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AN OPTIMUM CUBICALLY CONVERGENT ITERATIVE
METHOD OF INVERTING A LINEAR BOUNDED

OPERATOR IN HILBERT SPACE

M. ALTMAN

l In paper [1] we considered a power series method of inverting
a linear bounded operator in Hubert space. This method is actually
an iterative method with the same speed of convergence as a geometric
progression. A product of two linear operators we shall call briefly
a multiplication. Thus, in general, a power series approximative method
has the following two properties:

(1) at each iteration we use one multiplication;
(2) the convergence is linear.

In paper [2] we considered an iterative method of inverting an arbitrary
linear bounded operator in a Hubert space. This method requires two
multiplications at each iteration step, and the convergence is quadratic.
In the present paper we give an iterative method of inverting an
arbitrary linear bounded operator in a Hubert space. This method
requires three multiplications at each iteration step and is cubically
convergent. Thus, the quadratically convergent method which requires
two multiplications at each iteration step may be called the iterative
hyperpower method of order two. Analogously, the cubically convergent
iterative method which requires three multiplications at each iteration
step may be called the iterative hyperpower method of order three. The
following two problems arise now in a natural way:

(1) Is it possible to construct an iterative hyperpower method of
any degree?

(2) To give a comparison of the hyperpower methods of different
degrees, and to answer the question whether there exists an optimum
method. As a criterion for a hyperpower method to be better we can
assume the following:

The method / is better than the method / / if after some iteration
steps using the same amount of multiplications for both methods, the
method / gives better accuracy. In this paper we construct a certain
class of iterative hyperpower methods and for this class the answers to
both questions mentioned above is positive. It turns out that the opti-
mum method of this class is the iterative hyperpower method of degree
three.

Let A be a linear (i.e. additive and homogeneous) bounded operator
with the domain and the range in a Banach space X.

Let us assume that the operator A is non-singular, i.e. A has an
Received October 5, 1959. Based on research supported by O.N.R., U.S.A.
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1108 M. ALTMAN

inverse A"1 defined on the space X. Let us suppose that the linear
bounded operator Rx is an approximate reciprocal of A. Suppose also
that Rx satisfies the following condition

(1) | | I - ABxIl =a < 1 ,

where / is the identity mapping of X
Let p be any positive integer such that p Ξ> 2. We shall construct

an iterative hyperpower method of degree p with the following property

(2) I-ARn+1=(I-ARn)*,

where (Rn) is the sequence of the approximate inverses of A. It is easy
to see that this sequence can be defined as follows

(3) Rn+1 = Rn(i+ τn + τ\ + . . . + r r 1 ) ,

where

(4) Tn = I-ARn, w = l , 2 , . . . .

Multiplying both sides in (3) by A we get by (4)

ARn+1 = (I- Tn)(I+ Tn + Tl + . . . + TV) = I - Tl .

Hence we obtain the relationship (2).

Thus, we have the following theorem.

THEOREM 1. The sequence of the approximate inverses Rn defined
by formula (3) converges in the norm of operators toward the inverse
of the non-singular operator A, provided that Rλ satisfies condition (1).
The error estimate is given by the formula

(5 ) || A'1 — Rn+11| ^ || A'1 \\ap

or

(6) WA-'-R^W^WJ
1 I-a

Proof. Formula (2) gives by induction

(7)

Hence we get by (7)

(8) R-Rn+1 =

or

(9) Λ-Λ f ( + 1 = .R1(/-
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Formula (5) follows from (8) and formula (6) follows from (9).
For p = 2 formula (3) yields

(10) Rn+1 = Rn(2I-ARn).

This case was considered in [23], For p. = 3 we get

(11) Rn+1 = Rn(I +(I- ARn) + (I- ARnY)

or

(12) Rn+1 = Rn(SI- SARn + (ARnf)

Thus, we have a class of methods with the property (2).
The question is now if there is an optimum method in this class of

methods. To compare two methods we shall use the criterion mentioned
above, i.e. the method is better if using the same number of multipli-
cations gives a better accuracy.

Let p and q be two different positive integers. Consider the corre-
spondings methods Mp and Mq defined by the formula (3). At each itera-
tion step the method Mp takes p multiplications and the method Mp

takes q multiplications in the sense defined above. Suppose that after
a certain number of iteration steps which is different for both methods
we get the same number of multiplications which is equal to

(13) mp = nq .

Then in virtue of (5) the accuracy of the methods Mp and Ma is given
by the exponents pm and qn respectively. Suppose that

pm > qn .

Then we have by (13)

pm > qs ,

where

Hence,

(14)

we have

Q
o

mp
q

> q l l q

The inequality (14) shows that we obtain the optimum method Mp for
p such that the function pllP(p = 2, 3, •••) achieves its maximum. This
is the case when p — 3 since the maximum of the function

y — xllx , x > 0

is attained at x = e.
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2. We shall now apply Theorem 1 in order to find the approximate
inverse of a linear bounded operator in a Hubert space. Thus, we sup-
pose that X is a Hubert space H and A is a non-singular linear bounded
operator with the domain and the range in H.

Let us begin with the case when A is a self-adjoint and positive
definite operator, or, more precisely

where A* is the adjoint of A, and A satisfies the condition

m(x, x) ̂  (Ax, x) ̂  M(x, x) ,

where 0 < m < M, and m, M are the minimum and maximum eigen-
values of A respectively.

Consider the linear operator.

Ta = I- aA , 0 < α < 2/Λf .

In virtue of the critical value theorem1 we have

(13) ^ZL2?L^| |r β | |=α β <l if 0<α<2/M.
M + m

The minimum of the norm || Ta\\ is equal to

c M + m

and is reached precisely at the critical value ac of A, i.e. for

a = ac = — .
M + m

Thus, we get the following theorem.

THEOREM 2. Let us suppose that A is a self-adjoint positive de-
fined linear operator. If

(15) R, = al for 0 < a < 2/Jlf ,

then the sequence of operators Rn determined by the iterative process
in (3) converges in the norm of the operators toward the inverse of A.
The error estimate is given by the following formula

(16) \\A-i-Rn\\^±aln

m
1 See [1], [2]
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or

(17)

where aa = || Ta | |. 27&e convergence is best for the critical value of
A, i.e. for a~aG — 21M + m. Jw ίfeis case aa in formulae (16) and
(17) should be replaced by ac defined in (14).

Putting p = 3 in Theorem 2 we get the theorem for the optimum
method. Thus, we have

COROLLARY 1. The iterative process defined by the formula (11) or
(12) converges cubically toward the inverse of A provided that Rx is de-
fined by (14). The error estimate is given by formula (16) or (17),
where p = 3. The convergence is best for the critical value of A, i.e.
for a = ac = 2jM + m. In this case aa in formulae (16) and (17) should
be replaced by ac defined in (14).

REMARK 1. The convergence of the iterative process is uniform with
respect to a for any closed interval contained in the interval 0 < a < 2/Λf.
Let us observe that a in (15) can be replaced by any number 1/iΓ, where
K is greater than || A| | . However, the convergence is faster when K
is smaller. If the operator A is defined by a matrix

(18) A = (atJ) i,j = 1,2, -- ,k

satisfying the conditions of Theorem 2, then K can be replaced by any
of the following numbers

Tc Tc / Ίc \ l/2

(19) m a x Σ I a υ I m a x Σ I % I ( Σ I «w I2)

However, the convergence is faster when K is smaller.

3. We shall now consider the general case when A is an arbitrary
non-singular linear bounded operator in H.

Since the operator A A* is self-adjoint and positive definite, we have
the following inequalities

m\x, x) ^ (AA*x, x) ^ M\x, x) ,

where 0 < m2 < M2 and m2, M2 are the minimum and the maximum
eigenvalues of AA* respectively.

Let us consider the linear operator

TΛ = I- aAA* , 0 < a < 2/M2 .

Using the same argument as in §2, we get the following inequalities;
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instead of (13).

(20) ΐ~m[ ^ l l Γ , | | = α , < l if 0 < α < 2 / M 2 .
M2 + m2

The minimum of the norm || Ta\\ is reached at

a — ac —
M2 + m2

and is equal to

(21)

Thus we obtain the following theorem.

THEOREM 3. / /

(22) R, = αA* for 0 < a < 2/M2 ,

the sequence of operators Rn determined by the iterative process
in (3) converges in the norm of the operators toward the inverse of A.
The error estimate is given by the formulae (16) or (17), where aa

should be replaced by the expression in (18). The convergence is best
for

a = ac =

For the error estimate in this case aΛ in formulae (16) and (17) should
be replaced by ac defined in (21).

Putting p — 3 in Theorem 3 we get the theorem for the optimum
method in general case. Thus we have

COROLLARY 2. If R1 is determined by (22) then the iterative
process defined in (11) or (12) converges cubically toward the inverse of
A. For the error estimate we have the formulae (16) or (17), where
p = 3. The convergence is best for the critical value of AA*, i.e. for

a = ar =

In this case aΛ in formulae (16) and (17) should be replaced by ac de-
termined in (21).

REMARK 2. The convergence of the iterative process defined by-
Theorem 3 is uniform with respect to a for any closed interval contained
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in the interval 0 < a < 2/M2. Let us remark that a in (22) can be re-
placed by any number 1/iΓ, where K is greater than ||^4.||2. However,
the convergence is faster when K is smaller.

If the operator A is defined by the non-singular matrix in (18), then
for K we can take any of the numbers in (19) with the matrix AA*
replacing the matrix A. We can also take for K any of the squared
numbers in (19).

The table below shows the difference in rate of convergence between
the following three method: I, II, III, where

I is the power series method considered in [1] (see page 52)
II is the quadratically convergent defined in (10)

III is the cubically convergent optimum method defined in (11) or (12).

Number

I

6

12

18

24

of

II

3

6

9

12

Iterations

III

2

4

6

8

Number

I

6

12

18

24

of Multiplication

II III

6 6
12 12
18 18
24 24

REFERENCES

Accuracy (a

I

α6

α 1 2

α 1 8

α 2 4

II

α 8

α4096

<D
III

α 9

α 8 1

α 7 2 9

α6561

1. M. Altman, Inversion of non-singular linear bounded operators in Hilbert space with
application to matrix calculus.
2. , Inversion of linear bounded operators in Hilbert space with application to
matrix calculus.

CALIFORNIA INSTITUTE OF TECHNOLOGY, PASADENA,

ACADEMY OF SCIENCES, WARSAW.





CRITERION FOR rTH POWER RESIDUACITY

N. C. ANKENY

The Law of Quadratic Reciprocity in the rational integers states:
If p, q are two distinct odd primes, then q is a square (modp) if and
only if ( — l){p-1)l2p is a square (modg).

One of the classical generalizations of the law of reciprocity is of
the following type. Let r be a fixed positive integer, φ(r) denotes the
number of positive integers <£ r which are relatively prime to r; p, q
are two distinct primes and p == 1 (mod r). Then can we find rational
integers aλ(p)f a2(p), , ah{p) determined by p, such that q is an r th
power (modp) if and only if ajjή, •• ,α/i(;p) satisfy certain conditions
(mod q).

The Law of Quadratic Reciprocity states that for r = 2, we may
take aλ{p) = (-l)(2J~1)/2p.

Jacobi and Gauss solved this problem for r = 3 and r = 4, respective-
ly. Mrs. E. Lehmer gave another solution recently [2].

In this paper I would like to develop the theory when r is a prime
and q = 1 (modr). I then show that q is an r th power (modp) if and
only if a certain linear combination of aλ{p), , αr-i(p) is an r th power
(mod q). a1(p)f , αΓ_x(p) are determined by solving several simultaneous
Diophantine equations. This determination appears mildly formidable
and to make the actual numerical computations would certainly be so
for a large r. (See Theorem B below.) Also given is a criterion for
when r is an r th power (mod p) in terms of a linear combination of
Gi(p), * >αr-i(p) (modr2). (See Theorem A below.)

It is possible by the methods developed in this paper to eliminate
the conditions that r is a prime and q = 1 (mod r). This would com-
plicate the paper a great deal, and the cases given clearly indicate the
underlying theory.

Consider the following Diophantine equations in the rational integers:

r Σ
5=1

~ ( § ^ ) 2 = (r -
M=l /

V (1

where Xl f c ) denotes the sum over all j l f , j k + 1 — 1, 2, , r — 1, with

t h e condition jx+ + j k — kjk+1 = i (mod r ) .

Received April 24, 1959; in revised form January, 1960. This research was supported
by the United States Air Force through the Air Force Office of Scientific Research of the
Air Research and Development Command, under contract No. AF 18 (603)-90. Reproduc-
tion in whole or in part is permitted for any purpose of the United States Government.
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(3) H-ΣI jH Σ J Z , S 0 (mod r)
5=ι 5=1

(4) not all of the Xj = 0 (mod p) and

- 0 (mod

for & = 2, , r - 2; ί = 1, 2, , r — 1.
We shall prove in § II that there exist exactly r — 1 distinct in-

tegral solutions of the equations (1) through (4). In particular let {X5 =
aJf j = 1, , r — 1} be a solution. Then we prove that the a^p) = a3

satisfy our residuacity criterion, namely

THEOREM A. r is an r th power (mod p) if and only if

r-i 1

Σ Ja5 + — rar-i — 0 (mod r2) .
5=i 2

THEOREM B. If q = 1 (mod r) and h is any integer such that hr

is the least power of h which is = 1 (mod q), then q is an r th power
(modg) if and only if Σ^Zlaft is an r t h power (mod^).

At the end of § II various special cases are considered.
In particular, for q — 2, r = 5, then 2 is a quintic power (mod p)

if and only if a5 = a5-j (mod 2), j = 1, 2.
For q = 2, r = 7, then 2 is a 7th power (mod p) if and only if a5 = 1

(mod2), £ = 1, . . . , 6 .
Let r = 3. Then the solutions to the Diophantine equations (1) to

(4) are (α^ a2) and (α2, α j , where

( 5 ) p — α2 — αjC&a + αl, ^ Ξ α2 = 1 (mod 3) .

Multiplying (5) by 4 and grouping terms gives

4p = (αx + α2)
2 + 3(αx - α2)

2 .

Let L — —aλ — α2, M — {aλ — α2)/3. This gives the representation
which Lehmer employs:

4p = L2 + 27Λf2, L = 1 (mod 3) .

Theorem A states that 3 is a cubic residue (mod p) if and only if
aγ = a2 (mod 9). This, in turn, is equivalent to M being divisible by 3,
the condition quoted by Lehmer.

I. Notation, r denotes a prime number, ξr a primitive r th root of
unity, Q the rational numbers, Q(ζr) the cyclotomic field over Q generat-
ed by ξr. For j = 1, 2, , r — 1, σ5 are the automorphisms of Q(ζr)IQ
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such that σό{ζr) = ζ3

r. σ~\ζr) = ζζ, where jj' = 1 (mod r) . p denotes a
positive rational prime Ξ= 1 (mod r), and Xp = X will be any primitive r th
power character (modp).

will be the Gaussian sum associated with χp. <α> denotes the fractional
part of a; i.e., <α> — a — [a].

LEMMA 1. ( i)

(ϋ)

(iii) g(X)reQ(ζr), and

(iv) σfc(flr(χr) - g(X«Y

for jfe = 1, 2, •••, r — 1.

Proof, (i) is the classical result about the absolute value of
and can easily be deduced from the definition of g(X). (ii), (iii) and (iv)
follow from Galois Theory using the relation Σl~AX{n)ζf = χ(ί)"^(Z) for
any integer t prime to p.

LEMMA 2. There exists a prime ideal p in Q(ζr) dividing p such

that (g(χ«Y) - Σra<r7Ywlry.
Conversely, given any prime ideal ρ1 in Q(ξr) dividing p, there

exists a k such that

Proof. Lemma 2 is a result of Stickelberger. For a proof see Daven-
port and Hasse [1]. See especially the elegant proof on page 181-2.
In Q(ξr), the ideal (r) - (1 - ζrγ-\

LEMMA 3. (1 - #)(1 - t ,)" 1 = < (mod (1 - ζr)) and r ( l - ξi)-r+1 =
- 1 (mod (1 - ζr)) for (t, r) = 1.

Proo/. The first fact follows as

(1 - ζ *)(1 - ξ',)"1 = Σ ? } = Σ l Ξ ί (mod (1 - ξV)) .

The second follows from Wilson's Theorem as

= Π (1 - r?)(l - ? ' ) " = (r - 1)! = -l(mod (1 - ζr)) .
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THEOREM 1. For any t not divisible by r,

g(XΎ + 1 = r(l - χ(r)-0 (mod (1

and consequently, χ(r) = 1 if and only if

g(TY + 1 = 0 (mod (1 - ζrY

Proof. As

Σ

the binomial theorem yields

-ff(Z)r = ( - Σ S + Σ (1 ~ Un))ζ;)r = (1 + Σ (1 - l{n))ζl)r

= 1 + r Σ (1 - Z(n))Sί + Σ (1 - Z(^))rr7 (mod (1 - £r)"+1) ,
n n

as all other terms are divisible by at least r(l — ξrf. By Lemma 3, if
X(n) Φ 1, (1 - Z(w)Γ: s - r (mod (1 - ζr)

r), and clearly, if χ(n) = 1,

(1 - χ(n))r = - r ( l - χ(Λ» (mod (1 - ^ Γ 1 ) .

Thus,

g(X)r = 1 +

s 1 + r Σ (1 - Z(«))« - (1 ~

= 1 + r(l - χ(r)-1) (mod (1 - ^ + 1 ) .

By (iv) of Lemma 1,

~9(XΎ - -^(^(Z) r) s 1 + r(l - χ(r)- ) (mod (1 -

which completes the first statement of Theorem 1. The second state-
ment in Theorem 1 then follows immediately.

Let q denote any positive rational prime other than r,f the least
positive integer such that qf = 1 (mod r), and ef = r — 1. Then in Q(ζr)
the ideal (q) = S ί ^ 2Ie, where the 21̂  are prime ideals and

( 6 ) Norm (%) = qf .
Q(ζr),Q

In the following let Si be any of the e prime divisors %3, j = 1, , e.

THEOREM 2. Let q, p, and r be distinct.
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Then

( 7 ) gixf-1 = x(q)-f (mod q).

Consequently χ(q) = 1 if and only if

( 8 ) g(χ)r = βr (mod SI) for some β e Q(ζΛ) .

Proof. g{χγ = (£#%)

^ΣχinY'ζ"/ (mod?)

= Σ X(n)ζn/ (mod g), as r | g' - 1 ,
n

= X(Q)~f9(X) (mod q) .

Multiplying both sides of the above congruence by g(χ), and noting
(i) of Lemma 1, yields

^ (mod g) or ^(χ) 9 ^ 1 = χ(q)~f (mod g) ,

as p and g are distinct primes. Hence, we have proved (7).
Note that as r \ qf — 1, (7) becomes a congruence in Q(ζr). As

/1 r - 1, (/, r) = 1, we have by (7) that χ(g) = 1 if and only if giχ)^-1 =
1 (mod SI).

(Note that 1 - fί ΐ 0 (mod 51) unless # = 1.)
If g(χγ = βr (mod 21) for some β e Q(ζr), then

giχy'-1 = β^-1 = 1 (mod 21)

by (6).
Conversely, if gilΫ'1 = 1 (mod2X) then (α(Z)r)(g/~1)/r = 1 (mod 21).

By Lemma 1, #(χ)r e Q(ζr). By (6) this implies g(χ)r = /3r (mod 81).
(Euler's Criterion for r th powers.)

In the above argument we must bear in mind that g(χ) $ Q{ζr).

II. In the last section we have developed a criterion for r th power
residuacity in Q(ξr). From this we derive a criterion in the rational
numbers Q, which is the purpose of Theorems A and B.

First let us assume that there is a rational integral solution X3 =
dj of equations (1), (2), (3) and (4). In Q(ζr) define the algebraic integer
a — Σ*rj=lajζi- We shall prove that a satisfies

( 9 ) I <**((*) I2 = Pr~2 , fc = l , 2 , . . . , r - l .

( 1 0 ) (pafa^pa)-1

is also an algebraic integer in Q(ξr), for k = 1, 2, , r — 1.
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To prove (9) we note that

\<x\* =

By (2) all of the coefficients of ζ\ are equal, since for any i, the
sums corresponding to ί and r — ί are identical. Thus

Z I

r—\

= r(r - I ) - Σ«5 - (r - l ) " 1 ^ Σί" « ^
J ΐ — 0

= r(r - I)-1 Σ α? - (r - l )" l (t ^
ji Vi /

by (1). Similarly | σk(a) |2 = pτ~\ Thus (1) and (2) imply (9).
Let A; be a fixed integer 2 ^ k ^ r — 1. Then

(11) {pa)kσk{paγx — φp-WσJa)-1

= p - W M a ) I σ,(α) | "2

by (10). Now

(12)

Σ

Condition (4) implies that each coefficient of f* in (12) is divisible
by jf"*"1. Placing this information in (11) states that (pαj^ίpα)"" 1 is
an integer; thus proving (10).

(4) also tells us that p, but not p2, divides pa, as not all the coef-
ficients of ζ{ in a = Σij=l<ijζjr are divisible by p.

If we restate the above facts in terms of ideals, we have that (pec)
is an integral ideal in Q(ζr) divisible only by the prime ideals which
divide p.

There exists one prime ideal, say p, dividing p, which divides pa
but p2 does not divide pa. All other prime factors of p in Q(ξr) are of
the form σ^p. Hence,
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(13) (pa) = Σ σϊY* where dx == 1, dt > 0 .

By (9)

= (pa I α |2) = p1"

= Π <7Γ1

or

(14) d4 + dr-t = r .

By (10), (pa^σ^pa)-1 is integral, or

(pa)\a,{pa))-1 = Π ffΓV* Π o^rH
i i

= Π σΐYίίc-dik

is an integral ideal. (The index of dίJc is interpreted mod r.) Hence,

As di = 1, k ^ 4 for k = 2, 3, , r - 2. By (14) this yields that
dk — k. By Lemma 2, we arrive at the fact that in terms of ideals

(15) (pa) = (g(t)r) for some 1 ^ ί < r .

In proving (15) we have used (1), (2) and (4). We wish to prove
that pa = g(χι)r. To do this we now utilize (3). By (15) we have that
for some unit η e Q(ξr), g{χι)r = rjpay or

(16) g(χtkY = σ^ηpa) = σ^σ^pa) .

Taking the absolute value of both sides of (16) and utilizing (i) of
Lemma 1 and (9) gives pr = \σk(η)\2pr, or | σk(η) |2 = 1. By a Theorem
of Dirichlet on units (See [3] Theorem IV 9, A pp. 174), any unit which
has all of its conjugates with absolute value 1 is then a root of unity.
As yeQ(ζr),7]= ±ζs

r.
Now

a - ±a£i = Σ ^ - Σ ^ (l - ζΐ)
3=1 3 3

= Σ ^ - Σ i α / l - ξr) (mod (1 - ξrY) ,

by Lemma 3. As p = 1 (mod r), p = 1 (mod (1 - ξrf). By (3),

1 + Σ,a} = Σ i « j = 0 (modr) .

Hence, p α s - 1 (mod(1 - £r)
2). By Theorem 1, sr(χt)r = - 1 (mod 1 - £ r ) 2 .

Therefore, J ? S 1 (mod(l-f,.)2) But y=±ζs

r= ± ( l + β ( l - ? r ) ) (mod(l-ξ- r)
2);

i.e., s = 0 (mod r) and the + sign holds. Hence, η = 1.
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Therefore, if the a5 are any integral solution of (1), (2), (3) and (4),
there exists an integer H ί ^ r - 1 such that

(17) pΣa& = g{lΎ -
3 = 1

C o n v e r s e l y , g i v e n a n y i n t e g e r ί, l ^ ί ^ r — 1, a n d w r i t i n g

we can prove that the a5 are rational integers which satisfy (1), (2),
(3), and (4). The proof is merely reversing the above steps we used in
proving (17). By Lemma 2 the prime factorizations of (g(χs)r) and (^(χc)r)>
l S s < t ^ r — 1, are distinct, and thus g(χs)r Φ gixΎ- Hence, we have
shown that there are precisely r — 1 rational integral solutions of (1),
(2), (3), and (4).

We are now in a position to prove Theorems A and B. First for
Theorem A.

Let dj be an integral solution of (1) through (4). Then we have
shown that p ΣrjZlcLjζ3

r = gWT for some integer t relatively prime to r.
By Theorem 1, the above states that %(r) — 1 if and only if p Σjajζjr —

( ( r , ) )
Define b8, s = 0,1, , r - 2, by bo= — par-lf bs = p(as - αr_x), s

1,2, « , r - 2. Then

Further let

where ( •) is the binomial coefficient. Then

P Σ a£l = Σ b& = Σ 6.(1 - (1 - ζr)Y
3=1 S=0 S

r—2

Σ
ί=0

= ΣQi-rr)4.

The first statement in Theorem 1 states that g(χι)r + l = 0 (mod (l-ξr)
r).

Hence,

Σ c,(i - ζry +1 s (c0 +1) + Σ Q I - rΓ)«

= 0 (mod(l-?Γ)')



CRITERION FOR rTH POWER RESIDUACITY 1123

This implies that Co + 1 = 0 (mod r2). Hence,

Σ C4(l - ζrY = Cx(l - f r) (mod (1 - f r r
+ 1 )

i=0

or that χ(r) = 1 if and only if

(18) d = 0 (mod r2) .

Now

(19) ^ = ( - 1 ) 2 5,= - Σ « * .
r - 2

r - 2

S = l

= - p Σ«α, + A-p(r - 2)(r - 1 ) ^
S = l 2

s -p(j£8a, + Y ^ r - i ) (modr2) .

Equations (18) and (19) complete the proof of Theorem A.
Theorem B is also derived immediately from Theorem 2. If q = 1

(mod r), q a positive rational prime, then in Q(ξr), (q) = 2Ix2I2 2tr-i»
where 21̂  are prime ideals and N o r m ρ ( ^ ) ρ 2 ^ = q.

We may take 0,1, 2, , q — 1 as a set of residues (mod 2t2). Hence,
as 1 - f * =£ 0 (mod 210, unless ζ\ = 1, ζr = h (mod 2I2), where λ is a ra-
tional integer such that hr = 1 (mod g).

Thus by Theorem 2, χ(g) = 1 if and only if there is a β e Q(ξr) such

that g(χ*γ =' p Σ i ^ ? ί = P Σ J *fi = /5r (mod 21,).
We may take β = beQ by the above remarks.
Hence, χp(?) = 1 if and only if χq(p Σ J a A3) = 1 where χq is a primi-

tive r th power character (modg).

If we had chosen another hλ whose order was r (mod q), then hλ =

hι (modSίj), and

p Σ ^ ^ ί s p Σ α ^ ? s fl(χ )' (mod 2ί2) .

Thus, any Λ whose order (mod q) is r works equally well in Theorem B.
There are several special cases one can derive when q Φ 1 (mod r),

in particular, when q = 2, and r = 5, 7.
If # = 2, r = 5, then in Q(ζr), 2 remains a prime because 24 is the

least power of 2 congruent to 1 (mod 5). One can easily compute that
the only elements in Q(ζδ) which are fifth powers (mod 2) are 1 =
-Σ5=i? j

δ, f5 + ζϊ\ and ζl + £5-
2 (mod 2). Hence, for r = 5, χp(2) = 1 if

and only if aό Ξ α5_^ (mod 2).
For ? - 2, r = 7, then 23 = 1 (mod 7). Hence, in Q(ξ7), (2) - 2 1 ^

where Norm 2ί, = 8. For a = β7 (mod 2IJ, β & 0 (mod 2ίx), and /5 e Q(ζ7)
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implies a = 1 (mod S^). Hence, for r = 7, χp (2) = 1 if and only if a} =
1 (mod2) for j = 1, . . . , 6 .

One could easily generalize this to the case when r .= 2s — 1. Then
χp (2) = 1 if and only if α, = 1 (mod 2) for j = 1, , r - 1.
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ON INVARIANT PROBABILITY MEASURES I

J. R. BLUM1 AND D. L. HANSON2

1* Introduction* Let Ω be a set and let Sf be a σ-algebra of
subsets of Ω. Let T be a one-to-one bimeasurable transformation map-
ping Ω onto itself. T then induces the group of transformations {T\
i = 0, ± 1 , •} defined in the usual way. If A e s/, TιA is defined to
be the set of images of the elements of A under the transformation T\

Let & be the class of probability measures defined on j y for
which T is invariant, i.e. if P is a probability measure defined on s/
then Pe^ if and only if PA = PTA for every i e j / . Let S>/x be
the subclass of s/ which is invariant under T; a set A ε j y belongs
to S/x if and only if A — TA. It is trivial to verify that Ssζ is sub-σ-
algebra of S/. Finally let &{ be the subclass of & for which T is
ergodic, i.e. if Pe^ then Pe &* if and only if PA = 0 or PA = 1 for
every A e J3£

In § 2. several results are proved, concerning the structure of the
class ^? These are not new, although several of them do not seem to
have appeared in the literature. The main theorem of this paper is in
§ 3 where it is shown that each element of & can be represented as
a convex combination of the extreme points of ^ Several consequences
of this theorem are pointed out.

2» Some properties of the class &t

THEOREM 1. Let P and Q be elements of &i Suppose PA = QA
for Aes/X Then P=Q.

Proof. Let μ = P — Q. Then μ is a completely additive set function
defined on s/. If μ is not identically zero, there exists A e jy such
μ(A) > 0 and μ(A) ^ μ(B) for all B e s^ζ This follows from the Hahn
decomposition theorem. Write μ(A) = a + β, where a = μ(A — An TA)
and β = μ(A f] TA). Since μ(A - AΠ TA) = μ(TA - A Π 2ΓA) we have
μ(A U TA) = 2α + β. Now if α < 0, then μ(A Π TA) > //(A) and A is
not maximal, and if β < 0 then μ(A — Af] TA) > //(A) and A is not
maximal. Consequently a ^ 0 and /3 ̂  0. But if A is maximal then
α + β ^ 2α + β. Hence α = 0 and //(AU TA) = //(A). By the same
argument we show that ^(T^AUAU TA) = //(A) and it follows by in-
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1 Supported in part by the Office of Ordnance Research, U. S. Army, under Contract
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duction that μ(Bn)=μ(A) for every positive integer n, where Bn = (J?=-n
TιA. Now Bn is an increasing sequence of sets. Let B = l i m ^ Bn.
Then μ{B) = μ(A) > 0. But clearly B = UΓ=-oo TιA e Ssζ and μ is zero on
Jfcf. Consequently we have a contradiction and the theorem is proved.

Suppose now that Pe ^ and Q e& and suppose also that Q is
absolutely continuous with respect to P. Then if A e jfcf we have
PA = 0 or PA = 1 and hence Q agrees with P on Ĵ f. Thus the theorem
applies and we have

COROLLARY 1. If Pe^,Qe^, and Q is absolutely continuous
with respect to P then Q == P.

Theorem 1 also furnishes an elegant proof of a result which was
proved by Lamperti [3], and in a special situation by Harris [1]. Suppose
P and Q are both ergodic, i.e. P e ^ and Qe^. Then either P and
Q are orthogonal or for each A e s/ for which PA = lwe have Q(A) > 0.
Now suppose A e j % and PA = 1. Then if Q is not orthogonal to P
and since Q e &[ we must have Q(A) = 1 and it follows that P = Q on

We have

COROLLARY 2. If Pe ^t,Qe ^19 then either P=Q or P is orthogonal
to Q.

In § 3, we shall show that this result can be considerably generalized.

THEOREM 2. & is a convex set. Pe^if and only if P is an
extreme point of £P.

Proof. The first statement is obvious. Suppose P e ^ and suppose
we may represent P in the form P = aP1 + (1 — a)P2 where 0 < a < 1
and Pi e &*i = 1,2. Then clearly Px and P2 are absolutely continuous
with respect to P and it follows from Corollary 1 that Pλ = P2 = P-
Thus if P e ĵf it is an extreme point of ^? Conversely if P0 ^ there
exists a set Bes^ζ with 0 < PJ5 < 1. Then we may write P =
aPλ + (1 — α)P2 where a = PB, and for A e j / we have PX{A) =
P(Af]B)IP(B) and Pf(A) = P(AnBC)IP(BC). It is easily verified that
Pi and P2 are invariant probability measures and it follows that P is
not an extreme point of ^?

Theorem 2 strongly suggests that it may be possible to obtain the
elements of & as convex combinations of the extreme points of f̂.
Under a rather mild assumption this is in fact true, as will be shown
in the next section. Examples of the kind of theorem we have in mind
were proved by Hewitt and Savage [2].

3. The representation theorem. Throughout part of this section
we shall assume that if Ae J% and if PA = 0 for every P e ^ then
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PA = 0 for every P e ^ ! Clearly such a condition is necessary for a
convex representation theorem and the condition can actually be verified
in many examples of interest.

Suppose now that Pe 3f. Theorem 1 tells us that P has a unique
invariant extension from J^f to J^f This suggests that if A e s/ we
should be able to determine PA by knowing only the values of P on
J f̂. A proof of this statement follows from the individual ergodic
theorem.

THEOREM 3. Let A e J^Γ For every a with 0 fg a ^ 1 there exists
a set A'Λe s&ί such that if Pe &{ then PA — a if and only if PA'Λ = 1.

Proof. Let fs(x) be the set characteristic function of the set S.
Let A e s$ζ and a be given. For every positive integer n define gn>A(x) =
Vn ΣfΓίΛίΓ'α), and define A'Λ = {x\ l i m ^ flfB(i(a;) = a). Clearly A^ e J*f
and the individual ergodic theorem implies that PA = a if and only if
PA'a — 1, whenever P e ^ .

Using the same technique we can prove

THEOREM 4. Lei A e sf. For every a with 0 ^ α ^ 1 there exists
a set AaeJ^ζ such that if Pe ^ then PA ^ a if and only if PAa = 1.

Let A e J K Define πA by πA = {P e &* \ PA = 1}. Let /7 be the
collection of all such sets πA i.e. 77 = {π^ | A e j*f}. The following facts
are easily verified:

( i ) τrΩ = ^
(ii) [7Γjc-7Γc

(iii) 7Γ U w An = Un ^ »
where A and each Aw is an element of J ^ Since S/x is a σ-algebra it
follows that 77 is a er-algebra. Now let Q e 3?. We define a set function
μQ on 77 by μQ(πA) = Q(A).

We shall show that under the assumption at the beginning of this
section μQ is in fact a probability measure defined on 77. Clearly μQ(πA)^>0
for each πA, and μQ(^) = μQ(τcΩ) = Q(β) = 1. Now suppose {TΓ^J is a
sequence of disjoint elements of π. It is easily verified that this is the
case if and only if PAn Π Am = 0 for every pair of sets Anf Am in Ssζ
with n Φ m and for every P e ^ f . It follows from the assumption that
Q(An n AJ = 0 for rc =£ m. Hence μρ{(Jw πAn} - Q(U» An) - Σ ^ Q(An) =
Σw /^Q{^J

 a n ( i w e have shown that μρ is a probability measure defined
on 77. We summarize in

THEOREM 5. If Π and μQ are defined as above then Π is a σ-algebra
of subsets of ^ . Under the assumption at the beginning of this section
μQ is a probability measure defined on 77,



1128 J. R. BLUM AND D. L. HANSON

THEOREM 6. Let A e S^. Consider the function fA(P) defined on
^ and with values fA(P) — PA. Then fA(P) is measurable with respect
to 77.

Proof. We must show that for every a with 0 ^ a ^ 1 we have
{P e &{ I fA(P) ̂ a} = {Pe^\PA^a}eΠ. But it follows from Theorem
4 that {P e &l I PA ^ α} = π ^ ^ where AaeStζ is the set guaranteed
by Theorem 4, and the theorem follows.

Since fA{P) is bounded and measurable it is clearly integrable with
respect to any probability measure defined on 77. Now let Qe ^ and
μQ be the corresponding probability measure defined on 77. For each
Aessf define Q\A) by

Q\A) = \ fA(P)dμQ = \ PAdμQ .

It follows immediately from this definition that Qf is an invariant prob-
ability measure defined on S/. But if A e Ssζ we have Q'(A) = μQ{πA} =
Q(A). Hence Q' = Q on J ^ and it follows from Theorem 1 that Qf = Q.

Furthermore suppose we know that Q(A) = \ PAdμ, where μ is some

probability measure defined on 77. Then if A e J*f we have Q(A) =

\ PAdμ = μ{πA} = ρ̂{7τ }̂, i.e. μ = //ρ. We state these results in

THEOREM 7. Suppose the assumption at the beginning of the section
holds. Then for every Q e & there exists a unique probability measure
μQ defined on 77 such that

Q(A) = l P(A)dμQ for every

We shall refer to Theorem 7 as the representation theorem, and
the rest of this section is devoted to exploring some consequences of
this theorem. One immediate consequence is a generalization of Corollary
2 to Theorem 1.

THEOREM 8. Let Qt e&*, i = 1, 2. Then Q± and Q2 are orthogonal
if and only if the corresponding measured μQl and μq<λ are orthogonal.

Proof. Suppose Q1 and Q2 are orthogonal. Let B be a set such
that Q^B) = 1 = Q2(BC) and let A = Ur=-~ T*B. Then A e S^ and QX(A) =
1 = Q2(AC) and we obtain 1 = μQl{πA} = μQ2{(πA)

G}. Thus μQl and μQi are
orthogonal. Conversely if μQl and μQ2 are orthogonal there is a set
A 6 JK such that 1 = /^{TΓ^} = Qi(A) and 0 = μQ2{πA} = Q2(A) and the
theorem^isyproved.
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Another interesting consequence of the theorem is the obvious fact
that if A e Stf and if PA = 1 for each P e g* then Q(A) = 1 for each
Q e ^? Thus the individual ergodic theorem for arbitrary invariant
measures is an immediate consequence of that theorem for ergodic
measures. Furthermore Theorem 7 throws some light on the evaluation
of the limiting function in the individual ergodic theorem. Let Q e ^
and let f(x) be defined on Ω and measurable with respect to s& Let
fn(<β) = llnΣιt=of(T*x). Then if feLλ(Q) the ergodic theorem states
that lim^oo fn(x) =/*(#) say, exists on a set of Q-measure one. It is
clear t h a t / * is invariant i.e. f*(Tx)=f*(x) for all x for which / *
exists. If / is also integrable with respect to Pe ^ then / * is constant
on a set of P-measure one, and we have

Q{x\f*(x) ^ u} = \ Px{\f*(x) £ u}dμQ =

In particular we conclude / * is a constant, say c, on a set of Q-measure
one if and only if μP[Pe &> \ P{x\f*(x) = c}] = 1.

Finally, suppose / is again measurable with respect to j^Γ Let

Qe^ and suppose μQP< e ^ | l | / | dP < col = l . Then we can easily

prove

THEOREM 8. If \ \f\dP is an integrable function of P (with respect
JΩ

to μQ) then f e Lλ(Q) and

ί f d Q -
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POSITIVE OPERATORS COMPACT IN

AN AUXILIARY TOPOLOGY

F . F . BONSALL

Of the several generalizations to infinite dimensional spaces of the
Perron-Frobenius theorem on matrices with non-negative elements, two
are outstanding for their freedom from ad hoc conditions.

THEOREM A (Krein and Rutman [3] Theorem 6.1). If the positive
cone K in a partially ordered Banach space E is closed and funda-
mental, and if T is a compact linear operator in E that is positive
(i.e., TK c K) and has non-zero spectral radius p, then p is an eigen-
value corresponding to positive eigenvectors of T and of T*.

THEOREM B ([4] p. 749 [1] p. 134). // the positive cone K in a partial-
ly ordered normed space E is normal1 and has interior points, and if
T is a positive linear operator in E, then the spectral radius is an
eigenvalue of T* corresponding to a positive eigenvector.

In [2], we have proved the following generalization of Theorem A.

THEOREM C. Let the positive cone K in a normed and partially
ordered space E be complete, and let T be a positive linear operator
in E that is continuous and compact in K. If the partial spectral
radius μof T is non-zero, then μ is an eigenvalue of T corresponding
to a positive eigenvector.

Also in [2], we have developed a single method of proof of Theo-
rems A, B, C which exploits the fact that the resolvent operator is a
geometric series, and thus avoids the use of complex analysis or any
other deep method.

In [5] (Theorems (10.4), (10.5)), Schaefer has further extended these
results by showing that (A) and (C) remain valid for operators in locally
convex spaces, with suitable definitions of spectral radius and partial
spectral radius.

Our aim in the present article is to unify these theorems still fur-
ther. We prove a single theorem (Theorem 1) that contains Theorem C
(and hence A), and also contains Theorem B except in the case p = 0,
for which an extra gloss is needed (Theorem 2). The central idea is
that instead of being compact in K in the norm topology, T maps the
part of the unit ball in K into a set that is compact with respect to a

Received February 19, 1960.
1 K is said to be a normal cone if there exists a positive constant K such that

lla + lίll ^ * | | a | | (x,V β K) .
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second linear topology, this topology being related to the norm topology
in a certain way. This idea is, in essence, derived from the recent
paper [6] of Schaefer, though his conditions are too restrictive for our
purpose. Again we use only elementary real analysis of the kind used
in [2]. After proving our two main theorems, we exhibit a number of
examples of situations in which these theorems are applicable.

NOTATION. We suppose that E is a normed and partially ordered
real linear space with norm || ||, norm topology τN9 and positive cone
K) i.e., JKΓ is a non-empty set satisfying the axiom:

( i ) x, y e K, a >̂ 0 imply x + y, ax e K,
(ii) x, —x e K imply x = 0.

We write x rg y or y ^ x to denote that y — x e K.
We suppose that K is complete with respect to the norm. How-

ever, we do not require that E be complete, so that there is no real
loss of generality in supposing that E = K — K, and we shall therefore
suppose that this is the case. We exclude the trivial case in which
K=(0).

We denote by B the intersection of K with the closed unit ball in
E, i.e., B = {x : x e K and || x \\ <Ξ 1}, and suppose that T is a linear
operator in E that is positive (TK c K) and partially bounded (i.e.,
|| Tx\\ is bounded on B). We denote the partial bound of T by p(T)
i.e.,

p(T) =sup{ | | Tx\\ :x e B} ,

and by μ the partial spectral radius

μ = lim{p(Tn)Y'n .

We are indebted to H. H Schaefer for several helpful suggestions,
and in particular for pointing out that substantial simplification can be
obtained by introducing a second norm q into E defined as follows. Let
BQ denote the convex symmetric hull of B, i.e.,

Bo = {ax + βy: x, y e B, \ a \ + | β \ = 1} ,

and let q be the gauge functional of Bo,

q(x) = inf {λ: λ > 0 and λ"1^ e Bo} .

It is easily verified that q is a norm in E, that q(x) ^ | | # | | (x e E),
and that q(x) = || x || (x e K). Also the completeness of K with respect
to the given norm implies that E and K are complete with respect to q.

Given a positive operator T, the partial bound and the partial
spectral radius are the usual operator norm and spectral radius for the
operator T in the Banach space {E, q). For λ > μ, the resolvent operator
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Rλ = (XI — T)1 is given by t h e series

R I + hτ+hTi +

which converges in the operator norm for (E, q), and is a partially
bounded positive operator.

We suppose that we are given a second linear topology τ in E,
such that K is (r)-closed and T is (τ)-continuous in K.

DEFINITION. Given a subset A of K, we say that τ is sequentially
stronger than τN at 0 relative to A if 0 is a (r^)-cluster point of each
sequence of points of A of which it is a (τ)-cluster point.

THEOREM 1. // TB is contained in a (τ)-compact set, τ is sequential-
ly stronger than τN at 0 relative to TB, and μ > 0, then there exists
a non-zero vector u in K with Tu = μu.

THEOREM 2. // B is contained in a (τ)-compact set, and τ is
sequentially stronger than τN at 0 relative to B, then there exists a
non-zero vector u in K with Tu = μu.

Since TB c p(T)B, Theorem 2 is contained in Theorem 1 except
when μ = 0.

The proofs of these theorems will depend on the following two
lemmas. Lemma 1, which is needed in the proof of Lemma 2, is repeated
from [2] in order to make the present paper self-contained.

LEMMA 1. Let {an} be an unbounded sequence of non-negative real
numbers. Then there exists a subsequence {anjc} such that

( i ) anh>k (fc = l , 2 , • • • ) ,

( i i ) a>nk>a,3 U < nk, k = 1, 2, •).

Proof. By induction. With n19 , wfc_x chosen to satisfy (i) and
(ii), let nh be the smallest positive integer r with ar > ank_λ + k.

LEMMA 2. If TB is contained in a (τ)-compact set, and τ is
sequentially stronger than τN at 0 relative to TB, then

lim p{Rλ) — co .
λ->μ-j-0

Proof. Suppose that the conditions of the lemma are satisfied, but
that p(Rλ) does not tend to infinity as λ decreases to μ. Then there
exists a positive constant M such that p(Rv) ̂  M for some v greater
than and arbitrarily close to μ.
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The case μ — 0 is easily settled. For if μ = 0, then

XRλx ^x (X > 0, x e K),

and letting λ tend to zero through values for which p(Rλ) ^ M, we
obtain — x e K, K = (0). This is the trivial case that we have excluded.

Suppose now that μ > 0. Then we may choose λ, v with

0 <X < μ <v <X + M'1

and with p(i?v) ^ M. With this choice of λ, v the series

R^ + {v - X)Rl + (v - X)2Rl + . . •

converges in operator norm for the Banach space (E, q) to a partially
bounded positive operator S with

Sx = X~xx + χ-τTSx (x 6 K).

Thus

Sx ^ X-*TSx {x e K),

and therefore

(1) Sx ^ X~{n+1)Tnx (x e K, n = 1, 2, •).

Since lim^^piX'^^ Tn) = oo, and since the partial bound of a positive
operator coincides with its operator norm in (E, q), the principle of
uniform boundedness implies that there exists a point x e E with
q(χ-{n+1)Tnx) unbounded. Since E = K — K, it follows that there exists
w e Kfor which the sequence (\\X~{n+1)Tnw ||) is unbounded. Therefore,
by Lemma 1, there exists a subsequence such that

( 2 ) l im | | X-{nk+1)Tnicw | | = oo ,

( 3 ) || X-{n^Tn^w || ^ Ilλ-^Γ^-1^ || .

Since

we also have

(4) limllλ-^T^wH = oo .
fc->oo

Let yt = || Γ - wH^Γ"*-^. Then, by (1), there exists zft € K with

(5) || λ - ' Γ *-1^ H^Sw = \-χTyk + zk (k = 1, 2,

By (4) and (5), we have

(6) λ- ϊty*+ **-»<> (τ) .
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Since yk e B and TB is contained in a (τ)-compact set, the sequence
(X^Tyx) has a (τ)-cluster point y in K. By (6), — y is a (τ)-cluster point
of (zk), and since zk e K and K is (τ)-closed, —j/ e K. Thus # = 0, and
0 is a (τ)-cluster point of (Tyk). But τ is sequentially stronger than τN

at 0 relative to TB, and so 0 is a (τJV)-cluster point of (Tyk). But this
is absurd, for, by (3),

Proofs of Theorems 1 and 2. Since TB c p(T)B, Lemma 2 is
available under the conditions of each theorem, and gives

lim p(Rλ) = oo .
λ->μ,+0

Then, applying the principle of uniform boundedness as in the proof of
Lemma 2, we see that there exists a sequence (λn) converging decreas-
ingly to μ, and a point w in K with | |w | | = 1 and

\\m\\Rλw\\ = oo ,

and we may suppose that Rχnw Φ 0 (n = 1, 2, •). Let α n = || i2 λ w ^ H"1,
and un = anRλnw. Then

( 8 ) μun- Tun = (μ- Xn)un + anw .

Under the conditions of Theorem 2, the proof is easily completed.
For, since un e B and B is contained in a (τ)-compact set, it follows
from (8) that

μun - Tun -> 0 (τ) .

Also (un) has a (τ)-cluster point u in K, and since T is (τ)-continuous
in K, we have

/m - Tu = 0 .

We have % =£ 0, for otherwise 0 is a (zv)-cluster point of (un), which
is absurd, since \\un\\ = 1.

Finally, suppose that the conditions of Theorem 1 are satisfied.
Then, by (8),

(μl- T)Tun = T(μl- T)un = (μ - Xn)Tun + anTw .

Since TB is contained in a (τ)-compact set, it follows that

(μI-T)Tun-+0 (τ),

and (Tun) has a (τ)-cluster point v in K. Therefore, by the (τ)-continuity

of T,
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(μl - T)v = 0 .

If v = 0, then 0 is a (τ^)-cluster point of (Tun). But, by (8),

μun - Tun — 0 (τN) ,

and so 0 is a (τ^)-cluster point of (μun). Since μφO and \\un\\ = 1,
this is absurd. Hence v φ 0, and the proof is complete.

It will be noticed that the preceding theorems and lemmas remain
true if compactness is replaced by countable compactness, no change in
the proofs being required. It may be of interest to remark that under
the conditions of Theorem 2, if is a normal cone. However, since this
fact is not needed for our main purpose, we omit its proof.

EXAMPLE 1. Taking τ = τN in Theorem 1, we obtain Theorem C,
and hence, as we have seen in [2], Theorem A also.

EXAMPLE 2. Suppose that there exists a subset A oί K with the
following properties:

( i ) Given x e E with \\x\\ ^ 1, there exists a e A with — a ^ x ^ a.
(ii) TA is contained in a (τv)-compact set.2

Let E* denote the usual dual space of continuous linear functional
on the normed space E, and let if* denote the dual cone of all elements
of E* that are non-negative on if. Then if* is a norm complete positive
cone in E*, and we denote by B* the intersection of if* with the
closed unit ball in E*.

For each φ in E*, let T*φ be defined as usual by

(T*φ)(x) = φ(Tx) (x e E).

Since T is not necessarily a bounded operator in E, T*φ may fail to
belong to E*. However, Γ * ^ * c K*, and T * is a partially bounded
operator in K * — K*. For, given ψ e B* and xeE with | | α ? | | ^ l ,
there exists a e A with — a ^ x ^ α, and therefore

-φ(Ta) ^ φ(Tx) ^ φ(Ta) .

Since 7M. is contained in a (τv)-compact set, the set { | | T α | | : α e A }
has a finite upper bound M and so \φ(Tx)\^M,\\ T*φ \\ ̂  M, T * £ * c
MB*, T* is partially bounded. It is easily seen that T* is weak*-
continuous in if* and that if* is weak*-closed.

We shall show that if the partial spectral radius μ* of Γ* is not
zero, then Theorem 1 is applicable to the operator T* in the space
K* — K* with the weak* topology as the auxiliary topology τ. This
will prove the existence of a non-zero element ψ of if * with

2 In Examples 2, 3 no auxiliary topology is needed in E, but an auxiliary topology will
appear in the dual space.
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Since Γ* maps B* into the weak*-compact set MB*, we need only
prove that the weak* topology is sequentially stronger than the norm
topology at 0 relative to T*B*. To prove this, let φn e JB* (n = 1, 2, •),
and suppose that 0 is a weak*-cluster point of the sequence (T*φn).
Since TA is contained in a (τ^)-compact set, given ε > 0, there exist
alf , ar in A such that for each point a in A there is some k (1 fg
k ^ r) with

(9) | | Γ α - Γ α Λ | | < e / 2 .

Since 0 is a weak*-cluster point of (T*φn), there exists an infinite set
/i of positive integers such that

(10)
i.e.,

By (9)

(11)

and (10),

\(T*φn)(alc) | <

<P»(Tat) | <

we have

\Ψn(Ta)\<

:ε/2
:ε/2

ε

= 1
= i

y

y

(a

,r;
,r;

n
n

n

e
e

e

A),
A).

A).

Given x e E with \\x\\ <Ξ 1, there exists a e A with —α g x ^ α, and
so, by (11),

I (T*φn)(x) I - I φn(Tx) I ̂  φn(Ta) <S (n β A),

\\T*φn\\^e (neA).

Therefore 0 is a norm-cluster point of (T*φn), and we have proved that
Theorem 1 is applicable.

EXAMPLE 3. Suppose that there exists a subset A of if with the
following properties:

( i ) Given x e E with \\x\\ ̂  1, there exists a e A with — a ^ x ^ a.
(ii) A is contained in a (r^)-compact set.
Let K*, J5*, T* be defined as in Example 2. Given φ e J5* and

x e E with || a; || ^ 1, there exists a e A with —α ̂  a; ̂  α, and therefore

Since A is contained in a (τv)-compact set, | | α | | is bounded on A, and
T* is a partially bounded mapping of K* into itself.

We show that Theorem 2 is applicable to the operator Γ*. Since
K* is weak*-closed, B* is weak*-compact, and Γ* is weak*-continuous
in K*, we need only prove that the weak* topology is sequentially
stronger than the norm topology at 0 relative to B*. This is proved
by an argument similar to that in Example 2, but using A in place of
TA.
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It follows that there exists a non-zero element f of ίΓ* with
T*ψ = μ*ψ, where μ* is the partial spectral radius of T*.

In particular, the conditions of this example are satisfied with A
consisting of a single point if K contains an interior point in the normed
space E. Thus Theorem B is contained in this example, and hence in
Theorem 2.

EXAMPLE 4. Theorem 1 of Schaefer [6] is a case of our Theorem
2. In this case the topology τ is given, and Schaefer constructs a norm
in K — K in such a way that

IMI=/(aO (xeK),

where / is a certain (τ)-continuous linear functional. Since / is (τ)-
continuous, it is easily verified that r is sequentially stronger than τN

at 0 relative to B.
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SUMMABILITY OF DERIVED CONJUGATE SERIES

B. J. BOYER

l Introduction. In a recent paper ([3] it was shown that the
summability of the successively derived Fourier series of a CP integrable
function could be characterized by that of the Fourier series of another
CP integrable function. It is the purpose of the present paper to give
analogous theorems for the successively derived conjugate series of a
Fourier series.

2. Definitions* The terminology used in [3] will be continued in
this paper. In addition let us define:

(1) ψ(t) = ψ(t, r, x) = \[f{x + t) + {-iγ-'fix - t)]
Li

( 2 ) Q{t) = S (r - 1 - 2i)lt

(3) g(t) = rlt'r[ψ(t) -

The rth derived conjugate series of the Fourier series of f(t) at
t = x will be denoted by DrCFSf(x), and the nth mean of order {a, β)
of DrCFSf(x) by Sr

Λtβ(f, x, n).

3 Lemmas.

LEMMA 1. For a = 0, β > 1 or a > 0, β ^ 0, and r ^ 0,

λίϊ .β(α) = -π~ιr\{-xγ+1 + Oflal^-log-* \x\)

+ Q{\x\-r~2) as | B | - > co .

This is a result due to Bosanquet and Linfoot [2].

LEMMA 2. For a > 0, β ^ 0 or a = 0, β > 0 and

r ^ 0, αjrλί?Λ+r>β(a?) = Σ B«(α, /3)λ1+α+r_ ί iβ+j(α?) ,
iJ-0

where the Br

i5 are independent from x and have the properties:
( i ) BUa,0) =
(ii) BU(a,β)^

(iii) ±BUa,β)
iJ-0

Received January 19, I960.
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The proofs of (i) and (ii) will be found in [3], Lemma 2, taking the
imaginary parts of the equations there. Part (iii) follows immediately
from the first part of the lemma and Lemma 1.

LEMMA 3. For n > 0, a == 0, β > 1 or a > 0, β ^ 0, and r ^ 0,

C-) sin vt\

fn

Proof. Smith ([6], Lemma 6) has shown that for every odd, Lebes-
gue integrable function, Z(t), of period 2ττ,

Sa,β(Z, 0, n) - - 2

Since the right side of this equation can be written

-2n[z(t) Σ \+»β[n(t + 2kπ)]dt

for every such Z(t), the lemma is true for r = 0. For r ^ 1 the inter-
change of (d/dty and Σ-~ is justified by uniform convergence.

The following lemma is a direct consequence of Lemma 3:

LEMMA 4. Let f(x) e CP[—π, π] and be of period 2π. For n > 0
and a = 0, β > 1 or a > 0, β ^ 0,

S;,β(/, a, rc) = 2(-nY+1['φ(t) Σ λfΛ.βWί + 2^)]dt .

LEMMA 5. For α ^ 0 , /9^0, ^ > 0 and r Ξ> 0,

nr+1[~Q(t)^Λ+r,β(nt)dt = 0 ,
Jo

where Q(ί) is defined by (2).

Proo/. If r = 0, then Q(ί) = 0. For r ^ 1 and i = 0,1, [r-1/2],
the truth of the lemma follows from the equation:

f °° -1-2 ~ r
Jθ l+Λ+r,β

which is easily verified by means of r — 1 — 2% integrations by parts.
The final two lemmas of this section give the appropriate representa-

tion of the nth mean of DrCFSf(x).
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LEMMA 6. Let f(x) e CλP[—π, π] and be of period 2π. Let m , 0 ^
m g λ + 1, be an integer for which Ψm(t)eL[0, π]. Then, for a = m,
β >1 or a> m, β ^ 0 and r ^ 0,

Sr

a+r.β(f> %> n) = 2(-nγA\ψ(t) - Q(t)]\$a+r,β(nt)dt + Cr + o(l)
Jo

as n —» Co, where

( 4 )

Proof. It follows from Lemmas 4 and 5 that

Sr

a+T.β(f, * . «>) = 2(-n)r+1\"[ψ(t) - Q(t)]XίrUr,β(nt)dt
JO

%+r!β[n(t + 2kπ)]dt

= Ix + Ja + J3 .

Since the degree of Q(ί) is r — 1, Lemma 1 shows that

( 6 ) J3 =

Let us define:

J(n, t) = 2(-nY+1±{X^Λ+r,β[n(t + 2kπ)]

- {-iγr\π-\n{t + 2kπ)]-r'1} .

Again appealing to Lemma 1, we see that lim^oo (θldt)3J(n, t) — 0 uni-
formly for 16 [0, π] and j — 0, 1, , m.

With the aid of the well-known cotangent expansion I2 may be
written:

I2 = \πψ(t)J(n, t)dt + (-l)r+12π-1[V(ί)(^-)Γ

Jo jo \ a t /

\l_ctn—t - t~Λdt .
L2 2 J

But after m integrations by parts, it is seen that

8 ) [*Ψ(t)J(n, t)dt = o(l) .
Jo
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The lemma now follows from equations (5), (6), (7), and (8).
A particular, but useful, case of Lemma 6 is

LEMMA 7. Let f(x)e CλP[—π, π] and be of period 2π. If g(t)e
CμP[0, π], where g(t) is defined by (3), then

Λ.β(ff> °> n ) = -2n\πg(t)X1+cύ>β(nt)dt
Jo

-2π-1[πg(t)(—ctn^-t - t~
Jo \2 2

for a = 1 + ξ, β > 1 or a > 1 + ξ, β ^ 0, where ξ = min [μ, max (r, λ)]..
The hypothese of Lemma 6 are fulfilled, because trg{t) e CλP[0,7rJ

implies G1+ζ(t) e L[0, π] by Lemma 6 of [3].

4 Theorems*

THEOREM 1. Let f(x)eCλP[—π, π] and be of period 2π. If there
exist constants αr_!_2ί, i = 0,1, [r — 1/2], such that

(i) g(t) e CμP[0, π] for some integer μ;
(ii) CFSg(0) = s(α, £) /or α = 1 + f, /3 > 1 or a > 1 + f, /3 ^ 0,

where ξ = min [//, max (r, λ)];

DrCFSf(x) = S(a + r,β),s =

S= - ί
Jo

where Cr is defined by equation (4).

THEOREM 2. Le£ / ( x ) e C λ P [ - T Γ , TΓ] αtic? δe o/ period 2π. If
DrCFSf(x) = S(α + r, /3) /or α = l + λ , / 9 > l or α > 1 + λ, /3 ^ 0,
then there exist constants ar-λ^2if i = 0,1, [r — 1/2], suc/z, £&α£

(i) ^(ί) e CμP[0, TΓ] /or some integer μ:
(ii) CFSg(0) = s(<x', /3'), where

a' = 1 + ξ, β' > 1 if l + λ ^ α < l + l or α = 1 + I, /? ^ 1 α f = α,
8̂f = /8 i/ α = 1 + I, 8̂ > 1 or α > 1 + £, /9 ^ 0, α^d | , s and S have

the values given in Theorem 1.
Before passing to the proofs of these theorems, let us observe that

the existence of the constants a,.-^^ implies their uniqueness from the
definition of g(t). In fact, it can be shown that the ar^x^2i are given by

i = 0f 1,

1 Bosanquet ([1], Theorem 1) has shown this for f(x) Lebesgue integrable and (C) re-
placed by Abel summability.
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In addition it can be shown that when f(x)eL, the sum, S, of
DrCFSf(x) may be written

S = -2π-Λ t-χg(t)dt .2

J->o«7)

Proo/ 0/ Theorem 1. That s = -πA*g{t)ctn{l!2)tdt follows from
Jo

the consistency of (a, β) summability and a result due to Sargent ([4],
Theorem 3). Therefore, both g(t)ctn(l/2)t and t~ιg(t) are CP integrable
over [0, π\.

From Lemma 7 we have

( 9 ) SΛιβ(g, 0, n) - s = - ί

The left side of (9) is o(l) by hypothesis. By consistency equation (9)
remains valid if a is replaced by a + r — i and β by β + i, i, j =
0, 1, r. Therefore,

[π r

Jo ίj=o j

With the aid of Lemmas 2 and 6, the last equation becomes

S;+r>β(/, a?, rc) = -2^-1[ V^ίQdί + Cr + o(l) .
Jo

This completes the proof of Theorem 1.

Proof of Theorem 2. Due to the length of this proof and its simi-
larity to the proof of Theorem 2, ([3]), only a brief outline of the proof
will be given.

Putting Q(t) — 0, β = 0 and p > a + r in Lemma 6 and integrating
the right-hand side of the resulting equation λ + 1 times, one can show
that

Dr+λ+1CFS(Ψλ+1, 0, n) is summable (C, p) .

A result due to Bosanquet ([1], Theorem 1) and the stepwise pro-
cedure employed in the proof of Theorem 2 ([3], equations 18 through
22) lead to the conclusion: £~r~1[ψ(£) — Q(t)] e CP[0, π] for an appropriate
polynomial Q(t), i.e., t~τg(t) e CP[0, π]. From this statement and a results
due to Sargent ([4], Theorem 3), g(t) e CμP[0, π] for some integer μ and

CFSg(0) = s(C), where s = πA*g(t)ctn(ll2)tdt .3

2 Ibid. The difference in sign is due to the distinction between allied and conjugate
series.

3 The CP integrability of g(f)ctn(lβ)t is equivalent to that of t^gif).
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That S, the (a + r, β) sum of DrCFSf(x), has the value

-2π~1\πt-1g(t)dt + Cr

Jo

follows immediately from Theorem 1 and the consistency of the sum-
mability scale.

Thus, it remains to prove only the order relations (a'f βr) in (ii) of
the theorem. A straightforward calculation using the representations
in Lemmas 6 and 7, the properties of the Br

υ(a, β) in Lemma 2, and
the consistency of the summability scale applied to DrCFSf(x), leads to
the following equations:

Σ
ίj=o

' + k, β')\sΛ,+k+r-itβ,+J(g, 0, n)

-πAπg{t)ctn—tdt\ = o(l) ,
Jo 2 J

for k = 0, 1,2, •••.
The expression in brackets may be considered t h e nth mean of order

(a' + k + r — i, βf + j) of a series formed from CFSg(0) by altering t h e
first t e r m . Since this series is summable (C) to 0, then Lemma 8 [3]
shows t h a t CFSg(0) = s(a', βr).

The following theorem gives a sufficient condition for t h e (a, β)
summability of CFSg(0) for β Φ 0. Since the proof follows the usual
lines for Riesz summability, it is omitted.

THEOREM 3. Let g(t) be an odd function of period 2π. If
C f cP[0, TΓ], where k is a non-negative integer, then

CFSg(0) - -πA*g(t)ctn—tdt(l + k, β), β > 1 .
Jo 2

As an application of these theorems it can be shown t h a t

DrCFSf(0, m) - S( l + m + 2r, β), β > 1 ,

where f(x; m) is either x~m sin x~x or x~m cos x"1, m — 0,1, 2,
The following results may be deduced from Theorems 1 and 2. I t

is assumed that f(x) e CλP [—π, π] and is of period 2π. The values of
S and 8, when either exists, and ξ are given in Theorem 1.

(A). If g(t) 6 CμP[0, π], then for a = l + ξ,β>l or a > 1 + ξr

β^0, DrCFSf(x) - S(a + r, β) if and only if CFSg(0) = β(α, β).

(B). For a = 1 + max (r, λ), /3 > 1 or α > 1 + max (r, λ), /3 ^ 0,
DrCFSf(x) = S(a + r,β) if and only if g(t) e CP[0, π] and CFSg(0) =
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These results generalize, to various degrees, results obtained by
Takahashi and Wang [7] and Bosanquet [1].

A weak, but none the less interesting, form of these results is

(C). If f(x) e CP[—π, π] and is of period 2π, then in order that
DrCFSf(x) be summable (C), it is necessary and sufficient that
g(t)eCP[0, π] and CFSg(0) be summable (C).
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A NOTE ON A PROBLEM OF FUCHS

D. L. BOYER

In [1] Fuchs has asked (problem 3) the cardinality of the set of all
pure subgroups of an Abelian group. The purpose of this paper is to
settle the question for nondenumerable Abelian groups. | A | will denote
the cardinality of the set A.

THEOREM. Let G be a nondenumerable Abelian group, and let &>

be the collection of all pure subgroups, P, of G with \P\ = \G\. Then

\&\ = 2 |G1.

Proof. Let T be the torsion subgroup of G. If | T\ < \'G\, then
\GjT\ = \G\ and by a result of Walker [3, Theorem 4], G/Γ, and hence
G, has 2m pure subgroups of order \G\.

If I Γ | = | G | , then we write Tin the form T = Σ i . θ ^ ( P Γ ) Θ Σ p θ # i »
where the Rp are reduced primary groups and Σι,* Θ ^Λvΐ) is the
maximal divisible subgroup of T.

If the above decomposition of T has | G | summands then the theorem
follows.

If the above decomposition has fewer than | G | summands, then

I Σ P Θ ^ P I = \G\>

We first consider the case that there exists a prime, p, such that
Ep\ = \G\. Let B be a basic subgroup of Rp. If \B\ < \RP\, then
RJBI = I G I and RJB = Σ . e i θ Z«(v°°) with | A | = | G |. Thus the

theorem holds for RJB, and hence also for G. If \B\ = \RP\, then
since B is the direct sum of cyclic groups, B = Σ^e^ 0 Ca, it follows
that \A\ = \G\. Thus the theorem follows for B and hence for G.
Finally, if \RP\ <\G\ for all p, we let1 Rr = Σ* 4 θ RPtf where the sum
is taken over all primes, pi9 such that | RH \ > fc$0. Then | Rr \ = | G | =
Σ l ^ p J We have proved above that for each pi9 Rp. has 2lRPil pure
subgroups, P(i) of order | i ? p J . For each i, choose P(i) c RPi with
\P(i)\ = \RPt\. Then P = Σ Θ - P ( ί ) is a pure subgroup of Rr with
IJPI = | i2 ' | , and the number of subgroups formed in this way is 2m.
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THE ENVELOPES OF HOLOMORPHY OF TUBE DOMAINS

IN INFINITE DIMENSIONAL BANACH SPACES

H. J. BREMERMANN

1. Introduction* Let B be a Banach space with the strong topology
generated by the norm. An open and connected set is called a domain.
Let / be a complex valued functional defined in a domain D of a complex
Banach space Bc. Let L be a finite dimensional translated complex
linear subspace of Bc: L = {z \ z = z0 + τxax + τnan} where z0, aly , an

are fixed elements τ19 •• , τ w complex parameters. (In the following we
will call L an "affine subspace"). / is called "G-holomorphic" (=Gateaux-
holomorphic) if and only if the restriction of / to the intersection D n L
of D with any finite dimensional affine subspace L of Bc is holomorphic
(in the ordinary sense). (Compare Hille-Phillips [7], Soeder [9], Bremer-
mann [5].)

A functional that is G-holomorphic and locally bounded is called
"F-holomorphic" (Frechet-holomorphic). For finite dimension the notions
(ordinary) "holomorphic function" and "G- and i^-holomorphic functional"
coincide. (The theory of holomorphic functionals in finite dimensional
Banach spaces is equivalent to the theory of n complex variables.) For
infinite dimension, in general, there exist already linear (and hence
G-holomorphic) functionals that are not locally bounded (and hence not
i^-holomorphic).

In Bremermann [5] it has been shown that the phenomenon of
"simultaneous holomorphic continuation," well known for n complex
variables, persists for infinite dimension even for the very general
G-holomorphic functionals: There exist domains such that all G-holo-
morphic functionals can be continued into a larger domain.

A domain for which a G-holomorphic functional exists that cannot
be continued is called (in analogy to finite dimension) a "domain of
G-holomorphy." In Bremermann [5] it has been shown that a domain
of G-holomorphy is "pseudo-convex" (in a sense which is a natural ex-
tension from finite dimension).

We will apply these notions in the following to infinite dimensional
tube domains and moreover we will show that it is possible to define
and to determine the envelope of holomorphy of tube domains.

Finite dimensional tube domains and their envelopes of holomorphy
have been studied by Bochner [1], Bochner-Martin [2], Hitotumatu [8],
and Bremermann [3], [4]. It has been shown that a tube domain is
pseudo-convex if and only if it is convex, and that the envelope of

Received January 11, 1960. This research has in part been supported by the Office of
Naval Research under Contract Nonr 447 (17).
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1150 H. J. BREMERMANN

holomorphy of any tube domain is its convex envelope. The former
property has been extended to infinite dimension in [5]. We extend
here the latter. To the author's knowledge this is the first time that
the envelope of holomorphy of a class of infinite dimensional domains
has been determined. At the same time the proof given in the following
is simpler than some previous proofs for finite dimension.

2 Tube domains, envelopes of holomorphy* Let Bc be a complex
Banach space that is split into a real and imaginary part, such that
every ze Bc is written

z = x + iy, where xeBr, yeBr ,

where Br is a real Banach space. Then a domain Tx is called a tube
domain with basis X if and only if it is of the form Tx — {z\xe X,y

arbitrary}, where X is a domain in Br.

Obviously, Tx is convex if and only if X is convex, and X is convex
if and only if the intersection of X with every finite dimensional affine
subspace Lr of Br is convex. (Lr = {x\x = x0 + t1a1 + , tn an}, where
x0, alf , an are fixed elements in Br, and tlf , tn real parameters).

It is somewhat difficult to define the envelope of holomorphy for
arbitrary domains. Already for finite dimension it may not be schlicht.
(Comp. [3], [6]). However, for finite dimension the following is true.
Let D be a given domain. Suppose we have a domain E(D) with the
following properties:

(I) Every function holomorphic in D can be continued as a (single-
valued) holomorphic function to E(D).

(II) To every finite boundary point z0 of E(D) there exists a function
that is holomorphic throughout E(D) and is singular at z0. If E(D) has
these properties, then E(D) is the envelope of holomorphy of D.

Analogously, if we have an infinite dimensional domain D and a
domain E(D) with the properties (I) and (II) (with respect to G-holo-
morphic functionals), then we call E(D) the envelope of G-holomorphy
of D.

3. Proof of the main theorem. Let Tx be a tube domain that is
not convex. Then, there exists an affine subspace

Lr = {x I x = x0 + tγ aλ + tnan)

(x0, alf , an e Br, tlf •••,*» real parameters) such that XΓ\Lr is not
convex.

Now it would be possible that XθLr is not connected and each
connected component is convex (for instance if Lr is one-dimensional).



THE ENVELOPES OF HOLOMORPHY OF THE TUBE DOMAINS 1151

If X is not convex, then there exist two points xx and x2 that cannot
be connected by a straight line segment in X. However, X is connected,
and even arc wise connected. Hence we can connect xx and x2 by an
arc in X, and even by a "polygon" that is by finitely many straight
line segments. The polygonal arc spans a finite dimensional affine sub-
space Lr and the connected component of Lrf]X that contains xx and
x2 is not convex since xx and x2 cannot be connected by a straight line.

Thus Lr Π X has a connected component that is not convex. Hence
there exists a point xs on the boundary of Lrf]X and a line segment s
containing x3 such that s is locally a supporting line segment of the
complement of Lr Π X. In particular, xd and s can be chosen such that
in a neighborhood of x3 the line segment s has with the boundary
d(XPιLr) only the point x3 in common.

Let the equation of the line containing s be

s = {x ] x = x3 + bt) ,

where b is a fixed element in j?y., t a real parameter. Let b be normalized
such that || 6 || = 1. This real line lies in the analytic plane:

A = {z I z = x3 + δτ} ,

where τ is a complex parameter.
Let Sp be a disc on A with center at x3, radius p:

Sp = {z\z = x3 + 6τ, I τ I < p} .

If p is small enough, then Sp will lie entirely in TΣ, except for the
points

{z I z = #3 + ΐ&£, I £ I < jθ, £ real} .

We now apply the following lemma (which is an immediate conse-
quence of the "fundamental Lemma" 3.1 (and 3.2) of [5] and Theorem
6.3 of [6]).

To formulate the lemma we need the distance function dD(z) which
is defined as follows: Given a domain D, then

dD(z) = sup r 9 {z'\ || z — z'\\ < r} c D ,

in other words dD{z) is the distance of the points z from the boundary
of Dy measured in the norm of J5C.

LEMMA. Let h(z) be the solution of the boundary value problem

h{τ) = log dFχ(xs + bτ) for \ τ \ - p ,

h(τ) harmonic for \ τ \ < p .
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Then any function that is G-holomorphic in TΣ can he continued G-
holomorphically into the point set:

C = {z I z' = xz + τ6, IT | < p, || z - z' | | < eΛ(τ)} .

(We note that even though log dTχ(x) becomes infinite at the two points
z = x3 ± ήofr, the solution of the boundary value problem exists and is
finite for all | r | < p).

The point set C is a neighborhood of the point z = xz. In particular
it contains the points \\z — x3\\ < eM0), and eM0) =£ 0. This continuation
procedure can be repeated at any point z — x3 + ίy, where y is arbitrary.
We always get the same neighborhood, independently of y, because the
function dTχ(x3 + iy) and hence h does not depend upon y. Hence any
function G-holomorphic in Tx can not only be continued into a larger
domain but into a larger tube domain Tx,, that means X c X', X Φ X'.

We have to observe however one difficulty: If the intersection
Xf]{X\ || x — αs311 < em)) consists of more than one component, then
continuation into Tx, with X1 = X\J{x\\\x — xs\\ < eh{0)} could possibly be
such that the continued function would no longer be single-valued in
Tx,. In order to keep the continuation single-valued we remove from
Xf all components of X[\{x \\\ x — cc8|| < ehm] except the one that
intersects Sp. In this way the continuation remains single-valued.

Thus we have the result: If Tx is a tube domain such that X is
not convex, then any function that is G-holomorphic can be continued
G-holomorphically (and single-valued) into a larger tube domain with
basis X\ Then we can apply the same result to Tx,, and obviously
the process can be iterated as long as the enlarged tube is not yet
convex. Thus we have proved:

Given a tube domain Tx, then any function that is G-holomorphic
in Tx can be continued G-holomorphically into the convex envelope of Tx.

(The convex envelope of Tx equals Tmx), where C(X) is the convex
envelope of X.)

On the other hand there exists to every boundary point z0 of Tϋ{X)

a supporting affine subspace of Bc and a linear functional l{z) that be-
comes zero exactly on the affine subspace. (This is an immediate con-
sequence of the Hahn-Banach theorem.) The functional lβ(z) is then
G-holomorphic in TC{X) and becomes singular at zQ. Hence we have shown:

To every boundary point z0 of a convex tube domain there exists a
functional that is G-holomorphic in the domain and singular at z0. The
two statements combined give:

THEOREM. Let Tx be a tube domain in a complex Banach space
{of arbitrary dimension). Then the envelope of G-holomorphy of Tx

is the convex envelope of Tx, which equals TC{X), where C(X) is the
convex envelope of X.
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MINIMAL SUPERADDITIVE EXTENSIONS OF

SUPERADDITIVE FUNCTIONS

ANDREW BRUCKNER

Introduction* A real valued function / is said to be superad-
ditive on an inverval I — [0, a] if it satisfies the inequality f(x + y) i>
f{x) + f(y) whenever x, y and x + y are in I. Such functions have been
studied in detail by E. Hille and R. Phillips [1] and R. A. Rosenbaum
[2]. In this paper we show that any superadditive function/ on I has
a minimal superadditive extension F to the non-negative real line E, and
then proceed to show that F inherits much of its behavior from the be-
havior of / . We deal primarily with superadditive functions which are
continuous and non-negative.

A simple example of a superadditive function on [0, a] is furnished
by a convex function / with /(0) ^ 0. Also, if / is convex and /(0) = 0,
then it is easy to verify that its minimal superadditive extension F is
given by

F(x) = nf(a) +f(x — no)

for na ^ x < (n + l)α. In general, the minimal superadditive extension
F is not easily computed. In the sequel we shall discuss two methods
for obtaining F. For brevity we shall use the notation f*F to mean
"F is the minimal superadditive extension of / " .

l The decomposition method. DEFINITION. LetxeE. The num-
bers x1, , xn are said to form an a-partition for x if x1 -\ h%n = x
and for each i = 1, , n we have 0 ^ xι ^ a.

THEOREM 1. Let f be a superadditive function on / = [0, α]. Then
the function F defined on E by the equation

F(x) = sup Σf{uι) ,

the supremum being taken over all a-partitions of x, is the minimal
superadditive extension of f.

Proof. We will show that F is superadditive. The minimality of F
will then follow from the fact that any superadditive extension / of /
must satisfy f(x) ^ Σf{xι) for all xeE and all α-partitions x1, , xn of
x. Let x,yeE,s>0. Choose α-partitions x\ , xm and y\---,yn for

Received November 6, 1959. This paper is part of the author's doctoral thesis, and the
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x and y respectively such that f(xτ) + + f(xm) ^ F(x) - ε/2 and
/(y1) + + f { y n ) ^ F { y ) - ε / 2 . T h e n t h e n u m b e r s x 1 , - - - , x n , y \ - - - , y n

form an α-partition for x + y and we have

F(x + y)^ fix1) + + /(^m) + At)

Suppose we have an approximation for F(x): that is, a number ε > 0
and an α-partition x1, , xn for x such that F(x) — Σf(xι) < ε. If among
the members of this α-partition there are two, say xj and xk such that
u = χj + xk ^ α, then since f(u) ^f(x3) + f{xk), we have

F(χ) - [f(u) + Σ/fa*)] ^ ^fa) - Σ/(#*) < e -

In other words, replacing two numbers used in the approximation by
their sum u ^ a yields an approximation at least as good as the origin-
al. It follows that if x satisfies the inequality (M — 2)α/2 ̂  x g (M — l)α/2,
where M is a positive integer, then there exist arbitrarily good approx-
imations for F(x) using only M terms in the α-partition. If / is con-
tinuous, then a simple compactness argument results in the following
theorem:

THEOREM 2. Let f be a continuous superadditive function on [0, α],
and let F be its minimal superadditive extension. Let x satisfy the
inequality (M — 2)α/2 g x ^ (M — l)α/2. Then 3 an a-partition %ι, ,xM

for x such that

Σf(x<) = F(x) .

Such an α-partition for x will be called a decomposition of x, for
which we shall use the notation <X> whenever convenient. We will de-
note by N(x) a number so large that for any continuous superadditive
function on [0, a], 3 a decomposition <#> of x with at most N(x) mem-
bers. It follows from the above that we can always let N(x) — 2x1 a+ 2,
for example.

Henceforth we shall be concerned primarily with continuous non-
negative superadditive functions for which we shall use the abbreviation
csa. It is readily verified that such functions are non-decreasing and
vanish at the origin.

2. Combinations of extensions* One might expect that if the mem-
bers of a family / of csa functions are combined in a linear fashion to
give another csa function h, then combining the members of the family/
of minimal superadditive extensions of functions in / in the same way
would give rise to a function H which is the minimal superadditive
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extension of h. However this is not always the case. Consider, for
example, the functions / and g defined on [0, 3] as follows: /(0) — 0,
/(I) = 0,/(2) - 0,/(3) = 1 and g(0) = 0, g(l) = 0, g(2) = 2, g(S) = 3,/ and
g linear on [n, n+1], n = 0,1, 2. Simple computations show that whereas
(F + G)(4) = 5 and FG(i) = 4, the minimal superadditive extensions of
f + g and/# take on the values 4 and 3 respectively at x = 4. The mi-
nimal superadditive extension of a sum (product) of superadditive func-
tions is thus not necessarily the sum (product) of the minimal superadditive
extensions. However, some processes do commute with taking minimal
superadditive extensions.

THEOREM 3. Let {fn} be a sequence of csa functions converging to
the continuous function f on /— [0, a]. Let fn*Fn. Then f is csa and
/ * lim^oo Fn.

Proof. That / is superadditive and non-negative is clear. Since for
each positive integer n the function fn is non-decreasing, the conver-
gence of {fn} to / is uniform on L Given ε > 0 and x e E, let M be
such that n ^ M =^> max ί e J \fn(t) — f(t) | < ejN(x) where N(x) is a number
chosen as in § 1. Let k > M and let (x*y =• x\, , xζ{x) and <V> = x1,
• , xN{x) be decompositions for x relative to Fk and F respectively. We
have

Nix) Nix)

F(x) =
1 = 1

and
Nix)

F,(x) =
ί=l ΐ = l

It follows from these two inequalities that

F(x) - Fk(x) | < ε ,

for n ^ M.

3. Behavior of the minimal superadditive extension. It seems rea-
sonable to expect that the minimal superadditive extension F of a csa
function / will enjoy many of the properties of /. To a certain extent
this is true and we are able to predict much about the behavior of F
by examining the behavior of /.

THEOREM 4. Let f be csa on [0, a]. If f*F, then F is csa on E.

Proof. Clearly F is non-negative. To prove that F is continuous
let ε > 0 and choose δ < α/2 9 if u, v ^ a and | u — v \ < δ then
\f(u) — f(v) I < ε. Now let x and y be points of E for which j y — x\<8,
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say y — x + h. Let <j/> = y1,* , yN be a decomposition for y with, say,
2/1, ^ α/2. We have

and F(α) ^ Σ/(/) + /(y1 - h) .
2

Hence 0 g F(y) - F(x) S fit) - Λv1 - h)< e.
In a similar manner one can establish the following theorem, which

is stated without proof.

THEOREM 5. Let f be csa on [0, a]. If f*F, then the following

statements hold:

(a) // / satisfies a Lipschitz condition with coefficient M, then so

does F;

(b) // <2/> = y1, , yM is a decomposition for y and f is differen-

tiable at yι and y\ then f\yι) = f'{yj). If, in addition, F is differen-

tiable at y, then F'{y) = f'(y%
One might expect that the differentiability of / o n [0, a] would

imply the differentiability of F, except possibly at integral multiples of
α. Although this turns out not to be the case, we do have the follow-
ing theorem:

THEOREM 6. Let f be a csa function on the interval [0, α], with / '
continuous on (0, a). For x not an integral multiple of a, let X be the
set of points of [0, a] which can be used in a decomposition for x. Then
F has a right hand derivative F+(x) and a left hand derivative F_(x)
at x with

F+(x) = sup/'(ί) =s S
extex

and
F-(x) = inf/'(ί) = / .

tex

Proof. We will prove only the upper equality. The lower can be
proved in a similar manner. It suffices to show D+F(x) = D+F(x) = S
where D+F and D+F are the upper and lower right hand derivatives of
F. Suppose 3ε > 0 3 D+F(x) > S + 2ε. Then a sequence %} of num-
bers approaching 0 such that

(1) F{x) < F(x + ht) - (S + ε)ht

for i = 1, 2, . For each positive integer i, let {u\ v\ , wι) be a de-
composition for x + ht. Without loss of generality, we assume that the
sequence (t&*, i;*, , w*) converges to, say, (u, i;, ,w); otherwise we
consider a convergent subsequence. Since x is not an integral multiple
of a, one of the numbers u,v, ",w is not equal to 0 or a. Denote
such a one by u. From (1) we have
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( 2 ) F(x) < fin') + f{vι) + +f(w*) - (S + e)ht .

Choose Nx 9 i > Nλ implies that

( 3 ) fiu*) < /(u* - ht) + [fin' - ht) + εl2]ht .

That Nx can be so chosen follows from the continuity of / ' . In fact,
let δ be such that \u — v\<δ=$\ f'{u) -f\v) | < ε/4. Now choose Nx such
that i > Nx =φu - δ < uι - h% < uι < u + δ. lί ye[ul - hiy u% with
ί> Nl9 then f\uι - ht) + ε/2 > f\y). Hence (3) is a valid inequality.
For i > Nx we have from (2) and (3),

( 4 ) F(x) < /(%' - fe{) + /(*<)+ . +/(w') +[/'(%' - λ,) - (S + ε/2)]λt.

Now the sequence (V — ̂ , v% , w*) converges to (t6, v, , w) and
^. Thus, since

') - F(x + Λc) > F{x) ,

and i*7 is a superadditive function, we have

f(u)+f(v)+ --+f(w) = F(x)

and % e X Therefore f'(u)^S. By the continuity of/', lim£^0O/'(^i-Λ<) =
f'(u). Hence 3 a positive number N2 such that ί>iV2 ==>/'(^—ht)<S+εl2.
Let i = maxtZVi, iV2). For this i we have from (4),

Fix) < f(u* - hd + fiy*)+ +f(w%

This is impossible, for nι — hi + vι -\ \-wι — x for each i = 1, 2,
and ί7 is superadditive. We have shown D+F(x) ^ S.

It remains to show D+F(x) ^ S. Let ε > 0, and let (u,v, , w) be
a decomposition for x such that u Φ a, and /'(%) > S — ε/4. Choose
δ > 0 a h < δ =Φ/(u + h) > f(u) + (S - ε/2)ht. For h < δ,

F(x + h)> fin + h)+ f(v)+ +f(w) > F(x) + (S - e/2)h .

The first and third members of this inequality give

F(χ + h)-F(x) > ) g + 5 / 2 .
h

Since ε was arbitrary, D+F(x) ^ S, and the proof of the theorem is
complete.

We now proceed to obtain a linear upper bound for F. If / is csa
on [0, α], then the function g defined by g(x) ~ f{χ)jχ is continuous on
[0, a] and satisfies g(nx) ^ g(x), n = 1, 2, , whenever nx ^ α. It fol-
lows that g attains a maximum at some point of (0, a].

THEOREM 7. Let f be csa on [0, α], f*F, and let g be defined as
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above. Let t be a point of (0, a] at which g attains its maximum M.
Then

(a) F(x)/x < M for all x > 0,
(b) F(x)/x = M if x is an integral multiple of t,
(c) lim F(x)lx = M,

(d) max [Mx — f(x)] = max [Mx — F(x)] ,
i6[0,α] xeE

(e) lim \F(x) — Mx] = 0 if f is differentiate at t.
X—>oo

Proof. The proofs of (a), (b), (c) and (d) are straightforward and
will be omitted. Let us then turn to (e). For each xeE, write x in
the form x = nt + y, where n is an integer and 0 ^ y < t. Define a
function F* by F*(nt + y) = nf(t + y/n), n = 1, 2, . Clearly ί 7 * ^ ) ^
jP(ί») ^ Mx for all α; e E. We will show that lim x_ [Mx - F*(»)] = 0. By
the definition of F* we have

Mx - F*(x) = Λf(wί + 2/) - w/(ί + 2//̂ )

Noting that f(t) — Mt, we see that the right hand member of this last
equation can be written in the form

( i ) J M _ / < * + */*)-/<*)]
L y\n J

Now let x —• CXD . Then /̂ is bounded between 0 and t and w •—> oo. The
expression (1) approaches 0, since /'(£) = M.

We observe that the function F* of the preceding theorem is asymp-
totic to F with F* ^ F. Hence F(x) is bounded between F*(x) and Mx,
two functions which are easy to calculate, and whose difference is small
when x is large.

4. The polygonal method* The minimal superadditive extension of
a csa function may also be obtained as the limit of a sequence of poly-
gonal functions. A function p is said to be polygonal if p is continuous
and piecewise linear. The point x e [0, a] is called a vertex of p if (x,
p{x)) is a vertex of the polygon forming the graph of p.

THEOREM 8. Let p be polygonal on [0, a] with equally spaced ver-
tices. Then p is superadditive if and only if p is superadditive on
its vertices.

Proof. If p is superadditive, then p is clearly superadditive on its
vertices. To prove the converse consider the function g defined on the
set

D ==5 {(x, y): 0 g x, y ^ a and x + y ^ a}
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by the equation g(x, y) = p(x + y) — p(x) — p(y). It is easy to verify
that g is planar on any triangle T of the form

T = {0», V): ux ^ x < u2) vλ ^ y S v2, x + y ^ (or ^ ) u2 + v2} ,

where {uλ, vτ) and (u2, ^2)
 a r e pairs of successive vertices of p. Hence

g attains its minimum on T at one of the points (ut, vt) and therefore
its minimum on ΰ at a point (u, v) where both u and v are vertices of
p. Thus, if g is anywhere negative then g is negative at a point whose
two coordinates are vertices of p. This proves the theorem.

Now let p be a polygonal function on [0, a] with vertices at 0, v, 2v,
. . . , mv = α. We define a function P on i? as follows:

P(x) ~ p(χ) for x ^ α

P(Mv) = max [P(&v) + P(Mi; — /cv)] M an integer ^ m + 1

and

P linear on [Mv, (M + 1)^], M = m, m + 1, .

P will be called the function associated with p. It is easy to see that
if p is csa, then P is

DEFINITION. A sequence {pn} of functions defined on [0, a] is called
a p-sequence if

(i) each pn is a polygonal function
(ii) the vertices of pn are Kaβn, K = 0, 1, , T

(iii) Pn(Kal2T) = pm(Ka/2m) iί m ^ n.
In terms of this concept we have

THEOREM 9. Let {pn} be a p-sequence coverging to the csa function
f on [0, a]. For each positive integer n let Pn be the function associated
with pn. Then, if f*F, {Pn} converges to F on E.

Proof. It suffices to show that Pn approaches F on [0, 2α]. Let
F*(x) = limw_ooPn(ίc). It is easy to check that F* is superadditive. Let
if* be the set of vertices of Pfc in [α, 2α], and let V = [JTV^. If v e V,
then l i m ^ P ^ ) exists since the sequence {Pn(v)} is ultimately non-de-
creasing and Pn(v) ^ F(v) for all n. We have \imn^Pn(v) ^ F{v). Rut
since F* is superadditive, we have F* ^ F. Hence F* = ί7 on F. By
standard arguments involving the continuity of i77, the density of V
in [α, 2a], and the monotonicity of each Pn and F*, it follows that F^
F* and that F* = limΛ^Pn(a?).

5, Superadditive functions in ^-dimensions. It turns out that many
of the ϊesλilts obtained in one dimension have their analogues in n-di-
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mensions. The interval I = [0, a] is replaced by a fundamental region
R defined by the inequalities 0 ^ xt ^ aίy ί — 1, , n, where the a% are
arbitrary positive numbers. The decomposition method works, just as it
does on the line, and we can prove with little difficulty that to any
superadditive function f on R there corresponds a minimal superadditive
extension F to Ei = {{xx, , xn): 0 ^ xt, i = 1, , , n}. We can
also prove a theorem corresponding to Theorem 5, the derivatives here
being directional derivatives. In Theorem 7 a certain line l(x) — Mx
played an important role. In ^-dimensions, for each direction θ we have
a plane Ps which plays the role of I in some direction, and when the
function P, defined on the fundamental region R by the equation

P(z) = mfPθ(z),
Θ

is extended to Ei by homogeneity it is the minimal concave superad-
ditive function which bounds F from above. It can be proved, at least
in Ei, that

[P(z) -f(z)] ^ max [P(z) - F(z)] .
t
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ON EXPANSIVE HOMEOMORPHISMS

B. F. BRYANT

1. Introduction* A homeomorphism Φ of a compact metric space
X onto X is said to be expansive provided there exists d > 0 such that
if x, y e Xwith xΦy, then there exists an integer n such that p(xψn, yφn)>d
(see [1] and [3]). The question arises as to the possibility of extending
the results concerning expansive homeomorphisms to compact uniform
spaces. The extension is possible, although trivial in light of the corol-
lary to Theorem 1.

In §§ 3 and 4 the setting is a compact metric space X. Theorem 2
is stronger than Theorem 10.36 of [1] in that we do not require X to be
self-dense. Also, the lemmas of which Theorem 2 is a consequence are
perhaps of some interest in themselves. In § 4 we show that if X is
self-dense, then for each x e X and each ε > 0 there exists y e U(e, x)
such that x and y are not doubly asymptotic.

2 A homeomorphism φ of a compact uniform space (X, ^/) onto
(X, ^ ) is said to be expansive provided there exists Ue^/ such that
U φ Δ (the diagonal) and if x, y e X with x Φ y, then there exists an in-
teger n such that (xφn, yφn) 0 U. For uniform spaces we use the notation
of [2], but following Weil [4] we suppose (X,<%/) is Hausdorff; i.e.,
Π{U: Ue^/} = Δ. We also suppose that each Ue^/ is symmetric.

THEOREM 1. Let (X, <%/) be a compact uniform space which is not
metrizable and let φbe a homeomorphism of X onto X. If Ue^/, then
there exist x, y e X with x Φ y such that (xφn, yφn) e U for each integer
n. (Compare with Theorem 10.30 of [1].)

Proof. Select Ve^/ such that VoVoVaU and VaU (see [2], p.
180). Since φn, for each integer n, is uniformly continuous, we may
choose U1 e ^/ with U^V such that (p, q) e Ux implies (pφfc, qφk) e V for
k = ± 1. For i > 1, choose Ut e <%/ with Z74c Ui-1 such that {p, q) e Ut

implies (pφk, qφ*) e V ΐor k = ± i. Since (X, ^ ) is not metrizable, the
countable set {Ut \ i = 1, 2, •} is not a base for the uniformity ^([4],
p. 16). Thus there exists Weψ/ with W a U such that i ^ 1 implies
Ui Π comp W Φ 0. Choose, for each i,{xif yd e ί74 Π comp W. Since Xx X
is a compact Hausdorff space, there exists (x, y) such that each neigh-
borhood of (x, y) contains (xif yt) for an infinite number of positive in-
tegers i. Let n be an arbitrary positive integer, then there exists m>n
such that (xm, ym) e Un(x) x Un(y). Hence (x, xm) e Un and (y, ym) e Un;
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therefore (xφk, xmφk) e V and (yφk, ymφk) e V for k = ± n. Also (xm, ym) e
Uma Un so that (xmφk, ymφk) e Ffor k= ± n. Hence (xφk, yφk) e Vo Vo F c U
for k = ± n. Each (xi9 yt) e ^ c F and Vc U; hence (x, y) e U. Finally,
xΦy. For otherwise we could choose Sef/ such that SoSc W; then
(%kf Vic) € S(x) x S(x) for some k, and hence (cc, #fc) e S, (a?, j/fc) e S so that
(#fc> I/*) e Ί^ This completes the proof.

An immediate consequent of the theorem is the following

COROLLARY. // (X, W) is a compact uniform space on which it is
possible to define an expansive homeomorphism, then (X, f/) is metriz-
able.

3. The author is indebted to the referee for suggesting the ar-
rangement of the material in this section. In the original version, Lemma
2 had a slightly stronger hypothesis and Lemma 3 was essentially con-
tained in the proof of Theorem 2. In this section we suppose that X
is an infinite compact metric space and (with the exception of Lemma 3)
that φ is an expansive homeomorphism (with expansive constant d) of
X onto X.

LEMMA 1. If x φ y and if there is an integer N such that n>N
{n < N} implies ρ(xφn, yφn) ^ d, then x and y are positively {negatively}
asymptotic under φ.

Proof. If x and y are not positively asymptotic under φ, then there
exist ε > 0 and positive integers nλ < n2 < such that p(xφnί, yφni) ^ ε
with lim^+ooίcφ71* = u and lim^+^yφ711 — v. Obviously uΦv. Let m be an
arbitrary integer. For all i sufficiently large nt + m > N; hence
ρ(xφnt+m, yφni+m) ^ d. Since lim^+OQxψnί+m = uφm and \imί^+ooyφni+m = vφm

J

it is clear that p(uφm, vφm) ίg d for each integer m. This contradicts
the hypothesis that φ is expansive. The alternative statement may be
proved by a similar argument.

LEMMA 2. If ω{x){a(x)} contains a periodic point p and ω(x){a(x)}
is not identical with the orbit of p, then there exist w and z in ω(x)
{α(x)} such that w and p are positively asymptotic and z and p are
negatively asymptotic.

Proof. Suppose p is of period k. There exist positive integers
nλ < n2 < such that lim^+^xφ711 = p. Let ki be the smallest non-
negative integer such that ni + k% is a multiple of k. Since 0 ̂  k% < k,
there exists m such that ki — m for an infinite number of integers i.
Thus there are positive integers m1 < m2 < such that
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lim xψmι+m = lim xpkji = pφm .
i-»+oo i-»+oo

Denote φfc by θ (with expansive constant dλ) and p£m by q (see [1], p.
86). Thus \imi^+ΰOxθJi = q and qθ = g. We can assume that p(xθji, q)<dx

for each i.
The points a? and q are not positively asymptotic under θ, since other-

wise ω(x) under φ would consist of the k points in the orbit of p. Hence,
by Lemma 1, there exist arbitrarily large integers r such that p(xθr, q)>dλ.
Therefore we can assume that sx < s2 are positive integers where st is
the smallest positive integer such that p(xθji+s\ q) > dλ andlim^+ o ox#^+ S ί =
ueω(x). Let — a be an arbitrary negative integer, then for all i suffi-
ciently large 0 < st — a < st. Hence ρ(xθH+Si~a, q) ^ dlr and therefore
p{uθ~a, q) <£ dλ for each negative integer — a. Thus, by Lemma 1, u is
negatively asymptotic to q under θ and hence under Φ([l], p. 85). We
can assume j \ < j \ + st < j i + 1 and hence that there exist positive integers
t2<t3<*» where ίt is the smallest positive integer such that p(xθ5i~H, q) > dλ

and lim^+ooa;̂ *-** = v 6 ω(£c). By an argument similar to the above, v
is positively asymptotic to q under φ. Since a(x) under φ coincides with
ω(x) under φ"1, this completes the proof.

In the following lemma we do not require φ to be expansive.

LEMMA 3. If x is not periodic and ω(x){a(x)} is the orbit of a
periodic point p, then there exists a point q in the orbit of p such that
q and x are positively {negatively} asymptotic.

Proof. Let peω(x) and, as in the first paragraph of the proof of
Lemma 2, select positive integers j \ < j 2 < such that lim^+ooίc^* =
q = pφ,m and qθ = q, θ — φk. If x and q are not positively asymptotic
under θ, then there exists a positive constant a and a sequence ^ 1 <?ι 2 <
of integers such that p(xθn\ q) > a. Let ε > 0 and choose β > 0 such
that β < ε, β < a, and p(z, w) ^ β implies p(zθ, wθ) < ε. We can assume
that p(xθji, q) < β. Let st be the smallest positive integer such that
ρ(xθJ*+sι, q) > β. Then for each i, β < ρ(xθ^+s\ q) < ε. But the sequence
{xθii+Si} has a convergent subsequence. Let s be the limit of such a
convergent subsequence, then s Φ q, s e ω(x) and p(s, q) ^ ε. Thus ω{x)
is not finite, contrary to hypothesis. It follows that x and q are posi-
tively asymptotic under θ, and hence under φ.

Similarly, if a(x) is the orbit of a periodic point p, then there exists
a point q in the orbit of p such that q and x are negatively asymptotic
under φ.

THEOREM 2. 77^r£ exist a, b, c, d e X such that a and b are posi-
tively asymptotic under φ and c and d are negatively asymptotic under
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Proof. There exists a minimal set NczX([l], p. 15). If N is infinite,
then N is self-dense and the conclusion follows from Theorem 10.36 of
[1]. Henceforth, suppose each minimal set in X is finite and thus is a
periodic orbit.

Since X is compact and infinite, there exists a non-isolated point r.
If r is not periodic, let r = p. If r is periodic, then there exists x Φ r
such that x and r are asymptotic ([1], p. 87). But then x is not periodic
and we let x = p.

There exists a minimal set N<z.ω(p), and a minimal set Maa(p).
Both N and M are periodic orbits. If N Φ ω(p) or M Φ a(p) the con-
clusion of the theorem follows from Lemma 2. If N = ω(p) and M=a(p),
the conclusion of the theorem follows from Lemma 3.

4. In addition to the standing hypothesis of § 3 we require X to
be self-dense.

LEMMA 4. If y e Z7(ε, x) implies that each neighborhood of y con-
tains z such that p(yφn, zφn) > d/2 for some positive {negative} n, then
there exists w e U(e, x) such that w and x are not positively {negatively}
asymptotic.

Proof. Let 0 < a < ε, then there exist xλ e U(a, x) and a positive
integer nλ such that p(xxφ

nχ, xφnι) > d/2. Suppose xλ and x are positively
asymptotic (otherwise the lemma holds); hence there exists m1 > nx such
that n > m1 implies p(x^n, xφn)<d/8. Choose a^X) such that U(alf xj c
U(a, x) and p(p, q) < ax implies ρ{pφn, pφn) < dβ for 0 g n ^ mx. For
i > 1 we select xu nt, mif and at > 0 such that ^ e [/(α^, cc4_x), n^m^^
ρ(xtφ

ni, Xι-ιΦni) > d\2y mi >niyn> m% implies p(x$n, xφn)<dβ, U(aif aj4) c
U(at^19 oJί-J, and />(p, g) < α^ implies p(pφn, qφn) < d/8 for 0 ^ w ^ m i e

We can suppose lim^+oo^ = we U(a, x)aU(ε, x) and w Φ x. If i > 1,
then ^ > m^! and hence p{x^ΛΦ

n\ xφnή < d/8. But p{x$ni, ^i_1φ
720>^/2,

and the triangle inequality implies p{XiΦn\ xφnή > 3d/8. If j > i,
then Xj e ί7(α4, £c4) and, since mt > wt, p(xjφn\ x$ni) < cZ/8. Therefore
p{x$ni

y xφnή > a/A for j ^ i. If ί > 1 is fixed, then ρ(xjφn\ wφnή is
arbitrarily small for j sufficiently large. Hence p(xφn\ wφni) ^ cZ/4. Since
{tij is an increasing sequence of positive integers, w and x are not
positively asymptotic. This proof establishes the alternative statement
by using φ"1 rather than </>.

THEOREM 3. For each x e X and each ε > 0 there exists y e U(ε, x)
such that x and y are not doubly asymptotic.

Proof. Suppose there exist xeX and ε > 0 such t h a t zeU(ε, x)

implies x and z are positively asymptotic. Suppose ε < d/2, then, by
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the above lemma, there exist y e U(e, x) and a > 0 such that U(a, y) c
Z7(ε, x) and t e U{a, y) implies that ρ(tφn, yφn) ^ d/2 for n^O. Therefore
u, v e U(a, y) implies p(uφn, vφn) ^ d for w ^ 0. Thus, since φ is ex-
pansive, u, v e Z7(α, ̂ /) implies ρ(uφn, vφn) > c£ for some negative w. By
the alternative form of the lemma above, there exists w e U{a, y) such
that w and y are not negatively asymptotic. Therefore either w and x
are not negatively asymptotic or y and x are not negatively asymptotic,
which establishes the theorem.

If X is an infinite minimal set, then a stronger statement can be
made. Since X is pointwise almost periodic under Φ([l], p. 31), ε > 0
implies p(x, xφn) < ε for some n Φ 0. It is easy to show that x and xφn

are neither positively nor negatively asymptotic.
If X is not self-dense, then, as shown by the following example,

each pair of distinct points may be both positively and negatively asymp-
totic. Let X consist of the real numbers 0, l/n{n = ± 1, ± 2, •}, and
let

jΌ if x = 0 .

xφ = \ l/(n + 1) if x — 1/n and n Φ — 1 .

(l if x = - 1 .
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