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1. Introduction. Let {u}=wu—[u] denote the fractional part of u
and let ((w))={u} —%. Dedekind sums are defined for example, by

05 ()

where % and %k are relatively prime positive integers. These sums which
were studied by Dedekind [7], and more recently by Rademacher and
Whiteman [9], [12] in connection with the theory of the modular function
7(r), occur also in the theory of partitions and in a great number of
special papers. (Cf. for example [1]-[13].) The most important property
of s,(h, k) is the reciprocity law

(1.2) 8y(h, k) +8,(k, h)=(h* +3hk+ &+ 1)/(12hk) .

A few years ago, Apostol [1] (for r=y) and Carlitz [3] introduced
and investigated the so-called generalized Dedekind sums

(1.3) (b, k)zI:Z;‘:Pm_T( 2 )P('ZZ) 0<r<v+l,

P, denoting the well-known Bernoulli function defined by the expansion
2¢**|(¢'—1)="3. P,(w)e"/n! 2] < 2r

for 0<u< 1 and by P.(u)=P,({u}) for w arbitrary real. They found
the corresponding extensions of (1.2) too.

Now, we shall continue to develop these results in two directions.
Next we give a systematic treatment of certain exponential sums (2.1),
(2.3) generating

A

with (a, ¢)=(b, ¢)=1, ¢>0. We obtain (among others) a three-term
relation of new type (Theorem 1) which implies (in extended form) all
the above reciprocity theorems (see (5.1)-(5.10)). Let us remark that
the sum function (2.5) with other notations is also used in [6]. On the
other hand, we get a functional equation for
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W 2) e S @}) 4
(1.5) 2w, =3¢ (w0, {2} (= 2})
where (s, #) is the Hurwitz zeta function (Theorem 2). By

{1 —n, u)y=—P(u)n 0<u<l; n=1,2,---,
(1.5) can be regarded substantially as a (transcendental) generalization
of (1.4).

2. Preliminaries on &(z, ¥), 8un (a b). In what follows, =z, v,
c

w, z denote complex variables, a, b and ¢ are integers and ¢>0; for
brevity we write, as usual, e(z)=e"".
Let us put

@.1) Seiz, )= 3 e({@}wr{@}y)

A{mod ¢) C Cc

with (a, ¢)=(, ¢)=1, the summation extending over a complete residue
system modulo ¢. It is obvious that (2.1) is independent of the choice
of this residue system’ and for a=b or ¢=1, 2 it is independent of a, b.
The funetion S*(x, ¥) remains unaltered if we change a, b or x, y by
multiplies of ¢. By this periodicity, it is no restriction to suppose for
example, that 0 < R(x) <e, —e<R(y) <L0.

We have S*(x, y)=S¥*(y, ) and

(2.2) Sy %z, y)=e(@)Se(—x, y)+1—e(2),

since {—u}=0 or 1— {u} according as u is an integer or not.
The funection

(2.3) Sz, y)=le(x)—1]"'[e(y)—1]"'St"(z, y) @, y7#0, +1, ---
has corresponding trivial properties; in particular, (2.2) implies
(2.4) S: @, y)=—S¢(~z, y)—le(y)— 11" .

By the definition of Bernoulli functions and (1.4) we obtain

(2:5) @ (a2, yf2mi)— 3 CL 5, (1 7)) el i <2x

mm=0 m!n!

Here

! Hence we see that S@3(z, y)=SL¥(z, ) for a suitable integer b’; however, the above
symmetric notation seems the most convenient.
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(2.6) 8 ( ")- c}_.P( =B, n=0,1, -+~ ,

=0

B,=P,(0) denoting the Bernoullian numbers.
Note that §m,n(a b) =8 (b a) and @m,n<a a) does not depend on a;
C C C

especially we have ,@m,n(l b>=§,?"+"‘“(b, ¢), furthermore
c

(2.7) gm,n<alb> —B,B, gm,n(“2b> — B, B,[1+ (1—21-")(1—21-")]

m, n=0,1, ---

3. Representation by cotangents and Eulerian numbers respectively.

Let ¢>>1. The identity

(3.1) Ze(’f)( ) o) - 1][ (w—!—) 1]-1

yields after multiplication by e( ——fi> (»=0,1, ---, ¢—1) and summa-
c

tion

o0 A ST )

/u=07 1’ ) V—]-;

Q

(3.1) and (3.2) hold clearly provided that (z+v)/c is not an integer
(v=0,1, ---, c—1). Hence by putting pg=c{al/c}, a and ¢ being coprime
we get

69 ool Hen ST ().

Furthermore, by using the corresponding expression for e(y{bi/c}),
(b’ C)=1,

St(a, )= [e@—1ew)-1] S e (ﬁ?&)-—lj”[e( vE) g

»,9(mod ¢) (4

c—-1
x e(-ﬁ(@ibq)) ,
A=0 ¢
If we consider the complete residue systems (mod¢): p= —br, g=ap
¢=1 —
(r, p=0,1, ---,c—1) and take into account that Ze(—— l—qb—(f—t)—)
¢

A=0
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vanishes except for p=1» when it has the value ¢, it follows simply that

o0 =on-1 5 [T T

holds for all z, y5%40, +1, --- and, because of the definition (2.3), in
the case ¢=1 too. By [1—e(2)]'=24(1+1% ctg n2) and

c=1
> ctg n(z +—Fi) =c-ctg cnz
u=0 C

we have the equivalent formula:

(3.5) S02(z, )= 17[1 +i(ctg 7o+ ctg 7y)]
_1 s ctgnx br ctg y+ar ;
4¢ r@mode Cc c

(3.4) or (3.5) expresses the sum (2.3) by means of periodic elementary
functions, without using the arithmetical function {u}.

(3.4) leads immediately to corresponding representations of @m,,(a b)
c

by means of the so-called Eulerian numbers H,(7*), defined for a root
of unity 77’°=e<i0-), c>1, ctk by
C

(3.6) A= =)=S HPen! el <2x{kle} .
In fact, after expanding the right-hand members of
Y& (x|2xi, y/2n1) = (xy/c)(e”*—1)'(e?/*—1)!
+(@ylo) S (g =) ey =1)

we find

8.7 xyS¥o(x/2mi, y[2ni)=c+ Z = (2" +y)

'nl

oo

Y g B, $ Hypo(7"") Hpp -1 (77 )] 27
mm=1 m!,nzcm+n-—1|: +mn (7/ar 1)(77_177 ) [.’E], ‘yl< p

so that comparison with (2.5) gives in addition to (2.6)

3.8) ?’m,n<acb) ém}n 1[B B, +mnTZ; (r“lr(_y/_l))%“”l’(—v— —;;):I

m, rn=1’ 2’ cee,
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a formula implying a result of Carlitz [3, (6.5)]. In particular, for
m=n=1 (3.8) becomes

(3.9) s(" M= L+ LS - -1

1 + 1 ”Zl ctg n@g ctg 71'b7“
4 4o

which contains two equivalent representations due to Rademacher and
Rédei (for a=1; cf. for example, [4], (2.2) and [2], (5) respectively).

4. The main property of ©'(z, y). Our next purpose is to deduce
a peculiar symmetry relation relating to the sums in question, by ap-
plying the calculus of residues.

THEOREM 1. We have for a, b, ¢ positive, mutually coprime, and
for 0 <R(x) <1, —1<<Ry) <0 the relation

(4.1) Siax+by, —cx)+ S¥¥cx, cy)+SL(—cy, ax+by)
=[1—elax+by)] ",

provided that axr+by, cx and cy are not integers.

Proof. We consider the integral

(4.2) g —-mwS le(z)—1]" [ (x~—2~z>—-1]_1[e(y+ Zz)——l]—ldz

the path of integration being a rectangle whose vertices are the points
—e+ i, c—e+ti with

> max { £13(2), i3l |
and
0<e<min{ ¢ (1-R@), A+RW}
{b a

taken in positive direction. A straight-forward calculation shows that
only singularities of the integrand inside Q are at the points:

2= 1=0,1, .-+, ¢—-1;

=Z(y+x) ,UZO, 1’ Tty b——l;

= (v—y) v=0,1, -+, a—1;
a
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by our assumptions, these are all distinct and poles of order 1 only of
the first, second, and third factor respectively. Since

res [e(z)—1]"'=1/2x3

z=X\

res [e(wx—bz/c)—1]"= —c/2mib ,
z2=(c/D)(p+x)

res [e(y+azfc)—1]"=¢[2ria ,

z=(cla)(v—9)

the residue theorem yields
2 =S o(o=2) 1T To(w+ ) -1]
A=0 C c
_e i, (a _/41>__1]‘1[ (c +H9>_1T
b%[e<bx+y+b VA
+-- J [e(er b y+Vb>—1]—1[e<- c—erw\)—l:l—1
a v=o a a a a

and therefore, by (3.4), we obtain

o
S

4.3) G2 ez, cy)—Syax+by, cx)+ S ax+by, —cy)=(2rmi[c)F¥ .
Now, if we write
c—e+iti —E+11 —g—~1d c—e—ti
R S S N
Q c—e—ti c—€+ti —e+td —g—t1
with the integrand of (4.2) and straight-line paths, the sum of the first

and third member on the right vanishes because of the periodicity (with
period ¢) of

[e(z) —1][e(x—bz/c)— 1] {e(y +azjc)—1]" .

On the other hand, using the estimate le(u+iv)—1|=>le"™—1| (u, v
arbitrary real), we find at once that the integrals along the horizontal
segments tend to zero as ¢ — oo. Hence (4.8) implies for ¢-— o

(4.4) St ax+by, —cy)—Sy~Yax+ by, cx)+ S (cx, cy)=0
which is, by (2.4), equivalent to (4.1).

5. Applications; extension of the well-known reciprocity theorems.
(1) If we write

(5.1) Tz, ) =L S ctg a0 g YT
¢ r(modc) C C

and use (3.5), then (4.1) becomes
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(5.2) Ty (ax+by, —cx)+ T (ex, cy)+ T (—ey, ax+by)=1 .

By (3.9), this may be regarded as a generalization of the reciprocity
theorem of Dedekind sums. ior, by putting y=—=z in (56.2) and making
x — 0, we obtain on the basis of the Laurent expansion ctg z=2"'—31z—---

- . (b e ca\, . /ab 1 1/a , b c
3 ( +( )+a ): + ( LA
(5-3) o a ) b J”< ¢ 2 12\bc ca ab>

a remarkably symmetric three-term relation which for a=1 reduces to
(1.2) with A=b, k=c. (Cf. also a result of Rademacher in [11].)

(2) Let us replace in (4.1) @, ¥y by «/2ri and y/2ri respectively,
multiply both sides by ¢xy(ax+by) and expand every member by ap-
plying (2.5), (2.6) and the power series of z/(e?—1). We obtain

& (ax+by)y(—cx), (¢ a,> & (ex)™(ey)”, (a b>
s oy 5m n Tt b Y gm n
Y m,%;l mln! "N b (aa+ y)m%;‘l mln! "N e

+ex ‘f’ (—cy)mr(axr—kby)‘”g (b C) = c"xy l:l + % B"(ax +b?/)v—l
. mln! "N a 53yl _

—a S g:; [(a@+byy + (—ca)]+ clas-+by) 3, Br; @+ )
v=1 | v=L Y,

L p——

—cx >,

v=1yl
this holding identically for ||, |y| < 27. If one uses still the binomial
theorem and arranges our absolutely convergent series in terms of o,
y (v=1, 2, ---), then comparison of the corresponding coefficients leads
without difficulty to the following system of relations:

(5.4) a«/.(y+1)bvc gl,v<b C)_{_byi (_1)u+l<'/+1>Cuav+1—p«§v+1“””“<c a;)
o =1 yZ b

+ e o+ Dab? b<“ b) =B, (@ b (—0) ) — (v + 1) B, (ab)e
C

y=1,2, -+-,
furthermore, by (a>( T ):( T ><7—13> ’
B/\a B/\r—a
5.5 Ye D+1> Yp‘ — /*+1<p+1>7v+1-,u. w@ . <b C>
(5.5) a <p+1 S (i s
(Y Cap (P ()
P n=1 2 vl p b
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v 1 - abd +1 b
N (v-f— peipy-pg ( ) (p > Phvelop (a )
[ o1 a i + » a’b Sy t1-p.p .

Bm[(”‘;l) ait( ”+1)b”“} - (»+1)By( , )abye

1<p<v-—-1.

The results can be written briefly in symbolic form as follows

(5.6) v+ 1)[0a”§1,v (bac) + c'as,, (ac b)i' — (a3 —e3)'*! (c ba)

=yB,,,b—(v+1)B,a’c y=1,2 ---,

)(bz o)p+1(b§)v—p .<6ab>

(o
( )(a@ c@)v“-p(a@)p(cb“)
L

—e (;S a§+(”;1>b§](ag)p(b§)w<“cb>

(6.7) a’e

=G0 T)Babe =12, el paa, e

where for example
‘  pR\P+1 v-pfC b
(b8 — c3)71(b3) ( . )

means that, after formal application of the binomial theorem to the

first factor and formal multiplication by bv““-@"“l’-<cab >, every product

ngn<c b) is replaced by gm,n(c b) .
a a

(8) We remark at once that (5.4), (5.6) go over for r=1 to the
reciprocity relation (5.8) and for »>>1 odd, =1 to the formula (cf.
(1.3), (2.7)

(5.8) v+ Dea¥-s5(e, a)+cva, s$(a, ¢)]=(Bec¢—Ba)'**+vB, .,
with 2

(Be—Bay*'='S, (—w(”‘; D)o@ BB,

2 The factor (—1)* may plainly be suppressed in the last summand, that is,
(Be~Ba)»*1=(Bc+ Ba)**1 .
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therefore (5.4), (5.6) generalize (5.3) and Apostol’s reciprocity theorem
{1, Theorem 1].
On the other hand, putting »=3,5,7, --- in (56.7), we get for ¢=1

+1

v+1 <u+1
(pﬂ) 4B, By (" YeB,insB,

(5.9) (;“)av-p(swub)pﬂ(b, a)—(”;1)61"(3‘”——&)””“"((1, b)

while the case b=1 yields

(5.10) c{(ﬁ’;i i)as?_’p(a, c)+ (’) '; 1)3‘”1 o(a, c)]

v+1 V) YD+ y (VY= v+1 v+l-p D
( +1>(s ) as™»)-*(e, a)+( )(aB —cB)**'"*RB

the symbolic notations being understood in similar sense as above. (5.9)
and (5.10) express the first and second reciprocity law of Carlitz respec-
tively [3, Theorems 1, 2%, so that we have in (5.5), (5.7) a common ex-
tension of them.

6. The sum 9w, z). We now use the generalized zeta funection,
defined by

Cle, w)= 3 (wtm)™

for R(z) >1 and by analytic continuation for other values %1 of 2z, u
denoting a fixed number with 0 < # <{1. There holds the well-known
formula of Hurwitz :

(6.1) C(z, w)=22x)*I'(1—2)
<sm 5 2 1! cos 2nmu + eos 5 Z %"~ sin 2mm> R(z) <0 .

n=1 n=1

Next we establish a functional equation for the sum

(6.2) D w, 2)= z c( {‘g })g (z {ib})

c

with (a, ¢)=(, ¢)=1, ¢_>1, in observing that fcf. (1.4)]
6.3)  D(1-m, 1-n)=-1 [@(“ b)—BmBn] m,n=1,2, +--
mn) ¢

31In f(;fﬁ;ula (3.2) of [3], the lack of the corresponding binomial coefficients before the
Bernoullian numbers appears to be a typographical error.
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and, by {(z, $)=(2"—1)¢(z) where £(z)=¢(z, 1) is Riemann’s zeta function,

(6.4) De(w, 2)=(2"-1)(2*—1)-L(w)((2) .

THEOREM 2. For (a, ¢)=(b, ¢)=1, ¢>2 and for any w, z distinct
Srom 0 and 1 we have the relation

(6.5) DN w, z)=(c***—1)¢(w):(z) + 7~ (Ler)*** ' (A—w) (1 —2)

x{cos 72T (w—2)D0(1—w, 1—2z)—cos %(w+z)@2"”(1—w, 1—z);» .

Proof. 1° First let R(w) <0, R(z)< 0. We transform

(6.6) D, 9= 3 (v, {Z'Z DC (z {@‘})

c

by means of (6.1).
Since the series involved in Hurwitz’s formula are absolutely con-
vergent, one obtains after substitution into (6.6)

(6.7) Dew, 2)=4(2r) "1 —w)I"(1—2z)
S mo=tne=Y ¢, .sin T sin % . cos ¥ cos
Xm,n2=1m n (qb,m,,, sin 9 sin 3 + ¢ COS 3 cos 9 >,

where
e, if ¢|am+tbn,
(6.8) Prmn=>, COS 2mal® cos 2mri‘g= 0 for ctam+bn,
=1 I
’ ¢/2 otherwise ,
¢/2, if ¢ | am—bn but
clam+bn ,
(6.9) gbm,n:Zc, sin 2ma % sin 2%7r—&= —c¢/2, if ¢ | am+bn and
=1 s [+
ctam—bn ,

0 otherwise .

Hence it follows easily that

(6.10) Ded(w, 2)=2¢(27) (1 —w)['(1—7) - {2 sin %‘L sin™ 3 et

cim, ¢n

T
+cos T (w—2) m¥~n*~1—cos ~ (w+2) meIpe ! }
2 am=bn(mod ¢) 2 am=- ljrn(mod 5)

ckm,exn ckmbin

Now, by the functional equation of £(s) we have
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(6.11) do(2rye+ (L —w) (1 —2) sin’%’i sin ™% S mu-ips-t

2 cim,cin
=cv*I(w)(2)

Furthermore, ar (r=0,1, -+, ¢—1) and br (#r=0,1, ---, ¢c—1) being
complete systems of residues mod ¢, we can write

c—1
(6.12) Z mw—lnz—l — Z( Z m’w—l)( Z nz-—l)
grﬁbgo"gx:od c) r=1 \m=rb(mod ¢) n=ra(mod ¢)

e S () T (o)
v Sl P2 (1- {1

and similarly

c—
6.13 M Int = ( m""l)( n“)
( ) am= —g:(lmod ) 7% mErIJ(zu‘md e) n= —r%mod )

cim,ckn
=cw+2-27§ C(l—w, {%b})f(l—z’ {7‘5}) ’

(6.10)—(6.13) yield together
(6.14) Det(w, 2)=c**"L(w)C(2) + 7~ (2er) = ['(1 —w)[(1—2)

X {cos -g(w-z)SDZ'“(l—w, 1—2) — cos 12T (w+2)Dr~*(1—w, l—z)} .

2° Finally, (6.5) follows immediately from (6.14), in view of
DeNw, 2)=JM(w, 2)—L(w)(2) R(w) <0, R(z) <O

and by analytic continuation.

7. Some remarks. In [2], Apostol finds certain finite sum repre-

sentations for s{’(%, k), involving cotangents, ¢(z, ), I"'(z)/I'() and he
uses these expressions to give a short analytic proof of (5.8) [Theorems
1, 2]. It may be noted that the above Theorem 2 implies the results
in question, arising as limiting cases for w—0, and 2—0, z=-1,
—2 ...,
The form of &*(x, y), D" (w, ) suggests applications in connection
with certain Lambert series, generalizing those investigated by Rade-
macher, Apostol and Carlitz. I hope to return on this problem in an-
other paper.
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