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1. Introduction. A birth and death process is a stationary Markoff
process whose state space is the non-negative integers and whose transi-
tion probability matrix

(1.1) PtJ(t) = Pτ{x(t)=j\x(O)=i}

satisfies the conditions (as £-»0)

ntt+o(t) if i = i + l ,

(1.2) pίj(t)= μίt+o(t) if j=i-l ,

ll-(Λi+Λ)ί+o(ί) if j=i,

where ^ > 0 for i^O, μt>0 for i ^ l , and μύ^0. The process is called
a queueing process if μQ — 0 and l~λ for all i. The state of the system
is then interpreted as the length of a queue for which the inter-arrival
times have a negative exponential distribution with parameter λ, and
for which the service times have a negative exponential distribution
whose parameter μn depends on the length of the line. The classical
case of a single server queue corresponds to μn—μ, n^l, and has been
discussed by Reuter and Lederman [9] and Bailey [1].

The so-called telephone trunking problem (Feller [3]) arises from
a queueing process with infinitely many servers, each of whose service
time distribution has the same parameter μ, so that μn — nμ, n^l. Be-
sides these two special cases, we discuss a queue with n servers, each
of whose service time has a negative exponential distribution with the
same parameter μ, so that μk — kμ for l<^k^n, μk — nμ for k^n. Our
methods can also be used to study queueing processes with several
servers whose service times have negative exponential distributions not
all with the same parameter.

A sample of the type of problems treated is as follows :
(1) to obtain a usable formula for the transition probability PiΛ{t) \
(2) to compute the distribution of the length of a busy period
(3) to compute the distribution of the number of customers served

during a busy period
(4) to compute the distribution of the maximum length of the

queue during a busy period and similar questions.
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88 S. KARLIN AND J. McGREGOR

At this point it would be of some interest to tie the investigations
of this paper together with the other work in this field. It is impor-
tant to emphasize that we are concerned primarily with the analysis of
non-stationary problems associated with the n server queuing process.
The equilibrium distribution of length of line for the case of exponential
service time and Poisson input is trivial to determine. The equilibrium
situation for the general input process with exponential service time and
n servers was completely resolved by Kendall [7] who, in addition,
evaluated explicitly the distribution of waiting time for a randomly ar-
riving customer. A non-constructive existence theorem for the stationary
distribution of a general input process and a general service time distri-
bution was given in [8]. In contrast, a considerable amount of insight
regarding transient behavior has been attained in the case of the one
server queue. For an elegant treatment of this case the reader is re-
ferred to the work of Takacs [10].

Part of the significance in resolving the problems related to the n
server queue even subject to the special assumptions of exponential
service time and Poisson input, in addition to its independent interest,
rests on the following two observations :

(1) the general queueing process with the corresponding appropriate
parameters behaves on an average like the exponential case, and

(2) the solution for the exponential case may be suggestive as to
the nature of the answers in the general case.

Our detailed analysis regarding queueing processes with exponential
service time, Poisson input, and many servers derives from our know-
ledge of the refined structure of birth and death processes developed in
[4] and [5]. We rely primarily on the theory of recurrence and absorp-
tion for a birth and death process as spelled out in [5].

In this connection, although the parameter μ0 is zero for a queue-
ing process it is convenient to consider, along with a queueing process,
related birth and death processes for which μ0 is positive. Such a pro-
cess has an ignored absorbing state at -1, a state in which the system
remains forever once it arrives there. When the system is in the zero
state and a transition occurs, the system moves to state 1 with pro-
bability λQl(λ0+μQ) and is absorbed with probability /Ό/^O+ZV

The infinitesimal matrix of the general birth and death process is
of the form

-M>+A>) Λo 0

(1.3) A - "0 ~°""Λ

This matrix determines a system of polynomials by means of the re-
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cursion relations

(1.4)

It is shown in [4] that there is a positive regular measure ψ on 0<LX<QO

for which the orthogonality relations

(1.5)

where 7ro=l, 7rn = -5-ί-̂ --—"-1- , are valid. In the case of a queueing
μiμi μn

process, the measure ψ is unique [4J, and moreover the transition pro-
bability matrix P(£) = (£*«/£)) of the process is uniquely determined by A.
It has the representation

(1.6)

This is an extremely useful form of expression for the transition pro-
bability function, and our first task will be to compute the polynomials
{Qn(x)} and the spectral measure ψ belonging to the various queueing
processes.

This is accomplished in the following section based on a formula
which connects the Stieltjes transform of the spectral measure of the
process and the Stieltjes transform of the spectral measure of the
associated process. Once the Stieltjes transform of the spectral measure
is known, then recourse to the classical inversion formulas of Stieltjes
transforms enables us to determine the spectral measure itself. This is
done in § 4. Previous to that in § 3 a discussion of the infinite server
queueing process is made. Here we recognize the corresponding poly-
nomials as the classical Poisson-Charlier polynomials which are known
to be orthogonal with respect to an appropriate Poisson distribution.
Some remarks are appended describing the nature of first passage dis-
tributions of the states of the system in this case.

In the following section the spectral measure and the polynomials
of the n server queueing process are explicitly determined. The poly-
nomials are found to be expressible as combinations of the familiar
Chebycheff polynomials of the first and second kind and Poisson-Charlier
polynomials.

In § 5 the previous theory is specialized to the one and two server
process. Further detailed information regarding these processes is
collected.
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§ 6 is devoted to a complete study of various probability dis-
tributions associated with queueing problems of one and two servers.
The transition probabilities of the Markov process describing the wait-
ing line are explicitly determined. The distribution to the length of
the busy period, the distribution of the number of customers served
during a busy period, and other such distributions are exhibited. In
the following section the corresponding results for the n server queue
are written out. The proofs of these assertions for the general case,
exceedingly more complicated in detail, are carried out in the discussion
of Appendix A. In § 8 we derive the distribution of the maximum length
of line during a busy period. The second appendix summarizes the
properties of a new system of polynomials related to the Poisson-Charlier
polynomials.

2. The related processes. From a given birth and death process
with infinitesimal matrix (1.3) a new process is obtained by stopping
the given process whenever the state 0 is reached. For this new pro-
cess the state 0 is an absorbing state, and if we ignore this state the
process is a birth and death process for which the parameter μQ is posi-
tive. The waiting time in any state Ί ' ^ 1 has the same distribution for
both the original and the new process, and moreover both processes have
the same post exit distributions for each state i ^ l . Consequently the
infinitesimal matrix of the new process (with the state 0 ignored) is

(2.1)

0 0

Λ2 0

which is obtained from (1.3) by removing the zero row and zero column.
The polynomials defined by

(2.2)

are called the associated polynomials of the system {Qn(x)}. It is seen

that, except for the constant factor — — , they are the polynomials be-

longing to the new birth and death process. Consequently the transi-
tion probability matrix (Pυ(t)), i, i^>l, of the new process is given by

(2.3)
λ0 Jo
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where a is the spectral measure of the new process. In [5, § 8] it is
shown that the Stieltjes transforms of the spectral measures ψ and a
of the two processes,

(2.4) 5(
f ()

Jo X — S J° X — S

are related by the identity

(2.5) B(8) = - — 1— - — • • .

^ + /̂ o — S — λoμιC{s)

This identity is the basic tool used in calculating the spectral measure
of the n server queueing process. Once the function B(s) has been
found the measure can be computed by means of known formulas for
inverting the Stieltjes transform. See [5] for a discussion of this in-
version relative to the identity (2.5), and [12], [11] for the general in-
version problem.

By iterating (2.5) a relation will be obtained between the spectral
measure of the original process and the spectral measure of the process
obtained from the original one by stopping it whenever the state n is
reached. Denote the spectral measure of the original process by ψQJ

and the spectral measure of the process obtained from the original one
by stopping it whenever the nth state is reached, by ψn+1. Then if

Jo x—s

(2.5) gives
1

(2.7) Bn(8) = λ

It is clear that

(2.8)
rJBn(8)+δn

where an, βn, γnj Sn are (not uniquely determined) functions of s. Per-
missible choices for ra = 0, 1 are αo = l, βQ = γo = Of δo = l and ^ = 0, β1 = l!λ0J

Ti^—Pu δ1 = (λ0+μQ—8)lλ0=Q1(8). Substituting (2.7) into (2.8) it is found
that the coefficient functions can be determined by the relations
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λJn+l = ϊn + {λn+ μn-s)δn ,

and hence

(2.9) ^-"ψψ&fff^

3. The queue with infinitely many servers. The polynomials be-
longing to this process will be denoted by pJjή — Pnix, Λ> μ). They satify

(po(x)=l,

(3.1) xp(x)λp(x) + λp(x)

{ -xpn(x) = nμpn-τ(x) — (λ+nμ)pn{x) + λpn+1(x),

They can be identified in terms of the Poisson-Charlier polynomials
Cn(Xf a), [2, Vol. 2, p. 226], which satisfy

(3.2) I —xcQ(x, a)— —acQ(xf a)+ac1{x, a),

— xcn(x, a) = ncn-1(x, a) — (n-\-a)cn(x, a)+acn+1(x, α),

Thus

(3.3) { μ )
\μ μ

The measure with respect to which the Poisson-Charlier polynomials are
orthogonal consists of masses

j(x)=e-aaX

r at a?=0,l,2, . . . .
xl

Hence the spectral measure ψ of the infinite server queue consists of

masses

(3.4) dψ(x) = ̂ fL at xn=nμ, n=0, 1,
n !

where α = — . From well-known properties of the Poisson-Charlier poly-
μ

nomials [2] it is found that

(3.5)
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(3.6) a=
a / μ

The representation of the transition probability matrix is

°n^t) = πΛ e-χtpn(x)pk(x)dφ(x)
Jo

r !

(3.7)

In particular

(3.8)

and

(3.9)

The last two formulas are well-known and can be found by generating
function techniques [3, p. 396].

Now consider the spectral measure a of the process obtained by
stopping the infinitely many server process when the zero state is reached.
Writing (2.5) in the form

(3.10)

and noting that

C ( g ) r ~ φ φ o =
Jo X—S λμ

λ-s--
f • dψ{ί

Jo X —

x)

(3.11)
l(nμ —ϊ(nμ

we see that C(s) is a metomorphic function whose poles are simple poles
at the zeros of B(s). Thus a is a discrete distribution whose masses
are located at the zeros of B(s). The zeros so<s1<s2< of B(s) are
all simple, nμ<sn<(n+l)μ, and the mass an of the distribution a which
is located at sn is

(3.12)
< * « = - •

+ 1
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(See [5] for a more complete discussion. The function here denoted by
B(s) is there denoted by B(—s)). For many purposes it is sufficient to
know sn and an for only the first few values of n. For example the
first passage time distribution

F10(t) = Pr{X(τ) — 0 for some r,

of the original process is

(3.13) F10(ί) = μ \ "—-----
Jo x

n-0 Sn

and for large t only the first few terms are important.
For purposes of numerical computation the following facts, stated

for the case μ — lf are useful:

(i) for all α>0, aSn<0, and
da

(ii) sn<sn+1 — 1.

To prove (i) it is noted that

Σ— =0, α>o,

^=0 /c .[fΰ sn(a)j

and hence

(3.14) Σ γϊfl~-^ΫΪ+ ^Jj—TZ^ί^)^

Consequently it is sufficient to show that

Now w < s w θ + l so

and

00 ^ffc W —1 /-ίfc

Σ = — X > 0

fc=o kl(k—sn) k=ir=kr i(r—sn) *=n+i k l(k—sn)

To prove (ii) it is observed that
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£ ( 8 , α ) = β Σ - - ? _ —
fc=o k \\k~s)

satisfies the functional equation

(3.15) 92?(?'__α_)_= _[B( 8, α ) - J 3 ( s - l , a)].

Because of (i) and (3.14) dBisra)
da

> 0 which, together with (3.15),

gives B(sn— 1,
in each interval

w, α) = 0. Now S(s, α) = S(s) is monotone increasing
^ = 0,1,2, ••-. Consequently

The following table gives sn and B'(sn) for w = 0, 1,2 and several values
of a.

si B'(si) s2 β / Λ v
First root At first root Second root v '

S3 B'(s3)

.5

1.0

1.5

2.0

.65116 6.54006 1.88388 10.21023 2.97092 25.00957

.45027 8.47902 1.72376 8.90911 2.88131 12.91379

.31745 13.63762 1.58297 11.60410 2.77136 13.41379

.22517 23.92535 1.46574 17.38949 2.66252 17.55924

4. The spectral measure and the polynomials of the n server queue.
For the n server process

(4.1)

Hence

(4.2)

( kμ,

\ nμ,

, μ) ,

where pn is given by (3.3). The polynomials for k^n will be determined
presently. As in § 2 we denote the spectral measure of the process by
φ0 and the spectral measure of the process obtained if the given process
is stopped whenever the state k (k^0) is reached by ψk+1. If

(4.3)

then from (2.9)

o X — S

(A A
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Because of (4.1), Bn(s)—Bn+1(s) and hence (2.7) gives

(4.5) p ^
2nλμ

where, in accordance with (4.3), the square root is taken positive for
s<0. Substituting (4.5) into (4.4) and rationalizing we obtain, with

the use of the identity 4-i^»-i[Q»Qn02i-Qn0)Q»-i] = l, where λnπn=λ(λX - 1 -,

(4.6) BQ(s) ± MBQ(s)
Kn(s)

where

(4.7) LM^^2

(4.8)

It is seen that Kn(s) is a polynomial in s of exact degree 2n—1, with
a root at # = 0 , and that the polynomial part of Ln(s) is of degree 2n —2.
The Stieltjes inversion formula

(4.9) φQ(x)=him

gives ψ0 at all of its points of continuity. The above formulas show
that $ B(x+iij) converges uniformly to zero as ^-^0+ if x is in any
closed interval containing no zeros of Kn(x) and disjoint from the interval
\λ-\-nμ—X\SΛ/knλμ Consequently over the interval

(4.10)

the measure ψQ has a continuous density ψ'0(x) given by

(4.11) φ'Q(x)= {n~1

2πλ*
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In addition ψQ may have discrete masses at some or all of the zeros of
Kn(x). This possibility is discussed in § 7, and treated in detail in the
appendix.

To determine the polynomials Qk(x) for k^n, let Rk(x) — Qn+Jc(x),
-1. Then

(4.12) R0(x) = Qn(x), R-ι

and

(4.13) -xRk(x)=nμRJC-1(x)-(λ+nμ)Rk(x

which is a recurrence formula in which the coefficients are independent
of k. The {Rk(x)} can be expressed in terms of the Chebycheff poly-
nomials {Tk(x)}, {Uk(x)} which satisfy

(4.14) xPk(x) = lpk^(x) + ^Pk+ι

Δ Δ

and

(4.15) T0(x) = l , T^(x)=x9 U0(

In fact, since

and

are solutions of (4.13) for which

V0(x) = l, V^x)

we have

(4.16) ϋ?t(a;)= 2 w ^ Q.-1(x)Vt(x)
λ + nμ — x

— x

Hence for &:>

(4Λ7,
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where

sin θ

The system of polynomials {Qk(x)} is completely determined by (4.2) and
(4.17).

A similar argument shows that the associated polynomials {QS\x)}
satisfy

for k^O.

5. The spectral measure of the one server and two server processes.
For the case of one server

(5.1) « . ) = ! , C,(x, = -l i i . _,.., χ χ χ

(5.2) QSo)(α;) = 0 , Q«>(a?)= —— ,

Using these values in (4.7), (4.8) gives

(5.3) 5 i(8)=__2(AίljL-H

The only possible pole of B0(s) is at s—0, and

lim —s.Bn(s)=---Γ(;"

fθ if μ£

''=*- if

Thus the spectral measure ψ has the continuous density

1 ~\/Λ.jt ft i j? —I— // —— o * V

y^ytί±j (p \X) — -

2πμ X

on the interval \λ+μ—x\<V//ίJμ and has in addition a mass of amount
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μ — λ

— located at x=0 if μ>λ, but has no extra mass if μ<λ. The

polynomials are given by

(5.5) Q , ^

The associated polynomials are given by

(5.6) QPUχ)QPU)
λ

and using (4.5) the function Bx{&) is

(5.7) B^ 2λμ

Hence the spectral measure ψλ of the associated process consists simply
of the continuous density

(5.8) ψ[{x)--^-VUμ-iprμ-xf , \λ+μ-χ\^VIλμ'.
2πλμ

We now turn to the two server case. The polynomials Qk, Q^ are
again given by (5.1) and (5.2) for fc —0,1, 2 and a straightforward com-
putation gives

L,{s) = ̂ [(λ~s)(2μ-λ-2s) + ?V(λ+2μ-sJ^
A.

and hence

ί5 9) B(s)=- ^-

Consequently the spectral measure ψ of the two server queue has the
density

(5.10) Φ'ίx)=
2π
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on the interval \λ + 2μ—x\<^V8λμ, and in addition may have jumps at
one or more of the zeros of the denominator of (5.9). Considering first
the zero at s=0, we find that

Km s B ^ ^

if 2μ>λ ,

if 2μ^λ .
=

[ μ
Hence ψ has a jump of magnitude f1—— at x = 0 if 2μ>λ, but no jump

2μ+λ
at x~0 if 2μ^λ. The other zeros of the denominator are

These two roots are non-real if μ<£λ. Since BQ(s) has no non-real poles
we assume μ^4:λ. If μ — iλ the denominator has a double zero at s=3Λ.
A simple computation shows that in this case the numerator also has
a double zero at s = 3Λ, and hence no jump of ψ is involved. If
the residue at s2 is easily computed. In fact

2 J '

and hence

^ —4-1) -\μ-3Vμ(μ-4λ)
Li

\ 0 if μ^

-4:λ)-μ-\ if fϊμ

The condition ZVμ{μ—Aλ) >μ is equivalent to -^ > --. Consequently ψ
A 2ι

has a jump at x—s3 of magnitude
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if μ->- , but no jump there if μ <, . A similar calculation shows
λ Δ λ Δ

that ψ never has a jump at x = sι. If μ>4λ then

e x c e p t t h a t e q u a l i t y h o l d s w h e n μ~^% T h e p o l y n o m i a l s a r e g i v e n b y
Λ Δ

~ λ+2μ-x

for &^0.

6. Probability distributions of various random quantities Associated
with the one and two server processes.

In this section we compute the distributions of some interesting
random variables connected with the one and two server processes.
The transition probability function of the one server process is

where Y(z) is 0 if z^l, 1 if z>l, and the polynomials are given by
(5.5). The explicit expression for the distribution of waiting time,
W(t, ξ), of a customer arriving at time t in the case of the one server
queue may be readily derived from the integral representation (6.1).
This is accomplished as follows : If at time t the length of line (state
of the process) consists of n people with n ^ l then the density of the
waiting time of a person arriving at the moment t is the gamma density
of order n whose scale parameter is μ. The probability that at time
t the length of line is n where initially the state of the process was i
is given by Pin(t). Consequently, for ?>0

(6.2) cW(ί, *) = Σ Pi,»(ί) ̂ ~ γ "Γ dξ '

Inserting the detailed formula (6.1) into the summation of (6.2) and
performing the calculation, we obtain the formula

(6.3) dWi(t, ξ) = -λ{μ-λ)e-{iχ-
μ
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/

~]~ 1 Γλ + μ+V/4λ/x n-xt Γ Λ~|

— — I β- -Qt(xm {{λ-x)ew-VTμ}e^G \dxdξ
μ π Jλ + μ-^λjU X L J

where cos#=: —~f ~~x- and $ stands for the imaginary part. We have
VAλ

tacitly assumed that -^->1 which of course is the interesting and prac-
A

tical case.
The evaluation of the sum is direct once it is realized that Qn{x)

can'be expressed according to (5.5) in terms of Chebycheff polynomials.

K •ί-M
and

sin θ sin θ

Of course P00(t) evaluates the probability that a person arriving at time
t doesn't have to wait for his service to begin.

For computational purposes it might be remarked that the integrals
of (6.1) and (6.3) may be expressed in terms of combinations of Bessel
functions with imaginary arguments. This follows from the familiar

fact that the Laplace transform of i/ϊ — t2 for — l ^ ί ^ l involves Bessel
functions [9]. This indeed is true of the majority of formulas connected
with queueing. However, from the point of view of an understanding
of the theory, and also for many practical purposes, we prefer the answer
in the form of the integral representation.

The integral representation also enables us to determine directly the
rate of approach to equilibrium in the ergodic case. The conclusion is
immediate from relation (6.1) which implies the inequality

• Y

The asymptotic behavior of PtJ(t) for large t is easily obtained from
formula (6.1). For example, for the case when λ — μ

= \ e~xV———dx ,
2ττ//Jo Y x2πμ

and when t is large the main contribution to this integral is from the
immediate neighborhood of x=0. In fact

π
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and hence

Poo(ί)~-7-?^τ as ί->oo .
Vπμt

The cases when λ>μ or λ<μ can be dealt with in a similar way.
Now consider the distribution of the length of a busy period, or

what is the same thing, the distribution of the first passage time from
state 1 to state 0, or what is the same again, the distribution of the
time of absorption into the zero state for the related process (§2), given
that the related process starts in state 1. If PtJ(t) is the transition
probability function of the related process, and ψL is its spectral mea-
sure, then the probability F1Q(t) that absorption occurs before time t is

x

The Stieltjes transform of φ1 is given by (4.5) with n = l, and hence
consists of the density

v 2πλμ

on the interval \λ + μ — x\<^~\/ίλμ . Consequently

(6.4) F1Q(t)= Λ Λ „_.-—-—V 4^-(^+/i-x)' 2 cfo
•μ — ^ • ί λ μ X

is the probability that the length of a busy period for the one server
queue is ^t. In a similar way the probability Fjjfi) that the queue
will become idle before time t when there are k customers at time zero
can be computed. Using the fact that the associated polynomials are
given by

(6.5)

one obtains

(6.6) FJjk) =
X

It is also possible to compute the distribution of the number N of cus-
tomers arriving during a busy period, or more generally the number Nk

of customers arriving before the queue becomes idle given that initially
there were k customers in the queue. For this purpose we consider the
random walk whose possible states are the integers 1, 2, 3, and an



104 S. KARLIN AND J. McGREGOR

ignored absorbing state at 0. The one step transition probabilities of
the random walk are

if j=i + l ,

if j—i or \j—i\>l ,

where

λt λ μi μ

These quantities are independent of ί and we denote then by p, q.
When the particle executing the random walk is in state 1 and a
transition occurs, the particle goes to state 2 with probability p and is
absorbed into the zero state with probability q.

Each sample function of the associated queueing process generates
in an obvious way a sample function of the random walk process, and
it is clear that the random variable Nk, which is the number of customers
arriving before the queue becomes idle, is the same as the total number
of steps to the right made by the random walk before absorption at
zero occurs. The total number of transitions of the random walk pro-
cess which occur before absorption is a random variable Mk related to
Nk and the initial state k in such a way that

(6.7)

If Pfi denotes the n step transition probability of the random walk, then

(6.8)

and hence

(6.9)

Thus the distribution of Nk is known if Pfj is known.
An integral representation for P* is obtained as follows. The

random walk determines a system of polynomials by means of the
recursion relations

C6 10)

It is seen that Rn(x) is a polynomial in x of exact degree n. It can be
shown that the polynomials RJx) are orthogonal on — l ^ α ^ l with
respect to a uniquely determined measure a of total mass 1. A proof
of this fact which covers not merely the queueing case, but also the
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random walk arising in a similar way from a general birth and death
process, is outlined in [5]. It is rather obvious that when xnRi{x) is
written as a linear combination of the polynomials {Rk(x)} the coefficient
of Rj(x) is Pΐj. Since it can be shown from the recurrence formulas
that

Rl(x)da(x)=~\ ,

( n- \ n-\
y 1 , it follows that
q)

(6.11) Ήj = *jΓjl xnRi(x)Rj(x) da{x) ,

which is the desired representation of P^ . Combining (6.9) and (6.11)
we get an expression for the probability distribution of Nk in terms of
the measure a. In particular the distribution of N=Nlf the number of
customers arriving during a busy period, is

(6.12) Έ>r{N=n} =q[1 x2n da(x) .

The polynomials which satisfy the recurrence relation (6.10) are easily
found to be

(6.13) * «

from which it follows that the measure a consists of the density

(6.14) α'(ar) = - 2 ^ + f

π Vteμ

on the interval \x\ ̂ ^—-^-. Consequently

(6.15) Fr{N=n}=-''~ 2 -ψl (^ ^ΐ-(-λ^xΐdx
Viλμ

We now turn to the two server queue. The transition probability
function is

(6.16) PΛt) =

(2μ\ *&V(tμ~-ti)_-μ\ 2 . ( l . Y\
-4/i) [2/1 + /< + V"μ{μ-4/1) ] V 2// /
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2μ

ί λ V
(unless j — 0 in which case 2 ) is to be replaced by 1), where Y(z)

\2μ/

is 1 if £>1, 0 if 2^1, and

(6.17)

and where the polynomials Qι(x) are given by (5.11). Once again the
asymptotic behavior of Pi5(t) for large t is clearly exhibited by (6.16).
In fact the first term on the right is either zero or else the largest
term, and the second term, if not zero, is the second largest term.
Finally the asymptotic behavior of the third term is a simple matter to
investigate. For example if λ — 2μ it is found that

4 Vπt

By arguments entirely analogous to those used in the derivation
of (6.3), we may obtain the form of the distribution of waiting time
for a customer arriving at time t in the two server queue. In fact, if
Wi(tf ξ) represents the cumulative distribution of waiting time for a
person arriving at time t where at time zero the state of the process
was if then

dWt(t, c)= ΣP<,»(ί)-^~β"* dξ , ξ>0 ,
n- i (n — 2)!

with PiiB(ί) given by (6.16). We restrict attention only to the ergodic
case when 2μ>λ. Use of (6.16) in conjunction with (5.11) establishes
the ultimate formula

(6.18) dWi(t,ξ)dξ=2μ~λ - iV<*»-*«

/2μ~n-8t\-UΛ/iίa:j*'\

2 — (2λ + fl)X + λ{λ + 2//)]
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where c o s ^ ^ + ^ - s , and cos 0 = ^ + ^ 1 *
V8λμ VSλ

A busy period of the two server queue can now mean either a time
interval during which both servers are busy, or else a time interval
during which at least one server is busy.

Considering first the busy period for both servers, suppose the pro-
cess is initially in state 2, and let T be the time at which the process
first reaches state 1. Then Fr{T<t} is the probability of absorption
before time t for the second associated process. Now the second asso-
ciated process is similar to the first associated process of a one server
queue in which the parameter μ has been replaced by 2μ. Hence using
(6.4),

(6.19) Pr{Γ<ί} = -± Λ _±-~e—V8λμ-(λ + 2μ-xγ dx .
2 λ Jλ 2μ-Vδλμ X

The distribution of the time before state 1 is reached when the initial
state is k (k^2) can be obtained from (6.6) in a similar way. By another
argument of this kind it is seen that the distribution of the number N
of customers arriving during the busy period T is obtained by replacing
μ with 2μ in (6.15). Thus

(6.20) Pr{N=n] = ~-%*-
λ + 2μ

Next let us study the time during which at least one server is busy.
Thus we suppose the initial state of the process is 1 and we denote by
T* the time when the zero state is first reached. If ψx is the spectral
measure of the associated process, then by our previous argument

(6.21)
X

Now the Stieltjes transforms Bλ(s) and B2(s) of the spectral measures
of the first and second associated processes are related by

(6.22) B1(s) =

and from (4.5)

(6.23)

Hence
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(6.24) BAs)^1- t-s-V(λ + 2μ-sy~
2μ S-(μ-λ)

It follows that ψ^x) has the continuous density

ψι\X) _

2πμ

on the interval \λ+2μ—x\^VSλμ 9 and in addition has a jump of

magnitude at x—μ — λ if μ>2λ, but has no jump if μ^2λ. Thus

(6.21) becomes

v " / i— ^ * ~ J ~~ \ n. •< ]\r~ — / .

μ-λ
1 Γ^μWδλμ ^ _ ^xt ^ VSλμ "—(λ + 2μ~

2π J λ+2μ- Vβλμ a; a?—(/>«—Λ)

where, as usual, Y(z) = l if z>l, 0 if z ^ l .
It is natural to next ask for the distribution of the number N* of

customers arriving during the busy period T*. This again leads to the
study of a random walk on the integers 1,2, with an ignored
absorbing state at 0. The polynomials of the random walk satisfy the
recursion relations

(6.26)

where

To compute the spectral measure a of this random walk we consider
also the associated random walk obtained if the given one is stopped
whenever state 1 is reached. Denoting the spectral measure of the
associated random walk by β we look for a relation between the Stieltjes
transforms

f1 da(x) f1 dβ{p
J- i X — Z ' J- i X — Z

analogous to the relation (2.5) for the spectral measures of a birth and
death process and its associated process. Such a relation, applicable to
a general random walk and its associated process, is proved in [6] and
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may be stated as follows. If the state space of the random walk is
0, 1, 2, and the one step transition probabilities are

'qt if j=i-l ,

(6.27) p;,=f !' 'Γ'.

10 if | j - i | > l ,

where p*>0, qt>0, r ^ O , then the spectral measure a of the process
and the spectral measure β of the associated process are connected by
the identity

(6.28) Γ * * * ) =
J-i x—s rQ —Q s I

~Qι\
pQ J - i X — S

Now let a0 denote the spectral measure of the random walk determined
by the polynomials (6.26) let aλ denote the spectral measure of the
associated process and a% the spectral measure of the second associated
process. First applying (6.28) with a — aQf β=au we get

(6.29) Γ ̂ ( ^ ^
J-i X — S

- 1

s + p1q\ lΛ }

J-i X — S

Then applying (6.28) with a — aλ, β = a,, we get

(6.30) Γ **M= ~\

J-i X — S

But clearly aL = a2 so from (6.30)

(6 31) Γ ^^X1^~S+Ϋ^~^W
J-i x—s 2pq

where the radical must be determined by analytic continuation from
positive values for s > l . Now (6.31) and (6.29) give

(6 32) f' d a ^ = r (r-J-)s~
J-i x-s {l-(j-

where T = 2plp1 = 2(λ+μ)l(λ + 2μ) and γ — l = λl(λ + 2μ) is positive and less
than one. The Stieltjes inversion formula giving aQ at all of its points
of continuity is

(6.33) a4z)=± Km [ d[ ^ .
7Γ >?->o+J-i-ε L J - i y — ξ — %Ύ]
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and of course a has a jump at a point x0 if and only if its Stieltjes
transform has a pole there. A simple computation shows that the right
side of (6.32) has no poles if l ^ r < 2 , which is the case in our problem.
Thus aQ consists of the continuous density

(6.34) a'J(x)=l-
π

on the interval \x\<Z,vΆpq , with γ — 2p[p1. It is easy to express the
probability distribution of iV* in terms of aQ, the result being

(6.35) Pr(iV* = n) = —C-_l _x™ dao(x)

2 μ I V OΛμ \ \ pn_

π

7. Results concerning the n server queue. The method used in § 5
to compute the spectral measures for the one and two server queues
can be used in the same way to compute the spectral measure of a
queue with three or more servers. Although the description of the
spectral measure ψ in terms of the parameters λ, μ, and the number n
of servers becomes more and more complicated as n increases, it is
nevertheless possible to deduce certain general features of ψ. These
general features are stated without proof in the next paragraph, and
the proofs are supplied in the appendix.

The spectral measure ψ of the n server queue consists of a continu-
ous density φ\x) on the interval

λ + nμ—Vknλμ <x<λ+nμ-\-V

and in addition there may be a finite number of isolated jumps. The
number of such isolated jumps is one of the integers 0, 1, 2, « ,?ι and
these jumps all lie in the half-open interval

If nμ>λ there is a jump at x—0 of magnitude p given by

(7.i) j i ) + )
P rlo rWμ/ nWμJ nμ — λ

but if nμ^λ there is no jump at x—0. We form the polynomial

(7.2)
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which is of degree 2n in V b . It has a zero of order n at V b = 0
and n simple zeros i/&i,l/6a, •••,]/&» with 1 = 61<62< •• <δn. The
spectral measure of the w server queueing process has exactly k jumps
to the left of x—λ+nμ—VAnλμ if and only if

where we take δo=O and bn+1= + c&.
For the case n = S the three critical values bk occur at 6 = 1/3 and

the two roots of 12δ2-112δ +147 = 0.
In discussing the busy period distributions for an n server queue,

one has to distinguish n different cases. In the simplest case, one
observes the time interval T during which all n servers are busy—that
is, at time zero the process is in state n and T is the first time at which
the process is in state nΛ. The distribution of T is of course obtained
from (6.4) by replacing μ with nμ, so that

(7.3) Pr {T^t} = i - Γ * ^ l—e— V ±nλμ-{λ+nμ~xfdx

is the distribution of a busy period for all n servers. Similarly, the
distribution of the number N of customers arriving during a busy period
for all n servers is obtained from (6.15):

(7.4)

In the next simplest case one observes the time interval T* during
which at least n — 1 servers are busy—that is, at time zero the process
is in state n—1 and Γ* is the first time at which the process is in state
n—2. After a computation similar to that in (6.21)—(6.25) we find

(
nλ

1
2π

where Y(z) has its usual significance. If now iV* is the number of cus-
tomers arriving during a busy period for (n—1) of the servers, then
from (6.34) with

p =

 λ

λ+nμ ' λ+nμ ' λ+nμ

we obtain
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(7.6) Pr{^ =fc}==-?.ίn--1-W^MΓ

π λ+nμ V λ+nμ
{λ+nμY

Using the same kind of techniques it is possible to find the distri-
bution of the length of a busy period for m of the n servers, and the
distribution of the number of customers arriving during such a busy
period.

8. Maximum length of the queue during a busy period.

Consider for the moment a general birth and death process with
parameter λn, μn and with μQ>0. Suppose the initial state is i and let
j>i. It was shown in [5] that the probability that absorption at zero
occurs without the state j ever being visited is

(8.D Λ (

Jo x

1
μ° Σ y

where ψv> is the spectral measure of the process on the states 0,1, 2,
•• ,i—1 which is obtained from the original process by stopping it
whenever the j state is reached.

We first use this result to compute the probability ζnj that during
a busy period for all servers in an n-server queue the maximum length
of the queue is always less than n+j. This of course is just the pro-
bability that when the wth associated process starts out in its zero state,
absorption occurs before it ever visits the /th state, and hence (8.1)
gives

_ nμ
(T)'-1

Y
τ)

A similar application of (8.1) to the (n — 1) st associated process gives
the probability C*j that for the n server queue during a busy period
for at least n — 1 of the servers the length of the queue is always less
than n—1+j. The result is
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λ )

nμ - 1

Vl
J

Appendix A. The nature of the spectral measure for the n server queue.

In this section we present the proofs of the statements made con-
cerning the structure of the spectral measure for the n server queue.

Let ψQ be the spectral measure of the n server queue, ψk be the
spectral measure of the kth associated process, and let Bk(s) be the Stielt-
jes transform defined by (4.3). The relation between Bk and Bk+1 is

(A.I) #*(*)
-s-(k + l)λμBk+1(s)

and Bn(s) is given by (4.5). In the interval so=λ+nμ—V~inλμ <s<λ
+nμ+y~inλμ —sλ the imaginary part of Bn(s+iτ) converges to a positive
limit as τ->0+. Consequently ψn(x), and by induction each ψk(x), Ot^k^n,
has a continuous spectrum in this interval. From (A.I) it is seen that
ψk has a jump at each point x=s where the denominator λ+kμ~s
— (k + l)λμBk+1(s) has a simple zero. These jumps cannot occur in the
interior of the interval of the continuous spectrum because there the
imaginary part of the denominator is negative, and they cannot occur
at the ends of the interval because there Bn(s), and by induction each
Bk(s), has singularities which are not poles. From (4.5) it is found that
φn has no jumps; in fact Bn(s) increases steadily from zero at s= — oo
to the value (nλμYy% at s=sQ and increases steadily from the value
— {nλμYyi at s=s1 to zero at s=+oo.

To locate the jumps, if any, of ψn-u consider the places where the
graph of the straight line y—λ + {n—l)μ—x intersects the graph of
y — nλμBn(x). No intersection occurs for x>s1 because

Moreover, since

(s0)=~μ+V'nλμ

and in view of the monotonicity of the two graphs, there is one inter-
section to the left of x—sQ if —μ+Vnλμ <0, or equivalently if μ>nλ,
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and no intersection if μ<Lnλ. Thus φn-λ never has a jump to the right
of the continuous spectrum and has one jump to the left of the conti-
nuous spectrum if μ>nλ, no jump if μ<nλ. The jump, if μ>nλ, is
easily found to be at x=(n—l)(μ — X).

It will be shown that none of the measures ψh have any jumps to
the right of the continuous spectrum. This has already been verified
for φn and ψn-u and we proceed by induction. Suppose it has been
established for k + l<,r^n — 1 that ψr has no jumps to the right of s±

and that Z?r(Si) is finite, negative, and greater than — (nλμ)"y'\ Since
Bn-i(s1)=— {μ+Vnλμ)-\ the inequality is certainly valid for r — n — 1-
From (A.I) we get

and by virtue of the assumed inequality for r—k + 1 it follows that
J3*(si) is finite, negative, and greater than —{nλμYy\ Since Bk+ι(s) in-
creases steadily from its finite negative value at s—sL to zero at s—^y

it follows that the denominator of (A.I) is not zero for s>s1 and ψh has
no jump to the right of sλ. This completes the induction.

Now suppose it has been established that for some k, l^k + l^n — 1,
and some choice of λ and μ, the measure ψk+1 has exactly r jumps. Let
these jumps be at a?i<α?a< <ίcr. Then xr<s0 and in each of the r
intervals — oo <s<Xi, # 1 <s<# 2 , , xr^1<s<xr, the function (k + l)λμBJC+i

increases steadily to + oo, and thus in each interval its graph intersects
the graph of λ+kμ—s exactly once. Consequently ψk has exactly one
jump in each of these intervals. In the interval ^ ;.<s<s 0 the function
(k+l)λμBk+1 increases steadily from — c» to its possibly finite value at
s0, and in this interval ψk has either one or no jumps. Thus ψk has at
least r and at most r + 1 jumps. It follows that for any λ, μ the num-
ber of jumps of ψk is at most n—k.

Setting S—SQ in (A.I)

( .2) B^^^/nλ^{n^k^μ{k + l)λμB^

The necessary and sufficient condition that ψk have one jump more than
φk+1 is that this expression be negative. Now it follows by induction
starting from

that for k^n—1,

B»-i(**)=,.._1

t_μ

-,-Λ r
{n—κ)μ
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as μ->oo with λ fixed. Consequently, for any fixed λ,ψk has exactly
n—k jumps for all sufficiently large μ. On the other hand it follows
by induction that for each k<,n — 1,

lim VμBk(80), λ fixed ,
μ-» 0

exists and is positive but less than (nλ)'J/'\ Consequently, for any fixed
λ, φk has no jumps for all sufficiently small μ.

In order to make a more careful study of the number of jumps of
ψh we introduce the associated families of polynomials {Qm\x)} defined
for k— —1 by

and for fcS O by the recursion formulas

Qi*\x)=Q for r^k,

Λ

It is seen that except for the constant factor — (1/Λ), the polynomials
Qm\x) with k fixed are the polynomials belonging to the (& + l)th as-
sociated process and are orthogonal with respect to ^fc+1. Applying (2.9)
to the feth associated process we obtain

B (s) = X nμQΆ(s)Bn(s)- QJ*\s)
λ nQ^\s)B{s)Qr'\s

In terms of the variable b=μjλ we have SQ — λ(l — Vnbf, nμBn{sQ)—Vnb.
If we let

i-Vnbf)
Λ

then

(A.3) 2 W - ~ y - ^

The quantities P<.s)(f) satisfy

(A.4)

for k+l^r^n. By virtue of the form of this recurrence formula it
follows that for each fixed k the polynomials PCrkJ(ξ), k+l^r^n, form
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a finite system of orthogonal polynomials and that the polynomials
P(

r

k+Ό(ξ), k+2^r^n, are the corresponding associated polynomials. Wri-
ting (A.4) in the form

PCΛ\ (f) - V~nP?\ξ)=V~n[P(k\ξ) - VΈPc

r

k]

it is easily shown by induction that all of the polynomials

/ ξ), k + l<,r<,n, are strictly positive for ξ^O.

Now the polynomial

is a quasi-orthogonal polynomial, of exact degree n — k, belonging to the
system of polynomials P(

7

k~ι\ and the corresponding associated polynomi-
al is G(

n

k\$). Consequently G{k"1\ξ) has exactly (n — k) distinct positive
roots, say ξ^Kξ^K. - <f*:1

fc, and the n — k—1 roots of G(

n

k\ξ) lie one
in each of the open intervals fj:"1 <£<?*:;}.

The quantities Bk(s0) can be computed by using the recurrence for-
mulas for the polynomials P^ }(ί). In particular

(21/7z — Vb )— i / ^

~ Wb^Vn-Vb)

which checks with an earlier computation. Thus we see that the root
ξ"-2 of Gl~\ξ) is V~n, and we already know that ψn-γ has no jump if
Vb ^ff"2 and has one jump if Vb >ί?~2. Suppose it has been esta-
blished that φk+1 has no jump if Vb ^<ff, has r jumps if ξk<Vb ^ξk

r+ι

for r = l , 2 , •••, n — k—2, and has n—k—1 jumps it Vb >£$-»-i. This
property is easily extended to φ^ by induction. In fact ψk always has
either the same number of jumps or else one more jump than ψk+1, and
it has one more jump than ψk+1 if and only if the expression

is finite and negative. The result follows because of the interlacing of
the roots of G^-^ξ) and Gc

n

k\ξ).
Summarizing, the number of jumps of ψk to the left of the conti-

nuous spectrum is equal to the number of roots of GQk~ι)(ξ) which are
less than V b . In particular the number of jumps of ψQ, the spectral
measure of the n server process, is equal to the number of roots of
the polynomial
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= ξ - nlQn{λ{l -

which are less than Vb .

Appendix B. The random walk polynomials derived from the infinitely
many server queue.

In § 6 we had occasion to consider, along with a birth and death
process, the imbedded random walk. A system of polynomials, which
are useful in a variety of problems, arises in this way from the infinitely
many server process. These polynomials depend on a parameter a—λjμ
>0 and will be denoted by rn(x, a) or sometimes by rn(x). The purpose
of this appendix is to list their useful properties.

The polynomials are defined by the recursion formulas

ro(x,a) = l ,

xro(x, a)=rλ(x, a) ,

(n+a)xrn{x, a)=nrn-1(x, a)+arn+1(x, a), n^l .

They are orthogonal on the interval —1^#<:1 with respect to a mea-
sure ψ which consists entirely of jumps. If we let

k+a

then ψ has equal jumps at xk and at —xk of magnitude

fc 2 k+a klek+a ' ' '

and these have been normalized so the sum of all the jumps is one.
The orthogonality relation is

oo oo n

where

n+a an

πn — — .

a nl

A generating function is

n\ \ a

and from this explicit representations of the polynomials can be ob-
tained. For example



118 S. KARLIN AND J. McGREGOR

where cn(x, a) are the Poisson-Charlier polynomials.

REFERENCES

1. N. T. J. Bailey, A continuous time treatment of a simple queue using generating
functions, J. Roy. Stat. Soα, Ser. B 16 (1954), 288-291.
2. A. Erdelyi, et al, Higher transcendental functions, McGraw-Hill vol. II (1953).
3. W. Feller, An introduction to probability theory and its applications, Wiley (1950).
4. S. Karlin and J.McGregor, The differential equations of birth-and-death processes, and
the Stieltjes moment problem, Trans. Amer. Math. Soc, 85 (1957), 489-546.
5. , The classification of birth and death processes, Trans. Amer. Math. Soc,
86 (1957), 366-400.
6. — , Representation theory for random walks, to be published.
7. D. G. Kendall, Stochastic processes in the theory of queues. Ann. Math. Stat., 24
(1953) 333-354.
8. J. Kiefer and J. Wolfowitz, On the theory of queues with many servers, Trans.
Amer. Math. Soc, 78 (1955), 1-18.
9. W. Lederman and G. E. H. Reuter, Spectral theory for the differential equations of
simple birth-and-death processes, Phil. Trans. Roy. Soc, London-Ser. A vol. 246, No. 914
(1954), 321-369.
10. L. Takacs, Investigation of waiting time problems by reduction to Markov processes,
Acta Math. Acad. Sci. Hung., 6 (1955).
11. E. C. Titchmarsh, Theory of Fourier integrals, Oxford (1948).
12. D. V. Widder, The Laplace transform, Princeton (1941).

STANFORD UNIVERSITY



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
DAVID GILBARG

Stanford University
Stanford, California

R. A. BEAUMONT

University of Washington
Seattle 5, Washington

A. L. WHITEMAN

University of Southern California
Los Angeles 7, California

E. G. STRAUS

University of California
Los Angeles 24, California

E. F. BECKENBACH
C. E. BURGESS
M. HALL
E. HEWITT

ASSOCIATE EDITORS

A. HORN
V. GANAPATHY IYER
R. D. JAMES
M. S. KNEBELMAN

L. NACHBIN
I. NIVEN
T. G. OSTROM
H. L. ROYDEN

M. M. SCHIFFEl
G. SZEKERES
F. WOLF
K. YOSIDA

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
OREGON STATE COLLEGE
UNIVERSITY OF OREGON
OSAKA UNIVERSITY
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE COLLEGE
UNIVERSITY OF WASHINGTON

* * *

AMERICAN MATHEMATICAL SOCIETY
CALIFORNIA RESEARCH CORPORATION
HUGHES AIRCRAFT COMPANY
THE RAMO-WOOLDRIDGE CORPORATION

Printed in Japan by Kokusai Bunken Insatsusha
(International Academic Printing Co., Ltd.), Tokyo, Japan



Pacific Journal of Mathematics
Vol. 8, No. 1 March, 1958

Shimshon A. Amitsur, Commutative linear differential operators . . . . . . . . . . 1
Masahiko Atsuji, Uniform continuity of continuous functions of metric

spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11
S. P. Avann, A numerical condition for modularity of a lattice . . . . . . . . . . . . . 17
Raymond G. D. Ayoub, A mean value theorem for quadratic fields . . . . . . . . . 23
Errett Albert Bishop, Subalgebras of functions on a Riemann surface . . . . . . 29
Shaul Foguel, The relations between a spectral operator and its scalar

part . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 51
John Rolfe Isbell, Euclidean and weak uniformities . . . . . . . . . . . . . . . . . . . . . . 67
Samuel Karlin and James L. McGregor, Many server queueing processes

with Poisson input and exponential service times . . . . . . . . . . . . . . . . . . . . 87
Paul Joseph Kelly and Ernst Gabor Straus, Curvature in Hilbert

geometries . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119
John W. Lamperti, Stationary measures for certain stochastic processes . . . . 127
Richard Scott Pierce, Distributivity and the normal completion of Boolean

algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 133
F. M. Ragab, Transcendental addition theorems for the hypergeometric

function of Gauss . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 141
William T. Reid, Principal solutions of non-oscillatory self-adjoint linear

differential systems . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 147
Maurice Sion, On general minimax theorems . . . . . . . . . . . . . . . . . . . . . . . . . . . . 171
Chien Wenjen, On semi-normed ∗-algebras . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 177

Pacific
JournalofM

athem
atics

1958
Vol.8,N

o.1

http://dx.doi.org/10.2140/pjm.1958.8.1
http://dx.doi.org/10.2140/pjm.1958.8.11
http://dx.doi.org/10.2140/pjm.1958.8.11
http://dx.doi.org/10.2140/pjm.1958.8.17
http://dx.doi.org/10.2140/pjm.1958.8.23
http://dx.doi.org/10.2140/pjm.1958.8.29
http://dx.doi.org/10.2140/pjm.1958.8.51
http://dx.doi.org/10.2140/pjm.1958.8.51
http://dx.doi.org/10.2140/pjm.1958.8.67
http://dx.doi.org/10.2140/pjm.1958.8.119
http://dx.doi.org/10.2140/pjm.1958.8.119
http://dx.doi.org/10.2140/pjm.1958.8.127
http://dx.doi.org/10.2140/pjm.1958.8.133
http://dx.doi.org/10.2140/pjm.1958.8.133
http://dx.doi.org/10.2140/pjm.1958.8.141
http://dx.doi.org/10.2140/pjm.1958.8.141
http://dx.doi.org/10.2140/pjm.1958.8.147
http://dx.doi.org/10.2140/pjm.1958.8.147
http://dx.doi.org/10.2140/pjm.1958.8.171
http://dx.doi.org/10.2140/pjm.1958.8.177

	
	
	

