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The Jacobi functions' R,, are usually defined by
( 1 ) Rm — Rq(;,/c)(a) — pi‘;zaind s—(m{-Dind (s+1)

where a = ¢** gnd ind s = ind,s is taken with respect to some primi-
tive root ¢ of a prime p = kn + 1. Therefore R, depends in general
on the choice of primitive root and all the explicit results which have
been given for special cases, as in [1], {2, |7] and others contain am-
biguities of sign due to this indeterminancy. In a recent work on power
character matrices [4] it became necessary to make the known results
more explicit and to obtain some new ones. It is the purpose of this
note to give explicit results in case 2 is not a kth power residue of p
for k¥ =3, 4, 5 and 6 and for all m. The case in which 2 is a kth power
residue of p still remains ambiguous.
We find it more convenient to use the character notation

aindh if (h, p) — 1

(2) x(h) = 1:h) = {0 otherwise

in order to make use of all the multiplicative properties of the charac-
ters. In this notation R,, becomes

(3) R, = S 26 + DI

The following relations are well-known and can be easily derived from
the definition as in [4].

(4) B, = U~DBe sy = A=) S 162" + 1

(5) Ry = —--1) = (=1)"".

We shall need three other relations which we proceed to prove.
LEMMA 1. If k is odd, then

(6) R,(a) = R(a®) for k=2n+ 1

Proof. Let ss =1 (mod p) Then

1 Received November 17, 1959. The notation Ry, is used here as in [2] instead of Jacobi’s
original ¢ as in [1] and [4] to avoid conflict with Jacobsthal’s ¥.
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R(@) = SAE06 + 1) = S 2606 +

=S 0E0E+ 1 = R@) .
LEMMA 2. If k is even, then
(7) R, = X(4)R,, where k = 24 .
Proof. Using (4)
B, = (~1)S 100G + 1) = 2(=1) £ 16 ls + 1)
= 21 S 2@+ 26 + DI - S0 |

If s+ 1 is not a square, then the expression in the square brackets
vanishes. Letting s +1 =t* we obtain

Ro= 2D S1 — )+ 21 |= 1D S 2 - 1.
Now let ¢t = 2s + 1, then
B, = U~ SO + 1) = UHR, .
LEMMA 3. If k is oddly even, then
(8) RP(a) = Xy (AR (B) where k= 4y + 2, and B = o’
Proof.

(@) = S A6 + 1) = S 1006 + 1)

p—2 p—2

= SHEEE + 1) = S + )

§=1 §=1
p—2
= ;X;vqtl(s)){z(s + 1)
= S @)L + %6 + D] — 5 2 -
Letting s 4 1 = ¢* as before:

BE@) = 5 Lt = 1) = L@ 2 2®Brals + 1)

= Ann(HDRE(B)
= Zann(DE(B)
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by Lemma 1.
But by (4) and Lemma 2:

R, = X(—1R,, = X, (4R, , k=4y + 2.
Hence by Lemma 3:
(9) Ri¥(a) = L(—HRI(B) = L(—HRY(5)

Armed with these relations we can express all the Jacobi functions for
k=3,4,5 and 6 in terms of the corresponding R, as follows.
k=3, R, = —1
k=4, BR,= —x(-1), B, = X(—1)R, by (3)
k=5 R,=—1, R, = R, by (3) and R, = R,(a®) by Lemma 1.
k=6, B,= —X(—1). R,=X(—1R, and R, = X(—1)R, by (3).
By Lemma 2, however, R, = X(4)R, and hence R, = Y(—4)R,. Moreover
by (9) R® = x(—4)R¥® so that it is sufficient to determine R, for k =3
in order to determine all the R’s for k. = 3 and k = 6.

We now proceed to expand R, in powers of a. If we write

R, = 1(—1) A6 +1) = ((—1) S
then a, is the number of solutions of
st s = gkt (t:(),l,"',%—l)

and is given by

0 =SS 4 0+ gy

v—01t=0

Hence

B, = 1(=1) 3 501 + 4g+)a

e

v=0 z=1

= 205 @ S nagne + @)

e 1) s LA V(A7)

where [5]

<—Q>«,lr,c(5) if k is even

YuD) = S @ + D) =
- <§>¢k(ﬁ) if & is odd
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and

PuD) = S1@HE + D) = —()2u(D), k even

is the well-known Jacobsthal [3] function. Hence

lﬁz—l)’g Jr(dgY)a if k is even
(10) R, = .

%7621@,0(49%1” if & is odd .

Making use of the relations [5]

(11) Pr(m*D) = X7 (m)p(D)
(12) Y(m D) = Y (m)re(D)
and

(13) Yrau(D) = V(D) + Pu(D)

we have for k& even, substituting (138) into (10)
— X(_l) 5 AP & AP
R, = % % V(49 + ?Z& Pr(4gM)a” | .
By (11) and (12)

2X(k— D S endgher if k2 is odd
y=0
k—1
275(_]6_1) > Prp(49”)a if k[2 is even .

Since the functions @ and + have been unequivocally determined by
us in [5] and [6] for k =383,4,5 and 6 in case 2 is not a kth power
residue we can apply these results directly to the determination of
the corresponding R,. For k=83 let p=A*+3B*=3n+1, A=B=

1 (mod 3).
By (10)

R = -;)—[%(4) + wp,(dg) + wp,dg)] .

By [6]
—(2A + 1) if D= v* (mod p)
(D) =-<A— 3B —1 if D= 2u’(mod p)
A+ 3B —1 if D= 4u’(mod p) .
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Hence

%[(A—H)’B—l) — (2A + 1)o + (A — 3B —1)’] if ind 2=1 (mod 3)
= %[(A+3B—1) — (A —3B — 1) — (24 + 1)@ if ind 2=2 (mod 3)
or

_ (2B + (B — A)w if ind 2=1(3) or if x(2) = ®
" 2B+ (B— A)w? if ind 2 =2(3) or if X(2) = »*.
Hence if X(2) # 1, then
(15) R, =2B+ (B— A)X(2), A=B=1(mod3).

If 2 is a cubic residue, B = 0 (mod 3) and the sign of B is not de-
termined. However

R = L) + olo)o + )]

w|— ool

[-2A+1)+ (A+3B— 1w+ (A F 3B — 1)

—A + B(w — @) =(—A + B) + 2Bw .

For k=4,p=a*+ b0 =4n+ 1,a =1 (mod 4) we obtain from (14)
R, = 2CD 19,4) + ip g .

We know that® [5]

‘pz(uz) = —Xz(u)za
Po2u’) = —2(w)2b if 2,(2) = —1, [b/2 =1 mod 4)]
P(1V2u) = —X%(w)2b if %y(2) = +1, [b/4 = (—1)"* (mod 4)] .

If %(2) = —1, then X(—1) = —1, and ind 2=1 or 3 (mod 4) so that

_ (—(a+b) if ind 2=1 (mod 4)

R =
" |—(a—1b) if ind 2=3 (mod 4)
or

(16) R, = —[a + b1(2)] if %(2) = —1,[b2=1 (mod 4)] .

2 There is a misprint in the corresponding formula (13) in [6] for b/4 = (—1)* read
b/4 = (—1)"2, The same mistake is repeated four lines down.
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If %(2) = +1, then %(—1)= +1. But X%(2)= —1 and indy/2 =1 or
3 (mod 4). Hence

. —a — bt if ind1/2 =1 (mod 4)
YU l—a+ bt if ind1/2 =1 (mod 4)

or
17 R = —[a+ (/2)] if X(2) =1, [b/4 = (—1)"" (mod 4)] .
If X4(2) = +1, then X4(_1) = +1, and
R, = —a+bi

but the sign of b remains undetermined.
For k =5, we have by (10)

R, = % [24(4) + apdg) + P Ag’) + A*y4g’) + a'py(4g")]

The ¢’s have been determined previously [6] in terms of the partition

16p = «* + 50u® + 500* + 125w?
aw = v’ — u — 4duv, £ =1 (mod 5)

to read
Ps4) =2 — 1
Pdg) = %[—4 — % + 25w + 10(w + 20)]
Pdg’) = %[—4 — & — 25w + 10Q2u — v)]
Pi4g?) = %[—4 — % — 25w — 10(2u — v)]
Pydg) = %[—4 — % + 25w — 10(u + 20)] .
This gives

R, = —}1—[% + adbw + 2u + 4v) + a*(—bw + 4u — 2v)

+ a(—5w — 4u + 2v) + a'(bw — 2u — 4v)] .

In a previous paper [6] we have determined (x, u, v, w) uniquely in case
ind2=1 (mod 5) by selecting # even and v=2 + u (mod 4). If
ind 2 =m (mod 5), the coefficient of @™ becomes ®(49*) or the coefficient
of a” is p(4¢g™). This transformation is achieved if the solution:
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(x, v, —u, —w) ind 2 = 2 (mod 5)
(2, u, v, w) is replaced by{(x, —v, 4, —w) ind2 =3 (mod 5)
(x, —u, —v, w) ind3 =4 (mod 5) .

As before, if ind 2 =0 (mod 5), the indeterminancy remains.
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