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Introduction. Recently G. Szego [9] and Z. Nehari [8] have obtained
some interesting results connecting the singularities of axially symmetric
harmonic functions with those of analytic functions. In this paper we
shall show that a similar connection also exists between the singulari-
ties of a three-dimensional harmonic function and a function of two
complex variables. We may do this by considering the Whittaker-
Bergman operator [10] [1] Bi(f, < X,) which transforms functions of
two complex variables f(f, u), into harmonic functions of three variables.

H(X) = BJf, % X), BAf, % X) = 5| (&, 2

t = [—(x — )=tz + (z+ iy)L],
2 2
IX_X0|<€: XE(x,y,z),XOE(xo,yo,zo),

where &~ is a closed differentiable arc* in the u-plane, and ¢ >0 is suf-
ficiently small. We may see how this operator maps the functions
f(t, w) into harmonic functions by considering the homogeneous polyno-
mials of degree n in %, ¥, 2, which are defined by

" . U . u——l n— +n m
= {—@—i s + 2+ @+ L)'= 3 by,

The h, .(x, ¥, ?) are linearly independent polynomials, which form a com-
plete system [4]. Now, any harmonic function regular in a neighborhood
of the origin | X| < ¢, may be expanded into a series

-H(X) = H(xy y’ z) ZZ;‘::O ij—n a’n.lhn,L(w’ yy Z),

which converges inside the smallest sphere on whose surface there is a
singularity of H(X).
From the definition of the harmonic polynomials we see that
1 du

e tnum__ = hnm(xr y’ z) ’

2m J ¥ U
where &~ is, say, the unit circle. In spherical coordinates this result
may be recognized as one of Heine’s [7] integral representations for the
mjanuary 19, 1960. This work has been submitted to Carnegie Institute of
Technology in partial fulfillment of the requirement for the degree of Doctor of Philosophy.

1 We shall usually consider ¢ to be closed; however there is nothing preventing us
from considering open arcs also.
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associated Legendre functions.?
It follows then that if H(X) is regular for | X| < ¢ it may be gen-
erated by an integral operator

HX) =L s wit,

where

©  +n
S u)y=23 > duputum.
n=0

The harmonic functions which are regular at infinity, |X| > 1/e,
are of the form

H*X) = %H(% y L)

and may also be generated by the Whittaker operator; however, in this
case we use the functions

o 4m
G(tr u) - %Z Z anmt-num .
=
How the functions G(¢, w) transform may be seen from Heine’s other
representation

1 du
o t e = h/:&om ’
Zim'g " tu @ v, 2)
_m—mln+m! 1, (JL LL)
(nl)y27 AR

,r2

(n—m) :@‘m)! (—2)™r~"'P7(cos 0)e'™ ,
where, as before, & is the unit circle.

Occasionally it is convenient to continue the arguments z, y, z to
complex values in order to study the behavior of H(X). For instance,
if we introduce, as a particular continuation, the complex spherical co-
ordinates

Py = + (xZ + y2 + 22)1/2 .
2 By introducing spherical coordinates
r=7rsindcose¢,
y=rsindsing,
z=1rcosé,
the polynomials may be written in the form hn,m(x, ¥, 2) = (n!/(n + m!)rn Py (cos §)etme

Integrals of terms t"u™, where |m| > |n| > 0, vanish; consequently, we may restrict
ourselves to just those functions where |m| < |n].
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c= i (2",

x— 1y
_ oz
5—7,

which reduce to ¢ = €%, £ = cos 4, for real x,y,2z, we may obtain an
inverse Whittaker operator.

LEMMA. Let V(r,cosd,e®), be a harmonic function regular at in-
fimity; i.e.

V(r, cos 0, ¢') = H*(X) = —1—5 G(t, u)@i ,
2r )& U
where

G(t, u) = (Zm, S anmt‘“‘lum> ,

and &~ 1s the unit circle.
Then G(s, w) may be generated by the integral transform

0.0 = ] T v e

The integration path in the E-plane is the linear segment —1 < £ <1,
the path in ¢-plane is the unit circle.

Proof. Let us define

%K@gl‘g)zimz Cn+ Dt o e ry m(&)( LY

it follows then, directly from the orthogonality relation

+ m m — 2 (n - Tn)!
S_IPW(S)Ps(f)df = Ops 2n+1 (m—m)’

that

= T (e el

(where the integration paths are those mentioned in the hypothesis).
Recalling the generating function for the spherical harmonics

Sr=5 3 (L)
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we see that K may be formally summed to

K(L, é:y Z—u’> = <1 — 28—6—‘)7'2” <—t—>n = 7"3__3_+__t_. ,
8 & ds / n=o\s (s —t)y
providing (|t/s|) < 1. In this case, K is an analytic function of ¢, and
hence also analytic in 7, & and ¢ The harmonic functions H=(z, ¥, z),
which are regular at infinity, have a Taylor series expansion of the form
Sk =0 Ajklx_jy_kz>l'

If this series converges for x* + y* + 2* > (1/¢%), then the series

, %:o Ajm(ﬂﬁl + ixz)*J(yl + iyz)kk(z1 -+ ’I:ZZ)“Z ,

if rewritten in the form

> Bayerss®T 03 Y Y; 2%
a,b,c
t

will converge for a2 4 y! -+ 2! > (2/¢%), and %! + 2 + 22 > (2/¢). Hence,
H~>(z, ¥y, 2) is an analytic function of the complex variable z, ¥, 2z, in some
neighborhopd of infinity. The harmonic function V(r, &, £) obtained by
replacing «, ¥, z in H=(z, ¥, 2) by

o= T+ WITE,

y = -2’”—.(@ —Wi—g¢,
T

z=rf,

consequently is an analytic function of », &, £, except of course at £=+1,
and ¢ = 0.

It may be concluded, therefore, that the integrals involved in our
representation for G(s, u) are Cauchy-integrals, since the integrand is a
single-valued analytic function of &€ and ¢.

II. Singularities of harmonic functions generated by the Whittaker-
Bergman operator. Bergman [2] has considered a special class of har-
monic functions generated by the Whittaker operator and has given a
simple procedure for finding their singularities. He does this as follows:

Suppose that (1/u)f (¢, #) has the form P(t, w)/Q(t, u), where P and
@ are polynomials in ¢ and . In order to study the harmonic function

HX) = B(f, ZX) = o=, ft, 0L,

we consider the singularity manifold of P/Q, i.e.
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70 = E{Q[~(x — W) g+ 2+ @+ )@ u] - 0} .

The manifold Z°* may also be written in the form
ZP=Fu=¢(X),v=1,2,8, -+ n},

where the ¢ (X) are algebraic functions of x, ¥, 2, and the degree of u

in @ is n. At every point (z, y, 2), except those which satisfy the equa-
tion

KIaIés[QSK(X) - ¢S(X)] = O y

there are n distinct branches of Z: = E{u = ¢,(X),v=1,2,3, -+-, n},
of Z®. We choose the contours &«,v=1,2,3,---,7n, so that one and

only one u = ¢,(X) lies inside .&. It follows from the residue theorem
that

1 Pt u
B(X) = 2m'3zyQ(t, e

where H,(X) is the corresponding branch of

HX) = Plo@— w2 + 2z + (x — w)@w)~, ]
HQL— (& — w)u/2 + z + (& — w)2u) ™, ullou ’

with
. A 3 —1 J—
Q[—(w — i)y 2+ (@ — W)W u] =0.

We notice that H(X) becomes singular for those values of (x, ¥, 2) which
satisfy the equations

U ~ .
Q[—(x — g+ 2+ = iy)ew u]=o0,

a{Q[—(x — W+ 2+ (@ — W)@, u]}/au ~0.

We shall now show that Bergman’s result does not depend on the
fact that (1/u)f(t,uw) is an algebraic function, but holds under more
general conditions. The only restriction we will impose is that the
singularities of (1/u)f(t,u) can be written in the implicit form
S(x, y, 2z, u) = 0.

THEOREM 1. If Z°® = E{S(x,y, 2, u) = 0} is an implicit representa-
tion of the singularities of
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_u.f(t, u), then H(X) = —2—§ it u)7

-

V(42

(where & is the unit circle) is regular at X = (z, v, 2), providing this
point does nmot lie simultaneously on the two surfaces

S, y,2,u)=0,

and

iS(oc,y, z,u)=10.
ou

Proof. The proof of Theorem 1 will be based on a modified form
of an idea employed by Hadamard in the proof of his theorem on the
multiplication of singularities [8] [5]. The integral representation of
H(X) is valid for all points (z, y, z) which can be reached from an in-
itial point by continuation along a curve I'(X) (in three dimensional
real-space, R?®), provided no point of I'(X) corresponds to a singularity
of (1/u)f(t, u) on the integration path. This initial domain of definition
of H(X) can now be enlarged by continuously deforming the integration
path provided, again, that in this process of deformation the integration
path at no time crosses a singularity of (1/u)f(¢, u). Accordingly, we
may now write H(X) as

HX) = S| r e,

where &’ is now a new integration path obtained by observing the
above precautions.

Since ¢ is dependent on X = (z, ¥, 2), the singularities of the integral
move in the u-plane as we continue H(X) along I'(X). Now, as long as
we can avoid crossing such a singularity by deforming the contour &'
we are still able to continue H(X). Let us assume we have been able
to continue H(X) to the point X, = (2, ¥, 2,), and let us consider the
singularities of the integral for X = X,. The singularities of (1/u)f(, u)
are those values of u satisfying S(x,, ¥, 2, u) = 0. From Taylor’s theo
rem we may describe the local properties of S about some point u = «,
for which S = 0, by

(u——a)2 028(-771’ Y, 2y a) e
2! ou? '

Sy, Yy 21, u) = (0 — a)—aa;S (@1, Y1y 20, @) +

Unless 8S/ou = 0 at u = «, in a neighborhood of # = & we may ap-
proximate S by

S(xy, Y1, 24, u) = (u — @) 88({”1’;{; 2 @) .
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Therefore in some mneighborhood of 4 = «a, say |u — a| <e¢, S does
not vanish save at v = a. Clearly, then, by deforming &’ we can avoid
crossing w = a, or any other point v = 8 for which S(x, v, 2, 8) = 0,
if we follow an arc of the circle |4 — a| = ¢/2 about © = «. This com-
pletes our proof.

Using the language of real geometry we may say that unless we
are in the neighborhood of the envelope & (x, %, 2) = 0 to S(z, ¥, 2, u) =
(in which case there are an infinite number of such surfaces tangent to
& (x,y,2) = 0 we may avoid crossing these singularities by deforming
Z.

THEOREM 2. Let r = @(§, £) be a representation of the singularities
of V(r,§¢) = H*(X), Xe C3 The function of two complex variables

Gle, u) = 4z S+l[§§(ss i— f)2 v, g)%é;] 4

1s then regular at (s, w) providing (s, u) does not lie on the ‘‘envelope’
of the two parameter family

Pl ulE, ) = 0, ) & + %1/1——’%’(—?— +E)]-s=0.

U

Proof. The proof of this theorem closely parallels the one for
Theorem 1. As before, we consider the analytic continuation of G(s, u)
along an arc 7'(s™, u), beginning at s =0,u =1. The integral rep-

resentation of
0.0 =] Tf, v s o

will remain the same if either integration path (in & or ¢ planes) is
continuously deformed in such a manner so that at no time they cross
a singularity of the integrand. Therefore, we may write G(s, u) as

Gs, u) = ziﬂlﬂxg(ﬁ . E)ZW(T 50 ]

where % and .&§ are new integration paths obtained by observing the
above precautions. Now, the kernel in our integral representation is
singular whenever

t—s:r[§+—@—1/1—z§2<—yi+—§—>]—s:0,

2 ¢ U

and the harmonic function is singular for @(§, &) — r = 0. We notice a
significant difference in these two singularity manifolds; as G(s, u) is
continued along 7I™(s™, u) the singularities of the kernel move in the
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g, ¢-planes, while those of the harmonic function remain fixed. By us-
ing the Hadamard idea we realize that we may always avoid an advanc-
ing singularity by deforming one of our contours with the possible
exception occuring when the two manifolds coincide. Therefore, unless
r =0 ¢) as a function of & and ¢ also satisfies t — s = 0, G(s, u)
must be regular. This leads us to consider the two parameter family,

Wis, ulg, 0 = o€, 0fe + TVT—F (% 4+ £)] -5 =0,
2 ¢ U
as the only possible singularities of G(s, u).

Let us assume that we have been able to continue G(s, u) to (s,, u%,)
and let us consider those values of &, & satisfying r(s,, uo|&, &) = 0.
These values are singularities of the integrand which must be investigated
to determine whether they are avoidable by deforming the paths of in-
tegration. Let £ = &, and ¢ = B be singularities which may cross either
L or < respectively if G(s,u) is continued further along I™(s™?, u).
In a bicylindrical neighborhood [& — a| < &, | — B]| < &,, we may expand
(8o, Up] &, &) in a double Taylor series as

w%mmo:@—w%w%Wmm+@—m%w%mmm

AT — apdt — e — B — e ], ...
e K e e e R a2 X
Now, unless the first variation of (s, %,|&, &) vanishes at («, 8), ¥+ may
be approximated as

¢wmmmz@—M%W%W%@+@—&%M%wmm.

In this case it is always possible to choose a secant to the circle
|E — a| = &/2 not passing through £ = a, and a secant to the circle
¢ — B| = &/2 not passing through & = B, such that (s, u,|&, &) = 0 on
those portions of the secants inside the respective circles. It follows
that, in this case, we may deform the paths .4, and 2§ so that they
follow the secants about the singular point («, 8) and thereby continue
G(s, u) still further. The only possible singularities of G(s, ) are there-
fore those values of s and w satisfying simultaneously

(s, ul§,8) =0

and

O L O ey —
a§+a§7f(§) 0,
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where ¢ = (&) is an arbitrary relationship between £ and ¢. This com-
pletes our proof.

We notice here, that a particular class of singularities of G(s, u)
may occur for s and u satisfying simultaneously

(s, ulE, &) =0,
6i':()’
0&
and
" _ .
¢

We have reduced the problem of locating the singularities of G(s,u)
to obtaining the envelope of a three parameter family of complex sur-
faces

Pis, ulr, £8) =0,

where the parameters 7, &, ¢ are subject to the condition
A(r,£,8)=0.

It was most natural, because of the Cauchy integrals involved, to con-
sider £ and ¢ as independent parameters, and = the dependent parameter.
However, unless we are in the neighborhood of a ‘‘singular point’’ of
A = 0, it is no longer necessary to make this distinction.

For a point (s, #) to lie on the envelope E(s, u) = 0, the first varia-
tion,

_ o Oy oy
O = G o S8 & R

must vanish. If we proceed as before, and consider r dependent, we
obtain

(A 00 _ 04 00 ype 4 (2400 _ 04 Dh s — g,

or 0F  0E or or ot  or or

which implies that an arbitrary functional relationship exists between &
and ¢, or more generally a relationship B(r, &, £) = 0, such that

(BB 0% _ 2B 2y )y, | (0B 0% _ 0B 0¥y _,

or 9F  OE or or ¢ ot or

where
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0A o _ A 0y  0A 0y _ 04 By
or o0& o0& or or o¢ o¢ or
9B oy 0B oy 0B oy 0B 9y

or o0& o0& or or 0§ oc or

Let us consider the envelope of (s, u|7, & &) =0 [subject to A(r, & &)=0]
under the transformation of parameters

— + (x2 + yZ + zZ)l/Z
E=z + @ +y +2)°,

o (i),

x — 1Y

We realize that, for X = («, y, 2) 2 R?, the Jacobian cannot vanish and
hence the transformation is one-to-one. However, as may be confirmed
by direct computation

Mio for all X e C?,
oz, ¥, ?)

which are a finite distance from the origin.
Under this transformation our family of complex surfaces becomes

{WIF(S, ’LLI?", &, é) = 0} - {X('S’ uix; Y, Z) = 0} ,
with the auxiliary condition
{A(r, £, 8) = 0} — {P(z, ¥, 2) = 0} .

Now, for a point (s, #) to lie on the envelope to x = 0, the first varia-
tion must vanish, i.e.

312%3x+ﬁl5y+?lgz:o
ox oy 0z

o  E r w)
e
R
?aﬁ(axg +_-8 - —8z>
+¥@%wﬁyw-§)

o[ 0L 9@' 0¢ _
+a§< 50 g+ z8>_0.
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From our auxiliary condition we have
[—_—Sx + ——8y + ——Sz]
02

o
_ [5x+955y+3i3z]“

6’§ or
0 s 1 0% 5, 4 95,7 /0A
6@’ [ g oy ¥+ 0z z] or

which, together with 8y = 0, yields

o4 0y _ 24 oy 94 04 _ 24 50 Yooy o —
5 o6 OE or Joete w21 +[ 57 o ot or Jios@ =0

We conclude that under a one-to-one, continuous transformation of
parameters the envelope is invariant and we have the following corol-
lary to Theorem 2. Let F(x,y,2) =0 be a representation of the sing-
ularities of H>(X), X € C®. Then the function G(s, ), which generates
H=(X) under the Whittaker operator, can only have singularities on the
envelope, F(s,u) = 0, to the family of complex surfaces

K ule, g2 = [ ~@ — )% 2+ @+ )| -5 =0,

where the parameters (z,y,z) are subject to the auxiliary condition
F(x,y,z) =0.

To illustrate the use of Theorem 1, we consider the case where
(1/u) f(t, u) has the particular form

L - ol 2]

F'(x) is an arbitrary function of x singular at « = 3. This choice of
(1ju)f(t, u) generates an H(X) having a simple type of singularity.
Since the singularities of (1/u)f (¢, u) satisfy u — (1/u) = t3, we represent
the singularity manifold as

S(x, y, 2z, u) = — ulBx — 1y) + 2] + 2Bz +— [ (x + 1y) + 2] .

Eliminating % between S =0, and 9S/6u = 0, we obtain the locus
(x + 2/B) + y* + 22 = 0, for the singularities of H(X).

When B3 is real this reduces to a point singularity in R®. However,
if B is complex the singularities in R® are given by

2
r = §I\I6>,
1BP
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Ytz =7 314(«5111,8)2
We note that these are only the possible singularities of H(X). To find
the actual singularities we make use of our inverse Whittaker operator
to find which of the possible singularities of H(X) correspond to singul-
arities of (1/u)f (¢, w).

Let us consider the locus of

(x +%>2 + y*+ 22 =0 in R? that is

2
= — % _Rep,
TS
and
2+ 2
Y IBI“(‘S B): .

If we wish to find which singularities of (1/u)f(f, u) correspond to
this real locus, we eliminate two parameters from y and consider the.
first variation with respect to the remaining parameter. Doing this,

X=—£<M-—1~> 12?/< +1>+z——s:o,becomes

O N O ]

The first variation is then

Lfus L
o TEs)
|B!z(om6) — 2

Eliminating z, between y and 8y/6z yields

£ 7 iQua)(u+ L) + (eg)(u — 1) = 4iqme)

st 2).

By choosing suitable signs this is recognized readily as

(v 2=
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REMARK. In concluding we note, that as in the case of harmonic
functions regular at the origin, a connection will exist between the
coefficients of the series development for f(¢, ) and the singularities of
H(X)’. Hence, it would be of interest to investigate whether a relation
exists between singularities as predicted by Theorem 1 of this paper,
and the corresponding coefficients of the series development for f(¢, u).
Such an investigation should lead to a classification of harmonic functions
in terms of their pole-like singularities in three-dimensional complex
space.
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