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SEPARABLE CONJUGATE SPACES

ROBERT C. JAMES

A Banach space B is reflexive if the natural isometric mapping of
B into the second conjugate space B** covers all of B**. All conjugate
spaces of a reflexive separable space B are separable. The nonreflexive
space i(1) is separable and its first conjugate space is (m), which is non-
separable. The space (c0) is separable, its first conjugate space is ί(1\
and its second conjugate space is (m). An example is known of a non-
reflexive Banach space whose conjugate spaces are all separable [4].
This space is pseudo-reflexive in the sense that its natural image in the
second conjugate space has a finite-dimensional complement. The struc-
ture of such spaces has been studied carefully [2].

The main purpose of this paper is to show that the sequence started
by lω and (c0) can be extended to give a sequence {Bn} of separable
Banach spaces such that, for each n, the nth conjugate space of Bn is
its first nonseparable conjugate space. The principal tool used is a theorem
which states a sufficient condition on a space T for the existence of
a space B with

£** = π(B) + T ,

where π(B) is the natural image of B in I?**. The following definition
and notation will be used.

A basis for a Banach space B is a sequence {u1} such that, for each
x of B, there is a unique sequence of numbers {αj for which lim w_>oo 11 a? —
Σ i Λ4%< 11 = 0. A sequence {Ui} is a basis for its closed linear span if
and only if there is a number ε > 0 such that

n + p

Σ CiXi
1

> £

n

2-1 CίXί
1

for any numbers {cj and positive integers n and p [1, page 111]. If ε
can be + 1, the basis is an orthogonal basis. It will be useful to clas-
sify bases as follows:

Type a. If {αj is a sequence of numbers for which supw || Σ f α ^ | | <
oo, then ΣΓaίUi converges.

Type β. If / is a linear functional defined on B and | | / | | n is the
norm of / on the closed linear span of {ut\i>n}, then l i m , ^ || / IL = 0.

There are Banach spaces which have bases which are neither of type a
nor of type β, while a basis is of both types if and only if the space
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is reflexive [3; Theorem 1].
The symbols C, (m), lω, and (c0) are used in the usual sense [1 pages

11, 12, 181]. The set of all r + t with r e R and t e T is denoted by
R + T. A space R is said to be embedded in a space S if i? is mapped
isomorphically and isometrically on a subspace of S; for a? e i2, the
image of x is indicated by $ ( 5 ). In particular, x(G) is a continuous func-
tion defined on [0,1] and the value of x(0) at t is denoted by x(G)(t). If
w = (w19w2, •••) is a sequence of numbers, then nw is the sequence
obtained by replacing wt by 0 if i > n. A ί>Zoc& of w is a sequence
™w obtained from w by replacing ^ by 0 if i < m or i > w. Two blocks
miw and S2^ are said to overlap if the intervals (m19 %J and (m2, w2] overlap.

LEMMA 1. Let T be a Banach space with an orthogonal basis
Then T can be embedded in (m) in such a way that:

(i) if x = Σ Γ α Λ > ίfcew ίfce ^ϊrsί 2ΛΓ coordinates of x{m) are zero
if and only if a% = 0 /or i < N;

(ii) ΐ/ {αj and {a?Γ} are related by x = X ^ Λ and ίu(m) = (x?9 xf, •),
ί/ιβn ax, * ',aN are each continuous functions of x™, •• ,x%!r and

x?f * •> %7N a r e βac/^ continuous functions of au , a^;

(iii) ί/ x (w) = (xΓ, «?, •)

Proof. Let Γ be embedded in the space C. Let {ίj be a sequence
of numbers in the interval [0,1] for which the sequence {t2i^1}, i =
1, 2, , is dense in [0, 1] and, for each i, u\0)(t2i) Φ 0. If x = Σ r « Λ ,
let x(7?ι) be the sequence (#Γ, ajf, •••) for which

Then for any t e [0,1],

2 J a t % i — ι>-ι a

Hence \\xim)\\ < \\x\\. But if ε > 0 a n d N is chosen so that \\x - Σ ί
it k > N, then it follows from {^-xl being dense in [0, 1] that

\x - ε

Hence | | ίc | | = | | ^ ( m ) | | and Γ and its image in (m) are isometric. But if
β = Σ ^ + i α ^ ί , then »S-i = ^ = 0 if fc < iSΓ. If a?Γ = 0 for i < 2N,
then the equations x™k = ΣiαΛ(<7)(*2fc) = 0̂  k < N, successively imply
0 = αx = α2 = = aN, since uk

c)(t2k) Φ 0. The conclusion (ii) follows
from this system of equations and the continuity of Σ f < W in
aι> I M , ^ while (iii) follows from {ίafc-x} being dense in [0,1].
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LEMMA 2. Let T be a Banach space with an orthogonal basis
and let T be embedded in (m) as described in Lemma 1. Then the
following are equivalent:

(i) the basis {uι} is of type a;
(ii) if w 6 (m), then w = v + t, with v an element of (m) which

has all coordinates zero after the Mth (M > 0) and t the image of an
element of T, provided there is a sequence of elements {yk} of T for
which sup \\yk || < oo and

o o ^ = wi for i > M,

where w = (wlf w2, •) and yim) = (y%tl, y%s, •)-

Proof. Assume the basis {ut} is of type a and let w = (wt, w2, •)
and 0/J satisfy the hypotheses of (ii). Since \\yk\\ is bounded, there
is a subsequence {zk} of {̂ /J such that

exists for i < M. Let v = (w1 — v19 , wM — vMy 0, 0, •). Also let
%ic = ΣΓ^f^i for each fc. It now follows from (ii) of Lemma 1 that

a\ = a% exists for each i. Since the basis is orthogonal, || Σ ? a « ^ II ^
||. Since {^J is a basis of type a, it then follows that ΣiΓaiui

is convergent. Also, w — v = t is the (m)-image of X Γ t t This fol-
lows from the fact that the numbers aif i < N, continuously determine
the first 2Ncoordinates of the (m)-image of ΣΓflM^, while zk = Σϊa\uu

lim^ooαf = ai9 and \im^^z^i exists and is the ith coordinate of w — v.
Now assume (ii) and let || Σ?aίuί II be a bounded function of n. Let

w = (wlf w2, ) be the element of (m) whose first 2N coordinates are
determined by alf , aN. Take M = 0 and yk to be the (m)-image of
Σi^i^ί It then follows from (ii) that w is the (m)-image of some
element of Γ, which can only be Σ

THEOREM 1. Let T be a Banach space which has an orthogonal
basis of type a. Then there is a Banach space B which has a basis
of type β and for which

£** = π(B) + Tx ,

where π(B) is the natural image of B in I?**, T and Tλ are isometric,
and || r + t \\ > \\t \\ if r e π(B) and t e Tλ.

Proof. Let Tλ be the embedding of T in (m) as described in Lemma 1.
The norm of (m) will be denoted by || ||. For elements w of (m) which
have only a finite number of nonzero coordinates, let

(1) θ(w) = inf || ί || for w a block of t, where t is either a member
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of Tλ or has only one nonzero coordinate (note that Θ(w) is defined only
for elements w which are blocks of at least one t e 2\ or which have
only one nonzero coordinate);

(2) h(w) = {inf Σ I W ] 2 } 1 / 2 , where w = Σ&o each b, is a block of
w, and no two blocks overlap.

(3) | | | α ? | | | = i n f Σ M ^ ) for a? = Σ ^ .
In the above, all sums have a finite number of terms. The trian-

gular inequality for | | | | | | is a direct consequence of (3). Also, | | | # | | | >
|| x ||, since θ(w) >\\w\\ and h(w) >\\w | |. Let B be the completion of
the space of sequences with a finite number of nonzero coordinates,
using the norm ||| | | |. The sequence of elements {i&4} for which ut has
all coordinates 0 except the ίth, which is 1, is an orthogonal basis for
B. This means that I H Σ Γ ^ Λ I I I > IIIΣΓ°M^III> which follows by not-
ing that, if Σ.i+P(liui = Σw,, then Σ ? α ι % * = Σ 7 ^ and h(nw3) < h{w5)
for each j , where nw5 is obtained from w3 by replacing each coordinate
after the nth by 0.

The basis {ut} is of type β. For suppose there is a linear functional
/ for which l im w _ | | | / | | | n = K Φ 0 and choose N so that \\\f\\\N < Ί/6K.
Then there are two elements x = Σ ^ α Λ ^ V = ΣSjα^i, for which N<
n1<n2<n3< n4, \\\x\\\ = \\\y\\\ = l,f(x) > 7/8JBΓ a n d / ( y ) > 7/8ίΓ. Then

and ||| x + y\\\ > - | .

Since θ and /& are both monotone decreasing as a block has coordinates
at the ends replaced by zeros, there exists {xj} and {y5} such that

x = Σ^j> 1/ = Σ*VJ> Σ Φ J ) < III β III + ε» a n d ΣtHVj) < III 1/ III + ε> where
each a?j has zero coordinates outside the index interval [n19 n2] and each
y3 has zero coordinates outside the index interval [n3, nA]. Now replace
the sets {x3} and {y^ by {xj} and {y^ defined as follows: if h(xp) is
the smallest of all the numbers h(Xj) and h{y5), then let xx — xp and
yλ = [h(xp)lh(yr)]yr (for some r) and replace yr by [1 - h(xp)lh(yr)]yr.
The analogous process is used if h takes on its minimum at one of the
y/s. This process creates two new elements and eliminates one old one
at each step, until all of the x/s or all of the y/s are eliminated. If
only Xj's remain, say xp'a, then ΣAHXP3) < ε> a n d similarly Σ*HvPj) < e

if only y/s remain. Also

Σ Λ f o ) ~ e - Σ M ^ ) - ε < III x \\\ - ||| y III - 1

and h(xj) = h(y3) for each j . For each i, there are nonoverlapping
blocks {xH} and {yόi} such that

- { Σ J ^ H ) ] 2 } 1 / 2 = ί Σ .

Then
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Hxj + y3) < {Σ* [θxn)f + Σ* [0(Vn)]V2 = l/2"M^)

Hence

) + e < VY + e.

Since \\\x + y\\\ > 3/2, this is contradictory if V~2 + ε < 3/2. It has
therefore been shown that {wj is a basis of type β.

Since {%} is an orthogonal basis of type β for B, it follows that
I?** consists of all sequences F = (F19 F a , •••) for which

HI Fill = ]imn-»\\\(Fu...,Fn, 0,0, . . . ) || |

e x i s t s [ 4 ; p a g e 1 7 4 ] . N o t e f i r s t t h a t i f t = ( ί x , •••) e T19 t h e n

. . . , ί n , o , o , — ) I I I = I I ( * x , • • - , « „ , 0 , 0 , . - o i l

a n d l i m ^ H K ^ , . . . , ί n , 0 , 0 , - - O l l l = III < III = II < ll T h u s T λ c : B * * . A l s o ,
the natural mapping of B into 5** is merely the mapping of a sequence
in B onto the identical sequence in 5**. It then follows that ||| r + t \\\ >
III t III if r e π(B) and t e T19 since r can be approximated by a sequence
with a finite number of nonzero coordinates but (Lemma 1) | | ί | | =
limsupl ί41.

Now suppose that F = (F19F2, ) is a sequence for which lim^ool|\nF\\\
exists; i.e., F e β**. It will be shown that there is an element v of
π(B) + Tλ for which || | F — v \\\ < 15/16 ||| F | | |. Successive application of
this would then establish that F e π(B) + Tλ. For each n9 there are
nWj and blocks bn

JΛ, which are either blocks of elements of Tx or have
only one nonzero coordinate, such that

= y\Λ(nwi)f

nF= Σ , X and U»w<) - {Σ J0(&?.*)la}1/a ,

where each nw3 and each bn

Li have all coordinates zero after the wth.
This follows by a limit argument, using the facts (1) that there are only
a finite number Kn of ways of choosing division points for nonoverlapp-
ing blocks from the integers 1,2, « ,w and (2) that it follows from
Lemma 1 and the orthogonality of the basis for T that θ{b)*i), for a block
b)Nι which has zero coordinates beyond the 2iVth coordinate, can be
evaluated by using only members of the span of the first N basis ele-
ments of Γ.

If m < n and mwnj is obtained from nwό by replacing coordinates
after the mth by zeros, then

Σ.
If mwnjλ and mwn

jti are of the "same type" in the sense that they are
divided into blocks by using the same division points, then it follows
by using these same division points for mwn^ + mwn

5 that
5
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h(mw\ + mwn

J2) < h(mwn

Jτ) + h(mwn

J2) .

For each n > m, let mwnj be the sum of all mwn

ό of the "same type"
as mwnj. A limit argument gives a sequence of integers {n^ such that
\immw"t ~ mWj exists for each " t y p e " . If m < n, then there exist
bn

JΛ such that

IIImFIII < Σ»Hmw,) < Έ^Knwk) < \\\F\\\ ,

and mWj is equal to the sum of all mwn

3 which are of the same type as
mWj and are obtained from nw3 by replacing all coordinates after the
mth by zeros. The points used to divide mw3 into the blocks bftt will
be called the division points of mWj.

Choose M so that | | | W J P | | | > 15/16 || | i^| | | . Note that if mWj is of
a particular type and n > m, then mwj is the sum of one or more ele-
ments obtained from the nwk's by replacing coordinates after the mth
by zeros. For n > m > M, let H be the sum of all w:wVs which have no
division points between M and n and let mtn be obtained from H by
replacing coordinates after the mth by zeros. Let {nt} be chosen so
that

\imi^
mtni = mt

exists for each m > M. Let 1 be defined so as to have the same first

m coordinates as mt. Then any finite block of 1 whose first M coordinates

are zero is also approximately a block of an element of Tx and these

elements of Tλ are of bounded norm. It then follows from Lemma 2

that there is an element vQ, with a finite number of nonzero coordinates,

such that v0 + 1 e 7\. Thus

t e π(B) + TΊ .

First assume that | | | ί | | | > 1 / 8 | | | J P | | | and choose N so that

| | |»ί | | | > 1/8 HI F | | | if n>N.

For n > N, choose p > n so that

Since | | |njF7 | | | < Σ J M W ^ A discarding all nwpj without division points be-
tween M and p gives

\\\nF- np\\\
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Hence || | n . F - nί || | < \\\F\\\ - \\\nt\\\ + 1/16| | |F | | | < 15/16 ||| F | | | . Since
n was an arbitrary integer with n > N, it follows that

\\\F-t\\\<^\\\F\\\.

Now assume t h a t | | | ί | | | < 1/8 | | | F\\\. Then | | | »ί"||| < 1/8 \\\F\\\ for

all n. Choose q so t h a t

III « « III <i^HI^III
16

For each qw5 which has a division point between M and q, let u) be
obtained from qWj by replacing all coordinates after the last such divi-
sion point by zeros. Let

Choose n > q. Then nF = Σ w ^ j and

Since \\\"F\\\ > 15/16 ||| F\\\, we have Σ Λ W ) > 3/4 ||| F | | | . Now con-
sider F-u. Since | | | » F | | | < E ^ C 1 ^ ) , where fe^) - {Σi[0(&?.i)Ja}1/a,
we have

"(F - u) = Σnΰj

where nw5 is obtained from nw5 by replacing all coordinates before the
last division point between M and q by zeros (if there is no such point,
then nWj = nWj). The following trivial facts will be used: If A and B
are nonnegative and

if VΎA < B, then VA2 + £ 2 > 2A

if yΊΓA > β, then B < VA1 + Bλ - \-A .
4

Each nw5 which has a division point between M and q makes a contri-
bution to some uqj. For such an nwj9 let

where the Ar'& and JSr's are, respectively, the values of θ{bn

}ί) for bn

jΛ a

block of some u) and 6jfl ι̂oί a block of any ^ . Then
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where the sum is over all nwό which make a contribution to u). Let
Σ (A02 be of class (1) or of class (2) according asΣ»

VW [Σ(Λ)?/ 2 < [ΣCEOT2 or -i/T [Σ(Λ)?/2 >

Since ΣM^3) > 3/4|||i<Ί||, the sum of all terms of class (1) is not larger
than 1/2 IK F | | | (otherwise we would have Σ M n w , ) > III F\\\) and the
sum of all terms of class (2) is greater than 1 /4 111 F \ \ |. But for a term
of class (2),

Adding these inequalities for each nw5 and discarding each Σ ( A )2 which
is of class (1) gives

Σ.HnWj) < ΣH-Wj) - - L Ill FIII a n d ||| *(F - u) \\\ < j | \\\F\\\ .

Since n was an arbitrary integer with n > q, it follows that

\\\F-u\\\<^\\\F\\\.
lb

The importance of the assumption in Theorem 1 that 2\ have a basis
of type a is made clear by the fact that the theorem breaks down if
Tx has a subspace isomorphic with (c0). In fact, in this case there can
not be a separable space B with

£** = π(B) + Tx

and Tλ separable, whether or not B and Tλ have bases. This follows
from the fact that if a conjugate space i?* contains a subspace isomor-
phic with (c0), then ϋ?* contains a subspace isomorphic with (m) and is
not separable. To establish this fact, suppose that {Fn} are continuous
linear functionals defined on some Banach space B and that the closed
linear span of {Fn} is isomorphic with (c0), the correspondence being

1

F o r a n y b o u n d e d s e q u e n c e w = (wlf w2, •••)> d e f i n e Fw b y

Fw(f) = ]im

for each / of B. This limit exists, since if it did not there would exist
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1 - Σ ? 1 ^ ^ , G* = ΣSsw4F,f ., with 1 < wx< w2< w3< w4 <• ,
such that G*(/) > ε. Then correct choice of signs would give

Σ? ± Gt(f) > nε ,

which contradicts the boundedness of H Σ n ± GJI Clearly the corre-
spondence with (c0) is thus extended to a bicontinuous correspondence
with (m).

THEOREM 2. For any positive integer n, there is a Banach space
Bn such that the nth conjugate space of Bn is the first nonseparable con-
jugate space of Bn.

Proof. Let Bx = lω and B2 = (c0). Then Bλ has a basis of type a
and B2 has a basis of type β. In the following, the notation R + S is
used only if |]r + s| | > | | s | | whenever r e R and s e S. It follows from
Theorem 1 that there is a separable Banach space B3 with a basis of
type β for which

Br = B3 + i<" = B3 + B*

Then I?3*** is nonseparable and Bf has a basis of type a [3, Theorem
3]. Now suppose that, for k <n, Bu has been found for which

if k > 3, Bk has a basis of type β if fc > 2, and the kth conjugate space
of Bk is the first nonseparable conjugate space of Bk. Then B* has
a basis of type a and it follows from Theorem 1 that there exists
a separable space Bn+1 which has a basis of type β and for which

Then S*?* = B*+1 + 5W + .B*_i. The (n - 2)nd conjugate space of B*^
is the first nonseparable conjugate space of β*_α, while the (n — 2)nd
conjugate space of Bn is separable. Hence the (n + l)st conjugate space
of Bn+1 is the first nonseparable conjugate space of Bn+1.
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