z in E. Hence the Taylor series of
f(z) converges uniformly in L. It then follows easily, by the use of Abel’s

summation, that the convergence

lim, _, { f(reie) =f(ei6)
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is also uniform in E.

6. An unsolved problem. The converse of Theorem 1 is false, since a set
of radial continuity can be the complement of a denumerable set which is dense
on C. We do not know whether there exist sets of type F,s that are not sets of

radial continuity.
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COMMENTS ON THE PRECEDING PAPER
BY HERZOG AND PIRANIAN

P. C. RosENBLOOM

1. Our main purpose here is to extract and formulate explicitly the general
principle underlying the construction of Herzog and Piranian. The results in
this note are implicitly contained in the computations on pp. 535 and 537 of their

paper, and the full credit belongs to them.
2. We use the notation ¥ (r, f) =max |f(z)|on |z]|=r.

TueoreM 1. Let f be analytic in |z| <1, let ry be increasing, 0 <r, —1

as n —c, leta, > 0,
A= i a, < + o,
n=1

let R(t) = Zay, over all k such that rj, > t, and let g= £ =y . If

(a) M(ry, fo+1) < ag,
and

(b) M(Lf") <ap(1=r)"
for all n, then g is analytic in |z| < 1, and for |z| < 1, rp.y <1 < 1y, we have

n-1

(1) g(r2) = 3 f(2) = f,(r2) | <AL= L RO (1-1)%),
1

(2)  Jglrpz) = glrpa12) = falz)] <2411, )%

+ 2R(1—(1—rn_1)l/’)+R(rn).
Proof. We have

Received April 26, 1954.
Pacific J. Math. 4 (1954), 539-543
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{fk(rz) —fk(z)l <ap(1=7)/(1=rg)

ak(l—r)y2 if rg S_l——(l—-r)%

IN

aj if k<n-1,

and | f, (rz)| < ag.1 for & > n. Inequality (1) now follows from

n-1 n-1 0
glrz) = 3 fk(z)—fn(rz)= > (fk(rz)—fk(z))+ 2 fk(rz).
k=1 k=1 k=n+1

We now apply (1) with r =r, and r = r,,.; to estimate
h(z)=g(rpz)~—g(rp.12) —fn(rnz) +fn(rn.12),
and obtain (2) from

g(rnz)—g(rn_lz)-—fn(z)=/L(z)—fn(rn-1z)+(fn(rnz)—fn(z)).

3. We denote by E (g) the set of radial continuity of g.
COROLLARY la. If |20 | =1, lim sup,_, o |f,(20)| > O, then zo £ £ (g).

CoROLLARY 1b. If | zo| = 1, and lim fn(rzo) exists as r — 1 and n >

simultaneously,® then
lim, 00 g(rzo) and 37 f (z0) =g(z)
n=1

either both exist or both do not exist. If lim fn(rzo ) =0, then

lim g(rzo) =g(zo)

r=1

if either exists. Hence if M(l,fn) —0 as n —>«, then E(g) is the set of

convergence of & n=1 f(z)on|z|=1
4. We now establish:

' The weaker condition that farzg) has a limit as n—>+ o0 and r —> 1 in such a
way that r,.y < r < r, for all n is sufficient for this corollary.
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TuEOREM 2. If F, is analytic in |z| <1, M(1, F,) < M,, M(l,Fﬂ') < M,
for all n, and a, > 0 (all n), 2?::1 ap < + a, then there exist sequences ry, and

kp such that f,(z) = 2 F,(2) satisfies (a) and (b) of Theorem 1.

Proof. leet &y =0 and suppose that kg, e+« , ky, 71 50+, r,.1 are defined.
Then (b) is satisfied if

an
rp >l e ———
A TH
Choose any r, such that
an
1> > s 1=
rp > max |rp.q Mn(/tn+1)]
Then (a) is satisfied if
log (an,/My+1)
kn+y > —————

log ry,
5. As a consequence, we have:

COROLLARY 2a. If

lim sup |0, | > 0, lim sup k;ll log |0ip| =0,

n—oo n—soo

kntr | gl [+l
ap >0, 2a, <+ w0, and > log
kn an ap

for all n, then E(g) =0, where g{z) = Z(‘/.nzk".

If Gp=0(1), lim sup, o |Ug| > 0, k, increasing, and

kp : k41
o8
kn+l 'n

2z

< + oo,

then £(g)=0.

CoROLLARY 2b. Suppose that f is analytic in the circle |z| < 1, f(1) =1,
L AQR f’) < 1, and that a, > 0 (all n),
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o0
Za,, <+ cc.
n=1

Let
00 o
glz)= 3" zk"f(ze Py,
n=1
If
kp+y log a,
lim inf + > 0,
n— o0 n an

then z = e'? iﬁ E(g)if |0-6,| < (a/3)~h, 0<h<nr/3, for infinitely many n.
In particular, E(g) = 0 if the set{ 0,} is dense in the interval [0, 27].

6. The discussion of C,(z) on pp. 534, 535 of the preceding paper shows
that they are constructed essentially in accordance with Theorem 2 above. The
gap theorem in Corollary 2a is very crude, and can certainly be improved. The
high-indices theorem of Hardy and Littlewood and Tauberian methods (see [2]
and [ 3]) yield much sharper results.

7. The construction on p. 537 of Herzog and Piranian can also be carried

out as follows.

LEMMA. If A and B are disjoint closed sets in the plane and B is bounded

and has a simply connected compliment, and € > 0, then there is a polynomial

P(z) such that |P(z)| < eon Band |P(z)| > 1on A.

Proof. Let T,(z) be the Chebyshev polynomial of degree n for B; that is,
T, is the polynomial of degree n with highest coefficient 1 whose maximum
modulus on B is the least possible. Then T,(z)'“" — ¢(z) in the exterior
of B, where ¢(z) is the function which maps the exterior of B onto the exterior
of a circle |w| > ¢ and whose Taylor expansion at o begins thus: ¢(z) =
z++++. Let ¢ < C <R be such that |¢{z)| > R + € on A. Then there is an
n such that

[ T,(z)|¥"> R on 4 and |T,(z)|'" < Con B.

If n is chosen such that ¢(R/C)" > 1, then R™" T, is a polynomial with the

desired properties.
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There are, of course, many other ways of constructing such a polynomial.

Now in the construction on p. 537, take a convergent double series 2 ajy
with azp > C. Choose A =1, and let B be the sector z =ret? with 0 <r<l
and 0 in the closed interval complimentary to /55 and its two adjacent intervals
in Gy. Let Py, be a polynomial such that | Pgp(z)| > 1 on I3 and |Ppp(z)] <
arp on B. Arrange the pairs (%, h) in a sequence by the diagonal process, and
apply Theorem 2, then Theorem 1.

8. The polynomials C, used by Herzog and Piranian are of the desired type
for the sets 4 and B considered in the preceding paragraph. They provide a
simple explicit construction and enjoy other interesting properties which seem
to be useful in a number of problems. The fact that they are small on the whole

set B above follows from the following remark which is surely known:

I

00 n
flz)=2_ a,z" and sn(z)=2akzk,
n=0 k=0
and 0 <r <1,|z| <1, then |f(rz)] < sup, |s,(2)].

This is a trivial consequence of the identity f(rz) = O(1-r) 27 rsp(2).
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REMARKS ON SPLITTING EXTENSIONS

D.G. HigmAN

1. Introduction. If NV is a normal subgroup of the finite group G we call G
an extension of N. Such an extension G over N is said to split if there exists a
complement of N in G, that is, if there exists a subgroup of G which contains
exactly one element from each coset of G modulo N. A frequently used criterion
for splitting is provided by a theorem of Schur, namely, if N has order prime to
its index in C, then G splits over N. W. Gaschiitz [1] has recently given a
generalization of this theorem for the case when N = A is abelian, which states
that (i) G splits over A if and only if there is for each prime p a p-Sylow sub-
group S of G which splits over SnA,* and (ii) there exists a subgroup U< G such
that G = AU if and only if there exists for some prime p a p-Sylow subgroup S of
G and a subgroup V of S such that

S=[Sn A1V, and Ng (VaA) = Sn A.*

Ilere 1 (¥ n A) denotes the subgroup generated by all the conjugates to Vn 4

in G,

In €2 of this note we apply part (i) of the theorem of Gaschiitz to establish
a generalization of the theorem of Schur for non-abelian extension. In $3 we
apply (ii) to obtain a characterization of extensions G over N such that N is
contained in the Irattini subgroup. The remaining two sections are concerned

with the question of conjugacy of complements.

NoTaTions. Group will always mean finite group unless the contrary is ex-
plicitly stated. For // a subgroup of a group G, [G:F]=index of // in G. For
Y a set of elements of G, { Y} = subgroup generated by the elements of Y. If

A and B are groups, A x B denotes their direct product. 4 < B means 4 is con-

! Since any two p-Sylow subgroups of G are conjugate, this condition is satisfied
by all p-Sylow subgroups whenever it is satisfied by any one of them. The condition
is automatically satisfied by those p-Sylow subgroups of G for which p does not divide
both the order and the index of the normal subgroup.

Received July 8, 1952,
Pacific J. Math. 4 (1954), 545-555
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tained in B, while 4 < B means proper inclusion. 4n B = set theoretic inter-

section of 4 and B.

2, A subgroup C of G is a complement for the extension G over N if and
only if G =NC and 1=Nn C.

THEOREM 1. 4 subgroup C of a group G is a complement for the extension
G over N if and only if C is minimal with respect to the property G = NC, and
there exists for each prime p a p-Sylow subgroup S of G, and a complement of

NS in S which is part of C.*

Proof. Assume that C is a complement of N in G. Then clearly C is minimal
with respect to the property G = NC. If P is a p-Sylow subgroup of C, and if §
is a p-Sylow subgroup of G such that P < S, then P is a complement of Sn N in
S. For, since P < C, NnP < NnC=1. And since P < S, [Sn N1P < S. But
Sn N is a p-Sylow subgroup of N, and P is a p-Sylow subgroup of C, from which
it follows that [Sa N]P is a p-Sylow subgroup of G. Hence [SAN]IP=S. We

have proved the necessity of the condition of the theorem.

Now assume conversely that this condition is satisfied. Let P be a Sylow
subgroup of M = Nn C, x an element of C. Since M is a normal subgroup of C,
P* is also a Sylow subgroup of M for the same prime. Hence there is an element
y in M such that P*Y = P, Then xy is in the normalizer T of P in C, that is x is
in MT. Hence C = MT, so that G = NC = NMT = NT. Hence by the minimality
property of C, T = C. We have shown that each Sylow subgroup of ¥ is normal in
C, that is, that M is nilpotent.® We must prove that M = 1.

If p is a prime, there exists by our assumption a p-Sylow subgroup S of G,
and a complement U of Sn N in S which is part of C. Since U < S, Uis ap-
subgroup of C. If Q is a p-Sylow subgroup of C such that U < @, then Uis a
complement of Mn Q in Q. For, let P be a p-Sylow subgroup of G such that
@ < P. Then there is an element x in G such that

P=S*=[SaN*U*=[PaN]U*.
lence, since 1=Un N, P =[Pn N1U, so that
0=00P=10aNIU=[Qn MU,
2The condition that C be minimal with respect to the property G = NC is equivalent

to the condition M= Nn C < ¢ (C). We may infer the nilpotency of M from the nilpotency
of ¢ (C) (c.f. §3).
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For X a subgroup of G, set X = M’X/M’, where M’ denotes the commutator
subgroup of M. Then Qisa p-Sylow subgroup of C, and since M’UnM=M’[Un
Ml=M, Uis a complement of OnM in C. Hence, since M is abelian, there
exists by part (i) of the theorem of Gaschiitz a complement D = D/M* of M in
C. But then C = MD and M’= M n D. Since M is nilpotent, M # 1 implies Mn D =
M’ <M=MnC, that is D < C. Since G=NC = NMD = ND, this contradicts
the minimality property of C. Hence M = 1, which proves the sufficiency of the
condition,

CoROLLARY (Schur’s theorem). If N has order prime to its index in G,
then G splits over N.

REMARK. Theorem 1 does not, of course, settle the question of the neces-
sity of the hypothesis that N be abelian for the theorem of Gaschiitz. ®

The following example shows that in a splitting extension G over N, not
every subgroup C which is minimal with respect to the property G = NC need be
a complement, even when N is abelian.

ExAMPLE. Let M £ 1 be an abelian normal subgroup of the group C, and
assume that M is contained in the Frattini subgroup ¢ (C) of C(c.f. $3). Since
¢ (C) is nilpotent it will have a center # 1; we may take, for instance, M = the
center of ¢»(C). By a theorem of Artin [2, p.103] there exists a free abelian
group A of finite rank, and an (infinite) group G such that if we set N =M x 4,

then
1. G is a splitting extension of N.

2. G=NC
3. M=Nn C.

By the choice of M and C, no proper subgroup of C satisfies 2.

Let now m be the order of M. Since N is abelian, N™ [= the totality of mth
powers of elements of N] is a characteristic subgroup of N, and hence is normal
in G. Furthermore, N™n M = 1, Since N is abelian of finite rank, and since G/N
is finite, as an isomorphic _image of the finite group C/M, G/N™ is finite. Set
G = G/N™, N = N/N™ and C = N™C/N™. Since the extension G over N splits,
so does G over N. C is minimal with respect to the property G = NC, but

CnN= MNT"/N* =M #£ 1.
THEOREM 2. For an extension G over N the following five conditions are

%That this hypothesis actually is necessary has been shown by Professor
Zassenhaus. See the note at the end of this paper.
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equivalent.
(1) N has order prime to its index in G.
(2) if H is a subgroup of G, then
(a) there exists a complement of Nn H in H.
(b) if either H/INn H] or Nn H is solvable, then any two complements of
Nn H in H are conjugate in H.

(3) for each prime divisor p of the order of N, there exists a p-Sylow subgroup
S of N such that if T denotes the normalizer of S in G,

(a) there exists a complement of Nn T in T.

(b) if H is a nilpotent subgroup of T, then any two complements of Nn H in

H are conjugate in H.

(4) if H is a nilpotent subgroup of G, then
(a) there exists a complement of Nn H in H.
(b) any two complements of Nn H in H are conjugate in H.

(5) if H is a nilpotent subgroup of G, then there exists a subgroup C of H
such that for each subgroup U of Hy U={Una N]x[UnC]l.

Proof. Assume that N has order prime to its index in G, then clearly the
same is true of the normal subgroup N n H of H, for any subgroup H of G. Hence
H splits over Nn H by the theorem of Schur. Furthermore, by a theorem of
Zassenhaus [2, p.132] if either H/[Na H] or Na H is solvable then any two
complements for this extension are conjugate in H. Thus (2) is a consequence

of (1).
Conditions (3) and (4) are immediate consequences of (2).

Next we shall prove that (3) and (4) each imply (1). Assume that the ex-
tension G over N satisfies (3), and assume that p is a prime which divides
both the order and the index of N. Then by (3), (a) there exists a p-Sylow sub-
group S of N, and a subgroup C such that if 7 denotes the normalizer of S in
G, C is a complement of Nn T in T. But G = NT, so that C is a complement of
N in G. Thus [C:1]1=[G:N], hence since p divides [G:N], there exists an
element x in C of order p. Since x is in T, and since p divides the order of N,
there exists an element z of order p in Sn N such that xz = zx. Since x is not
inN, H={x,z}={x}x{z} and Nn H={z}, whereby it follows from (3), (b),

that { x} and {xz } are conjugate in H. Since this is impossible, (3) implies (1).

Now assume (4), and suppose again that p is a prime which divides both

the order and the index of N. If S is a p-Sylow subgroup of G, there exists by
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(4), (a), a complement C of Sn N in S. Since p divides [ G: N], there exists an
element x in C of order p. Since p divides the order of N, Sn N is a non-trivial
normal subgroup of S. Now a repetition of the construction of the preceding para-
graph leads to a contradiction with (4), (b), proving that (4) implies (1). We

have proved the equivalence of the first four conditions.

If H is a nilpotent subgroup of G, (2) implies the existence of a complement
C of NnH in H, and (1) implies that the orders of Nn H and C are relatively
prime. Now (5) is a consequence of a property of nilpotent groups. Thus (5)
is implied by the equivalent conditions (1) and (2). Conversely, if S is a p-
Sylow subgroup of G, (5) implies the existence of a subgroup C of S such that
U=[UnN]x[UnC] for each subgroup U of S. But it is well known that this
implies that Sn N and C have relatively prime orders. Hence one of Sn N and
C is trivial. This proves that (5) implies (1), completing the proof of Theorem
2.

3. The Frattini subgroup ¢ (G) of the group G is the intersection of G with
all its maximal subgroups. In this section we shall note a characterization of
those normal subgroups N of G which are contained in ¢ (G). Tt is well known
that

(a) N < H(G) if and only if G =NC, C a subgroup of G implies G =C.
Hence part (ii) of the theorem of Gaschiitz has an equivalent statement
(b) the abelian normal subgroup A of G is contained in ¢(G) if and only

if for each prime p there is a p-Sylow subgroup S of G such that S=[1Sa A1V, V
a subgroup, implies Sn A =Ng(Vad).?

Using (a) it is easy to verify that

(¢) if M is a normal subgroup of G such that M < N, then N < ¢(G) if and
only if M < $(C) and N/M < H(G/M).

Since ¢ (G) is nilpotent [2, p.122; this can be proved using (a) together
with the first part of the argument of the sufficiency proof of Theorem 1] it will
suffice for the purposes of determining the normal subgroups N which are con-

tained in ¢ (G) to consider the case in which N has prime power order.

N denotes the ith derived subgroup of N, NG N, N _N% For X a
subgroup of G, g (X) denotes the subgroup generated by all the conjugates to
X in G.

THEOREM 3. Let N be a normal subgroup of the group G, and assume that
N has p-power order, p a prime. Then N < ¢(G) if and only if there existsa
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p-Sylow subgroup S of G such that for all i > 0, S = N(i)V, V a subgroup, im-
plies

N(L) - N(i'*’l)nc (Vn N(l)) 1

Proof. Assume first that N < ¢(G). For X a subgroup of G, write X=
N x /NGO Then N is_an abelian normal subgroup of G with p-power
order. Furthermore, by (c), N < (/’)(5). Let ¢ be the p-Sylow subgroup of G
whose existence is inferred by (b) (indeed, any p-Sylow subgroup will do).
Then S=S/N(i+l), S a p-Sylow subgroup of G. If S=N(i)V, V a subgroup,
then S = 1—\7(l_) V. Hence by (b) it follows that /\7‘_) =Ng(Vn [\77)) But

N 7= NG NG o NGt gy g _ yGrop pG gy ptro

from which it is,easily verified that

na (Vﬂ N(L)) =N(i+l)nG(Vn N(i))/N(i+1).

Hence N = N(iﬂ)nG(Vn N, We have proved the necessity of the condition

of the theorem.

Assume conversely that this condition is satisfied. We prove N < ¢(G) by
induction on the order of N. If N =1 there is nothing to prove. Otherwise, since
N is a p-group, N” < N, and since the condition of the theorem is clearly satis-
fied by N* whenever it is satisfied by N, it follows from the induction hypothesis
that N’ < ¢(G). S=S/N’ is a p-Sylow subgroup of G =G/N* If V =V/N’is
a subgroup of G such that S = NV, N = N/N’, then S = NV. Now the condition

of the theorem implies
N=N/N"=NNg(VaN)/N =Ng(VaN)/N=Ng(VnN).

Hence, since N is an abelian p-group it follows from (b) that N < ¢ (G). Hence
N < ¢(G) by (c).

4. In this section we assume that N = 4 is abelian, and consider the problem
of the conjugacy of complements of A in G. A complement C of 4 in G is in
particular a set of representatives for G over 4; C consists of exactly one ele-
ment ¢ (X) from each coset X in G/A. If D is a second complement, d(X) =
Dn X, then the function ¢ from G/4 to A defined by d{X) =t(X)c(X) satisfies

(1) 1=t (V)X (XYL e(X)
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for all X, Y in G/A. (Since A is abelian, all the elements x in X induce the

same automorphism of A. We write a* = a* for g in 4).

Conversely, if ¢t is any function from G/A to A which satisfies (1), then the
totality D of elements d(X)=¢(X)c(X) for X in G/4 is a complement of 4

in G. Moreover

(2) two complements C and D which are related by t are conjugate subgroups
of G if and only if there is an element a in A such that t(X)=a'"% for X in
G/A.3

Let H be a subgroup of G such that 4 < /I, and set m =[G: H].
THEOREM 4. If m is prime to the order of A, if the function t from G/A to

A satisfies (1), and if c is an element of A such that t(Y) =c*Y for all Y in
H/A, then there is an element a in A such that t(X) =a'"* for all X in G/A.*

Proof. The function f defined by f(X)=¢(X)c*"! satisfies (1), and has
the property that f(Y) =1 for all Y in F/A. Choose a system L of left repre-
sentatives for C/A over FH/A so that each X in G/A4 has (uniquely) the form X=
X X, with X in L, X in H/A. By (1) we have

1= (OX PO (X)) = O F(X)

that is f (X) = f(X). Hence

FX) = Yy XY =YY r(Xy).

Taking the product over all Y in L we have

(3) foom= T 7o JT 7 (X0).

YEL YEL

Since m is prime to the order of A, the mapping ¢ :a —>a™ is an auto-

morphism of A (which commutes with every other automorphism of-4 ). Hence

¥In terms of the cohomology theory of groups this means that the number of classes
of conjugate complements of A in G is the order of the first cohomology group of G/A4 by

*This result is a consequence of the 1-dimensional case, whereas (i) of the Gaschutz
theorem is a consequence of the 2-dimensional case, of a general theorem in the co-
homology theory of groups (see B. Eckmann, Cohomology groups and transfer, Ann.
of Math., 58 (1953), 481 -493.
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bz{ I f(Y)]o:"

YEL

is an element of 4. As Y runs through L, so does XY, hence, applying ¢! to
(3) we have f(X) = b"%b = b'"X, Thus

t(X)=f (X)X o pt-X o X L (pe)t-¥X,

Theorem 4 is now proved with ¢ = be.

COoROLLARY 1. If m is prime to the order of A, then two complements C and

D of A in G are conjugate in G if and only if Cn H and Dn H are conjugate in
H.

Proof. Let t be the function relating C and D. The subgroups Cn H and
D n H are complements of A in //, and are related by the restriction of ¢ to H/A.
If C and D are conjugate in G, then by (2) there exists an element a in A such
that t(X)=a'"X for all X in G/A, and hence in particular for X in H/A. Hence
by (2), Cn H and Dn H are conjugate in /.

If on the other hand Cn H and D n H are conjugate subgroups of H, then it
follows by (2) that there is an element ¢ in A such that :(Y) =¢'Y for all y
in H/A. Hence by Theorem 4 there exists @ in 4 such that ¢(X) = a'"* for all
X in G/A. Hence by (2), C and D are conjugate in G. This proves the corollary.

By part (i) of the theorem of Gaschiitz the extension G over 4 splits if and
only if there is for each prime p a p-Sylow subgroup S of G which splits over
Sn A. By Theorem 4 we have

CoROLLARY 2. Let G be a splitting extension of A. If for each prime p
there is a p-Sylow subgroup S of G such that any two complements of Sn A in

S are conjugate in S, then any two complements of A in G are conjugate in G.

Proof. We must prove that for each function ¢ satisfying (1) there is an
element a in A such that t(X)=a'¥ for all X in G/A. Let p; be the prime
divisors of the order of A and let A; be the corresponding primary components of
A(i=1,2,+.,k). Then A =4; x +++- x A}, and each A4;, being characteristic in
A, is a normal subgroup of G. For each X in G/4, t(X) has (uniquely) the
form

k
t(X)=H ti(X),

i=1
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with ¢;(X) in A4;. Define 7;(A4;x) = t(Ax) for x in G, and let S; be a p;~Sylow
subgroup of G. We have assumed that S; may be chosen in such a way that there

is an element b; in A; with

T, (A;y) = b4

i

for all y in S; (indeed, any p;Sylow subgroup will do). By Theorem 4, there

exists a; in A such that
T, (A;x) = a7
for all x in G. Hence
1-Ajx 1-Ax
ti(Ax)‘_‘Ti(Aix):ai =q. ,

whereby

k k

k
t(Ax):I_I ti(Ax)—: H ail-AX: H a;
i=1

=1 =1

1-Ax

for all x in G, with a = I'If;l a; an element of A.

5. It has been conjectured that if N has order prime to its index in G, then
any two complements of N in G are conjugate. The following theorem shows that
this conjecture is equivalent to

(+) if G is a group, and I" a group of automorphisms of G such that the
orders of I' and G are relatively prime, then for each prime p, there exists a
p-Sylow subgroup of G which is mapped onto itself by every automorphism in I,
Thus the theorem of Zassenhaus [ 2, p.132] suffices to prove (+) in case either

G or I is solvable.

THEOREM 5. For an extension G over N such that N has order prime to its
index in G, the following are equivalent statements.

(a) if C and D are complements of N in G, then they are conjugate in
{C,D}.

(b) for each subgroup H of G such that G = NH, and for each pair C, D of

complements of NnH in H, there exists an automorphism o of H such that

C=D".
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(¢) for each subgroup H of G such that G = NH, for each complement C of
Nn H in H, and for each prime p, there exist a p-Sylow subgroup S of Nn H such
that C is part of the normalizer of S.

Proof. Clearly (a) implies (b). Assume (b), and let H be a subgroup of
G such that G = NH. Let P be a p-Sylow subgroup of Nn H, and let T be the
normalizer of P in H. Then H =[Nn H]1T. Hence, since the order of Nn H is
prime to its index in /, there exists by the theorem of Schur a complement D of
Nna H in H which is part of T, that is, which normalizes P. If now C is any
complement of Nn / in H, there exists by (b) an automorphism of // such that
C =D Hence C normalizes the p-Sylow subgroup S =P of Nn H. Thus (b)

implies (c).

Now assume (c), and let C and D be two complements of N in G. Assume
that if { U, V'} is a pair of complements of N in G such that the order of { U, V' }
is less than the order of H={C,D}, then U and V are conjugate in {U, V1. If
Nn H is nilpotent, since we have assumed that the orders of N and G/N are
relatively prime, it follows by the theorem of Zassenhaus that C and D are con-
jugate in H. Otherwise, there exists a prime p such that the normalizer in # of
a p-Sylow subgroup of Nn fi is a proper subgroup of H. By (c) there exist p-
Sylow subgroups P and ) of NnH which are normalized by C and D respectively.
There exists an element x in H such that P = Q%, and the complement £ = D* of
N in G normalizes P. Thus, if we let T denote the normalizer of P in H, { C, £} <
T < H. Now it follows by the induction hypothesis that there exists an element
y in {C, E} such that C = EY = D*. Since both x and y are in H ={C,D}, so

is xy.

Added in proof. The very interesting fact, that the hypothesis that the ex-
tension be abelian is indeed necessary for Gaschiitz’s theorem (i), as stated in
the introduction of the present note, is shown by the following example com-

municated to the author by Professor Zassenhaus:

Let G be the group with generators A;, B;, C; (iyk=1,2) and the defining

relations
2 2 2 2 2 2 )
Afy =47, = (AuAu) =4y =45, = (A21A22) ’ Au'Azk =A2kA1i’
3 -1 -1
Bl =1, B A; Bi =4, By Ay B = A, Ay Bidy =4y By, ByAy =4, By,

2 2 2 -1 -1
B, B, =B, B;; C; =(C;4;)" =(C;4;,4;,)" = 4;,, C;B;C;" = B,
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C1A2kcv C2A1k = Alkcz’ C B,y = B, Cp €, B, =B, Cz9 ¢ C, = C2 & (i, =1,2).
The subgroup N generated by the four elements A;; is the direct product of two
quaternion groups with identified centers, thus N is of order 32. The group N is
normal in G and the subgroup G; of G generated by NV, By and B, is normal too
such that G, /N is abelian of type (3,3). The factor group G/G; is of type (2,2).
Thus G is of order 1152.

The group G does not split over its normal subgroup N, But the factor group
G(/N is the 3-Sylow subgroup of the factor group G/N such that G, splits over
N with the subgroup generated by B, and B, as representative subgroup. More-
over the factor group generated by N, C; and C, over N is a 2-Sylow subgroup
of G/N such that the subgroup generated by C; A,, and C, 4,, is a representa-

tive subgroup of order 4.
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TRANSFORMATIONS OF SERIES OF THE TYPE ¥,

MARGARET JACKSON

1. Sears [ 3] has given relations between series of the type 3@, Generaliza-
tions of some of these results are included in, or may be obtained from, the

following two formulae established by Slater [4]:

o (1=x8g") (1~ g " /xE) (1= byg")e+ (1~ byq")

r=o (I-ag") - (1-ayqg)

(l—qr+1/aM+2)--.(l-qr+1/‘12M+1) GM+zs°csBap+1 3 X
x MM

(1—qr“/al)..-(l-—qrﬂ/aM) byseeesby

(1 —-a1x‘fqr-l)(1 -qr+2/alx§)(1 - blqr+1/al)"'

(1-ag") (1 —=q¢""a ) (1 = ayq"/ay)---

= q/a, H[
r=o

(1-byg" ™ /a ) (1 =aiqay+a) -+ (1~ aiq/azy+ )]

(L.1) X e
(1~a1q’/aM)(1—~a2q'“/a1)~-~(1—anrH/al)
qay+o/@yse s qagy+1/aq ;x]
x Y
MM
qbl/ala"'squ/al

+ (M =1) similar terms obtained by interchanging a with a,, az,+-,ay,

- (1—a1x§q"1)(l—qr+2/u1x§)(l— blqr+1/a1)-..
=q/a1 n (1_alqr)(1_qr+l/al)(1...alqr/112)--.

r=o
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(1- qur+l/al)(1 —a1q/ay+2) (L —arqg’/agy+,)

x
(l—a‘qr/aM)(l—a2qrﬂ/a‘)...(l-—anrﬂ/al)
(1.2)
X ay/byseesa,/by; bye+by
M\pM —_
ay/ay+ascecsar/agy+y  OMY2TCrO2M
+ (M - 1) similar terms obtained as in (1.1),
where

Ay+2 *** QaM+1
M>1, §= —————  |x| <1, and |q| < 1.

a; seeay

In particular we see that (1.2), with ¥ =3, is a generalization of the bhasic
analogue of the fundamental three-term relation [ 3, €10, result IVa] for 3F2 to
which it reduces if we take a, =aq, a; =bq, a3 =cq, as =a, ag=b, a7 =c,
by=gq, by=e, b3 =f, and x = ef/abc. Similarly, (1.1) and (1.2) may be used
to obtain many more of the relations given by Sears. It will be noted, however,
that the parameters occurring in the ¥ series in (1.1) and (1.2) are related in
a very symmetrical way, and consequently these formulae can only be expected
to provide generalizations of the two-, three-, and four-term relations between
,@, which are of a symmetrical nature; in particular, they do not provide a
generalization of the basic analogue of the fundamental two-term relation [3,
$10, 1). In this paper, one such generalization is obtained which, when used in
conjunction with (1.1), will yield generalizations of all Sears’ formulae and

provide basic analogues of known transformations [ 2] of _H, .

2. To obtain the required generalization, we establish the basic analogue
of the formula [2, $2.11 which was used to obtain the generalization of the
fundamental two-term relation between ,F,. The method by which this result
can be obtained has been indicated by Bailey [1], who obtained a particular
case of the following formula (2.1). We use the fact that a basic bilateral
series 8‘1’8 which terminates below can be expressed in terms of an N which
can in turn be transformed into two series ,®., one of which can be replaced
by a ,W, which terminates below. Then, proceeding to the limit, we obtain a
transformation which can be restated in the form (2.1). The analysis is straight-

forward, though rather lengthy, so we just state the result:
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> (gvVa)n(=qva)a (b)n(c)n(d)n

(2.1)
n=z—oo (Va)r (= a)(ag/b)sag/c)nag/d)y,

X

() (P (=1)%" /2% 3 \n
(aq/e)p(ag/fy bcdef)

_ ﬁ (1-ag™) (1= ¢ /a)(1 - aq"/be)
r=o (1—qr+l/d)(1—qr“/e)(l—q"“/f)(l__aqrﬂ/b)(l_aqrﬂ/c)

~aq" ' /de) (1~ ag" ' /ef) (1 = ag" "1 /df)
(1-a?q" " /def)

b, ¢, a*q/def; aq
X 31113 —
aqg/d,aq/e,aq/f be

x 111
r=o

< (1-dq"/a)(1-eq"/a)(1-fq"/a)
+H rt1 r+i1
r=o (L=q¢""/b)(1-qg""/c)

(1~—azqr+2/bdef)(1~a2qr+2/cdef)(1—qr+l)
X
(1-a?q""?/def)(1 - defq"!/a?)

aq/ef, ag/df, aq/de ; q

a’q?/bdef, a?q?/cdef

We obtain a generalization of the basic analogue of the fundamental two-term
relation by interchanging both b and d and ¢ and e in (2.1), then replacing a by
def/aq?, d by ef/aq, e by df/aq, f by de/aq, leaving b and ¢ unaltered, and
replacing def/abcq by o, we obtain:

i (1-0¢")
I1

r=o (1—aq™%/ef) (1 —aq"*?/df)(1 —~acq") (1 —abq")
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© (1~aq"*/d)(1-aq"" ' /e)(1 - ag" 1 /f) \p{a, b, c; def]
373

r=o (1~aq") d, e, f 9beq

. ﬁ (L=¢""/d) (1= g™ /e) (1= g™ /f)
r=o (L=q™1/b)(1-q"/c)

(1-ag"™")(1~¢q"/a)

(1-aq’/b)(1=aq’/c)(1-q"") {aq/d, aq/e, aq/f; q”
x )
aq/b, aq/c

) _ r+i
(2.2) - n - (1 aq+ /f)
reo0 (1=¢" "1 /bY(1=¢"""/c)(1=dg") (1 ~eq")

hnd (1—qu)(l—fqr/b)(l—fqr/c) . ef/aq, df/aq, {/q; aq
r=o (1= fog"™") 33 b, e, ff

. I°_°I (1-¢"Yco)(1=qg" Y/bo) (1 -¢™*)
r=o (1-ag"™2/ef) (1 - aq"™?/df)

(1—q™/f)(1 = dfq"/be) (1 - efg’/be) o /ey f/by 05 q
X .
(l—qur)(l—qr+l/f0) 2 df/bc, ef/bc

The two ,®, which occur in this formula are not connected by a two-term
relation, and it would appear therefore that (2.2) is probably the simplest
generalization of the fundamental two-term relation for @, to which it reduces
when f=g. This is the only relation between ,®, which can be obtained from

(2.2).

There are some relations involving ,W,, which generalize more than one
,®, transformation. Such a formula can be obtained from (2.1) by interchanging
the parameters b and d, then replacing a by def/ag?, d by ef/aq, e by df/aq,

f by de/aq, but leaving b and ¢ unaltered:

a, b, c; def
3‘113
d, e,f abcq
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o (1-ag")(1—-aq"**/ef)(1=0cq")
(2.3) =11 -
r=0  (1=q""/b)(1~dg")(1=0q")

X

c

(l—dqr/c)(l-eqr/b)(1~fqr/b) ‘P C, ef/aq, ef/bq; d
(1-ag™/e) (1 —ag™ /) (A ~efg™ b)) 3

oc, €, f

+I% (1-¢""/e)(1 =g " /f)(1-ag""/b)

r=o (1—ag™ Y /d)(1=¢ " /b) (1= ¢"*/c)

(l—qrﬂ)(l—aqr)(l—-coqr)
(1-aqg™/e)(1=ag™/f)(1 =aq")

X

00 (1—~qr+1/co)(l—efqr/bc)(1-dqr/c) o [aq/d, f/b; e/b; q]
r=o (L—efq"/b)(1=bq " /ef)(1~dq") *Lag/b, ef/be

© (1—0g")(1=q*/d) (1 —ag" /c) . [aq/d,aq/e, aq/f;q”
2 .

r=o (L=cog")(1—ag" ") (1-4q"/a) aq/b, ag/c

If e (or Y=g, (2.3) reduces to a two-term relation; but it reduces to a
four-term relation between ,®, when ¢ = 1. This particular result is not stated

explicitly by Sears but can be deduced from his results.

It will be seen that the W,
analogous ,# , transformations. For this reason, no more such results are given,
but they can all be obtained from (1.1) and (2.2).

transformations are more complicated than the

3. corrigenda. In (2.3) and (2.4) of [2], the terms ’(1+b~0), '(1+c-0)
should be I'(1-b-0), '(1-=c-0), in (5.1) the factor I'(d—c) on the left
should be in the denominator of the first term on the right, and there should be

a factor I'(d) in the denominator on the left.
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TRANSFORMATIONS OF SYSTEMS OF RELATIVISTIC
PARTICLE MECHANICS

HeErRMAN RuBIN AND PATRICK SUPPES

1. Introduction. In [7] the axiomatic foundations of classical particle
mechanics were investigated; and in [ 8] the transformations which carry systems
of classical particle mechanics into systems of classical particle mechanics
were determined. The purpose of the present paper is a similar investigation of
relativistic particle mechanics (in the sense of the special theory of relativity ).

Some remarks on the general orientation of these studies are to be found in

{7, $1landin[9].

In regard to our axiomatization of relativisitic particle mechanics, we want
to emphasize that we have in no sense attempted to use primitive notions which
are logically or epistemologically simple. Investigations with these latter aims
are to be found in [11], [12], [ 13], and [ 14]; but these studies are incomplete
in the sense that they do not give axioms adequate for relativisitic particle
mechanics as it is ordinarily conceived by physicists. We have attempted to

present such a complete set of axioms in a mathematically clear way.

The main result of the present paper is the determination under a certain
weak hypothesis of the set of transformations which always carry systems of
relativistic particle mechanics into systems of relativistic particle mechanics.
Although this set of transformations is not a group (under the usual operation)
we are able to show that it is essentially a Brandt groupoid. It is difficult
precisely to compare our results with those in [6], but our results seem to
represent an improvement in three respects: (i) we work within an explicit
axiomatic framework; (ii) we consider transformations of the units of mass and
force as well as position and time; (iii) we consider transformations from one

value for the velocity of light to another.

We briefly summarize the mathematical notations we use, most of which are
standard. We denote the ordered n~tuple whose first member is a;, whose second

member is a,, and so on, by

Received May 7, 1953. The authors are grateful to Professor J.C.C. McKinsey for a
large number of helpful suggestions and criticisms. This work was supported in part by
a grant from the Office of Naval Research.

Pacific J. Math. 4 (1954), 563-601

563



564 HERMAN RUBIN AND PATRICK SUPPES

(a“...’an) .

By an n-dimensional vector we mean an ordered n-tuple of real numbers. Opera-
tions on vectors are defined in the usual way. We use the symbol ‘0’ to denote
the real number zero, the n-dimensional vector all of whose components are
zero, and the matrix all of whose elements are zero. If 4 =(a,,+-+,a,) is any
vector, the length | 4] of 4 is defined by

4] =aTs-ra? ;

and by [A1;, i, i,
Thus if 4 = (4,7,5), then [4]1,,5=(7,5). If 4 is a vector, we sometimes write
“A%” for “|A|%” If ( is a matrix, we denote the transpose of U by “G*,”
and the determinant of U by ““|([.”” We denote the identity matrix by 4.’

we mean the r-dimensional vector (ail,ai2,- ceyag ).

Although we treat vectors as one-rowed matrices, if A is a vector we always
mean by | 4| the length of A and not the determinant of A: the meaning should
be clear from the context. We use both matrix notation and usual vector notation
for the inner product of two vectors A and B. Thus we sometimes write: AB*,

and sometimes: A . B, whichever is more convenient.

We use Menger’s notation for derivatives (see [10]). If f is a function,
then D (f) is the derivative of f. Thus, for example,

D(sin) = cos, [D(sin)] (x) = cos x, and [D?(sin)] (x)=-sinx.

In this connection, we use the standard notation for sums, products, quotients,
square roots, and so on, of functions. Thus, for example, if f and g are functions
of a real variable, by f+ ¢ we mean the function & such that for every real

number x
h(x)=f(x)+g(x).

If { is a one-to-one function, f~! is the inverse function of f. It is also con-
venient to introduce a special symbol for the composition of two functions: if
f and g are functions of a real variable, by g of we mean the function A such

that for every real number x
hix)=g(f(x)).

To make some of our equations involving derivatives more perspicuous in re-

lation to the notation ordinarily used in physics, we introduce formally the
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following two symbols: if f and g are functions of a real variable, then the func-

tion df/dg is defined by the following equation (for all real numbers x )

df _ Df)
g(x)-(D—g (%),

and the function d2f/dg? by the equation

d? DIDf/D
af (x) =(_M_g_]) (x)
dg* Dg

Finally, we also use the following notation: / is the set of all positive
integers, R is the set of all real numbers, R* is the set of all positive real
numbers, and E, is the set of all n-dimensional vectors. We sometimes use
geometrical language, referring to vectors in £, as points in n-dimensional

Euclidean space, and so on.

2. Primitive notions. Our axioms for relativistic particle mechanics are
based on six primitive notions: P, &, m, s, f, and c. P is a set, S and m are
unary functions, s is a binary function, [ is a ternary function, and ¢ is a con-

stant.

The intended physical interpretation of P is as the set of particles. For
every p in P, O(p) is to be interpreted physically as a set of real numbers
measuring elapsed times (in terms of some unit of time and measured from some
origin of time). There is a good physical reason for assigning (possibly) dif-
ferent sets of real numbers to different particles, instead of having one set of
elapsed times for the whole system, as in [7]: two particles which have a
simultaneous ‘‘life-span’’ with respect to one inertial frame of reference may

have life-spans which do not even overlap with respect to another inertial frame.

For every p in P, m(p) is to be interpreted physically as the numerical
value of the rest mass of p. For every p in P and ¢ in S (p), s (p, t) is a vector,
to be thought of physically as giving the position of p at time ¢. Thus the primi-
tive s fixes the choice of a coordinate system. It is also possible to take as a
primitive the set of all admissible (that is, inertial) coordinate systems; this
procedure is followed in [ 3]. We remark that for a fixed p in P, it is usually con-
venient to use in place of s the function s,, which is defined on S(p) and is

such that, for every ¢ in 3(p),

sp(t)=s(p,t).
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For every p in P and ¢ in O (p), and for i any positive integer, f (p,t,i) is
a vector giving the components (parallel to the axes of the coordinate system)
of the ith force acting on p at time t. For further discussion of this primitive,

applicable to relativistic as well as classical particle mechanics, see [7].
Our primitive constant ¢ is to be interpreted as the numerical value of the

velocity of light.

3. Axioms. Using the six primitive notions just described, we now give our

axioms for relativistic particle mechanics.

An ordered sextuple I'=(P, J, m, s, f, ¢} which satisfies the following Axioms
A1-A7 is called an n-dimensional system of relativistic particle mechanics

(or sometimes, simply a system of relativistic particle mechanics, for abbrevia-

tion, S.R.P.M.):

KINEMATICAL AXIOMS
Al. P is a nonempty, finite set.
A2. Ifp € P, then O (p) is an interval of real numbers.

A3. If p€P and t €3 (p), then sp(t) is an n-dimensional vector; and,

moreover, the second derivative of s, exists throughout the interval S(p).
A4, The constant c is a positive real number such that for every p in P and

tin g(p),

|(Dsp) (D)) < e.

DYNAMICAL AXIOMS
A5. If p € P, then m(p) is a positive real number.

A6. If p€P and t €3 (p), then f (p,t,1), f(p,t,2),+++ are n~-dimensional

vectors such that the series

o

2 [ (ptyi)

is absolutely convergent.

A7. Ifp€Pand t €S (p), then

Ds, | (Dsp ) (2)]?
m(p)|D (t) =4/1~ Zf(p,t i).
\/1—|Dsp |2/c? c?
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Since this set of axioms is similar in many ways to that given for classical
mechanics in [7], a large number of remarks to be found in § 3 of that paper
are also applicable here and will not be repeated. From Axiom A7 it is clear
that the force concept we are using is that of Minkowski. In the solution of
special problems this concept is not always the most useful one, but the rela-
tive simplicity of its transformation properties more than justifies its use here.
Some readers may feel that there are good physical grounds for taking the notion
of relativistic mass as primitive instead of that of rest mass; however, it is
easy to define the notion of relativistic mass in terms of the notion of rest mass
and our other primitives, and the use of the notion of rest mass as a primitive
emphasizes the considerable formal similarity between our axioms for relativis-

tic mechanics and the axioms in [ 7] for classical mechanics.

For p in P, 3(p) is a time interval for the particle p (with respect to the
frame of reference fixed by our choice of primitives). It may seem that it would
have been simpler to take O (p) as the interval of proper time of the particle p.
However, this approach would complicate the treatment of systems of particles.
In the main, the notion of proper time is most convenient in discussions re-
stricted to the consideration of a single particle. From the remark in the pre-
vious section it is clear that it is not reasonable to require that the intervals
d(p) be overlapping. A second argument against such an assumption is the
prominence in modern physics of elementary particles with very short life-
spans.' We note, however, that in studying certain special problems, such as
that of defining a reasonable notion of center of mass of a S.R.P.M,, it is de-
sirable to restrict the discussion to systems in which O (p)= (- a, +®) for
every p in P.

K (i) “c” is replaced by “‘1/k’" in the inequality of Axiom A4 and the
equation of Axiom A7, (ii) % is treated as a primitive replacing ¢, and (iii)
Axiom A4 is modified to read: ‘“The constant %4 is a nonnegative real number
such that...,”” then, by adding appropriate further axioms, we can get either
classical or relativistic particle mechanics. Thus an additional axiom asserting
that k = 0 gives us classical mechanics; and the assertion that k > 0 gives us

relativistic mechanics.

paulette Destouches-Février [ 2, pp.5-6] advocates the use of a three-valued
logic to describe the creation and annihilation of elementary particles. Actually, the
situation is easily handled by the simple device of introducing the function & defined on
P instead of a fixed interval T for the whole system. Indeed, to our mind, her drastic
proposal cannot be taken seriously until we know a great deal more about the mathe-
matics which goes with a multi-valued logic. Even if such a body of mathematics existed
(as it does not—we do not have even the general outlines of elementary set theory in
three-valued logic), it would be reasonable to adopt such a proposal only after every
feasible alternative in standard mathematics had been explored.
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We close this section with a number of definitions which will be useful later.

Forp in P and ¢ in B(p ), we set
vp(t) = (Dsp) (¢);

vp(t) is, of course, the velocity of p at time 2. With respect to a fixed element

to in lS(p), we define the function Tt, (for p in P and ¢ in S (p)) as follows:

| o, (2) ]2
%(p,n:/j Vi- 2
0 [+

T¢o(ps t) is the proper time of p. Since we are interested only in the derivative
of this function with respect to ¢, and since the derivative is independent of

tgs we shall usually drop the subscript.

For p in P and ¢ in J (p ), we define the function q as follows:

g(p, 1) = (s (p,1),1).

It is natural to call ¢ the space-time function.

For p in P, t in S (p), and i any positive integer, we define what we call the

rel

relativistic force function ['°" as follows:

f(Pst:i)' Up(t)

frelp, 6,0) = {f (p, 1, 1),
(,‘2

Although it is not usual to adopt a special name for this function, the function

itself is used frequently in texthook treatments of relativity.

By a c-particle path (for any positive number ¢) we mean a set D of points
(that is, vectors) in E,+, for which there exists a S.R.L.M. ({13, S, m,s,f, ¢)
such that for every point X of £,4+,, X is in & if and (_)nly if there exists a t in
(1) such that X = (s (1,¢),t).? It is obvious that if g is any twice-differenti-
able function defined on an interval 7 of real numbers and taking vectors in
E, as values, then the set of vectors (g(t),t) for ¢t in T is a c-particle path,
provided that | (DUg)(¢)| < ¢ for all ¢ in 7.

By the slope of a line o in £,4+,, whose projection on the (n + 1)st-axis

®The intuitive interpretation of E, 4, is as the space-time manifold of special rela-
tivity with the (n+1)st coordinate representing the time coordinate. Thus, if (Z,x is
a point of E, 4+, then under the intended interpretation, the n-dimensional vector Z gives
the spatial coordinates of the point and x its time coordinate.
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is a nondegenerate segment, we mean the n-dimensional vector W such that for

any two distinct points {Z,, x;) and {(Z,,x,) of «,

Zl'—Z2
=W_

X1 — X

By the speed of . we mean the nonnegative number |W|. By a c-inertial path
we mean a line in £, 4+, whose speed is less than c. We note that every segment
of a c-inertial path is a c-particle path, but is not necessarily a c-inertial path
(since a c-inertial path must be a whole line). By a c-line we mean a line in
E,+, whose speed is equal to c. The notion of a ¢-line corresponds to the in-

tuitive notion of a light line.

If we want to refer to a S.R.P.M. I' with numerical constant ¢, we shall

write: S.R.P.M. I3,

4. Transformation theorems. We begin by defining the notion of a generalized

Lorentz matrix. An intuitive discussion of such matrices follows Theorem 1.

DEFINITION 1. Let ¢, ¢’ and A be positive real numbers. Then a matrix
( of order n+ 1 is said to be a generalized Lorentz matrix with respect to
(c,c’A) if and only if there exist numbers & and 3, an n-dimensional vector

U, and an orthogonal matrix € of order n, such that

U2
82=1, B*l1-—|=1,
0’2
and
1 U*
d o € o &+ﬁ U*U—B
U* c’?
(i) O=2x
o =|lo & |-pU B
C

The following two lemmas simplify the statement and proof of Theorem 1.

LEmMA L. Let ({13, &, m,s,f,c) be a S.R.P.M., let ¢’ and A be positive
real numbers, and let (. be a generalized Lorentz matrix with respect to { ¢, c’

\). Let the function h be defined by the equation (for every t in S (1)):
h(t)=[(s1(t)’t)@]n+l'
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Then the function Dh exists; its values are either always positive or always

negative; and the function h is one-to-one.

Proof. From Definition 1 and the hypothesis of the lemma we see that there
are numbers § and 3, an n-dimensional vector U, and an orthogonal matrix g,
such that

UZ
8% =1, /32(1-——)=1,

c’?
and
-1 EU*U eu*
)\(8+('8 1)cU )_)\B U
U2 c’2
G = AcdBU Acdf
- = —
Thus
AcdBt ABs (1)EUT ()\05,3) ( 8s1(t)80*)
R(t)= ~ = - .
C’ 6’2 C’ CC'
Hence

C’(Dh)(t)zl Ul(t)ng* >1—‘Ul(t)8,l|Ul.

dAfBec cc’ . ce
Using Axiom A4 and the fact that £ is orthogonal, we have

¢’(Dh)(t) - | U|

dABec T c’
Since | U| < ¢, the function Dh is bounded away from zero, and it thus follows
from Rolle’s theorem that % is one-to-one.
The following lemma is a theorem of matrix theory.

LEMMA 2. Let ¢, c’, and A be positive real numbers. Then a matrix G of

order n+ 1 is a generalized Lorentz matrix with respect to {c,c%\) if and

only if
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4 0 d o0
(i) G G* = A2 .
0 —c°? 0 -c?

Proof. The proof of necessity is obtained by direct application of Definition

For the proof of sufficiency, let

jan
Il
—
o~ =
3 =
*
~——————

where ¥ is a matrix of order n, K and L are n-dimensional vectors, and m is a

real number. From (i) we obtain at once:

(1) HE* — ¢"2K*K = A24,
(2) HL*—c'?mK* =0,
(3) LL* ~¢’?m=—A\2c2.

From (3) it follows that

(4) m# 0,
We define:
(5) _¢’Im]|
p= cA ’

(6) 5=—m—’

{m|

L
(7) ve-=,

m

_ 2 ¥

(8) N PRt

A B U?

Since the right member of equation (i) of Definition 1 can be written
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* *
A(8+(B—1)8U U) _ABEU
U2 2

c

AcSBU AcSB

’ ,

c c ’

in order to complete the proof it suffices to show that

-1 EUrU
" A(gJB_L_):ﬂ,
U2
ABEU*
(1) - B = K*,
c’?
A U
(TIT) - 05,3 =L,
c
(av) 208,
C
(V) 5% =1,
UZ
(VI) B2 - = =1,
C
(VID) ge*_ .

Equation (IIl) follows immediately from (5), (6), and (7), equation (IV) from
(5) and (6), equation (V) from (6), and equation (VI) from (3), (5), and (7).

From (2) and (7) we get

(9) HU*=-c’?K*,

and then from (8) and (9) we have

- ¢ 2K*U -1 L2 ¥k
(10)  ee%- = (gti+ (-1 )(ﬂ*+ (B-1)c )
BUZ BU2

— ‘2
L M*+(_B._l.)..c._[ﬁ(-c'zx*)K+3K*(—c'2K)
A2 Bzyz

+(B-1)c"2K*K]
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- 014
_ 1 [w* L BoDe” K*K(—26+,8—1)]
/\2 B2U2

2 24
=_1[3i3¢*-____(8 — e K*K].
6202

From (VI), (1), and (10) we conclude that

g2 g,

which establishes equation (VII). Multiplying both sides of (8) on the right
by ~A8 U*/c’?, and using (9), we get equation (II). Equation (1) follows from
(8) and (II), completing the proof of the lemma.

The following theorem is a generalization of the well-known result that the

relativistic equation of motion is covariant under a Lorentz transformation.

TucoreM 1. Let {P,O,m,s,f,c) be an n-dimensional S.R.P.M. Let c’,
y, and A be positive real numbers, let B be an (n + 1)dimensional vector, and
let G be a generalized Lorentz mairix with respect to {c,c% A). For each p in

P let the function h, be defined as follows (for all t in S(p):

hp(t) = [{sp(e),e) G + Blysy.

(By Lemma 1 the inverse function h}',1 exists.) Let the function O  be defined
as follows: for p in P, O°(p) is the range of the function hp; and let the func-
tions m% s, and f° be defined by the following equations (for p in P, t” in
O'(pland iinl):

m’(p)=ym(p),
s”(p,t")=[{s (p, hp' (¢7)), h;,l(t')) G+Blyeens

z Fpy kot (67),0)+ (5t (2%
fpythi) = L [(f(p,h;,‘u'),i), i rr >a]1
A

62 02

Then T = ( P, ,m%s"%f°¢c”) is an n-dimensional S.R.P.M.

Proof. It will suffice to show that I'” satisfies Axioms A4 and A7, since

the proof for the other axioms is trivial, Let
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O E*
(= .
F g
It is easy to show that for p in P, and ¢” in O (p),

(opthin, 1) ()
(1) vr(t%) = —
(vp(h3t(e%), 1) (2)

with the denominator of the right member of (1) always unequal to zero. (Since

in this proof we always consider a fixed particle p, we drop the subscript “p”’

from this point on.)

%e have, from Axiom A4,

(2) Mo e |2 = e?) < 0;

but
d 0
A2(|v<h-*(t'))|2-c2)=v(v(h-l(m),l)(O 2)(v(h"(t’)),1)*.
-c
Then by Lemma 2 we have
&0 « .
(3) M2 (Jo (R M) [ = c?) = (v (A'(e7)), 1) G(O ,2)6 (v (A1), 1)*
-c
The right member of (3) is equal to

0
(4) (v(h"(t')),l)(F) (O*F*) (v (A1 (2)),1) *

3k

E
o2 (v(h'l(t')),l)( ) (Eg) (v 1)) 1) %,
14

and using (1) we see that (4) is equal to

k2

-

£ 2
(5) ((v(h'l(t')),l)( )v'(t')) —c'z((v(h"(t'),l)(
4

From (2), (3), (4), and (5) we conclude that
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|’ (¢*)[2 =2 <0,

which verifies Axiom A4 for I'".

It is not difficult to show that from Axiom A7 we have

m(p) Dq ] .- rel .
(6) D =2 i
(1=|v()|¥/c?)” [(1—11212/02)/2 i=1

Setting ¢”(t’) = {s"(¢*),¢”) for all t* in °(p), we conclude from the hypo-
thesis of our theorem that

g (h(e))=q()0 +B,
and thus
(7) ((Dg?)oh) (¢)(Dh) (t)=(Dq) (¢)C .

Directly from the definition of ¢ and ¢’ we obtain

30
(8) (Dq)(t)(o 02)((Dq)(t))*=lv(t)lz—c2,

and

° ) (((Dg?)ob)(e))* = (v’ oh) ()| =c’2.

2
C’

9
(9) ((Dq’)Oh)(t)(O

Using L.emma 1, Lemma 2, and (7) we obtain, from (8) and (9),

2

| (v 0h) ()| = ¢ = ———— (|0 (t)|? = ¢?),
((Dh)(¢))?
and thus
‘o 2 2 .2 2
(10) 1_[(1} k) (e)| _ A%c 1_lv(t)| .
c’? ¢ H(Dh)Y(£))? c?

By Lemma 1, (Dh)(t) is either always positive or always negative; the re-
mainder of our proof is analogous in the two cases, so that we shall only con-

sider the case where it is always positive. We then have, from (7) and (10),
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L (Dg’) ohl(2) 3 ¢’ (Dg) ()
(1= (0 o h) (D)%’ Ae(1-v(e)|2/e2) %’

and hence

(11) ( D’ lop) (- —< P8
(1_.‘1)’\2/6’2)/2 A(j‘(l—'lv(t)lz/cz)/Z

Differentiating both sides of (11), and using (6), we obtain

D( Dq _Jor] (== 0 ——D"——, (t)a
(1-|v"|2/c"?)% Ae (1= 1w l|?/e?)%
[ v ()]|? e’ 2
- _ re . a .
(. 1 CZ )(/\cm(p)) (i=xf (P’t,l) \)

From (10), (12), and the hypothesis of our theorem, we infer that

(13) IRy De” R ()
m o t
Y P (1_\1),\2/012)1/;

’Oh 2 i ’,
- \/1_ oo ) ) ]® S e, k()0

2
c i=1

(12)(Dh)(t)

and from (13) we conclude immediately that Axiom A7 holds for r.s

REMARK 1. All the transformations mentioned in Definition 1 and Theorem
1 have a clear intuitive interpretation if we consider (P9, mys,f,c) as a
physical system whose mechanical properties are observed and measured with
respect to some (inertial ) frame of reference and some set of units of measure-
ment, and (P, 3" m% s’ [, c’) as the same physical system observed and meas-
ured with respect to some other (inertial ) frame of reference and some other
set of units of measurement. Thus, ¢ is the old and ¢’ the new velocity of
light. The introduction of the number y amounts to changing the unit of mass
by an amount 1/y, and the vector B corresponds to shifting the origin of the

spatial frame of reference by —[B], ... ,, and the origin of time by an amount

3Readers familiar with the standard treatments of relativistic mechanics will note
that (in the interests of rigor and explicitness) we have replaced *‘t”’" by “hp(e)”?
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~[B1n+1. The number XA represents a uniform stretch of space and time. When
§=-1, we have a reversal of the direction of time. The matrix & represents
(for n < 3) a rotation of the spatial coordinates—or a rotation followed by a
reflection. The vector U represents the relative velocity of the two inertial
frames of reference, and the number B8, which is determined by U and ¢, is the
well-known Lorentz contraction factor. Finally, it is easy to check that the
last matrix in the factorization of the matrix ( yields the ordinary Lorentz trans-
formations. We note that the rather complicated transformation of the forces is

the velocity-dependent transformation to be expected in relativistic mechanics.

ReEMARK 2. Theorem 2, our main result, is a sort of converse of Theorem
1: roughly speaking, we show that the transformations described in Theorem 1
are the only transformations which always take systems of relativistic particle
mechanics into systems of relativistic particle mechanics. To facilitate the
formulation and proof of Theorem 2, an additional lemma and some definitions

will be useful.

LEMMA 3. Let X ={Zy, %), Xo=(Z,,x,), and X3 =(Z,,%3) be any
three points in E 4+, such that (i) x, < x, < x5, (ii) there is a c-inertial path
through X, and X,, and (iii) there is a c-inertial path through X, and X3. Then
there is a c-particle path through X, X,, and Xs.

Proof. In view of the remark near the end of ¢ 3, it will suffice to construct
a function g which: (a) is defined on the closed interval [x,,x;]; (b) takes
vectors in E, as values; (c) is twice differentiable; (d) is such that for every
tin[xg, 23], | (Dg)(e)] < ¢; and (e) is such that

glx)=2y, g(x3)=2,, and glx;)=2;.

Let
a =Xy ~Xgy b=x3-x2,
Zy-2 Zy-7
p_ o2 15 po 23 2
a b
2¢ log 2 al/ log cosh y b + bW log cosh ya
y“(c—max(]VI,]WI))min(a,b)’ "~ alog cosh yb + b log cosh ya
by(W-V)
B Y

" a log cosh yb + b log cosh ya
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The reader may verify that the function g defined by the following equation
(for ¢ in [x,,x5]) bas properties (a) — (e):

B
g(t)=Z,+(t-x,)A + ~ [log cosh y (¢t —x,)].
Y

DEFINITION 2. Let ¢ be a function mapping R*into RY; let ¢, be a func-
tion which is a one-to-one mapping of £, 4+, into itself; and let ¢, be a function
mapping E,, into E,. Then we call the ordered triple { q51,¢2,¢3) an eligible

trans formation.

DEFINITION 3. Let &= (qﬁl, ¢2,¢3) be an eligible transformation; let
I'=(P,3,ms,fc) be aSR.P.M.; and for each p in P let the function Hy be
defined as follows (for every ¢ in O (p)):

Hp(2) = [,(s (py )y 6)1p4y.

Then by the ®-transform of I' (which we also write: ®(I")), we mean the ordered
quintuple (P, 8% m*%s%f"), where for p in P:

m’(p)=¢, (m(p));

O’(p) is the range of the function Hp; and s” and f* are defined by the following
equations for t” in O (p), if the pre-image HI;I (¢%) of t* under H, is unique,

and otherwise they are undefined:
s (p,t*) = [d>2(8 (p, H}')l(z'), H;)l (¢4 0ee,n

oyt i) =y (f (p, o1 (29, )0 (p, HoE (1))
fori > 1.
We are now in a position to state and prove the main result of this paper.
THEOREM 2.* Let ® = (¢,,¢,,¢,) be an eligible transformation, and let

4The statement of Theorem 2 would be made more symmetrical to Theorem 1 if
¢, were replaced by two functions ¢/ and ¢’/ such that

$(Z,x) =1y (Z,x)] 4y and ¢ (Z,2)=18,(Z,2)} 1 0ee 0

This procedure was followed in [8] for classical mechanics; but in relativistic me-
chanics, it is natural to introduce the single transformation ¢, for the space-time
manifold.
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c and ¢’ be positive real numbers such that (i) for every n-dimensional system
of relativistic particle mechanics 1", (9(y),c?) is a system of relativistic
particle mechanics, and (ii) ¢, carries no c-line into a c“particle path. Then
there exist positive real numbers y and A, an (n + 1)-dimensional vector B, and
a generalized Lorentz matrix O with respect to (c,c',)\), such that, for any

vectors Z, and Z, in E, with |Z,| < ¢, every x in R, and y in R”,
¢, (y)=vyy,

¢2 (Zlix)z (erx) Q+Bs

c’? AR
¢3(Z1’Zz)? 4 [<Zn >G] .
L,e00,n0

A2e? c?

Proof. We first want to show that if Z is any vector in £, such that | Z| < ¢,
then

¢, (0,Z)=0.

Setting P = {1}, 3(1) = (~c,0), m(1) =1, and, for ¢ in O (1),
s(1,t)=Zt,
f(L,¢4i)=0 for {>1,

we see that (P, d, m, s, f,c) is a S.B.P.M. Since for every ¢ in O (1), Z=v (1, 1),
we conclude from the hypothesis of our theorem, Definition 2, and Axiom A6

that the series
$,(0,Z) + ¢, (0,Z)+.0s
is absolutely convergent. Hence

(1) $,(0,Z)=0.

For every segment d of a c-inertial path there exists a one-particle S.R.P.M.

(11}, 9, mys, f,c) such that, for every ¢ in S (1),
f(pyt,i)=0 for i > 1,

and for every vector X in E,4+;, X is in 2 if and only if there is a ¢ in o(1)

such that
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X={(s(1,e)t).
Hence it follows immediately from (1) and the hypothesis of our theorem that:

(2) ¢, carries segments of c-inertial paths into segments of c*inertial

paths,

Let ', = (P, S, my s, f,c’) be any S.R.P.M. with constant ¢. By hypothesis,
((I’(FC ),c) is a S.R.P.M. For any p in P, if ¢; and t, are in O (p ) and ¢, # ¢,,
then

b, (s (p,t1)t1) # b, (s(pt)st2),
since ¢, is one-to-one. Suppose now that
[, (s (pyty )yt ) nar = [y (s(pyt2)st2)]ney -
Then we must have
[, (s (Pt s t) )i peee,n # by (s (pyta)sta)]y ene,ns

but then ((D(FC ),c’} is not a S.R.P.M., for p is required to be in two places

at the same time, which violates Axiom A3, We thus conclude:

(3) ¢, is one-to-one in the last coordinate along the space-time path of any
particle of a S.R.P.M. also, I'¢, and thus the pre-image under ¢, of any point

t’ in 5,(p), is unique.

Furthermore, since by hypothesis q52 takes the interval S(p) into an in-

terval 5'(p ), we have:

(4) ¢, is continuous in the last coordinate along the space-time path of

any particle of a S.R.P.M.
From (4) and the fact that any two points (Z,x) and <Z,y) lie on a c-

inertial path, we obtain:

(5) For any point <Z,x) and any € > 0, there exists a § > 0 such that for
any point {(Z,y) if |x —y| < &, then |x”"—y”’| < €, where

=16, (2,0 Taey and y' =18, (Z,y)luns
We next show that

(D ¢, is continuous.
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Let (Z”xl) be any point of E£,4+,, and let € be any positive number. Let
e* = ¢/[2(1 + ¢’)]. Using (5), let &* be a positive number such that if
|x; ~y| < 8* then lxl'-—-y'l < ¢*, where

x; = [d)z(zlsxl)]n'ﬂ and y’= [¢2 (Zysy) s

and let 8 = ¢5*/(3¢ + 2). We shall show that if (Z,,x,) is any point of £, 4,
such that

(6) (Zyx1) = (Zox) ] < 8,
then

| ¢, (Z 1,20 ) = ,(Zo, %) < €.
Suppose for definiteness that
(7) Xy > %,.

We may choose x and x5 so that

|Z, = Z, | \Zy, -2, |
(8) Xy = ——————— = 3 < xg <Xy ~ ——m—m———
c c
and
| Zy~Z,| |\ Zy - Z, |
(9) x1+-——<x3<x1+_+5
c c

From (7), (8), and (9), we obtain

\Z,~Zy|
(10) |23 =29 | < |%g~2y| +2 ——ono +25;
c

and from (6) and (10) we then infer that

(3¢ +2)68 _ 5

c

(11) |23 — x| <

Since from (7), (8), and (9) we have

(12) xg < %y <2y < %3,
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we obtain from (11)
lxg — x| < 8%,
|2y —x0 ] < 8%,
Consequently, by (5),
by =2 |+ 1x] —xf| < 2¢€*,
and thus, by the triangle inequality,
(13) fx —xl| < 2e%,
where
x! =1é,(Z1,%0) 1nt1,
%! =16,(Z125) lnnr

From the second part of (8) it follows that there is a c-inertial path through
(Z,,x,) and {Z,,x,); and from (7) and the first part of (9) it follows that
there is a c-inertial path through (Zz,xz) and (Zl,xs). We thus conclude
from J.emma 3 that there exists a c-particle path through (Z,,%0), (Z3,%,),

and (Zl,xs) . As before, for abbreviation, we set

x) =L (Zg,%, Va1,
Z2,‘= [¢2(Z2,x2 )]1,---,71 ’
lei=[¢2(zlﬁxi)]l,"-,n (i=0’1’3).

Since ¢, is one-to-one and continuous in the last coordinate along any c-particle
path, it is monotone in the last coordinate along any c-particle path, and we

thus have: either

x! < x!

rd
0 1 S %3

’ 4 ’ .
x0<x2<x3,

(14) {or

x! < «x!

rd
3 1<x0,

rd rd
X, <x2

4
<x0.
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Also, since segments of c-inertial paths are carried by ¢, into segments of

¢ “inertial paths, we have:

(15) |20 =2 < V2] =Z[ N+ |2/, =Z]| <ec'|x] x| +c"[x]—x]
and
(16) |20 -2 < |20 =2\ + |20 =2} <c'|x]—x]|+c"|x] —x]

We obtain from (14), (15), and (16):

(17) Z\Zl'l —Z;\ < c'[\x;—-x;\ +|x;—-x(;l +\x3’—x;\ +1x2'—~x5]]

<2 |x]-xl|.
Thus from (13) and (17) we conclude that
122 =27 < 2¢%ex,
and from (13) and (14) that
Ix:-—xz’l < 2¢e¥;
and since ¢* = ¢/[ 2(1 + ¢”)], we infer that
| ¢, (Z1, %)~ ¢,(Zy,%,)] <€,
which establishes (I).

We now establish:

(II) ¢, carries parallel segments of c-inertial paths into parallel segments

of c “inertial paths.

It is clearly sufficient to show that ¢, carries parallel c-inertial paths into
parallel segments of c™inertial paths. Let 5 and 5, be two parallel c-inertial
paths, and let 1, be a c-inertial path which intersects 5, and 7, in the points
Ay and 4,, respectively (obviously such a c-inertial path 5, exists). (See
Figure 1, on following page.) As previously, we use a prime to designate the
image under ¢, of a point, line, and so on. We may construct a fourth c-inertial

path which intersects 7, between 4, and A, and which intersects 5, and 7, at
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points distinct from A; and A,. Consequently, we infer from (2) that the seg-
ments 7 and 7 lie in the same plane in the image space of ¢_.(See Figure 2 on
following page.) Suppose now that n/ and 7 are not parallel. We extend (if
necessary ) 7, and 172' to their point of intersection, say J’. We next select

B’ on ] between / and A7 (we use ‘‘between”

in such a way that B must
be distinct from J* and A;); similarly, we select D’ on 75, between J* and
A;. We now consider the pre-images, B and D, of B” and D’. Since ¢, is one-to-
one and continuous, it is clear that B and D mwust be on the same side of UM
that is, the segment BD does not intersect n,. Let £ be a point on 7, between
A, and A,. Then, since 5, is a c-inertial path, one of the numbers [A4;1041-
[{E1,+ and [4,],4; = [E],+, is positive, and the other is negative. Since
n, and 7, are parallel, [Bl,+; —[41],+; and [D1,4y ~[4;1,+4, have the same
sign. We then construct a line through D’ parallel to 5] or through B’ parallel
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Ji

Figure 2

to 7n,, according to whether [A, 14y —[Elp4y or [Ay 14 —[£],4, agrees in
sign with [B1,4; ~[41,+,. Suppose, for definiteness, (see Figure 1) that
[A,144+41 ~LE],+,; agrees in sign and that this sign is positive. Let F’ be the
point of intersection of 5] with the line through U parallel to n7. By construc-

tion '’ is between A and 4, and thus F' is between 4, and A,.

We then have:
l[D]l,---,n"[F]l,---,nl < l [D]l,---,n"‘[A’z]l,---,nl +][A2}1,.-.,n“[F]1'...’n

< C([D]n+1 "[Az]n+1)+ C([Az]n+1 '_[F]n+|)

<e([Dlpsy = [F1n4y).

Hence the line through D and F is a c-inertial path. This line intersects 5, ata
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point, say G, and, furthermore, by construction DFG is a segment of a c-inertial
path, and hence the image D’F’G” is a segment of a ¢’-inertial path. But D*F”’
is parallel to 77, and the image of G does not lie on the extension of D’F”,
which is a contradiction. Thus 7 and n, are parallel, and the proof of (II) is

complete,

We next show that

(III) ¢, carries the midpoint of any finite segment ¢ of a c-inertial path into
the midpoint of & ”.

We consider a fixed plane containing ¢ and a line parallel to the t-axis
(the (n + 1)st-coordinate axis ). In this plane we construct, with & as a diagonal,
a parallelogram whose sides and other diagonal are segments of c-inertial paths.
Let the speed of the c-inertial path containing ¢ be k. It is clear that through
any point of our fixed plane there are exactly two lines with speed [, for every
positive number [. Obviously, we may construct a parallelogram P with o as
one diagonal, with the other diagonal a segment of a c-inertial path with speed
(1/4)(3%k + c¢), and with one side a segment of a c-inertial path with speed
(1/2)(k + c¢). The other side of the parallelogram P is then a segment of a
c-inertial path with speed (1/6)(5k +c). We conclude from (II) that P is
carried by ¢, into a parallelogram P and the diagonals of P are carried into

the diagonals of P’ Iience the midpoint of ¢ is carried into the midpoint of
o’ and (II1) is established.

We next show that
(IV) ¢, carries arbitrary lines into lines.

Let & be an arbitrary line in £, 4+, and let <be1) and <Z2,x2) be any two
points on «. We now construct an ‘‘inertial’’ parallelogram through these two

points. For definiteness, we assume:

X1 _>_X2.
We set
Zy+ 2,
Zo=—5—
and we choose x( and x3 so that:
|\ Zy~ 2, |\ Zy~Z, |
Xog < Xy = %3 > Xy + ———

2c 2c
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|<Zux1) - (me3> | :|(Zo»vxo) - (Zz:xz)}’

l (Zuxl) - (Zo)\xo) | = \(Zo:xs) - (Zzyxz)]-

Let (see Figure 3)

H

Figure 3

A=<Z1,x1>, B=<Z2,x2), C=<ZOaxo): D=<me3),

A+ B B+D e A+D BiC
o7 Fol” -1 no 2 K=

’ ’ ’ ) = .

2 2 2 2 2

Since the sides of the parallelogram ACBZ are by construction segments of c-
inertial paths, we conclude from (II) that A’C’B’D’ is a parallelogram, where
A7 =¢, {(4), and so on, and that the sides of A°C*B’D’ are segments of ¢~
inertial paths. Moreover, it is clear that by construction CED, FEG, and HEK
are segments of c-inertial paths, and consequently C’E’D’, F’E’G’, and
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H’E’K’ are segments of c*~inertial paths. Hence, by (II), F’, G’, H’, and
K’ are the midpoints of the respective sides of 4°C*B’D’. Thus E’, the point
of intersection of the segments F’G’ and H’K’, is the point of intersection of
the diagonals of A“C’B’D’. Consequently, £’ is the midpoint of the segment
A’B’. Since midpoints of finite segments are carried into midpoints of finite

segments, and ¢, is continuous, the proof of (IV) is complete.

From (IV) and the fact that ¢, is one-to-one and continuous, we immediately
infer that ¢, is a projective transformation, and since it takes no finite point

into a point at infinity, we conclude that

(18) ¢, is a nonsingular affine transformation; that is, for every point (Z,x)

inEpyy,

(19) $,(Z,x)={2,x) G+ B,

where ( is a nonsingular matrix of order n + 1 and B is an (n + 1)-dimensional

vector.
Now let
0 E*
(20) @=( ) and  B={B,b),
F g

where § is a matrix of order n; B,, £, and F are n-dimensional vectors; and b

and g are real numbers. Then

(21) ¢2(Z,x)=(ZJ9+xF+Bl,ZE*+gx+b).

Let ¢« be a c-line such that, for any two distinct points (Zy,x,) and {(Z,,x,)

ofO(,
Z, -2,
—_.
xl—‘xz

Obviously, |W| = c. Now « is carried by ¢, into a line &”. We want to show that

o is carried into a ¢ ~line. From (21) it follows that the slope W’ of a” is given
by

W+ F
W=

(22) m
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By the hypothesis of our theorem,
(23) [W2] > e’

Consider now a sequence of c-inertial lines oy, X4, +++, whose slopes W, W,, -+

are such that

lim W;=W.

1 — 00

From (21) and the hypothesis of our theorem we have

Wiigﬂ-F
W =|=———| <c’.
v || <
Hence, if WE* + g £ 0, then
W+ F W+ F
(24) W = | im ———] < ¢’
WE™ + g im0 WiE™ + g

Suppose now that WE™ + g = 0. Then

lim (WiE*+g)=O,

{— 00
and therefore

lim (W, 0+ F)=0.

j 00
Hence
WO +F=0,
but then
(w,1) G=o,
which is impossible, since ( is nonsingular. Thus we have
(25) W =c”.

For subsequent use we observe that for any S.R.P.M,, (P, Symy s, f,c ), and
any p in P and ¢ in 8(p),
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(26) vip, ) E* + g £ 0.

For v (p,t) # 0, the argument is the same as abeve; in case v {(p,t) = 0 for some
t, on the supposition that v(p,t)E* + g =0, we must have g=0 and F =0,
which again contradicts the nonsingularity of G.

From (22) and (25) we get
WOO*W* + WOF* + | F|?
(FE* + g)? )

2

’

and hence
(27)  WRD* — ¢ 2E*EYW* + 2W (OF* — ¢*2E*g) + | F 12— c*2g% = 0.
Since (27) holds for an arbitrary c-line, we may replace ¥ by —W, and thus
conclude that
W(OF* - c*2E%g) = 0.
Therefore, since the direction of W is arbitrary,
(28) OF* = c*2E%g.

In view-of the fact that (26) holds for v(p, ) =0, we have

g 9é 0,
and we may then obtain, from (28),
. DF*
(29) E™ =
c’%g
Using (20) and (29), we obtain
F*F
Q-0 (- =)
cf2g2

and since (1 is nonsingular, we have

(30) |F|2=c”2g2 £ 0.
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From (27), (28), and (30) it follows that

DE* — c*2E*E £ 0.

Thus, from (27), we have

¢’22 | F|?

W(O0* - c 2 B¥E)W* = W12,

C2

Using again the fact that the direction of ¥ is arbitrary, we infer that
’2,2 Fl2
(31) 90* _ o*2E*E - C_iL'_)&w&,
o2
where y=[c”%g? = | F|?1/c? From (28) and (31) we obtain

(32) a d o a* - DO* — c?2p*E l@F*—c'zE*g
O C)2 (lQF* . C/2E*g)* FF* _ c,2g2

u& 0 d 0
o —pez] T Flo -2

We next want to show that y is positive. Let {Z,,x,) and (Z,,x,) be two
points in £, 4+, such that

| Zy -2,
_ <o,
‘xl~x2|

and let
V="AZy,x) = {Zy,%)
and
v’ =va.

From (32) we obtain

V@(o ~c,2\) a*v =;1V(0 _cz) Ve,

Hence
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d 0 N
V'( ,2)(1/’)
0 ~c

V(& 0 )V*
0 —c?

By the hypothesis on V,

4 o .
"\, ,) V¥ <o,

-C

and from the fact that c-inertial paths are carried into ¢ “inertial paths, we have

30 \
I/'(O ,2>(V') <o.

—-c

Thus p is posi.tive since it is the ratio of two negative numbers. We set
(33) A=V .

We then conclude from (32), (33), Definition 1, and Lemma 2 that

(34) (0 is a generalized Lorentz matrix with respect to {c, ¢’ \).

We now turn to the function ¢, which transforms the forces. In deducing the
form of ¢, it will be convenient to make use of the functions 7, g, and frel
defined in $ 3 (in the course of the present proof we obtain their transformation
properties ). It is also useful to introduce the function H defined by the following

equation for every p in P and ¢ in O (p),

H(p,t) =L, (s(p,2)y e} n+1-
We thus have that, for t” the element in 9’(p ) corresponding to ¢ in O (p),
Hy(e) =2”.
We obtain, from (21),

(35) D(Hy) ()= v, (£)E* + g,

For any S.R.P.M. T' = (P, 5, m, s,f,c), the following equation is a direct con-
sequence of Axiom A7 and the appropriate definitions (for any p in P and ¢ in

S(p)):
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dqu o0
(36) mip) = ()= 3 et (p, b i)
P =1

and also, under the hypothesis of our theorem,

d*q}

qp 2 re ’ ,
(37) ulm(p)) —= (Hp() = 3 f Y, Hy(t), i),

p =1
We now obtain the relationship between

d*qy d%q
—  (Hy(1)) and —2 (1),
drp? dr}

Using (35), we obtain

4% Hy) D (750 Hy)
(38) -_d_—_(t)z(T ()

b P

[(D75) (Hp(e) YL DH, ) (2)]
B (D7,) (2)

V1= 1o, (6))]2/e”? (vp()E* + g)

v 1= ]p(2))]%/c?

It is easy to show that
(30) vg (Hy (1)) =

hence, using (39) and squaring (38), we get

DTP

c’?

D(r5oHy,) 2 2 [ e (up()E* + )% = (vp(e) 0 + F)?
(40) ( p °Hp \)(t) ¢ c vp L7+ g Up +
e~ [v,(t)]?

Using (27) to give us the expansion of the right member of (40) and then using
(32) to simplify the result, we obtain
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) [Dmgoyp) ]2 o2 [—-vp(t))\z&(vp(t))*+)\202 o2

Tp Cz—lvp(t)\z _0/2

hence
dcA

(42) D(mpoHp)(t)= —— (D71,)(¢),
¢

where 8% = 1. We have, from (21) and Definition 3,

a7 (Hp(2)) = gp(£) 0+ B,

and thus
(43) [D (g5 o Hy) ()] = (Dgy) ()G .
Since
D(qs o) (baf) Uy () O )0 D\
Do) | (D), G DH () (D |
it is easily shown that
d*q;} DD (g} o Hy)/D(15oH, )
(44) —L (Hyte)) = E P .
d’rf,z D(7folp)
From (42), (43), and (44) we infer that
d?q} D{(Dg )01 °2 g2
(45) () = e () = S ha.
d 132 (8ch/c )(D7p) c2)\2 d’r;

Now let X and Y be any two vectors in £, with X # 0 and | Y| < c. Then we

set:

Y2\( (X.1)Y
P={1}7 ”1(1)21, Z = (1——;—)(/‘— —)’

c c?

- (5L ),
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and for all ¢ in 5(1),
1
si(t)=tY + -Z—tZZ,

Z v ()2« v, (2))

f(L,e1)= +
1— |v(2)]%/c? (1 =Jo(8)|%/c?)?

f(l,4i)=0 for i>1.

It is easy to verify that [’y |, = (P,3, mys,f, ¢) is a S.R.P.M., and consequently
sois (®(I'yy), ¢’). Thus there is a positive number y such that

é,(m(1)) =y.
We note next that at ¢ = 0:
s1(0)=0, (Ds;)(0)=Y, (D%*%,)(0)=2Z, and f(1,0,1)=2X.
We thus have from (37), for ¢ = 0,

1

dzq'
y y (H{0)) =¢3(X,Y),

2
1

and thus, from (45),

2 d2
6 (X, 1) = L [ i (o)ﬁ] ;

c2\? de

[<X,

In view of (1), (46) also holds for X = 0.

1, %0,

X.Y
62 >Q]1...n‘

Now let x be any positive real number. Then we set:

hence, from (36),

(46) b (X, Y)=

ye’?
C2A2

§=(1,--,1), P=1{1}, m(L)=%x, (1) =(-c,c);

for ¢ in 5(1),
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1
Sl(t)= Etzs,

x8 xvl(t)(5°vl(t))

f(l,t,l)= +
1| (£)]2/c? 2 (1=|v,(e)|?/c?)?

f(1,6i)=0 for i > 1

We easily verify that T, = (P, 3, m, s,f,c) is a S.R.P.M. such that for all ¢ in
(1),

Sl (i) £ 0.

=1

Furthermore, we infer from (36), (37), and (45) that, for every ¢ in S (1),

s . ¢, (x) 72 =@
47) 3 VLB () = —— S S el (1,4,4) G

242
=1 x cA i=1

hence, from (46),

(48) b, (x)=yx.

Our theorem now follows from (19), (33), (34), (46), and (48).

REMARK 3. We want to emphasize the physically reasonable nature of the
hypothesis of the theorem just proved. We have assumed that systems of rela-
tivistic mechanics are carried by our transformations into systems of relativistic
mechanics and that light lines are not carried into particle paths. No assump-
tions concerning the continuity of either ¢ , ¢,, or ¢, have been made. Our
assumption that ¢, is one-to-one may be justified physically by the argument
that any two space-time positions of a particle distinct with respect to one

observer must be distinct with respect to every observer.

The standard presentations of the special theory of relativity vary a good
deal in their ‘‘derivations’ of the Lorentz transformations. Almost without
exception, however, the assumptions underlying these derivations are not clearly
and completely stated. For the physicist who wants to begin with a set of
axioms for relativistic particle mechanics with respect to a fixed coordinate

system, our Theorem 2 provides a rigorous approach to the derivation of the
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Lorentz transformations. The transformations we obtain in Theorem 2 are, of
course, more general than the l.orentz transformations, but it is obvious how the
hypothesis of Theorem 2 may be strengthened so as to obtain just the ordinary

Lorentz transformations.

Theorem 2 is also pertient to discussions of the relativity of size, (see,
for example, {41), since the determination of B> by and ¢, tells us exact-
ly how the system of units of measurement may be changed in passing from one

inertial frame of reference to another.

It is interesting to note that the set of transformations admissible (that is,
satisfying the hypothesis of Theorem 2) in relativistic particle mechanics
differs sharply from the set of those admissible (see the hypothesis of Theorem
3 of [8]) in classical particle mechanics: in the latter case, but not in the
former, admissible transformations can change the unit of distance differently
along different coordinates (with correspondingly different changes in the unit
of force). Thus, although classical mechanics can in a certain sense be re-
garded as a limiting case of relativistic mechanics, the set of transformations
admissible in classical mechanics is in no sense a limit of the set of transfor-

mations admissible in relativistic mechanics.

5. Algebraic structure of the set of admissible transformations. Let ® be an
eligible transformation which satisfies the hypothesis of Theorem 2 with res-
pect to the positive real numbers ¢ and c¢’. We then call the ordered triple
(®D,c,c¢”) an admissible triple; and, corresponding to the informal usage at
the end of the previous section, we call an eligible transformation an admissible
trans formation if it is the first element of some admissible triple. Since the set
of admissible transformations is not a group under the obvious operation of com-
position, it is natural to ask what is its algebraic structure. We shall show that
the structure of the set of admissible triples is that of a Brandt groupoid (for-
mally defined below). Roughly speaking, the main difference between Brandt
groupoids and groups is that a Brandt groupoid is not assumed to be closed
under the binary operation corresponding to the group operation. Consequently,
a Brandt groupoid may contain many identity elements, that is, many elements
e such that x * e = x = ¢ * x whenever x, x * ¢, and e * x are in the groupoid.
If there is an e in the groupoid such that, for all x in the groupoid, e * x = x =
x * e, then the groupoid is also a group. For this reason, we introduced the
notion of an admissible triple: the admissible transformation which carries
every S.R.P.M. into itself is an identity element whose composition with every
admissible transformation is defined; consequently, the set of admissible trans-

formations is neither a group nor a Brandt groupoid.
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The notion of a Brandt groupoid was first defined in [ 1]; we use the formal

definition given in [ 5].

DEFINITION 4. An algebraic system (= (G, * J, ') (where * is an
operation on a subset of Ux U to U, ] is a subset of U and "' is an operation
on U to U) is called a Brandt groupoid if and only if the following conditions
are satisfied:

(i) For x,v,z in G, if x*y €C and y xz €G, then (x xy)*z €G and
(xxy)xz=xx*(yx2z)

(ii) Forx,y,zinG,ifx *y€G andx *y =x * z, theny = z.
(iii) Forx,y,zin G, ifx *z €G and x * z =y * z, then x = .
(iv) ForxinJ, x x x = x,

(v) ForxinG,x"'+xxe€/andx xx"' €/,

(vi) Forx,z in J, there exists ay in G such that x* y € G and y * z € G.

Rather than deal directly with admissible triples, we find it somewhat simpler
to use the following representation. From Theorem 2 we conclude that to each
admissible triple there corresponds a unique ordered sextuple (G, B, VA e’ ),
where B is an (n + 1)-dimensional vector, y, A, ¢, and ¢’ are positive real
numbers, and (I is a generalized Lorentz matrix (of order n + 1) with respect to
(c,c’, A ). Such an ordered sextuple (C(,B,y, M\ c,c’ ) we shall call a carrier.
From Theorem 1, together with Theorem 2, it then follows that there is a one-
to-one correspondence between the set of carriers and the set of admissible
triples.

’,

We say that the carrier (Cl',B v A%,y ) is left-conformable to the
carrier (C, B, vs A ¢3,¢q ) if and only if ¢ = c4. By the conformable subset
D of K x K we mean the set of ordered pairs of elements of K such that the

first element is left-conformable to the second.
We now define what we call the carrier system.

DEFINITION 5. By the carrier system we mean the ordered quadruple
H = (K, ¥ J,"'), where:

(i) K is the set of all carriers;

4

(ii) * is the operation on { to K such that if the carrier (G’, By, Ayeys cy)
is left-conformable to the carrier { (, B, Yy Ay C35 Cy ) then

(C\',B',y',)\',cl,cz)* (C\,B,y,)\,c3,c4) = (‘G@',B@'+ B',yy',/\)\',c3,cz) ;
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(iii) J is the set of carriers of the form {d,0,1,1,¢,¢), where J is the
identity matrix of order n + 1; and

(iv) ~'is the operation on K to K such that if (Q,B,y, Ase, e’ ) €K then

(C{,B,y,/\, e,e’ ) v = (0, -BG Y, 1/y, 1/\, ¢, c).
We have then the following theorem, the proof of which we omit.
THEOREM 3. The carrier system is a Brandt groupoid.

We remark first that the operation * of the carrier system corresponds to the
composition of admissible triples; that is, if (@,c, ¢’) corresponds to (G, B,
ys A e, ¢’ ), and (‘I‘, ¢’ e’ ) corresponds to ( G4, B, y,Ach¢e” ), then
{ (G4 BG + BY, yy5M5e,c”’ ) corresponds to ( O,c,c”’ ) , where (6, e, c”)is
is the admissible triple such that, for any S.R.P.M. I,

({0, e”)),e”) = (6(Te), ¢ ).

Similarly, the inverse operation ~' of the carrier system corresponds to the
natural inverse operation on admissible triples; that is, if ((D,c,c’) corres-

ponds to (a,Bs, v, A e, c” ), and (¥,c%c) corresponds to (Gv,-BG Y, 1/y,
1/X, ¢’, ¢ ), then, for any S.R.P.M. I,

(V({D(L),c”))ec) =T,.

It thus follows as a corollary to Theorem 3 that the set of admissible triples
is a Drandt groupoid under the natural operations of composition and formation

of inverses.

It is natural to ask how the hypothesis of Theorem 2 may be strengthened
so that the set of eligible transformations satisfying it form a group. We state

without proof some results concerning this question.

THEOREM 4. Let = <¢1’ By ¢3) be an eligible transformation which
carries every system of relativistic particle mechanics into a system of rela-
tivistic particle mechanics. Then there exist positive real numbers 8, y, A, and
p, an (n + 1)-dimensional vector B, an orthogonal matrix € of order n, and a

matrix O of order n + 1, such that

J 0 & 0
A

5t=1, a=
0 p] {0 5

?
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and for any vectors Zy and Z, in E,, any x in R, and y in R*,
¢ (y)=vy,
¢,(Zi,x)={Z,,x) G+B,

2
yp?Z, €
(%(Zuzz)=——;——-

The interpretation of 8, y, A, B, and € is the same as that stated in Remark
1. The number p is the ratio ¢/c” of the absolute values of the old and new
velocities of light. The matrix (i is a generalized Lorentz matrix with U = 0,
which intuitively means that the old and new spatial frames of reference are
at rest with respect to each other. The fact that the hypothesis of Theorem 4
thus excludes the possibility of transforming from one inertial frame of reference
to another moving with respect to it is sufficient reason to regard this hypo-
thesis as unnecessarily strong from the point of view of our intended physical
interpretation. On the other hand, it is, of course, clear that the set of trans-
formations satisfying this hypothesis constitute a group under the obvious oper-

ations.
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CN THE DIMENSION THEORY OF RINGS (II)

A. SEIDENBERG

1. Introduction. As in [3], we shall say that an integral domain O is n-

dimensional if in O there is a proper chain

(0)cP,C...CPC (1)

of prime ideals, but no such chain

(0)cP/C..eC Pl C(1).

In Theorem 2 of [3] it was shown that if O is n-dimensional, then Olx] is at
least (n + 1)-dimensional and at most (2n + 1 )-dimensional: here, as throughout,
x is an indeterminate. After preparatory constructions in Theorems 1 and 2
below, this theorem is completed in Theorem 3 by showing that for any integers
m and n with n+ 1 < m < 2n+ 1, there exist n-dimensional rings O such that
Olx] is m-dimensional. The other theorems mainly concern 1-dimensional rings.
Such rings O can be divided into those for which O[x] is 2-dimensional and
those for which this condition fails, the so-called F-rings. The paper [3] was
concerned with the existence of F-rings and showed [3, Theorem 81 that the
1-dimensional ring O is not an F-ring if and only if every quotient ring of the
integral closure of O is a valuation ring. Below, in Theorem 5, we show more
generally that if O is 1-dimensional but not an F-ring, then O[x,+++, x,] is
(n + 1)-dimensional, where the x; are indeterminates: this theorem depends on
the essentially more general Theorem 4, which says that if O is an m-dimen-
sional multiplication-ring, then O[x, .+, x; ] is (m + n)-dimensional. In the

case that the x; are not indeterminates, one can still say (Theorem 10) that
dim O{x;, «++,%,] =1 + degree of transcendency of O{x;, --- ,%, 1/0,

provided that the intersection of the prime ideals (# (0)) in O is = (0), where
O is a l-dimensional ring such that Olx] is 2-dimensional. For F-rings O,

Theorem 6 shows that
n+2<dimOlag, v, 20} <2041,
Received April 10, 1953.

Pacific J. Math. 4 (1954), 603-614
603
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where the x; are indeterminates, while Theorem 7 constructs for any N and n
with

n+2<N<2n+1

an F-ring O such that Olx,,.++, x,] is N-dimensional. Similar results for

rings of dimension greater than 1 would be interesting if one could get them.

2. Simple extensions. Let us call the integral domain O of type (n,m) if
dim O =n and dim O[x]}=m,

TueorREM 1. Let O be iptegrally closed and of type (n,m), let K be its
quotient field, and let K’ be a proper extension of K in which K is algebraically
closed. Let X be any field having a discrete rank 1 valuation with K’ as resi-
due field. Let O* be the set of elements whose residues are finite and in O,

Then O% is integrally closed and of type (n+ 1, m + 2).

Proof. Let o € 22, with & integral over O%,
Wtra, 0 e rag=0 (a; € 0%),

an equation of integral dependence. Dividing this equation by &«° and supposing
1/ to have residue 0, we get the contradiction 1= 0. So & has finite residue,

and

Wra, o e ra, =0,

where the bars indicate residues. Since K is algebraically closed in K*, we have

® €K; and d €0, since O is integrally closed. Hence O* is integrally closed.

Let P be the set of ¢ € O* having residue 0. Then P is a prime ideal. From

the definitions one obtains
O*/P ~ 0,

whence O* is at least (n+1)-dimensional. If P’ is a prime ideal in O*, P’ £ (0),
then P* D P. In fact, let g € P’; since g is 0%, we have v(g)=s > 0, where v
is the given valuation (and the group of integers is the valuation group). Then
the (s + 1)th power of any element in P is divisible by g, whence P C P From
this it follows that O* is at most (n + 1)-dimensional.

The quotient ring O} is integrally closed and has only one prime ideal
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(# (0)). Moreover it is not a valuation ring. In fact, let & € ¥ be an element
having residue in K” but not in K. Since « can clearly be written as a quotient
of two elements of positive value, we have that « is in the quotient field of
OF}; but neither « nor 1/¢ has residue in K, so neither & nor 1/c is in 05.
Thus OF is not a valuation ring, and hence is an F-ring, by [3, Theorem 8]. It
follows at once that O*[x] « P is not minimal in O*[x]. Now

O*[x1/0*[x]- P ~ O*/Plx| ~ O[],

so O*[x] is at least (m + 2)-dimensional.

Finally, let (0)CP,CP,C.--CPgC (1) be a chain of prime ideals in
O*[x]. Let P, be minimal; then P;n O* = (0), as otherwise

PinO > P and Py > O*[x].P.

Similarly one concludes that if no chain of prime ideals P C P” can be inserted
between (0) and P,, then

PynO0*=P and P, =0%[x].P

(by [3, Theorem 1], P, cannot contract in O to (0)). From this it follows at

once that O*[x] is at most (m +2)-dimensional, and the proof is complete.

REMARK. The above construction stems from an example of Krull showing
that an integrally closed integral domain with only one proper prime ideal need

not be a valuation ring; see [ 2, p.670f].

TuEoREM 2. Let O, K, K, X, O* be as in Theorem 1 -except that we
assume K = K’, Then O* is integrally closed and of type (n+1, m+1).

Proof. The proof follows exactly the lines of the proof of Theorem 1, except

that here O} is a valuation ring, as one easily sees.

THEOREM 3. For every n and m such that n+1 < m < 2n + 1 there exist
integrally closed rings of type (nym).

Proof. Any field is of type (0,1). Theorem 1 gives us an integrally closed
ring of type (1,3), and Theorem 2 gives us one of type (1,2)—the required
valuations obviously exist. Suppose now by induction that for some n and each
my n+1 <m < 2n+1, we have an integrally closed ring of type (n,m). If
n+3 <m<2n+3,thenn+1<m-2< 2n+1, and from an integrally closed
ring of type (n,m—2) we get, by Theorem 1, an integrally closed ring of type
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(n+1,m).  m =n+ 2, we apply Theorem 2 similarly to get an integrally closed
ring of type (n+ 1, m).

As for simple algebraic extensions O[&] of an n-dimensional ring O, it is
clear that dim O[c] < 2n. On the other hand, let O be an integrally closed ring
of type (n, m) and let O* be a ring constructed as in Theorem 1; also let X and
P be as in Theorem 1. Let

« €Z,a £05,Va £0%.
Then

O*[al/O*[a) - P ~ O*/Plx] ~ O[x],

by [3, Theorem 71, so O*[a] is at least (m+1)-dimensional; it is also at most

(m+1)-dimensional, since O*[x] is (m+2)-dimensional. Hence
(n+1)+1<dimO*[ul < 2(n+1).

[t is thus clear that for any n” > 0 and m” with n"+ 1 < m’ < 2n’, there exists

an n'-dimensional ring O* such that for some & in the quotient-field of O* we
have dim O*[a] = m” — Also

dim Ofa] < dim O

is possible. In fact, let O be a valuation ring of rank n, (0) Cp, C...Cp C (1),
the chain of prime ideals in O. Let ¢ €piyps € 2 p;s then dim O[1/¢]1=1. In
short, dim Olu] covers precisely the range from 0 to 2n as O varies over the

n-dimensional rings O,

3. Multiple transcendental extensions. We recall that a multiplication-ring
may be defined as an integral domain O such that O, is a valuation ring for

each prime ideal p in O (see [2, p.554]1).

THEOREM 4. If O is an m-dimensional multiplication-ring, then Olx 5+ ++,x,]

is (m+n)dimensional, where the x; are indeterminates.

Proof. To facilitate the proof, we define the dimension of a prime ideal P in
an extension O’ = O0[d&,+++,0,] of a finite-dimensional ring O (relative to O)

as follows:
dim P =d.t. (07/P)/(0/P) + dim O/p,

where p=Pn O (and “d.t.”’ abbreviates ‘‘degree of transcendence’’). The
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following points (a), (b) do not assume O to be a multiplication-ring.

(a) Let 0%, O, P, p be the images of 0%, O, P, p, respectively, under a
homomorphism with kernel contained in P. Then dim P = dim P.

In fact, 0%/P = 0’/P and O/p = O/p; also Pn O =p.
(b) Let M be a nonempty multiplicatively closed system in O not meeting p,
Oy={a | =a/b, a €0, beM},
Ofp={a|a=alb, a €0 becMl.
Then
dim P — dim O/p = dim Of + P — dim Oy /Oy - p.
In fact, the rings O’/P and Oy /Oy - P have the same quotient field, as do

the rings O/p and Oy /Oy + p. Note also that Oy « Pa Oy = Oy « p, whence the

required equality follows.

Let Py, P, be two prime ideals in O/ P; C Py, p; = Pin 0, i = 1,2, We want
to compare dim P; with dim P,. If p, = p,, then, passing to a residue class
ring, we may assume p, = p, = (0). Taking # = O - (0), we pass to the quotient-
ring Op, which is a finite integral domain. Thus dim P, > dim P, if p, =p,.

‘This conclusion holds also if p, Cp, provided O is a multiplication-ring.
(¢) 1If P, and P, are prime ideals in Olx,+++,x,] and P, C P, then
dim P; > dim Py
also

dim P, —dim P, > dim O/p, - dim O/p, ,

©
provided that O is a multiplication-ring.

In fact, we may suppose p, Cp,, and have only to prove the second point.
Also, by (b), we may pass to any quotient-ring Oy, where M does not meet p,.
Taking M = O — p,, we may assume that O is a valuation-ring and that p, is its
ideal of non-units. Let z;,.-+,2, be elements of O’ which are algebraically

dependent mod P; over O. Then they are also dependent mod P,. In fact, let

f(zla""zr) = O(Pl),
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where the coefficients of the polynomial f are in O but not all in p . Dividing
by a coefficient of least value, we may suppose [ to have a coefficient equal

to unity. But then we have a relation mod P,. This proves that
dit. (07/Py)/(0/p,) < dute (O°/Py)/(O/p,),
that is, (c) is proved.
The theorem now follows from (c) since dim (0) = m + n.
CoRrOLLARY. If O is an m-dimensional multiplication-ring then
dim OlCl yeeey Gpl < m+7,
where
r=da. Olot, ,-ee,0,1/0.
Proof. The foregoing proof shows that
dim Olxy,+0v,%,] < dim (0) =m + dite Olxg 5o+ ,2,1/0,

and in doing so makes no use of the fact that the x; are indeterminates; this

fact is used only to get that

dim Olxy yeeeyxp]l > m+m.

THEOREM 5. If O is a 1-dimensional ring such that Olx) is 2-dimensional,
then

dim OlGy, e oey 0] < 1+ date O[&Ky 4oee, 6, 1/0;
if the 0O.; are indeterminates, then
dim OlG ,eee, Opl=1+n.

Proof. We may suppose O to be integrally closed. In that event, O is a
multiplication-ring, by [3, Theorem 8]. The present theorem now follows im-

mediately from the preceding corollary.

THEOREM 6. If O is 1-dimensional, then O[xy,+++,x,] is at most (2n+1)-

dimensional, where the x; are indeterminates.

Proof. Let (0)Cp, Cp, C++«Cps C(1) be a chain of prime ideals in
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Olxy,-++,2]. Let K= quotient field of 0. If p, n O =(0), then the above
chain extends to a chain of s prime ideals in K[x,+++,x,], so s < n. Suppose,
then, that

P;n0=(0), p,,,nO=p#(0),

whence also p,,, n O =p, since O is 1-dimensional. Passing to K[xy,+++, %, ],

we see that i < n; and passing to

O[XU""xn]/P“,l =0/P [55_1;"';9;”],

we have s — (i + 1) < n, since O/p is a field. Hence s < 2n + 1.

THEOREM 7. If O is an F-ring, then Olxy, <, 2,1 is at least (n + 2)-
dimensional and at most (2n + 1)-dimensional. For any N, n+2 < N < 2n+1,
there is an F-ring O such that Olx,+++,%x,] is N-dimensional, where the x;

are indeterminates.
Proof. Let K be a field, x, y , +++,y,  indeterminates. Let

K'=K(y,eeeny, )y S =K'(x),

and let v be the discrete rank 1 valuation of 2 obtained by placing

+1

i j .,
vig;xt + aer 2" 4 oo vagxS) =1,

where a; €K', a; # 0. Let O* be the set of elements whose residues are finite
and in K. The ring O* consists of the elements in K(x,.yl, ,ym) which can

be written in the form
O((x,y!, ""Ym)/B(x’YU oY ),
where
o, BEK[x, TR ,ym], B0, Yo oo ,ym) £0,

Q(O’yly "‘9)’m )/B(O,y‘,---,ym)EK.

By Theorem 1, O* is an F-ring; and O* contains only one proper prime ideal,

namely the ideal P consisting of the elements /B with

O((O,xls "‘,xm)/B(O,xla e ,xn)-'——-o.
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We shall prove that for m < n, O* [x,, +++ ,x,] is {m+n+1)-dimensional. In
O*lxy,«eeyx;] let P, be the ideal of polynomials which vanish for x; =

y; (i=1,+«+, m). We claim this ideal is in
O*[x1, 0+ yxp] « P=P".

In fact, let
2 i X g e O*[x,, +o+ , 2]
t1*e*in 7y n 1 »n
be in Py, and write

i i in N A in
Zan'--tn"l x Zc”..., Xyoeee x) Zdll...;nx ceex )t

where Cipenei, €K, dijeuni, € P. This polynomial vanishes for x; = Yiri=1,een,

m; hence also forx; =y;, i =1,-++,m, x = 0. Hence
. il in
zcll'"inxl et X,

vanishes forx; =y, i=1,+++, m, whence

il in
thl...lnxl ceex,” =0,

and

Zail...inxil x = 2.d; ---x:l."EO*[xl,---,xn]-Pzp'.

Ll---Ln

Let P; be the ideal of elements in O*[x,y+++,%,] which vanish for Xi =Y
i=1,++,j. Then P; is prime and (0) C Py C... CPy CP" Since any chain
of n prime ideals in O*/P[x ,+++,x,] gives rise to such a chain in O*[x;,.--,
%] containing P’, we see that O*[x;,+++,x,] is at least (m+n+1)-dimen-
sional. On the other hand, O*[x{, -+ ,x,] is of degree of transcendency
m+n+1 over K, and so O*[x; ,+++,%,] is at most {(m+n+1)-dimensional.
This last point follows from the following lemma, the proof of which is exactly

as in the well-known case that O is a valuation ring.

LEMMA. Let O be an arbitrary integral domain containing a field K, and let

O be of degree of transcendency r over K. Then O is at most r-dimensional.

Proof. This follows at once if we can show that the degree of transcendency
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of O/P over K is less than r for any proper prime ideal P in O. If 6, 65 ,+«+,
0s € O map into (given ) algebraically independent elements in O/P, and 6 € P,
0 # 0, then 8, 0,,..+, 6 are algebraically independent over K. Hence

d.t. O/K > d.t. (O/P) /K.

4. Arbitrary finite extensions. l.et O be an arbitrary integral domain which
is not a field. It is certainly possible, for apprepriate O, that some simple ring
extension Olc] of O will be a field. In fact, let O be such that the intersection
of all its prime ideals (# (0)) is not the ideal (0); for example, any integral
domain with a finite, positive number of prime ideals (£ (0)) will do. If ¢ (£ 0)

is an element in all the prime ideals, then O[1/c] is a field; for if P is a prime

ideal in O[1/¢1, P # (0), then
PnO=p # (0)
and
1=(1/¢).c€0[1/c]-pCP.
We also have the converse.

THEOREM 8. Given an integral domain O, there exists a field F which is a
simple ring extension of O if and only if the intersection of all the prime ideals

(#£(0)) in O is £ (0).
Proof. Let F = Ol«l. Here « must be algebraic over O, say

oM +c 0™ reeire, =0, ¢; €0, co £0.

Then co0 is integral over O, as is the ring O; = Olcoal. Let F; =0, [al;
then F, is a field [1, p.253]. Over every prime ideal in O there lies a prime
ideal in O,; since O, is algebraic over O, if the intersection of the prime ideals
(#(0)) in O, is # (0), then the like is true in O. Hence we may assume that
O = 04, that is, that « is in the quotient field of U. By a similar reasoning we
may suppose O is integrally closed. From the fact that 1/o € Olot], one finds
that 1/« is integral over O, hence in O. Thus & =1/b, b € 0. The element b
must be in every prime ideal p(# (0)); in fact, if b € p, then OL1/b] C O,
whence O[1/b] = O[] is not a field. This completes the proof. — This theorem
has been previously proved in [ 4, p.76].

A study of algebraic extensions of O must therefore separate the cases that
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the intersection of the prime ideals (£ (0))is = (0)oris + (0).

THEOREM 9. If O is a 1-dimensional ring such that O[x] is 2-dimensional,
and the intersection of the prime ideals (#£(0)) in O is =(0), then the like
is true of any simple algebraic ring extension Ola] of O (where it is assumed,

of course, that O[«] is an integral domain).

Proof. By Theorem 5, we know that O[] is O- or 1-dimensional, and the
previous theorem excludes the first alternative. Also O[x, x] is 2-dimensional,
for otherwise O[y,x], y an indeterminate, would be of dimension more than 3,

contradicting Theorem 5. Thus it remains to prove that the intersection of the
prime ideals (£ (0)) in Ola] is = (0). Let

co”™ + cya™!

+eietcen=0, ¢; €0, co £ 0,

and let S={p} be the set of prime ideals (# (0)) in O which do not contain
co; S is not empty. Then Np = (0), for if d €Np, d # 0, then co d is in every
prime ideal (# (0)) of O. Over every prime ideal p €S there lies a prime ideal
P in Olal. If T={P} is the set of prime ideals in O[] contracting to prime
ideals in S, then one concludes immediately that MNP = (0). A fortiori the inter-
section of all prime ideals (£ (0)) in O[] is = (0). This completes the proof.

If O is an integral domain in which the intersection (Mp) of the prime ideals
(# (0)) is #(0), then for every r it is possible to define a finite extension
Oldy, +++ s Gnl of O such that

dim Olotyy eeey Gyl =7

and

d.to 0[0(1,"', O(n]/0=r;

namely, we adjoin to O an element 1/c, ¢ €Mp, so that O[1/c] is the quotient
field of O, and thereupon adjoin r indeterminates. The situation is different
for a 1-dimensional ring which is not an F-ring and in which the intersection of
the prime ideals (£ (0)) is = (0).

THEOREM 10. Let O be a l-dimensional ring such that Olx] is 2-dimen-
sional, and let the intersection of the prime ideals (# (0)) in O be = (0). Then
for any integral domain O[&y, «++, 0],
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dim O{Gy, evvy dp) =1+ dit. Ofcty, +-v, 0,1/0.
Proof. Let
K = quotient field of O, r=d.t. Oloty, «ov, w,1/0.

Then Klcty, s+, Gyl is r-dimensional and a chain (0)CP, C...CP, C(1)

of prime ideals in K[¢(;, --+, ., ] contracts to a chain
(0)Cp,Ce--Cp, C(1), and p,nO=(0), i=1, -0 ,r.
Moreover, p_ is not maximal, for if it were, then
Oloty, oy gl /p, = OlGy, + vy 0ty ]

would be a field; hence also K[0, ««- , %n] would be a field, whence the 6(_,-
would be algebraic over K, therefore also over O. This contradicts the previous

theorem. Hence
dim Ofloty, «oe 5 0pl > 1+ dut. Oldiy, +ov, 0, 1/0,
and we have already seen the reverse inequality.

Since the theory of 1-dimensional rings must separate the cases that the
intersections of prime ideals (# (0)) is = (0) or £ (0), it may be of interest to
have an example of a l-dimensional ring, not an F-ring, with infinitely many
prime ideals (# (0)) having intersection # (0). We construct such a ring O as
follows. Let K be a field containing all roots of unity, x an indeterminate, L the
algebraic closure of K(x), S the integral closure in L of K[x]1, and O, the
quotient-ring of S with respect to the multiplicatively closed system of poly-
nomials in K[x] which are not divisible by x. Infinitely many prime ideals in
S lie over (x) in K[x]; to see this, let n be any integer not divisible by the
characteristic of K, a;,+--, a, the nth roots of unity, y = n\/ 1+x In Klx,y]
there lie n prime ideals over (x), namely (x,y~a;), since (0,a;) is a point
of y" =1+ x. Going up to S, we see that there exist at least n prime ideals
over (x). Every prime ideal in O which differs from (0) contains x, and there
are infinitely many such ideals. We now verify immediately that O is a ring of

the required type.
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DIFFERENCE ALGEBRAS OF LINEAR TRANSFORMATIONS
ON A BANACH SPACE

BErRTRAM YOOD

1. Introduction. Let ¢ (X) be the Banach algebra of all bounded linear
transformations defined on an infinite-dimensional Banach space ¥ and with
range in X. Let & (X) be the set of completely continuous transformations con-
tained in ©(X). It is well known that 8£(X) is a closed two-sided ideal in
€ (X). Thus, under the usual definitions, the difference algebra (X) - &(X)

is again a Banach algebra. Let » be the canonical homomorphism of ¢ (X) onto

E(X)=R(X).

The algebraie nature of & (X) - & (X) differs from that of & (X). In particular
€(X) is semi-simple while & (X) -~ & (X) need not be semi-simple. An example
of this is provided by taking for X the Banach space L (S) of Lebesgue-integra-
ble numerical functions defined on, say, the unit interval S. If T and U are in
&(X) and are weakly completely continuous then TU is completely continuous
as shown by Dunford and Pettis [ 5, p.370). From this it follows readily that
the image of the set of weakly completely conlinuous transformations in &(X)
under 7 is contained in the radical P, of & (X) - &(X). Hence (X)~ &(X)
is not semi-simple for this X. On the other hand if X is (separable) Hilbert
space, then € (X) - &(X) is semi-simple.

In this paper we begin an investigation of the algebra €(X)- &(X). In
particular its radical and its set of regular elements are examined. This turns

out to be useful in the study of certain properties of transformations in & ( X).

In § 3 the inverse image 7~ !'($;) of the radical is characterized. One formula-
tion for this is that 7~ '(P,) is the set of all U € &(X) such that (T + U) (X)
is closed and (T + U) ' (0) is finite-dimensional for all T which are regular in

E(X).

A well-known result of Schauder [13] asserts that if [ is the identity in
€(X), and U e &(X), then I + U and its adjoint /* + U* have the same {{finite)
nullity. In $4 we obtain a generalization of this result as a reflection of the
internal structure of €(X) - 7 1(%,). Let € be any subset of € (X) containing
_Rem-May 7, 1953. Presented to the American Mathematical Society, February 23,
1952.

Pacific J. Math. 4 (1954), 615-636
615
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I such that (1) #(€) is a multiplicative group and (2) the closure of the com-
ponent of € containing [ intersects #~'(§, ). Then there is a subring €, of € (X)
where the images of € and €, are geometrically related in C(X) -7 1(%,)
such that (a) G, D7 1(B,), (b) #(G,) is a group’under the circle operation
(see $4) where for each T € &, U ¢ ©, the quantities nul T, nul T*, and
nul (T + U), nul {(T* + U*) are all finite and

nul (T* + U*)=~nul (T + U) =nul (T*)—nul (7).

For © the set of nonzero scalar multiples of / this result already improves
Schauder’s, for there

Gy =7 1B
and since
nal (/) =nul (/*)=0
we have
nul (/* + U*)=nul (/ +U)

for every U € 7~ 1(%)).
Let

f(T)=nul (T*) = nul (T).

This is known [ 1, 15] to be defined (finite) for the inverse image under 7 of
the set of regular elements of G(X) - 8 (X). Atkinson [1] has shown that the
equation f(TU)=f(T)+f(U) is satisfied. In $5 this is obtained as an
application of the theory of functionals on an abstract semi-group. These con-
siderations lead in $ 6 to a detailed study of the relation of the sets in € (X)

of elements with a one-sided or two-sided inverse to the corresponding sets,

in C(X)~R(X).

2. Notation and preliminaries. Let X be an infinite-dimensional Banach
space and let € (X) be the algebra of all bounded linear transformations defined
on X into X made into a Banach algebra by the usual definition of the norm of a
transformation [7, p.32] and with identity I. Let 8 (X) be the subset of € (X)
consisting of the completely continuous transformations in € (X). It is well
known [2, p.96] that &(X) is a closed two-sided ideal in G (X ). Thus under
the usual definitions [7, p.472] the difference algebra C(X) - 8(X) is a
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Banach algebra. Let 7 be the canonical homomorphism of & (X) into & (X) -~
R(X). Let %, be the radical of G (X)-&(X) [7, p.476], and let B(X) be
any closed two-sided ideal of € (X) contained in #"*(%, ) and containing £ (X).
Let 7 be the canonical homomorphism of € (X) onto € (X) = B (X).

2.1. LEmmA. T €€ (X) has a left (right) inverse modulo T(X) if and
only if T has a left (right) inverse modulo & (X).

Proof. Suppose that T has a left inverse modulo ¥ (X). Thus there exists
Ue@(X), Vel (X)such that UT =1+ V. Now V €7 (%) so that [ + V has
a two-sided inverse W modulo &(X). Hence WU is the desired left inverse of

T modulo & (X).

It may be noted that since %, is closed in €(X)~ 8(X) then »"'(B,) is a
closed two-sided ideal in & (X).

2.2. LEMMA. T € G (X) has the properties that T(X) is closed and its
null-space is finite-dimensional if and only if T takes each bounded set which

is not conditionally compact onto a set which is not conditionally compact.
Lemma 2.2 is a rewording of [ 15, Lemma 3.1].

If the null-space of T is finite-dimensional, its dimension is designated by
nul 7. A transformation with the properties of Lemma 2.2 is said in [15] to

have property A.

2.3. LEMMA. T €C(X) has a two-sided inverse modulo B(X) if and only
if both T and T* have property A.

Proof. By Lemma 2.1 we may take & (X) for B(X). The result then follows
immediately from the results of [15, § 5] (see also [ 1, Theorem 1] and [ 6]).

If both T and T* have property 4 we define
f(T)=nul T* —pul T.

Here T* is the adjoint of T Let § be the set of all such transformations. By

Lemma 2.3, § is a semi-group.

2.4. LEMMA. The function f (T) is a continuous function on ©. If T and U
lie in the same component of ©, then f(T)=f (U).
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Proof. The continuity of f follows from the work of Dieudonne’[4, propo-
sition 4]; see also [ 15, Theorem 3.8] and [ 1, Theorem 4]. Since f is integer-

valued, the second statement follows.
2.5. LEMMA. If T €5 and if U~ T € 3(X) then U€S and f(T)=f(U).

Proof. It is clear that U has a two-sided inverse modulo £(X) if T does,
by Lemma 2.1. That f(T) = f(U) follows from Lemma 2.4 since the set
T + L (X)is a connected subset of ©.

We adopt the following notation used by Rickart [12] for a Banach algebra.
An element is left (right) regular provided that it possesses a left (right)
inverse in the algebra. If the element is both left and right regular then it pos-
sesses a unique two-sided inverse and is said to be regular. For €(X) we
designate the sets of left regular, right regular, and regular elements by @,
@, and @, respectively. The corresponding sets in & (X) - B (X) are designated
by @f, @[, and @ , respectively. In the foregoing notation, D = ’r'l(@l).

Thus, by Lemmas 2.3 and 2.4, f defines a mapping of @, into the set of
integers. This mapping will also be designated by f.

2.6. LEMMA. Let T€®, f(T)=0. Then T can be expressed as the sum
U+Vwhere UG, V eR(X).

Proof. This is given in [ 15, Corollary 3.11].

3. On the radical of C(X) - R (X). In view of Lemma 2.1 and the definition
of the radical of €(X)-R(X), the inverse image under 7 of the radical of
€(X)~B(X) is the same set as 7 (B, ), where %, is the radical of € (X)~—

®(X). In this section we determine the nature of #~'($,;).

3.1. LEMMA. Let T €6 (X) be an isomorphism between X and a proper
closed linear manifold of X. Then there exists a sphere in & (X) with center

T each of whose elements have this property.

Proof. By [4, proposition 1] there is a sphere & about T such that for all
U in G, U is bi-continuous. But T is in the interior of the set of elements of
€ (X) which are not regular [14, Corollary 2.2]. Hence for each U € there
is a proper closed linear manifold %t of X such that U is an isomorphism of X

onto N if the radius of Gis sufficiently small.

3.2. LEMMA. Let T € §(X) have range % where T is not one-to-one. Then
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there is a sphere in € (X) with center T each of whose elements has these

properties.

Proof. This is shown in the same way by use of [4, Theorem 1] and {14,
Corollary 3.12].

3.3. LEmmMA. Let T € C(X). Suppose that T(T*) has property A while
T*(T) does not. Then T can be expressed in the form T, + V where V € R(X)
and Ty is bi-continuous (T, (X) = X).

Proof. This is contained in [ 15, Theorem 3.13].

3.4. THEOREM. Let T € @. Suppose that for each & (0 < & < 1) either
T+aU or T*+ aU* has property A. Then T+ alU€H (0< & <1) and
f(T+U)=0.

Proof. Note that f(7T)=0. The set S’}: 7 18,) is open in € (X). Thus
either all the 7 + ol (0 < o < 1) are in § or there is a smallest number 3
(0 < B <1)suchthat T+ BU ¢ %. In the latter case one of T + BU, T* + BU*
has property A but not the other. Suppose that T + SU has property 4. Then,
by Lemma 3.3, T + BU can be written in the form T, + V, where T, € € (X) is
bi-continuous and V € R(X). If T,(X)= X then T, €@ and thus T + BU €9,
contrary to the above. Thus T, =T + BU -V an isomorphism between X and a
proper closed linear manifold of X. Consequently, by Lemma 3.1, if 0 < a < f3,
and 3 — o is sufficiently small, then T + U ~ V has this property. But for such
o, T + al €. Also, by Lemma 2.5, T + oU ~ V € and

f(T+alU)=f(T+aU-V).
Since
nul (T + ol ~=V)=0, nul (T* + qU*~V*) > 0,
then
f(T +alU) > 0.
However, since f (T) =0, by Lemma 2.4 we have
fAT + aU)=0.

This contradiction establishes the result if T + SU has property 4. If T* + gU*

has property 4 then we proceed in a same way using dual results (Lemmas 3.2
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and 3.3) to see that for « < 3 and close to 8,
f(T+alU)=0, f(T+al)<O.
Thus we conclude that T + al/ €% (0 < ¢ < 1), That
f(T+U)=f(T)=0
follows from Lemma 2.4.
3.5. THEOREM. The following formulas for n~' (%) hold:

(a) (B =tUe€C(X)]| for each T €@ either T + U or T* + U* has
property A};

(b) wY(B,)={U0€eGC(X)| T +U has property A for each T € @};

(¢) 7w (B,)={UeC(X)| T* + U* has property A for each T € 8}.

Proof. f T €@ and U € n' (D) thenn(T) € @, and
a(T+U)=a(T)+n(U)€EB,,

by the definition of %,. Then T + U €5 and it follows that z~! (%,) is contained
in each of the sets on the right.

Let the set on the right side of (a) be denoted by ©. Then if T € @, U €6,
o # 0 a scalar, then a7 + U or al* + U* has property 4. Hence, for each
scalar o, T+ ol or T* + aU* has property 4. Theorem 3.4 shows that T+ al € $
for all scalars . Next we show that if W € @, U € G then UV € 6. Both ¥ and
W* have property 4. Hence, by the nature of © and [ 15, Theorem 3.4], for each
T €@ either

(TW-*+UYW=T+UW
has property 4 or
WrL(TW™')* + U] = T* + (UW)*

has property A. Hence UW €6.

Next let U; €6, i=1,2. For each T €@, by the above T + al; €9 for
0 < & <1 and, by Theorem 3.4, f (T + U;) = 0. By Lemma 2.6, T + U, can be
expressed in the form T, + V, where Ty € @ and ¥ € (X). Likewise T, + U, €§
and so, by Lemma 2.5,
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T,+U,+V=T+(U +0,)

is in . This shows that G is a linear manifold in € (X) with the further property
that if 7,7, €® and U€® then U(T,~T,) €G. However, since C(X) is
a Banach algebra, an arbitrary element W € & (X) can be expressed as the dif-
ference of two regular elements. Thus © is a right ideal in € (X). Consequently
7(G) has the property that, for each 7(U) € #(G) and each V in € (X) - R(X),
a(I)+n(T)V €@,. Thus #(5)C%,. This completes the proof for formula
(a).

The same argument shows that the right sides of (b) and (c¢) are contained
in 7 By

3.6. COROLLARY. Let Q be a (left or right) ideal in € (X). Suppose that
for each T €Q, either [ + T or I* + T* has property A. Then for each T € Q,
nul {/ + T) and nul (I* + T*) are finite and equal.

Proof. By Theorem 3.5, C C 7 Y B,). Thus [+ T €9 for each 7 € L. Since

€ is a linear manifold,

FULT)Y=f()=0

by Lemma 2.4.
This is a direct generalization of Schauder’s well-known result [13, p.189]
that if U is completely continuous then
nul (/ + U) = nul (I* + U*)

since the two-sided ideal & (X) fulfills the conditions of Corollary 3.6.

3.7. CoroLLARY. The following statements are equivalent:
(1) €(X)=R(X) is semi-simple;

(2) for UeC(X), Ue R(X) if and only if (T + U) (X) is closed in X and
either nul (T + U) or nul (T* + U*) is finite for each T regular in & (X).

Proof. Note that €(X)- R(X) is semi-simple if and only if 77'1(5’3l Y= R (X).
Also (T +U) (X) is closed if and only if (T*+ U*) (X*) is closed in X*
[2, Chapt. 10]. Then Corollary 3.7 follows from Theorem 3.5 and Lemma 2.3.

If X is a separable Hilbert space then since, as shown by Calkin [3, Theo-
rem 1.4], 8(X) is a maximal, two-sided ideal in € (X), (1) holds. For spaces

satisfying (1), (2) gives a necessary and sufficient condition for complete
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continuity which seems to be new (for sufficiency) even in the Hilbert space

case.,

4. A generalized Schauder nullity theorem. We give here the result ( Theo-
rem 4.5) discussed in § 1. The preliminary material, it is felt, is of independent
interest and is presented in greater generality than is absolutely necessary for

our purposes.

We adopt the following notation. B is a ring with an identity element e. G
is the set of regular elements of B (the elements with a two-sided inverse ). For
each subgroup G, of G let I(Gy) be the set of ““invariant translations’ of
Gy, namely the set of x € B such that G4 + x = G4. It is clear that

XGy)=f{x €B |y tx €G, forevery y € Go .

In the ring B we consider along with the usual algebraic operations also the

‘“‘circle operation”’
Xxoy=x+y-—xy.

For information on this operation see [7, Chapter 22]. It is evident that Ggn

J(G,y) is empty.

4.1. THEOREM. For any subgroup Gy of G, S(G,) is a subring of B which
is a group under the circle operation. Conversely if R is a subring of B which

is a group under the circle operation then there exists a subgroup Gy of G such

that R = S(Gg). If B is a Banach algebra then I (G) is the radical of B.

Proof. Tt is clear that if x € (G, ) then so does —x. Thus if x| and x, lie
in (G, ), and ¥ € G, then both

(y+x,)+2, and (y —x,)~x,

lie in G, so that x; + %, € I(G,). Next we show if x € I(Gy), ¥ € Gy, then
yx € S(Gy ). For let z € Gy. Then

z+yz=y(y'z+ x)€G,.
Similarly xy € S(G, ). Since
Y+ 2% = (y +21) (e £ 2) +yxp — %

it follows from the above that x;x, € S(G,) if x, and x, € I(G, ). Thus I(G,)

is a subring of B.
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To see that I(G, ) is a group under the circle operation note first that for
%y, %7 € (G, ) we have

X1 0 Xg =X +x2—-xlx2€€§(co).

Now the set of all elements of B with an inverse under the circle operation is
a group with the zero element 6 of B as the identity element {7, p.456]. Thus
it is sufficient to show that x, has an inverse in S(G,) under this operation.

Since e — x, € Gy C G there exists an element w € B such that
(e—x)(e~w)=(e-~w)(e~x,)=e.

Then clearly w is the inverse of x; under this operation. Let y € G;. Then,

since
W =WXy =Xy +W
we have that

4

(yrw)le—=x)=y+w—yx; + wxy; =y{e—x;)+ x;

is an element of G,. Since (e ~x, ) € G, it follows that w € S(G, ).

Next consider a subring R which is a group under the circle operation. Let
G, be the set of all elements of the form e — x, x € R. If x,, x, € R then

(e ~x;)(e—xy)=e~-x; 0%, €6y
There exists z € R such that
xy0z=z0%x;=0.
Then
(e=x)(e—-z)=(e~2z)(e~2x;)=¢
so that G, is a group. We show that S(Gy)=R. Take x € S(Gy). Then e —x € G,

and, by the definition of Gy, x € R. On the other hand if x € R, y € G, then we

may write y = e ~ x,, where
%, €R and y + x=¢e~x, + x€G,

since R is a ring. Thus x € (G, ) and I (G4 ) = R.
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Finally let B be a Banach .algebra. If z is an arbitrary element of B then
since, for a sufficiently small scalar A,

e~-Az=w €G-

we may write z as the sum of two elements in G. By the above we see that for
x € S(G), we have zx € F(G) and thus e —zx € G. Hence x lies in the
(Jacobson ) radical Q of B. Conversely if x € Q, then for each w € G,

w+x=wle +w'lx) €C,
so that x € I (G). This completes the proof.

4.2. COROLLARY. In the notation of Theorem 4.1, S(G,) is a two-sided
ideal in the subring R(Gy) of B generated by G, and lies in the radical Q of
R (Gy). Examples exist for which S(Gy )= Q and also for which S(Gy) # Q.

Proof. By the arguments of Theorem 4.1, if y € R(G,) then yx, xy € S(G,)
for each x € S(G,) so that I(G,) is a two-sided ideal of R(G,). Since
e —yx € Gy for every y €ER(Gy), and G, is contained in the set of regular
elements of R(Gy), I(Gy)C Q. By Theorem 4.1, if B is a Banach algebra
then ¥ (G )= Q. Take next for B the ring of integers modulo 9. For G, take the
set consisting of 1 and 8. Here R(G,y) =B and the radical Q of B is the set
£0,3,6}. On the other hand I (G, ) consists of the zero element alone.

Following Kaplansky [ 8, p.153] we call B a metric ring if to each element

x there is associated a real number | x| such that
101=0, x| >0 if x#6, |—x|=|xl, lx+y] <|xl+|yls l2y| < [xf lyl.

Here |x —~v| is the metric of B. In this context the sets I (G, ) possesses

certain topological properties. (The metric ring to which the theory is applied

is € (X))~ 8(X)).

4.3. LEMMA. If G, is open then S(Gy) is closed. The following statements

are equivalent.
(1) S(Gy) C Gy
(2) 0=1inf|y|, y€G,.
(3) 3(Gg)n Gy is nonempty.

Proof. Let G, be open. Suppose that x, € (G,) (n=1,2,3,...) and
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that x, — x. Given any y € G, there exists a sphere S of radius, say, r > 0
about y such that S C G,. Consequently S + x, C G, for each n. Take n so large
that |x ~ x, | < r. Then for such an integer n, y + (x —x,) €S and thus

y+x=y+ (x—%,) + x5 €EGg.

Hence x € 3 (G, ).
If (1) holds then so does (2) since 0 € S(Gy). If (2) holds then (3) is
clear for the same reason. Suppose that (3) holds. Let
w € ¥(Go)n Gy, w=limy ,y € G,.

By Theorem 4.1, w o x € J(G, ) for each x € I (G, ). But

wox = lim (x+yn ——yﬂx),

and by Theorem 4.1, y +x -y x €Go. Hence wox€ Go. By Theorem 4.1
again there exists an element z in J(G,) such that w oz = 4. Inasmuch as
zox € I(Gy), by the above

uJo(zox)=(woz)ox=x
lies inc;.

For the group G, in the metric ring B let G, be the principal component,
that is, that which contains e. Arguments of Hille [ 7, p.93] show that G, is
a subgroup of G,.

4.4. LEMMA. If I(Gyp) C Eop then S(Gy) is connected and S(Gy) C G_op.
If C3((;0) is connected, then S(Gy) C %(Gop ).

Proof. Suppose that %(GOP)C(—;_OP. Then by Lemma 4.3, GEEOP. Take
x € I(Gp). The set xG,p, being a continuous image of a connected set, is
connected; moreover, xGo, lies in J(Gy) by Corollary 4.2. Since 6 lies in the

closure of xG,p, the set
F=xGopui}

is a connected subset of I(G,) which contains x and 0. Hence each element

of §(G,) lies in a connected subset containing 6. Thus I (G ) is connected.

Suppose that (G, ) is connected. Then for each z € Gop, z + IJ(Gy) is a

connected subset of G, containing z. Hence
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z+°§(GO)CGop and %(GO)C%(GOP).

In the statement of the following theorem, the group to which the symbol ¥ is
applied lies in the Banach algebra & (X ) - 7'1(57‘81 ).

4.5. THEOREM. Let © be any set in C(X) containing the identity 1. Let
7 and T be the canonical homomorphisms of C(X) onto C€(X)- &(X) and
C(X)=n"X(8B,), respectively. Suppose that n(S) is a multiplicative group in
C(X)~ &(X) and that the closure of the component of © containing I contains
an element of w (B, ). Then for each T €6, U € 7! Y[ 7(G)] we have

f(TYy=f(T+0U).

Furthermore, 7' S[7(6)12> ' (R,), and is the inverse image under = of a
subring of € (X) — ®(X) which is a group under the circle operation.

Proof. Consider 7 (G). By Lemma 2.1 it is a subgroup of the set of regular
elements ©, of € (X)-7"'(%,;). Since 7 is continuous, by our hypothesis the
principal component of 7(G) contains the zero element of G(X)—-7"'(%;) in
its closure. Hence in this algebra, by Lemmas 4.3 and 4.4, S[7(6)] is con-
nected. By Lemma 2.4, f is continuous on &; and if T, € 7(©), U; € S[7(6)]

then since T; and T; + U, lie in the same component of &, we have
(T +U)=f(T}).

Thusf(T+U)=f(T)ifT€GandUE’T'l[%(T(G)].
Let

T[T (6)]= 6, and 7(6,)=6,.

Clearly 77! (6,) = G, since G; D ®(X) which is the kernel of 7. By Theorem
4.1, S[7(6)] is a subring of € (X) — #"! (B, ) which is a group under the circle
Operation. Then G, is a subring of € (X), and ©, a subring of C(X) - R(X).
We next show that G, is a group under the circle operation. As ©, is a subring,
it is closed under that operation. et T, € G,, T; =n(T), T € ©,. Then there
exists ¥ € G, such that

(D) =7V L) = ()= L7y = (T [ 7)) = (V)] = 7(I).
Then by Lemma 2.1, I = T has a two-sided inverse / — ¥ modulo &(X). Since

Tion(W)=a(F)oT =0
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it suffices to show that #(W)e€©,. Now 7(W)=7(V) since the two-sided
inverse of 7(/ -~ T) in C(X) - 7"'(%,) is unique. Therefore W € S, and thus
TT(W) S 62.

5. Functionals on semi-groups. Atkinson [1] has shown that on '© the

equation
fCTU)=f(T)+f(U)

is valid. By an entirely different analysis we show how such functionals can be

obtained in a semi-group and then apply the results to 9.

5.1. NoTaTION. Let S be any semi-group, the product of two elements
x, y in S being denoted by xy. Let g and g* be real-valued functions defined on

S, where

glxy) < glxyxy) < glxy)+g(xy)
(1)
g*(xy) < g*(xyxy) < g% () + g* (%)

for all x,, x, in S. Let
hlx)=g*(x)-glx),

and let S, (S.) be the subset of S for which A(x) > 0 (A(x) < 0). Suppose
that there is a reflexive and symmetric relation ~ on S defined for certain pairs
of elements of S such that x ~ y implies A (x) = h(y), and where for each x €5
there exists y €S, x ~ y with either g(y) =0 or g*(y) =0, The relation ~ need
not be transitive. Since g and g* are nonnegative on S it follows that the ex-

istence of y, x ~ y, where g(y)=0 (g*(y)=0), is equivalent to x €S, (x €5.).
5.2. THEOREM. Suppose that, in the notation of 5.1,

(a) x; ~2z; (i=1,2) implies that h{(x,x,)=h(z,2,) holds. Then the

formula
(2) hx;x,)=h(x,)+h(x;)
is valid either for all x; €S or for all x, €S.. If also

(b) there existy,, y, in S, where h(y ) > 0 and h(y,) < 0, then formula
(2) is valid on S.

Formula (2) is valid on S if (a) holds and
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(cy) for each x €S, there exists y €S such that xy €5.,
(c3) for each x €S_ there exists y €S such that yx €S,.

Proof. We remark that (a) is a necessary condition for (2) since, from (2),
h(xgxy)=h(x;)+h(x)=h(z,)+h(z;)=h(z;2,).
From (1) we obtain
g* () —g(x) = glxg) < g*(x12;) = g (w1 25) < g% () + g% (x5) — g (x3)
or
(3) h(xy)=—g(xy) <h(xyxy) < hlxy)+g* (%)

Now suppose that (a) holds. Then

(4) h(xy) <h(xixy) < h(xy)+h(xy) %y, %2 €S,
(5) h(xy)+h(xy) < h(xyx;) < h(xy) Xy,%9 €S,
(6) hxy2y)=h(x;)+h(xy) x) €S,, %, €S..

To show (4) we may assume that
g(x;) =0, g*(x;) =h(x;) (i=1,2).
Then (4) follows from (3). For (5) we may assume that
~g(x;)=h(x;), g*(x;)=0 (i=1,2),
and again use (3). In the last situation, (3) yields
h(xy)+h(xy) <h(xyxy) < h(xy)+h(xy).

Next we observe that (c;) and (c,) cannot both be false. If, for example,
(cy) is false then for some x, €S, we have x;y €S, for all y €S, which yields
(Cz )-

Suppose now that (a) and (c, ) hold. We show that (2) holds for all x,, x,
where x, €S.. By (6) we may suppose that x; €S.. There exists w €5 such
that A (wx, ) > 0. For case 1 we take w € S.. Then by (5),

h(w>+h(xx) Sh(wxl) Sh(xl) _<_0.



LINEAR TRANSFORMATIONS ON A BANACH SPACE 629

This implies that 4 {x;)}= 0. Then (2) follows from (6). For case 2 we take
w €S, . This gives, by (6),

(7) hlwxy)=h(w)+h(x,),

(8) hQwxyxy)=h(wx;)+h(x,).
Now (5) shows that x,x, €S_. Then, by (6),

(9) hwsyxy) = h(w)+h(x%p).

A combination of (7), (8), and (9) yields (2).

Suppose next that (a) and (c,;) hold. Entirely analogous arguments using
(4) in place of (5) show that (2) holds for all x,, x, where x; €S,.

Now assume (a) and (b). We show that (c;) and (¢, ) hold. If (c;) does
not hold then (c,) must hold and there exists x €S_ such that xy € S_ for all
y €S. Select ¥ such that A(y) < 0. By (a) and (c, ) and the above, A(y")=
n h(y) for any positive integer n and thus y" € S.. Also

0<h(ey™)=h(x)+nh(y).
This is impossible if n is chosen sufficiently large. Thus (c, ) holds. Similarly
(C2 ) holds.
To conclude the proof we show that (a), (c;), and (c, ) imply (2). By the

above our assumptions give the validity of (2) for any pair x,, x, where either
x; €S, or x; €S.. The remaining case involves x; €S. and x, €S5,. We may
select, by (c,), w €S such that wx, €S,. If w €S_ then, as shown above,
h(xy) =0 so that (2) is valid for x;, x,. Supposing that w €S_, we obtain
(7), (8), and (9), which again yield (2) for x, x,.

We return to & (X ) and start with the following simple result:
5.3. LEMMA. Let T; € €(X) (i =1,2) have finite nullity. Then
(10) nul (7;) < nul (T, T;) < nul (Ty) + nul (7).
This follows from the fact, readily established, that
nul (T, T5) = nul (T,) + dim [T, (X)n T;1(0)].

5.4. LEMMA. Suppose that T €% and f(T) > 0 (< 0). Then there exists
Ve suchthat V-T e &(X), f(T)=f(V),and nul (V) =0 (nul (V*)=0).
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The existence of the transformation V with the indicated property of the

nullity follows from [ 15, Theorem 3.131. That f (T ) = f (V) follows from Lemma
2.5.

5.5. COROLLARY. Let T; €9 (i=1,2). Then f(T,T,)=f(T,)+f(T,),
and f defines a homomorphism of the group of regular elements of € (X) - R(X)
into the additive group of integers.

We show that this result of Atkinson follows from the above. In the notation
of 5.1, set

S=%, g (T)=nul (T*), g(T)=nul (T).
Since

(T1T2 *=T2*T:<,

Lemma 5.3 shows that formula (1) is valid. For the relation T, ~ T, we take
Ty~ T, € 8(X). Lemmas 3.2, 2.4, and 5.4 and the relation

f(T)=nul (T*) = nul (T)

show that Theorem 5.2 may be applied to give the first conclusion. The second

conclusion is an immediate consequence.

Following ideas of Mackey [ 10, p. 171] we shall say that the Banach space
X is stable if there exists a continuous isomorphism of X onto a closed subspace
X of deficiency one. We say that X is stable-like if there exists a continuous

isomorphism of X onto a closed subspace X, of finite deficiency.

5.6. THEOREM. The functional f is non-trivial if and only if X is stable-
like.

Proof. If X is stable-like, consider the isomorphism T of X onto X, of de-
ficiency n. Then nul (T*) = n and nul (T) = 0, so that { (T) = n.

Suppose that f is non-trivial. Then there exists T €'© such that f (T) #£ 0.
Since T has a two-sided inverse V modulo (X), and f (V) =~ f(T) by Corol-
lary 5.5, we may assume f(T) = n > 0. By Lemma 5.4, there exists a bi-
continuous isomorphism U where nul (U*)=n. Then U(X) is a closed sub-

space of deficiency n.

Whether or not every infinite-dimensional Banach space must be stable or

even stable-like seems to be an open question (see [10, p.205]). This subject
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is pursued a bit further in Theorem 6.7 and 6.9.

If X is finite-dimensional then (10) can be replaced by the more specific

rule, known as Sylvester’s law of nullity [ 9, p. 11] which states that
max [nul (7y), nul (7,)] < nul (7, 7,) < nul (T,) + nul (T,).

We show that the validity of Sylvester’s rule for all T; € $ where X is infinite-

dimensional implies that X is not stable-like. For suppose otherwise. Consider
T,€%, f(T))=n> 0, nul (T;) = 0.

Then by [14, Theorem 3.15] there exists T; € € (X) such that 7, T, = I. Since
[ and T, €9, by [15, Theorem 5.4] we see that T, € H. By Sylvester’s rule,
nul (T;) =0, so that T, is regular in € (X) and therefore so is T,, which is a

contradiction.

Another generalization of Schauder’s theorem may be obtained as follows.
Yosida and Kakutani [16] have considered the collection D(X) of all quasi-
completely continuous transformations in € (X) i.e. the class of all T € €(X)
such that there exists ¥ € & (X) and an integer n such that || T" - V|| < L.

5.7. THEOREM. Let T €9, and let V be a two-sided inverse of T modulo
R(X). Suppose that there exists W € 7' (%,) and an integer m such that
VY —W € Q(X). Then T™ + U €9, and

FAT™ 4 U) = mf (T).

Proof. Let V™U =Ry and Ry — W = R,. By hypothesis there is an integer n
such that /- R} is of the form S| +35,, where S, €8 and S, € f(X). Since
a1 ( S/Bl) is a two-sided ideal, there exists S3 € 7! ( SBI) such that

I[-RT=S +5,.

But, by Lemma 2.5, S| + S5 €. Therefore / — R} has a two-sided inverse modu-
lo 8(X). Since

I_R;’=(I~R1)(I+Rl+---+R’l’")=(1+R1+-o-+R:‘")(1—R1)

then I ~ R, €. Since the hypothesis on U is satisfied by all a U, |a| < 1,it
follows from Theorem 3.4 that

f(I-R)=fU+R)=0.
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Applying Corollary 5.5, we obtain

fOT™+ U)=fLT™(I + R =mf (T).

6. On the images of left and right regular elements. We make here a detailed
study of the images of the sets @, @l, and @ under #. In view of Lemma 2.1,

the results also hold for the mapping 7. In particular, we show the following:

6.1. THEOREM. The canonical homomorphism m has the following proper-
ties:

(1) 7(6 0 @) =n(6)un(6)=6' v @,
(2) 7(8)=n(G)nn(E);

(3) the sets n (@), rr(@l), and 7(8") are open and closed in the sets ©,,
6!, and @,

(4) 7(8) is a normal subgroup of ©; either n(8) =8, or & /7 (8) is

isomorphic, as a topological group, to the additive group of integers in the

respectively;

discrete topology.

The interest of (1) lies in the fact that if X is stable-like, then 7 (@%) £ @f
and 7 (@) £ @: (see Lemma 6.3). And for (2), even though O = @la @ this
does not of itself imply that

7(Bta @) = 7 (8 )n 7(G7).

In the course of the proof the following notation is used. '©, is the subset
of § consisting of those T for which f (T) =0 and $, ($.) of those T for which
f(T)> 0 (f(T) < 0). The minus sign for sets in & (X)~ &(X) is used in

the set-theoretic sense. From the definitions we have #(9) = ©,.

The following lemmas are part of the proof of Theorem 6.1.
6.2. LEMMA. 7(@)={T, € C(X)=R(X)| 7' (T;) CDo}, and 7(8)=n(H,).

Proof. The second statement follows immediately from the first. Suppose that
T,=n(T), T€®. Then 7' (T,)=T + &(X), so that for each U € 7 (T,
f(U)=f(T) by Lemma 2.5. Since f (T )= 0, we see that 7(&) is contained in
the right-hand set. Next assume that T, is in the right-hand set. Let 7 (T) = T}.
Then T €%, and f(T)=0. By Lemma 2.6 there exists V € &(X) such that
T+Ve8 Buta(T+V)=T,.



LINEAR TRANSFORMATIONS ON A BANACH SPACE 633

6.3. LEMMA. #(6)=6! - 7 (%)

Proof. Clearly n(®%) c @{ We shall show that 7 (%) n 7 (§.) is empty. Sup-
pose contrariwise that T, € 7(®!)n 7(5.). Then there exists T € @Y, veS. such
that 7(T)=7(U) = T,. Then there exists W € & (X) such that T = U + W. Hence,
by Lemma 2.5, f(T)=f(U) < 0. But from the definition of f, nul (T) > 0.
Therefore T cannot be one-to-one and this contradicts 7 € G!. We conclude that
7(®8) c 6l — (9.

Suppese that T, € @f ~n(9.) and #w(T)=T,. By [15, Theorem 5.4], T has
property A. Since T ¢ 9., either nul (7*) is not finite or nul (T*) < o and
f(T) > 0. Then by [ 15, Theorem 3.13] there exists V¥ € R(X) such that T + V
is a bi-continuous mapping of X into X. Moreover, by [15, Theorems 5.3 and
5.41, there exists a projection of X onto (T + V) (X). Therefore, by [ 14, Theo-
rem 3.151, T +V €®.. However, #(T +V)=a(T)=T,. Thus &' -7 ($.)C
7 (Gh).

6.4. LEMmMA. 7(8") =87 —n ().

In references cited in the proof of Lemma 6.3, dual results exist to those

used in 6.3 which enable one to conduct the proof in the same way.

6.5. LEMMA. 7($.) C (O ) and #($,) Cn(GH).

Proof. Suppose that T € .. By [15, Theorem 3.13] there exists ¥ € R(X)
such that (T + V) (X)=X. Also, by Lemma 2.4, nul (T + V) < co. Hence
[14, Theorem 3.18] shows that T+ V € @, However, #(7T + V) =n(T). The

other statement is proved using dual results,

6.6. LEMMA. 9o, ©,, ©- are open and closed as subsets of ©. These sets

are disjoint.

Proof. Since f(T), by Lemma 2.5, is a continuous integral-valued function

on ©, the sets are open and closed subsets of §.

We turn now to the statements of Theorem 6.1.

Consider (1). By Lemmas 6.3 and 6.4,
r(6ly @)= 7(8) un(§)=[8! - 7(5)] u [E] - 7 (H)].

By Lemma 6.5,

7(§) Crn(6"), 7($,) cn(6h,
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so that
7(8) ur(8)=6!ver.

As for (2), note first that 7 (@) = 7(§, ) by Lemma 6.2. By Lemmas 6.3 and
6.4,

7(@)n 7(6) = 6! 0 G —[(5) v n(§,)].

But @ll n@ =8 =n(8). Also the sets #(9,), 7($.) and #(§,) are disjoint
since if, for example, T, € n(§ Ina (), T, =n(T), T € ©,and T, =7(V),
Ve, then n(T=V)=0 so that T~V € 2(X); whence, by Lemma 2.4,
f(T)=f (V) which is impossible. llence

(6 n 7 (8 = n(9) = [7(S) un(H,)]=7($o) =7 (F).

The mapping 7 is a continuous linear mapping of the Banach algebra € (X)
onto the Banach algebra € (X)~ R(X). Consequently it takes open sets into
open sets. Since @, @, g, @1’ @f and @I are open (see, for example, [12])
the statement of (3) on openness follows. Likewise, from Lemma 6.6, 7 ('9.)
is open in @1 C @f. Since

(84 = 8L~ 7(§.)

by Lemma 6.3, 7(®) is closed in @f. Similarly #(@") is open and closed in
@;. Now

Gy =n($)=n($o) un($.)un(S§,)

and (as noted above) the latter sets are disjoint and also open by Lemma 6.6.
But 7 (8) = 7 (o) by Lemma 6.2. Thus #(®) is open and closed in &, and the
proof of (3) is complete.

Only (4) remains to be shown. Either 7(®)= @&, or 7(8) is properly con-
tained in @,. Suppose that the latter holds. By Lemma 6.2, 7 () =7(@). But
7($)=8,. Thus $ #%, and the function f defined on § (and on #(9)) is
not identically zero. Since f is integral valued there is an integer m > 0 and
T €5 such that |f(7T)|=m and m is minimal with respect to this property.
By Corollary 5.5, f is a homomorphism of 7 ()= @, into the additive group J
of integers. If we define f, on @, by the rule f = m”'f then f, is a homomorphism
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of @, onto J. The kernel of this homomorphism is 7 () = 7 (@) (Lemma 6.2).
If J is given the discrete topology then f, is an open mapping. Since the kernel
is open in @, by (3), the inverse image under f, of any subset of / is open in
©,. Hence, [11, p.64], 8,/7(€) is isomorphic, as a topological group, to J.
This completes the proof of Theorem 6.1.

6.7. THEOREM. The following statements are equivalent:
(1) X is not stable-like; (2) © =54 (3) n(6)=6,.

Proof. The equivalence of (1) and (2) is given by Theorem 5.9. In the
course of the proof of Theorem 6.1 it was shown that if 7( &) £ @, then © £9,
so that (2) implies (3). If #(@) = @, then, by Lemma 6.2, #($,) = #(H). This
shows that any element T of § differs from an element of ‘©o by a completely

continuous transformation in © (X). Therefore, from Lemma 2.4, = ©,.

6.8. DEFINITION. We say that X is projection-stable if there exists an
isomorphism in €(X) of X onto a proper closed linear manifold :t where there

is a (continuous ) projection of X on M.

Clearly if X is stable-like then X is projection-stable. Whether or not the
converse is true is an open question. The notion just defined is connected

with the notions of Theorem 6.1 by the following result.
6.9. THEOREM. The following statements are equivalent:
(1) X is not projection-stable;
(2) 6'=6"=6;
(3) #(8)=06, and 8, =G} =067

Proof. 1f X is not projection-stable then, by [14, Theorem 3.15], @ c @ so
that ®! = ©. But then also ® = @; for if T € &, TU = I, then U € @ and
T=U'c@. Thus (1) implies (2). Assume (2). By Theorem 6.1 we see that

7(@)=7(ByE)=6lvE.
But 7(&) C @, . Hence
Gl =67 =0, and #(6)=0,.

Assume (3). If X were projection-stable then by [14, Theorem 3.15] there
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exists T € 8, T ¢ 6. But #(T) € 6! = G,. Hence T €. By its nature
f(T) > 0. However, from Theorem 6.7, § = §,, which is a contradiction.
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