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A MINIMAL BOUNDARY FOR FUNCTION ALGEBRAS

ERRETT BISHOP

l Introduction, An algebra 21 of continuous functions on a com-
pact Hausdorff space C will be understood to be a set of complex-valued
functions on C which is closed under the operations of addition, multi-
plication, and multiplication by complex numbers. The algebra 91 is
called separating if to any two distinct points of C there exists a func-
tion in 31 which takes distinct values at the given points. The norm
||/11 of a continuous function / on a compact space is defined to be the
maximum absolute value of the function. The algebra SI is thus a
normed algebra. 21 is called a Banach algebra if it is complete with
respect to its norm, i.e., if the limit of every uniformly convergent
sequence of elements of 21 is in 2ΐ.

An important theorem of Silov (see [5], p. 80) asserts that if 21 is
a separating algebra of continuous functions on a compact Hausdorff
space C then there is a smallest closed subset S of C having the prop-
erty that every function of 2ί attains its maximum absolute value at
some point of S. This set is called the Silov boundary of 21. A simple
example is obtained by taking C to be a compact subset of the complex
plane and 21 to be the set of all continuous functions on C which are
analytic at interior points; in this case the Silov boundary of 21 coincides
with the topological boundary of C.

Given a separating normed algebra 21 of continuous functions on a
compact space C, it seems natural to ask, in view of Silov's theorem,
whether there exists a smallest subset M (not necessarily closed) of C
having the property that every function in 21 attains its maximum ab-
solute value at some point of M. The answer in general is no. How-
ever, it will be shown (Theorem 1 below) that such a set M, called the
minimal boundary of 21, always exists if in addition it is assumed that
21 is a Banach algebra and that there is a countable basis for the open
sets of C, i.e., that C is metrizable. An example will be given to show
that the metrizability of C is necessary.

If the minimal boundary M exists, it is clear that the closure of M
is the Silov boundary. An example will be given to show that M need
not be closed, so that M in general is smaller than the Silov boundary.
This raises the question of the topological structure of M, which is an-
swered (Theorem 2) by showing that M is a ft, i.e., a countable inter-
section of open sets.

Received December 1, 1958, in revised form February 23, 1959. The author holds a
Sloan Foundation Fellowship.
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630 ERRETT BISHOP

The next portion of the paper concerns the representation of bounded
linear functionals on 21 by measures. It is an easy consequence of the
classical Hahn-Banach theorem and the Riesz representation theorem
that any bounded linear functional φ on SI of norm 1 can be represented
by a (complex-valued, Borel) measure μ of norm 1 on the Silov bounda-
ry S of 21, in the sense that φ(f) = \ fdμ for all / in 21. It is natural

is
to conjecture that μ can actually be taken to be a measure on the min-
imal boundary M of A. The author will devote a subsequent paper to
a proof of this result and a consideration of related questions. Karl de
Leeuw also has a proof of this result, based on work of Choquet [3]. In
the present paper we prove a special case, which is needed to prove the
general result and which will be sufficient for the applications considered
here. This special case, Theorem 3 below, states that for any point x
in C — M there exists a non-negative valued measure μ of norm 1 on
C - {x} such that f(x) = [fdμ for all / in 21.

The final section is concerned with problems of approximation in
one complex variable. Necessary and sufficient conditions are obtained
on a compact set C without interior of the complex plane that every
continuous function on C be uniformly approximable by rational func-
tions whose poles lie in the complement of C. Mergelyan [6] has ob-
tained sufficient conditions, of a different type, that the approximation
be possible.

A summary of the results of this paper was given in [1].

2* The minimal boundary*

DEFINITION 1. Let / be a continuous function on a compact space
C. Then S(f), the maximal set of f, consists of all points x in C such
that |/(x)l =

DEFINITION 2. Let 21 be a separating algebra of continuous func-
tion on a compact space C. A subset N of C is said to bound 21 if
N Π S(f) is non-void for all f in 21. If the class of subsets of C which
bound 21 contains a smallest set M, the set M will be called the minimal
boundary of 2ί.

THEOREM 1. Let % be a separating Banach algebra of continuous
functions on a compact metrizable Hausdorff space C. Then 21 has a
minimal boundary M and M equals the subset Mo of C consisting of all
x in C such that there exists f in 21 with S(f) — {x}

Proof. Let N be an arbitrary subset of C which bounds 2ί. For
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each x in M09 there exists / in 51 with S(f) = {x}. Thus {x}f]N =
S(f)ΠN is non-void. Hence xeN. Therefore MoaN.

To show that MQ is indeed the minimal boundary of 21, it remains
to prove that Mo bounds 31. It must therefore be shown that Mof]S(f)
is non-void for each / in SI. Let / be given. Let Γ be the class of
all subsets γ of C such that there exists fy in 31 with S(fy) — γ. By
Zorn's lemma, there is a subclass Γo of Γ which contains S(f), which
has the finite intersection property, and which has the property that no
larger subclass of Γ has the finite intersection property. Since C is
compact and since each 7 in Γo is closed, the set D — Πro7 is non-void
and closed. Since there is a countable basis for the open sets of C,
and since the family {C — γ: γ e Γo} of open sets covers C — D, there
exists a sequence {γw} from ΓQ such that {C — 7n] covers C — D, i.e.,
such that D = Γ\γn. Fix a point x0 of D. Define

fn = [ Λ ^ o ) ] - 1 / ^

Clearly S ( / J = yn and | | / J | = fn(xQ) = 1. Thus the series Σ»~=i2-n/»
converges uniformly on C to a function # in 21 with \\g\\ = gf(x0) = 1.
If x e C - 7fc, then \g(x)\ ^ Σ2- n | / , (a;) | < 1 since \fn(x)\ ^ 1 for all n
and |/ f c(flj)|<l. Therefore S(g)ayh. Thus Sto)cΓ|7 f c = fl. Assume
that S(g) contains more than one point. Since 21 separates points, there
exists h0 in 21 which is not constant on S(g). We may assume that the
maximum of \ho\ on S(g) is 1 and that h0 takes the value 1 at some
point of S(g). If we set h — h0 + hi, it follows that the maximum of
\h\ on S(g) is 2 and that this maximum is attained only where h0 takes
the value 1. Thus \h\ is not constant on S(g). Therefore the set

E = {a: xeS(g) and |/&(aθ| ^ |fe(τ/)| for all 2/ in

is a proper closed subset of S(g).
Let xλ be any point in E. Define the functions

and

Thus II(/0|i = ^o(^) = 1 and S(g0) = S(^). Also / ^ ) = 1, |ΛO(»)I ^ 1 if
xeS(g), and |feo(a0l < 1 if xeS(g) — E'. Let E" = ||feo||. For each posi-
tive integer n, let

Vn = {x: 1 + 2~n(K - 1) ^ |fco(a;)| ^ 1 + 2^+ 1(i^ - 1)} .

Clearly \JVn = {x: |feo(α?)| > 1}. Thus VnΠS(g) = y«nS(flf0) is void for
each w. Therefore 1^(^)1 < 1 f° r e a c h x i n ^n Since Fw is compact,
it follows that there exists a positive integer pn such that \gQ(x)\pn ^ 1/2
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for all x in Vn. Since l|go|| <̂  1, the series

K + 4(if - 1)Σ 2-flff»

converges uniformly on C to a function & in 2ί. We have

k{x,) = 1 + 4(ϋΓ - 1)Σ 2 - - 1 + 4(iί - 1) .

If £ e S(g) - JS7, then \hQ(x) \ < 1 and |flro(a?) | = 1, so that \k(x) | < 1 + 4(ϋΓ-l).
If xe C - \JVny then \hQ(x)\ ̂  1 and \go(x)\ ̂  1, so \k(x)\ ^ 1 + 4(ίΓ-l).
If α?6Fj, then |Λ0(a)| ^ 1 + 2-j+1(iΓ - 1), \go(x)\*n^l for all w, and
\gQ(x) \PJ ̂  1/2, so that I fc(aj) | ^ 1 + A(K- 1). Therefore k(xx) = 1+ 4(ίΓ-1) =
||fc||. Thus xτ e S(k) and S(fe) is disjoint from S(g)-E. Since x1eS(g)aD^
ΠFQT, and since S(k)eΓ, it follows from the maximality of Γo with
respect to the finite intersection property that S(k) e ΓQ. Therefore
S(g)cf)Γoyc:S(k). Since S(g) — E is non-void, this contradicts the fact
that S(g) — E is disjoint from S(k). Therefore the assumption that
S(g) contains more than one point is false. Thus S(g) consists of a
single point x0. It follows that xoeMo. Since S(g)aD — f\ΓojciS(f)f

it follows that xoe S(f)f]M0. Thus S(f)ΓiM0 is non-void, as was to be
proved.

We now give an example to show that Theorem 1 fails if C is not
metrizable. Let I denote the unit interval [0,1] with the usual topology.
Let Γ be an uncountable set. Let C consist of all families x = {xΛ}aeΣt

with xΛe I for each α. Thus C is the Cartesian product of an uncountable
number of intervals, and is therefore compact. Let 21 consist of all
continuous functions f on C which have the property that there exists
a countable subset Δ of Γ such that f(x) — f{y) whenever x and y are
points in C such that xΛ — yΛ for all a in Δ. It is easy to see that 21
is a separating Banach algebra of continuous functions on C. By the
Stone-Weierstrass theorem it follows that 21 consists of all continuous
functions on C. Let Nλ = {x: xΛ — 0 except for a countable set of a}
and N2 = {x: xΛ — 1 except for a countable set of a}. It is easy to
see that Λ^ and N2 bound 21. Since iVΊ Π JV"2 is void, it follows that 2ί
does not have a minimal boundary.

For an example of a function algebra whose minimal boundary is

distinct from its Silov boundary, let C be the subset {z: \z\ = 1} of the

complex plane and let 2ί consist of all continuous functions f on C which

have the property that there exists a continuous function / on {z: \z\ ^ 1}

such that f(z) = f(z) for z in C, such that / is analytic on {z: \z\ < 1},

and such that /(I) = /(0). It is easy to see that 2ΐ is a separating

Banach algebra of continuous functions on C. It is also not difficult to

show that the Silov boundary of 21 is C, whereas the minimal boundary
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of SI is the set {z: \z\ = 1, z Φ 1} = C - {1}.

THEOREM 2. Let §1 be a separating Banach algebra of continuous
functions on a compact metrizable Hausdorff space C. For each positive
integer n, let Un consist of all points x in C such that there exists f
in 31 with ll/li ^ 1, \f(x)\ > 3/4, and \f(y)\ < 1/4 for all y in Dn(x),
where Dn(x) = {y: p(x, y) ^ n'1} and p is a metric on C. Then Un is
open and f\Un — M, where M is the minimal boundary of Si.

Proof. If / is any function in 21, it is clear that the set σn(f) =
{x:xeC, \f(x)\ > 3/4, \f(y)\ < 1/4 whenever y e Dn(x)} is open for each
n. Since Un is the union of the sets belonging to the class

{*»(/):/e 31, 11/11^1} ,

it follows that Un is open.
If xe M, by Theorem 1 there exists / in 2ΐ with S(f) = {x}. It is

clearly no restriction to assume that | | / | | = 1. Hence \f(x)\ = 1. Since
1/(2/) I < 1 when y is in the compact set Dn(x), it follows that there ex-
ists a positive integer pn such that \f(y)\pn < 1/4 when yeDn(x). Thus
xe(j,(/^). Therefore xe Un. Since this is true for each n, it follows
that xef)Un. Therefore M c f l ^ .

Now consider a fixed x in f\Un. We must prove that xeM. To
this end, we construct by induction a sequence {gn} of functions in 51
having the following properties:

( i ) ll0»+i-ff»II^2-Λ+1

(ii) llflϋl ^ 3 ( 1 - 2 — ' )
(iii) gn(x) = 3(1 - 2-»)
(iv) |flrn+1(2/) - flrn(y)| < 2"w- 1 if yeDn(x) .

We first construct grlβ Since x e Ulf there exists a function / in 21 such
that H/ll ^ 1 and xeσx{f). Let

Since |/(x) | > 3/4, we have | | ^ | | ^ 3/2 4/3 = 2 < 3(1 - 2"2), so that gx

satisfies (ii). Clearly gλ{x) = 3(1 — 2"1), so that g1 satisfies (iii). Hence
gλ satisfies all of the relevant conditions. Assume now that gu * ,gk

have been chosen to satisfy all of the relevant conditions. Since gk(x) =
3(l-2- f c), there exists an integer j>k such that \gk(y)\<S(l-2-k)+2'k-2

for p(x, y) < j - 1 , i.e., for y in C — Dj(x). Since # e Ujy there exists a
function / in Sϊ such that | | / | | ^ 1 and xeσ3{f). Define h =
3 2-fc-1[/(x)]"1/. Thus h(x) = 3 . 2"*-1. Since | | / | | ^ 1 and \f(x)\ > 3/4,
we see that p | | ^ 2~k+\ Since also \f(y)\ < 1/4 for y in D/α), we see
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that \h(y)\ < 2~fc~1 for y in D,(x). Let gκ+i = gκ + h. It follows im-
mediately that

(i) llflf»+i

that

(iv) \gk+1(y) - g*(y)I < 2-*-1 if y e £>,(»),

and that

(iii) gt+1(x) = gt(x) + h(x) = 3(1 - 2"*) + 3 2'^

= 3(1 - 2"*-1) .

If yeD}(x), then

\g*M\ < \gM\ + \Kv)\
< HflfJI + 2- t-1 ^ 3(1 - 2-*-1) + 2-*-1

= 3 - 2"* < 3(1 - 2-fc-2) .

If y e C - Dj(a ), then

lflr*+i(i/)l ^ \oM\ + \Hv)\ £ 3(1 - 2-η + 2-*-s + ||fc||

^ 3(1 - 2-*) + 2-fc-2 + 2- s + 1 = 3(1 - 2-ϊ-2) .

It follows that

(ϋ) | | f i f t + 1 | | g 3 ( l - 2 - ' : - 2 ) .

Thus gk+1 has the relevant properties. We have thus constructed the
sequence {gn}. By condition (i), the sequence {gn} converges uniformly
on C to a function g in St. By (ii), | |g | | ^ 3. By (iii), flf(a?) = 3. If
yeDn(x), then

HflTnll + Σ lflr*+i(2/) - ^(l/)l < 3(1 - 2""-1) + Σ 2 " f c - 1 < 3 .

Thus S(g) = {^}. Therefore x e f , as was to be proved.

COROLLARY. // §1 is α separating Banach algebra of continuous
functions on a compact metrizable Hausdorff space C, then the minimal
boundary M of Sί is a countable intersection of open sets.

3. Representation by measures•

We now prove the fundamental result of this paper.

THEOREM 3. Let Sί be a separating Banach algebra of continuous
functions on a compact metrizable Hausdorff space C. Let 31 contain
the function 1, Let x be a point of C — M, where M is the minimal
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boundary of 21. Then there exists a non-negative Borel measure 7 of

norm 1 on C — {x} such that f(x) — \fdy for all f in 21.

Proof. We assume that a metric p on C is given. For each posi-
tive integer n, let

Dn = {y:ye C, p(x, y) ^ n~x} .

Let δ and c be real numbers such that 0 < 6 < 1/4 < 3/4 < c < 1. For
each positive integer n and each positive integer m, let hnm be a con-
tinuous function on C such that Jtwm(2/) = δ1/m for y e Dn, hnm(y) = c1/m

for yeC - D2n, and δ1/m <: /&nm0/) ^ c1/m for all 2/. Such a function exists
because the closures of the sets Dn and C — D2n are disjoint. There
are two cases to consider. Either there exists (Case 1) for each positive
integer n a positive integer m and a function / in 2ΐ such that
|/(α) I > (3/4)1/m and \f(y) | ^ hnm(y) for all y in C, or (Case 2) there ex-
ists a positive integer n such that for all positive integers m and for
all / in 2t either \f(x) \ < (3/4)1/OT or \f(y)\>hnm(y) for some y in C.
We shall show that Case 1 is impossible and that Case 2 implies the
theorem to be proved.

Assume now that Case 1 obtains. Let the positive integer n be
given, and choose / in 21 and a positive integer m such that \f(x) |>(3/4)1/m

and \f{y) \ £ hnm(y) for all y.
Write g = fm. Since \f(y) \ <: hnm(y) ^ c1/m for all y, we have

\g(y)\ ^ c for all y. Thus | |g | | ^ c < 1. Since |/(aθ| > (3/4)1/m we have
|flf(α;)| > 3/4. Since \f(y)\ g hnn(y) = δ1/m for y in Z)n, we have \g(y)\ ^
δ < 1/4 for t/ in Dw. It follows that x e Un, where Un is the set defined
in Theorem 2. Since this is true for each n, we have xef]Un = M,
by Theorem 2. This contradicts the hypothesis of Theorem 3. There-
fore Case 1 is impossible.

We are therefore justified in assuming that Case 2 obtains. Thus
there exists a positive integer n, henceforth fixed, such that for all
positive integers m and a l l / i n 21 either \f{x)\ ^ (3/4)1/m or \f(y)\>hnm(y)
for some y in C. Consider now a positive integer m. For each / in 21
either \f(x) \ ̂  (3/4)1/w or \\fh'1\\>l9 where h = hnm. Thus |/(a?)| ^
(3/4)1/;/ι whenever / e 2ί and \\fh-λ\\ ^ 1 . Let 33 be the Banach space of
all continuous functions on C, under the uniform norm, and let S30 be
the subspace {fh~u. f e 21} of 33. Define the linear functional ψ on 330

by defining φ{fh~λ)=f(x) for each / in St. Since |/(a?) | ^ (3/4)1/w if
/ e 2 ί and H/Zr1!! ^ 1, it follows that | M I ^ (3/4)1/m. By the Hahn-
Banach theorem, there exists an extension φ0 of φ which is a linear
functional on S3 with ||<po[l <g (3/4)1/m. By the Riesz representation theo-
rem, there exists a measure vm on C such that | |vm | | ^ (3/4)1/m and

φo(f) = \fdvm for all continuous functions / on C. Thus
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fix) =

for all / in 21. If we define the measure μm by

μjβ) = \ h->dvm

for all Borel subsets S of C, it follows that f(x) = [fdμm for all / i

5ί. In particular, 1 = \dμm. Thus \\μm\\ ^ 1. Let the measure v°m, the

restriction of vm to the set D2n, be defined by v°m(S) — vm(S Π D2n) for
each Borel set S. Let vλ

mj the restriction of vm to C — £)2W, be defined
similarly. Thus

' 3 \1/m

in

Similarly, let μ°m be the restriction of μm to D2ny and let μx

m be the re-
striction of μm to C — D2n. Thus

+ H A H = 1 1 ^ 1 1 ^ 1 .

Since {h{y)Yι = cιlm for all y in C - D2n and since μ]n{S) == f Λ " 1 ^ ,

for all Borel sets S, we see that μι

m = c~1 / m^, so that c 1 / m | | /4 | | = Ibmil-
Since l ^ ^ ) ! " 1 ^ δ"1 / m for all y, and therefore for all y in D2n, we see
similarly that 61 / m | |/4| | ^ II^ll Thus

b^\\μ°m\\ + AII ^ ||i4ll + 11*411 ̂  ( j

Combined with the inequality

this gives

Thus

IIμlII ^ [ ( " I ) ' - ft

+ II A l l ^ 6-1 / w ιil<ll + ft-Since

there exists a subsequence {μwj of {μm} which converges in the weak
star topology for measures on C to a measure μ on C with | |μ | | ^ 1.
Also,
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= lim \^fdμm. = f(x)

for each / in 21.
Since C — D2n is open and since

11/411 ^

for each m, we have

where μ1 is the restriction of μ to C — D2a. Now

l imΓf—y-
Λ-»O LV 4 /

= Un A _ in&Ίpwc - Inb]-1 = inΆ'^lHcb'1)]'1 < 1 .

Thus, if μ2 denotes the restriction of μ to the set [x}f we have \\μ2\\ ^
11//111 < 1. Thus there exists a constant a with | α | < 1 such that

\fdμ2 — af(x) for all continuous functions / o n C. Let //3 be the restric-

tion of μ to C - {a?}, so that /J2 + //3 = /i and ||/*2 | | + ||//3 | | =\\μ\\^l.

Thus

for all / in it . Therefore (1 - a)f(x) =[fdμ3 for all / in ?t. Since

1-Ili" 2 l l = l - | α | , and since le% we have l - | α | ^ | l - α | =

II^31| ^ 1 — | α | . Thus a is positive. Define γ = (1 — a)~1μ,.

Thus

for all / in St. Also, | M | ^ (1 - α)" 1 ! !/^!! ^ 1. Since 1 6 St we have

1 — \dγ. Therefore γ is a non-negative valued measure. This completes

the proof of the theorem.

COROLLARY. Let Sΐ 6e a separating Banach algebra containing the
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unit function of continuous functions on the compact metrizable Haus-
dorff space C. Let 3l0 consist of all functions on C which are real
parts of functions in 31, and let 3ΐ be the uniform closure of Sft0. Let
MQ consist of all points x in C such that there exists f in 3ΐ with
l/(#) I > \f(v) I for all y φ x in C. Then Mo equals the minimal boun-
dary M of SI.

Proof. If x e l , there exists g in C such that 1 g(x)| > |g(y)\ for
all y Φ x in C. It is no loss of generality to assume that g(x) = 1. If
we let / be the real part of g, then f e 9i0c9i and \f(x)\ = \g(x)\ >
10(2/) I ^ 1/(2/)I f° r all V Φ %. Hence xeM0.

If x is not in M, then there exists a real-valued measure γ on

M — {x} of norm 1 such that g(x) = Ucίγ for all gr in SI, by Theorem

3. Since γ is real-valued, it follows that f(x) = \fdj for all / in 9ΐ0.

Thus /(cc) = l/dγ for all / in 5R. If x where in MQ, there would exist

/ in 9ΐ with 1 =/(&) > |/(y)| for all y ^ x. Thus 1 = / ( l ) = [fdj <

wfdj < 1, since \f(y)\ < 1 for y Φ x and since | |γ | | = 1. This contra-

diction shows that x is not Mo. Hence M = Mo, as was to be proved.
DeLeeuw has found a proof of Theorem 3 which is somewhat simpler

than the one given here.

4, Applications, We now apply the results of the previous sections
to certain problems of approximation in one complex variable.

DEFINITION 3. Let C be a compact subset of the complex plane.
Then A (C) wiZZ consist of all continuous functions on C which are
analytic at interior points of C, and h^C) will consist of all continu-
ous functions on C which can be uniformly approximated arbitrarily
closely by rational functions whose poles lie in the complement of C.

It is clear that A ( C ) c Λ0(C)> and that A0(C) a n d AX(C) a r e sepa-
rating Banach algebras of continuous functions on C. Mergelyan [2] has
shown that A0(C) — AX(C) i*1 c a s e the complement of C consists of only
a finite number of components. No necessary and sufficient condition is
known that A^C) = A0(C) I n c a s e C has no interior, we shall obtain
in Theorem 5 below a necessary and sufficient condition that every con-
tinuous function on C be uniformly approximable by rational functions
with poles in — C.

THEOREM 4. Let C be a compact subset of the complex plane with
no interior and let M be the minimal boundary of A (C) Then either
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/{ (C) — /^ (C) or C ~ M has positive 2-dimensional Lebesgue measure.

Proof. Assume that hΊ(C) φ A0(C) We must show that C - M
has positive 2-dimensional Lebesgue measure. Now A0(C) * s the Banach
space of all continuous complex-valued functions on C, and A^C) is a
proper subspace, since A/C) =£ Ao(^) By the Hahn-Banach theorem,
there exists a continuous linear functional ψ Φ 0 on A0(C) which vanishes
on A (C) By the Riesz representation theorem, there exists a finite
complex-valued Borel measure μ on C which represents φ. Thus μ Φ 0

and [fdμ = 0 for all / in A^C). In particular, ί(s - ζ)~Ύdμ{ζ) = 0

whenever 2 is not in C, since the function (z — ζ)'1 is a rational func-
tion of ζ whose pole, z, is not in C. Since the function z'1 of 2 is in-
tegrable with respect to Lebesgue measure dxdy over any finite region
of the plane, and since μ is a finite measure on the compact set C, the
integral

Hz) = jo* -

will exist for almost all values of z, and the function h(z) so defined,
called the convolution of the measure μ and the function z~ι and writ-
ten h = z~1*μ, will be integrable with respect to Lebesgue measure over
any finite region of the plane. Since we have seen above that h(z) — 0
if z is not in C, it follows that h is integrable.

Assume that the integrable function h vanishes almost everywhere,

so that the integral h(z) = 1(2 — ζ)~ιdμ(ζ) exists and vanishes for almost

all z. To obtain a contradiction from this assumption, we use the equa-

tion —— = πδ ([7] p. 49) from the theory of distributions. This means

oz z
that for any function g on the complex plane which vanishes in a neigh-
borhood of 00 and which has continuous partial derivatives of all
orders we have

(( ^i !) - πg(ξ)
x dy

for all values of ξ. If we write gλ(z) = -χ (-~— + i^—)9(z) and integrate

both sides of the above equation with respect to μ we obtain

= 0
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since h(z) vanishes almost everywhere. ΛThe use of Fubini's theorem is
justified since z — ξ, and therefore (z — ξ)-1, is measurable with respect
to the product of the measures gλ(z)dxdy and dμ(ξ) and since

is finite. Now every continuous function g0 on C can be uniformly ap-

proximated by such functions g, so that\go(ξ)dμ(ζ) = 0. By the unique-

ness part of the Riesz representation theorem, it follows that μ — 0.

This contradiction shows that there exists a set Γ of C of positive

Lebesgue measure such that the integral h(z) exists and does not vanish

for all z in Γ. We may clearly assume that at no point of Γ does μ

have point mass.

Let zQ be any point in Γ, so that h(zQ) = c exists and is not zero.
Let / be any function in Aj(C) s u c h that f(z0) = 0. Let {/„} be a
sequence of rational functions with poles in the complement of C con-
verging uniformly to / on C. Since fn(z0)~> f(z0) = 0 as n-> oo, we see
that {gn} converges uniformly to / on C, where gn = fn — fn(zQ). Thus
gn is a rational function with poles in — C which vanishes at z0, so that
there exists a rational function gr

n with poles in —C such that gn{z) =
g'n(z)(z — z0) for all z. Hence

= 0

for each n, since g'ne /\λ{C). Passing to the limit, we see that

= 0 .

Since this is true for all / in /\λ{C) with f(z0) — 0, it follows that for
an arbitrary / i n AjίC) we have

= 0 +/(«o)(-M«o)) = -cf(z0) .

If we let δ0 denote the measure of mass + 1 at the point z0, it follows
that

v = (z - z,Yλμ + cδ0

is a measure on C which annihilates A/C)- Now if zQ were in M, there
would exist / in AT(C) with f(z0) = 1 and |/(«)| < 1 for all z Φ z0 in C.

Since K{20}) = c ^ 0, it is clear that \fndv φ 0 if n is sufficiently large.
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This is a contradiction, since fne AL(C) This shows that z0 is not in
M. Since z0 was any point in Γ we have Γ c C — M. Since Γ has
positive measure, C — M has positive measure, as was to be proved.

To restate the theorem, if for every point z on C, with the possible
exception of a set of measure 0, there exists a continuous function / on
C with \f(z) I > \f(ξ) I for all ξ φ z in C which can be uniformly ap-
proximated by rational functions with poles in — C, then every continuous
function on C can be uniformly approximated by rational functions whose
poles lie in — C.

THEOREM 5. Let C be a compact subset of the complex plane without
interior. Let hQ(C) be the algebra of all continuous complex-valued
functions on C and let J\{(C) be those functions in Ad(C) which can be
uniformly approximated by rational functions with poles in —C, and
let M be the minimal boundary of A/C)- Let ΔQ(C) consist of all con-
tinuous real-valued functions on C, and let ΔJfi) consist of all continu-
ous real-valued functions on C which are uniformly approximate by
real parts of functions in h^C). Let Mo consist of all points z in C
such that there exists f in Δλ{C) with \f{z)\ > \f{ζ)\ for all ζ φ z in C.
Then M = MQ and the following statements are equivalent:

(i) Aι(C)=A0(C)
(ii) C — M has measure 0
(iii) M = C
(iv) Λ(C) - Δ0(C) .

Proof. The fact that M = Mo is a special case of the corollary to
Theorem 3. It is clear that (i) => (iii) ==> (ii). But (ii) =#> (i) by Theorem
4. Thus (i), (ii), and (iii) are equivalent. It is also clear that (i) => (iv).
But (iv) implies that MQ = C. Thus (iv) => (iii). This proves Theorem 5.

Theorem 5 thus gives results concerning approximation on a nowhere
dense subset of the complex plane by rational functions or by real parts
of rational functions, and shows that the two problems are related.
The results for approximation by the real parts of rational functions
are similar in outward appearance to results of Brelot [2] and Deny [4],
who consider approximation by functions harmonic in a neighborhood of
C, but there does not seem to be an essential connection, due to the
fact that a function harmonic in the neighborhood of C need not be the
real part of an analytic function, since the conjugate harmonic function
might be multiple-valued.
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THE TOPOLOGY OF ALMOST UNIFORM CONVERGENCE

JOHN W. BRACE

The theorem of Arzela [3, 4, 6] (see Theorem 2.2) which gives
a necessary condition and a sufficient condition for a net of continuous
functions to converge to a continuous function plays an important part
in functional analysis. In the case of linear topological spaces it has
been observed that the quasi-uniform convergence [3] (see Definition 2.1)
which Arzela presented in his theorem is related to the weak and weak*
topologies [6, 9, 20]. With this fact in mind it was surmised that
quasi-uniform convergence would present a useful method for topologiz-
ing function spaces. This paper presents such a topology and displays
some of its properties and applications. The resulting topology will be
called the topology of almost uniform convergence.

In § 1 the topology is defined by means of a base for the neigh-
borhood system of the zero function (origin). It should be noted that
there is a similarity between the development of uniform convergence
topologies [17] and the topology of almost uniform convergence. Section
2 shows that convergence of a net of functions for the topology implies
quasi-uniform convergence. A net of functions having the property that
every subnet converges quasi-uniformly will converge for the topology.
In § 3 the concept of almost uniform convergence is extended to the
case where convergence occurs on each member of a family of subsets
of the domain space. Section 4 examines the properties of various func-
tion spaces in regard to the topology of almost uniform convergence.
In particular, Theorem 4.3 shows that convergence in this topology for
a net of bounded continuous functions over a regular Hausdorff space
S is equivalent to pointwise convergence of their extensions on the
Stone-Cech compactification of S.

Section 5 uses the topology of almost uniform convergence to obtain
the weak topology for certain locally convex linear topological spaces.
It is necessary in § 5 to modify the topology of almost uniform conver-
gence to form a finer (stronger) topology which is called the topology of
convex almost uniform convergence. With this new topology, Theorem
5.6 shows that the weak topology for a function space, which was
originally a locally convex linear topological space for a uniform con-
vergence topology, is the topology of convex almost uniform conver-
gence. Theorem 5.9 parallels a theorem in Banach's book (page 134)
[5] in giving a necessary and sufficient condition for the weak conver-
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gence of a net (instead of a sequence) from the Banach space of all
continuous on the closed unit interval.

In the same manner Theorem 5.10 gives a necessary and sufficient
condition for the convergence in the weak topology of a net in L1.
A similar theorem for sequences can be found in [12; page 89].

1* The almost uniform convergence topology* In establishing the
existence of the almost uniform convergence topology for a collection of
functions, the first step is to determine a class of sets that can be used
to generate the neighborhood system of the zero element of the function
space [7, 15, 19].

1.1 DEFINITION. Let S,(S,F) be a linear space of functions on
an abstract set S into a locally convex linear topological space F. Then
a subset U of gf (S, F) has the property (a) in gf (S, F) if it satisfies
the condition: for some neighborhood V of 0 in F it is true that for
each finite subset {fi9 ••-,/*} of &(S, F) ^ U there is an x in S such
that/ 4(α0 i V(i=l, ••-,&).

1.2 LEMMA. For each subset U of gf (S, F) with property (a), there
is a convex circled subset W of U with property (a). Furthermore
each U is radial at the origin of S?(S, F) if and only if f[S] is bound-
ed for each f in 2?(S, F).

Proof. Let Vo be a convex circled neighborhood of 0 in F whose
relationship to U is as stated in property (a). Accepting the Hausdorff
minimal principle, there exists a subset of U, call it W, which is minimal
with respect to the property (a) for the previously mentioned neigh-
borhood Vo of 0 in F.

Observe that a function / is in W if and only if there exists a finite
subset {/4, •••,/„} of g?(S,F)~ W such that for every x in S either
f(x) is in Vo or f3{x) is in Vo for at least one fjy j — 1, , k. For two
functions / and g in W let the two finite sets {flf , fm} and {g19 , gn)
bear this relationship to / and g respectively. The union {f19 -- ,/m,
Qu •••> 9n} bears the same relationship to tf + (1 — t)g for all t such
that 0 < t < 1. Thus it is concluded that W is a convex set.

The circularity of W is obtained in a similar manner.
Assume that for each / in gr(S, F) there is a scalar c such that

/ [ £ ] c cV0. This implies that / is in cW c cU. In other words, U is
radial at 0 in gf (S, F).

Assuming each U to be radial and the existence of an / in 5^(S, F)
such that f[S] is not bounded, there is a sequence {xn} c S and a convex

circled neighborhood V of the origin in F with the property that— f(x n )
n
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is not in V for n = 1, 2, . . . Let Uo = 5f(S, F) ~ \f, i-/, \f,

This is a contradiction because ί70 has property (a) and is not radial.

1.3 THEOREM. Let Z?(S, F) be a linear space of functions on
an abstract set S into a locally convex linear topological space F.
Then all the sets of the form Uy Π β Γi Un, where Uiy has property
(a) in %?(S, F), form a local base for a locally convex topology. This
topology is called the topology of almost-uniform convergence on S.
Furthermore, it is a linear topology if and only if f[S] is bounded
for each f in %?(S, F) and it is a Hausdorff topology if F is Hausdorff.

Proof. The existence of the almost-uniform convergence topology
(linear and non-linear) is obtained from Lemma 2.3 [7, 15, 19].

If F is Hausdorff and / is a non-zero element of Z7{β, F) then
there is a point x in S and a neighborhood V of 0 such that f(x) is not
in V. Thus Z?(S, F) ~ {/} has property (a) and the almost uniform
convergence topology is Hausdorff.

2 The convergence of nets* The study of almost uniform conver-
gence topologies is partially motivated by quasi-uniform convergence and
almost uniform convergence for nets of functions [17]. Now that the
topology has been obtained it is time to consider its relationship to the
almost uniform convergence of a net of functions.

2.1 DEFINITION. [3, 6, 21]. A net {fΛ, aeD] in &{S, F) converges
to / 0 quasi-uniformly on S if limf^x) = fo(x) for each x in S and for
every neighborhood V of the zero element of F and aQ in D there is
a finite subset {a19 a2, , an) of D, a h > a0, i — 1, 2, , n, such that
for every x in A, fΛ%(x) — fo(x) is in V for at least one aif i — 1, 2, , n.

The importance of quasi-uniform convergence stems from the fol-
lowing theorem.

2.2 THEOREM (Arzela) [3, 4, 6]. If a net of continuous functions
on a topological space X converges to a continuous limit, then the con-
vergence is quasi-uniform on every compact subset of X. Conversely,
if the net converges quasi-uniformly on a subset of X, the limit is
continuous on this subset.

Since a net converges in a topological space if and only if every
subnet converges, the following modification of quasi-uniform convergence
is the natural thing to expect.

2.3 DEFINITION [19]. A net {fa,aeD} in 2?(S, F) converges al-
most uniformly to fQ on S if and only if every subnet converges quasi-
uniformly to fQ on A.
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2.4 THEOREM. Let &(S, F) be a function space with the topology
of almost uniform convergence on S. A net {fa, a e D] in 5f(S, F)
converges almost uniformly to fQ on S if and only if the net converges
to f0 in the topology.

Proof. Considering f0 to be the zero function, it is assumed that
the net converges almost uniformly to fQ without being eventually in
a set U with property (a). This gives a subnet which would not con-
verge quasi-uniformly and thus a contradiction.

In order to obtain the converse, assume first that the net which
converges for the topology does not converge pointwise at the point x
in S. It follows that there is a subnet {fβ, β e D'} and a convex circled
neighborhood V of 0 in F such that fβ(x) is not in V for each β in D'.
This leads to a contradiction because the set &(S, F) ~ {fβf β e Π] has
property (a) and the net is not eventually in it.

A similar contradiction is obtained when it is assumed that there is
a subnet which converges pointwise and in the topology, but does not
converge quasi-uniformly.

3. The topology of almost uniform convergence on a collection of
subsets of SL In the above discussion the convergence has occurred over
the entire set S. Without difficulty, the convergence can be restricted
to a family of subsets of S.

3.1 DEFINITION. A subset U of &(S, F) has the property (a) over
a subset A of S if it has property (a) in Ss(A, F)> where S (̂A, F) is
the linear space which is obtained by restricting the functions in &{S, F)
to having A as their domain of definition.

The analogue of Theorem 1.3 is now stated.

3.2 THEOREM. Let S^(S, F) be a linear space of function on a set
S into a locally convex linear topological space F and let s/ be a collec-
tion of subsets of S. Then all the sets in S?(S, F) of the form
U1 Π Π Uu, where each Ό% has property (a) over some A in S?f >
form a local base for a locally convex topology. This topology of al-
most uniform convergence on members of sf. Furthermore, it is
a linear topology if and only if f[A] is bounded for each A in Sf and
each f in ^(S, F) and it is a Hausdorff topology if F is Hausdorjff
and for each f in 2f (S, F) there is a point x in at least one member
of jy such that f(x) Φ 0.

The expected analogues of the theorems in § 1 are also valid. In
analogy with topologies of uniform convergence it is noted that S/ can
be enlarged to contain all the finite unions of its members without af-
fecting the topology.
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4, Function spaces. It is interesting to note that the subset & of
SΓ(S, F) consisting of all functions which are bounded on each member
of sf is a closed subspace of (//'{β, F) for the topology of almost uniform
convergence on members S/. If S is a topological space it is also clear
that the functions which are continuous on each member of s/ form
a closed subspace.

4.1 THEOREM. Let C(S, F) be a linear space of continuous func-
tions on a topological space S to a locally convex linear topological
space F. Then the topology of almost uniform convergence on members
of JY and the topology of almost uniform convergence on the members
of a collection composed of the closures of finite unions of members of
JY are the same topology on C(S, F).

Proof. Assuming that the subset U of C(S, F) has property (a)
over the closure of A, where A is in JY, there is a closed convex
circled neighborhood V of 0 in F such that for each finite subset
{/i> •">/»} of C(S, F) ~ U there exists an x0 in the closure of A and
a neighborhood W of x0 with the property that fj(W) is disjoint from
V for j = 1, , k. Since there is an x in W which is also in A, the
proof is completed by concluding that U has property (a) over A.

The following theorems give some indication of the relationship be-
tween almost uniform convergence and pointwise convergence.

4.2 THEOREM. If A is a compact subset of a topological space S
then the topology of almost uniform convergence on A is equivalent to
the topology of pointwise convergence on A for a function space C(S, F)
of continuous functions defined on S with range in the locally convex
linear topological space F.

Proof. It has already been shown that almost uniform convergence
implies pointwise convergence. The converse is immediately obtained
by nothing that Arzela's Theorem 2.2 establishes the quasi-uniform con-
vergence of every subnet of a pointwise convergent net in C(S, F).

Theorems 4.1 and 4.2 combine to obtain the following result.

4.3 THEOREM. Let S be a completely regular Hausdorff space. The
topology of almost uniform convergence on S is equivalent to the topolo-
gy of pointwise convergence on the Stone-Cech compactification [17] of
S for the function space of bounded continuous functions on S with
range in the complex or real numbers.

A noticeable difference between the uniform convergence topologies
and almost uniform convergence topologies occurs on questions of com-
pleteness. For example, the almost uniform convergence topology on
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the linear space of all bounded real valued functions defined on the
closed unit interval [0,1] is not complete. If it were a complete topolo-
gy the subspace of continuous function would be required to be complete
in the topology of pointwise convergence (see Theorems 2.2 and 4.3).

5. Adjoint spaces and the weak topology [2, 8, 11, 18, 19] Several
people have observed that almost uniform convergence is in some man-
ner related to the adjoint space of a locally convex linear topological
space. The first adjoint space is the collection of all continuous scalar
valued linear functions defined on the linear topological space which is
under consideration. If the adjoint space is topologized it is possible to
speak of the adjoint space of the adjoint space.

The adjoint space E* of a locally convex linear topological space E
defines a natural topology on E which is called the weak topology. If E
is considered as a collection of linear functions defined on E*, the weak
topology on E is the topology of pointwise convergence on E*.

By interchanging the roles of E and E* in the above discussion it
is seen that E gives rise to a natural topology on £ * which is called
the weak* topology on 2?*.

The next theorem gives a small degree of insight into the structure
of the adjoint space.

5.1 THEOREM. Consider a linear space 5f(S,K) consisting of func-
tions with domain S and range in the scalar field K. If %?(S, K) is
given a linear topology of uniform convergence on members of a collec-
tion S/ of subsets of S and %y% is the adjoint space of &(S, F)y then
there exists a natural mapping φ from the subset \JΛe^A of S into 5f*
such that for each x e \JAe^A, Φ(x)f — f(x) for every f e %?(S, K) and
for each /* in 5f * there is an A in s/ and positive scalar e with
the property that εf* is in the weak* closed circled convex hull of φ[A],

Proof. For each x e {JΛej*A, φ(x) is clearly an element of S^*.
Considering an arbitrary /0* in g?*, let G = {f e 2?(S, K):\fo*(f)\ < 1}.
The continuity of /0* gives a positive number ε and an A in Stf such
that G contains the neighborhood H= {/e &(S,K): \f(x)\ < e for all
x e A}. It can be shown that the set {/* e ^ * : | / * ( / ) ! < ε for each
/ i n if} which contains ε/0* is the weak* closed circled convex hull of

5.2 COROLLARY. Let E be a locally convex linear topological space
with an adjoint space E*. If E* is given the topology of uniform
convergence on the bounded subsets of E then the adjoint space 2?** of
E* is the union of the weak* closures of the images in E** of the
bounded subsets of E under the natural mapping of E into E**.
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In the specific case of a Banach space the results presented in the
corollary were proved by M. M. Day [10] and H. H. Goldstine [13].

The weak topology on the Banach space of all continuous functions
defined on the closed unit interval is finer (stronger) than the topology
of pointwise convergence on the closed unit interval. Since the topolo-
gy of pointwise convergence is the topology of almost uniform conver-
gence on the closed unit interval it is clear that almost uniform conver-
gence must be modified if it is to give the weak topology. The following
definition is presented with this purpose in mind.

5.3 DEFINITION. Let ^ ( S , F) be a linear space of functions on an
abstract set S into a locally convex linear topological space F. Then
a subset U of &(S, F) has property β over a subset A of S if it
satisfies the following condition: for some neighborhood V of 0 in F it
is true that for each finite subset {f19 ° ,/fc} of %>*(S, F) ~ U there is
a finite subset {xlf x2, , xn] of A and a finite set of positive numbers
{alf a2, •••, an}, Σ?=i α i = 1> s u c h that Σϊ-i^/X^*) * s n ° t 'm V for j —
1,2, ...,fc.

5.4 THEOREM. Consider the function space %?(S, F). Then all sets
of the form Ux Π Π Un, where each U,h has property (β) over some
A in s/, form a local base for a locally convex topology. This is called
the topology of convex almost uniform convergence on members of sf.
Furthermore, it is a linear topology if and only if f [A] is bounded for
each A in Sf and each f in Z?(S, F) and it is a Hausdorff topology if
F is Hausdorff and for each f in 2Γ(S, F) there is a point x in at least
one member of ,S>f such that f(x) Φ 0.

The omitted proof of the above theorem is essentially the same as
Theorem 2.4.

5.5 THEOREM. Let S be a linear topological space and let ^ 7 ( S , F)
be a collection of continuous linear functions defined on S with range in
a locally convex linear topological space F. If s/ is a family of sub-
sets of S such that £?{S, F) is a linear topological space for the topolo-
gy of convex almost uniform convergence on members of s^f and if j y
is the collection of closed convex hulls of finite unions of members of
S?/, then the topology of almost uniform convergence on the members
of S/f is the same topology.

Proof. In collaboration with Theorem 4.1 it is sufficient to show
that a subset U of jSf (S, F) has property (β) over a subset A of S if
and only if it has property (a) on the convex hulls of A. Because of
the linearity of the members of U the result becomes apparent upon
inspecting Definitions 5.3 and 1.2,
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The theorem which follows shows that it is possible to work with
the weak topology on a function space without knowing anything about
the first adjoint space. In many cases this avoids the necessity of
obtaining a representation of the adjoint space.

5.6 THEOREM. Consider a linear space %?(S, K) consisting of func-
tions with domain an abstract set S and range in the scalar field K.
If 9?(S, K) is given a linear topology of uniform convergence on the
members of a collection s/ of subsets of S, then the weak topology on
f<f(S, K) is the topology of convex almost uniform convergence on mem-
bers of S/.

Proof. Considering g^(S, K) as a collection of scalar valued func-
tions defined on gf *, the weak topology on gf (S, K) is the topology
of pointwise convergence on the union of the weak* closed circled con-
vex hulls of the collection {φ[A]: A e s/~\ (see Theorem 5.1). The weak*
closed circled convex hull of each φ[A] is weak* compact because it is
the polar of a neighborhood of 0 in gr(S, K)[8\. Since each member of
&(S, K) is a weak* continuous function on g^*[8], the weak topology
is the topology of convex almost uniform convergence on the collection
{φ[A]: A e S>f) (see Theorems 5.5 and 4.2), which in turn is the topolo-
gy of convex almost uniform convergence on members of s/.

5.7 COROLLARY. If E is a locally convex linear topological space
and the first adjoint space £7* is given the strong topology, then the
weak topology on £J* is the topology of almost uniform convergence on
the bounded subsets of E.

Further results of this type can be obtained for a function space or
an operator space whose range is contained in a locally convex linear
topological space.

The above relationship of the weak topology to an almost uniform
convergence topology again displays the restrictive nature of a complete-
ness requirement on an almost uniform convergence topology [16].

In the case where S is a linear space, a topology of almost uniform
convergence on the members of jy is not always equivalent to the
topology af almost uniform convergence on the convex hulls of the mem-
bers of s/. To clarify this point consider the weak topology on a locally
convex linear topological space E. It is the topology of almost uniform
convergence on the weak* compact subsets of the first adjoint space E*
(see Theorem 4.2) If the weak topology on E was also the topology of
almost uniform convergence on the convex hulls of the weak* compact
subsets of £7* the topology of uniform convergence on the same subsets
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would be a linear topology for E with the same adjoint space. This
leads to contradiction in cases where the new topology would be proper-
ly finer than the Mackey topology on E [18, 19].

In the case of a normed linear space the following theorem due to
G. Sirvint [21] is of interest. The original form of the theorem concerns
sequences and not nets.

5.8 THEOREM. Let F be a normed linear space. A net {fa,aeD}
in the function space Z?(S, F) converges almost uniformly to f0 on
a subset A of S if and only if limα limβ \\fa(xβ) — fo(Xβ) 11 = 0 for every
net {xβ, β 6 Π) in A.

In Banach's book [5] on page 134 there is a necessary and sufficient
condition for a sequence from the Banach space of all continuous func-
tions on the closed unit interval to converge weakly. This theorem does
not hold in the case of nets. It is now possible to state a similar
theorem for nets by making use of Theorems 5.6 and 5.8. Let Ξ be
the collection of all sets consisting of a finite number of ordered pairs
{(fli> £i)> (a2, £2)> * J (am tn)} of numbers from the closed unit interval
[0, 1] with the property that Σ ? = i ^ = l For each ψεE, ψ — {(au ίx),
(α2, £2), •••, (αw, tn)}, and each real valued function / on the closed unit
interval define ψ(f) to be Σ?=iαi/(*f) With this notation the theorem
can be stated.

5.9 THEOREM. A net {fΛ, a e D} from the Banach space C[0, 1]
converges weakly to f0 if and only if limΛ limβ \ψβ(fΛ) — ψβ(f0)\ = 0 for
every net {ψβt βe ,^7} in Ξ.

A similar theorem is available for the Banach space ZΛ Let j f be
the collection of all measurable sets from the measure space upon which

the function of L1 are defined. The norm | | / | | — supΛ/eM I fdμ is

topologically equivalent to the usual norm for ZΛ If L1 is viewed as
a collection of functions defined on ^ f with its topology determined by
the new norm, it satisfies the hypothesis of Theorem 5.6.

Let Φ be the collection of all sets consisting of a finite number of

ordered pairs {(a19 Mx), (α2, M2), , (an, Mn)} where M h (i = 1, 2, , n)

is a measurable set from the measure space and (a19 a2, •• , α j is a set

of possitive numbers with the property Σ?=iα« ~ l For each φeΦ,φ —

{(ttiMx), , (αn, Mn)}, and for each fe L1 define φ(f) to be Σ?-i α« \ fdμ.
J Mt

This notation makes it possible to state the following theorem.

5.10 THEOREM. A net {fΛ, ae D} from the Banach space L1 converges
weakly to an element of L1 if and only if limα limβ \φβ(fa) — cPβ(fo \ — 0
for every net {φβJ β e £?} in Φ,
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A related theorem for sequences can be found in reference [12;
page 89].
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CHAINABLE CONTINUA AND INDECOMPOSABILITY

C. E. BURGESS

This paper includes a study of continua1 which are both linearly
chainable and circularly chainable. Since there exist indecomposable
continua and 2 indecomposable continua which are linearly chainable, it
follows from Theorem 7 that there exist indecomposable continua and
decomposable continua which have both of these types of chainability.

A linear chain C is a finite collection of open sets L19 L2, « ,LW

such that
(1) each element of C contains an open set that does not inter-

sect any other element of C,
(2) p(Lt,L3) > 0 if \i-j\ > 1, and
(3) L% Lj Φ 0 if \i - j \ < 1. If this is modified so that L,*LnΦ 0,

then C is called a circular chain. Each of the sets Llf L2f * ,LW is
called a link of C, and C is sometimes denoted by (L19 L2, , Ln) or
C(LU L2, , L J . If ε is a positive number and C is a linear chain such
that each link of C has a diameter less than ε, then C is called a linear
ε-chain. A circular e-chain is defined similarly.

If C is either a linear chain or a circular chain and H19 H2, - , Hn

are connected sets covered by C, then these sets are said to have the
order Hly H2, , Hn in C provided (1) no link of C intersects two of
these n sets and (2) for each i(i < n), there is a linear sub-chain in C
which covers Ht + Hί+1 and which does not intersect any other of the
sets H19 H2, , Hn.

A continuum M is said to be linearly chainable2 if for every posi-
tive number ε, there is a linear ε-chain covering M. A continuum M is
said to be circularly chainable if for every positive number ε, there is a
circular ε-chain covering M.

A tree T is a finite coherent3 collection of open sets such that
(1) each element of T contains an open set that does not intersect

any other element of Γ,
(2) each two nonintersecting elements of T are a positive distance

apart, and
(3) no subcollection of T consisting of more than two elements is

a circular chain. If ε is a positive number and T is a tree such that

Presented to the American Mathematical Society, August 29, 1957; received by the
editors December 5, 1958. This work was supported by the National Science Foundation
under G-2574 and G-5880. Most of these results were obtained while the author was
a visiting lecturer at the University of Wisconsin.

1 Throughout this paper, a connected compact metric space is called a continuum.
2 In some places in the literature, such continua have been said to be chainable.
3 A collection G of sets is said to be coherent if for any two subcollections Gi and G-λ

of G such that G\ ~\- G2 = G, some element of G\ intersects some element of G2.
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each element of T has a diameter less than ε, then T is called an e-tree.
A continuum M is said to be tree-like if for every positive number ε,
there is an ε-tree covering M.

A continuum M is said to be the essential sum of the elements of
a collection G if the sum of the elements of G is M and no element of
G is a subset of the sum of the other elements of G. If n is a positive
integer and the continuum M is the essential sum of n continua and is
not the essential sum of n + 1 continua, then M is said to be it-in-
decomposable.4

A continuum M is said to be unicoherent if the intersection of each
two continua having M as their sum is a continuum. A continuum
M is said to be bicoherent if for any two proper subcontinua M1 and M2

having M as their sum, the set Mλ M2 is the sum of two continua that
do not intersect.

A continuum M is said to be a triod if M is the essential sum of
three continua such that their intersection is a continuum which is the
intersection of each two of them.

THEOREM 1. // the continuum M is either linearly chainable or
circularly chainable, then M does not contain a triod.5

Proof, Since it is easy to see that every proper subcontinuum of
M is linearly chainable, it will be sufficient to show that M is not
a triod.

Suppose that M is a triod. Let M19 M2, and M3 be three continua
having M as their essential sum such that their intersection is a con-
tinuum H which is the intersection of each two of them. For each
i (i < 3), let Pi be a point of Mί that is not in either of the other two
of the continua M19 M2J and Λf3. Let ε be a positive number which is
less than each of the numbers p(p19 M2 + M3), p(p2, Mλ + M3), and
p(Pa, Mλ + M2). Let C be either a linear ε-chain or a circular ε-chain
which covers M. Since no link of C intersects two of the sets p19 p29 p3,
and H, consider the case in which these four sets are in C in the order
named. This would involve the contradiction that M2 intersects either
the link of C that contains p1 or the link of C that contains p3. A simi-
lar contradiction results from supposing any other order of the sets
Pif Vv Vzi and H in C.

THEOREM 2. // the unicoherent continuum M is not a triod and
M19 M2, Ms are three continua having M as their essential sum, then

4 For any such continuum M, there is a unique collection consisting of n indecomposa-
ble continua having ilf as their essential sum [4].

5 Bing [2] has used the fact that no linearly chainable continuum contains a triod, but
for completeness a proof is given here for both types of chainability.
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some two of these continua do not intersect and the other one intersects
each of these two in a continuum.

Proof. Suppose that each two of the continua M19 M29 and M3 in-
tersect. It follows from the unicoherence of M that each of the sets
M1 - (M2 + M3) and M2 (Mλ + Λf3) is a continuum and their sum is a con-
tinuum. Let N = Mx (M2 + M3) + M2 (M1 + M3) = Mx M2 + Mλ * M3

-f Λί2 M3. Hence Λf is the essential sum of the three continua Mλ + N,
M2 + N, and M3 + N such that N is the intersection of each two of
them and the intersection of all three of them. Since this is contrary
to the hypothesis that M is not a triod, it follows that some two of the
continua M19 M29 and M3 do not intersect. Consider the case in which
Mx and M3 do not intersect. Then M2 intersects both Mι and Λf3, and
since Mτ-M2 = M1- (M2 + M3) and M, M2 = M3 (M2 + MJ, it follows
from the unicoherence of M that each of the sets Mι

 β M2 and M3 Λf2
is a continuum.

THEOREM 3. If the unicoherent continuum M is circularly chaina-
ble, then M is either indecomposable or 2-indecomposable.

Proof. Suppose that M is the essential sum of three continua Mu

M2, and Ms. By Theorem 1, M is not a triod. Hence by Theorem 2,
one of these three continua, say M2, intersects each of the other two
such that Mλ M2 and M2 M3 are continua and M1 does not intersect
Mo,. For each i (i < 3), let pt be a point of M,t which is not in either
of the other two of the continua Mly M2J and M3. Let ε be a positive
number which is less than each of the numbers p(p19 M2 + M3), p(p2, Mλ + M3)9

p(Pz, Mi + M2), and p(M19 M"3). Let C be a circular ε-chain which covers
M. A contradiction can be obtained as follows for each of the three
types of order in C for the five sets pl9 p2, p3, M2 M19 and M2 M3.

Case 1. If these five sets have the order pt, pj9 pk, M2 M19 M2 M2

in C, then M} would intersect a link of C that contains one of the points
Pi and plc, contrary to the choice of ε.

Case 2. If these five sets have the order pl9 M2 M19 pi9 pj9 M2 M Λ

in C, then M2 would intersect a link of C that contains one of the
points pι and p39 contrary to the choice of ε.

Case 3. If these five sets have the order p29 M2- M19 pu pJf M2- M3

in C, then each link of one of the linear chains of C from pι to p3 would
lie in Mx + Ms. This would involve the contradiction that some link of
C intersects both M1 and Λf3.

THEOREM 4. // the circularly chainable continuum M is separated
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by one of its subcontinua, then M is linearly chainable.

Proof. Let if be a subcontinuum of M which separates M. Then
M is the sum of two continua Mx and M2 such that K is their intersec-
tion. Let p1 and p2 be points of Mx — K and M2 — K, respectively, let ε
be a positive number less than each of the numbers p(p}, M2) and
ρ{p2, MO, and let C be a circular ε-chain covering M. Then each link
of one of the linear chains in C from pλ to p2 is a subset of M — K.
Let Llf L2, , Ln be the links of C such that Lx contains pλ and there
is a positive integer r such that Lr contains p2 and no link of the linear
chain (Llf L2, , Lr) intersects K. There exist integers i and j such
that Li is the first link of (L19 L2, , Lr) which intersects M2 and Lj is
the last link of (Llf L2, , Lr) which intersects Mτ. Then (M^Liy M2 Li+1,
• , M2 L r, L r + 1, , Ln, MΊ L l f Mi L2, , Mx L^ is a linear ε-chain
covering M.

THEOREM 5. Every circularly chainable continuum M is either
unicoherent or bicoherent. Furthermore, M is unicoherent provided
some subcontinuum of M separates M, and M is bicoherent provided no
subcontinuum of M separates M.

Proof. Suppose that M is the sum of two continua H and K such
that H'K is the sum of three mutually separated sets Y19 Y2, and Ys.
There exist three open sets Dly D2, and D3 containing Ylf Y2, and Ys,
respectively, such that the closures of D19 D2, and D3 are disjoint. For
each i (i < 3), there exists a subcontinuum Kt of K irreducible from Yt

to M — Di. The continuum H + Kx + K2 + K3 is a triod, and this is
contrary to Theorem 1. Hence it follows that if M1 and M2 are two
continua having M as their sum, then the set Mλ M2 is either a con-
tinuum or the sum of two continua.

It follows from Theorem 4 that M is linearly chainable, and hence
unicoherent [3], provided some subcontinuum of M separates M. From
this and the argument in the previous paragraph, it follows that M is
bicoherent provided no subcontinuum of M separates M.

THEOREM 6. If the circularly chainable continuum M is irreduci-
ble about some finite set consisting of n points, then there is a positive
integer k not greater than n such that M is k-indecomposable.

Proof. By Theorem 5, M is either unicoherent or bicoherent. If
M is unicoherent, it follows from Theorem 3 that M is either indecom-
posable or 2-indecomposable. If M is bicoherent, it follows from Corol-
lary 6.1 of [5] that there is a positive integer k not greater than n such
that M is fc-indecomposable.
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THEOREM 7. // the continuum M is linearly chainable, then in
order that M should be circularly chainable, it is necessary and suf-
ficient that M be either indecomposable of 2-indecomposable.

Proof of necessity. Since every lineary chainable continuum is uni-
coherent [3], it follows from Theorem 3 that M is either indecomposable
or 2-indecomposable.

Proof of sufficiency. The case where M is indecomposable and the
case where M is 2-indecomposable will be considered separately.

Case 1. Suppose M is indecomposable, and let C(Lly L2, « ,LW) be
a linear ε-chain covering M. There exist two disjoint continua Kx and
K2 of M such that each of them intersects each of the sets Lx — cl(L2)
and Ln — cl{Ln-λ). If follows that there exist a positive number ε',
a linear ε'-chain C covering M, and two subchaίns Cλ and C2 of C" such
that

(1) each link of C" is a subset of some link of C,
(2) Cλ and C2 have no common link, and
(3) each of the chains Cλ and C2 has one end link in Lx — cl(L2)

and the other end link in Ln — cl(Ln-ΐ). Let Wx denote the set of all
points of M that are covered by Cλ and let W2 denote M — Wλ. Then
(Llf W^L29 W^Lt, . . . , W^L^Ln, W2 Ln-L, W2-Ln.it ••-, W2 L2) is a

circular ε-chain covering M.

Case 2. If M is 2-indecomposable, there exist two indecomposable
continua Mx and M2 such that M is their essential sum and M1 M2 is
a continuum. Let ε be a positive number. There exists a linear ε-chain
C covering M such that Mλ intersects Lv — cl(L2) and M2 intersects
Ln — cZ(Ln_i). Since each composant of ML(i — 1, 2) is everywhere dense
in Mi9 it follows that for each i (i — 1, 2) there exist two disjoint sub-
continua Kt and Ht of Mt such that

(1) each of them intersects each link of C that intersects Mt,
(2) Hi contains M^M29

(3) each of the continua Hλ and KL intersects LL — cl(L2), and
(4) each of the continua H2 and H2 intersects Ln — cl{Ln^). Hence

there exist a positive number ε', a linear ε'-chain C" covering M, and
three subchains Clf C2, and C3 of Cr such that

(1) each link of C is a subset of a link of C,
(2) no two of the chains Clf C2, and C3 have a common link,
(3) one end link of Cλ is in LL — cί(L2),
(4) one end link of C2 is in Ln — cl{Ln^,
(5) some link of C contains a link of Cx and a link of C2, and
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(6) C3 has one end link in Lλ — cl(L2) and the other end link in
Ln — ci(Ln_i). Let W denote the set of all points of M that are cover-
ed by C3, and let Y denote M-W. Then (L19 W- L2, W> L3, , W- Ln-19

Ln, Y Ln-lf Y-Ln-2, •••, Y-L2) is a circular ε-chain covering M.

THEOREM 8. If n is a positive integer and for each proper sub-
continuum H of the continuum M there is a positive integer r not
greater than n such that H is r-indecomposable, then there is a positive
integer k not greater than n such that M is k-indecomposable.

Proof. Suppose that M is the essential sum of n + 1 continua
Mlf M2, •• ,M Λ + 1 . Some n of these continua have a connected sum, so
consider the case in which M2 + Λf3 + Mn+1 is connected. There is
an open set D which intersects M1 such that the closure of D does not
intersect M2 + M"3 + + Mn+1. There is a subcontinuum M[ of Mx

irreducible from the closure of D to M2 + M3 + + Mn+1. This in-
volves the contradiction that M( + M2 + M3 + + Mn+1 is a proper
subcontinuum of M and is the essential sum of n + 1 continua.

THEOREM 9. If every proper subcontinuum of the continuum M is
circularly chainable, then every subcontinuum of M is either indecom-
posable or 2-indecomposable.

Proof. Since each proper subcontinuum of M is a proper subcon-
tinuum of another proper subcontinuum of M, it follows that every
proper subcontinuum of M is linearly chainable. Hence by Theorem 7,
every proper subcontinuum of M is either indecomposable or 2-indecom-
posable. Consequently, it follows from Theorem 8 that M itself is either
indecomposable or 2-indecomposable.

EXAMPLES. A pseudo-arc [1 6] is an example of an indecomposable
continuum which satisfies the hypothesis of Theorem 9, and a continuum
which is the sum of two pseudo-arcs with a point as their intersection
is an example of a 2-indecomposable continuum which satisfies this
hypothesis.

THEOREM 10. If the tree-like continuum M is circularly chainable,
then M is linearly chainable.

Pooof. Let ε be a positive number, and let C(Lly L2, * ,LW) be
a circular ε/3-chain covering M. Then M is covered by a tree T such
that

(1) each element of T is a subset of a link of C,
(2) some element Ko of T intersects only one element of C, and
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(3) no element of T intersects three elements of C. A function /
will be defined as follows over T. For each element K of T, there is
only one linear chain (Ko, Klf , Km = K) from KQ to Km T. Let
f(KQ) = 0, and suppose that for some integer ί (0 < i < m),/(ifz) has
been defined. Then define f(Kί+1) as follows:

(1) let f(Kί+1) = f(Ki) + 1 provided Kt lies in some element Lj of C
and Ki+1 intersects LJ+1,mO(in but K% does not intersect this set,

(2) Let f(Kί+1) — f(Kι) — 1 provided Ki+ί lies in some element Lj
of C and Kt intersects Lj+limOdn ~ Lj but Ki+1 does not intersect this set,
and

(3) let /(ϋΓi+i) = f(Ki) provided neither (1) nor (2) is satisfied. The
range of / is an increasing finite sequence of consecutive integers ni9 n2,
• *,nr. For each t (1 < t < r), let Mt denote the sum of all elements
X of T such that f(X) - nt. Then (Mί9 M2, , Mr) is a linear ε-chain
covering M.
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MULTIPLICATION FORMULAS FOR PRODUCTS OF
BERNOULLI AND EULER POLYNOMIALS

L. CARLITZ

1. Put

(1.1) = Σ Bn(x) *

The following multiplication formulas are familiar [5, pp. 18, 24]:

(1.2) Bm(kx) =
1 Σ

r=0

(1.3)

Let BTO(ίc), £

tions defined by

(fc odd) .

denote, respectively, the Bernoulli and Euler func-

Bm(x) - Bm(x)(0

Έjx) = STO(ίc)(0

), BJx

1),

- BJx) ,

- - Έn(x) , (m

Then 5m(a;) and Em(x) also satisfy the multiplication formulas (1.2), (1.3).
In this note we obtain some generalizations of (1.2) and (1.3) sug-

gested by a recent result of Mordell [4]. In extending some results of
Mikolas [3], Mordell proves the following theorem. Let fλ{x), -,fn(x)
denote functions of x of period 1 that satisfy the relations

(1.4) (ΐ = 1,

where C/fc) is independent of x. Let a19 * , α w be positive integers t h a t

are relatively prime in pairs. Then if the integrals exist and

A = aλa2 dnt

(1.5)
ΐΛ ί r dx

Jo

Ax

M*Mx)fjx)
Jo
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2 We first prove

THEOREM 1. Let n > 1 mly , mn > 1 a19 a2, , an positive in-
tegers that are relative prime in pairs A = aly α2, , an. Then

(2.1) "ξ! BJX, + JL-)BJX% + -?-) Bm(xn + ̂ ~
r-o : \ ajk) V a2k / W V α w Λ

fc-l __

= O 2-λ &
r = 0

(2.2) C = αί-TOiα^TO2 . . . a^n .

In the first place for n = 1 it follows from (1.2) for arbitrary a > 1
that

which agrees with (2.1).

For the general case, let S denote the left member of (2.1). Put

As — αLα2 αs (1 < s < n)

and replace r by skAn-i + r. Then

- Σ B. 1 (α J l +--)-B» M V,+

Σ

Continuing in this way we get
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S = alr^n-mlrmn Σ 2
 BJXX + ~^—) BMn (xn-

ιnXn + ~Γ

. . . Bm [anxn

For k = 1, (2,1) reduces to

(2.3) Σ X / ^ i + — W & » + —)•••£„(&»+ —

where C is defined by (2.2); (2.3) may be considered a direct general-
ization of (1.2).

We remark that a formula like (2.1) holds for any set of functions
satisfying (1.4).

We note also that the formula (2.2) can be proved by means of the
Chinese remainder theorem. This remarks applies also to formulas (3.4)
and (4.8) below.

3. In the next place we have

THEOREM 2. Let n be odd and > 1 m19 , mn > 1 alf α2, , an

positive odd integers that are relatively prime in pairs A = αLα2 an

k odd > 1. Then

(3.1) " Σ 1 (- iγΈjx, + -^Λ E (xn + ~^~
r=o x\ ajc / n\ ajc

fc-l / γ

Σ- C Σ ( - l)rEmi ( α A + - ) • • • EmJanxn

where

(3.2) C = αrmiα2~
m2 a~mn .

The proof is similar to that of Theorem 1, but makes use of (1.3)
in place of (1.2); also the formula

(3.3) Έjx + r) = (- iγΈjx) (m > 1)

is needed.
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For n = 1 and a odd, we have

Σ (- i)^(x + -\) = Σ
(X CLrC

a?

which agrees with (3.1). For the general case let S' denote the left
member of (3.1). Then

S'= Σ Σ (- + + ,

/Vi + ̂ ^ - + —V)

^ 7

an ank

If we put

sAn_x = gαw + t (0 < ί < an) ,

then s == g + ί (mod 2), so that

K (a?» + ^ ^ - + —-) = (~ l ^ ί ^ n + — + ~-n\ an ank/ n\ an ank

Since n is odd we therefore get

» -0 LV (Xĵ fc / n l\ (Xn_^k

an ank

aήm» EmJanxn + - 0 .

Continuing in this way we ultimately reach (3.1).
For k = 1, (3.1) becomes

(3.4) Σ (- IYEJX, + - £ . ) . . . S (ajn + - ^

= CEmι(a1x1) EmJanxn) ,
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subject to the conditions of the theorem.

4. Theorem 2 can be extended further by introducing the " Euler-
ian " polynomial [2] Φm(x, p) defined by

r — ~ e X t = Σ ΦΛx, p) ~
— peι ™=o m l

(4.1) - r — ~ e X t = Σ ΦΛx, p) ~~ (p Φ i ) .
1 — peι ™=o m l

In particular φm(x, — 1) = EJx).

We shall assume that the parameter p is an / t h root of unity. It
follows easily from (4.1) that

(4.2) Φn^(kxf p) = (p ~ 1 ) / ? l " 1 Σ PJ + 4

We accordingly define the function φn(%, p) by means of

(4.3) φm-,(kx, p) = ( p " 1)βW~1 Σ pBjx + 4 ) .

It follows from (4.3) that

(4.4) ~φn(x + l,p) = p-'φnix, p) >

so that if p is a primitive / t h root of unity, ~φw(x, p) has period /.
Also by means of (4.1) we readily obtain the multiplication theorem [1]
valid for k = 1 (mod / )

(4.5) Σ*prφJx + -J-' l°) = k~mφm(kx, p)

and consequently

ί A C*\ V ^ Λ r ~ T " l i f \ 7 _»»"T /7 \

» -o V ic /

W e m a y n o w s t a t e

T H E O R E M 3 . Let f > 1, n = 1 ( m o d / ) ; m x , ••-, m n > 1 , ^ , α 2 , . . . , α n

positive integers that are relatively prime in pairs and such that
ai = 1 (mod / ) / o r ΐ = l , . - . , w ; αίso let k = l (mod / ) . T/^eπ if

A — a1a2"»anf we have

(4.7) Σ PrΦm\%ι + , P) ΦTW ( Xn + —^—, />
' =° v αtfc / n\ ank
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& + -L, />).. . φm(aHxn + ϊ ,

where C is defined by (3.2).
The proof is very much like that of Theorem 2 and will be omitted.

We remark that for k = 1, (4.7) becomes

(4.8) AfιPrφJxi + — ,p) φJxn + —, p)
r=o \ aλ / \ an /

= C'Φnfafo, p) Φmn(anxn, p) .

REFERENCES

1. L. Carlitz, 2%e multiplication formulas for the Bernoulli and Euler polynomials'
Mathematics Magazine, 27 (1953), 59-64.
2. G. Frobenius, C/6er cite Bernoulli'schen Zahlen und die Euler'schen Polynome,
Sitzungsberichte der Preussischen Akademie der Wissenschaften (1910), 809-847.
3. M. Mikolas, Integral formulas of arithmetical characteristics relating to the zeta
function of Hurwitz, Publicationes Mathematicae, 5 (1957), 44-53.
4. L. J. Mordell, Integral formulas of arithmetical character, Journal of the London
Mathematical Society, 33 (1957), 371-375.
5. N. E. Norlund, Vorlesungen ύher Differenzenrechnung, Berlin, 1924.

DUKE UNIVERSITY



A CLASS OF RESIDUE SYSTEMS (mod r) AND RELATED
ARITHMETICAL FUNCTIONS, II. HIGHER

DIMENSIONAL ANALOGUES

ECKFORD COHEN

l Introduction* In an earlier paper [3] with a similar name (to
be referred to as I) we introduced the idea of a direct factor set (P-set)
and the residue system (modw) associated with such a set. We first
review briefly these concepts. Two non-vacuous subsets P, Q of the
positive integers Z are said to form a conjugate pair of direct factor
sets provided the following two conditions are satisfied:

(i) an integer n > 0 is in P (or Q) if and only if, for each factori-
zation, n — n{a^ (n19 n2) = 1, nλ and n2 are also in P (or Q),

(ii) every positive integer n possesses a unique factorization of the
form, n—ab such that a e P, b e Q. A set of integers α(modw) such that
(a,n)e P is said to form a P-reduced residue system (mod n), or P-system
(mod n), and the number of elements in such a system is denoted by
φP(n). The fundamental result of I was a generalization of the Mόbius
inversion formula to conjugate pairs of direct factor sets. This result
is reformulated in § 2 of the present paper.

In this paper we extend the notion of a P-system (mod n) from the
set of integers X to ί-dimensional vectors over X (briefly, Xrvectors),
t ^ 1. The one dimensional case (t — 1) is the case already investigated
in I. Two XΓvectors, A = {αj, B = {64}, are said to be congruent
(mod t,ri), written A =Ξ B(moά t,ri), provided at = δ^mod n), i — 1, , t.
Moreover, we place (α,) = (au , at), using the convention, (0, , 0) = 0,
and define vector sums and scalar multiples in the usual way. A P-
reduced residue system (mod t,ri), or P-system (mod t,n), is defined to
be a maximal set of mutually incongruent Xf-vectors (modi, n), {αj,
satisfying ((α4), n) e P. The number of elements in such a system depends
only on t and n, and is denoted Jt,P(ri) and called the (t, P)-totient of n.
In case P is the unit set 1, JttP(n) reduces to the ordinary Jordan totient,
JtΛn) = Jt(n) A P-system with P = Z is called a complete residue
system (modi, w); clearly JttZ(n) = n\

REMARK 1.1. An XΓvector whose components are in Z will be called
a ^-vector, and a P-system (mod t, n) consisting of elements of Zt alone
will be called a positive P-system (modi, n).

We summarize now the salient points of the paper. In § 2 an
enumerative principle for XΓvectors (Theorem 2.1) is formulated, general-
izing a result proved in [3, §3] in the case t = 1. This result is used,

Received January 30, 1959.
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in conjunction with the inversion principle of /, to obtain an evaluation
of JtyP(n). A function φatP(ri), formally generalizing Jt(n)f is also intro-
duced, along with a generalized divisor function σΛ>P(n). Certain closely
related functions, φχp(ri) and crXP(n) are also defined in § 2.

In § 3 we introduce the zeta function ζP(s) associated with a direct
factor set P. In case P — Z, ζP(s) is the ordinary ζ-function, ζ(s). Em-
ploying the generalized inversion function μP(n) of I we also define
"reciprocal" ^-functions ζP(s) and obtain in (3.8) a generalization (P = 1,
Q = Z) of the familiar fact,

(1.1) f ; ^ r ( )
w=i ns

where μ(n) denotes the Mobius function. Broad generalizations of other
basic identities involving ξ-ΐunctions are also deduced.

In § 4 we obtain mean value estimates for the functions φatP(n) and
0"«fp(w)> valid for arbitrary direct factor sets P, extending basic properties
of φ(n) and σ(n) — σltZ(ri). For example, (4.5) reduces in case a = 1,
P = 1, to the celebrated result [1, Theorem 330] of Mertens for the Euler
φ-f unction,

(1.2) Σ Φ(n) = ^~ + O(x log x) .

Using results of § 4, we obtain in § 5 (Theorem 5.1) for t ^ 2, the
asymptotic density of ^-vectors {αj, such that (αj e P. Numerous special
cases are considered (Corollary 5.2). We mention that Corollary 5.3, in
case t — 2, yields a result of Kronecker asserting that the density of
the integral pairs with a fixed greatest common divisor r is 6/πV2.

In § 6 we generalize the so-called "second Mobius inversion formula"
to conjugate sets P, Q (Theorem 6.1). Application of this extended
inversion relation yields in (6.3) a generalization of broad scope of MeissePs
well known identity,

(1.3) Σ μinί-λ =
l^n^x LUJ

We also evaluate in § 6 a generalization to P-sets of Legendre's totient
function φ{x, n), defined to be the number of integers a such that
1 ^ a ^ x, (a, n) = 1.

REMARK 1.2. It is noted that many of the results of this paper
are valid, not merely for direct factor sets, but for quite arbitrary sets
of integers P. For example, this is true in the case of Corollary 5.1.
Moreover, a number of the remaining results can be reformulated in such
a manner as to be valid for arbitrary sets P. We shall restrict our
attention, however, to direct factor sets, reserving the treatment of more
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general sets for a later paper, to be based on other methods. The
advantage of a separate treatment of direct factor sets arises from the
applicability of the generalized inversion theorem.

2 Generalized totient and divisor functions. Let P and Q denote
an arbitrary conjugate pair of direct factor sets, and define, as in I,

(2.1)

(2.2) μP(n) = Σ Pr(d)μ(8) .

The functions pP(n) and μP(n) are termed, respectively the characteristic
function and inversion function of the set P. The inversion formula
of I can be restated in the form,

(2.3) f(n) = £fQ(d)g(δ) £ g(n) = ̂ P(d)f(S) .

This principle is a direct consequence of the relation,

(2.4) ( Σ/p(^K(S) = p(n) ,

where p(n) = Pι{n) (that is, p(n) = 1 or 0 according as n = 1 or n > 1).
Note that μP(n) reduces to μ(n) when P— 1.

In order to evaluate Jt>p(n), we shall need the following results
generalizing Theorem 4 of I to £ dimensional vectors.

THEOREM 2.1. If d ranges over the divisors of n contained in Q,
and for each d, x ranges over the elements of a P-system (mod £, δ),
dS = n, then the set dx constitutes a complete residue system (mod t, n).

We omit the proof, which is analogous to the proof in case t = 1.
On the basis of this result it follows immediately that

(2.5) Σ/Q(d)JtΛS) = ri .

Application of (2.3) to (2.5) yields

THEOREM 2.2.

(2.6) Jt,P(n) = α Σ # j M δ )

Define now for a an arbitrary real number, the generalized totient,

(2.7) φaιP(n) = Σ d'μP(S) ,

so that φa!P — Jt,p{n) in case a — t is a positive integer. We also define
analogously a generalized divisor function by placing
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(2.8) σft)P(%) = Σ dapP(8) = ^ d" .
dδ = n dδ=n

Corresponding to the functions φatP(ri), σ*,P(n) we define related functions,

d\n

(2.10) tf*,p(w) = Σίd
apP(o

d\n
dβP

The following simple relations are noted.

(2.11a) , p(n) = φ ^

n*

(2.Hb) * , Λ _ σa,P(n)
n"

Corresponding to the case P — 1, we place φaΛ{n) — φΛ(n), φ*tl = Φt{ri),
and corresponding to the case P — Z, we write σa z(n) — σa(n) = σ*>z(n).

The following result is a generalization of [3, Theorem 8, a = 1] and
can be proved similarly.

THEOREM 2.3.

(2.12) φa>P(n) = Σ 4>*(d)pP(8) .
dδ = n

We also note, by inversion of (2.7), the following generalization of
(2.5).

(2.13) Σ PQ(d)φa,p(δ) = n"

3. The zetarfunctions of a P-set.

REMARK 3.1. In the definitions and general results of this section,
s is assumed to be limited to values for which all occuring series converge
absolutely.

First we define for real s,

(3.1) fpW = Σ ^ = Σ v

The function ξP(s) will be called the zeta-functίon of the direct factor
set P. Note that ξz(s) = f(s), ζλ(s) — 1. We define the reciprocal zeta-
function of P by

(3.2) ^ ) = S ^ ;

the function ζQ(s) will be designated the conjugate zeta-function of P.
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By (1.1) it follows that ζ(s) = ζλ(s) = l/ζ(s). We mention that Diricelet
series of the form (3.1), (3.2) were discussed by Wintner [10, Chapter
II] in case P is a semigroup generated by a set of primes.

First we prove two relations analogous to (2.4).

LEMMA 3.1.

(3.3) Σ Pλd)ρQ(S) - 1

Proof. This is an immediate consequence of property (ii) of the
conjugate pair P, Q.

LEMMA 3.2.

(3.4) Σ μp(d)μQ(8) = μ(n) .

Proof. By the definition of μP(n), we have, with the left member
of (3.4) denoted by S(n),

S(n) = Σ Σ μ(D) Σ μ(E) = Σ μ(D)μ(E)
(ZS = W DD' = (l EE'~8 ΌΌ'EE'~n

= Σ μ(D)μ(E) Σ 1
DE\Π D'E'=n/DE

By property (ii), it follows then that

S(n) = Σf4D)μ(E) = Σ/<Φ) Σ M^) ι
Z>2ί|w D\E E\ίn/D~)

and (3.4) results by the fundamental property of μ(n), ((2.4) with P = 1,

The following relations are basic.

THEOREM 3.1.

(3.5) %P(8)KQ{S) = ? ( s ) ,

(3.6) ?p(β)rβ(β) = ζ~\s) ,

(3.7) f,

Proof. By the nature of the Dίrichlet product, (3.5), (3.6), and (3.7)
follow, respectively, from (3.3), (3.4), and (2.4).

By Theorem 3.1 one obtains the following generalization of (1.1):

COROLLARY 3.1,

(3.8) ?p(s) = ΪΆ I
ζ(8) ζQ(8)
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The equality of the first two expressions in (3.8) is equivalent to the
fact [3, (4.6)],

(3.9) Σ
a\n

The following identities can be verified by Dirichlet multiplication,
in connection with (3.8), (2.13), and (2.11a).

THEOREM 3.2.

(3 io) y Φ«An\ =
ζQ(s) ζ(s)

(3 li) y ΦZrW. =
ζ ρ(s - α) f(s - a)

THEOREM 3.3.

(3.12) ±^ψl^ξ(s-a)ζP(s);

(3.13) <φ)Σ φ ? ( ) r j ( )
71=1 ns

Note that in case P = Z, both (3.12) and (3.13) reduce to [7, Theorem 2911.
It is also noted, on the basis of (3.12) and (3.8), that

COROLLARY 3.3.

(3.14) ζQ(έ) Σ °*'p(^ = Σ - ^ ^ .
i 71 s i fls

Multiplying (3.14) by ζP(s) and comparing coefficients, one obtains the
arithmetical relation.

COROLLARY 3.4.

(3.15) σa>P(n) -
dδ = n

This analogue of (2.12) can also be proved arithmetically on the basis of
(3.9) and the definition of σΛtP(ri).

In the remainder of this section, we list for later reference, explicit
evaluations of ζP(s) for various sets P. Let h and r denote fixed positive
integers and p a fixed prime. We define direct factor sets P — Ak, Bk,
Cp,Dr,Er as follows: Ak (the set of kth powers), Bk (the set of fc-free
integers), Cp (the non-negative powers of p), Dr (the divisors of r), E r

(the complete divisors of r). A divisor d of r is said to be complete if
(d, rid) - 1.

We have the following representations.



(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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ξa

e.

RESIDUE SYSTEMS (modr) II

„(») =

.,.(«) =

ds) =

ζ(s)
ζ(ks)

Ps

ps - 1

rs

. σ',(r) _ (J, ( r )
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(Aw > 1),

(β > 1),

(8 > 0),

where σ'(r) denotes the sum of the sth powers of the complete divisors
of r. For a proof of (3.17) we refer to [7, Theorem 303]; (3.18) results
on summing a geometric series.

We mention the following special cases of (3.10) and (3.12), which
result on the basis of (3.16) and (3.17), respectively.

(3.12) Σ φΛ'A*{n) = ζ(S " a)W^ (* > «, * > 1),
»-i n* ζ(S)

(3.22) Σ σ*-±W ^ l(S ~ a ) m (s>a,s> 1).
n-l ns ξ(ks)

4. Mean values of totient and divisor functions. In this section
we prove, along classical lines, some simple estimates for the functions
introduced in § 2. We require no more than the following elementary
facts:

(0(1) if a > 1 ,

if a = l,

if a < 1

if -l<a< 0;

(4.1) Σ — = O(logα) if a = l,

(4.2) Σ Λ . J ^ + | O ( ^ ) if

(4.3)

LEMMA 4.1. For P an arbitrary direct factor set, μP{n) is bounded;
in fact, for each n > 0, μP{n) = 1 , - 1 , or 0.

Proof. In view of the factorability [3, Theorem 1] of μP(n), it suf-
fices to prove the lemma in case n ~ ph, p prime, h > 0. We have then
by (2.2),

μP(ph) =
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so that

(4.4)

ECKFORD COHEN

μλph) =

0

(ph e P, p11-1 φ P)

(Pu 0 P, Ph~ι e P)

(otherwise).

The lemma is proved.
As a consequence of Lemma 4.1, one obtains

COROLLARY 4.1. The series (3.2) is absolutely convergent for s > 1.

In the following, x will be assumed > 1.

THEOREM 4.1. For all a > 0

(4.5)

(4.6)

where

a Tβ(α

α: + 1

Ior

a; logo;

Proo/. We prove (4.5). By (2.7)

(4.7) ΦΛtP(χ) = Σ Φ . P W - Σ Σ

O(e (ίί)) ,

(α = l)

(α < 1).

Hence by (4.2) and Lemma 4.1,

o(x«

By (4.1) and Corollary 4.1, one may write then

(4.8) * . , ( * ) = ^

But by Lemma 4.1 and (4.3), it follows that

(4.9) Σ ^ =
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for all a > 0. By (4.8), (4.9), and (3.8) the proof of (4.5) is complete.
The proof of (4.6) is similar and the details will be omitted; likewise

for the following result.

THEOREM 4.2. For all a > 0

(4.10) Σ Φ*-«Λn) = * - + O(e*(x)) ,
n** ζQ.(a + 1)

(4.11) Σ σ*atP(n) = xζP(« + 1) + O(e*(a)) ,

were e*(#) = χ-*ea(x) and ea(x) is defined as in Theorem 4.1.

5. Asymptotic density of vector sets. We shall refer to the greatest
common divisor (at) of the components of a Zt-vector {a^ as the index
factor of the vector. Let S be a set of positive integers and let Nt(x, S)
denote the number of ίΓΓvectors with components at ^ x (i = 1, , t)
and with index factor in S. Then place

(if this limit exists) and call St(S) the asymptotic density of the set of
/^-vectors with index factor in S. We now prove the principal result
of this section.

THEOREM 5.1. If t is an integer :>2, then

(5.1) Nt(x, F) = -*- + \°{X l 0 g X) i f t = ^
KS) Όfa'-1) if t>2.

Proof. F o r p o s i t i v e i n t e g r a l r , x^lf p l a c e

^ . p ( ^ ) = Σ JrAn) = Σ Φ Γ . P M , Φ0>p(a?) - 1 .

Let j be a fixed integer, 1 ^ i ^ ί, and let i19 , i3 be a set of distinct
integers satisfying 1 ^,i < ••• < ij <^t. Consider all ^-vectors such
that the components in the positions ilf •• ,iJ have the same value n,
the components in the remaining positions are ^n, and the index factor
is in P. Denote by Sj the set of all such vectors, including repetitions,
obtained by letting n range over the set, 1 <̂  n ^ x, and by choosing
the set, iu--*,i], in every possible way. Then if N(Sj) denotes the
number of elements in Sj9 it follows that

(5.2)
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Consider now a fixed Zcvector, βk e Sk, 1 ^ k <g t, with exactly k
of its components equal to n and the remaining components <n. Then

( k\ ί k\

• ) times in Sj9 it being understood that ί . J = 0 if j > k.
In view of the fact,

it follows that /3fc is contained exactly once in the set

j = l

Consequently

hence by (5.2),

The theorem follows by (4.5) on taking limits.
As a corollary of Theorem 5.1 one obtains by (3.8),

COROLLARY 5.1 (cf. [2, p. 8]). // t Ξ> 2, ίfcew δέ(P) exists and is
given by

<6-3) w

As in § 3 let r and k denote positive integers and p a positive prime.
On the basis of the evaluations (3.16) —(3.20), we obtain the following
special cases of Corollary 5.1.

COROLLARY 5.2. The asymptotic density of the Zt-vectors,, t > 2,
(i) with index factor a kth power is

(5.4) St(Ak) =
ζ\y)

(ii) with k-free index factor is

(5.5) 8 <B-> = ^

(iii) with index factor a non-negative power of p is

(5.6) δt(CJ = ( -2—) J —
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(iv) with index factor a divisor of r is

(5.7) 8t(Dr) = ^M.
r'ζ(t)

(v) with index factor a complete divisor of r is

(5.8) 8t(Er) =

The results contained in (5.4) and (5.5) are due originally to Gegen-
bauer [5]. In case k = 1, (5.5) becomes S^B,) = l/ζ(t), t ;> 2 [9, p. 156].
Further specialization of (5.5) to the case k = 1, t — 2 yields the classical
result [7, Theorem 332] asserting that the probability that a pair of
integers be relatively prime is 6/7Γ2. By (5.4), with k = 2, £ = 2, it fol-
lows that the density of the integral pairs whose greatest common divisor
is a perfect square is ττ2/15. The case p = 2, ί = 2 in (5.6) shows that
the density of the integral pairs with greatest common divisor a power
of 2 is 8/7Γ2. By (5.7) with r = 8, t = 2, it follows that the density of
the pairs of integers whose greatest common divisor is a factor of 8 is
255/327Γ2.

COROLLARY 5.3. If t ^ 2 and r is a positive integer, then the
asymptotic density of the Zt-vectors τυith index factor r is

(5.9) δβ(r) = -

Sketch of proof. The corollary is true in case r — 1, as noted above
on the basis of (5.5), or alternatively by (5.7) with r = 1. The proof
can be completed for arbitrary r by induction on the number of distinct
prime factors of r and application of (5.8). The details are omitted.

The preceding corollary is due to Kronecker in case t = 2 [8, p. 311].
It was proved in the general case by Cesaro [1, p. 293]; a further
generalization was given by G. Daniloff [4, p. 587].

6. Generalization of the second Mόbius inversion formula. In case
P = l , Q — Z, the following inversion relation reduces to a familiar
analogue [7, Theorem 268] of the Mobius inversion formula.

THEOREM 6.1. Let x denote a positive real variable; then

(6.1) f{x) = Σ |Oe(»)flf(-) ϊt g(x) = Σ μΛn)f(-) .

Proof. Let g(x) be defined as on the right of (6.1). Then
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Σιoβ(»)flf(-) = Σ.PM Σ μΛd)f(ψ)
n<x \Ίfl / n^x d^x/n \ Q, /

= Σ/(-f) Σ μAd)pQ(n) = f{χ),
ί^x \ I /l = dn

on the basis of (2.4). The converse is proved similarly.
We define \x\P to be the number of positive integers ^x belonging

to P. It is evident, by property (ii) of the conjugate pair P, Q, that

(6.2) [x] = [x]z = Σ Γ - 1 P - Σ Γ -
n^xLnJ n^xLn
nβQ

Applying the above inversion theorem to (6.), one obtains

THEOREM 6.2.

(6.3) M P = Σ /

Let
[n)f

one

A*, Bk

μ*(n) =
obtains

be
μB

the P-sets de-
. Putting

n

We deduce two special cases of (6.3).

fined in § 3 and place (as in /), Xk(n) = μA

Mfc = Mzjfc and nothing that [\/~oo] = M f̂c»

COROLLARY 6.1.

(6.4) [x\ - Σ μJinί^i Σ tW&
n^χ LdkJ dfc^x Ld

(6.5) [VΊΠ = Σλ f c (n)Γ^l .
nsx LnΛ

These formulas are classical [6], [9, p. 35]. Note that (6.4) and
(6.5) reduce to (1.3) in the cases k = 1 and k = 0, respectively.

It can be shown easily, on the basis of (6.4), that δ̂ i?*.) = l/f(fc),
k > 1 (cf. [7, Theorem 333] in case k = 2). In words, this states that the
asymptotic density of the k-ίree integers (k ^ 2) is l/f(fe) in conjunction
with (5.5) it therefore follows that

COROLLARY 6.2. // kt ^ 2, £Λew ίfeβ asymptotic density of the Zt-
vectors with k-free index factor is ljξ{kt).

Finally, we consider the function φP(x, n) defined to be the number
of positive integers a^x such that (a,ri)eP. In case P = 1, φP(x,n)
becomes Legendre's function φ(x, ri). To deal with φP(xf n) we have the
following extension of [3, Theorem 4] which can be proved in much the
same way.

LEMMA 6.1. Let d range over the divisors of n, deQ, and for
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each such d, let y range over the positive integers a ^ x\d such that
(α, njd) e P. Then the set dy consists of the positive integers ^ x

An immediate consequence of this lemma is

THEOREM 6.3.

(6.6) Σ Φ P ( 4 Λ)pQ(d) = [x] .
d\ \d d'

THEOREM 6.4.

(6.7) φP(x, n) = Σ μΛ

Theorem 6.4 can be deduced from (6.6) by a direct application of
the following easily proved extension of (2.3).

THEOREM 6.5. If f(x, n) and g(x, n) are functions of the real vari-
able x and the positive integral variable n, then

(6.8) g(x, rc) = Σ PQ(d)f(^ , -A τtf(x, n) = Σ

The proof is omitted.
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BOOLEAN ALGEBRAS OF PROJECTIONS OF
FINITE MULTIPLICITY

S. R. FOGUEL

Introduction, The multiplicity theory in Banach spaces has been
developed recently by Dieudonne [2] and Bade [1]. In [6] we studied
the algebra of bounded operators, in a given Hubert space, that commute
with all projections of a given Boolean algebra of self adjoint projec-
tions. By using Bade's paper [1], we propose to generalize these results
to Banach spaces. The notation of [1] will be used. Let X be a com-
plex Banach space. Let the Boolean algebra of projections be given as
follows:

On the compact Hausdorff space Ω, let a measure E(-) be defined
for every Borel set, such that:
1. For every Borel set α, E(a) is a projection on X.
2. For every xeX, the vector valued set function E( )x is countable
additive.
3. If a and β are Borel sets then

E{ά)E{β) = E(aΓ[β) .

4. There exists a constant M such that \E(a) ^ M\ for every Borel set a.
5. The Boolean algebra of projections E(-) is complete. (See [1] for
definition of completeness.)

In [1] the space Ω was defined to be the Stone space of the Boolean
algebra. In the above form it is easier to find examples. Bade's results
remain true for this slightly generalized version.

Throughout the paper we assume that the Boolean algebra has uni-
form multiplicity n, n < oo. (Definition 3.2 of [1]). Thus the following
is proved in [1]:

There exist n vectors x1,x2,
 m >%n

 a n d n bounded functionals
xff xfy •••,#* such that:

n

1. X — V sp(E(a)xt, a a Borel set)
i = l

2. Let xfE( )x% = /*«(•)• The measures μti = 1, , n are equivalent.
3. For every Borel set e, μ^e) ^ 0 and μ^e) = 0 and only if E(e) — 0.
4. If i Φ j then xfE(e)Xj = 0.
5. For every xeX there exists n functions fx(ω), -- ,/w(ω) defined on

Ω such that:

a. / 4 (ω)eL(0,#) .
b. For every Borel set e,

Received July 21, 1958, and in revised form January 9, 1959.
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xΐE(e)x = ( fh{ω)!h{dω) .

c. Let em = j ωWfiiω) | ^ m, i = 1, , n

then

x = lim
m->ooΐ

d. The transformation T from X to Σ!U£(/A) given by

is continuous. The functions fx{ω), , fn((o) are uniquely defined
by xf up to sets of measure zero.

These results are proved in 5.1 and 5.2 of [1]. Instead of writing

let us use the notation x ^ I

Let 21 be the algebra of bounded operators on X, which commute
with all the projections E(a). The purpose of this paper is to study 21.

Representation of the Algebra 21

Let A e 21, and let

/ \
AxL ^ I i = 1,

Denote this correspondence by A ~ (attj(ω)). The functions atιj(ω) satisfy
by 5.b.

2.1 xΐE(e)Axj = xfAE(e)x5 = I a^

and

Equation 2.1 defines the functions αifJ(ω) uuiquely (a.e.).

Now let xe X and x ~ I I. If e is a Borel set on which the

V»(V
functions fi{o)), α ί ( j(ω) are bounded then:
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E(e)x = Σ ( ft(<o)E(dω)xt

and

AE(e)x = E(e)Ax =
i

= Σ ( fi(ω)E(dω)(E(e)Axt) .
ϊ=i Je

E{e)Ax% — Σ \ α ί i(o))E(dω)Xj .
3 = 1 je

a;= Σ ( / ^ ^

But

Hence

From condition 3 of the introduction it follows that

S(β)i4α = Σi \a>j i(ω)fί(ω)E(dω)xj

l^ijmn Je

= Σ ( (ta),i((t>)fi(ω))E(dω)x] .
j = i J e \{ = i /

Therefore

xfE(e)Ax

This equation means

Ax ~ (aitj{ω))\

REMARK. Equation 5.b. of the introduction was proved here, for
only some Borel sets. But we know that

Ax

for some functions g^ω), •• ,flfn(ω). The above argument shows that

' \ I \

• = a.e.

fn{ώ)j
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THEOREM 2.1. For every operator Ae?I there corresponds a matrix
of measurable functions αu(ω), I ^ i, j <, n, such that:

1. αM(ω)
2. //

then

Ax ~ (atJ(ω))\

3. // a matrix of functions, (bitj(ω)), satisfies condition 2 then

α«j(ω) = &ίj(ω) α.e.

77&e matrix of the sum or product of two operators is the sum or
product of the matrices. If A'1 exists and is bounded then

The functions aitj(ω) are determined by equation 2.1.

Proof. The existence of a representing matrix was proved above.
The other parts of the theorem follow from the uniqueness assertion
given in condition 3.

COROLLARY. Let Ae%. If Bell and AB = I(BA = I) then BA =
I(AB = /).

Proof. If AB = I then

Hence

Thus by Theorem 2.1 BA = I.

THEOREM 2.2. Let Am1 A e 2ΐ. // the sequence {Am} converges
strongly to A then sequence of functions (αij^ω)} converges in
measure to altj(ω)9 for each 1 ̂  i, j ^ n. (It does not matter with re-
spect to what measure, because the measures are finite and equivalent).
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Conversely, the sequence {Am} converges strongly to A if:
1. The sequence {affi} converges in measure to aitJ(ω).
2. The sequence {\Am\} is bounded.

3. U {ω\W(<0)\ ^ K. l^hj^n, m = 1, 2, . . . } - Ω.

Proof. If for each xe X

lim Amx = Ax
m->oo

then for every Borel set e

= \xΐE(e)(Amx3 - Axj)\ ^ M\Anxj - Ax3\ ~> 0
m ~> oo

where Λί does not depend on e. Thus the sequence {α< ™}(ω)} converges
in measure to aitj(ω).

On the other hand, if conditions 1, 2 and 3 are satisfied and e is a
Borel set, on which the functions aγj\ω) are uniformly bounded, then

AmE(e)xi = Σ ί a^i\ω)E(dω)xJ
3 = 1 Je

and by the Lebesque Theorem, [5] IV. 10.10

n C

\ιmAWjE{e)xi = Σ \ aJΛ(w)E(dw)x1 .
m-^oo j = i Je

Now, by condition 3, the set of linear combinations of E(e)xi9

1 ^ i ^ ^ s-nd e as defined above, is dense. Thus the sequence {Amx}
has a limit for a; in a dense subset of X, and by condition 2 it has a
limit for every xe X. Let A be the strong limit of {Am] then

n C

AE(e)xι — Σ \ α j t(o))E(dω)xj .

Thus the matrix of A is (αZ)j(ω)). (See Remark before Theorem 2.1).
In order to develop further the theory, let us borrow the following

results from [6].

LEMMA 2.1. Let {ai5{w)) be a matrix of measurable finite func-
tions. There exists a decomposition of the form

2.2 (au(ω)) = Σ **(ω)efc(ω) + N(ω)

where zx{ω), , zn(ω) are measurable functions and e^ω), , εn(ω)f

N(ω) are matrices of measurable functions satisfying:
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ε\(ω) = εt(ω), ίfίφj then ε^aήε^ω) = 0, Σ εt(ω) = (Su) .

Aiso

) = N(ω)εi(ω)9 (N(ω))n = 0 .

Moreover, there exist n Borel sets βlf , βn whose union is Ω such
that on βι the numbers z^co), , z^ω) are different while zi+1(ω) =
• = zn(ω) = 0.

The proof is given in Lemma 3.1, 3.2 and Theorem 3.1 of [6].

THEOREM 2.3. Let Aetl. There exists a sequence of Borel sets,
{am} such that:

1. The sequence {am} increases to Ω.
2. The operator AE(am) is spectral. (For definition of spectral

operators see [3]).
Thus A is a strong limit of a sequence of spectral operators.

Proof. Let A ~ (aitJ(ύ))) — ΣΛΐ^1zk(ω)εki(ω) + N(ω), where the right
side of the equation is defined in Lemma 2.1. Let a be a Borel set
such that

a. On the set a the functions zk(ώ) are bounded.
b. If χa((o) is the characteristic function of α, then χ^(ω)εh(oj) and

χηύ(ω)N(ω) are representing matrices of the operators EkιΛ and
Na respectively in St.

Then, by Theorem 2.1,

2.3 AE(a) = £ ([ Zi(ω)E(dω))EttΛ + Na

where EitOt are disjoint projections and NΛ is a nilpotent of order n com-
muting with them.

Thus, for such α, the operator AE(a) is spectral, and the resolution
of the identity (see [3]) of A restricted to E(a)X is

In order to prove the theorem, we have to find a sequence of Borel
sets, satisfying conditions α, 6 and 1. Also with no loss of generality,
we may study the operator A on E(βt)X (Lemma 2.1). Thus we may
assume that at each point ω, the matrix (ajtk(ω)) has exactly i eigenvalues.

Define

am = I ω 11 (̂0)) I ^ m and \zj(ω) — zk(ω)\ ^ —, 1 ^ k < j ^
ί m

On the set am the matrix e^ω) can be calculated as follows:
Let Q(z) be the polynomial
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Q(z) = bo + b1z+ --- + & « n + 1 ) - i 3

such that:

Q{zλ{ω)) = 1, Q(z,(ω)) = 0, 2 ^ j ^ i ,

Q C P ) ( * ; M ) = 0, l ^ j ^ i , l£p^n

then

QK/ω)) = εx(ω) [see [4] p. 188].

These equations have a unique solution bj — b3{ω)y which are measur-
able and bounded (on am) functions of ω. Thus

and this matrix represents the operator Ehm, in SI, where

Similarly the matrices χΛ {ω)ε3{ω) represent the operators EJtm in 21, and
by equation 2.2 the matrix χ^ (ω)N(ω) represents a nilpotent of order
n, Nm, in 21 where

COROLLARY. Let A e 31 &e α generalized nilpotent {see [3] /or
finition) then

An = 0 .

Proof. By equation 2.3 and Theorem 8 of [3]

AS(α«) - Nm .

Hence for every xe X

E(am)Anx = 0

therefore

Anx = 0 .

LEMMA 2.2. Lβί Ae 21. If A ~ (aitJ(ω)) and zk(ω), k = 1, 2, .
are ί/ie functions defined in equation 2.2
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\zk(ω)\^ | A | a . e .

Proof. Let us assume, to the contrary, that for some i and ε > 0
the set

7 = {ω||s,(ω)| ^ |A | + ε}

is not of measure zero. Let {am} be the sequence defined in Theorem
2.3, for some mE(yΓ[cxm) φ 0. Now, on 7Γ\am |zt(<w)| >._ \A | + ε > 0
hence εt(α>) Φ 0. Thus E(ynam)E.ita φ 0, where -#«,* is defined in
Theorem 2.3. If the operator B is the restriction of A to E(y f]am)Eif(Ϋ, X
then

Jγn<*

where I is a nilpotent. Thus, if \μ\ ̂  |A | then |/^| ̂  | ^(ω) | — ε,
α)6 7Π^ m , and μ 0 ί/(β). Also, if \μ\ > \A\ then |/M > \B\ and /̂  ̂  <?(B).
This shows that o"(5) is empty which is impossible.

THEOREM 2.4. Let (altj(ω))) ~ A e ϊ ϊ . // the number λ $ σ(A) then
for some ε > 0

dist (λ, o^eiijίω))) ^ εa.e.

Proof. Let λeJo(A). The matrix of (λl — A)"1 has the form

M y V-"/ »

λ. - Zt(ύ)) (λ - ^,(OJ))2 (λ - Z}{θ)))n

Thus by Lemma 2.2

dist (λ, σ(aij(ω))) *• |λ — zk(ω)\

THEOREM 2.5. Let (aitJ(oή) ~ Ae 21 α^d ίβί /(«) 6e regular in a
neighborhood of o(A). Then the matrix f^a^^ω))) exists a.e. and it is
the matrix corresponding to f(A).

Proof. Let e be a Borel subset of Ω then

xΐE(e)f(A)Xj = χ*E(e)—[ f(X)R(X, A)xfdX
2πiJo

where C is a finite collection of Jordan curves surrounding o(A). Now
R(X; A) - (rkJ(ω, X)) = (λδfc.j - α,,,^))- 1 thus
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xΐE(e)f(A)xj - -L( f(\)(xϊE(e)R(λf A)x3)d\

= τ^\ /(λ)Γ( rkJ(ω;
2πι JO LJe

by equation 2.1. The functions rktJ(ω, λ) can be computed by Cramer's
rule. By Theorem 2.4 and the compactness of C there exists a positive
constant δ such that if λ e C then

dist (λ, σ(aktj(ω))) ^ δa.e.

Now, if e is a Borel set on which the functions aitJ(ω) are bounded,
then the functions rkιj(ω, λ) are measurable and bounded on e x C. For
such Borel sets e, we may use Fubini's theorem to conclude that

x*E(e)f(A)Xj =

From this equation it follows that the components of the matrix of f(A)
are given by

(*) ~U/(λ)r f c l j (ω, λ)ciλ a.e.
2πιio

Now by the argument of Lemma 2.1 in [6] the matrix /((αfclj(ω)))
exists a.e. and its components are, thus, given by (*).

THEOREM 2.6. Let A e 51 be a compact operator. If A^ (a^^ω)) and

)εfc(ω) + N(ω)Σ

is the decomposition given in Lemma 2.1, then there exists a sequence
{&>«}> of points in ω, such that:

1. E({ωv})Φ0
2. zk(ω) = 0 a.e. /or ω φ ωυ v = 1, 2,
3. lim 2&(O = 0.

Proof. Let /3Z and αm be the sets defined in Lemma 2.1 and Theo-
rem 2.3. It is enough to prove the theorem for points in βu thus we
assume that the matrix (αJιfc(α>)) has exactly i eigenvalues. Define

em,P = amn\ω\\zk(ω)\ ^ —, k = 1, -- ,

The operator A restricted to E{em,v)X is compact and, by Theorem 2.3.
has a bounded inverse. Thus the space E(emtP)X has a finite dimension.
Therefore there exists a finite set of points, α>? p, •• ,ω™)2\ such that
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E({ω?'p}) Φ 0

and

E(emιP- {ω? *, .--,ω?'*}) = 0.

By letting m, p-> ^ we get a sequence ωv satisfying conditions 1
and 2. In order to prove 3, let us assume that for some ε > 0 there
are infinitely many points, ωυ such that

\zkυ(ωυ)\ ^ ε .

The operator A is compact, hence o(A) has only zero as a limit point.
By theorem 2.4 zkJ(ωυ)eσ(A). Thus for some constant b Φ 0

zΛΌ(ωΌ) = 6

for infinitely many points, ωΏ. Let

G(b,A) = —[ R(X;A)d\
2πiJo

where C is a circle around b which does not contain any other point of
o(A). The operator G(b; A) is a compact projection. The matrix of
G(δ; A) is, according to Theorem 2.5,

G(b; (α4J(ω))) .

Thus

G(b;A)E({ωv})Φ0

whenever zk (ωΏ) — b, because the matrix of the product is not zero at
ωυ. This contradicts the fact that G(6; A) is a projection into a finite
dimensional space, and thus condition 3 is proved.

EXAMPLES. The following two examples are designed to show that
some of the theorems, proved in [6] for Hubert spaces, are false for
Banach spaces. Notice that the examples are simble because there exist
projections on

8p{E(a)xu a a Borel set] .

1. Let μ be the Lebesque measure on (0, 1). Let / be a monotone
increasing function such that

l, / ( I ) -

Define

= \f(t)μ(dt) .
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The Banach space X will be L^μ) ©L^μ^. Each xe X has the form

x -
x ~

Let

E(e)x =

It follows that the Boolean algebra is complete and has uniform multi-
plicity 2. Let

1 1 ? w — it/i^r^ ^21 / \) — \y2^μ

If A - ^ 2ί then A^-'ί l f l ; x' α i > 2 ; ( j and

ÔM faUω)gi(ω)\ > f.

- ] | α i 2
l ( ) (

a2t2(ω)g2(ω)J

for every g2eL^), Thus

Hence |α12(ω)| g |A|/(ω) a.e., or

αlfJ(ω) = bh2{ω)f(ω) and

Similarly

Δ

Λ
^ j|α2,i0il/^i"

Hence
a e

or

αatl(fi>) = % M and

Every operator in 2ί is given, thus, by a matrix of the form:
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where the functions b^^ω) are measurable and bounded. Also, every
such matrix defines a bounded operator.

This example shows that Theorem 2.2 of [6] can not be generalized
to Banach spaces:

The two topologies on 2ί given by the norms \A\ and

max ess sup \at 3(ω)\

are not equivalent.

2. Let X = Co φ lλ. Every x e X has the form

X — (P^if ΊJι> ^2> V2 ' * * i %n> Vn> ' ' ')

where

linci a?ra = 0, \x\ = max 1^1 + Σ 1^1 .

Define

^»(»i» Vi, •» »«, 2/n, •) = (0, , 0, xn, yn, 0 •) .

The Boolean algebra, generated by En, has uniform multiplicity 2.
Let the projection F be defined by

F(xi9y19 •••, xn,yn, ••

Vn, %n

The projection F is not bounded but \FEn\ — 1. Let the operator B be
defined by

*^i Vi m 9 # %n Vn

a n d l e t A = BF. T h e o p e r a t o r A is b o u n d e d a n d c o m p a c t , for if \x\ —

\(x19 y19 •••, xwyw •••)! ̂  1 t h e n

i x1 + i/! β β # ^^ + i/w ^^ + Vn π . . . π . .
β β #

« *
2 2 n 2 n-±-(0, . . . , o , -ϊ»+i + v»-

2 \ 2 W + 1 2 7 1 4

1 Γ/ sup | E Λ | + sup |7/w|
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Thus A is the uniform limit of compact operators. Now, o{B) =

j — , n — 1, 2, [. If 0 Φ X e σ(A) then for som

x = Fx and Xx = XFx — BFx — Bx. Therefore

—, n — 1, 2, [. If 0 Φ X e σ(A) then for some x e X, Xx — Ax. Hence

Let us compute G(-^, A)X for xe X.

h A>=M^
on EkX, σ(A) = ίo, ^ 1 , henceNow

Gl±; A)Ekx = 0 for k Φ n

and

G(-~; AjEnx — FEnx .

Therefore

and

— , /i IΛ —

The last equation shows that A is not spectral, and the preceding equa-
tion shows that Theorem 4.4 of [6] is false for Banach spaces:

There exists a compact operator A in 21 that is not spectral though
the projections G(ξ; A) are uniformly bounded.
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AVERAGES OF FOURIER COEFFICIENTS

RICHARD R. GOLDBERG

We shall say the sequence an(n = 1,2, •) is a p-sequence (1 ̂  p <
if there is a function / e Lp(0, π) such that

an = \*f(t)
Jo

cosnt dt n — 1, 2,

(i.e. the αw are Fourier cosine coefficients of an Lv function).
A famous theorem of Hardy [1] states that if an is a p-sequence

(1 ^ V < °°) and bn = —(αx + α2 + + αn), then 6W is also a p-sequence.

In this paper we shall prove the following generalization of Hardy's
theorem:

THEOREM 1. Let ψ(x) be of bounded variation on 0 ^ x rg 1, and
let 1 ^ p < CXD . Then, if an is a p-sequence and

7 1 Λ ( / m \
0w = —2-1 Ψ[

nm=i \ n

bn is also a p-sequence.
Hardy's theorem is the special case ψ(x) = 1 for 0 g x ^ 1.
If the conclusion of Theorem 1 holds for each of two functions ψ

it clearly holds for their difference. Hence it is sufficient to prove
Theorem 1 in the case where ψ(x) is non-decreasing for 0 ^ x ^ 1.
Further, since any non-decreasing function may be written as the dif-
ference of two non-negative non-decreasing functions (the second of
which is constant) to prove Theorem 1 it is sufficient to prove

THEOREM lA. Let ψ(x) be non-negative and non-decreasing on
0 ^ x ^ 1 and let 1 ^ p < oo. Then, if an is a p-sequence and

n

bn is also a p-sequence.
The proof of Theorem 1A will follow a sequence of lemmas.

ί x

cosytd(y — [y]). Then there is an M > 0
0

Received February 24, 1959. This research was supported in part by the United
States Air Force under Contract No. AF 49 (638)-383 monitored by the AF Office of Scientific
Research of the Air Research and Development Command.
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696 RICHARD R. GOLDBERG

such that

\Bt(x) \^M 0 ^ t ^ π ; 0 ^ x < o o .

The symbol [y] denotes the greatest integer not exceeding y.

Proof. Let n be any non-negative integer. Then for t > 0

sin nt5 n
cos yt dy =

o t

and

Hence

("coβ yt d[y] = Σ cos mt = s i n ^n +
Jo ro-i 2 sin t/2

sin (n , _1_
2

= sin

2 sin ί/2

λ-λCot~L) - c o s ^
t 2 21 2

and so

( 1 ) JL _ ±. cot —
ί 2 2 + 1 n = 0,1,2,

The right side of (1) is bounded for 0 < t ^ π. Thus for some M ^

Now take any x ^ 0 and let n = \x\. Then

Γx

5ί(x) = Bt(n) + \ cos τ/ί<x(τ/ — [yj)
Jn

so that from (2) we have for any x ^ 0

and the proof is complete since B0(x) • x — \x] ̂  1 ^ M.
(Henceforth we assume ψ(x) ^ 0 and ψ(x) non-decreasing for

0 ^ x £ 1.)

LEMMA 2. ΓΛere is cm Af > 0 such that

I Λ/Γ _ cos a ί d(x - [x]) ^ Λf
J Jo \nJ

^ t ^ π ; n = l , 2 ,

Proof. With as in Lemma 1 we have
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ψ(
o \n

[x]) = \nψ(—)dBt(x)
Jo \n/

= ψ(l)Bt(n) -
n

Thus with M as in Lemma 1

d(x - [x]) ^ Mψ(l) ~) ^ 2Jlfψ(l) ,
n

and the lemma is prove (with 2Mψ(l) instead of M).

LEMMA 3. Let f e L'(0, π) and let

dn = —\y(t)dt\"φ(—)coa xt d(x - [x])

^Jo Jo \n/
Then

(3) dn = θ(A
V n n

and hence dn is a p-sequence for every p Ξ> 1.

Proof, By Lemma 2 there is an M > 0 such that \dn\ ^ MS*\f(t) \dt
n j

from which (3) follows. From (3) it follows that Σn=ι\dn\
q < °°, for

every q > 1. By the Hausdorίf-Young theorem and the fact that
Lp gΞ Lpf if 1 <L pr <; p, this implies that c£w is a p-sequence for every
p^l. (See [2].)

From now on we shall write / ~ an as an abbreviation for
an = \ /(^)cos nt dt, n = 1, 2, .

Jo

MA 4 .

0(<e) =

Lei

J χ Z
) / (t)dt

α(?i)

π) and a\

•

n Jo \n

so that

Lei

Then geLp(0,π) and

= 1 f(t)cos xt dt
Jo

Proo/. Since [g(E)| ^

[1] that g e IΛ Also

it follows from the proof in
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g(x)cosnxdx = \ cos nxdx\ —ψ( — )f(t)dt
o Jo Jx t V t /

= \—f(t)dt\ψ(—\osnxdx = [* f(t)dt\ψ(x)cos nxt dt
Jot Jo V t / Jo Jo

n JO Jo \n/ n J o V / J

The changes in order of integration are valid since

(Note / e L'(0, π) since / e L29(0,7r).) Thus g ^ cny which is what
we wished to show.

We can now establish our principal result.

Proof of Theorem 1A. Let / 6 Lp(0, π) be such that f ~ an and let
a(x), g(x), cn be as in Lemma 4. Then

6. = - Σ ψ(—V« = - ( V ( -
^m=i \ n y n Jo \n

so that

cn-bn = ±\nψ(—)a(x)d(x - \x\) = L[n

n Jo V n / ^ Jo

= —[*/(*¥« \nψ(—)cos xt d(x - [x]) .
wJo Jo \n/

The last iterated integral clearly converges absolutely, justifying the
change in order of integration. By Lemma 3 cn — bn is a p-sequence.
Also cn is a ^-sequence since, by Lemma 4, geLp(0,π) and g ~ cn.
Hence bn — cn — (cw — 6W) is a ^-sequence and the theorem is proved.

REMARK. Note that except for the result of Lemma 1 the only
properties of the cosine function used were its boundedness and the fact

that θ(—j is a p-sequence for all p ^ 1.
\n J

J x

sin yt d(y — [y]). Then there is an M > 0
0

such that

I Ct(x) \^ M 0^t£π;0Sx<°°.

Proof. Let n be any non-negative integer. Then for t > 0
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r s i n — * c o s ^
Jo t t

and

Hence

"sin yt dM = Σ sm kt = COB t/2 - COB (n + l/2)t
o *-i 2sinί/2

C (n) = — — c o s n t — cos ^/2 — cos (n + 1/2)6
t t 2 sin 6/2

sin nt
- (1 - cos wt/— - — cot — ) - —

\t 2 2/

The remainder of the proof follows as in Lemma 1.
In view of Lemma 5 and the remark preceding it the exact analogue

of Theorem 1 for sine coefficients must hold. This we now state:

THEOREM 2. Fix p :> 1. //, for some f e Lp,

an = I /(ί)sin ntdt n — 1, 2, ,
Jo

1 n ί TYi \
and if bn = — Σ Ψl )αw where ψ(x) is of bounded variation on

n m=i V n /

0 ^ a? ^ 1 £Λe?ι ί/^ere exists g e Lp such that

bn = \ #(ί)sin nidi w = 1 2,
Jo
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RANGES AND INVERSES OF PERTURBED
LINEAR OPERATORS

SEYMOUR GOLDBERG

l Introduction* Let X and Y denote normed linear spaces and
let T Φ 0 be a linear operator with domain D(T)aX and range R(T)z) Y.
In this paper, D(T) is not required to be dense in X and T need not
be continuous. Furthermore, X and Y shall be assumed complete only
when necessary. Under these general conditions, we investigate some
invariant properties of the range and inverse of T when T is perturbed
by a bounded linear operator A. For example, it is shown that if the
range of T is not dense in Y and T has a bounded inverse, then T + A
has the same properties provided that D(A)^D(T) and the norm of A
is sufficiently small. In addition, a theorem of Yood ([5], Th. 2.1) is
generalized with some of the proofs simplified.

DEFINITION. Let Xx = D(T)aX. When Xx is considered as a normed
linear space, the conjugate transformation Tf is defined as follows: Its
domain JD(T') consists of the set of all y* in the conjugate space Y' for
which y'T is continuous on D(T); for such a y' we define T'y' = xf where
x' is the unique bounded linear extension of y'T to Xλ\ that is, x' is in
the conjugate space X[ of Xx.

The above notations shall be retained throughout the discussion.

2 Ranges and inverses of T + A.

LEMMA 1. If T has a bounded inverse, then so does T + A when-
ever \\A\\< \\T-ι\\~\

Proof. \\{T + A)x\\ > (HΓ-MI- 1 - l |A| | )[ |αM|.

THEOREM 1. // R(T) — Y and T has a bounded inverse, then
R(T + A) — Yand T + A has a bounded inverse whenever \\A\\ < HΓ"1!!"1

and D(T)dD(A).

Proof. By [4] Th. 1.4, (T')"1 = (T"1)' exists and is continuous on
X[. Hence from the lemma we conclude that (T + A)r — Tf + Ar has
a bounded inverse since ||A'|| = ||A|| < HΓ"1!!"1 = HCH"1!!"1. The theo-
rem now follows from [4] Th. 1.2.

If for X = Y, the resolvent of a linear operator T is defined as the
set of scalars λ such that (T — λ/)"1 exists and is continuous on a

Received February 19, 1959.
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702 SEYMOUR GOLDBERG

domain dense in X, then the following corollary is an immediate result
of the theorem.

COROLLARY. The resolvent of a linear operator is open.

DEFINITION. For each z φ 0 in Γ, let

mz(T) = sup W l l z - Tx\\ ̂  k\\Tx\\,xeD(T)} .

We define m(T) = sup ma(T).

REMARK. m(Γ) ^ 1; This follows from the fact that for Tx Φ 0
and for each ze Y, \\z-Tαx\\l \\Tαx\\ ̂ 1 + | | s | |/ \\Tαx\\->l as |α|-»oo.

LEMMA 2. Let Y be complete. Then R(T) = Y if and only if
m(T) = 0.

Proof. If R(T) = Y, it is easy to see that m(Γ) = 0. Suppose

there exists an element yoe Y which is not in R(T). The 1-dimension-

al linear manifold [y0] spanned by y0 and the linear manifold [y0] + R(T)

are closed in Y; moreover, [yo]ΠR(T) = (0). Hence by [2] Th. 2.1,

there exists a A: > 0 such that \\y0 — # | | ̂  fe||i/|| for all yeR(T); that

is, m(T) > 0.

THEOREM 2. If R(T) Φ Y and T has a bounded inverse, then

R(T + A) Φ Y and T + A has a bounded inverse whenever

\\A\\ < m(T)l\\T-% and D(T)aD(A).

Proof. Clearly there is no loss of generality if the theorem is proved

for the completion Ϋ of Y. Thus it may be assumed that Y is com-

plete. We now simplify and apply an argument given by Yood

[5, p. 489], From Lemma 1, T + A has a bounded inverse. By Lemma

2, there exists, for each ε > 0, an element yQe Y but not in R(T) such

that

(1) \\yo-Tx\\^(m(T)-ε)\\Tx\\ for all xeD(T) .

Suppose that the theorem is not true. Then yoe R(T + A) = Y and
thus we may choose an element x e D(T) so that

H(Γ + A)x - ϊ/ol| < min (εd, \\yQ\\) ,

where d is the distance between yQ and R(T). In particular,
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( 2 ) \\(T + A)x - yQ\\ < ed ̂  e||y0 - Γa?|| and x Φ 0 .

From (1) and (2),

l |A| | | |α | | ^ \\Ax\\ ̂  \\Tx - yo\\ - \\y0 - (T + A)x\\ > ( 1 - ε)\\yQ - Tx\\

^ (1 - ε)(m(Γ) - ε)||Γaj|| ^ HΓ-Ml^l - e)(m(Γ) - e)\\x\\ .

Since ε > 0 was arbitrary, | |A| | ^ I I Γ " 1 ! ! " 1 ^ ^ ) ) which is impossible.

LEMMA 3. Suppose X and Y are complete. If T is a closed linear

operator, then R(T) = Y and T~x does not exist if and only if R{T') Φ X[

and Tf has a bounded inverse.

Proof. This follows from the " state diagram" for closed opera-
tors [1].

THEOREM 3. Suppose X and Y are complete. If T is closed,
R(T) = Y and T~x does not exist, then R(T + A) = Y and (T + A)-1

does not exist whenever D(T)czD(A) and A < mί

Proof. By Lemma 3, R(Tf) Φ X[ and T' has a bounded inverse.
Futhermore, D(A') = Y'z>D{T') and T' φ 0 since D(T') is total ([4]
Th. 1.1). From Theorem 2, it is clear that R{T' + A') Φ X[ and Tr + A'
has a bounded inverse. Since T' + A' — (T + Ay and T + A is closed,
the theorem follows from Lemma 3.

3. A generalization of a theorem* In ([5] Th. 2.1), Yood proves a
theorem about the range of a bounded linear transformation T and its
conjugate Tr, where T maps Banach Space X into Banach space Y.
We now generalize the theorem by requiring instead that T be a closed
linear operator on D(T). The results are stated in a different but more
precise form than in [5].

DEFINITION. If T has a bounded inverse, let K(T) = HT1-1!!, other-
wise let K(T) — 0. We now define a number a(T) as follows:

a(T) = min ((m(Γ), ̂ | L ) if m(Γ) > 0
\ K{1 ) /

= oo if m(T) = 0 .

α(T') shall be defined in a similar manner.

THEOREM 4. Suppose X and Y are complete. Let T be a closed

linear transformation and let A represent a bounded linear transform-
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ation such that D(A)IDD(T). Then the following statements concerning
T are equivalent.

(1) Either T has bounded inverse or R(T) — Y.

(2) β ( T ' +A')cΛ(Γ ' ) if \\A\\ < a(Tf).
(3) R(T' + A ' )cβ(Γ ') if \\A\\ < a(T').

(4) R(Tf) is not a proper dense subset of X[ and \\A\\ < α(Γ')

implies that R(Tf + A')a.R(Tf).
(5) R(T') is not a proper dense of X[ and \\A\\ < α(Γ') implies

that R(T' + A')cR(T').

(6) R(T + A)dR(T) if \\A\\ < a(T).
(7) R(T+A)czR(T) if \\A\\<a(T).

(8) R(T) is not a proper dense subset of Y and \\A\\ < a(T) im-

plies that R(T + A)aR(T).
(9) R(T) is not a proper dense subset of Y and \\A\\ < a(T) im-

plies that R(T + A)aR(T).

Proof. (1) implies (2): (T need not be closed): If T has a bounded

inverse, then by [1] R(T') = X[Z)R(T' + A') for all A. If T has no

bounded inverse, then R(T) = Y so that R(T') φ X[ and T' has a

bounded inverse by [1]. Since T' is closed, it follows that R(Tf) is

closed; i.e. m{T') > 0. If (2) is false, there exists an x'oe^R(Tf + A')

but at a positive distance d from R(Tf). By the argument as in Theo-

rem 2, | |A| | - HA'll ^ 5 © ^ ^(^0 > II^H w h i c h i s impossible.

(2) implies (3). Obvious

(3) implies (1): (cf. [5]): If R(T) ^ 7 and T has no bounded in-
verse, then we show that (3) fails to hold. By [1], R(T') Φ X[ and T'
has no bounded inverse. Therefore, we may choose an element x'oe X[,
||ίcί|| = 1 and x[ 0 R(Tf). For each ε > 0, there exists an element
y'oeD(T') such that | | ^ | | = 1, \\T'y'0\\ < ε and an element y0 such that
Ill/oil = 1, y'oVo = β is real and 1^/5^1/2. Let A be defined by
Ax = ε(x'ox - (εβy'T'yΌx) y0 for xeD(T). Hence

'T'y',) = eβx'Q - T% ,

so that

{Tr + A')y', = ε/9^ $ R(T'). Moreover, \\A\\ ̂  ε(l + —) ^ 3ε .

Since ε > 0 was arbitrary, it follows that (3) does not hold.
(4) and (5) implies (1): Follows from the above argument.

(1) implies (4) and (5): (T need not be closed): This follows from

the fact that
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(1) implies that R(T') is closed and also that (1) implies (2).
(1) implies (6): If R(T) = Y, then (6) is satisfied. Suppose

R(T) Φ Y but that Γ has a bounded inverse. Hence R(T) is closed so
that m(T) > 0. If (6) is false, there exists an element yoεY = R(T + A)
but yQ $ R{T). The remaining argument is now as in Theorem 2.

(6) implies (7): Obvious

(7) implies (1): If R(T) Φ Y and T has no bounded inverse, then
for ε > 0, there exists an element x0 e D(T), \\xo\\ = 1 such that || Txo\\ < ε.
An element xf

oeX[ is chosen so that \\xr

0\\ = 1 and x'Qx0 = 1. Suppose
that y $ R(T) and \\y\\ = 1. We define A by the relation

Ax = εx'ox(y - e~xTxQ), x e D(T) .

Then (T + A)x0 = εy $ R(T). Moreover, | |A| | < 2ε. Since ε > 0 is
arbitrary, (7) cannot hold. Thus the assertion is proved.

(8) and (9) are equivalent to (1): This is shown in the same way
that (4) and (5) were shown equivalent to (1).

If there is no restriction put on the inverse but only on the range
of T, we may still infer something about the range of T + A. In fact,
A need not be continuous. The following theorem illustrates this.

THEOREM 5. Suppose X and Y are complete. If T is a closed
linear operator with a closed range, then there exists a p > 0 such that
T + A is also a closed linear operator with a closed range whenever A
is a linear operator (not necessarily continuous) with D(A)^D(T) and
\\Ax\\^p(\\x\\ + || Tα||) for every xeD(T).

Proof. We introduce another norm \\x\\lf on D(T) by defining
llαlL = ll^ll + \\Tx\\. A shall denote D(T) with this new norm. Since
X and Y are complete and T is closed, it is easy to see that D1 is a
complete normed linear space. Moreover, Tx as a transformation of A
into Y is bounded and has an inverse. Thus by the closed graph theo-
rem, T'1 is bounded; i.e. there exists an m > 0 such that | [ T x | | ^
m( | | a | | + ||Tίc|[) for xe A Choose p > 0 so that 1 > p and m - p > 0.
Thus || (T + A)x\\ ^ (m - p)(\\x\\ + \\Tx\\), whence T + A has a bounded
inverse from R(T + A) onto A Clearly T + A is continuous on A
Since defining a new norm in D(T) does not alter the situation in Y, it
follows that R(T + A) is closed. In [3], Nagy proves that T + A is a
closed operator from D(T) into Y", which completes the proof of the
theorem.
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ON FUNCTIONS REPRESENTABLE AS A DIFFERENCE
OF CONVEX FUNCTIONS

PHILIP HARTMAN

l Introduction* A function f(x) defined on a convex x-set D will
be called a d.c. function on D if there exists a pair of convex functions
Fλ(x), F2(x) on D such that f(x) is the difference

(1) f(x) = Fix) - Fix) .

In this note, "convex" function means " continuous and convex" func-
tion. D.c. functions have been considered, for example, by Alexandroff
[1]. E. G. Straus mentioned them in a lecture in Professor Beckenbach's
seminar (and used the abbreviation " d . c " ) .

When x is a real variable, so that D is a (bounded or unbounded)
interval, then f(x) is a d.c. function if and only if / has left and right
derivatives (where these are meaningful) and these derivatives are of
bounded variation on every closed bounded interval interior to D. Straus
remarked that this fact implies that if flx)9flx) are d.c. functions of
a real variable, then so are the product fix) fix), the quotient flx)lflx)
when fix) Φ 0, and the composite flflx)) under suitable conditions on
/2. He raised the question whether or not this remark can be extended
to cases where x is a variable on a more general space. The object of
this note is to give an affirmative answer to this question if x is a point
in a finite dimensional (Euclidean) space.

2. Local d.c. functions. Let f(x) be defined on a convex x-set D.
The function f(x) will be said to be d.c. at a point x0 of D if there
exists a convex neighborhood U of x0 such that f(x) is d.c. on U Π D.
When f(x) is d.c. at every point x of D, it will be said to be locally
d.c. on D.

(I) Let D be a convex set in an m-dίmensίonal Euclidean x-space
and let D be either open or closed. Let f{x) be locally d.c. on D. Then
f(x) is d.c. on D.

While the proof of (I) cannot be generalized to the case where the
m-dimensional #-space is replaced by a more general linear space, it will
be clear that (II), below remains valid if the Euclidean x-space (but not
the #-space) is replaced by a more general space.

Received February 10, 1959. This research was supported by the United States Air
Force through the Air Force Office of Scientific Research of the Air Research and Develop-
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(II) Let x — (x1, , xm) and y = (y\ , yn). Let D and E be con-
vex sets in the x- and y-spaces, respectively; let D be either open or
closed and let E be open. Let g(y) be a d.c. function on E and let
yj = yj(x) where j = 1, , n, be d.c. functions on D such that y = y(x) e E
for xeD. Then f(x) = g{y{x)) is locally d.c. on D.

This theorem is false (even for n = m = 1) if the assumption that
E is open is omitted. In order to see this, let x and y be scalars,
g(y) = 1 - y^ ( ^ l) on E\ 0 ^ y < 1 and let y = y(x) = \x - i\ on
D: 0 < x < 1. Since f(x) = g{y{x)) = 1 — |a? — £ |1 / 2 does not have finite
left and right derivates at the interior point x = | , the function /(x) is
not d.c. at the point x = £.

It will be clear from the proof that (II) remains correct if the as-
sumption that E is open is replaced by the following assumption on E
and g(y): if x0 is any point of D and yQ = y(x0), let there exists a con-
vex ^-neighborhood V of τ/0 such that g(y) satisfies a uniform Lipschitz
condition on V Π E. (This condition is always satisfied if y0 is an interior
point of E; cf., e.g., Lemma 3 below).

COROLLARY. Let D be either an open or a closed convex set in the
(x\ •••, xm)-space. Let fι(x)ff2(%) be d.c. functions on D. Then the pro-
duct fι(x)f2(x) and, if fλ{x) Φ 0, the quotient f2(x)lfi(x) are d.c. functions
on D.

The assertion concerning the product follows from (I) and (II) by
choosing y to be a binary vector y = (y\ y2), g(y) = yτy2, E the (y\ y2)-
plane and y1 = fix), y2 = /2(x). Thus /(a) = flf(2/(a;)) =/i(a?)/a(ίc). Note that
ff(l/) = iίl/1 + y2)2 - MO/1)2 + (̂ /2)2) is a d.c. function on E.

In the assertion concerning the quotient, it can be supposed that
f2(x) Ξ= 1 and that fλ(x) > 0. Let y be a scalar, #(#) = ljy on E: y > 0
and ?/ = /x(α;) on Z). Thus (̂̂ /) is convex on E and f(x) = g(y(x)) = Vf^x).

3* Preliminary lemmas. It will be convenient to state some simple
lemmas before proceeding to the proofs of (I) and (II). The proofs of
these lemmas will be indicated for the sake of completeness.

In what follows, x = (x\ , xm) is an m-dimensional Euclidean vec-
tor and \x\ is its length. D is a convex set in the x-space.

LEMMA 1. Let D be either an open or a closed convex set having
interior points. Let x = x0 be a point of D and U a convex neighborhood
of x0. Let F(x) be a convex function on D Π U. Then there exists
a neighborhood Uλ of x0 and a function Fx{x) defined and convex on D
such that F(x) == Fλ{x) on D Π Uλ.

In order to see this, let U2 be a small sphere | x — x0 \ < r such that
F(x) is bounded on the closure of D Π U2. Let G(x) = K\x — xQ\ +
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F(x0) — 1, where K is a positive constant, chosen so large that G(x) >
F(x) + 1 > F(x) on the portion of the boundary of U2 interior to D.
Clearly G(x) < F(x) holds for x = x0, hence, for x on D Π UΊ if U± is
a suitably chosen neighborhood of x0. If x e D, define Fλ{x) to be
max (F(x), G(x)) or G(x) according as x is or is not in U2 Π D. Since
max (F(x), G(x)) is convex on U2 Π D and max (F(x), G(x)) == G(x) for x
in a vicinity (relative to D) of the boundary of U, in D, it follows that
FJX) is convex on D. Finally, Fλ{x) = max (F(x), G(x)) = F(x) for

£C 6 ί/i Π Λ

LEMMA 2. Le£ D be a closed, bounded convex set having x — 0 as
cm interior point. There exists a function h(x) defined and convex for
all x such that h(x) g 1 or h(x) > 1 according as xe D or x $ D.

In fact, h(x) can also be chosen so as to satisfy h(x) > 0 for x Φ 0
and h(cx) — ch(x) for c > 0. This function is then the supporting func-
tion of the polar convex set of D; Minkowski, cf. [2], §4. The function
h(x) is given by 0 or \x\ρ~'1(xj\x\) according as x — 0 or x Φ 0, where,
if u is a unit vector, p(u) is the distance from x — 0 to the point where
the ray x = ί%, £ > 0 meets the boundary of D.

LEMMA 3. Let D be a closed, bounded convex set having interior
points and Dλ a closed convex set interior to D. Let F(x) be a convex
function on D. Then F(x) satisfies a uniform Lipschitz condition on Dlt

In fact, if d > 0 is the distance between the boundaries of D and
A and if \F{x)\ ^ M on D, then \FixJ - F(x2)\ ^2M\xx-x2\jd for
xlf x2 6 JD1# This inequality follows from the fact that F(x) is convex on
the intersection of D and the line through xγ and x2.

4. Proof of (I). The proof will be given for the case of an open
convex set D. It will be clear from the proof and from Lemma 1 how
the proof should be modified for the case of a closed D.

To every point xQ of D, there is a neighborhood U — U(x0), say U:
\x — xo\ < r(x0), contained in D such that f(x) is d.c. on U; that is,
there exists a convex function F(x) = F(x, xQ) such that f(x) + F(x, x0)
is a convex function of x on U(xQ). In view of Lemma 1, it can be
supposed (by decreasing r(x0), if necessary) that F(x, x0) is defined and
convex on D (although, of course, / + F is convex only on U).

Let Dλ be a compact, convex subset of D. Then Dλ can be covered
by a finite number of the neighborhoods U{xγ), •••, U(xk). Put F(x) =
i^(x, » ! )+•••+ î (ίt', %k), so that F(ίc) is defined and convex on D. Since
fix) + Fix, Xj) is convex on U(xj), so is f(x) + F(a;) = fix) + F(x, x3) +
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^iΦjF(xf xt). Hence / + F is convex on A
Thus there exists a sequence of open, bounded convex sets Dl} A> •

with the properties that the closure of Ό} is contained in Dj+i, D — \JDjf

and to each Ό3 there corresponds a function Fj(x) defined and convex
on D such that f(x) + Fj(x) is convex on D3.

Introduce a sequence of closed convex sets C1, C2, such that
C1 c A c C2 c A c . In particular, ΰ = | J C J .

It will be shown that there is a function Glx) with the properties
that

(i) Gλ(x) is defined and convex on A
(ii) /(#) + Glx) is convex on D2, and
(iii) G^α) = Fix) on C1 .
If this is granted for the moment, the proof of (1) can be completed

as follows: If G19 •• ,Gfc_1 have been constructed, let Gk be a function
defined and convex on D such that / + Gk is convex on Dk+1 and Gk =
Gh-λ on Cfc. Then F(x) = limGfc(#) exists uniformly on compact subsets
of D; in fact, F(OJ) = G3{x) on Cfc for all j ^ fc. Hence, F(x) is defined
and convex on D. Since /(a?) + F(x) is convex on Cfc, k = 1, 2, , it is
convex on D\ that is, / is a d.c. function on D.

Thus, in order to complete the proof of (I), it remains to construct
a Gx(x) with the properties (i) — (iii). Let k > 0 be a constant so large
that F2(x) — k ^ Fx{x) for a? 6 C1. Without loss of generality, it can be
supposed that x = 0 is an interior point of C1. Let h(x) be the function
given by Lemma 2 when D there is replaced by C1. Put iί(x) = 0 or
H(x) — ifΓΛ($) — 1] according as xe Cι or x$ C\ where K > 0 is a con-
stant. Thus i/($) is defined and convex for all x and H(x) = 0 on C1.
In particular,

( 2 ) Fa(α?) - k + H(x) ^ ί\(a;) for xeC1 .

Choose K so large that

(3 ) Fix) -k + H(x) > Fix) on D[ ,

the boundary of A This is possible since h{x) — 1 > 0 for x $ C\
Define Gx(x) as follows:

( 4 ) Glx) = max (Fix), F2(x) ~k + H(x)) for xeD19

Glx) = Fix) -k + H(x) for x e D - A ,

where D — A is the set of points in D, not in A
Clearly, (2) and the first part of (4) imply property (iii),

( 5 ) Glx) = Fix) if x e C1 ,

and (3) implies that
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(6) G1(x) = F2(x) - k + H(x) for x on and near D[ ,

the boundary of Dλ.
By the first part of (4), Gλ(x) is convex on Dx. By the last part of

(4) and by (6), Gλ(x) is convex in a vicinity of every point of D — Dx.
Hence, Gλ(x) has property (i), that is Gλ(x) is convex on D.

Since f(x) + Fλ{x) is convex on Dx and f(x) + 2̂ 0*0 > hence f(x) +
F2(x) — h + H(x) is convex on D2 ID DU it follows that, on Dly the
function

f{x) + G,(x) = max (/ + F19f + F2 - k + H)

is convex. It also follows from the last part of (4) and from (6) that
f + Gx is convex in a vicinity of every point of D2~ Dx. Hence G1 has
property (ii), that is, / + Gλ is convex on D2. This completes the proof
of (I).

5 Proof of (II). Without loss of generality, it can be supposed that
g(y) is convex on E.

Since yj(x) is a d.c. function on D, there exists a convex function
F(x) on D such that

( 7 ) ± y\x) + F(x) are convex on D .

The function F(x) = F(x,j, ±) can be assumed to be independent of j ,
where j = 1, * ,n, and of ± for otherwise it can be replaced by

Let x — x0 be a point of JD and yQ — 2/(a;0). Lei V be a convex
neighborhood of yQ such that βf satisfies a uniform Lipschitz condition

( 8 ) igivJ-giyJl^M^-y^

on V"; cf. Lemma 3. Let U be a neighborhood of #0 such that y(x) e V
for X6 U f] D. It will be shown that

( 9 ) f{x) + SnMF(x) is convex o n f l n U ,

so that / is d.c. at x — x0.
It is clear that there is no loss of generality in assuming that g(y)

has continuous partial derivatives satisfying

(10) \dg(y)/dyj\ ^ M for j = 1, . . - , n and ye V.

For otherwise, g can be approximated by such functions.
In what follows, only x in D Π U and y e V occur. Let x = cc(s),

where s is a real variable on some interval, be an arc-length parametri-
zation of a line segment in D Π U. The assertion (9) follows if it is
shown that e(s) + 3nMF(x(s)), where e(s) =/(χ(s)) is a convex function
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of s. It is clear that e(s) has left and right derivatives (whenever these
are meaningful). Let e'(s) denote a left or a right derivate of e(s) and
F'(x(s)), yj'(x(s)) the corresponding derivates of F(x(s)), yJ(x(s)). Let
Δs > 0, then φ ) + SnMF(x(s)) is convex if and only if Δe' + 3nMΔF' ;> 0,
where Δe' = e'(s + Δs) - e'(s) and ΔFr = F'(x(s + Δs)) ~ F'(x(s)).

By the definition of e,

(11) e' =

Hence,

(12) Je'(s) - ΣΔ(dgldyi)yi'

where ^ ' = 2/J/(#(s)) and (dgldyJ)1 is the value of d(//%j at y — y(x(s + Δs)),
The usual proofs of the mean value theorem of differential calculus

(via Rollers theorem) imply the existence of a 0 = 0,, 0 < 01 < 1, such
that

(13) Δί/Δs = i/r ,

where ^ ' is a number between the left and right derivates of yj(x(s))
at the s-point s + ΘJΔS. By (13), the equation (12) can be written as

(14) Δe' - Σ(Δdgldy>){ΔyηΔs) + ^{Δdgldy^yζ - yj

β

f)

By (7),

\Δy>'\ ̂  J F ' and |^0' - j/ί'| ^ ^ - Fi £ ΔFr ,

where Fi is the right derivate of F(x(s)) at the s-point s + ^̂ z/s (< s + Δs).
Since £(#) is convex, the first term on the right of (14) in non-negative.
Hence (10) and (11) give

(15) Δe' ^ 0 - 2nMΔF' - MnΔF' ,

so that e(s) + 3nMF(x(s)) is convex. This proves (II).

6. " Minimal" convex functions* Let f(x) be d.c. on the unit
sphere \x\ < 1, so that there exist functions F(x) on \x\ < 1 such that

(16) F{x) and fix) + F(x) a re convex on \x\ < 1 .

The function F(x) can be chosen so as to satisfy the normalization

(17) F(0) = 0 and Fix) ^ 0 .

If a? is a real variable, there exists a " l e a s t " Fix), say Fmix),
satisfying (16), (17) in the sense that (16), (17) hold for F - Fm and
(16), (17) imply
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(18) Fm(x)^F(x) on \x\ < 1 .

In fact, Fm(x) can be obtained as follows: A (left or right) derivative
f'{x) of f{x) is of bounded variation on every interval 1 x \ ̂  a < 1 and
so f'{x) can be written as f'(x) = P(x) — N(x), where P(x), N(x) are
the positive, negative variation of / ' on the interval between 0 and x,
say, with the normalization N(0) = 0. In particular, P and N are non-
decreasing on \x\ < 1. In this case, Fm(x) is given by

FJx) = \XN(x)dx .
Jo

On the other hand, if x is a vector, there need not exist a least
F= Fm(x). In order to see this, let x be a binary vector and write
(x, y) instead of x. Let f(x, y) = xy. If ε > 0, F(x, y) = i(εx2 + t\έ)
satisfies (16), (17). If a least F = Fm exists, then 0 ^ ί ^ α , j/) ^ i(είc2 +
τ/2/ε). In particular, 0 <> Ĵ m(̂ » 0) ^ εα?2, and, therefore, jPm(a?, 0) = 0.
Similarly, Fm(0, y) = 0. But since Fm is convex, it follows that Fm = 0.
This contradicts the case F — Fm of (16) and so, a least F = Fm does
no exist.

Although a " least " F need not exist, it follows from Zorn's lemma
that " minimal? ? F ? s do exist.

REFERENCES

1. A, D. Alexandroff, Surfaces represented by the difference of convex functions, Doklady
Akademii Nauk SSSR, (N.S.) 72 (1950), 613-616.
2. T. Bonnesen and W. Fenchel, Theorie der konvexen Korper, New York (1948),

T H E JOHNS HOPKINS UNIVERSITY





ON CONDITIONAL EXPECTATION AND QUASI-RINGS

M. V. JOHNS, JR. AND RONALD PYKE

1. Introduction* Let (Ω, s/, P) denote a complete probability space
in which Ω is an arbitrary point set (ω e Ω), sf is a cr-algebra of sub-
sets of Ω (A e s/) and P is a probability measure on s/ with respect
to which P is complete. Let X> Y, Z, with or without subscripts, de-
note real-valued JY-measurable random variables (r. v.) Let "ό" denote
the space of P-integrable r. v.'s. Define a linear operator E on £Γ by

EoX= [ XdP .

E is the expectation operator and E Ό J ί s called the expectation of X
The P-integrability criterion is equivalent to specifying Έo \ X | < oo.
Let j ^ " , with or without subscripts, denote a complete σ-algebra con-
tained in SS, and let ^ f c denote the σ-algebra of Borel sets of ά-dimen-
sional Euclidean space. For r.v.'s. i = l,Xif ,fc, define&(X19 ^ X J c j /
as the minimal complete cr-algebra containing all inverse images with
respect to the vector (X19 * ,Xk) of sets in &h. For A e s/, let
IA e ^ denote the indicator function of the set A; that is, IA{ω) — l or
0 according as ω e A or ω $ A. For X e ξf, define the completely-
additive set function Qx : s/-*Rλ by QX(A) = E o XIA .

By the Radon-Nikodym Theorem there exists for Xeξf and jy^c jy%
an J^-measurable solution Y e ξf to the system of equations

(1) Eo(X-Y)IΛ = 0 (Λe.5T)

or equivalently

Eo YIA (A e j ^ ) .

This solution is unique a. s. (relative to the restriction of P to Jf).
The equivalence class of all such solutions (or any representative thereof)
is denoted by E{X\SΓ) and called the conditional expectation of X given
j r . For X, Y 6 gf the notation E{X\ Y] - E{X\ ^(Y)} will also be
used. This definition of conditional expectation, which is the standard
one, makes it necessary when proving theorems about conditional expec-
tations to show at some stage of the proof that a functional equation of
the form (1) is valid for all subsets of a specified σ-algebra. That this
can be a tedious task is demonstrated by the existing proofs of some of
the applications in § 4 of the theorems which are proved below.
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It is the purpose of this note to define conditional expectations in
an apparently less restrictive way, by narrowing the class of subsets A
for which (1) must hold. It is shown that this definition is, neverthe-
less, equivalent to that given in the above paragraph. In § 3, some
general theorems on conditional expectations are proved using this second
definition. The proofs of these theorems are seen to be simpler and
shorter than would be possible with conventional techniques. Besides
serving to demonstrate the convenience of this second definition, these
theorems are important in themselves and several applications of them
are given.

The main tool to be used is the concept of a quasi-ring to be intro-
duced and studied in the following section.

2* Conditional expectation given a quasi-ring* Von Neumann [5]
defines a half-ring as a family of subsets closed under finite intersections
and satisfying a certain finite chain condition. This same concept is
termed a semi-ring by Halmos [3]. The related concept of quasi-ring,
which is now defined, entails a weaker chain condition. This chain con-
dition, (ii) of Definition 1 below, seems to be much more adaptable than
that of von Neumann to problems in conditional expectation, as is de-
monstrated in § 3.

DEFINITION 1. A collection, ,s/% of subsets of Ω is said to be a
quasi-ring if and only if

( i ) A, B e S7J implies A Π B e ,9" ',
(ii) A, B e ,9" and A a B implies that there exists {C,}^ c / /

satisfying Ct n Ck = φ for i Φ k and B- A = Cι U C2 U U Cn

(iii) there exists {Aj}^L1 c ,(y such that Ω = Q A* •
.7 = 1

In von Neumann's definition of a half-ring, condition (ii) is strength-
ened by requiring further that AuCΊu U C3 e .<s for all j = l, 2, , n.

Examples of quasi-rings are : any countable class of disjoint sets
which include the null set </> in particular, the collection of atoms in an
atomic, or discrete, probability space any algebra or o -algebra the
class of all left-open, right-closed rectangles in Rn with Lebesgue measure
less than or equal to 1. This last example is a quasi-ring which is not
a half-ring. Bell makes use of the half-ring analogous to this quasi-ring
in his recent paper [1]. A closure property of quasi-rings that will be
used in the following sections is given by

LEMMA 1. If £^λ and ^ 2 are quasi-rings on a common space Ω
then

( 2 ) ,<y - ,&>λ π ,y% = {A n B; A e <y?, B e ^ }
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is also a quasi-ring. (In common terminology /y is the family of con-
stituents of ,cy\ and f/y

2.)

Proof. Clearly ,9^ satisfies ( i ) of Definition 1. Moreover, let At e
,9^ and B, e f/\ (i = 1, 2). If A, Π B, c A3 Π B3, then

(3) S^(A2 n BJ-iA! n 50
= [(A2 - AL) n (B2 n 5 t)] u [(β2 - Bd n A J ,

the two terms of the union being disjoint. By hypothesis there exist
sequences {Cj}y

n

βle t5f, {D^I^e .i/f satisfying

j = i /. = l

and hence by (3), S has the representation
n

x m

s = U (C, n [B, n 5j) u U Φ* n A2)
j = l fc=l

all terms being disjoint. That ^ satisfies condition (iii) is seen by con-
sidering the collection of all pairwise intersections between elements of
the respective sequences for S^Ί and S^2 which satisfy (iii). Q. e. d.

An extension theorem for measures defined on a quasi-ring will now
be given. The proof of the theorem is analogous to those of the more
classical extension theorems and so will be omitted (e. g.,cf. [5]).

For an arbitrary class Ϋ? of subsets of Ω let <τ(vf) denote the mini-
mal σ-algebra containing rsf.

THEOREM 1. Let μ be a σ-finite completely additive set function
defined on a quasi-ring ,cy"'. There exists a unique completely additive
set function μ* defined on σ(.^) such that for all A e ,ζ/*, μ*(A) = [i(A).

In the event that there exists a finite family satisfying (iii) of De-
finition 1, the minimal algebra containing ,9^ is the collection of all
finite unions of members of ,v\ After extending μ to this minimal
algebra, Theorem 1 reduces in this case to a well known extension
theorem (cf. Doob [2], p. 605).

DEFINITION 2. Let X e gf and ,s^ c sf where y is a quasi-ring.
The class (or any representative thereof) of all ^(/y^-measurable Ye ( Γ̂
satisfying the system of equations

(4) Eo(X~Y)IA = 0 ( A e / y )

will be denoted by E{X\S^}, and called the conditional expectation of
X given £/*.

As a corollary to Theorem 1, one immediately obtains

THEOREM 2. For l e g 7 and ,cy c s/
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a. s.

3 Some general theorems on conditional expectation. The follow-
ing definition will be used :

DEFINITION 3. Quasi-rings f9Λ and Λy 2 are said to be conditionally
independent given a quasi-ring .v" (to be abbreviated as c, ί, | ,y ) if and
only if for all A e , 9 ^ , 5 e ,V\,

( 5 ) E{IJB | .</} = E{IA I &}E{Iti I ̂ } a. s.

X and Y are said to be c. i. 1 ,cy? if and only if ,O?(X) and ,7?(Y) are
c. i. I ,y" (cf. Loeve [4], p. 351).

The obvious notational changes are made in defining conditional in-
dependence given a r. v. If ,9\ and ,<y \ are c. i. | {φ, Ω), they are of
course, independent in the usual stochastic sense. The above definition
of conditional independence is closely related to that for (/-algebras given
in Loeve [4], as is shown by the next lemma. For well known proper-
ties of conditional expectations used in the following proofs, the reader
is referred to [4].

LEMMA 2. For σ{,9*ι) and σ(,S/*2) to be c. i. | o{,9°) it is necessary
and sufficient that <yΛ and <y\ be c. i. | ^ .

Proof, The necessity of the condition is immediate. The proof of
sufficiency is by transfinite induction. Let £?ι denote the class of all
countable unions of elements of ,cy\. For all ordinals a less than or
equal to the first uncountable ordinal, a0 say, define recursively J*fa as
the set of countable unions of differences of elements of J7~a= \J J*fβ.

It is well known that σ(S^1) = ̂ 6ύ. By hypothesis the equality (5) holds
for all A e S^Ί and B e ^ 2 . Since ,cy\ is closed under finite intersec-
tions, any countable union of elements in .9Ί, and hence by definition
any element of 6^x may be represented as a disjoint union of elements
in *9*i. Therefore, since conditional expectations have (a. s.) the linear
and limit properties of integrals, it follows that (5) holds for all A e S^x

Clearly =S^ is also closed under finite intersections. For induction pur-
poses, assume that for any ordinal a < α0, ̂ , satisfies (5) and is closed
under finite intersections. It is clear that (5) holds for differences of
elements in J ^ . For if C , f l e J^,, C — D — C — (C Π D), and since
by assumption C Π D e ^ ^ , (5) follows by writing Io-D— Ic — low
Moreover, countable unions of elements of J/^ may be shown to satisfy
(5) in the same way as was used above for JS^. Therefore (5) is satis-
fied for all elements of ^fΛ+1 and hence of J ^ + ] . From the identity
(A ~~ B) Π (C - D) = (A Π C) - (B U D), it follows that J^ Λ + 1 and hence
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+1 is closed under finite intersection. It therefore follows by trans-
finite induction that (5) holds for all A e σ(,9̂ Ί) and B e £f%. The lem-
ma follows by a repetition of the above argument for ,5^.

It is remarked that if there exists a conditional probability distribu-
tion relative to σ(.ζ^) in the sense of Doob [2], the conditional expectations
of (5) may be considered as integrals with respect to the distribution.
In this case one might be tempted to view Lemma 2 as a simple exten-
sion of measures, and hence as a corollary to Theorem 1. Closer examina-
tion shows this to be a false supposition.

LEMMA 3. For X,Ye'tf, let X and Y be c. i. | ^~\ Then if
XY e <£

E{XY\JT} = E{X\/yT}E {Y\^} a. s.

Proof. This result follows from (5) upon approximating X and Y
by simple functions in the usual way. The assumption that XY e rg is
certainly not a necessary one but has been postulated in keeping with
Definition 2.

The main theorem of this paper is

THEOREM 3. Let X e g7 and ^ c jy( ΐ = 1, 2) be given. If ,^
and ^"2 are c. i. | ^Γ

1 then

( 6 ) E{X\jrχ Γl JT3} =E{X\jrx} a.s.

*Proof. Define ,ζ/r= J?Ί Π •^~i. £/* is a quasi-ring by Lemma 1.
From Theorem 2, (4), and the fact that E{X \j^Ί] is σ(.yi')-measurable,
it follows that to prove (6) it suffices to show that

a.s.

for all S e .9". Let S = A n B for A e j?~x, Be . <T"2. Then

E o XIAnB = E o E{XIB I jTJlt a. s.

\ i } { l i \ ι } Λ a.s.

since X and IB are c. i. | ^[. Therefore

E o XIΛnβ = E o E{IBE{X I ̂ } I J^}7, a. s.

= EoE{X\jrλ}IAnB a.s.

by (1). Q. e. d.

COROLLARY 3.1, Let l e g " and let X and Z be c. i. | Y. Then

(7) E{X\Y,Z}=E{X\Y} a.s.
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It is of interest to state this result under the stronger but more common
assumption of independence, viz.,

COROLLARY 3.2. For l e g 7 , let the random vector (X, Y) be in-
dependent of Z. Then (7) holds.

Proof. This is a consequence of the fact that (X, Y) being indepen-
dent of Z implies that X and Z are c. i. | 7. To see this, consider

E{IAn, I Y} = E{E{IAnB \YyX}\Y} = E {IAE{IB \Y,X}\ Y] a. s.

= E{IΛ I Y}E{IB] = E{IA I Y}E{IB \ Y] a. s.

where A e &?(X), B e <
It should be noted that Corollaries 3.1 and 3.2 remain valid if the

random variables Y and Z are replaced by random functions since the
proofs depend only on the properties of the corresponding σ-algebras.

Before stating a generalization of Theorem 3, we prove the follow-
ing lemma :

LEMMA 4. // ^ and t ^ l are c. i. | L ^ , then :S λ Π . ^ and ̂  Π S/> 3

are c. i. | Sfx.

Proof. Let A, e J ^ ( i = 1, 2, 3) and B, e js\. Then

E{IΛ]nΛ.MnA:i I ̂ 1 = LJnE{IΛ/A3 | ^ } a. S.

^!^} a.s.

{ΛιΠAJ}{βιnA:]\,^} a.s.

by hypothesis and lemma follows.

THEOREM 4. Let F e ^ f ami .^1 c sf (ί = 1, 2, 3) δβ given. //
c σ(^"Ί U JΓ,) atwί if J7~* and ^?> are c. ί. 1 j ^ ,

(8) £ 7 { Γ | ^ n ^ } =E{Y\JΓ1} a.s.

Proof. By Lemma 4 it follows that J ^ Π ̂ 2

 a n ^ ^ are c. i.U>%.

Therefore, (8) becomes a consequence of Theorem 3 since J^~[ Π <:>! and

J*~3 being c. i. | J ^ implies that ^ ( F ) and .^~3 are c. i. | ,9^.
Of particular importance is the following special case of the above

theorem :

COROLLARY 4.1. Let g : R2->Rγ be a &\-measurable function, and,
r. v.'s X, Yj Z be such that g(X, Y) e if, and either X and Z are
c. i. I Y or the vector (X, Y) is independent of Z, Then
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E[g(X, Y) ί Γ, £} - £?{flf(X, Γ) I Y] a. s.

As before, this result remains valid if the random variables X> Y and
Z are replaced by random functions.

It should be remarked that many of the foregoing results may be
obtained by elementary means for cases where the random variables in-
volved possess joint probability density functions with respect to some
dominating measure. In many applications, however, the existence of
such density functions cannot be postulated.

4. Applications. As a first application of the results of § 3, the
following theorem shows the equivalence of certain characterizations of
conditional indepedence :

THEOREM 5. For r. v.'s X, Y} Z, the following statements are equi-
valent :

(a) Z and X are c. i. | Y
(b) Z-Y and X-Y are c . i . | F
(c) P{Z ^z\Y,X} = P{Z ^z\Y\ a. s. for all z e R,.

Proof. (Note first the standard definition P{A\j?r} = E{IA\3r}
which has been presupposed in (c).) Lemma 4 shows that (α) -> (b).
Since &(Z) c ,^{Y, Z-Y) and &(Y, X) = &(Y, X - Y) it follows
from Theorem 4 that (b) -> (c). (c) implies that E{IA \ Y, X} = E{IA \ Y)
for all A of the form {zί < Z ^ z2] with zlf z2 e Rlt The collection of
all such inverse images forms a quasi-ring, £7, say, such that σ(

It follows then that for A e £/', B e

E{IJB I Y} = E{IBE{IA \Y,X}\Y}= E{IA \ Y}E{IB | Y} a. s.

and (a) follows by Lemma 2. Q. e. d.
The equivalence of (a) and (c) has been proved in a different form

by Doob ([2], pp. 83-85) for the more general case in which Z and X
are allowed to be finite-dimensional random vectors. It should be point-
ed out that the restriction to one-dimensional r. v.'s was solely for pre-
sentation purposes throughout this paper, and that all of the above
results carry through when the conditioning r. v.'s are replaced by ar-
bitrary families of r.v.'s. This is true simply because all results involv-
ing r. v.'s have been stated in terms of their induced σ-algebras.
Roughly speaking, in this more general context, the implication (c)-»(a)
of Theorem 5 states that for a Markov process the past and future are
c. i. given the present.

A second application is in proving the statement that a stochastic
process {Xt : t e T} wτith independent increments is a Markov process.
Indeed this statement is a simple corollary of Theorem 4. For tx < t2<
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• < tn, consider

P{Xtn s x I Xh, X v , X,,nJ = P{(χίn - X,n_) + Xn_, ^ x I Xt

{Xt, .. , Xtn_)} a.s.

= P{Xln^x\Xtn_i} a.s.

The last equality is a consequence of the remark following Corollary 4.1,
since Xt — Xtn_1 and (Xh, ,Xt _) are independent. A proof of this
fact, using only the standard theorems of conditional expectation, is
lengthy and rather unattractive (cf., Doob [2], p. 85).
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ARCS IN PARTIALLY ORDERED SPACES

R. J. KOCH

We present here a theorem on the existence of arcs in partially or-
dered spaces, and several applications to topological semigroups. The
hypotheses are motivated by the structure of the partially ordered set
of principal ideals of a compact connected topological semigroup with
unit. Noteworthy among the applications are (I)1 a compact, connected
topological semigroup with unit contains an arc. (2) A compact, connected
topological semigroup with zero, each of whose elements is idempotent,
is arc-wise connected. Throughout the paper, arc is used in the
sense of "continuum irreducibly connected between two points". We
do not assume metricity of the spaces, but all spaces are assumed to
be Hausdorff. Simple non-metric examples of the theorems are furnish-
ed by the "long line", i.e. the ordinals up to and including Ω, filled
in with intervals, the operation being a-b = min(α, b). The author is
indebted to R. D. Anderson, R. P. Hunter, and W. Strother for useful
suggestions.

We recall the following definitions: [10] (X, <) is a partially ordered
space if X is a space, and < is a reflexive, antisymmetric, transitive
binary relation on X. A chain in X is an ordered subset of (X, <).
We denote by Graph (<) the set of pairs (x, y) with x < y. We denote
by A\B the complement of β in A; closure is denoted by*, F(A) denote
the boundary of A, and Π denotes the empty set.

The following result of the author [3] is presented here in detail
because of its relation with Theorem 2.

THEOREM 1. Let (X, <) be a compact partially ordered space and
let W be an open set in X. //

(1) For each x e X, {y\y < x} is closed, and
(2) For any x e W, each open set about x contains an element y

with y < x,

then if C is any component of W, C* Π F(W) Φ G.

Proof. We show first that if V is open and V a W, then F(V) φ
Π. Let M be a maximal chain in F*. Then M is compact [10], hence
M has a minimal element m e F*. If m e F, then by hypothesis (2)
above, the chain M can be extended, contrary to the maximality. Now

Received September 4, 1958. This research was supported by the United States Air
Force through the Air Force Office of Scientific Research, Air Research and Development
Command, under Contract AF 18 (603)-89.

* iThis settles a question raised by D. Montogomery. The author learned of the
question through A. D. Wallace.
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let C be a component of W and suppose C* Π F(W) = [ ] . Then by
standard arguments [5; p. 110] there is an open and closed set N with
C c N c TΓ. Hence iV is an open subset of W with F(N) = •, a con-
tradiction.

In the next theorem we use the following topology for the space
S(X) of non empty closed subsets of a compact space X, which is an
extension of the Hausdorff metric topology [1]. For open sets U and V
of X, let N(U,V) = {A\AeS(X),AaU,An VΦU). Take {N(U,V)\U,V
open} for a subbasis for the open sets of S(X). It is known that if X
is compact Hausdorff, so is S(X).

THEOREM 2. Let (X, <) be a compact partially ordered space, and
let W be an open set in X. If

(1) Graph (<) is closed and
(2) For any x e W, each open set about x contains an element y

with y < x,
then any element x of W belongs to a (compact) connected chain C with
C n F(W) Φ D and x = sup C.

Proof. Let W be as above, and fix a e W. Since W* Π {y\y < a}
is a compact partially ordered space and contains the relatively open set
W Π {y\y < a} satisfying the above hypotheses, we may assume that
X — {y\y < a} and that W is an open set in X with α e ! f c W* = X.
Let ^ denote the collection of all closed chains in X with a e C and
C n F(W) Φ Π. By Theorem 1, F(W) Φ LJ hence if 2 6 F(W), the
elements a and 2 constitute an element of ^ so that r^ Φ Π.

(i) ^ is cίosecZ m S(X). We show that S(X)\rt? is open. Let A
be closed in X, with Λ 0 c<£ If A is not a chain, then there are ele-
ments x and 7/ of A with a? ̂  y and y ^ x. By hypothesis (1) there
exist open sets U and F about a? and y with the property that x' e U,
y' e V imply x' £ yf and y' <£ x'. Then iV(X, U) Π ΛΓ(X, F) is an open
set about A, and misses ^ If A is a chain but α ^ 4 , then (X\α, X\α)
is an open set about A which misses % and the case F( W) Π A = •
goes in a similar way.

D e f i n e L ( x ) = {y\y < x} a n d M(x) = {y\x < y}. A l s o d e f i n e (x, y) =
{z\x < z < y). Let δ be an open cover of X, and define a subset M8 of
S(X) by: C e M8 iff C is a closed chain in X, and for any x and y in
C with x < y and ( ι c , | / ) n C = D , there exists Ve 8 such that F
meets both L(a?) Π C and M(̂ /) Π C.

*

(ii) Mδ Π v:/ ̂  L_.;, for any open cover 8. Let δ be an open cover
of X, let & be the collection of all closed chains C with C a W, Ce M8,
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and a e C. Let <J? be a maximal tower in ^ and let T = U ^ Note
that T is a chain containing α, hence by hypothesis (1), Γ* is again
a chain. Also it is easily seen that inf T = inf T*. We will show that
T* e Ms. Let x, y e Γ* with x < y and (x, n ) n f = D . Suppose
a; = inf Γ; then if inf Γ $ T it follows that TcM(y), hence x e T*<zM(y),
a contradiction. Hence # — inf T e T, so there exists 7\ 6 ^f such that
x e Tλ. Since Tλ e Ms, there is V e 8 with F * meeting both L(x) Π ?\
and Λ%) Π 2^ Hence F * meets both L(a ) n T* and Mfy) Π Γ*, and
it follows that T* e Mδ. Therefore we may suppose inf T < x < y, so
there exists t0 with inf T < tQ < x < y, t0 e To e ^/Γ Since TQ e Ms, it
again follows that T* e M8. This establishes that Γ* e Afό and it re-
mains to show T * e ^ If Γ* c If, then Γ* e /2; so by the max-
imality of Γ, T* = Γ. Hence inf T e Γ c W, so there exists Ve 8 with
inf T e V. There is an element y e V f] W with y < x. By an easy
argument, T U y e Ms, so T U y e rS, T U y = Γ, and y e T, a con-
tradiction. We conclude that 3Γ* Π f ( ^ ) ^ D , and Γ* 6 Λfδ Π r ^

(iii) M8 Π ^ ŝ closed for each finite open cover 8 of X, Let δ
be a finite open cover of X. We show that S(X)\Mo Π r ^ is open.
Let A be a closed set, A 0 Mδ Π cώZ Then either A ^ r < or A 6 r
but A $ Ms. If A $ ^ then by part (i) there is an open set about A
which misses ^ Suppose i e ^ 7 and A $ Ms. Then for some x, y e A
we have (x, y) Π A — Π, and for each Ve 8, F * misses either L(x) Π A
or M(y) n A. By an easy argument which makes use of hypothesis (1)
and compactness, there are open sets U1 and W1 about L(x) Π A and
M(y) Π A resp. with the property that xf e U1 and y' e W1 imply y* £ x'.
Let U2= Γl{X\V*\VGδ, F * ΓiL(x) n A = •}, TΓa = Π ί W Ί ^ e δ ,
F * Π Λf(̂ /) Π A = Π}. Then, since δ is finite, C/2 is open and contains
L(x) Π A, TF2 is open and contains M(y) Π A, and for each F 6 δ, F *
misses either ί/2 or F2. Let ί/; = ^ Π ί/2, T7' = W\ Π T 2̂. Now
iV(ί/' U W7, f/r U TF') is open, contains A, and a§ we next show, misses
MβΠ^f Suppose Ce^rnΛΓ(ί7'U TΓ', Ϊ7'U TF'). Let x' = sup(Cn J7'), 1/' =
inf(CnTF'); then « i / ' ) n C = D . Also L(x')n Ca U" and Λf(i/')n Cd W,
and since for each Ve δ, F^ misses either C/r or Tf;, we conclude that
C $ Mδ. This completes (iii).

For any finite open cover 8, put Pδ = Ms Π ^f and let ^ = {Pδ}.
Note that if Paf Pβ e ^ then there is a finite open cover γ which refines
both α and /9, and hence Py c PΛ Π Pβ. Therefore Γ l ^ 5 ^ D L ^ t
C e Π ^ ? and we show next that C is order dense. Let x,y e C with
& < 2/. Then L(cc) Π Λf(ΐ/) Π C = •> so by normality there are open sets
U and F about L(x) Π C and Λ%) Π C resp., with U* Π F * = ••

Let α be the finite open cover consisting of {X\U*, X\V*}. Since
C e Pa and it is false that the closure of each member of a meets both



726 R. J, KOCH

L(x) and M(y), we conclude that (x, y) Π C Φ •> and C is order-dense.
Hence C is a compact order dense chain from a to F(W), and is there-
fore an arc. The proof is complete.

COROLLARY 1. Let (X, <) be a compact partially ordered space
with unique minimal element 0. //

(1) Graph (<) is closed in X x X and
(2) L(x) is connected for each x e X, then X is arcwise connected.

Proof. Let W=X\0; then from the connectedness of each L(x),
we see that W satisfies the hypotheses of Theorem 2. Hence each ele-
ment of X can be joined to 0 by a compact connected chain.

We note that Corollary 1 contains a result of Wallace [8].

Let S be a compact topological semigroup, and for a e S, let J(a) —

a U Sa U aS U SaS, and let J = {(x, y)\J(x) = J(y)}. Endow — with

o

the quotient topology, and let φ:S->— be the natural mapping.
J

SFrom the compactness of S it follows that — is compact Hausdorίf.
J

We denote by E the set of idempotents of S.

COROLLARY 2. Let S be a compact connected topological semigroup,
S

with S = ES U SE: then — is arcwise connected.
J

Proof. We define a partial order in — by: φ{a) < φ(b) iff J(a)aJ(b).
J

From the compactness of S it follows that Graph (<) is closed in S x S.
Further, if K denotes the minimal ideal of S, then φ(K) is the unique
minimal element of —. Note that L(φ(x)) = J(x); since S = ES U SE, it

J
follows that J(x) is connected. Hence Corollary 1 applies, and the proof
is complete.

REMARK. By a similar argument it can be seen that if L is a con-
tinuous monotone reflexive struct [4.7] on a continuum X, all of whose

minimal elements are related, then — is arcwise connected.
L

COROLLARY. 3. Let S be a compact connected topological semigroup
with unit u, and let V be an open set about u; then V contains an arc.

Proof. If S is a group, the result is known [2], hence we may sup-
pose that u 0 K, where K is the minimal ideal of S [9]. Let E denote
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the set of idempotents of S, and partially order E by: e < / iff ee fSf.
It follows from the compactness of S that Graph ( < ) is closed in E x E.
If there exists an open set W about u such that W d E satisfies (2) of
Theorem 2 (taking X = # ) , then I f n F ί l ί ? also satisfies (2), so there
is an arc in V. If for each open set W about u, W Π E fails to satisfy
(2), then there exists e e E Π F ί l (S\ίΓ) such that eSe Π # Π V= {β}.
Since e $ K, eSe is non-degenerate. Hence eSe is a compact connected
semigroup with unit e in which there is an open set containing e but
no other idempotent. By a theorem of Mostert and Shields [6] there is
a local one-parameter semigroup in eSe Π V and the proof is complete.

A compact connected semigroup with unit may fail to contain an
arc which contains the unit. This is illustrated in Example 2 below,
and is due to R. P. Hunter (unpublished).

EXAMPLE 1. Let R+ denote the non-negative reals under addition,
and let C by the unit disc in the complex plane: C = {z: \z\ < 1} Let
W = {(z, t);z = exp(2τris), t = e~\ s e R+}, and set S = (C x {0}) U W.
Then S is a compact connected semigroup with zero and unit, but does
not contain a standard thread joining the two. We may describe S by
saying it is a two-cell with an arc winding on its boundary.

EXAMPLE 2. Let A be the graph of x2 + y2 < — z = 1 - 4- i =
i %

1,2,3, •••. The Di then converge to a point u. From the center of
Dί+1 we start an arc At which winds upon the boundary of Dt as in
Example 1. Let St = Ai (j A ; S, is then a compact connected semigroup
with zero 0< and unit %4. Repeat this construction for each positive in-
teger i, and let S — {Jβ^ We define multiplication in S as follows: if
x, y e S and both cc and y belong to the same Sίy let xy be the product
given in Sίt If x e St and y e Sj with i < i, define xy — yx — as. It is
easy to see that S* becomes a compact connected semigroup with zero
0i and unit u. Moreover, no arc in S* contains u.

COROLLARY 4. Let S be a locally compact connected topologίcal
semigroup with zero (0), each of whose elements is idempotent; then S
is arcwise connected.

Proof. Note that e < f iff e e fSf defines a partial order on S,
and that Graph ( < ) is closed in S x S. The conclusion is now im-
mediate from Corollary 1.

We conjecture that compactness can be replaced by local compact-
ness in Corollary 4, and further, that a locally compact connected
semilattice is arcwise connected.
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A SPACE OF MULTIPLIERS OF TYPE ZΛ-«,,«>)

GREGERS L. KRABBE

1. Introduction. Let V(G) denote the set of all functions having

finite variation on G. Set G — ( — oo, oo) = G, and let Ko(G) be the

Banach space of all functions in V(G) which vanish at infinity. If

/ 6 VJfi), then there exists a bounded linear operator (tpf) on LV(G)

such that

(i0) (Fourier transform of (tpf)x) = (Fourier transform of x) /

for all x in LV(G). This will be shown in 7.2. In the terminology of
Hille [3, p. 566], functions / having property (i0) are called ' 'factor
functions for Fourier transforms of type (LP,LP)".

Suppose 1 < p < oo. When / e L\G) Π V{G)c V^G), then (tpf) is a
singular integral operator: for all x in LP(G) it is found that (tpf)x has
the form

M ~ F [ θ χ U (λ e G) ,
θ — λ

where the integral is taken in the Cauchy principal value sense.

In 6.2 will be defined a set A(LP(G)) which contains all factor
functions for Fourier transforms of type (LP9 Lp); the set A(LP(G)) is a
slight extension of what Mihlin [6] calls "multipliers of Fourier inte-
grals " . We will find a number Np such that

( i ) if f e V4G) then f e A(L*(G)) and \\(tpf)\\ ^ Np . \\f\\v ,

where | | / | | υ denotes the total variation on G of the function /. Let F*
be the mapping {x -> x * F}, where x * F is the convolution of the func-
tions x and F;

[x * F]λ = f" x(θ) * F ( Θ - X)dθ (λ 6 G).

Let (Yf) denote the Fourier transform of the function / :

(ii) if f 6 L\G)Γ[ V(G), then the transformation (Yf)* is a

densely defined bounded operator, and (tpf) is its continuous linear

extension to the whole space LV(G).

Let us for a moment call G = {0, ± 1 , ±2, •} and G = [0,1]. In

Received December 8, 1958, and in revised form February 11, 1959. This research
was supported by the United States Air Force through the Air Force Office of Scientific
Research of the Air Research and Development Command under contract No. AF 49(638)-505.
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a sense, the following relations are duals of (i) and (ii), respectively:

(i') if Fe V(G) then (ΫF) e A(L»(G)) and \\tp(YF)\\ ^ kp \\F\\υ

(ii') if Fe V(G) then F* = tp(YF) is a bounded operator on Lι\G).

When G = [0,1] these properties are easily verified (see 8.1). We will
not1 prove (i')-(ϋ') for other choices of G.

When G = [0,1], then (ii) is seen to be a theorem due to Steckin
[10]; by means of appropriate definitions, it could be shown that (i) also
holds for this particular choice of G.

2. Applications, If / belongs to the class S of members of
L\G)f)V(G) such that (Yf)eL\G), then (Yf)* = (tpf) is a bounded
operator defined on all of LP(G); it is interesting to compare this result
with the conclusion F* — tp(YF) of (ii'). All the classical convolution
operators (Poisson, Picard, Weierstrass, Stieltjes, Dirichlet, Fejer,..etc.
[7]) are of the form (tpf), where f e S. See § 8.

3. Preliminaries. We assume 1 < p < oo throughout, and write
G = ( — oo, oo). Denote by L° the set of step functions with compact
support. Let V be the set of all functions a defined on G and such
that | |α | | υ Φ oo, where Hall,, denotes the total variation on G.

3.1 DEFINITIONS. Let V*, be the set of all functions a in V such
that limα(0) = 0 whenever |0 | -> oo. We will write Lp instead of LP(G).
If t = 0,1 and / e L\ then the Fourier transforms [tYf] are the func-
tions gL defined by

(1) LYf], = flf.(λ) = j%xp(2πiλ(-l)^)./(β)d6f (λ e G) .

To lighten the notation, we will write Yf for [XY/] and Ψf for [0Y/].

3.2 LEMMA. If a e DΓiV, then α e 7 M and

( 2 ) ί~ e-2«ίθtda(t) = 2πiθ.[Ya]θ (θeG) .

Proof. Since ae V, the limits α( ± oo) = lim a(θ) (when θ —• ± oo)
exist. Since \\a\h < oo we have

( 3 ) lim Γ + 1 |α | - 0 .
θ-*±oo Jθ

The eventuality α(±oo) Φ 0 implies a contradiction of (3). Therefore
1 It would be of interest to determine the validity of (i)-(ii) and (i')-(ii') in the general

case where G is a connected locally compact abelian group with dual group G. It us mainly

in order to suggest such an investigation that (i')-(ur) are mentioned here.
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α(±oo) = 0, which permits the integration of (1) by parts to obtain (2).

3.3 DEFINITIONS. Let δ* = ( — oo, — δ]u[δ, °°) and let (T8a)x be the
function defined by

( 4 ) ί(T8a)χ-]λ =

for all λ in G. We denote by Vλ the set of all members a of F such
that, for all x in L°, the limit

[(Γα)x]λ = Km [(T,a)x]λ
δ->o +

exists almost-everywhere on G. Let Ύa be the operator {x-+(Ta)x}
defined on L°.

3.4 LEMMA. If h(θ) = iθ/\θ\, then heV1 and Th is the restriction
to L° of the Hilbert transformation. Moreover \\(T8h)x\\p ^ cp ||ccl|p,
where cp is the norm of Th.

Proof. This follows from the statement in [8, p. 241] that
\\(Tεh)x\\p ^ \\(Th)x\\p. Theorem G in [1, p. 251] yields a less precise
result.

3.5. LEMMA. // a e LιΠ V then aeVx and x * [Ya] = (Ta)x whenever
xeL°.

Proof. Suppose δ > 0. By definition

(x * [Ya])λ = Γ dθ-x(X - θ)-[Yd\θ = E*(X) + G\X) ,

where

Gδ(λ) = ( dθ x(x - θ) [Yά\β (λeG),

while £7δ(λ) is the same integral over the interval ( —δ, δ). It is clear
that \imE\X) = 0 when δ - > 0 + . On the other hand, G8 = (jΓδα)ίr fol-
lows immediately from (2) and (4). This concludes the proof.

3.6 LEMMA. Suppose aeVΛ and x e L°. // there exists a number
Jcp such that \\(T8a)x\\p ^ kp for all δ > 0, then \\(Ta)x\\p g kp.

Proof. Set q = p/(p - 1). Observe first that

( 5 ) llffll, = sup \\\g.φ :φeL< and
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Next, we infer from a theorem of F. Riesz ([8], p. 227 footnote 10)
that the uniform boundedness of | |(Γδα)x| |p implies that, for all φ in Lq

with

( 6 ) \l(Ta)x] ψ = lim \[Tsa)x\ ψ .

By (5) we have

\l(Ta)x].

^ kp; this enables us to use (6) to deduce

φ ^ kp. The conclusion is reached by another application of (5).

3.7 LEMMA. // a e Lι n V and x e L°, then

\\(Ta)x\\p^2-%\\a\\υ\\x\\p

Proof. Suppose δ > 0. Apply Fubini's theorem to (4):

js* 2τrί^

Set xt(β) = x(β) exp(2πitβ). Keeping both (4) and 3.4 in mind, we can
therefore write

( 7 ) l(T8a)x]λ =

This implies

( 8 )

The derivation of (8) from (7) is obtained by a standard procedure (e.g.
as in [3, Lemma 21.2.1]); it rests upon (5) and requires a single appli-
cation of the Fubini theorem. On the other hand, 3.4 implies that

In view of (8) therefore: \\(T8a)x\\p ^ 2~1c,p\\a\\υ\\x\\p. Use now 3.6 to
reach the conclusion.

4. The Banach space F^. Let Vs denote the set of all functions
in V which have compact support. The norm {α-> | |α |U makes the set
{aeV: α( — c») = 0} into a Banach space Vo. Note that F S C F ^ C F Q .

Henceforth V^ will be given the topology of Vo. We will write | |α |U =
sup{|α(0)|: θeG}; it is easily checked that

( 9 ) I k l U ^ H α l L (when aeV0).

Let χn denote the characteristic function of the interval (—n,n), and
set an = χn . a.
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4.1 LEMMA. If ae Foo, then lim \\a — an\\v = 0.

Proof. Suppose f e V. Using the notation δ* of 3.3, we have

(in)

where v(f; I) denotes the total variation over I. Set δ = n and hn =
a - an; therefore v(hn; [-δ, δ]) = \a(-8)\ + \a(8)\ and v(few; δ*) = v(a; δ*).
From (iii) therefore \\hn\\υ — \a( — δ)| + |α(δ)| + v(α; δ*), and the conclu-
sion follows by letting δ -> co.

4.2 REMARK. The set F s is dense in F^ (since 4.1 and the fact
that ane Vs).

4.3 THEOREM. The set F«, is a Banach space.

Proof. Since F*. is a metric subspace of the Banach space Fo, it
will suffice to show that Ko is complete. To that effect, consider a
Cauchy sequence {gk} in F^; since {gk} is also in Fo, it will converge
to some function / in Fo; therefore / ( - c o ) = 0 and we need only estab-
lish that /(oo) = 0. From (9) we see that

\f(β)-gk(θ)\i£\\f-gk\l (θeG).

In view of gk(oo) = 0, the conclusion is obtained by letting θ -> co and
A; -> oo.

5. The bilinear operator Bp. From 3.2 results that F- CL 1 Γi F c Foo;
it follows from 4.2 that Z^ΠF is dense in VΌo. Consider the bilinear
operator B= {(x,a)-+(Ta)x} which maps L° x (U Π F) into ZΛ From
3.7 we see that B is a continuous bilinear mapping of L° x (Z/Π F) into
Lp. Since L° and L ! n F are dense in Lp and F*,, respectively, it fol-
lows that 5 has a (unique) continuous extension Bp to Lp x F^. Ac-
cordingly, if α 6 Foo, then

(10) \\Bp(x,a)\\p ^ 2-1c1,||α|U|a?||p (if x e Lp)

If aeUftV, then (from 3.5)

(11) Bp(x, a) = x*Ya (if x e L°) .

5.1 NOTATION. We henceforth identify functions equal almost-every-
where on G. If the sequence {/„} converges in the mean of order p
(i.e., in the topology of Lp), then its limit will be denoted (Lp)\imfn.

5.2 LEMMA, Let χn be the function defined by
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χn(θ) = (sin 2πnθ)lπθ (θeG) .

If f e Lp, then f = (L") lim/ * χn as n -> CXD .

Proof. Observe that Dunford's proof [2, p. 51, Lemma 3] for the
case p = 2 holds without alteration whenever 1 < p < ©o.

6. The main result. Suppose c — 0, 1. When / is a locally inte-
grable function, we set

(12) [(T,)/] = ( ^
W->oo

As in 3.1, we lighten the notation by writing Ypf = [dYp)f] and

6.1 REMARK. If f e L1 then [(LYP)fl = LYfl The following de-
finition is an extension of the one used by Mihlin ("Multipliers of Fourier
integrals " 2 ) .

6.2 DEFINITION. A locally integrable function a is called a "mul-
tiplier of type Lp" if both the following conditions hold:

(the transform Yp(a [Ψx]) exists and belongs to Lp whenever xeL°

1 co Φ axιv{\\Yp(a [Ψx])\\p . ^ L ° a n d | | a ? [ | p ^ l } .

Let A(LP) denote the set of all multipliers of type Lp. When αe A(LP),
then (tpa) is defined as the continuous extension to all of Lp of the
transformation {x -• Yp(a-[Ψx])} defined on L°.

6.3 THEOREM. // α e F . , ί/̂ β̂  αeA(L p ) αncZ (ίpα)ίc = -Bp(ίc, α) /or

Proof. Note first that αTO = (χw α)6L1Π F. Suppose xeL\ From
(11) we see that

[Bp(x, α n ) ] λ = ( d ί . a ? ( ί ) ( d ί . e - 2 i r l ( λ - β ) ί α n ( ί ) ( w h e n λ e G ) .

B y F u b i n i ' s t h e o r e m

[Bp(x,an)]λ = [dt-an{t)er^m\Ψx\t (for all λ in G) .

Or, equivalently

2 See [6|; in that article, Mihlin gives a condition which ensures that a differentiable
function be in
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From (10) and 4.1 we can now infer that

Bp(x, a) = (Lp) lim Y(χn- {a-[Φx\}) .
7l->oo

From the definition (12) now results that Bp(x, a) = Yp(a [Ψx]) for all
x in L°. This completes the proof, in view of (10) and 6.2.

7. Hille's definition. Set q = p/(p — 1). The following definition
is found in [3, p. 566]: a function a is said to be a factor function for
Fourier transforms of type (Lp, Lp) if and only if

α.[iP>] € {Ψqz:z e L*}

wherever x e Lp. This definition seems to require the restriction p ^ 2,
since [^x] need not exist otherwise.

7.1 THEOREM. Suppose 1 < p ^ 2. If a is a factor function for
Fourier transforms of type (Lp, Lp), then ae A(LP).

Proof. If a is such a factor function, there exists a bounded linear
mapping (tpa) of LP(G) into itself (see [3, Theorem 21.2.1]); this operator
is defined by

a-[Ψqx] = Ψq((t'pa)x) for all a? in Lp .

In view of [11, 5.17], this implies

(13) Yp{a-\Ψqx\) = (*»» for all % m L* .

The conclusion follows from 6.1 and 6.2.

7.2 THEOREM. Suppose 1 < p <£ 2 αmZ αe Foo. TΛe^ a is a factor
function for Fourier transforms of type (Lp, Lp); moreover,

(14) Ψq(Bp(x, a)) = a [Ψqx] (when x e I/) .

Proof. Since Bp(x,a)e Lp when x e l / (see §4), it will suffice to
prove (14). Consider first the case (x,a)eL° x Vs. From (12) we see
that

(15) Ψq(B9(x,a)) = (L*)\imgn,

where ^ - Ψ[χn-Bp(x, a)]. From (11):

flfn(λ) = Γ d β . e ^ d n j a ί ^ t Y α J ^ (when λ e G ) .

A repeated application of the Fubini theorem yields
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gn(χ) = [dt-a{t)\Ψx]X dθ-e**"-™ (when λ e G ) .

In the notation of 5.2 we accordingly have

gn = {a [Ψx]} * χ w .

Since α [Ψx] is in LQ, it can be inferred from 5.2 and (15) that

Ψq(Bp(x, a)) = (L«) lim ({α [^]} * χn) = α-JΓa] .
W->oo

Keeping ^cc = ^ gx in mind (see 6.1), it is clear that (14) is now proved
in the case (x, α) e L° x Vs. Consider the bilinear operator R — {(x, a) ->
a Ψqx] defined on Lp x V^; since \\Ψqz\\q £ \\z\\p, it follows that
\\R(x, a)\\q ^ ll^lU|α|L, and from (9) results that R is a bounded bilinear
mapping of Lp x Foo into ZΛ In view of (10), this remark also shows
that the bilinear operator J = {(x, a) -> Ψq(Bp(x, a))} is a bounded bilin-
ear mapping of Lp x T^ into IΛ

Having shown that R(x, a) = J(x, α) whenever (#, a)eL° x F s, the
desired conclusion R ~ J can now be inferred from the denseness of L°
and F.s in L29 and Foo, respectively (see 4.2).

8. Concluding remarks* From 6.3, 3.2 and 3.5 follows that, if
fe UΓ) V and xeL\ then (ίp/)a? = Bp(x,f) = Tf; hence, if F is the
Fourier-Stieltjes transform of /, we have (from 3.3) the relation

V(tJ)x\k = - M ~ x(θ)F<f-χ)dθ (λ e G)

which was announced in the introduction. Property (ii) of the introduc-
tion follows from (11) and 6.3. If Ae L1 we denote by A*p the bounded
operator {x -> x * A} defined on Lp. Let S be the set of all a in L1 Π F
such that YαeL 1, and observe that (Ya)*p = (tpa) when α e S . Again
if a € S, then A = Fα e L1 and α = ΨA; from [4] it is seen that the
spectrum of (tpa) is the closure of the range of α.

8.1 REMARK. Set G = [0,1] and G = {0, ± 1 , ±2, ..•}. We will

now sketch a proof of the properties (i')-(ϋ') described in §1. Denote

by H Al|υ the total variation of A on G, and suppose ||AHy Φ oo. Observe

that, since A e L^G), we may borrow from [5, p. 10] the following con-

clusion: a = YAe A(LV(G)) and tp(YA) = A* is a bounded linear operator

on LP(G).

This is all of (i')-(ii') except for the inequality. The main result of
[5] can be stated as follows3:

The definition of Vσ(a) is given in [5, p, 8].
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(16)

Note also that |[YΆ]J ^ i2τrn|~1||A||υ when neG (this is obtained by
integrating by parts, as in 3.2); consequently Vσ(a) = Vσ(YA) ^ m^HAH,,.
In view of (16), the proof of the inequality in (i') is completed.
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CHAINS OF INFINITE ORDER AND THEIR

APPLICATION TO LEARNING THEORY

JOHN LAMPERTI AND PATRICK SUPPES

1Φ Introduction* The purpose of this paper is to study the asym-
ptotic behavior of a large class of stochastic processes which have been
used as models of learning experiments. We will do this by applying
a theory of so-called "chains of infinite order" or "chaίnes a liaisons
completes." Namely, we shall employ certain limit theorems for sto-
chastic processes whose transition probabilities depend on the entire past
history of the process, but only slightly on the remote past. Such theo-
rems were given by Doeblin and Fortet [3] in a form close to that we
employ; however, in order to accomodate certain cases of learning models
we found it necessary to relax somewhat their hypotheses. A self-con-
tained discussion of these and some additional results is the content of §2.

We should emphasize that this section is included to serve as prep-
aration for the theorems of § 4, and it is original with us only in some
details and extensions. In addition to [3], papers by Harris [7] and
Karlin [8] contain very closely related results and arguments, but not
quite in the form we require.

The processes which we shall study with these tools are called ' 'linear
earning models." From a psychological standpoint these models are
very simple. A subject is presented a series of trials, and on each
trial he makes a response, which consists of a choice from a finite set
of possible actions. This response is followed by a reinforcement (again
one of a finite number). The assumption of the model is that the sub-
ject's response probabilities on the next trial are linear functions of the
probabilities on the present trial, where the form of the functions de-
pends upon which reinforcement has occurred. Many results about such
models may be found in Bush and Mosteller [2], Estes [4], and Estes and
Suppes [6]. We will also study here models constructed along similar
lines for experiments involving two or more subjects and a type of in-
teraction between them [6, Section 9] and Atkinson and Suppes [1].
Precise definitions of these processes are given below in §3.

The references mentioned above do not, except in very special cases,
give a thorough treatment of asymptotic properties. We shall prove
that under general conditions linear learning models exhibit "ergodic"
behavior; that is, that after much time has passed these processes be-
come approximately stationary and the influence of the initial distributions

Received November 20, 1958. This research was supported by the Group Psychology
and Statistics Branches of the Office of Naval Research under contracts with Stanford
University.
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goes to zero. This is not the case for all models which have been
used in experimental work, but it seems as if ergodic behavior can be
proved by our method in almost all the cases in which one might expect
it. Our theorems to this effect, their proofs and some corollaries are
given in §4.

The major work so far on limiting behavior of learning models is
Karlin [8], who obtains detailed limit theorems for certain classes of
models. However, the results and even the techniques of Karlin's paper
do not apply to many cases of interest. His starting point is a repre-
sentation of the linear model as a Markov process whose states are the
response probabilities. Two typical situations when such a representa-
tion is impractical arise (i) when the probabilities with which the rein-
forcement is selected depend on two or more previous responses, and (ii)
in the many-person situations mentioned above. Both these situations
can (and will) be studied using infinite order chains, and ergodic behavior
established under mild restrictions. On the other hand, Karlin's work
treats interesting non-ergodic cases outside the scope of our approach. For
example, consider a Γ-maze experiment in which the subject (a rat, say)
is reinforced (rewarded) on each trial regardless of whether he goes left
or right. In the appropriate linear model, the probability of a left turn
eventually is either nearly 0 or nearly 1, and which it is depends upon
the rat's initial response probabilities. The model of this experiment
has been thoroughly studied in [8, Section 2], and these results have
been generalized by Kennedy [9].

In conclusion we comment that both more detailed results and other
applications seem possible using the ideas of "infinite order chains."
We hope to contribute further to this development in the future.

2. Chains of infinite order. In this section we present a theory
of non-Markov stochastic processes where the transition probabilities are
influenced only slightly by the remote past. The original convergence
theorems for this type of process are due to Doeblin and Fortet [3];
they are given here in a generalized form (Theorems 2.1 and 2.2). The
weaker hypotheses make the proof of Lemma 2.1 more complicated than
it is in [3], but the other proofs are not much affected. T. E. Harris
has also studied these chains; we shall not use his results but remark
that his paper [7] gives additional references and background on the
subject. Finally we point out that the restriction to a finite number of
states is not essential, and the theorems can be extended to the de-
numerable case without much change of methods.

Let / consist of the integers from 1 to N (to represent the states
of the chain); we shall use the notation x for a finite sequence iQ,ίlf

of integers from I. The subscript " m " on xm merely adds the specifica-



CHAINS OF INFINITE ORDER AND THEIR APPLICATION 741

tion that the sequence has m terms; the "sum" xm + %' will be the
combined sequence i0, , ίm_19 ij, ί{ . The starting point for the theory
will be a set of functions p^x) defined for all i e I and all sequences x
(including the sequence φ of length zero) and having the properties

(2.1) Vi{x) ^ 0, Σ Pi(x) = 1
i

The function pt(x) will be interpreted as the conditional probability that
a path function of the random process will go next to state i, having
just occupied state ΐ0, previously i19 etc. With this interpretation in
mind we define inductively the "higher transition probabilities":

(2.2) P\»\χ) = Σ Pj(x)p(rv(j + x) ,
jei

where of course pγ\x) = p^x), the given function. It is easy to see that
these higher probabilities also satisfy condition (2.1). The functions
p\n\x) are the analogues of the terms of the matrix Pn for a Markov
chain with transition matrix P; the theorems we shall give generalize
the convergence properties of the matrices Pn.

We shall first impose a positivity condition on the transition proba-
bilities; specifically we assume that for some state j0, some positive
integer nQ, and some 8 > 0,

(2.3) p(y(x) > δ for every x .

We also need to make precise the "slight" dependence of these proba-
bilities on the remote past; indeed, this is the crux of the whole theory.
Define

(2.4) em = sup \p,{x + x') - pt(x + x")\

where the sup is taken over all states i, all sequences xf and x", and
all sequences x which contain the state j0 at least m times. We shall
use the postulate

(2.5) Σ em < c* .
m = 0

(In [3], εm is defined in the same way except that the sup is taken over
all x of length at least m. Since this results in larger ε'msf and since
it is also assumed there that Σ εm < °° > our hypotheses are strictly
weaker.) Throughout this section, (2.3) and (2.5) will be assumed.

LEMMA 2.1.

(2.6) lim [sup \pT\x + x') ~ p\n)(x + x")I] = 0 ,
ra~>oo

where the sup is the same as in (2.4) (i.e., x contains j0 at least m
times); the convergence is uniform in n.
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Proof. We define quantites εj^) by using p[k) instead of pi in (2.4);
then of course ε^} = εm, and the conclusion of the lemma is equivalent
to ε(m} -> 0 uniformly in k as m -• oo. Now

- I Σ {v?-ι)U + x + χ')Pj(χ + O - v?~ι)U + χ + χ")vj(χ + χn)} I

g Σ ί>Λ& + O l p r υ 0 * + ̂  + O - v?-λ)U + χ + x")I

+ Σ l2>j(a? + *') - Pj(x + a;")lPί*""(i + » + «")
j

Suppose that x contains i 0 m times. Then the second term of the above
estimate is less than Nεm. The absolute value in the first term is less
than ε^~υ, but if j — jQ this can be improved to ε^;^. Taking account
of (2.3) and assuming that nQ = 1, we obtain the estimate

(2.7) ε<ϊ> £ Nem + Se\^ + (1 - 8)ε\^ .

(In case nQ > 1, the same idea can be carried out; the details are more
cumbersome and will not be given.)

Now (2.7) can be iterated to obtain an estimate of ε^} in terms of
εm. After some computation the result is

If the series are extended to infinity, the inequality remains true; call-
ing these (infinite) series Ao, A19 , A^ we have

Σ ί

But it can be shown without much difficulty that

Λ + 1 - A, = (1 - S)Aι+ι ,

or Aι+1 = Λj/δ. Since Ao — δ"1 we obtain Aι = δ~^+1), and hence

(2.8) εϊ'^δ-^Σs^.
i-0

Recalling hypothesis (2.5), the uniform convergence of ε^} follows from
(2.8).

LEMMA 2.2.

(2.9) lim \p\n)(x') - p\n)(x")\ = 0
n-><χ>

and the convergence is uniform in x' and x".
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Proof. For clarity we shall use probabilistic arguments, although a
purely analytic rephrasing is not hard. Consider two stochastic processes
operating independently with transition probabilities Pi(x), one with the
sequence xr for its past history up to time 0 and the other with x".
In view of Lemma 2.1, for any ε > 0 there is an m such that if the
two processes have occupied the same states for a period which includes
j0 at least m times and ends sometime before time n, then their proba-
bilities of being in state i at time n differ by at most ε/2. But it fol-
lows from condition (2.3) that with probability one, there will sometime
be a period of length m during which both processes remain in state j 0 .
We can take n large enough so that this simultaneous "run" of state
j0 will occur before time n with probability not less than 1 — ε/2. For
this and all greater values of n, therefore, the two processes have proba-
bilities of occupying state i at time n which differ by at most ε, and
this proves (2.9). It is also easy to see from (2.3) and Lemma 2.1 that
n can be chosen uniformly in x' and cc".

With this much preparation we shall now prove the first theorem:

THEOREM 2.1. The quantities

(2.10) ]impln)(x) = πx
W->oo

exist, are independent of x, and satisfy X πt — 1; the convergence is
1

uniform in x.

Proof. Applying (2.2) repeatedly, we have

pin+m)(x)

= Σ Pim_λ{x)pim_2{im-i + x) pφi + + ίm-i + x)pϊn)(xm + x)
xm

where xm — ί0, ily , ΐm_1# Therefore

|p(/Λ+m)(x) - p(

i

n)(x)\

^ Σ P i m J % ) Pi0(iι + + i m - i + x ) \ P l n ) ( x m + x ) - P(il)(x)\
xm

and by Lemma 2.2, for any ε there is an n such that each term within
absolute value signs on the right is less than ε. Since the weights
Pi _(#)••• PίQ(h + + im-i + χ) sum to one, we have

\ p { n + m \ x ) - p T \ x ) \ < e ,

and so p^Xx) has a (uniform in x) limit nt. Since there are a finite
number of states,

Σ τrt = Σ lim P^ix) = lim Σ p[n\x) = 1 ,
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and th is completes t h e proof.
N e x t we shall define joint probabilities. If xm is i0, ί19 •• ,ΐm_1, let

(2.11) PxJx') = p<£(χ')

This is, of course, the probabilitity of executing the sequence of states
xm starting with past history x\ We can define also the higher joint
probabilities:

(2.12) pWx') = Σ Vjix'Wr'XJ + %') .
m j e I m

Analogues of Lemmas 2.1 and 2.2 can be proved for these quantities by
the same arguments used already; in this way it is not difficult to prove

THEOREM 2.2. The quantities

(2.13) lim p™(x') = πXm

exist, are independent of xf, and satisfy Σ πχ ~ 1/ the convergence

is uniform in xf.

REMARK. These two theorems imply the existence of a stationary
stochastic process with the Pi(x) for transition probabilities. The idea
is that the quantities πx can be used to define a probability measure
on the "cylinder sets'' in the space of infinite sequences of members
of I, and this measure can then be extended. This stationary process
need not concern us further here.

Finally we will prove convergence theorems for certain "moments"
which are useful in studying experimental data. The idea is that if we
have a stochastic process with the functions pt(x) for transition proba-
bilities, the probability Pi(xm) that the state at time m is i given the
past history xm is itself a random variable, and so it makes sense to
study E(p](xm)). More formally, define

(2.14) a\(m, x) = Σ VX&m + %)PχA%)
i ί
*0' '*m-l

where px (x) is defined by (2.11). Thus a](m, x) is the same as p[m)(x).
Theorem 2.1 states that \im a}(m, x) — πt exists. We shall now prove

THEOREM 2.3. The quantities

(2.15) lim a](m,x) = a]
m->oo

exist for every positive integer v; convergence is uniform in x and the
limit is independent of x.
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Proof. We use a simple estimate to show that a\{m, x) is a Cauchy
sequence:

\a](m + k + h, x) — a\(m + k, x)\

xm + k + lι xvι + k,

^ Σ \pXχm+κ+h, + %) - v\(χm + x)\v*m+k+h(x)

+ Σ \vϊ{χ,n+, + χ ) - Pi(χn + χ)\px (x)
xm + k

+ I Σ Pii^m + %)p*m+κ+h(
χ) ~ Σ P)(χm + χ)pXmΛ.t(χ)\.

xm + k+h xm + k

If m is chosen large enough, the first two terms will be arbitrarily
small; this involves nothing more than the conditions (resulting from
(2.3) and (2.5)) that εm -> 0, and that a long sequence x contains j0 many
times with high probability. The last term may be rewritten by carry-
ing out the summation over all the indices except those in xm; this yields

I Σ vϊ(χm + χ)(pίk

m

+h' (χ) ~ * W ) I ^ Σ I P%h)(x) - P(^(χ) I
xm xm

which is small for all h (and for all x) if k is large enough, by Theorem
2.2. Thus if n — m + k, \oc\(n + h, x) — al{n, x)\ is small for all h, and
this proves that the limit (2.15) must exist; the limit is uniform in x
since oc\{m, x) is uniformly Cauchy. Another estimate along much the
same line can be made to show that for any ε > 0,

\a\(m + k, x) — a\{m + k, x')\ <; ε

provided m and k are large. Since the limit of a\{m + k, x) exists as
m + k -> co, we can conclude that the limit is the same for all x.

It is also desirable to consider some additional "cross" moments
involving pt(xm) for several states at once; accordingly we define

(2.16) α ^ ^ίm, x) = Σ p]\(xm + χ)p)Kχ

m + a?) . . . pζ(xm + x)pxjx) .
xm

The following theorem is then a generalization of Theorem 2.3, which

treats the case k — 1:

THEOREM 2.4. The quantities

(2.17) lim ajKY.)*(m, x) = a)1"?*
k

exist uniformly in x for all non-negative integers vx vk and all
ji 3k e /, and the limits are independent of x.

The argument used in proving Theorem 2.3 works in this case also
with only trivial changes, and need not be repeated. Finally we remark
that moments involving several values of n can be considered, and it
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can be shown that their limits exist also. This provides a generaliza-
tion of Theorem 2.2.

3* Definition of linear learning models. The models we consider
apply to an experimental situation which consists of a sequence of trials.
On each trial the subject of the experiment makes a response, which is
followed by a reinforcing event. Thus an experiment may be represented
by a sequence (Alf Elf A2, E2, An, En, •) of random variables, where
the choice of letters follows conventions established in the literature:
the value of the random variable An is a number j representing the
actual response on trial n, and the value of En is a number k represent-
ing the reinforcing event on trial n. The relevant data on each trial
may then be represented by an ordered pair (j, k) of integers with
1 <Z j <£ r, and 0 <^ k <L t, that is, we envisage in general r responses
and t + 1 reinforcing events. Any sequence of these pairs of integers
is a sequence of values of the random variables and thus represents a
possible experimental outcome. The general aim of the theory is to
predict the probability distribution of the response random variable when
a particular distribution, or class of distributions, is imposed on the re-
inforcement random variable.

In dealing with the general linear model with r responses and
t + 1 reinforcing events we are following the formulation in Chapter 1
of Bush and Mosteller [2], although our notation is somewhat different,
being closer to Estes [4] and Estes and Suppes [6].

The theory is formulated for the probability of a response on trial
n + 1 given the entire preceding sequence of responses and reinforce-
ments. For this preceding sequence we use the notation xn. Thus

/γ ( JΛ /) JT n » Ί-f O \
"n — X^nf Jn> "ΊΛ-U J n-u > %> J ί)

(It is convenient to write these sequences in this order, but note that
the numbering here is from past to present, not the reverse as in §2.)
Our single axiom is the following linearity assumption:

Axiom L. If En = k and P(xn) > 0 then

(3.1) P(An+1 = j\xn) = (1 - θk)P(An = j\xn^) + θkXjk ,

where 0 ^ θkJ XJk ^ 1 and Σ Xjk — 1.

We obtain the linear model studied intensitively in [6] by setting:

9k = θ ΐor k Φ 0

9k = 0 for k = 0

(3.2) XJJ = 1

λjfc = 0 for j φ k



(1 - θ)P{An = j\xn^) if En = k, kΦO, kΦj
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A linear model satisfying (3.2) we shall term an Estes Model, and for
such models (3.1) may be replaced by the simpler condition:

(3.3)

Axiom L satisfies the combining classes condition of Bush and
Hosteller. Upon replacing θ by 1 — a in (3.1) essentially their general
formulation of the linear model is obtained, although they do not ex-
plicitly indicate dependence on the sequence xn.

We also define here certain moments which are of experimental
interest and whose asymptotic properties we investigate subsequently.
The moments a)>n of the response probabilities at trial n are:

(3.4) a\n = Σ PV(An = j I Xn-i)P(Xn-i) .

And if the appropriate limits exist, we define

(3.5) a) = lim a\n .

The moments (3.4) are formed in an unsymmetrical way; however,
they enter in a natural way in the expression of quantities which are
easily observed experimentally—for instance, the joint probability
P(An+1 — j , An — j). (For other examples, see [6].)

We are also interested in studying extensions of the linear model
to multiperson situations. We may suppose that we have s subjects in
a situation such that the probability of a particular reinforcing event for
any one subject will depend in general on preceding responses and re-
inforcements of the other s — 1 subjects as well as on his own prior
responses and reinforcements. The data on each trial may then be re-
presented by an ordered 2s-tuple (jlf k19 , j 8 , ks) of integers with
1 <: j \ <£ rt9 0 <; kt ^ ti9 for ί — 1, , s, and any sequence of such tuples
represents a possible experimental outcome. Let A^ and E%} be the
response and reinforcement random variables for the ith subject on trial
n. We may then generalize Axiom L to:

= k and P(xn) > 0 thenAxiom

(3.6)

where 0 S

M.

P(A

For

nil = il*») =

= 1 and

( i -

V

if E

- θ'f)

*% =

n

Pi

1.

Experimental tests of Axiom M for two-person situations are reported
in Estes [5] and in Atkinson and Suppes [1]. Let x(JU be just the
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sequence of first n — 1 responses and reinforcements of subject ί. It is
a consequence1 of Axiom M that

i W = j\x^) = P(A<p = j\xn.λ) ,

and it is in terms of α#2i that we define moments a^Un exactly ana-
logous to (3.4). We shall also be interested in the joint moments

(3.7) 7)v... j s , n = Σ PW = 3i, , W - 3,\Xn-l)P(Xn-l) ,

and their asymptotes Ύĵ . . j if they exist. To work with these
latter moments in terms of Axiom M we need the additional reasonable
assumption that when all the n — 1 preceding responses and reinforce-
ments are given, the s responses on trial n are statistically independent:

Axiom I. If P{xn--ΐ) > 0 then

P(A™ = j \ , , A^ = j8\Xn-i) = Π P(AIP - jΛxn-d .
i = ί

The experimental restriction implied by Axiom / has been satisfied in
the multiperson studies employing the linear model.

4. Asymptotic theorems for learning models. After dealing with
some matters of notation, we state general theorems on the existence
of asymptotic moments. The hypotheses of the theorems give some
broad conditions which guarantee ergodic behavior. We begin with the
one-person models satisfying Axiom L.

In this section it will be convenient to use some of the notation of
§2. Thus we may write P(An = j\xm + x') m place of P(An = j\xn-Ύ)
to indicate we are interested in the last m terms of xn-λ. The "sum"
xm + xf is just the combined sequence xn-1. We reserve the subscript
m for counting back m trials from a given trial n.

To clarify the general theorem it is desirable to define in an exact
way the notion of the conditional probability of a reinforcing event de-
pending on only a finite number m of past trial outcomes and inde-
pendent of the trial number.

DEFINITION. A linear model has a reinforcement schedule with past
dependence of length m if, and only if, for all fc, n and nf with n, nf > m
and all xm, xf and x"

(4.1) P(En - k\xm + xf) = P(Enf - k\xm + x") .

(It is understood that xm includes the response AjtΛ which precedes EktΛ

on trial n.) It is to be noticed that the use of n on one side and nf on
the other side of (4.1) yields independence of trial number. The term

Proof of this fact is analogous to that of Theorem 4.8 of [6].
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reinforcement schedule has been used because of its frequent occurrence
with approximately this meaning in the experimental literature. For the
conditional probabilities of (4.1) we shall use the notation

(4.2) πkίXm

We may now state the first general theorem.

THEOREM 4.1. Let Ss? be a linear model such that
(i) J^ has a reinforcement schedule ivith past dependence of

length m*,
(ii) there is an integer fc* such that
(a) Θ»ΦO
(b) there is a δ* and an m0 such that for all sequences x and all

integers n

Then the asymptotic moments a) of ^ζf all exist and are independent
of the initial distribution of responses.

Proof. The central task is to characterize J5f as a chain of infinite
order and show that satisfaction of the hypotheses of the theorem im-
plies satisfaction of conditions (2.3) and (2.5). With this accomplished
the asymptotic theorems of §2 may be applied to J2f It is most con-
venient to take as states of the chain the ordered pairs (j, k), where j
is the response on trial n, say, and k is the reinforcement on the pre-
ceding trial. Consider now the reinforcement fc* of the hypothesis of
the theorem. Let j * be a response such that λ^* Φ 0. (There is at
least one such j * since Σ Xjk = 1; in the Estes model j * = &*.) With

the pair (i*, fe*) as the state j0 of the infinite order chain, we shall
establish (2.3) and (2.5).

To verify (2.3), we use (ii)b of the hypothesis and the following
equalities and inequalities, which hold for all x and n:

mo+l = J i -PJn+md ~ *$ \%n)

mo+i — J \^n + mQ ~ ^ > %mQ-l "f" ^n)

• P(En+mo\xmQ^ + xn)P(xmQ-i\xn) .

Applying Axiom, L, the right-hand side becomes:

= Σ [(1 ~ θ

mo = fc*|^0-i + Xn)

Σ

by
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To establish (2.5), consider the following equalities and inequalities:

(4.3) \P(Anf+1 = j , E n t = k\x + %') - P(AnfM1 - j , Enfr^k\x + x")\

= πkίXJP(Anf+1 = j \ E n , = k,x + x ' ) - P{Ann+ι = j \ E n n = fc, x + x " ) \ ,

where xm* means the last m* terms of x, and where the sequence x
contains at least m occurrences of fc*, with m > m*. The equality
follows from (i) of the hypothesis, for by virtue of (i)

π f c , v = P ( E n t = k \ x + x') = P{Enn = k \ x + x") .

Applying Axiom L once to the right-hand side of (4.3) we get, ignoring
π *>*n*

:

\ P ( A n f + ί ^ j \ E n f ^ k y x + x') - P ( A n n + 1 = j \ E n n ^ k , x + x")\

- ( 1 - θ Λ ) \ P ( A n , = j \ x + x') - P { A n t t - j \ x + x")\ .

We do not know that θk Φ 0, but as we apply Axiom L repeatedly, we
obtain the factor (1 — θ^) at least m times, so that

(4.4) | P ( A n , + 1 - i , Ent - k\x + x') ~ P(Anfr+1 = j , Enn = k\x + x")\

nf-h = j \ x ' ) - P(An,,-Λ\x")\ ,

where h is the length of x\ The difference term on the right of this
inequality is not more than 1, so that from (4.4) we obtain the estimate
for m > m*

c < (I _ β \m
^m = V-1- uk*) J

whence

Σ ε m < ° ° yΣ

which is (2.5).
On the basis of (2.3) and (2.5) we know from Theorem 2.4 that the

asymptotic cross-moments of ^f exist and are independent of the initial
distribution of responses. But

P(An = iK_i) = Σ P(An = j , En.x = k\xn^) ,

and so the moments a)tΛ can be expressed as sums of the cross-moments
for the infinite order chain =Sf which insures the existence of the limit-
ting moments (3.5) and that they do not depend upon initial conditions.

There are several remarks to be made about the theorem just

2 If all θfc Φ 0, the original condition given in [3] would be satisfied; our weaker con-
dition (2.5) allows inclusion of cases where some of the 6% are 0 (i.e. where there can be
trials without a reinforcement).
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proved. First, we observe that a simple sufficient (but not necessary) con-
dition for (ii)b is

(4.5) min π^tX „, Φ 0 .

The interpretation of (4.5) is that the reinforcing event fc* has positive
probability on every trial no matter what sequence xm* of responses and
reinforcements preceded. A number of interesting experimental cases
of the linear model can be described in terms of (4.5), (i) and (ii)a of
Theorem 4.1.

I. Contingent case with lag v. In the Estes model let P(En =
k\An_υ = j , x) — πkJ(v), for all x such that P(An-υ = j , x) > 0. To satisfy
(4.5), we need only that for some k, τrjk(v) Φ 0 for all j . Experimental
data for v = 0, 1, 2 are given in Estes [5].

II. Double contingent case. Let

P(En = k\An = j , Aw_x = j ' , x) = πkJjt ,

for all x such that P(An = j , An-λ — j ' , x) > 0 .

Then (i) of Theorem (4.1) is immediately satisfied, and for (ii)a and
(4.5) we need a k such that θk Φ 0 and for all j and j ' , πkιJj, Φ 0.

An interesting fact about (I) and (II) is that although they are
simple to test experimentally and their asymptotic response moments
exist on the basis of Theorem 4.1, there is no known constructive method
for computing the actual asymptotes. (The Estes [5] test of (I) excludes
non-reinforced trials which cause the computational difficulties.) It may
also be noted that the convergence theorems in Karlin [8] do not in
general apply to (II), and apply to (I) only if v = 0.

On the basis of the proof of Theorem 4.1 we may, by virtue of
Theorem 2.2, conclude that the asymptotic joint probabilities of successive
responses also exist:

COROLLARY 1. If the hypothesis of Theorem 4.1 is satisfied, then
for every m the limit as n-+ co of

exists.
We may regard the quantities P(An = j\xn^)9 for 1 ^ j ^ r as a

random probability vector with an arbitrary joint distribution Fλ on trial
1, and distribution Fn on trial n. The following corollary is a consequence
of the existence of the moments a) independent of the initial response
probabilities.
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COROLLARY 2. // the hypothesis of Theorem 4.1 is satisfied, then
there is a unique asymptotic distribution F^, independent of F^ to which
the distributions Fn converge.

For the multiperson situation characterized by Axioms I and M, we
have a theorem analogous to Theorem 4.1. For use in the hypothesis
of this theorem we define the notion of reinforcement schedule with
past dependence of length m, exactly as we did in (4.1), namely, we
have such a schedule if for all k, 1 <̂  i <; s, all n and nf with n, n' > m
and all xm, xr and x"

C1) —

k«\ , E(

n

8) = fcco \Xm + a ̂ ) .

THEOREM 4.2. Lei ^/^ 6β an s-person linear model such that
(i) ^// has a reinforcement schedule with past dependence of

length m*,
(ii) there are integers kcί)\ for 1 ^ i ^ s, sπc/̂  ί/ιαί

(a) ^{,̂ 0,
(b) ί/̂ ere is a δ* and an m0 ŝ c/̂  ίfeaί /or aίi sequences x and

all integers n

Ẑ (.s) _ MS)*\r \ > ^ * \ A

fcβ asymptotic moments 7V

(1), (2),.. , a) °/ - ^ a ^ βxΐsί and are

independent of the initial distribution of responses.

Proof. The states of the chain are now defined as 2s-tuples
(i(1\ •> i ( s \ &(1\ •• ,fc(s)), where i ( υ is the response made by the ith
subject and &(i) is the reinforcement for that subject on the preceding
trial. Using the reinforcements k(l)* of the hypothesis, let j(i)* be such
that λ $ ) V 0 * Φ 0. We take (i(1)*, , j ( s ) * , k^\ , /b(s)*) as the state j0

for which we establish (2.3) and (2.5). To simplify notation, it is con-
venient to define:

Pn+iti, k\x) =

Pn+ί(Jω\k, x) -

Moreover, we omit the superscript notation from θ and λ.
To verify (2.3) we proceed exactly as in the proof of Theorem 4.1,

applying now Axioms I and M instead of L, and we obtain that

P» + ro0+iO\ k\Xn) ^ Π^ j f c ( 0 *λ . ω * f c C ί )*δ* .
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For (2.5), we first observe that by virtue of (i) of the hypothesis
and Axiom I

\Pn>+iUfk\x + xf) - Pn»+i(j, k\x + x")\

= πk,JU VwΛPΛk, x + x')- Π Pn»+1U«Άlc, x + x")\ .
ί-1 i = l

We notice next that the right-hand side is

k, x + x')\Πpn,+1(j(i> \k, x + x')

+ Π pn,,+1(3χi) \k, x + x")\Pn'+ιU(1) I ft, * + x')-Pn-+ι(J<Ό\k, x + x")\ •
1 = 2

Continuing this same development, we obtain:

^ Σ l2>n'+i(i(°|fc, x + χf) - 2v<+i(i(X)|fc, x + χ")\
ί

And by the line of reasoning used in the proof of Theorem 4.1, if the
sequence x contains state (i (1)*, , fc(s)+) at least m times the last
quantity is

s Σ (i - ekii>r.

Provided m > m* this inequality yields an estimate of εm from which
we conclude that (2.5) holds. The existence of the asymptotic moments
then follows from the theory of §2 as in the case of Theorem 4.1. Q.E.D.

A pair of corollaries follow from the theorem just proved which are
exactly like the two given after Theorem 4.1.

Finally, we want to remark that Axiom L involves linear functions
which are distance diminishing, i.e., have slope less than one. The
asymptotic results of this section apply to many learning models in
which these linear functions are replaced by non-linear functions having
this property.
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ON RADICALS AND CONTINUITY OF HOMO-
MORPHISMS INTO BANACH ALGEBRAS

EDITH H. LUCHINS

l Introduction, All Banach algebras considered are over the real
field and all homomorphisms considered are algebraic (real-linear). An
algebra is called semi-simple, strongly semi-simple, or strictly semi-
simple, if its Jacobson radical [5], Segal radical [10], or strict radical
[8], respectively, is the zero ideal; that is, if its regular maximal right
ideals, its regular maximal two-sided ideals, or those of its two-sided
ideals which are regular maximal right ideals, intersect in the zero ideal.
Rickart [9, Corollary 6.3] proved that a semi-simple commutative Banach
algebra has the property that every homomorphism of a Banach algebra
into it is continuous. Call an algebra with this property an absolute
algebra. Yood [12, Theorem 3.5] proved that every homomorphism of a
Banach algebra onto a dense subset of a strongly semi-simple Banach
algebra is continuous. Thus a strongly semi-simple Banach algebra is
" almost" absolute. The question arose: Is a (noncommutative) semi-
simple or strongly semi-simple Banach algebra necessarily absolute ?
A negative answer is furnished in the present note. It is shown that
in order for a Banach algebra to be absolute it is sufficient that it be
strictly semi-simple and necessary that it have zero as its only nilpotent
element. The latter condition is shown to be sufficient for some special
Banach algebras to be absolute.

2# Necessary condition for a Banach algebra to be absolute.

THEOREM 1. An absolute Banach algebra has no nonzero nilpotent
elements.

Proof. Suppose the Banach algebra B contains a nonzero nilpotent
element. Then there exists a nonzero v e B such that v2 = 0. Let A be
an infinite dimensional Banach algebra such that A1 — (0). Since A is
an infinite dimensional complete vector space, there exists a discontinuous
linear functional on A; denote it by f(x). Let π(x) — f(x)v. Since f(x)
is linear and v2 — 0, π is seen to be a homomorphism of A into B.

Let || 7/1| be a Banach norm for B. Then | | τ φ ) | | = 1/0*01 I Ml since
f(x) is a scalar. Since f(x) is discontinuous | f(x) \ is not bounded and

Received February 5, 1959. This report was prepared while the author held the New
York State Fellowship, 1957-8, of the American Association of University Women. It is
based in part on the author's doctoral dissertation written at the University of Oregon un-
der the sponsorship of Professor Bertram Yood. Thanks are offered to the referee for
helpful suggestions.
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hence π is not bounded. Thus π is discontinuous so that B is not
absolute.

It is known that if a Banach algebra B is semi-simple and has
a unique norm then a homomorphism of a Banach algebra onto B is
necessarily continuous [9, Theorem 6.2]; that the resulting proposition is
false if the word into is substituted for onto follows from our Theorem 1.
Indeed, this theorem shows that for a Banach algebra to be absolute it
is not sufficient that it have the properties of being simple, semi-simple,
strongly semi-simple and having an identity and a unique norm. Thus,
these properties are possessed by the algebra of all 2 by 2 matrices
over the reals, under a Banach norm, and yet, since this algebra has
nonzero nilpotent elements, Theorem 1 shows that it is not absolute.

3. Sufficient condition for a Banach algebra to be absolute. In [8]
there was introduced the concept of a strictly semi-simple algebra. It
was shown [8, Theorems 2 and 3] that a Banach algebra B is strictly
semi-simple if and only if it is isomorphic to a subalgebra of C(X, Q),
the algebra of quaternion-valued functions continuous, and vanishing at
oo, on a locally compact Hausdorff space X.

THEOREM 2. A strictly semi-simple Banach algebra B is absolute.

Proof. Let A be a Banach algebra with a homomorphism T into
BaC(X, Q). Let Tx(a) = T(a)(x). The kernel of Tx is closed since Q is
simple, and therefore Tx is continuous, whence Tx is of bound 1. That
T is continuous can now be shown by the 6-line argument of Loomis
[7, p. 77]. One could also use [12, Theorem 3.5].

COROLLARY 1 (Rickart). A semi-simple commutative Banach algebra
is absolute.

4. Concerning some special Banach algebras* For each subset S of
a Banach algebra B, let SL(SR) denote the set of all left (right) annihila-
tors of S. B is called an annihilator algebra [3] if BB = 0 = BL and if
IL Φ 0 (IR Φ 0) for each proper closed right (left) ideal /, where 0 de-
notes the zero ideal.

Lemma 1 is due to Forsythe and McCoy [4, p. 524].

LEMMA 1. In a ring without nonzero nilpotent elements every
idempotent is in the center.

THEOREM 3. That a Banach algebra B have zero as its only nilpotent
element is both a necessary and a sufficient condition for B to be either
strictly semi-simple or absolute, provided any of the following conditions
is satisfied:
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(a) B is finite-dimensional.
(b) B satisfies the descending chain condition on right ideals.
(c) B is a semi-simple annihilator algebra.

Proof. If B is strictly semi-simple, then BaC(X,Q) by [8] and
hence has only zero as a nilpotent element. If B is absolute, then zero
is its only nilpotent element by Theorem 1. Conversely, suppose B has
no nonzero nilpotent elements.

Suppose condition (a) or (b) holds. Then B has a nilpotent radical
and therefore is semi-simple; also B is then a direct sum of division
algebras and therefore has the property that every left (or right) ideal
is two-sided [2, p. 463]. Thus B is strictly semi-simple and therefore
absolute by Theorem 2.

Suppose condition (c) holds. Let M be any regular maximal right
ideal in B. Bonsall and Goldie [3, pp. 155-6] show that for any semi-
simple annihilator algebra B, ML — Be where e is a nonzero idempotent,
B is a minimal (closed) left ideal, eB a minimal (closed) right ideal,
(eB)L a maximal left ideal, and (Be)R — M.

If B has no nonzero nilpotent elements, then e is in the center by
Lemma 1 so that Be = eB is a two-sided ideal. But the left and right
annihilators of a closed two-sided ideal are identical [3, p. 159] so that
(eB)L = (Be)R = M.

Since (eB)L is a left ideal, M, which was any regular maximal right
ideal in B, has been shown to be a left ideal. Thus B is strictly semi-
simple since it is semi-simple by hypothesis, and therefore absolute by
Theorem 2.

COROLLARY 2. An J5Γ* algebra B is commutative if and only if
any of the following properties is satisfied:

(a) B has no nonzero nilpotent elements.
(b) B is strictly semi-simple.
(c) B is absolute.

Proof. An i ϊ* algebra is the closure of the direct sum of matrix
algebras Mσ [1, pp. 379-380]. If condition (a) holds, then each Mσ must
have zero as its only nilpotent element and therefore must be one-
dimensional. Hence each Mσ is generated by an idempotent eσ which,
by Lemma 1, is in the center. For u, veΣMσj u = Σrkek, v — Ί,stet1

rk, st scalars, uv= vu so that ΣΛfσ is commutative and therefore so is
its closure, B. Thus condition (a) implies that B is commutative.

Suppose B is commutative. Since an H* algebra is semi-simple, if
commutative it is strictly semi-simple and c C ( I , Q) by [8], so that zero
is its only nilpotent element. Hence condition (a) prevails.
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The remainder of the corollary follows immediately from Theorem 3
since an if* algebra is a semi-simple annihilator algebra [6, p. 697].
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MULTIPLICATION FORMULAE FOR THE ^-FUNCTIONS
REGARDED AS FUNCTIONS OF THEIR PARAMETERS

T. M. MACROBERT

1. Introduction* The formulae to be proved are

Σ — E(p mar: q mps: zeiηt)

( 1 )

X Σ.^r
alt a

1 2

1
m

> •••

• , <
m -- 1

m

, Pi,

— 1
m m

m m m

m — 1

m

p-q- 1
m

where m is a positive integer, p > q + 1, and |amp z\ < l/2(p — q — 1)7Γ.
If p < q + 1, both sides vanish identically.

For all values of p and q

E(p mar: g mps: 2;e±ί7Γ)

) E
m

+ 1

n+m — 1
m m

n + m
m m

+
n + m — 1 .

mp

the asterisk indicating that the parameter m/m is omitted.
The proof of (1) is based on the formula ([1], p. 374)

where the integral is taken up the η -axis, with loops, if necessary, to
ensure that the pole at the origin lies to the left and the poles at

Received January 7, 1959.
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a19 α2, , ap to the right of the contour. Zero and negative integral
values of the α's and p's are excluded, and the α's must not differ by
integral values. The contour must be modified if p < q + 1 and if
p = q + l,\z\ < I] but we are here concerned only with the case
p>q + l. Then z must satisfy the condition |amp z\ < l/2(p — q + l)π.

From (3) it follows that, if p > q + 1, |amp z\ < l/2(p - q - l)π,

(4) Σ }%;«,:«,;,,:»») = }

For, on substituting on the left from (3), a factor (e*7^ — e~iltζ) ap-

pears in the integral, and

The three following formulae (["1], pp. 154, 406, 407) are also
required.

If ra is a positive integer,

/ I \ / ryy\

+ ™
m / \ m

\ e-kX"-Έ(p;ar:q; ps: zlXm)d\
( 6 ) J°

1 1 , 1

- m ar: q ps: zjmm) ,

where jβ(fc) > 0, c^+ 1 + v = (k + v)jmy v = 0, 1, 2, , m — 1

( 7 )

= (2π)^m'^m^~PE(p) ar:q + m ; ^ : 2mm) ,

where the contour of integration starts from - ω on the c -axis, passes
round the origin in the positive direction, and ends at - ω on the
ξ -axis, amp ξ being — π initially, and pq+1+^ = (p + v)\m, v =
0, 1,2, . . . , m - 1.

2. Proofs of the formulae. On applying (4) on the left of (1) and
replacing ξ by mξ the left hand side becomes

m Γ πΓ(mar - mξ) %mζ^
i J Γ(l - mξ)πΓ(mps - mξ )

Here apply (5) and get
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Iί\Γ(a,. -ϊ)Γ(ar + — -£)••• Γ(arς r

m I \ m
ξ ) ( ή \ ( p 8 ς ) ( P t

_z } m ζ

'dξ ,

and from (4), this is equal to the right hand side of (1).
Formula (2) can be obtained by showing that

(: :e±i7ίz) = e

n! v m m

m m

and then generalizing by employing (6) and (7).

Note 1. Ragab's formula [2j

Σ 4 ί ~e-ptE(a, a + — , . , rv + m-^Γ-1 : : eι«zm-mlt)dt

( 8 )

himm-ma"ipa '1zΛ e x p ( - pllmzllm) ,

where m is a positive integer greater than 1, p is positive, |amp «| <
l/2(m — l)ττ, can be derived by substituting on the left from (4), chang-
ing the order of integration, evaluating the inner integral, applying (5),
replacing ζ by a — ζ/in, and applying (3).

Note 2. It has been pointed out by a referee that there seems to
be some connection between the formulae of this paper and certain
formulae of Meijer's for the G-function which are reproduced on pages
209, 210 of the first volume of Higher Transcendental Functions
[McGraw Hill Book Co., 1953].
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CLASSES OF MINIMAL AND REPRESENTATIVE

DOMAINS AND THEIR KERNEL FUNCTIONS

MICHAEL MASCHLER

1. Introduction. In connection with the problem of obtaining classes
of conformally equivalent domains in the space of one or several complex
variables, S. Bergman [3] introduced two kinds of canonical domains
named minimal domains and representative domains. Since the mapp-
ing functions onto these domains were expressed in a closed form by
using the Bergman kernel function and its derivatives, it was possible to
deduce interesting properties of the kernel function which, in turn, pro-
vided more information about the canonical domains. (See S. Bergman
[1] [3], M. Schiffer [9], M. Maschler [7]).

The object of this paper is to discuss " minimal domains " and " rep-
resentative domains'' with respect to certain subclasses of analytic
functions, and to deduce solutions to some extremal problems. In addi-
tion, differential equations are obtained for the kernel function, which
are valid for various classes of domains. The methods we use apply to
the theory of functions of several complex variables as well, but first,
the case of one complex variable should be clarified.

Let D be a plane domain having a boundary of positive capacity.
We consider the class of analytic functions w — f(z) which have single-
valued, regular derivatives in D, and which possess developments of
the form

(1.1) w = (z-t) + am+ι(z - t)m+1 + am+2(z - t)m+2 + •

in the neighborhood of a point t in D. There exists one function in this
class which maps D onto a domain having the smallest area1. This lat-
ter domain will be called an m-minimal domain with the origin as center.
For m = 1 we obtain the ordinary minimal domains.

As w —f(z) may be multivalued and non-univalent, one has to extend
the theory of the kernel function to domains on a Riemann surface,
which may have "identified points", (That is, points which correspond
to a single point of a univalent domain, under a conformal mapping).
The ideas of this extension are not new and are treated here for the

Received January 7, 1959. This research was sponsored in part by the Office of Scienti-
fic Research of the Air Research and Development Command, United States Λir Force,
through its European Office, under Contract No. AF 61 (052)-04. Some of the results of
this paper were presented in: (1) " Domain functions and conformal mappings with appli-
cations to extremal problems", a thesis for the Ph. D. degree at the Hebrew University,
Jerusalem. (2) The Bull, of the Research council of Israel. Vol 7F (1957) p. 42. (Abstract).

1 The area is defined by j \f'(z)\2 dω, where dω is the area element.

763



764 MICHAEL MASCHLER

sake of completeness. We then treat Bergman's problem of minimizing
the integral

(1.2) \\D\f(z)\2dω

where the functions f{z) are single-valued, analytic, regular in the do-
main D and satisfy, at a non-branch point t in D, the condition

(1.3) / ( v ) ( 0 = Xv, Xv are constants, v = 0, 1, 2, , m .

(See S. Bergman [2].) We prove that these minimizing functions are
transformed, under a conformal mapping which is locally univalent at t,
onto similar minimizing functions for the image domain, multiplied by
the derivative of the mapping function. (The constants (1.3) are trans-
formed linearly).

The mapping function onto an m-minimal domain can be expressed
in a closed form in terms of the kernel function and its derivatives [Sec-
tion 3]. This leads to a local condition for the kernel function, satisfied
if and only if the kernel function belongs to an m-minimal domain.

Simply-connected m-minimal domains are always images of a 1-mini-
mal simply-connected domain (i. e., a circle), under a mapping function
which is a polynomial of degree at most m, and vice versa [Section 4J.
This is no longer true, in general, for the case of multiply-connected m-
minimal domains [Section 7] however, each choice for the values of the
first m derivatives of the mapping functions at the center of a 1-mini-
mal domain, determines a mapping onto an m-minimal domain with the
same center [Section 4],

The shape of the doubly-connected 1-minimal domains is studied in
Section 5. It is shown that the 1-minimal doubly-connected domain always
has identified points, provided that no boundary component is reduced to
a single point. Therefore, these minimal domains are different from those
studied by P. Kufareff [6], which he obtained by restricting attention
only to single-valued mapping functions.

Let MD(z, t) be a minimizing function of (1.2), for functions satisfy-

ing in (1.3) the values

A) ΛQ = 1, Λλ — A2 = = Λm-1 — U , m ^ 1 .

Let M%(z, t) be a similar function for the case

(1.5) Xo = 0 , Xλ = 1, X2 = X3 = = Xm = 0 , m ^ 1 .

The function [M%(z, t)IMΌ(z, t)] satisfies (1.1) and remains invariant
under a conformal mapping which satisfies (1.1) [Section 6], This func-
tion is said to map D onto an on-representative domain with the origin
as center. In general, it is different from the m-minimal domain with
the same center, but if both domains coincide and have the same center,
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say at the origin, then the minimizing functions for the m-minimal and
m-representative domain Δ satisfy the differential equation

for ξ 6 Δ [Section 6]. The interest in this relation is that it remains
invariant under each transformation w = f(ξ) which satisfies /'(0) = 1,
/oo(0) = 0, v = 2, 3, , m. Thus, this relation holds for a general class
of conformally equivalent domains.

2. The Bergman kernel function for generalized domains. Various
extremal problems in conformal mappings yield, as solutions, a mapping
function which may be meromorphic, and/or many-valued. In order to
treat such problems, it is desirable to extend the concept of a domain and
its Bergman kernel function. Making use of known ideas (see e. g., S.
Bergman [4], p. 33, and R. Nevanlinna [8]), we proceed as follows:2

Let D be a univalent domain in the £-plane, where boundary has
a positive capacity. Let w = w(z) be a function of z, defined for z e D.
We demand that w'{z) exists, that it is a single-valued, meromorphic
function for z e D, and does not vanish identically.

Among the set of points : {w(z) \ z e D), we identify all the images
of the same point z. w(zx) and w(z2) are said to be different points if
zx Φ z2. The obtained set is called : a generalized domain.

EXAMPLES.

a. If Dλ is the unit circle | z \ < 1, and w(z) = z\ then the gen-
eralized domain Δx consists of two coverings of the unit circle with a
branch point w = 0.

b. If D2 is the ring 1 < \z | < e, and w(z) — logz, then the gen-
eralized domain Δ2 is the strip 0 < 3ΐe w < 1, where points w1 and w2,
which satisfy

(2.1) 9ΐe wx = 3ΐe w2 , ^m wx = ^m w2 (mod 2π) ,

are identified.

DEFINITION. Let Δ be a generalized domain, obtained from a (clas-
sical) domain D, according to the above procedure. We say that a function
F(w) belongs to the class ^f\Δ) if there exists a function f(z), belong-
ing to the class3 ,ίf2(D) such that

2 The proofs are simple and we omit them,
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(2.2) F(w) - f{z{w)) -f-~ , z e D,
aw

It is clear that F(w) may have a pole at a branch point of Δ.
Integration over the domain Δ is defined by the relation

(2.3) f f G(w) dω = J( I w'(z) I2 dωg ,

whenever the right-hand side exists. Here dωz denotes the area element
in the z-plane.

Let D be a univalent, positively bounded domain, without identified
points, which generates, as described above, two generalized domains Δ
and z/*, then the mappings of D onto Δ and Δ* determine a one-to-one
mapping :

(2.4) w* — w*(w) , w e Δ ,

from Δ onto Δ*. This mapping will be called a conformal mapping. All
these definitions do not depend on the particular choice of D.

Prom now on, unless otherwise stated, we shall use the term " do-
main " to mean a generalized domain. All such domains have the prop-
erty that they can be mapped conformally onto univalent domains with a
boundary of positive capacity and without identified points.

Let D be a (generalized) domain. Introducing a scalar multiplication

(2.5) (/; g) =

makes j^2(D) a Hubert space which possesses a Bergman kernel function

(2.6) KD(z,t)= "

where ψXz), v — 1, 2, is a complete orthonormal system.
The kernel function depends only on the domain D and not on the

particular choice of the complete orthonormal system. As a function of
z, for each fixed t which is not a branch point, the kernel function be-
longs to the class ^2(D). It may or may not be singular if £ is a branch
point. KD(t, t) > 0 and takes the value infinity if t is a branch point.

If a domain D can be mapped conformally onto a domain Δ, by a
mapping function w(z), z e D, then the kernel functions of D and Δ
satisfy the relation :

(2.7) KD(z, t) = KA(w(z), w{t)) w\z) w'(t), z,t e D.
3 A function f{z) is said to belong to the class £2(D) if it is single-values and regular

in the domain D and satisfies :

0 J / O ) \*dxdy <coiZ = x + iy

The integration is in the Lebesgue sense.
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(This relation is to be understood in the sense that the ratio between
the two sides approaches 1 if z, or t, or both variables, approach a sin-
gularity point of the kernel function.) We shall end this section by
stating an important theorem of S. Bergman for the generalized domains.
(See [4], p. 26) :

THEOREM 1. Let D be a (generalized) domain, and t a fixed point
in D, which is not a branch point. Consider the functions f(z), z e Dy

which belong to the class Jy^2(D) and satisfy :

(2.8) v= 0,1,2,

where Xv are fixed complex numbers and /(v)(£) is the derivative of the
order v of f(z) at the point t then there exists among them one and
only one function M£o,*i,..., xm(z, t) which minimizes the integral

\\ \f(z)\2dω. This function can be represented in a closed form by

using the kernel function and its derivatives :

(2.9)

0 Km{z,t) Kή{z,t)

Z ~V - Tf -
o -ft- oϋ -Λ- 01

•ft-00 -ft-01 # * * -ft-Oϊίl

KQ\ Kΰ Kxΰ

-ft-mb" -ft- ml * * * -ft-TOϊίϊ

Koφ, t)

•*-*-m,m

The value of the minimum is:

(2.10)

0 Xo X • X™

where Jm denotes the denominator which appears in (2.9).
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Here

(2.11) KoJ(z, t) = \^- (KD(z, ζ)\ _ U = 0, 1, ., m)
\-dζJ Jζ=t

(2.12) Ktj = Γ^-ij- (#„(*, ?))"] - . , (i, j = 0, 1, , m) .

(i — 0, means that one should not differentiate with respect to z. Simi-
larly, if j = 0.)

Proof. This theorem was proved by S. Bergman for univalent,
domains without identified points.4 ([4], pp. 26-27.) One can use the
same proof, (which is based on the method of Lagrange multipliers), pro-
vided that one shows first that the minimum problem has a solution. This
is done as follows : If D is a generalized domain, then it can be obtained
from a univalent, domain, without identified points D*, by a conformal
mapping z — z(z*), z* e D*. If £* is the inverse image of t, then

(2.13) dz

dz* Z*=ί*

Φ 0 , oo ,

because t is not a branch point, and D* is univalent. Therefore, the in-
verse function z* = z*(z) is regular at t and (dz*/dz) \z^t> ~ c Φ 0.

To each function f(z) of the class ,§r-'2(D), corresponds one function
/*(**) of the class . .^(D*) such that

(2.14) f(z) = ^

hence,

(2.15)

Thus, there is a one-to-one mapping between the family of functions con-
sidered in the theorem and the family of functions f*{z*) of the class
j^2(L>*) which satisfy :

(2.16) /*<v>(ί*) = Yv , v - 0, 1, 2, , m ,

where Yv are complex numbers satisfying the system of equations :

(2.17) \^\f*(z*(z))d^L I] = χv , ^ = 0, 1, 2, ., m.

(See (2.8) and (2.14).) This system has one and only one solution be-
cause c φ 0. Bergman's theorem ensures the existence of a unique func-

4 There always exist functions satisfying (2.8), if the boundary has a positive capacity,
(See also K, I. Virtanen fll].)
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tion which minimizes the right integral of (2.15) under the conditions
(2.16) hence it follows from (2.14), (2.15) and (2.16) that this function
multiplied by dz%\dz is the solution of the original problem, and that it
is unique.

REMARK 1. Incidentally, we have proved that if D and D* are two
igeneralized) domains, and D* is mapped conformally onto D by the
function z ~ z(z*), z* e D, then, if z* — z*(z) is the inverse mapping,

(2.18) Mj)Xύt

xi, .xm(zf t) — Λfro,ri, .,r™(2*(2), z*tt))
D* dz

(2 19) λ X 0 Λ l ... Xm(t) — λ F ϋ Y\ •• >Ym(Z*(t))

where F v, v — 0, 1, 2, , m, satisfy (2.16), (2.17) provided that t and
ί* = z*(t) are not branch points of D and D*, respectively.

REMARK 2. It is possible to solve a similar extremal problem when
t is a branch point, but the solution depends on the type of the branch
point at t. This solution will not be considered in this paper.

REMARK 3. If t is not a branch point, then the denominator of
the right-hand side of (2.9) is finite and positive.

Proof. Denote this denominator by Jm. It follows from (2.6) that
0 < Jo — KQΌ < oo, provided t is not a branch point. Substituting Xo —
Xt =...= Xm_λ = 0, Xm = 1 in (2.10), we obtain :

(2.20) λi ϋ ' - ϋ J(ί) = ^ = i , m ^ 1 .

But, by definition, and because of Theorem 1, 0 < λ !iϋ''"'ϋi(^) < ^ hence,
by induction, 0 < Jm < CXD .

3* Minimal domains with respect to almost identity mappings.
In this section we shall be concerned with "almost identity " mapping-
functions, i.e., functions of the class %?m,t(D) defined as follows:

DEFINITION. Let D be a domain containing a point t which is not
a branch point. A function f(z) is said to belong to the class g7

TOlί(-D),
if it satisfies the following conditions :

(3.1) f'(z) e £f\D) (see definition in Section 2),

(3.2) fit) - 0, fit) - 1, fit) - / w(ί) = . . . = / o»)(ί) - 0 m ^ 1.

This class has the following property :
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LEMMA. // ζ = f(z) belongs to the class ''&mJ{D) and maps D onto
a domain Δ, and if w — φ(ξ) belongs to the class &m,0(Λ), then w —
W(z) = φ(ζ(z)) belongs to the class & mΛ(D).

The proof is obvious.
The functions of the class ^mtt(D) map D onto various domains,

among which we look for that domain which has the least area5, and we
try to determine the mapping function of D onto this domain. It follows
from the Lemma that the domain having the least area is an '' m-mini-
mal domain" with center at the origin, in the following sense:

DEFINITION. A domain Δ is called an m-minimal domain having a
center at a point τ, if τ e Δ and is not a branch point of Δ, and if any
conformal mapping w* = w*(w), w e Δ, which satisfies w*(w) e <fm;τ(Δ),
maps Δ onto a domain whose area is not smaller than the area of Δ.

REMARK. It is clear that a translation w* — w + a, w e Δ, maps
an m-minimal domain with center at the point τ onto an m-minimal
domain with center at the point τ + a.

Denote by M= MD{z,t), the function MWv~>xm-i{z,t) (see (2.9)),
for the special case :

(3.3) Xo = 1, Xλ = X2 = . . - Xm.x - 0 ,

From Theorem 1 we obtain immediately :

THEOREM 2. Let D be a (generalized) domain and t a point in it,
which is not a branch point, then there exists a unique function f(z)
satisfying the condition

(3.4) f(z) 6 &ntl(D) ,

which maps D onto an m-minimal domain Δ with center at the origin.
This mapping-function is given by

(3.5) f(t) - 0 , /'(*) - Mΰ(z, t)

{see (3.3)).

COROLLARY 1. If D itself is an m-minimal domain with center at
the point t, then f(z) = z — t is the mapping-function required in Theo-
rem 2. Therefore, in this case, MD{z, t) — 1. Hence, by (2.9) and (3.3),
if D is an m-minimal domain with center at the point t, then

5 The area of a domain A is defined as HjCίω (see (2.3)). Thus, different coverings

are counted separately and, when identified points exist, only the fundamental domain is

counted.
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(3.6) Pm-ifo t) = constant Φ 0 .

Here Pm.1(z, t) denotes the domain function which is formed by crossing
out the first and last coloumns and the second and last rows in the
determinant which appears in the numerator of (2.9). K = KD9 {see
(2.11), (2.12))".

COROLLARY 2. The converse is also true. Indeed, if (3.6) is satis-
fied5, then it follows from Theorem 2 that a mapping function of D
onto an m-minimal domain Δ with center at the origin is obtained by
a translation f(z) = z — t therefore, D itself is an m-minimal domain
with center at the point t.

The area Sd of the m-minimal domain Δ can be calculated from (2.10).
Indeed, by (2.10),

(3.7) S, = Qm^Jm^ .

Here Qm_i is the determinant which is formed by crossing out the first,
second and last rows and the first, second and last columns in the
numerator of (2.10). Jm-λ was defined in Remark 3 of Section 2. (In
the case m = 1, we define Qo = 1).

THEOREM 3. A domain D containing a point t, which is not a
branch point, is an m-minimal domain with center at the point t, if
and only if the right-hand side of (3.7) is equal to the area SD of D.

Proof. By Theorem 2, D can be mapped onto an m-minimal domain
Δ having an area given by (3.7). If SΔ = SD, D itself is an m-minimal
domain. If D is an m-minimal domain then Sj = Sn.

REMARK. Observe that the right-hand side of (3.7) depends only on
the kernel function and its derivatives at the single point t.

1-minimal domains were introduced by S. Bergman and their defini-
tion was later extended to domains in the space of ^-complex variables.
Some properties of 1-minimal domains were studied by S. Bergman [3]
[4], by M. Schiffer [9] and by the present author [7]. We shall see that
many properties of 1-minimal domains can be extended to properties of
m-minimal domains, and that these new properties yield information
about the behaviour of the kernel function as well as distortion theorems
for certain classes of domains.

4. Simply-connected m-minimal domains. It is known that a simply-
connected 1-minimal domain can only be a circle, the center of which is

6 The constant on the right-hand side of (3.6) cannot be zero, because Mn(t, t) — 1 and
the denominator of the right-hand side of (2.9) is finite and positive (see Remark 3 of Sec-
tion 2).
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the center in the sense of the definition of a minimal domain. We shall
show, in this section, that the class of all simply-connected m-minimal
domains can be obtained from a circle by mapping-functions which are
polynomials of degree (at most) m. First, we consider the mapping of
any domain D (not necessarily simply-connected) onto an m-minimal do-
main.

THEOREM 4. Let D be an m-minimal domain (m Ξ> 1), having a
center at the origin. Let D* be a domain, containing the origin and
being locally univalent there, which can be mapped conformally onto D
by a transformation z — 2(2*), z* e D*, which satisfies 2(0) = 0 then

(4.1)

0

dz

dz*

d'2z

dz"

dmz

K:

κl IT*-.—

dz*
K: • m-L 1

dz
constant Φ 0,

2* e JD*. Here K*(z*, ζ*) = KD*{z*y f*) dz/dz* U.o Φ 0 t* - 0. (See
(2.11)(2.12).) Conversely: if (4.1) is satisfied, and dz/dz* Φ 0, then
z = 2(2*) maps ΰ * ow£o aw m-minimal domain.

Proof. If Z> is an m-minimal domain with center at the origin, then
MJJ(Z, 0) = constant. (See Section 3, Corollary I.)7 Choosing f*(z*) — dzldz*
and substituting it in (2.16), one observes that (2.17) is satisfied (since
Xo - 1, Xx = X2 - . . . =Xm^ = 0). Therefore, by (2.18),

(4.2)

where

MD(z, 0) - ), 0)
d z '

, v = 0, 1, . . . , m - 1

Thus the relation (4.1) has been established. The converse statement is
obtained by reversing the order of these arguments, and by using Corol-
lary 2 of Section 3.

If D is a simply-connected m-minimal domain, we can assume that
D* is the unit circle. Since the kernel function of the unit circle is

7 For the definition of Mn(z, 0), see (3.3).
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(4.3) KAz*, ζ

(see [4] p. 9), it follows that

(4.4) K0-j(z*,

(4.5)

π (1 - z*ζ*)2

j = 0,1,2, . . . ,

= 0,1,2,.

Let z — z(z*) = aλz* + (α22*2)/2! + (α3£*3)/3! + ««- in the neighbourhood of
the origin, aλ Φ 0 then, substitution of (4.4) and (4.5) in (4.1) yields,
after some trivial calculations,

i &m ^ m - Ί Γ* dZ(4.6) (Li + a2 *
2! -z*2 + (m — 1) ! dz*

Therefore, the constant C is equal to 1 and all the derivatives of z(z*)
of an order greater than m vanish at the origin. Thus we have proved :

THEOREM 5. Any polynomial of degree m having a non-zero deri-
vative at the origin maps the circle about the origin onto an m-minimal
domain whose center is the image of the center of the circle. And con-
versely, any simply-connected m-minimal domain can be obtained from
a circle by a mapping whose function is a polynomial of degree (at
most) m, the derivative of which is not zero at the origin.

Theorem 5 suggests that perhaps all m-minimal multiply-connected
domains are images of 1-minimal domains under polynomial mappings.
This however, is not true in general, as we shall see later (see Section
7). Nevertheless, each p-connected 1-minimal domain generates a class
of p-connected m-minimal domains conformally equivalent to it this class
has m + 1 complex degrees of freedom. Indeed, since any domain can
be mapped onto a 1-minimal domain such that a non-branch fixed point
corresponds to its center, we can assume that the domain D* of Theorem
4 is a 1-minimal domain having a center at the origin. A necessary and
sufficient condition for D* to be such a domain is : KD*(z*, 0) = constant ^ 0
(see (3.7) see also [7]) therefore, KU = Kfi = 0, i = 1, 2, 3, , and
(4.1) reduces to :

(4.7)

dz
dz* z

~dz*2

dmz
dz*m

, 0) , 0)

- C dz
Ίz*
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Here, K*(z, ?*) = KD*{z*, ξ7*), dz/dz\^0 Φ 0 and C = constant ^ 0 must
be equal to minus the minor of the element — (dz)ldz*\g*saQ. Thus, the
conformal mapping z — z(z*) maps the 1-minimal domain Z)* with center
at the origin onto an m-minimal domain, m ^ 1 such that the centers
correspond, if and only if z = 2(2*) satisfies (4.7).

Let us choose arbitrary constants —cL, c2, c3, , cTO, cx ^ 0, for the
elements of the first column of the determinant in (4.7) then dz/dz*,
thus defined, will indeed satisfy (dkz)jdz*k\2^0 == ck\
Since, moreover, a translation carries an m-minimal domain onto an
m-minimal domain, we have arrived at

THEOREM 6. Let D be a 1-minimal domain having a center at the
origin then, to each choice ofm + 1 constants, c0, clf c2, c3, cm, c1 Φ 0,
there exists one and only one function,

(4.8)

z = c0 + cλz* +^7C2^*2 + 4- —cmz*n + dm+1z*m+1 + dm+£*m+2 + ,
2! m !

which maps D* oπίo αw m-minimal domain with center at the point c0,
The mapping function is given by (4.7) where {dkz)jdz*h\z^Q are replaced
by ck.

COROLLARY. In general, djf j ~ m + 1, m + 2, •••, depend on the
choice of c2ycz , cm, but they do not depend on the choice of c0 and cL.
Indeed, in order to obtain djy one has to differentiate j times the left-
hand side of (4.7) and to put z* = 0. The resulting expression does
not contain either c0 or cx.

5. Doublyconnected 1-minimal domains. There is an unpublished
result of M. Schiffer stating that univalent finitely-connected domains
which do not possess identified points cannot be 1-minimal domains un-
less they are circles punctured at isolated points (the center of the circles
is not punctured).

P. Kuffareff [6] studied the normalized conformal mapping of a ring
onto a domain having a minimal area, restricting the mapping-function
to be single-valued, and he found out that the minimal domain thus ob-
tained lies on a double-sheeted Riemann surface. It seems natural to
ask whether the use of a wider class of mapping-functions, i. e. integrals
of functions of the class JS^2, yields different minimal domains. We
shall show that this is indeed the case : a 1-minimal domain which is
conformally equivalent to the ring always possesses identified points
hence, the mapping-function from the ring onto it is multi-valued in

8 This is shown by differentiating (4.7) k times and putting z* = 0.
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some cases the minimal domain is even a univalent domain (with identi-
fied points).

Let T be the ring 0 < r < | £ | < 1 in the 2-plane. It is known (see
[4], p. 10) that its kernel function is

(5.1) Kτ(z, t) = -A, p{hg (zt)} + -^
πztL ωx

Here p(v) is the Weierstrass elliptic function having the periods
2ωι — — 2 log r, 2α>3 = 2πΐ, 7̂  = fία^), where ξ(v) is the corresponding
Weierstrass zeta-f unction. Let t be a fixed real point in the ring T,
then the mapping

(5.2) u — log 2 + log t — 2 log r

will map the ring onto a domain S which is an infinite strip

(5.3) log t — log r < 9ϊe w < log t — 2 log r ,

in which the points u ± 2kπi, k — 0, 1, 2, are identified. Let ABCD
be the fundamental rectangle of S : A ΞΞ log ί — log r, J5 ΞΞΞ log £ — 2 log r,
A,B are real C = B + 2πί, D = A + 2πi. It follows from (2.7) that the
kernel function of S satisfies :

(5.4) Kδ(u, τ) - —\p(u) + ^ i l , r - 2 log t - 2 log r.

Our aim is to map T onto a 1-minimal domain in such a way that the
point t will correspond to its center. (From symmetry considerations it
follows that the generality of the mapping is not affected by the fact
that t is required to be real). In order to achieve this, we first map T
onto S and then map S onto a 1-minimal domain (τ corresponds to its
center). This last mapping is produced by the function

(5.5) w = - π\ Ks(v, τ)dv + ζ(τ) - -^-τ = ζ(u) - -Ά-u

(see Theorem 2, (2.9) m = 1).
(All other 1-minimal domains whose centers correspond to t are obtained
from this one by the mapping W = cQ + cλ(w — ζ{τ) + (rj^ω^τ, cx Φ 0
see Corollary in Section 4).

Let A be the minimal domain obtained from S by the mapping (5.5).
It follows from the quasi-periodicity of the zeta function that

(5.6) w(u ± 2kπi) - w(u) = ± k ~ ^ — , k = 0, 1, 2,
log r

hence, the points w ± km/log r are identified in A.
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It remains to find the fundamental domain of Δ which is the image
of the rectangle ABCD under the mapping (5.5). For this purpose we
first determine the image under the same mapping of the rectangle EFGH,
where E = 0, F = ωx — — log r G — — ω2 = — log r + πί H = ω3 = πί to-

gether with its reflections FEΉ'G {Ef = 2ωi9 H
f == 2ωλ + m), HGF'Έ"

(F" = ωλ + 2πί, E" = 2πi) and GHΈ'"F" {E"r = 2ω1 + 2πί). (See Figure

1.)

0

M1

E A Q A* Q* F B B λ

Figure 1. % — plane t\ = log ί - l o g r

2^=-2 iOgr

E m
E"

A E

\ H1

/ /

El 1 : 1 .

( Im w =

= jz/log v

E

Figure 2. w —plane

The image can be deduced from [5] p. 190 : there are two and only
two points, M on HG and its symmetric point M' on GH', where
— w'(u) = p(u) + yj1jω1 = 0. These points correspond to the two branch
points of the first order in the image which are on the line ^in w =
(7r)/2 log r. The image of the four rectangles lies on a two-sheeted Rie-
mann surface as shown in Figure 2. (We denote points in the w-plane
which correspond to points in the ̂ -plane by the same letter. Lines on
one sheet are traced by a dotted line.)

In order to obtain more information about the image of the rectangle
ABCD, we shall prove :
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LEMMA. The distance MH in the u-plane is smaller than the dis-
tance MG.

Proof. p(u) + Ύ]1\ω1 is real and a monotone function and it takes
all the values from -co to +co as u traces the line EHGFE. (The
function p(u) has these properties and (see [10] p. 184)

2ωλ

is real because each term is real so also is ωγ). This function vanishes
at the point M on HG therefore, it is negative at the point H. It re-
mains to show that

p(ω3 + iω,) + -^L > 0.
ω1

Indeed,

(5.7) p(u) + -1-1- = -^— Σ 1/sii

(see [10] p. 184) it is real for u = OJ3 + \ωx, hence it is sufficient to
consider the real part of each term of the series. It is easy to verify
that, for u — ω3 + \ωx, the real part of each term of the right-hand
side of (5.7) is positive hence M lies between ω2 and ωz + \ωλ.

From this lemma it follows that three possibilities can occur (taking
various values for t):
( i ) The rectangle ABCD in the u-plane contains M but does not con-

tain M\
(ii) This rectangle, which we now denote by A*JB*C*D*, contains nei-

ther M nor ikP.
(iii) This rectangle, which we now denote by A**B**C**D**, contains

M' but does not contain M.
In the first and third case, the minimal domain Δ will contain one

branch point and will thus lie on a two-sheeted Riemann surface (and it
will, of course, possess identified points). In the second case, only one
sheet is required for the minimal domain (which, however, still possesses
identified points).

The figure shows only the fundamental domain (for the cases (i) and
(ii)). The images of the lines AD, BC, A*D*, B*C* are not exact. The
center of the minimal domain lies on the real axis of the w-plane and
it is the image of the point u = 21ogί — 21ogr (see 5.4).

6. nvrepresentative domains. Attempts to generalize the Riemann
mapping theorem to the case of domains in the n complex dimensional
space lead to various other classes of canonical domains. A well known
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class is the class of the "representative domains, introduced by S. Berg-
man (see e. g. [1] [3]).

In this section we shall limit ourselves to the case of a plane domain
and generalize the concept of the representative domains so that the
mapping functions onto these new canonical domains will satisfy the re-
lations (3.2).

DEFINITION. Let M%(z, t) be equal to Mf^x^ xm{z, t) (see (2.9)),
for

(6.1) XQ = 0, Xx = 1, X2 = Xz = = Xm = 0

Let MD(z, t) be defined again by (3.3). Here t e D and is not a branch
point. The function

<6 2> fff
satisfies the relation

(6.3) f(t) = 0, f'(t) = 1, p(t) = 0 2 ^ v ^ m ,

and maps D onto a domain Δ. The domain Δ will be called an m-rep-
resentative domain with center at the origin. An m-representative
domain with a different center is obtained by a translation.

These m-representative domains are indeed canonical domains in the
sense of the following.

THEOREM 7. If a domain D in the z-plane is mapped onto a do-
main D* in the ζ-plane by a function ζ = ζ(z) which satisfies

(6.4) ζ(t) = 0, f'(ί) = 1, ?cv)(ί) = 0 2 ^ v £ m ,

and t is a non-branch point in D, then

(6 5)
MD(z, t) Mj£(z), 0) *

Thus D and D* generate the same m-representative domain.

Proof. Replacing m by m — 1 and z by ζ in (2.16) and (2.17), we
see that

(6.6) XQ = 1, Xλ = X2 — = Xm-ι = 0

(6.7) Y0 = l,Y1=Yi=... = Ym.l = 0

satisfy the equations (2.16) and (2.17) therefore
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(6.8) M»(Z, t) = ΛMf(s), 0) - ^
dz

(See Remark 1 in Section 2.) Similarly,

(6.9) Mϊ(z, t) = M%{ζ(z)} 0)4?-
dz

The relation (6.5) now follows from (6.8) and (6.9).
In general, m-minimal domains are different from m-representative

domains. (See Section 7.) It is, therefore, interesting to look for prop-
erties of domains which are simultanuously m-minimal and m-representa-
tive, with the same center.

THEOREM 8. // D is an m-minimal domain and also an m-repre-
sentative domain, with the same center t then

(6.10) Mt(z,t) = z- t z e D.

Proof. On the one hand D is an m-minimal domain, therefore the
mapping

(6.11) w = /(*) = z- t

maps it onto an m-minimal domain Δ with the origin as center hence
it is implied from (3.5) that

(6.12) MD(z,t) = 1 , z e D .

On the other hand, Δ is also an m-representative domain with a center
at the origin, hence (6.2) and (6.12) imply

(6.13) w = M$(w, 0)

therefore, by (6.9) we obtain the relation (6.10).
By reversing the arguments of the proof we obtain immediately the

converse theorem :

THEOREM 9. If a domain D is an m-minimal domain with t as
center, and its kernel function with its derivatives satisfy the relation
(6.10), then D is also an m-representative domain with the same center.

Proof. It follows from (6.12) (6.2), and (6.10) that w = z - t maps
D onto an m-representative domain with the origin as center, therefore,
D itself is an m-representative domain with t as center.

Using the transformation formulas for Mn(z, t) and M%{z, ί), under
conformal mappings, one can now obtain a differential equation for the
kernel functions of the class of all domains which are obtained from the
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domain D of the previous theorem by a mapping satisfying (6.4).

THEOREM 10. For each domain Z)* which is conformally equivalent
to the domain D of Theorem 8, and for which the mapping function
ς — ζ(z) satisfies (6.4), there exists a differential equation for KDJ£, τ).
This equation can be put in the form

(6.14) d Uζ, 0) \ -
) r , o ) .

Proof. Formulas (6.5), (6.10), (6.12) imply

(6.15) z - t = MUξ, 0)/ΛM£, 0) .

(6.8) and (6.12) imply

(6.16) % = Mm(ζ, 0) .
aς

Equation (6.14) is obtained now by differentiating (6.15) with respect to

REMARK. For the case m = 1, one has

(6 17) M*(£ 0) — — °̂  o'ΐ (?> Q) ~
- " - 0 0 - ^ 1 1

(6.18)

where K* = KD,. Inserting this in (6.14), one obtains, after some calcu-
lations the relation

(6.19)
, 0)P

' it 0) dK^ζ' 0 )

dξ

uς9 Q)
= const.

This relation and its generalization to the case of domains in the n com-
plex dimensional space was proved in [7].

7. A counter example* It is interesting to note that Theorem 5
no longer holds, in general, if we replace the circle by a 1-minimal multi-
ply-connected domain D. A counter-example is an obvious deduction from
the following theorem.
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THEOREM 11. If a 1-minίmal domain D, with the origin as center,
is mapped onto a 2-minimal domain with the origin as center, and the
mapping function is a polynomial

(7.1) w = aγz + 4α22
2, alf a2 Φ 0 ,

then D is also a 1-representative domain with the origin as center.

Proof. D is a 1-minimal domain with the origin as center therefore,
K(z, 0) == KD(z, 0) = constant, for z e D. (See Corollary 1, Section 3.)
This implies that KfQ = Kή — 0. Hence, it follows from Theorem 4 that

(7.2) -a.KoόKΰ - a2Koι(z, 0)KQ-0 = c»(a1 + a2z) .

Thus, the value of the constant c is —K^Kΰ and

(7.3) Kfl(z, 0) = Knz .

The last relation is equivalent to the relation (6.10), for m = 1, t = 0,
hence, by Theorem 9, D is also a 1-representative domain with the origin
as center.

COROLLARY. The relation (6.19) is a consequence of (7.3) for any
domain which is conformully equivalent to the domain D of Theorem 11.
As there are domains for which (6.19) does not hold, e. g., a ring, for
which (6.19) can be proved incorrect by a direct calculation (see [4] p.
10), one arrives at the conclusion that not all minimal domains are
also representative domains with the same center, and that Theorem 5
does not hold if one replaces the circle by a general 1-minimal domain.
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ON THE IMBEDDABILITY OF THE REAL PROJECTIVE
SPACES IN EUCLIDEAN SPACE1

W. S. MASSEY

1* Introduction. Let Pn denote ^-dimensional real projective space.
This paper is concerned with the following question: What is the lowest
dimensional Euclidean space in which Pn can be imbedded topologically
or differentiably ? Among previous results along this line, we may
mention the following;

(a) If n is even, then Pn is a non-orientable manifold, and hence
cannot be imbedded topologically in (n + l)-dimensional Euclidean space,
Rn+1.

(b) For any integer n > 1, Pn cannot be imbedded topologically in
Rn+\ because its mod 2 cohomology algebra, H*(Pn, Z2), does not satisfy
a certain condition given by R. Thorn (see [6], Theorem V, 15).

(c) If 2IC~1 ̂  n < 2fc then Pn cannot be imbedded topologically in
Euclidean space of dimension 2k — 1. This result follows from knowledge
of the Stiefel-Whitney classes of Pn (see Thorn, loc. cit., Theorem III.
16 and E. Stiefel, [5]; also [4]).

In the present paper, we prove the following result: If m = 2fc, k > 0,
then P3 w_! cannot be imbedded differentiably in Rim. For example P5

cannot be imbedded differentiably in Rs, nor can Pn be imbedded in RιG.
Of course if n > m, Pn cannot, a fortiori, be imbedded differentiably
in R4m. Thus for many values of n our theorem is an improvement over
previous results on this subject.1

The proof of this theorem depends on certain general results on
the cohomology mod 2 of sphere bundles. These general results are
formulated in § 2, and in § 3 the proof of the theorem is given. Finally
in § 4 some open problems are discussed.

The author acknowledges with gratitude that he has benefited from
several stimulating conversations with F. P. Peterson on this topic.

2* Steenrod squares in a sphere bundle with vanishing charac-
teristic* Let p : E -• B be a locally trivial fibre space (in the sense of

Received December 29, 1958. During the preparation of this paper, the author was
partially supported by a grant from the National Science Foundation. An abstract an-
nouncing the main result of this paper was submitted to the American Mathematical Society
in December, 1958; see the Notices of the American Mathematical Society, 6 (1959), 61.

1 This result partially solves a problem proposed by S. S. Chern (see Ann. Math., 6O
(1954), p. 222). It follows that Pn cannot be imbedded in Rn+2 for n > 3 except possibly
in case n = 2k - 1, k > 2. The case n — 2k - 1 is still open. The importance of this prob-
lem, and some of its implications, were emphasized by H. Hopf in his address at the
International Congress of Mathematicians held in Cambridge, Massachusetts in 1950. This
address is published in volume I of the Proceedings of the Congress (see pp. 193-202),
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[6]) with fibre a sphere of dimension k — 1. We will use the following
notation (due to Thom) for the Gysin sequence with the integers mod 2,
Z2y as coefficients:

> Hq-*(B) -^-> Hq(B) -?-+ H\E) -^U Hq-k+1{B) > . . .

Recall that the homomorphism μ is multiplication by the mod 2 charac-
teristic class: μ(x) = x wk for any x e Hq~k(B). In case wk = 0, then
μ — 0, and the Gysin sequence splits up into pieces of length three as
follows:

0 > Hq(B)^> H%E)-^-* Hq'k+1(B) >

Moreover, if we choose an element a e Hkl(E) such that ψ(a) — 1 e H°(B),
then any element x e Hq(E) may be expressed uniquely in the form

( 1 ) x - p*(u) + a . p*(v)

where u e Hq(B) and v e Hq~k+1(B) (the proof is the same as that given
in § 8 of [3] except that here we are using Z2 for coefficients). It is
clear from this formula that the Steenrod squares and cup products in
H*(E) are completely determined provided we know the Steenrod squares
and products in H*(B), and provided we can express Sq^a) for 1 5g i ^
k — 1 in the form (1), i.e., provided the cohomology classes a.te Hk~1+i(B)
and βί e Hι(B) in the expression

( 2 ) Sqι(a) = p^a,) + a . p*(ft)

are known for 1 <Ξ i 5g fc — 1. Of course the classes a and a} are not
uniquely determined. If a' is any other element of Hk~\E) such that
ψ(a') = 1, then by exactness of the Gysin sequence there exists an uni-
que element 6 e Hk~\B) such that

a' = a + p*(6) .

Corresponding to formula (2) there is an analogous formula

( 2') Sqι(af) - p*(α;) + a' p ^ ^ ) .

An easy computation shows that

= at + bβ, + Sq%b) ,

Thus ft is unique; it is an invariant of the given fibre space. However,
only the coset of a-h modulo the subgroup \βLb + Sqιb: b e Hk~\B)} is
unique. This coset is also an invariant of the given fibre space.
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LEMMA. βi = wu the ith Stiefel-Whitney class mod 2 of the fibre
space.

This lemma is due essentially to Liao, [2]. See also an analogous
proof in Massey, [3], § 9.

Thus βt is identified with a standard invariant of sphere spaces.
On the other hand, the coset of ah does not seem to be related to any
standard invariants. It may be thought of as a sort of "secondary
characteristic class", defined for all sphere spaces for which the mod 2
characteristic class wk vanishes.

In view of this lemma we may write the above equations in the
following form:

( 4 ) Sq\a) = p*(α4) + a p*{w%)

( 5 ) αj = α, + bwt + Sq\b) , b e H*-\B) .

3 Application to the problem of imbedding manifolds in Eucli*
dean space. Our method of applying the results of the preceding section
to prove that certain manifolds cannot be imbedded differentiably in
r-dimensional Euclidean space is essentially the same as that used in
our earlier paper [3]. To save the reader the trouble of referring to
this earlier paper, we give a brief summary of the essential points of
this method.

Let Mn be a compact connected differentiate manifold which is
imbedded differentiably in an (n + ά)-sphere, Sn+Ic. We assume that
gn+ic k a s k e e n g i v e n a Riemannian metric. Choose a positive number ε
so small that given any point a e Sn+k of distance < ε from Mn, there
exists a unique geodesic segment through a of length ^ ε normal to
Mn. Let N denote the set of all points a e Sn+Ic whose distance from Mn

is < ε. TV is an open tubular neighborhood of Mn in Sn+fc. Let E denote
the boundary of N, and p: E -* Mn the projection defined by assigning
to each point a e E the point p(a) e Mn where the unique geodesic
segment through a of length ε normal to Mn meets Mn. Then (E, p, Mn)
is a realization of the normal (k — l)-sphere bundle of Mn for the given
imbedding, and E is a hyper surf ace in Sn+Iΰ. Let V denote the com-
plement of N is Sn+Ic, and let y.E-+ V denote the inclusion map.

For convenience we introduce the following notation: Aq denotes
the image of the homomorphism y*: Hg(V, G) -> Hq(E, G), where G is the
coefficient ring, and A* - ΣAq. Then A* and p*[H*(Mn, G)] are both
sub-rings of H*(E, G), and they are obviously closed under any cohomolo-
gy operations such as Steenrod squares and reduced pth powers. Even
more, A* and p*[H*(Mn, G)] are " permissible sub-algebras ?? of H*(E, G)
in the terminology of Thorn, [6], p. 177. The sub-ring A* must satisfy
the following conditions:
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( 6 ) i ° = H°{E, G)

( 7 ) Hq(E, G) = A1 + p*HtJ(Mn, G) (0 < q < n + 1, direct sum)

( 8 ) A1 = 0 f or g ^ w + fc - 1 .

The proof that conditions (6), (7), and (8) hold is based on Theorem
V.14 of Thorn [6]; see also § 14 of [3]. The existence of the sub-algebra
A* satisfying these conditions is a rather stringent requirement on
H*(E, G).

Our program for trying to prove that a certain manifold Mn cannot
be imbedded differentiably in Sn+Ic (or equivalently, in Euclidean (n + k)-
space, Rn*k) may be briefly outlined as follows. Assume that such an
imbedding is possible, and let p:E-^Mn denote the normal (k — 1)~
sphere bundle of this imbedding. By a well-known theorem of Seifert
and Whitney, the characteristic class of the normal bundle vanishes,
hence the Gysin sequence splits up into pieces of length three as de-
scribed in the preceding section. Then if one can determine the struc-
ture of the cohomology ring of E and perhaps determine some other
cohomology operations in E, it may be possible to prove that H] (E, G)
does not admit any sub-ring A* satisfying the conditions stated in the
preceding paragraph. But this is a contradiction.

Using this method with G = Z2, we will now prove our main result:

THEOREM. If m = 2fc, k > 0, then PZm^λ{R) cannot be imbedded dif-
ferentiably in Rim.

Proof. Let x be the generator or H^P^^y Z2). As is well known,
the cohomology algebra H*(Pz,n-lf Z2) is the truncated polynomial algebra
generated by x and subject to the sole relation x6m = 0. According to
a result of E. Stiefel [5], the total Stiefel-Whitney class w = ^ ^
of the tangent bundle of P3w_i is given by the formula

w = (1 + x)3m .

(This may be proved directly by the method of Wu [7].) Using the
Whitney duality theorem, one sees that the total Stiefel-Whitney class
w = Σigo^ί of the normal bundle is given by

since

ww = (1 + xYm(l + x)m = (1 + x)im = 1 + x4m = 1

(Recall that m = 2k). It follows that w1 — 0 and wm = xm. Now as-
sume that the differentiate imbedding of P3 m_! in Sim is possible and
let p:E-^P3m^ denote the normal bundle, whose fibre is an m-sphere.
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The characteristic class wm+1 — 0, hence we can apply the method of
§ 1. Choose a e Hm{E, Z2) such that ψ(a) = 1. Then equations (4) of
§ 2 applied to this case give

α2 = Sqm(a) = p*am + a p*(xm) .

If a' e H'(E, Z2), ψ(a') = 1, and α' Φ a, then of necessity a' = a + p*(b)
with b = x"\ Therefore equation (5) of § 2 gives

a[ = a, + Sq\xm) = aλ

< = ocm + xm xm + Sqmxm - am .

Hence ax and am are invariants, independent of the choice of α. Since
Hm(E, Z2) admits the direct sum decomposition

H»(E, Z2) = A" + p ^ ^ ί P ^ - x , ZJ\

by (7), it follows that we may choose the cohomology class a so that it
belongs to Am. From now on we assume such a choice has been made.
Note also that it follows directly from the Gysin sequence that for q > 0.

rank A" = r a n k i ^ - ^ P ^ , Z2)

where Aq and Hq"m{P^m^) are considered as vector spaces over the field

Z2. Thus rank Aq = 0 or 1 for all values of q it follows that Aa has

at most one non-zero element.
First, we consider the invariant ax. Two cases are possible: ax = 0,

or ax — p*(αsm+1). If ax — p*(xm+1), then the sαb-ring A* is not closed
under the operation Sq\ which is already a contradiction. For the re-
mainder of the proof we will assume that ax = 0, i.e. Sqxa = 0, and show
that this also leads to a contradiction.

Next we consider the invariant am. Here again two cases are pos-
sible, am — 0 or am = x2m. First let us consider the case where am —
0, i.e.., α2 — a p*{xm). Since a2 Φ 0, it must be the unique non-zero
element of A2m. Let y denote the unique non-zero element of A2m~ι.
It is clear that either

y = p^x21""1) + a / ( r - 1 ) or 2/ = a - p^x™"1) .

Now a2y e Aim~\ therefore a2 y = 0 by equation (8). An easy calcula-
tion shows that α2(α p*xm-1) = α p*^3"1"1) ^ 0. It follows that y —
p*(x2m"1) + α p:¥{xm-1). Next, a computation shows that

Sq\y) = Sq'lp^x2711-1 + a p*^771"1] = p*(α;2ίn) + α p*(a;m) .

Thus Sq\y) and α2 are distinct non-zero elements of A2m which is
obviously impossible. Thus we see that the assumption am — 0 leads to
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a contradiction.
Next, consider the case where am — xλm, i.e. a1 = p*(sc2w) + α p*(xm).

The pattern of the proof in this case is the same as in the preceding
paragraph. Let y be the unique non-zero element of A2™-1 as before,
then either y = p*(x2m~L) + a p^(xm"1) or y — a- p * ( r - 1 ) , and we must
have a2y — 0 exactly as before. Once again an easy calculation shows
that α2(2?*a32m"1 + a p * ^ " 1 ) ^ 0, hence we must have y — a p*xm-1.
Again, one finds that Sqιy = a p*xm φ a\ which is a contradiction.
Thus we have shown that the assumption that P3m_i can be imbedded
differentiably in Sim leads to a contradiction.

4. Some open problems. H. Hopf has proved in [1] that Pn can
be imbedded differentiably in R271-1 or R2n, according as n is odd or even,
i.e., according as Pn is orientable or not. This result, together with our
main theorem and the previous results mentioned in the introduction,
enables one to settle definitely the question of imbedding Pn in the
lowest possible dimensional Euclidean space for n fg 5: for n ^ 5, Hopf s
result is the best possible. The first undecided case is P6. It follows
from Hopfs result that it can be imbedded in Rr\ and from our result
that it cannot be imbedded in R\ Can it be imbedded in i?9?

The invariants a% introduced in § 2 raise many interesting questions.
Are these invariants of the normal bundle the same for any imbedding
of a manifold in Euclidean space ? Or, is it possible to give an example
of different imbeddings of a manifold in Euclidean space which give rise
to different sets of invariants a% for the corresponding normal bundles T
In any case, it seems reasonable to hope that a further investigation of
their properties may furnish new tools for proving non-imbeddability
theorems for manifolds.

One may also carry out an analogous investigation using the integers
mad p, Zp, for any odd prime p as coefficients, and using Steenrod pth
powers instead of Steenrod squares.
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SEMI-GROUPS OF CLASS (Co) IN Lv DETERMINED
BY PARABOLIC DIFFERENTIAL EQUATIONS

THOMAS W. MULLIKIN

l Introduction. This paper treats mixed Cauchy problems for the
parabolic partial differential equation in one space variable;

(1.1) u = p(x)uxx + q(x)ux + τ{x)u .

Our results are for non-singular equations, that is, the variable x
is restricted to a finite interval [α, 6], and the function p is real-valued
with p(x) > 0 on [α, 6], The functions q and r may be complex-valued.
We require that p, q and r be in LJ^a, 6] and that p, p' and q be
absolutely continuous with p\ p" and q' in L^ \a, 6].

We impose usual boundary conditions π(u) — 0 by

(1.2) M^uia) + NMb) + Mt2u'(a) + Ni2u'φ) = 0, ΐ = 1, 2 .

The constants Mij9 iV4J are real or complex and the matrix (Mi3; Ni3)
has rank two.

With Equation (1.1) is associated the ordinary differential operator

(1.3) A = p{xW + Q(x)D + r(x)I, D = 4~
ax

With the above restrictions on the coefficients, A is defined in Lp[a, 6]\
1 < P < °o, as a closed operator with dense domain, .D(A), given by

(1.4) -D(A) = {%eLp |% and v! are absolutely continuous

and u, u', u" e Lp} .

The boundary conditions define restrictions A^ of A to subdomains,

(1.5) D(AΊt) ~ {u e Lp\u and u' are absolutely continuous,

π\u\ = 0, and ^, u', u" 6 Lp} .

Our problem is to determine those A* which generate semi-groups
of class (Co) in Lp[a, b] (see Hille and Phillips [1], p. 320). Our main
result is

Received September 24, 1958, and in revised form January 9, 1959. This paper presents
some of the results of a Doctoral Dissertation at Harvard University. This research was
supported in part by the Office of Naval Research under contract N 50 ri-07634 at Harvard
University and by The RAND Corporation of Santa Monica, California.

1 We denote by Lp[a, b], 1 ̂ p < <χ> the complex Lebesgue space defined by Lebesgue
measure on [a, b]. Any Lebesgue space defined by a different measure μ will be denoted
by ([α,δ],μ).

791



792 THOMAS W. MULLIKIN

THEOREM 4. If π is regular2, the operator AΛ is the infinitesimal
generator of a semi-group of class (Co) in Lp[a, 6], 1 < p < oo.

The theory of adjoint semi-groups (Hille and Phillips [10], p. 426)
can be used to extend the results of Theorem 4 to the Banach space
Loo[α, 6]. However, these results apply only in proper closed subspaces
of Loo, and for brevity we do not include them.

In § 6 we investigate the necessity of regularity of π for the genera-
tion of a semi-group of class (Co) by the special operators OΛ = D2 in
Lp[0, 1]. We have the partial result

THEOREM 5. Let π and π+ be adjoint boundary conditions relative
to the operator D2. If both ΩΛ and Ω^+ generate semi-groups of class
(Co) in any Lp[0, 1], 1 < p < oo, then π and π+ are regular.

We also show that for certain non-regular π the operator βΛ = D2

can be defined either in Lx([0, 1], dx2) or in Lx([0, 1], d(l — x)2) as the
generator of a semi-group of class (Co). These operators can be shown
to be equivalent to singular operators in LJΌ, 1].

We give, what seems to be, the first application of the Feller-
Phillips-Miyadera Theorem (Hille and Phillips [10], p. 360); other appli-
cations have been of its corollary, the Hille-Yosida Theorem. Probably
Theorem 2, where this theorem is applied, can also be proved by an
appropriate use of spectral resolutions of the operators ΩΛ = D2 in Li

and L2, however, we use spectral resolutions in only one instance. In
any case, the eigenfunctions of the A* can be used to give analytic repre-
sentations of the semi-groups. In essence, we simply establish in Lp

a certain type of behavior near t = 0 of solutions to the heat equation
with a variety of boundary conditions.

Extensive application of semi-group theory to parabolic differential
equations have been made by W. Feller ([4], [6], [7], [8]) and E. Hille
[9]. Their papers contain our results for those real differential equation
and real boundary conditions which determine positivity preserving semi-
groups in Lλ and in L2.

We plan in a later paper to present a study which we have made
of the hyperbolic equation

(1.6) uu + a(x)ut = p(x)uxx + q(x)ux + r(x)u .

2. Equivalent semi-group. We make considerable use of the fol-
lowing notions. If {Tt} is a semi-group of class (Co) on a Banach space
U and if H is a linear homeomorphism of U onto another Banach space
V, then it is easily shown that {St} defined by

(2.1) St = HTtH"
2 See G. D. Birkhoff [1], p. 383; J. D. Tamarkin [12]; or Coddington and Levinson |2J,

pp. 299-305.
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is a semi-group of class (Co) on V. We say that {Tt} and {S8} are
homeomorphίcally equivalent.

If ω is a constant and a a real positive constant, and if {Tt} is
a semi-group of class (Co), then {SJ defined by

(2.2) Sf = e ^

is a semi-group of class (Co).1

We make the following

DEFINITION 1. Let {ΓJ and {St} be semi-groups of class (Co) defined
respectively on Banach spaces U and V. Then {Tt} and {St} are said
to be equivalent provided there exist constants ω and a, a real and a < 0,
such that {Tt} and eωίSΛί are homeomorphically equivalent.

For our applications we need the following theorem, which is easily
verified.2

THEOREM 1. Let {Tt} and {St} be equivalent semi-groups of class
(Co) defined respectively in Banach spaces U and F, i.e.

(2.3) St = Hier'TtJH-1 .

The infinitesimal generators A and B are related by

(2.4) B = (ωl+ aHAH-1) , D(B) = HD(A) .

The resolvents of A and B are related by

(2.5) R(\; B) = HR(X - ω; aA)H~ι .

We make now

DEFINITION 2. Let A and I? be closed operators defined respectively
in Banach spaces U and V with dense domains. Then A and B are said
to be equivalent provided there exists a linear homeomorphism H of U
onto F such that (i) D(B) = JEΓD(A) and (ii) J5 = (ωl + aHAH-1) for
some constants α> and a, a real and a > 0.

3, Boundary conditions. The linear forms in (1.2) define a two
dimensional sub-space of a four dimensional complex vector space. It is
convenient for our discussion to specify such subspaces by Grassman
coordinates, which are defined by

2 See Hille and Phillips [10], Theorem 12.2,2 and Theorem 13.6.1,
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A =

D =

Mn

M2l

Mu

MΆ

Nιx

Nn

B =

E =

N2l

Ma

M22

C =

F =

N2l

Mn

N12

Ma

M,2

(3.1)

These coordinates satisfy the quadratic relationship

(3.2) FC - BD = AE ,

and they are unique to within a constant of proportionality. Also, any
constants, not all zero, which satisfy (3.2) define by (3.1) a set of con-
ditions π of rank 2 (Hodge and Pedoe [11], p. 312).

We now define, for brevity in the sequel, four types of boundary
conditions by the following sets:

(3.3)

τ 1 = {π\E= B + D = 0}

τ 2 = {π\E Φ 0, o r E = 0 a n d B + D Φ 0, o r i ^ O a n d

B=C = D = E=F=0},

r3 = {π\F = C = 0 and one and only one of A, B, D, E Φ 0} ,

r 4 = {τr|A = E= 0, J5 = D-= 1 and FC ^ 1} .

Sets τx and τ2 have only the absorbing boundary conditions in com-
mon, i.e. u(a) = u(b) — 0. Sets τ3 and τ4 are disjoint subsets of τ2.
The set τ3 contains only separated endpoint boundary conditions. Rep-
resentatives of these types in the form of (1.2) are easily determined
by imposing the defining conditions in (3.1).

It is a simple matter to check that all boundary conditions in the
set τ2 are regular in the sense of G. D. Birkhoff. With one exception,
u(a) = u(b) = 0, all π in the set τL are non-regular.

4* Ω^ = D2 in Li[0, 1] and L2[0, 1]# For the special operator Ω^ = D2

on [0, 1] we need

LEMMA 1. βtf in Lp[0, 1], 1 < p < oo, is a closed operator ivith
dense domain. Except for those non-regular π given by

(4.1) era(0) + u(l) = 0

au'(0) - u\l) - 0 , a2 = 1 ,

ίfeβ resolvent R(X; Ω^) exists for all λ, 9ί(λ) > ω0 > 0 /or some OJ0, and
R(X; ΩΛ) is expressed in all Lp, 1 < p < oo, 6̂ / α Greenes function as

(4.2) (., ί,
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The proof of Lemma 1 is easy and is omitted.3 We, however, shall
refer to the explicit expression for G(x, t, λ) which is

G(x, t, X) =

— FV~Xsh\/~x{% — t) + shV~Xt>lAshχ/\ (1 — x)

+ DV~Xchy~χ(l - x)\ + chVTtlBVYshVTQ ~ x)

- EXch \/~χ(l - a)] ,

for t < x, and

— C-]/~χshi/~χ(t — x) + (above with x and t interchanged),

,for t > x .

The function J(λ) is given in terms of (3.1) by

(4.4) J(X) = (F+ C)X

(4.3)

where the principle value of i/~λΓ is chosen for SR(λ) > 0.

In § 5 it will be shown that our main result, Theorem 4, follows

easily from the rather difficult

THEOREM 2. If π is regular, then Ω% == D2 generates a semi-group
of class (Co) m Lj[0, 1] and in L2[0, 1].

We prove Theorem 2 by a series of lemmas. Our method of proof
amounts to proving this theorem for the subsets r3 and τ4 of the set r2 of
regular π. These results are then used to define a factorization of R(X; Ω«)
for any regular π by which we reduce estimates on H[iZ(λ; β^ΠI, n =
1,2, •••, which are needed for an application of the Feller-Phillips-
Miyadera Theorem, to estimates on certain functions of the complex
parameter λ.

The necessity for estimating ||[J?(λ; i^XΠI for n > 1 results when
Ω^ generates a semi-group {Tt} for which \\Tt\\ is not bounded by eωt

for any ω. Whether or not \\Tt\\ < eωt for a semi-group of class (Co) in
a Banach space.4 In one instance, part (b) of Lemma 3, we are able to
guess an equivalent norm for L^O, 1] so that the Hille-Yosida Theorem
can be applied, whereas in the Lx norm this does not seem to be the
case.

We have the easy

LEMMA 2. For π in the set τ3, Ωn generates a semi-group of class

(Co) both in L^O, 1] and in L2[0,1J.

3 See Coddington and Levinson [2], pp. 300-305.
4 See Feller [5] where it is shown that if {Tt} is a semi-group of class (Co) in a Banach

space, then an equivalent norm can always be defined by the semi-group so that in this
norm \\Tt\\ < e ω ί ,
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Proof, (a) For L2[0, 1] all such ί2Λ are self-ad joint with negative
spectrum and a set of eigenfunctions which are a basis for L2[0, 1]. It
follows easily that such ΩΛ generate semi-groups of contracting opera-
tors in L2[0, 1]. (b) In L^O, 1] we have by Fubini's Theorem, since
G(x, t, λ) is continuous,

WRiλ ΩJuW < [1\1\G(x,t,X)\\ιι(t)\dtdx
Jo Jo

< ll^Hiinax I \G(x, t, X)\dx .
o<t<i Jo

From (4.3) for these special π one gets easily

Ω)\\ <(4.6) \\{;«)\\

x

By the Hille-Yosida Theorem, Ω^ generates a semi-group of contracting
operators. This completes the proof.

The proof is not so easy for

LEMMA 3. For π in the set τ4, ΩΛ generates in Lx[0, 1] and in
L2[0,1] a semi-group of class (Co).

Proof. Any π in the set τ4 is given by

au(ϋ) + u(ϊ) = 0
(4.7) a ψ 0 .

au'(0) + u'(l) = 0

We note that if the complex constant a in (4.7) is such that \a\ = 1,
then the conditions π are self-ad joint relative to the operator D2.

(a) We set σ — log | a | and define a linear homeomorphism H of
L2[0, 1] onto L2[0, 1] by

(4.8) H[u](x) = e-σxu(x) .

The operator Ω^ equivalent to Q^ is

(4.9) Ω% = D2 + 2σD + σ'l.

Now ΩΛ is a perturbation by the unbounded operator

(4.10) B = 2σD + σ*I

of the operator Ωz, where π is given by

(4.11) au(Q) + u(l) - 0

au'(0) + u'(l) = 0 , a = JL = eίθ .

lαl
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The domain D(B) of B is the same as D(βΛ) = D(Ω-).
Now Ωι is self-adjoint in L2[0, 1] with eigenvalues \n = — (θ +

(2n + l)π)2, n~0, ± 1 , , and eigenfunctions φn(x) = ex$[ί(θ + (2n+ΐ)π)x],
which are a basis for L2[0, 1]. Then β ; generates a contraction semi-
group given by

(4.12) Tt[u] = Σ ane
xn^n{x)y an = (u, φn) .

We want to establish that B is in the perturbing class S4$(β«) of
β^ (Hille and Phillips [10], p. 394). Since D(B) = D(β;) we must es-
tablish that

(i) BR(X; Ωz) is bounded for some λ,
(4.13) (ii) BTt on D(Ω-) is bounded for all t > 0, and therefore

extensible to BTt on L2[0, 1], and

(iii) Γ | | M ^ H ^ < oo .

Now (i) of (4.13) follows immediately from (4.2). For (ii) of (4.13)
we compute for u e D(Ω^)9

(4.14) - ί \\BTt(u)\\l < ±σ\DTt{u), DTt(u)) + σ% Tt(u)\\\

= 4σ*Tt(u)DTt(u)\l - 4:σ\Tt(u), D*Tt{u))

+ σ%Tt{u)\\l.

Using the facts that π(Tt(u)) = 0, | |T e (tt) | | 2 < | |w| | l f and λ, < 0, we get

(4.15) ±\\BTt(u)\\l < σ'WuWl + Aσ*\\u\\l{ max - λne2V} .
25 -co<??.<oo

Therefore, since λβ~λί has on [0, oo) the maximum l/2et,

This proves (ii) in (4.13) as well as (iii)

Since B e ty(Ωz), the operator Ω« generates a semi-group of class
(Co) (Hille and Phillips [10], p. 400). Since ΩΛ is equivalent to βΛ, this
proves our lemma for L2(0, 1).

(b) In Li[0, 1] we do not use a perturbation argument as in L2[0, 1]
because of the difficulty in proving (ii) of (4.13) without using ortho-
gonality relations.

Again let σ = \og\a\ and introduce in Lx[0y 1] an equivalent norm by

(4.17) 11/1|0- \\f(x)\e-°*dx.
Jo
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The identity mapping of L2[0, 1] under these two norms is a linear
homeomorphism and Ω* is equivalent to itself.

We get by Fubini's Theorem

(4.18) ||j?(λ; Ω«)u\\Q < Γ]^(ί) | Γ|G(^, t, X)\e-σxdxdt .
Jo Jo

The Grassman coordinates for (4.7) are A = E — 0, B — D ~ α, C = 1,
and F = a\ and from (4.3) for real λ, λ > σ\σ — log | α | ) ,

ί \a\2sh\/~χ(x - t) + \a\shι/~χ(l + t - x), t < x

\ sh-\/~χ(t — x) + \a\sh-]/~χ(l + x — t), t > x
(4.19) \G(x,t,X)\<- λ ( - l - | α | » + 2|α|cΛ-v/T)

We recognize the right-hand side of (4.19) as the Green's function,
Gx(Xy t, λ), for d2jdx2 and the real boundary conditions πλ given by

(4.20) - \a\u(0) + u(ΐ) = 0

- \a\u'(0) + uf(l) = 0

for which A == E = 0, B = D = | α | , C = - 1, and F = - | α | 2 .
Now the function β"σ:c is an eigenfunction of the operator Ω*+ for

the eigenvalue o*2, where πί is the adjoint of πif which is represented
by (4.20) if | α | is replaced by lα]" 1 . Since these are real boundary
conditions, Gx(x, ty λ), for real λ, defines the Green's function for Ωπ+ if
integration is done with respect to the variable x. Therefore for (4.18)
we have with λ real

(4.21) || R(X Ω,)u 11 „ < Γ M ^ T
Jo x — σ2

dt

This proves that β^ generates a semi-group of class (Co) in Lx normed
by H^llo, and therefore in Lλ with the usual norm. This completes the
proof of our lemma.

The extension to all π in the set r2 is based on

LEMMA 4. Let π be in the set τ2. Then

(4.22) R(\ ΩJ = Σ /i(λ)i?(λ ΩJ ,
ί = l l

where πx and π2 are in the set r4 and π3, , π6 are in the set τ3. The
functions /z(λ) are given by
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(42.3) i = 1, 2, .- ,6 ,

where the at are constants and J(X) for π and zf;(λ) for πt are defined
by (4.4).

Proof. We use the Grassmann coordinates to define the πt as fol-
lows. By adding and subtracting constants we write π as £J=,α,ί(
where

π: (A, B, C, D, E, F) ,

(0, l,C-X,l,0,F-X),

i — 1 0 \

(4.24)

τr3: (1,0,0,0,0,0) ,

π4: (0,1,0,0,0,0) ,

(0, 0, 0, 1, 0, 0) ,

(0, 0, 0, 0, 1, 0) ,

ax = 1, a2 = I X I, α3 = A, a, = B - 1 - | X |, a5 = D - 1 - | X | and
α6 = £7. Now X has to be chosen so that the coordinates of π1 satisfy
(3.2). X is given by

(4.25) X= C - peίθ, θ = arg(C - F) and

1 C - F | + τ / | C - F | a + 2

Using the linearity of the numerator of the Green's function (4.3) in
the constants A, B, C, D, E, and F, we get the expression (4.23).

We shall apply to the functions /t(λ) of Lemma 6 the following:

THEOREM 3. Let /(λ) be analytic in a half plane 9ϊ(λ) > a. Let
f(X) satisfy either of the following conditions:

(i) /(λ) is real for real X and ( - l)fc/(fc)(V) > 0 (or < 0) for all real
X, λ > α, k = 0, 1, , i.e., / is completely monotonic in (a, + oo).

(ii) (a) 1 \f(σ + iτ)\dτ < M < + oo, σ > a, M independent of σ.

(b) lim f(σ + iτ) = 0 uniformly in every closed subinterval of
|T|-»oo

< ^ < + ra.
exist real numbers K > 0 ω

(4.26) Σ l / ( f c ) ( λ ) l-(λ - ωf < iΓ, for n = 0, 1,

λ real, X > ω.
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Proof. Suppose that (i) holds and that /(λ) > 0 for real λ (other-
wise replace / by - / ) . Then |// fc)(^)l = ( - l)*/*(λ) and with ω =
a + 1

(4.27) Σ ί ^ y 1 (λ - ω)* = ± f L ^ L ( o > - λ)A = /(o)), \ > a ) ,
A =O ft? A-=o fc!

since / is analytic in the region sJί(λ) > a. Then (4.26) follows with
K = \f(a + 1)| and ω = a + 1.

Suppose that condition (ii) holds. Then / is the Laplace transform
(Widder [13], p. 265) of a function φ(t) for which φ{t) = 0, t < 0 and
|φ(ί)| < Meσ~\ σ>a. We have (Widder [13], p. 57)

(4.28) /(fc)(λ) = ( - tfe-λtφ{t)dt 3ί(λ) > a .
Jo

So with o) — a + 2 and real λ, λ > ω ,

(4.39) Σ J-^ ( f c ) ( λ ) l (λ - oήk < [^e-^\φ{t)\dt < M .

Therefore (4.26) follows with K = M and ω = α + 2.
We finally come to

Proof of Theorem 2. We shall establish the existence of real con-
stants M and ω > 0 such that in both Lx and L2 for real λ

(4.30) \\[R(X; ΩJT^W < M λ > ω, π = 1, 2, . . . .
(λ — ω)n

By the Feller-Phillips-Miyadera Theorem this will prove our theorem.
In the representation (4.22) for R(X; Ωπ), each Ω^. generates a semi-

group of class (Co) in Lx and in L2, either by Lemma 2 or by Lemma 3.
Then for each R(X; Ωπ), i = 1, 2, , 6 (4.30) holds in Lp, p=l,2, and
M and ω > 0 can be chosen independently of i and p.

Iterates of a resolvent can be computed by

(4.31) ± 1 1 1 ^

(Hille and Phillips [10], p. 184). Making use of (4.22), (4.31) and (4.30)
for each R(X; β^), we get

(4.32) \\[R(X; Ω^W < . M

 γn+1 Σ Σ J ^ ^ ( λ - o>)λ ,
( λ — ω)n+ι ί-i λ=o ft!

real λ, λ > ω, and n = 0,1, .
We suppose now that T is such that either E φ 0 or U + D ^ O .
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The only other regular π is in the set τ3, and has been dealt with in
Lemma 2. With this assumption, each of the functions /έ(λ) of Lemma
4 can be written as

(4.33) /4(λ) = J4 + * L . + A + iΛ(χ) , ΐ = 1, 2, - . . , 6
1/ X X

for uniquely determined constants and a unique analytic function
For 5R(λ) > 0 we have chosen a branch of λ1/2, so that the first

three functions in (4.33) are analytic and satisfy condition (i) of Theorem
3. The functions i^(λ) are analytic and can be shown to satisfy condi-
tions (ii) of Theorem 3. Then (4.32) and (4.33) together with Theorem
3 give our desired result (4.30). This proves our theorem.

5. AΛ in Lp[a, 6], 1 < p < oo. With the tedious work done in § 4,
we now come to our main result

THEOREM 4. // π is regular, the operator AΛ is the infinitesimal
generator of a semi-group of class (Co) in Lp[a, 6], 1 < p < oo.

Proof. The assumptions on the coefficients of A in (1.3) are such

that standard changes of independent and dependent variables5 can be

made to show that AΛ in Lp[a, b] is equivalent in the sense of Defini-

tion 2 to AΛ in Lp[0, 1], where

(5.1) A* = β; + rj .

The conditions π are as in (1.2) and can readily be shown to be regular
if and only if conditions π are regular.

The function rλ in (5.1) is in L^O, 1], and therefore rj is a bounded
operator in any Lp. So AΛ is obtained by perturbing β ; by a bounded
operator. Perturbation theory shows that A* generates a semi-group of
class (Co) if and only if Ωz does (see Hille and Phillips [10], Theorem
13.2.1).

This reduces our proof to that of showing that for regular π the
operators βΛ = D2 generate semi-groups of class (Co) in any Lp[0, 1], 1 <
p < oo. This extension of Theorem 2 we shall now give.

Let π+ denote the boundary conditions adjoint to π relative to the
operator D2 (Coddington and Levinson [2], pp. 288-293). It is readily
checked that the Grassmann coordinates {A'} B',C, Dr, E', F') of π+ are
obtained from those of π by interchanging F and C and taking complex
conjugates. From (3.3) it follows that π+ is in the set r2 if and only if
π is.

5 See Courant and Hubert [3], p. 250.
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Let π, and therefore π+, be regular boundary conditions. Then by
Lemma 1 the resolvent i?(λ; β j exists for 3ΐ(λ) greater than some ω0,
and it is expressed by (4.2).

We denote the norm of a bounded linear operator T in Lp by NP{T}.
Then by Theorem 2 and the Feller-Phillips-Miyadera Theorem (Hille and
Phillips [10], p. 360), we have

(5.2) NP{[R(\; r?«)]n} < MP(X - ωQ)-\ SR(λ) > ωQ ,

p — 1, 2 and w = 1, 2,
Now i?(λ; β j is defined by (4.2) on the space of continuous func-

tions, which is dense in Lp[0, 1], 1 < p < oo. If we let M = max (Mlf M2)
and apply the Riesz Convexity Theorem (Zygmund [14], p. 198), we
obtain (5.2) for 1 < p < 2. By the Feller-Phillips-Miyadera Theorem,
this is sufficient for Ω% to generate a semi-group of class (Co) in Lp,l<
P < 2.

Also by Theorem 2 and the above argument, βΛ+ generates a semi-
group of class (Co) in any Lp [0, 1], 1 < p < 2. It is readily shown that
ΩΛ+ in Lq and β,, + in Lp, 1/p + ljq = 1,1 < p <2, are adjoints of each
other. The theory of adjoint semi-groups (Hille and Phillips [10], Chap-
ter IV) shows that Ω% in Lq generates a semi-group of class (Co), since
ΩΛ+ does in Lp. This completes the proof of our theorem.

6. Norvregular π. One result relating to the necessity of regulari-
ty of π for Ar to generate a semi-group of class (Co) in Lp[a, b] is given in

LEMMA 5. If A^ generates a semi-group of class (Co) in L2[a, 6],
then π is regular.

Proof. As we saw in the proof of Theorem 4, it is sufficient to
prove this result for Ω* — D2 in L2[0,1].

Let π be a set of non-regular boundary conditions. It is simply

a matter of computation to show that for the function u(x) = 1, 0 <

x < —, and u(x) = 0, — < x < 1 we get in (4.2)

(6.1) | | # ( λ ; β > | | 2 > Cλ'3/4

for all real λ sufficiently large and C > 0. Thus, by the Feller-Phillips-
Miyadera Theorem, Ω% does not generate a semi-group of class (Co) in
L2[0,1].6 This proves our result.

We now have7

6 Indeed, this proves that Ώ* does not generate a semi-group of the more general class
(A) in L2[0, 1] since it is not true that λR(λ; nπ)u -> u as λ -> + oo (Hille and Phillips [10],
p. 322).

7 By a more careful analysis, the complete result can probably be proven that re-
gularity of π is necessary for A^ to generate a semi-group of class (Co) in Lp[a, b].
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THEOREM 5. Let π and π+ be adjoint boundary conditions relative
to the operator D2. If both Ω^ and Ω%+ generate semi-groups of class
(Co) in any Lp[0, 1], 1 < p < oo, then π and π+ are regular.

Proof. Suppose that Ω* and Ωπ+ generate semi-groups of class (Co)
in some Lp[0,1]. Then ΩΛ generates a semi-group of class (Co) in
LQ[0, 1], Up + 1/q = 1. An application of the Riesz Convexity Theorem,
as in Theorem 4, shows that Ωπ generates a semi-group of class (Co) in
L2[0,1]. By Lemma 5, π is regular, and therefore also π+. This com-
pletes the proof.

For certain of the non-regular π, other Lebesgue spaces can be
chosen in which operators Ωπ are defined and generate semigroups of
class (Co). The construction of these spaces is suggested by the method
of proof used in part (b) of Lemma 3.

Suppose that conditions π are given by

(6.2) u(0) = au'(l)
\a\ > 1 .

u(l) = 0

Then, if G(x, τ, λ) is the Green's function of Ωπy it can be shown that
Gx(x, τ, λ) == |G(τ, x, λ) | is the Green's function for Ωπyf where conditions
πλ are given by

(6.3) u(0) = 0

^(1) = \a\u'(0) .

Also Ωπι has the real, non-negative eigenfunction φ(x) = σ~1shσx where
a is the largest real root of shσ = \a\σ. In a manner similar to that in
part (b) of Lemma 3, one can show that Ωπ can be defined in the
Lebesgue space L^fO, 1], φ(x)dx) as the generator of a semi-group of
class (Co). This space is also norm equivalent to the space ^([0,1], dx2).

The linear homeomorphism of ^([O, 1], dx2) onto L^fO, 1], d{l — x)2)
defined by u(x) -> u{l — x), shows that Ω« generates a semi-group of
class (Co) in Lx([0,1], d(l — xf) where the conditions it are given by

(6.4) u(0) = 0

u(l) = - au'(0) .

In each of these spaces, LJβ, 1] can be shown to be a dense sub-
space. The operators Ωπ and Ω* can be shown to be equivalent to
singular operators in L2[0, 1].

We do not know whether similar results hold for other non-
regular 7Γ.
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RECURRENT MARKOV CHAINS

S. OREY

In this paper Markov chains {XJ, i = 1,2, •••, which stationary
transition probabilities are considered which take values in some measura-
ble space (S, &) and satisfy

(*) The Borel field & is separable and there exists a sigma finite
measure m on (S, &) such that P [entering E at some time [Xo = x] = 1
for all x e S and all Ee & with m(E) > 0, where P is the underlying
probability measure.

Such chains were introduced by Harris in [6], [7]. Let Pn(x, E) be
the w-step transition probability, P\x, E) — P(x, E). In [7] it is proved
that there exists a unique (up to constant factor) sigma finite measure

Q which is stationary in the sense that Q{E) — \ P(x, E)Q(dx).

Section 1 establishes some preliminary results. The relationship
between (*) and Doeblin's condition is investigated. The results of
Harris [6], [7] are summarized and extended. Note that many nota-
tional conventions used throughout the paper are introduced in § 1.

In § 2 it is shown that after the deletion of an inessential Q-null set
the process splits up into a finite number, d, of disjoint cyclically mov-
ing classes.

Section 3 studies the asymptotic behavior of Pn(x, ) in case the
stationary measure Q happens to be a probability measure. The approach
is the "direct" approach of Markov and Doeblin and Doob [4]. It is
shown that if d = 1, the total variation of (Pn(x,-) — Q) approaches 0 as n
approaches oo; for d > 1 the convergence statement must be modified
in an obvious way. For the relationship of these results to those of [3]
see the beginning of § 3.

Section 4 considers the asymptotic behavior of

U(n) =

where / is a measurable function from S into the positive integers. If

f(x)Q(dx) < co, U(n) is for large n approximately a periodic function.

'he period depends both on the {Xι} process and on /; this period may
be greater than 1 even though the d associated with the {Xt} process
is 1 and f(x) = 1 for a set of x of positive Q-measure.

Section 5 is concerned with the behavior of normed sums,

Received September 11, 1958. This paper was prepared with the partial support of
the Office of Ordnance Research, U. S. Army under Contract DA-04-200-ORD-171.
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where / is a real-valued measurable function on S. Neither the method
of Doeblin (exploited and developed in [2]) nor that of Bernstein (used
in [1]) is directly applicable to processes merely satisfying (*) and
Q(S) = 1. Nevertheless, ideas from both those methods combined with
the results of the previous sections make it possible to give conditions
under which such normed sums obey the central limit theorem and even
obey the Erdos-Kac-Donsker invariance principle. Results from [1] are
made use of. As indicated at the relevant places, ideas of [2] and [8]
are also used. The work of this section naturally leads to some prob-
lems related to recurrence times, and these are discussed in § 6.

1* Preliminary results* Let m be a measure satisfying (*). If v is
any measure on (S, .<ZE?)p?(x9 ), Pol(x, ) are to denote, respectively, the
absolutely continuous and singular component of Pn with respect to v.
Superscripts will be omitted when n — 1. It will be assumed that pi is
measurable in (x,y) in the product space S x S; this assumption is
justified by Doob [4], p. 616. It will also be assumed that for all posi-
tive integers s and t

{%, y) ^ pl(z, y)pi(x, z)v(dz)
Js

holds for all x and y that such a choice of densities is always possible
was shown in Doob [4], p. 146.

When the subscript v is omitted it will be assumed in this section
that v is m; in all the other sections the omission of v will mean v = Q.

If A is a Borel set, m(A) > 0, " the process on i " will have the
same significance as in [7], i.e., if XA0, XA1, ••• are the successive mem-
bers of the sequence XQ9 X19 with values in A, {XAt}, i = 0,1, is
the process on A. This is a Markov process with transition probability

(1.1) PA(x, E) = P(x, E) + \ P(x, dy)P(y, E)

+ \ \ P(x, dy)P(y, dz)P(z, # ) + - . -
JS-AJS-Λ

for every Borel subset E of A and x e A.
The process on A will also satisfy (*). Notions defined for the

original process can thus be relativized to A notationally this is indicated
by a subscript A, e.g., pA(xf y) is defined like pn(x, y) but using PA{x, E)
in place of P(x, E).

If 0 < m(A) < oo, v belongs to the open interval (0,1), and j is
a positive integer, K(Ay v, j) is to be the set of all xe A such that
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(
m]yeA:

ί - l

By the convention explained above K0(A, v, j) is meaningful whenever
C is a Borel set including A (the definition now involves pι

0 in place of pι).
Harris observed that if m(A) < oo,

A = \JK(A,r,k)
fc = l

easily follows from (*), for every r e (0, 1). Lemma 1.1 is a modification
of a lemma in [7].

LEMMA 1.1. Let A, B be Borel sets such that m(B) > 0, m(A) < oo,
B £ K(A, v, k) for some ve(0, 1) and some positive integer k. Then
K(B, rfk) — B provided (1 — r) ̂  (1 — v)m(A)im{B), where re (0,1).

Proof. For every x e B,

m\y e δ : Σ p'(α, y)< M < (1 - v)m(A)

= [(1 - v) ̂ ί |L]m(ΰ) < (1 - r)m(B)

if the proviso of the lemma holds.

LEMMA 1.2. Let A — K(A, r, k), re (0,1), k a positive integer, A
a Borel set of finite m-measure. Then there exists a probability measure
φ on A and numbers a,~ηe (0,1) such that Pk+1(x, E) ̂  1 — rj whenever
E ξΞ: A, Ee ^ , φ(E) <̂  a and xeA.

Proof. Let η be any number such that 0 < η < rm(A)k~3. Let x
be some point in A. Define

C = \zeA: Σ ^ , z) > ~ 1, C, = jze C: p\x, z) > - U ,

Then

C £ U Ct and m(C) > rm(A) .
ί = l

Let £7 be a Borel subset of A, and suppose Pk+\x, E) > 1 — η.
Then

57 > 1 - Pk+1(x, E) = P f c + 1(x, S - £7) ̂  A Σ ( p'(a?,y)PJc+1- i(yJ S - E)m(dy)
k ί-iJ σf
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^ Σ J P^-ι(y, S - E)m(dy) = ~ ^ \ ί1 ~ P'^Λv, E))m{dy)

^-LΓr m(A) - Σ ί Pk+1~'l(y, E)m(dy)]

^~-[r-m(A) - k^Pl(y, E)m(dy)j .

Let

Ψ(E) = - 1 — f Σ P'ίv, S)m(#) and α = " ^ ^
km(A) J4 ί- i k2m

The inequality above yields 9>(2?) > α, proving the lemma.

COROLLARY 1.2.A. Le£ A, C 6β Borel sets, m(C) < oo, A s C
A = ϋΓσ(A, r, fe), i(;/ιere r e (0, 1) and k is a positive integer. Then there
exists a probability measure q> on A and numbers a,ηe(0, 1) such that
P%+1(x, E) :gl — η whenever xe A, and E is a Borel subset of A with
φ{E) ^ a.

Proof. Since the process on C also satisfies (*) the lemma applies
to it, yielding the corollary.

COROLLARY 1.2B. // A, C, r, k are as in Corollary 1.2A the process
on A satisfies Doeblin's condition.1

Proof. A = KA(A, r, k) since K0(A, r, k) £ KA{Ay r, fc). So the con-
clusion of Corollary 1.2A applies with PA for Po; but this gives Doeblin's
condition for the process on A.

Let 3ί be the collection of A 6 & such that the process on A
satisfies Doeblin's condition.

It will be seen that & is an important collection. In [6] Harris
announced a result which, slightly extended, asserts that when (*) holds
one has for all x, y e S

Σ ( , ) Q(E)

(1.2) ^ —> - ^ I f and

for all Borel sets £7, JP with E Q F, Fe &. In this connection see also
Theorem 1. In [7] the question of more general validity of (1.2) was
raised. If merely E, Fe &, 0 < m(F) < oo is assumed, (*) does not

1 It is actually Doob's generalization of Doeblin's condition that is referred to. See [4],

p. 192, Hypothesis (D).
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imply (1.2) for all x,yeS. It is easy to give examples of chain satisfy-
ing (*) and with denumerable state space where (1.2) is violated even
in the special case where x ~ y or where E = F. On the other hand,
when S is denumerable one shows easily that, regardless of whether or
not the process satisfies (*), one has for x Φ y,

N

Σ,Pn(xyE)
P[Xi — y for some positive i\X0 = x] ^ lim inf —

Σ
^ lim sup - ^y pn( τj\ P[Xί — % for some positive ί\X0 = y\

n = 0

It follows that (1.2) will hold for every pair of x and y belonging
to the same recurrence class. In particular in case (*) holds and S is
denumerable (1.2) will hold for all x and y outside a fixed Q-null set.
It would be interesting if this could be shown to hold even when S is
not denumerable.

Harris showed in [7] that if A = KA(A, r, k) the process on A has
a stationary probability measure; this also follows from Corollary 1.2B.
Whenever the process on some Borel set B has a stationary probability
measure it will be denoted by QB.

LEMMA 1.3. // A, Be&, B g A,Ae & then Be &.

Proof. Assume the hypotheses of the lemm. Then there is a posi-
tive function ε(n) such that

ΣΦX °°

and Pn

A{x, E) < QA{E) + e(n) for every Borel subset E of A. Let N be
an integer such that

Σ e(n) < -ί .

Then there exists an integer M such that for all xe B and Borel sub-
sets E of B,

P»{x, E) = ΣPVXBN€ E, XBN = XAi\XA* = x\
i = N

< Σ P{XB* e E, XBS = XAi] + - i < Σ [Q,(^) + ε(i)] + ̂
i-w 4 ί-ff 4

So when Q4(E) < l/(4(ilf - iV)), Pn

B(x, E) < 3/4 proving the lemma.
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LEMMA 1.4. Let 0 < r < l , Ae & and m{A)<co. Then A g ( i , r, k)
for some k.

Proof. If the lemma is false there is for every k an xke A such
that if

1 ' ί-i *' = k ) '

m(Ek) > ( 1 — r)m(A). Let Eί satisfy 2% £ £*, m(E - El) = 0, and

fc 1 1

j=i fc k

and the last term approaches zero as k approaches oo. Therefore, QA(Ek)
approaches zero. Since QA and m are finite on A and m is absolutely
continuous with respect to QA, m(Ek) must tend to zero, which results
in a contradiction.

The restriction m(A) > 0 or m(A) < oo appeared frequently above.
Note that there always exists finite measures q having the same null
sets as Q and therefore satisfying (*). If such a q is chosen for m in
the preceding lemma the hypothesis m(A) < oo may be dropped and the
conclusion may be weakened to A gΞ K(S, r, k) for some fc. Letting
Sk = K(S, r, fc), where r is fixed, 0 < r < 1, the preceding sentence can
be restated thus: Ae S) implies A gΞ Sk for some positive integer fc.
Clearly Sfc £ Sfc+1, fc = 1, 2, . By the remark preceding Lemma 1.1
S = UΓ-iSk. Lemma 1.1 asserts that

K(Sk, r', fc) = S, if (1 - r') ^ (1 - r)q(S)lq(Sk).

For fc sufficiently big such a choice of rf will be possible, since Sk

approaches S. So then by Corollary 1.2B such Sk belong to &. Now by
Lemma 1.3 all Sk and all their Borel subsets belong to 3ί. This
proves the following theorem.

THEOREM 1. // (*) holds S can be represented as a union of Borel
sets Su i — 1, 2, such that St g Sί+1 and a Borel set A belongs to
3ί if and only if A gΞ Sk for some fc.

Harris showed that if A is a Borel set such that the process on A
has a stationary probability measure QA, QΛ can be extended to a sta-
tionary sigma finite measure on S, QA. QΛ(E) is the expected number
of visits to E up to and including the first return to A if the process
starts with the initial distribution QA. Analytically

(1.3) QA(E) = ^QA{dx)PA{x, E)

where PA{x, E) is defined by (1.1) (regardless of whether E £ A or not).
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The process {Xt} is determined by the function P(x, E) and the
initial distribution. It will sometimes be convenient to indicate the
initial distribution as a subscript on the expectation operator E, or on P.

Let Ae^f, and suppose {XAl} possesses a stationary probability
measure QA. Let V be the least positive integer such that Xv e A. It
is not hard to verify that if / is any measurable function from S into
the positive integers one has

(1.4) EQ\Σf(Xt)\ = ί f(x)QΛ(dx)

where both sides are infinite if either one is.2

2* Cyclic decomposition. In this section it is shown that the argu-
ments applied by Doob in [4] to processes satisfying Doeblin's condition
can be extended to the case where only (*) is assumed. In particular there
exists a Borel set C with positive Q measure such that g.l.b. pa(x, y) > 0

χ,yec

for some positive integer a. This leads at once to the desired decom-
position. The only place where it is necessary to deviate from the treat-
ment of [4] is in the proof of Lemma 2.1 below (Lemma 5.3, p. 200
of [4]).

LEMMA 2.1. If (*) holds there exist A, Be & and a positive integer
n such that Q(A) > 0, Q(B) > 0 and g.l.b. pn(x, y) > 0.

x&A
yeβ

Proof. Let D e & satisfy

QJί/eZ): Σ !)*(», y) >-ί} >r >0 ,
ί i-i k )

for all xe D. By section 1 such r, D, k exist. Then there exists
a Dλe B and a positive integer nγ such that A £ D, Q(A) > 0> and

:pnAχ,y)>4r\ > v
k2 > k

for all x e Dλ. Also there must exist D2e B, and a positive integer n2

such that D2 g Du Q(D2) > 0 and for all x e D2

Q{yp(,V)±- and

Let
2 This is part of the assertion of Lemma 6. The discrete analogue of this formula is

formula (A) of the appendix to [2]. Cf. also footnote 7.
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Hλ = \(x, y):xeD2, pni(x, y) > - L and θ\zeD: pn*(y, z) > - M > -f 1 ,
i k2 I k2 ) k)

and

(y, z)e D x Z): there exists an x such that (x, y) e i ^

and 2/M2/, 2) > —_ i .

Let Q be the product measure Q x Q in the product space D x D. Given
any Q-null set N of D x D it is clear that it is always possible to choose
two points (xQ, yQ), (x19 yλ) in (D x D) — N such that (xQ, y0) e H19 (xu yL) e H2

and y0 — xlm From here on the proof follows that of [4], middle of p.
201. Since the v of Doob corresponds sometimes to nx and sometimes to
n2 in an obvious way, the conclusion here will be that pnι+n2(x, y) is bound-
ed away from zero for xeA, yeB. The lemma follows if n —nL + n2.

THEOREM 2.1. // (*) holds there is a Ce&, Q(C) > 0 and a posi-
tive integer a such that g.l.b. pa(x, y) > 0.

Proof. This follows easily from the preceding lemma. For details
see [4], Lemma 5.4.

Let C satisfy

g.l.b. pa(x, y) > 0 .
.v,yec

It is known (cf. [4], p. 202) that if d is the greatest common divisor of

I(C)= {a:g.l.b.p«(x,y)>0}
χ,yec

then all sufficiently large multiples of d belong to I(C). With no more
essential variations from the development as given in [4] one obtains:

THEOREM 2.2. Suppose (*) holds. Then there exists a unique in-
teger d such that whenever Ce &, Q(C) > 0 and I(C) non-void then d
is the greatest common devisor of I(C). There exists a partition of S
into Borel sets CQ, Clf , Cd-19 F, such that Q(F) — 0 and for xeCt

P(x, Ci+1) = 1, where the subscripts are integers modulo d.

3. Convergence of Pn(x, E) when Q is finite. In this section it is
assumed that (*) holds and that Q is a probability measure. The basic
method used here goes back to Markov and Doeblin; in detail, however,
this presentation leans on Chapter V of Doob [4].

In [3] Doob investigated Markov chains possessing stationary prob-
ability measures. To gee that under the assumptions of this section
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Theorem 5 of [3] is applicable one needs only to check that P<?(x, S) —> 0
as n -• oo for all xeS. For (cf. [3], p. 409) if for ra = 1, 2, , Am is
a Q-null set such that Po

m(x, S — Am) = 0,

P[Xn e An I Xo = α] = P[Xi e A1912e4 ,

XneAn\Xo = x\.

So if P[XW 6 An\X0 = x] > e > 0 for all n,

t oo ~~j

ever entering S — \J At \X0 = x < 1 — ε ,
4 = 1 J

contradicting (*). Theorem 3 below, however, shows somewhat more
than would follow from an application of Theorem 5 of [3] since it
proves, say when d = 1, that the variation of (Pn(x, ) ~ Q) approaches
0 when n approaches «D while [3] gives only (Pn(x, E) — Q(E)) ap-
proaches 0 as n approaches oo for every Ee&.

If φ is a totally additive set function on S, | | ^ | | is to be the total
variation of φ on S. Tφ (Tnφ) will denote the measure

LEMMA 3.1. Suppose there exists a Borel set C of positive Q-measure,
an ε > 0 and for every x, y e S a positive integer w(x, y) such that
pw{Xy z) > ε, pw(y, z) > ε for all ze C. Then for any two probability
measures φlf φ2 on S there is an n such that \\ Tnφλ — Tnφ2\\ ^

Proof. Note that \\Tnφγ — Tnφ2\\ is nonincreasing in n. Let ρx be
the measure such that ρx(E) = 1 (0) if xe E (xeS — E), Ee ,0J. Con-
sider first the case φ2 — ρx, and write φ for φλ. There exists a unique
real number a and measure v such that φ = v + apx and v({x}) — 0.
Let /? = (1 — ά)px. Let At = {j/: w(α?, T/) = i}. So the A4 are disjoint
and U Γ At = S. Let

ε, _ εQ(Q(l - α)
4

and choose ΛΓ so large that

( oo

Define the measures viy pt by ^(£7) = v(E n A4) and ft = Uplift. Then



814 S. OREY

Now

If / -W \ / N \ N N

From the definition of vt and pt it follows by an obvious argument that
the densities of Tivu Tlpt with respect to Q are equal at least to s\\vt\\
everywhere on C, from which it follows immediately that there is enough
cancellation to insure \\T% - T'p.W ^ 2 | | ^ | | ( 1 - eQ(C)). So

TNV - rvII

proving the lemma for this special case.
Now let φ1 and <p2 be arbitrary probability measures. Let [AilA) be

the positive (negative) variation of φ1 — φ2. So φx — ψ2 = μx — μ2. Let
oct, vt be the unique real number and measure such that μt — v% — octpx,
vt{x} = 0, i = 1, 2. Let p = H/AII^. For all big enough n and i = 1, 2
one has by the above:

lir«tt - r v II ̂  lift - P\\(I - -fQ(C)) ^ 211̂ 11(1 -

So

l ir-^i - 9>,)ll = IIΓ' !(

+ HΓ>2 - Ty\\ <

LEMMA 3.2. Assume (*), α ĉ? Q α probability measure and the hypo-
theses of Lemma 3.1. Then \\Tnφ — Q\\ approaches 0 as % approaches
oo for every probability measure φ.

Proof. Assume the hypotheses of the lemma, and let φ be a prob-
ability measure. For every n one can find an m such that

|| Tmφ - TmQ ||

by repeated applications of the previous lemma. Since \\Tkφ — TkQ\\ is
nonincreasing in k and TkQ — Q for all k the lemma follows.

LEMMA 3.3. Assume (*) αncί ίfeαί d = l iw ί/̂ e decomposition of
Theorem 3.2. T%e% ίfeere is an ε > 0, a Borel set C of positive Q-measure,
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and for every x,yeSa positive integer w such that pw(x, z) > ε, pw(yz) > ε
for all zeC.

Proof. Assume the hypotheses of the lemma. Let C be a set satis-
fying Theorem 2.1, so that g.l.b. p(x, y) > 0, Q(C) > 0. Suppose first

x,y€C

t h a t
(3 .1) t h e r e e x i s t s a p o s i t i v e i n t e g e r N, a δ > 0, a n d f o r e v e r y x , yeS
a n i n t e g e r γ s u c h t h a t

Y Σ P ι ( χ , C) > δ , 7 Σ P'iv, C)>8.

i=y+i i=y+ι

Let M be a positive integer such that

g . l . b . p n ( x , y ) > 0
χ,yec

for all n > M. By (3.1) there exist positive integers β(x), β(y) such that
β(x) < N and pw»(x, C) > S/N and /%) < N and Py+β^>(yf C) > δjN.
Then for 2 e {x,y},ueC one has

py+N+M(z, u) ^ f p^+ 3 f-β^)(v, u)Py+fKss)(z, dv)

^ | - g . l . b . p*+"-K'\v, u)^— min g.l.b. pn(v, u) .

Thus to prove the lemma it suffices to prove (3.1).
Let δ' be a positive number less than 1. Let

Clearly An g Aw+1 and by (*) Q(An) -+ 1 as w-> 00. Let Q(Λ^) > 3/4.
Under the present hypotheses the ergodic theorem shows that for every
x and y there is an nQ such that for n > n0 P [number of visits to AN

in n steps > 3w/4 |X0 = «] > 3/4 for ^6 {cc, /̂}. Let n be an integer
greater than nQ divisible by four. Let ailc (bik) — P[entering AN for the
fcth time at ΐth step|X0 = z],z = x(z = y). For k = 1, 2,

Let

Then

Σ aίk > " Σ bu > -2-
ΐ=i 4 ί=Ί 4

3/4/1 3/4W

α* = Σ «**, bt = Σ &i
l
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n Q n Q

Now α^&J ^ P[entering A^ at step i\XQ = z] ^ 1, z = x(z — y). This
together with

n Q

Σ (α* + &*) > ^ ^
ί-i 8

proves that for some j ^n both α7 > 1/8, 6γ > 1/8 holds. So Py(x, AN) >
1/8, P\yy AN) > 1/8. Then

Σ P*(ί2?, C) > 1 f\Py(z, dv)PHv, C) > ~8f for z e {x, y} .
i-7 + l J^ί-1 8

This proves (3.1) with δ = δ'/8.

THEOREM 3. Assume (*) and ίΛaί a stationary probability measure
Q exists.

If d — lin Theorem 2.2 ||Pro(ίc, •)— QII approaches Oas n approaches oo.
More generally, if d ^ 1, and Qfc(yl) = Q(A Π Cfc), k = 0, 1, d — 1,

/or aίi A e ^ ' , and d, Cfc as ΐn theorem 2.2, and ΐ/ /or an?/ initial
distribution φ one defines at{φ) = limP^[XwcZ e CJ, ΐ = 0, , d — 1 , one

d-l

i = 0
+i) approaches 0 as n approaches 00 ,

II

where the subscripts are integers modulo d, k — 0, 1, , d — 1.

Proof. The first assertion follows from Lemmas 3.2 and 3.3. The
reduction of the second assertion to the first one is trivial.

Obviously Pw(x, ) cannot converge if Q is not finite. It may be
conjectured that in this case Pn(x, E) —> 0 whenever Q(E) < CΌ such
a result would be very useful. So far no proof of this conjecture has
been found, not even under the additional hypothesis Ee &.

4. A renewal theorem. Let {Xt} satisfy (*) and assume {X^ has
a stationary probability measuae Q. Let / be a measurable function
from S to the positive integers. Let

Uψ(n)= ±

where ψ is the initial probability distribution.
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Let S = {{x, k): xeS, k a positive integer}. Let & be the smallest

Borel field such that for every E e & and every positive integer

k {(x, k): xe E} e ^ . Let {XJ be a Markov process with values in

^ having the following transition probabilities:

P((x,i), {(x,i + 1)}) = 1 for i = 1,2, •••,/(») - 1 and x e S ,

P((x,f(x)),E'} =P(x,E) if # ' = { ( ^ l ) : ^ ^

= l for i > f(x) .

For # e ^ let £7° = {(z,/(z)): ze E}. Let ^ be the probability

measure on (S, ̂ ) defined by ^(ί;0) = φ(E), Φ(S - S°) = 0.

Note that one has

(4.1) Uφ(n) = Pί[XneS°l.

Assume now that

Since P(x, E) = Pso((x,f(x))f E°) for all xeS and £ e ^ , { I , o } has

a stationary probability measure Q ô. {Xt} satisfies (*), so Qso can be

extended to a stationary measure Q for {XJ. From (1.1), (1.3), (1.4) it

follows that

which was assumed finite. So

Q(')
Q( ) =

is a stationary probability measure for {X;}. Apply Theorem 2.2 to {Xt},
obtaining an integer d and classes Cu , Ca, F. Let

Then

- j) approaches d Σai(cP)Q(S° Π CJ+1)
d-l

ΐ - 0

by (4.1) and Theorem 3. Let C/ = {xeS; (x,/(x))sCJ and let άt(φ)
0Ci{φ) for i = 0, 1, , d — 1. Then clearly
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(4.2) άt(Ψ) = Km pJ\J \xn e C/+J> Σ / « ) = i(mod d)

where the subscript on the C is an integer modulo cf.
These arguments establish the following theorem.

THEOREM 4. Let {Xt} satisfy (*) αwd assume ίfeere is a stationary

probability measure Q for Xt. Assume I f(x)Q(dx) < oo. Then S can

be partitioned into Borel sets C[, , C'a, F' such that P(x, Fr) = 0 for
all xeS — i*7', Q(F') — 0, ami /or a^τ/ initial distribution ψ of the {X^}
process one has

lim Uφ(nd + j) = —p , j = 0,1, , d - 1 ,
f(x)Q(dx)

JS

where a^ψ) is defined by (4.2) and the subscripts are integers modulo d.
If the {Xi} are independent (and then automatically identically

distributed), S = CO and the theorem yields

Uφ(nd)-: d d

f(x)Q(dx)
S

in this case Uψ(nd + j) = 0 for i = 1, , d — 1. This is a result of [5].
It seems plausible that Uφ(n) approaches 0 as n approaches OD in case

This would follow from a proof of the conjecture made at the end of
the previous section.

5. The invariance principle. Let / be a real-valued measurable
function on the state space of the Markov chain {XJ. Under certain
conditions the sequence of sums

is known to behave like a sequence of partial sums of independent ran-
dom variables, e.g., the central limit theorem holds for suitable norming
constants. Two devices are available for proving results of this kind.
The first method, which is due to S. Bernstein, uses the fact that in
certain cases the dependence of Xn+k on X19 »--fXn diminishes quickly
as k increases; this method is applicable if {XJ satisfies Doeblin's con-
dition. The second method is applicable to certain cases in which the
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state space is denumerable; the idea in this case, due to Doeblin, is that
if Vt is defined to be the ith nonnegative integer n such that Xn = x,
where x is a fixed state, the sums /(XF.+1) + + /(XF.+ i), ί — 1, 2, ,
are independent and identically distributed. If {XJ is merely assumed
to satisfy (*) and have a stationary probability measure Q neither method
applies. However, it will be shown below that a combination of the
two methods may be used in this case.

Assume now that {XJ satisfies (*). Let A e , ^ have positive Q-
measure. Let V, h (or V^A)) be the ith nonnegative integer v such that
Xo e A, i.e., XF. = XA(i-1)y i = 1, 2, . Let Yi (or Y^A)) be the vector
(Xri+i, Xvi+2, , Xvi+1), i = 1,2, . For m = 1,2, an m-tuple (x19 , xm)
with components in S will be called a path. On the set of all paths
impose the smallest Borel field containing for m = 1, 2, , all m-dimen-
sional cylinder sets with one dimensional base set in .^9. Then {YL} is
a Markov process; indeed one obviously has

P[Yn+ke W\ Yn, . .- , y j - P[Yn+ke W\Yn] = P[Yn+ke W\XVJ

for every Borel set W. {Yi(A)} will be called the A-path process. The
property of path processes that will be exploited is the following: if
Ae £&, {Yi(A)} satisfies Doeblin1s condition; the proof is obvious.

If / is a real-valued function defined on S, / * is defined on paths
by the relation f*((xlf , xj) = f(xx) + + f(xm), m = 1, 2, . .. 17 is
to be the function identically equal to 1 on S. For n = 1, 2, , define
Ln (or Ln(A)) to be the random variable such that Ln is the biggest w
such that Vw ^ n.

The reference in the hypotheses of the following two theorems to
some A may seem unsatisfactory. This point will be discussed at the
end of this section and the results of the next section are also relevant.

Before proceeding to the theorems it will be useful to state a lemma.
This lemma will serve in the present context in place of Lemma 7.2,
p. 224 of [4]; since the lemma follows easily from Theorem 3 and the
argument is similar to the corresponding one in [4] no proof needs to
be given. If {Xt} satisfies (*) the process is acyclic (cyclic) if d = 1 (d>l)
in Theorem 3.

LEMMA 5. Assume {XJ satisfies (*) and has a stationary probability
measure Q. Let w(k), k — 1, 2, •••, be a sequence of positive integers
diverging to infinity. Let M be a positive number and for k = 1, 2, ,
let Fk be a real-valued random variable measurable on Xwα), Xw^+lt *,
such that \Fk\ is bounded by M. Let T be the shift operator, i.e.,
Xx(ω) = X0(Tω), and let TFk(ω) = Fk{Tω), k = 1, 2, . ..

// either [XJ is acyclic or for k = 1, 2, , and every xe S
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\imE{Fk - TFk\X0 = x} = 0 .
fc->co

then

l im(^{FJ -EQ{Fk}) = 0
Jc->co

for every initial probability distribution φ.
Since the process {YJ is determined by the distribution of XVι it

is natural to indicate the distribution of Z F l by a subscript on the P or
E when these operate on sets or random variables measurable on the
{FJ process.

THEOREM 5.1. Let {XL} satisfy (*) and have a stationary probability

measure Q. Let A e £#, Q(A) > 0, YL = Yι(A), i = 1, 2, . Let δ > 0,

/ a real-valued measurable function on S. Let EQ(A){(f*(Yι)y+B} < oo,

m - EQA{f*m}. Letf = f-mQ(A)U and σ* = EQA

Then the distribution of SnIBn approaches the normal ivith mean 0,
variance 1.

Proof. Let V, = V4(A), LΛ = Ln(Λ), Z, = / * ( ^ ) , 1, 2, . Let [α]
denote the largest integer in a for a > 0. The argument follows [2]
and [8], In particular the following decomposition is used:

(5.1) ^L= =_iΣ(X) ^ (X^L Σ
£ B

^ + -5-
n Bn

The distribution of the third term on the right tends to the desired
normal by the central limit theorem for Markov chains satisfying Doeblin's
condition (see [4], p. 228 or [I]).3 So it suffices to show that each of
the other terms approaches zero in probability. The corresponding facts
were shown in [2] and [8], but some new arguments are needed in the
present case; on the other hand, much of the following argument is
due to [2] and [8].

The first term on the right causes no difficulty. That the second
term approaches zero in probability follows from (5.2), which will be
proved.

3 These references consider only the acyclic case, but an easy modification works in
the general case.
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(5.2) lim P[(n — VL ) > w\ = 0 uniformly in n.
w-*oo n

Suppose first that {XJ is acyclic. By Theorem 3 there exists a func-
tion 8(w) tending to zero as w approaches infinity and such that one
has for h — 0, 1, :

(5.3) ±P[n -VLn=1c\ = ±[ Σ P[V2 = j\X0 = x]P[Xn.kedx]

Σ
A j = k +

-0 JA J-k+1

Now

-^— = QΛS) = v l v
Q(A) Σ

Let ε > 0 there then exist hs such that the first term of the last mem-
ber of (5.3) exceeds 1 — ε/2 for h = hs. Choose ns so that

for n^nz. Then

Σ P[n - VLn = k] > 1 - ε

for n > ne. Clearly one can find h'8 such that

ΈP[n- Vln = k]>l~ε

for all n. So for h ^ h'e P[n - VLγι > K\ < ε for all n, as had to be
shown. If {JSΓJ is cyclic a simple variation of the above argument can
be used to prove (5.2) provided A is included in one of the cyclic classes.
Clearly (5.2) for arbitrary A with positive A-measure follows.

Obviously (5.2) also shows that the last term in (5.1) approaches
zero in probability.

Note that

n _ Vίn ~ V, n ~ Vtn + Vί

Ln - 1 Ln - 1 Ln - 1
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n - VLn + Vi Vi

Ln~l Ln - 1 Ln-\

In the last member the middle term approaches zero in probability by
(5.2), and the last term obviously tends to zero in probability. So the
law of large numbers, valid for processes satisfying Doeblin's condition
(see [1] or [4]),3 applied to the first term leads to

n 1
(5.4) approaches — — in probability as n

Ln 1 Q{Λ)
Write [a] for the largest integer in a for a > 0 and define

v(n) = [Q(A)n(l + ε)] and X(n) - [Q(A)n(l - ε)] .

Let ε > 0. (5.4) shows that there must be an nQ such that P[v(n) ^
Ln — 1 ^ λ(^)] > 1 — ε for n > n0. Thus to show the fourth term on
the right in (5.1) approaches zero it needs only to be shown that

(5.5) — max
Bn vθ)^sgλ(

approaches zero in probability.

To prove (5.5) assume temporarily that {FJ is stationary, which
will make {Z^ stationary. Then (5.5) is equivalent to

(5.6) -JL max
B 0<s<λ(n)-v(?ι)

approaches zero in probability.

The expression in (5.6) equals

V\{n) — v(n)
max

)-vtn) vχ(n) — v(ri)

The distribution in the expression in braces approaches a limiting dis-
tribution by the Erdos-Kac-Donsker invariance principle, which is ap-
plicable here by [I],3 and the corresponding fact for independent identically
distributed random variables with normal distributions of mean 0. Since
the quantity preceding the braces approaches zero (5.6), and hence (5.5),
holds in this case. That (5.5) holds for any initial distribution follows
from Lemma 5. So the theorem is proved.

In [1] Billingsley showed that the invariance principle of Erdos, Kac,
and Donsker is applicable to certain sequences of dependent random
variables. The following theorem extends these results to processes
satisfying (*). The terminology is that of [1].

3 These references consider only the acyclic case, but an easy modification works in
the general case.
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THEOREM 5.2.4 Under the conditions of Theorem 5.1 the invariance
principle holds for the sequence {Sn} with norming factors {Bn}.

Proof. As in the proof of Theorem 4.1 of [1] it suffices to verify
two conditions, (i) and (ii).

The verification of (i) in the present case is reduced to verifying
the corresponding condition in the case where Doeblin's condition is
satisfied in the same manner that the central limit theorem, Theorem
5.1, was reduced to the central limit theorem for processes satisfying
Doeblin's condition. When Doeblin's condition is satisfied the argument
of [1] applies.3

Verification of (ii) is carried out as in [1], except that Lemma 5 is
used in place of Lemma 7.2, p. 224 of [4].3 The fact that

\imE\——[ exists and is finite
»^~ I Bl ί

is also needed; this is easily reduced to Lemma 7.3, p. 224 of [4] by
using the decomposition (5.1) and the fact, proved above, that in the
right member of (5.1) all terms other than the third one approach zero
in probability.

As remarked above the hypotheses of Theorems 5.1, 5.2, have the
unsatisfactory feature that they refer to some A e &. In [2] there
are analogous hypotheses referring to some state of the denumerable
state space; there, however, the hypotheses are proved invariant in the
sense that if they hold for some state they hold for each state. In the
present situation there exists no similar invariance. Indeed, it is very
simple to give examples of a Markov process satisfying (*) and Doeblin's
condition and of a function / such that the conditions of Theorem 5.1
are true for some A e & but not for A = S.δ Such examples show
also that even when dealing with processes satisfying Doeblin's condition
the theorems above may be applicable when the result of [1] is not.

Though the existence of moments of random variables of the form
/*(Yi(A)) or g(Y1(A)) does depend on the choice of A certain facts can
be established. This is the subject of the following section.

6, Relations between path processes. In this section {Xt} will satisfy
(*), Q will be the stationary measure, A, De &, D s A, 0 < Q(D) < oo,
and g will be a positive, real-valued, measurable function on state space.6

3 These references consider only the acyclic case, but an easy modification works in
the general case.

4 It is clear that in the special case where S is denumerable and A has only one point
as member the conditions <5 > 0 may be dropped, i.e., d may be zero.

5 Example 3 of [2] illustrates this.
6 The condition that g be positive can be relaxed. See however footnote 7.
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Let

and for i — 2, 3, ••,

G% = g(Yi(A)) if XVjeA-D for j = 2, 3, . •, i = 0 otherwise.

If x — {xl} , xΏ), y = (ylf , yw) are two paths x + fy is to stand
for the path (x19 , α«, 2/1, , yw).

The conventions concerning measures appearing as subscripts made
§ 5 will be used here. For example, EQ {GJ is the expected value of
Gι when XVχ has the measure QD associated with it. In case a prob-
ability measure concentrates all its weight on some point it will be
convenient to use this point as a subscript; e.g., Ex(Gt) is meaningful
when x e A.

LEMMA 6.7

// A = S and g = / * (1.4) results.

Proof,

EJΣ.0} = Σ EQJE{GAXo}} - Σ ί EΛGJ

- f ^{GJQ^da;) + ( (f ^{GJP^ίί, dy)
JD JD \JA-D

+ [ Σ ( PΛ(X, dyj \ PA(yιt dy2) • • •
JA-Di=2jA-D JA-D

• \ P(y£_2> dVt-JE^GaPAVi-u dy)) = \ E^G^Q^
JA-D / JA

the last equality following from (1.1), (1.3) with A for S, therefore PA

for P, and D for A. By [7] QA and QD differ only by a constant factor,

if Q(A) < oo. Then QA(A) = 1 and QA = Q^ Q^Λ). The equation in

parenthesis follows.

If g = f* and A = S one has

\ , dx)]QD(dy)

7 This lemma may be considered a generalization of (A) of the appendix to [2]. As
in [2] the condition that gr be positive can be weakened. Chung showed in Example 3 of
[2] that even the special case (A) is false if no condition on g is assumed.
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P(V, dx)QD{dy)\ = \ f(x)QD(dx) .

THEOREM 6.1. (a) // g(x) + g(y) ̂  g(x + fy) for all paths x and y,
then

±G,< g(Y1(D)) and E.JfiY^D))} ^ \ Ey{f(Y1(A))}QI)(dy)
1 = 1 D JA

{= E^ifiYUMQM) if Q(A) < co) .

(b) If g(x) + g(y) Ξg g(x + 'y) for all paths x and y, then

Σ G S ^f{Y1{D)) and EQJf(YAD))} ^ \ Ev{f(Y1(A))}QD(dy)
i-1 υ JA

(= E.JfiYUWQΛA) if Q{A) < oo) .

Proof. The theorem follows immediately from Lemma 6.1.
Note that for p ^ 1 (0 < p ^ 1) the function/(£) = (U*(x))p satisfies

condition (a) (condition (b)) of the theorem. Call U^(Y1(B)) the recur-
rence time to B when Be ^ and if furthermore Q(B) < oo, p >̂ 0 call
EQD{(U*(Yλ(B)))p} the pth stationary moment of the recurrence time.
It follows that when Q(S) = 1 (Q(S) = oo), p > 0, a n d ΰ e ^ ( ΰ e ^
and (J5)) < co), the pth stationary moment of the recurrence time to B
is finite only if the same is true for every Borel superset (subset of
positive Q-measure).

The hypotheses of parts (a) and (b) of Theorem 6.1 cannot both be
satisfied by the same g unless g is a constant multiple of Z7*. The
theorem below, on the other hand, is such that for a wide class of func-
tions both the hypotheses of (a) and (b) may be satisfied.

With reference to the hypotheses in Theorem 6.2 observe that if
B 6 ̂  the three statements

(a) Ex{g(Y1(B))} is uniformly bounded for all xeB,
(b) Eψ{g{Yι(B))} is uniformly bounded for all probability measures

φ on B,
(c) Eφ{g(Yι(B))} < oo for all probability measures φ on B,

are all equivalent.

THEOREM 6.2. Let

(a) Suppose (i) c > 0 and f(x +'y)^ c(f(x) + f(y)) for all paths x
and y, and (ii) M > 0 and Ex{f(Yi(A))} < M for all xeA. Then
Ex{f(Y1(D))} is uniformly bounded for all xeD.

(b) Suppose (i) c > 0 and f(x) + f(y) ^ cf(x + ' y) for all paths x
and y, and (ii) M > 0 and Ex{f(Yx{D))} ^ 1 for all gceD. Then

< co .
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Proof. Assume (i) and (ii) of (a) and let xe D. Let v be the first
n such that n ^ 2 and Xv (A) e D, so that Gi — 0 f or i > v. Using (i) of

n

(a) repeatedly, and (ii) of (a), one has,

Ex{f(Y1(D))} = ±Ex{f{Yx(A) + Ύ*(A) + ••• + ' W ) ! * - fc} P[v = fc]

fc-1

Since i e &, P\y = k] decreases exponentially and (a) follows.
Assume (i) and (ii) of (b). Let v have the same significance as

above. One has then, by Lemma 6 and repeated applications of (i) of (b),

±EQJf(Y1(A) + ' . . . + Ύk(A))\v -

= lc\ = V

Note that when v = k Yλ(D) = Y^A) + ' + T f c(A); so assumption
(ii) of (b) ensures that in the inequality above each of the expectations
in the first member is at most M. Since Ae &P[v = k] decreases ex-
ponentially. This proves (b).

As an application consider the following situation: there exist Borel
sets D and C each of finite positive Q-measure and each containing only
one point. Let A be the union of D and C If g satisfies (i) of (a) in
Theorem 6.2 and (i) of (b) in the same theorem, one has EQ {g(Yι(D))} <
co implies EQA{g(Y1(A))}<^y E.JgiY^A))} <™ implies E^giY^C))} <
co, since (ii) of (a) and (b) are now automatically true. In particular, g
will always satisfy (i) of (a) and (i) of (b) if g(x) = ((U*(x))p, p > 0.
This gives again the result of Chung [2] that for two points, each of
finite positive Q-measure, the pth moment of the recurrence time exists
for both or neither,
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ON QUADRUPLY TRANSITIVE GROUPS

E. T. PARKER

l Introduction. A major unsolved problem in the theory of groups
is whether there are any quadruply transitive finite groups other than
the alternating and symmetric groups and the four Mathieu groups of
degrees 11, 12, 23, and 24, respectively.

In this paper are proved two theorems which impose arithmetic re-
strictions on primes dividing the order of the subgroup fixing four letters
of a finite quadruply transitive group, and on the degrees of Sylow
subgroups thereof.

THEOREM 1 is stated, followed by a corollary, which is somewhat
less general but of a more direct arithmetic form.

THEOREM 1. If G is a quadruply transitive finite permutation group,
H is the subgroup of G fixing four letters, P is a Sylow p-subgroup
of H, P fixes r ^ 12 letters and the normalizer in G of P has com-
ponent Ar or Sr permuting the letters fixed by P, and P has no com-
ponent of degree ^ pd and no set of r(r — l)/2 permutation-isomorphic
components, then G is alternating or symmetric.

COROLLARY. If G is a quadruply transitive permutation group of
degree n •=• kp + r, with p prime, k < p2, k < r(r — l)/2, r ^ 12, and
the subgroup of G fixing four letters has a Sylow p-subgroup P of
degree kp, and the normalizer in G of P has component Ar or Sr per-
muting the letters fixed by P, then G is An or Sn.

This corollary is a partial generalization of a theorem of G. A. Miller
[6], which may be paraphrased to read like the above with "quadruply
transitive " replaced by "primitive" and the inequalities replaced by
" k < p, k < r, r ^ 5 " — " r ^ 3" if the component of the normalizer
of P is restricted to be Sr. Miller's theorem is proved for r ^ 5 by
showing first that the component Ar of the normalizer of P — or a sub-
group of P of index 2 - splits off as a direct factor. The argument is
completed by invoking the theorem of Netto [3, p. 207, Th. I] on pri-
mitive groups with primitive subgroups of lower degree. The proof of
Theorem 1 makes use of the techniques in Miller's theorem; and in
addition results on the structure of the automorphism groups of non-
cyclic groups of order p2, on distribution of primes, and in particular

Received September 17, 1958. This paper is based on the author's dissertation, written
at the Ohio State University in 1957, under the supervision of Professor Marshall Hall, Jr.
The author expresses his gratitude to Professor Hall for guidance and encouragement.
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a theorem of Bochert [1] giving a lower bound on the degrees of per-
mutations in quadruply transitive groups.

A consequence of Miller's theorem, not mentioned in his paper, is
that for infinitely many degrees, namely p + 3 and 2p + 3 with p prime,
quadruply transitive groups can be only the alternating or symmetric
groups.

THEOREM 2. If G is a quadruply transitive permutation group
of degree n, and the subgroup of G fixing four letters is of order
divisible by an odd prime p, with 5p > n — 4, Ap Φ n — 4, then G is
An or Sn.

Some comments on terminology are in order: An and Sn designate
respectively the alternating group and the symmetric group of degree
n. A component of a permutation group is the permutation group in-
duced on a transitive set of letters. " The subgroup fixing four letters "
of a quadruply transitive group is the largest subgroup (unique to con-
jugacy) fixing four letters individually, (The phrase "fixed set-wise"
is used explicitly when appropriate.)

Included in the author's dissertation is a self-contained proof that
the only quadruply transitive groups of degrees n ^ 27 are the alternat-
ing and symmetric groups, 6 ^ n <Ξ| 27 and 4 ^ n tί 27 respectively, and
the Mathieu groups of degrees 11, 12, 23, and 24. As this result is in
the literature (except perhaps for degree 27), though likely in no single
source, these rather lengthy arguments are not included in this paper.

Section 2 contains three lemmas needed to prove Theorem 1. In
§§3 and 4 are the proofs respectively of Theorem 1 and its corollary,
and Theorem 2.

2 In this section are three lemmas.

LEMMA 1. If B is a transitive permutation group of degree p or
p2 (p prime), and if B has a normal p-subgroup, then B has no com-
position factor1 isomorphic with Ar, r > 5.

Proof, If B is of degree p, then B is the metacyclic2 group or
a subgroup thereof, and hence is solvable.

If B is of degree p2, then the normal p-subgroup T has an ele-
mentary subgroup (not necessarily proper) C normal in B. (For p-groups
are solvable, and every minimal normal subgroup is a direct product of
isomorphic simple groups.) Since B is transitive, C displaces all p2

1 A factor group of a composition series.
2 The holomorph of the group of order p.
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letters, and has all components permutation-isomorphic. C being abelian
has all components regular. Thus C is either the regular elementary
group of order p2, or a subdirect product of p p-cycles.

If C is regular, then B is in the holomorph of the elementary group
of order p2. The only unsolvable [3, pp. 428-34] composition factor of
this holomorph is LF(2, p). The smallest alternating group of order
divisible by p is Ap. LF(2, p) is isomorphic with no alternating group
whenever p > 5, since p(p2 — l)/2 < pl/2. The only unsolvable proper
subgroup of LF(2, p) is isomorphic with A5 — LF(2, p) is isomorphic with
A5 for p — 5, and has such a subgroup for p = ± 1 (mod 5) [3, pp.
440-50].

If C is a subdirect product of p p-cycles, then each element of B
must permute the transitive sets of C among themselves these are sets
of imprimitivity for B. Let K be the largest subgroup of B fixing the
sets of imprimitivity K is a normal subgroup of B. BjK is a permuta-
tion group on the transitive sets of K. Since T is transitive and K is
intransitive, T is not a subgroup of K. Hence BjK has a normal p-
subgroup. BjK of degree p is in the metacyclic group, and is therefore
solvable, if is a subdirect product of metacyclic groups. Thus B is
solvable.

L E M M A 2. For r ^ 9, A r has no subgroup of index t,r<t< r(r — l)/2.

Proof. Assume that Ar has a subgroup L of index t (r, t as above).
If L is intransitive, then L is in the group Wl.h of even permutations

in the direct product of St and Sr-if 0 < i < r. Mi is of index ( ) in

/r\i4r. ^ 7 (r — l)/2 unless i = 1 or r - 1. For i = 1 or r — 1, Mi is

Ar_!, of index r which fails to satisfy the strict inequality. Ar^ί has no
proper subgroup of index < r — 1 hence M% has no proper subgroup of
index < r(r — l)/2 in Ar.

There remains for consideration the case of L transitive.
Let q be a prime in the range r/2 < q ^ r. If L is of order divi-

sible by q, then an element of L is a g-cycle, and L is primitive [4, p.
162, Exercise 8]. If further q ^ r — 3, then L is Ar [6]. Transitive L
fulfilling the assumption must be of index in Ar divisible by each prime
q, r/2 < q ^ r - 3.

A theorem on distribution of primes will now be used [2, 7]: //
x ^ 25, ί/̂ βn ίfeβrβ exists a prime q such that x < q < 6x/5. A com-
putation shows that for all r ^ 50 there exist primes qlf q2, q3 satisfying
r/2 < qx < q2 < g3 ^ r — 3. The existence of a triple of primes for each
r in the range 20 <g r < 50 is verified by inspection. For any r ^
20, ? 1 ? 2 ? 8 > (r/2)3 > r(r -
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Degrees 9 ^ r ^ 19 remain to be considered. A primitive proper
subgroup of Ar has no element a g-cycle, with prime q g r — 3. If L
is primitive, then for each odd prime q < r — 3 a Sylow g-subgroup of
L must be a proper subgroup of that of Ar. Thus the index of L in
Ar must be divisible by each prime q, 2 < q ^ r — 3. This inequality is
satisfied by primes q = 3, 5, 7, 11 when 14 ^ r ^ 19; and 3 5-7-11 >
r(r — l)/2 for these values of r. Similarly g = 3, 5, 7 for 10 ^ r ^ 13,
and 3-5-7 > r(r - l)/2. Primitive L does not exist for 10 <; r ^ 19.

Imprimitive L must be of index divisible by each prime q, r/2 < q ^
r. For 17 ^ r ^ 19, g = 11, 13, 17, and 11-13-17 > r (r - l)/2. For
13 ^ r ^ 16, 11-13 > r(r - l)/2. For r = 11 or 12, 7-11 > r(r - l)/2.
The maximal imprimitive subgroups of A10 are of orders — 2!(5!)2 and

— 5!(2!)5, both of index > 10-9/2. Such a subgroup of A9 has order

— 3!(3!)3; index > 9-8/2.
Li

One case remains, namely degree 9 with L primitive. L must be of
index divisible by 3 and 5. Since 3-3-5 > 9-8/2, L can be of index
only 15 or 30 in A9. L, having a 7-cycle, is triply transitive. If L is
of index 30 in A9, then the subgroup of L fixing two letters has order
84; a group of order 84 has only one Sylow 7 subgroup. If L is of in-
dex 15, then the largest subgroup of L fixing two letters set-wise is of
order 336; but a group of degree 7 and order divisible by 24 contains
a transposition.

LEMMA 3. If G is a transitive permutation group homomorphic
onto K, and the kernel of the homomorphism is transitive on the let-
ters permuted by G, then the subgroup of G fixing one letter is homo-
morphic onto K. Moreover, the two homomorphisms belong to the same
many-to-one mapping.

Proof. Let G1 be the subgroup of G fixing the letter 1. For any
k e K, there exists gk e G such that g^-^k in the homomorphism. Let
i be the letter onto which 1 is mapped by gk. Being transitive, the
kernel has an element gr

k mapping i onto 1. Then g^gi maps 1 onto 1,
and corresponds to k in the homomorphism. Since k is an arbitrary
element of K, it follows that Gx has an element corresponding to any
element of K.

3* In this section will be established*

THEOREM 1. If G i§ a quadruply transitive finite permutation
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group, H is the subgroup of G fixing four letters, P is a Sylow p-sub-
group of H, P fixes r ^ 12 letters and the normalizer in G of P has
component Ar or Sr permuting the letters fixed by P, and P has no com-
ponent of degree ^ pz and no set of r(r — l)/2 permutation-isomorphic
components, then G is alternating or symmetric

Proof, Let N(P) be the normalizer in G of P. Each element of
N(P) maps any component of P onto a permutation-isomorphic com-
ponent. Let P' be the largest subgroup of N(P) fixing set-wise all com-
ponents of P. P' is a normal subgroup of P. The components of P
will be called points. N* = N(P)IPr is a permutation group on points.

By hypothesis all points are of degrees ^ p2. By Lemma 1 no
transitive group of degree p or p2 with a normal p-subgroup has a com-
position factor isomorphic with Ar, r > 5. By hypothesis N(P) has com-
ponent Ar or Sr on the r ^ 12 letters fixed by P. Thus N(P), or
a subgroup thereof of index 2, is homomorphic with Ar. It follows that
iV* has a composition factor of Ar, since P' has none.

iV* has a subgroup N with properties:
1. N has an element permuting the r letters fixed by P according

to α, where a is any even permutation.
2. No proper subgroup of N has property 1.

A subgroup (not necessarily proper) of N* with property 1 exists, since
N* itself has property 1. N*, having only finitely many subgroups,
has a minimal subgroup with property 1. It is not asserted that N is
unique.

By the minimality condition on N, each component of N is either
a single point or is homomorphic with Ar, the image being represented
on the letters fixed by P. Let J designate a component of N permut-
ing more than one point (not letters fixed by P). J is homomorphic
with Ar, with kernel Jo the subgroup of J corresponding to the identity
permutation of the letters fixed by P. Assume that the kernel Jo is
transitive on the points permuted by J. Then by Lemma 3 the sub-
group of J fixing one point possesses the homomorphism onto Ar; this
contradicts the minimality property of N. Thus each J has intransitive
kernel.

For any J, the components of the kernel Jo will be called blocks.
Since Jo is intransitive on the points permuted transitively by J, it fol-
lows that J permutes more than one block. In fact, J permutes blocks
according to a group isomorphic with An since JQ is the kernel of the
homomorphism of J onto Ar. By hypothesis P has no set of r(r — l)/2
permutation-isomorphic components; thus each J permutes fewer than
r(r — l)/2 points, and a fortiori fewer than this number of blocks. By
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Lemma 2 Ar for r ^ 9 has no transitive permutation representation of
degree strictly between r and r(r — l)/2 (by hypothesis r ^ 12). Ac-
cordingly each J permutes exactly r blocks according to Ar.

For r Φ 6 the only automorphisms [3, p. 209] of Ar are conjugations
by elements of Sr. Thus there is a natural one-to-one correspondence
between the letters fixed by P and the blocks permuted by any J such
that each element of N permutes the sets alike.

Select a set of s — [r/2] letters among the r fixed by P. Let No

be a minimal subgroup of N inducing all even permutations on these s
letters. (That NQ exists is argued as for N.) As each J is of degree
< r(r — l)/2, each block contains fewer than (r — l)/2 points, hence
fewer than s. The points of a block cannot be permuted according to
any group homomorphic with As. By the minimality of NQ, each block
fixed set-wise by No is fixed point-wise by No. This is the case because
JV0 has a composition factor of As, while the group permuting the points
of one block has none.

No is a group of permutations of points (transitive sets of Pf) and
letters fixed by P. Thus No determines a subgroup M of N(P) such that
JVQ = M\P'. M permutes the chosen set of s letters fixed by P accord-
ing to As. Let Mo be a minimal subgroup of M with this property.
Each component of Pf (point) is transitive of degree p or p2 and has
a normal p-subgroup. Hence by Lemma 1, no component of MQ con-
taining a single component of P' has a composition factor of As (s > 5,
since r >̂ 12). Since Mo is a minimal group homomorphic with As, each
component of P' fixed set-wise by Mo is fixed letter-wise by Mo. Thus
each element of Mo displaces at most sir ^ 1/2 of the letters of any
component of N(P); that is, at most half the letters displaced by P.
Mo has an element m displacing exactly three letters fixed by P. As
r ^ 12, m displaces at most half as many letters as the degree of G,
diminished by 3. The theorem of Bochert [1] asserts that quadruply
transitive G, with a non-identical element displacing so few letters as
does m, is alternating or symmetric.

COROLLARY. If G is a quadruply transitive permutation group of
degree n — kp + r, with p prime, k < p\ k < r(r — l)/2, r ^ 12, and
the subgroup of G fixing four letters has a Sylow p-subgroup P of
degree kp, and the normalizer in G of P has component Ar or Sr per-
muting the letters fixed by P, then G is An or Sn.

Proof. Since k < p2, P is of degree kp < p3, so that P has no
component of degree ^ p\ Since components of P are of degree at
least p, the hypothesis k < r(r — l)/2 implies that P has no set of
r(r — l)/2 permutation-isomorphic components. The hypothesis of Theorem
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1 is fulfilled, so that G is An or Sn.

4. THEOREM 2. If G is a quadruply transitive permutation group
of degree n, and the subgroup of G fixing four letters is of order
divisible by an odd prime p, with hp > n — 4, 4p Φ n — 4, then G is
An or Sn.

Proof. Let H be the subgroup of G fixing four letters, and P be
a Sylow p-subgroup of H. Since bp > n — 4, P is of degree kp fg 4p.

If fcp = w — 4, then & <̂  3, since 4p =£ n — 4 by hypothesis. The
theorem of Miller [6] applies with n — kp + 4 except for fc = p = 3.
However, 13 = 2 5 + 3, so that Miller's theorem is applicable to this
case.

If kp < n — 4, then at least five letters are fixed by P. NG(P),
the normalizer in G of P, has component T permuting the letters fixed
by P quadruply transitive [5, Lemma 2.2]. A normal subgroup (not the
identity) of a quadruply transitive group (other than S4) is triply tran-
sitive [3, p. 198, Th. XI]. Thus T is primitive and has no regular
normal subgroup, hence is unsolvable. The final subgroup in the com-
mutator series of T is triply transitive.

P has at most four transitive sets, which cannot be permuted by
an unsolvable group. If p > 3, then each component of P is of degree
p and has a solvable holomorph. For p = 3, a component of degree 9
has a solvable automorphism group. Accordingly, the final member of
the commutator series of NG(P) is a primitive group permuting only let-
ters fixed by P. By Bochert's theorem [1], P is of degree at least
(n — 2)/2, so that at most (n + 2)/2 letters are fixed by P. Hence G
is at least n + 1 - (n + 2)/2 = nβ - ply transitive [3, p. 207, Th. I.]
But G can be at most (n + 3)/3 — ply transitive, or contains An. [4, p.
148, Th. VI.] The theorem is established for n > 6, and is trivial for
the smaller degrees.
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ON TOEPLITZ MATRICES, ABSOLUTE CONTINUITY,
AND UNITARY EQUIVALENCE

C. R. PUTNAM

1. Preliminaries. For n = 0, ± 1, ± 2, , let {cn} be real numbers
satisfying

( 1 ) c0 = 0, c_w = cn and Σ <£ < °° ,
1

and consider the associated real-valued, even function f(θ) of period 2
and of class U [0, π] defined by

( 2 ) f(θ) ~ Σ cne
tnS = 2 Σ c , cos nθ .

11

(Throughout this paper it will be assumed for the sake of convenience
that c0 — 0. If c0 Φ 0, T (see below) is modified merely by the addition
of a multiple of the unit matrix.) Let A — (a _,), where au — c4-Λ = Cj_<)
or atj — 0 according as i < j or i > j(i, jΓ = 1, 2, --•), and define the
Toeplitz matrix T and the Hankel matrices H and K by

( 3 ) T = (c,_; ) = A + A*, if = (ci+j^) and # = (ct+J) .

The matrices Γ, J3" and if are real and Hermitian (symmetric).
Let J denote the matrix belonging to the quadratic form 2 Σ Γ t t + i

The differential of its spectral matrix is given by dptj(θ) = 2π~λ sin iθ
sin î cZό' (cf. Hubert [5], p. 155, Hellinger [8], pp. 148 ff.). A direct
calculation (cf. [11], Appendix 2) shows that

( 4 ) T = F+K,

where T and K are defined by (3), and F is given by

( 5 ) F=

with f(θ) defined by (2) and (1). In particular, if cx = 1 and cn — 0
for n > 1, then f(θ) — 2 cos θ and (5) is the spectral resolution of J
(with the usual parameter λ being given by λ = 2 cos θ).

It should be noted that the L2 assumption on the sequence {cn}
in (1) does not imply the boundedness of the various matrices considered
above, although of course, the existence, in the mean, of the integrals
in (5) is assured. Moreover, all two factor products of the type A2,
AA*, etc. surely exist and it can be verified that

Received August 26, 1958. This research was supported by the United States Air Force
through the Air Force Office of Scientific Research of the Air Research and Development
Command, under Contract No. AF 18 (603)-139. Reproduction in whole or in part is
permitted for any purpose of the United States Government.
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(6) AT-TA = H2,

where A, T and H are defined by (3); cf. [11], p. 517.
It is known (Toeplitz) that T is bounded if and only if f(θ) is

essentially bounded, so that \f(θ)\ < const, almost everywhere on [0, π];
[3], p. 360. Moreover, if M and m denote the essential upper and lower
bounds of /, then the spectrum of T consists of the interval [m, M] and,
unless all cn = 0, is purely continuous (so that the point spectrum is
empty); [3] and [4]. Furthermore, if T is not bounded, but is still self-
adjoint, then the spectrum of T is again purely continuous and is again
the (unbounded) interval [m, M]; [4], p. 878. (Actually the results of
Hartman and Wintner mentioned above are not restricted to the case of
real sequences {cn} as in the present paper.) For necessary and suf-
ficient conditions in order that a Hankel matrix be bounded, see [9].

The matrix A is bounded if and only if g(θ) ̂  ΣΓ cne
inθ is essentially

bounded (Toeplitz; cf. [4], p. 880, [11], p. 517). Clearly, if A is bounded,
so also is T. In addition, if T is bounded, then f(θ) of (2) is bounded
and consequently K is bounded (Toeplitz; cf. [2], p. 223, also [3], p. 365).
In view of the easily verified relation

( 7 )

H is bounded (or completely continuous) if and only if K is bounded (or
completely continuous). It is seen that if A is bounded then all of the
other matrices considered above are bounded.

In § 2 there will be pointed out a few consequences of the relations
(4) and (5) bearing on the nature of Fourier series and the spectra of
Toeplitz matrices belonging to real valued, even functions defined by (2).
In §§ 3 and 4, sufficient conditions guaranteeing that a Toeplitz matrix be
absolutely continuous or unitarily equivalent to a certain function of J,
will be obtained. Some applications to Hubert matrices will be given in
§5.

Condition (1) on the real sequence {cn} will be assumed throughout
the paper.

2. Toeplitz matrices and Fourier series. First there will be proved :

(I) If the Hankel matrix K is bounded, then necessarily T is self-
adjoint.

This is an obvious consequence of (4) if it is noted that F of (5) is
always self-ad joint. Incidentally, it is seen that in this case the domain
of T is identical with that of F.

By the essential range of f(θ) will be meant the (closed) set of
values λ for which \f(θ) — λ| < ε holds on a set of positive measure
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on [0, π] for every ε > 0. Then one has:

(II) If K is bounded and satisfies \\K\\ < C ( = const.), then any
closed interval of length 2 C contained in [m, M] contains at least one
point of the essential range of f(θ).

This assertion also follows from (4). For, it is clear that the spectrum
of F is exactly the essential range of f(θ) (the situation being analogous
to the problem of Toeplitz of determining the spectrum of a Laurent
matrix; cf. [3], pp. 359-360 and the references cited there). Con-
sequently, since relation (4) shows that F is obtained as a perturbation
of T by the operator — iΓ, the assertion now follows from the fact that
the spectrum of T is the entire interval [m, M\.

A theorem similar to (II) is

(III) // K is completely continuous then the essential range of f(θ)
is [m, M].

The proof follows from the observation that, by (the generalization
of) WeyΓs theorem, the essential (cluster) spectra of T and F are
identical. Since, by (I), T is self-adjoint, its spectrum is [m, M] ([4])
and it follows that the essential spectrum of F is also [m, Λf]. But the
spectrum of Fis always contained in [m, M] and hence must be identical
with this interval. This implies (III).

A curious corollary of (III) is the following assertion:

(IV) // g{θ) ̂  X, Γ cn sin nθ is continuous on — αo < θ < oo then
the essential range of h(θ) ̂  ]£ j° cn cos nθ is an interval (possibly un-
bounded).

The assertion follows from (III) if it is noted that the continuity of
g(θ) implies the complete continuity of the operator K. Cf. [3], p. 365.
It is stated there that H = (ci+j-^) is completely continuous if either g(θ)
or the function ί / ^ ^ Σ Γ c ^ cosn# is continuous on [0, π\. The proof
seems to indicate however that K = (ci+j) (or H) is completely continuous
if either g{θ) or f(θ) is continuous on [— π, π\ (and hence on — oo < θ < oo).
See [2], p. 223. The continuity of g(θ) on [0, π] implies its continuity
on [— π, π] but the corresponding assertion for f(θ) is false.

Another easy consequence of (4) is the following:

(V) If ϊ\ and T2 are two bounded Toeplitz matrices with the
representations

(4J Tm = Fm + Km

where
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(5J Fm = (^yn(θ)dptJ(θή and fjθ) ~2±cmn cosnθ ,

and if Kx and K2 are completely continuous, then

where C is completely continuous.
A relation similar to (8) holds of course for products with more than

two factors. The proof of (V) follows easily if it is noted that the
product of a bounded operator and a completely continuous operator is
completely continuous. In particular, it is seen from (8) that the es-
sential spectrum of TXT2 is the essential range of f^θ) f2(θ). The situa-
tion is to be compared with that for Laurent matrices; cf. the remark
following (II) above.

3. Absolute continuity• It follows from Theorem 13 of [11], p. 523,

that if A is bounded, then (6) implies that T is absolutely continuous

whenever 0 is not in the point spectrum of H. That is, this last con-

dition is sufficient in order to guarantee that I dE(X) = 0, where

( 9 ) T = f XdE(X)

is the spectral resolution of T and Z is any set of one-dimensional
Lebesgue measure zero. However it is possible that T is absolutely
continuous even if 0 does belong to the point spectrum of H. In fact
each TN, belonging to the sequence {cn} with cn — cN φ 0 (N > 0) if
n — ± N and cn = 0 otherwise, is absolutely continuous; cf. [11], pp.
519, 524. This result will be generalized in the following theorem:

(VI) Let the real sequence {cn}, n = 0, ± 1, ± 2, satisfy (1)

define the associated matrices A, T and F as in § 1, and suppose that

A is bounded. Then T is absolutely continuous whenever F is absolutely

continuous.
As remarked above, the boundedness of A implies that of all other

operators considered. It follows from the argument of [10] (cf. p. 1027,
formula line (4)) when applied to (6) that

(10) H[dE(X) = 0 ,

where Z denotes any set of one-dimensional Lebesgue measure zero and
H is defined by (3). (The square root H1'2 appearing in [10] loc. cit. can
clearly be taken to be any self-ad joint square root of the non-negative
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self-ad joint operator H. The H appearing there corresponds to a positive
multiple of the operator H2 of the present paper.) Next let y be any

element in the range of I dE(λ) so that

(11) y

Since, by (10), Hy = 0, it follows from (7) that Ky = 0. Consequently,

by (4), Ty = Fy. For n = 0, 1, 2, ., Tny = ί dE(X)Tnx is also in the

range of dE(X), and it follows that Tn+1y == . F Γ ^ . Hence

(12) Γwi/ - Fny (n = 0, 1, 2, . T° - F° - /) ,

where 2/ is defined by (11). But (12) implies E{\)y = F(λ)y, where

(13) F = ί λdi^λ)

is the spectral resolution of ί7, and hence \ dE(X)y — I dF(X)y. But,

whenever F is absolutely continuous, I dF(X) = 0 and so, by (11),

I dE(X)x — 0 for all #. That is, T is absolutely continuous and the
}z
proof of (VI) is now complete.

4. Unitary equivalence* It was shown in [11] that each TN (see
the beginning of § 3 above) is absolutely continuous and that moreover
TN is unitarily equivalent to the corresponding F = FN. This result will
be considerably refined in the following theorem:

(VII) Let the real sequence {cn} satisfy (1) and the condition

(14) \cn\ < const. an ( w = 1 , 2 , •••)

for some constant α, 0 < a < 1. Then the associated matrices T and
F are unitarily equivalent thus, there exists a unitary matrix U such
that

(15) T = UFU* .

The condition (14) easily assures Y\cn\ < 00 and hence the bounded-
ness of A and therefore (cf. § 1 above) that of all other operators con-
sidered. If all cn — 0, then T and F are both the zero operator (matrix)
and (15) is trivial. Suppose then that not all cn are 0. It will first be
shown that F is absolutely continuous.

To this end, consider f(z) — 2^Tcn cosw£ for the complex variable
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z = x + ίy. It is clear that \cosnz\ = i\eίnz + e~ίnz\ < i(env + e~nv) <
enlyl and hence, by (14), \cncosnz\ < const. (aehJ])n. Since 0 < a < 1, it
follows that aely] < 1 for 7/ sufficiently small and so f(z) φ. 0 and is
analytic in a strip containing the real axis. Consequently df(θ)ldθ can
be zero at most a finite number of times on 0 < θ < π and it follows
that the (possibly many-valued) inverse function of f(θ) on [0, π\ is
absolutely continuous (more precisely, that each of the finite number of
branches of the inverse of f(θ) on 0 < θ < π is absolutely continuous).
Moreover, if λ = 2 cos θ, the operator F can be represented (cf. (5)) as

5 2

h(X)dEι{\) where Eλ{\) is the resolution of the identity belong-
ing to the matrix /. Since h(X) = f(θ) via the substitution λ = 2 cos θ
it is clear that h{\) has a (possibly many-valued) absolutely continuous
inverse and it follows (cf. [11], pp. 521-522) that F is absolutely con-
tinuous, as was to be shown. In fact, if one considers the spectral
resolution of F as given by (13), it is seen from a comparison with (5)
that zero sets on the λ-interval — 2 < λ < 2 correspond to zero on the
^-interval 0 < θ < π via the mapping λ = 2 cos θ and that F is absolutely
continuous if and only if the relation

(16) {#;/(#) in Z} is a zero set

holds whenever Z is a zero set.
By (VI) it now follows that T also is absolutely continuous. More-

over, since by (14),

Σ Σ c?+j = Σ w ^ + i < °° i
i j n

K is completely continuous. In order to complete the proof it will be shown

that

(17) tr\K\< oo ,

where \K\ denotes the non-negative square root of K2. An application
of a theorem of Rosenblum ([12], p. 998, will then yield the desired
unitary equivalence relation (15). See also Kato [6].

There remains then to prove (17). Let {φn}, n — 1,2, •••, denote
the complete orthonormal sequence of vectors for which the w-th com-
ponent of φn is 1 and all others are 0. Then

tr\κ\ - Σ(\κ\φn, φn) < Σll \κ\φn -

+J1/2 < Σ Σ K + J < Σ

the last inequality by (14). Thus (17) is proved and, as remarked earlier,
the proof of (VII) is complete.
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The proof of (VII) makes clear the following assertion:

(VIII) Let the real sequence {cn} satisfy (1) and suppose that (16)
holds for every zero set Z. In addition, suppose that

(18) Σ*n\cn+1\ < O3 , or even Σ ( Σ < £ + J 1 / a < «> .
n n vι

Then (15) holds.
It is clear that (18) implies Σ k J < co and hence that A is bounded

(cf. §1 above). In addition (18) implies Σ^ c w+i< °° &nd hence the
complete continuity of K; as shown before, (18) implies (17). Moreover,
unless T and F are both 0, it follows from (16) that F (hence, by (VI),
also T) is absolutely continuous. Relation (15) now follows from Rosen-
blum's theorem as before.

It was shown in [4], p. 878, that whenever T is self-ad joint (not
even necessarily bounded) it has no point spectrum. On the other hand,
F has a point spectrum whenever f(θ) has an interval of constancy, or
more generally, whenever f(θ) = const, holds on a set of positive measure.
This situation can of course easily obtain for non-trivial f(θ) (f(θ) ^ const.,
i.e., since c0 = 0, f(θ) Ξ£ 0) possessing derivatives of arbitrarily high
order (but, of course, for which f(z) is not analytic). But if f(θ) is of
class Cp, its Fourier coefficients are O(n~p~2) and so it is clear that the
hypothesis (14) of (VII) guaranteeing unitary equivalence cannot be
weakened to, say, \cn\ < const. n~m (n — 1, 2, •) for any positive con-
stant m. Of course, as (VIII) implies, relation (14) is not necessary for
(15).

5. Hilbert matrices, A case of special interest is afforded by the
sequence {cn} defined by cQ = 0, cn = n~λ if n > 0 and c_w = cn. This
sequence is of the type considered at the beginning of this paper and
moreover T = (\i - j \ - 1), H = ((i + j - I)"1) and S = A - A* - ((i - j)"1),
with the understanding of course that the (i, i) elements of T and S
are 0. The matrices S and H are known to be bounded (Hubert; cf.,
e.g., [2], pp. 212-213, 223). Moreover, the spectrum of H is exactly
the interval [0, π] and, in fact, is purely continuous ([6]). The matrix
T is known to be unbounded ([2]), p. 214). Concerning T, there will
be proved the following theorem:

(IX) The matrix T — (\i — j\~λ) is a self-adjoint operator and is

absolutely continuous thus if T —\ XdE(X) is the spectral resolution of

measureT, then \ dE(\) = 0 for every set Z of one-dimensional Lebesgue

zero.
That Z is self-ad joint follows from an application of a theorem of
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Hartman and Wintner [4], p. 878, if it is noted that if(θ) = - log(2jsin £θ\)
^'^"n~1cosnθ on (— π, π) is half-bounded. Another proof of the as-
sertion follows from (I) if it is noted that H, hence also K (cf. (7)), is
bounded, since the odd function g{θ) defined by g(θ) ~ i(π — θ)
^ Σ Γ w ^ s i n w# on (0, π) is bounded.

It is easy to verify that

(19) ST - TS = 2H2 ,

a relation similar to (6). Moreover, since 0 is not in the point spectrum
of H (cf., e.g. [7], p. 699 and the reference there to [1]), Theorem 13
of [11] implies, at least formally, the absolute continuity of T. The
trouble stems from the fact that boundedness restrictions were imposed
in [10] and [11] and that, although S and H in (19) are bounded, T is
not. As a consequence, equation (19), although a valid matrix equation,
conceivably cannot be regarded as an operator equation in Hubert space.
More precisely, it is not clear that whenever x is in the domain of T,
Dτ, then (19) holds, so that

(20) STx - TSx = 2H2x ,

with the understanding that STx and TSx of (20) should mean S(Tx)
and T(Sx) respectively. (For operator equations the associative law is
of course essentially a matter of definition.) It will be shown below
that in fact (20) does hold as an operator equation valid at least for all
x in Dτ. Once this has been established, it is easy to carry out the
same reasoning as in [10], cf. pp. 1027-1028 (where the boundedness of
all operators was supposed) and to obtain the equation (10) above, cor-
responding to formula line (4) in [10]. The absolute continuity of T
then follows (cf. Theorem 13 of [11]) from the fact that 0 is not in the
point spectrum of H.

In order to complete the proof there remains to be shown that if
x is in Dτ then (20) holds. To this end, it will be shown that if x is
in Hubert space, that is if \\x\\ < co, then each of the series

-i J_j timSmnXn

m n

is absolutely convergent for ί = 1, 2, , where, for convenience, T =
(tij) and S — (su). Grant, for the moment, that this has been shown.
Then, from the absolute convergence of the first series of (21), it follows
that in the iterated series the orders of summation may be interchanged,
and hence that, for x in Hubert space, the corresponding components of
the vectors (ST)x and S(Tx) are identical. Now, if it is assumed in
addition that x is in DTy then the vector S(Tx) is in Hubert space, since
S is bounded. Consequently (ST)x is in Hubert space and, since H2 is
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bounded, it follows from the (matrix) equation (19) that (TS)x is in
Hubert space. The absolute convergence of the second series of (21)
then implies that (TS)x = T(Sx), so that T(Sx) is in Hubert space (that
is, essentially, that Sx is in Dτ). Moreover, it is now seen that (19)
implies the validity of (20) as an operator equation valid at least for all
vectors in Dτ.

Thus, in order to complete the proof of (IV) there now remains to
be shown that the series of (21) are absolutely convergent whenever
110511 < oo. Consider the series S t = Σm Σin\sίmtmnxn\. Since ttJ > 0 for
all i, j and su > 0 or su < 0 according as i > j or i < j , it is clear that

(22) S, = - Σ ^ Σ ^ A . k j ) + Έ^^SiJ^lXnl) .

But the inside series of the first double series on the right of equation
(22) is finite and, consequently, the orders of summation may be inter-
changed to obtain — Σm-iS i m(Σ«-i^mnl^Λl). Since x and the rows of
T are in Hubert space, the inside summation of this last series is al-
ways convergent by the Schwarz inequality. Hence the first series of
(21) is absolutely convergent if and only if the series

(23) j

obtained through modification of Si in (22) by changing the sign of the
first series, is convergent. Now the inside summation of (23) is the
(if n) element of ST = D ~ (din). Since S is bounded and the columns
of T are in Hubert space, the columns of D are in Hubert space, that
is Σ« din < °°. But the matrix equation (19) can be written as D + D* =
2if2; hence, since H2 is bounded, the columns of D* and therefore the
rows of D, are also in Hubert space. Hence Σra^L < oo and so (23) is
convergent by the Schwarz inequality. It has now been proved that the
first series of (21) is absolutely convergent (for i = 1, 2, •). Using the
fact that \su\ = ttJ it is seen that the absolute convergence of the first
series of (21), that is, the convergence of Σ m Σ w U m J ^ L whenever
II#11 < °°, implies the absolute convergence of the second series of (21).
Thus both series are convergent for all x in Hubert space and (IX)
follows as indicated above.
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ON NONLINEAR POSITIVE OPERATORS

H. H. SCHAEFER

Introduction. The purpose of the present paper is to apply the well
known Schauder fixed point theorem, in its general from due to Tychonov
[8], to the situation of nonlinear (or rather, not necessarily linear) maps
defined on (or on a subset of) the " positive " cone in a partially ordered
locally convex linear space. Throughout this paper, no use is made of
possible linear properties of the maps under consideration. As far as the
author is informed, there is little history to the study of such mappings;
the only work done seems to be contained in papers by Krein-Rutman
[2], Rothe [9] and Morgenstern [3]. In [2], the Schauder theorem is
largely applied to linear maps (where it can be avoided) and a few non-
linear cases1. In [4], the author paid attention mainly to the case of
linear compact maps in general locally convex spaces. At the end of
that paper, with a somewhat sketchy proof, a general nonlinear theorem2

is stated which however seems to need some improvement.

In this paper, the essential proposition resulting from the fixed point
theorem is stated in the form of three different theorems to throw some
light on potential ways of argument. While Th. 1, depending on a special
convexity argument, is of a different character, Th. 2 is almost a special
case of Th. 3. But as Banach spaces with normal order cones (with
which Th. 2 is concerned) seem to be the most important ones in non-
linear analysis, it might be useful to have the theorem stated separately,
a much simpler proof than that of Th. 3 going with it. Applications
have been selected so as to furnish a non-trivial example to each of the
three theorems, the one to Th. 1 showing that it is not always fruitful
to restrict attention to normed topologies. It is understood that each
example constitutes a new result in its respective field.

Preliminary material. In the present section, we are going to collect
some theorems and definitions on which argumentation will be primarily
based in the sections to follow. The main tool will be the

FIXED POINT THEOREM (Tychonov). Let E be a locally convex linear
space, M a convex compact subset of E. If T is a continuous map on
M into M, then T has a fixed point x0 e M.

Received September 29, 1958, and in revised form February 11, 1959.
1 Also, considerations are restricted to Banach spaces.
2 Satz 3.1. This is restated and proved in this paper as Th. 3. The additional as-

sumption to be made in [4] may be any one of hypotheses a,β stated with Th. 3 of the
present paper.
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For the proof, see [8]. To make this theorem more easily applica-
ble to mappings that carry sets not necessarily compact into compact
ones, we state the following slightly more general

FIXED POINT THEOREM (2nd form). Let M be a complete convex set
in E. If T is continuous on M into M such that T(M) is relatively
compact, then T has a fixed point x0 e M.

Proof. Let Mx be the closed convex hull of T(M). As M is com-
plete, Mx is compact (Bourbaki [1], p. 81) and since obviously T(M1) c Mlf

Tychonov's theorem yields the desired result.
Let E be a linear space over the real scalar field. A partial ordering

of E is a binary relation " < " such that

1 x < x f or all x e E .

2 {x<y&y<z}^x<z.

3 {x < y & y < x] =φ x = y .

Such an ordering is said to be compatible with the linear structure of
E if in addition

4 { x > 0 & λ ^ 0 } = φ λ £ > 0 .

5 x>y=$x + z>y + z for all z e E.

The set of all x e E such that x > 0 is a convex cone C which con-
tains its vertex 0, and which is proper (i.e. C Π — C = {0}). C will be
referred to as the positive cone with respect to a given partial ordering
of Ez). Conversely, each cone in E with the listed properties defines
a partial ordering satisfying axioms 1 through 5, x < y meaning y — xe C.

Let E be a linear space, partially ordered by some such cone C
If T is a mapping defined on a subset of C, we will say T is positive
whenever the range of T is in C. If E is, moreover, a topological space,
T will be called strictly positive if T(xn) —> 0 implies xn —> 0 for any
sequence {xn} in the domain of T.

Examples •

1. Let E be Hubert space L2 (0,1) in its natural order, i.e. the
positive cone C consisting of all elements f:f(t) > 0, t e [0, 1], The positive
mapping, defined on all of E,

3 In this paper, all order ings are understood to be compatible v/ith the linear structure
of the space involved. Also, we exclude the trivial case C— {0}.
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is not strictly positive. Take fn — V ntn~ι, then | | / n | | = 1. Now as

τ(/n) = ί«, ιι τ(fn) ii = 7 _ L - - - o .
V2n + 1

2. Let E be the J3-spaee of continuous functions on the unit in-
terval, with its natural partial order. Let K(t, τ) be ^ 0 (but ^ 0) and
continuous on the unit square. If P(z) is a polynomial with non-negative
coefficients,

Γ(/)= [κ(t,τ)P[f(τ)]dτ
Jo

is strictly positive if and only if the constant term in P is > 0.

3. Denote by {Ea} a collection of topological linear spaces, each
Ea being partially ordered by some positive cone Ca. Then the product
space E — Π * ^ is ordered by C — HaCa. Let AΛ be a positive map
on E into Eay and consider the map

A(x) = (•••, Aa(x), ••')

on E into £7. Then A is strictly positive on C if and only if to each
α, there is a β(α) such that Aβ(cc) —> 0 (in ϋ7β) implies #Λ -> 0 (in £7α).
In particular, if Aa(x) = i Λ ( ^ ) , then A is strictly positive if and only
if each Aa is.

L Morgenstern's theorem* If E is the Banach space Llf partially
ordered by the positive cone C — {f:f(t) ^ 0 } , it turns out that the
intersection of C with the unit sphere S = {/: 11/11 = 1} is convex.
This is true for any abstract L-space or, more generally, for any normed
space in which the norm is additive on C. To this situation Morgenstern
[3] applied Schauder's fixed point theorem. He obtained the following

THEOREM (Morgenstern)4. Let E be a Banach space, partially order-
ed by a positive cone C which is closed and on which the norm is addi-
tive. Then if T is continuous and strictly positive on C Γ\ {\\x\\ = c},
c > 0, mapping this set into a compact one, there is some λ > 0 and
xeC such that Xx = T(x), \\x\\ — c.

The proof is readily obtained by applying the fixed point theorem
(2nd form) to the map cT(x)j\\T(x)\\ on the set C Π {||α|| = c}. How-
ever, it may be so arranged as to yield a much more general proposition.

4 The theorem is stated in our terminology and a slightly more general form.
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THEOREM 1. Let E be a locally convex space, partially ordered by
a complete cone C, and let T be a continuous, strictly positive transfor-
mation on C, mapping bounded sets into compact ones. Assume H: f(x) — l
is a closed hyperplane meeting C in a nonvoid, bounded set. Then to
each c > 0, there is an xe C and λ > 0 with

Xx = T(x) , f(x) = c .

Proof. It follows from our assumptions that the continuous linear
form f(x) is > 0 at every non-zero point of C. For assume there is
an xoeC, x0 Φ 0, with f(xQ) = 0. Then if yQeH Π C, we would have
f(Vo + [IXQ) = 1 f° r all μ ^ 0 which contradicts the hypothesis that H Π C
be bounded. It is now also clear that / cannot be < 0 on C. Apply-
ing the fixed point theorem (2nd form) to the map cT{x)lf[T(x)] on the
set H Π C, we get the desired result letting X = f[T(x)~\. c~\

REMARK. We should point out the relation between Morgenstern's
theorem and Th. 1. If, under the assumptions of the former, the norm
coincides on C with a continuous linear form, then Morgenstern's theorem
is a corollary of Th. 1. (This is the case in Llf e.g.). Assume then,
still under the assumptions of Morgenstern's theorem, that there is no
such linear form. Now C Π {IIx\\ = c] is convex (c > 0), so there is a
closed hyperplane H separating this set from a convex open neighborhood
of 0. Obviously H Π C is bounded and Th. 1 can be applied provided T
is compact, continuous and strictly positive on C.

II Banach spaces with normal positive cones We will now extend
Morgenstern's theorem to ordered Banach spaces in which the norm is
not necessarily additive on the positive cone C. This assumption will be
replaced by the weaker hypothesis that C is normal. A convex cone of
vertex 0 in a normed space E is normal [5] if the topology of E is
generated by a norm which is monotone (with respect to the order in-
duced in E by C) on C. In terms of the given norm on E, x -* ||ίc|[,
this amounts to saying there is a constant 7 > 0 such that

\\x + 1/11 ^7111/II for all xeC,yeC .

It can easily be checked that for all classical Banach spaces, the positive
cones pertaining to their natural partial orders are normal ([5], p. 130).

THEOREM 2. Let E be a normed space, partially ordered by a com-
plete normal cone C. Let T be a strictly positive transformation, which
is continuous and maps bounded subsets of C into compact ones. Then
to each c > 0, there is x e C and λ > 0 with

Xx = T{x) , \\x\\ = c .
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Proof. Consider the mapping

χ - » S e ( x ) = T(x) + \c- \\x\\\y

for fixed 0 Φ y e C and c > 0. This is a continuous map carrying bound-

ed subsets of C into compact ones. T being strictly positive, we have

inf j | |T(α) | | : ίceC&| | ίc | | ^ —Λ = ε > 0. Hence, C being a normal cone,

we obtain

infHSc(a?)| |^7 inf sup(HΓ(aj)[|, \c - \\x\\ | \\y\\) ̂  γsup(ε, ±-c\\y\\)> 0 .
xec xeo V 2 /

Thus x-+ Rc(x) = cSc(x)\\Sc(x)\\-1 maps C Π {II #11 ^ c} into a compact
subset. So by the fixed point theorem (2nd form) there is an x in this
subset with x = Rc(x). Clearly \\x\\ = c, and letting λ = ^MI^aOH we
have Xx — T(x). Since c > 0 is arbitrary, the proof is complete.

III. A third theorem* The theorem presented in this section weakens
the assumption in Th. 2 that E be normed and removes the hypothesis
that C be a normal cone. Instead, we require either one of conditions
a, β of hypothesis H (s. below) to hold. As the conclusion is only
established for some continuous semi-norm x -> p(x) on E (which, how-
ever, may be assumed to generate the topology of E if E is normed),
Th. 3 is not a generalization of Th. 1 or 2. We start out with a

LEMMA. If E is a locally convex space, C a closed proper convex
cone in E of vertex 0, then there exists a continuous linear form on E,
non-negative on C and > 0 at a given non-zero element of C.

Proof. Let 0 Φ y e C. Since C is proper and closed, there is a con-
vex open neighborhood U of — y such that C and \Jλ>oλ>U do not in-
tersect. Hence there is a closed hyperplane H separating C and UλxΛt/
Obviously H contains 0, so has an equation f(x) — 0. After a potential
change of sign, / will meet the requirement.

Now let E be any locally convex space, partially ordered by a com-
plete positive cone. A mapping T, defined on a neighborhood of 0 in
C into C, will be called of type " P" if it satisfies:

1. T is continuous and strictly positive.
2. There is a neighborhood U of 0 such that the image under T of

U Π C is relatively compact.

Consider

HYPOTHESIS H. We will say that hypothesis H is satisfied if one of
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the two following statements is true:
a. To each compact subset of C, there exists a continuous semi-

norm which is > 0 at each non-zero point of that set.
β. T is positive-homogeneous of some degree σ > 0, i.e. T(Xx) =

XσT(x) for xeC and λ > 0.
For instance, condition a is automatically fulfilled if there exists

a continuous norm on E (or even on Cf. Condition β is of course satisfied
if T is a linear map.

THEOREM 3. Assume hypothesis H holds and T is a mapping of
type " P " . Then there exists a continuous semi-norm p such that for
each 0 < c <L 1, there are an xeC and λ > 0 satisfying

Xx — T(x) , p(x) — c.

Proof. Let U = {x: ^(cc) ^ 1} be a closed neighborhood of 0 such
that T(U Π C) is relatively compact. Second, let q2 be selected, accord-
ing to which one of conditions a, β in H is satisfied, as follows:

Case a. Let q2 be a continuous semi-norm strictly positive on

τ(un C).

Case β. Let q2 = ĝ .
Third, by the lemma, we may choose an p C and a continuous linear
form / such that / Ξ> 0 on C while f(y) > 0. We may further suppose
that sup {qx(y), q2(y),f(y)} - 1.

Put p — sup {qlf q2, \f\} and consider the set Uι = {x e C: p(x) ^ c),
c being any fixed real number between 0 and 1 (1 included). For any
positive integer n, form the mappings

Tn(x) - T(x) + 11 - p(Tx) I n-'y

and S^αO = cTn(x)lp[Tn(x)]. Obviously, Sn is a transformation of type
" P " , mapping Ê  into itself, provided the denominator p[Tn(x)] has
a positive lower bound. To show that this is true, consider first all

xeU, such that p(T(x)) ^ —. Then
4

p(Tn(χ)) ^ f[Tn(χ)] ^ } f(y) Φ 0 .
An

3
For the remaining elements x e Uι we have p(T(x)) > ~-, hence

p(Tn(x)) ^ P(T(x)) - |1 - p(Γ(α;)) |^-^(7/) > A - 1 = 1 .

5 Condition α can be weakened so as to require the existence and continuity of the

semi-norms involved only on C.
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Applying the fixed point theorem (2nd form) to Sn, we are sure there
is an xne Ux satisfying xn = Sn(xn), p(xn) = c. Letting Xn = p(Tn(xn))'C~\
by definition of Sn we obtain

(*) λ A = T(xn) + |1 - v{T{xn))\n-ιV .

{T(xJ} being relatively compact, it follows that {Xn} is a bounded sequence.
Assume, for the moment, that {Xn} has a positive lower bound. Then
as the right-hand side of our last equation is relatively compact, so is
{xn}. (Here we may remark that for a convergent subsequence of
{xn}, the corresponding subsequence of λ's converges automatically to
some λ > 0.) Hence for each limiting point of a subsequence of {Xnxn},
such that Xnjc -» λ, Xx = T(x) and, by continuity, p(x) = c.

All that remains to prove is that Xn > η > 0 f or all n. Suppose there
were a subsequence {λfc} tending to zero. From this it would follow
that p(T(xk)) -> 0 which, by definition of p, in turn would imply
q2(T(xk)) -H> 0. On the other hand, T being strictly positive, 0 is no limit-
ing point to the sequence T(xn) because of p{xn) = c. Thus if a of H is
satisfied, we arrive at a contradiction. Now assume H holds by virtue
of condition β. Letting zn — Xnxn, {zn} has a limiting point z, say. Be-
cause T is strictly positive, we must have z Φ 0. Multiplying equation
(*) by λ£, we get

λjs» = T(zn) +

Now if there were any subsequence {λfc} of {Xn} such that λfc -> 0, we
would obtain (as XI -» 0) Γ(2;) = 0 for some ze C,z Φ 0. This again con-
tradicts the hypothesis that T be strictly positive, and the proof is
complete.

REMARK. Hypothesis H was needed to prove that {Xn} does not
have 0 as a limiting point. The proof of Satz 3.1 in [4] is essentially
the same as the one presented here, but is incorrect at the point where
it says " λ0 > 0 " (I.e., p. 329, line 3 f.b.).

Applications* The remainder of this paper is concerned with a num-
ber of applications to the preceding theorems.

1. Consider the linear space ω of all real sequences x = (xlf x2, •)>
partially ordered by the positive cone C = {x: x% ^ 0, i = 1, 2, •}. In
the product topology (i.e. considering ω the product of countably many
real lines) ω is locally convex. Let r > 0 be a fixed integer and let
k = (kl9 k2, •) denote any sequence of non-negative integers such that
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Σllifc ί = r.6 Since the set {k} of all such k is countable, we may
arrange it into a sequence hence consider {&} as ordered by the natural
order of subscripts.

Further, denote by xk the product Πfc^^Λ Now if to each k and
each positive integer i there corresponds a real number aiJC ^ 0 such
that

Σ α u < C ,

where C is independent of i, the equations

(fc)

define a mapping y — A(x) on the subspace of all bounded sequences
into itself such that each yt is a homogeneous form of degree r in the
variables xlf x2, ••• (If r — 1, then A defines a bounded linear map on
the jB-space (m)).

Consider the properties

a. There are n rows in A (the first n rows, say) such that

n

Σ aijc ^ βjΛ; for all k and all j > n .

n n

β> Σ Vi -* 0 implies Σ #« ~> 07

We prove the following theorem:

// α mapping A of the above mentioned type satisfies a and β, there
are a X > 0 and an x > 0 for which

Xx = A(x) .

REMARK. If r = 1, then the point spectrum of the bounded map
A on (m) contains a positive real number.

Proof. Consider in ω the cone Cι~Cf\ {x: Σf-i^t = ^J> i > bl-
owing to a, A(x) is defined on the cone Cx into itself. Since ω is com-
plete and C± closed, Cλ is a complete cone in α>. Next we show that
Af which is in general not defined but on a dense subset of ωy is con-
tinuous on Cx. Let xn -> x in Cx. It follows from the definition of Cλ

that all coordinates of all the xn are uniformly bounded, say by some

6 A more general theorem results if we admit all k such that Σ &•* : ^ r

7 Cf, Example 3 in the preliminary section.
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constant M ^ 1. Given ε > 0 and any fixed subscript ΐ, we can find
a k0 such that

k>kQ

Then if yn — A(xn) and y = A(x), we obtain

I (ni 0j\ I "̂CΓ \ Λ 1 /Ί Ύ Π Ύ^" I I \ ^ ri /γ>^ _J_ NΓ~* ,-* /γk

The last two righthand terms are, by the choice of kQ, each less than

—ε. The first righthand term will be less than —ε for n > n0 if n0 is
O O

large enough, since there are only finitely many coordinates of both xn

and x involved. Thus we have \(yn — y)A < ε if n > n0 and continuity
is established.

n

Now f(x) — Σ xt is a continuous linear form on ω. The intersection
of the hyperplane f(x) = 1 with CΊ is certainly bounded as (0 ^) xt ^
1, ΐ = 1, 2, , in that intersection. Moreover, a set {x} is bounded in
ω if and only if \xA < Mi uniformly on {x}. If M% can be chosen in-
dependently of i, then the set is relatively compact by the well known
Tychonov theorem. Thus on CΊ closed bounded sets coincide with com-
pact sets, and A transforms bounded sets into compact ones on Cx.

By hypothesis β, A is strictly positive on Ct. (Conditions more ex-
plicit than β may be obtained easily by applying the reasoning of Ex-
ample 3, preliminary section.) Hence A meets all the requirements of
Th. 1 and the proof is complete.

2. In a recent paper [7], Schmeidler proved the existence of an
eigenvalue to the homogeneous algebraic integral equation of order n

(* ) μnyn{s) ~ Σ i"V(s)αβ(β, y) = 0 , (0 ^ s ^ 1)

where n is an odd integer > 0 and

ί i ri

• \ Kβ(s, t19 , Qy^+Htj) y'*+1(t)/)dtί dtvo Jo

are homogeneous integral forms with continuous kernels Kfίβ& t)
such that (β + l)(v + 1) = n + 1 and the K'& are symmetric with re-
spect to all their arguments. Schmeidler shows (*) to be the natural
generalization of a linear Fredholm equation with continuous symmetric
kernel. In an earlier paper [6], a theorem was stated by Schmeidler
that generalizes the well known Jentzsch theorem on linear Fredholm
integral equations with positive kernel. The proof of that theorem of
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Schmeidler's, however, appears to be incorrect8. We are going to show
that the theorem yet is correct and holds under weaker conditions than
the ones stated in [6]. Let us call (*) an algebraic integral equation
with non-negative coefficients if n is any positive integer and

<*β(s, y) = Σ Γ Γ Kβai αv(s, t19 , QyW ViQ^dt, . dtv
α 1 + . . + α v = » - β J θ J o

are homogeneous integral forms of order n — β with continuous kernels
Kβ*r..a(s, tlf •••, tv) ^ 0. We will prove this theorem:

// some aβ contains a term I K(s, t19 , t^yit^ y^yd^ dtv

such that a is the highest power occurring in any aβ, and if

[K(sf tlf , tv)ds ^ δ > 0 for (tlf , ίv) 6 [0, If
Jo

then (*) /KXS cm eigenvalue μ0 > 0 wiίft eig en function yo(s) ^ 0.

Proof. We first state a

LEMMA. Consider the mapping φ: (α0, , α^-J -> 2;0 where z0 is the
greatest real root of

( 1 ) * » - Σ α β S β = 0 .
β-0

i s defined a n d c o n t i n u o u s o n t h e s e t { a β ̂ O O ^ β ^ n — 1 }
It is clear that z0 = 0 if and only if α0 = αx = = an^1 = 0, and φ

is continuous at that point. At any other point, however, z0 is a simple
root which implies continuity of ψ.

Recalling that a is the highest power of y in any aβ, we observe
that aβ(s, y) (0 ^ β ^ n — 1) exist for all y(s) e Lα(0,1). Moreover, each
aβ(s, y) is a continuous map on [0, 1] x LΛ into the space C(0, 1) of con-
tinuous functions on [0,1]. For

( 2 ) |αβ(s, i/) - αβ(ί, §r) | ^ |αβ(s, 2/) - αβ(s, 7/) | + \aβ(s, y) - aβ(t, y) \

where the first righthand term can be estimated by expressions of the
form

/ = I K\y{t^) — ^ I M O / ^ I ) * 1 " 1 + y(tyΊ~λ)y(t^i*2 y(tv)^dtL dtv.

Using Holder's inequality we arrive at an estimate

| I | ^ const- | | i /- i f | lP( | | s/ | | , \\y\\)

where P(u, v) is a homogeneous polynomial of order n — β — 1 in u, v
8 The treacherous point is that the mapping η -> ?/, [6] p. 252 above, is not continuous.
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and II || denotes the norm in LΛ. Thus, aβ(s, y) — aβ(s, y) -+ 0 uniformly
in s as y -> y in La. The second righthand term in (2) can be estimated
by terms

//= J [K(8, tλ tv) - K(t, tx

so if \s — t\ < δ(ε), the iΓs being continuous, we obtain

\II I ̂  ε j ^ r ^ J

yydt <: I 7/Λcίί if γ ^ α.
o \Jo /

This proves continuity of aβ on [0, 1] x L*. But from the above rea-
soning it is obvious that {aβ(s, y)} is an equicontinuous, bounded set of
functions if y runs through any bounded set of La. Hence, by the
lemma, we have established:

The mapping y(s) -> zQ(s), z0 being defined as the greatest real root
of (1) for each se[0, 1], maps any bounded subset of the positive cone
in La onto a set of equicontinuous, non-negative and uniformly bounded
functions over [0, 1].

Thus the map y -> z0 satisfies the assumptions of Th. 2 if we can
show that it is strictly positive. For that end, let [[zo|| —• 0. If K is
the kernel mentioned in our present theorem, we get by (1)

zo(sf ^ zo(sy [ [K(8, tu . ., ty)y(ti)* V(U)*dtx - - - d t v
Jo Jo

where va + β — n. Since z0 is the greatest real root of (1), there
follows

J

Integrating this last equation, we obtain

( 3 )

Now assume first that y is bounded in La as z0 -> 0. Then z0 runs
through a uniformly bounded set of continuous functions and hence, as

it converges to 0 in measure, \ zQ(s)voύds -> 0. By (3) this implies \\y\\ -> 0.
JΘ

This excludes that III/II —> oo as 20->0, for division of z and y by \\y\\
(remember that (*) is homogeneous) would lead to \\y\\ = 1 while zo~+ 0.

9 In general, aβ are not continuous for the weak topology on
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Thus y ~> z0 is strictly positive and the application of Th. 2 ends the
proof.

3. Let Ω be a compact region in Euclidean n-space, C(Ω) the B-
space of continuous functions on Ω, and D(Ω) the space of continuously
differentiate functions on Ω in the topology of uniform convergence of
the function and its first order derivatives. Assume a kernel K(s, t) ^ 0
is given on Ω x Ω and a real function f(s u, Pi) of 2n + 1 arguments
(letting s — (x19 •••, xn)) such that these conditions are satified:

1°. K{Λ\Γ) = \ K(s, t)\\r(t)dt is a compact linear transformation on

C(Ω) into D(Ω) which has an eigenvalue X1 > 0 with an adjoint eigen-

function φ(s) that is ^ 0 and bounded except on an ί2-subset of (Lebesgue)

measure 0.

2°. / is a continuous real valued function, defined for se Ω, u ^ 0,
\pL I < cx> (i — 1, . . . , n) and such that

iau if 0 < u < 8

where a, 8, K are three suitably chosen positive constants. Then the
following theorem holds:

Under conditions 1°., 2°. the nonlinear integro-differential equation

Xu(s) = ( K(s, t)f(t u(t), ^ - (
Ω

has for each c > 0 at least one solution u ^ 0 with λ = X(u) > 0 and
\\u\\ = c, ivhere \\ | | denotes a suitably chosen norm of D(Ω). Moreover,
X(u) satisfies the inequality X Ξ> Xλ inf (a, Kc1).

Proof. D(Ω) is partially ordered by the positive cone C = {u:u ^

0 on Ω] but we note t h a t C is not a normal cone (cf. sec. II). For any

ε > 0, the transformation 1 0

u,

is, due to the continuity of / and condition 1°., compact and continuous
on C into C For all ue C we have

f Ts(u)ds ^ \\κ(s, t)εdtds ^ ε \\κ(s, t)φ(s)dtds = ελ: f ^(s)ds > 0

1 0 The following proof shows how cases may be handled where strict positiveness of

the map involved cannot be verified. (Ts is not necessarily strictly positive by Example 2

of the preliminary section if ε = 0.)
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if sup ess φ(s) = 1. Hence Tζ is strictly positive and we may apply
Th. 3, hypothesis H being satisfied through condition a. Following the
notation of the proof to Th. 3, choose for qλ any norm generating the
topology of D(Ω), let q2 — max \u\ and write p — || | | . (Obviously p is
a norm generating the topology of D(Ω); it is also evident that, in the
present case, the statement of Th. 3 holds for all c > 0 instead of
0 < c ^ 1.) Thus, c being fixed, to each ε > 0 there is a us ^ 0 and
Xs > 0 such that

( 1 ) \eu9 = T ε ( O , \\us\\ = c .

We are going to show that λε has a positive lower bound for ε > 0.
Multiplying (1) by ψ and integrating, we obtain

( 2 ) λ i uεφdt = ί ί ίΓ(s, <)^(s)[/(uε(ί)) + d

= λxj Ψ(t)[f(us(t)) + e]dt

Now β is the union of two measurable subsets Ωx and β2 such that
Uz ^ δ in £?! whereas ^ ε > 8 in β2. On account of condition 2°. we have

jdt ^ α \ cpu*dt

and

ί ψf[us]dt >κ\ φdt^ — \ φuεdt ,
JΩ 2 JΩ 2 cγ J Ω 2

where γ ^ 1 is a constant such that max \u\ ^ 7II^11 for all ueD(Ω)n.
Hence for the last integral in (2),

1 φflus]dt ^ a l φu2dt + — 1 φusdt ^ inf («!—- )ι
JΩ jQ a cγ JΩ 2 V cγ / J

and we finally obtain

( 3 ) λs :> inf f α, ~) . λx f or ε > 0 .

Now let ε->0 in (1). As | |w8 | | = c independently of ε, the righthand
side of (1) is a relatively compact sequence and so is the corresponding
sequence of u, by (3). Thus for a common convergent sequence of λε

and uε, the limit function u satisfies λ% = T0(u) and the proof is complete.
11 p = sup {<7i, <72, | / |} (Th. 3) implies γ ^l- If / does not depend on any pi, the proof

may be carried via Th. 2 and we will have γ — 1, ||w|| = max \u\.
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REMARK. If f(s;u, pt) is such that S may be chosen arbitrarily

large (e.g., if / = au + g(s; u, p%) with g ^ 0), then we will have Ω2

void and λ will satisfy the inequality

X(u) ^ aX1 .

We apply the preceding theorem to the following problem.

Let Ω be a compact region in 3-space such t h a t Green's function

for the first boundary problem of potential theory exists. I t is then

well known t h a t this kernel G(s, t) satisfies condition 1°. of our theorem.

It f(s; u, pt) is Holder continuous with respect to all variables, then t h e

equation

Xu(s) = I G(s, t)f(t; u,
JΩ V dxt

is equivalent to the boundary problem

1 j ίlUj ~\~ ΛJ jΓ I S , Uι,

V dxi

Hence, if / satisfies condition 2°., we have:

The nonlinear boundary problem (*) has, for suitable values X > 0,

solutions u Ξ> 0 such that max u attains any positive real number. If,

moreover, f = u + g(s; u, pt) (g >̂ 0), then for each such λ

X(u) >̂ Xι ,

where Xλ is the largest eigenvalue of the corresponding linear problem.
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SOME CONNECTIONS BETWEEN CONTINUED
FRACTIONS AND CONVEX SETS

ROBERT SEALL AND MARION WETZEL

The purpose of this paper is to develop certain connections between
the continued fraction solutions and the convex set solutions to some of
the moment problems. In particular, we shall develop some relations
between the work of Wall [3], [4] on continued fractions and the work
of Karlin and Shapley [1] on convex sets. The paper is divided into
two parts:

I. Stieltjes-type continued fractions and convex sets.
II. Jacobi-type continued fractions and convex sets.
Two characterizations of the moment problem for the interval (0, 1),

one by Riesz [2] in terms of convex closures and one in term of Hankel
forms, are well known. The work of Karlin and Shapley [1] shows the
equivalence of these two characterizations. A third characterization in
terms of a Stieltjes-type continued fraction has been given by Wall [3],
[4]. In part I we give an interpretation of the parameters in this con-
tinued fraction in terms of "distances" in certain convex bodies. This
interpretation, through the work of Karlin and Shapley, immediately
shows the equivalence of all three characterizations.

Solutions of the moment problem for the interval ( — 1, 1), in terms
of the Riesz condition and Hankel forms, are also well known. In part
II we give a third solution in terms of a Jacobi-type continued fraction.
Again, through an interpretation of the parameters in this continued
fraction in terms of "distances" in certain convex bodies and an exten-
sion of the work of Karlin and Shapley, the equivalence of the three
characterizations is immediate.

I. STIELTJES-TYPE CONTINUED FRACTIONS
AND CONVEX SETS

1Φ The monotone Hausdorff moment problem* A sequence of real
numbers {cn}(n — 0, 1, 2, •) is called a monotone Hausdorff moment
sequence if there exists a monotone nondecreasing real function φ(u),
0 ^ u ^ 1, such that

cn = I undφ(u), n = 0, 1, 2, .
Jo

Received December 8, 1958. The authors wish to acknowledge several helpful sug-
gestions from Professor Walter T. Scott of Northwestern University.
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The problem of determining such a function φ(u) is known as the mono-
tone Hausdorff moment problem. We shall assume throughout part I
unless otherwise designated that c0 = 1.

Wall [3], [4] has shown that a sequence {cn} is a monotone Hausdorff
moment sequence if and only if the power series

= Σ cnz
n

71 = 0

has a continued fraction expansion of the form

(1.1)
T -

where 0 <̂  gp ^ 1, p = 0, 1, 2, . We shall agree that the continued
fraction terminates with the first identically vanishing partial quotient.
The sequence {(1 — gp-ι)gp)(p = 1, 2, 3, •) is called a chain sequence and
the numbers gp are called the parameters of the chain sequence. In
general the parameters are not uniquely determined and we designate
the minimal set of parameters by mp. In this case m0 — 0 and (1.1)
takes the form

(1.2) 1 mxz (1 —

T - ~Γ -

Riesz [2], [1], [3] proved that a sequence {cn} is a monotone Hausdorff
moment sequence if and only if the point (c19 c2, , cn), n = 1, 2, 3, ,
is in the convex closure of the arc whose parametric equations are

x1 = t,

(1.3)

xn = tn, 0 ^ t ^ 1 .

The geometry of these convex bodies is developed rather fully in the
work of Karlin and Shapley [1].

2, The connecting theorem. Before stating the theorem which
connects continued fractions with convex bodies it is necessary to indicate
some special notations for the Hankel determinants. We set

l c ,

(2.1)
n = 0, 1, 2,
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(2.2) Δ 2 n + ι =

(2.3)

(2.4)

1 — Ci Ci — C2

C1 C 2 C 2 C 3

n = 0,1,2,"-,
(J-! = 1) ,

, ra=l,2, 3, .

(zΓ0 = 1), and

= 0, 1, 2,

-ι = 1)

It is well known that a sequence {cn} is a monotone Hausdorff
moment sequence if and only if the Hankel forms

2L
i, 3 = 0

v
Z-J V^ί + j Ci + j + l)%ί%j

are all positive semidefinite. In (2.1) replace c2w by c2w, and in (2.2)
replace c2n+1 by c2n+1. Setting A^n and ^2W+1 equal to zero, we have the
single relation

(2.5) An n = 1, 2, 3, ,

provided Δn_2 Φ 0. Similarly, (2.3) and (2.4) yield

(2.6) Vft vn -f ,

A
n=l,2, 3,

provided z/w_2 ^ 0. If the sequence {cn} is a monotone Hausdorff mo-
ment sequence, then the quantities cn and cn have been interpreted as
the "downward" and "upward" projections, respectively, of cn on the
boundary of the corresponding convex body [1].

We can now state the following theorem:

THEOREM 2.1. // the sequence {cn} is a monotone Hausdorff moment
sequence, then the elements and the minimal parameters in the continued
fraction (1.2) can he written in the forms
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(2.7) an = (1 - m^m* = Cn ~ Qn , w = 1, 2, 3, , (c0 = 0) ,
@n -1 Q_n - 1

and

(2.8) mn = c " ~ - w , 1 - m n = ! w " " c > > , w = 1, 2, 3, . . . .

From the proof it will be clear that a more general theorem is true.
If {cn}, (cQ = 1), is an arbitrary sequence of real numbers and its cor-
responding Stieltjes-type continued fraction is written in the form (1.2),
where no longer it is necessary that 0 ^ mn <̂  1, n — 1, 2, 3, , the
relations (2.7) and (2.8) are still valid.

If {cn} is a monotone Hausdorff moment sequence, then the mn can
be interpreted as the ratio of the ''distance77 of cn to the lower boun-
dary to the ''distance77 between the upper and lower boundaries of the
corresponding convex body. Similar interpretations can be given to the
an and (1 — mn). By Theorem 2.1 the equivalence of the condition in
terms of Hankel forms and WalΓs characterization in terms of the con-
tinued fraction (1.2), for the existence of a monotone Hausdorff moment
sequence, is apparent.

Proof. The proof depends upon the following lemma:

LEMMA 2.1. The determinants in (2.1), (2.2), (2.3), and (2.4) satisfy
the relation

(2.9) A~Δk = Λ + A - i + ά*+i4*-» fc = 1, 2, 3, .

We shall indicate two proofs to this lemma.

Proof (1). By a substitution and an equivalence transformation, we
write the continued fraction (1.2) in the form

(2.10) — -^- -^- -^_
2 — 1 — 2 — 1 —

where ak — (1 — mfc.1)m]CJ k — 1, 2, 3, , (m0 = 0). The recurrence
formulas for the denominators of the continued fraction (2.10) are given by

(2.11) B2k(z) = B^(z) - a%^B^l%\ k = 1, 2, 3, . . . ,

(B0(z) = 1) ,

and

(2.12) B2k+1(z) = zB2k(z) - a2kB2k^(z), k = 0, 1, 2, . . ,
(α0 - 1, B.λ{z) = 0, B0(z) = 1) .

Furthermore, we have
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(2.13)

and

(2.14)

where Λ2A._2 and
and we define

(2.15)

and

(2.16)

D fa) _ ^2/bW
±->2k,\K/) — " t

ά m-2

= 1,2,3, . . . ,

= 0, 1, 2, ,

^ - I &**e obtained from (2.1) and (2.2), respectively,

C2h^ Zh

= l,2, 3,

1 °2

CQ t/4

fc + i Cfc+2 ^2fc

By a sequence of elementary operations on 4,Ά{Z) and

that Δk(l) = Δt-lt ft = 1,2,3, •••.
Substituting this result in (2.13) and (2.14) we have

(2.17)

We also note that

Bk{l) =

fc = 1,2,3, ••-,
(4(2) = 1)

it is seen

= 1, 2, 3,

(2.18)
A A '
fifc-2 iifc-1

Substituting the results of (2.17) and (2.18) in (2.11) and (2.12), the re-
lation (2.9) follows immediately.

Proof (2). By Laplace's Development and a sequence of elementary
operations, Lemma 2.1 can be established directly. We shall omit the
details.

The proof of Theorem 2.1 now follows. Using (2.5) and (2.18), the
relation (2.7) is immediate.

The relation (2.8) is established by induction. Assume that
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0 ^ mn < 1, n = 1, 2, 3, ••• . Using (2.5), (2.6), and Lemma 2.1 it is

clear that

ΎYI — a — Cl ~ - 1 — Cl ~ - 1

Si Si Si

o ko W —l

where c0 = 1 and we define c0 to be zero, and m2 = ^β

Si Si

Now assume that mk — ~ —. Again using (2.5), (2.6), and Lemma 2.1

in the relation mk+1 = -———, the definition for the minimal parameters

in a chain sequence [3], the induction is completed. If mk = 1 then mL+ι

is defined to be zero. In this case the corresponding moments fall on
the upper and lower boundaries of their respective convex bodies.

3. Some results from the theory of chain sequences. Regarding
the uniqueness of the parameters gp in the continued fraction (1.1) and
the location of the moments in the convex bodies we have the following
theorem:

THEOREM 3.1. Given a monotone Hausdorff moment sequence, {cw},
let

(3.1) l im c_k ~ -k = q .

If q > 1 the parameters gp in (1.1) are uniquely determined, and if
q < 1 the parameters are not uniquely determined. In case q — 1 the
parameters may or may not be unique.

Proof. Wall [3] proved that the parameters in a chain sequence are
uniquely determined if and only if the series

0 0 ΎV) ΎΏ ΎYί

1 + ^ m'm* m *fc-i (1 — mJί l — m2) (1 — mk)

diverges. Making use of this result and Theorem 2.1 our proof is im-
mediate.

We designate the maximal parameters of the chain sequence in the
continued fraction (1.1) by Mp. The maximal parameters can be inter-
preted in terms of "distances" in the convex bodies by the following
theorem:

THEOREM 3.2. The maximal parameters Mn in the continued frac-
tion (1.1) can be written in the form
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(3.2) Mn = ^ ^ L + i»JZ^»(i/rn), n = 1, 2, 3, ,
Cn Q-n Cn Cn

where

{o.ό) l n = 1 + 2-J -=—- L - — =—- '' ~ 9

in the case that the an+r, r = l, 2, 3, •••, of (2.9) are positive. If
αw+1, an+2, •••, αM+r are positive, αw+fc+1 — 0, (k > 0), and mw+fc < 1, then
the summation in (3.3) runs only to n + k.

Proof. Wall [3] introduced an expression of the form (3.3) in dis-
cussing maximal parameters. Using his results and Theorem 2.1 our
proof is immediate.

II. JACOBI-TYPE CONTINUED FRACTIONS
AND CONVEX SETS

4* The "extended" monotone Hausdorff moment problem. A se-
quence of real number {cn}(n = 0, 1, 2, •••) shall be referred to as an
''extended'' monotone Hausdorff moment sequence if there exists a
monotone nondecreasing real function Φ(u), — 1 ^ u :g 1, such that

cn = I undφ(u), n = 0, 1, 2,

The problem of determining such a function Φ(u) shall be referred to
as the ''extended" monotone Hausdorff moment problem. Again we
shall assume throughout part II unless otherwise designated that c0 — 1.

The work of Riesz [2] can be applied to the "extended" monotone
Hausdorff moment problem. A sequence {cn} is an "extended" monotone
Hausdorff moment sequence if and only if the point (clf c2, , cn), n —
1, 2, 3, •••, is in the convex closure of the arc whose parametric equa-
tions are given by (1.3) where — 1 ^ t ^ 1.

Let

-I -. -.9 „ ..9

(4.1)
6^ + 1 — b2z + 1 — bzz + 1 —

be the Jacobi-type continued fraction expansion of the power series

oo

We shall agree that the continued fraction terminates with the first
identically vanishing partial quotient. We shall show that if the sequence
{cn} is an "extended" monotone Hausdorff moment sequence, then the
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ap and bp of (4.1) have the form of a generalized chain sequence and
the parameters can again be represented in terms of ' 'distances'' in
certain convex bodies.

5 The connecting theorem. As in §2, it is necessary to indicate
some special notations for the Hankel determinants corresponding to an
''extended" monotone Hausdorff moment sequence. We set

(5.1)

1 cx

Ci C2
Cn + 1

(5.2) J 2 n + 1 =

n + i ' ' ' ^2n

@2 C2 ~Γ Cs

Cn+1 Cn+ι -\- C +• c « + 1

= 0,l, 2,

(5.3) Δ,n =

£-3

(5.4) z/2ra+1 =

— C2

, n_= 1, 2, 3, ,
(4 = 1), and

, n= 0, 1, 2, ,

The sequence {cn} is an "extended" monotone Hausdorff moment
sequence if and only if the Hankel forms

n

Σ «
i, j = θ

w - 1

are all positive semidefinite. As in part I replace c2n by c2n in (5.1) and
<^2n+i by c2?z+1 in (5.2). Setting A2n and J2W+1 equal to zero, we have the
single relation

(5.5) ^ n Ism = 1, 2, 3,

Similarly, (5.3) and (5.4) yield
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(5.6) cn = cn
= 1, 2, 3,

The methods of Karlin and Shapley [1] can be applied so that if the
sequence {cn} is an "extended" monotone Hausdorff moment sequence
then the quantities cn and cn of (5.5) and (5.6) are again interpreted as
the "downward" and "upward" projections, respectively, of cn on the
boundary of the corresponding convex body.

We can now state the following theorem:

THEOREM 5.1. // the sequence {cn} is an "extended" monotone
Hausdorjf moment sequence, then the elements an and bn in the continued
fraction (4.1) can be written in the forms

(5.7) an = 4mn(l -

(5.8)

where

(5.9) mn -

- ln), n = 1, 2, 3, . . . ,
0 ^ mn ^ 1, (m0 - 0), 0 ^ ln ^ 1 ,

= 1, 2, 3, = 0) ,

~ -2
Z 1 ~ - 2 "- 1

- m. = "-i , w=l,2,3,

and

(5.10) &„ = 1 - 2m,_1(l -

(5.11)

^ 2 Π - 1 Q.2Π-1

2(1 - m^h, n - 1, 2, 3, . ,
(Zo = m0 = 0) ,

_ g2n-2 ~ g2n-2> ^ = 2, 3, 4, .

As in part I it will be clear that a more general theorem is true.
If {cn}, (c0 = 1), is an arbitrary sequence of real numbers and its corre-
sponding Jacobi-type continued fraction (4.1) is written in the form
that the an and bn are given by (5.7) and (5.10), respectively, where
l0 = m0 — 0 but it is no longer necessary that 0 <̂  ln ^ 1 and 0 ^ mw ^ 1,
^ = 1, 2, 3, , then the relations (5.8) and (5.11) with (5.9) holding are
still valid.

If {cn} is an "extended" monotone Hausdorff moment sequence, the
geometric interpretations of the an9 bn, ln, and mn are apparent.

Proof. The proof depends upon the following lemma.

LEMMA 5.1. The determinants in (5.1), (5.2), (5.3), and (5.4) satisfy
the relations
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(5.1^) U2lc + l^2IC + l — ^2fc + 2^2/b + ^2fc+2^2fc> 7 Λ i Λ

fc = 0 , 1 , 2 , -•- .
^ ~ 2ft^2& — ^2/C + 1^2/C-l I ύ'Ak, + 1^2lc-l >

Proof. By Laplace's Development and a sequence of elementary
operations, Lemma 5.1 can be established directly. We shall omit the
details.

The proof to the theorem now follows. A well known formula for
the ak is given by

(5.13) a, = / a*-'*- 4 , fc = 2, 3, 4, •

The formulas (5.5) and (5.13) yield (5.8).
By a substitution and an equivalence transformation, we write the

continued fraction (4.1) in the form

(5.14) aι

&! + z — b2 + z — b2 + z —

The recurrence formula for the denominators of the continued fraction
(5.14) is given by

(5.15) Bk{z) - (b, + z)BIUz) - α fc. A- a(2),

fc = 1, 2, 3, , (aQ=l, B-fc) = 0, B0(z) - 1) .

Furthermore, we have

(5.16) Bk(z) - Jf&L, fc = 1, 2, 3, ,

where Δ21i_2 is obtained from (5.1) and we define Δ2k(z) the same as in
(2.15). By a sequence of elementary operations on A2h(z) it is seen that
A2k{-Ϊ) = ( - l ) ^ * - ! , fc = 1, 2, 3, . . . . Substituting this result in (5.16)
we have

(5.17) Bk{-1) = JtlL)M^.L fc - 1, 2, 3, . . . .
^ 2 f c - 2

Setting z equal to —1 in (5.15), using the formulas (5.13) and (5.17),
we can solve for bk and obtain (5.11). We note that if we had set z
equal to 1 and followed a similar procedure, we would have obtained
the formula

(5.18) bn = _g^-l ~ Canzi + .gan-a ~ g8n-2 _ l f % = 2, 3, 4, .
^2W-2 Y2W-2 ^2Π~3 ^In-Z

Assume that 0 ^ mn < 1, 0 ^ Zw < 1, w = 1, 2, 3, . Using (5.5),
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(5.6), and (5.9) it can be shown directly that bί = 1 — 2l19 and ax =
4m1i1(l — lj). Now by using (5.5), (5.6), (5.9), and Lemma 5.1, (5.11)
reduces to (5.10) for n = k, k = 2, 3, 4, . A similar statement applies
to (5.8). If mΛ = 1 then mk+1 is defined to be zero. A similar state-
ment applies to lk. In either case the corresponding moments fall on
the upper and lower boundaries of their respective convex bodies.

If (5.18) had been used in place of (5.11) we note that (5.10) would
have been obtained in the form

(5.19) bn = 2(1 - U ( l - mn-Ύ) + 2mn-1ln_1 - 1,

n = 1, 2, 3, , (ί0 = m0 = 0) .

By Theorem 5.1 and the condition in terms of Hankel forms, we
can now state a theorem which characterizes the existence of an "ex-
tended" monotone Hausdorff moment sequence in terms of continued
fractions. This theorem is analogous to Wall's solution [3], [4] for the
regular monotone Hausdorff moment sequence. By Theorem 5.1 and an
extension of the work of Karlin and Shapley, the equivalence of the
continued fraction solution and the condition in terms of Hankel forms,
and hence convex bodies, is apparent.

THEOREM 5.2. The sequence {cn} is an "extended" monotone Hausdorff
moment sequence if and only if the power series

P(z) = Σ cnz
n

has a Jacobi-type continued fraction (4.1) expansion where the an and
bn are given by (5.7) and (5.10), respectively, and l0 = m0 = 0, and
0 ^ ln^ 1, 0 ^ mn ^ 1, n = 1, 2, 3, • .

It should be pointed out that P(z) = Σ ^ = o cmzm is a moment generat-
ing function for the ' 'extended" monotone Hausdorff moment problem

if and only if Q(w) = (1 + z)P(z), where w = τ ——, is a moment gener-
1 + z

ating function for the regular monotone Hausdorff moment problem.
From these relations it is observed that the ln and mn of Theorem 5.1
are equal to mm.Ύ and m2w, n — lf 2, 3, •••, respectively, of Theorem
2.1. These results are obtained by contraction.

It can also be noted that {cn} is an ''extended77 monotone Hausdorff
moment sequence if and only if

is a regular monotone Hausdorff moment sequence. This result can be
obtained by comparing coefficients in P(z) and Q(w) under the indicated
transformation.
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6» The continued fraction of the first differences. We prove the
following theorem:

THEOREM 6.1. / /

a2z(6.1) l + Clz + c,. ,
6^ + 1 — b%z + 1 — 63£ + 1 —

(6.2) 6n = 1 - 2m,_1(l - ln^) - 2(1 - mn^)lnf n = 1, 2, 3, . . ,

(6.3) αw = 4mn(l - mn_1)ίn(l - ί j , ^ = 1, 2, 3, , (l0 = m0 = 0) ,

^ ^ ^ ,

6i*2; + 1 — bfz + 1 — 63*2 + 1 —

Δcn = c w + 1 — cn, w = 1, 2, 3, , (Jc 0 = 1 — cx), a n d

(6.5) 6* = 1 - 2ί x ( l - m x ) ,

6* = 1 - 2 m n . 1 ( l - ln) - 2ln(l - mn), n = 2, 3, 4, . . . ,
(6.6) α0* = 2(1 - k) ,

α * = 4 ί n ( l - ln+1)rnn(l - mn), n = 1, 2, 3, .

Proof. In order to prove the theorem it is necessary to note some
determinants for the sequence {Λcn} corresponding to Δ_2n and Δ2n+i of
(5.1) and (5.2), respectively, for the sequence {cn}. Noting (5.3) and
(5.4) we observe that

(6.7) J* = J2fc+1, J* +1 = /2fc+2, k = 0, 1, 2, .

We observe directly that

a: = 1 - C l - z/cx - 2(1 - ZJ .

Using (5.13) and (6.7) we note that

//* //* A A
(β 9>\ / T * = ±J.2fc £l2fc - 4 . Zi2fc + l^ J2fc-3

^ 2 Λ - 2 ^ . 2 ^ - 2 ^2Λ-1^2ft-l

The relations in (6.6) can now be established by (5.5) (5.6), (5.9), and
Lemma 5.1.

Now, by (5.5), (5.10), (5.11), and (6.7),

.2fc-2 ±±2fc-3 ±12Λ-3±i2fc-4
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__ 1 Ά2]

k = 1, 2, 3, , (J?x = Jΐ2 = 1, A% = 0)

Now again by (5.5), (5.6), (5.9), and Lemma 5.1, the relations in (6.5)
follow.

We note that a similar proof could be given for the corresponding
theorem for a regular monotone Hausdorff moment sequence, thereby
giving another proof to this well known result [4].
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VARIATIONS ON A THEME OF CHEVALLEY

ROBERT STEINBERG

1. Introduction. In this paper we use the methods of C. Che valley
to construct some simple groups and to gain for them the structural
theorems of [3]. Among the groups obtained there are two new families
of finite simple groups1, not to be found in the list of E. Artin [1].
Whether the infinite groups constructed are new has not been settled yet.

Section 5 contains statements of the main results of [3]. In §§ 2,
3, 4 and 7, we define analogues of certain real forms of the Lie groups
of type Alf Ώτ and E6 (in the usual notation), and extend to them
the structural properties of the groups of Che valley. Sections 6 and 9
treat some identifications, and § 8 deals with the question of simplicity.
In §§ 10 and 11, using the extra symmetry inherent in a Lie algebra of
type Diy we consider two modifications of the first construction which
are, perhaps, of more interest since they produce groups which have no
analogue in the classical complex-real case: in fact, a basic ingredient of
each of these variants is a field automorphism of order 3. In Sections
12 and 13, it is proved that new finite simple groups are obtained1, and
their orders are given. Section 14 deals with an application to the theory
of group representations, and § 15 with some concluding observations.

The notation is cumulative. We denote by | S | the cardinality of
the set S, by K* the multiplicative group of the field K, and by C the
complex field. An introduction to the standard Lie algebra terminology
together with statements of the principal results in the classical theory
can be found in [3, p. 15-19]. (Proofs are available in [8] or [10]).

2. Roots and reflections* We first introduce some notations. Rela-
tive to a Cartan decomposition of a simple complex Lie algebra of rank
I, let E be the real space generated by the roots, made into an Euclidean
space in the usual way, and normalized as in [3, p. 17-18]. Relative to
an ordering •< of the additive group generated by the roots, let Π be
the set of positive roots, and α(l), α(2), •••, a(l) the fundamental roots.
For each root r = Σzt a(i), set Σzt — ht r, the height of r. The order-
ing -< can always be chosen so that ht r < ht s implies r < s (see
[3, p. 20, I. 35-40]); suppose this is done. Assume now the existence
of an automorphism a of E of order 2 such that all = IT. This restricts
the type of algebra to Al9 Όx (I ^ 4) or E6 (see [3, p. 18]), and hence

Received October 2, 1958, in revised form January 8, 1959.
1 Since the preparation of this paper, the author has learned that these groups have

also been discovered by D. Hertzig [6], who has shown that they complete the list of finite
simple algebraic groups.
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implies that all roots have the same length. We also denote or by r.
Clearly σ permutes the fundamental roots. Thus htr — htr for each root
r. Finally, let W be the Weyl group, W1 the subgroup of elements
commuting with σ, and for each w e W denote by n(w) the number of
roots r for which r > 0 and wr < 0.

Consider now subsets S of 77 of the following three types:
( 1 ) S consists of one root r, which is self-con jugate (r = r), and

which can not be written as a sum of a conjugate pair of roots;
( 2 ) S consists of a conjugate pair r, r such that r + r is not a

root;
( 3 ) S consists of three roots of the form r, r, r + r.
Note that in case (2) one has r _[_ r because htr = htr implies that

r — r is not a root. Shortly we prove the important fact:

2.1 LEMMA. If Π1 denotes the collection of sets of types (1), (2)
and (3) above, then Πι is a partition of 77.

In any case, the fundamental sets of 771 - those which contain funda-
mental roots - are disjoint because the fundamental roots are linearly
independent. If wr denotes the reflection in the hyperplane orthogonal
to r, we set ws = wr, wrw~r or wr+-r(— wrw?wr) according as S is of type
(1), (2) or (3) above. Note that ws e W\

2.2 LEMMA. For each fundamental S e Π\ ws maps S onto -S and
permutes the positive roots not in S. Hence n(ws) = \S\.

Proof. Since n(wa) = 1 for each fundamental root a [8, p. 19-01,
Lemma 1], and since ws can be written as a product of [ S \ such reflec-
tions, it follows that n(ws) ^ | S |. By direct verification one sees that
wsS = — S. Hence the lemma is proved.

2.3 LEMMA. The group W1 is generated by the ws corresponding
to fundamental S e 771.

Proof. Using induction on n(w), we show that each w e W1 is a
product of elements of the given form. If n(w) = 0, w = l, the statement
is clearly true. If n(w) > 0, w φ 1, there is a fundamental root a such
that a > 0 and wa < 0. Since ά > 0 and wa = wa < 0, it follows that
r > 0, wr < 0 for each root r in the set S e Π1 which contains a.
Hence niwWs1) = n(w) — n(ws) by 2.2, and the induction hypothesis can
be applied to wwj1 to complete the proof.

2.4 LEMMA. W is a normal subgroup of the group generated by W

and σ.

Proof. One has σwrσ~ι — w for each root r. Since σ permutes
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the roots, and the root reflections generate W, one gets σWσ~ι = W,
and hence 2.4.

2.5 LEMMA. The element w0 of W defined by woίl — — Π is in
W\

Proof. By 2.4, σw^σ~λ e W. Since σw^J'1!! — — II, one concludes
that OWQU'1 •=• w0 and that wQ e W1.

2.6 LEMMA. Sαcfe S e Π1 is congruent under W1 to a fundamental
set.

Proof. Write the element w0 of 2.5 in the form w0 = wk w2w1

guaranteed by 2.3. Since S > 0 and w0S < 0, there is an index i such
that w%-λ wxS >- 0 and w$ Ίί^S -< 0. lί T e Π1 corresponds to Wj,
it follows from 2.2 that wi-1 wλS <= Γ, and clearly equality must
hold.

By using 2.6 and examinining the fundamental root systems for
groups of type Al} DL and Eβ (see [3, p. 18] or [8, p. 13-08]), one sees
that a set in W of type (3) can occur only in the case Aτ (I even).
This turns out to be the most troublesome case in the sequel. Note
however that sets of types (1) and (3) do not occur simultaneously.

Proof of 2.1. This follows from 2.6 and the fact that the funda-
mental sets of Π1 are non-overlapping.

We now associate with W1 a reflection group. Let E+ and Ir-

respectively denote the positive and negative subspaces of E under σ,

and for each w e W1 let w and W1 denote the restrictions of w and

W1 to E+. Also denote by S the vector r, r + r or r + r in the respec-

tive cases (1), (2) or (3) of 2.1.

2.7 LEMMA. The restriction of Wι to W1 is faithful. W1 is a
reflection group of type C [ α + 1)/ 2 ], Bt-X or F4 in the respective cases that
W is of type Al9 Dt or E6, and, to within a change of scale, {S \ S e Π1}
is a corresponding system of positive root vectors.

Proof. First if w e W1, w = 1, then w maps each positive root
onto another one. Hence w — 1, and the restriction is faithful. Those
S which correspond to the fundamental S e Π1 form a new fundamental
root system (to within a change of scale) of the listed type, as one sees
by considering the separate cases (see [3, p. 18]). Becuse of 2.3 and 2.6,
the proof is complete if it can be shown that,ffor each fundamental
S e Π1, ibs is the reflection in the hyperplane orthogonal to S. If
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I S I = 2 and S= {α, a}, then ws has —1 as a characteristic value of
multiplicity 2. Since ws(a + a) — — (α + a), ws(a — a) — — (a — a), a +
a 6 E+, and a — a e E~, it follows that w, has — 1 as a characteristic
value of multiplicity 1, and then that ws is the required reflection.
If I S I — 1 or I S I = 3, the result follows from the definitions.

2.8 COROLLARY. Any two sets of the same type in the partition
2.1 are congruent under W1.

Proof. Since sets of types (1) and (3) do not occur simultaneously,

and since W1 is transitive on its root vectors of a given length, 2.8

follows from 2.7.
A new ordering < of the positive roots is now introduced. First if

R, S e Π1, then R < S means that min r e R < min s e S. Then if
r, s e 77, define r < s to mean that either r and s belong to distinct
sets R and S of IP -and R < S, or r and s belong to the same set of
Π1 and r < s,

2.9 LEMMA. The roots in each set S of IP occur consecutively in
the ordering of the roots of Π relative to < . If r, s and r -{- s are
positive roots, then r + s > min (r, s).

Proof. The first statement follows from the definition. Since <
respects heights, the second assertion is true if r + s has minimum
height in the set S of Π1 containing it. Thus one may assume that
there is a root t such that r + s = t + t, r Φ t, r Φ t, and that W is of
type Aτ (I even). Then each positive root is a sum of a string of dis-
tinct fundamental roots, and the strings corresponding to r and s are
necessarily of different lengths. Thus htt = ht~t > min (ht r, ht s).
Since •< respects heights, this implies that r + s > min (t, ϊ) > min (r, s).

3. Construction of an involution. Suppose that (] is a simple
complex Lie algebra with a generating system (Xr, X_r, Hn r e II)
chosen to satisfy the conditions of Theorem 1 of [3j. Assume also that
g is restricted to type Al9 Dι (I Ξ> 4) or EQ so that the results of § 2 can
be applied. Set r(Hs) — r(s). Then, all roots being of the same length,
it follows that:

3.1 XrXs = Nr8Xr+8 JNΓr. = 0, ± 1; r, s e Π .

For the same reason r(s) = s(r) and r(r) - 2. By the uniqueness theorem
for a simple Lie algebra with a given root structure (see [8, p. 11-04]
or [10, p. 94]), there exists an automorphism σ0 of cj such that σ0Hr =
H- and σσXr = crXϊ, cr e C*, r e Π or —77, with ca = 1 for each
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fundamental root a. Then each c_α = 1, and by induction on the height
one gets each cr — ± 1 . Next let K be a field on which an automor-
phism σ of order 2 acts, let KQ be the fixed field, and write σk = k, k e K.
Then following the procedure of [3, p. 32], one can transfer the base
field of g from C to K, and thus gain a Lie algebra qκ over K and a
semi-automorphism σ of g^ such that σ(kHr) — kH;. and σ(kXr) = ± kX-,
k e K, re Π o r — 77. Note [3, p. 32] that the field is not transferred
for roots (or weights) and that the expression r(s) retains its original
meaning.

3.2 LEMMA. The order of a is 2. By appropriate sign changes of
the Xr one can arrange things so that in the equations σXr = krXγ, r e 77,
one has:

(a) k;. = kr;
(b) if r Φ r, then kr = 1;
(c) if r = r, t/ien /cr ΐs 1 or —1 according as r belongs to an

S 6 Π1 of 1 or 3 elements.

Proof. One has tf2Xα = Xα, tf2^-α = X~a for each fundamental root
α. Thus o"2 = 1, and this implies (a). If r, r is a conjugate pair in 77,
if r < r, and if &,,. = - 1, replace Xr by - X r . Then (b) holds. If
I S I — 3 in (c), there is a root s such that r = s + s, and one gets (c)
by applying tf to the equation XSX~S = kXr. If | S \ = 1, assume ht r > 1.
Then there is either a self-con jugate fundamental root a such that r — a
is a root, or a conjugate pair of orthogonal fundamental roots b, b such
that r — b, r — b and r — b — b are all roots. One then applies σ to
the equation Xr-aXa = fcjXr or (X^^^X^X^ = fc2Xr, respectively, and
completes the proof of (c) by induction on the height.

We assume henceforth that the normalization indicated by 3.2 has
been made and that the corresponding treatment has been given,to the
negative roots, so that one has once again the equations of structure of
Theorem 1 of [3] (in particular, XrX_r = Hr).

4. Some nilpotent groups. As in [3], we set xr(t) = exp (ί ad XΊ),
t 6 K, r e 77, denote by Hr the one-parameter group {xr(t) \t e K], and
by II the group generated by all ϊ r , re 77.

4.1 LEMMA. For r, s e 77 and tu t2 e K, one has the commutator

relation {xr(tύ,

Proof. This follows from [3, p. 33, I. 22] and the fact that all
roots have the same length.

A straightforward computation yields:

4.2 σ exp (t ad Xr) σ'1 = exp (t ad a Xr) .
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4.3 LEMMA. Let Σ be a subset of Π satisfying the condition

4.4 r, s e Σ, r + s e Π imply r + s e Σ.

Then each x e U2, the group generated by all %n r e Σ, can be
written uniquely in the form x = IIxr(tr)> the product being over the
roots of Σ arranged in increasing order relative to < {see § 2).

Proof. Using the formulas 4.1 repeatedly, one sees that the set of
elements of the given form is closed under multiplication; thus each
x e U2 has an expression of the given form. Uniqueness is proved by
induction on | Σ \. If | Σ | = 1 and Σ = {r}, this follows from xr(t)X~r =
X-r + tHr - VXr (see [3, p. 36, I. 15]). If \Σ \ > 1, let r be the least
element of Σ (relative to <), and set Σf = Σ — r. Let x e U2 be written
as x — ccr(ίi)fl?i and x = xr(t2)x2 with tί e K and xi e ΓU. Then xr(t2 — Q =
xλx2

λ. Since xr(t2 — t^)X_r = X_r + (t2 — tL)Hr — (ί2 — Q2Xr, since xr(t2 — tτ)

e U^, and since r can not be written as a sum of roots larger than r
by 2.9, it follows that the coefficient of Hr, namely ί2 — ίx, must be 0.
Thus xλ = ff2, and the induction hypothesis can be applied to Σf to
complete the proof.

The result 4.3 can be applied in the cases Σ = II and Σ — S e IP.
Because of 2.9, one gets:

4.5 COROLLARY. Each x e U can be written uniquely in the form
x = γ\xs, xs e Us, the product being over the sets S of Π1 arranged in
increasing order.

Denote now by IT, UJ, etc. the subgroups of elements of II, Us, etc.
commuting with σ.

4.6 LEMMA. If x e U is written in the form 4.5, then x e U1 if
and only if each xs e tt1. A necessary and sufficient condition for xs e Us

to be in U1 is that, in the cases (1), (2) or (3) of 2.1, xs has the respec-
tive form (1) xr(t),t = t, (2) xr(t)χ-(v), v =Ί, or (3) xr(t)xr(v)xr+-(w)f

V — 1, W + W — Nrrtt.

Proof. If x G U1 commutes with σ, one has x = σxσ*1 = W{σxsσ~Ύ).
Since σxsσ~ι e Us by 4.2, one gets GXSO~X = xs by the uniqueness in 4.5.
Thus each xs e IX1. The converse is clear. In the cases listed in the
second statement, one has

( 1 ) σα;r(ί)ίτ-1 = a;;(ί)>

( 2 ) σxr{t)χ-(v)σ-1 — xr(v)x^(t), and

( 3 ) σx^t)χ-{v)xr+j\w)σ-Ύ = xXv)Xr{t)xr+-\—w + N^tv) by 3.2, 4.1
and 4.2. The required results now follow from 4.3.

4.7 LEMMA. Let Π be the union of the disjoint sets Σ and Σf,
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each invariant under o, and each satisfying 4.4. Then It1 = U\ U|, and
VL\ Π U£, = 1.

Proof. By [3, p. 41, Lemma 11], one can write x e U1 uniquely in
the form x = yy\ y e U s, y' e Ua,. The proof that y and y' are in U1

is the same as that for the first part of 4.6.
If 33 denotes the group generated by all 3cr, r < 0, then one can

define 931, 23S, etc., and gain for these groups corresponding results.

5 Main results of Chevalley. For each simple complex Lie algebra
g (not necessarily one for which a exists), consider the groups U and 33
and also the group G (denoted in [3] by G') which they generate. For
each w e W, if Σ consists of the roots r for which r > 0 and wr < 0,
we set U s = ltw (denoted in [3] by It"). Let Pr and P, respectively,
denote the additive groups generated by the roots and by the weights.
Corresponding to each character χ of Pr into K*, there is an automor-
phism h = h(χ) of QK defined by hXr = χ(r)Xr, r e Π or — //. Let ξ)
(denoted in [3] by £>') be the group generated by those automorphisms
which correspond to characters which can be extended to P. For

&> one has

5.1 hxMh-1 = xr(X(r)t) .

The main results of [3] are as follows:

5.2 G contains ξ>.

5.3 Corresponding to each w e W there is ω(w) e G such that
ω(w)Xr = crXwr, ω(w)Hr = Hwr, cr e K*, r e Π or - / / . The union of
the sets §ω(w) is a group SB and the map w -> §α)(t(;) is an isomorphism
of W on 2B/φ.

Parenthetically, we remark that here one has:

5.4 ω(w)Tίrω{w)-1 = %wr .

5.5 G is the union of the sets VLίgω(w)VLw, w e W. These sets are
disjoint and each element of G has a unique expression of the indicated
form.

5.6 G is simple if one excludes the case (1) | ίΓ | = 2 and g of type

Alf B2 or G2, and (2) | K \ = 3 and g of type Ax.
Before proving corresponding results for the group G1 generated by

U1 and S31, we identify G1 in the case that g is of type At.

6. Some unitary groups. Consider the form

6.1 f(a, /3) = Σ ( - l ) i α , A
1

on a space of I dimensions over K. Let Uι+i(f) denote the correspond-
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ing unimodular unitary group and C ι+1(/) its center. Then one has:

6.2 // Q is of type Al9 G1 = ?7I+1(/)/C ϊ+1(/).

Proof. If g is of type Alf one can identify c\κ with §ll+1(K), the
algebra of (I + l)th order matrices of trace 0, in such a way that, for
each fundamental root α(i), Xau) e g* corresponds to i?M+i, the matrix
with 1 in the (ΐ, i + 1) position and 0 elsewhere [7, p. 393]. If m —
((—l)*δifZ+2_j) is the matrix corresponding to /, one can then verify that
a is the product of the transformations Y-> mYm'1 (matrix multiplica-
tion) and Y-> — Yι {t — transpose). According to a recent identification
of R. Ree [7], U and 33, respectively, consist of the superdiagonal ma-
trices (0 below and 1 on the diagonal) and the subdiagonal matrices,
acting on §>lι+1 via inner automorphisms, so that the group G of Cheval-
ley is in this case the projective unimodular group. Now it follows
from material in [4, p. 66-69] that Ul¥1{f) is generated by its superdia-
gonal and subdiagonal elements and that Cι+1(f) consists of scalar
matrices. Thus to prove 6.2 it is enough to prove:

6.3 Let x be a superdiagonal matrix. Then x e IV if and only if

x e uι+1(f).
A simple calculation using the concrete form of a given above shows

that xσ — σx if and only if xtm~ιxm commutes with each Y e $iί+1.
This is equivalent to xmx1 — km, k e K. If x is superdiagonal, k must
be 1, because the (1, I + 1) entries of the matrices xmxΰ and m are
both - 1 . Thus 6.3 and 6.2 are proved.

It is to be observed that the form / has index [(i + l)/2].

7. Structure of G\ Recall that G1 is the group generated by IT1

and S31. For each w e W\ set Hi, - It1 Π Uw. For each S e Il\ let G\
be the group generated by U] and $ ]

s. Denote by X 1 the group of those
characters of Pr into iΓ* which can be extended to characters χ of P
which are selfconjugate in the sense that χ(ά) = χ(a) for all a e P, and
by ξ)1 the corresponding subgroup of ξ>. For S e Π\ set ξ>J = ξ)1 Π G8.
Finally, for each root r and each k e if*, denote by χrtk the character
on Pr defined by χΓffc(s) = &s(r).

It is assumed until further notice that g is not of type AL (I even).
We aim to prove:

7.1 LEMMA. For each w e W1, &ω(w) Π G1 is not empty.
Once this is established, it can (and will) be assumed that ω(w) e G1

for each w e W1. Then:

7.2 THEOREM. G1 is the union of the sets IΓ&V/Xw)!̂ , w e W\
The sets are disjoint and each element of G1 has a unique expression
of the indicated form.
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The steps of the proof are quite analogous to those in the proof of
5.5 in view of the following:

7.3 LEMMA. Assume S e II1. Then (1) ίfS= {r}, there is a ho-
momorphism φλ of SL2(K0), the unimodular group, onto Gl such that

\0 1/ r ' \t 1/

and

(2) if S = [r, r}, there is a homomorphism φ2 of SL2(K) onto G\ such
that

φ { l ί ) = xτ(t)χ-r{t), Ψ2Q J) = X-r(t)X--r(t), <

= MZr.fcZr,*) ,

and

\-l o) — ω(wrw-r) (mod £>) .

Proof. The existence of φx is established in [3, p. 29, p. 36]. Since
ϊ r and 3Lr commute elementwise with ϊ- and X_̂ , it is clear that φ2 also
exists.

Proof of 7.1. By 7.3, !gω(w8) Π G1 is non-empty for each S e Π\
Thus 7.1 follows from 2.3.

Now we choose ω(w) e G1 for each w e W1, and denote by 2B1 the
union of the sets &ω(w). Then the analogue of 5.3 holds.

7.4 LEMMA. G1 contains φ1.

Proof. G1 contains all /̂ (χ) e &1 such that χ is of the form χOtk9

a — a, k = fc, or χajXa,7 by 7.3. These characters generate X 1 (see [3,

p. 48, Lemma 2]). Thus G1 z> £>\

7.5 LEMMA. For each S e II1, G\ is the the union of the sets Ul&l
and VLltQlωiWsϊVL].

Proof. Because of 7.3, this follows from the corresponding proper-
ties of the groups SL2(K0) and SL2(K) (see [3, p. 34, Lemma 2]).

7.6 LEMMA. G1 is generated by the groups \l\ and Ws which cor-
respond to fundamental sets S e II1.
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Proof. This follows from 7.1, 5.4 and 4.5.

7.7 LEMMA. Gι = UWU1.

Proof. This follows from 7.6, 7.5, 7.1 and 4.7 as in [3, p. 40,
Lemma 10].

Proof of 7.2. That G1 is the union of the given sets follows from
7.7 and 4.7 as in [3, p. 42, Theorem 2]. The disjointness and uniqueness
follow from 5.5.

7.8 COROLLARY, φ1 =.$ n G\

Proof. Because of 7.2, this is clear.

7.9 COROLLARY. IΓξ)1 is the normalizer of U1 in G\

Proof. The normalizer contains U1^1 by 5.1, and equality follows
from 7.2.

One also concludes from the preceding results:

7.10 COROLLARY. The sets of 7.2 are the double cosets of G1 relative
to Uψ.

7.11 COROLLARY. If K is a finite field of characteristic p, then
U1 and Ϊ51 are p-Sylow subgroups of G1.

In regard to 7.11, one sees from 4.5 and 4.6 that, if \K\ = q2 and
I Π I = N, then | U11 = qN.

We now remove the restriction on g and remark that the results of
this section remain valid even if g is of type At (I even). The key
point here is that, if S e IP and | S \ = 3, then there exists a homomor-
phism of U3(f) (see 6.1) onto G\ with properties like those of q\ and
φ2 in 7.3. We omit the proof which can be made to depend on the
representation of G1 by unitary matrices given in § 6.

8 Proof of simplicity. Our aim here is to prove:

8.1 THEOREM. // Ko has at least 5 elements, then G1 is simple.
The simplicity of the group SL2 over its center is assumed to be

known. It is further assumed that g is not of type Aι (I even) and
that I > 3. The proof to be given can be adapted with minor modifica-
tions to the missing groups, which are in any case adequately covered
by 6.2 and [4, p. 70, Theorem 5].
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8.2 LEMMA. Assume R, T e IP, R Φ T, and that r, t are elements
of R, T, respectively. Then there is χ e X1 such that χ(r) = 1, χ(t) Φ 1.

Proof. Let R (or more simply R) denote r or r + r in the cases
r = r or r Φ r, respectively, and then set χBtk = χr>Λ or χΛifc = χr,fcZr,*
accordingly. Treat ί and Γ similarly. If R{T) = 0, set χ = χΓ(fc> keKt,
k2 Φ 1. If i2(Γ) = ± 1, or if Λ(Γ) = ± 2 and | Λ | = | T [ = 2, set χ =
XT^XRT^

 k e κ*> k*Φl. In the other cases of i2(Γ) = ± 2 , set
X = Zί.lz^ZS ί", & _e Kt, k2 Φ l Finally if 22(Γ) = ± 4, set χ = Zt.^.ί»
fc = fej/fci, fci e K, kλΦ ± klβ One can check that these cases are exhaus-
tive and that χ(r) — 1 and χ(t) Φ 1 in each case.

8.3 LEMMA. If w e Wι and w Φ 1, there is h e φ 1 ŝ c/̂  ίfeαί
ω(w)h φ hω(w).

Proof. We first show that there exist χ e X1 and r e II such that
χ(wr) ^ χ(r). If there is an R e IP such that wR Φ ± R, then χ and
r exist by 8.2. If wR — ± R for all R e Π1, then, since w φ 1, one
has wiί = — ϋ! for all i2 e /71. Since ϊ ^ 3, one can readily choose
r, ί 6 77 so that r 1 r, ί = t and r(ί) < 0. If k e JK:0*, /C2 Φ 1, then
χ = χttk and r have the required property. If h — h(χ), a simple calcula-
tion now shows that Xr has different images under ω(w)h and hω(w).

Assume now that if is a normal subgroup of G1 and that \H\ > 1.

8.4 LEMMA. \H Γ\ VLψ\ > 1.

Proof. By 7.2 there is x e H such that x φ 1 and # = uhλω(w)
with u € U1, hx e φ1 and w e VΓ1. If w Φ I, then by 8.3 there is
h 6 ξ)1 such that ω(w)h Φ hω(w). Then ?/ = hxh~λx~λ e H Π IΓξ)1, and
we assert that y φ 1. Indeed, if ?/ = 1, then

a? = hxh'1 — huh'1(hh1ω(w)h~ιω(wY1)ω(w) ,

and by 7.2 one gets hω(w)h'1ω(w)-1 = 1, a contradiction. Thus the as-
sertion and the lemma are proved.

8.5 LEMMA. 1 H n U11 > 1.

Proof. By 8.4, there is x e H n Xt1^1 such that α =£ 1. Write
a; = πfe, u € XI1, fee 'ξ)1, and suppose h Φ 1. Then there is a fundamental
root r such that feXr = cXr, c e K, c Φ 1. If r e S e Π\ let y be the
commutator of x with $r(l) or ajr(l)aj; (1) according as | S \ — 1 or 2. Then
y 6 i ϊ Π Xt\ and it remains to show that y Φ 1. If 2/ = 1, then, for the
case I S | = 1, one has xr(l) = uhx^h^w1 = uxr(c)u~\ Now it follows
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easily from 4.1 that the subgroup U2 of 11 generated by those %r for
which ht r > 1 contains the commutator subgroup of U. Thus xr(l — c) =
α;r(l)xr(c)"1 6 U2, whence 1 — c = 0 by 4.3. This contradiction establishes
y Φ 1. The case | S | = 2 can be treated similarly.

8.6 LEMMA. For some R e Π\ \ H Π UX

R \ > 1.

Proof. Among all a? 6 H Π II1 with x Φ 1, choose one which maxi-
mizes the minimum S e Π1 for which xs Φ 1 in the representation 4.5.
If this minimum is R, we show x — xR. Assuming the contrary, one
can write x — xRxτx1 with xR Φ 1, xτ φ 1, and xλ denoting the remain-
ing terms in 4.5. By 8.2, 5.1 and 4.6, there is h e ξ)1 such that
hxRlfb"x = xR and hxrh"1 Φ xτ. Thus hxh"1 Φ x by 4.5. But then y =
x^hxh'1 Φ 1, y e H C\ Vί\ and /̂ provides a contradiction to the choice
of x.

Using 8.6, one can deduce as in [3, p. 62, Lemma 15]:

8.7 LEMMA. If \H f] UR\ > 1 for R e Il\ then H 3 IX},.

Proof of 8.1. As in 8.3 choose (fundamental) roots r, t such that
r _L r, £ = ί and r(£) < 0. Since r J_ r, this implies that r + t, r + t
and r + r + t are all roots. Set i? = {r, r}, Γ = {ί] , U= {r + t,r + t),
V= {r + r + t}, xR(l) = x r ( l K ( l ) , a?Γ(l) = xt(l), etc.. Then by 4.1 (used
several times), one gets:

8.8 (xR(l), xτ(l)) = xσ(Nrt)xy(NrlNrtr+t)

By 8.7, 5.4 and 2.8, either α;Λ(l) or xτ(l) is in i/; hence so is their
commutator. For the same reason one of the elements on the right of
8.8 is in H; hence so is the other. Thus, by 8.7, 5.4, 3.1 and 2.8, H
contains all 1X£, hence also IX1 by 4.5. Similarly H contains S31, whence
H = G\ Thus G1 is simple.

9. Some identifications. If (\ is of type Al9 then G1 has been
identified in § 6 as a protective unitary group in I + 1 dimensions.
Similarly, if g is of type Dz (I Ξ> 4), then using the representation of G
given by Ree [7], one can show that G1 is isomorphic to a protective
orthogonal group corresponding to a form in 21 variables which has index
I — 1 relative to Ko and index I relative to K. The details in the
complex-real case can be found in [2, p. 422]. If g is of type Eβ, then,
again in the complex-real case, one can identify G1 with a real form of
E6, the one characterized by Cartan [2, p. 493] by the fact that its
Killing form, when written as a sum of real squares, contains a surplus
of 2 positive terms. If g is of type E6 and K is finite, we show in § 12
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that new groups are obtained1, not isomorphic to any appearing in the
list of finite simple groups given by Artin [1].

10. Second variation for D4. A root system for JD4 has a fundamental
basis consisting of roots a, b, c, d of the same length such that 6, c, d
are mutually orthogonal and each makes an angle of 27r/3 with α. Let
τ be the automorphism of order 3 of the underlying Euclidean space
defined by α, 6, c, d -> α, c, d, 6, and let W2 be the subgroup of elements
of W commuting with τ. One can then obtain the analogues of the
results of § 2 without essential change in the proofs. For example: W2

is generated by the elements wa and wbwcwd, and is of type G2. The
roots are partitioned into sets of the types (1) S — {r}, τr = r, and (2)
S — {r, τr, τ2r}. Any 2 sets of the same type are congruent under W2.
One then introduces a field K on which an automorphism τ of order 3
acts, and defines a semi-automorphism τ of QK by r(kXr) = (τk)Xτr. Then
IX2 and 332 are the subgroups of IX and 93, respectively, made up of
elements commuting with r and G2 is the group they generate. The
whole previous developement goes through. It turns out that in the
proof of simplicity it is enough to assume that the fixed field Ko has at
least 4 elements. In § 12, it is shown that once again new finite groups1

are obtained.

l l Third variation for D4. Assume now that K is a field admit-
ting automorphisms σ and r which are of orders 2 and 3 respectively,
and which generate a group isomorphic to S3, the symmetric group on 3
objects. Define corresponding semi-automorphisms a and τ of the Lie
algebra §κ of type D, as in §§ 3 and 10. Then set IX3 = U1 n U2, W =
W Π S32, and let G3 be the group generated by XX3 and SB3. Again every-
thing goes through. It need only be remarked that the present construc-
tion is possible only if K is infinite, and that all groups of type G3 are
simple.

12, Some new groups. The list L of known finite simple groups
consists of the cyclic, alternating and Mathieu groups, and the "Lie
groups", namely the groups G of Chevalley over A, (I ̂  1), Bx (I ̂  2),
C% (I ̂  3), A (I ̂  4), E6, E7, E8, F, and G2, the groups G1 over At (I ̂  2),
Dι (I ̂  4) and EQ, and the groups G2 over JD4, all constructed on a finite
field. By the type of one of these latter groups we mean a combination
consisting of the general mode of construction (G or G1 or G2), the
underlying complex Lie algebra g, and the field K. We adopt the nota-
tion: EQ(T) is the group of type G1 over E6 on a field of r elements.
Our aim is to prove:

12.1 THEOREM. // G is one of the groups El(q2) or D2

4(qd), then G



888 ROBERT STEINBERG

is not isomorphic to a cyclic, alternating or Mathieu group, and two

representations of G as Lie groups necessarily have the same type.

In other words the groups E\(q2) and Dl(ql) are new1 and distinct
among themselves. We need some preliminary results. Let G be a Lie
group over a field K of q, q2 or g3 elements in the cases G, G1 or G2,
respectively, and set W — W, W1 or W2 accordingly. The Poincare
sequence of G shall mean the list of numbers qnCw:>(w e W) arranged in
non-decreasing order. Thus the first term is 1 and the last term is qN,
the integer N being the number of positive roots of c\ (see 2.5, 4.5 and
4.6).

12.2 LEMMA. The Poincare sequence of A](q2), D\(q2), E\(qΣ) or

Dl(q3) is obtained by writing the respective polynomial Π —
—>

t- (-iy
l-l f2ί _ 1 f2 __ 1 fδ I I fβ 1 / 8 — 1 /9 i "1 /12 1

(%ι _L \) TT i L z L . L ^ λ . ι ~ L . -i i_ . τ "Γ" λ . ι ~~ L or
J1ϊ t-1' t-1 ί + 1 ί - 1 t-1 ί + 1 ί - 1

(ί + 1) (ί3 + 1) (ί8 + ί4 + 1) as a sum of non-decreasing powers of t and
then replacing t by q in the individual terms.

To avoid interruption of the present development we give the proof
in the next section. We also need the polynomials for the groups of
Chevalley. As one sees from considerations in [3, p. 44, p. 64], these
polynomials take the form Π[(*αC<) — l)/(£ ~ 1)]> the a{i) being given in
[3, p. 64]. Since qn(-w^ = 1 Ui, | by 4.6 and 4.7, one can use 12.2 in
conjunction with 7.2 and the definition of ξ)1 to compute | G11. In the
same way, one can find \G2\. ' Thus:

12.3 LEMMA. // u is the g. c. d. of 3 and q + 1, the orders of
E\{q2) and D\{q") are w'q^q2 -l)(q5 + l)(q6 - l)(g8 - l)(q> + l)(q12 - 1)
and q12(q2 — l)(g6 — l)(g8 + q4 + 1), respectively.

The orders of the other Lie groups can be found in [1]. It is
interesting to note that, if in the expressions in 12.2 and 12.3 which
relate to the group E\(q2) one replaces all plus signs by minus signs,
then one obtains the corresponding properties of EQ(q). A similar pheno-
menon occurs for each of the groups A\(q2) and D\(q2).

12.4 LEMMA. The Poincare sequence of a finite Lie group G is
determined by the abstract group and the characteristic p of the base
field K. The type of a finite Lie group is determined by its Poincare
sequence except thai Bz{q) and Ct(q) have the same sequence, as do A^q3)
and A\{q) also.

Proof. If G is of type G, then, to within an inner automorphism,
G and p determine II as a p-Sylow subgroup, then Uξ) as the normalizer
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of 11, and finally the numbers 1IX Π xVLx~ι \ as x runs through a system
of representatives of the double coset decomposition of G relative to Uξ>.
These latter numbers are just the terms of the Poincare sequence by the
analogue of 7.10, since | IX n φ)Uoi(w)- 1 1 = qn(-w^ by 4.3. A similar
proof of the first statement holds for groups of type G1 or G2. One
proves the second statement by inspection of the Poincare sequences for
the various Lie groups.

By checking their orders, one sees that Aλ(q2) and A\(q) can not be
isomorphic. Thus the two statements of 12.4 can be combined to yield:

12.5. The type of a finite Lie group is determined by the abstract
group and the characteristic of the base field except that Bz(q) and C^q)
may be isomorphic.

This result has been obtained previously (for the previously known
finite simple Lie groups) by Artin [1] and Dieudonne [5, p. 71-75] by
different, more detailed methods. Artin actually draws the conclusion
under the weak assumption that only | G | and p are known.

One also concludes from 12.4 the well-known fact that A2(4) and
A3(2), both of order 20160, are not isomorphic.

An inspection of the results of 12.3 yields:

12.6 LEMMA. Let G be either E\{q2) or D\{qz) over a field of charac-

teristic p, and let Q be the largest power of p which divides \G\. Let

Qf be any prime power which divides \G \. Then Q3 > | G | and Q Ξ> Q'.

Proof of 12.1. Clearly G is not cyclic. Since | G | > 108 and Q3 > | G |,

it follows that G is not an alternating group (see [1]). Dl(8) does not

have the order of a Mathieu group and all other values of | G | are too

large. G is not isomorphic to either of the groups Ax(p^ with pi =

2r — 1 = prime, or Affi) with 2s + 1 = prime, since in each case one has

a prime p2 such that p2 divides | G [ and p\ > \ G |, and this is readily

seen to be impossible by 12.3. But except for these two types, every

simple finite Lie group verifies 12.6 (see [1] where the other groups are con-

sidered). Thus any representation of G as a Lie group must be over

a field of characteristic p. An application of 12.4 completes the proof.

13. Proof of 12.2. By 2.2, 2.3 and 2.6, n(w) = Σ | S |, summed

over those S e Π1 for which wS < 0. By 2.7, one can compute n(w)

within the framework of W1 and its root system, but each root is to be

counted with the right multiplicity (1, 2 or 3). Assume first that the

group under consideration is E\{q2). Then W1 is of type F4 and, in

terms of coordinates relative to an orthonormal basis, its roots can be
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taken as ± xif (± xλ ± x2 ± x3 ± x4)/2, each of multiplicity 1, and ± xt ± x}

(i ψ j)9 each of multiplicity 2 (see [8, p. 13-08]). The inequalities
x1 — x2 — x3 — x4 > 0, x2 — x3 > 0, x3 — x4 > 0, and x4 > 0 determine a
fundamental region F of ΐ^ 1 by [10, p. 160]. The last 3 inequalities
determine a region L whose intersection with the unit sphere is lune-
shaped with (1, 0, 0, 0) as one of its vertices. The subgroup V of W1

leaving (1, 0, 0, 0) fixed is of type C3 and has L as a fundamental region.
Let P(t) be the polynomial sought, let Pτ{t) be the corresponding poly-
nomial for the group V, and let P2(t) be Σ*n(M°> the sum being over
those w e W1 for which wF c L. A simple geometric argument shows
that P = P1P2. We next find P2. The point a = (16, 8, 4, 2) is in F. It
has 24 transforms in L corresponding to the 24 elements w e W1 for
which wF c L. These are α, & = (15, 5, 3, 9), c = (13, 11, 7, 1) and the
points in L obtained from these by coordinate permutations. One can
now find n(w) for each of the 24 elements above. For example, if w
maps a on bf then the roots positive at a and negative at b are
(xx — x2 — x3 — x4)/2, of multiplicity 1, and x2 — x4 and x3 — x4, each of
multiplicity 2. Hence n(w) — 5. Thus P2 is determined, and the original
problem of rank 4 is reduced to one of rank 3. A similar reduction to
rank 2 is possible, whence P can be determined. If one starts with
A\(q2) or D](q2) instead, the same inductive procedure can be carried
through, and for Dl(q*) the polynomial P can be found rather quickly by
enumerating n(w) for the 12 elements of W\ The results are those
listed in 12.2.

14. Prime power representations. In [9], 14 assumptions on a finite
group are made, and then some properties concerning the representa-
tations of the group are deduced. It is then verified that the groups of
Chevalley satisfy the basic assumptions. The verification for G1 or G2 is
virtually the same as for G because of the structure theorems of the
present paper. Thus one gains the results of [9] (in particular Theorem
4) simultaneously for all known finite simple Lie groups.

15. Concluding remarks. We first note that it is possible to cover
somewhat more ground than was indicated in the main development
given here by allowing certain degeneracies to occur. For example, if
σ on E is of order 2, if σ on K is of order 1, and if g is of type A2l or
A2l-19 then the construction of §§ 3, 4 and 5 yields a group of type Bι

or Cu respectively. Thus Bly Cτ and also Am may be regarded as dege-
nerate cases of A)n. Similarly D] degenerates to Bι^1 and Ότ\ E\ to F4

and E6; and D\ to G2J B3, D4, D\ and D\. It is easily verified that no
other groups can be obtained by the present method of combining auto-
morphisms of E and of K in various ways1.
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In regard to the construction given for G\ it is to be noted that
QK, the set of fixed points of σ, is the Lie algebra (over Ko) of G1 in
many cases. We could have defined G1 on g^ in view of the easily proved
facts that an automorphism x of g^ commutes with a if and only if
x§ι

κ = tγKf and that, in this case, the restriction of x to gV is 1 only if
x = 1; but this would have led to a much more complicated development.
It is also to be noted that one can not define G1 as the subgroup Gσ of
G made up of elements which commute with σ. The difference, roughly
speaking, lies in ξ>: a self-con jugate character on Pr may be extendable
to a character on P but not to a self-con jugate one, as is proved by the
following example. Let g be of type Alf and let w and a = 2w be
fundamental weight and root, respectively. Then χ defined by χ(a) =
k2, k2eKt, k φ k, has the given property. One sees rather easily, howe-
ver, that GσjGτ is always isomorphic to a subgroup of P/Pr.

The proof of simplicity given in §8 is considerably shorter than the
one given in [3], but this is at the expense of the assumption that K
has enough elements: left open is the question of simplicity for the
groups E\(q2) with q <£ 4, and Dl(q*) with q <g 3. The answer quite
likely requires rather detailed methods such as those of [3].

More important, perhaps, and probably more difficult is the identi-
fication of the infinite groups constructed. An infinite analogue of 12.4
would go a long way in this direction. Finally, it seems likely that there
is some sort of description of D\ and D\ by Cay ley numbers.
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ON THE SIMILARITY TRANSFORMATION BETWEEN
A MATRIX AND ITS TRANSPOSE

OLGA TAUSSKY AND HANS ZASSENHAUS

It was observed by one of the authors that a matrix transforming
a companion matrix into its transpose is symmetric. The following two
questions arise:

I. Does there exist for every square matrix with coefficients in
a field a non-singular symmetric matrix transforming it into its transpose ?

II. Under which conditions is every matrix transforming a square
matrix into its transpose symmetric?

The answer is provided by

THEOREM 1. For every n x n matrix A — (aik) with coefficients in
a field F there is a non-singular symmetric matrix transforming A
into its transpose Aτ'.

THEOREM 2. Every non-singular matrix transforming A into its
transpose is symmetric if and only if the minimal polynomial of A is
equal to its characteristic polynomial i.e. if A is similar to a com-
panion matrix.

Proof. Let T = (ti1c) be a solution matrix of the system Σ(A) of
the linear homogeneous equations.

(1) TA-ATT=O

( 2 ) T - Tτ = 0 .

The system Σ(A) is equivalent to the system

(3) TA-ATTT = 0

( 4 ) T - Tτ = 0

which states that Γand TA are symmetric. This system involves n2 — n
equations and hence is of rank n2 — n at most. Thus there are at least
n linearly independent solutions of Σ(A).1

On the other hand it is well known that there is a non-singular
matrix To satisfying

- A* ,

Received December 18, 1958.
This part of the proof was provided by the referee. Our own argument was more lengthy.
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From (1) we derive

(la) T^TA = AT^T

and conversely, (la) implies (1) so that there is the linear isomorphism

of the solution space of (1) onto the centralizer ring of the matrix A.
If the minimal polynomial of A is equal to the characteristic poly-

nomial then the centralizer of A consists only of the polynomials in A
with coefficients in F. In this case the solution space of (1) is of di-
mension n. A fortiori the solution space of Σ(A) is at most of dimen-
sion n since the corresponding system involves more equations. Together
with the inequality in the other direction it follows that the dimension
of the solution space of Σ(A) is exactly n. This implies that every
solution matrix of (1) is symmetric.

If the square matrix A is arbitrary then we apply first a similarity
(in the field F) which transforms it to the form

B =

\ A,.

where At is a square matrix of the form

LPA
LPA

\ LPA

\

I
Here PA is the companion matrix of the irreducible polynomial p

which is a factor of the characteristic polynomial of A and L is the
matrix with 1 in the bottom left corner and 0 elsewhere, of appropriate
size (Reference 1, p. 94). The matrix A is derogatory if two blocks A.L

corresponding to the same p appear in B. Let Ax and A2 be two such
blocks.

There is a non-singular matrix Y satisfying

YPA = PA
TY.

The matrix of matrices V that has Y in the top left corner and 0 else-
where, of appropriate size, satisfies
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VA2 = A[V.

Consider then the matrix

/ Si V

\

where St is a non-singular matrix transforming AL into Af. It is a non-
singular non-symmetric matrix which transform B into its transpose.
Thus Theorem 2 is proved.

REMARK. M. Newman pointed out to us that the product of two
non-singular skew symmetric matrices B, C can always be transformed
into its transpose by a non-symmtric matrix, namely

B-'BCB = (BC)T = CB .

Theorem 2 shows that such a product BC must be derogatory.2 This can
also be shown directly in the following way:

Let λ be a characteristic root of BC and x a corresponding charac-
teristic vector, then

BCx = λx .

Since B is non-singular this implies

Cx = XB^x

or

(C - λ ^ " 1 ) ^ = 0 .

Since B is a non-singular skew symmetric matrix, it follows that the
degree of B and hence the degree of C—XB"1 is even. Moreover, the
skew symmetric matrix C — XB'1 has even rank.

2 Although Newman's comment is only significant for fields of characteristic =V 2 the
remainder of this section holds generally if skew symmetric is understood to mean T =
- Tτ and vanishing of the diagonal elements. We observe that this definition is invariant
under the transformation T -> X^TX. This is the transformation T undergoes when the
matrix A in (1), (2) undergoes the similarity transformation A-> XιΛX. Since this trans-
formation preserves linear independence, we are permitted to apply it for the purpose of
finding a non ' skew symmetric ' solution of (1), (2). We now extend the field of reference
to include the eigenvalues of A (from the theory of homogeneous linear equations it fol-
lows that the maximal number of linear independent solutions will remain the same). It
can then be observed that for a block of the Jordan canonical form of a matrix any matrix
with all coefficients zero excepting the first diagonal coefficient satisfies (1), (2). Therefore
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It follows that another vector y exists such that also

(C - \B~ι)y = 0

and hence also

BCy = \y .

This implies that λ is a characteristic root of multiplicity at least two
and with at least two corresponding vectors. The product of two gener-
al non-singular skew symmetric matrices B> C has every characteristic
root of multiplicity exactly 2. For, specialize to the case B = C. Then
BC is a symmetric matrix whose characteristic roots are the squares
of the roots of JB, hence all exactly double for a general B. This shows
that the general BC has all its characteristic roots double with two in-
dependent characteristic vectors. Such a matrix is derogatory and its
characteristic polynomial is the square of its minimum polynomial.
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THE SUSPENSION OF THE GENERALIZED

PONTRJAGIN COHOMOLOGY OPERATIONS

EMERY THOMAS

1Φ The main theorem. In a previous paper [9] I have defined a
sequence of new cohomology operations, called the generalized Pontrjagin
operations. These operations use as coefficient groups the summands of
a certain type of graded ring: namely, a ring with divided powers
(defined by H. Cartan in [1]), which is termed a /"-ring in [9]. Let
A — Σfc Ak be a ring with divided powers such that each summand Ak

is a cyclic group of infinite or prime power order; we termed such rings
p-cyclic in [9]. Then, the Pontrjagin operations are functions

%\: H™(X; A2k) > H"n(X; Auk) (k, n > 0; t = 0, 1, •)

where Hq(Y, B; G) denotes the gth (singular) cohomology group of the
pair (Γ, B) with coefficients in the group G.

Let C be a cohomology operation relative to integers r, s and coef-
ficient groups G, 77. That is, C is a natural transformation

C: Hr(Y, B; G) > HS(Y, B; Π) .

With each operation C we associate a second operation, S(C), called the
suspension of C. S(C) is a natural transformation

Hr-\Y, B; G) >HS-\Y, B; II)

its definition is given in § 3.
The purpose of this note is to determine S(?βt), where %\ is the

generalized Pontrjagin operation. In order to state our result concern-
ing S(ψt), we need an additional cohomology operation, the Postnikov
square (see [3], [10]). This was defined in [9], but only for a restricted
class of coefficient groups. In this paper we will define the Postnikov
square as a cohomology operation

p: H*(Y, B; A2]6) >H^\Y, B; Aa) , (q, k > 0)

where A21c is an even summand of a p-cyclic ring with divided powers.
We now may state the main result of the paper.

THEOREM I. For any cohomology operation C, let S(C) denote the
suspension of the operation C. Then,

Received October 18, 1957, in revised form December 19, 1958. This research has
been partly supported by U. S. Air Force contract AF 49 (638)-79.
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( i ) S(%\) = p

(iί) S(%\) = 0, ( ί > 2 )

where 0 denotes the zero cohomology operation.
The proof of Theorem I is given in § 5. In § 2 we define the opera-

tion p, while in § 3 we give the definition of the suspension. In § 4 we
discuss relative cohomology operations, while in § 6 we give some addi-
tional properties of the operation p. In particular, we show that
S(p) = 0. Finally, the last section gives the theorem, SS(C) = Cδ, for
any operation C.

I would like to thank Professor N. E. Steenrod for the valuable
suggestions made to me at the time of revising the paper. In particular
the definition of the suspension in § 3 and Theorem 7.1 are due to him.

2 The definition of the Postnikov square. The definition of the
Postnikov square, p, is obtained by first defining a ''model operation'7,
p, which uses only a restricted category <& of coefficient groups. The
category %" is defined as follows: let Zr — Z\rZ (r — 0, 1, •••), where
Z — integers = ZQ. Denote by <g-v the category of all groups of the
form ZB, where θ is zero or a power of a prime. For each group Zθ in
c(^ we have defined a p-cyclic ring with divided powers,

G(ZΘ) = GO(ZΘ) + + Gt(Zθ) + (direct sum) (see [9; 1.17]).
In particular,

Zθ , if θ is zero or odd

Z2θ , if θ is a power of 2.

We define a generator for G2(ZΘ) by

_θ , if θ is zero or odd

.2θ , if θ is a power of 2

where l r = 1 mod r (r = 0, 1, •••)• The group G2(ZΘ) will be the coef-
ficient domain for the operation p. As remarked in [9; § 2], once we
have defined the operation p for the category of regular cell complexes,
the definition easily extends to the category of all topological spaces.
Hence, in what follows we restrict attention to regular cell complexes,
which we will simply term complexes.

Let K be a complex and L a subcomplex of K. Let Zθ be a group
in the category cέ?\ that is, θ is zero or a power of a prime. We define
an operation

p: H%K, L; Zθ) • > H^\K, L; G2(ZΘ))

as follows. Let u e Hq(K, L; Zθ); let β be the homomorphism from Zθ

to G2(ZΘ) given by β(lθ) = Θg2(lθ). Define
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(2.1) p(u) = βju U 8*u) .

Here, 8* is the Bockstein coboundary operator associated with the
exact sequence

o—>z-^->z—>zθ-—>o ,

and the cup-product is taken relative to the natural pairing Zθ (x) Z τ& Zθ.
It is easily seen that this agrees with the usual definition of the

operation p (see [3] and [10]). For let ΰ e Cq(K, L; Z) be a cochain
representing u; that is, 8ΰ — θv, for some cochain v e Cq+1{K, L; Z).
Then, a cocycle representing β*(u U 8*u) is given by ΰ U 8ύ, which
coincides with the definition given in [10].

In [9; 8.14] we defined a function w which goes from Hq(K; Zθ) to
H2q+1(K; Z). This function can be extended to the relative case, follow-
ing the method given in § 4. When this is done it is easily shown that

(2.2) p(u) =

a result we will need later.
The Postnikov square, p, is defined using the operation p as follows:

let u 6 Hq(K, L; A2fc), where A2fc is an even summand of a p-cyclic ring
with divided powers. By hypothesis, A2h is a cyclic group whose order
is infinite or a power of a prime. Thus, there is an integer θ such
that A2lc is isomorphic to Zθf where Z9 e <έf. Let v be an isomorphism
from A2k to Zθ. Then, by 3.1 in [9], for each non-negative integer r
we have defined a homomorphism ζr mapping Gr(Zθ) to A2rlύ, which is an
extension of v1. We define the operation p by

(2.3) p(u) = ζ*pv*(u)

that is, p is the composition of the following functions:

H*{K, L; An) — Hq{K, L; Zθ) -^

H*+\K, L; G2{ZΘ)) — Wq+\K, L; AJ .

We show the independence of this definition from the particular
choice of the isomorphism v (and hence ζ2). This is a consequence of
the fact that

(2.4) LEMMA. pa* = G2(a)*p ,

where a is a homomorphism from Zθ to a group Zx in v^, and G2(a)
is the homomorphism from G2(Z9) to G2(Zτ) induced by the functor G
(see [9; 1.23]).

Using 2.2, the proof of 2.4 is entirely similar to that given for 5.22
in [9] and is omitted here. From 2.4 the proof of the independence of
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the definition of p follows along exactly the same lines as 3.5 and 3.6
in [9]; we omit the details.

3. Suspension of cohomology operations. The definition of the
suspension used here is due to N. E. Steenrod1. Let I denote the unit
interval, [0, 1], and ϊ the subspace {0} U {1}. The group H\If I; Z)
is cyclic infinite; let v be a fixed generator. For each space X
and coefficient group G define a function φ from Hq(X; G) to
Hq+1(I x X, I x X; G) by

(3.1) φ(u) — v x u .

We use singular cohomology for X, and the natural pairing Z(x) G ^G
for the cross-product. In § 7 we prove the following lemma.

(3.2) LEMMA. The function Φ is an isomorphism mapping Hq(X; G)

onto Hq+\I x X, ϊ x X; G)(q > 0).

Consider now any cohomology operation C, which is defined on rela-
tive cohomology groups; say, C maps Hr(X, A; G) to HS(X, A; 77) for
each pair (X, A). Define an absolute cohomology operation, S(C), which
maps Hr~\Y) G) to HS~\Y; 77), for each space Y, by

(3.3) S(C)(u) = φ-1 Cφ(u) (u 6 Hr'ι(Y; G)) .

Using the method described in § 4 we may extend S(C) to an opera-
tion defined on relative cohomology groups, an operation which we con-
tinue to denote by S(C). We wish to apply this construction to the
operation ψt; as defined in [9], this is just an absolute operation. Thus,
to use Definition 3.3 we must first extend the definition of %\ to the
relative case.

4. Relative cohomology operations. Let O(q, r; G, 77) denote the
set of absolute cohomology operations relative to dimensions q, r and
coefficient groups G, Π; that is, if C e O(q, r; G, 77), then C: Hq(X; G)->
Hr(X, 77) for each space X. As is well-known the set O(q, r; G, 77)
is in 1-1 correspondance with the group Hr(K) 77), where K is an
Eilenberg-MacLane space of type (G, q). The correspondance is obtained
by assigning C(ή to t, where c is the fundamental class in Hq(K; G).
Choose now a base point e e K, and let α*: H*(K, e; A)?&H*{K; A)
be the isomorphism induced by the inclusion K c (K, e). For any CW-
complex X and subcomplex A, the homotopy classes of maps (X, A)-*(K, e)

1 This definition has the advantage that it can be used in the case of cohomology

with local coefficients.
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are in one-to-one correspondance with Hq{X, A) G). Thus we define a
relative cohomology operation, C", associated with an absolute operation,
C, as follows:

(4.1) C\u) = / * α * - 1 C ( 0 ,

where u e Hq(X, A; G) and / is a map (X, A) -> (K, e) such that

With the operation C defined, one is then interested in whether the
properties of C extend to the operation C . We now prove a general
lemma which essentially asserts that all the properties of C do carry
over to C .

Let O(qlf •••, qn, r; Glf •••, Gn, 11) denote the group of absolute
cohomology operations, T, in n variables; that is, if ut e H%X', Gt)
(i = 1, , ri), then, T(u19 , un) e Hr(X; II). The operation T extends
to a relative operation, Tf, using the method just given for operations
of a single variable. Suppose now we are given absolute cohomology
operations

C e O(q19 ••-,?„, r; G19 , Gw, //) ,

E e 0(8,, . . . , s , , r; Π19 . . . , 77,, 77) ,

and A e O(gi, •••, qn9 s,; Gx, •••, Gw, 770
(i = 1, 2, . . - , p).

Let C , Ef D'i9 be the corresponding relative operations.

(4.2) PROPOSITION. Suppose that for each space X and cohomology
classes ut e Hqi(X; G4)(i = 1, , n)9 we have

C(U19 , Un) = £/(A(^i, » Ό > , ^1,(^1, " * ' , ^ ) ) -

Then, for each pair (X, A) and classes n\ e Hqι{X, A; Gt) (ί — 1, , n),
we have

C'(u[, . . . , < ) = E'(D[(u[, , < ) , , D'p(u'u , O )

We give the proof at the end of this section, first illustrating the
theorem by giving several corollaries.

(4.3) COROLLARY 1. Let C e O(q, s; R, S), A e 0{qu st; R, S)

(i — 1, 2), where R, S are rings, q = q1 + q29 and s — sλ + s2. Suppose
that

C(uλ U u2) = D^u,) U

/or all classes ut e Hqi(X; R). Then,
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C\u[ U u[) = D[(u[) U A W ,

for all classes u[ e (Hqi(X, A; R).

Proof. Let EB e O(qly q2, g; R, Ry R) and Es e O(sly s2, s; S, S, S)
be the respective cup-products. Let F be the composite operation C o ER.
Using Proposition 4.2 we see that Fr = C o ̂ ^ But since J F 7 ^ , ^2) =

x(μ^, D2(u2)), again using 4.2 we see that

that is,

C'(u[ U wi) - AW) U A W ,

as was to be shown.
Let C, Dιy D2 be the same operations as in Corollary 1. Then,

(4.4) COROLLARY 2. C'(u[ x ^ ) = β ; W x A W > ^ ^ e r e ^ t e ί f α < ^ , Ar, R)
(i - 1, 2).

Proof. Let px: (Xx x X2, A, x X2) -> (X:, AJ, p2: ( ^ x X2, X, x Aa) ->
(X2, A2) be projections. Then,

u[ x u[ — pf{u[) U PΪ(u'2) .

Thus,

C ' ^ ; x %J) = C'(pϊu[ U ^%i) - D[{pTu[) U D'2{VUL[)

- p*(Dίuί) U p ί ( A ^ ) - ( D M x Φ % ) .

Here we have used Corollary 1 and the naturality of the cohomology
operations involved.

To apply this to the operations ψέ, recall the way in which these
operations were defined (see § 3 in [9]). We defined a set of "model
operations'\ Pt, which used as coefficient groups only the groups of the
category ^ (see § 2). The operations ψ t were then defined by compos-
ing the operation Pt with coefficient group homomorphisms; that is,
precisely the same pattern as followed in Definition 2.3. Thus, the
operations ψt are defined in the relative case by simply applying the
method given in this section to the operations P t .

Let PJ be the relative operation obtained from P t . We note several
facts needed later.

(4.5) LEMMA. Let ut e Hqt(Xiy At; Z9) (i = 1, 2), where ZΘ e r#. Then

( l ) P'tfa x o - p w x PίW (ί odd).

If t — 2 and Θ is a power of 2, then,
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( 2 ) Pf

2(Ul x u2) = PJOO x P'2{u2)

Here, v is the homomorphism of Z2 to G2(ZΘ) given by v(l2) = θg2(lθ),
and μ is the factor homomorphism Zo -> Z2. The functions Sq and w
are defined respectively in 9.6 and 8.14 of [9].

Proof. The first statement is a consequence of Corollary 4.3 and
the fact that the absolute operations Pt satisfy this formula2. Equation
4.5(2) was remarked in [9; § 13] for the absolute operations Pt, and the
case dim ni odd. But it follows from 8.12 in [9] that 4.5(2) holds in
general. In fact Theorem 8.11 in [9] can be obtained at once from
equation 4.5(2). The extension of the equation to the relative operation
P't, follows then from application of Proposition 4.2.

Combining Proposition 4.2 and 8.2 of [9] we also obtain

(4.6) LEMMA. Let t be an an integer where t — pL pλ (pt prime).
Let u e H2q(X, A; Z). (Z, e %>). Then,

Since it is in fact the relative operation, P't9 we will work with,
from now on we drop the prime, writing only Pt for both the relative
and absolute operation.

Proof of Proposition 4.2. Let Y = K(Gly qτ) x x K(Gn, qn)9

where each K(Giy qt) is on Eilenberg-MacLane space of type (Git qt).
Let π5\ Y~> K(Gjy qό) (j — 1, •••, n), be the projection map and set
ij = π*(Cj)9 where cό is the characteristic class in Hqj,(K(Gj, qj)\ Gj). Let
βj be a base point in K{Gjy q5) and set Y' = (K(Gly gx), ex) x x
(K(Gn, qn)9 en). Let c'j9 7'5 be the equivalent of t5 and 75. Then, Proposi-
tion 4.2 follows at once from the following three lemmas (we keep the
same notation as used in Proposition 4.2)

(4.7) C(u19 , un) = #(A(^i, , un)9 , Dv(uλ, , un))

if and only if

C(719 . . - , 7») = £ ? ( A ( ^ , ?»), •••, Dp(7, . . . , 7 n ) ) .

(4.8) C ' « -, O = E'(D[(u[, , O , , JD;(%J, , < ) )

if and only if

C'Ol, ••-,"?;) = ^ ' Φ K ^ i , , τ ; ) , . . . , D'P(vu . . , τ;))

2 The operations Sβt are easily defined for odd dimensional classes: see [9; §7],
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(4.9) // C(Ίlf , 7n) = E(D£E, , 7J, • , Dp{719 , 7n»

C'(7J, , Tn) = £7'(A(7J, , 7i), , Z);(7ί, , 7^)) .

We give only the proof of Lemma 4.7, the others being entirely
similar. Assume first we are given classes ut e Hqί(X; Gt) (i = 1, , w).
Let fji X-> ϋ^G.,; ĝ ) be mappings such that / * ( O = w,. Set f = fλ x
• •• x /„: X-> F. Then, by naturality, one has

(4.10) (a) C(ulf . , wn) = /*C(7X, . . . , 7n) ,

(b) A(Wi, , ttn) = /*A(7 l f , 7n) (ΐ - 1, , p).

Suppose now that

C(7i, , 7W) = £τ(A(7i, , 7n), , Dp('i> » 7n)) .

Then, by 4.10,

C K , ••-,%„)= /*£?(A(7!, , 7n), , J?^^, , 7n)) .

But J5 is natural with respect to mappings. Therefore,

(71, , Ίn), , Dp(Ίlf , 7n))
(7!, , 7n), , /*AX71? , 7,))

again by 4.10, which completes the proof of this assertion. The proof in
the opposite direction is trivial.

5 The proof of Theorem I. Recall that the operation s$ t is defined
by means of the model operations Pt and coefficient group homomorphisms.
But it is clear that the isomorphism φ, defined in 3.1, commutes with
coefficient group homomorphisms. Thus, it suffices to prove Theorem I
with s$ t replaced by Ptf the operation p replaced by p, and the group
A2]ύ taken to be a group in the category <£f, say A2Iύ = ZΘ.

Assume first that t is an odd prime p. Since φ is an isomorphism,
the proof of Theorem I (ii) consists simply in showing

Ppφ(u) - 0 , u e H\X; Z9).

But this is immediate; for

Ppφ(u) = Pp(v x u) = Pp{v x u) = Pp(v) x Pp(u) ,

by Lemma 4.5(1). Here, v is a generator of H\If /; Z3). However,
Pp(v) = 0, by dimensionality considerations. Thus, Ppφ(u) = 0; and hence,
S(PP) = 0.
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Now, suppose that t is any integer > 1 which is not a power of 2;
say, t = mp, where p is an odd prime. Then, by Lemma 4.6

Ptφ(u) = Pm o Ppφ(u) = Pm(0) - 0 .

Consequently,

S(Pt) = 0 .

Thus, we have proved Theorem J(ii) for the case t is not a power
of 2. Before concluding the proof of part (ii), we must prove part
(i). Let the classes u and v be as above, where u has coefficients in
the group Zθ. If θ is zero or odd, then by Proposition 7.4 in [9], we
have

P2(v x u) = P2(v x u) — {v x uf — ± v2 x u2 — 0 ,

since v2 == 0. Thus, in this case S(P2) = 0. Suppose now that θ is a
power of 2.

Let r] be the factor map Z -> Zθ. Then, v x u — (η*v) x u, where
the right hand side uses the pairing Zβ (g) Zβτ& Zθ. Thus, using Lemma
4.5(2), we have

P2(v xu) = P2(η*v x u) = P2(η*v) x P2(u)

) x μ*w(u) + μ*w{η*v) x

Now, P2{η*v) — 0, w(η^v) = 0 by dimensionality considerations. Also,
since TJ^V is a 1-dimensional class, Sq^η^v) = ξ^v, where ξ is the natural
map Z-+Z2 (see Steenrod [4; 12.6]). Thus,

(5.1) P2(v x u) = v^K^ x μ*w(w)] .

Consider the following commutative diagram:

Z2®Z2^Z2 > G2(ZΘ) ,

where β is the homomorphism of Zθ to G2(ZΘ) given by /9(la) = Θg2(lθ)
(see 2.1). Then, from 5.1,

P2(v xu) = v*ω'*(ζ (x)

= 0)^(1 (x) ^)^[^ (x) w(%

= v x β^w{u)

= v x p(u) , by 2.2 .

Therefore,
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P2φ(u) = P2(v x u) ~ v x p(u) — ΦP(U) .

That is,

This proves part (i) of Theorem I. To complete the proof of the theorem
we must show that

P2rφ(u) = 0 , (r > 1).

But by part (i) of Theorem I and Lemma 4.6, we have

P2rφ(u) = P a r- l P2φ(u) - P a r-l

= P2rsP2φp(u) = P2r-*ΦP(P(U)) = 0 .

Here, we use property 6.6 of the function p, which is proved indepen-
dently in the next section. This completes the proof of Theorem I.

6, The properties of the operation p. We give here the main
properties of the Postnikov square, p.

(6.1) THEOREM. Let X be a space, and let A — Σ,kAk be a p-cyclίc
ring with divided powers. Suppose that u e Hq(X; A2k) (q, k > 0).
Then;

(6.2)

(6.3)

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

p(u)

if order J

= 0, if

P

1 2 S = 2 ι

order A2k is odd or infinite,

is

(i

f*

2p(u) = 0 ,

a homomorphism,

> 1) and 2M = 0, then ρ(u) = 0,

p(p(u)) = 0 ,

p(u) = pf*(u) ,

p(u) = pa (u) ,

where / * is induced by a map f from a space Y to X, and a^ is
induced by a homomorphism a from A to a p-cyclic ring with divided
powers A!.

The proof of Theorem 6.1 falls into 2 parts. Suppose first that we
have proved 6.2 through 6.7 with the operation p replaced by the opera-
tion p, and the coefficient group A2k restricted to be a group in the
category ^ . Then, the proof of 6.2-6.7 for the general case of the

6 With the exception of 6.5 and 6.6, these properties are noted by J. H. C. Whitehead
in [101.
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function p follows at once, using definition 2.3; that is, p = ζ&pv*. In
particular, 6.2-6.5 are simple consequences of the fact that ζ2* and v^
are homomorphisms; 6.6 follows from 6.3 and 6.5, and 6.7 follows from
the fact that / * commutes with all coefficient group homomorphisms.
Finally, to prove 6.8 for the operation py one uses 2.4 and exactly the
same argument as that used to prove 1(9) in § 4 of [9]. Thus, we are
left with proving 6.2 through 6.7 for the operation p. Let ue Hq{K\ Z),
where Zθ e £Γ\ Then,

( i ) p(u) = 0 , if θ is zero or odd.

This follows at once from 2.1. For if 0 is zero or odd, the homomorphism
β is zero.

(ii) 2p(u) = 0

This again is immediate from 2.1; for it is always the case that
2/5 = 0.

(iii) p is a homomorphism

In § 5 we showed that the operation p is the suspension of the
operation P2. But by 7.4 in [6], all operations which are suspensions are
homomorphisms.

(iv) If θ = 2* (i > 1), and 2u = 0, then p(u) = 0.

Since 2u = 0, we may use Lemma 13.3 of [9]: namely, there are
classes x e Hql{K; Z2) and y e Hq(K; Z2) such that

u = λ*δ*(aθ + v*{y) ,

where δ^ is the coboundary associated with the exact sequence

0 >Z-^Z >Z2 >0,

λ is the natural factor map Z—> Z}1 and v maps Z2 to Zθ by v(l2) =
(0/2)lfl (recall that 0 = 2*, i> 1). Hence, by (iii) above,

p(u) = pk^S^x) + pv*(y)

by 2.4 and (i) above, since δ^^) has integer coefficients. Now,

by 2.2. We show that p(u) — 0 by showing that

G2(v)β = 0 .
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From Definition 2.1 we recall that β maps Z2 to G2(Z2) by β(l2) =
2g2(l2). Hence, using 1.21 and 1.24 in [9],

G2(v)β(l2) = 2G2(v)g2(l2) = 2g2(vl2)

= 2g2((θl2)lΘ) = 2(tf2/4)#2(l ) - (#2/2)l2, = 0 .

For, 6>2/2 = 22ί/2 = 22i-1; and, 2(9 = 2 i+1. But by hypothesis, £ ^ 2; thus
2£ - 1 ^ £ + 1.

(v) p(p(^)) = 0

This follows at once from (ii) and (iv) above,

(vi) f*p(u) = pf*(u) .

This is simply a special case of Theorem 3.6 of [7]. This, then
completes the proof of Theorem 6.1.

We consider one more property of the operation p: namely, its
behaviour with respect to suspension. We continue to denote by S(C)
the suspension of a cohomology operation C.

(6.9) PROPOSITION. S(ρ) — 0, where 0 denotes the trivial cohomology
operation.

Proof. By the same reasoning as given in § 5, it sufficies to prove
Proposition 6.9 with p replaced by the operation p, and the coefficient
group A21c taken to be a group in the category vΓ, say A2k = Z. Thus,
we need simply show that pφ(u) = 0, where u e HQ(L; Zxi). Now by
Nakaoka [2] we have4:

p(Vl x v2) = P2(vL) x p(v2) + p(vλ) x P2(v2) ,

for classes vt e Hqι{Xi} A,; Z) (£ = 1, 2).
Thus,

pφ(u) — p(v x u) = P2(v) x p(u) + p(v) x P2(u) — 0 ,

since P2(v) — p(v) = 0 by dimensionality considerations. Here, v is the

image of v in H\I, /; ZΘ). Hence, S(p) = 0, as was to be proved.

7 The relation SS(C) = Cδ. We give here a theorem, whose proof
is due to N. E. Steenrod.

(7.1) THEOREM. Let C be a cohomology operation, and let 8 be the
relative cohomology coboundary operator. Then,

4 Nakaoka only proves this for the case dim vu v2 even; but the result is true in
general, as is easily shown using Definition 2.1.
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8S(C) = Cδ ,

where S(C) is the suspension of C.
We sketch the proof; let X be a space and A c X a subspace. Let

X' denote the mapping cylinder of the inclusion map A c X. That is,
unite I x A and X by identifying 1 x A with A in X. Let A! = 0 x A.
The inclusions

(X', A') > (X', / x A) < (X, A)

induce isomorphisms of the cohomology sequence of (X, A) and (X', Ar)
with local cosfficients. Thus, we may discuss the behaviour of the
coboundary δ in the cohomology sequence of the pair (X', A').

Consider the following hexagonal diagram (see [8], page 42):

(7.2)

mo x

x X, 1 x

H
n*/

/

k* H"

X)

\ *
H'*(I >

V

*
1

X

3
(

(ϊx

1
•x,

ι* /
X)

ί X

\
\

m

X)

'1 x

k*

I x

X)

X, 0 x X)

Here all homomorphisms other than δ, 8lf and 82 are induced by inclusions.
Standard arguments, using exactness and homotopy equivalence, show
that the arrows around the peripheries are isomorphisms. We agree to
identify Hq(X) with HQ(0 x X) by sending u~> e x u, where e is the
unit of £Γ°(0; Z). At the end of this section we will use diagram 7.2
to prove the following lemma:

(7.3) LEMMA. Let φ be the function defined in 3.1. Then,

Φ = W-1 ,

where kf, 81 are the functions defined in diagram 7.2
Notice that this proves Lemma 3.2; for the functions 819 kf are

isomorphisms. Now let g*: Hq+ι(X', A! U X)~^Hq+1(I x A, I x A) be
induced by the inclusion. Using the fact that / is a strong deformation
retract of a neighborhood of / in I (see [8]; Chapter 1, 11.6), together
with excision, one shows that g* is an isomorhism onto.

(7.4) LEMMA. The following diagram
induced by the inclusion

is commutative, where /* is
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H-+ι(I x A, ϊ x A)^->H"+1(X', A' U X)

Hq(A') δ >H«+\X\ A') .

Thus δ = f*g*~ιΦ.
This is a consequence of Lemma 7.3 and commutativity relations in

a slightly enlarged diagram. We omit the details.
The proof of Theorem 7.1 is an immediate consequence of Lemma

7.4. For let u e Hq(A'). Then, by this lemma,

CS(u) = Cf*g

Using the naturality of the operation C, we have

Cf V-ty(*0 = /

But by Definition 3.1, Cφ = φS(C).
Thus,

C8(u) - fg^ΦSiCXu) = 8S(C)(u) ,

again using Lemma 7.4. This completes the proof of Theorem 7.1.

Proof of Lemma 7.3. We apply diagram 7.2 to the case X— 0,
q = 0, and coefficient group = integers. Then, the unit class of ίΓ°(/; Z)
can be represented as a sum vQ + v19 where

v0 = ifkf-1df(vQ + Vj)f vx = ifkf^dfiva + vλ).

Thus,

δ(v0) = - h(vλ) = v = a generator of ff^/, /; Z). Therefore, by
Definition 3.1,

φ(u) = V X U = (δ^o) X U .

But by the axioms for the cross-product, we may write

(Sv0) x u — 8(v0 x u) .

Furthermore, we have

vQ = i?k?-\e) ,

where e = <if(̂ 0 + ̂ ) = unit of H°(0; Z). Thus,

δ(τ;0 x u) = Siifkf-'ie) x u)

= Siϊkϊ'Xe x u) = hxk?-\e x u) .
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Here we have used the naturality of the cross-product and the commuta-
tivity of diagram 7.2. If we now identify Hq(X) with HQ(0 x X) by
sending u-> e x u, we then have

Φ(u) = 8(v0 x u) = SM'1^) ,

as was asserted.
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ON TCHEBYCHEFF POLYNOMIALS

J. L. ULLMAN

1Φ Introduction* Let C be a closed bounded set having an infinite
number of points. There is a unique polynomial Tn(z) of degree n, and
with one as coefficient of zn, such that if Pn(z) is any other polynomial
with the same normalization,

(1.1) Mn = max | Tn(z) \ < max \Pn(z) \ .
zee zeo

This is the Tchebycheff polynomial of degree n associated with C

l.l Assume that C has positive capacity, used throughout to mean
logarithmic capacity, and a connected complement D. The conductor
potential for such C is a real valued function U(z) defined in D with
the properties: (1.2) U(z) is harmonic at finite points of D, (1.3)
U(z) — log \z\ is regular at infinity and zero there, (1.4) there is a num-
ber p > — Co such that U(z) > p for z in D, (1.5) if {zt} is a convergent
sequence of points with limit point on the boundary of Ό, then
lim U(Zi) — p, except perhaps when the limit point belongs to a subset
of the boundary of capacity zero. The function U(z) has a unique rep-
resentation as a Lebesgue-Stieltjes integral

(1.6) U(z)= [\og\z-t\dμ .

where μ is a completely additive, positive set function defined for Borel
measurable sets, if it is specified that the carrier of μ consist of bounda-
ry points of D. [2].

1.2. Fejer [1] proved that the zeros of Tn(z) lie in the convex hull
H of C The consequence

(1.7) \znt\^R9

where zni is a zero of Tn(z), and R is a finite constant independent of
n, will be sufficient for later reference. Let

(1.8) pn=± logMn.
n

Szego [3] proved that

Received April 5, 1954, in revised form February 24, 1959. The author has received
support, which he gratefully acknowledges, from the O.N.R. contract Nonr-330(00) adminis-
tered by the University of Michigan. The results of this paper were presented in Abstract
515 appearing in the Bulletin of the American Mathematical Society, Vol. 60, July 1954.
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914 J. L. ULLMAN

(1.9) Km ft, = ρ ,

where p is essentially defined for a set C of positive capacity in §1.1,
and is taken as zero when C has zero capacity. If C does not have a
connected complement, p is obtained by taking for D in §1.1 the un-
bounded component of the complement of C. The above results in con-
junction with an argument due to R. Nevanlinna [2, p. 127], can be
used to show that

(1.10) l im-l log |Γ^) | = U(z) ,
n

for z in the complement of H. The following results concern the ex-
tension of (1.10) to points of D in H.

1 3 Summary of results* Let C be a closed, bounded set of positive
capacity, and with connected complement D. Let vn(S) be the total
multiplicity of the zeros of Tn(z) in the set S. If E is a closed subset
of D, then

(I) li
n

and

(II) lim f ±\og\Tn(z)\- U{z)
n

dA = 0 .

If Γ is a continuously diff erentiable curve consisting of points of D, and
with interior denoted by /(/"), then

(III) lim ΞzIίίΠL = μ(I(Γ)) .
n

The set function μ is defined by (1.6). In the case D is bounded by a
finite number of analytic, Jordan curves, then

(IV) vn{E) < P ,

where P is a constant depending on E, but not on n. Also in this case

(V) l i m ^ l o g | Γ n ( s ) | = U(z),
n

for z in E, with the possible exception of a set of measure zero.

2. The results concerning the zeros of Tn(z), namely (I) and (IV),
are established first.

2.1. LEMMA 1. Associated with D is a set of domains {Dn},
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n = 1, 2, , with the properties:
(a) Dn is an unbounded domain,

(b) the closure of Dn is contained in Dn+1, that is Dn c Dn+1,
(c) each point of D is contained in some Dn.

LEMMA 2. Let u(z) be harmonic at finite points of D and regular
at infinity. Furthermore, if {zj is a convergent sequence of points
with limit point on the boundary of D, suppose that lim inf u(zt) ̂  0,
except possibly if the limit point belongs to a subset of the boundary
of capacity zero. If, in the exceptional cases, lim inf u{zt) 7> —7, 0 ^ 7 < °°,
then in fact 7 = 0, and u(z) ̂  0, for z in D. [2].

2Φ2# The generalized Green's function of D with pole at w, G(z, w),
where the variable z and the parameter iv are points of D, has the prop-
erties:

(2.1) G(z, w) > 0,
(2.2) G(z, w) is harmonic in z, except if z — w, and is regular at

infinity,
(2.3) G(z, w) + log \z — w\ is regular when z = w,
(2.4) if {Zi} is a convergent sequence of points with limit point on

the boundary of D, then \m\G{zi,w) exists, and is equal to zero, except
perhaps if the limit point belongs to a subset of the boundary of capacity
zero, and

(2.5) at the exceptional points lim sup G(zu w) gΞ M < 00, a constant
depending on w, but not on {zt}. When w — 00,

(2.6) G(z, 00) = U(z) - p, and
(2.7) for finite or infinite w, G{z, w) = G{ιv, z).

2.3. LEMMA 3. To each domain Dk there is a positive constant

mk, such that

(2.8) Pn-P^r
n

Proof. Let

(2.9) wn(s) = —log|Γ»(s)| ,
n

and let znl, , znm, m ^ n, be the zeros of Tn(z) in D. The convention
used in listing zeros will be to repeat multiple zeros according to their
multiplicity. Consider the function

(2.10) v
n
(z) - (p

n
 - u

n
(z)) + (U(z) - p ) ~ ̂ {

n
G(z, z

nm
)) ,
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(2.11) - Ax{z) + A2(z) - A,{z) .

Let {zt} be a convergent sequence of points of D with limit point on
the boundary. Now, lim Afa) ^ 0 by (1.1), (1.8) and (2.9), lim inf A2{z,) ^ 0
by (1.4), and lim A ^ ) = 0, except possibly if the limit point belongs to
a subset of the boundary of capacity zero. In the exceptional case
lim sup Ad(Zi) ^ M < oo, by (2.5). In addition vn{z) is harmonic in D and
regular at infinity. The conditions of Lemma 2 are thus satisfied so
that

(2.12) vn{z) ^ 0 ,

for z in D. Let znU , znp, p ^ m, be the zeros of Tn{z) in Dh. Then,
by (2.1), (2.7), (2.10), (2.12),

(2.13) pn-p- (un(z) - U(z)) ^ ±(G(znι, * ) + • • • + G(znp, z)) .
n

If mk is the lower bound of G(z, oo) on Dk, then the value of (2.13) at
z = co yields (2.8).

2.4. Proo/ o/ (I). The set E will be contained in an element of
{Dn}, say Dh, Hence by (2.8) and the definition of vn(S),

(2.14)

The result then follows by (1.9).

2.5. Proof of (IV). Szego [4] has shown, under the added restric-
tion on D, that

(2.15) P n - P £ * ,
n

where K is a constant not depending on n. This together with (2.8)

yields

(2.16) vn(Dk) ^ A .

Thus if Dk contains E, the assertion follows.

3. The next results proved are (II) and (V) concerning the mean
convergence in the general case, and the point wise convergence in a
special case, of the sequence un(z) = 1/nlog \Tn(z)\.

3A. Let Dk again be a domain containing E. Assign to each point
of E a circle centered at the point, lying in Dk, and with radius not
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exceeding 1/3. By the Heine-Borel theorem, a finite number of circles
cover E. Hence it is sufficient to prove (II), replacing E by a circle in
Dk with radius less than 1/3.

3.2. Let snu , snnχ be the zeros of Tn(z) in the complement of
Dk+1 and let rnl, , rnnι be the zeros in Dk+1. By the convention of
listing multiple zeros, nλ + n2 = n. Note that by (I),

(3 1)

Next define

(3.2)

and

(3.3)

Now

(3.4)

(3.5)

(3.6) <Ξ

l i m #t/2

n

sΛ{z) = n (2
i-l

T> (rΛ TT (r
K>n\Z) — 11 \*

i = i

^lθg|Γ n(2)|

n

— o

swί) ,

~ TO

^- J- log |SB(2)| + l l o g \Rn(z)\ - U(z)
n nx n

n
log|Λ»(2)|

It will be shown in §4.3 that the first term of (3.6) tends to zero uni-
formly in E. Also in E, \U(z)\ has a finite upper bound, so by (3.1),
the second term also tends uniformly to zero in E.

3.3. Proof of (II). By the remarks of §§3.1 and 3.2, it is sufficient
to prove

(3.7) lim — ( log \Rn{z) \dAz = 0 ,
n JU-α|<δ

where \z — a\ < 8 is a subset of Dk and δ ̂  1/3. Let

(3.8) ! l o g |ien(*)| = (log \z - t\dμn .
n J

The integral in (3.7) then has the upper bound

(3.9) ( If log\z-t\dμn\dAz
J | β - α | < δ > | J l ί - α | < 2 δ I

+ \ I \og\z — t\dμ.ndA7, .
J \z-a\<8,\ J |β-αl^2δ
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By (1.7) μn(S) is zero for any set S in the exterior of \z\ = R. Hence
the second integral in (3.9) is bounded by

(3.10) rδ2—max{|log \R + δ | | , |log|δ| |} .
n

This tends to zero by (3.1). The first integral can be written

(3.11) ί ([ log , 1 .dμn)dAa,
JU-α|<δΛJ|ί-α|<2δ \Z — t\ /

since

(3.12) \z - t\ £ \z - a\ + \t - a\ < 3δ ^ 1 .

The order of integration can be changed, to yield

(3.13) ί (flog 1 dA,)dμu,
J(t-α|<2δ|2-αl<δVJ \Z — t\ /

or

(3.14) ( g(t)dμn ,
J | ί - α | < 2 δ

where

τrδ2log , δ < \t — a I < 2δ ,
\t-a\

(3.15) flf(ί)= i

δ 2 =

From this it follows that an upper bound for (3.11) is

(3.16) —g(a) .
n

This tends to zero by (3.1).

3.4. Proof of (V). The contents of §3.2, in particular (3.6), re-
duce the proof to showing

(3.17)
n

for z in E, except possibly for a set of measure zero. Fy (IV) there
are less than P zeros in E for each n, and each of these, by (1.7) is
inside or on the circle \z\ = R. Hence it is sufficient to show

(3.18) lim rn(z) = lim — |log |s - α n | | = 0 ,
n
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where \an\ <̂  R, for \z\ < Q, a disc covering E, with the possible ex-
ception of a set ϊ 7 of measure zero. For a fixed integer A; > 0,

(3.19) rn(z) > j -

either if

(3.20) \z~an\

or

(3.21) U - α w |

Now (3.20) will ultimately fail to hold since \z — an\^R + Q. Let
T(k) be the set of z for which (3.21) holds infinitely often, and let
T(k, p) be the set where (3.21) holds for some n Ξ> p. It is clear that

(3.22) T(k)czT(k,p).

Hence if me(S) designates the exterior measure of a set S,

(3.23) me(T(k)) £ me(T(k, p)) ^ TΓΣ e χ P
jfe

This bound holds for all values of p. Thus the exterior measure of
T(k), and hence its measure, is zero. Since T is the set where

(3.24) lim sup rn(z) > 0 ,

each point of T is contained in one of the sets T(k). There are a de-
numerable number of the latter, each having measure zero. T thus has
measure zero.

(4

It

(4

4

•1)

is

.2)

. Let

first shown that

lim

1
nλ

sn(z)

Λog\Sn(z)\.

= U(z) ,

for z in Dk+i, and that the convergence is uniform in Dk. This result
completes the argument based on (3.6). The divergence theorem is then
applied to (4.2) to yield the proof of (III).
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4.1. LEMMA 4. If

(4.3) σn = max sn{z) ,
meσ

then

(4.4) lim σn = p .

Proof. By (1.1), (1.8), (2.9), (4.3),

(4.5) σn = max sn(z) ̂  max unχ{z) — ρnι .

Let zλ be a point of C for which

(4.6) σn = s^) .

Then

(4.7) pn ^ ^ ( ^ ) = ^sn{zx) + —log I Λ ^ ) I,
n n

n n

Now zλ is bounded from Dk+1, the domain containing the rniy and | r w ί |
has a bound independent of w by (1.7). Hence there are positive con-
stants, a and b, such that

(4.8) 0 < α ^ k - r n t | ^ b < oo ,

for all n and ΐ. Combining this with (3.3) and (4.7) yields

(4.9) pn > ^σn - ^K ,
n n

where K = max {|log a |, |log 61}. From this and (4.5) it then follows that

(4.10) Pnι ^ ^ JLPn + J^K .

The conclusion of the lemma now follows by (1.9), (3.1).

4 2 Form the function

(4.11) w n ( z ) = σn- sn{z) - ( p - U(z)) .

This can be treated like vn(z), (2.10), to show that it is positive in D.

LEMMA 5. The functions wn(z) converge to zero in Dk+19 and uni-

formly in Dk.

Proof. Let the disc \z — a \ ̂  γ lie in DΛ + 1, and let z1 = a + rexp (iθ),
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r ^ s < 7. Since wn(z) is positive in Dfc+1, and clearly harmonic there,
the inequality

(4.12) JL—LWn(μ) ^ wn{zλ) ^ l ±
7 + s

n(μ) ^ n{λ) ^ n()
7 + s 7 — s

holds. This shows that the convergence of wn(a) to zero implies the
uniform convergence to zero in the circle \z — a\ = s, and that if wn(a)
does not converge to zero, the same will be true at each point of the
circle. A similar relationship holds between the convergence of wn(oo)
and the convergence of wn(z) for \z\ Ξ> s, a domain lying in Dk+1. Thus
the set of points of D]c+1 where lim wn(z) = 0 is an open set, and the
set where lim wn(z) Φ 0 is also an open set. Since Dlc+1 is open and
connected, it cannot be expressed as the sum of two disjoint open sets,
so that one of these sets must be a null set. Since wn(^) = σn — p, a
quantity tending to zero by Lemma 4, the non-null set is the one for
which lim wn(z) = 0. By the Heine-Borel theorem, Dk can be covered
by a finite number of circles lying in Dk+1, one of which will be of the
form \z\ g: s. The convergence will be uniform in each circle, and hence
uniform in Dk.

(4.13)

43. For application to (3.6), note that

1

n,
ΛogSn(z)- U(z) ^ \wn(z)\ + \σn - p\ .

Thus by Lemmas 4 and 5, the left side converges uniformly to zero in

Dk, and hence in E.

4A. Proof of (III). There is no loss in generality in assuming that
Γ lies in Dk. If z = a + r exp (iθ), r ^ s < 7, then

(4.14) \{wn{z))Λ^ Wn{a\\ { w n { z ) ) Λ ^ , \ 2

(7 - sf

where ( )x denotes the partial derivative with respect to x. It is as-
sumed that a is on Γ, and that \z — a\ ^ s lies in Dk+1. The same in-
equality holds for the partial derivative with respect to y. The con-
vergence of wn(a) to zero thus yields the uniform convergence to zero
of the partial derivatives in the specified circles. An application of the
Heine-Borel theorem then shows that the convergence is uniform on Γ.
Thus

(4.15) lim - L [ (wn(z))xdy - {wn{z))ydx = 0 .

Using (4.11), it is seen that this is equivalent to
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(4.16) limΊr\ (sn{z))xdy ~ (sn(z))ydx

)xdy - (U(z))ydx .

Let Xn(S) be the total multiplicity of the zeros of Sn(z) in the set S.
Now both U(z) and sn(z) are harmonic on Γ, and Γ is of sufficient smo-
othness for the application of the divergence theorem, so that the result

(4.17) Km MlίQL = μ(I(Γ))

n

is obtained. For any set S it follows from (3.2) that

(4.18) vn(S) - Xn(S) ^ vn(Dk+ι) = n2 .

Thus, by (3.1) and (4.7) applied to

(4.19)

the proof of

λ

(HI)

n(l
n

is

Γ)) < vn(I(Γ)) <
n

completed.

Xn(I(l

n
n
n

5. Relationship to a paper by Walsh and Evans. The results (I)
and (III) we obtained by other methods in [7], and another form of dis-
cussing the asymptotic behavior of Tn(z) for z in the complement of C
was used. The result (IV) is not found in [7], and we will discuss in
more detail, and in a slightly more general context the significance of
this and the other results.

Domain Polynomials. Besides the Tn(z), there are other sets of
polynomials which are associated with general sets C in the plane. We
mention only the Garleman polynomials [3], Cn(z), which require that C
have connected complement, and Faber polynomials [5], Fn(z), which re-
quire that the complement of C be simply connected. These are adequate
to illustrate our remarks.

The Location Problem is an apt name to give to results relating to
the location of zeros of domain polynomials, and known results suggest
the further distinction of interior location and exterior location, corre-
sponding to whether we refer to zeros on C or in the complement of C.

Results on Exterior Location. For sets with simply connected com-
plements, and bounded by a simple analytic curve Γ, it has been shown
by Johnston [3] and the author [5] that ultimately the zeros of Cn(z)
and Fn{z), respectively, lie inside any simple interior level curve of Γ.
It is not known whether this is true for Tn(z), although (IV) shows that
the zeros lie ultimately inside any exterior level curve.
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A basic observation of this paper and [7] is that when C has a
multiply connected complement, then zeros of Tn(z) can lie in the com-
plement of C and be uniformly bounded from C for arbitrarily large n.
In the sense defined by (I) the number must be small in comparison
with n, although they can exceed any finite bound. The refinement of
(IV) states that if C is bounded by a finite number of analytic curves,
then there is an absolute constant for any exterior level curve of C,
which ultimately cannot be exceeded by the number of zeros of Tn(z)
exterior to this level curve. What has not been shown is whether a
constant exists for the complement of C itself. Examples indicate that
if there is such a constant, it cannot be less than k — 1, where k is the
number of boundary components of C.

Interior Location. Formula (III) states that the proportion of zeros
on any component of C, for Tn(z), approaches the harmonic measure of
the component. Where on the component the zeros accumulate is not
known. The existant examples, namely Tn(z) for the circle and ellipse,
indicate that the limit points of the zeros, which can be called the
center, have an interior location in the set. No precise characterization
of the center for Tn(z) has been found. In [6] a study is made of the
center for Fn(z). The indications are that the center will not be the
same set for the different classes of domain polynomials.
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ORDERINGS OF THE SUCCESSIVE
OVERRELAXATION SCHEME

RICHARD S. VARGA

l Introduction* One of the more frequently used iterative methods
[11, 14, 18] in numerically solving self-ad joint partial difference equa-
tions of elliptic type:

n

( 1 ) Σ aijχj = ki9 aiΛ Φ 0, 1 <Ξ i ^ n ,
j = l

is the Young-Frankel successive over relaxation scheme [16, 4]. If super-
scripts denote the iteration indices, then the successive overrelaxation
scheme is defined by

( 2 ) xψ+ι) = ω { Σ bt jX{rλ) +
U = 1 j =

where

\-aitJlaltl,
(2 ' ) & ]

The parameter α) is the relaxation factor.
Since the introduction of this method, there has remained the ques-

tion of the effect of different orderings of the equations of (1) on the
rate of convergence of the overrelaxation scheme. Young [16] introduced
the concept of a consistent ordering of the unknowns for a class of
matrices satisfying his definition of property (A), and he conjectured
[17] that, with certain additional assumptions, these consistent orderings
were optimal1 in the sense that, among all orderings, the consistent
orderings give the fastest convergent iterative scheme for the case of
ω = 1 of (2).

The problem of the relationship between orderings and rates of
convergence has been recently investigated by Heller [6], whose approach
was combinatorial. Assuming the nxn matrix A = \\aitj\\ of (1) to be
multi-diagonal, Heller concentrated on the problem of finding all order-
ings whose associated Gauss-Seidel iterative method, the special case of
(2) with ω = 1, had the same eigenvalues as the eigenvalues of the
Gauss-Seidel method based on the "usual ordering/'

Our approach to the question of orderings is based on the Perron-

Received October 3, 1958. Presented to the American Mathematical Society April 18,
1958.

1 For some preliminary results on this conjecture for optimum orderings, see [17].
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Frobenius theory of non-negative matrices.2 Our main result (Theorem 4)
contains as a special case a proof of Young's conjecture. On the
other hand, while certain orderings may produce faster convregent itera-
tive schemes than others, we prove (Theorem 5) that, for the case
ω — 1 of (2), different orderings have vanishingly small effect on the
rate of convergence of the Gauss-Seidel iteration method for slowly con-
vergent problems. This last result proves a conjecture by Shortley and
Weller [10, p. 338] who observed this phenomenon in the numerical
solution of the Dirichlet problem.

2. Preliminary definitions. We first define the class S of matrices.
We shall later show in § 5 that the results, based on this class of mat-
rices, hold for a large number of matrix problems (1) arising from the
numerical solution of certain partial differential equations of elliptic type.
We let B denote the square matrix of coefficients bitJ defined in (2').

DEFINITION 1. The matrix BeS if and only if B satisfies the fol-
lowing conditions:

(i) B = \\buj\\ is a non-negative nxn matrix, with zero diagonal
entries, i.e., bitJ ^ 0 for i Φ j , and biA — 0 for all 1 ^ i, j ^ n

(ii) B is irreducible [5, p. 458], i.e., there exists no permutation
matrix A such that

ΛBΛ" = C BB) •
where Bx and J53 are square submatrices.

(iii) B is symmetric.
For any permutation, or ordering, φ of the integers 1 ^ i ^ n, let

Λφ denote the corresponding nxn permutation matrix and let BΦ=ΛΦBAΦ —
ΛφB/iφ\ where in general A! denotes the transpose of the matrix A.
For BeS, Bφ is symmetric with zero diagonal entries, so that we can
decompose Bφ into:

where Lφ is a strictly lower triangular matrix.3 We define

( 4 ) Mφ(σ) = σLφ + L'φ, a > 0 .

It is clear that Mφ(σ) is a non-negative irreducible matrix for every
σ > 0 and ψ. Thus, by the Perron-Frobenius theory [8, 5] of non-nega-
tive matrices, Mφ(σ) possesses a positive simple eigenvalue, mφ{σ), which

2 A similar approach was employed Kahan [7r] in generalizing the results of Young
[16]. Although Kahan was not directly concerned with the question of orderings, many
of his results, stated without proof in [7], are nevertheless similar.

3 An nxn matrix L — | | ^ j | | is strictly lower triangular if and only if hj = 0 for
i-<L j , 1 ^
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is greater than or equal in modulus to all other eigenvalues of Mφ(σ),
and to mk(σ) can be associated an eigenvector with positive components.
It can be shown, based on further results of the Perron-Frobenius theory,
that mφ(σ) has the following properties:

j(i) mφ(σ) is a strictly increasing function of σ [3, p. 598].

l(ii) mφ(σ) is an analytic function of σ, for all σ > 0.4( 5 )

Before proceeding, we briefly state some of the terminology and
conclusions of the Perron-Frobenius theory, which we shall frequently
use. If C is an arbitrary non-negative irreducible nxn matrix, we say,
following Frobenius [5], that C is primitive if the positive eigenvalue r
given by the Perron-Frobenius theory is strictly greater in modulus than
all other eigenvalues of C. If there are k(>l) eigenvalues of C with
modulus r, then C is said [9] to be cyclic of index k. In particular, if
C is cyclic of index k(> 1), then [9] there exists a permutation matrix
A such that

( 6 )

Ό 0

C2 0

0 C,

\0 0

0 C,\

0 0

0 0

c,. o /
where the diagonal blocks of AC A'1 are square submatrices with zero
entries. For any matrix C, we shall let β\C~\ denote the spectral radius
of C, i.e., μ[C] = maxlλjl, where Xj is an eigenvalue of C.

3* Spectral radius as a function of ordering.

LEMMA 1. // BeS, then mφ(σ) = ]ϊ[B]σll2hφ(lnσ), where hφ(a) =
hφ( — a) for all real a, and hφ(0) = 1.

Proof. For σ > 0, there exists an eigenvector x with positive com-
ponents such that Mφ(σ)x = mφ(σ)x. From definition,

Mφ(σ) = σLφ + L'φ =

Thus, M'J --- )x = -l^i^J-x. Since M,,, and M',, have the same eigenvalues,

then

( 7 ) σmφ(—) = m^σ), a > 0 .

4 Since mφ(σ) is simple root of det [Mψ(σ) — λl] = 0, the analyticity of mΦ(σ) can be
proved by means of the implicit function theorem.
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If

hφ(lnσ) Ξ ^ f f σ-v\ σ > 0 ,

then equation (7) shows that hφ(a), a = Inσ, is an even function of a.
For <7 = 1, mφ(l) = μ[J3] by definition, and thus hφ(0) — 1, which com-
pletes the proof.

From (5) and Lemma 1, it follows that hφ(a) is an analytic function
of a for all real values of a.

LEMMA 2. Let A(a) = e*L + D + e~aL', where L is a non-negative
strictly lower triangular matrix, and D is any non-negative diagonal
matrix. If L + Lf is irreducible, and 0 fg aλ <̂  a2, then

Proof. If C = L + D + L' = \\cttJ\\, then by assumptions stated in
the lemma, C is non-negative and irreducible. Assume now that C is
primitive, and consider any non-zero cycle v of C of length m > 1:

v = ci0i<1c<li<2 cim_iΛm^, where cijιtj+i > 0, i = 0, ., m - 1 .

It is clear that the corresponding cycle for A(a) is t = e^y, where g is
an integer. From the symmetry of C, there is another cycle V of A(α:)
of the form: V — e~qav. Since t and £' are contained in the io-th diagonal
entry of Am(a), it follows that the trace of Am(a) is composed of terms
of the form: 2v cosh(gα). Using the monotonicity of cosh(^), we obtain,
for 0 fg aλ ^ a2,

( 8 ) ίrfA771^)] ^ ίr[^lm(α2)] ,

for all m ^ 1. By assumption, C is primitive, which implies that A(a)
is primitive for all real a. Since the trace of a matrix is equal to the
sum of its eigenvalues, then

( 9 ) tr[Am(a)] ~ (μ[A(a)J)m, m -> oo .

Combining the results of (8) and (9), and taking mth roots, we obtain
the desired result, under the additional assumption that C is primitive.
But if C is not primitive, then C = C + βl, β > 0, certainly is, and
since

μ[A(a) = e«L + D + βl + e-«L'~\ = μ[A(a)] + β ,

the desired result again follows.

THEOREM 1. If B e S, then hφ(a) is non-decreasing for a ^ 0.
Moreover, for any a Φ 0,

(10) 1 ^ hφ(a) < cosh(α/2) .
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Proof. For σ > 0, consider the matrix

By definition, μ[Pφ(σ)] = hφ(lnσ). For any α2 ^ αx ^ 0, hφ(a2) ^ ^(a a ) if
and only if ^[Pψ(e*2)] ^ βlPφie"1)'], and thus the first conclusion follows
from Lemma 2, with D the null matrix.

To prove the second part of the theorem, we write Pφ(σ) in the form

(12) Pφ(e*) = cosh(α/2) . Tφ + sinh(α/2) Kφ ,

where

For any real a, Pψ(β*) is a non-negative, irreducible matrix. If x is the
eigenvector of Pφ(eΛ) with positive components corresponding to the
eigenvalue hφ(a), so normalized5 that (JC, x) = 1, then

(Pφ(β*)jc, JC) = Λφ(α) = cosh(α/2) (TΦJC, JC) + sinh(α/2) . {Kφx, x) .

Since Kφ is skew-symmetric, then hφ(a) — cosh(α/2) {Tφx, x). But, Tφ

is symmetric, non-negative, and irreducible, so that {Tφx, x) ^ ~μ[Tφ] = 1.
Thus, from the first part of this theorem and Lemma 1, we have that
1 ίg hφ(a) ίg cosh(α/2) for all real α. Assuming a Φ 0, suppose that
(Tφjc, x) = μ[Tψ] = 1. This is true only if x is also an eigenvector of
Tφ, and thus, from (12), JC is an eigenvector of Kφ. But since Kφ is a
skew-symmetric matrix, the eigenvalues of Kφ are pure imaginary num-
bers. By the irreducibility of B, there exists at least one positive entry
in the first row of L'φ, and thus the first component of Kφx is a nega-
tive real number, which contradicts the fact that JC is an eigenvector of
Kφ. Thus, for a Φ 0, (ΓΦJC, X) < 1, and we have the inequality of (10),
which completes the proof.

Since hφ(a) is analytic for all real α, we conclude the

COROLLARY. If BeS, then either hφ(a) = 1 for all real a, or hφ(a)
is strictly increasing for a ^ 0.

DEFINITION 2. If B e S, then φ is an h-consistent ordering for B if
and only if hφ(a) = 1 for all real a. Otherwise, φ is a non-consistent
ordering for B.

We remark that the above definition of an /^-consistent ordering
generalizes for the class S the definitions of a consistent ordering given

5 Here, (JC, y) denotes, as usual, the scalar product of the vectors JC and y. If the
n

components of JC and y are x%,y%, respectively, then (x,y) =
ί
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both by Young [16] and Arms, Gates, and Zondek [1]. To show this,
assume that BeS satisfies Young's property (A), and that ψ is a con-
sistent ordering for B in the sense of Young. Then, as shown by Young
[16, p. 97], both Mψ(σ) and σll2B have the same characteristic polyno-
mials, and hence the same eigenvalues. Thus, mφ(σ) = σll2μ[B], from
which it follows that hφ{a) = 1, proving that ψ is also an /t-consistent
ordering in the sense of Definition 2. That consistent orderings in the
sense of Arms, Gates, and Zondek for matrices BeS also satisfy De-
finition 2 can be proved in a similar manner.

THEOREM 2. If B e S, then there exists an h-consistent ordering φ
for B if and only if B is cyclic of index 2.

Proof. If B is cyclic of index 2, then by (6) there exists an order-
ing ψ and a permutation matrix Aφ such that

/ 0 B,
(13) W - Bt = (B_ 0

where the diagonal blocks are square submatrices. Thus,

0 B1

7B2 0

and

B,B% 0

0 aBβJ '
M%(σ) =

and thus M%{σ) = σMφ(l). It follows then that mφ(σ) = μ[B]σ1/2, and
hφ(a) = 1, proving that ψ is an ^-consistent ordering.

Since B e S implies that B is non-negative and irreducible, then B
is either primitive or cyclic of index k, k > 1. Since B is moreover
symmetric, it follows from (6) that B is either primitive or cyclic of
index 2. We shall now that if B is primitive, no ordering of B is an
/^-consistent ordering. With B primitive, let φ be any ordering, and
consider

(14) Aφ{a) ^ =~{<PLΦ + e-«L'φ},a ^ 0 .
μγB\

Following the notation of Lemma 2, suppose that every cycle of Aφ(a)
of length m has q — 0, for all m ^ 1. This implies that every non-zero
cycle of Aφ(a) contains precisely the same number of terms from above
the diagonal as from below the diagonal of Aφ(a). Since Aφ(a) has zero
diagonal entries, then every non-zero cycle of Aφ(a) has an even number
of terms. Thus, the greatest common divisor γ of the lengths of these
non-zero cycles is evidently 2. It is known [9] that γ = 2 if and only
if Aφ(a) is cyclic of index 2, and, for any real α, Aφ(a) is cyclic of index
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2 if and only if B is cyclic of index 2. This being a contradiction to
the assumption that B is primitive, there than exists a positive integer
m0, and a positive integer q0 such that the tr[Ap(a)] contains a term
v cosh(g0α), v > 0, while tr[Aφo(O)] contains the corresponding term v. As
in the proof of Lemma 2, it follows that, for a ^ 0,

(15) ίrβo(α)] ^ tr[A%o(O)] + v[cosh(g0α) - 1] .

Since this particular cycle of length m0 can be repeated cyclically, then

(150 tr[Aι

φ

mo(cx)] ^ ίr[AJTO°(0)] + vl[cosh(q0la) - 1] .

Since B is primitive, so is Aφ(a) for all real α, and from (9) and the
definition of hφ(a), we have

oo(16) hφ(2a) = /i[Aφ(α)] - (ίr[A£(α)])1/ίn, m

For or sufficiently large so that veQo* > 1, we obtain from (15') and (16)

(17) hφ{2a) ^ (ve%*)llmo > 1 .

Thus, if B is primitive, no ordering φ of ΰ is an ^-consistent ordering,
which completes the proof.

We finally remark that it has already been pointed out [2] that, in
general, Young's property (A), on which Young's definition of consistent
ordering depends, for the matrix of coefficients of (1) implies that the
matrix B of (2) is cyclic of index 2. The same is true of its general-
ization [1] to property (A*). This relationship to cyclic matrices has led
to a further generalization [15] of the Young-Frankel overrelaxation
scheme to matrices B of (2) which are cyclic of index p, p ^ 2.

Returning to the successive overrelaxation scheme of (2), if x ( w )

denotes the vector with components xf\ then for B symmetric, we can
write (2) equivalently as

(18) χ(n+1> - . S ^ w +

where

(19) ^,ω HE (/

and

(190 f

Accordingly, we make the

DEFINITION 3. J2φ>ω = (I — ωLφ)-1{ωL'φ + (1 — ω)I} is the successive

overrelaxation matrix, corresponding to the matrix B and ordering φ.
The quantity ω is the relaxation factor.

LEMMA 3. Let BeS. If, for ω > 0, there exists a positive real τ
for which
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ω

then τ is an eigenvalue of -Sφιω. Moreover, if 0 < ω ^ 1, μ[-£φ,ω] is the
unique positive value of τ for which

mφ(τ) = τ + ω - 1

ω

Proof. It is known6 that for ω > 0, -£ψ,ωϋ = Xv if and only if

(20) (λLψ + L;)ϋ =

from which the first part of the lemma follows. Since Lφ is a strictly lower
triangular matrix, then (/ — ωLφ)-λ — I + α>Lφ + + ω71'1^'1. Clearly,
If or 0 < ω < 1, J^ t W is a non-negative irreducible matrix.7 Thus, the
argest in modulus eigenvalue of j££ι<0, jδ[ώφ,ω], is positive, and its corre-
sponding eigenvector ϋ can be chosen to have positive components. From

V, we have, by (20), that raΦ(<7) and + ω ~ inter-

sect in /^[=δφ,ω]. By continuity, the result is true also for ω = 1, which
completes the proof.

We remark that —{σ + ω — 1}, graphed against σ, defines a family

of straight lines through the point (1, 1). Figure 1 illustrates the second
part of Lemma 3.

Figure 1

DEFINITION 4. If BeS, and 0 < ω < 1, then ξ(β[B']f ω) is the

unique positive value of σ for which μ[B]σ112 — ί

For the class of matrices S, the following theorem sharpens results
due to Stein and Rosenberg [12], and Kahan [7,7'].

6 See, for instance, [16, p. 99J.
7 It is, moreover, primitive.
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THEOREM 3. Let BeS, and assume 0 < ω ̂  1. // μ[J3] < 1, then
for φ a non-consistent ordering for B,

and for φ an h-consistent ordering for B, ξ(μ[B], ω) = μ[~Sφ,ω]. If
Jt[B] = 1, then [-δψ,ω] = 1. If μ[B] > 1, ίΛew /or φ cm non-consistent
ordering of B, ξ(μ[B~], ώ) < jδ[-Sφ>ω], emd /or φ αw h-consistent ordering
for B, ξφlBl ω) = j δ [ δ £ ]

Proof. We consider only the case when μ[.B] < 1, since the other
cases follow similarly. If φ is an /^-consistent ordering for B, then
mφ(σ) = /5[J3]<71/2. From Definition 4 and Lemma 3, it follows that
ξ(μ[B], ώ) — ]i[J2φtω\. If φ is a non-consistent ordering for j?, then,
from Theorem 1 and its corollary, hφ(a) is strictly increasing for a Ξ> 0,
and 1 < Λφ(α) < cosh(α/2) for α Φ 0, these inequalities giving directly

(21) μ[B]σ^ < mφ(σ) < μ[B]σ^cosh(^J = μ[B]

Consider the function fcφ(o ) defined by

(22) kφ(σ) = mφ(σ) - ( ( 7 + ω ~ 1 ) , ω > 0 .

For I = ξ(p\BΊ, ω), it follows from Definition 4 and the first inequality
of (21) that kφ(ξ) > 0. On the other hand, kφ(ΐ) < 0 since kφ(l) = μ[B]-l.
Thus, since kφ(σ) is continuous in σ for all σ ^ 0, there exists a τ with
ξ < τ < 1 for which fcφ(τ) = 0. By Lemma 3, ~μ[^,ω] = τ, so that
ξ(μ[B~\, ω) < jw[-Sφ,ω]. Using the second inequality of (21), we have that

0 = M ϊ ) = «φ(r,

from which it follows that

( 1 - ω)

τ - 2 -

which completes the proof.
The special case ω = 1 gives rise to inequalities like that of Stein

and Rosenberg [12]. Since ξ(μ[B']9 ω = 1) = ]Ϊ2[B], we have the

COROLLARY.8 For the Gauss-Seidel method, ω = 1 of (2), ifμ[B] < 1,
then

8 If # e S and Jl[B] < 1 , Young conjectured [17] that for ψ a consistent ordering of
B,μ[£ψ,i]^μ[£φ,i] for all orderings φ of # . Applying the first part of this corollary,
we have a proof of this conjecture.
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πm s ptavj <

equality holding if and only if φ is an h-consistent ordering for B. If

μ[B] = 1, then jΰ[j2£J = 1. If μ[B] > 1, then μ2[B] ^ ~fll &φtl~\, equality

holding if and only if φ is an h-consistent ordering for B.

We now consider the subclass of matrices BeS for which Jt[B] < 1.

Following Young [16], we define the quantity:

so that 9 1 < ωb < 2. In Figure 1, it can be shown t h a t ωb is the unique

value of the parameter ω, 0 <̂  ω ^ 2, for which the straight line

—— j through the point (1, 1) is tangent to the curve Ji[B]σ112.

Thus, for 0 ^ ω <£ ωb, the quantity ξ(μ[B], ω) can be defined as the

largest positive value of σ for which

+ ω -
ω

It is known [16] that if the matrix B e S satisfies Young's property (A),

with fi[B] < 1 and φ a consistent ordering (in the sense of Young) for

B, then ωb is the overrelaxation factor which minimizes μ[=Sφ,ω], and thus

gives the fastest convergence in (2). A similar conclusion is obtained

for the generalization of [1]. Thus, for certain matrices, ωb is the

optimum overrelaxation factor.

THEOREM 4.10 Let B e S, and assume ~μ[B] < 1. Then ξ{JtB, ώ) ^

βί^Φ,ωi for 0 < ω ^ ωb, with equality if and only if φ is an h-consis-

tent ordering for B. For ωb ^ ω < 2, μ[~Sφ,ω] ^ o> — 1, with equality

for all ω in this range if and only if φ is an h-consistent ordering

for B.

Proof. By Theorem 3, we need only consider the case ω ^ 1. If

φ is a non-consistent ordering for B, then hφ(a) > 1 for all real a Φ 0.

from this, it follows, as in the proof of Theorem 3, t h a t the straight

line (—— ~—] intersects mφ(σ) in a point whose abscissa is greater

than !(jδ[JB], ω)> f ° r a ^ ω w ^ h 1 = ω = ω& Thus, by Lemma 3, ..Sf,ω

has at least one eigenvalue greater in modulus than £(/^[S], ω)> s o t h a t

9 Since BθS,B is non-negative and irreducible, which implies that μ[B] > 0.
10 Without the discussion of the case of equality, this result was stated in [7], and

proved in [71].
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]> ω) < M=̂ Φ,ω] for 1 <£ ω ^ ωb. If φ is an /^-consistent ordering for
By it can be shown, using basically the proof of this as given originally
in [16], that the following functional relationship

(24) (λ + ω - I) 2 = Xω2μ2

holds, for ω Φ 0, between the eigenvalues λ of -S£iW and the eigenvalues
μ of B. From (24), it follows easily that ξ(μ[B~\, ω) = μ[^>ω] for
H ω ^ (Oj, which completes the proof of the first part of the theorem.

For ωb ^ ω ^ 2, we use a result of Kahan [7], which states that
for any ordering φ and any real value of ω, β[^iω\ *t co\ — 11. Thus,
for the indicated range of ω, 72[-Sφ,ω] ^ α> — 1. If φ is an ^-consistent
ordering for 5, it follows, using (24), that μ[jδ£iω] = α> — 1 for ωδ g ω ̂  2.
If φ is a non-consistent ordering for B, then by the first part of this
theorem, ~μ[^φ,ωb\ > ξ(μ[B], ωb) = ωb — 1, the last equality following
from (24) and the definitions of ξ and ωb. Thus, if φ is a non-consis-
tent ordering for f>, then μ[^φ,ω] ^ ω — 1 for ω& ̂  ω < 2, with strict
inequality for ω = ωb, which completes the proof.

COROLLARY. If B e S, and ]ϊ[B] < 1, then for all real ω and all

orderίngs ψ

(25) min{min μί^φJ) ^ ω6 - 1 ,
φ ω

with equality if and only if B is cyclic of index 2.

Proof. For ω >̂ 0, and ω > ωb, /ϊ[jδjιω] > α>δ — 1 for any ordering
Φ, by Kahan's result [7]. For /ϊ[β] < 1, we have that ξ(μ\E\, ω)
is a decreasing function of ω for 0 < ω ^ α>δ. Since, by Theorem 2,
there exists a consistent ordering for B if and only if B is cyclic of
index 2, the result follows directly from Theorem 4.

4. Asymptotic rates of convergence* If B e S and /̂ [JB] < 1, we
define, as usual [16], the rate of convergence of the iterative scheme (2) as

(26) Rφ>ω = -lnμ[^J .

In particular, we consider the Gauss-Seidel iterative scheme, the special
case of (2) with ω = 1. By the corollary to Theorem 3, in this case,

If iϋ =Ξ — lnμ[B]f we have

THEOREM 5. If B eS and μ[B] < 1, then for all orderings φ
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(27) 1 > J k i >JL
- 2R 2

> +
2R 2 -2lnμ[B]

Thus,

(28)

Proof, The inequalities of (27) follow directly from the discussion
above. Applying LΉospitaΓs rule,

lim

from which (28) follows.
The above result contains as a special case a proof of a conjecture

of Shortley and Weller [10], who observed, from numerical data, that
for the numerical solution of the Dirichlet problem in a rectangle on a
fine uniform mesh, the rate of convergence of the Gauss-Seidel iterative
method is virtually independent of the order in which the points are
swept. For illustration, we suppose, following Shortley and Weller,
that we are solving numerically the Dirichlet problem in the unit square.
Assuming that there are p equal intervals of subdivision in each coordi-
nate direction, we let ultj denote numerical approximation to u(x, y), the
analytic solution of the Dirichlet problem, where

p p

Making the well-known five-point approximation to Laplace's equation

(29) uitj = —{ui+1J + u^ltJ + utιj+1 + tt£|j-i}, l ^ ΰ ' ^ ( p - l ) ,

where uOίj, uPtj, utt0, and uttP, determined by the given boundary values
of the Dirichlet problem, are known, (29) is except for iteration super-
script of the form (2) with ω = 1. The corresponding (p — lfx(p — I)2

matrix Bu whose entries are one-fourth or zero, is obviously contained
in S, and, as is easily shown, jδ[J5J = cos(τr/p).

For completeness, we include also the well-known nine-point approxi-
mation to Laplace's equation,

(30) utij = —{uί+1J + u^j + uiJ+1 + uitj^}
o

+ — {Uι-lt3 + ι + Ui + 1J + 1 + ^ - i . j - i + ^ t + i j - i } , 1 ^ i,3 ^ (P - 1) ,
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corresponding to a (p — I)2 x (p — I)2 matrix B2 which is also contained11

in S. It can be shown that

The following table gives information about the quantity

(31)
2 I —lnμ[B]

V

10

25

50

100

ΆB

.951

.992

.998

.999

l]

057

115

027

507

Q(μ[Bl})

.976

.996

.999

.999

103

073

014

753

TAB,]

.941

.990

.997

.999

747

550

633

408

.971

.995

.998

.999

3
2
J)

595

065

818

704

TABLE 1

Thus, for either the five- or nine-point approximation, with p — 25 as
an example, there is less than one-half of one percent difference in the
rates of convergence of the Gauss-Seidel iterative scheme for all 576!
orderings of the 576 unknowns.

5 Elliptic partial difference equations* We now show how the
preceding results can be applied to the numerical solution of certain
partial differential equations of elliptic type.

Given a closed bounded region Ω in Euclidean n space with interior
R and boundary Γ, and given a function g(x) defined on Γ, we seek a
function u(x) defined in Ω which is continuous in Ω, twice differentiate
in Rf which satisfies

(32)

and

(33)

r + F(x)u - G(x), xeR,

u(x) = g(x), x 6 Γ

It is assumed12 that the functions F,G,Alf ---,An are given functions
of x which are continuous in Ω and twice-differentiable in R, and satisfy
the conditions

(34) Ak(x) > 0, F(x) ^ 0 , x e Ω, 1 £ k ^ n .

After a cartesian mesh is laid over the closed region Ω, the above
partial differential equation and boundary conditions are approximated
[16, 14] by the following system of N linear equations

11 For p ^ 3, the matrix B\ is cyclic of index 2, while Bz is primitive.
12 For the numerical solution of (32) where F, G, Λ\y , Λn are only piecewise

smooth, see. for example [14].
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(35) Σ,at,jXj = K l ^ i ^ N ,
j = l

where N is the number of mesh points interior to fl. If the mesh is
sufficiently fine, the discrete approximation can be derived in such a way
that the N x N matrix A = llα^ H satisfies the following properties:

(36) (i) A = \\aiyj\\ is symmetric and irreducible,
(ii) ait3 ^ 0 for iφj, 1 ^ i, j ^ N .

2V

(iii) Σ α π ^ 0 for all i, 1 ^ ΐ ^ N, with strict inequality
j = l

for some i.

The matrix A is thus positive definite [13]. If D is the N x N positive
diagonal matrix with entries α M , we may write (35) in the equivalent
form:

(35') (D~ll2AD~ll2)D112 =x D~ll2k ,

where x and k are column vectors with components x% and ku 1 ^ ΐ ^ JV,

respectively. If Dιl2x = y, D~ll2k = g, and D~ίl2AD-112 = A, (35') reduces

to

(37) Ay = ^ .

Since A has unit diagonal entries, we define the matrix B as B = I— A,
and (37) can be written in the form

(37') y = By + g .

It follows from the definition of B that B is a non-negative irreducible

and symmetric N x N matrix, which has zero diagonal entries. Thus,

B 6 S. Since A is positive definite, so is A, and from A — I — B, it

follows that β[B] < 1. Thus, the discrete numerical approximation to

(32)-(33) can be reduced to the form (37') where B e S, and the results

of the preceding sections are applicable.
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ON WEAK DIMENSION OF ALGEBRAS

ORLANDO E. VILLAMAYOR

l Introduction. In this note we try to characterize algebras whose
weak dimension is zero, i.e., algebras A which are flat ^'-modules.

In this direction, Theorems 1 and 2 give the corresponding results,
for weak dimension, to known theorems for (strong) dimension. How-
ever, it seems to be more interesting to find relations between these
two dimensions.

Theorem 3 gives such a relation for commutative algebras over
a field. For the non-commutative case, only a weaker necessary condi-
tion is found in Theorem 5. However, in the case of algebras satisfy-
ing the descending chain condition for left ideals a complete picture of
the 0-weak dimensional ones is given in Theorem 6.

Section 6 applies these results to group algebras. In [2] Auslander
partially succeded in characterizing (von Neumann) regular group al-
gebras. However, concerning the group, he only proved the necessity of
the group being torsion and the sufficiency of the local finiteness. The
difference seemed to be related to the Burnside problem. Theorem 8,
then, fills the gap and the problem is now completely solved.

In the last section we study some relaitons between weak dimension-
ality and semisimplicity (in the sense of Jacobson) in tensor products
of algebras.

After this paper was written we received a copy of a paper by
Prof. Harada on the same subject [4]. However, there is no overlap-
ping of the main results.

We would like to express our thanks and indebtedness to Professor
Rosenberg for this helpful advice and criticism.

2 Notations and terminology. Throughout this note we use the
homological notation and terminology of [2].

Since we are dealing with algebras over a (fixed) ground ring K>
all tensor products are suppose to be taken over the ground ring K,
unless otherwise specifically expressed, so, we shall use (x) for (x) .̂
Similarly, homological dimension of algebras are indicated by dim A or
w.dim. A if they are considered over K, or R-dim A (resp. i?-w.dim
A) if they are considered over another ring R.

For a ring, simple and semisimple mean simple and semisimple with
minimum condition for one-sided ideals. Regular will always mean re-
gular in the sense of von Neumann.

Received October 10, 1958, and in revised form February 9, 1959. This work was partially
supported by a J. S. Guggenheim fellowship and by the Office of Naval Research.
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Semisimplicty in the sense of Jacobson is called J-semisimplicity.

3* Characterization of O-weak dimensional algebras. Let A be an
algebra over a commutative ring K. The dimension (resp. weak dimen-
sion) of A as an algebra is, following the classical definitions, the dimen-
sion (resp. w.dim) of A as an Aβ-module, where Ae — A (x) A* (A* the
algebra anti-isomorphic to A). Since A is a cyclic Aβ-module, we shall
start with some considerations on cyclic flat modules (i.e. cyclic modules
M with w.dim.M = 0).

LEMMA 1. Let R be any ring and A a cyclic left R-module. Then
the following conditions are equivalent:

(a) A is R-flat.
(b) Torf{Rjl, A) = 0 for every principal right ideal I in R.
(c) If A — RIJ, a the image of 1 in A and x e J, there exists

y 6 R such that xy — 0, ya = α.

Proof, (a) => (b) is obvious.
(b)=>(c). Let x e J and let I be the right ideal generated by x. Ac-
cording to ([3], VI, Ex. 19, p. 126) condition (b) implies I Π / = IJ.
Since x e I Π J, then xe //, that is, there is a ^ e J such that x = xz,
hence za — 0, and y = 1 — z verifies xy — 0 and ya = a. (c) =φ (a). Let
B — R\I, for any right ideal /. If x e I Π J, condition (c) assures the
existence of an element zej such that xz = x, so that xeU, hence
I π J = IJ . That is, Torf (B, A) = 0 for every cyclic module B ([3],
VI, Ex. 19), so A is flat ([5]).
As a consequence, we obtain

LEMMA 2. Let A = i2/ J &e α cyclic flat left-R-module. If I is a fi-
nitely generated left ideal contained in J, there is a principal left ideal
Γ such that I c Γ e J.

Proof. We proceed by induction on the number of generators of I.
If I has one generator, I = P. Suppose the lemma is true if I has
n — 1 generators, and suppose xu , xn generate f. Let us call a the
image of 1 in A. If a?!, x2e I ^ J, then â α = x2α = 0 and there is an
element yeR such that α?^ = 0 and ya ~ a, hence x2?/α = 0, and there
is a s e ί? such that cc2τ/2 = 0 and za — α, so yza — a. If we call r =
1 — yz then α r̂ = a?!, x2r — x2 and ra = 0. This last condition implies
re J and ί c ^ c j where 7i is the ideal generated by r, x3, , α?n.

From these lemmas, the following well known result may be im-
mediately proved:

COROLLARY 1. If a cyclic left module A = R/I is R-flat and I is
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finitely generated, then A is R-projective.
In fact, Lemma 2 implies I is generated by a single element, say

x, and Lemma 1 assures the existence of ye I with xy — x, hence
R -• Ry is a projection of R onto / and I is a direct summand in R, so
A is projective.

Now, we shall apply these results to characterize O-weak dimensio-
nal algebras and the following theorem corresponds to that one given in
[3] (IX, Proc. 7.7, p, 179) for dim. A = 0.

THEOREM 1. In order that w.dim A = 0 it is necessary and sufficient
that, for every finite set {alf , an\ in A, there exists an element e in
the two-sided A-module A (x) A such that ate = eα^l < i < n) and that,
under the mapping x (x) y —• xy the image of e in A is 1.

Proof. Let aly , an e A. Suppose w.dim A = 0, i.e., A is Aβ-flat.
The elements 1 (x) at — a% (x) 1* belong to / = Ker(Ae -> A), then they
are contained in a principal left-ideal J c J, If % is the generator of
/, z.l = 0(16 A), then there is an element e such that β.l = 1 and
ze = 0, hence (1 (x) αf — α* (x) l*)e = 0 and the necessity of the condi-
tions proved.

To prove the sufficiency, let us consider an element ze J. Thus
z = Σ*Vi (1 ® α ? — ai (8) l)(2/< e >!•% ^ e -A)» s o^ there is an β e A6 such that
(1 (x) α* — α{ 0 l)e = 0, β.l = 1, hence ze — 0 and Lemma 1 implies A
is Ae-flat.

As a consequence of Theorem 1 and [3], (IX, prop. 7.7) we obtain

COROLLARY 2. If A is a finitely generated K-algebra, then w.dim A —
0 if and only if dim. A — 0.

Of course, this result may also be obtained from Corollary 1 and the fact
that Ker(Ae -> A) is a left ideal generated by the set \ai (x) 1* — 1 (x) a*t},
where the α t 's generate A as an algebra.

Now, following the same lines given by Rosenberg and Zelinsky
([9], Th. 1, p. 88) we prove

THEOREM 2. Let A be a K-algebra which is free as a K-module.
If w.dim A — 0, then A is locally finite over K.1

Proof. Let {xt} be a if-basis of A and {blf , bn} be a finite sub-
set in A. If B is the subalgebra generated by the set {blf , bn}, then,

for every zeB,l®z* — z®leAe is contained in the left-ideal gene-
rated by the set {1 (x) bf - bL (x) 1}.

1 An algebra A over a ring K will be called locally finite if every finitely generated
subalgebra is contained in a finitely generated free /C-submodule of A.
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Theorem 1 shows the existence of elements y19 , yk such that

(1 (x) bf - 64 (8) 1) Σ 3*3 ®VT = 0 and Σ J%JVJ = l τ h u s

(l (x) 2* - z ® 1*) Σ Λ (8) vf = o

for every zel?, that is,

Σ ^ (8) ̂  = Σ ^ (8) 2/jS

If we write zxό as a linear combination of the ίc/s, this formula
shows that ^-z is a linear combination of the y's, that is,

hence, z = Σ Λ 2 / J 3 — Σ«,A./ίC.Λ/ί> and, then, 5 is contained in the iΓ
submodule generated by the set {xjVi}

Finally, if we write the elements xiyi in terms of a basis, say {xk}9

since only a finite number of xk's appear in each x0yi9 B is contained
in a finitely generated jK'-free Z-submodule of A.

4. Algebras over a field. In the case K is a field, then, trivially,
A is a iΓ-free iΓ-module and, if w.dim A — 0, the conditions of Theorems
1 and 2 must be satisfied.

The results of [3] (IX, 7.5 and 7.6), referred to weak dimension
(i.e., starting from IX. 28 intead of IX. 2.8a) may be condensed, by using
the equivalence between w.gl.dimiϋ = 0 and R being a (von Neumann)
regular ring [5], in the following proposition:

PROPOSITION 1. If A is a K-algebra over a regular ring K, then
w.dim A = 0 if and only if Ae is a regular ring.

In the case of commutative algebras over a field a complete charac-
terization of the case w.dim A — 0 is obtained in the following result.

THEOREM 3. Let Abe a commutative algebra over a field K. Then,
then following conditions are equivalent:

(i) A is locally separable2

(ii) w. dim A — 0
(iii) A (x) F is regular for every field F containing K.

Proof, (i) => (ii). Obviously, since A is locally separable, it satisfies
the conditions of Theorem 1.
(ii) rφ> (iϋ). This is a trivial consequence of the inequality

w.gl.dim A (x) F < w.gl.dim F + w.dim A

obtained from the spectral sequences [3] (XVI, 5.5a p.347) and the
equivalence between w.gl.dim R = 0 and regularity obtained in [5],

2 An algebra A over a field K is called locally separable if every finitely generated
subalgebra is contained in a (finitely generated) separable subalgebra.



ON WEAK DIMENSION OF ALGEBRAS 945

(iii) ==> (i). If A is commutative and it is not locally finite over K, then
there is at least one element x which is transcendental over K> hence
A contains a subalgebra isomorphic with the polynomial ring K\x\.

For every polynomial p(x), let 0p be the set of elements ye A such
that yp(x) = 0. Let 1= u 0p, then, trivially, 7 is an ideal in A, and
no element of K{x) is in 7; otherwise, if q(x)el, there is a p(x) such
that q(x)p(x) = 0, contradicting the transcendency of x.

If A is regular, for every p(x) there is an element z such that
2(p(#))2 = p{x), hence 1 — zp(ίc) e I and, in A//, the images of all p(x)
have inverses, so A\I contains a subalgebra isomorphic with the field
of rational functions K(X).

Let us call B = A/7. If A is regular, then B is regular too, and,
from the exactness of A -> 7? -> 0 we obtain F(x)A-*F(x)7?->0 exact.
Then, if F(x)A is regular, so is F®B.

Since £ 3 K(X) and if(X) is a field, B is the direct sum of K(X)-
modules isomorphic with K(X), hence, from the fact that (x) distributes on
direct sums, F® B is a direct sum of F (x) J?(X)-modules isomorphic with
F®K(X). Applying now ([2], Prop. 2, p. 659), we obtain w.gl.dim F(g)
B > w.gl.dimF(g) K(X). Then, we must prove just that F®K(X) is
not a regular ring. In fact, if F is any field containing properly K,
then F®K(X) contains a subring isomorphic with F(g)K[X] & F[X],
which is an integral domain, and F®K(X) is the set of rational func-
tions q(x)lp(x) with q(x)eF[X] and p(x)eK[X], hence, it is an integral
domain but not a field because it has no inverse for q(x) e F[X] if
q(x)$K[X], thus F(g)K(X) is not a regular ring.

Thus, condition (iii) implies A is locally finite.
Since A (x) F is regular and commutative, B®F has to be semi-

simple for every finitely generated subalgebra B and every field F con-
taining K, hence B is separable and so A is locally separable.

The result of Corollary 2 can be extended, in the case of algebras
over a field, by using the following result of Kaplansky ([7], Lemma 1).

LEMMA 3. If I is a countably generated left-ideal in a regular ring
R, then dimRI — 0.

A direct implication of this lemma is obtained in

THEOREM 4. Let A be an algebra over a field K. If [A:K] = ^ 0

and w.dim A — 0, then dim. A — 1.

Proof. Since w.dim A — 0 implies A® A* regular, and Ker(Ae -> A)
is generated by the set {xt (x) 1 — 1 (x) xf} (where the x/s are generators
of A) and this set is countable, then Ker(Ae -> A) is projective. Thus,
dim A < 1. Since dim A = 0 implies [A; K] finite, then [A: K] = ^r0

implies dim A = 1.
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We shall say that an algebra A is locally one dimensional if every
finite set of elements is contained in a subalgebra B such that dim B < 1.
The following theorem approximates the result obtained in Theorem 3
for commutative algebras.

THEOREM 5. Let A be an algebra over a field K. If w.dim A = 0,
then A is locally one dimensional.

Proof. Let {a19 « ,αn) be a finite set of elements in A. Let Bo

be the subalgebra generated by this set. Since Ae is regular, there is
an idempotent eλ such that (1 (x) αf — ah (x) l)eλ — 0 and ex is mapped
onto 1 by the natural map σ: Ae -> A (In fact, the left ideal generated
by the finite set {1 (x) at — at (x) 1} is generated by an idempotent
1 — ex which is mapped onto 0).

If x e B, then 1 (g) a* - a (g) 1* = ΣVi (1 (g) α? - α, <g) 1)(^ e Ae), thus
(1 (x) x* — x (x) l*)βx = 0 for every a? e Bo.

Let {&!, , δm} be the set of elements of A appearing in elf and
Bx the subalgebra generated by {a19 , an, bλ, , bm}. Then, by the
same arguments, there is an idempotent e2 e Ae such that (x (x) 1 — 1 (x)
a;*)e2 = 0 for every xeBL, and σ(e2) = 1.

By repeating the process we obtain a chain of subalgebras J30 cz
^ c S j C . . . If we call J5 = u 5 t(i = 1, 2, •) then Theorem 1 implies
w.dim B = 0. In fact, for every finite subset {x19 , xh} in B there
is a finitely generated subalgebra Bfc with ^ei? f c ( l <i<h), then efc+1

satisfies (xt (g) 1* — 1 (g) xf )βfc+1 = 0, tf(efc+1) = 1, and ek+1 e JSe.
Since B is, at most, countably generated, then Corollary 2 and

Theorem 4 imply dimf> < 1.

REMARK 1. According to Proposition 1, if A is an algebra over a re-
gular ring K, w.dim A = 0 implies Ae is regular. Then, in this case,
Theorem 4 may be expressed in the following way:

THEOREM 4'. Let A be an algebra over a regular ring K. If A is
denumerably generated and w.dim A = 0, then dim A < 1.

Thus, Theorem 5 is valid for algebras over a regular ring K.

5* Algebras with descending chain condition* Theorem 3 shows
that, for a commutative algebra over a field, w.dim A = 0 if and only
if A is locally separable. We do not know whether this statement is
true in the non commutative case.

In the case of algebras satisfying the descending chain condition
for left-ideals, the following result, suggested to the author by Professor
Rosenberg, characterizes completely the 0-w. dimensional case.
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THEOREM 6. Let A be an algebra over a field K satisfying the
descending chain condition for left ideals. Then, w.dim A = 0 if and
only if:

(a) A is semisimgle
(b) A is locally finite over K
(c) The center C of A is locally separable.

Proof. If w.dim A — 0, condition (a) follows from the regularity
of Ay (b) from Theorem 1 and (c) from Theorem 3.

Suppose, now A satisfies (a), (b) and (c). Since A is semisimple,
it is a direct sum of (a finite number of) simple algebras St satisfying
conditions (b) and (c), and, because of the direct sum decomposition,
w.dim A — max(w.dim S4). Since each St is a matrix ring over a divi-
sion algebra Dt satisfying (b) and (c) and w.dim St = w.dim Di9 it will be
enough to prove the sufficiency of these conditions for division algebras.

Let A be a division algebra. Condition (c) implies w.dim C = 0.
According to the sub-additivity of the dimension ([9], Th. 5, p.93) we
have w.dim A < w.dim. C + C-w.dim A, then, it is sufficient to prove
that A (x)G A* is regular. This is so if A (g)σ S* is regular for every
finitely generated subalgebra S oί A.

Since A* is locally finite and S* finitely generated, then [S*: C] < oo
and S* is a division ring. Thus A ®z S* satisfies the descending chain
condition. Since A is central simple and S* simple (because now we
are considering A and S as algebras over C), then A (x)0 S* is simple,
hence regular, and the theorem is proved.

6* Group algebras. In [2], Auslander studies necessary and suffi-
cient conditions for a group G and a ring K to obtain (von Neumann)
regular group algebras K(G). He proved the necessity of G being a tor-
sion group and the sufficiency of G being locally finite, besides the con-
ditions on K.

In Theorem 8 we prove the necessity of the local finiteness, and
then regular group algebras are completely characterized.

A similar difference existed between Theorem 3 and 4 in [8], but
by direct aplication of Theorem 2 we fill the gap obtaining the following
result.

THEOREM 7. Let G be a group, S a subgroup contained in the cen-
ter of G and K any commutative ring, then K(S)-w.dim K(G) = 0 if and
only if G/S is locally finite and K is uniquely divisible by the order of
each element in G/S.

In fact, the local finiteness of K(G) as a K(S)-algebra implies the
local finiteness of G/S.
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THEOREM 8. Let G be a group and K any commutative ring. Then
K(G) is regular if and only if G is locally finite and K is a regular
ring uniquely divisible by the order of each element in G.

Proof. A trivial modification in the proof of ([3] X. 6.1) may be
used to prove

w.dim K(G) = γ.w.dimK(σ)K .

Thus, K(G) regular implies w.dim K(G) = 0 and Theorem 2 implies G is
locally finite.

The remaining part of the proof follows from Auslander's result.
It also may be seen as a special case of Theorem 7.

REMARK 2. The proof of the necessity of the local finiteness of G
for a group algebra K(G) to be regular does not need all the homological
machinery. In fact, it follows immediately from the following lemma:

LEMMA 4. Let K(G) be the group algebra generated by a group G
over any commutative ring K and glf - , gn be elements of G. Then
the subgroup S generated by {gly , gn} is finite if and only if there is
an element x e K(G) such that (1 — g^x = 0 (1 < i < n). If this is the
case, x = sy, where s is the sum of all elements in S.

Proof. If S is finite, the sum s of all elements in S satisfies the
equations (1 — gt)x — 0, and so every product sy.

Conversely, suppose (1 — g^x = 0 (1 < i < n). Thus, x = gxx — =
gnx. Since every fe S is a product of powers of the gt

fs9 then fx = x.
Let x = ΣfkjhjihjeG). For every feS,fx — x implies x has a term
kλfhλ and so all elements of S appear multiplied by kjτλ, hence S is finite
(because x is a finite sum). Furthermore, we obtained x = kxshλ + x',
with (1 — gi)x' = 0. By induction on the number of terms in x we
obtain the last result.

A complete proof of Theorem 8 may be obtained as follows: Suppose
K(G) is regular. Then the ring homomorphism σ: K(G) -> K defined by
the group homomorphism G -> {1} implies K is regular.

If K(G) is regular, every finitely generated proper left ideal is
a direct summand, hence it is annihilated, on the right, by a non-zero
element xeK(G). Since all 1 — g are in Kerσ, every finite set gene-
rates a proper left ideal, and so the previous lemma implies G is locally
finite.

Suppose g e G has order n. By Lemma 1 there is an element x
with σ(x) = 1 and (1 — g)x = 0, hence Lemma 4 implies x = sy(s =

and so σ(x) = σ(s)σ(y) = nσ(y) = 1, hence n has an inverse in K
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and the necessity of the conditions is proved.
Suppose, now, K and G satisfy the conditions of the theorem. Let

x = Σ ^ e K e r σ , so, # = Σfci(& — 1). Let S be the subgroup gene-
rated by gly •• ,flrn, m its order and s the sum of all elements in S.
Since m has an inverse m"1 in if, then y = m" :s satisfies #2/ = 0, σ(τ/) =
1, and Lemma 1 implies if is if(G)-flat. So wΛimK(G) = w.dirn^^if =
0 ([3] X, 6.2) and ϋΓ(G) is regular.

7 Weak dimension and Jacobson semisimplicity. A ring will be
called J-semisimple if its Jacobson radical is (0).

If T is a ring and M a left-Γ-module, then the ring HomΓ(M, M),
with the operations defined in the classical way is a topological ring by
defining the finite topology induced by M. ([6], Ch. IV).

If we are in the situation S c β c Komτ(M, M)y where S and R
are rings, we shall say S is dense in R if it is so in the finite topolo-
gy induced by HomΓ(Af, M).

In this section we shall prove the following theorem:

THEOREM 9. Let A be a K-projective K-algebra. If B is J-semi-
simple K-algebra and w.dim A = 0, then A® B is J-semisimple.

Before proving the Theorem we shall state the following lemmas:

LEMMA 5. Let T be any ring and M a left-T-module. If S, R
are rings such that S c: R c; Homτ(M, M), R is regular and S is dense
in Ry then S is J-semisimple.2

Proof. Let xe S. Since R is regular, there are elements y, zeR,
z Φ 0, such that z(l — xy) = 0. Since R c HomΓ(Λf, M), there is at
least one me M such that mz Φ 0 and mz(1~xy) — 0, that is, there exists
an n e M(n — mz) such that n Φ 0 and n — n2V. Now, we have xe S,
yeR, (nx)v = n, and S is dense in R, then there is an ueS such that
(nx)u — n, that is, nλ~xu = 0, and 1 — xu can not have an inverse in S,
so xu is not quasi-regular, and S is J-semisimple.

LEMMA 6. If A is a K-projective K-algebra and B is a K-algebra
which is a subdirect sum of K-algebras Pi9 then A(x) B is a subdirect
sum of A® Pi.

Proof. B is a subdirect sum of P^s if and only if the sequences
B -+ Pi -> 0 and 0 -> B -» Π Pi are exact.

3 The conditions of the lemma are, evidently, stronger that those which are really
needed in the proof. In fact, we only need S to be 1-fold transitive in R and R J-semi-
simple in which, for every element x there is an y such that \-xy has a left annihilator.

It may be seen that, if Sf is commutative, the conditions of Lemma 5 are necessary.



950 ORLANDO E. VILLAMAYOK

Now from the exact sequence B -> P4 -> 0 we obtain A (x) B
A (x) P4 -> 0 exact. We need only to prove the exactness of 0 -> A (x) B

Since A is if-projective, we have, from 0 ~> B -> Y[PU the exact
sequence 0 -> A (x) B -» A (x) Π iV We have ([3], Ex. II. 2, 31) a natural
homomorphism

which is, trivially, a monomorphism if A = K. Since (x) commutes with
direct sums, it is a monomorphism if A is iί-free and, a posteriori, if
A is if-projective. Then the composite map gives the exact sequence

and the lemma is proved.

Proof of the theorem. Since B, being semisimple, is a subdirect
sum of primitive rings Pi} then the previous lemma implies that A(x)£
is a subdirect sum of rings A^P^, then, to prove the theorem it is
sufficient to show that the rings A® Pi are J-semisimple. Now, since
P% is primitive, it is dense in a ring of linear transformations, that is,
Pi c: Rt = Hom^Ms, Mt) where the rings Rh are regular and the P/s
are dense in the R^s. Since A is if-projective, we may apply the
spectral sequences [3] (XVI, 5a, p. 347) and then, Rt regular and
w.dim A — 0 give A® Rt regular.

If we show the inclusion A® P^A^RiQ Hom^0jP.(A(x)Mi9 A®M*)
and the density of A(x) Pt into A (x) Rt, Lemma 5 completes the proof
of the theorem.

Since A is if-projective, we have the exact sequence 0 -> A (x) Sh ->
A (x) Λί = A (x) Ho^m(M",, Λf4).

If A is Z-free, the natural mapping A(g)RomF(Mίy M^->Ή.omF(M,
A® M^ is the natural mapping of a direct sum into a direct product,
which is a monomorphism. Since A, being projective, is a direct sum-
mand of a free module, and since both (x) and Hom commute with finite
direct sums, then the given mapping is also a monomorphism.

From the natural isomorphism Ή.omF(Miy A (x) Mt) & Hom,1ΘF(A (x) Mu

A (x) Mt) we obtain the inclusions.

A (x) S, c A (x) ̂  c RomΛΘFi(A (x) Mt, A (x

Let ^6 A (x)A, then x = ^Λaj®r3, and vfc = Σ I ^ Ϊ Θ mΛi(&Λt e A,
mfcί e MJ be a finite set of elements in A (x) Mt. Then a;̂ ^) = Σ ?, ?α f̂ci ®
Tj(mkl). Since the set {mu} is finite and J54 is dense in Rίy for each r}

there is an sjeBi such that rj{mkl) = s^m^O^ then ?/ = Σ α j ® s J
and j/(i;fc) = a?(i;fc), so A® Pi is dense in A (x) i24.
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As a consequence of this theorem we can state the following corol-
lary:

COROLLARY 3. / / A, B are algebras over a field K and w.dim B — 0,
Then J(A (x) B) = J(A) (x) B. (We call J(R) the Jacobson radical of a ring
R).

In fact, since AjJ{A) is semisimple, from the exact sequence

0 -» J(A) ®B-+A(g)B-+ (AIJ(A)) (x) B -* 0

we obtain J(A) (x) B 3 J(A (x) 5) .
From Theorem 2 and ([6], V. 14, Th. 1, p 123) it follows that every

element in J(A) (x) B is quasi-regular, so it is a radical ideal in A® B.
Thus J(A) (x) B c J(A (x) Z?) and the corollary is proved.

This result generalizes ([1], Th. 1).
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