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1. Introduction. The paper before us is a continuation of the author’s recent
work [7] on affinely connected spaces. The content of the paper is best set
forth by brief summaries of the various sections. Section 2 gives some properties
of the curvature operator d% In §3, a contraction operator is introduced into
the spaces of p-vectors with g-form coefficients; and in $4 this is used to
obtain the Ricci tensor in an operator form. In $5 there is defined an extension
of a linear transformation which is analogous to, and consistent with, the cor-
responding definition for an affine connection; this is shown in §6, where also
certain combinations of connections are discussed. In § 7, a new contraction
operator is introduced; this has the advantage of setting up a duality in certain
of the linear spaces involved, allowing one to define the adjoint of a linear
transformation. This leads to invariant characterizations of symmetric and skew
transformations and to decomposition theorems in this and the following $8.
The duality is extended in §9, where the adjoint of a connection is defined
and relations between it and the connection are given. In $&§ 10 through 12, the
theory of a series of invariants of a connection introduced by S.S. Chern is
developed. After a number of special results, we give a version of an ingenious
proof of A. Weil. In the final § 13, we discuss the invariance of the Weyl tensor
under projective change of connection and some related tensors which are

meaningful for nonsymmetric connections.
2. The linear property of ®, Let us consider the result
d¥e=0"e
(7, Formula 9.5), and especially the case r = 1:
d’e=0Be.

From this we deduced that the transformation law for ® under a change of frame

e* = Ae is given by
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0% = 464-!

(7, Formula 11.5). This means that © transforms as a mixed tensor of order

two and hence represents a linear transformation. We can make this precise as
follows. Let v € 55 so that d?v € 55”; If f is any function, then
d2(fv) =d(dfv + fdv) = d*fv —dfdv + dfdv + fd?v, d*(fv) = fd?v.
Thus the mapping
2.
d: 55 — 55”

is linear. In the special case p =1, q =0, the matrix of d® with respect to the
frame e is exactly ®, In other cases, the matrix of the operator d? is fairly

complicated, but there is no point in writing it down. We remark that the relation

d% = Qe

clearly displays the curvature as a second derivative, which is how it appears

in elementary geometry.

If we do not restrict attention to a single space 55, we can deduce more
than the fact that d? is linear.

THEOREM 2.1. The operator d* is linear and is a derivation. This latter
assertion means that if v € 55 and w € 5;, then

(2.1) Ld%(vw) = d*vw + vd?w.
The necessary computation is easy:
d?(vw) =dldvw + (-1)? vdw]
=d*vw+ (=1)7* ' dvdw + (=1)7 dvdw + (-1)%7 vd3w

=d?vw +vd?w.

3. Contraction. The space Sf of one-forms is the dual of the space 501 of
one-vectors. As in [7], we shall let [w, v] denote the effect of the form w
(considered as a functional ) on the vector v. Contraction, in tensor analysis, is

based on the application of this operation to one covariant and one contravariant
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component of a mixed tensor. Our space Bg can be considered as the subspace
of the space of p-contravariant, g-covariant tensors whose elements are skew in
all contravariant indices and skew in all covariant indices. Having this, we
could apply the contraction operator to the elements of OP and, with a little
modification, obtain the operator that we seek on JP into p:: It seems best
however to construct this operator directly, within the framework of the spaces

we are using.

We begin by looking at the mapping

] ’ +
(3.1) E(wfeer,0f l;Vn""va)

1
= — 7{g+1) T, 79
(p!)(q!)gréoéf[w ,Vo(p+1)]w 13} Vo (1) Vo (p)

where aESpH, the (p + 1)-symmetric group, 7€ Sq+1, and €, denotes the

sign of 0. The domain and range of = can be indicated as follows:
=ID.CAR 5:’ x Xptt 5; — 55.

It is evident that = is multilinear and that it is alternating in each set of vari-
ables separately. We use the results of Bourbaki [1, Scholia, p.7 and p.64] to
deduce the existence of a unique linear transformation C,

c: et 55,

g+t

such that

+
C((/.)l ves (L)q+lV1"‘Vp+1)=E(&)1,“'9wq 1; v19"‘1vp+1)-

It is this C that we shall call the contraction operator.

If n denotes the dimension of our underlying manifold I, then we have
(3.2) C(dP) =n.

For dP = o'’e; and so
C(dP)= X o} e;l=Z1l=n.

If v € 37, the divergence of v may be defined by
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(3.3) div(v) = C(av).
If we use the notation of [7, §$12], and if v = A'e;, then
(3.4) div(v) = AL, + AT,/
In fact we have
div(v) = C(dv) = C(d\e; + N de;)
=C(X, ole;+ M T/, ake;)=A, 4+ X L/,
as asserted.

4. The Ricci tensor. The operator Cd? carries 5; into 5?. We shall com-
pute its matrix and for this shall need the notation of [7, §¢ 10,121, With
v = Ae, we have

1 . .
dv=2ABe=- MR okole,,
2 13 kl ]
Ca™) == MR (Lo e ok [ok e o]
=3 i wilolelo®~[o% el
—'}-)\iRi {81 k 5k l}
=3 i k1% 9 T 0

L _yipl k&
i k9T oty =Ry 0%

1 .
l k k
=§’”R Ri ki

Thus the matrix is given by || R, ||, where R, = Rilkl’ the known Ricci tensor.

We may summarize in the formulas:

(4.1) cd’e; =R, ok,
Cd2v=)\iRikak, when v = \e.
The transformation formula for R = ||R,, || follows immediately from the

fact that Cd? is linear. If e* = 4e is a change of frame, then we have

(4.2) R*=AR‘.



METHODS IN AFFINE CONNECTION THEORY 395

If ¢cis a closed curve in Il which bounds a piece of surface X, then by

5€Cd2v= ffd[Cdzv].
b3

It is an interesting problem to characterize by local geometrical conditions

Stoke’s theorem.

when this expression vanishes identically, that is, when d[Cd?*v]=0. When

this is the case, then Cd®v taken over a chain y is a cocycle.

5. Extension of a linear transformation. An affine connection is, by defini-

tion, a certain kind of additive transformation on 501 to 511 Given an affine

connection d, we showed that it has a natural extension on 55 to SPH. In this
section we shall do the same for a linear transformation. Thus we shall deal
with the manifold M, the derived spaces 35, and shall not assume an affine

connection is given.

We suppose given a linear transformation B on 5; to B‘l. Thus

(5.1) B(fv+gw)=fB(v)+gB(w)
for v, w € 501, f and g functions. We shall write
BEHom(Sg,Bl‘).
We wish to extend B to 55. Of course this can be done in several ways, but

we shall do it in a manner consistent with the way of extending an affine con-

nection—the precise relationship will be clear in the next section.

First we extend B to 55’ by the formula
(5.2) B(v,---vp)=Zvl---vj_l(ij)ija-.vp,

where vy, v, € 5(:, and by linearity. That this really defines B on Bg is

proved the same way as Theorem 7.1 of [ 7] was.

Next we set B(w) =0 for 03653. Finally, if w € T; and v Egg, we set

(5.3) B(wv)=(-1)7wByv.

Again applying linearity, we have defined B on 55.



396 HARLEY FLANDERS

THEOREM 5.1. The transformation B defined above is linear on 55 to

55+1:
B € Hom (P, IF, ).

Ifve 55 and w € 5;, then

(5.4) B(vw)=(Bv)w+(-1)?vBw.

It remains to prove the identity (5.4). First let
V=Vi oo Vp, W=W ceo W,
with v;, w; in 801. Then
B(vw)=B(vi,cee,vy, Wy ¢oe W)
=Xy e Vi (BY) Vs oo Vp Wy oo W,
+ 2V, e Vp W oeee Wi (Bwi)wi“ coow, =B(v)W+VvBw,
Next, let
l ’

V=0V, w=7w’

where @ and 7 are g and s forms respectively and v’ and W’ are p and r vec-
tors, respectively. Then

B(vw)=B(onv'w’) =(-1)7" wnB(v’w")
=(=1)* op[B(v)W +v'Bw’]
=(-1)? wB(v)pw’ +(-1)? wv’(-1)° 7B w’
=B(v)w+(-1)YvBw.

The general case follows, as usual, by linearity.

6. Algebraic combinations of affine connections. We begin this section
with the following result.
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THEOREM 6.1. Let d; be an affine connection and B a linear trans formation:
B € Hom (501, 51‘).

Then the operator d, defined by

is an affine connection. The extension of d, to OP is the sum of the extension
of d; to 55 and the extension of B to 55. Thus (6.1) is valid when applied to
any of the spaces 55.

Proof. We have
dy(v+w)=dyv+d, w,

dy(fv)=d, (fv) + B(fv) =dfv+fd v+ fBv=dfv+[fd,v;

hence d, is an affine connection.

Next we apply the uniqueness part of Theorem 7.1 of [7]. This asserts that
in order to prove that (6.1) is valid when applied to 55, it suffices to show that

(di +B) (vw) =[(d; +B) vlw+ (-1)7 v[(d, + B) w],

forve 55, wE 8; But this is evidently the case.

It will be convenient to have a space which includes both the affine con-

nections and the linear transformations.

DEFINITION 6.1. The space U of additive operators consists of all opera-
tors A on 501 to 511 satisfying the single condition

(6.2) A(v+w)=Av + Aw,

It is clear that ¥ is a linear space over the ring € (1) of infinitely differenti-
able functions on Il. Next, we let Q denote the space of all linear transforma-
tions on I to 5: Thus Q consists of all elements B of 2 which satisfy (5.1),
and we see that Q is a linear subspace of 2. Finally, we denote by 9 the space

of all affine connections. The elements d of £ satisfy (6.2) and

(6.3) d(fv) =dfv+fav.
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THEOREM 6.2, The space O is a linear variety of U. What is more, D is a
coset of Lin U,

Proof. If d, is an affine connection and B € {, then d; + B €3, by Theorem
6.1, Conversely, if d; €9, then B=d; ~d; € Q since

B(fv)=dy)(fv) —d(fv)=(dfv+fd,v)=(dfv+fd;v)
=f(d; v—d, v)=fBv.
This shows that O is indeed a coset of Q.

COROLLARY 6.3. If dy,++,d, are affine connections, f'y+++,f" are func-
tions, and f' + e+ fT =1, thend=f"'dy ++++ + (" d, is an affine connection.

We can get further results for combinations of connections with constant

coefficients, For simplicity, we shall restrict our attention to two summands.
LEMMA 6.4. Let d, and d, be affine connections,
d=1¢t; d; +¢t2 dy,
where t, and t, are constants such that t, + t, = 1. Then
(6.4) T=ty Ty +82 T2
Q=1t; O +t,Q,
O=t,0, +¢t, £,(Q, -Q,)% +¢, 6,.

Here we have used the notation of [7, $81. The first formula is a result of
the computation

7e=d(dP)=¢t, d;(dP) +t,d,(dP) =t T e+t Ty €.
The second one is obvious, and the third follows from
@=dQ - 0% = (21dQy +2dQy) = (t2Q7 + 818, Q1 Qg + 818, Qy + 22 Q7)
=t (dQ; = £,Q3) + £5(dQy = £2Q2) = £, £, (2, Q, + Q, Q)
=t (O +£2Q3) +£2(@g + £, Q2) = 2182 (Q,Qy +Q,Qy)

=t 0y + 16, (Qy = Q)%+, B,
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This result will be used in $ 10, below.

If d is a fixed affine connection, then as B runs over all linear transforma-
tions, d + B runs over all affine connections. This tells us how to construct
all of the affine connections on Il. In effect, assume that N is an n-dimensional
infinitely differentiable manifold satisfying the second countability axiom. By
a theorem of de Rham and Kodaira [5, p. 2], there is an open covering { U;} of
coordinate neighborhoods, and a corresponding partition of unity ZqSL =1, such
that on each U;, all but a finite number of the ¢. vanish. To construct the most
general linear transformation B, we select linear transformations B; on 1; (this

part is a local problem) and set

B = Z¢iBi‘

To construct a single affine connection d on M, we select Riemannian metrics

dsi2 on I1; and set
ds?=2 ¢, ds?.

Then ds? is a metric on I; hence it induces a (symmetric) connection d on M.

We close this section with the following remark. If do, d; are affine connec-

tions, then so is

dt=td0+(1—t)dl

for 0 < ¢t < 1. This linear family of connections suggests the machinery used
in the invariance proofs in homology theory. One is led to conjecture that any
topological concept which can be defined with respect to a given affine con-
nection will be the same for all affine connections. This opinion is supported
by a recent theorem of A, Weil [4, p.57] to be discussed below.

7. Algebraic results. A standard result states that a given connection can
be decomposed into the sum of a symmetric connection and a skew-symmetric
tensor and that the decomposition is unique. Before analyzing this statement

in terms of our calculus, we shall need certain preliminary results.

Let us examine the formulas in [7] which define the torsion tensor. They
are (12.3) and (8.4):

i_Loi ik SboTE L Ti
T =§T. ol o®, with Tjk+Tkj=O’
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d’P=re,
T =do - oQl.

In case e is a local coordinate frame, we have

and so
T=-0{= ||—0iw,-iH= Il _oil“ifkakll,
T3k="(IYk‘I}Q)°

Thus in this case the skew-symmetric quantities (Fiik—-rkji) are the com-

ponents of a tensor, while the symmetric quantities
L(rJ, +TJ ) =T
yﬂk+ﬁi=ﬂh

are the connection coefficients with respect to the frame e of a symmetric con-
nection. In the general case, where e is not necessarily a coordinate frame,
the term do is present in 7 and so something more complicated is to be ex-
pected.

Let us consider an element B of

With respect to a given frame e we may write
=bJ ok
(7.1) Be; = b/, o’e.
If e* is another frame, then we have
¥ o p¥] gk ax

(7.2) Bef =b*, o er.
The relation between the frames being e} = al.j e, we shall set

A=llafll, C=A"=lcfl,

so that
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*l_ o) Cji’

g

and we have

i
- -
(7.3) b;"lk—airak”‘ Cl] b’ -

It follows that the quantities hijk = bkii satisfy the same transformation law
and hence the transformation B* defined by

b ] gk
(7.4) B* ei‘bk]io e].

is in ., We shall call this the adjoint of B.

The purpose of the last paragraph was to motivate the intrinsic procedure

which will follow. We begin by introducing a new contraction operator K de-
fined by

(7.5) K(v,w)=C(w)v-cC(vw),
.t 1 1
K: 50 X 51 o 50 .
LLEmMA 7.1. The mapping w — K(.,w) is an isomorphism on 511 onto
End (5; ), the space of linear transformation on 501 into itself.

Proof. First we note a formula, If w = o v; € 511 and v € 5;, then

K(v,w)=C(w)v=-C(vw) =C(w)v-Cla'vy;)

=C(w)v-C(ev;) +Clafv)v; =C(a'V)yV;.

That the mapping of Lemma 7.1 is linear is clear. We shall next prove that it
is one-to-one. For suppose w € 5: and K(v,w) = 0 for all v. Then (* v) v;=0
for all v. We may assume the v; are linearly independent and deduce that for
each i, C(w’ v) =0 for all v. Ilence each o' =0, w = 0, Finally,

dim [311]=dim [End(gol)]=n2,

and so the mapping must be an isomorphism onto.

THEOREM 7.2. Let B € Q. Then there exists a unique B* € C such that
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(7.6) K(v, Bw) = K(w, B* v)

for each v, w € 501. This defines the adjoint B* of B. The mapping B — B* js

an involuntary automorphism of .

Proof. Uniqueness is readily proved, If K(w, B* v) =0 for v, w € 5;, then
by the lemma, B* v =0 for all v; hence B* =0. To prove existence, let v be
fixed, Then w — K(v, B w) is an endomorphism of 501. By the lemma, there
is .a unique element (which we denote) B* v in Sf_such that K(v, Bw) =
K(w, B*v) for all we 501. It is easily seen that the thereby defined B* is

linear. The rest of the theorem is clear,

We can express this in terms of a frame e. The elements o/ ej form a basis

of 511. We find the formulas
(7.7) K(e;, o/ e;) =5/ ey,
K(v,w)z)sipikek, forv=)xie,-,w=;t].kaf e).
Suppose B and B* are given by
Bei=bifkakej, B*e,:b*rsta‘es.
We apply (7.7) to the equality
K(e, Be;) =K(e;, B*e,)
to obtain
biikK(e,., ok e) =b%°, K(e;, oleg),
| sk oo, s st
bl O ej=b%7 5 e,
L s
bi]r € = b*r i ©s»
ki
bi]r N b r]i'
This is what we anticipated in (7.4).

We shall call B symmetric if B* = B and skew-symmetric if B* = — B, The
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symmetric transformations B are characterized by the following theorem.
THEOREM 7.3. The mapping B—B(dP) is a linear transformation on

2 = Hom (5}, B})

onto 521. Its kernel is precisely the space of symmetric elements of {. Thus
B is symmetric if and only if B(dP) = 0. Ir. general,

B*(dP) =~ B(dP).

NoTk. The transformation B is defined on 501 When we write B(dP) we
mean the extension of B given by Theorem 5.1 applied to the displacement
vector dP = o' e; of 5:.

Proof. Tt suffices to compute B(dP) with respect to a frame. Let
Bei=b,-jk ok €.
By (5.3) we have
B(dP) =o' Be;=—bj oioke ~—=(bi —bi)oioke,
== S A A I S LR A
From this, everything follows. The result implies that

dim [ Q] = dim [5;]+dim [Gy],

where Gy denotes the space of symmetric transformations. But this is evident

since

dim [81=n«n?=rn? dim[g;]=n(;) =n®(n-1)/2,

and

dim[Gy]=n(1+2+u-+n)=n2(n+1)/2.

Let us agree to denote by ©, the space of symmetric transformations and b
g y Gy P y y
©}, the space of skew ones, For the skew transformations we have the following

result,
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THEOREM 7.4. B is skew-symmetric if and only if
(7.8) K(v,Bv) =0 for all v.
This has a familiar proof. If B* = — B, then
K(v, Bv) =K(v, B*v) =~K(v, Bv);

hence K(v, Bv) = 0, Conversely, if K(v, Bv) =0 for all v, then

K(v+w, Bv + Bw) =0 =K (v, Bw) + K(w, Bv),
K(v, Bw) =~ K(w, Bv) =K(w, B*v);
hence B* = - B,
The following is easily derived.
CooLLARY 7.5, The spaces ©y and G}, are supplementary in Q.
Q= Gy(-D S
The mapping B —> B(dP) is an isomorphism on G}, onto 521

We note that this is correct from the point of view of dimension since

dim [Gpl=n(l+2+.ce+(n~1))=n%(n-1)/2.

8. Symmetric connections. We recall that a connection d is called symmetric
if

d?P =d(dP)=0.

We can now state the decomposition theorem referred to at the beginning of the

last section.

THEOREM 8.1. If d is an affine connection, then there exists a unique

symmetric connection 4 and a unique skew-symmetric B € 2 such that
( 8.1 ) d= d—+ B.
Proof. If

5+B=51+Bl,
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then
F=-B,-B=d-d,
is symmetric since
F(dP) =d(dP) ~d,(dP) =0,
and skew since

F*:BT—B*=—B1+B=—-F;

hence F =0. This proves uniqueness. The decomposition is obtained in this
way: If d is given, then by Corollary 7.1, there is a unique skew-symmetric B
such that

B(dP)=4d*P.
Setting d=d- B, we have
d(dP)=d*P -d*P =0
so that d is symmetric.

We shall now express this decomposition in terms of a frame. For this we
use the formulas of [7, $12]. We have

.1 . .
i Lk 2p_ i_ Tt gigk.
de;=T"7, 0c%e;, d P—Te,'r_2Tjk00' ;

hence
lek =hl].k— (I}Lk -—Fk‘].),
where

Sl o
do‘:-z-h‘].ko/ok, R+l =0,

In the decomposition d = d + B we set

de. =T/ oke; =b) oFe;
de;=I'7, 0% e;, Be;=b/ 0"e,.
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We require that

= d2 ] -
B(dP)=d?*P and bi1k+bk1i—0.
Since
B(dP)=—ofBe]-=-—oib].ikokei=-—b].ikciakei,

we deduce the relations

i Lo
(8.2) bl == 5 Ty

. o1 1 . . .
Gle=Ty+ 5 D= g UL+ T7) + 1

We close this section with the following evident result.

THEOREM 8.2. The space D5 of symmetric connections is a linear sub-
variety of the space ® of all connections. In fact, 95 is a coset in U of the
space Oy of symmetric trans formations.

9. Adjoint of a connection. We have the following result.

THEOREM 9.1, If d is a given connection, then there exists a unique con-
nection @*, the adjoint of d, such that

(a) @* -d is skew,
(b) d*(dP)+d(dP)=0.

Proof. To prove that d* exists, we use the decomposition of Theorem 8.1,
d=d+B,
and set
d* =d-B;

to prove that d* is unique, we assume that d} is another. Then (df —d*) is
skew and also symmetric since

(af - da*) (dP) =0,
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Thus

df - d* =0, d*=d*.

On going back to the definition of a skew transformation and using (7.8), we

see that either of the following are equivalent to (a) above:
(a’) K(v,dw)+K(w, dv) =K(v, d* w) + K(w, d*v),
(a”’) K(v, dv)=K(v, d*v),
We now have the following result.
THEOREM 9.2. The adjoint operation obeys the following rules:

(1) (a*)* =d.
(2) ledy+(1<e)d* =t +(1-0)d}.
(3) (dy —dy)* =d¥ —dt.

A connection d is symmetric if and only if @* = d.
We shall prove (3) only, the rest being evident. We set
B=d,-d,,
so that B is a linear transformation and we have
d, =d,; + B,
Then
K(v, (% + B*)v)=K(v, d; v)+K(v, B¥v)
=K(v,d,v) +K(v,Bv)=K(v,d, v+Bv)=K(v,d,v).
Since dy — (d% + B*) is skew, it follows by Theorem 9.1 that
d"; = dz + B*,

Let us now express the connection coefficients of d* in terms of those of

d. Using the notation of the last section we may write

(9.1) d*ei=I“;*fkakej
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and have

L =T/ e+ 07,
since d* = d — B. By (8.2) we have
(9.2) LM, =T+ T,
In the special case of a local coordinate frame

e;=9d/dut,

we have

and

Ty== - 0, BV =0y

There is another way to prove Theorem 9.1 which, in view of Formula (9.2),
gives additional information. We go back to the assertion in Corollary 7.5 that
the mapping B — B(dP) is an isomorphism on the space of skew-symmetric
linear transformations onto ., Since d? P is in 5;, it follows that there exists

a unique skew transformation H such that

(9.3) H(dP)=-24d*P.
We now assert that
(9.4) d*=d+H.
For the Conditions (a), (b) of Theorem 9.1 are met since on the one hand
(d+H)-d=H
is skew, and on the other hand by (9.3)
(d+H)(dP) +d(dP) =d* P + H(dP) +d*P =0.

If we set
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(9.5) Hei=nife]-
then according to (9.2) we have
(9.6) nl1=T]lk0'k, 0‘1:77"]:27’].

We shall now get some relations between the invariants of d* and those of
d. We first may rewrite (9.6) in the form

(9.7) oH =27, with H=||9,/]

Thus H is an n x n matrix of one-forms.

Before proceeding, let us note that the adjoint operation of Theorem 7.2 has

a matric analogue. If

K=« |
is an n x n matrix of one forms, we may set

K* =[],

where
j Jj k *j _ gx] k x] J
Ki --Ki ko N Ki —-Ki k(f ’Ki k—Kki'

Having this, we call such a matrix skew if K* + K= 0, and symmetric if K* = K.

We can now say that the matrix H is characterized by the properties (a)
H is skew and (b) oH =27, For this is the same as saying that H is skew
and that (9.3) is valid, so Corollary 7.5 applies. Let us denote by Q*, 7%, @%,
and so on, the quantities associated with d* which correspond to Q, 7, ©, and

so on. By (9.4) we have
(9.8) Q*=Q+H.
From (9.3) we obtain

d*(dP) =d(dP) + H(dP) =d(dP) - 24%P;

hence

(9.9) TH =0t
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We shall next compute @*, We begin with the relation

d*?2=(d+H)?=d*+ (dH + Hd) + H?,

Next,
(dH+Hd) e=d(He) +H(Qe)=dHe-Hde-QHe
=(dH-HQ-QH) e,
H’e=H(He)=-H(He)=-H%e.
But
d*?e=0*e and d’e=0ce;
hence
(9.10) *=6+dH-HQ-QH-H?.

Now let us differentiate (9.7) and make use of Formulas (8.4) and (8.5) of [7]:
doH ~ odH = 2 d,
(7+0 Q) H-0dH=2(c6~-7Q),

(9.11) o0dH=0QH+7H 206 +27(Q,

Multiplying (9.10) by o, substituting for odH this last expression, and using
(9.7) yields

0@* =08+ (0 QH + TH =200 +27Q) ~oHQ -0 QH — 0H?,
(9.12) o@®*=-0B-7H.

Since it may be of interest, we shall also give this relation in tensor notation.

Let
@ = 9 1 ’ 0- . = R P l .

Then

(9.13) RY  + RY |, + RY = =Ry =R =Ry 7 T 17 T 17, TT
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One easily verifies that differentiation of (9.10), (9.11), or (9.12) yields noth-

ing new.

10. The induced two-form. Given an affine connection d, let us take any
moving frame e and consider the matrix ® of curvature forms. If € is another
frame and if, in their common region of definition, e and € are related by e =4 e,
then by [7, $11] we have the relation

(10.1) ®=404".

The elements of the n x n matrices ©,,® are two-forms and we have as a con-
sequence of (10.1) the relation

(10.2) S(®)=5(8),
where S denotes the trace.
DEFINITION 10.1. If d is an affine connection on T, then

(10.3) £(d) =S(8).

is the induced two-form associated with d. It depends only on d, and not on the

particular frame used to define it locally.

THEOREM 10.1. Ifde=Qe, then
(10.4) £(d)=S(dQ)=dS(Q).
Consequently £(d) is a closed two-form:
(10.5) dlé(d)]=0.

For ® = dQ - Q% hence

S(®)=S(dQ)-S(Q?).
If Q= ||w,~j || as usual, then
S(Q?) =wij wj£=— wiiwij=—5(92);

hence S(Q?) =0. Also

S(dQ)=S(||de]|]) =de,*=d S(Q).
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We next investigate the relation between the induced two~forms for dif-
ferent connections.

It is interesting to observe that the mapping & is linear in the following

sense,

THEOREM 10.2. If d, and d, are- connections, and d=t, dy +t; d; for
constants ty and ty such that ty + t, = 1, then

(10.6) f(d)=tl §(d1)+t2 f(dz).

This follows from Lemma 6.4: since the matrix (Q; — Q,) is a matrix of

one-forms, the trace of its square vanishes,

THEOREM 10.3. If dy, d, are two affine connections on N, then there is a

one-form A on W such that
(10.7) £(dy) - €(dy) =d A,

If B is the linear transformation d, — d,, then A may be taken to be the trace
S(B), which is the differential one-form defined locally by

(10.8) Be;=pB/e;, S(B)=41.

Consequently £(d,) and £(d;) define the same two-dimensional cohomology

class.

Proof. Locally, Q; - Qy = || 8, ||; hence
E(dy) - €(dy) =d S(Qy) =d S(Q) =d S|BI]]) =d BF.

It suffices to prove that A = Bii is intrinsic. But B is linear; hence a change of
frame e = 4 e yields

HE,'jII=A Hﬂ,;jHA-l so that B,;i=18ii'

We next examine some special cases of this theorem. It is known [6, p.30]

that the most general change of connection which preserves parallelism is given

by
(10.9) dyv=d,Vv+oqV,

. . . . 1 n
where og is a fixed one-form. We may write 09 =0y with o=(0"',+++,0") as
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usual, and ¢ = (¢ ,+--, ) for functions Ui We define HE Q as follows:
(10.10) Hv=o0yV.
Our change of connection is given by the equations
(10,11) dy=d; +H, Q,=Q,+0,/,
where [ denotes the n-rowed identity matrix, We deduce
dQ,=dQy +d oo l, Q;:Qf+0091 +Qlao+0021=921;
hence
(10.12) 6,=0,+doy ], d6,=d86,.
Consequently if g is closed then 0, = €,
LEMMA 10.4. The adjoint H* of H is given by
(10,13) H*v=C(oov)dP.
For we have
K(v, Hw)=K(v, 0o w)=C(ogv)w=Clogv)K(w,dP)
=K(w, Clogv)dP).
THEOREM 10.5. Consider each of the changes of connection
(a) dy=d, +H, (b) d,=d, + H*,

where Hv = 04 V for/a fixed one-form oo Corresponding to these we then have
(a?) €(dy) = &£(dy) +n dog, (b &(dy) =€(dy) +dog.

The proof is based on Theorem 10.3. For the change (a) the result is evi-
dent by (10.11). To prove (b) we observe that

QZ=Ql+l/JU

when o, = o) as above. Hence

S(Yo) =y, ol=0y, &(dy))=E€(dy) +do,.
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Now let us go back to the linear transformation C d? of §4 which served to
define the Ricci tensor:

k

Cd?e;=R., o,

ik

Using the ideas in §5 on extending a linear transformation to the various
spaces 55, we shall apply C d? to the element d P of 5:. (Note that

2
ca*: Jdp — 32,

whereas in $5 we only considered B: 501 —’5:; consequently we are not
applying the results of that section now, but are only drawing an analogy.)

We have
(10.14) Cd?(d P)=Cd*(ote;)=-ci Cd?(e;)
=-0o!R

1 .
k k
ik? =73 (R -Ry ) ota.

Thus by skew-symmetrizing the Ricci tensor we obtain another two-form in-
variantly associated with the connection d. Unfortunately, this is usually not a

closed two form. However we do have the following result (cf. {6, p.91).

THEOREM 10.6. If d is a symmetric connection, then
( 1 ik
(10.15) (@) == 5 (R, =R, ol ok,
Proof. Since d is symmetric we have 7 =0, 0 € =0 [7, (8.7).] Thus

i 9] = | olokgl= J j I =
o' 6] =0, Ri]klo 0%¢"=0, R/, +RJ +R/J, =0.
We contract on j and [ to obtain
Lo
R, -R,, +R} , =0.

But

1 ,
wY_ gt _ ) k.
S(U)-—Gl_ERlika'a,
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hence

(R, ~R, ol ak+25(0)=0,

i

It is known [6, p.31] that the most general change of connection which
preserves the paths of symmetric connections is the so-called projective change

of connection [ 6, p.87] defined by
(10.16) d=d+H+H* Hv=o0gvV,

for a fixed one-form 0. Since (H + H*) is a symmetric linear transformation,
this sends a symmetric connection into another such. It is an immediate con-

sequence of Theorem 10.3 that in case of (10.16) we have

(10.17) E(d) =€) +(n+1)dog.

Still one more remark in this connection. If we set B = H + H*, then B is

symmetric and

Bv=0o,v+C(ogv)dP,

so that
B2v=B(o,v+C(oyVv)dP)==0oBv+C(o,v)B(dP)
=—0yBv==0yC(ogVv)dP;
hence
(10.18) B v=-Clogv)ogdP.

If ds? is a metric on M and d is the induced affine connection, then d is
symmetric and the corresponding Ricci tensor is symmetrie. This implies the

following:

THEOREM 10.7. If d is the connection induced by a Riemannian ds?, then

£(d) =0,

In view of this last result, Theorem 10.3, and our remarks at the end of

§ 6, we have the corollary:

THEOREM 10.8. If d is any affine connection on N, then £(d) is an exact
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differential form; in other words, £(ad) is the trivial two-dimensional cohomology

class.

Chern [2, 3] proves this result by showing that the periods of ¢(d) all
vanish, but his proof requires orientability. It is interesting that the essential

formulas are substantially on page 9 of [6].

11. Higher dimensional cases. We now form @', the rth power of the curva-

ture matrix, and consider its trace
(1L.1) £=£(a)=5(6).

By virtue of (10.1), this defines a 2r~form on Il. Chern [2] conjectured that
this is a cohomology class and yields a topological invariant of ! alone. In

this section we shall obtain partial results towards this conjecture.

First we ned a few elementary results on products.

LEmma 1L1. If A= HCLin is a matrix of p-forms and B = Hﬁ]k[l is a

matrix of q-forms, then

S(AB) =(-1)P9S(B4).

For S(AB) = o,/ B;* = (-1)P9 B;* a/ = (~1)P9 S(BA).
COROLLARY. IfAB=BA and p =q =1 (mod 2), then S(4B) =0.

LEmmA 11.2. If Ay,+++,A; are matrices of forms of degrees p ,+++,p,,

respectively, then
t(Ah“‘,Ar)":("l)c tAr""’tA2 tAl:

where

This is easily checked by induction. In particular we have the following:

COROLLARY. IfAy,+++,A4, are matrices of one-forms, then

t(Ah""Ar)=€rtArs"'vtA1a
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where €, =+ 1ifr=0,1(mod 4) and €, =—1ifr=2,3 (mod 4).
In [7], we proved the formula (9.1):
dO =Q06" -6"Q,

which is a generalization of the Bianchi identity. From this we deduce that

£ is indeed a cohomology class. In fact,

d¢&=dS(€)=S(d@) =506 -eQl
=S(QE€") -S(6"Q)=5(28")-5(26") =0.

TuEOREM 11.3. The 2r-form & is closed and hence defines a cohomology

class on M,

In the remainder of this section we shall concentrate on the case r =2, We
shall begin by expressing &, locally as an exterior derivative—thus obtaining
a new proof of the foregoing theorem for this special case. In the computations

which follow we shall make free use of Lemma 11.1:
€=dQ-0Q2%,
62=dQdQ-d00%-Q%dQ+Q*

S(0%) =S(dQdQ-240032).

But
d(Q3) =d00* -QdQ0+0Q%4Q,
S[dQ®1=3S[400%],
and
d(dQQ)=dQdQ;
hence

S(6%)=S[d(dQQ)-(2/3)dQ31=dS[QdQ-(2/3)03].

LEmMmA 11.4. Locally we have
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fz =dS$ o,,
where

0, =d00-(2/3)0°,

Now we shall compare results for two connections d and d. We write d=d + B
defining the linear transformation B. We write

de=0e, de=0e, Be = Be,

with B = HB,]H a matrix of one-forms. Thus

Q=Q+B.

We have
©,=dQQ-(2/3) Q= (dQ+dB)(Q+B)-(2/3) (Q+B)®
=(dQQ+dQB) +dBQ+dB B) -(2/3) (0% +Q%B + QBQ
+QB*+BQ*+BQB +B?Q +B?),
S(®,)=S(®,) +S(dB B-(2/3)B®+dQB +dBQ -2 BQ?-2QB?).
We make the substitution

dBQ=BdQ-d(BQ)

in this to obtain
S(®,)=S(d;) +S(dBB~-(2/3)B%+2dQB ~d(BQ)-2BQ?%-2QB%).

By differentiating we arrive at:
LEmMA 11.5. Locally we have
fz(i) =£,(d)+dS Y,

where

¥Y,=(dB-BQ)B-(2/3)B®*+28B - QB2
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It is to be emphasized that in these formulas, although we deal with several
connections, everything is expressed in terms of one moving frame e. We shall

now investigate what happens under a change of frame,
e=Ae.
From Formula (11.4) of [7] we have
Q=d Q4 4dd A7,

and from the fact that B is linear,

B=4B 4.
Since d? is linear,

O=464",

Thus

A A A A A A A A A A
Y, =(dB-BQ)B-(2/3)B*+26 B - QB?
=(dA BA' + AdBA~' + ABA ' dAA"' —ABQA-' —ABA~' JAA-')ABA-!
—(2/3)AB3 A ' + 240 BA ' ~AQB? A" —~dAB? 4"}

=AdBBA ' ~ABQBA™' —(2/3) AB® A"' + 24 ®BA"' —AQB* A"}

=A[(dB-BQ)B-(2/3)B*+26B-QB*14' =AY, 4-!.

It follows that ¥, represents a linear transformation on 5; to 5;. To see this

directly we observe that
de = Qe, Bde = — O Be, B%de =~ QB%e,
Be = Be, dBe = (dB ~ BQ)e, BdBe = (4B ~ B}) Be;
hence
Y,e =(BdB + B%d + (2/3) B® + 2Bd?) e.

It is clear that B® and Bd? are linear since B and d® are so (see $2);
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consequently it remains to verify that

BdB + B%d = B(dB + Bd)

is linear, and obviously it suffices to show that the (Jordan) product dB + Bd

1

s and compute:,

is itself linear, As usual we let f be a function, v € O

(dB + Bd) (fv) =d(fBv) + B(dfv + fdv)
=df Bv fdBv ~df Bv + fBdv = f (dB + Bd) v,
exactly what is needed.
As a result of this we have proved:

LeEMMA 11,6, If e and e are two frames related by e= Ae, then
Y, =AW, 4",

THEOREM 11.7. If d and d are two affine connections on W, then &, (d)
and ¢, (d) define the same 4-dimensional cohomology class on Il More pre-

cisely, there is a three-form Ay on I such that

£,(d) = £,(d) +dA,.

We merely set A; =S(¥;). By Lemma 11.6, this is intrinsic and so the

theorem follows from Lemma 11.5.

Let us return to the case of a single connection d. It is interesting to see
how the matrix ®, of Lemma 11.4 and its trace transform under change of frame.

As above, we let € = e and have
0, =d00 - (2/3)Q°
=(dAQA ' + Ad QA + AQA T dAA™ + dAAT Y dAAT) (A QAT + dAAY)
~(2/3)(AQA " + dA4A-1)3
=[dAQ?2A4' + 4dQQA™  + AQA™ Y dAQA" + dAA-1 dAQA!

+dAQAYJAA 4 AdQA Y AAAT + AQAVAAAT Y dAATY + (dAA-1)3)
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—(2/3)[AQPA ' L AQA Y dA QA + dA Q2 A 4 dJAA JAC A1
+AQP AN dAAT + AQAT dAAT N dAAT + dA QAT AL + (dAATY)R ],
S(D,)=S[2d4Q* A ' +dQQ+3QA ' dAA dA + dQAYdA + (dJAA-1)3)]

—(2/3)S[Q® +3Q%4  dA +3dAA  dAQA"" + (dA4"1)°];

hence

(1L2)  S(Dy)=S(®,) + S[QA- dAA™ dd +dA QA" + (1/3)(dAA-)°].

Theorem 11.7 is Chern’s conjecture for the case r = 2. It says in effect that
¢, is a 4-dimensional cohomology class dependent only on the differentiable
structure of Il, To compute it for a given differentiable structure, it suffices to
compute it with respect to a suitable Riemannian ds?. Lemma 11.2 may be of
help in this. Evidently, if J/ admits a locally euclidean metric, then &, is trivial;
this is also the case for the 4-sphere. However in general ¢, is not trivial.*
Also, we may point out that it is not clear that if the same topological manifold
is endowed with two inequivalent differentiable structures, then the same co-

homology class will result,

We shall now give some formulas for the cases r=3 and r =4, To begin

with we have
0% =(d0Q)*-Q*(dQ)*-dQQ% 0 +0%dQ
-(dD)? Q%+ 0%4Q0% +4Q0Q% - QF,
£, =50%=S[(dQ)*-3(J0)?Q* +3400*].

Next we have
dldM? Q]=(dQ)3,
dldQQ3l=(dQ)? Q* —d0Qd00 +d0Q%d0Q,

dlQ31=dQ0Q*-QdQQ3 +...+ Q%4 Q;

1gee [8] where this is shown for the case of the complex projective plane by em-
ploying its elliptic metric. We are grateful to the referee for this reference.
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hence
dSl(d)?Ql=5(d0)*],
dS[dQQ®) =2S[(dQ)? 0?1,

dS[Q5]1=55[4Q0*].

It follows that

(11.3) £,=dS(Dy),
where
(11.4) O =(d0)? Q-(3/2)dQQ> +(3/5)Q°.

Next we have
0t =(dQ)*-0%2(dQ)?*-dQQ*(dQ)*+ 2*(dQ)* - (dQ)?*Q*dQ
+0%2dQ0%d0+d00*7Q-Q%4Q

—(d)20%+Q%(dQ)20% +dQQ%2dQA% - Q*dQQ* + (d Q)2 Q*
-0%400%-400Q°%+ Q8,

£ =5(6*")=S[d)*-4(d0)°Q? +4(d0)* Q*

+2dQ0%4Q02 -4dQQ°].
We observe the relations

dl(dQ)%Ql=(dQ)*,

dl(d0)*Q*]1=(dQ)°Q* - (dQ)*QdQQ + (dQ)* Q%4 Q,

dld00%2dQQl=(d0)?QdQ0-dQQ(dN)2Q+dQ0%(dQ)?,

dldQQ3]1=(dQ)?0*-dQQd00% +dQ0%d00%-4d00%4QQ0+dQ0Q%Q,

d[Q7]=dQQ° - QdQ0° +...+ Q%dQ,
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from which we deduce
dST(dQ)*Ql=S[(dQ)*],
dSIdM)?Q*]1=S[2(dQ)*Q%-(4Q)2Qd0Q],
dSldQQ*dQQ]l=S[(dQ)*Q? + 2(dQ)?QdQ01,
dS[4QQ%]1=S[2(dQ)2Q* +4QQ%dQ0?],

dS[Q71=75[4Q0°].
From all of these relations we now obtain

(1]-‘5) §4=dsq)4,

where

(116) @, =(dQ)*Q-(4/5)[2(d Q)2 Q% +dQQ%dQ0Q] +2dQQ5 - (4/7)Q7.

12. Final solution. The general result that ¢ defines a cohomology class
independent of the given connection has been obtained by A. Weil in a more
inclusive theorem [4, p.57]. We shall present Weil’s proof for our case in an

operational form which has certain points of interest in itself.

First we need some remarks on transformations and spaces. We previously

defined the space Bq = 5; of g-forms and now we introduce the Grassmann ring
n
n
U=2 @9
q=0

of all differential forms on I, This ring has an involution w — w’ which is
defined for w qu by w’=(-1)?w. The operation of exterior differentiation is

then a semi-derivation in the sense that
dlon)=down+o’dn.

Now let us consider the tangent space 5;. This is a linear space over the ring
3 =3, of functions. If we extend the ring of scalars to (j we obtain the space

K-G0 ®3-3 @ I},
q=0
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which may now be considered as a linear space over the ring with involution G.

A linear trans formation C is a mapping on ¥ into ¥ such that
Clv+w)=C(v)+C(w), C{ov)=wC(v)

for v, w €K, o €. A semi-linear transformation C is a mapping on & into ¥
such that

Clv+w)=C(v)+C(w), Cluv)=w’C(v).

In either case, the trace S(C) is perfectly well defined and may be computed as
usual by the rule

5(c)=S(C), Ce=Ce,

where C is a matrix with elements in (. Our extension theorem for linear trans-
formations says in part that a linear transformation B over & on 50‘ to 511 may
be extended uniquely to a semi-linear transformation of ¥, The same for affine
connections says that an affine connection d on 501 to 511 may be extended

uniquely to a semi-derivation d of ¥, this latter signifying that
d(wv)=dov+o’dv,

We note the following: If d and d are affine connections, then d? and dd + dd
are linear on ¥, If B, and B, are semi-linear on ¥, then BB, is linear, If d
is an affine connection and B is semi-linear on ¥, then dB + Bd is linear. This

last is proved by first observing that
(dw)’'=-do’
and making the computation
(dB + Bd)(wv) =d(w’Bv) + B(d oV + w”dv)

=dw’BV+wdBv —dw’Bv + oBdv = w(dB + Bd) v.

We want to show that if d and d are affine connections, then, for each £,
S(d?*) - S(d%*) is an exact differential form. As usual, we set d =d + B and

we have:
LEMMA 12.1. dS(d**B) =S[d**(dB + Bd)].

Proof. We have



METHODS IN AFFINE CONNECTION THEORY 425

(d2%B)e = d**(Be) = BG?%e, S(d%*B) =S(BB%),;

hence
dS(a**B) =S[d(BB*)]1 =S[dB6*% - B(QE2k - @2%Q)]

=S[(dB ~BQ - QB)62*],
On the other hand,
(dB +Bd)e =d(Be) + B(Qe)=(dB-BQ-QB)e,
which gives the result.

Now we follow the device of Weil in considering the linear series of affine

connections

d;=d+:tB, 0<¢t<],

which leads from d =dg to d =d;. We hold B fixed and replace d by d; in the

lemma to obtain:
COROLLARY 12,2, dS(d?*B) =S{d?*[(dB + Bd) + 2¢B*]}.

On replacing d; by d + ¢B and expanding, we see that the right side of the
last formula becomes a polynomial in ¢ with coefficients traces of certain
operators, Such polynomials may be manipulated formally in order to derive
relations. One must, of course, pay attention to the noncommutativity of pro-

ducts of operators. In this way we may write

(8/9t)d? =(9/9¢t)(d* + ¢(dB + Bd) + t*B?) = (dB + Bd) + 2:B?,

(9/9t)a2k*2 =((a/ar)a21a** +a2[(9/ )2 162+2 + ..o,
hence
(9/9)S(a2**2) = (k +1) S{a2*[(dB + Bd) + 2:B*1},

which gives us:

COROLLARY 12,3, (8/8t)S(df"+2) =(k + l)dS(dfk B).
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One now integrates out ¢ in these polynomials to obtain
(12.1) S(da%*2) - s(a?k*2) =a’[(k +1) s(/‘ d?* B9 t) ]
0

THEOREM 12.4. The cohomology class S(@) = &, is independent of the
affine connection for each k =1,2,+..,

These manipulations lead to certain invariants of a pair of affine connections
d, d =d + B. Let us write

2k-1
a2k = (d + B)2k = g2k 4 > sz,j(d.B)+B2k.

=1

Thus F24,; (d,B) is the sum of all monomials in d and B in which B appears j
times. Since S(B2%) = 0 we have

2k-1
S(a*k) =s(a**) + 3= S[Fy; (4,B)].

=1

The theorem tells us that the sum on the right side is an exact differential. If
for convenience we also set

Fy0(4,B) =d*% and Fy ,;(d,B) = B2,
then we have:

THEOREM 12.5. For each k=1,2,+++, and j=1,2,+++,2k ~ 1, we have

S[Fy4,;(d,B)] =dSL(/}) Fapes,jor (d,B) B,

Proof. By Formula (12.1) we have

2k-1 .
> S[sz,j(d.B)]=d[kS(f d2k-2 B(')t)]
0

=
1 2k-2 . 2k-2
=dS[,l£./. Z sz.z,j(d,B)Bt]at]=d 2 (k/(f‘l-].))s[sz-z’]’(d,B)B] H
0 . Py
j=0 j=o0

hence
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2k-1 2k-1
> SUFok; (d,B) = 3 dSU(k/}) Fypes,js (d, B)B.
j=t j=t

One replaces B by ¢B in this relation and equates coefficients of the various

powers of ¢ to obtain the desired result.

It could have been mentioned earlier that each F,; ;(d,B) is a linear trans-

formation on ¥, This can be seen by writing
2k
2k _ 42k '
a7 - d** = 3 Fpy,;(d,B)t/
=t

and observing that the linearity of the left side implies that of the right. Again

one ‘“‘equates coefficients’ to obtain the linearity of the individual terms.

Here is a problem suggested by the above investigations. L.et 4 be a non-

singular n-by-n matrix of functions, A = d44"", and

‘tl"‘Al=tn—a1ln-l+-oc-_§.—an'

One easily verifies the relations
(12.2) d(APY) =A% d(A*M) =0,

d(Aer)A-l =A2r+1, S(Azr) =0,
We also have

S(A) =day/a,.

The problem is to find expressions for the traces S(A?"!) of odd powers of A

in terms of the invariants ay,+++,0a,.

13. Projective invariants. We now return to some of our earlier considera-
tions. In this section, oy will denote a fixed one-form, H the transformation of
(10.10), B* its adjoint, as given in Lemma 10.4, and B = H + H*, so that

(13.1) Bv =0ov + C(ogv)dP,

where v denotes, as it always shall in this section, an element of 501. According
to (10,18) we have



428 HARLEY FLANDERS

(13.2) B’v=-C(oqv)o,dP.
We now let d denote a symmetric connection and shall prove the formulas
(13.3) dBv = dooV — godv + dC (o v)dP,

Bdv =0,dv + C(oodv)dP ~ C(dv)o,dP.

The first is evident since

d(dP)=d*P =0,

To prove the second, one notes that each member is linear in dv, so that it
suffices to prove the analogous formula in which dv is replaced by an arbitrary

element of 3/, or, indeed, by a generator. Thus let
z=Awed!, where A€I2, wel].
Then
Bz=B(AW)=—ABw==AooW - AC(0o,w)dP
=00z-[C(Aoqw) + C(AW)0o1dP =04z + C(0y2z)dP — C(z)dP.
Having this, we form the new connection d=d+B, also symmetric, and have
d2=d?+ dB + Bd + B?,
so that
(13.4) d*v=d%v+dogv +[dC(gov) + Cogdv) —~ C(dv) oo - C(oov)a,ldP.
To proceed, we need the following result:
LEMmA 13.1. If Ais a one-form, then C(AdP) =(n ~1)A
For
C(AdP)=C()ole;) =C(ole;)A=C(re;)d* =nA-A=(n-1)A\.

It now follows that (13.4) implies the following formula:

- 1 -
(13.5) dzv__lc(d%)dp

n-—
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1 1
=d* - — C(d*V)dP +dogv — — C(dogv)dP.
n-1 n~-1

According to (10.17) we have

(13.6) E= ‘f(a_)=ff+(n+1)d00;
hence
1 _ 1
(13.7) — ¢vs= Ev+dogv,
n+l n+l
1 - 1 1
'—2—C(§V)= C(fV)-*——C(dOOV).
n~-1 n?-1 n-1

Combining (13.5) and (13.7) yields

- 1 — 1 1 —
(13.8) d%v — — C(d%v)dP - Ev+ - Cc(év)dP

n-— n+ n -1
2 2 1
=d’v - c(d’v)dP - Ev 4+ C(&v)dP.
n-1 n+l n2-1
The operator
2 2 1
(13.9) v—d’v - C(d*v)dP — — év + C(&v)dP

n— n+l n2-1

defined on 5; to 521 by means of the given connection d is the well-known Weyl
projective curvature tensor [ 6, p.88] expressed in operator form. The equation

(13.8) states that it is invariant under a projective change of connection.

Another invariant of this type can be obtained for the changes of connection
which preserve parallelism. Let d be an arbitrary connrection, Hv = 04V as above,

and note

(13.10) Kiv =0,
dHv = doyv — 0pdv
Hdv = gpdv.

Thus if d=d+ H is a connection for which parallelism has the same meaning
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as for d, then
d%v =d%v + dogv.

By Theorem 10.5, we have &= ¢+ ndog; hence

— 1 _ 1
(13.12) dv - = fv=div- = ¢v,

n n

This shows that the transformation on 501 to 521 defined by

1
(13.13) v—Pv=d?v- - ¢v
n

is invariant under any change of connection which preserves parallelism. Ex-
pressed in terms of coordinates, this defines a tensor which may be called the

parallel curvature tensor; it is given by

. . 1
- h
(13.14) Pi]kl - Ri]kl - ; Rh kl®

To complete this section, we shall also find an invariant tensor for the class

of transformations H*, We first have

(13.15) H*(dP) =~ 0¢dP.

For
H*(dP) =H*(o'e;) =— 0’ C(ope;)dP =-o0,ydP.
It easily follows that for d = d + H* we have
(13.16) d?P =d*P - 0,dP,
C(d%P)=C(d*P) ~(n=1)0,;

hence

_ 1 - 1
(13.17) dzP-—C(d2P)dD=d2P——iC(d2P)dP.

n-1 n—

A given affine connection d defines an element z = z(d) of T2l given by
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1
(13.18) z=d2P-——1 C(d?P)4P.

n—

We have shown that z is unchanged when d is replaced by d + H*. To compute
the components of the tensor which z defines, we set

1 . .
(13.19) z=§leko]0kei
and have
(13.20) Zi = Ti _L(Tl & Tt 5
. k=T Lk T kLG

which is the case because
2 1 i j Ak 2 l j
d P=§ Tjka g e;, C(d P)=T].l(7/,
C(a’P)dP =T olole;=T! 5} oloke,

1 . L
= E(lel ) - lel 5;)01 oke;.

Here T is the torsion tensor as given in § 7.
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