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1. Introduction. Let R be a ring and let R* be the additive group
of R. If R* =SS, P ---P S, is a direct sum of subgroups S;, then
each element of R can be written as an n-tuple (s, s,, *--, S,), S;€S,,
=1, 2, .-+, n, and multiplication in R is given by » mappings

St SixSyx oo xS, xS, xS, %+ xS, >R, k=1,2, .-, n,

where fi(si, 8y ¢+, Sp; by, &y, = -+, t,) is the k-th component of the product
(81, S35 ==+, 8,) (b, Ly -+, t,). The distributive laws in R imply that the
mappings f, are additive in the first » and in the last » arguments. If
S, S, ---, S, are ideals in R, then

fk(slr Sz, vy Spy by by, cee, tn)zskth ) k:17 2, ey,

which is a homogeneous quadratic polynomial with integral coefficients in
the arguments.

If R is a commutative ring with identity, and if M is a free (left)
R-module with basis e, ¢,, ---, ¢,, then M is an algebra over R if and

only if there exist elements 7,,,€ R such that multiplication in M is
defined by

n n n
ol

( L Siei> . ( > t,iej):: > TansSitses -
i=1 =1 Gjk=1

Js

The k-th coordinate of the product,

n
-fld(sl! Sy tovy Sy by by v e, tn): 'Zl T‘ijk‘sitJ ’
L=
is a mapping

2n
fii R xR* %+« xR*—> R*

which is additive in the first » and last » arguments, and which is a
homogeneous quadratic polynomial with coefficients in R in the argu-
ments.

These examples suggest the investigation of polynomial mappings
with the indicated additive properties, and a discussion of the problem
of constructing E-modules and rings which have an additive group which
is the direct sum of ideals of a ring R, and for which the multiplication
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is defined by a polynomial mapping.

In § 2 the basic properties of distributive mappings are given. The
form of a distributive polynomial mapping is investigated in § 3, and
such mappings are characterized in Theorem 2, under the assumption
that R is a commutative integral domain. In §4 and 5 the results of
the previous sections are applied to the construction problems mentioned
above.

2. Distributive mappings. Let S}, S,, ---, S, be additive semi-groups
with identity 0, and let M be an additive abelian group. Let f be a
mapping of S;xS,x -+ xS, into M.

DEFINITION. If there exists an integer m, where 1<m <k, such
that

(i ) f(sl+sir ".7SIIL+S';7L; Sm+ry "ty Sle)
:f(S], 0y Sy Sy '°';Slc)+f(siy Y S;n; Sin+1» '.'»Sk))
(li) f(slv °c 'y )IL’ m+l+s;n+ly Tty Sl\:_}_sL)

Z.f(slr Sty Sy Sy 0ty S/a)+f(slr ety Suy S;n-%l, Ty 8;;) ’

for all s, s,€ S, 1=1, 2, ---, k, the mapping f of S, xS,x.--§, into M
is called m-distributive.

If k=m, only (i) of the definition applies, and the mapping f is a
homomorphism of S, S, P ---PS, into M. In the examples given in
the introduction, k=2n, and the mappings are n-distributive.

The following are rather obvious consequences of the definition.

(1) The m-distributive mappings of S,xS,x --- xS, into M form a sub-
group H of the additive abelian group G of all mappings of S;xS,x -+
xS, into M,

If M is a ring, then the set of mappings G is an M-module in the
usual way, and the set of m-distributive mappings H is a submodule
of G.

(2) The mappings in H satisfy the relation

f(sb crry By S v, Sl-’)
k m
= Z Zf(oi R 07 SL! 07 R 0; 07 Sty 0! SM 0’ ) 0)
J=m+1i=1
for all s, €S, i=
Statement (2
definition.
(8) The mappings in H satisfy

1,2, -, k.
) is proved by induection from (i) and (ii) of the
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f(sly sty Sus O; tt 0):jn(07 ety Ov Smyy 0y S,():O

for all s;e8,, i=1, 2, ---, k.
Statement (3) is a generalization of the faet that the distributive
laws in a ring imply a-0=0-a=0.

3. Polynomial functions. Let S, S,, ---, S; be subsemigroups (not
necessarily distinet) of the additive group R* of a ring R, all of which
contain the element 0 of R. Let R*™ be any ring containing R, and let

S@y, @y oee, w)=3] ajljz'-'jkmflxzi"" -exlk

be a polynomial in R*[z, z,, ---, 2.]. Then f defines a mapping of
S, xS, x -+ xS, into R* where

f(sly Say * 00, 3«)=Zaj1.12---jk3’17‘3§2" 'Slik y Sw’,eSi; ?::17 27 cty k .

The set S of all such mappings (polynomial functions) is a submodule
of the left R*-module G of all mappings of S, xS,x .-+ xS, into
R*. As above, we let H be the set of m-distributive mappings of
S x8,x -+ xS, into B*, so that H is a submodule of G. Consequently
the set of mappings HNS is a submodule of G.

THEOREM 1. FEach mapping fe HNS is defined by a polynomial of
the form

x

(A) Sy, @, -, )= >

l=m+11

t—-
il cnd
S afihalih .
Jprag= ‘
i+

1

M

IIA

1

Proof. Let f be defined by a polynomial in R*[z, «,, ---, x,] of
degree ¢. Since f e H, we have by (2), Section 2

.f(sly Sy, vy, Sk)
= i if(oi "'50’ Siy Oy "'vO;Oy ”',Oysh Oy "‘,0)

k m t C
— J;
= Z DYDY Qo eee0, 3,0, 0000, 5,0, 00,0518
J jg277=0

for all s,€8,, =1, 2, ---, k. The latter expression can be written

k m i
D0 DL Gyeenu gy 0eee 05,0, 0STISTE

m t
+ 20 200 ST
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Eoot
3
+ 30X Wy, vee 0, 57,0, 00,0808 g g ene g o

l=m+1 =1

By (8), Section 2,
Ozf(oy 0; R O):aO,O\"',O

t
0=f(0, crey 0, S“ 0, ceey O; 0, Tty 0):(1/\],0’...'0'%' Za/o’...vg) ji,(\_...'os;l
t
= Zao,n-,u,jz,o,-n,ns/]'f

J;=1

for all s, €S, i=1, 2, --+, m;

0=£@, ---,0;0,---,0,8,0, ---,0)

=y, I 0, 97,0 0Sit
Jp=1
4 :
= D W, eey0, 550,000,080
i=1
for all s,€S;; l=m+1, -+, k. Denoting @ ....o.5,0,++-.0,7,0,++-0 0¥ a3, we

have

k m t-1
. — \" g N LD ol ql
f(sly 82’ ) Sk)_ ZJ 21 2_4 a’j[‘jlsi‘sll
l=m+1 i=1 j[,]Z=1
jl*‘jléﬁ

for all s,e8,, 1=1, 2, ---, k, which completes the proof.

The following examples show that for an arbitrary ring R, the
converse of Theorem 1 does not hold, and that Theorem 1 is the best
possible theorem in the sense that there exist rings for which every
polynomial function defined by a polynomial of form (A) is m-distributive.

ExamMPLE 1. Let R=I, the ring of ordinary integers, let R*=R,
and let S,=8,=R*. Let f: 8, xS,— R be defined by f(x, =)=xzxiz,.
Then f is defined by a polynomial of form (A) with m=1. However
féHfor fF1+1; 1)=1(2, 1)=4, and FS({1; 1)+ 7F(1; 1)==1+1=2,

ExaMpLE 2. Let R be the ring with additive group R*={u}, the
cyclic group of order 9, and with multiplication defined by (tu)- (ju)=3iju.
Then R is a commutative ring [2] such that R*=0, R*=%40.

Let f be any mapping of S;xS,x .-+ xS, into an extension R* of
R, where S, S,, ---, S, are any subsemigroups of R* containing 0, such
that f is defined by a polynomial of form (A). Then
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b Y U S 1) ols @l
.f(slv Soy 00, "’I.‘)”_ 2_4 L a; yjlé]jLSlZ
t=mt =1 5501 vt
Jrist

.
[}
=
+
—
i

since R*=0. It is evident that f is m-distributive, that is, fe HNS.

In the sequel we will be concerned with m-distributive polynomial
mappings of S, xS,x ... xS, into B. Since a polynomial with coefficients
in an extension R* of B may have its values in R, we obtain a larger
class of mappings by allowing the coefficients of f(x,, x,, ---, @) to be in
R* 2 R. For example, polynomials with (ordinary) integral coefficients
have values in R, and if R does not have an identity, we may con-
sider the coefficients to be in an extension R® of R. Moreover it is
a consequence of the theorem that if R is an ideal in R™, then f has
values in R.

The following lemma is well known (see for example [6, pp. 65-
66]), but is given here in the form in which it is most useful for our
purposes.

LEMMA. Let
f: Z a]pjzy "‘».)k.x{lxzjz' ° 'xl{k: € R?[xlv xZ’ R wlc]

where R* is a commutative integral domasn, and let f be of degree m,
n x, 1=1,2, «--, k. Let (s, s, «--, s"’) be a set of distinct elements
of R* where n, >m,, 1=1,2, <+, k, such that f(s{'0, s, «--, si¥’)=0
for 1,;=1,2, ««+, m;, ©=1,2, ««-, k. Then f=0e R*[z, x, -+, x:].

THEOREM 2. Let R* be a commutative integral domasn, let R be a
subring of R*, and let S,, S,, -+, S, be non-zero ideals in B. A mapping
S from S, xS, x -+ xS, into R* is in HN\S if and only if f is defined
by a polynomial of the form

k m r X
(B) F@, @y coey m)= > 3 3 atb ol
l=m+1 i=1 578,20 oL Yl

when R has characteristic p >0, and by

%

(C) .f(xly xl, cecy, mlxﬂ): ﬁ Z‘ a’ilxixl

l=m+1 1=1

when R has characteristic zero.

Proof. Let f be defined by a polynomial of form (B) when R has
characteristic p > 0. Then
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,
f(S +'51y cery S8 Suay o0, ""/x)
k m 7
e OV Y Y (L l) NpSi N 51
= 2 > > aly) o (sits)t s
T=m+l =158 .5,=0 ]’ &
k m r
\ ! ! A
=3 8 S s
h Lpol
I=m+)i=1§,5 =0 P OF

:f(slv 0ty Sus Syt gl\)—{"_‘f(gl! Sty ok m; Spats 2y Slc) ’

so that f satisfies (i) of the definition for m-distributiveness. Similarly
(i) is satisfied, so that fe HNS.

It is immediate that a mapping f defined by a polynomial of form
(C) is m-distributive.

Conversely, we divide the proof into three parts.
1. R s infinite and has characteristic p > 0.

If feHNS, then f is defined by a polynomial of form (A) by
Theorem 1. Then we have for each 4 (1 =7¢~Um) and for each [
(m <1 =k),

.f(0+07 M Si,"[_S;) ) O+O; Ov e, Sy oty 0)
t—1
— S A s
yJ,=1
J+JJ;‘f
"jf(()! ety Sy oty 0; Oy ccy 8y, “‘,0)

+.f(0! sy Sy oty O; 09 ceey Sy ot O)
=2l ai] slisl+ 2. asey sihist

for all s, s7eS,, s,€8,. Therefore we have the identity

t-1 S (4 L
(3.1) . Z‘, a,j‘ l}l [jls,{rls}—l— ji(j?‘:r —1r)s{z‘—sg+ ce
+yf’('7é’_ S’J‘“ers*e“‘Js”l*O.

Since R is an infinite integral domain, each ideal S,70 is infinite.
Therefore the polynomial in R*[x, y, 2] which has the same coefficients
as the above expression, vanishes for infinitely many values of each
argument 2, ¥, z in R*. By the lemma, each coefficient is zero. Now the

coefficient of a/-yz (0<"1 g3 1—f,<t; 0<"4,<t) is ( )a“”—O.
.

If 4, is not a power of p, then at least one of the binomial coefficients

(j">, r=1,2, +.-,4,~1, is prime to p. Since R, and consequently R,
»
has characteristic p, this implies that a“ =0, for j, and j, in the stipu-
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lated ranges, whenever j, is not a power of p.

Using (ii) of the definition of an m-distributive mapping, a similar
argument shows that i’} =0 for j,=1, 2, -+-, t~1; j,=2,8, ---, t~1
whenever j, is not a power of p.

Since the above argument holds for each ¢ and each [, the polynomial
of form (A) which defines f has all coefficients zero except for coeflicients
atP 5,=0,1,2 +--, 8=0,1,2, ..., Thus f is defined by a poly-

pSipSe?
nomial of form (B).
2. R is finite and has characteristic p > 0.

Since R is a commutative integral domain, R is a finite field GF(p")
and each ideal S;40 in R is R itself. Since s*"=s for all se R, each
polynomial function of S, xS,x ... xS, into B* is defined by a polynomial
of form (A) of degree at most p"-' in each argument. Since the degree
in each argument is less than the number of elements in each S,=R,
the lemma can be applied to the identity 3.1, and the proof of 1. is
valid in this case also.

3. R has characteristic zero.

Since R and each ideal S;7£0 in R have infinitely many elements,

the proof of 1. ean be followed to obtain

(9)aszs =0 and (¥)asn—o,

7 r

for j;,, 7;,, and r in the ranges previously stipulated. Since R, and

consequently RB*, has characteristic zero, this implies that ag:%;g:o except

for j,=j,=1. Consequently f is defined by a polynomial of form (C).
The following result was obtained in the proof of the theorem.

COROLLARY. Let R=GF(p*) and R* be a commutative integral domain
containing R. A mapping f of

k terms
RxRx++e xR

into R* is in HN\S if and only if [ is defined by a polynomial of form
(B) with r=n—1.

4. Application to the construction of R-modules. Let S=%0 be
an ideal in a ring R. The set of (k—1)-tuples V={(s,, 8, =--, &), 8,€ S}
with equality, addition and left scalar multiplication defined component-
wise is a left R-module. The group of the module is the direct sum

k—1 terms

St S @---@ST.
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Forre R, s;€ S, the 4-th component rs; of the scalar product r(s,, s;, « -+, S)
is a 1-distributive polynomial function f of the arguments r; s, 8;, *+-, ;.
In this section we characterize the most general polynomial funetion f
for which V=8S*@S*P.--PS* is an R-module, where R is a com-
mutative integral domain with characteristic zero.

Now V is a left R-module if and only if there exists a mapping f
from Rx V into V which satisfies the module identities

(M) Sy, vi+v)=f(r, v)+ flr, v),
(M,) S+, v)=Ff(r, v)+f(r, v),
(M) Sy, v)=rf(r, f(r, v),

for every #, r,e R and every wv, v,€ V. Denoting the components of
S, v)=F(r; s, =+, 8) by filr;s, ---,s,), 1=2,8, ---, k, we observe
that f is given by a set of k#—1 mappings f, from

k terms
RxSxSx.++x8

into SE R. Setting BR=S,, S=8,, ---, S=8, to agree with the notation
of the preceding sections, the identities (M,) and (M,) are just the con-
ditions (i) and (ii) that each mapping f;, be 1-distributive. Interpreting
M, for the components f; we have

4.1)  filriry s, =00, S)=Fulr; folry 8y 0y 80), c o0, Sy 8,y v 00, 81))

for every #, r,€ R and every s;€S; =2, 3, ---, k.

We now assume that R* is an ideal-preserving extension of R, that
is, R* is a ring containing R with the property that if S is an ideal in
R, then S is an ideal in R*. For example, there exists a ring with
identity containing R which is an ideal-preserving extension of R. Let
fi, 1=2,38, «++, k, be a mapping from Ex V into R* defined by a poly-
nomial

4.2) Fi@s; @y oo, )= 055,00, hThe - ]

with coefficients in R*. Denote the system consisting of the group V
and the mappings f; defined by (4.2) by (V, f,). We obtain the following
application of Theorem 2.

THEOREM 3. Let R* be a commutative integral domain with charac-
teristic zero which is an ideal-preserving extension of R. Then (V, f,) is
a left R-module with scalar multiplication defined by r+(S,, Ss =+, Sp)=
(For S ===y f2) if and only if each f, is defined by, a polynomial of the
Jform
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K X
(43) fz(xl; Loy ** Q"h): Z a‘goxlml ’ ay) € R* ’
1=2

such that the matriz A=(af®) is idempotent; that is r+(S, Ss, *++*, S)=
7(Ssy Sy, + =+, Sp)A', where the right member is an ordinary matric product
an which A’ 18 the transpose of the matrixz A.

Proof. 1f (V, f.) is a left R-module, then by the foregoing discus-
sion, the mappings f; are 1-distributive polynomial mappings with values
in SER*. By Theorem 2, with S;=R, S,=S8;,=...=8,=S, and m=1,
each f; is defined by a polynomial of form (C)

k k
Sl @,y o0, @)= ZZZ a5y @, = ;a?)xlwz .

Since each f; must satisfy the identity (4.1) we have

k

o %
> CLE‘)(’/}TZ)SZ= ZZA (Lf”?‘ll: Z; (IS-Z)/I‘.ZS{]
=5 j=

i=
AR (D) (D
k o

= > > aPa’rr.s,

2=

k
for every r, r,e R and every s,€S. This implies a’= >\ a%af” or that
j=2

the matrix A=(a{) is idempotent. Since
k " k .
Jir; 8y 200, 8)= lZ_Zai re=r lZ_ZaEL)sL ,

we have 7r-(s,, *+-, 8,)=r(s,, -, s;)A" where the right member is an
ordinary matrix product.

Conversely, it is readily observed that if f; is defined by (4.3) with
A=(a{®) idempotent, then f; has values in S since S is an ideal in R¥*,
fi is 1-distributive, and f; satisfies (4.1). Therefore (V, f,) is a left R-
module.

If we specialize to the case where R=F is a field, we have S,=S,
=...=S,=F and R*=F, so that (V, f,) is the group of (k—1)-tuples
with elements in 7' for which scalar multiplication is defined by (4.2).
Theorem 3 characterizes the (V, f,) which are F-modules, and we let
(V, A) denote the F-module (V, f;) with scalar multiplication defined by
(4.3) where A=(a{®) is idempotent. Let Em=(1;)” g), where 0 <m<k-—1.
The following theorem completely classifies the F-modules (V, f5).

THEOREM 4. The left F-module (V, A) is F-isomorphic to the F-
module (V, K,) for some m, 0 <m <k—1. Moresver (V, E,) is not F-
isomorphic to (V, E,) if mF%n.
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Proof. 1f A is similar to B, then (V, A) is F-isomorphic to (V, B).
For in (V, A),

7(8,, S5, v 00, Sp)=0(8,, S5, =+, $)A",
and in (V, B),
(8, 8y, *+ -, S)="0(s,, S5, * -+, 8)B =1(s,, 85, -+, 8,)PA'P!
for some non-singular matrix P. The mapping ¢ defined by

Sp[(szy S‘J; tt Slc):]:(sly sSv "ty SE)P_l
is an F-isomorphism.
Since A is idempotent, A is similar to E, for some m, 0 <m <k-—1

[1, p. 88], which completes the proof of the first part of the theorem.
In (V, E,),

T'(Su Sy 00y SA)=(7”82, TSzy oty PSpsry O, ey O) ’

so that the submodule 1-(V, E,)=(s,, 85, ***, Sp+1, 0, - -+, 0) is the vector
space over F' of dimension m. Any F-isomorphism of (V, E,) onto
(V, E,) induces an F-isomorphism of 1-(V, E,) onto 1-(V, E,), but if
m =~ n these submodules cannot be F-isomorphic since they are vector
spaces of different dimensions over F.

COROLLARY. The F-modules (V, A) and (V, B) are F-isomorphic if
and only if A and B have the same rank.

In the above discussion, the (V, f,) were all (k—1)-tuples for a fixed
k. We now consider (V,, f;) and (V,, f,), k%1. By Theorem 4, it is
sufficient to consider (V,, E,), 0 <m <k—1 and (V,, E,), 0 < n<1-1.

THEOREM 5. The F-modules (V,, E,) and (V,, E,) are F-isomorphic
iof and only if m=mn and either k=1l or F'* has infinite rank.!

Proof. Suppose first that ¢ is an F-isomorphism of (V, E,) onto
(V,, E,). Then as in Theorem 4, 1-(V,, E,) and 1-(V,, E,) are F-
isomorphic vector spaces of dimension m and n respectively over F.
Hence m=n. Assume that k=41{, and let M and N be the submodules
of (V., E,) and (V,, E,) respectively which are annihilated by 1e F.
Then ¢ induces an isomorphism of M onto N as additive groups.

k—1—m
M’__{(Oy Tty Ov Sin+1y ““;Sk—i)v SieF}':F+@"'®F+

o T}Te additive group F'+ of a field F' of characteristic 0 is a divisible torsion-free
group and therefore is the direct sum of « copies of the additive group of rational num-
bers. The cardinal number «, which is an invariant, is called the rank of F'*+ [4, pp. 10-
11].
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and
[—1—m
N={(O: ftty 0’ Sm+1s "'ysl—l)r sieF}:F+@'.'@F+ .

If F* has finite rank, then M and N have different rank, and are not
isomorphic. Hence F'* has infinite rank.

Conversely, if m=n and k=I, there is nothing to prove. Suppose,
then, that m=n and that F* has infinite rank. Now (V,, E,)=
1-(V, E)PM and (V,, E,)=1-(V,, E,)@P N, where M and N each
have the decomposition into a direct sum of copies of F'* given above.
Since F'* has infinite rank, M and N have the same rank and are
isomorphic as additive groups. But since F annihilates M and N, this
isomorphism is an F-isomorphism. Finally, 1:(V,, E,) is F-isomorphic
to 1-(V,, E,) since they are vector spaces of the same dimension,

5. Application to the construction of rings. As in the previous
section, we let Ss£0 be an ideal in a ring B and consider the set of
n-tuples V=1{(s, s,, -+, 8,), s, €S} with equality and addition defined
componentwise., Now V is a ring if and only if there exists a mapping
f from VxV into V which satisfies '

(R) S+ v, v)=F (0, v)+ (v, v)
(R.) Sy, v+ v)=f(v,, v.)+ f (v, v3)
(RS) f(f(vlr v'l)r US):f(/vly f(vzy US))

for every v, v, v;€ V.

Denoting the components of f(v,, v,)=f(s;, ++*, Su; &, +++, ) by
filsy, v, 8,5 8, +o0, &), t=1,2, --- n, f is given by a set of n mappings
[ from

2n terms
SxSx-+.-x8

into S R. The identities R, and R, are just the conditions (i) and
(ii) that each mapping f; be n-distributive. In this application, k=2n,
and S;=S, 9=1, 2, -+-, k& in the notation of §2. Interpreting R,, the
associative law, for the components f,, we obtain

(5'1) fi(fl(sly cecy Sny ﬁly ) tn)y "'!-f‘n(sh Sy tly Tty tn); Uy ** un)
=fz'(sly t Sn;fl(tly sy gy Uy, e, un); "'7fn(t1’ sy lay Uy oo ey un))

for every s, ¢,, u,€S.
We assume that R* is an ideal-preserving extension of R and that
each f;, 1=1, 2, ---, n is defined by a polynomial
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(5'2) fi(xly ety Xy Yiy o0ty yzz): Z ajl"']nkil"'k}nxljl- * '.’Ei‘;”? Ilrl' * 'ylnrn

with coefficients in R*. Denote the system consisting of the group V
and the mappings f; defined by (5.2) by (V, f;, n). We obtain the
following application of Theorem 2.

THEOREM 6. Let R* be o commutative integral domain which is an
ideal preserving extension of R. Then (V, f;, n) is a ring with multiplh-
cation defined by (s, ---, 8,)(t,, +++, ta)=(f, +++, [n) if and only if each
Jui=1, 2, -+ n satisfies (5.1) and is defined by a polynomial of the
form

K n

(53) fi(xly ety Xy Yiy 000y U?z) = 2 >_l Z (“a(] l)xp Jypl ’

=1= 1SJ SL#

or

(5.4) Ji@y, oo, @ Yy e, Yo)= Z Z aiey,

according as R has characteristic p >0 or 0.

Proof. 1f (V,f,, n) is a ring, then we have observed above that
the mappings [, are n-distributive mappings with values in S < R*.
Since the f; are polynomial mappings into R*, it follows from Theorem
2, that they are defined by polynomials of form (B) or (C) according as
the characteristic of Ris p >0 or 0. We have seen that the associative
law implies (5.1).

Conversely, if multiplication in (V, f;, n) is defined by (s, ++-, s.)-
&, -, t)=(fi, -+, f.), where each f; is defined by (5.3) or (5.4) ac-
cording as the characteristic of R is p >0 or 0, then by Theorem 2,
each f; is n-distributive. Thus, multiplication in (V, f;, n) is distributive
with respect to addition. Since each f, satisfies (5.1), multiplication is
associative, and (V, f;, n) is a ring.

ExampLE 8. Let R be a field F with characteristic zero. Then
R*=F, S=F, and (V, f, 1) is the group F'* and the mapping f defined
by f(z; y)= > a,a@'y", a;,€ F. By Theorem 6, (V, f, 1) is a ring with
multiplication defined by s-t= S a,s’t* only if f is defined by f(x; y)=
axy, ac k. If az£0, (V,f, 1) is isomorphic to F' under the correspond-
ence sa@~'<>s, so that we can conclude that the only non-trivial rings
with additive group F'* and with multiplication defined by a polynomial
function of F'x F' into F' are fields isomorphic to F' [3, p. 177].

ExampLE 4. Let R be the finite field GF(3%). Then R*=GF(3),
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S=GF(3%), and (V, f, 1) is a ring only if multiplication is defined by
(see the Corollary to Theorem 2).

Set=1(8; t)=geSt + A, St’ + a,(8°t + a,, s | a;,;€ GF(3%) .

Selecting ay=a,,=1, ay=0a,=0, f(s; {)=st+5%, and f(s; t) satisfies (5.1).
Hence (V, f, 1) is a ring. Let & be the primitive eighth root of unity
which generates the multiplicative group of GF(3?). Then &-1=f(¢&% 1)
=&+ =£E(1+£6=0. Hence (V, f, 1) has zero divisors, and in this case
we have an example of a non-trivial ring with additive group GF(3%)*
and with polynomial multiplication which is not isomorphic to GFY(3Y).
It should be remarked in conclusion, that when R has characteristic
zero and (V, f;, n) is a ring, the multiplication rule (5.4) is the same as
that for an algebra over R* (see Introduction); and if R* has an identity,
(V, fi, n) can be regarded as a subalgebra of an ordinary algebra of
dimension n over R*. Hence the coefficients a% of the polynomials f;
play the same role as the multiplication constants of an algebra, and

the associative law (b.1) can be interpreted as a matrix identity [5, p
294].
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