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Introduction. Suppose that ¢ is independent of n,n > 1;¢t=
emieN+1)y; M=1,2,8,---; N=0,1,2, ---; M= N-+1, so that ¢>1.
Let L,(n') be the number of lattice points, (z,y), satisfying z'+ y* < n'™
Our main objective is the proof of the relation

1.1) S(n) = t/2 n-t* SnLt(wt/Z)wtl‘z—ldw
0

= en? — ¢yfmnDIeH i a~*-1t cos(2m1/n a — n/(2t))

a=1
N 77#73??-1 n3/4§‘:1 s=1(a;;§5%7£—1§[3 (3“12{2"2) +O0v/n)
with t> 10— 20 20y
t + 2T'(2/t) gDt

H = (a¥C-D 4 gua-mye-nit . The case ¢ = 2 is known in connection with
the classical problem of the lattice points in a circle [4, pp. 221, 235].

By choosing ¢ as specified above the analysis is less bulky than it
would be if we considered the slightly more general problem of L,(n"/?)
corresponding to the curve |z |7 + |y |” = »"” withreal T > 0. Expres-
sions and estimates for L,(n"*) have been obtained by Bachmann
[1, pp. 447-450], Cauer [2], and van der Corput [3]. In particular van
der Corput [3] found that

(1.2) Ly(n?'2) = ¢in — 8T A= Tnp(=1ICT) S: a(1/n — x)at-DIrdy
+ O@'"), T > 3;
=e¢n — 8 i (— 1)+ <1/~T>C(— FT)nC-1m 0
j=1 Vi
+ 00,0 < T <8, T+#1;

where

o 20(UT)

1 —

T TrEeT’

gi(x) = ¢ — [&] — 1/2, [«] is the integral part of z, ¢(s) is the Riemann
zeta function and (Z) is the binomial coefficient. From (1.2) it follows

that
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(1.3) Ly(n™) = cin + O(nT-DICD) [ (n™?) = ¢in + QnTDED . T >3,

These results in (1.3) and analogous results can be obtained from (1.1)
also. Our methods fail to establish the analogue of (1.1) for 0 < ¢ < 1.

2. First auxiliary result. We first obtain the result

(2.1) Sn) = n”wﬁ i SS (1 — a* — y)cos 271/ n (ax + Py)dxdy ,

= —00 5:—00

z5+y5§1

t>1.
In §4 we prove that the double series is absolutely convergent.

We have [4, p. 205]

(2.2) Sth(w)dwzgw?_”‘Zldw:;ZSW dw
(W—3—=kE)y= > S(W—=5"—Ek).

Fartsw W< jzwllt - w - Y sk ow - 0

To this we apply the Poisson summation formula [4, p. 204] to obtain

w - 1/t
(2.3) S L(w)ydw = 3, SW . €08 2maz (W — at — k)da
0 @=—c0 J-W _(W_xtJI/lgkg(W_xt)l/&

= (w o [ow-zhlt
= 3 S cos 2rax S S cos 2rfy-(W—2a'—y')dydz.

0w ) -wllt 85w ) m(w—atyl/t

Integrating by parts and applying the second mean value theorem for
integrals, we have, for the inner integral,

(w—zbyH e\ (E=1)]t =2ty
t S (W~ )~S sin 2rfydy ,

— sin2 . t‘ld =
Bl TPy - ¥y 'dy B

where 0 < & < (W — a*)V¢, so that the sum over 3 is uniformly convergent

in . Hence we can interchange the order of operations in Sd:cz in
3
(2.3) to obtain

(2.4) Sj L(wdw = > 3 SS cos 2rais cos 2rfy - (W — z* — y)dady .

———————

By symmetry we can replace cos 2zaw cos 278y by cos 2n(ax + fy) . If
also we set w =2, o = WY | y = Wi's, W = n'", we reduce (2.4) to

(2.5) t/ZS:LL(z”Z)z”Z‘ldz =t i i SS (1—rt—s*) cos 2m/n(arps)drds

Qo= =00 Bu-—cn

Past=t

and then (2.1) follows upon multiplication of each side by n®-9’,
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3. Second auxiliary result. For ¢ > 1, we shall obtain from (2.1)
the identity

31 S)=1+T,+T,+T,+ T}
where

s _erap
Ti=oms &= G oren

T, = eqni=160 53 a- ], (2m/n @)
@ =

where

2(2: 1)/5t1/zp(1/t)

and J.(z) is the ordinary Bessel function of order r;

T, = cn? i Slf(:v, t) cos 2m/n axdx , ¢ = 162 ,
a=1 0 t + 1

and f(x, t) — (1 . xt)(c+1)/b . (tlz)(ml)/a(l . m‘z)(wl)/t ;

_ 2t SR (27rH1/n) — (I CE=1) 4 C=D\(E-1)/8 .
T, = Yz 1nw=1 3231(6(‘3)(‘01)/(25 ZS e 1), = (afC=D 4 GHE=D)CE-DIe
T, = =n i S *ﬁ r G(u, «, 8) cos 2rHv/no(u, a, B) - v'(u, «, B)du ,
a=1 =1
where

v(u, @, f) = H A7), Afu) = (— D'a™(Pa — u)~" + B7(QF + u)~",

Q=1 ﬁll(t—l)

= ity 4 gramn T ey | gaen
Gt @ B = A‘iﬁ?i“*éﬁ“éihéﬁ“’ ~ 4, Bysgnall — v, a, G
y ¥ 0
(aﬂ)tl(zt 2)
(@, #) = i l(an/(c 1) +‘@t/(t 1))

In the proof of (3.1) we make use of the following result on Bessel
functions [5, p. 366],

(3.2) S‘ (1 — a1 cos Kada = 1/725 K-"I'(m + 12)J,(K) m > — 1/2.
0

First, it is convenient to break up the double sum in (2.1) as follows,
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(3.3) S(n) = + S S+ PIEDY
a=0 g= m;;joﬁ =0 a=0 BTS;T
T =1 -1 -1 oo fad -1

By symmetry this can be written as

(3.4)  Sn) = SS (1 — ot — y)dady

S, can be evaluated in terms of gamma functions to obtain

(3.5) S = 2008 o s

1 e Ty - ™

t + 2)I"(2[t)

Let I, denote the integral in S,. Then

N —ptyllt
(3.6) =4 S cos 271/ axdwg O e — gy
0
4t 1 E\(t+1)/t 2 1/ d
=1 (—x) cos 2m/n axdx
4t

t (t+1)/t et .
=i 1( > S (1 — 2?)C+D/t cog 271/'n axdx

+& S Aa, £) cos 2m/n azda
0

by the definition of f(x, ¢) in (3.1). Applying (3.2) to (3.6) we have
(3.7) S, =4w S L=T,+T,.
Let I, denote the integral in S,. Then by symmetry

(3.8) =2 SS (1 — 2* — o) cos 2ny/m (aw — By)dady .

xt+yL§1

or+BY=0
The transformation

(3.9) x = Hv(P — uja), y = Ho(Q + u/B)
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transforms x¢ 4 ¢* = 1 into
(3.10) v = H1A;Y(u)

where H, P, Q, and A,(u) are defined in (8.1). The transformation (3.9)
is one to one for ax + Py = 0 and the absolute value of the Jacobian is

(3.11) J(;”z) = Zﬂﬂ :

The graph of (3.10) resembles that of v = 1/(1 + u*) except that the
curve is not symmetric to the v axis unless ¢ = 2. The curve has a
relative maximum at (0, 1).

Applying (3.9) to (3.8) we transform z'+ %' <1 and ax+ fy =0
into v < H'A;YY(u) and » = 0 respectively, so that (3.8) becomes

¢.12) 1, :?g". S " S"(“’ [1 — H'v' Afw)lo cos 2=Hy/nvdv .
(04 —oca 0

Upon integration by parts with respect to v, the integrated terms vanish
and we obtain

_ _*HA = v(u) _ - . - .
(.13 I=- 1/~aﬂg—w du SO [1 — (¢ + V)HvA(w)] sin 2<Hy/nvdv

A aﬁs sin 2zH/n vdwg * ;[1 — (t + V) Hv A(u)]du

where u.(v) and «_(v) refer to the first and second quadrant branches
of (3.10) respectively. Since

(3.14) A(n) = (= Dia-(Pa— u)}~ + F@F + u)~",

. d, A ) =t — )A(0) ,
du

we can write (3.13) as

— o Loyt : - "
8.15) [, = A ,95 [u.(v) — Hv'A_(u.(v))] sin 2r H/ n vdv
— ;l/i;aﬁg [— u-(v) + H'A_(u_(0))] sin 2<Hy/n vdo .
By the change of variable (3.10) this can be written as
— " (=T, _ A 1 gn o/ mo) « o
616 L=_" Sw[u e ]smz Hy/mo() - o' (w)du .

From (3.14) we obtain
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3.17 _ AL _ Patt— QB 1
@10 = arpe TO0)
for large u, so that upon integrating by parts again we obtain
(3.18) L= g fm ﬂg F(w) cos 2zH\/n o) - ' (w)du
where
(3.19) Flu) = Flu, a, f) = A-0A40) = A4i(w)

() = 10 0 2 = T ) i

The function a_;sgnu[1 — v*(u)]"¥* is an asymptotic equivalent of
F(u) in the neighborhood of (0, 1), even though »(0) =1 and +'(0) = 0,
if a_;, = a_(a, B) is determined from

(320) Ay = hm F(u)]/l _ ’UZ(’LL) — lim ! 1/1
u—0+ 7)
— lim vv’(l__?ﬂ — 1___ llm . vvr -
wu—0+ ’1;// 7)”(0) oo 1/1 — ?)2

T (0an, VIO
From (3.10) and (3.14) we obtain
(3.21) v"(u) = — H A7) — (¢ + DAIW) + (¢ — 1DA(u)Ay(w)]
from which a_,, as given in (3.1), can be determined.

We now write (3.18) as

3.22) I, = 2t?‘1ﬂ Sw sgn u[l — v*(w)]"'* cos 2rHy/ no(w) « v'(w)du
t
+ 27'naf

= _ 8 S (1 — v¥)~"* cos 2rH |/ n vdv
7 naﬁ

S‘w [F(u)—a_, sgnu[l—v*(u)]~""] cos 2n H\/no(u) - v (w)du

byt G cos 2oy ) - v

where G(u) = G(u, «, B) is defined in (3.1). Applying (3.2) to (3.22) we
obtain

(3.23) S, =4S S L=T,+ T .

a=18=1

Collecting the results of (3.4), (3.5), (3.7), and (3.23), we have (3.1).
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4, Convergence investigations. We next prove that the double
series in (2.1) is absolutely convergent. We write (3.18) as

_ _t__ 0 o Pa o
(4.1) b= 2n2naﬂ(g-w + Su + Scr + SP)
t
=~ (IL+L+IL+1,
2ﬂ‘naﬁ( 4 + 5 + 6 + )
where 0 < o < Pa,
First we consider
4.2) I = S"’ F(u) cos 2 Hy/mo(w) - o (w)de |
Pa

By (3.14) and (3.19) we have

_H(Pa—u)""(Qf+u)'"" _ — Hla "(u— Pa)'+ ~"(u+QB)"J*~""
(4.3) Fl(u) () ALt (u) A, () al(u — Pa)'=t + Bi(u + QB)'~* »

From (4.3) we find that

dF(w) _ (1 —t)H ((u — Pa)’ | (u+ QF)" 000
(4.4) =t ( o )
X <  — BMu— Pt o+ QB ) .
(u — Pa)(u + @B)[a'(w — Pa)'~* + f'(u + QB)~'T

From (4.3) and (4.4) we derive certain information about the graph of
F(u), namely,
(4.5) Fu) >0, F'(u) < 0,0 <u < Pa;
F'(Pa) = 0,1<t<2; F'(Pa) =0,2<¢t;
Flu)<0,Pa<u < o;
Fu)=0,u =u, Pae <u < o, >a«a;
Fu)<0,Pa<u< o, fZa.

The point (u,, v,) is a relative minimum and from (4.3) and (4.4) we
find that

(4.6) w, = QPaCOIHD 4 Pafeoictn
’ ! penIe-D _ geolei-n

v, = F(ul) — H(an/(zz—l) + ﬂl/(it—l))—(‘zt—l)/t .

Thus by (4.5) and the second mean value theorem for integrals we
have, for # > «, and Pa £ ¢ < u, < §, < oo,

an  L={"+ = rw) [ |

gt
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= Flw) S? cos 2 FH1/mw(w) - o (w)du
— O{F(uI)H‘ln‘W} — O{(au(zz—l) + ‘@t/(ﬂ—l))-(2&—1)/&n—1/2}
= O{(nap)="*}

by the inequality * + ¥* = 2xy, > 0,y > 0. Similarly, for 8 < «, and
Pa £ §, < oo, we have

oo

“8) I, =S; — F(co) Ss cos 2 Hy/m v(u) - v/ (w)du

= O{F(c0)H 012} = I(a~t 4+ B-1)@-Dl(at 4 §)-1n-112)
= O{(a[)’)“l(a‘ + ﬁt)—-(‘lt—l)/tn-llz} — O{(na‘@)—llZ} .

We next consider I; in (4.1). By (4.3) we can write

(4.9) 1= S:Fl(u) cos 2nHy/nv(u)du
where

_ B V:0') S VR
(4.10) W(u) = @) A p=Pa—uq=Q8+u,

_ AP | [P /(2P A7*(w) 1

af  [(play + @PIPeOr S ap e

_ATH0) _ o H?
< aﬂzz(z—l)/c - O(a‘Q> -

Therefore

_ Hz Sa > _ (H%’)
4.11 I = 0=\ du) = O{=-}.
(4.11) = 0(2 g ), aﬂ

Turning next to I; in (4.1), we note that by the first line of (4.5)
we can use the second mean value theorem to write, for some &, satisfy-
ing o0 < &, £ Pa,

E _
“12) I, = F(o) S* cos 2nHy/mv(w) - v (w)du = o(%%) .
To examine the question of the order of F(u) in 0 < u < Pa we
use (4.3) with, p = Pa — u, ¢ = Qf + u, and write

B - SR ([ C10) el
4.13 Fu) = . e
413 "= @ [l + a1
1
— (Bl ™(pla)*~>" + (a] B ™(alp) "
H 1 1

@By 2008 " Fyw)

IA
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Since F,(0) =0 and

a0 0= <) L+ (23]

we have, by the mean value theorem,

(4.15) Flu) < 7@%)175 : (%—(71;;2 2= ?(_”1' 0<u< Pa,0<u< Pa.

Setting p, = Pa — uy, ¢, = QB + u,, we obtain
Hz Dsq3
4.16) Flu) < - =7 . : - R
(L16) F) = () [(Bla) (ps)qs) " + (] B)(qsf ps) " T
< HI D45 < H 4 ~
(@ (Bl (@l BT T (af)” [(Bla) + (af ) Tu

-off)

Hence combining (4.11), (4.12), and (4.16), we obtain

e o) of ) A )

In the further analysis of I, +I, we use the inequalities,
(4.18) 1+ <14+ 0<e<l,m>1,
(4.19) -+ 1< 2 Y™+ 1), 2 >1,m>1,

In (4.17) suppose 1<t<2. Since H=(a"/-D 4 gHE-DYC-DIt gnd ¢t/(t — 1) > ¢,
we have by (4.18), H < (a' + )Y, and therefore, for 1 <t < 2, we
have

(20) HEHC (@ 4f)e0D (@t peor o genn
@+ B S (@B @ rag)eol S (@)

Hence from (4.17) and (4.20) we have, for 1 < ¢ < 2,

(4.21) I 4 I; = O{(af)~ @Dty |

If ¢ > 2 is (4.17), then ¢ > t/(t — 1) and so by (4.19) we have
(g HE@P! _ (@i premyene - (gg-nn

(at + ﬁt)l/‘z - (at '_i_ RRE (at+‘8t)(c—2j/7(25)
< gu-ni, (@)D
(at + Br)-vien
20-DIYRYE=DIE =D/
Z(Ilz)/(ét)(d‘g)(z—z)ji - (aﬁ)i/;
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Hence from (4.17) and (4.22) we have, for ¢ > 2,
(4.23) I; + I, = O{(naB)~"*} .

By (3.10) v(— u, «, B) = v(u, ¢, B) so that an estimate for I, + I, 4 I,
holds also for I, in (4.1). By this fact, and the results of (4.7), (4.8),
(4.21), and (4.23), it now follows that for S;, defined by (3.4), (3.23),
and (4.1), we have,

424) S,=%"5% S " Flu) cos 2nHy/m () - v'(w)du
@=1p=1 a‘B

= 0(?%3’4), t>1,

the double series being absolutely convergent.

Integrating by parts and applying the second mean value theorem,
we have, from (8.6), for x, = [(¢ — 1)/£]*",

(4.25) = _1f_tn2 5 Sl (1 — @)Dt cos 2/ awda

¢ _
+ (1 — ab)eg? S ®sin 211/n awdw}

1

_— §_t_rn3/2 i O(V:&?> =0(n),t > 1,
a=1

T
the series being absolutely convergent. The absolute convergence of the

double series in (2.1) now follows from the results leading to (4.24) and
(4.25).

5. Proof of (1.1). Finally we deduce (1.1) from (3.1). We make
use of the asymptotic expansion for the general Bessel function, namely
[5, p. 368],

(.1) I (K) = 1/73{  cos (K T Z) + O(K-")

for large K and m independent of K.
By (5.1) and the absolute convergence of the sum we have
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(5.2) T, = eps-1eo fl - 1/tf cos [27{1/9@04 — (1l + 1/(2t))]
Ve

+ O(n—S/}a—HZ) }

= — G S @ cos (2n1/n @ — 7/(2)) + OmHUED) |
a=1

T

In T5/°(0,¢) =0and f®(1,¢) =0,k = 0,1, 2. Hence if we integrate
by parts twice the integrated terms vanish and we have left
(5.3) r=— % .31 Sl F(w, t) cos 2/ awds .

at + 1) asia? Jo

J"(@, t) is continuous in 0 < # <1 and independent of » and « and so
it has a finite number, independent of » and «, of relative and absolute
extrema whose values are also independent of #» and «. Hence dividing
the interval of integration into pieces in which f"(w, ¢) is monotonic, we
obtain by the second mean value theorem, for appropriate &,, &), 5., In
the interval from 0 to 1, the &s depending on » and «, the result,

(5.4) T,= — ﬂz(t‘{i o (;ﬂ S, t)g " Gos 2my/m awds = O(L/n) .

Applying (5.1) to T, we obtain

To= — 26 oSS cos (2rHV'n — nf4)

2VE= 1 e 1(&‘37)(? 2)/ 2= Z)H(St 1)/(26—2)
2 & & 0@V o D)= Gy -siy

TVt — 1 ac15=1 (aﬁ)“ 1/ (2t~ z)(aw(c ) + RG]
Since
(V=1 o GUE-D)=(1=8)/ () < Q= (E=8)] Q) ()= CL=-DIC-H |

the double series are absolutely convergent so that

— 2¢ _ m3lt S Ccos (27[H1/7717— 71'/4) 1/4
6.5 Tu=-— PvE—1" g‘lg‘l ()= G- Gi=2 + 0 .

Next we consider 7. We have shown that —7, and S; are absolutely
convergent double series for # > 1 and hence so is their term by term
sum which is identical with T,. We break up the interval of integration
in T; into a finite number, independent of =, a, 8, of subintervals in
which G(u, «, £) is monotonic and write

(5.6) T,= ?t? Y Ex,@v Z S . G(u, a, f) cos 2rHy/ nv(u) « v'(w)du .
7 a=1Bg=1
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Now G(u, a, f3) is continuous in each §; < u < &,,,. The only doubt arises,
at u =0 where v'(u) =(1 —¢)"» =0, and at u = oo where v'(u) = 0.
But, using the definitions in (3.1) and evaluating an indeterminate form,
we obtain

_ — HA_(0) . 1 -y
(5.7) GO+ ,a, fB) = A“”‘(O). q}gﬂ (v’(u) + V1 — v‘(u)>

- HA_I(O) O(a”(ﬂ -1 ﬁ”(‘ I5)
= Al 1t(Q) b= + UG- 1)>

which is bounded. On the other hand, by (4.3),
(5.8) G(oo, a, f) = — H(C(ﬂ)“l(a‘ + ﬂo)a-zz)u —a.,,

which is also bounded.
Applying the second mean value theorem to (5.6) we obtain

(5.9) T,= Zt" 3 zG(cj, a, B) S ! cos 2rHY nv(u) - v'(u)du

a=1p=1 aﬂ

for appropriate ¢}, {;, £;+, in the interval from &; to &,,,. Further we
have

(5.10) = M 55 L SEC B 0
22/ S5 i S G @ H0)
=0(1'n)

by the absolute convergence of the double series.
The relation (1.1) now follows from (3.1), (3.5), (5.2), (5.4), (5.5),
and (5.10).
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