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The Dirichlet problem for the particular equation
Diw + Du=0

(D, = 0/6€) on the space-time cylinder 0 <2 <1 RO <EtLT) is
treated in this paper. However the procedure is directly applicable to
the equation D¥u + (—1)"D,u = 0 without technical difficulty and, hence,
to any equation simply reducible to this type. It can be applied as
well to problems other than the Dirichlet problem. Recently P. G. Kirmser
[2] made use of it in solving other interesting problems posed for the
equation Diu + Du = 0. There is also an ‘uniqueness theorem’ con-
tained in his paper.

Using the methods of potential theory, as in Gevrey [1] and Tykhonov
[6] for the heat equation and Zeragiya [7] for general second order
equations, the problem is reduced to solving a system of integral equa-
tions. The integral equations and the integration of them are of in-
terest in themselves.

The procedure affords information on the behavior of the solution
along =0 and xz = 1. In addition, the solution obtained allows an
analysis of its behavior as (x,t) approaches (0,0) or (0,1) as in the
case of the heat equation.

1. Statement of the problem. The problem we pose is to find a
function w(x, t) such that

(i) Du+Du=0, 0<z<1l, 0<t<T,;
1.1) (i) u(z,0)=0, 0<ax<l;
(i) w0,?) =a(t), w@,)=0bk), 0<t<T,;
iv) Du0,t) =c¢®t), Dul,t)=d@E), 0<t< T
where, a, b, ¢, and d are arbitrary functions from classes that we shall

presently define. Certain integral operators arise which make it natural
to make the following definitions:

DEFINITION 1. Let S, denote the class of functions defined on (0, T]
such that to each function, f(t), there corresponds a pair of positive
numbers (&, \) so that
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860 R. K. JUBERG
(1.2) IfIIEsup{a*lf(t)—f(T)l}<+oo
t,t I t—71 ls
where ¢ =min({,7),e + 1/4 < M < 1.
DEFINITION 2. Let S; denote the class of all functions, g(t), defined
on (0, T'] and satisfying the conditions:
(i) ¢ uniformly (¢ + 1/4) — Holder continuous on any closed sub-

interval of (0, T'], i.e., to each t,€ (0, T'] there corresponds a constant
¢(t,), depending only on ¢, such that

| 9(t,) — g(t,) | < e(ty) |t — ty |*H0
for all ¢, t,elt, TI;
(i1)

N | 4t=4g(1) +s: [9(t) — g(s)i(t — s)~*ds /

13) lglzzsgp{o T

/ — 4t Yy(7) — S: [g9(z) — g(s))(z — s)*ds| }

+ 8up 1 g () | < + oo

where ¢, )\ and ¢ are as in Definition 1.
We shall establish existence of solutions to (1.1) for a,beS, and
c,deS.

2. Derivation of the integral equations. By the standard Fourier
transform techniques we find the fundamental solution:

—o0

2.1) @ — 9, t — 1) =?1_S°° e-trvg—tu-nge 0 <<t

which satisfies

Dk + Dk =0
and
Dik — D.k=0.
In the sequel we will frequently use the following basic estimates
of the fundamental solution and of derivatives of same due to O.
Ladyzhenskaya [3] (see also P. C. Rosenbloom [5]):
(2.2) [ Dik(x, t) | < ey(v)-t= 0 M exp [— ey(at[t)]

1 See appendix.
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where D} = (6/0x)", ¢, depends on v, and ¢, is an absolute constant.
LEMMA 1.

@B)M@—S}@—yJﬂy:Sw%m—lﬁ—0%<MM%t—ﬁwo

t
0

where
1, 0<z<1
p(x) = 1 r=0,2z=1
2
0, z<0,z>1.

Proof. Since D,k = Dk,
[, Doz — , ¢ = o)y = || Dijtz — v, ¢ — o)y = Dihta — v, t — )Y = §
0 0 -
= Dik(x — 1,t — 0) — Dik(x,t — o) .
Integrating with respect to ¢ from 0 to ¢ — ¢ gives
t—e 1 t—e 1
S (SDJ@—yJ—wWWWG:S D4§Mx—%t—am@mr
0 0 0 0
= Slk(w — ¥, &)dy — Sl k(x — y, t)dy
0 0
:Y4W%W—Lt—®—D%mt—ﬂM.
That is,
Slk(x — ¥, e)dy — Slk(x — ¥, t)dy
0 0
=YﬂW%@—Lt—®—D%mt—®Wm
0

Since k(x — y, &) = e 'k((x — y)/e"*, 1) and k(—2, 1) = k(z, 1),

(1—z)/ell*

[ @ = , )y = [ @ — e, 1) Lt = [ e .

—zlel“‘
Hence
, r<0,z>1

k(z,1)dz, =1

o

k(z,1)dz, x=0

0

oo

g ©

k(z, )dz, 0<z<1.

0
lim S: k(e — y, &)y = %
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Now
- N _1__ PNTIPR L
S_w k(z, 1)dz = S—m(zn S_we e d&)dz
— 1 2.0 1 Sw —ié-z —¢t _ —wt —
=5 S_we (1/_71_ e e df)dz = 1
and
- 0 1 (= 1
g k(z, 1)de = g e, Dz = S (e, Dz = .
Thus,
S” D@ — 1, t — 0) — D¥e(x, ¢ — o)|do
0
- li{nSH [Dik(x — 1, t — o) — Dik(x, t — 0)ldo
glo Jo
= p(x) — So k(@ — y, t)dy .
Q.E.D.

In particular, since Dik(0,t — o) =0

_;_ — Sl k(1 — y, H)dy = —S” DU(1, ¢ — a)do
0 0

and

2= | b=y, 0y = | Dyk(—1, ¢ = o)do .
0 0

However, since k(—y, t) = k(y, t),
Dik(—1,t — 0) = —Dk(1,t — o),

and

[k — v,y = [ w0y,
1 [ N (R
(2.4) 1- So Ty, t)dy = SoDyk(l, t— o)do .

In deriving the integral equations we will need the following limit
relations.

LEMMA 2.

(a) fesS,, i=1,2
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(2.5) lim S” f(O)DYe(, ¢ — o)do = —% (1)
(2.6) lim S FODk(z — 1, t — o)do = _;_ £(t)
(b) ges,

2.7) lim So 9(0)DYe(x, t — o)do

= — g0, &) — | [9&) — g(@NDHO, t — 0)do

2.8) lim S‘ 9@\ Dk(w — 1, t — o)do
1 0

z
0<z<1

= —g(t0, ¥) — | l9(t) — 9(NDKO, t — 0o .

Proof. Part (a). We shall prove (2.5) for feS,. The proofs for
the remaining cases are essentially the same.
We write

St flo)Dk(x, t — o)do

= ) |, Dik(e, t — o) — [[170) — AN Dk(z, ¢ — Yo .
From (2.2) and the hypothesis on f

|Lf@&) — ()] |-| Dik(w, t — 0) | < | flira™ Mt — 0) eyt — G) - @or@!ie=an'l®
< (constant)-o=*(t — o)**.

Hence, by the dominated convergence theorem:

lim S [£(t) — f(o))- D¥k(z, t — o)do

= { tim (£®) — f@)]- Difta, ¢ — o)do =0 .

Thus
lim S f(0)-Dik(a, t = o)do = £(§)lim S Dk, t — o)do
] z}0 0

which by (2.3) equals

£(t) lim {g: D — 1, — o)do + S:k(x — g, H)dy —1}
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- f(t){S:D?,k(—l, t — o)do + S:k(—y, tydy — 1}
and by (2.4) this equals
1 1
)z =1} = —Lsw .

Part (b). We shall give the proof of (2.7). As above write
S” 9(0)- Dile(x, t — o)do
0

= 90, Dik(o, t — 0)do — (' 19(®) — g(oDYi(z, t — 0)do
= 9(8)]. D, ¢ — a)do — | g(t) — 9(oNDKCz, t — o)do

= 9t)- ke, t — )| L 8L~ 196 — 91 Doktr, £ — oo

il

—9(t)-k(z, &) = | 19) — 9(oN- D (e, t — o)

i

—g(t)-k(z, 1) — | 10(t) — 9())- Dkz, t — 0)do

- S:,Z l9(t) — 9(0)]-D,k(z, t — o)do .

For given te (0, T], the first two terms are continuous in z, for all z,
and the interchange of limit and integration in the latter is justified
as above, using the Holder continuity of g. From these remarks, the
proof follows.

Q.E.D.

We seek a solution to our problem in the following form:

u(x, ) = S a(o)Dik(x, t — a)do + S B(0)Dik(x — 1,t — o)do

@9 1 {'900)- Dikta, t — 0)do + [ 80)- Dyt — 1,¢ — 0)do, 0 < 2 < 1
where «, B€ S, and 7,8€S,. The fact that wu(x,t) satisfies the equa-
tion for 0 <z <1 follows from (2.2), which justifies interchanging
the order of differentiation and integration, and (2.1). From Lemma 2,
we shall obtain a system of integral equations for the unknown func-
tions a, B, v, and 8.

From (2.5) and (2.6) we obtain, upon taking the limit of (2.9) first
as ¢ | 0, and then as « | 1, the equations

a(t) = = +alt) + | B@)-Dik(~1,t — o)do

2.10) t t
+ S 7(0)- DXe(0, t — 0)da + So 5(0)- D2(—1, t — o)do
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and

b(t) = S: a(0)-Dk(1, t — o)do + _% 8(t)
@.11)

+ S:ry(o)D;ka, t — o)do + S 5(0)- D3k(0, t — 0)do .

The limits obtained from the various terms other than those where

Lemma 2 is applied are by continuity which follows from (2.2).
Since

Dik(—1,t — 0) = —Dk(1, t — o)

and

Dk(—1,t — o) = D*k(1,t — o) ,

we can write (2.10) as

alt) = — % at) — S:B(a)-mk(l, t — a)do
.10y

+ S: Y(@)- D2k(0, t — )do + S: 8(c)-Dik(1, t — a)do .
From (2.1)
D, t) = —S: a(0)-Dik(z, t — 0)do — S 8(0)-Dik(w — 1, ¢ — o)do
—S: (o) D¥e(x, t — 0)do — S: 8(0)- Do — 1, ¢ — o)do .

Using (2.7) and (2.8) we obtain upon taking the limit of this relation
as £ | 0 and then as x 1 1, the equations

c(t) = a(t) k0, t) + S: [a(t) — a(0)]D,k(0, t — o)do

(2.12) _ S: B(0)-D, (1, t — o)do + % (&) + S: 8(0)- DY(l, t — o)da
and

d(t) = —S:a(a)-D,k(l, t — a)da + B(t)-k(0, t)
(2.13) + ' 180) — BOIDKO, ¢ - 0)do

_ S‘f,(a). Dik(1, t — o)do — % 5(t) .

Adding and subtracting (2.10) and (2.11) gives
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alt) + b(t) = — % la(t) F )] + S: [2(0) T B()]- D1, t — o)do

+ S: [v(0) = 8(a))D2k(0,t — o)do + S& [(v(g) *+ 8(0)|Dik(1,t — o)do .
Similarly, adding and subtracting (2.12) and (2.13) gives
o(t) = d(t) = [a(t) = B()]1k(0, t)
+ [ fta®) + 660 - (@) = BOVDKO, t — 9)do

|

% [() T 8(t)] -

[a(0) + B(6)]-D.k(1, t — o)do T S [v(0) F 8(o)|1D3k(L, t — o)do

=) o

Setting

() = v(t) + 8(t)  AQt) = e(t) — d(t)
Y(t) = a@®) — B(E)  B(t) = a(t) + b(?)
f@) =v®) —8@)  C@) = c(t) + d(?)
9@t) = a(t) + B(t)  D(f) = a(t) — b(?)

we obtain the following pairs of equations

Lo + | 90)- D21,  — 0)do + y(o)k0, 1

+ | o = @Dk, ¢ — 0)do
2.14) + S:«p(o)-D,,lc(l, t — o)do = A(t)

S” $(0)- D2 (0, t — o) do + g $(0)-Dik(1, t — 0)do — %«p(t)

S:\pw) Dik(1, ¢ — o)do = B() ,

and
11t = [ #0)- D3k, ¢ = 0)da + 9610, &
+ [ 19®) - 9(0)1-Dk0, ¢ = )i
(2.15) — S”g(a)-D,k(L t — a)do = C(t)

S: £(0)- D0, t — o) — S: £(0)-De(1, t — )do — —;—g(t)
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13
— S 9(0)-D¥(1, t — a)da = D(s) .
0

3. Solution of the integral equations. To facilitate the solution of
the integral equations, we define for suitable functions f and g

XY (L0 = Feigs| SO — o) o

and

62 (T)®) = — ] 46709(0) + | [00) — gt — 0)1do |
I(—1/4) 0

T, is the operator which is commonly called I'* (see M. Riesz [4]). How-
ever, it is not immediately clear that T, is I~* because of the singulari-
ties allowed at the origin in the classes of functions under consideration.
The following example will illustrate the effect of the singularity at the
origin. Let

ht) = t+ 0<3<i— hés).

Then

(T h)(t) = 1%%17'#5/”5 ,

a function to which T, (or I'*) cannot be applied. Using the methods
employed by M. Riesz in the theory of Riemann-Liouville integrals, we
shall show that on the classes under consideration T, is actually I-Y*.

THEOREM 1. If fe S, then T.f is uniformly (¢ + 1/4)— Holder con-
tinuous on any closed subinterval of (0, T'] where the ¢ is that associated
with feS2.

Proof. Let t,7€l[8, T], 6> 0. Assume without loss of generality
7 < t. Form the difference

d=1T (%) (T.F)(E) — (Tuf)E)]

- Sf (@)(t — 0)*'do — Srf(a)-(r — o) ¥'do

Adding and subtracting f(¢) in the integrands gives

2 This Theorem is essentially contained in Hardy, G. H. and Littlewood, J. E., “Some
properties of fractional integrals”’, Math. Zeit., Vol 27, (1928), pp. 565-606.
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4= 5t)-[ ¢ = o)1do
+ {170 = 0+ — 1do — 0)-{ @ — 9)21ds

: [£(0) — 9@®)]-(t — 0)do = Af(E)(t"* — V%)

+ :[f(O') - f(t)]°[(t - 0')"3/4 —_ (‘L’ — o-)—3/4] do

ey ey Gy

+\ 1@ = s ¢ — ) Mas =T+ L+ L,

say.
Regarding I,, write it as

I, = S:/?‘ [f(6) — fF®I(t — 0)~¥* — (r — 6)~*]do
i [ 1) = FOHIE ~ o — (¢ — oy = g+ T,
Using the mean-value theorem

| f(@) — O |- l(r — o)™ — (t — 0)™™]
=|flo) = f®)|3/4[(r — o) + Ot — 7)™ (t —7),0< O L1,

Since t — a,7 — 0 > §/2 for J,,
|f(0) — f@) |- [z — o)™ — (t — 0)] < 07 *(t—0)+| f|,-8/4-(8/2)"*+(t—7)

< 3/4-T=(2/8)"*+| f|,»07*(t — T) = (constant)-o~*-(t — 7).

Thus,
171 = || @) = sO1-1¢ = 07 — e — 0y
< ["170) — 5O 11 — ) — (¢ — oy1do
< (constant)- (¢ — 7){" 7do = (constant)-(¢ — 7).
Now

| Sl < |f |1-S;2 0Nt — o)-[(r — o) — (¢t — 0)*ldo

< (8/2)—’\.lf|1. S;m t— 0-)8.[(2- . 0-)—3/4 _ (t _ 0')’3“]d0'
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< @Y1 £ 1| (= 0 le = 0) ¥ — (¢ — o) *do .
0

Set 7 —a = ( — g)s. Then

t— = t—7 ,
1—s
reg=St—17 ’
1—s
and
_ _ t—1
1 —s)
Hence

|J,,| < (constant) (¢ — T)"‘“-ST“ (1 — )™ (s™t — 1)ds

< (constant) (t — 7)"/***. Sl (1 —s) (1 — s).57%ds
1]
< (constant)-(t — 7)"***;
the latter integral existing for ¢ < 3/4 since

(1 — S)—5/4—s.(1 — S3/4)_8—3/4
=5 ¥ (1 —8) V(1 + s + (1 + s¥) (1 + §1)1
Now
| Ial S Si lf(a) - f(t) I-(t _— 0-)—3/4d0- S Ifll'gi O'*A(t . O.)E_gl.;do_

< (2/0)*+[ Sy gb (t — o)~¥'do = (constant) (t — 7)*+/*.

This completes the proof.
Q.E.D.

THEOREM 2. fef,
(i) T.T,= I, where I, is the identity transformation on S,.
(i) T.feS,.
Proof.

-1
I'(1/4)-'(—1/4)

+ [ [[ 7@ = ayraa - | o) — 0)o1do (¢ — o) a]

(i) [T(TNI®) =

{4t‘”“ S: F(0)(t — 0)'do
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We proceed as in the theory of Riemann-Liouville integrals.
Define

F) = n)gﬁﬂwwww%m{f@@—ﬂ%wk—ﬂww

which exists and is analytic for Rey > —1/4 — e by Theorem 1. Now
restrict ¢ so that Rep > 0. Then

Flp) = [T)Sﬂﬁﬁ—Wﬂ”ﬂog(ﬁ—ﬂ”%f
1
“T®

#If(#) S 1(0)-(t — o)do — I’(ly) S(S flo)e — o)—3’4d0>

x (t — ) dr .

S (S o)z — o) 3“d0)(t — opide

Interchanging the order of integration in the second term and setting
T — 0 = (t — 0)-s in the inner integral gives

S £(0)-(t — G)—5I'da- (S: (L — sy-1ds)

raj4
REST

@
| )t = oy-raa.

Adding and subtracting f(f) in the integrand of this latter integral gives

I'(1/4) s L'(1/4)-f(F) Va3
=T 1/4)S 7o)+t = oo = RO S (t — o)da
I"'(1/4) _ -
Tt [0 = 016 — oy-ao
__1I"(/4) L pus r'i/4) (. r\edl4
= oA -t ZLCD 1 5(0) — 01— oy
This latter term has a zero at £ = —1/4 since the integral defines a func-

tion analytic for Rey > —1/4 — e and (I'(¢ + 1/4))7 is an entire function
with a zero at = —1/4.

From the identity theorem from ‘function theory’
1 S U o)t — o) *'dg — Sr o)t — o “3’4d0] t— 1o 'dr = F
T S SloX ) ( ) (1)

— ) I'(1/4) _ — o)t
r(#+1)§f( Wt —oyido = I’(y—|—1/4)S Lfo) = fOl(E — o)~do
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r(1/4)

— s\, o F1et1/4
T

for Mep > —1/4—e. Therefore we find that
I 11/4)S [, 7@t = oydo — o) — oy do(t - o) vnde

_t 14 _ 3/4 _
= e L@ = oo — 1@ 0

g o ,
- -5 | @)+ — oyao — rasm- 5o

Thus,

[TyT.f))E) = -1

r/4)-r(-1/4)

{ —UA, S flo)(t — o)?'do
— 40| )t — o) 1do — LU T FO] = 50 -

(ii) All that remains to be shown is that

sup " [(TWf)E) [ < 4 oo

Adding and subtracting f(f) in the integrand we have

PO = Fs | F0)-(6 — o) o
t* 3/4 )34
= 7 WO = SO = 0o+ 0| 6 — o) o
Thus,
t>‘_1/4°l(Tf)(t)' < tx»1/4. lf!1 .SL lT_}‘-(t . 0')8'73“d0' + 4 -t)"]f(t)l
' = r'(1/4) Jo I°(1/4)
— FA=14 ’f'l f— AT 4teE ! —XA, g—3/4 A,
= ot oo Sos 1—s) ’ds+F(1/4)t | £ |
. Te 4 ’_z\lf(t)_f(T)] Y t*
< (constant)- T lflx+r(1/4)Lt =L — oy + it LA
< (constant) T¢| f|, + [‘(1/4) TMAT) | < + oo
Q.E.D.

THEOREM 3. ¢ € S,
(i) T.\T,= I, where I, is the identity transformation on S,.
@) 7T.ge€eS.
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Proof. Part (i) is proven exactly as part (i) of Theorem 2 and part
(ii) follows directly from the definitions of S, and 7.

Q.E.D.
Consider the following system of equations made up from the terms
with singular kernels in (2.14).

L9 + 40k, ) + | 1r(®) — ()] Dok, ¢ — o)do = £t
@3
[ #(0)- Dik(0, t — 0)do — 1 (®) = g(ty

where f€S, and geS,. Now

D0, t — 0) = ___1_Sw geegtt-ode
21 J-

- _g; t — 0)”3’4S Peerdy = ———(t 0)—3’45: ne—r'dy
= — 1 ¢ gy rg—m.e—edg = LBA) . ¢ — g,
4r 0 4T
Similarly,
Dk, t — a) = LOM ¢ _ gy
4z
and

o, = L8 o

Then using the fact that 7"(3/4)-I"(1/4) = mesew/d =27

St¢(0)-Dik(0,t——o)da L <3/4)g #(0)-(t — 0)'do
(3.4)

_I'(3/4)-I'(1/4) 1
i (Tp)(®) 55 1/—2—(T1¢)(t) .

Similarly,

3.5) ¥(t)-k(0, t) + | [y(t) — ¥(0)]- DK (0, t — 0)do = L (Ta)(®) -
0 2v2

Thus from (3.4) and (3.5) we can write (3.3) as

3 This is just the system of integrals equations one obtains for the problem on the
half-space (0 < z < «)® (0, T).
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1 1

—¢ + 5= T2 =f
2

3.3y 2 V2

1 1
— T — =y =g.
Using Theorems 2 and 3, we can solve this system of equations by
formally applying T, and T,. Applying (1/1/2)7T, to the second equa-
tion and adding to the first gives

Ll
4

1

T
1V'2
Since T,T, = I,, we find that

——4f+vq.gy=%§f+§§?n@.

Similarly, we find that

el

Thus the solution of (8.3) is given by

(3.6) " 8< : 21/2 )
= —8gg I+ 59)
Defining
L %L 2_1_.2_:@
where M is an operator on the product S, ® S, we can write (3.3) as
(3.3)" Mo = F
where

and (3.6) as
(3.6) ¢ =8MF .
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Thus,
(3.7 M'=8M.

Define for suitable functions:

(SO = | 7(0)-Dikt, ¢ — o)do
(3.8) WUA® = . £0)-Dok(t, ¢ — o)do
Vo)t = | @) Dik(L, ¢ ~ a)do .

In terms of the above defined operators and 7T, and 7T,, we can
write the general system (2.14) as:

1 1 _
E‘HS‘HW W+ Uy = A
(3.9)
1 1
1 7 -1 =B
23 ¢+ Vo 2«#+S«Ir
or as,
(3.9) MO + No = FeS,® S,
where
(3.10) N:(S U), F=<A).
vV S B

From (2.2) it follows that all of the kernels in the operators in N are
bounded (in fact, they are C= functions).
Write (3.9) as

(3.9)" (I + NM-)Mo = F

= (L 0)
0 I

is the identity transformation on S, ® S, This is certainly meaningful
since NM~ is well-defined and likewise (I + NM™)M.

where

LeMMA. All of the kernels tn the operators in NM™' are bounded
and differentiable.
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Proof.
S O[3 wat
NM—* =38
1
T, —=I,
vV S 21/2 2
1
=S — —UT, ,ST U
2 o 22

1 1
=V —--==8ST, —=VT,— 1g
2 212 21/2 2

We shall carry out the proof for ST,. The proofs of the remaining
ones follows exactly the same lines.

For fe S,

[S(T.))(@)

_ g”{m[u—w £(2) + S [£(2) — F(@)(z — o)~5/4do]}pg,k(1, t — )dr
F(—LLT/ZSS T f£(7)-Dik(l, t — T)de
- T / 4)5 (I, 1@ = 7))+ (¢ = o) do)- D3, ¢ — 2z .

We proceed as in the proof of Theorem 2. Let

1
I'(gr) Jo

This defines an analytic function for Rey > —1/4. Now restrict y so
that Rey > 0.
Then

F) = )S £(7)- (5 (c — 0)“‘1d0>-D§,k(1,t— 2)dr

1
ST

1 e )3 —
#r(mg f@)er - D3k(1, T — T)dT

-T%ES:(SZ f(o)(z — 0)”“1d0>-D§,lc(l, t—7)dr.

Interchanging the order of integration in the second term gives

P = == ([ 17@) = 700z = oy~do)-Dijaa, t — )iz

S (S f(o)( — 0)""1d0> Dik(l, ¢ — 7)dr

F(y) S q )<S: (r — o) Dk(1, t — T)dz‘)da
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Integrating the inner integral by parts n gives

1‘(/11+ n) s:f (0)((_1)715: (7 = oy DDyl ¢ — T)d7>d" ’

which is analytic for Rey > —n.
Thus from the identity theorem we have that

1 ¢ T - . B
() SOGO Lf(®) = f(6)]-(z — 0)"'do )- Dij(1, t — D)dz
_ _ 1 ¢ i, B _
R |, )2 Dkt £ — e
(__1)7H~1 t ) t B o . B ~
+ mga Sf(o) <SU (t — o) DD3k(1,t T)dz') do, Repr > —1/4.

Taking the limit as ¢ | —1/4, we get

Tz, 1) = 01 — 0)do)- Dk, ¢ — )iz

— 4 ! L —1/47)3 _
- S f(2) T 1D(L, ¢ — T)dr

+ [%—)—ng(ﬂ)-(gi (t — o). D" Dk(1, t — T)dz‘)da .

Hence

[S(TLNE) = ﬁgif(a)'<gi (c — oy DD, t — 7)dz)do .

From (2.2)

Sn (t — a)y*=.-D*Dik(1, t — T)df} < (Constant)- Y e — oy
= (Constant)-(t — g)n—1/4 .

Clearly the kernel is continuous and differentiable for 0 < ¢ <t In
fact, we could conclude that it is infinitely often differentiable.

Q.E.D.

The above Lemma shows that I + NM™ is essentially a perturbation

of the identity. That is, the problem is reduced to solving a system of

Volterra type integral equations with bounded and differentiable kernels.

APPENDIX: Derivation of Estimate (2.2). This appendix is included
at the suggestion of the referee in order to make this paper essentially
self contained.
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From (2.1)
Dile(e, t) = (2n)-1§1 (—iz)" exp(—izw — 28)dz, t>0.
Making the change of variable zt'* = y gives

(1) Drkte, ) = (—iy@m)t=oemn|” g exp(—iyat™* — y)dy .

The integral in (1) considered as an integral in the complex plane
is easily seen to be equal to

(2) |" @+ iorexpl—iaw + i0) — @ + ic)ldy

where ¢ is any real number and a = (axt "3,
Denoting the integral (2) by I we find upon expanding that

i 3. __ i = 7% F Y —J
= (exp [@’c c])j%(])(w) I
X r ¥’ exp [— U’y + 4y’c — 4yc’) — (y* — 6y’c’)|dy
Using the inequality 6y’ < 9Ry* + Rc¢* with R > 9 it follows that
[ I] < (expla’c + (R — 1)ct] )i< )lc I""S |y Vexp[—y'(1 — IR Y|dy .
Setting
A = max {|”_ |y exp[~y/(1 — 9R-)Idy}
0<j<n —oco
we obtain the inequality
[T < Am)L + | ¢)*expla’ec + (R — 1)¢Y] .
Now choose ¢ = — (R — 1), 0 < £ < 1. Then
ac+ (B — 1)t = — (1 — YR — 1)t < 0
and
[ T|< Am)[1 + (R — 1)7P|al]"exp[—p(1 — (F)R — 1) at] .
Setting
B(n) = {mgox} 1+ MR — 1)"%]" exp[—27 (1 — (£} (R — 1)7"/%]

-and replacing a by (xt~'*)'® we get the inequality

(3) [ 1| < A()B(n) exp [—27' (1 — (£)(R — 1)~ (@)
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Estimate (2.2) is obtained from (1), (2), and (3) with
C,= (2n)'A(n)B(n) and C, = 27'u(1 — )R — 1)73,
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