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MAXIMAL MEANS AND TAUBERIAN THEOREMS

L. A. RUBEL

Introduction* In this paper, we study two well-known mathematical
ideas that have hitherto been regarded as unconnected. It is our purpose
to show that they are closely related. The first idea is one developed
by Pόlya in his theory of maximal density [3]. The second is the idea
of repeated differentiation introduced by Littlewood in Tauberian argu-
ments [2], [1].

Our account of the Pόlya theory is virtually a direct translation of
certain sections of [3]. To apply his methods to bounded Lebesgue-
measurable functions in general requires only simple changes. Conse-
quently, we state only the results, leaving the proofs to the reader.

Then the idea of Littlewood is developed in a theory of Littlewood
means that compares closely, theorem by theorem, with the theory of
Pόlya means. Thus, Theorems 1.1 and 2.1, Theorems 1.2 and 2.2, etc.,
should be compared. The theory of Littlewood means may be regarded
as the theory of the p-fold application of ΓHospitaΓs rule to a certain
class of indeterminate forms. The order p is not restricted to positive
integral values; indeed, p may be any real number between —1 and +oo.

But the connection between the two theories goes deeper than mere
analogy. Our principle result, Theorem 3.1, asserts that the Pόlya
maximal upper mean, JSf(l), is equal to the Littlewood maximal upper
mean, A(TO)^ a n ( i that the minimal lower means are also equal to each
other. An immediate corollary of this theorem is the celebrated Tauberian
theorem of Littlewood that a bounded and Lebesgue-measurable function
has a Cesaro average if and only if it has an Abel average.

Finally, in §4, we give an intrinsic characterization of the mean
^ ( 1 ) as the infimum of the averages of all Cesaro-averageable functions
/ * with f*(x) > f(x) for all x. This might be compared with the charac-
terization of the outer measure of a set as the infimum of the measures
of all measurable sets that cover it.

1. The Pόlya means. Let f(x) be a given bounded and Lebesgue-
measurable function on (0, oo). For 0 < ξ < 1 define

1 f*= lim sup 1 f(t)dt ,
z-»°o x — ξx Jζx

l(ξ) = lim inf (same) .

The quantities JS^(O) and 1(0) are the ordinary Cesaro lim sup and
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lim inf, respectively, of /. We define jgf (1) = l im M Jδf (|) and Z(l) =
limpid), where the existence of the limits is guaranteed by Theorem
1.3. We call jSf(l) the "maximal Pόlya upper mean" and 1(1) the
"minimal Pόlya lower mean".

THEOREM 1.1. J5f(ξ) and l(ζ) wrc continuous functions of ξ for

THEOREM 1.2. £?(ξ) > £?(ξn) and l(ξ) < l(ξn) for each ξ, 0 < ξ < 1
and n — 1, 2, 3, .

THEOREM 1.3. £f(l) = lim^- £f(ξ) and 1(1) = limM_ l(ξ) exist.

REMARK. It may happen that £f(ξ) and l(ξ) fail to be monotone
functions. Nevertheless, we have the next theorem.

THEOREM 1.4. For all ξ, 0 < ξ < 1, _Sf(1) > ^f(ξ) > ^f(0) and
1(1) < l(ξ) < 1(0).

THEOREM 1.5. If there are numbers ξ0 and ξx with 0 < ξ0 < 1,
0 < ξλ < 1 for which l(ξλ) > Jzf(ξ0), then there is a constant, L, such
that £f(ξ) = l(ξ) = L for all ξ, 0 < ξ < 1.

2 The Littlewood means Let f(x) be a bounded, Lebesgue-
measurable function on (0, oo). The Abel averaging method studies the

behaviour of F(x)/I(x) as x -> 0 +, where F(x) = [°f(t)e-χtdt and I(x) =
foo JO

I erxidt — x~\ We regard F(x)/I(x) as an "indeterminate form co/co"
Jo

at x = 0. The Littlewood means arise by applying ΓHospitaΓs rule p
times to the fraction F(x)/I(x). Thus, we study also the ratios
F{p)(x)IΓp)(x) where

and

(x) = (-)p[~tpe-χtf(t)dt
. Jo

x) = (-y[~tpe-χtdt = (-)pχ-{p+1)Γ(p
Jo

Here, p may be any real number in the range — 1 < p < oo and we put
(-)p — eίπp. When p is a positive integer, F{p)(x) is the pth derivative
of F(x) and Iip)(x) is the pth derivative of I(x). We define

X(p) = lim inf
0 +
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The quantities A(0) a n ( i MO) a r e the ordinary Abel lim sup and Abel
lim inf, respectively, of /. We define A(°°) = lim^oo A(P)> M°°) =
liπip̂ βo X(p), A(—l) = lim^-H. A(P)> a n ( i M~l) = lim^_1+ X(p), where the
existence of the limits is guaranteed by Theorem 2.3. We call A(°°)
the ' 'maximal Littlewood mean" and λ(oo) the ' 'minimal Littlewood
mean."

THEOREM 2.1. A(P)
 and MP)

 a r e continuous functions of p for
~l<P<oo.

Proof. We have

(2.1) A(Q) ~ A(P) = lim sup F{q)(x)/Γq)(x) - lim sup F{p)(x)/I{p)(x)
τ-*0+ x-*0+

< lim sup {Fw{x)II{<ί\x) - F^(x)II(p)(x)}
OJ->0 +

= lim sup [°{uqIΓ(q + 1) - up/Γ(p + l)}f(ulx)e~udu ,

with a similar inequality in the opposite direction. Using now the fact
that \f{ujx)\ is uniformly bounded, standard techniques of estimation
may be applied to the integral in (2.1) to show that limα^p A(Q) = Λ(P)
The case p — — 1 and p = oo follow by definition.

THEOREM 2.2. A(P) is a non-decreasing function of p and X(p) is
a non-increasing function of p.

REMARK. Theorem 2.2 is clearly a stronger kind of statement than
Theorem 1.2. A direct analogue of Theorem 1.2 would state merely
that A(P + 1) > A(P) a n d MP + 1) < MP) It is interesting to note
that there is a special proof of this direct analogue, based on the fact
that F{p+1)(x) and Iipi~1}(x) are the respective derivatives of F(p)(x) and
Γp)(x). We need only put (-)pg(x) = F(p)(x) and (-)ph(x) = Γp)(x) in
the following statement of one form of ΓHospitaΓs rule, after f(x) is
suitably normalized.

UHospitaVs rule. If g(x) and h(x) are differentiable functions of
x f or x > 0 and g{0 + ) = oo and h(0 + ) = oo then

lim sup g(x)lh(x) < lim sup g'(x)lh'(x) .

Proof of Theorem 2.2. The notation of * for Mellin convolution
will simplify our proof considerably. If A(x), B(x), C(x) and D(x) are
suitably restricted functions on 0 < x < oo, we define

(A:
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and see that

A*(B*C) = (A*B)*C, and A*B = B*A .

Further, if C(x) > 0 for all x and ( C * 1)0*0 = 1, where 1(#) = 1 for all
#, then lim sup^oo (C * D)(x) < lim sup.

If we now suppose p < q and let

and

-OJ*+ 1(1 - xy-*-1 for x < 1
p)

for x > 1

then we have
A(ί>) = lim sup (Kp * g)(x)

A(ί) = lim sup (ifα * g)(x)

κp,q > o

In accordance with the preceding remarks, it follows that
and we are done.

THEOREM 2.3. A(°°) = l i m ^ A(P)» M 0 3 ) = limp^«, λ(p), A ( - l ) =

Proof. This is an obvious consequence of the monotonicity of the

bounded functions A ( P ) a n ( i M P )

THEOREM 2.4. For all p, — 1 < p < oo, A(°°) > A ( P ) > A(—l) a n ( i

λ(oo)

Proof. Same as that of Theorem 2.3.

THEOREM 2.5. // ίfeere are numbers p0 and pλ with — 1 < p0 < oo,
— 1 < Pi < oo /or wfeίcfe XiPi) > A(Po)> t^ew ί/^erβ is a constant, L, such
that A(P) = M P ) = L for all p, - 1 < p < oo.

REMARK. AS is shown in the example following the proof of this
theorem, the values p0 = — 1, pλ = —1 must be excluded from the hypo-
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theses. This is in contrast to Theorem 1.5 where the values ξ0 = 0,
ξx — 0 are not only included in the hypotheses, but play the most im-
portant role in the proof. In the example, f(x) — sin logic, λ(—1) =

Λ ( - i ) = o, but Λ(~) = i.

Proof of Theorem 2.5. Suppose px ^ p0. Then λ(p0) ^ MVi) and
hence X(p0) = A(Po). If, on the other hand, pλ < p0, then A(Po) > A(Pi)
and hence λ ^ ) = A(2>i) I* * s therefore enough to show that if there
exists a Po > —1 such that X(p0) = A(Po)> then λ(p) = A ( P ) — constant.

Now the following familiar lemma will be enough to show that if
MPo) = A(Po) = £, say, then λ(p0 + 1) = A(2>0 + 1) = £• β y repeating
this argument, we deduce that λ ( o o ) = A ( o o ) = -ί'. But since, for all
p, λ(oo) < χ(p) < A ( P ) < A(°°)> w e have the desired result.

LEMMA. Let g(x) be a differentiate function for x > 0 and let
g'(x) be a non-decreasing function (or a non-increasing function) there.
If, for some a < 0, L = limx^0+ g(x)lx* exists, then limx_+0+ gf(x)loίxa'~1 also
exists and equals L.

Proof. Fix θ > 0. Then g(x + θx) - g(x) > θxg'(x). But

\imχ-Λ{g(x + θx) - g(x)} = L{(1 + θ)« — 1} .
X-+0 +

Hence lim supx_0+ gt(x)lxoύ~1 < Lθ~λ{(l + θ)a — 1} and we may now let
θ —> 0 to get lim supx^0+ g\x)jxoύ~1 < uL. A similar argument shows that
lim infx_>0+ gf(x)/xoύ~1 > ah and we are done.

EXAMPLE. Let f(t) — sin log t. Now

Γ(v + 1) A ( P ) = I™ sup \ tpe~ι sin (log (tjx))dt
x->0+ Jo

= lim sup \ (cos log x)\ Pe'1 sin log tdt
X^Q+ (. Jo

— (sin log x) 1 tpe~ι cos log tdt \

— \ Pe~ι exp (i log t)dt =

Hence

and similary

Λ(P) =
+ 1 + i)

Γ(p + 1 + t)
Γ(p + 1)
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In particular, since, as p —> — 1, Γ(p + 1) —> oo and Γ(p + 1 + i) -^ Γ(i),
we have λ(—1) = A(—1) = 0. On the other hand, A(^) — 1>
λ(oo) = — 1, by Stirling's formula.

3 The main theorem

THEOREM 3.1. £f(l) = Λ(°°) and 1(1) = λ(oo).
The following Tauberian theorem of Littlewood is an immediate

corollary of this result.

COROLLARY. The bounded Lebesgue-measurable function f is Abel-
averageable, if and only if it is Cesaro-averageable, and then av(f: C) =
av(f: A).

Proof. We must prove that 1(0) = £f(0) if and only if λ(0) = Λ(0).
Suppose λ(0) = A(0). Then λ(oo) = A(«>) (Theorem 2.5). But λ(oo) = 1(1)
and A(°°) = -S^(l) (Theorem 3.1) so 1(1) = jSf (1), and hence 1(0) = JS^(O)

(Theorem 1.5). This is the proof of the hard part of the result. The
other part follows directly from the inequalities

(3.1) 1(0) < λ(0) < A(0) <

that are derived by a familiar integration by parts in the Laplace trans-

form of /; x\f(t)e~xtdt = ^("ίί^Γf(x)dy\te~xtdt.
Jo Jo ( Jo )

Proof of Theorem 3.1. We prove here that
first that j£f (1) > A(°°) An easy roundabout proof would be by way
of Theorem 4.1 in which we construct a bounded measurable function
f*(x),f*(x)>f(x), and cw(/*: C) = JS^(1). But the same sort of in-
tegration by parts that yields inequalities (3.1) tells us that A(°° :/*) —
jSf(l). Since /*(»)>/(»), Λ(~:/*) > Λ(°°), and thus ^(1) > A(~).

It is important to give a direct proof, because, in certain generali-
zations of this theory, the analogue of Theorem 4.1 may be false, but
the analogue of the present theorem is always true.

To prove directly that jSf (1) > A (°°) it is enough to show that
-S^(l) > A(P) f° r each finite positive p. We make normalization
0 ^ f{x) ^ 1. Keeping p fixed, for any ε > 0 we choose R so large that if
0 < A < R-\ then for all x

tpe-tf(tlx)dt < ε[tef(tlx)dt < ε +
Γ»(x) Γ(p + 1) Jo JK ' } ~ ^ Γ(p +

Now, for 0 < ξ < 1, we put σn = Rξn, n = 1, 2, , and choose JV =
N(R, ξ) so that σN < JK"1. Let
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Mn = max tpe~l for σn+1 < t < σn .

We then have

-*f(tlx)dt - Λ Σ Ϊ W tv^f{tlx)dt <NΣ Mn[
n f(t/x)dt .

We may then conclude that

lim sup Γ t^e~tf(tlx)dt < Jίf(ξ)ΣMn(σn - σn+1) .

Since J*f(ξ) < Sf(l) we may write

A(P) < e + -Sf(l) ^ ^ Σ Mn(σn - σn+1) .

Γ(p + 1) 0
tpe-ιdt, then let R —> oo

o

and then ε-> 0 to get A(P) < -Sf(l)
We now prove that A(TO) > -S^(l) 0 u r proof depends on the fact

that when p is large, the function tve~ι has a single and very sharp
maximum. We fix R > 0, then a positive integer iV, and consider, for
p > R\ the dissection of the interval p — Rp1'2 < t < p + i?p1/2 into the
2N subintervals of equal length, λfc < t < λfc+1, where —N<k<N.
For convenience of notation, we put μfc = λΛ+1. We see that λfc =
p + kSp1'2 where 8 — R/N. Finally, we put ξ = X-N/XNf and ξk — \klμk.

We choose 0 < γ < 1 and then (for reasons that appear in the proof
of Lemma 3.1) choose τ so that γ < τ < 1 and 7 < τ"1 — 2N{τ~ι — τ2).
We again make the convenient normalization 0 < f(x) < 1.

Since, for fixed R and N and each k, lim^oc ξk — lim^oo 1 = 1, we
choose p0 so that for p > pQ we have £?(ξh) > τ£?{l) and jSf (|) >

We now choose a sequence of x tending to oo for which

(3.2) ί- \λNX f(t)dt >
λNx — X-Nχjλ

and for which

(3.3) 1—- \Vf(t)dt ^ ±-J^{ξ) < —

LEMMA 3.1. For x in the sequence described above

μkx — Xk

Proof.

f(t)dt= Λ /(ί)dί-Σ

λkx Jλ_Λ rχ m^fcjλ
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Applying 3.2 and 3.3, we have

since

But τ was chosen to make the expression in brackets exceed γ, and
the proof of the lemma is complete.

Continuing with our proof of the theorem, we put y = 1/x for x in

the sequence described above, so that y—>0+ through some set of

values. Now

t>e-«f(t)dt > t"e-tvf(t)dt = Σ Γ + Σ \ = Σi + Σ.
0 Jλ_Nx k = -NJλJcx fc=0 Jλj.3!

In each of the integrals in Σi» *h e variable t of integration lies in the
range where tpe~ty is increasing, so that for —N<k<0

\f(t)dt ,

and applying Lemma 3.1, we have

[vt*e-tyf(t)dt > xp+17J^(l)Xle-λ*(μ, - Xk) .
Jλ f cx

Similarly, for 0 < k < JV, we get

Thus, for p > p0,

We apply Stirling's formula, taking pQ also so large that for p > p0,
Γ(p + 1) < 7-1ppe-p(2πp)1/2. Hence

Λ(P) >

•MYexΏ(-(k

Since
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/ h£ \p /

lim (1 -\—-= exp (—kδv p ) = exp —
2

we let p —-> oo above to get

A(°°) > 72^'(1)-4=| Σ δexpf-

But the expression in brackets is simply an approximating Riemann sum

i n
exp(—x2l2)dx. Letting first N —> oo and then 22—> oo, we have

-^ exp (-x2j2)dx =
2πJ —

Since γ < 1 was arbitrary, we let γ —> 1 to complete our proof.

4 The Cesaro outer and inner means• Let C be the class of
Cesaro-averageable functions, i.e. those for which jδf(0) = 1(0), and
denote the common value by av(f: C). Let C*(/) be the class of all
functions / * e C for which

f*(x) > f(x) for all x

and

/ ( )
0<?/<o

We define

J ^ * - inf αv(/*: C), / * e C*(/)

and call j ^ * the "Cesaro outer mean" of /. The inner mean Z* is
similarly defined.

THEOREM 4.1. j ^ * = J S ^ ( 1 ) and I* = Z(l). Moreover, ίftere ecctsίs
an f*eC*(f) with av(f*: C) = jSf(l) and ί/ierβ ea?ΐsίs an f*eC*(f)
with av(f*; C) = ί(l).

Proo/. That J S ^ * > ^ 7 ( 1 ) is obvious, since, if f*(x)>f(x) then
*) > JS^(l), -S^(l :/*) = αv(/*: C) by Theorem 1.5, and therefore

av(f*: C) > £?(!). We must now construct our minimizing / * e C * ( / ) .
Let {εfc} be a sequence tending to 0, and {λ j a sequence decreasing

to 1. For each \h there is an xk > k such that

— ^ \λk*f(t)dt < &(!
Xkx — x J* Vλ̂
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for all x > xk. We shall define a sequence S19 S2, Ss, ••• of finite geo-
metric progressions, and denote by S = slf s2, s8, the sequence of
numbers we get when we write first all the terms of Sl9 then those of
S2, those of S8, and so on.

Let Si = x±X19 xλX
2

19 , α^λfi, where, if we write the last term as
M2 — ίUjλfi, we choose nλ large enough to make M2 > x2. We also write
M1 = xλ. In general, Sk = M"fcλfc, MΛλL , Λί»λJ*, where Mfc+1 = Mfcλ>,
and % is chosen to make Mk+1 > xte+1.

The important properties of S are

(4.1) Sn-α.

(4.2) is±L > 1

(4.3) L^f ' " + 1 /(t)dί < jgf(l)

as n —> oo. Here {δn} is the sequence whose first nx terms are ε19 whose
next n2 terms are ε2, and so on, so that δn —> 0.

We now define /*(&)• For 0 < x < \x± put f*(x) = f(x) and then
define /*(#) in each of the intervals sw < x < sw+1 by

f sup f(y) for sw < x < sn + j«n
f*(x) = }°<y<~

where we choose μ = μn in the interval 0 < /̂  < sw+1 — sw so that

-Sf(l) - δw < Λ(/i) < ^ f ( l ) + δw ,

where

h(μ) =

To see that such a choice of μ is possible, we first note that if
h(0) > Sf(l) — Sn then we may choose μ = 0, since by (4.3), h(0) <
jSf (1) + δn. But if h(0) < £f(l) - δn, we observe that h(μ) is a con-
tinuous function of μ with

h(sn+1 - sn) = sup/(i/) > JS
0<y<<χ>

and we may therefore choose μ to make h(μ) = J5^(1) — δn.
Our construction of / * is now complete and it remains only to show

f*(t)dt = JS^(1). But it is easily verified that because of
o

(4.1) and (4.2) we need only show that
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Now

±-[nf*(t)dt = - L " Σ \h+'f*(t)dt

- Σ (
8n * =1

' ' ' fcV fc + i *^k/ y

with a similar inequality in the opposite direction. Now sjsn —> 0, and
an easy estimate shows that

Hence av(f*: C) = .5^(1) and we are done.

REMARK. We could similarly define A*> ^ e outer Abel mean, and
λ*, the inner Abel mean, and prove the analogue of Theorem 4.1, namely
that A* = A(°°) and λ^ = λ(co). The proof would use Theorem 4.1,
Theorem 3.1, and its corollary. It would be interesting to find a direct
proof that A* = Λ(°°) without either using these results or essentially
reproving them.

BIBLIOGRAPHY

1. G. H. Hardy, Divergent Series, Oxford, (1949), 170-172.
2. J. E. Littlewood, The converse of AbeVs theorem on power series, Proc. London Math.
Soc, (2), 9 (1910), 434-48.
3. G. Pόlya, Unterschungen iiber Lύcken und Singularitdten von Potenzreihen, Mathema-
tische Zeitschrift, 29 (1929), 549-640.

THE INSTITUTE FOR ADVANCED STUDY

PRINCETON, NEW JERSEY

T H E UNIVERSITY OF ILLINOIS

URBANA, ILLINOIS





PACIFIC JOURNAL OF MATHEMATICS

EDITORS
DAVID GILBARG

Stanford University
Stanford, California

F . H. BROWNELL

University of Washington
Seattle 5, Washington

A. L. WHITEMAN

University of Southern California
Los Angeles 7, California

L. J. PAIGE

University of California
Los Angeles 24, California

ASSOCIATE EDITORS
E. F. BECKENBACH
T. M. CHERRY
D. DERRY

E. HEWITT
A. HORN
L. NACHBIN

M. OHTSUKA
H. L. ROYDEN
M. M. SCHIFFER

E. SPANIER
E. G. STRAUS
F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA
CALIFORNIA INSTITUTE OF TECHNOLOGY
UNIVERSITY OF CALIFORNIA
MONTANA STATE UNIVERSITY
UNIVERSITY OF NEVADA
NEW MEXICO STATE UNIVERSITY
OREGON STATE COLLEGE
UNIVERSITY OF OREGON
OSAKA UNIVERSITY
UNIVERSITY OF SOUTHERN CALIFORNIA

STANFORD UNIVERSITY
UNIVERSITY OF TOKYO
UNIVERSITY OF UTAH
WASHINGTON STATE COLLEGE
UNIVERSITY OF WASHINGTON

* * *
AMERICAN MATHEMATICAL SOCIETY
CALIFORNIA RESEARCH CORPORATION
HUGHES AIRCRAFT COMPANY
SPACE TECHNOLOGY LABORATORIES
NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may !

be sent to any one of the four editors. All other communications to the editors should be addressed'
to the managing editor, L, J. Paige at the University of California, Los Angeles 24, California. „ ,

50 reprints per author of each article are furnished free of charge; additional copies may be <
obtained at cost in multiples of 50. - '

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers?
are available. Special price to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 2120 Oxford Street, Berkeley 4, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6^
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 10, No. 3 November, 1960

Glen Earl Baxter, An analytic problem whose solution follows from a simple
algebraic identity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 731

Leonard D. Berkovitz and Melvin Dresher, A multimove infinite game with linear
payoff . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 743

Earl Robert Berkson, Sequel to a paper of A. E. Taylor . . . . . . . . . . . . . . . . . . . . . . . . . . 767
Gerald Berman and Robert Jerome Silverman, Embedding of algebraic systems . . . . 777
Peter Crawley, Lattices whose congruences form a boolean algebra . . . . . . . . . . . . . . 787
Robert E. Edwards, Integral bases in inductive limit spaces . . . . . . . . . . . . . . . . . . . . . . 797
Daniel T. Finkbeiner, II, Irreducible congruence relations on lattices . . . . . . . . . . . . . 813
William James Firey, Isoperimetric ratios of Reuleaux polygons . . . . . . . . . . . . . . . . . . 823
Delbert Ray Fulkerson, Zero-one matrices with zero trace . . . . . . . . . . . . . . . . . . . . . . . 831
Leon W. Green, A sphere characterization related to Blaschke’s conjecture . . . . . . . . 837
Israel (Yitzchak) Nathan Herstein and Erwin Kleinfeld, Lie mappings in

characteristic 2 . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 843
Charles Ray Hobby, A characteristic subgroup of a p-group . . . . . . . . . . . . . . . . . . . . . 853
R. K. Juberg, On the Dirichlet problem for certain higher order parabolic

equations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 859
Melvin Katz, Infinitely repeatable games . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
Emma Lehmer, On Jacobi functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 887
D. H. Lehmer, Power character matrices . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 895
Henry B. Mann, A refinement of the fundamental theorem on the density of the sum

of two sets of integers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 909
Marvin David Marcus and Roy Westwick, Linear maps on skew symmetric

matrices: the invariance of elementary symmetric functions . . . . . . . . . . . . . . . . . 917
Richard Dean Mayer and Richard Scott Pierce, Boolean algebras with ordered

bases . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 925
Trevor James McMinn, On the line segments of a convex surface in E3 . . . . . . . . . . . 943
Frank Albert Raymond, The end point compactification of manifolds . . . . . . . . . . . . . 947
Edgar Reich and S. E. Warschawski, On canonical conformal maps of regions of

arbitrary connectivity . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 965
Marvin Rosenblum, The absolute continuity of Toeplitz’s matrices . . . . . . . . . . . . . . . . 987
Lee Albert Rubel, Maximal means and Tauberian theorems . . . . . . . . . . . . . . . . . . . . . . 997
Helmut Heinrich Schaefer, Some spectral properties of positive linear

operators . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1009
Jeremiah Milton Stark, Minimum problems in the theory of pseudo-conformal

transformations and their application to estimation of the curvature of the
invariant metric . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1021

Robert Steinberg, The simplicity of certain groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1039
Hisahiro Tamano, On paracompactness . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1043
Angus E. Taylor, Mittag-Leffler expansions and spectral theory . . . . . . . . . . . . . . . . . . 1049
Marion Franklin Tinsley, Permanents of cyclic matrices . . . . . . . . . . . . . . . . . . . . . . . . . 1067
Charles J. Titus, A theory of normal curves and some applications . . . . . . . . . . . . . . . . 1083
Charles R. B. Wright, On groups of exponent four with generators of order two . . . . 1097

Pacific
JournalofM

athem
atics

1960
Vol.10,N

o.3

http://dx.doi.org/10.2140/pjm.1960.10.731
http://dx.doi.org/10.2140/pjm.1960.10.731
http://dx.doi.org/10.2140/pjm.1960.10.743
http://dx.doi.org/10.2140/pjm.1960.10.743
http://dx.doi.org/10.2140/pjm.1960.10.767
http://dx.doi.org/10.2140/pjm.1960.10.777
http://dx.doi.org/10.2140/pjm.1960.10.787
http://dx.doi.org/10.2140/pjm.1960.10.797
http://dx.doi.org/10.2140/pjm.1960.10.813
http://dx.doi.org/10.2140/pjm.1960.10.823
http://dx.doi.org/10.2140/pjm.1960.10.831
http://dx.doi.org/10.2140/pjm.1960.10.837
http://dx.doi.org/10.2140/pjm.1960.10.843
http://dx.doi.org/10.2140/pjm.1960.10.843
http://dx.doi.org/10.2140/pjm.1960.10.853
http://dx.doi.org/10.2140/pjm.1960.10.859
http://dx.doi.org/10.2140/pjm.1960.10.859
http://dx.doi.org/10.2140/pjm.1960.10.879
http://dx.doi.org/10.2140/pjm.1960.10.887
http://dx.doi.org/10.2140/pjm.1960.10.895
http://dx.doi.org/10.2140/pjm.1960.10.909
http://dx.doi.org/10.2140/pjm.1960.10.909
http://dx.doi.org/10.2140/pjm.1960.10.917
http://dx.doi.org/10.2140/pjm.1960.10.917
http://dx.doi.org/10.2140/pjm.1960.10.925
http://dx.doi.org/10.2140/pjm.1960.10.925
http://dx.doi.org/10.2140/pjm.1960.10.943
http://dx.doi.org/10.2140/pjm.1960.10.947
http://dx.doi.org/10.2140/pjm.1960.10.965
http://dx.doi.org/10.2140/pjm.1960.10.965
http://dx.doi.org/10.2140/pjm.1960.10.987
http://dx.doi.org/10.2140/pjm.1960.10.1009
http://dx.doi.org/10.2140/pjm.1960.10.1009
http://dx.doi.org/10.2140/pjm.1960.10.1021
http://dx.doi.org/10.2140/pjm.1960.10.1021
http://dx.doi.org/10.2140/pjm.1960.10.1021
http://dx.doi.org/10.2140/pjm.1960.10.1039
http://dx.doi.org/10.2140/pjm.1960.10.1043
http://dx.doi.org/10.2140/pjm.1960.10.1049
http://dx.doi.org/10.2140/pjm.1960.10.1067
http://dx.doi.org/10.2140/pjm.1960.10.1083
http://dx.doi.org/10.2140/pjm.1960.10.1097

	
	
	

