Pacific Journal of

Mathematics

THE BEHAVIOR OF SOLUTIONS OF A LINEAR
DIFFERENTIAL EQUATION OF SECOND ORDER

RICHARD ALLAN MOORE




THE BEHAVIOR OF SOLUTIONS OF A LINEAR DIFFERENTIAL
EQUATION OF SECOND ORDER

RicHARD A. MOORE

Introduction. This paper is a study of the oscillation and boundedness of
solutions of the self-adjoint differential equation

(1) (r(x)y)’+p(x)y=0

on the infinite half-axis /, @ < x < + . We shall assume throughout that r(x)
and p(x) are real, continuous functions and that r(x) is positive on /. A non-
null solution of equation (1) is said to be oscillatory if it has an infinity of

zeros on /.

It will be noted that the results given here are of the ‘‘integral test’’ variety.
Although the problem goes back at least to Kneser [5,6]; probably the first
“integral’’ condition for oscillation is due to Fite [1]. His criterion is that

all solutions of the even order equation

(2) }’(2")+p(x)y=0
oscillate provided p(x) > 0 and

/:op(x)dx=+oc.

A similar result for the case n =1 is due to Wintner [14] in which there is no
restriction on the sign of p(x). Simultaneously Leighton [8] noted the ana-

logous result for equation (1) (see Theorem 1 in this paper).

Hille [ 2] studied the nonoscillation of solutions of (1) for the case r(x) =1

and p (x) nonnegative and established the roles of the functions
/xfp(tf)dtf and x/xp(f)dcf
a X
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126 RICHARD A. MOORE

(see Theorems 3 and 4, and the remarks preceding Theorem 6 in this paper).
The chief purpose of this paper is to extend the results of Hille and Leighton.
1. Oscillation theorems. We shall recall first the theorem due to Leighton.

THEOREM 1. If both

=) d oo
/ .._A.c._=+co and p(x)dx=+03
a r(x) a

hold, then the solutions of equation (1) are oscillatory.

It has been pointed out [10] that if the conditions of the theorem fail to
hold, an oscillation-preserving substitution

y=ul(x)z, ulx) >0,

will frequently transform equation (1) into a form in which the conditions are
applicable. Indeed, under the assumption that (r(x)u’(x))’ be continuous,

z satisfies the self-adjoint equation

(1.1) (r(x)u®(x)z?)” + [u(x) (r(2)u’(x))’ +u?(x)p(x)]1z = 0.

We make the observation that solutions oscillate if and only if there is an ad-

missible u (x) such that

00 d: 00
/ _Z oo,f [u(x) (r(2)u” (2))7 + 52 () p(2)dx = + .
a r(x)uz(x) a

This follows from Theorem 1 and the fact that a function u,(x) can be exhibited

(see, for example, [10]) which satisfies the identity

1

r(x)u_—f(x) = urlx) (r(x)uf (x))” + ui(x)p(x).

In this case, a particular solution of (1.1) is clearly

sin /x_._d.g___
a (&)’

which oscillates only if [° (r(f)uf(f))'l dé=+ .
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We proceed with the proof of the following result.

THEOREM 2. Solutions of equation (1) are oscillatory provided conditions
(A) or (B) are satisfied:

(A) foo ‘Zx)=+oo, and, for some n <1
a rlx
oo x d
f p(x)g"(x)dx = + ©, where g(x)=l+/ (é) .
a a r
oo dx
(B) / . < + o, and, for some m > 1
a r\x
o0 o d
f p(x)h™(x)dx = + 0, where h(x)=/ _(—?S
a x r

To prove the theorem, note that if (A) holds, equation (1) may be trans-
formed by the substitution

y = g"/2 (x)z.
The function z (x) satisfies the equation
(1.2) (ri(x)z*) +p,(x)z=0,
where

2 2-1
rix)=r(x)g"(x), pr):M +p(x)g"(x).
r(x)g2'"(x)

Theorem 1 is now applicable, for

o dx gt M) g«
/ —_—— = lim =+ 0,
a r(x) xooo 1=n a

and

o 2 2-1
‘/; Pl(x)d"= lim (_f_/__l'i__.).g"-l(,f)

X — 00 n-—

¥ +/°° p(x)g"(x)dx =+ o3
a a

therefore, solutions of (1.2) (and, thus, those of (1)) oscillate.
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If conditions (B) hold, the substitution y = "2 (x)z leads to the following
equation for z

(1.2)” (ry(x)z")"+ p,(x)z =0,
where

2 2-1
ro(x) =r(x) ™ (%), p,(x) = M—) +p(x)r™(x).
r(x)h*™(x)

An application of Theorem 1 completes the proof.

If the conditions of Theorem 2 are not satisfied, we shall see later that
some results can be obtained by studying the functions

/;xp(f)g(f)d-f /xp(f)h(f)drf.

The following result, due to Hille [2, p. 2381, is given for completeness. It

has been reformulated here so that it applies to equation (1).

THEOREM 3. If
f°° Ip(x)| g(x)dx < + o0,
a

the general solution of equation (1) is

cill +e1(x)) +cag(x) (1+e,(x)),

where ¢y and c, are arbitrary and limy _, o €;(x) =0 (i = 1,2).

An obvious modification of Hille’s proof of Theorem 3 yields the following

result.

THEOREM 4. If
f‘” Ip ()| h(x)dx < + @,

the general solution of equation (1) is

Cl(l"—el(X)) +c2h(x) (1+€2(X)),
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where limy _, 0 €; (x) =0 (i=1,2).

This theorem trivially implies that all solutions of equation (1) are both
nonoscillatory and bounded.

The following is a similar nonoscillation test, applicable to a broader class

of equations than those covered by the two preceding theorems.

THEOREM 5. Solutions of equation (1) are nonoscillatory if either of the

following conditions is satisfied:

(A) There exists a finite number A such that, for x > b > a,

0 <A-/b" p(E)g(E)dE < 1.

(B) There exists a finite number B such that for x > b > a,

0 < B+/;" p(EVR(£)dE < 1.

Suppose that Condition (A) is satisfied and consider the differential equa-

tion
(1.3) (ri(x)y?) + p(x)y=0,

where

ri{x) =r(x) [A—fbx p(f)g(f)df].

We have, according to Condition (A), that 0 < r;(x) < r(x) for b < x < + w.
According to the Sturm comparison theorem, solutions of equation (1) are non-
oscilatory if those of equation (1.3) are. We see, however, that g(x) is a
particular solution of equation (1.3). Since g(x) is nonoscillatory, all solutions
of (1.3) are, and the proof of the result is completed.

To prove the theorem in the case where Condition (B) holds, note that the
equation

(1.3)° (r(x)[3+./:p(f)h(f)df]y’)’+p(x)y=0

has the particular solution A (x). The proof is completed by the use of the same
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argument as that employed in case (A).

We include an example which shows that the theorem is not valid under

either of the less restrictive assumptions:

(A max f p(£)g(£)dE — min f p(£)g(E)dE < M,

x> a x> a

(B) max [ p(EVA(E)dE - min f"p(g)h(f)dg<M,

x>av@ x> a

where M is any finite number.
ExamMPLE 1. Consider the equation

(1.4) (x2y*)’— 4, cos (21logx)y =0

on the interval [1, + @), where 4, is a parameter. A computation shows that

max fxph d¢ - min fxph dé =4,.
1 1

x> 1 x2>1

Y%

On the other hand the substitution y = x™” z and the subsequent transformation

t = log x yield a function w(t) = z(x(¢)), which satisfies the Mathieu equation

d*w 1
(1.4)° ——+(-—-——-A1 cos 2t)w=0.
de? 4

We assert that solutions of equation (1.4)” (and thus those of equation (1.4))
are oscillatory if |4, | is larger than a critical constant 4, where the approxi-
mate value of 4, is 1.5. To show this we recall several properties of the solu-

tions of the general Mathieu equation
(1.4)" y” +(c-qcos 2x)y=0,

where ¢ and ¢ are real parameters. It is known (for example, Ince [3]) that for

number pairs (¢, ¢ ), which satisfy the equation
c=f,(q),

equation (1.4)*” has a periodic nonoscillating solution, which we denote by
ug(x). The function f (g) has the properties that it is continuous and single
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valued for — o < ¢ < + . In addition f,(0) =0, fo(q) is an even function
of g, and f;(¢) is monotone decreasing for g > 0. It follows that, if | ¢, | > q,,
solutions of

(1.4)7 y" + (fs(gqy) —q, cos 2x)y =0

are oscillatory. To see this, we transform equation (1.4)””” by the substitution

y = uq, (x)z, into

(1.4)7 (u;l(x)z')' + u;l(x) [fo(q,) = fo(g )]z =0.

Since f,(a,)~f,(q,) is a positive constant, the application of Theorem 1

) s

shows that solutions of (1.4 are oscillatory.

(Note that, if |g,| < g, in equation (1.4)*”", the above technique estab-
lishes the fact that solutions of equation (1.4)“** are nonoscillatory. The in-
vestigation of Example 1 has thus led to a complete description of the oscillat-

ing and nonoscillating cases for the Mathieu equation.)

We complete the proof of the assertion by noting that

1
-—-4—=f(q)

has the solutions ¢ = + A, [4].

lille has proved the following result [ 2, p. 246] for the case where r(x) =1
and p (x) > 0 in equation (1).

If

|

xpr(f)défs

x

solutions of equation (1) are nonoscillatory. If, on the other hand,

0 1
x/ pEVE2 e > <,

solutions of (1) oscillate.

We obtain a generalization of this result, valid for any admissible r(x) and
free of the assumption that p(x) be nonnegative. If f:’ p(&)dE exists, we de-
fine
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c(x)=g(x)f°° p(£)dE,

and if [ (1/r(£))d¢ exists, we define

H(x>=h(x)f" p(£)dE.

THEOREM 6. [f there exists a real number k such that either of the follow-
ing inequalities holds fora < b < x < + w.

1
—k-Vk 30(x)§—k+ﬁ§z,

1
—k—\/7c__<_H(x)§—k+\/k—§Z,

then solutions of equation (1) are nonoscillatory.

If £ is such that the first inequalities hold, we prove the result by forming

the function

x 1 oo
u(x)=gk(x)exp[_/; th)-/f p(s)dsdf].

A computation shows that 4 (x) is a solution of the differential equation
(1.5) (r(x)u’) +p(x)u=0,

where

E(k=1)+ 2k G(x) + G (x)
px(x)=p(x)—[ + x)+ x l

r(x)g? (x)

The function p,(x) is continuous; moreover, by hypothesis, for x > b > a,
Py y hyp 202
G(x) assumes only values on the closed interval determined by the two roots

of the quadratic equation

t2+ 2kt +E(E=1)=0.

It follows that

E(k-1)+ 2k G(x)+G*(x) < 03
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hence, for x > b, pl(x) > p(x). Since solutions of equation (1.5) are non-

oscillatory, an application of the Sturm comparison theorem completes the result.

In case the second inequality holds, we form, for the appropriate £, the
function

— Rk Y L ]
wlx)=h (x)exp[ L r((f)-/a‘ p(t)dtdé }.

This function is a solution of the differential equation

(1.5)” (r(x)w?’)’ +p2(x)w=0,

where

E(k=1)+ 2k H(x) + H* (%)
p, (%) =p(x) - .
rx) h?(x)

The remaining details of the proof are identical with those of the first case.

Corresponding to the second half of Hille’s theorem we have the following,

THEOREM 7. If either
1
Z<c§G(x)_<_d<+oo
or

1
—<c¢ <H(x)
4

holds, then solutions of equation (1) are oscillatory. If p(x) > 0, G(x) need
not be bounded from above.

Note first that if G(x) > ¢ > 0, then

ﬂf,é>=+m'

We consider the following identities:

x x G( ) Ll
Lp(‘f)g(f)df:[z rTf_S_——,‘;f(é')df—G(x)+j; p(x)dx
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L p(f)h(f)d§=[z 75;742?) dé + H(x)

It follows from the conditions of the theorem that either

x % d
./z. p(f)g(f)d{ Z_C./; E)i%—f)—d-FO(l)

or

x x d
/a p(EIR(S)dE > C/a r(é)f(f)

Equation (1) for the substitutions, y = g% (x)z, ory = B%(x)z, respective-

ly, is transformed into

(1.6) (r(x)g(x)z')'+[ N p(x)g(x)]z=0

T 4r(x)g(x)

or

(1.6)’ (r(x)h(x)z’)” + [ + p(x)h(x)]z:O,

T 4r(x)h (%)
respectively. We can now apply Theorem 1. We have for equation (1.6)

/'oo dx .
a r(x)glx) ®

and

x -1 1 x dé
- — =) S
)Lmﬁ [4r(§)g(§)+p(£)g(§)]d€?—(c 4)xi“m.£ (E)g(8)
—d+0(1)=+ 0

In similar fashion Theorem 1 is applicable to equation (1.6)’ to show that, in
either case, solutions of (1) oscillate.

If p(x) >0 and [° (1/r(2))dx =+ an obvious modification of Hille’s
proof [ 2, p. 242] yields the result.
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COROLLARY 1. Solutions of equation (1) are nonoscillatory if both

o dx
f <+ o and lim sup
a

r(x) x — 00

fx p(-f)dfl <+

The proof follows immediately from the fact that limy _, 0 H(x) =0.

This result is a refinement of a theorem due to Leighton [9, p.657] which
states that the result holds if r(x)p(x) is a positive, monotone function and

both p (x) and 1/r(x) have convergent infinite integrals.

That the constant 1/4 is sharp is shown by the example of the Euler equation

The following example shows that the condition

ot

-~ <Lo £6G(x) <L, SZ

is not sufficient for nonoscillation.

ExampPLE 2. Consider the equation

63
(1.7) (x7/8y')'+(—§§+Acos(2logx))x'9/8y=0.

1/16

on the interval [1, o). The substitutions y =x z and t = log x show that

equation (1.7) is only the transformed Mathieu equation

d? 1
(1.7) —§+(—Z+Acos 2t)z=0.
dt

It was established in Example 1 that this equation (and hence equation (1.7))
has oscillating solutions if, for example 4 =2 > 4,. A computation of G(x)

for equation (1.7) shows that

-63 (256)(sin(210gx) cos (2 log x)

I gu® 1).
Clx)= —= - 84\ 7 2 32 )“'()

For this A we have the desired result; that is,
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—w <Ly <6G(x)<L; <

1
1

If in equation (1) r(x) =1, we make the substitution y =x™z, m < 1/2;

thus, z satisfies the equation
(1.8) (x2™2°) + (m(m - 1)x?™2 4 x*Mp(x))z=0.
Computing G (x) for this equation, we find

m(m=1) x 1-2m

Clx) = — 4 f: £, (£)dé + o(1).

We define

cm<x>=x*-2mf°° p(&)dE,

x

and obtain the following extension of Hille’s theorem.

COROLLARY 2. Ifin equation (1) r(x) =1, and for x > %o > aand m < 1/2

we have

0 < Gp(x) < 2m,

then solutions of equation (1) are nonoscillatory.
Since
2

m(m-1) -m m
- - =—k-Ek
(2n-1)2 (1-2m)* 1-2m Vi

and

-1 2 -m?
m(m ) + m - m + m =_k+\/7ﬂ.’
(2m - 1)2 1-2m (1-2m)? 1-2m

under the assumptions on G, (x), the function G (x) for equation (1.8) satisfies

—k-VEk _<_G(x)_<_—k+\/k_.

The corollary now follows from Theorem 6.



LINEAR DIFFERENTIAL EQUATION OF SECOND ORDER 137

G%(x) is defined only if lim, _, o fax & p(&)dE exists and is finite, and
thus, according to Theorem 5, the solutions are nonoscillatory. In any case,

this result is a natural link between Hille’s theorem and Theorem 5.

We shall denote by Ny(x,x;) the number of zeros of a solution y(x) of
equation (1) on the interval [x, x5 ]. According to the Sturm separation theorem,

for any other solution u (x) of (1)
Nu(xl,x2)=Ny(x1,x2)+O(1);

therefore, there will be no ambiguity in calling N(x;,x,) the number of zeros

on [xy, x5 ] of any solution of equation (1).

In order to place estimates on N(x;,x;), we note that equation (1) is

equivalent to the system of equations

, alx) , -plx) a’(x)

= v v = - v
rertm " ’

a(x) 77 2z

where a(x) > 0 and has a continuous derivative. In terms of polar coordinates

R and @ in the yrv-plane, we have

d® al(x) _, p(x) a’(x)

. — — I — — ) i @ @

(1.9) . ) in“® + 0 cos ‘G + e sin ® cos

(1.10) d{log R) = [a(x) - plx) cos ® sin @ — a” (%) sin%@
x r(x) a(x) alx)

Every solution y (x) of equation (1) can be uniquely represented by

y(x)=R(x) cos O(x)

where [R(x), ®(x)] is a solution of the system (1.9) (1.10). These equations
can be exploited for oscillation and boundedness theorems, typical of which is

the following.

THEOREM 8. For any constant A > 0,

1 /x A
N(x;,xz)S—/zmax[ p(x)]dx+0(1)

7 Jxy r(x)’ 4

1 (%2 A (%)
N(xx,xz)?_;/; min[ p—A—-]dx+0(1).

! ()’
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To see this, we set a(x) = 4; thus, equation (1.9) becomes

de A (
sin®+p d

dx  r(x) A

cos?@.

It is clear that

1 (22 [ d©
N(xl,xg)r-—f 2(——)dx+0(1).

m 1 X

The result now follows from the obvious inequalities

A (x) A (x) A (x)
min[ px]s sin2®+px cos2®<max[———,p_x].
r(x)” A r(x) - r(x)” A
THEOREM 9. Ifr(x)p(x) < M? fora < x < + c then
lim sup /'x p(&E)dE = + 0
X — 00 a
is a sufficient, and
/oo dx
=+
a
a necessary condition that solutions of equation (1) oscillate.*
To prove the result note that for 4 = M
) [ A p(x)] p(x) [ A p(x)] M
min , = and max , = .
r(x) 4 M r(x) A4 r(x)

From these relations and Theorem 8, we have that

L rx M fx dé
— 1 - 1).
ana p(£)dE +0(1) < N(ax) < ”fa 5 o)

The remaining details of the proof are now obvious.

We remark that

! This theorem was suggested by an unpublished theorem due to Leighton and Martin
in which the condition | r(x)p(x)| < M replaces the analogous condition here.
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[ A p(x)] ) [ A p(x)] A p(x)
max [—— , —— | — min , - - ;
r(ix)” A r(x) A Ir(x) A

hence, if for some constant, A4,
/’oo A p(x)
a

r(x) A

x < 0,

then
A rx d&
N(a, )=_/ 0(1).
ax)=— . e O
Equation (1.9) can be written as follows
de 1 A 1 A (x)
(1.11) __=_[_+p(x)]—-[ _px]cosze).
dx 2 Lr(x) A 2L r(x) A

THEOREM 10. If for some A

i [ A p(x)][ A p(x)]'l_o
x:moo r(x)— A r(x)+ A S

then

lve(x) px 1[ 4 p(f)]
| 5[,@)*7 s

where limy _, 00 e(x) =0.
The proof follows immediately from equation (1.11).

2. Theorems on boundednes. We derive -here a number of results by suit-

able choices of a(x) in equation (1.10).

THEOREM 11. For every A > 0 we have

exp[— %/{;x df] < R(x) Sexp[lj;x

The proof is obvious.

A4 p

r a

r

THEOREM 12. If r(x)p(x) is positive and has a continuous derivative,
then®

2[f(x)]+=max[f(x), 0, [f(x)]_==min[f(x), 0].
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1 px[(rp) (rp)’
"P[‘EL [(m)] f] { f[(rp) ]

Fora(x) = (r(x)p(x))%, equation (1.10) becomes

d(log R) _ % [(r(x)p(x))' in26.

dx r(x)p(x)

The inequalities of the theorem now follow from the inequalities

[(r(x)p(x))' (r(x)p(x))” [(r(x)p(x))'
- ——————] < - ———————— « sIn < | ———
r(x)p(x) 1,7 r(x)p(x) r(x)p(x) J_

Theorem 12 is a more general statement of a theorem due to Leighton [7,

p.190] in which it is assumed that r (x) p (%) is a positive, monotone function.

THEOREM 13. If p(x) =~ f(x), and r(x)f(x) is positive and has a con-

tinuous derivative, then

R(x)<exp/' \/‘df 2/ [(rf) ] df]

and

2:2;>exp f[df-—[ [('f) dcf].

Setting a (x) = (r(x)f(x))%, we have

1 4
d(log R) _ f(x) tin 26 — (r(x)f(x)) “in6.
dx r(x) 2 r(x)f(x)

The proof of the theorem is now obvious.

In the special case, where (r(x)f(x))*> 0, it follows that

R(x) gR(a)exp(L.x\/;a‘f).

This inequality is sharp as the example r(x) =1 and p(x) = — a® shows.
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Theorem 11 shows that

o dx o0
f < + 0, f [p(x)|dx <+ o
a r(x) a

are sufficient conditions that all solutions of equation (1) be bounded. The

following result covers the case where p(x) < 0.

THEOREM 14. If p(x) < 0, in order that all solutions of equation (1) be
bounded in I, it is necessary that

/'oo dx <
e ) @

and it is sufficient that both

[: r((iz) <to ./;wp(x)dx>_oo.

The proof of the sufficiency follows from Theorem 11.

To prove the necessity, consider the particular solution y(x) of equation
(1) which satisfies the initial conditions y(5) =0, y*(b) =1 for some b > a.
According to the Sturm comparison theorem y (x) > 0 for all x > b. It follows
that for x > b we have

(r(x)y” (x))” > 0;

hence, integrating both sides of this inequality, we have

r(6)y’(6)  r(b)

v —— Ty

Since all solutions of (1) are assumed to be bounded, y(x), in particular, is

bounded by M. We have, therefore

23

r

for all x, and the theorem is proved.

That
foo dx <
o 1) 7
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is not sufficient for boundedness is shown by the Euler equation
( 2 '): 3 0
x --y=0,
y 4 y

1
of which x” is a particular solution,

We obtain the following theorem, particularly applicable to the case where
p(x) < 0, by writing equation (1) in the following form

(2.1) (r(x)y®) + [—

! (x) 1] 0
o P Tl

THEOREM 15. If

00 1
'/; [p(x) + r(x)]dx <+

then the general solution of equation (1) is given by

crlexpig(x)} (L+e(x))] + colexpi-g(x)} (1+ey(x))]
where limy _, 00 €;(x) = 0 (i =1,2).
Transforming equation (2.1) successively by means of the substitutions
y=exp {-g(x)}z,
and
y=-exp{g(x)iw,

we have, respectively,

1
(2.1)” [r(x)exp{-zg<x);z'1'+[ ( )+p(x)]exp{—2g(x”z=0
r\x
and
1
(2.1) [r(x)exp{2g(x)§w']'+[ ( )+p(x)] exp {2g(x)}w=0
r\x

According to Theorem 3, equation (2.1)’ has the particular solution 1 + e;(x),

limy , . e,(x)=0, and according to Theorem 4, equation (2.1)* has the
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particular solution 1+ e;(x), limy | e;(x)=0. The result now follows from
the fact that (1 + e;(x)) exp { g(x)} and (1 + e,(x)) exp {—g(x)} are clearly
linearly independent solutions of equation (1).

The following result, due to Kneser, [6] (see also, Morse and Leighton
[11] and Wintner [13]) is included here in order to complete the results given

in this paper. Consider the equation
(2.2) y” -p(x)y=0
where p(x) is a nonnegative, continuous function on the interval I

THEOREM 16, There exists a principal solution y(x) of equation (2.2)
such that

lim y(x)=m,

X — 00

where m is finite. All solutions linearly independent of y(x) are unbounded. If

/;m p(x)dx = + 0,

then m vanishes.
This result can be applied to equation (1).

TueoREM 17. If in equation (1) p(x) is nonpositive, then there is a
principal solution y(x) such that

lim y(x)=m,
X — 00

where m is finite. All solutions linearly independent of y(x) are unbounded

f: ,11; sre

provided

The limit m is zero if

j:o p(x)dx = - oo,

or if
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K,f:) <o

If

-/:<> r(ix) e

we transform equation (1) by the change of variable ¢ = g(x). Equation (1) then
goes into

d2
(2.3) 2 e (e (x(e))y =0,
dt?

on the interval 1 <t < + . The proof of the theorem now follows immediately
from the preceding theorem and the remark that

lim f‘ru(mp(x(mdh lim f p(£)dE.

t—o0 1 x—00 Y0

/'oc dx <
a rlx) e

Y
we proceed as follows. For the substitution y = h/z(x)z, equation (1) is trans-

It

formed into

1

(2.4) (h(x)r(x)z?) +(—-4r(x)h(X)

+p(x)lz.(x))z=0.

Introduce the change of variable ¢t = — log h(x). Equation (2.4) thus becomes

2
(2.5) d—z+[—l+ p(x(t))r(x(t))e-"]z=0.
dt? 4

Theorem 16 is now applicable to show that there is a solution z (x) of equation
(2.5) which has a finite limit. The relation between solutions of equation (2.5)
and those of equation (1) concludes the proof of the theorem.
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