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1. Introduction. Let the harmonic function »(r, ) have the sine
series expansion

(1.1) v(r, 0) = i a,r sin vl ,

convergent for 0 < <1 and suppose that v(r, 6) is non-negative for
0 < 8 < 7. Denote the nth partial sum of (1.1) by

(1.2) SO(r, 0) = S ar” sin 8
1

and the nth Cesaro partial sum of order %, by

n

(1.3) SE(r, 0) = >, C**a,r*sin vl , k=1,2,.--

1

It was shown by Fejér [2, p. 61] and Szasz [8] that when v(r, 6) = 0
for 0 < 0 <z, 0 <r <1, then SO(r,8) is also non-negative for all n
when 0 < 0 < 7, 0 < r <1/4, and the constant 1/4 is sharp. Fejér [2]
showed that the functions S{(1,6) are also non-negative for all =,
0 < 8 < =n In addition, Szész [8] showed that there exists an RJ’, de-
pending upon 7 only, so that S(r,0) =0 for 0 <r <R, 00 <,
but not always for r > R, and that

(1.4) RO =1— 31°i n 4 log qlz°g " 4 O(ljn) .

In this paper we shall extend the results of Szasz to Cesaro partial
sums of integral order %k, k =1,2,8. For k = 3 the theorem obtained
is a sharpened form of the theorem of Fejér [2]. We prove the
following :

THEOREM 1. Let the harmonic series expansion
v(r, 0) = 3, a,r” sin vl
1

be convergent for 0 <r <1 andlet v(r,0) =0 for 0 <0< 7@ 0<r<1.
Then for k= 0,1, 2,3 there exists a positive number R depending upon
n only, so that
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(1.5) SW(r, 0)=0 for 0<r<RP, 0<6<n,

but not always for r > R, and that

(1.6) R® —1— (38— pylogn | loglogn g, +0o1) ;. _ g1 0
n n n

where

g0 =log[ {1+ FF L+ (—1m)n],

6
and where
o= {1 Sfor n even
max |sink|k| = 0.217 «-- for n odd;
TSh<3nf2
and
(1.7) RESL) =1 ’ R;Z)—l > 1 ’ n = ly 29 A
(1.8) limsup (2n — 1)(RE., — 1) < @y =1.07 ...

n—>co
where «, ts the positive root of the equation
1.9) 3—a—3ue*=0.

Moreover, R is the largest r for which $¥(r, 0) is non-negative for all
0, where ¢F(r, 0) is defined for k=0,1,2,8 by the equations (2.18),
(2.19), (2.20), and (2.21).

Since v(r, 6) in (1.1) may be regarded as the imaginary part of the
analytic function

fa)=Saz, z2=rd, r <1, a, real,
1
the property v(r, ) = 0 for 0 < § < = may be interpreted by saying
that f(z) is typically-real in the unit circle, that is Jf(z) > 0 for Jz > 0,
and Jf(z) < 0 for Jz < 0, |2] < 1. In this case
(1.10) Fl2) = S”I@dz
0 2

is schlicht and convex in the direction of the imaginary axis for |7 < 1.
For from (1.10) we have

(1.11) %&RF(M) = — eF'(2) = — Jf(2) < 0

for |2 <1, 0 <0 <.
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DEFINITION. Let % and % * denote the families of functions
(1.12) Fizy=24+b2" + +++ +b,2" + -

which are regular, real on the real axis, schlicht and convex in the
direction of the imaginary axis in |2| < 7, and in |2] < r respectively.

With the help of Theorem 1 we then obtain the following.

THEOREM 2. Let
(1.13) Fz)=2+4+b2 + «oo +be" + -+

be a member of the family #. Then for n=1,2,8, .. the nth Cesaro
partial sum of order one of (1.13) is a member of F#,5. The radius 1/2
cannot be replaced by a larger number. Also the nth Cesaro partial sum
of order k, £k =0,1, 2, 8, is a member of 547;: where

po=1—3n"logn + n'log {(3/4 — ¢)log n} , n > nye),

po=1-—2n"logn + n'log {(1 — ¢)log n} , n > nye),

vo=1—mn"1logn + n'log {1/2 — ¢) log n} , n > ny€),
=1, n even,

)
P11, »n odd,

and where ¢ > 0 1s arbitrarily small and n,c), k= 0,1, 2, are positive
integers depending only upon ¢. The radit p, are sharp to within O(1/n).

2. Preliminary formulas. Before we proceed to the proof of The-
orem 1 we shall mention several formulas which will be needed. The
following sums are easily calculated :

21) S =2z+2+ o +n"+ -0 =201 —2)",
2.2) SPR) =242+ -+ +n" = {z —(n 4+ 1)"*" + nz"*}(1 — 2)* ,
(2.3) SP2) = SF() + SEI) + +- - + SEGE) k=12,
(2.4) SP(z) = Cp**'z + 2Cp**% + « -+ 4+ nCiz",
(2.5) SP(2) = {nz — (n + 2)* + (n + 2)z"** — n2"**}(1 — 2)~°,
(2.6) S®(z) = -;!»{n(n + 1)z — 2n(n + 3)2 + (n + 2)(n + 3)7

— 2(n + 3)"* + 2n2"* (1 — 2)*,

@.7) S9() =v?’1!—-{n(n + 1) + 2)z — 3n(n + 1)(n + 4)2
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4+ 3n(n + 3)(n + 4)2 — (n + 2)(n + 3)(n + 4)2*
+ 6(n + 4)z"** —6nz"*}(1 — 2)°,

@8 SPE=— S0 Tie+n T o+ g

+ (__1)k—lk !(n Wy 1)zn+lc+1 + (_1)kk ! nzn+k+z}(1 _ z)—k-z ,

E=0,1,---,
where [l]_;(n + p) is defined to be 1 if ¢ > j.
Let

(2.9) fz) = 5;] a2, a; > 0, a, real,

be regular and typically-real in |2] < 1, which is to say that o(r, )=
Xf(re?) is non-negative for 0 <0 <z, 0 < r < 1, and f(2) is real on the
real axis. As I have shown elsewhere [3] the function f(z) may be
represented by the Stieltjes integral

(2.10) £ =\ Pla, p)da@), ol < 1,

T

where a(¢) is a non-decreasing real function of ¢ in the interval [0, 7],
and where P(z, ¢) is the typically-real, schlicht and star-like function

2.11) Pz, ¢) = o1 — 2z cos b 4+ 2)t = S Bhv
1 sln¢

For ¢ =0 we have P(z, 0) = S(z) where S(z) is defined as in (2.1).
From (2.10) we have immediately that
2.12) s@(r, 0) = 4| 3PP e, p)da(s)

T 0

where PF(ré®, ¢) is the nth Cesaro partial sum of order k of the power
series for P(z, ¢) given in (2.11),

(2.13) IPE(re, ¢) = 3 c:w-w%‘l% sin 10 .
v=1 In

By a lemma of L. Fejér [8], [9], [4], it follows that
(2.14) JPF(re®, ¢) = 0, 0==¢p=nm0=0=n,

if, and only if,
2.15)  SS©(re?) = IPE(re?, 0) = 3, vCpr sin b = 0, 0 <0 <.

=1

Thus, the behavior of the Cesaro partial sums of the Koebe function
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2(1 — 2)7* determines the extremes to which the Cesaro partial sums of
the series expansion of an arbitrary typically-real function f(z) exhibit
their properties. Therefore, in order to prove Theorem 1 for the
imaginary part of an arbitrary typically-real function f(z) we may con-
fine ourselves to proving these results merely for the Koebe function
S(z) = 2(1 — 2)~%. For this function the partial sums

(2.16) SO(z) = {2 — (n + 1)2"*! 4+ nz"**}(1 — z)~*
are known to be schlicht and star-like with respect to the origin in [1]
2] <1 —3n'logn, n>n,

and & fortior: typically-real in the same radius.

From formulas (2.2), (2.5), (2.6), (2.7), on letting z = re¢" we obtain
by simple, straightforward but long computations the following additional
formulas which we shall need.

@217 k|1 — z|*+SF(re®) = rsin 040 (r, 6), k=0,1,2,3,

where ‘
2.18) ¢0(r, 0) = 1 — 1* — (n + 1) 5i0 (”n; Dl

+ (20 + 2 + ) S o _ r"(n + 1 4 2n*) Sin (7,7’--1_'1)0
sin 0 sin 0
n+1 Sln ('n + 2)0

tnr sin 0

(2.19) ¢4, 0) = {n+ 67 — (0 + 2} — {00+ D — ) 2020

—(n + 2)7"”4—Si9 (9’& - 1)0 + {(8n + 6)rn+s + nr"”} sin 7?/0
sin 0 sin @

n (»n + 0
— n+2 3 n+4 _?1_ ( . 1)
{(3’)’& + 6)7' —I— nry } Si

+ {(n ’I" 2)7'"+1 + 3,n7.n+3} Sln (In‘ +~2)0 — nr 2 P Sln (’)’L + 3)0 ,
gin ¢ sin 0

(2.20) ¢P(r, 0) = {n(n + 1) + (2n* + 18n)*
— (2n* — 6m — 36)r* — (n* + bn + 6)r°}
— 7‘{2722 + 6n + (16')’& + 24)7.2 (2% + 6%)7“} sm 200

+ r*{n* + 5n + 6 — (»* + n)r }EI—I%O-

_ e SIN (7 — ) 9\ 45 sin 1?,0
(2n + 6)rm+s. sin 0 + (8n + 24 + 2n*)r g
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— (12n + 36 + 8nr2)rn+t sin (n 4 1)0
sin 0

+ (8m -+ 24 4 12m7%) "+ sin (7? +2)f
sin 0

— (20 + 6 + By SN B o nsssin(n + 4)0
sin 0 sin @

(2.21) ¢9(r, 0) = {n(n + 1)(n + 2) + 5n(n + 1)(n + 8)r* + 60n(n + 4y
— B(n + 8)n* — 16)r° — (n + 2)(n + 3)(n + 4)r*}
— {3n(n + 1)(n + 4)r + 5(® + 150 + 320y

— B(n + 4)w* — Tn — 12)° — 3n(n + 3)(n + 4)r7}§; ?0"
+ (3n(n + 3)(n + 4y + 30(n + 2)
n 36

— 3n(n + 1)n + 4y} SB30
sin 0

— (4 2)(m + B)n + 4 — n(n + 1)(n + 25} BR 40
sin

— (6 + 24)pnesSin (2 — 1)0
sin 0

+ {(30n + 120)7+7 4 pyne} SN0
sin 0

— {(60n -+ 240y - 30pgneey SR (2 +1)0
sin 0

+ {(60n + 240)r7+ 4 G0ngne7y SR (2 + 2)0
sin 6

— {(30n + 120)rm+¢ + G0pgn+o} S0 (2 + 3)0
sin 0
sin(n + 4)¢

+ {(6n + 24)r*+* + 30nr"**} -
sin 0

- 6nr“+4_sm'ri5_)q .
sin 0

3. Proof of Theorem 1 for k = 1. We proceed now to the proof
of Theorem 1. For & = 0 Theorem 1 follows from the theorem of Szasz
[8]. For k=1 we have JS(ré¥) = 0 for 0 < 6 < = provided ¢ (r, )
>0 for all ¢ and r < RY’. From (2.19) we must determine the largest
r for which

(8.1) ¢P(r, 0) = {n + 61 — (n + 2)r*} — {(n + 2)r — w®} sin 20

sin 0
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— (n+ 2)7.n+4;§1£1 (T’;f 1)0 + {(3n + 6)r"*s + m«ms}ﬁlf!,"d
sin 0 sin 0

_ {(3?’& + 6)7‘"“ 4 3?’&7‘""‘4}?;27(7?' :{-\1)0

sin 0
+ {(n + 2)7”"“ + 3%7‘"”} sin (7’?, -l: 2)0 — pyntt Sin ('n7+ 3)0
sin 0 sin ¢

is non-negative for all 4. We rewrite ¢{)(r, 0) in the form

(3.2) ¢W(r, 6) = A + B(L — cos 8) — 1 3 (—1yC, Bin (r — 1 + 5)0
j=o sin 0

where

(3.3) A=n+6r—mn+2)r—2n+ r + 2n”
=nl—rPAL47r)—2r@2+ r)(1 —7r),
B = (2n + 4)r — 2nr®
Co=(n+ 2, C,=(38n + 6)r® + nr’,
C,= (8n + 6y* + 3w, Cy;=(n+ 2)r + 3nr? C, = nr?.

Let
B4) r=e* = 2logn _ loglogn + P Egﬂe—r ,
n n ) n?
1—r=1-2lgn | loglgn_» o((LOg n)) ,
n n n n
Then

A=1618"" | p=glogn.
n

For fixed & we have

= et =1 — ke + l;iez + 0,
s0 that
(3.5) Co= (n + 2) — (4n + 8)¢ + 8ne* + O(c'n)

C; = (4n + 6) — (14n + 18)c + 26me* + O(¢’n)
C, = (6n + 6) — (18n + 12)e + 30ne® + O(e'n)
Cs; = (4n + 2) — (10n + 2)¢ + 14ne* 4 O(e'n)
Ci=mn — 2ne + 2ne + O(n) .

To obtain an asymptotic estimate for ¢ (r, 6) in (3.2) we shall make
use of the following lemma.
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LEMMA 1. Let a4, j =0,1,---,5, be constants. Let n be a positive
integer and let

:i( 1ya, sin(n — 1+ 5)0
j=o sin 0

_ sin(n —1)0 3 >} (—1)'a, c08 j6 -+ cos (n — 1)0 z (—1ya, 8090
sin 0 i= sin 0
@) If S (=1Ya, =0, then
j=0
= {n(l —cos ) + 1} - max|a,|- O(1) as n—> oo.
J

(b) If in addition to (a), 3 (—1)7a, =0, then
iz
S = {n(l —cos ) + 1} - max|a,|- O(1) as n~ oo.
J

(c) If in addition to (a) and (b), j}i(——l)’ja, =0, then
S = {n(l — cos §)* + (1 — cos 0)} - m?j).x lay |- O(1) as n—>co.

The lemma is easily obtained by considering the limits

lim 2= =Deyco850 g S, singd

00 1—cosd 00 ind — éa sin 26

From (3.2) and (3.5) we obtain
(3.6) PP(r, 0) = A+ B(1 — cos 0) — r"[D, — Dig + D,g* — D)

where

(3.7) Dy = (n + 2)° sin (n — 1)0 — (4n + e)ﬂll,”q + (6n + 6)° sin (n + 1)¢
sin 6 sin ¢
— (4n + 2)sin (n + 2)0 n nsin (rn 4+ 3)0
gin sin 6
= 4n gin (n + 1)(9(1

cos 0)*
gin 0

_ 480 ;? = D1 4 2 cos 0)(1 — cos B
n

— 4 cos (n — 1)0(1 — 2 cos 0)(1 — cos )

_ 4, Sin gzn; Ly 0) 4 (1 — cos 6)0(n) .
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(8.8) D, = (4n + 8)SR =D _ (14, 4 1g)Sin 10
sin 0 sin ¢
+ (18n + 12)8I (@ 1) _ 14, | gy sin (v + 2)0
sin @ sin ¢
1 on sin (n + 8)0

sin @
= {n(l —cos ) + 1} - n-OQ1) .
(3.9) D, = 8,5 =10 _ o sinnd | g sin(n+ 1)
sin 0 sin 0 sin 0
_ 14p8in (0 +2)0 | o sin (n + 3)0
sin sin 0

={n(l —cos ) +1}-n-0Q1).

(3.10) Dy = 3 0(n) S =1+ D0 _ oy
i=0 sin 0

(8.11) D, — Die + D& — D& = 4 512 (7,“.(; D1 — cos 0
sin

4 (1 — cos 0)0(n) — {n*(1 — cos ) + n}O(l)loi "
+ {n¥(1 — cos 0) + n}O(1)<—IQin«)2+ O(n’)<~19-i~n' )3

— 4p 80 -i?ﬁ%-% — cos A) + (1 — cos 0)0(n log n) + O(log n)

3.12) ¢, 0) = 161%™’ | 810g n(1 — cos 0)
e

— __1<>_gﬁ_e-p[4n,sin (n +_1)0(1 -
n’ i

cos 0)*
iné 05 6)

1 (1 — cos 0)0(n log ) -+ O(log n)]
~16 (1952@3(1 + o(1)) -+ 8log n(1 + o(1))(1 — cos 0)

sin (n+ 1) _

- cos 0)*
sin ¢ )

_4logm o2
n

Thus the essential part of ¢’(r, 0) is the expression

(3.13) 4(1 — cos 6) log nl:2 et s D oo 0)] :
) sin 0

When » is even, the minimum of the square bracket in (8.13) is reached
for ¢ =, Thus 1 — ¢ ? must be non-negative. If p denotes a bounded
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function of n, p(n), we then have lim,_.p(2r) = 0.
If n is odd, we let —p¢ = —0.217 ... = the absolute minimum of

sin Ak, which occurs in = < h < ?’21
stant it is easily seen that the square bracket in (3.13) is positive for

If ¢, is a sufficiently large con-

0<_ % <9 - %
Se+1 SUSTT i

and that its minimum occurs in the interval = — {(¢)/n + 1} < 8 < = for
large odd values of n. Let § = — {(h)/n + 1}. Then for n odd

[2 _ e sin( 4 Dy _ 0)] _ 2<1 n e—pﬁiEﬁ) + O(1/n?)
n sin 0 h

= 2(1 — pe %) + O(n7*) .
It follows that
limp(2n + 1) =log g = —1.527 - .. .

N0

It follows from the discussion above that we have

(3.14) Ry =1 —glogn  loglogn 8 . g,
n n n
where 8 =0 = —logl, if n is even, and where
B = —log{ max f’ilrl—h-l} = —~log p# = 1.527 . -.

when n is odd. This completes the proof of Theorem 1 for the case
kE=1.
We note that for 0 < » < 1/2, ¢P(r, ) = 0 for all n and all 4. Indeed,
when r = 1/2, we obtain from (3.1) that ¢{’(1/2, ) = 0 provided
(3.15) (30nm + 44)sin 0 — (12n + 32) sin 20 — (2n + 4)2-"sin (n — 1)
+(13n + 24)27" sin nd@ — (30n + 48)2-"gin (n + 1)0
+ (28n + 32)2~"sin (n + 2)0 — 8n - 27" sin (n + 3)0
=0, 0<d< .

Since |sin k0/sinb| <k, k=1,2, --., (3.15) is satisfied if
(3.16) (6n — 20)2" = T30 + 1920 + 108 .

It is easily verified that (8.17) is true for » > 7. For 1 <n =<7 the
author has verified that ¢,(1/2, ) = 0. The calculations are simple but
somewhat tedious, and will be omitted.
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4. Proof of Theorem 1 for k =2. From (2.20) we have

(4.1) 9D, 6) = Py, 6) — 123 (—1)ic, S0 (0 =1+ )0
=0 sin 0
where
(4.2) Pyr,0) = {n(n + 1) + (2n* + 18n)r* — (2n* — 6n — 36)r*
— (n® + 5n + 6)r°}

— {2 + 6n)r + (16n + 24 — (20 + 6m)r°} 50 200
+ {(* + B + 6)* — (v +n)r}sm300

=A + B(1 — cos 0) + C(1 — cos 0)*,

4.3) A=n"+n— {4n* + 12n)r + (5n* + 33n + 18)r* — (32n + 48)r*
— (5n* — 3n — 36)rt + (4n* + 12n)r°* — (v* + bn + 6)r°
= —(1 — r)"(»* + 5n + 6) + (1 — r)’(2n* + 18n + 36)
— (1 — r)(12n + 54) + 24(1 — r)*,

(4.4) B = (4n* + 12n)r — (8n° + 40n + 48)r* 4 (32n + 48"
+ (8n* + 8n)rt — (4n* + 12n)°
= —r(1 — r)(dn* + 12n) + r(1 — 7)*(8n* + 40n)
— r(1 — r)(16n — 48) — 48r(1 — 7).

(4.5) C = (4n* 4+ 20n + 24)* — (4n* + dn)rt
Cy = (2n + 6)r°
C, = (8n + 24)r° + 2nr”
C, = (12n + 36)r* + 8nrt

(4.6) C, = (8n + 24 + 12n1°
C, = (2n + 6)r* + 8nr'

C = 2nr? .
Letting
r=e¢t, €= log no_ _loglf)gn, + q ,
n n n
T,,zlogne_q, 1~T:1_logjn+ loglogn — ¢ +0<(Egﬁ)2)’
n n n n

we obtain

4.7) A=glosn)t g glogn) = oogyiegy,
n n
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(4.8) Cy= (2n + 6) — (121 + 36)c + (361 + 108)¢*

— (121 + 216)¢* + 108ne' + O(ne’)
C, = (10n + 24) — (54n + 120) + (1497 + 300)e*
4901
1

— (281n + 500)® + zgne‘ + O(ne*)
C, = (20n + 36) — (96n + 144)c + (240n + 288)¢

— (4167 + 384)8 + 560ne' + O(ne’)
Cy = (20n + 24) — (84n + T2)c + (186n + 108)e*
679
2

— (2867 + 108)¢ + °/% net + O(ne)

C, = (10n + 6) — (36n + 12)c + (68n + 12)¢*

— (88n + 8) + ?fg‘.)_ne* + O(ne)

27

Ci=2n—6n-¢+9m-& —9n-e + 4ﬁn54+0(n85).

We now write

(4.9) ¢@(r,0) = A+ B — cos ) + C(1 — cos 0)* — r" - 25] (—1)y'Ds’ .
J=0

From (4.1), (4.2), and (4.8), we find

D, -sin @ = (2n + 6) sin (n — 1)0 — (107 + 24) sin n6
— (207 + 36) sin (n + 1)0 + (20n + 24) sin (n + 2)0
— (10n + 6)sin (» + 3)0 + 2nsin(n + 4)0 ,
cos (2n + 3)i

Do = |— 8n - ,,,_,...__,_,_‘zg + 24 sl_n(_r_‘i'l,_)d; (1
sin 0

cos —
2

— cos 0).

D, - sin 0 = (12n + 36) sin (n — 1)0 — (54n + 120) sin né
+ (961 + 144) sin (n + 1)0 — (84n + 72) sin (n + 2)0
+ (36n + 12) sin (n + 3)0 — 6n sin (v + 4)0 .

By Lemma 1, we obtain

D, = [n(1 — cos 0)* + (1 — cos 0] - [O(n) + O(1)] - O(1)
= [#*(1 — cos ) + n(l — cos 0)] - O(1) .
D, - sin 6 = (86n + 108) sin (n — 1)8 — (149n + 300) sin nd
+ (240n 4+ 288) sin (n + 1) — (186n + 108) sin (n + 2)0
+.(68n + 12) sin (v + 3)0 — In sin (n + 4)8 ,
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= [n*(1 — cos 0)* + n(l — cos 0)] - O(1)
+ [n(1 — cos ) + (1 — cos 0)]- O(1) .
D, . sin 0 = (72n + 216) sin (n — 1)§ — (281n + 500) sin nd
+ (416n + 384) sin (n + 1)6 — (286n + 108) sin (r + 2)6
+ (88n + 8)sin(n + 3)§ — Insin (n + 4)0 ,
Dy, = {n(1 —cosb) + 1} - n-OQ1) = [#»*(1 — cos 0) + n]O(1) .

4901

D,. sin 0 = 108n sin (n — 1)0 — o n sin nf + 560n sin (n + 1)0

_ 679 260

5 sin (n + 2)0 + ,,,*n sin (n + 3)0 — 7

24 nsin (n + 4)8
= {n(l — cos 0) + 1} - n- O(1) = [#*(1 — cos ) + n]- O(1) .

D, = O(n) - E sm(n -1+ )0 — 0.
sin 6

(4.10) D, — D¢ + Dg* — D& + Dt — D&

_ [_ gy €08 (2n +3)0/2 | oysin (n + 1)(9](1 — cos 0
cos 0/2 sin ¢

+ [(1 — cos 0) + n(1 — cos 0)]0(1).1°i n

+ [2*(1 — cos B) + n(1 — cos a)]o(l)(,l?iﬁ)z

+ [#¥(1 — cos ) + n]0(1)<l°,i£>3

+ D1 — cos 0) + mO)( 8™ ) + 018" )

= [—— 8n cos (2n + 8)§/2 + 24 sﬁin_(fzj— 1)0 + O(n log n)](l —cos 0y’
cos 0/2 sin 0

+ (1 — cos 0) - O(log n) + 0<,(1°g£")3> ,
n
From (4.7), (4.9), and (4.10), we have

4.11) g, ) = 2dogn) | 8(1°g "’ (1 — cos 8) + 8n log n(1 — cos 6)*

n3

__log ne_q[ gy, CO8 (2n 4 3)0/2 124 sin (n 4 1)0
n cos 02 sin 0

+ O(n log n):](l — cos B

loi ve [(1 — cos 6)0(log n) + O< (loi " )]
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o o o)
+ [gﬂfi_")i — et 0<(_19‘%”)3)](1 — cos 0)

- €08 (2n + 3)0/2 _ 24e77 sin (n 4 1)8
cos 0/2 n sin 6

+ e+ O(log n)](l — cos 0)" .

+810gn|:n+e

From (4.11) it is seen that we must have the quantity L = 0 where

(4.12) L=1+ e—a[.c.os._ (@n +3)0[2 _ 24 sin(n + D”J )
n cos (0/2) n’ gin ¢

For n even the minimum of L is attained for § = = and equals

1-— e"’(zn-—: 3 + —24(?@;*_ 1)) =1—2¢%+ e o(—1v> .

n n
Thus if ¢ = ¢(n), a bounded function of n, we require

(4.13) lim ¢(2n) = log 2 .

n-—»oc0

If n is odd, we let 6 = n —(22)/2n + 3 and find that

L;1+2e"18i—2h»- ag n— oo,
and
main L=1-—2pue"
where
f=0217-- = max |22 and limg@n — 1) = log (2p) .
2<h< 3T h n—ro0

It follows that we have

(4.14) R® —1— legn | loglogn _ 7 0(},)
n n n n
where
_ {log 2, if n is even,
~ llog (2p), if n is odd.

This completes the proof of Theorem 1 for the case k = 2.

In the case k& = 0, which was investigated by Szész [8], if we employ
procedures analogous to those above for k¥ =1 and 2, we are led to the
expression
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(4.15) glogn 1087, 9,1 _ ¢og g) CO8(2n + 1)0]2
n 7’ cos 0/2

when
r=1—glogn , loglogn _ ¢
n n n

With arguments similar to those used above, we find that the ‘‘ correct ™’
value of ¢ is log (4/3) when = is even (as Szsz obtained [8]), and log (44/3)
when » is odd, the latter result being new.

5. Proof of Theorem 1 for k = 3. The theorem of Fejér [2], quoted
in the introduction, states that
6.1) R® =1, n=12238, ...

We shall give a new and simple proof of (5.1), and also give a
demonstration of the sharpened result

(5.2) Ry =1, Ry ,>1, n=12238---,
and

(5.3) li%iup Cn—-1DRY.,— 1) Za,=1.07---

where «, is the positive root of the equation

(5.4) 3—a—3ue*=0

where

From (2.7) we have

(6.5) 6(1 — 2)’SXy((z) = n(n — 1)(n — 2)z — 3(n — 1)(n* — 4)2*
+ 3(n + 1)(n* — 4)2* — n(n + 1)(n + 2)=*
+ 6(n + 2)2"** — 6(n — 2)z*** .

Letting 2z = ¢ in (5.5) we have for n > 2

1

1 30
32 sin’(6/2)

5.6) JISP(2) =
(5.6) JISi2(2) 5

l:(n“ — 4) cosg — n*cos -
+ (1 + 2) cos (2n — 1)_21 — (n — 2) cos (2n + 1)—2]

_ sin 4 [ N sin nf sin n0/2 \
= =0 gt e — 2 P =
16 sin%(4/2) " gin ¢ < sin 0/2 )]
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In earlier papers we have shown [5], [6], that

5.7 . sinnd 2(_sin nd|2 )Z >0,
6.7 "t g sinojz / =

for all integers » and all 4. From (5.6) and (5.7) we have at once that

(5.8) ISPe®) =0, 0057, n=1,2 .
However, the function ‘
(5.9) F@) = (7' — 2)SP(2)

is analytic in |z| < 1, and RF(e”) = 2 5in ISP (¢”) = 0. Since the mini-
mum of the harmonic function RF(2) in |2| <1 occurs on |z| =1 we
have RF(z) > 0 for |2z] < 1. From the representation (5.9) it follows
from the work of Rogosinski [7] that S®(z) is typically-real in the unit
circle, which is to say that

(5.10) ISE(re) = 0, 0<f<nm 0<r=l.

The theorem of Fejér, or inequality (5.1) follows from (5.10) and the
remarks made in section two.

We now attack the problem from an alternative point of view for
the case £ = 3. From (2.17) and (5.6) we write

sin (n + 2)0
sin @

(B.11) ¢, ) = 384 sinﬁ—g—[(n F2F 4 (0 +2)

+ [P0, 0) — ¢, )] .

Let r=1+a/n where a=a(n)=0(Q1)>0. Then r*—1=
kaln + O(«®’/n?), k= positive integer independent of n, m** —1 =
¢ — 1+ n'kae® + O(n~'a’®). From (2.21) and (5.11) we then obtain for
r =1 + a/n asymptotically,
(6.12) ¢P(r, 0) — ¢P(1, 0) = 28n*a + 56n’a cos 6 — 12n%a(4 cos? 6 — 1)
— 2nr%a(4 cos § — 8 cos® §) _u
sin 0

— 128 sind — Qf_—_lj_s_ ,

sin 0
where

S =6nsin(n — 1)0 — 36n sin nf + I0n sin (n + 1)0 — 120nsin (n + 2)0
+ 90n sin (r + 3)0 — 36m sin (n + 4)8 4 6n sin (n + 5)0

= —384nsin (n + 2)0 sin"% ,
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(5.13) $@(r, 0) — $P(1, 0) = 128 sinﬁ-g[Sn(e? _qysin(» 4{; 290 _ an"] .
N - i sSin

Since for sufficiently large values of » we can only have
P r,0)=0 or r=1+n"'a, a=a) >0,
provided

‘ 2 sin(n +2)0 _ o sin(n + 2)0/2 Y’
1) o+ 27+ TR o sin 0/2 )]

3t — )8 E2D0 s g
sin @
we see that, when »n is even and 6 = 7, we must have

(5.15) —3(¢®* — Vn(n 4+ 2) — n'aa =0 .

(5.15) implies that « is non-positive, contrary to our assumption that
a>0. Hence a =0 for n even and sufficiently large. However, it is
easily seen that @ = 0 for all even n by the following argument. Since

(5.16) | SP() = SypCiv

v=1

and because of the identity
(617 N (=D + 1) +2—»)n+3—5)=0, n even,

it follows that the derivative of S{(z) vanishes at z= — 1 for n even.
S®(z), typically-real in |z] <1, therefore cannot be typically-real in |z|
<r for r>1, n even. Thus ¢ =0 for all even #n, and R =1, n=
1,2, ---.

The situation for » odd is not so simple. Fejér has pointed out [2]
that JISP(e?) >0, 0 < 6 < z, from which it follows that ¢{(1, 6) > 0 for
all & with the possible exception of the values § =0 and . When 7 is
odd, however, it is easily seen from (5.6) and (2.17) that ¢%@(1, =) > 0.
From (5.16) it also follows that

lim S5 S g 50
-0 sin 0 v=l

Consequently JIS{(e) - cosecd >0 for all 6§ when n is odd, and so
R ., >1,n=1,2,.... To obtain an asymptotic upper bound for K _,
we shall show that (5.14) is not verified, when » is sufficiently large,
for all & when « exceeds «, =1.07..., «, being the positive root of the
equation (5.4).

Letting 0 =7 — [&/(n + 2)], » odd, we find that the left hand side
of inequality (5.14) is asymptotically equal to the expression
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2 ;S_ln_h _ -2 2 o0 »Sinh -1\) __ 2
3n [1 + 520 — o )] + 3n(e 1)( Sk 4 ot )) e,
from which (5.4) and (5.3) follow. It should be noticed that the constant
a, in (5.8) could be replaced by a smaller one. Indeed, for 6 = x/n, the
left-hand side of (5.14) is asymptotically equal to

(5.18) n’ [3 — a + 3e510T _ G(EW/ZYJ .
x x/2
Calculation of the smallest positive a for which the expression (5.18) is
non-positive for some a = = would lead to a smaller constant to replace
.
From (2.3) and (5.1) it follows at once that R =1 for k=3 and
all positive integers n.
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