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COMMUTATIVE LINEAR DIFFERENTIAL
OPERATORS

S. A. AMITSUR

1 Introduction. Let D=d/dx be the operator of differentiation with
respect to a variable x. Let f(D)=a,D"+ --+ +a,, a,#0 be a differen-
tial operator of degree n. The problem we intend to study in this paper
is to determine the set C[f] of all linear operators which commute with
f. This problem, is old and for a complete discussion of old and new
results see the report of H. Flanders [2]. The most pronounced result
in this subject is the fact that C[f] is a commutative ring and that it
is finitely generated over the algebra of all polynomials in f(D) with
constant coefficients.

In his report [2], Flanders obtains this theorem by algebraic methods
with the aid of a deep theorem of Tgen on division algebras over the
field of all rational functions in one variable. The first part of the
present paper contains a simple algebraic proof of this result which
uses only elementary facts of linear algebra.

In the second part of this paper we obtain necessary and sufficient
conditions for the existence of non-trivial differential operators which
commute with f(D). This is obtained by adjoining a parameter 2 to the
domain of definition of the coefficient of f(D) and by considering the
invariant ring [1] of the operator f(D)—2. It is shown that the struc-
ture of the C[f] is closely related with the factorization of f(D)—A.
In this part, use is made of the theory of abstract differential polynomials
as developed in [4],[3] and [1]. All proofs are purely algebraic.

2. The centralizer of f(D). To be more precise we make the following
assumptions : Let K be a field of characteristic zero with a derivation
D: a—a’. Let F denote the field of constants of K. That is: F=
{o; ae K. a'=0}.

Let K[D] be the ring of all formal differential polynomials p(D)=
0 D"+ ¢+« +Dn, 0, € K with multiplication defined in K[D] by the relation

Da=aD+a', aec K.

Clearly K[D] can be considered also the ring of linear differential
operators on K.

Let f(D)=a,D"+a D" '+ «+« +a,, n=1, 4,0 be a polynomial of de-
gree » in K[D]. We shall denote by C[f] the centralizer of f in K[D].
That is, C[f1={9(D); ¢g(D)e K[D], gf=fg}. Clearly C[f] is a subring
of K[D] and it contains the ring F'[f] of all polynomials in f(D) with
constant coefficients.

Receive(i November 14, 1957.



2 S. A. AMITSUR
The main object of the first section is to prove the following.

THEOREM 1. (1) C[f] is & free F[f]-module of dimension p, where
P 18 o divisior of n (=the degree of f(D))
(2) CLf] is a commutative ring.
We shall need the following two known lemmas.

LemMMA 1. ([2] Lemma 10.1) If p,q, are trespectively the leading
coefficients of two polynomials p(D), ¢(D) of the same degree which commute
with f(D) then p,=cq, for some constant c¢€ F.

LemmA 2. ([2] Lemma 10.2) The set of all polynomials of C[f] of
degree<m 1s a finite—dimensional wvector space over the field of con-
stants F.

For completeness we include the proof of these lemmas in the
abstract case we are dealing with.

Indeed, it p(DW(D)=S(D)p(D) and p(D)y=p,D"+p D" '+ -+ +pp,
then by comparing the coefficient of D**™! on both sides we obtain :

MUy QP - Doy = NP+ Dol D1

Thus, the leading coefficient p, satisfies the homogeneous linear differen-
tial equation: napw,—map,=0. Hence if ¢(D)=¢, D™+ -+ +¢. also
commutes with f(D), ¢, satisfies the same differential equation and,
therefore g,=cp, for some constant ¢, which proves Lemma 1.

The proof of Lemma 2 follows immediately from Lemma 1, by
induction on the degree m.

We proceed now with the proof of Theorem 1:

Let Z; be the set of all integers which are the degrees of the
polynomials of C[f]. Since C[f] is a ring, and since deg(p(D)q¢(D))=
degp(D)+degg(D), it follows that Z, is closed under addition. Let m
denote the residue class modulo n(=degf(D)) of the integer m, and let

Z,={m;meZ}. Then clearly Z, is a subgroup of the additive eyclic

group of all residue classes mod n. Hence Z, is cyclic of order p and
p is a divisor of n.

Let o=m,, -+, m, be the p classes mod n of Z, and let m; be the
minimal integer of its class m,. Let g¢(D)eC[f] be a polynomial of
degree m,; and we can clearly choose g;,—=1. We shall show that these
polynomials ¢, are free generators of C[f] over F[f].

Indeed, if g, (f)+ - +g.0.(f)=0 for some polynomials ¢,(f)e
F(f), then evidently : if ¢,(f)+#0, for some %, then

deg [g:¢i(f)]=deg [g,0,(f) for some v#j.
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But, since deg [¢,¢:(f)]=deg g=m;(mod ») and deg [g,¢,(f)]=m; (mod
n), and m,Zm; (mod n), we are led to a contradiction. Consequently
¢(f)=0 for all 2.

It remains now to show that if g e C[f] then g=g,0,(f)+ --- +g.2:(f)
for some ¢(f)e F[f]. This is obtained by induction on deg g. It deg
g=0, then it follows by Lemma 1 that g=c e F, and hence g—cg,. Now,
let deg g=k. Since keZ, it follows that k=m,(mod n) for some z.
By the minimality of m,, it follows that k>m, Hence k=m,+nq,
which implies that deg g=deg ¢,f? It follows, therefore, by Lemma 1
that ¢'=g—cg.f* e C[f] for some ce F and deg g'<deg g. Hence, by
induction we obtain g—ecg; =g (f)+ +-+ +g.0.(f), and the proof is
readily completed. This proves the validity of (1) of Theorem 1.

We turn now to the proof of (2). Let g(D)eC[f] be a polynomial

whose residue class of deg g(D) mod n generates the cyclic group Z,.
One readily verifies that in this case, the set of all degrees of the
polynomials of the form

H(gr f):¢0(f)+g§p1(f)+ ce +gp_190p—l(f), (fa‘(f)e C[f] ’

contains all integers of Z, with at most an exception of a finite number
of integers. Hence, we may assume that this set contain all integers
meZ, for which m=t, for some fixed {. One then proves as in the
preceding part that every polynomial A(D)e C[f] can be written in the
form A(D)=Hyg, f)+7(D), where ke C[f] and deg %,<t. From Lemma
2 we know that the set of all polynomials %, is an F-space of dimension
T, for some 7. Let f"h=HJ(g,f)+h,, »=0,1,---, T, and deg Ah,=<t;
thus the polynomials %, are F-dependent and, therefore, >.¢.h,=0, for
¢, € F and not all ¢,=0. This yield that (3le,f*)h=>\c.H, (g, f), which
proves that for every % e C[f] there exists polynomials H(g, f) and F(f)
with constant coefficients such that: F(f)A=H(g, f).

Clearly the set of all polynomials H(g,f) commute with each other,
and the polynomials of C[f] commute with the polynomial of F[f];
hence, if Fy(f)h;=Hy(g,f) for h,;e C[f] i=1, 2, then

F(NF(Dhhy=(Fh)(Fyh) = H H,= H,H, = (F,h,)(F\l) = F.Fhsh,

Now K[D] is a ring without zero divisors, hence A,h,=h.h, and the proof
of Theorem 1 is completed.

It was thus shown that C[f] is an integral domain, let C(f) denote
the quotient field of C[f]. If F(f) denotes the field of all rational
functions in f over F, that is the quotient field of F[f], then clearly
F(f)SC(f). Actually, the preceding proof shows that the chosen poly-
nomial ¢ is algebraic of degree p over C(f), since F(f)¢*=H(g,f) and
moreover C(f) is an algebraic extension of F(f) generated by g. Thus
we have shown :
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COROLLARY 1. C(f) is an algebraic extension of degree p of F(f) and
iof the residue class of o polynomial g € C[f] generates the group of residue

classes Zy, then g is of degree p over F(f) and C(f)=F(f) [g].
This clearly implies the following.

COROLLARY 2. If heC[f] then h is algebraic over F(f) and its
degree is a divisor of p, that is, there exists a polynomial H(h, f)=0 with
constant coefficient and where degree in h is a divisor of p.

This follows from the fact that F(f)SF (kIS F(f)lgl.

REMARK. The fact that 2 is algebraic is well known, but here we
obtained some additional information on its degree. In fact, one can
prove by the previous methods that the degree of the minimal poly-
nomial H(x, f) in % is equal to the order of the subgroup of the additive
group of all residue classes mod n generated by the degree of %.

Additional information on the degree p of C(f) over F(f) will be
obtained in the following section.

3. The field C(f). Let 2 be a commutative indeterminate over the
field K. We extend the derivation of K to a derivation of the field of
all rational functions K(4) so that F(1) will be the field of constants of
the extended derivation. Consider the ring K(2)[D] of all differential
polynomials in D with coefficients in K(2).

LEMMA 3. Ewvery polynomial g(D)e K(A)[D] can be expressed in the
Jorm g=a(2)~" G2, D], where G[1, D1=>9,()D" is of the same degree as
9(D), and ¢,2), () are relatively prime polynomials in A. Similarly
g=G[4, DI(A)~ with simelar restrictions for G, and b(1).

The proof is evident.

Let F, be the algebraic closure of F(2), and let K,=K(F,) be the

field obtained by adjoining F) to K. that is, K, is the composition field
of K and F, over F(4). One extends the deviation of K to K, so that F,

is the new field of constants. These extended derivations yield the fol-
lowing sequence of rings of differential polynomials
K[D]c K(A)[D]c K,[D] .
If f(D)e K[D] then f(D)— e K(A)[D] and first we show the following.
LEMMA 4. f(D)—2 is an irreducible polynomial in K(2) [D].

PROOF. Suppose f(D)—2=f(D)f(D) and deg fi<deg f, fUD)e
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K()[D]. In view of Lemma 3 we set f{(D)=g¢[D, 1Ja (%) and a '(3)f(D)=
@.[D, 267(2). Thus (fAD)—)b()=g[D, Alg.[D, 2].

We consider now g¢,[D, 1] as a polynomial in 1 with coefficients in
the ring K[D], and we obtain by the remainder theorem®

oD, 1=(A(D)—HH[D, 1]+ E[D]
where R[D]e K[D]. Hence, it follows readily that
R[D]g.[D, 2]=(AD)—AG[D, 1] .

Let ¢[D, 21=222,(D). Then the fact that f(D)—1 is a left divisor
of R[D]g,[D, 2] implies by the remainder theorem that > f*Rr,=0. If
R+0, then we must have that deg (f*Rh,)=deg (f*Rh,)#0 for some
v#p. But suppose v>p then we have

deg %,=deg h,+(r—p) deg f=deg f.
On the other hand, clearly,
deg h.=deg g,=deg f,<deg f

which is impossible. Hence R=0, which means that ¢,[D, 1]=(A(D)—
A)H[D, 2]. But this leads to a contradiction since deg F,<deg f, and
proof of the lemma is completed.

The polynomial f(D)—2A, when considered as a polynomial in K,[D],
may be reducible, and indeed its factorization in the extended field

K, is closely connected with the field C(f). This we propose to show
in what follows, and we begin with some preliminary lemmas.

Let K[D, 1] be the ring of all polynomials in 2 and D, and let K[A]
be the polynomial ring in 2.

LEMMA 5. Let O#pe KQ), A,G,HeK[2, D] such that AG=Hp,
and A=fD"+ -+ +f, where f,e K[A] and (f,, p)=1, then G=Gp for
some G,€ K[, D].

PRrRoOOF. If the lemma is not valid, then let G be a polynomial of
minimum degree in D which is not a left multiple of p and which
satisfies the conditions of the lemma. Let* G=D"gy+ --+ +g,. Since
AG=Hp. 1t follows by comparison of the leading coefficients of both
sides that fig,=hw. Now (fyp)=1, hence p divides g, and we have
go=qp for some polynomial ge K(2). But then G—(D™q)p is of degree<

1 See, e.g. A. A. Albert, Modern Higher Algebra, Chicago 1937 p. 25.
2 Note that the polynominal G(D) may be written with coefficients either on the right
or on the left of the power of D.
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deg G ; it is not a left multiple of p, since G is not, but nevertheless
A(G—D™gp)=(H—FD™q)p, which contradicts the minimality of G.

LEMMA 6. Ewery polynomial p(2)e K[2] can be written as p(d)=
c(N)q(A) where ¢(2) s a monic polynomial in 2 and ¢ ()=0, and in the
Jactorization of q(A)=aqr - -+ qi*, a € K, into prime factors, the polynomials
q:(2) are relatively prime to their derivatives gy(1).

Let p()=api(A)ps(R) - - - pi»(2) be the factorization of p(2) into prime
factors. We may assume that each p, is a monic polynomial, i.e. its
leading coefficient is 1. For each p,;, the polynomial pj(2) is of lower
degree in 1 than p,; hence, since p, is prime, it follows that either
(p;, p;)=1 or p, divides p;, which in the latter case must yield that
p;=0. Thus, ¢(2) is the product of all p, for which p;=0 and ¢(2) is
the product of the rest.

LEMMA 7. Let pe K[A], G,He K[D, 2] and (p, p')=1, then pG=Hp
implies that G=G,p for some G,e K|[D, ].

Proor. If the lemma is not true then let G be the polynomial of
minimum degree in D which do not satisfy our lemma.

Let G=D"gy+ ++- 4+9,, H=D"hy+ +++ +h,, ¢; and h,e K[1], and
9h,#0. Compare the coefficient of D" of both sides of the equation
pG=Hp. This yields pg,=h,p which gives ¢g,=h,. The coefficient of
D! yields

—np'g+pgi=hp.

Hence, —np'g,=p(h,—g,). Since (p, p')=1 it follows that g,=kp for some
ke K[A]. But then the polynomial G—D"kp is of lower degree then G ;
it is not a left multiple of p, but nevertheless p(G—D"kp)=(H—pD"k)p.
This contradicts the minimality of G.

We can now turn to the main object of this section, and we recall
the notion of the invariant ring of a differential polynomial. ([1 §5
p.260] and [3 §10 p.502]).

Let #(D) be a polynomial in K[D]. The invariant ring <2 (k) of A
is the ring of all classes g(D)+A2(D)K[D] which have a representative
9(D) satisfying g(D)a(D)=h(D)g(D). It is known [1, Theorem 9] that
Z(h) is a finite dimensional algebra over the constant field, and if 4 is
irreducible, then .ZZ (k) is a division ring.

We shall consider the invariant ring & (f(D)—2) in the ring K(2)[D].
Since it was shown in Lemma 4 that f(D)—41 is irreducible, it follows
that “#(f—2) is a division ring (e.g. [1, Theorem 10]). First we show
the following.

THEOREM 2. The field C(f) is isomorphic with Z (f—2).
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Proor. This elements of “#(f—4) are classes of the form ¢(D)+
(f—DKN)[D], g e K(A)[D], and the first part of the proof is to show that
we may choose a representative of this class of the form g(D)e(d)7?,
where ¢(D)e C[f] and ¢(1) is a polynomial in 2 with constant coefficients.
The converse, that is: that every class which has a representative of
the form ¢(D)e(2)* belongs to .2 (f—1), follows easily since ge'(f— )=
qo(f —=Ne'= (f—12) ge™.

So let g(D) be a representative of a class in #(f—1), then ¢g(D)
(f—N=(f— (D). We set g(D)=a(A)G[D, 4] and k(D) = H[D, 21b(2)7,
in accordance with Lemma 8, we may assume and that a, b and monic
polynomials. Then we have

(3.1) GLD, 21(f = Dp()=a()(f — HH[D, 1] .

Suppose b(2)=1. Let B())=pp, --- p, be the factorisation of b into
prime factors, then we may assume that (p;, p;)=1. Since if (p;, p;)#1
we have seen that p;=0, and we may deal with p,g(D), which also be-
longs to .2 (f—1), instead of g(D).

It follows by Lemma 3 that H was so chosen that it is not a left
multiple of any prime factor of (1) say p,; furthermore, clearly a(l)
(f—)=D"a(Da,+ -, where f— A=D"a,, --- and a,#0. Hence, it follows
by Lemma 5 that p, divides a(l). So let a(A)=p,q,. Hence (3.1) yields

v:(f—DH[D, 1]=G,p,, where G,=G(f—)p, -+ p, .

Since (p, p)=1, it follows by Lemma 7 that ¢(f —2)H=G,p,. By
similar reasons it follows from Lemma 5 that ¢,=p,q,, and thus pq,(f—
NH=G,p,. Again Lemma 7 will yield that ¢,(f—2)H=Gp,. This cannot
proceed indefinitely since the degrees of a(2), q;, ¢, --- in 1 are reduced
in each step. Thus we are led to a contradiction, which leads us to the
result that b(1)=1. Thus (3.1) states that G(f—2A)=a(f—A)H. The
leading coefficient of f— 1 is an element of K, hence if we assume that
a+1, we must have by a result parallel to Lemma 5, that G=aG, which
contradicts the way we have chosen G and a by Lemma 8.

We thus have shown that by multiplying ¢(D) by polynomials ¢(42)
(that is the product of the p; for which p;=0) we obtained a represen-
tative G[D, 2] which is a polynomial both in 2 and D. If G[D, 1]=
>SW2g,(D), then the remainder theorem yields that

GID, ]=3.9.+(f—AHH[D, 1] .

Thus ¢(D)=>.s"¢9, is a representative of the same class mod(f—21) as
G[D, 1].

Since ge .ZZ(f—12), we have ¢(D)(f—1)=(f—2)Q(D). Let, in view
of Lemma 3, Q(D)=P[D, ]d(2)"'. Then ¢(D)(f—2)d(})=(f—A)P[D, 2].
We must have d(1)=1. For if the degree of d(2) in 2 is>1, then since
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the leading coefficient of f—2e K, it is relatively prime with d(1), and
hence Lemma 5 implies that P[D, A]=Pd(2) which contradicts Lemma
3. Thus ¢(D)(f—A)=(f—)QD) and QD)< K[D, 2]. By comparing the
coefficients of the powers of 1 of both sides, one readily obtains that
Q=q, and qf=fq, that is ¢eC[f]. Consequently, we obtained that
class of ¢(2)g(D) has a representative ge C[f]. Hence

9(D)+(f = HKAID]=c()'q(D) +(f —HK (Y[D]

which proves our assertion.
We prove now Theorem 2. Clearly every element of C(f) has the

form q(D)e(f)~! where ¢e C[f] and ¢(f) e F[f], and we map C(f) onto
A (f—2) by the correspondence

9D)e(f)™* = q(D)e()™+(f —HKALD] .

From the previous part of the proof it follows that this mapping is
onto, and one readily verifies that this is an isomorphism. We shall show
here only that it is a one-to-one correspondence ; namely, that ¢,(D)e,(f)?
=q,(D)e,(f)™* if and only if

a(D)ex(D) 7+ (f = DKND[D]=q(D)e(D) ™+ (f = HKA[D] .

Indeed, the first hold if and only if ¢,(D)c.(f)=g.(D)c.(f), and one readily
verifies by the remainder theorem, in view of the fact that ¢,(f) com-
mute with ¢,;, that the latter is egivalent to the fact that ¢;(D)c,(1)—
q:(D)e(D)=(f—A)H[4, D], and the rest is evident.
We now apply Theorem 2 to show the following.

THEOREM 3. The polynomial f(D)—2 is completely reducible [3, p. 489]
in K\[D]; if g(D) is an trreducible polynomial which is right (or left)
divisor of f[D]—2 in K,[D] then deg f=pdeg g and p=p=(C(f):F(f)).

PROOF. Let 6 be any automorphism of F, over F(2) This auto-

morphism is readily extended to K, over K(%), and to K,[D] over K(A)
[D]. Since f—Ai=hg, and f—ie K()[D], one readily verifies that f—1=
(f—2)°=h%"’. This means that f—21 is a left common multiple of all
¢°, where 6 ranges over all automorphisms of K, over K(J).

Let G(D) be the least common left multiple of all ¢° whose leading
coefficient is 1. Then, clearly G*(D) will also be a least common multiple,
whence one readily obtains that G*=G for all automorphisms ¢. This
will yield that G e K()[D]. Now f—2 is also a common left multiple,

hence (Ore [4]) f—1=G.G, G,e K,[D]. Clearly, one obtains that also
G, e K()[D], but Lemma 4 states that f—2 is irreducible. Consequently
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f—2 is the least left common multiple of all ¢°. From which one obtains
(Ore [4]) that f—21 is completely irreducible, and moreover, f—2i1=[g,,
+++, 9.], the least common multiple of all g,=¢% for some ¢, In par-
ticular, this yields that all g, have the same degree as g.

Thus (Ore [4]) ¢ deg g=deg (f—1)=n, or deg g=deg g,=n/p

To prove the second part of the theorem we need the following
lemmas.

LEMMA 8. Let Z2(f —2) be the invariant ring of f—2A in K,\[D], then
F(f— = (f—)RF\, where the tensor product is taken with respect
to F(2).

For let (c,) be a F(l)-base of F,, then clearly, this set is also
a K(2)-base of K as well as a K(A)[D]-base of K,[D]. Let g(D)e K,[D]
belong to 2 (f—1), and let g=Sg.c, where g,e K()[D]. One readily
observes that since f—21e K(A)[D], the relation g(f—2)=(f—2)h implies
that 2=3.c,, ko€ K()[D] and g, (f—A)=(f—2h, for all «. That is
9. € F#(f—2). Conversely, if g,e . (f—2) and only a finite number of
gs is different from 0, then clearly S'c.g.e€ 2 (f—2); from which one
readily deduces the lemma.

LEMMA 9. If g(D)e K,[D] is irreducible, then 2 (g) is the field of

constants F that s, if hg=gh,, then h=c+gK,[D] for some constant ¢ e
F..

Indeed, if ¢ is irreducible, then it follows by [1] Theorem 10 that
‘Z (g) is a finite dimensional division algebra over the field of constant
F,.. But F, is algebraically closed, hence the only division algebra over
F, is F, itself. Thus .2 (g)=F,.

We return now to the proof of Theorem 3.

It follows by [3, Theorem 19] and by the relation between the
invariant ring of differential polynomials and differential linear trans-
formaions ([3, 810 p.503] and [4]) that the invariant ring of a completely
reducible polynomial is a direct sum of complete matrix rings over division
algebra, and each division algebra is isomorphic to the invariant ring of
one of the prime factors of the polynomial considered. In our -case,
since .2 (f —4) is commutative (by Lemma 8 and Theorem 1), and the

invariant rings of irreducible polynomials are isomorphic with F, it
follows that 2 (f—2)=F@ --- ®F,, where each F) is a field isomorphic

with F', (compare with [3, Theorem 19]), and z is the number of prime
divisors given in the first part of Theorem 3.

On the other hand <Z(f—1) is an algebraic extension of F(1); and
from Theorem 2 and Theorem 1 it follows that (ZZ(f—2): F(2))=p.
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Hence it is well known that .22 (f—2)®F, is a direct sum of p fields
isomorphic with the algebraic closed field F,. Consequently Lemma 8
implies that .22 (f—21) has the same decomposition. Comparing the two

results, we obtain that p=p.
From Theorem 8 we can conclude the following known result.

COROLLARY 3. If f(D) is a polynomial with constant coefficients then
CLf] @s the ring F[D] of all polynomials with constant coefficients.

PRroOF. The factorization of f(D)—2 in K,[D] is readily obtained.

Indeed, let g, --- p, be the roots of f(x)—a in F, where x is a
commutative variable, then it is easily seen that the factorization of

f(D)—=2in K,[D] is f(D)— 2=1I"-.(D—p;). It follows therefore by Theorem
3 that (C(f): F(f))=n. But the field of all rational functions in D, that is
F(D), is of degree n over F(f) and clearly F(D)c C(f). Hence C(f)=
F(D). The rest is readily obtained.

We can also determine the dimension (C(f): F(f)=p by the methods
of [1, §56]. In [1] we have introduced the notion of a resultant of two
differential polynomials which was denoted by f(D) x g(D), and the notion
of the nullity of a polynomial f(D) in a field K. We recall here that
the nullity of f in K was the number of independent solutions of the
differential equation f(D)z=O in K.

From Theorem 2 and [1, Theorem 2] we now obtain the following

THEOREM 4. The dimension p=(C(f): F(f)=(Z(f—21): F(Q)) is
equal to the mullity of the polynomial (f(D)—2)x(f*(D)—21) wn K(Q)
where f*(D) is the adjoint polynomial of f(D).
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UNIFORM CONTINUITY OF CONTINUOUS FUNCTIONS
OF METRIC SPACES

MASAHIKO ATSUJI

In this paper we intend to find equivalent conditions under which
continuous functions of a metric space are always uniformly continuous.
Isiwata has attempted to prove a theorem in a recently published paper
[3] by a method that has a close relation with ours. Unfortunately he
does not accomplish his purpose, so we shall give a correct theorem
(Theorem 8) in the last part of this paper and, for this purpose, give
a condition for the existence of a uniformly continuous unbounded
function in a metric space (Theorem 2).

In this paper the space S, unless otherwise specified, is the metric
space with a distance function d(z«, y), and, for a positive number «,
the a-sphere about a subset A4 {z; d(4, x)<a} is denoted by S(4, «);
the function is the real valued continuous mapping.

DEFINITION 1. Let us consider a family of neighborhoods U, of z,
such that {x,} is a sequence of distinct points and U,,N U,=¢ (=empty)
for m+#mn. Let f,(x) be a function such that f(x,)=n and f,(x)=0 for
x¢ U,. Then a mapping constructed from the family is a mapping f(x)
defined by flx)=f(x) for = belonging to some U, and flx)=0 for the
other w.

LeEmMA. Consider a family of neighborhoods U, of x. satisfying the
following conditions :

(1) {wa}, which consists of distinct points, has no accumulation point,

(2) U.nU,=¢, m#=n (U a closure of U), and U, < S(@,, 1/n),

(8) there is @ sequence of points y, such that distances of x, and Y
converge to 0 and y, does mot belong to any U, ; then the mapping
constructed from the family is continuous and not uniformly continuous.
When {2,} is a sequence containing infinitely many distinct points and
has no accumulation point, there is o family of neighborhoods of x,
satisfying (2); f {w.} JSurther contains infinitely wmany distinct
accumulation points, then the family besides satisfies (3).

Proof. The continuity of the mapping constructed from the family
follows from LTUniZUUni for any subsequence {n;} of indices; the
mapping is not uniformly continuous by (3). Suppose {z,} consists of
distinet accumulation points and has no accumulation point, then, by
an inductive process, we have neighborhood V, of 2, such that V,
cS(x,, 1/n) and V,,N V,=¢, and have y, and a neighborhood U, of =,
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12 MASAHIKO ATSUJI
such that U, 3%y, V,, U,CV,.

DEFINITION 2. Let x be isolated in a metric space, then we write
I(x) for a supremum of positive numbers « such that S(x, «) consists
of x alone.

THEOREM 1. The following conditions on a wmetric space S are
equivalent

(1) If {x,} is a sequence of points without accumulation point,
then all but finitely many members of x, are isolated and inf I(x,) for
the isolated points is positive.

(2) If asubset A of S has no accumulation point then all but finitely
many points of A are isolated and inf I(x) for all the isolated points of
A is positive.

(38) The set A of all accumulation points in S is compact and inf
I(x,) is positive for any sequemce {w,} in S-A which has no accumulation
point (Isiwata [2], Theorem 2).

(4) ANB=¢ implies S(A, a)NS(B, a)=¢ for some a (Nagata [4],
Lemma 1).

(5) 6 A.=¢ implies Fj S(A,, a)=¢ for some «.

(6) For any function f(x), there is a positive integer n such that
every point of A={x; |fx)| =n} is isolated and inf,., I(x) is positive.

(7)) Al functions of S are uniformly continuous.

(8) All continuous mappings of S into an arbitrary uniform space
S’ are uniformly continuous.

Proof. Since the equivalence of (1) and (3) is simple, we shall show
(D)—>(8)=>(7)—(6)—(5)—>(4)—(2)—(1).
(1)—(8): If a continuous mapping f(x) of S is not uniformly continuous,
there is an ‘“‘entourage” V (in the sense of Bourbaki) of S’ such that
d(z,, ¥,)<1/n and (A(x,), fy,) €V for any positive integer n» and for
some x, and ¥,. {x,} contains infinitely many distinct points. If {x,}
has an accumulation point z, there are subsequences {xni} and {yni} of
{x,} and {y,} converging to @, and, since f{x) is continuous, (f(x),
S, ) € W and (f(z), Ay, )) € W for W satisfying W-WcV (we may
assume W-'=W) and for all sufficiently large ¢. Hence we have (A=, ),
f(yni )) €V, which is excluded. Consequently {x,} hes no accmulation
point and inf I(x,)=7>0 for all sufficiently large %, which contradicts
the first inequality of f for n satisfying »>1/n.
(8)—(7) is obvious.
(7)—(6): 1If, for some function flz) and every n, there is an accumulation
point x, such that |f(x,)|=n, {x,}] contains infinitely many distinct
elements and has no accumulation point, then, by the Lemma, we have
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a function which is not uniformly continuous. Suppose that every
point of A={x; |A(w)|=n} is isolated and inf I(x)=0. Then there is a
sequence {x,} in A such that inf [,=0, [,=Iw,). {x,} has no
accumulation point, and we may assume I,<1/n. If distances of distinct
points of {z,} are greater than a positive number e, then, for all n
satisfying e>4I,, =, and y. (#®, €S(x, 2I,)) satisfy the conditions
of the Lemma. In the other case, there are arbitrarily large m and n
satisfying d(#,, x.)<e for any positive number ¢, and we have, by an
inductive process, a subsequence {y,} of {&,} satisfying d(yu_1, ¥..)<1/4.
Then y,;,_, and y,, satisfy the conditions of the Lemma.

(6)—>(5): Let N S(A,, 1/m)+¢ for every m in spite of N A,=¢. We

have a point &, contained in N S(4,, 1) and a point y, distinet from

x, satisfying d(z,, ¥)<1l. Suppose B,={a,---, «;} consists of distinet
points such that z;¢ N S(4,, 1/j), «; and y, are distinct and d(x;, y;)

<1/j, j=1,---, i. Since, for any point @, N S(4,, 1/m) does not contain
z for a sufficiently large m, N S(4,, 1/(¢+1)) contains a point «,,, being

not contained in B,;, and some A, contains y,., distinet from z,., satisfy-
ing d(2;1, ¥:+1)<1/(¢+1). Thus we have a sequence {z,} of distinct
points and {y.} such that =, € N S(4,, 1/m), «, and y, are distinct,

and d(x., ¥.)<1l/n. {x,} has no accumulation point because of N A,=o.
The function obtained from the Lemma does not satisfy the condition
(6) whether all but finitely many members of a, are isolated or not.
(5)—(4) is obvious.

(4)-(2): Suppose A has infinitely many accumulation points z,, n=
1, 2, ... . Since B={x,} has no accumulation point, there is a sequence
C={y,} having no accumulation point such that d(x,, ¥.)<1ljn, BNC=¢.
BNC=Bn C=¢, and S(B, a)NS(C, a)=¢ for no «. If every point of
A is isolated and inf I(x)=0, we have a sequence {w,} such that lim
I(z.)=0, and have a sequence {y,} with the same properties as the
above.

(2)—(1) is obvious.

Recently Isiwata has stated a theorem ([3], Theorem 4) which is
related to our Theorem 1. However the first step in his proof is wrong.
We shall give a correct form of the theorem in Theorem 3. Let us
first give a counterexample for the statement ‘‘In a connected metric
space which is not totally bounded, there exists a sequence {x,} and a
uniformly continuous function f such that fla.)=»n".

ExamMpPLE. Denoting the points of the plane by polar-coordinate,
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we congider the following subsets of the plane:
A,=1{(r, 0); 0=r<l, 0=n/m},

S=UA4, .

m=

We define the distance of the points of S by
a((r, 0), (', ¢))=|r—r"| as 0=60 or rr'=0,
=p+7 as 0+0',

then S is obviously a connected metric space which is not totally
bounded. When fiz), z€ S, is a uniformly continuous function of S,
there is a positive integer n such that d(z, y) <1/n implies |f(z)—AY)|
<1. If z is contained in A4,, there are points y,=0=pole, ¥, *-+, ¥,
=z, r<n-+1, of A, such that d(y,_,, y;)<1l/n, t=1, ---, 7.

|A(0)— @) = 1A0) Ay + « -+ + [fAy)—S@)| =n+1;
namely f(x) is bounded.

DErINITION 8. Let ¢ be a positive number, then the finite sequence
of points =, «;, ---, z, satisfying d(z,_,, x,)<e, i=1, ---, m, is said
to be an e-chain with length m. If, for any positive number e, there
are finitely many points p, ---, p;, and a positive integer m such that
any point of the space can be bound with some p;, 1=<j7=4, by an
e-chain with length m, then the space is said to be finstely chainable.

THEOREM 2. A metric space S admits o uniformly continuous
unbounded function if and only if S is not finitely chainable.

Proof. Verification of ‘‘only if”> part is analogous to that stated
in the above example, hence is passed over. Let S be not finitely
chainable, then there is a positive number ¢ such that, for any finitely
many points and a positive integer n, there is a point which cannot be
bound with any one of points selected above by an e-chain with length
n. We denote by A7 the set of all points which can be bound with a
fixed z, by an e-chain with length =.

(1) When Ar£A2+ for every n, we put

fl@)=(n—"Le+d(=, Aj™)
for = belonging to A7 and not to A%, and flx)=0 for «¢ A,= U A} (f(x)

=d(x,, @) for xze A}). Since S(4,, ¢)=A,, f(z) is uniformly continuous
on Sif it is so on A4, Let Ars x ¢ Ay~' and d(w, y)<é'<e, then
At oyé A7~%. (i) When y is in 477, then
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Sy)=(n—2)e+d(y, A5™?)

and d(z, A77")<e', d(y, Ai™*)<e, hence fly)<flx). If d(y, Ay *H)<e—¢,
then d(y, y')<e—eé' for some y’ of A;~* and d(z, ¥)<d(x, v)+d(y, ¥)<e,
so that « is in A§~', which is excluded. Therefore d(y, A?-*)=e—e and

@) =)l =fle)—Ay)=e+d(x, A7")—d(y, A7)
<e+e —(e—e)=2¢ .

(ii) When y is in A} and not in A§~!, then
Sy)=(n—De+d(y, A7),

and we have

@)=l = ld@, Ay)—dly, A7) =d(w, y)<e

(cf. the proof of Prop. 3 of §2, [1]). (iii) The remaining case for y is
similar to (i). Consequently f(x) is uniformly continuous on A,.

(2) When A}=A3* for some n, then A=A’ for every m=n, and,
in the similar way to (1), 4,= U A? is obtained from a point of S—A,.
If we can make an unbounded function which is uniformly continuous
on A;, our proof will be complete.

(3) When we cannot, for every m(0<m=n), construct a desired
function on A, obtained in the same way as (2), 4, ---, 4, cannot
cover the space, because the space is not finitely chainable; namely
we have a sequence of infinitely many subsets 4, A4,, --- when our
proof is not complete in the similar way to (2). Then we put flz)=n
for @ of A, and f(x)=0 for & which is not in any A,. Then, since
S(A.., e)NA4,=¢ for any m=n and S(UA., ¢)= U4, flz) is uniformly
continuous.

THEOREM 3. If S is a connected metric space which is not finitely
chainable, then the set of all uniformly continuous functions of S does
not form a ring.

Proof. The following verification is essentially due to Isiwata [3].
There is, by Theorem 2, a uniformly continuous unbounded function
f(z) of the space, and we have a sequence A={z,; n=1, 2, .--} such
that f(@n)=0Gn, Au—a,=1, 8,=1; A has no accumulation point. For
some positive number «, d(x, y)<« imlies |Az)—f(y)| <1/3, and so S(x,,
a)NS(x,, a)=¢ for m#n. We put

he)=1—d(4, z)la and G=US@s «)

and
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f () for xe G,

f/(x): \

| 0 for xa¢ G .

R(x) is uniformly continuous on the space, because d(4, x) is so (cf.
Prop. 8 of §2, [1]). Mx)>0 and A(y)<0 for  of G and y of S—G
respectively, so we have

| 7o) — h()| =P(@) — l(y) = I@) = |.f" () =S ()] -

Hence f'(x) is uniformly continuous on the space. ¢g(z)=S(z)f'(x) is not
uniformly continuous. In fact, if it is uniformly continuous, d(x, y)<pB
implies

(%) lg(x)—g(y)| <1 and |Ax)—Aw) <1

for some 8 (Z«a). We select a positive integer n such that a, is greater
than 1-+4«/f, and take a point y such that 3/2<d(x., y)<<B (it is possible
to take such a point because of the connectedness of the space). Then,
by (*), we have |a,—Ay)| <1, fly)>a,—1=0, and

[9(@n) — 9| = |an— (1 —d(A, p)/a)fiy)l =|a—fy)+d(xe, YY)l
= |d(@n, W) al—la—fY)] >d@n, YY) a—1
> pB(a,—1)2a—1>p(1+4a/f—1)2a—1=1,

which contradicts (x).
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A NUMERICAL CONDITION FOR MODULARITY
OF A LATTICE

S. P. AvaNN

1. Introduction. In this note a simple numerical condition () is
presented which is necessary for modularity of a finite lattice L. Though
not sufficient (6) appears to be a condition imposing a strong tendency
toward modularity.

NortaTioN. Covering, proper inclusion, and inclusion will be denoted
by >, D, 2 respectively. N[S] will denote the order of the set S.
The unit and zero elements will be denoted by # and z respectively.

DEFINITION 1. A finite lattice L is upper semi-modular [1: p. 100]
if and only if

&) a and b>anb imply a Ub>a and b.
L is lower semi-modular if and only if
(58] aUb>a and b imply ¢ and b>anb.

DEFINITION 2. In a finite lattice let C(a)={re Ljz<xUa>a} and
D(a)={ze Lz>xzNa<a}.

2. Tests for modularity An immediate consequence of Definitions
1 and 2 is the following theorem.

THEOREM 1. In a finite lattice L condition (£') is equivalent to D(a)
SC(a) for all ae L and both imply N[D(@)]<NI[C(@)]. Dually, (£”) is
equivalent to D(a)=2C(a) for all ae L and both imply N[D(a)]=N[C(a)].
Moreover, modularity, (§) and (§”), is equivalent to D(a)=C(a) for all
a €L and both imply the condition (0):

@ N[D(@)]=N[C(a)] for all ae L.

The contrapositive of the last statement of Theorem 1 serves as a
useful test for non-modularity :

THEOREM 2. If there exists a e L for which N[D(a)]=N[U(a)], then
L is non-modulor.

When either (¢') or (§”) is known to hold in L, the verification of
the condition (0) is a test often easiest to apply. It merely requires
counting coverings.

Receiv.eerecember 5, 1957.
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THEOREM 3. In a finite lattice L (§') and () together imply modu-
larity and dually (§”) and (0) together likewise imply modularity.

Proof. From Theorem 1 condition (§') implies D(a)=C(a), and
along with () we obtain D(a)=C(a) for all ac L. Hence L is modular.

Condition (0) appears to be a very strong condition toward modul-
arity. It would be useful to know a much weaker but easily applicable
condition than (¢) or (§”) to serve along with (0) as a set of necessary
and suffiicient conditions for modularity.

3. Near-modular lattices.

DEFINITION 3. A finite lattice L is near-modular, henceforth ab-

breviated NM, if and only if (0) is valid and the Jordan-Dedekind chain
condition is satisfied.

REMARK. It is conceivable that the JD chain condition is implied
by (), though no proof was readily found. The imposition of the JD
condition seems desirable, since it is satisfied in all finite semi-modular
and modular lattices. Hence each element of a NM lattice L will pos-
sess a uniquely determined rank.

THEOREM 4. In a NM lattice L we have D(x)=C(x) whenever x is a
point (atom) or dual point. Condition (£) is satisfied by all pairs of points
and (§') by all pairs of dual points.

Proof. Let p be an arbitrary point of L and ¢ any element in
C(p). By consideration of rank, ¢ is also a point which is distinct from
p. Hence ¢>¢gNp=z, the zero element of L, and ¢e D(p). Thus C(p)
S D(p). Equality of orders yields C(p)=D(p). Any pair of points p
and ¢ cover their meet z so that ge D(p). Hence ge C(p) so that (&)
is valid for p and q. The remainder of Theorem 4 follows by duality.

COROLLARY. All NM lattices of rank less than 4 are modular.

THEOREM 5. There exist NM lattices of rank 4 that are non-
modular.

The smaller example L, of the two examples found was constructed
from the finite projective geometry PG(2, 2) as follows. If the points
of PG(2, 2) are designated by 1, 2, 3, 4, 5,6, 7, the lines, considered as
sets of points, can be taken as 356, 467, 571, 612, 723, 134, 245, and u=
1234567. For L, take u=1234567, and the 7 dual points as 1247, 2351,
3462, 4573, 5614, 6725, 7136, namely the complementary sets to the dual
points of PG(2, 2). The remaining elements of L, are generated by
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taking all point set meets of its dual points. The lines of L, are the
21:(;) pairs of points 12, 18, ..., 67 ; the points are 1, 2, 3, 4, 5,6, 7;

and z is the null set.

The automorphism group of L, is easily seen from the manner of
its construction to be the same as that for PG(2, 2), of order 168. L,
possesses dual automorphisms, one of which carries the planes in the
order indicated above into the points 7, 6,5, 4, 8, 2, 1 respectively.
Moreover, L, is a complemented point (atomic) lattice. It possesses no
non-trivial homomorphic images, since all prime quotients are projective.

When the above procedure of construction of L, from PG(2, 2) was
applied to PG(2, 3), PG(2, 2%, PG(3, 2) and other PG(k, p*), the lattices
obtained were all found to violate (6). Some of them violated also the
JD chain condition.

The structure of L, suggested a method of obtaining additional ex-
amples of non-modular NM lattices as follows. Let L, consist of z; n
points p,, p,, -+, », Where n:1+<t2>;<g> lines consisting of all pairs of
points: ©, Py, =+, Doy Py 1 Planes of which the first is the set of ¢
points Dy Py Di, =t Dy, where i,.:1+<£), (r=1,2,---,%¢) and the re-
maining planes are obtained from the first by repeated applications of
the cyclic permutation (123 --- n) to the subsecripts; and u=p, p, *- - D,.
This procedure yields for ¢=1, 2,3 the Boolean algebras B', B* B‘ re-
spectively. For t=4, the lattice L, described above is obtained. For
t=5 a second example, L;, of a non-modular NM lattice of length 4 is
obtained. For t=6 one fails to obtain a lattice. It can readily be shown
by consideration of certain congruences that for ¢=6 there always exist
at least two pairs of planes, as described in the construction, which
intersect in three or more points and other pairs of planes that inter-
sect in less than two points. When two planes have three points p,

g, r in common, the lines pq, pr, and ¢r have each of the planes as
upper bound, but fail to have a least upper bound.

4. Extensions, In this section, methods of construction of other
NM lattices from given ones are presented.

THEOREM 6. The direct product of NM lattices is also an NM lattice.

Proof. Let L=L,xL,x --- xL, where the components are NM
lattices. Represent each ae L in the usual way as the n-tuple (a,, ---,
a,) with ¢ e L, (i=1, ---,n), so that aUb and aNbd are obtained by
taking joins and meets respectively component-wise. Let C(a) and D(a)
be the functions of Definition 2. Define H(a) as the set of elements
covering aeL and K(a) as the set of elements covered by a. Let
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C(a;), D(a,), H(e;), K(a;) be the corresponding sets with respect to a,e L.
Now a>b in L if and only if a,>b, for some j and a,=b, for i=j. It
follows readily that

M NIC@I=E NIC(@)]+ 3, NIH(@)]- NIK(@)]

(2)  N[D(@)]= li NID(@)]+ 2, N[K(a)]- N[ H(a)]

The last summations of the two equations are equal. By hypothesis
(0): N[C(a)]=N[D(«;))] for =1, --., n. Hence (0) is valid in L.

NoOTATION. L=a/b indicates a lattice with unit element a and zero
element b. The set sum and product of lattices L, and L,, considered
only as sets of elements, will be denoted by L,+L, and L,-L, re-
spectively.

LeMmA 1. If Li=a,/z possesses a dual ideal a,/b, isomorphic to an
ideal a,/b, of & second lattice L,=ulb,, then by identifying as x each
pawr of elements x, € a,/b, and x, € a,/b, that correspond wnder the tsomor-
phism, o lattice L=ulz can be constructed having L, as an ideal and L,
as a dual ideal such that L=L,+L, and ajb=L,=L,-L,.

The elements of I are taken as the identified elements x € a/b and
the remaining elements of L, and L,. Join U and meet N in L are
defined in terms of U, N;in L, and U, N, in L, according to the
cases :

rus=ru;s
rNs=rN,;s

rUs=sUr=(ruUb)U.s
rNs=sNr=rnan.s)

} r,sel;, (1=1,2)

} rel,sel,.

The verification of the lattice postulate is routine and is omitted. This
method of extension was first employed systematically by M. Hall and
R. P. Dilworth [2; Lemma 4.1].

In Lemmas 2, 3, 4 and Theorem 7 following, let L=u/z, ideal L,=
ajz, dual ideal L,=wu[b, and quotient sublattice L,=a[b be related as in
Lemma 1: L=L+L, and L,=L,-L,., We note that L—L,, L,, L—L, is
a partitioning of L into disjoint subsets.

LEMMA 2. If s>r n L, then s and r are both in L, or both in L.,.
Progf. Obviously impossible is the case s¢ L,, € L,. Assume that

s¢ L, ré& L,; thatis, bSsZa,a2r2b. Then s=sUr=sJ®Ur)DbUr, oth-
erwise s€bUrSa, a contradiction. Furthermore b r D, otherwise b&r,
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a contradiction. Thus the covering s> is violated and the only pos-
sible cases are as stated.

LEMMA 3. If Dy(x), C(z) are the functions of Definition 2 relative
to L, (t=0,1, 2), then

(3) Dy(a)=D\(2) Dy(x)
(3) Cx)=C\()- Cy(x)
(4) D(x)=D(x)+Dy()
(4) C@)=Cy(x)+Cyx)

Proof. (3) holds since re Dy(x): r>rNa<a with =, rNz,  all in
L,=L,-L, if and only if »r>rNae<x with »,rNz,« all in both L, and
L,; that is, r e D,(z), D,(x), D(x)-Dy(z). Next, re D,(x): r>rNz<z with
r,rNa,z all in L, implies 7 e D(z): »>rNaz<a with »,rNz,z all in L.
Thus Dy(x)SD(x). Similarly Dy(x)S D(x) so that D,(x)+ D, (x)=SD(xz). For
demonstration of the less trivial reverse inclusion let »e D(x): r>rNx
<z in L. If rNa¢ L, both » and « are in L,, along with N, by
Lemma 2. For this case re D,(x). If rNze L, then certainly also are
both = and x. Whence re D,(x). We thus obtain D(z)= Dy(x)+Dy(x)
and therefore (4). Dually (3') and (4’) are valid.

LEMMA 4. The following statements of orders are valid :

(5)  NID@)]+N[Dy(x)]=N[D(2)]+N[D,()]
(5)  NIC@)]+N[Cyx)]=N[Ci(2)]+N[Cya)]

This follows immediately from Lemma 3.

THEOREM 7. If any three of L, L., L,, L,, related as in Lemmas
1-4, are near-modular, then all are near-modular.

Proof. Equality of three pairs of corresponding members of (5)
and (5') implies equality of the remaining pair.

REMARKS. It is no doubt possible to construct non-modular NM
lattices in other ways; for example, by piecing together several NM
lattices to become the ideals of L and several others to become the
dual ideals of L. Such a construction would require perhaps a more
precise knowledge of the basic structure of a NM Ilattice.

A sublattice, and even a quotient sublattice, of a NM lattice is not
necessarily near-modular. It is an open question whether or not the
homomorphic image of a NM lattice is near-modular.
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A MEAN VALUE THEOREM FOR QUADRATIC FIELDS
RAYMOND G. AYOUB

1. Introduction. Let K be an algebraic extension of the rationals
of degree k, F(n) denote the number of ideals whose norm is the
rational integer n, H(x)=>.F(n). Let {(s, K) denote the Dedekind zeta

n=x

function for the field K, that is,

=5 1 _Fm)
e K= N 2 e

and « the residue of ¢(s, K) at its simple pole at s=1.
It has long been known [8] that

H(x)=ax+ 44(x)
where
A (x) = O(x'~V%)
and Landau [3] proved that
(@) = O(z' =¥ **D)

The precise nature of the error term 4,(x) seems rather intractable
and seems to be intimately related to the behavior of the function
¢(s, K) in the critical strip. Of considerable interest is the particular
case when K is the Gaussian field E(2), for in that case 4.(z) is the
error term in the classical problem of the number of lattice points ina
circle.

Using some results of class field theory, Suetuna [4] has obtained
an improvement of Landau’s result in the case when the field is normal
and has abelian Galois group and % = 4. For, when the field is abelian;
the theorems of Weber-Takagi tell us that ¢(s, K) is the product of &
Dirichlet L-functions belonging to primitive characters. Applying his
approximate functional equation for the Dirichlet L-functions, and using
refined estimates for these in the critical strip, Suetuna then obtains
the desired result.

In the light of more recent techniques for dealing with the Riemann
zeta function, further improvements are possible. The devices for
handing the zeta function are used for the L-functions and the class

Received; February 12, 1957.
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field theorems again applied. We omit details.

It is our object here to study the problem of a mean value for
Ax). We are able to obtain a precise result but only for quadratic
flelds. Some known results follow as corollaries when the quadratic
field is specified : for example when the field is R(3).

We use as our tools a result of Suetuna [4] and a technique devised
by Titechmarsh [5], [6] for the corresponding results for the closely
allied problem of 3 d.(n) where d.(n) is the number of solutions of

nsx

n=nm,-+n,. We follow closely Titchmarsh’s method.

2. Notations and statement of Main theorem. Let k=2, 4,(x)=4(x),
s=o+it. Following Hardy [6], we define the mean value of A(x) as
the least number  such that

_I_Szdz(t)dt:O(x””)
2 Jo

It is our object to prove the following.

MAIN THEOREM. ﬂ:% .

We first relate f to the convergence of an integral.

THEOREM 2.1 Let v be the lower bound of positive numbers o for
which

(1) I:S‘” (e +it, K)F 5,
—c0 lo 2t
converges. Then =7 and if >, then

(2) 27rrdz(m)x"2"‘1dwzl

Proof. Using the classical formula for the sum of the coefficients
of a Dirichlet series, we have,

C+ioo
Ha)= L[ By >1)
2wy Je-to g

c+iT

= —rlflimg C—(gl-@wsds
27y TowJe-ir 8

We move the line of integration to o=48, where 0<d8<1. Using
Cauchy’s theorem and taking account of the residue at s=1, we get,
if ¢ is chosen appropriately close to 1,
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A(x)Z?l.—lim S“”Q(Sa K) s

Ty T>ee JS§—IiT 8

The bound on ¢ follows from the implied ecalculation but we do not
need it since we now prove the validity of (8) for the range y<o<1.
To do this, we note that by some general theorems of analysis [2],

and taking account of (1), s, K) tends uniformly to 0 as t— 4 . With
S

this established, we integrate around the rectangle defined by & —:T,
o0—1iT, 0+iT, &' +¢T with y<d0’<6<1, let T—, and deduce the desired
result.

With Titchmarsh, we now use the theory of Mellin transforms.
The Parseval theorem for the Mellin integral gives [7],

B AR (e

= rdz(w)x‘%‘ldx
0
as long as y<<d<1. This implies that 3<7r: by (4)

[[#@a-de<c@)=c,

)

that is,

Sxdz(w)dm < Cy®+t

2

Replacing = by z/2, z/4, x/8,--- and adding, we deduce
Sxdz(x)dx<03x“'5“
1

whence #<¢, that is, #<o.

To prove the reverse inequality, we have by Plancherel’s form of
the inverse Mellin transform [7],

(5) S
S 0

where the right hand integral exists in the mean square sense for y <o<1.
Actually the right hand side is uniformly convergent for the range
B'<o<f’" where < <fF"<1. For, using the Schwartz inequality,
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[a@le-do=({"s@)s ) ([ o) "= 0@y (o) = 0fap-o+)
2 210 216

putting =2, 4, 8, --- and adding, we get
Sjld(x)lw“"ldx< =
By a similar argument,
S:AZ(x)x‘”‘l
converges for f<d<1. Now
S:A(x)x‘s'ldx

is an analytic function for f<s<1, and hence

- Yeo—it, KO 5,
271&*@ l(?-l—?;tlz d<

for f<06<1, whence y<¢ thatis, y<p and the theorem is proved.

So far we have not made use of the condition £=2. Indeed
Titchmarsh’s method applies in quite a general setting. We require the
condition however in the proof of the main theorem.

LemMA (Suetuna). If 0'>;—, then
.1 2 F” (%)
lim ZTE (¢G5, Kypdt=3,"")

Proof of the Main Theorem. We first prove that ﬁ> =-. By the

p[:.

above lemma, we have for ~%<o‘<1,

S:lC(s, K)<CT

1

Therefore for 0<o< 5 T>1 and using Hecke’s functional equation for

¢(s, K), (see for example. Landau [3]), we get

" KGokit, KOF g (7 Il tit, )P i 2
S‘“ lo+at]? dt>ST lo 4 t[z de> S IC( +1t, K)l dt
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>CzT‘“’SZIC(1—o—it, K)Pdt>C,T -

The right hand side tends to infinity if o< i, whence A= i

Again by the above lemma, for ; <o<1

SIT[C(oquit, K)dt=0(T)

Using the functional equation, we get for 0<o< ;

SITIC(U—H't, K)]”dt:O(T—’“")S:VIC(l—<r-—it, Kt

:O(TS—M')
Hence
ST,‘Q(F‘,ﬂ%{{)JZdt:O(T—n) 7>0
r lo+it)?

provided that o> i 4-¢. It then follows by a simple argument that

dt—0

S”K(Lﬂé_@ﬁ
7 |o+et]

for a>i~+e, and therefore that y< i that is, that < i
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SUBALGEBRAS OF FUNCTIONS ON A
RIEMANN SURFACE

ERRETT BISHOP

1. Introduction and preliminaries. A set of problems, which has
attracted much attention in recent years, treats the question of what
funetions can be approximated in some given topology by a given
function algebra on a given set of points. The classical Weierstrass
approximation theorem, and its generalization, the Stone-Weierstrass
approximation theorem, are well-known results of this type which have
proved very useful in analysis. Very important work has more recently
been done by Lavrentiev, Keldys, and Mergelyan, and their results
generalize the classical theorem of Runge (see Saks and Zygmund [4]
for Runge’s theorem).

The theorem of Mergelyan states that every continuous function on
a compact set C of the complex plane, which is analytic at interior
points, can be uniformly approximated on C by polynomials, if C does
not separate the plane, i.e., if the complement of C is connected. We
prove a theorem which generalizes this result in two respects: the
plane is replaced by an arbitrary separable Riemann surface (without
boundary, but not necessarily connected), and the algebra of all
polynomials is replaced by what we call a total subalgebra of the
algebra R of all functions which are everywhere analytic on the Riemann
surface. The subalgebra R’ is called total if it contains the constant
funections and if the set {p|lpe C and there exists g+#p in C, with f(p)
=f(q) for all fin R’} U{plpeC and no function in R is one-to-one in
any neighborhood of p}, called the singular set of C relative to R/, is
finite for all compact sets C. (It can be shown that when R is not
total, but contains the constant functions, one can identify points on
the surface to obtain a new surface on which R’ is total.)

Our methods are highly measure-theoretic, and we make constant
use of the fact that any bounded linear funectional 4 on the space 2(C)
of all continuous complex-valued functions on a compact set C of our
surface can be represented as a Borel measure # on C. This means

that S fdp=A(f) for all £ in &C). We shall somewhat loosely identify
A and g, so that by the value of # on f we shall mean S fdp, and by

saying that g is orthogonal to f we shall mean S Fdp=0. For a compact

Received October 25, 1957. The author wishes to express his thanks to the Office of
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set C, @®(C) will denote the set of all continuous functions on C which
are analytic at interior points. We are actually interested in bounded
linear functionals 4 on @(C), but by means of the Hahn-Banach theorem
every such 4 can be extended to 2(C), and therefore can be represented
by a measure ¢ on C. If R’ is a subalgebra of R, then R'(C) will
denote the set of all continuous functions on C which are uniform limits
on C of functions in R'. Obviously R'(C)c@(C), and the problem,
roughly speaking, is to determine by how much R'(C) differs from &(C).
We do this via an investigation of those measures gz on C which are
orthogonal to R'(C), that is, we see how much these measures miss
being orthogonal to @(C).

We proceed to some definitions, which are necessary to the statement
of the theorem to be proved. If C is a compact set, and if R is a
subalgebra of R, then .99(C, R') will denote the set {p| for each f in
R, there exists ¢ in C with |fA(¢)|=|f(p)|}. The condition (C, R)=C
is the natural extension of Mergelyan’s condition-that C not separate
the plane-to the more general situation considered here. The bounded
linear functional 4 on @(C) will be called an R'-local differential
operator on @(C), of order not exceeding N, if (1) 4 is orthogonal to
R'(C), and (2) there exists a finite subset S of the singular set of C
with respect to R’, such that f(p)=f(¢q) for all f in R’ and all p and ¢
in S, and such that 4(g)=0 whenever g is a function in @(C) which
vanishes at all points of S and vanishes to order at least N at all points
of S which are interior to C. The bounded linear functional 4 on @(C)
will be called a R’-homogeneous differential operator on @(C), of order
not exceeding N, if it is a finite sum of R’-local differential operators
on @(C), of orders not exceeding N. The result to be proved reads :
If R is a total subalgebra of R, if C is a compact set with &(C, R')
=C, and if 4 is a bounded linear functional on @(C) which is orthogonal
to R'(C), then 4 is a R-homogeneous differential operator on @(C), of
order not exceeding N, where N depends only on KB’ and C. Since it
will be easy to show that the only R-homogeneous differential operator
on @(C) is 0, this will have the corollary that R(C)=¢(C) whenever
F(C, R)=C. In general, we shall only be able to conclude that the
vector space R'(C) (over the complex field) is of finite codimension in
the vector space @(C). It will be possible to describe R'(C) exactly in
case C has no interior points.

Of the six preparatory lemmas to be proved, Lemmas 4 and 6 are
of some interest in themselves. Lemma 6, in particular, seems to be a
very useful tool in the theory of approximation by polynomials, and the
author will give other applications of this lemma elsewhere.

We develop more notation for later use. If C is compact, and if
the function f in R generates the subalgebra R’, then S4(C, f) will
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mean .&“(C, R’), so that p will be in the complement &(C, f) of
F(C, f) if and only if f(p) is in the unbounded component of the
complement of f(C). If C, has compact closure and if C, is compact,
we say that f in R is schlicht on C; relative to C, if there exists a
neighborhood U of the closure of C, such that no point in U is identified
with any other point of UUC, by f. If C, is void, we simply say that
f is schlicht on C,, and if also C, is a point {¢}, we say that f is
schlicht at ¢ (or that f is one-to-one in some neighborhood of ¢). Since
a separable Riemann surface is metrizable, we assume the existence of
a metric p on the surface. If S, and S, are compact and S,DS,, we
define

o(S,, S:)=sup{inf{p(p, ¢)lge S.}|lpe S} .

An arc is a homeomorphic image of [0, 1], and an open arc is an arc
minus its endpoints. A closed disc is a homeomorphic image of {z||z| <1},
and a disc is a closed disc minus its boundary.

2. Preparatory lemmas.

LEMMA 1. Let F be a compact set of the complex plane with
connected complement, and let 0 be in the boundary of F. Let N be a
positive integer. Then the function z can be uniformly approximated on
F' by polynomials which vanish at 0 to order at least N.

Proof. 1f there is a sequence {%,} of polynomials whose derivatives
vanish at 0 and which converge uniformly to z on F', then the sequence
{h,—h,(0)} of polynomials vanishes at 0 to order at least 2 and converges
uniformly to z on F. Now assume that 2z cannot be uniformly
approximated on F' by polynomials which vanish at 0 to order at least
2. Then 2z cannot be uniformly approximated on F by polynomials
whose derivatives vanish at 0. If we let 2(F) be the Banach space of
all continuous complex-valued functions on F, this means that z is not
in the subspace of Q(F) generated by the polynomials whose derivatives
vanish at 0. Thus there will exist a bounded linear functional 4 on
2(F) which will vanish on all polynomials whose derivatives vanish at
0, but with 4(z)=a+0. It follows that A(h)=ah’'(0) for all polynomials
h. We may assume that the bound of 4 is 1 and that ¢>0. Let U
be a simply connected open set containing F', the distance 7 of whose
boundary to 0 is less than a/16. Let ¢ be the conformal map of |¢|<1
onto U, with ¢(0)=0 and ¢'(0)>0. Since the boundary of U contains
points at a distance » from 0, it is known (see [1], page 75) that
¢'(0)<4y. If we let ¥ be the map of U onto |z|<1 which is inverse
to ¢, then ¥'(0)=[¢'(0)]*'=(47n)"t. If we define f on U to be the
analytic function f=(2—¥%)"', we have |f(2)|]<1 for z in F, so that
411, Also
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o= YO _1

_ Y _ 1 1 1
2—7O) 4

T0) = =
I(Nh1®>a

Since f is analytic on U, there will exist a sequence {g,} of polynomials
converging uniformly to f on some neighborhood of F. Therefore g,(0)
will converge to f/(0). Thus,

1<alf"(0)|=a lim,|g,(0)|=lim,|4(g,)|=|4(F) =1 .

This contradiction shows that z is the subspace 7, of Q(F) generated
by polynomials ~ which vanish at 0 to order at least 2. Thus #Z#==z-z
is in the subspace T; of Q(F) generated by polynomials z:%4 which
vanish at 0 to order at least 3. Thus all polynomials which vanish to
order at least 2 at 0 are in 7T, so that T,=7,. Thus zeT,. By a
continuation of this process, it can be shown that z is in the subspace
Ty consisting of the closure in 2(F) of all polynomials which vanish at
0 to order at least N. This completes the proof.

LEMMA 2. Let R’ be a total subalgebra of R, let C be a compact
set with £ (C, R)=C, and let S be the singular set of C relative to R’
(so that S is finite). Then there exists a closed C-neighborhood C' of S
and a positive integer N, such that any function in @(C’) which vanishes
at all points of S which are interior to C, to order at least N, and which
vanishes at all points of S, s in R'(C'), and such that C' is the union
of disjoint closed sets {C,}, each containing exactly one point p of S.

Proof. Let p and ¢ be any two distinct points of S. Let f be any
non-zero function in R’ which vanishes on S but which does not vanish
identically in a neighborhood of any point of S. Such a function can
be found because R’ is total. Let n be the exact order to which f
vanishes at p. Then it is easy to find a closed disec U containing p in
its interior, and an analytic function ¢ which is defined and one-to-one
on some neighborhood of U, which maps U onto {z|[z|<c¢} for some
¢>0, which vanishes at p, and for which [¢(r)]*=f(r) for all + in U.
Since f vanishes on S, we can also find a closed neighborhood H of S
containing U such that f(H)=f(U). Since R’ is total, we can in addition
take U and H to be so small that S will be the singular set of H
relative to R’. Let ¢, be any point in the component of the interior
of H which contains ¢, except ¢ itself, with f(g,)#0, and let p, be any
point of U with f(p)=f(¢,). Let ¢ be a primitive nth root of unity, and
let 7 be the map of U onto itself defined by ¢(zr)=C¢(r). Obviously
S@)=f(zr) for all » in U. Since S alone is the singular set of H relative
to R’, there exists g in R’ taking distinct values at the points ¢, s,
and the first -1 images, p,=7(p,), .=7(P), ***  Pu-1=7(Pn-s) of p, under
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7. Note that f(p,)=f(p) for 1=j<n—1.
Now ¢*, for 0<k=<mn, can be expanded on U as a uniformly
convergent power series in powers of ¢, which implies that ¢* can be

n—1
written on U in the form ¢*=>) fi..¢', where fi; is the sum on U of a
i=0

power series in powers of f=¢" which converges uniformly on U. The
series defining f;; will actually converge uniformly on H, because f(H)
=f(U). Thus we may extend the definition of f;; to H, where it will
be a function in R'(H) which identifies all pairs of points in H that are
identified by f. Therefore fi:(p,)=fu(py) for 0=<j=<n—1, 0<k<m, and
0<i<n-—1, and consequently

o)) = S b )]
This implies that the product of the matrices
(fm(pu))a 0=k<n—1, 0=i=<n—1,

and ([¢p(p))]), 0Zi<n—1, 0<j<n—1, is the non-singular Vandermonde
matrix ([9(p)]F), 0=k=<n—1, 0=j<n—1. Therefore, the function M in
R'(H) defined by M=det(f;), 0<k=<n—1, 0=<:<n—1, does not vanish
at p,. Now for each 7 in U the linear system

n-l
~[g(r)]’“xu+%Ofm(r)wz+1=0 , 0<k<n,

has the non-trivial solution w,=1, =1, &,=¢(), -+, x,=[d(r)]"
Thus the function 4 in R/(H) defined by

-1 f:)() b j;) n-1
—g Jio Jion

___gn fnﬂ M fn n-1

vanishes identically on U. On the other hand, we have just seen that
the coefficient (—1)"** M of ¢g® in this determinant does not vanish at

p,. We may therefore write % in the form i h.g*, where A, is a function
k=0

in R'(H) which identifies any pair of points which is identified by f,
and where %,(p,)#0. By substitution of p,, ---, p,-; into this expression
for h, we obtain

0=h(p)= 3 (@ )lg®)F= 3 hi@)o(,)T*
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since f identifies p, and p,. Thus g(m), +-*, 9(p.-1) are n distinct roots
of the nth degree equation §7L_] h(p")a*=0, so that g(g,), which is distinct
k=0

from these roots, does not satisfy the equation. Therefore

M(qn)= éﬁo P ) 9(q0) 1 :éf) (@) g(@) F#0 .

Thus % does not vanish identically in any neighborhood of ¢, or it
would vanish in the component of the interior of H containing ¢, and
therefore it would vanish at g,.

Thus we see that for distinct points p and ¢ in S there exists a
closed neighborhood H of S and a function % in R'(H) such that %
vanishes identically in a neighborhood of p but does not vanish identically
in any neighborhood of ¢. By multiplying together such functions, we
see that for all points p in S there exists a closed neighborhood K of
S, and a function f in R'(K) which does not vanish in any neighborhood
of p, but vanishes in some neighborhood of every other point of S.
With this new function f, whose multiplicity at » we call », choose
U, ¢, =, and H in the same way as they were chosen for the old
function f. In addition, we may assume that H is so small that f
vanishes on H—U. We now extend the definition of ¢ to all of H by
defining ¢ to vanish on H—U. Let p, be any point in U distinct from
p, and define p,, P, -+, Pn-: as above. Choose any function ¢ in R’
which takes distinet values at p,, », -+, P.-;. Let the functions f, be

defined as before, so that g":nifm ¢ on U, for 0<k<n—1. (We shall
i=0

not need the equation for g».) We have seen that the determinant M
defined above is in R'(H) and does not vanish identically on U. Apply-
ing Cramer’s rule to the set of equations for the g*, we can solve them
for ¢, obtaining M in the denominator and some function of R'(U) in
the numerator. It follows that the restriction of the function ¢-M
to U is in R'(U). Now M, being a polynomial in the f;;, is equal on
U to the sum of a power series in powers of f which converges
uniformly on U. Let the first non-zero term of this power series be
aoft. Then f!/M will be a uniformly convergent power series on some
neighborhood U'={¢|q¢ e U,|¢p(Q)|<¢'<c} of p in powers of f. Since f
vanishes on H—U, the series will converge uniformly on H'=U"U(H—U)
to a function f, in K'(H’) which equals f'/M on U’ and vanishes on
H'—U'. Since ¢-M is in R'(U’), it follows that the function (¢-M)-f,
=¢-fil=¢™* is in R'(H'). Since f=¢" is also in R'(H’), and since the
exponents n and nt+1 are relatively prime, the function ¢* will be in
R'(H') if ¢ is sufficiently large, say if ¢=N. Therefore, any function
in @(H') which vanishes on H'—U’ and which vanishes to order at least
N at p will be in R'(H').
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Now let p be a boundary point of C, and we shall show that the
last statement continues to hold with N=1 if H' is replaced by H'NC.
From <7(C, R)=C, it follows that none of the components of U'—C
lies interior to U’, since S“(C, R’) would contain such a component.
Therefore every component of U’'—C contains boundary points of U’.
Since ¢ is a homeomorphism on U’, it follows that the complement of
U NC)=p(H' NC)=F is connected. Since ¢(p)=0, the number 0 is in
the boundary of F, By Lemma 1, there exists a sequence {%,} of
polynomials which vanish at 0 to order at least N and which converge
uniformly to z on F. The function %, o ¢, for each n, is therefore in
R(H'), by the last statement of the preceding paragraph, and %, o ¢p—¢
uniformly on H'NC as n—co. Therefore ¢p ¢ R'(H'NC). By Mergelyan’s
theorem, any function which is continuous on ¢(H N C) and analytic at
interior points can be uniformly approximated by polynomials 4.
Therefore, any function in @(H'NC) which vanishes at p and vanishesg
on (H'NC)—U' can be uniformly approximated by functions of the form
ho¢, and so belongs to K'(H NC).

It follows from what we have just proved that there exist disjoint
closed C-neighborhoods {C,}, one for each point p in S, whose union
we denote by C’, and a positive integer N, such that any function f in
@(C’) which vanishes on S, which vanishes on C'—C, for some p, and
which vanishes to order at least N at p if p is interior to C, will be
in R(C’). Since any function in @¢(C’) which satisfies the conditions of
the lemma can be written as a sum of such functions f, the conclusion
of the lemma follows.

LeMMA 3. Let C be compact, and let R be a total subalgebra of R
with &7 (C, R)Y=C. Let A be a bounded linear functional on @(C), which
is orthogonal to K'(C) and which can be represented as a measure on an
arbitrary C-neighborhood of the singular set S of C relative to R'. Then
A is a R'-homogeneous differential operator on @(C), whose order does
not exceed am integer N depending on E and C but not on A.

Proof. Partition S into equivalence classes S, S, ---, S, by
defining p=¢ to mean ¢g(p)=g(q) for all ¢ in R’. Then there exist
functions fi, /3 +--, fu In R such that fi(p)=0 for p in S—S, and
filp)=1 for p in S. Thus, by Runge’s theorem, there exist disjoint
closed C-neighborhoods U, U,, ---, U,, of S, S,, ---, S, respectively,
such that, for 1<¢<n, there exists a sequence of functions in R’ which
converges uniformly on U=U,uU,U---UU, to a function g, which has
the value 1 on U, and the value 0 on U—U,. Since A can be realized
as a measure on U, it can be extended to be a bounded linear funectional
A" on @(U). Obviously 4" will vanish on R'(U). Therefore, if we define
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the functionals 4,, «--, 4, by 4(f)=A(fyg,), for all f in @(C), we obtain
bounded linear functionals on @(C) which vanish on R'(C) and have sum
A. For each ¢, 1<¢=<n, let V, be any closed C-neighborhood of S,
which is a subset of U,. By hypothesis, there will exist a measure g
on V=V,U --- UV, which represents 4. For each ¢, 1<i<n, let
{gu}io: be a sequence of functions in R’ converging uniformly on U to
¢;- Then for each f in @(C) we have

A=A (g)=lim A(fyg)=lim A(fa)
—tim sy du=\so. dn={,, rap={, rap.

Therefore A, is represented by the restriction of g to V;, from which
it follows that 4, can be represented as a measure on an arbitrary
C-neighborhood of S;. To finish the proof, it is only necessary to show
that 4, is a R’-local differential operator on @(C) of order not exceeding
some positive integer N depending only on R and C. Let the closed
C-neighborhood €’ of S and the positive integer N have the properties
stated in Lemma 2. If we write C,= U {C,lveS,}, then C, is a closed
C-neighborhood of S; such that any function in @(C;) which vanishes on
S,, and which vanishes at all points of S, which are interior to C, to
order at least N, is in R/(C;). Since A, can be represented as a measure
on C;,, and since 4, is orthogonal to R'(C), we see that A, will be
orthogonal to any function in @(C) which agrees on C, with a function
in R/(C;). Thus A(f)=0 whenever f is a function in ¢(C) which vanishes
on S; and which vanishes to order at least N at all points of S, which
are interior to C. Since g(p)=g(q) for all p and ¢ in S;and all ¢ in R/,
it follows from the definition that 4, is a R’-local differential operator
on @(C) of order not exceeding N, as was to be proved.

LEMMA 4. Let C be a compact set whose intersection with a disc U
18 an open analytic arc A which divides U—C into components U, and
U,. Let R be a total subalgebra of R, and let p be a Borel measure on
C which is orthogonal to R'. Let there exist functions f and ¢ in R
which are schlicht relative to C on U. Let f(A) be in the outside boundary

of f(CU Uj), where U, is the closure of U,, and let g(A4) be in the outside
boundary of g(CU U). Then © vanishes on all subsets of A.

Proof. Consider any open sub-arc B of A, which has endpoints «
and b in A with g({a})=p({b})=0. Let B, be any closed sub-arc of A
which contains the closure of B in its interior. Since the analytic arc
f(A) forms part of the outside boundary of ACUU,), we can find a
function ¢ on fACUU, which is a uniform limit of polynomials, which
maps f(CUU,—B,) into {2J(®)>0}, which maps f(B,) in one-to-one
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fashion onto a subset of the real axis, and which maps the endpoints
of f(B) onto 0 and 1. To find ¢, let J be a simple closed curve about
the set f(C U U,) which has f(B;) as part of its boundary and which has
no other points of A(CUU,) in its boundary. Let ¢, be the Riemann
map of the interior of J into the unit disc. Then by Bieberbach [1],
it follows that ¢, can be extended to be continuous on J and to map J
homeomorphically onto {z{lz|=1}. By Mergelyan [3], ¢, is the uniform
limit of polynomials. Then we can find a function ¢, which is analytic
on the unit disec and continuous on the closed unit dise, which maps the
closed unit dise in a one-to-one faghion into {2|(z)=>0}, which maps the
arc ¢,(f(B)) in one-to-one fashion onto a subset of the real axis, and
which maps ¢,(f(@)) and ¢,(f(b)) (but not necessarily in that order) onto
0 and 1. The composite function ¢p=¢,0o ¢, will have the desired
properties. Thus the function f/=¢ o f is the uniform limit on Cy U,
of functions in R/, maps (CUU,)—B, into {2|X(2)>0}, maps B, in onet
to-one fashion onto a subset of the real line, and maps B onto the uni-
interval (0, 1). The function f/ can be extended to be analytic and
schlicht in some neighborhood of the closure of B because it maps U,
into {2|3(2)>0} and maps B, in one-to-one fashion into the real line.

In the same way we can find a function ¢" on CUU, which is the
uniform limit of functions in K’, which maps C U U,— B, into {z|J(z)<0},
which maps B, in one-to-one fashion into the real axis, and which maps
B onto (0, 1). As above, ¢ can be extended to be schlicht on some
neighborhood of the closure of B, and the values of the extended
function at points of U, sufficiently near to B will lie in the set
{21%(2)>0}. Thus both f and ¢’ have positive imaginary part at points
of U, near B. Therefore f” and g  increase in the same direction along
B. We may therefore label the endpoints @ and b of B in such a way
that f(a)=¢'(a)=0 and f'(b)=g'(b)=1. It is clear that the algebra T
generated on C—{a, b} by /' and g’ is orthogonal to the measure g,
because p({a})=p({b})=0. The function

e d 01
g f—1

defined on C—{a, b}, can be extended to a continuous function %, on
C, because both numerator and denominator vanish only at o and b,
about which points they can be extended to be analytic with simple
zeros. For «>0 consider the function

J g1

J—ai f—1+tai

defined on C. Its absolute value will be less than the absolute value
of A;. Therefore, as a—0, it converges boundedly to %2, on C—{a, b}.
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Now 1/(¢'—ai) and 1/(f—1+«i) are uniform limits on C of polynomial
funections of ¢ and f” respectively, so that A, is a bounded limit on
C—{a, b} of functions in the algebra 7. Therefore all powers of %, are
orthogonal to the measure p. Now f” has positive imaginary part on
C—B, so that f//(f'—1) has negative imaginary part on C—B,. Similarly,
(¢’ —1)/g’ has negative imginary part on C—B,. Thus it is possible to
define the arguments of f/(f'—1) and (9'—1)/g’ to be continuous on the
set C—B, and to have values in the interval (—=, 0). Since these
functions are real on B,— {a, b}, we may therefore define the arguments
on C— {a, b} to be continuous and to have values in the interval (—=,0].
Thus the argument of A4,, since A, is the product of the functions just
considered, can be defined continuously on C to have values in the
interval (—2r, 0]. Since C is compact, the values will actually lie in
the interval (e —2z, 0] for some e >0. We may therefore obtain the
function log %, on C as a uniform limit of polynomial functions of 4,
flg'=1)
g(r=1)

part will have values in (—2=, 0] and will vanish on B}. It follows
that S log %, dp=0.

so that the real part of log A, will be log and the imaginary

For each a>0, by an argument similar to the one just given, the
funection

h= o tat

e

g—1—ai

f—14+ai g —ai

will be a uniform limit on C of polynomial functions of f and ¢/, and
will have an argument function with values in the interval (—2z, 0).
Thus log %, can be defined to be a funection on C which is a uniform
limit of polynomial functions of f/ and g¢’, and whose imaginary part

has values in the interval (—2rz, 0). Therefore, S log h, dp=0. The

real part of log %, converges uniformly on C—B; to log |A|, as a—0,
because ¢ and f'—1 are bounded away from 0 on C—B,. Also the
real part of log &, converges boundedly on B,—{a, b} to the same
function, since the reality of f and ¢ on B, implies that the absolute
f ,—i:qz: and gfflfﬁ%, are nearer to 1 on B,

values of the functions Yy T
g —ai S —=14+ai

f/

4

J

S =1
of log A, converges boundedly on C—{a, b} to log |h|=R(og A~,). The
imaginary part of log %,, on the other hand, must converge boundedly
on C—B, to J(log A, because h, converges to s, on C—B; and both

J(og %,) and J(log %,) have values in the interval (—2rz, 0) on C—B,.

than are and respectively. It follows that the real part
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On the sub-arc B of B, /" and ¢’ are positive whereas f'—1 and ¢'—1
are negative, so that the argument of %, will be a small positive number,
on B, modulo 2=, if « is small, which means the argument of %, will
be near —2r on B. Thus, as a—0, we see that J(log k,) converges to
—27 on B. Similarly, we see that J(log h,) converges to 0 on B,—B
—{a, b}. Thus log h, converges boundedly as a—0 to a function A, on
C—{a, b}, for which log 4 ,—h, has the value 27i on B and the value 0

on C—B—{a, b}. Since S log &, dr=0, we must have Slzl dp=0.

Therefore Ozg (log h,—h,)dp=2mip(B). Since this is true whenever p

vanishes at the endpoints of B, it follows that g vanishes on all subsets
of A, as was to be proved.

LEMMA 5. Let R be a total subalgebra of R. Let S be a compact
set and C a compact subset of S. Let q, be a non-isolated point of S—C.
Let g, be a function in R which assumes its maximum modulus for S
at the point q, and at no points of C. Let g, be non-constant on every
component of the Riemann surface which contains points of S. Then
there exists a function g in R which assumes its maximum modulus for
S at a unique point q, lying in S—C, and there exists a neighborhood
W of q on which g is schlicht relative to S.

Proof. Let
I''={plpe S, ¢, is not schlicht at p} .

Since, by the hypothesis, the points of S at which g, is not schlicht
must be isolated, it follows that /', is finite. Therefore the set I,
defined to be the union of /", and the singular set of S relative to R/,
is finite. Thus ¢«(S) is a compact subset of the complex plane, g,(C) is
a compact subset of ¢,(S), and g¢q,) is a point of maximum modulus of
9(S) which is a non-isolated point of g,(S)—g(C). Thus g,(q,) is in the
outside boundary of ¢,S), and since g¢,g,) is a mnon-isolated point of
,(S), there must exist points z, distinet from g¢,g,) but arbitrarily near
to ¢o(¢,) which lie in the outside boundary of ¢(S). By taking z,
sufficiently close to ¢,(q,), we may assume that z, is not in ¢,(C), nor in
the finite set g(/’). We may therefore find a point w in the unbounded
component of the complement of g,(S) whose distance to z, is less than
its distance to g(C)Ug,(I). The minimum distance of w to g,(S) is
therefore attained at no point of ¢(C)Ug{l"). The function (z—w)* of
2 therefore attains its maximum modulus for ¢(S) at no point of
I(CYUg(L"). Since w is in the unbounded component of the complement
of g,S), it follows that (z—w)~' can be uniformly approximated on some
neighborhood N of g¢(S) by polynomials 4. If the approximation ig
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sufficiently good, A will be schlicht on g,(S) because (z—w)~! is schlicht
on N, and 2 will attain its maximum modulus for ¢,(S) at a point 2, in
9o(S)—9(C)—gy(I"). Therefore the function g,=h o g, is in R’ and attains
its maximum modulus for S at a point ¢, (any point of S with g,(¢,)=2)
of S—C—1I'. Since ¢, is not in I", g, is schlicht at ¢. Since % is
schlicht on ¢(S), the function g, will therefore be schlicht at ¢,.

Let the finite set S’ consist of all those points » in S, except ¢,
for which ¢(p)=9.(¢;). By replacing g, by g.+g¢.(q), if necessary, we
may assume that g, attains its maximum modulus for S only at ¢, and
at points of S’. Since ¢, is not in I", we can find a function g, in R’
with ¢.(¢)=0, 9.(p)=—9(q)) for all p in §. Let e be a positive
number, and consider the function g=g,+ e g, of R’. Since g, is schlicht
at ¢,, there will exist a neighborhood U of ¢, such that g will be
schlicht on U for all e sufficiently small. Also there will exist a
neighborhood V of the set S’ such that |g,(p)+g.(p)<lg:«(q)l for all p in
V, because we have g¢,(p)+g:(p)=9.p)+9.(q,)=0 for all p in §'. Thus
for all p in VNS we have

lo(p) =19.(P)+ € g.(P)| =11 — €)gu(D)+ € () + (PN <L — €)lgu(D)]
+ elg@) =gl = sup {lg(r)llr e S} .

Thus ¢ does not attain its maximum modulus for S on the set V. If
¢ is sufficiently small, on the other hand, g can attain its maximum
modulus for S only near S’ or near ¢,, since g, attains its maximum
modulus only at S and at ¢,. Therefore g can attain its maximum
modulus for S only at points of U, if e is sufficiently small. The
point ¢ of U where this happens may not be unique, but if we take
such a point ¢ and replace ¢ by g¢g+9(q), then ¢ will be the unique
point where g attains its maximum modulus for S, because g is schlicht
on U. Since g assumes its maximum modulus at the unique point ¢ in
S and is schlicht on U, there will exist a disc W in U containing ¢ on
which ¢ is schlicht relative to S. This completes the proof of the
lemma.

LEMMA 6. If F is a compact subset of the complex plane, and v 1is
a measure on F' which is orthogonal to all polynomials, then for almost
all real numbers w», there exists a measure P on the set L= {z|R(z)=a,
and z is not in the unbounded component of the complement of F'}, such
that

S h du:—g h du:Sh dp
Fl F2

for all polynomials h, where
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F=FN{zR@)=x) and F,=FN R <z} .

Proof. There will exist a measure ¢# on F' which assumes non-negative
values and which dominates the complex-valued measure v in the sense
that |v(s)|<p(s) for all Borel sets S. ILet ¢ be the non-negative,
non-decreaging function of the real variable a, defined by ()
=p({e+iylz=<z}). Then ¢'(x,) will exist for almost all z,, Assume

2, is such that ¢'(x,) exists. Then the equation S h du:—g h dv is a
Fy

y
consequence of the equation S h dv=0 and the fact that », because
F
¢'(w,) exists, vanishes on all subsets of F\NF,. By Runge’s
theorem, we will then haveS g d»::—g g dv, whenever g is any
y Fy

function analytic on some neighborhood of the set consisting of the
union of F' and the bounded components of the complement of F.
Choose e with 0< e <1. Write T= {z=x,+1%y| the distance from z to L
does not exceed e}, and V={y|z,+iyeT}. Let ~ be any polynomial,
and write ||A||=sup {|k(z)/lze T}. For R(z)>x, define

@)= | moe-aa,

)

where the direction of integration along T is upward. For R(z)<x,, let

@)= | MOE—2de .

)

Then it is well known and easy to see that both %, and A, have
continuous boundary values at points z, of T which are interior points
of T, relative to the line {2|R(z)=w,}, and that the difference of those
boundary values, %.(2))—hy(2), is h(2). Therefore, if we define #A,(2)
=h(z)+hy(z) for R(@)<wz, and h,(2)=h.(2)—nh(z) for R(z)>x, then by
extending to the interior of T by continuity, we obtain analytic
functions A, and %, on some neighborhood of the set consisting of the
union of F' and the bounded components of the complement of F, such
that A=h,—h,.
Thus we have

[, Hoae=], hene | o
= [, )+ neae .

We consider the first term of this sum, and obtain
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I,

T

@)= | roe-ara ae

-

F Sve V]:(xo—w)2 +—y)1" ; dv dp(z)

F Ste V—y[(x"_x)g"f’tz]_ ilidt dp(z)

[ 1oy +e1-iat duo

1

|” [@—or+e1-tat dpeo)

e ey, e ey
5 x4 N >

0

where M is some constant not depending on € and where
K=sup{x|R(z)=x, z€ F\} .

Since ¢'(w,) exists, the difference quotient [¢p(x)—p(we)](x—x)~t will be
bounded, so that there will exist a constant 7 such that ¢(x)—¢(a,)
<p(x—x,) for all z>x,. Thus the function ¢ defined for all x>z, by
dx)=n(x—x) —[P(x)—P(x,)] is positive. Also

M
fo=\" [e—ay+er-ia
-M
is a positive decreasing function of = for x>z, and

P(@)f(@) <y(x—x)f(x)—0 as z—u, .

It follows by integration by parts that

SKf(w)dsb(:v)%O, or

SZf(x) d¢(w)§7782f($)dx .

Therefore

[ ot

SKS”_I (&o—af -+ S dt dos .

o

Now the last integral is finite, as may be seen by transforming to polar
coordinates. Now since a similar estimate can be obtained for

|, m@a)

we see that there exists a constant @, not depending on €, such that

H h(z)du(z)‘gQHk
1

€, we see that

iE for all polynomials #. Since @ does not depend on

1
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‘{SF/z(z) du(z)ng sup {|h(2)llze L} ,

for all polynomials %. Since the linear functional h—»S h(z) d(z) can be

1
extended, by the Hahn-Banach theorem, to a linear functional of bound
Q on @(L), we see that the measure S exists, as was required to prove.

LEMMA 7. Let C be compact, and p a measure on C orthogonal to
the total subalgebra R'. Let “(C, R')=C. Let f be a function in R'.
Let a and ¢ be real numbers, a<ec, and let D be a closed disc containing
the sets CN {qIR(f(@))=a} and & (C, /)N {q|N(f(@))=a} N D in its interior,
such that f is schlicht on D relative to C, and such that DN {q|R(f(q))=b}
18 non-void whenever a<<b<c. Then, for every b with a<b<e, there

exists a measure ¢ on CN {qNR(fq))=b} such that Sgdyzggd/u’ for all g
in O(C).

Proof. Define a measure v on F'=f(C) by »(S)=p(f"'(S)). Then if
b is any polynomial, we have Skdyzgkofdpzo, since hofe R'. Now let

xz, be chosen as in Lemma 6, where we may impose the additional
requirement that a<z,<b. It follows that the sets

E=.(C, NN {adR(fl@)=x}ND

and C,=Cn {g|R(f(@))=x,} are contained in the interior of D. Write
C,=CnN {g|N(Aq))=w}, so that f(C))=F, and f(C,)=F,, in the notation

of Lemma 6. By the definition of », we see thatS hofd;zzg hdy for
¢ F

all polynomials ~. Consider the complex number z, ;101; in f(E) with

R(z)=wx, There are two cases to consider, depending on whether z, is

in f(D) or not. In case z,ef(D), then z,=f(q,) for ¢, in
D—-E)N {gR(f(@) =z} <. (C, [),

by definition of E. Therefore, z, is in the unbounded component of the
complement of F'=f(C). In case z, is not in f(D), then z, can be joined
to a point 2z, in the boundary of f(D) by a closed interval I whose
interior lies in {2R(z)=x} —f(D), because {z|N(z)=wx,} NF(D) is non-void
by the hypotheses of the theorem. Now FN {z|R(z)==x,} is contained in
the interior of f(D), because CnN {q|R(f(¢))=w=,} is contained in the
interior of D. It follows that the interval I lies in the complement of
F. Since we have already seen that a point 2, with R(z,)==z, and
2, € f(D)—f(E) must lie in the unbounded component of the complement
of F, it follows that z, lies in the unbounded component of the complement
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of F. Thus, from a consideration of the two possible cases, we see
that the set {2|{N(z)=w,} —f(£) is a subset of the unbounded component
of the complement of F. It follows that LCf(F), where the set L is
defined in Lemma 6. Thus, since f is schlicht on D, we may define
the measure a on E by «a(S)=p(f(S)), where / is the measure on L

defined in Lemma 6, and obtain Shdﬁ:Shofda for all polynomials #2.
Thus

SO hofdp= SFlhdu - Shdﬂ - Sh fie

for all polynomials ~. Since both E and C, are subsets of D, and since
any analytic function on D can be uniformly approximated on D by
polynomial functions of f (because f is schlicht on D), we therefore see

that S gd,uzggda for all g in R. Since v vanishes on all subsets of
C
F.NF, then # will vanish on all subsets of C,NC,, so that

S gdp= —S gdp
o, Cy

for all ¢ in R'. We therefore see thatg gd/x:—ggda for all g in K.
Oy

Thus if H is the carrier of the measure a and if g is in R/, we see

that S gd(z—a)=0, and S gd(z+a)=0.
C UH 2UIT
We now show that «, which we know is a measure on F, is actually a

measure on £ NC, that is, that the carrier H of « is a subset of C. Assume
first that H—C contains an isolated point . Then # is isolated point
of HUC,, and since f is schlicht on the subset HUC,; of D, the point
J(r) is an isolated point of fAIHUC,). Also R(f(r))=a,<R(2) for all 2z in
AHUC,). Tt follows that the function 4 on f(HUC,) which has value
1 at f(r) and vanishes elsewhere is a uniform limit of polynomials.
Thus fof is in R(HUC,). By the equation derived at the end of the
last paragraph, it follows that a({fr}):—S(w Hﬁofd(/z—a):o. This
7 U

contradicts the fact that » is an isolated point c1>f the carrier H of «,
and hence H—C has no isolated points. There exists a function g, in
R’ which assumes its maximum modulus for HUC at no point of C, if
H—C is non-void, because &(C, R)=C. Since HU C is compact, there
are only a finite number of components of the Riemann surface which
intersect HUC.

Since R’ is total, we can find g, in R’ which is non-constant on each
component of the surface which intersects HUC. Therefore, if e is
sufficiently small, the function ¢,=g¢,+ € ¢, in R’ will be non-constant on
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each component of the surface which intersects HU C, and will assume
its maximum modulus for HUC at no point of C. Therefore, by
Lemma 5, there exists ¢ in R assuming its maximum modulus for
HUC at a unique point ¢ of H—C which has a neighborhood on which
¢ is schlicht relative to HUC. Since ge E—C, we can find an arc B
of {r|R(f(r))==,} ND which contains ¢ in its interior, which is disjoint
from C, and which lies in some disce NCD—C on which g is schlicht
relative to HUC. We may choose N and B so that NN {r|R(f(r)) >z}
and NN {r|R(f(r))<w,} are connected. Write S=HUCUB. Then we
can find a point ¢, in N such that

l9(q0)] > max {|g(r)||r € B} =max {lg(r)||r € S} .
By moving ¢, slightly, we may actually assume that
@e N—{r|h()=uz,} .

Let U be a disc contained in N and containing ¢, and ¢ such that
UNS is an open sub-arc A of B dividing U—A4 into components

U=Un{rR() >} and U,=UN {rRAr) <z} ,

with UNS=A, where U is the closure of U. Since f is schlicht on D
relative to C, and since UcD and ScDyC, then f is schlicht on U
relative to S.

Let ¢, be any point of SUU, at which g assumes its maximum
modulus.  Since |g(q))|=|9(q,)|> max {|g(r)}re S}, we have ¢ e U-S.
Thus either ¢,e U, or ¢, e U,, but ¢, is not in U N0U,cAcS. Assume
g€ U,. Then g(q,) is in the boundary of the unbounded component of
the complement of ¢(SUU), since it is a point of maximum modulus
of g(SUU). Since 9(¢,) is not in g(SUU,), it is therefore in the
unbounded component of the complement of ¢g(SUU,). The set
o(U,—B) is connected and disjoint from ¢(SUU,), because U,—B
1s disjoint from SUU, and ¢ is schlicht on U relative to S. Since
9(q) € g(U,—B), it follows that g(U,—B) is in the unbounded component
of the complement of g(SUU,). Since g(4)=g¢g(BNU) is in the boundary
of g(U,—B), it follows that g(A) is in the outside boundary of g(SUU,),
in this case. In case ¢, e U,, it similarly follows that g(4) is in the
outside boundary of g(SUU,).

First consider the case in which g(A) is in the outside boundary of
g(SUU,)). Then g(4) is in the outside boundary of g(HUC,UBU U).
Since the real part of f equals 2, on A and is less than or equal to z,
on HUC,UU,, the open arc f(A) is in the outside boundary of
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AHUC,UBUU,) .

Since SH Bh d(r+a)=0 for all 2 in R, we can apply Lemma 4, to the
uc,u

compact set HUC,UB, to the measure y;+«, to the dise U, and to the
functions f and ¢ in R’, to conclude that the measure g+«, and
therefore « itself, vanishes on all subsets of U. Next consider the

case in which g(A) is in the outside boundary of g(SUU,). Then g(A4) is
in the outside boundary of g(HUC,UBUU,). Since the real part of f
equals x, on A and is greater than or equal to 2, on HUC,UBUU,, in
this case f(4) is in the outside boundary of fIHUC,UBUU,). Since

hd(p—a)=0 for all 2 in R, we see by Lemma 4 again that the

HUC;UB
measure p—«, and therefore «, vanishes on all subsets of U. Thus,

in either case, we see that a vanishes on all subsets of U. This
contradicts the fact that the point ¢ in U is in the carrier H of «. This
contradiction shows that H—C is void, so that « is a measure on
ENnC.

Now < (C, R)c.<(C, R)=C. Moreover, if ge C—C, then
ge &’'(C;, R') because R(f(q))<x,<NR(f(¢)) for all ¢ in C,. Hence
& (C, R)=C,. If D—C, were not connected, there would exist a
component of D— C, containing only interior points of D (because C, is
a subset of the interior of D), so that .&(C,, R’) would contain all
points of this component, contradicting the fact that &(C,R')=C..
Thus D—C, is connected. Since [ is schlicht on D, it follows that
F,=f(C)) has a connected complement. By the theorem of Mergelyan,
every continuous function on F, which is analytic at interior points can
therefore be uniformly approximated by polynomials. From this it
follows that every continuous function on C, which is analytic at
interior points can be uniformly approximated by polynomial functions
of f, so that @(C)=R'(C)). Since HCENCcC, and since we have

already seen that S gd,u:S gda for all g in R’, it follows that
oA H

S gdﬂ=g gdo
(o H
for all g in @(C,). If we define the measure ¢ on

(C—C)U Hc C,c Cn {qIN(f(g)) <b}
by ¢ (S)=u(S—C)+a(S), we obtain

Sgd/z’= S gd/1+g gda=S
-0y H c

for all g in @(C), as was to be proved.

gd/l+g gdﬂ=Sgdﬂ
cy A
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3. The main theorem and its consequences.

THEOREM 1. Let R be a total subalgebra of R. Let C be a compact
set with <7(C, R)=C. Let A be a bounded linear functional on @(C)
which +s orthogonal to R'(C). Then A is a R'-homogeneous differential
operator on @(C), whose order does not exceed some positive integer N
depending only on R and C.

Proof. We know that 4 can be represented as a measure on C.
Therefore the class /', consisting of all compact subsets S of C for
which 4 can be represented as a measure on S and for which ./ (S, R’)
=S, is non-void, because CeI’. We construct a sequence {S,} of sets
from I" by taking S,=C, and choosing S,., such that S,.,cS, and

(S, S,m)g; sup {p(S,, S)ScS,, Sel’} .

Then p(S,, S,..)—0 as n—c, because otherwise the compact set C would
contain an infinite set of points whose mutual distances were larger
than some fixed positive number. Write S=NS,, and assume that
there exists a point ¢, in S not in the singular set T of C relative to
R'. Then there exists a function g, in R’ which vanishes on T but
does not vanish on ¢,. Since S is compact, there exist only a finite
number of components of the surface which intersect S. Since R’ is
total, there exists a function g, in R’ which is non-constant on every
component of the surface which intersects S. Thus, if e is sufficiently
small, ¢g,=g,+ e¢g, will be non-constant on every component of the
surface which intersects S, and the set K consisting of those points of
S where g, attains its maximum modulus will not intersect 7. If there
exists a point in K which is a non-isolated point of S, then by Lemma
5 there exists a function f in R’ which attains its maximum modulus
for S at a unique point p, and which is schlicht relative to S on some
closed disc D containing p in its interior. On the other hand, if all
points of K are isolated, then K is finite, and since K does not intersect
T, there exists a function ¢g; in R which has the value g,(p) at some
point p of K, which has the value —g,(r) at all other points 7 of K,
and which is schlicht at p. For a sufficiently small positive number e,
it follows that the funection f=g,+ € g, will attain its maximum modulus
for S at the unique point p and will be schlicht relative to S on some
closed disc D containing p in its interior. Thus, if we assume that S
is not a subset of the singular set of C relative to R, we may find f,
p, and D which have the properties described. We may assume also
that f(p)>0.
Let @, be some real number less than f(p) such that the set
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DN {gN(fg))=a}

is non-void whenever a,<a<f(p). For each real number a with a,<a
<f(p), consider the compact sets V,=.S7(S, /)N {¢/R(f¢)=a} ND and
W,=SnN {¢R(f(¢))=a}. The intersection of the V, is V,, ={p}, and
the intersection of the W, is Wy, ={p}. Thus, if a is sufficiently near
to f(p), the sets V, and W, will be contained in the interior of D.
Having chosen such a value of a, define the compact sets

and W,=8,N {¢|N(f(g))=a}, for each positive integer n. Since NS,=S,
we have NV,=V, and N W,=W,. Thus, if »n is sufficiently large, the
sets V, and W, will be contained in the interior of D. Let b be any
number with a<b<f(p), and choose a value of n for which V, and W,
are contained in the interior of D, for which f is schlicht on D relative
to S,, and for which 2o(S,, S,.;) is less than the distance d of p to
{gIR(flq)<b}. Then by Lemma 7, we see that there exists a measure
v on S,N {¢|R(f(¢))<b} =S, which represents A, because there exists
such a measure on S,. Now .%(S,, R)cC.“(S,, R)=S,. Also, if
ge S,—S,, then N(/(@)>b= sup {R¢)))¢ €S,}, so that ge .&(S,, R).
Thus (S, R)=S,, and so S,el’. Also p(S,, S))=d>20(S,, Sy.1)-
This contradicts the choice of S,.,. Therefore S is a subset of the
singular set of C relative to R’. Since NS,=S and since 4 can be
represented as a measure on S,, then 4 can be represented as a measure
on an arbitrary C-neighborhood of S. It follows from Lemma 3 that 4
is a R’-homogeneous differential operator on @(C), of order not exceed-
ing N, as was to be proved.

COROLLARY 1. If C s compact, and +f R is o total subalgebra of
R, with &7 (C, R)=C, then there ewists a positive integer N such that
R(C) contains the ideal I(C, R, N) of @(C) consisting of those fumnctions
in Q(C) which vanish on the singular set S of C relative to R and which
vanish to order at least N at those points of S which are interior to C.
The ideal I(C, R', N), and therefore R'(C) itself, has finite codimension
when considered as a wvector subspace of @(C).

Proof. Choose N as in Theorem 1. Then, by Theorem 1, it follows
that every bounded linear functional on @(C) which vanishes on R'(C)
will vanish on I(C, R’, N). It follows from the Hahn-Banach theorom
that I(C, R, N)CR'(C). The last statement of the corollary is obvious.

COROLLARY 2. If C s compact, if R is a total subalgebra of R
with (C, R)=C, and if the singular set of C relative to R’ is void,
then R (C)=g(C).
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Proof. This corollary is in immediate consequence of Corollary 1.
This corollary applies to R itself, if no component of the surface is
compact, since then it is known that R is total, and that the singular
set of R relative to C is void, for all C.

COROLLARY 3. Let C be compact and without interior points. Let
R be a total subalgebra of R with <4(C, R)=C. Let [ be a continuous
Sunction on C for which f(p)=s(q) whenever p and q are points in C
Jor which h(p)=h(q) for all h in RE'. Then fe R'(C).

Proof. Let 4 be a bounded linear functional on @(C) which is
orthogonal to R'(C). We must show that 4(f)=0, and the Hahn-Banach
theorem will do the rest. Since 4, by Theorem 1, is a R’-homogeneous
differential operator on @(C), and since C has no interior points, we see
that 4 is a finite sum 4=234,, where 4, is orthogonal to R'(C) and hasg

the form Ai(g):i & 9(py), with p; in C and with A(p,)=n(p,) for
j=1
1<j=n, and all 2 in R'. Thus flp,)=Ff(p,) for 1<j<n, Since the

funection 11isin R/, this implies ZLZOLU:O. Thus we have
j=1

A,(f)= Jz:flaijf(pij) = g @,/ (P1) :f(pn)g a;;=0 .

This completes the proof.

The hypothesis that R’ contain the constant functions, which is
made in Theorem 1 (because R’ is required to be total), is undesirable,
since, for instance, it rules out the case of an ideal . We now show
that this hypothesis is not necessary to the validity of Theorem 1. To
this end, let R’ and C satisfy the hypotheses of Theorem 1, except
that we weaken the word ‘‘total” by dropping the requirement that
R’ contain the constant functions. Let 4 be any bounded linear
functional on @(C) which is orthogonal to R'(C). Let the original
Riemann surface be enlarged by the addition of the extra disc {z||z|<1}
as a new component, and let the algebra 7" on the new surface consist
of all functions of the form c¢-f, where ¢ is a constant, and where f
is any analytic function on the new surface which vanishes at the
center z=0 of the extra disc and which agrees on the original surface
with some function in R’. Let H be the union of C and the subset

{szlgé} of the extra disc. Then 4 can be considered as a bounded

linear functional on @(H), and obviously the functional 4" on @(H)
defined by A'(9)=A(9—g(0)) will vanish on 7"(H). By Theorem 1, we
see that A’ is a 7"-homogeneous differential operator on @(H) of order
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not exceeding some constant N depending on 7" and H (and, therefore,
depending on R and C). It follows that 4 is a R’-homogeneous
differential operator on @(C) of order not exceeding N, as was to be
proved.
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