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1. Introduction. This paper consists of a study of certain classes
of topological spaces (called M-, M,-, and M,-spaces) which include metric
spaces and CW-complexes and are included in the class of all paracom-
pact and perfectly normal spaces. It is shown, for example, that like
the case in metric spaces, a subset of an M,- (or M,-) space is an M,
{or M,-) space; a countable product of M,-spaces (2 =1,2,3) is again
an M,-space; and separable is equivalent to Lindelof in an M;-space.
Moreover, unlike the case in metric spaces, the quotient space obtained
by identifying the points of a closed subset of an M,- (or M;-) space
is again an M, (or M) space (for metric spaces such a quotient space
need not be first countable). Also, we have M, — M, — M,, but whether
M,— M, or M,— M, is unknown.!

These classes of spaces are derived from generalizations of the
following well-known characterization of metrizability in terms of specific
properties of the base:

THEOREM 1.1. (Smirnov [14] or Nagata [12]). A regular space is
metrizable if and only if it has a o-locally finite base.

Recall that a o-locally finite family is a union of countably many
locally finite families. It is easily checked that a locally finite family
U of sets has the property, called closure preserving, that for any

VcU U{VeV}) =U{V:VeV}.

This, then, suggests we consider spaces having a oJ-closure preserving
base (that is, a base which is the wunion of countably many closure
preserving families).

DerINITION 1.1. An M,-space is a regular space having a o-closure
preserving base.

Although conceptually simple, M,-spaces prove unsatisfactory in some
respects, so we weaken the condition of having a o-closure preserving
base. We begin by calling a collection B of (not necessarily open!) sub-
sets of X a quasi-base if, whenever x ¢ X and U is a neighborhood of
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2, then there exists a B € B such that £ € B° ¢ B < U where B° denotes
the interior of B).

DEFINITION 1.2. An M,-space is a regular space with a o-closure
preserving quasi-base.

Now we proceed to weaken the condition of having a o-closure
preserving quasi-base. Let P be a collection of ordered pairs P = (P, P,)
of subsets of X, with P, Cc P, for all Pe P. Then P is called a pair-
base for X if P, is open for all P € P and if, for any # € X and neighbor-
hood U of z, there exists a P e P such that x ¢ P, c P,c U. Moreovor,
P is called cushioned if for every P’ C P,

(U{P.: Pc P})-cU{P,: Pe P}.

P is called o-cushioned if it is the union of countably many cushioned
subcollections.

DEFINITION 1.3. An Mspace is a T,-space with a o-cushioned pair-
base.

2. Properties of M;-spaces.

THEOREM 2.1. (Michael [6]). A T,-space is paracompact if and
only if every open cover U has a o-cushioned open refinement V (that
18, V = Un-1 V., where for each n, and V € V, one can assign a U, , e U
such that {(V, U,,): V ¢ V,} is cushioned).

THEOREM 2.2. The following implications hold: Metrizable — M, —
M, — M, — paracomract and perfectly normal,

Proof. Metrizable — M, and M, — M, are obvious.

To show M,— M,, let Us_.B, be a o-closure preserving quasi-base.
For each =, put P, = {(B% B): B ¢ B,}. Then clearly U;_,P, becomes
a og-cushioned pair-base.

To show M, — paracomrgactness, let Us_, P, be a o-cushioned pair-
base. Let U be an open cover and for each n, let W={P,c P,C Uy,
for some Ue U, Ue P,}. For We W,, pick U, ,€ U such that for some
PeP, W=PcP,U,, Then W=U;.,W, becomes a o-cushioned
open refinement of U and hence, by Theorem 2.1, X is paracompact.

To show M, — perfectly normal, let G be an open set in X. For
each n, put F, = (U{P,: P,c G, Pe P,})-. Then G = U;-.F,, so every
open set is an F,, whence X is perfectly normal since X is normal by
paracompactness, thus completing the proof of Theorem 2.2.

Example 9.2 furnishes us with a separable and first countable M-
space which is non-metrizable. The ‘‘half-open interval’”’ space R (the
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real line R with base the family {[xz,v): %,y € R} is paracompact and
perfectly normal and R x R is not paracompact (Sorgenfrey [16] or
Kelley [4]). Hence, by Theorem 2.2, R x R is not M,, and by Theorem
2.4 it follows that R is not M,. The questions of whether M, — M, or
M,— M, remain unsolved. However, see Proposition 7.7 for a partial
result.

The following three theorems exhibit properties which metric spaces
have in common with M,-spaces.

THEOREM 2.8. If A is a subset of an M, (or M;) space X, then
A is M, (or M,).

Proof. We prove it only for the M,-case. Let J5-.B, be a o-closure
preserving quasi-base for X. For each n, put B, ={ANB:BeB,}. To
show B, is closure preserving in A it suffices to show for x € A and
ACB,, that ¢ U{(ANB) :Be A} implies z ¢ (U{ANB:Be A}).
But for any Be A,x¢ (ANB) implies ¢ ANB and z¢ B. So
¢ N{B:Be A} =(U{B:Be A and hence, 2 ¢ (U{ANB:Be A})"
and B, is closure preserving. Let U be open about x in A. Then for
some U’ open in X we have U= U’ N 4, so there exists B in some B,
so that xe B°c Bc Bc U’. Then with AnBe B,, we have x = (BN A)C
AnB’c(AnB)c(U' NnA)=U. Hence Ais M, which completes the
proof.

The foregoing proof breaks down in the case of an M,-space (since
in general (B°N A)~ # (AN B)), and it is unsolved whether a subspace,
or even a closed subspace, of an M,-space is M..

THEOREM 2.4. A countable product of M;,-spaces is M,.

Proof. We prove it only for the M, case; the other cases follow
similarly. For each n, let X, be an M,-space with a o-closure preserv-
ing base Ua_,Br. Without loss of generality we can assume that, for
all m, n, X, € B® and B" c B, Now put X = [[7..X, and, for each
n, let

B, =Tl

=1

{Bi :B; € B{‘} ,
where
ﬁBiz{xeX:xieBi for ©+ < n}.
Then Ug_.B, becomes a o-closure preserving base for X, making X an

M,-space.
We can also prove the following result:
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THEOREM 2.5. Let X be an M;-space. Then the following are equi-
valent:
(1) X s separable,
(2) X is Lindelof,
(8) X s satisfies the countable chain condition (that is, every
disjoint family of open sets is countable).

A separable M,-space need not have a countable base; for example,
see Example 9.2.

Smirnov [15] has shown that any locally metrizable paracompact space
is metrizable. And Nagata [13] has obtained the stronger result that
a space which is the union of a locally finite family of closed metrizable
subsets in metrizable. We can obtain analogous results as follows:

THEOREM 2.6, If X is paracompact and locally M;, then X is M,.

Proof. We prove it only for the M, case, and note that the others
follow analogously. For each z € X, there exists an open neighborhood
Wi(x) of = such that W(x) is M,. By paracompactness, let {U, : a € A}
be an open locally finite refinement of {W(x):x € X}. Then, since an
open subset of an M,-space is clearly M, each U, is M,. Let B* =
Us_.B2 be a o-closure preserving base for U, such that, for each B ¢ B”,
Bc U, For each n, put C, = U{B?:a € A}. Then it easily follows
that each C, is closure preserving and U;-.C, is a base for X.

LEMMA 2.7. If X = A, U A, where A, and A, are closed M, (or
M) subspaces, then X is M, (or M,).

Proof. First we get X to be regular (Nagata [12]). For the M,
case, let U;_,B: and UJg..B2 be g-closure preserving quasi-bases for A4,
and A, respectively, with ¢ € BN B} for all n. Now for each n,m,
we put B,, ={B, U B,: B, € B, B,e B2}. Then it is easily checked
that U5 ,.-.B, . is a o-closure preserving quasi-base for X. Hence X is
M,. The M, case is similar.

THEOREM 2.8. If X is a locally finite union of closed M,- (or M;-)
spaces, then X is M, (or M,).

Proof. First we apply a theorem of Michael [7, pp. 379-380] and
Morita [10] (see Theorem 8.1 of this paper) to get X paracompact. Let
X be the union of a locally finite family A of closed M,- (or M,-) spaces.
Then, for each z € X, there exists an open U, containing = which inter-
sects only finitely many members of A, say F), -+, F,. Thenxze U, C

I, But by Lemma 2.7 U~ F, is M, (or M,), and then by Theorem
2.3 we see that U, is M, (or M,). Now, since X is paracompact and
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locally M, (or M,), we get X to be M, (or M,) by Theorem 2.6, which
completes the proof.

Whether Theorem 2.9 is true for M,-space is unknown.

3. Nagata spaces.

DerFINITION 3.1. A Nagata space X is a Ti-space such that for each
2 € X there exist sequences of mneighborhoods of , {U,(x)lz-, and
{S,.(x)}s_,, such that:

(1) for each x e X, {U,(x)};-, is a local base of neighborhoods of x,

(2) for all ,y € X, S,(x) N S,(¥) + ¢ implies z € U,(y).

The order pair {U,(x)};-1, {Su(®)}r-sy is said to be a Nagata structure
for X if and only if, for each z, {U,(x)};-, and {S,(x)};-, are sequences
of neighborhoods of « satisfying the above two conditions.

Now having defined Nagata spaces, we get the following relation
between a Nagata space and an M,-space:

THEOREM 3.1. A topological space is a Nagata space if and only
if it is first countable and M,.

Proof. Let X be a Nagata space with a Nagata structure
U} sy {Su(@)}ie>.  Define P, = {(S,(x)°, Uy(x)) : x € X} for each n.
Then obviously UJ;-.P, is a pair-base. To show that each P, is cushioned,
we must show, for any index set A, that (U{S.(z.,):ae A}~ C
U{U.(x,) : e A}. Suppose y& U{U,(x,):ae A}. Then S,(y)°’NS,(x,)° = ¢
for all a in A. Hence, S,(y)°'N(U{Su(x.):axe A})=¢ and y ¢
(U{Su(x,)": ¢ e A})~. Thus X is M, and first countable.

Now let X be M, and first countable. For each x € X, let {W,(x)}7-,
be a local base at x. Suppose UJs..P, is a o-cushioned pair-base for X.
We can assume that for all n, (X, X)e P,. For m,n and x € X define

Upa(®) = N{P,: W,(x) C P, Pe P}
and

Spa®) = N{P: Wy(x)c P, Pe P} — U{P,:x ¢ P, PeP}.

We wish to show that {{U,, .(®)}n n=1s {Sw.o(¥)}z .= is a Nagata structure
for X. Obviously {U,, .(®)}z .=, and {S,. (%)} .-: are sequences of neighbor-
hoods of x satisfying condition (1) in Definitition 3.1. To show (2),
suppose ¥ € U, ..(x). Then there exists a Pe P, such that W,(z) C P,
and y ¢ P,, Then, by definition of S, .(z), we have S,.(¥) NP, =¢.
But S,..(x) C P, so S, (&) N S,..(¥) = ¢, which completes the proof.
Now by virture of Theorem 3.1 and the fact subsets and countable
products of first countable spaces are first countable, we obtain the
results that: any subspace of a Nagata space is a Nagata space; a count-
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able product of Nagata spaces is Nagata; and in a Nagata space,
separable «— Lindelof «—the countable chain condition.

We can also get the following generalization (from X being metric
to X being Nagata) of a well known extension theorem of Dugundji [3]:

THEOREM 38.2. Let A be a closed subset of a Nagata space X and
let f be a continuous map from A into a convex subset K of a locally
convex topological linear space Y. Then f can be extended to a con-

tinuous g from X to K.

Proof. Let U ®)}p-y, {Su(x)}n-r> be a Nagata structure for X.
Without loss of generality we can suppose that, for n < m and y € X,
we have S,(») ¢ S.(%), U,(y) c U,(¥), and S,(y) = U(y) = X. Now for
xeX— A, put n,=max{n:for some ye A, xzec S(y) and m, =
min {n: U, ()N A = ¢}. By the paracompactness of X — A, let V be an
open locally finite refinement of {S, (x):we X — A}. For each VeV
pick %, such that V C Smx (%), and pick a, such that x, € S, (a,). Now
let {p,: VeV} be a pa;tition of unity subordinate to V,Vand define
9: X— Y by

g(x) =fx) forxe A

and
g(x) =VGZV py(®)f(a,) for x¢ A.

Then it can be shown without difficulty that g is the desired extension

of f.

4. Some metrization theorems. The following is a recent characteri-
zation of metrizability by Nagata [13], which has the dual virture of
being obviously satisfied by a metric space and of easily implying many
other known metrization theorems. (The concept of a Nagata space
was actually abstracted from this characterization.)

THEOREM 4.1. (Nagata [13]). A T,-space X is metrizable if and
only if X is a Nagata space with a Nagata structure {U,(x)} -, {S.(2)} o>
with the property that x € S,(y) implies S, (x) C U,(y) for all x,y ¢ X.

The following theorems are consequences of this result:

THEOREM 4.2. A regular space X 1is metrizable if and only if X
18 an M;-space with o-closure preserving base B = {J;_,B, such that,
for each x € X and each n, N{B:x e B,} is neighborhood of x.

Proof. The sufficiency follows easily from Theorem 1.1. For the
necessity, we put, for x € X and m,
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UJx)={B:xe BeB,},
and

S, (x) =N{B:xeBeB,)—U{B:x¢ B and BeB,}.

Then it is easily checked that ({U,(®)}m-., {Sk(2)}n-> is a Nagata struc-
ture for X with the property that z € S,(y) implies S,(x) < U,(y) for
all ¢,y = X. Hence, according to Theorem 4.1, X is metrizable.

COROLLARY 4.3. A regular space X is metrizable if and only if
X has a o-closure preserving base B = J;_,B, where each B, is point
finite.

Proof. The sufficiency follows from Theorem 1.1 and the necessity
from Theorem 4.2.

The above theorem and corollary have analogues for the case of M,-
and M,-spaces.

An interesting but unsolved problem poses itself here, namely: is
an M,-space with a o-closure preserving base B = J;_,B,, where each
B, is point countable, necessarily metrizable?

We also have the following metrization theorem on M,-spaces:

THEOREM 4.4. (Bing [1]). A Ti,-space X is metrizable if and only
if X is an M,-space with a a-closure preserving base U,-.B, such that,
for any x e X and open set U containing x, there exists an n such
that ¢ = U{B:xe Be B,}c U.

We can easily generalize this result to the following:

THEOREM 4.5. A T.-space X is metrizable if and only if X is an
M;-space with a o-cushioned pair-base J;..P, with the property that
Sfor each xe X and open set U containing %, there exists an n such
that ¢ = UJ{P,.¢ < P, Pec P} U.

5. Completeness. According to Cech [2], a Hausdorff space is topo-
logically complete if it is a G; in some compact Hausdorff space, and
a Hausdorff space is completely metrizable if it has a compatible complete
metric. Cech then proves that a metrizable space is completely metrizable
if and only if it is topologically complete. In this section we investigate
topologically complete M,-spaces.

THEOREM 5.1. (Nagata [13]). A topologically complete Nagata
space s completely metrizable.

Actually Nagata’s proof of Theorem 5.1 establishes the following
result.
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THEOREM 5.2. Let X be a paracompact topologically complete space,
and suppose there exists a sequence of open converings {S,}o_, such that,
for every wz,ye X,x+y implies there exists an m such that
y € (US:xzeSeS,)~. Then X is completely metrizable.

We can generalize this result by virture of the following lemmas:

LEMMA 5.3. Let X be a paracompact space. Then, if there exists
a sequence of open coverings {V, )i, such that x #y implies there
exists an m such that y ¢ U{V:x e Ve V,}, then there exists a sequence
of open coverings {S,}o-, such that x + y implies there exists an m such
that y¢ (U{S:xe Se S}

Proof. Let W, be an open locally finite refinement of V¥, such
that, if We W, then Wc some VeV,. For VeV, define S, =
UWeW,:WcV}. Let S,=1{S,: VeV,}. Then S, is cushioned in
V.. and in particular, if t € J{Ve V,:ye V}, then x ¢ (U{S, e S,.:ye V},
and the conclusion of the lemma follows.

LEMMA 5.4. The diagonal is a Gs in X x X if and only if there
exists a sequence of open coverings {S,}o_. of X such that for each x,y € X
x #= y implies there exists an m such that y ¢ U{S:x e Se S,}.

Proof. Let 4 be the diagonal in X x X. Suppose 4 = NG,
where each G, is open in X x X. For each n, put S, ={S:S open in
X,8Sx Sc@G,}. Then if z =+ y, there exists an m such that (x, y) ¢ G,
and hence y ¢ U{S:x e Se S,}.

Now assume we have such a sequence of open coverings {S,}>_,. For
each n, put G, =U{S x S:Se S,}. Then clearly 4 = N:..G,, which
completes the proof.

Then obviously we can strengthen Theorem 5.2 to:

THEOREM 5.5. A paracompact topologically complete space whose
diagonal s a G5 in X x X is completely metrizable.
Now we generalize Theorem 5.1. to:

THEOREM 5.6. A topologically complete M,-space is completely metri-
zable.

Proof. Let X be an M;-space. Then X x X is an M;-space and
thus perfectly normal; so the diagonal is a G;. Now applying the pre-

vious theorem we complete the proof.

COROLLARY 5.7. A locally compact M-space is completely metrizable..
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Proof. It is well known that a locally compact space is open in
any Hausdorff space in which it is degsely embedded (Kelly [4], p. 163).
Hence X is open in B(X), the Stone-Cech compactification of X, and, by
Theorem 5.6, X is completely metrizable.

Now we proceed to establish a ‘‘completeness-like’” condition that
will make a Nagata space topologically complete.

DerFINITION 5.1. Let X be a Nagata space. Then the Nagata
structure <{U,(¥)}r-y, {Su(®)}=,> is complete if, whenever {A,};-, is a
decreasing sequence of nonempty closed sets such that for every =
there exists «z, and k, such that A, C S,(x,), we have M4, #+ ¢.

First we note without proof that:

THEOREM 5.8. Let X be a Nagata space with Nagata structure
LU D))y {Su(@)—>.  Then the following are equivalent:

(1) <{Uu®)}= {Su(@)]7=)> is complete.

(2) Whenever A is a family of closed sets having the finite inter-
section property such that for every mw, there exists A, e A and x, € X
so that A, < S,(x,), then NA + ¢.

(38) If {x,}n-. 18 a sequence such that for any n there exists k,, ¥,
such that k, < m implies x,, ¢ S,(¥.), then {x,}m-, has a cluster point.

THEOREM 5.9. A Nagata space with a complete Nagata structure is
completely metrizable.

Proof. For the proof, we need the concept of the Wallman com-
pactification of a normal space (Wallman [18], Kelly [4, pp. 167-168]).
Let X be normal and let F be the family of all closed subsets of X.
Define w(X) to be the collection of all subfamilies of F which have the
finite intersection property and are maximal with respect to this prop-
erty. For U open in X, we put U™ = {4 e w(X): for some Ac A, Ac U}.
Then {U*: Uopen in X} is a base for some topology z. Then {w(X), t)
is called the Wallman compactification of X. Then w(X) is compact
Hausdorff and X is densely embedded in w(X) by the homeomorphism
) ={A e F:xe Al

To show that X is completely metrizable we need only show that
X is a G5 in w(X). Let {U,(x)}r, {Su(®)}=> be the complete Nagata
structure for X. For each n, put G, = U{S,(®)* : ¢ € X}. Then G, is
open and obviously ¢(X) c Ni-.G.. Now suppose A € N;.G,. Then
for each n there exists an x, ¢ X such that A € S,(x,)", which means
that for each m there exists z, € X and A, e 4 so that A4, C S,(x,).
Hence by completeness A = ¢. So let x € N A, then since A is maxi-
mal with respect to the finite intersection property we must have 4 =
o(x) ¢ $(X). Hence, ¢(X) = Ny-.G,, showing that X is a G; in w(X).
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6. Semi-metric spaces.

DEFINITION 6.1. Let d be a real-valued nonnegative function de-
fined on X x X. Then d is a semi-metric for X provided:

(1) d(z,y) =0 if and only if 2 =y,
(2) d(z,y) = d(y, x) for all z,ye X .

If d is a semi-metric for X, the semi-metric topology is that deter-
mined by: p is a limit point of A c X if and only if inf {d(p, ) : x € A} = 0.
A topological space <X, t)> is semi-metrizable if and only if there is a
semi-metric d such that the semi-metric topology agrees with 7.

We can characterize semi-metric spaces as follows:

THEOREM 6.1. A Hausdorff space X is semi-metrizable if and only
if for all x € X, there exists sequences of meighborhoods {U,(x)}r-, and
{8, (@) }p-y such that {U,(x)};-. is a nested local base of meighborhoods of
x, and for each n and x,ye X, S,(x) C U,(x) and y c S,(x) implies
z e Udly).

Proof. For the sufficiency, put S,(2) = Uy(x) = {y : d(z, y) < 1/n}.
For the necessity, define d(z,y) =inf{l/n:2ze U,y) and y e U,(x)}
where we assume U(x) = X for all z ¢ X.

Now by virture of the preceding characterization of semi-metriza-
bility, we obviously have:

THEOREM 6.2. A Nagata space is semi-metrizable.

McAuley [5] has given an example of a regular separable semi-
metric space X which is not hereditarily sparable (that is, subsets are
not necessarily separable). It follows by Theorems 2.8 and 2.5 that X
is not a Nagata space. In fact, it can be shown that X is not even
paracompact. An interesting unsolved problem is whether a paracompact
(or even a regular Lindelof) semi-metric space must be a Nagata space.

McAuley [5] has defined a semi-metric space to be strongly-complete
if, whenever {4,};_, is a decreasing sequence of nonempty closed sets such
that for every » there exists k, and «, such that A4, C {y:d(x,, y) = 1/n},
then we have N7-.4:, # ¢. (Theorem 5.8 has an analogue for semi-
metric spaces). McAuley has proved the following result concerning
strongly complete semi-metric spaces:

THEOREM 6.3. (McAuley [5]). A regular, hereditarily separable,
strongly complete semi-metric space s metrizable.

The following two theorems, taken together, clarify and improve
the above theorem of McAuley.
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THEOREM 6.4. A regular, hereditarily separable, semi-metric space
18 hereditarily Lindelof (hence paracompact).

Proof. Let U be an open cover of X. Tor each « € X, there exists
n, and U, e U such that S, (v)= {y:d(z,y) < 1l/n;}C U, Put A, =
{x e X:n, =mn}). Then A, has a separable subset {d"};_, and it follows
that A, ¢ Uz-.S.(d?). Now choose U e U such that S.(d7) c Uy.
Then

X= gAn CMLZISn(d;,”) chZIU;” .

So {U™z ... is a countable subcover of U. So X is Lindelof and hence
normal, but a normal semi-metric space is easily seen to be perfectly
normal, and a perfectly normal Lindelof space is easily seen to be here-
ditarily Lindelsf. So we conclude that X is hereditarily Lindelof and
hence paracompact, which completes the proof.

THEOREM 6.5. A paracompact, strongly complete semi-metric space
18 completely metrizable.

Proof. Exactly analogously to the proof of Theorem 5.9 we show
that X is a G; in w(X). Then we apply Lemma 5.4 and Theorem 5.5,
where we take S, = {S,(®)):x € X} and S,(x)= {y:d(x,y) < 1/m},
which completes the proof.

7. Closed continuous images. We have the following theorem
about closed continuous images of metric spaces:

THEOREM 7.1. (Stone [17], Morita and Hanai [11]). Let f be a
closed continuous map of a metric space X onto a topological space Y.
Then the following are equivalent:

(1) Y is first countable,

(2) for each y c Y, the boundary of f~'(y), af (y), is compact,

(3) Y is metrizable.

A special case of a closed continuous image of a space X is X/A,
the quotient space of X formed by identifying the points of a closed
subset A. Here, the natural map is clearly closed and continuous.
Then, according to Theorem 7.1, if X is a metric space and A is a
closed subset of X with a non-compact boundary, then X/A is not met-
rizable.

We have the following partial analogue to Theorem 7.1:

THEOREM 7.2. Let X be an M,- (or M;) space and f a closed con-
tinuous function from X onto any space Y. Then
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(1) «f Y is first countable, then for all y € Y, df *(y) is compact,
(2) if for all ye Y,0f (y) is compact, then Y is M, (or M,).

Proof. The proof of (1) is somewhat similar to Stone’s proof of
(1) — (2) in Theorem 7.1. To prove (2) for the M,-case let U;.,B, be
a o-closure preserving quasi-base for X. Then {J;_,A4, becomes a g-closure
preserving quasi-base for Y, where A4, = {f(UL.4,): A4, ---, A, € B,}.
The M,-case is similar.

The converse of (1) is easily seen to be false by taking the identity
map from a non-first countable M,- (or M,) space onto itself. Also,
Example 9.2 shows that the converse of (2) is false. It is unknown
whether Theorem 7.2 is true for M, -spaces.

It is also unsolved whether an arbitrary closed continuous image of
an M,-space is again M,. However we can obtain the partial result.
that the quotient space of an M, (or M,-) space with respect to a closed
subset is again M, (or M,).

For the M, case this result would follow if every closed subset A
of X had a ‘‘local o-closure preserving quasi-base’’ in the sense that
there exists a o-closure preserving family V such that for every open
U containing A, Ac V°c Vc U forsome Ve V. For then, if B were
a o-closure preserving quasi-base for X, the image under the natural
map of the family VU {Be B: BN A = ¢} would be a o-closure preserv-
ing quasi-base for X/A. As it turns out, we have the stronger result that
every closed subset has a ‘‘local closure preserving quasi-base’” as follows:

LeEMMA 7.3. Let A be a closed subset of an Myspace X. Then
there exists a closure preserving family V of neighborhoods of A such
that for every open U containing A, AcC V°c Vc U for some VeV.

Proof. Let B = |J;_,B, be a o-closure preserving quasi-base for X.
Without loss of generality we can assume that the members of B are
closed and B, < B,, for n < m. For each B e B, we put

RB,n)=B—-U{W':AnNW=4¢, We B,}.
Now let {S,:a € E} be the family of all subcollections of B. For each
a e E and n, we put
Van=U{E(B,n): Be (S,N B,)}
Vo=U;i1Vaun and D={ae E:AC V,}.
To show V = {V,:a e D} is closure preserving, let C € D and suppose
x ¢ J{V,:aeC}. Then clearly 2 ¢ A; so let k be the least integer

for which there exists a Be B,,, such that £ € B® and BN A # ¢.
Then we have V,,NB°=¢ for every n >k and ae C. Hence
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& (U{Von:n >k, aeC})". If k=1 (otherwise we are finished), then
we also have z¢ U{W°': AN W=¢, We B,}. From the facts that
zeUW' :AnNW=¢, We B,} and x¢ U{R(B,k): Be(S,N B,)} it
follows that z ¢ (S, N B;). Since

(UVan :m =k, a = C)~ < (U(S. N Bw)~ = U(S. N By)

(because B, is closure preserving), we have that ¢ \J{V,.,:n<k,aec C}).
Hence z ¢ (IU{V,:ae C}H.

Finally, suppose U is an open set containing A. For each z ¢ A4
there exists n, and B, € B, such that € Bl B, U. Then # is in
the open set B} — U{W:ax ¢ W, W e B, } which is included in R(B,, n,)".
Hence z ¢ R(B,, n,)’ C R(B,,n,) © U. So putting S, = {B,:2¢ A} we
clearly get Ac V)c V, c U with a € D, which completes the proof.

Lemma 7.4 has an analogue for M,-spaces. Now by virtue of the
.remarks preceding Lemma 7.3 we clearly obtain:

THEOREM 7.4. Let X be an M,- (or M;-) space and A a closed subset
of X. Then X/A is M, (or M,).

It is unknown whether the above theorem is true for M, -spaces.
However, we can get X/A to be M, if X is metrizable, as follows:

LEMMA 7.5. Let A be a closed subset of the metric space X. Then
there exists a closure preserving family V of open sets such that for
every open U containing A, AC VcC U for some VeV.

Proof. Let B = UJ;_-.B, be a o-locally finite base for X such that
B, c B,, for n < m. For each n put

A, ={ye X:dist(y,A) <1/n} and A, ={BNA,:BeB,}.

Then each A4, is locally finite. Let {W,:a ¢ D} be the family of all
subcollections of {14, which cover 4, and put V={V,: V,=UW,,a e D}.
Then obviously for every open U containing A there exists a € D such
that Ac V, c U. Now consider any C C D and suppose z & U{V,:aeC}.
Then « ¢ A and there exists a k such that « ¢ A,; hence (X — A)NW=¢
for We A, NW, with k<m and ae€ C. Since !4, is closure
preserving, it follows that x e (U{We A, N W,:m < k,a e C})~. Then
we get & (U{V,:a e C})~, which completes the proof.
Now we obviously obtain the following:

THEOREM 7.6. Let X be a metric space and A a closed subset of
X. Then X]A is M,.

According to Lemma 7.3 every point in an M,-space has a ‘‘local
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closure preserving quasi-base.”” It is unsolved, however, if every point
in an M,-space has a ‘‘local closure preserving base’’ (that is, an open
local base which is closure preserving). Nevertheless, we can establish
the following negative result:

PRrOPOSITION 7.7. Suppose there exists an M,-space X with some
point p at which there does not exist a closure preserving open local
base. Then

(1) there exists an M,space which is not M,

(2) there exists an M,-space Y with a closed subset A such that
Y/A is not M,.

Proof. Let Y= U;..X, where n + m implies X, N X, =¢ and
each X, is homeomorphic to X by a map %,. Topologize Y by: O is
open— 0O NX, is open in X, for all n. Let p,=1,(p) and 4=
{ye Y:y=p, for some n}. Let v be the natural map from Y onto.
Y/A. Then clearly A is closed and Y is M,; hence Y/A is M,. Now
suppose Y[/A has a o-closure preserving base B = U;..B,. Then for
each n, {i"'(B)NX,:A e Be B,} is closure preserving in X,. Hence,
there exists an open V, in X, so that p,e V, and A € B ¢ B, implies
'Byn X,z V,. Now put V=U;.,V,. Since B is a base there
exists some B in some B, such that Ae Bc i(V), whence (+"*(B)NX,) C V,,
which is a contradiction. Hence, Y/A is M, but not M,.

8. The Topology of chunk-complexes. A chunk-complex is a
topological space <K, r)> having a family K of closed subsets, called
chunks, such that

(1) UK=K,

(2) for S, TeK, either SNT=¢dor SNT e K,

(8) for Se K, {Te K:Tc S} is finite,

(4) each Se K is a compact metric space <{S, o5,

(5) Uerif and only if for every Se K, SN U is open in S, ps>.

If B is a collection of closed subsets of a space X, then B dominates
X provided that, for every subfamily A of B, if Cc|J4 and ANC is
closed in A for all A e A, then C is closed in X.

THEOREM 8.1. (Michael [7, pp. 379-380], Morita [10]). If X is
dominated by a collection of paracompact (or perfectly normal) subsets,
then X 1s paracompact (or perfectly mormal).

Using Theorem 8.1, it is easy to show that.

LEMMA 8.2. A chunk-complex is dominated by the set of its chunks,
and hence 1s paracompact and perfectly normal.
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In this section we establish the stronger result that each chunk-
complex is an M,-space.

For the proof we establish the following notation: For S € K define
48)={TeK:TcS, T+ S}. Define K,={Se K: 4S) = ¢} and, as-
suming K,, has been defined for 0 < m < n, we define

K, = {s e K: A(S) chi} — QKi .

Then U:_.K, = K, by induction on the number of subchunks. For S e K
put 8S = U(4(S)), S* =S — 88, and A; = {T e K:Sc T}. Then obviously
U{S°:Se K} = K. Let N be the set of nonnegative integers and
M={l/n:ne N—{0}}.

THEOREM 8.3. A chunk-complex is an M,-space.

Proof. Let <K,7> be a chunk-complex with a set of chunks K.
First we observe that for each n € N, P € K,, there exists a countable
family B(P) = {P,,: m € N} of open sets in P’ forming a base for points
in P°so that P,e P’ forallme N. Fixne N, Pc K, and B e B(P). Let
g: Ap— M. Then we define a candidate B, for our base as follows:
By normality, let W be an open set containing B and such that
WnU{TeK: TnP° = ¢}) = ¢. Now, by induction, for any Te K,N A,
we necessarily have T = P and we define BZ = B and Bf =¢. Now
assume we have defined B; for all Se K,,, N A, with £ < m. Then
for any T e K, ., N Ap we put

Bf = U{B;:Se 4T)N Az}
and

Bl = W {ye T:pu(Bf,y) < min[g(T), oy, 8T = BN} .

Finally we put
B,=U{Bf:Te A;}.

We note that for all T'e A, we have (BZ N 8T) < BZ, (B)~naT)c (B,
and if S€ 4,,(Bf)" NS = ¢.
Now we need to establish the following lemma;:

LEMMA 8.4. For all Pe K, and S, T € UK, N Ap,
(a) BF is open in 88,

(b) B;jc B;,

() (BinT)c By,

(d) (B nT)c(B]).

Proof. By induction on m: if m = 0, then S= T = P and all con-
ditions are obviously satisfied. Now assume that (a), (b), (¢) and (d) hold
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for all k < m, and let us prove this for m.
(a) Applying the induction hypothesis on (¢) we get for all
R,Q e 4A(S)n A, that (BfFN Q) < B Hence

0S — Bf =88 — U{BZ € 4(S)} = U{R — BX: R e 4(S)} .

But each R — Bf is closed in R which is in turn closed in 8S. Hence
8S — B is closed in 8S for Se K, ..

(b) Then if y e BS, ps(y, BS) = 0 and ps(y, S — BS) > 0, so y € BY.
Hence we have BS < Bf for all Se K, .

() If S T, then (BSNT)c (BSN(TNS))c(BSNadS)c BS. So
if 2eBfNT, then xe some Bf with Re 4(S), and then
x s (BEN(TNS)) < B*S by the induction hypothesison (¢). If SN T=T,
then B;"" =BJ. If SN T+ T, then SN T € 4(T), and by (b) we have
BSnT < BE. Henceif Sz T, (BinT)c B/. If Sc T, then Bf < B! by
(b). Hence (BFNT)c Bf for all S, Te K,,,,, N A,. )

(d) The proof of (d) is exactly similar to (¢) above; but here we
use the fact that ((BS)~ N S) c (BS)-.

This completes the proof of Lemma 8.4.

For m,ne N,Pe K,, define V§ ={(P,),:9:4,— M} and U} =
Uivz:Pe K,}. Now we will show that

(a) each (P,), is open,

() U{VF:m e N} is a base for points in P,

(¢) each V2 is closure preserving,

(d) each U2 is closure preserving.

Then, since U{P°: Pe U;_.K,} = K, B=UJ{U>:n, m ¢ N} will be
the desired o-closure preserving base for K.

(a) each (P,), is open. Let P, = B. It then suffices to show that
for every S 4,, SN B, is open in S. But by Lemma 8.4, SN B, =
U{SNBf:Te A,} = SN Bf, which is open in S by construction.

(b) U{VEF:m e N} is a base for points in P°. Let Pe K,, x ¢ P°,
and U be on open set containing #. Choose B ¢ B(P) such that x € Bc
Bc(UnP%. We want to find g: A, — M so that x ¢ B,c U. By
induction on m, we define ¢g(T') for T ¢ K,,,, N A, so that (B})~ < U.
For m =0 we have T = Pand (Bf)" = Bc (PN U) forany g: A, — M,
so put g(P)=1. Now assume we have defined g¢(S) for every
SeK,,NA, with k<m so that (B))"c U. Let Te K, ,N A4s.
Then, by the induction hypothesis, (B?)~ = U{(BS)~:Se 4(T)} c (UN T).
So by the compactness of T there exists 8 € M so that {y € T': p,(v, BgT) <
By (T'n U). Then put g(T) = B. Then we have

(B = (Wniye T:py, BY) < min [¢(T), 0.y, 8T — B}~
clye T:py, BY) < g(T) < (TN U).

Hence x € B, = U{BS: T € A,} c U, with B,e V2 and B = P,.
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(¢) each Vg is closure-preserving. First we need the following
result:

LemMMA 8.5. (Michael [8]). Let D = [[}..M,, where M; = M for all
1. Forall x,y e D, define x < vy if and only if x, <y, for all ©. Then
{D, £> is a partially ordered set with the property that, for each C C D,
there exist ¢, +++ ¢, € C so that, for all ¢ € C, there existsc, (1 <k < m)
such that ¢ < ¢,.

Now let {B,: g € G} be a subfamily of V7 with P, = B. For every
T ¢ A, we must show T N (U{B,: g € G}) is closed. First we show that
B, = U{(B$) :Se A,}. For this it suffices to show, for every T € A4,
that TN (U{BS) :Se A,}) is closed. But by part (d) of Lemma 8.4,
TnUBS :Se Ap}) = (BF)~. Then

TAUB,:geG) = TnUBY) :9eG, Se A}) = UIB) :ge G

Now we apply Lemma 8.5 above to the subset A={(¢(S.),---,9(S;)) : g € G}
of the partially ordered set JI:.M,, where {S,, +-+, Sy} = 4(T)N Ap.
Notice that, if ¢(S;) < n(S,) for all ¢ with ¢, h € G, then we have
(Bl < (Bf)~. Hence by Lemma 8.5 we get ¢, +--, 9, € G such that

TN (UB,:9eG)) =UlB)) 19eG=ULlB)},

which is closed.

(d) each Uy is closure preserving. Let U be a subfamily of Ur.
Then we can express U as {(P,),:9 € Gp, P e P} for some P C K, and
GpC{g:9: Ap—M}. Let Tc K. If P¢ T, then T¢ A, and ((P,),)" N T=¢.
But there are only finitely many P e P contained in 7. Hence there
exist P!, ..., P* € P so that

TN(UB,: B, e UY)=TNU(Pg) 11 =i =k, geGel})

which is closed by part (¢) above. :
This completes the proof of the theorem.

COROLLARY 8.6. A CW-complex (Whitehead [19]) is an M,-space.

Proof. Let <K,7> be a CW-complex. Then the family of finite
subcomplexes is a family of chunks, whence the CW-complex <K, ) is
M,. (See Whitehead [19] for terminology).

COROLLARY 8.7. A countable product of CW-complexes is an M -
space; hence; both paracompact and perfectly normal.

Proof. Apply Theorems 2.2 and 2.4 and Corollary 8.6.

9. Some examples. In the sequel, R will denote the real numbers
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and N the natural numbers. We will also use the notation <{x,y)> for
the point (x,y) € R x R to distinguish it from (s,?) which will mean
the open interval {x €e R:s < z < t} and [s, t] which will be the closed
interval {xe R:s = x < t}.

ExaMPLE 9.1. A non-metrizable first countable M,-space.

Let R’ be the rational numbers. For x € R, put L, = £z, y> : {&, y>e
Rx R, 0<yland X=RU (U{L,:x € R}). Then we will define a base
for X as follows: For s,te R'and z = (¢, wy>e L, such that 0 < s <w < ¢t
we put U?.,(2) = Kz, y>:S<y <t} and let U be the set of all such
Uz(z). For r,s,t e R’ and z € R such that s <z < tand r > 0, we put

Vi@ = (5, ) U(UKw, 9> : 0 <y <r,we(s,t)—{z}}),

and let ¥V be the set of all such V,,,(?2). Now put B= U U V. Then
it can be easily shown that B is a o-closure preserving base making X
into a non-metrizable first countable M, -space.

The following example is more powerful than Example 9.1. But
here the proof of M,-ness, which is due to Jun-iti Nagata, is far from
being straightforward. (The space of the example seems to have first
appeared in McAuley [5]; Nagata [13] gives it without proof of M,-ness
as an example of a non-metrizable, separable Nagata space.)

ExaMpPLE 9.2. [Nagata]. A non-metrizable, separable, first counta-
ble M,-space.

Let X ={z,y):{x, > e Rx R, 0<2<1,0=y}. Clearly X —(0,1),
as a subset of R x R, has a og-closure preserving base B. For ne N
and <{p, 0> e X, we define

U =puie,peX:iy<n—mw—(@—p)"|e—p|l<1ln}.

Then B U {U,(p):n € N,<{p,0> e X} is a base which clearly generates
a regular topology. Obviously X is separable, first countable, and not
second countable; hence X is not metrizable.

To show the existence of a o-closure preserving base for X, it suf-
fices to show one for points in (0,1). For m,qg e N,m < q, and
0=k <2 — 2, we define

Weme =Lz, w2 ' <o < (k+22"L0<y=27%.
Now consider any U,(p). Then we can choose m, k € N so that

F2mt<nt+p and (k—4)2 "' <p<(k—3)2 1.
For this m, k, we put

g =min{j: W,z C U0},



SOME GENERALIZATIONS OF METRIC SPACES 123

I1 = Wq,m,k—z ’

a’l = (k)z—-m—l ’

a, = (k — 22",
b, =21,

Now for each ¢ € N, we choose k; so that
(b — D2 < p < (o, — B2

Then we put
g =min {7 : Wimiin,— C Un(D)},
I, = qu.m-f—i,lci—z ’
Uy = (K; — 2)277701,
by =279,
Now it follows that for each ¢,5 € N, i < j implies a; < a; and b, < b,

and obviously b, — 0 and a; — p.
We also choose m’, k' € N such that

p—nt<(kN2™ 1 and K +3)2™ < p=(F+4)2™1,

Then we put
¢ =min{j: W;n. C Usp)},
I = Wy
al = (k2™
a, = (k' + 221,
b =27,

Now for 7 € N, we choose k; so that
(b + 3277 < p < () + 42
Then put
¢; =min{j: Wj,m’+i,k§ c U p)} ,
Iz’+1 = Wq{,mi—i,ki y
ahyy = (k) + 2)27 7,
b;+1 =27%.

Then for each 4,5 € N, ¢ < j implies a; < a} and b; < b}, and obviously
b,— 0 and a!— p.
Now putting

N = ((9z)u(Qr)))-

it can be shown that » € N,(p) C U.p).
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Now consider the countable set
= KEH2=™,(k)2™>: k, k', m,m' € N, (k)2™™ < (k)2™™} .
For ¢t = {(k"N2™, (k)2™> e T, put
B, = {N,(p) : a] = (k)27 a, = (k)2™"} .

Then obviously U{B,:t ¢ T) = {N,(p) : n € N, p € (0, 1)}, which is a base
for points in (0,1). Finally, it can be shown that each B, is closure
preserving. Hence J{B,:t e T} is a o-closure preserving base and X
is an M -space.

If X is the space in Example 9.2, then it can be shown without
difficulty that X/(0, 1) is an M,-space with (0, 1) having a closure preserv-
ing local base.

-ExAMPLE 9.3. There exists a non-metrizable M,-space X with p ¢ X
such that p has an uncountable closure preserving local base and X — {p}
is homeomorphic to R.

Let p¢ R and put X = RU {p}. Let {r.};-. be an enumeration of
the integers and put B={l/n:ne N — {1}} U {0}. Let F be the set of
all functions from the integers I to B such that either there exists » ¢ I
such that if s < », then f(s) = 0 and if » < s, then f(s) = 0; or for all
rel, f(ry=0. For feF, put U, = Us_i(r, — f(0), 7 + f(1,)) Where
if f(r,) =0, 7)) =¢. Let U={{p}U U,:f e F} and B be a counta-
ble base for B. Then it is obvious that U U B is a o-closure preserving
base for X. Moreover, it is easy to see that X is not first countable
at p and R is homeomorphic to X — {p}.

It is clear that this construction can be carried out for any non-
compact metric space without isolated points. In particular, carrying it
out for the rational numbers we get a countable non-metrizable M,-space.

ExAMPLE 9.4. (Michael [9]). We can get another countable non-
metrizable M,-space by taking the subspace IU {p} of B(I), where I is
the integers and B(I) is the Stone-Cech compactification of Tand pe B8(I)—1I.
Here the family of all open sets containing p is closure preserving.
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