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I. A non-zero group' is said to have rank n, if any finitely generated
subgroup can be generated by n or fewer elements and n is the smallest
integer with this property.? A group G is completely decomposable if
G is a direct sum of groups of rank one.! A subgroup H of a given
group G is completely reducible in G if there exists a direct decomposi-
tion of G

(1) G =3G,+G
such that all G,’s are of rank one and

Roughly speaking, a subgroup H is a completely reducible subgroup of
G if it is a direct sum of rank one groups in a way that can be pulled
up to a decomposition of G. It is clear that every completely reducible
subgroup H of G is completely decomposable. But in general, the con-
verse is not true. The main purpose of this paper is to determine those
groups in which complete reducibility coincides with the complete de-
composability for some classes of subgroups.
For convenience, the following terminology is adopted.

DerFINITION 1.1. A group is said to have property (@), if every
subgroup of rank one is completely reducible in it.

DEerFINITION 1.2. A group is said to have property (8) if every
completely decomposable subgroup of finite rank is completely reducible
in it.

DEFINITION 1.8. A group is said to have property (v) if every sub-
group of finite rank is completely reducible in it.

Received March 9, 1960. This paper was prepared when the first author held a pre-
doctoral fellowship at Princeton University and the second author was in the military
service in Formosa.

! In this paper, ‘“‘group’’ will always mean ‘‘abelian group’’.

2 This definition of rank was given in [5].

3 All the groups of rank one are known to us; e.g., a primary group of rank one is
either cyclic or of the type Z(p>~) and a torsion-free group of rank one is a subgroup
of the additive group of all rational numbers. In torsion-free case, the above definition
for completely decomposable groups coincides with the usual one; e.g., see [4 pp. 211-216].
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It follows from the definitions that property (v) implies property (3)
and property (B) implies property ().

We begin with the following lemmas dealing with those torsion
groups having the above properties.

LEMMA 1.1. A torsion group G has property (a), (8) or (v) if and
only if each of its primary components has property (a), (B) or (v)
respectively.

Proof. We decompose G into its p-primary components
(3) G=23,G%.

Suppose G has property (B). Let H'” be a completely decomposable
subgroup of finite rank in the p-primary component G® of G. By our

assumption that G has property (8), we have a direct decomposition of
G

(4) G=2G,+G

satisfying the following conditions:

(i) each G, has rank one

(ii) H® =2X,(G,NnH™).

Since H® is contained in the p-primary component G® of G, we get
what we need by simply considering the p-primary components of the
decomposition (4).

Conversely, suppose that each G had property (8). Let H be a
given completely decomposable subgroup of finite rank »n in G. It is
clear that each p-primary component H'® of H is either zero or also
completely decomposable. Since we suppose that each G'® has property
(B), there exists a direct decomposition of G® for each »

(5 ) G(p) — Z;‘zl (G;P) N H(zl))

satisfying the following conditions:

(i) each G{ is at most of rank one,

(11) H® — 2;’21 (G;}z) n H(p))

i) 0=n,=m

(iv) the maximum of n, is n.
One may make n, = n by inserting zero groups. So, we assume n, = n
for each p.

Denote ¥,G by G, and X,G, by G'. It is easy to see that each
G, has rank one and

(6) G=X1.G,+G, H=3:.(HnG,).
This means that G has property (8). The other two parts of the lemma
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can be shown in an analogous manner.

LEMMA 1.2. If a torsion group has property («), then each of its
p-primary components is either divisible or of the form

(7) 3, 2,0 + T (00

Conversely, if each p-primary component of a torsion group G 1s
etther divisible or of the form (7), then G has property (V).

Proof. 1t suffices to show that a p-primary groups having property
(@) must be either divisible or reduced, since all the other cases are
sonsequences of Lemma 1.1 and some known results [3, Lemma III].
If this is not the case, then we can find a group G with property (a)
of the following form

(8) Z(") + Z(®~) + G

where Z(p*) is a cyclic group of order p” generated by u, and is a
p-primary divisible group of rank one. Let u, be an element in Z(p~)
of order p**', Consider the subgroup U generated by u, + u,. Since
G has property («), there exists a direct decomposition of G

(9) G=H+K

such that Uc H and H is of rank one. It is clear that the p-layer®
of H coincides with that of U, and it is a cyclic group generated by
p"u,. Since H is a direct summand of G, the heights of its elements
in it are equal to the heights of those in G. It follows that p*u, is of
infinite height in H and H is divisible. Since u, + u, € UC H, u, + 4,
is of infinite height in G. On the other hand, it follows from (8) that
the height of u, + u, is equal to the minimum of the heights of u, and
%, in G. Since the minimum is 0, we have a contradiction. This com-
pletes our proof.

II. Groups with property (a). To discuss groups with property («),
we need the following lemmas.

LEMMA 2.1. If a group G has property («), so does its torsion
subgroup T(G).
It is an immediate consequence.

LEMMA 2.2. A torston-free group G has property () if and only if
(a) G and G/D are separable®, where D is the maximal divisible

4 Z(e) denotes the cyclic group of order e.

5 The p-layer of a primary group G is defined to be the subgroup P = {x | px = 0, x€G}.

6 A torsion-free group is called separable, if every finite subset is contained in a com-
pletely decomposable direct summand (See [1]).
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subgroup of G,
(b) all the elements + 0 in G|D have the same type [4, pp. 207-211]
wn G|D.

Proof. In fact, it is known [1, Corollary 4.5] that a torsion-free
group G satisfies conditions (a) and (b) if and only if every pure sub-
group of finite rank is a direct summand. Obviously, the property that
every pure subgroup of finite rank is a direct summand implies our
property (@) which deals with subgroup of rank one. We prove the
converse by finite induction on the rank of the pure subgroups in G.
It is trivially true for the pure subgroups of rank one in G. Now, let
H be a pure subgroup of rank % and {x,, %,, ---, %,_, #,} be one of its
maximal independent subsets. By induction hypothesis, G can be ex-
pressed as

(10) G, + G,

where G, is the pure subgroup generated by {x, «., -+, ,_,}. Then z,
can be expressed as

(11) Yy + U

where y, € G; (1 =1,2) and y, = 0. Since G has property (a), the pure
subgroup Y generated by ¥, is a direct summand of G,. Consequently,
H =G, + Y is a direct summand of G.

From now on, a torsion-free group satisfying the conditions (a) and
(b) in Lemma 2.2 will be called a uniformly separable group.

In fact, one can show that every reduced uniformly separable group
is isomorphic to a subgroup of a strong direct sum of torsion-free groups
of rank one each of which has the same type’ as G.

LemMmA 2.3. If G has property (o) and T(G) is divisible, then
G|T(@) has property ().

Proof. Let U be a rank one subgroup if G/T(G). Consider the
complete inverse image U of U with respect to the natural projection
q: G—G|T(G). Since T(G) is divisible, we have U = U, + T(G) where
U, is a rank one torsion-free subgroup in G. Applying the presumed
property («) in G and passing to the natural projection, we have our
property (a) in G/T(G).

THEOREM A. A group G has property () if and only if
(@) G s a torsion group with property () (see Lemma 1.2), or

? In a reduced uniformly jseparable group, all the non-zero elements have the same type;
“‘the type of G’ therefore has a definite meaning.
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by G=J+ D where J i1s a reduced uniformly separable group
and D 1s divisible.

Proof. Suppose G has property (a). If the torsion subgroup 7(G)
of G is divisible, then G = J, + T(G) where J, is torsion-free and J,
has property (a) by Lemma 2.3. Now by Lemma 2.2, and hence G has
form (b). We now show that if T'(G) is not divisible, then T(G) = G,
so that G has form (a). If this is not the case, we can find a group
G with property () of the following form

(12) R + T"(G) + G

where R, is a torsion-free group of rank one and T*(G) is a non-zero
»-primary component of the torsion subgroup 7T(G) which, by assump-
tion, is of the form (b). There are two cases according to the type
|R,| of R,.

Case 1. The type | R,| has value o at p,. In this case, we con-
sider the cyclic subgroup R generated by 7, + a, where and a, are
non-zero elements in R, and T(G) respectively. Since G has property

(@) and R is a torsion-free subgroup of rank one in G, we can decompose
G as

(13) R, + T"(G) + T"

such that (i) R, is a torsion-free direct summand of rank one in G and
(i) B c R, It follows from (13ii) that " 7 (= p,”"(r, + a,)) whose
type has value o at p,, is an element in R,. Hence | B,| has value o
at p,. On the other hand, it also follows from (13ii) that », + a,,
which is not divisible by p;»"*, is an element of R, also. This means
| R,| cannot have the value o at p,, hence, we have a contradiction.
Thus, Case 1 cannot exist.

Case 2. The type | R,| has a finite value at p,. In this case, we
consider a torsion-free cyeclic subgroup U of G satisfying the following
conditions:

(i) U is generated by pir, + a, where r, € R, and a, € T*'(G)

(ii) the characteristic [4, pp. 207-211] of », in R, has zero value
at p,.

(iii) s>h, +1=1.

Since G' has property («), we have the following decomposition

8 Here, we use the fact that every p-primary subgroup of bounded order is a direct
summand.

9 A torsion-free group of rank one is automatically a uniformly separable group and

all its elements have the same type. We denote this definite type by |R|. In fact, a
torsion-free group of rank one is characterized by the type.
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(14) G=R,+G"

where R, is a torsion-free group of rank one and contains U as a sub-
group. It follows from our construction that pir, + a, is not divisible
by p, in G. Consider the factor group G/T(G); we have

(15) R, +(T"(G) + G TG)=G|TG) =R, + G"|T(@G) .

Since pir, € R,, the characteristic of pir, + T(G) in G/T(G) has value
s(>0) at p,. On the other hand, since pir, + a, € U C R,, the charac-
teristic of (pir; + a,) + T(G) in G/T(G) has value zero at p,. But
(piry + a,) + T(G) and pir, + T(G) represent the same element in
G/T(G). This means that Case 2 cannot exist either. Hence, the
necessity is thereby proved.

Conversely, we prove the sufficiency; i.e., groups of form (a) or (b)
have property (a). Groups of the form (a) have property («). In the
case of groups having the form (b), the torsion subgroup T'(G) is con-
tained in D, which is divisible. Therefore T(G) is divisible. Hence we
have mno trouble with those subgroups of rank one contained in T(G).
Now, we need only to prove that a torsion-free subgroup L of rank
one in G can be enlarged to a direct summand of rank one in G. Let
us consider the factor group G/T(G) which satisfies the conditions (a)
and (b) in Lemma 2.2. Therefore, G/T(G) has property («). Since
(L + T(G))]T(G) is a torsion-free subgroup of rank one in G/T(G), we
can enlarge (L + T(G))/T(G) to a torsion-free direct summand L of
rank one in G/T(G). Denote the complete inverse image of L with
respect to the natural projection q: G — G/T(G) by S. It is clear that
LcSand LN T(G) =0. By Zorn’s Lemma, there exists a maximal
subgroup M of S such that (i) L < M and (ii) M N T(G) = 0. It follows
from the divisibility of T(G) that M is a direct summand of rank one
in S. Moreover, since (M + T(®)/T(G) is a direct summand of G/T(G)
and M N T(G) =0, M is in turn a direct summand of rank one in G.
By our construction, L ¢ M. We thereby complete our proof.

III. Groups with property (8). As we did in §II, we first prove
the following lemma.

LEMMA 3.1. A torsion-free group G has property (B) if and only
if it can be expressed as one of the following forms

(a) J,+ D where J, is uniformly separable group of null type
14,"pp. 207-211] and D is a divisible group.

(b) A torsion-free group of rank one.

Proof. Sufficiency: It is obvious that groups of the form (b) have
property (8). Let us turn to the case (a). We first recall that J, has
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the following properties:

(i) every subgroup of finite rank is free,

(ii) every pure subgroup of finite rank is a direct summand [1].
Now, let H be a given completely decomposable subgroup of finite rank
in G. We first consider the factor group H/(DN H) where D is the
maximal divisible subgroup of G; by (i), we can directly decompose H
as

(16) H + (HN D)

where H, is a free group of finite rank and (H N D) is a completely
decomposable subgroup of finite rank. Applying Zorn’s lemma and
divisibility of D as before, G can be directly decomposed as

17) J! + D

such that

(i) D has the same meeting as above,

(ii) J; = J,, and

(ili) Jy D H,. It follows that the properties (i) and (ii) of J, that
H, is completely reducible in J;. To sum these results, H is completely
reducible in G.

Necessity. Now, we prove that a torsion-free group G having
property (8) must be either (a) or (b). First, it follows from Lemma
2.2 that G must be a uniformly separable group. If G is neither of
the form (a) nor of the form (b), we have a direct decomposition of G
as follows

(18) R, +R,+G

such that

(i) both R, and R, are of rank one,

(ii) | R,| has finite value at some prime number p,, and

(iii) |R,| = |R,| > the null type. By (18.ii), there exist r, ¢ R;
(4 = 1, 2) such that 7, is not divisible by p, in G. Consider the sub-
group H= R, + R, where R, is the cyclic subgroup generated by p,r, + 7,
of rank two in it. There exists a direct decomposition of G as follows

19) G, + G, +G"

such that

(i) G, and G, are of rank one, and

(ii) H=HNG)+ (HNG,). From (18.iii) and the fact that R,
is of null type, we conclude that the set {(G, N H), (G, N H)} of subgroups
in H coincides with {R., R,} [1]. Say, B, =G,NnH and R,=G,N H.
Hence, G, and G, are the pure subgroups spanned by ps, + 7, and 7,
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respectively. Since (G, + G,) is a direct summand of G and neither 7,
nor p,r, + 7, is divisible by p, it follows from (19) that p,r, = (Do, + 12) — 72
is not divisible by p, in G either. We have a contradiction. Thus, G
must satisfy either (a) or (b).

LemMA 3.2. Suppose that the torsion subgroup T(G) of G is divisi-
ble. Then, G has property (B) if and only if G|/T(G) does.

Proof. Necessity: Suppose that G has property (8). Let H be a
completely decomposable subgroup of finite rank in G/T(G). Denote
the complete inverse image of H with respect to the natural projection
q: G- G|T(G) by S. Since S is divisible, we have

(20) S=H+T@G) .

Clearly, H is isomorphic to H and hence is a completely decomposable
subgroup of finite rank in G. By our assumption that G has property
(8), H is completely reducible in G. Carrying back to the factor group
G|T(G), therefore, H is completely reducible in G/T(G).

Sufficiency: There are two cases according to whether G/T(G) is
of the form (b) or (a) in Lemma 3.1.

Case 1. G/T(G) is a torsion-free group of rank one. Then, a
completely decomposable subgroup H of finite rank in G can be expressed
as

(21) R, + (T(G) N H)

where R, is the zero group or a torsion-free group of rank one. Since
T(G)N H= T(H) is a completely decomposable subgroup of T(G) and
since T(G) is divisible, it follows from Lemma 1.2 that (T(G) N H) is
completely reducible in 7(G). On the other hand by applying Zorn’s
lemma and the divisibility of T(G) as we did before, there exists a
direct decomposition of G as follows

(22) M+ T(@G)

such that M D RB,. To sum up the above results we have proven the
complete reducibility of H in G.

Case 2. Suppose that G has the form (a) in Lemma 3.1. Let H
be a completely decomposable subgroup of finite rank in G. We first
consider the factor group H/(H N D) where D is the maximal divisible
subgroup of G. Since HJ(H N D) is isomorphic to a free subgroup
(H 4+ D)|D of finite rank in G/D, we can directly decompose H as
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(23) H, + (HN D)

where H, = H/(H N D) is a free group of finite rank. It is clear that
(H N D) is also completely decomposable, since it is a direct summand
of a completely decomposable group of finite rank. Hence, we have a
refinement of (23) as follows

(24) H=H, + D, + (HN TG))

where D, + (HN T(G)) = HN D. Indeed, all the three terms on the
right side of (24) are completely decomposable. Successively applying
Zorn’s lemma and divisibility of D and T'(G), we can directly decompose
G as

(25) 'i+ﬁ+n®

such that

(i) D+ T(G) =D and D> D, and

(ii) J, is a uniformly separable of null type and J, D H,. It follows
from Lemma 1.2 and Lemma 3.1 that (HN T(@)) and (H, + D,) are
completely reducible in T(G) and (J, + D) respectively. To sum up
these results, we have proven that H is also completely reducible in G
in this case.

As a consequence of Theorem A, Lemmas 3.1 and 3.2, we have the
following theorem

THEOREM B. A group G has property (B) if and only if it can be
expressed in one of the following forms:

@) J,+ D where J, is a uniformly separable group of mull type
and D is a divisible group.

(b) R + C where R is a torsion-free group of rank one and C is
a torsion divisible group.

(¢) G is a torsion group with property (B) (see Lemma 1.2).

REMARK. If we put (8) in a stronger form (B’) every completely
decomposable subgroup of G is completely reducible in G, then (a) be-
comes

(@') F + D where F is a free group of finite rank and D is divisible.

IV. Group with property (7). We first find the torsion-free groups:
having property (7). '

LEMMA 4.1. A torsion-free group has property (v) if and only if
it can be expressed in ome of the following forms

(a) Jy,+ A where J, is a uniformly separable group of mull type
and A 1s either the zero group of the additive group of all rational.
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numbers.
(b) A torston-free group of rank one.

Proof. Necessity: It follows from Theorem B that a torsion-free
group G having property (v) is either of rank one or of the form

(26) Jo+ D

where J, is a uniformly separable group of null type and D is a torsion-
free divisible group. If it is the latter case, we claim that the rank of
D is at most one. For any torsion-free divisible group of rank greater
than one contains an indecomposable subgroup of rank two, and such
a subgroup is not completely reducible in G.

Sufficiency. We have no trouble with groups of the form (b).
Suppose that G is a group of the form (a). Let H be a subgroup of
finite rank in G. Consider the factor group H/HN A. Since HHN A
is isomorphic to a subgroup of finite rank in J,, we can directly decom-
pose H as

(27) F+HNA

where F' is a free group of finite rank and HN A is at ‘most of rank
one. This means that H is completely decomposable. Finally, it follows
from Theorem B that H is completely reducible in G. The proof is
thereby completed.

THEOREM C. A group has property (v) if and only if it can be
expressed in one of the following forms:

(@) Jo+ A+ X0, where J, is a reduced uniformly separable
group of mull type. A is either the zero group or the additive group
of all rational numbers and C,, is a py;primary divisible group.

(b) R+ C where R is a torsion-free group of rank one, and C s
a torsion divisible group. Moreover, there are only a finite number
of primes p such that the p-primary component of C and the p-value
of the type | R| are simultaneously mot zero.

(¢) J,+ C where J, is a reduced wuniformly separable group of
null type and C is a torsion divisible group.

(d) G is a torsion group with property (v) (See Lemma 1.2).

Proof. Necessity: It follows from Theorem B and Lemma 1.2
that G is either of the form (d) or there exists a subgroup in the follow-
ing form

(28) R+C



THOSE ABELIAN GROUPS CHARACTERIZED 557

where R is a torsion-free group of rank one and C is a torsion divisible
group. We claim that in the latter case there are only a finite number
of primes such that both the p-primary component of C and the value
of | R| at p are simultaneously not zero. If this is not the case, there
exists an element ¢ in R and a subgroup F of C satisfying the follow-
ing conditions:

(i) FE is of the form

(29) 2, Vip) (1=1,2.-+)

where V(p,) is a cyclic group of order p,.
(ii) the equation

(30) DX =e (t=12..9)

is always solvable in G.

Let &(p;) be the solution of (30) and f (p;) be a non-zero element of
V(p;,) for i = 1,2, ---. Since C is divisible, there exists an element f(p;)
for each ¢ such that p,f(p,) = f(p). Set e(p;) = &(p,) + f(p;). Let H
be a subgroup of rank two in G generated E, e(p,)’s, and e. H is not
completely reducible in G. In fact H is not completely decomposable
{2]. Therefore, a group having this property must be in one of the
stated forms.

Sufficiency. In fact, we have already known that a group G in one
of those forms has property (8). Therefore, to prove the theorem it
sufficies to show that every subgroup H of finite rank is always com-
pletely decomposable. There is no trouble with the groups of the form (d).
In other cases, it is known [2] that H can be directly decomposed as

(31) H + T(H)=H + HN T(H)

where T(H) is the torsion subgroup of H and H, is isomorphic to a
subgroup of J, + 4, R, or J depending on which of cases (a), (b) or
{¢) holds. In any case, it follows from Lemma 4.1 that H, is completely
decomposable. On the other hand, it is obvious that T'(H) is completely
decomposable. The proof is thereby completed.

REMARK. If we put (7) in a stronger form (¥’) as follows: A group
G is said to have property (v) if every subgroup of G is completely
reducible in G; then Theorem C becomes Theorem C’: A group G has
property (') if and only if it can be expressed in one of the following
forms

(@) F+ A+ 33..C, where F is a free group of finite rank and
A, C,, have the same meaning as in (a).

(b') R+ C, where R has the same meaning as in (b) and C, is a
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torsion divisible group of finite rank. Moreover, the p-primary com-
ponents of C, and R subjected to the same relation as in (b).
(¢) F+ C, where F and C, have the same meaning as above.
The authors acknowledge with great pleasure their gratitude to
Professor Ross Beaumont and Professor David Harrison whose criticisms.
and comments resulted in substantial improvements.
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