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1. Introduction. A complete lattice ¥ = {4, < ) has the property that every
increasing function on A4 to 4 has a fixpoint.' Tarski raised the question whether
the converse of this result also holds. In this note we shall show that the
answer to this question is affirmative, thus establishing a criterion for complete-
ness of a lattice in terms of fixpoints.?

We shall use the notation of [6]. In addition, the formula a § & will be
used to express the fact that a < b does not hold. By <a§ ; £<a), where
¢ is any (finite or transfinite) ordinal we shall denote the sequence whose
consecutive terms are ag, Aryeeey@pyeee (with & < «); the set of all terms
of this sequence will be denoted by { ag; ¢ < w}. The sequence (a§ ;E< )
is, of course, called increasing, or strictly increasing, if ar < age,o0ray <ago,
for any £ < £’ < o ; analogously we define decreasing and strictly decreasing

sequences.
2. Alemma, Ve start with the following:

LemMa 1. If the lattice U= (A, < ) is incomplete, then there exist two
sequences be s E<B) and (cq;n <y) such that

(i) b§ < ¢q for every ¢ < Band every p < v,

(i) bg; & < B) is strictly increasing and (077; n < y) is strictly decreas-

ing,

(iii) there is no element a € A which is both an upper bound of { 1)5; &< B
and a lower bound of {cp 3 n < y}?

1See [6] (where further historical references can also be found ).
2This result was found in 1950 and outlined in [ 2].

3A related, though weaker, property of incomplete lattices is mentioned implicitly
in[1, p.53, Exercise 4.
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Proof. We first notice that there exists at least one subset of 4 without a
least upper bound (for otherwise the lattice would be complete ). * Hence we can

find a subset B of A with the following properties:
(1) UB does not exist;

(2) if X is any subset of 4 with smaller power than B, then UX exists.

Let 37 be the initial ordinal of the same power as B (that is, the smallest
ordinal such that the set of all preceding ordinals has the same power as B).
The ordinal 3’ may be equal to 0; if not, 8” is certainly infinite and, since
it is initial, it has no predecessor; that is, £ < 87 implies £+ 1 < B” for every
ordinal & Thus all the elements of B can be arranged in a sequence { bé;
&< B’). For every £ < 87, the set {bg; { < £+ 1} is of smaller power than
B’ and therefore, by (2), its least upper bound

u§=U{bg;é< £+ 1}

exists. The sequence (uf; & < B%) is clearly increasing but not necessarily
strictly increasing. However, by omitting repeating terms in this sequence, we
obtain a strictly increasing sequence <b§; &< B), where B is an ordinal
< B7, such that

fogs €< By =lugs £ < BT
(Actually, one can easily prove that 8 = 3.) Obviously,

(3) for every b € B there is a £ < 8 such that b < be s

(4) for every & < B’ there is a subset X of B such that by = UX.

By (3) and (4), if the least upper bound Uf bes ¢ < B} existed, it would co-
incide with UB; hence, by (1),

(5) U{b§;§<,6’} does not exist.
Let C be the set of all upper bounds of {bg'; ¢ < B}, Clearly NC does not
exist, for if it did, it would coincide with U{ bg; ¢ < B}; this result would con-

tradict (5). Now C, like B, is either empty or infinite. Since C is partly ordered
by the relation <, there is a strictly decreasing sequence ( cp; 7 < y) such

4See [ 1, p. 49].
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that {cy; 7 < v} is a subset of C with which C is coinitial (that is, there is
no element of C which is a lower bound of {¢p; n < y} without belonging to
{ens n < y1).° If the greatest lower bound N{cy; 7 < y} existed, it would be
an upper bound of { bg—'; & < B}; but since U{ b§5 & < B} does not exist, there
would be an element ¢ € C such that N{c,; n < y} 4 c. Hence we would have

cnNicnsn <yl €C and cnNicy;n <yt <Nicyn <yl

in contradiction to the assumption that C is coinitial with {¢,; n < y}. Con-

sequently,
(6) N{cns 7 <y} does not exist.

The sequences (bg; &< B) and <C773 n < y) obviously satisfy conditions
(i) and (ii) of our lemma. To show that (iii) is also satisfied, assume that an
element @ €4 is both an upper bound of ”’5? & < B} and a lower bound of
{cn; n < y}. We have then, by definition, a € C. Hence, C being coinitial with
{cns n < yl, we must have

a€icy;n <yl
and therefore

a=N{cy;n < yi,
in contradiction to (6). This completes the proof.

3. The main result. With the help of Lemma 1 we now obtain the main result

of this note:

THE OREM 2. For a lattice W = (A, < ) to be complete it is necessary and

sufficient that every increasing function on A to A have a fixpoint.

Proof. Since the condition of the theorem is known to be necessary for the
completeness of a lattice, we have only to show that it is sufficient. In other
words, we have to show that, under the assumption that the lattice % = { 4, <)
is incomplete, there exists an increasing function f on 4 to 4 without fixpoints.

In fact, let ( be; E<B)and {cn; 9 < y ) be any two sequences satisfying
conclusions (i)-(iii) of Lemma 1. To define f for any element x €4, we
distinguish two cases dependent upon whether x is a lower bound of { c; 7 < y}

or not.

5Ci. [3, p.141].
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In the first case, by conclusion (iii), x is not an upper bound of { bg; E<BY;

that is, the set of ordinals
(1) (D(x)=E§[f<B and bg 4 x]
is non-empty. We put

(2) ¢ (x) =min ®(x) and f(x):bd)(x).

(A being any non-empty set of ordinals, min A is of course the smallest ordinal

belonging to A.) In the second case, the set

(3) lP(x):E,n[77<y and x § ¢y )
is nonempty. We let

(4) Y(x) =min ¥(x) and f(x)=c¢(x).

We have thus defined a function f on 4 to 4. From (1)-(4) it follows clearly
that either f(x) ¢ x or x § f(x) for every x € 4; thus f has no fixpoints.

Let x and y be any elements of 4 with x < y. If x is a lower bound of
{cns 1 < B} but y is not, then, by (1)-(4) and conclusion (i) of Lemma 1,
f(x) < f(y). If both x and y are lower bounds of {c,, 7 < y}, we see from
(1) that ®(y) is a subset of ®(x); hence, by (2) and conclusion (ii) of Lemma
1, it follows at once that f (x) < f (y). Finally, if x is not a lower bound of
{cns n < yl, then y is not either, and by an argument analogous to that just
outlined (using (3) and (4) instead of (1) and (2)) we again obtain f(x) < f(y).

Thus the function f is increasing, and the proof of the theorem is complete.

4. Extensions. More difficult problems seem to arise if we try to improve
Theorem 2 by considering, instead of arbitrary increasing functions, more
special classes of functions. In particular, we have in mind join-distributive
(or meet-distributive) functions, that is, functions f on 4 to A which satisfy

the formula
flxuy)=f(x)ufly) (orflxny)=f(x)nf(y))

for all x,y € A. The problem is open whether Theorem 2 remains valid if the
term ‘‘increasing’’ is replaced by ‘‘join-distributive’’ or by ‘‘meet-distributive’’.
We are going to give (in Theorem 4 below) a partial positive result concerning

this problem.
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The lattice ¥ = (4, <)is called G.-join-complete (or o -meet-complete) if
UX (or NX) exists for every nonempty subset X of A4 with power at most equal
to R,.

LEMMA 3. Let U = (4, <) be an incomplete lattice with the set A of power
Ro. If U is 5-join-complete for every § < , then there exist two sequences
(bg; &< B) and (cn; n < y) which satisfy conclusions (i)-(iii) of Lemma 1

as well as the following condition:

(iv) if an element x € A is a lower bound of {cn; 7 < y}, then there exists

an ordinal & such that £ < 3 and x < b .

Proof. From Lemma 1 we easily conclude that there exists a strictly de-
creasing sequence { cn3 ) < y) of elements of A4 such that Nf cn; n <y} does
not exist. Let B” be the set of all lower bounds of {cy; 7 < y}. Then clearly
UB’ does not exist. Hence, by hypothesis, B’ must be either empty or of power
R,; since U is 5-join-complete for every § < «, it follows that B’ satisfies
conditions (1) and (2) in the proof of Lemma 1 (with B replaced by B*). There-
fore, by literally repeating the corresponding part of the proof of that lemma, we
obtain a strictly increasing sequence (b§9 & < B) of elements of B* for which
conditions (3)-(5) (with B = B”) hold. Obviously the sequences (‘55; E<B)
and (cn; n < y) satisfy conclusions (i) and (ii) of Lemma 1. To show that
conclusion (iii) is satisfied, assume, to the contrary, that ¢ is both a lower
bound of {¢n; » <y} and an upper bound of {bg; ¢ < B, Therefore, by the
definition of B’, we have a € B”; using (3) of the proof of Lemma 1 we see
that a < bf for some & < (3, and hence, a being an upper bound of { b§5 &< B,

we conclude that

a=Ulbg; &< B,

which contradicts (5). Finally, in view of the definition of B*, conclusion (iv)
of our present lemma simply coincides with condition (3) in the proof of Lemma

1 (again with B = B”).
With the help of [.emma 3 we now obtain:

THEOREM 4. Let U = (4, <) be a lattice with the set A of power Rq * For

A to be complete it is necessary and sufficient that
(i) U be 5-join-complete for every & < ¢ and

(ii) every join-distributive function on A to A have a fixpoint.
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Proof. 1f ¥ is complete, then obviously (i) holds. To show that the com-
pleteness of 2 implies (ii) we need only note that every join-distributive func-
tion is increasing, and then apply Theorem 2. Thus (i) and (ii) are necessary

conditions for the completeness of .

In order to show that these conditions (jointly) are also sufficient, we
assume that ¥ is an incomplete lattice which is §-join-complete for every
& < o, and we show that there exists a join-distributive function f on 4 to 4

without fixpoints.

Let (bg; &< B) and (cn; 1 < y) be any two sequences satisfying con-
clusions (i)-(iii) of Lemma 1 and the additional conclusion (iv) of Lemma 3.
In order to define f for every x €4 we distinguish two cases dependent upon

whether x is a lower bound of { ¢5; 7 < ¥} or not.

In the first case, by (iv) of Lemma 3, the set
(1) 9(x)=E§[§<,B andx_<_b§]

is non-empty., We notice that, by conclusions (ii) and (iii), the sequence
(bg; & < B) cannot have a last term; that is & < 8 always implies £+ 1 < B.
Hence we may put

(2) F(x) =min 6(x) and f(x)=bg -
In the second case, the set

(3) W(x)=Eply <y and x 4 en]

is nonempty. We let

(4) (%) =min ¥(x) and f(x)=cl/j(x).

We have thus defined a function f on 4 to 4. f x €4, and x is a lower bound
of {¢n; n < yl, it follows from (1), (2), and conclusion (ii) of Lemma 1, that

X _<_ bl’(x) < b(’(x)+l =f(x),

while if x is not a lower bound of {c,; 7 < y}, we see from (3) and (4) that
x { f(x); thus f has no fixpoints.

Now let x and y be any elements of A. Assume first that both x and y are

lower bounds of {¢n; 7 < y}. Let, in addition, #(x) < #(y). Then, obviously,

F(x)+1<B(y)+1
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and, by (2) and conclusion (ii) of Lemma 1, we obtain
(5) f(x)"’f(y)=bz9(x)+lsz’(y)ﬂ:bz’(y)ﬂ‘

Clearly, x uy is a lower bound of { ¢;; 7 < y} and we see from (1) that 0 (xuy)
is a subset of 6(y); therefore it follows from (2) that

(6) I(y) < HMxuy).
On the other hand, by (1), (2), and conclusion (ii) of Lemma 1, we have
¥ S by S by and ¥ < by
hence x uy < by, and, by (1), Jd(y) € 0(x u y). Then, using (2), we obtain
F(xuy) < dy);
hence, with the help of (2), (5), and (6), we conclude that
(7) flxuy)=f(x)ufly).

Assume next that x is a lower bound of {¢y; 7 < y} while y is not. Then,
by (2), (4), and conclusion (i) of Lemma 1, we have

(8) f(x)uf(y)=bl’(x)+lUc\jl(y)':clb(y)'

Since y is not a lower bound of {¢y; 7 < ¥}, x uy is not either, and by (3) we
see that ¥ (y) is a subset of W (x u y); therefore, by (4),

(9) Ylxuy) < Uly)
From (3) and (4) it is obvious that
vy 4 Gy
and hence either
* 4 eyeuy) Y £ uy
But since x is assumed to be a lower bound of {cy; 7 < yi, it follows that

y 4 Cylxuy)’

therefore, by (3), ¥ (x uy) € ¥(y); and, by (4),
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(10) Yly) <vlxuy).

Applying (4), (8), (9), and (10), we conclude that (7) holds.

Finally, assume that neither x nor y is a lower bound {cn; 1 < y}, and
let Y(x) < ¥ (y). From (4) and conclusion (ii) of Lemma 1, we obtain

(11) f(x)uf(y)=c¢(x)ucwy):c\/j(x).
Since, by (3), W(x) is a subset of ¥(x u y), it follows from (4) that
(12) Ulxuy) < ¥(x).
Using (3) and (4) again, we see that

2uy L ey (ryy)
and hence either

x4 eyieuy) O Y Ly (uy
Therefore,
Ylx) <yY(xuy) or 4ly) <uvlxuy).

But if ¢ (y) < ¥(x uy), then, since ¢(x) < ¢ (y), it is also the case that
(13) Ulx) < ylxuy).

Using (4), (11), (12), and (13), we again obtain (7). Thus the function f is

join-distributive, and the proof of the theorem is complete.
As an immediate consequence of Theorem 4 we obtain:

COROLLARY 5. Let U = (A4, g_) be a lattice in which the set A is de-
numerable. For U to be complete it is necessary and sufficient that every join-

distributive function on A to A have a fixpoint.

By analyzing the preceding proofs we easily see that Theorem 4 and Corol-
lary 5 remain valid if we replace in them “‘join’” by ‘“‘meet’’ everywhere; we also
notice that in every lattice U = (A4, <) without 0 the conclusions of Lemma 3
(with 8=0) hold, and hence there is a join-distributive function on 4 to A

without fixpoints.

If, instead of considering arbitrary lattices, we restrict ourselves to
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Boolean algebras, we immediately conclude from Corollary 5 that in every
Boolean algebra ¥ = (4, <) in which the set 4 is (infinitely) denumerable
there is a join-distributive function f on 4 to A without fixpoints. This result
can be extended to a wider class of Boolean algebras, in fact to all infinite
Boolean algebras with an ordered basis;® the proof will not be given here.”
However, the question remains open whether the result can be extended to
arbitrary incomplete or even to arbitrary countably incomplete Boolean algebras

(that is, to those which, in our terminology, are not 0-join-complete ).
gy ] P

6For the notion of a Boolean algebra with ordered basis, see [ 5]. It is well known
that every denumerable Boolean algebra has an ordered basis, and that every infinite
Boolean algebra with an ordered basis is countably incomplete, but that the converses
of these statements do not hold.

7The essential property of infinite Boolean algebras with an ordered basis which is
involved in this proof is that every such algebra contains a sequence of disjoint non-
zero elements ( by p < C:‘»? such that, for every element x of the algebra, either the
set E/_,,[b,unxz Of or the set E,_L[bun x # 0] is finite. The idea of the proof was sug-
gested to the author by an argument in [4, p.921], where a particular case of the result
in question was obtained.
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