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1. Introduction. Let 7T be an index set, R, S real-valued nonnega-
tive definite funetions of two variables in T, and m, n real-valued functions
on T. Let 2 be the set of all real-valued functions on T, and .&” the
Borel field of cylinder sets. There are then unique measures f, v on .&*
such that the functions x, on 2 defined by «,(®w) = w(t) form Gaussian
stochastic processes, with means respectively m and n, and covariances
respectively R and S. It is shown in [2] that £ and v are either mu-
tually absolutely continuous or totally singular, and a necessary and suf-
ficient condition for equivalence is given.

Suppose now that T is a subset of the real line, and R(s,t) =2 (s — t),
S(s,t) =4(s — t), where , and s are continuous nonnegative-definite
functions, and hence can be written as inverse Fourier transforms of
finite measures dp, do. Thus, using respectively the measures f¢ and v
on Q,x, — m(t) and x, — n(t) are the restrictions to T of stationary
Gaussian processes on the real line. For simplicity, only the case m =
n = 0 will be considered.

When T is the entire real line, then it is easy to see, by looking at
dp and do, exactly when ¢t ~ v, as is essentially known (see [3]). The
precise conditions are:

a. p and o must have identical non-atomic parts.

b. Their points of positive mass be the same, and if the masses
are a, and b, at x;, then > {(a:/b;) — 1}* must be finite.

Now suppose T is a finite interval. The problem of determining
from knowledge of p and o whether £ and v are equivalent becomes
much more difficult. We here discuss only a certain class of cases.
Because of stationarity, one need only consider an interval symmetric
about 0. Continuity of » and » implies that the Gaussian process is
continuous with probability one at any given point, so that it makes no
difference whether the interval is open or closed. There is no essential
loss of generality, then, in considering only the closed interval [—=, 7].
The following,facts will then be proven:

THEOREM. Let do(x) = {dx/(1 + x%)*}, where u 1is an integer =1,
and let o be some other finite nonnegative measure on the real line.
Write © = a0 — p. The following conditions are necessary and sufficient
that the Gaussian processes induced on [—x, ] by the Fourier trans-
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forms of p and o have equivalent measures on path space:

(@) f k, is a sequence of C. functions with support in |—mx, |
and K, 1is the Fourier transform of k,, then S|Kn[2da—»0 implies
S[Knlzdp—>0 .

(b) The Fourier transform (in the sense of Schwartz distributions)
of (14 x*)"dzr(x) agrees on | — 2x, 2n] with a function » such that

Lg_l P(s — t) |’dsdt < oo.

REMARK 1. It will be seen that sufficiency still holds if (a) is
weakened to:

@) S]KnPda—» 0 and K,— K in Z(0) implies that K =0 on some
set of positive p-measure.

REMARK 2. As a consequence of Remark 1, it is clear that if ¢
has a component which is absolutely continuous with respect to o, then
Condition (a) automatically satisfied.

Retaining the notation of the theorem:

COROLLARY 1. If do = @dp, where @ is a function such that &—1
18 a finite linear combination of functions in wvarious L,(—oo, o)
classes, 1 < a < 2, then the Gaussian processes induced by p and ¢ have
equivalent measures on path space.

One direction of the following corollary was proven by D. Slepian
in [5], using techniques of G. Baxter in [1]:

COROLLARY 2. If A, and B, are polynomials, with degrees re-
spectively a, and b,,5 = 1,2, and b, > a,, then the Gaussian processes
whose spectral measures are | A (x)/By(x) |* dx have equivalent measures
on path space if and only if

@ b —a =0b—a,

(b) the ratio of the leading coefficients of A, and B, has the same
absolute value as the ratio of the leading coefficients of A, and B,.

The author wishes to thank J. F. Tréves for several useful discus-
sions about distributions.

2. Some preliminaries on functions of exponential type. First, some
notation. Functions will be complex-valued functions of a real variable,
unless otherwise stated. F' will mean the Fourier transform of F (in
various degrees of generalization, depending on context), and F the con-
jugate Fourier transform. sup (f) will mean the points where f+0. &=
{F|F extends to an entire function of exponential type = arn}. & =
& N L (— o, x), or, by the Payley-Wiener theorem,
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={/Ife Al—w, @), sw(f)c[~am,azxl}.
Zy={fIfe 7z sup(f)cl—amanl}, Z={fIfez}.

u will be a fixed integer = 1, and p(x) = (¢ + x)*. p© is the measure
do(x) = {1/| p(x) |*}dx. 2#~ will denote the completion of ] in the inner
product (F, G> = SFde.

Naturally, .7 really consists of equivalence classes of functions; but
it will turn out that there is a continuous, in fact entire, member in
each class. H, will denote a fixed function of <7, such that h, = H, is
nonnegative and has integral 1. For a > 0, h,(s) will be (1/a)h,(s/a),
H,(x) = H,(ax), so that h, = FIa, and H,e€ &r,. Then H, vanishes faster
than any polynomial, | H,(x)| < 1 for all , and lim,_,H,(¥) = 1 uniformly
on any finite interval.

LemyMa 1. If Fe®, and S|F|2dp < oo, then Fe 9.

Proof. If (1/2) <c¢ <1, then
(1 Fen) — F@) 1aow)’ (S" | Fleo) — F@)|'dp@))

Now,

[ 1Fenaow = L |F@):
lz1>b C Jlx|>0vc

z2| F@I L

121 < (b/2) | ( )|2

Choosing b large, and then choosing ¢ close enough to 1 to make |F(cx)— F'(x)]
small on [—b, b], we see that it suffices to show that the function G:z—
F(cx) is in 9¥°. Notice that Ge¥,, as ¢ < 1.

H,G is square-integrable, since H, vanishes faster than (1/|p]?.
So H,G is in 57, its Fourier transform being some ¢’ in &7,(— o, =)
with support in [—(a+c)7, (a+c)x]. Thus k9’ € & yure, and HiG € I ygyc-
Choosing a small causes HiG to be in &r,, and simultaneously causes

SI H:G — G |*dp to get small. This proves the lemma.
Let o7 ={pF|Fe 57}, and &7 = {pF|Fe & ,}. Lemmal tells us
& C .

LEMMA 2. 57 is precisely the closure of & in ¢ .
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Proof. First, we see that 57 is closed. If F,e 5~ and
g| pF, — G |*dp— 0, then S' Fo (@) — F(x) |*dz — 0 .

Since 577, is complete, there is some F'e 57, with S| F,(x) — F(x) |*dx—0.
So some subsequence of the pF, converges almost everywhere to pF.
Thus pF = G almost everywhere.

To approximate elements pF in 57 by elements in <7, just approx-
imate F' in &7,(— o, ) by elements in <r,, using the technique of
Lemma 1.

LEMMA 3. % © 57 s precisely the finite-dimensional space &
of functions of the form x—e'*"q(i — x), where q s a polynomial of
degree < u — 1.

Proof. Suppose Fe 2% ©57. Then SFWd‘O =0 forallGin &,,i.e.
S{F(x)/p(x)}G(x) dr =0 for all Gin &7,. Now, (F[p)isin &Z,(— o, ),
so it has a Fourier transform &k which is likewise square-integrable, and,
by Plancherel’s theorem, Sk(s)g_(g)ds =0 for all g in @1. So & vanishes
in |—=x, x[.

Since F'e.% ", F can be approximated in .9~ by functions F, in &r,.
Each F, is in <7, for some a, < 1, since sup (F,)c]—=, 7|, and hence
cl—a,x, a,n| for some a, < 1. Let k, be the Fourier transform of F,/p.
Then k,—k in <,(—, ), and k, is in the domain of the &~,—differ-
ential operator p(—iD)=1“(I—D)*. So p(—iD)k,=f,, where f, is the Fou-
rier transform of F,. Since f, vanishes outside some [—a,7, a,7], a,<1,
k, must be of the form > ,a{"s’e* in |—co, —z[ and > ,b;”'s%* in |z, =],
where j ranges between 0 and u — 1. Since k, is in & (— o, o), the
b™ are zero, and, letting @ be the indicator of |—, —7[, we get
Pk, =93, ,as’%’. This converges in &7,(— », =), so the limit is of the
form ¢ ,a,s%°. Then k,—0 in Jr, [,0 in [—=x, 7], and >,a,s%° in
|—co, —7[, so k = 9> a,8%°. F|[pisthen alinear combination of terms
like e *5glesds, 0 < j < u — 1, which is a linear combination of terms
like e*"(¢ + 2)~7,1 < 7 < u. Multiplying by p gives the result.

Combining information from lemmas 1,2,3 we get a description of
7

PROPOSITION. .9 is the orthogonal direct sum of % and .&~.
LEMMA 4. 9 =720 9..

Proof. <57, by definition, since <,co7,. Also 9o cCco,,
since &7, is closed under multiplication by polynomials (because <7, is
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closed under differentiation). So & C.57”N <, and it remains to show
DO N,

Suppose G € 5#°. Then G is a {, > limit of elements G, in &7, by Lem-
ma 2. G, then has the form pF,, F, in <r,. Thus F, is an $7,(— o, )
Cauchy sequence, hence has a limit F. Then pF = G.

Suppose G is alsoin <7,. Then G is infinitely differentiable. Since
G = pF = p(—iD)F, we conclude that F' is infinitely differentiable. Now
it must be shown that F vanishes outsides some interval [—ar, ar],
0<a<1l ButG= p(—iD)F vanishes outside such on interval, so F
is analytic outside [—am, aw]. Also, F' vanishes outside [—=, 7], since
each ﬁ'n has support in |—=x, z[. Therefore, F vanishes outside [—arm,
ar]. So Fis in <, and F is in <,.

LEMMA 5. 9, is finite dimensional.
Proof. 2. = 2| D N ~ (D + 90| o0 Coa |57 ~ .

3. Proof of theorem. In [2] it is shown that a necessary and suf-
ficient condition for equivalence of ¢ and v is that there be an equiva-
lence operator from the closed linear span of {x,|te T} in .&7,(y) to their
closed linear span in &7,(v), sending the p-equivalence class of x, to the
v-equivalence class of x, for each t¢ T. (An equivalence operator, as
defined in {2], is a linear homeomorphism H between two Hilbert spaces
such that I — H*H is Hilbert Schmidt). Actually, we shall want the
condition in complex <&7,, while the proof in [2] is for real &~ ,; however,
the transition from the one to the other is immediate.

Under this condition, H would map r flz)dt as an .&7,(¢)— valued
integral to S f(@®)xdt as an &7y (v)- valued mtegral for each fe T
and conversely, if H had this effect on all such" f(t)ac dt, then by choosing
a sequence of f approximating a delta functlon one could verify that H

sent the equivalence class of x, in .&7,(¢) to the equivalence class of x, in
<J(v). Therefore, putting inner products (,) and (,)* on <7, by the rules
(70 = | |7 6 - tf@itasdt,
oy =" " o6 - nreeddsat,
it follows that a necessary and sufficient condition for the equivalence
of ¢ and v is the existence of an equivalence operator from the (,) com-

and noting that (f, g) = S f(s)x ds SK g(t)xmlt)d;z and

oy = |(|" sowas)(|" amat)iv,
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pletion of él to its (, )* completion, and sending the (, )-equivalence class
of f to its (,)'-equivalence class.

Now let {F, G)* = SF@do, where F and G are in <7, (and hence con-

tinuous and bounded, so that the integral exists). Let 9% be the closure
of &7, in &2,(0). Let J be the map assigning to F'in <7, its equivalence
class in .% . Since <F,G> = (F, G), and {F, G>* = (F, G)", the necessary
and sufficient condition for the equivalence of ¢ and v in the theorem
is that J be the restriction to <7, of an equivalence map from .5 to .5 .

To prove sufficiency of the conditions in the theorem, suppose first
that | p(x)|* dr(x) has a generalized Fourier transform (see [4]) which

agrees on |—2m, 27] with a function + such that S” S | Yr(s—1t) |*dsdt=
a* < . We extend y» by making it 0 outside |—2m=, 271'[

LEMMA 6. If Fe o, then (F,F> < (1 + a)<{F, F>.

Proof. Write F'=pG,Ge &,. ThenSI F o =Sl F|dp —i—SlGPldeT.
Now, G is in <7,, so GG is infinitely differentiable with” support in
1—2r, 27[. Then, by Schwartz’s definition of generalized Fourier_trans-
form, we getS]GPlpl dr = S GG(s)y(s) ds = S S“S’ G(s — )G (1—1)
\r(s)dtds, where a(s) = max (— ;r s — 7) and b(s) = ;;i;(s()n', s+ 7). Let-
ting s—t =3¢, and t = — t’ gives Sz S G(s’)G(t’)«lr(s’ — t")ds'dt’, whose
absolute value, by the Schwartz ineqaraﬁgy, is

< [S_S_| @(s)a(T)lzdsdtS;Sixl W(s — 1) |2dsdt]m

— G-' G(s) " ds)a = (§| Fl'dp)a.

Pick a complete orthonormal set (e. 0.n. 8.) fi,fa, for L(—m, )
out of the dense subset <r,. Let F, f,,, and G, = pF,. Then the G,
form a c.o.n.s. for 57 (in {,)) consisting of elements of <7, because the
F, are a c.o.n.s. for 57, consisting of elements of <z..

LEMMA 7. 335 mei|<Gu Gp> — <G, G |* = @’

Proof. SG ()G (@)dr(x) = Y F *Fm(s)«}r(s)ds By using a change of
variable as in the previous lemma, this equals S Fn(8) Fr@)r(s — t)dsdt.
But the functions (s, t)—(7,8)f.(t) form a ¢.0.n.s. in =_9//2([ 7, Ty x[—m, 7)),
sothat > .- 1|S zS Fu(8) fuYr(s— t)dsdt] is exactly S S" l«}r(s—t) rdsdt.

Now consider the map J from <, to .5¢". Lemma 6 implies that its
restriction to &7 is bounded, and, since &,/ & is ﬁ{lite-dimensional (Lem-
ma 5), J is bounded as an operator from <, to % (a finite-dimensional
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extension of a bounded operator is bounded, as is readily seen). So J
extends uniquely to a bounded operator A from .9 to .9 .

LEMMA 8. I—A*A 1s a Hilbert-Schmadt operator.

Proof. Complete the o.n.s. G, G,, -+ by adding to it a c.o.n.s.
G,,G_,,++,G,_, in &°. Then, letting bk =u — 1,

2im—i | U — A*A)G, G |
= 2ima [T — A*A)G,, Guy |
+ i [ T = A%A) G, Gy |
+ i Xim=i | G, (I — A*A)G |*
= 2im=1 <G, Gup — CAGy, AG,)" |?
+ 2350 KI — A*A)G,, (I — A*A)G,) I*,

using Parseval’s equality. But {4AG,, AG,)>' =<G,, G,>* for n, m >0,
since such G, are in <r,, so that the sum is exactly

a* + 230 (I — A*A)G,, (I — A*A)G,> .

In order to complete the proof, it must be shown that A is a ho-
meomorphism from .9 onto .5 . Since I — A*A is completely continu-
ous, it will suffice to show

(1) that the range of A is dense in .

(2) that A sends no nonzero element to zero.

(1) 1is clear, since the range of A contains the range of J, which
is dense by the very definition of .5 .

We now make use of (a), or rather of the weaker (a’), to prove
(2). Suppose, in fact, that A(K) is zero in % for some K in .57.
Let K, be a sequence of members of Z converging to K in .5 .
Then K, converges to zero in K, since A(K,) = J(K,). Then, by (a’),
K=0 on a set of positive p measure. But the Proposition of the
previous section tells us that K is analytic. Thus K=0.

To show the necessity of condition (a), suppose J has an extension
to an equivalence operator from .9 to jz'/, which we call A. Then
(a) is immediate from the fact that A is continuously invertible.

Since I — A*A is an equivalence operator, .7 ,.-|<{G,, Gn)> —
{G,G,> |*< o, where G,,G,,---is the c.o.n.s. in & for 5 previously
constructed. Define an operator Z on <#,([—=, ] x[—=, 7]) as follows:
let fom(5,t) = fu(s)fu(t), where G, = pf,. For Q = S nlumfom, Let
Z(Q) = Zn,man.m (<GnGm> - <Gny Gm>.)' Then

1ZQ) " = S |G " Zinm [ {Gay Gup — G, G | -
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So Z(Q) has the form |’ S Qs, 1) ¥ (s, {)dsdt for some ¥ such that

—r)—7

Sﬂ S | (s, t) |*dsdt < . In particular, consider f,ge &, and let f =
Siitafur §=Sbnf . Let Q(s, )=f()90). Then Z(Q) = S utubn Grr G
— (G Gu)') = SonnaB|(PF) GF)dt = (73| p | dt.

Let 0 < r < 2z, and let f, g have the closure of their supports in

in]-n+r, x[. Letf'(s) =f(s+7),9'(s) =g(s+r). Then f’, ¢’ are in &,,
and their inverse Fourier transforms satisfy f (x)=e"" f(oc)*e“‘g(x) Then

S"_,,Sz_nf (&TOY (s, dsdt=| /7| » ['at

:S £élpldt = g;gi”f(s)g—(ﬂllf(s, tydsdt .
But

SMS_f (s + 19t + ¥ (s, t)dsdt = S;S;f(s)ﬁt)«p(s —r, t—r)dsdt.

in view of the restrictions on the support of f and g. Since this
holds for all such f,g, the equality ¥(s — r,t — r) = ¥ (s, t) holds for
almost all (s, t) for which s,¢,s — r,t — r are in |—=, 7| (r being fixed).
Thus, {(r,s,t)|s,t,s —r, are in |—n, 7] and ¥(s —r,t —r) = ¥(s, 1)}
has measure zero.

Applying Fubini’s theorem, we get: for almost all pairs s, ¢ in |—=, 7|
the set {r|s—r,t —r lie in ]—=z, z[ and ¥(s — r,t — r) = ¥ (s, r)} has
measure 0. Denote by 4 the exceptional set of pairs (s, t).

Now let I'; be the line of slope 1 which passes through (s, —s),
where —m < s < mw Let I' be the set of s for which I"';N4 is not a
set of measure 0. Then I" has measure 0, again by Fubini’s theorem,
and by rotation-invariance of Lebesgue measure. If s is in |—z, [ but
not in /°, then almost all points on that portion of L, which lies in
l—m, o] x |—=, n| assign to ¥ a common value; thus, if the function
7’ is defined on |—x, 7] by &'(s, t) = Sb(s'“gf(s——r, t—r)dr, where a(s, t) =
max (s — 7, ¢ — 7) and b(s, {) = min (s -+ 7, ¢ + 7), then, for (s, t) on I,
¥'(s,t) has this common value. Thus, for almost all », ¥'(s, t) = ¥(s,t)
for almost all (in linear measure) points (s, t) with —7 < s,t < w and s,
t on I'.. Then ¥’(s,t) is equal almost everywhere to ¥(s,t). Now
set Yo(r) = U(—r/2,r/2), —2r < r < 2.

Then

P'(s, t)y = '(s—(s+1t)/2,t — (s + t)/2)
=¥'(—(t—59)/2, — 9)/2) =P — ),

for s,t in |—x, #[. This completes the proof.
Corollary 1 is just a consequence of the fact (proven in [4]) that if
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@ is as in the statement, then ((I—? — 1)dx has a generalized Fourier
transform which is a function @ square-summable in any finite interval,
so that

|- |pe—ofasa =[],

To prove corollary 2: let ¢, be the absolute value of the ratio of the
leading terms of A; and B,, and let u; = b, — a; = deg (B,) — deg (4)).
It is clear in general that equivalence of the Gaussian processes induced
by given covariances is unaffected if both covariances are multiplied by
the same constant. Thus, we find that the process whose spectral mea-
sure is

P(r) lzdr =2z S:{ l <p(7‘)l2dr .

Alz) |
B@)|“

has measure on path space equivalent to that whose spectral measure
is

CJ d s
1+ zyw
because the quotient of
Ayx) |? b G
B! T+

is of the form:1 plus a function in %(— o, ). So the problem is re-
duced to whether or not the processes with spectral measures

1 c,eit
— = dx and —=
(1 + %)= 1 + %)=

are equivalent. The criterion is that

(0~ =)

have a generalized Fourier transform which agrees with a function on
|—2r, 27] having certain properties. But this generalized Fourier trans-
form is explicitly calculated (see [4]), and is of the required form when
and only when ¢, = ¢, and u, = u,.
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