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Introduction. H. Whitney [8, 9] has given a thorough discussion
of the problem of a function of a single real variable whose mth dif-
ference is bounded. Other results along the same lines have been
obtained by J. C. Burkhill [1], H. Burkhill [2] and F. John [5]. Whitney
distinguishes three cases, according to whether the domain of the func-
tion consists of a finite interval, a semi-infinite interval, or the whole
real line. In each case, the object is to show that a function with
bounded mth differences which also has certain regularity properties
such as continuity or measurability or boundedness can be approximated
by a polynomial of degree m — 1, and to obtain the best possible
approximation in terms of the given bound on the mth difference.

In the present paper, an analogous problem will be considered for
a transformation of a cone in a vector space into a Banach space. Our
results correspond to the cases of unbounded intervals considered by
Whitney. So far, we have no results for a transformation acting on a
bounded domain, since our method depends essentially on the assumption
that the domain be unbounded.

Our methods are completely different, and much simpler than those
of Whitney for the unbounded domains considered here. By generalizing
the concept of ‘‘polynomial’’ so as to include all transformations whose
differences of a certain order are identically zero, we can remove al
regularity assumptions from our transformations. However, for m > 2,
we seem to require that the mth difference, with m different incre-
ments be bounded, instead of the weaker assumption with equal incre-
ments.

1. Some definitions and known results. Let X be a vector space
over the rational numbers and let T be a vector space (over the reals).
Let S denote a convex ‘‘cone’ in X with vertex at the origin. This
means that

(i) if xand ye S, then x +ye S;

(ii) if xz e S, then ax € S for all rational numbers a = 0. Clearly
these conditions imply that S is rational-convex, in the sense that if =,

Received June 2, 1960. This work was supported by the Office of Naval Research,
Contract N-onr 228(09), NR 041-152. It was presented in a preliminary form to the Amer.
Math. Society in Chicago, April, 1959.

2 This is similar to the definition of a polynomial due to Fréchet [3], except that here
we require no regularity assumptions.
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yeS then ax + (1 —a)ye S for 0 =2 a =<1, where a is, of course,
rational.

We shall make use of those results of Mazur and Orlicz [6] which
are contained in the first part of their paper. These have to do with
multi-additive transformations and operators of degree m of one vector
space into another, and we remark that all these results hold for oper-
ators defined on a vector space X with rational multipliers, and also for
transformations defined on S, rather than on the whole space. Para-
phrasing their definitions, a transformation V(z, x,, --- x,) defined for
all z,e S(j =1, ---,k), with values in T, will be called k-additive if
it is additive with respect to each z,, for all z,e S(4 =1, ---, k). By
the usual device, it follows at once that if V(x,, ---, x,) is k-additive
on S then

V(T 7% + -, Tly) = Ty oo T V(@ # e, Z:)

for all nonnegative rational 7, and all z; € S.
If V¥w, ---,2;) is k-additive on S to T, define

Vk(x) = V*(xi *ty .’X/')
for all xt € S. Then
Vi(te) = T8 V(%)

for all nonnegative rationals 7. A transformation V. (x) defined in this
way will be called a rational-homogeneous form of degree k, on S,
providing that it does not vanish identically on S.

A transformation V(z) on S to T is said to be at most of the mth
degree providing that

(1) Vi) = Vix) + Vi(x) + «-- + Val@),

where each V. (x) is a rational-homogeneous form of degree k£ on S, or
else vanishes identically on S. If V,(x) does not vanish identically, we
say that V(z) is of degree m. Here V,(x) denotes a constant element
of T.

We denote the (forward) mth difference of V(x), with the same
increment h used at each step, by 4rV(x). The mth difference with
different increments h,, -++, b, will be denoted by 4., V(x). Thus,
for example, 4;,,V(x) = V(x + h, + hy) — V(x + k) — V(z + k) + V().

The following results, proved in [6], p. 56 and p. 62, also carry over
without change to our present situation.

THEOREM A. In order that the transformation V(x) on S to T be
at most of the mth degree, it is necessary and suffictent that 47+ V(x) = 0
for all x and h in S.
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THEOREM B. If V,.(x) s a rational-homogeneous form of degree
m, then there 1is a wunique symmetric m-additive transformation
V{2, +--,%,) such that
Val@) = V(x, -+, ).
This m-additive transformation is given by the formula

V(@ -o ) ) = — A Vi)
m! "

Note. This multiadditive transformation V is often called the polar
of the transformation V.

2. The case m = 2,

THEOREM 1. Let S be the ‘‘cone’’ defined in §1 and let B be a
Banach space. If B is a fixed positive number and if F 1is a trans-
formation on S into B satisfying the condition

[[4iF (@) =8,
for all x and h in S, then there exists a transformation V on S into

B with the properties:

@ Vi+y)=VE+ V),
(b) || V(x) — F(x) + F(0)|| = 8,
(© V(x)=lim, .n'F(nx) ,

Jor all x and y in S.

Proof. (The proof is similar to that given by the author in [4].
However, it is quite short and will be reproduced here for convenience).
Set g(x) = F'(x) — F(0), so that g(0) = 0 and ||£ig(x)|| < B for all x and
h in S. Replacing « by 0 and % by 1/2 x, and dividing the result by
2, we have

(2) 290 —-9(50)|| =25,

for all x in S. We make the induction assumption:
(3) [127"g(z) — g27"2)|| = (1 — 27",

for all x € S, and show that (3) holds with n replaced by »'+ 1. To
do this, replace z by 2 "z in (2):

(4) |5 9@ ) — 92w | = Le
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now divide (8) by 2:

(5) ||2790) — Loew)|| = (£ -2) 5.

Thus, on adding (4) and (5) and using the triangular inequality we have
127" g(x) — 9" 2)|| = (1 — 278

Since by (2), (8) holds for n = 1, the result (8) has been established by
induction.
Next, we put ¢,(x) = 27"9(2"x), where n =1, 2,3, ---, and note that

Qni5(®) — ga() = 277{27%g(2"*?x) — g(277(2"*'w))} ,
where p is any positive integer. Applying (3) with x replaced by 2*+*x
and with » replaced by p, it follows that
[1@nip(®) — (@) || =271 — 277)8 < 2775 .

Thus ¢,(x) is a Cauchy sequence, and hence converges to some element
V{(x), since B is complete.

Now, for any two elements x and 2 in S, we form the second
difference at 2"« with the increment 2"k and divide it by 2*. Since the
second difference of g has the bound 8, we get:

[127*g[2"(x + 2h)] — 2-27"g[2%(x + h)] + 27"g(2"2)|| = 273 .
Taking limits as n — o, we see that
(6) £,V(@)=0,

for all x and % in S. Thus V is additive on S by Theorem A of § 1.

By using (8) with x replaced by 2"z, one has ||g,(x) — g(x)|| =
(1 — 2™)8; again taking limits as 7 — o and recalling the definitions
of g(x), and V(x) = lim,_..q,(x), we obtain

(b) I V(x) — F(z) + FO)|l = 8.

If we replace x by nx in the last inequality, divide both sides by
7 and take the limit as n — o, there results

(c) V(x) = lim F(nx)/n .
The following corollary to Theorem I is essentially just the result

of [4], Theorem 1, adapted to our present case, It will be useful in
the next section.

CoROLLARY. Let F(x) on S to B satisfy the inequality
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|F@+y) — F@)— F) + FO)I =8

for all x and y in S. Then there exists an additive transformation

V(z) = lim n4,,F(0) = lim F(nx)/n ,
such that || F(x) — F(0) — V(@)|| =8,

Jor all © in S.

(The proof of the corollary is simillar to that of Theorem I except that
the additivity of V may now be proved directly.)

3. The general case.

LeMMA 1. Let F(x) on S to B satisfy the inequality
(7) lIF@+y)—F@® —Fy + FO) — Qv —Hx vl =8

Jor all x and y in S, where H(x, y) is either identically zero or else
ts a rational-homogeneous form of degree k — 1(k > 1) in x for each y,
while Q(x, ¥) is a transformation of degree at most k — 2 in x which
vanishes for x = 0.

Then H(x, x) = kH(x), where H(x) is etther identically zero or else
a homogeneous form of degree k which is given by the formula

H(w) = _le. lim ni 4,F(0) .

Moreover, H(x,y) is given by the formula

— 1 S
H(x,y) = =D lim gl 9(0, ) ,
where g(x,y) = F(x + y) — F(x) .

Proof. By hypothesis there exists a transformation V(x,, «+-, ,_,, ¥)
which is additive and symmetric in its first £ — 1 arguments, such that

1

(8) H(xyy):m

V(x! Sty xry) .

We take the (k — 1)th difference of the quantity inside the norm
signs on the left side of (7), treating y as a constant, and using the
increments @, ++-, ®,_,. It follows from (7) that

2y P (@) = 40, Q@ y) — 450, H, )| <278

By Bp_y TpeeTp—1

Since Q(z, y) is of degree at most k — 2 in z, its (k — 1)th difference
with respect to x is identically zero, by Theorem A of §1. Also, from
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(8) it follows that the indicated (k — 1)th difference of H(x, y) is just
V(2 +++, 4, ¥), by Theorem B of §1.
Thus we have

( 9 ) ” Alél---xk_l'yF(x) - V(xv ey L1y y) ” é 2}0*1/3 .

On interchanging x, with y, where j is any positive integer not exceed-
ing k — 1, and observing that the kth difference in (9) is symmetric in
all of its increments, we see that

(10) H A];r--xk_.lyF(x) - V(xla Xy Y, wj+1’ s Xy wj)” é 2k-18 .
A combination of the inequalities (9) and (10) results in
(11) ” V(xv ey X1y ’.U) - V(xly cee Xy Y, Lji1y *°° gy w!) ” é ZEB .

We were given that V is additive in each of its first k¥ — 1 arguments
and symmetric in these arguments. In order to prove that V 1is
additive in its last argument and symmetric in all of its arguments,
we distinguish two cases.

Case 1. k= 2. Then (11) becomes
NV, y)— V()| =48

for all x and ¥ in S, where V is additive in its first argument. Re-
placing 2 by nx and dividing by %, where % is any positive integer, we
obtain

V(@ y) —n'V(y, nx)|| < 4807,
and so by letting »n tend to infinity,
(11 V(z,y) = limn*V(y, nx) .
Thus

Vi, v, + %) = lim o V(y, + 9, nx)
= lim »*V(y,, nx) + lim n* V(y,, nx)
= V(Wr yl) + V(x; 'yz) ’

so that V is additive in its second argument. The symmetry now follows
from (11').

Case 2. k>2. In this case there is an index 4+#j with
1<i<k—1, and we may replace x; by mx; in (11), divide this ine-
quality by u, and take the limit as » — oo to .see that V is symmetric
in all of its arguments. Obviously V must be additive in. its last argu-
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ment.
If we define g(x,y) = F(x + y) — F(x), then from inequality (9) we
have

H Alélﬁ-%.mqg(oy y) - V(xu tory T y) || =278,

Now take each x, = nx, divide the last inequality by (k¥ — 1)In**, and
then let n tend to infinity. By (8) the result is

L Y@, m ) = lim 490, 9)

H@ v =7 (o — 1)1 nom

In a similar way, if we define H(x) = k' H(z, ) and use the fact
that V is additive in each of its arguments, we obtain from (9) that

- 1 LI 3 f— 1 1 1 k
(12) H@) = 57 Vi, oo ) = = lim — 4,1(0),

which completes the proof of Lemma 1.

LEMmA 2. For any k > 1, let F,Q, H satisfy the conditions of
Lemma 1, and put F'(x) = F(x) — H(x). Then the transformation
F'(x) satisfies the condition of Lemma 1 with k replaced by k — 1.
That is, there exist a transformation H'(xz, y) which is etther identically
zero or a rational-homogeneous form of degree k — 2 in x for each v,
and o transformation Q'(x,y) of degree at most k — 3 in x which
vanishes for x = 0, such that the tnequality

NWF'(x +y) — F'(x) — F'(y) + F'(0) — Q(x,y) — H'(z, p)l| =8

is satisfied for all x and y in S.
(Note: In case k=2, Q'(x,y) = H'(z,y) = 0).

Proof. By hypothesis we have F'(x)= F(x) — H(x), where F
satisfies (7), H(x,y) is related to the multi-additive transformation V
by (8), and H(x) is given by (12). In terms of F”, (7) becomes

13)  ||[F'(@+y) — F'(x) — F'(y) + F'(0) — Qx, y) — H(x, y)
+ H@x +y) — H@) - HWIl = 8.

Now by (12),

Hiz +y) — H@) — H@) = = V@ + 4,2+ 9, -+, + 1)

-1 e, ) — 1
7l V (zx, , ) F Viy, Y s

and by the analog of the binomial theorem,
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V(x+?l,"',w+?/): V(xr ---,x)+kV(x,---x,y)
+ <I;>V(x9"'xyy;y)+ ver V(y’ ""y)'

Hence, using (8) we have

1
& — 1)!

= H(z,y) + q(=,9) ,

H@ +y) — H(x) — H(y) = Vi, «--, 2,9 + q(x, %)

where q(z, y) is of degree at most ¥ — 2 in x, and vanishes for z = 0.
Substituting the last result into (13), we see that

I F'(@ + 4) — F'(z) — F'(y) + F'(0) — Q(x, 4) + a(z, )| = B .

Since @ and q are each of degree at most k¥ — 2 in « and since each
vanishes for & = 0, the same properties hold for their difference. It
follows that we may write Q(x, y) — q(x, ¥) = Q'(x, y) + H'(x, y), where
H'(xz, y) is either identically zero or else is a rational-homogeneous form
of degree k — 2 in x, and Q'(x, y) is of degree at most £k — 3 in z, and
vanigshes for x = 0. This proves Lemma 2.

THEOREM 1I. Let S be the cone defined in §1 and let B be a
Banach space. If B 1is a fixed positive number and if f is a transfor-
mation on S to B satisfying the inequality

Nan, f@ =8,

Sfor all x and h, in S (j =1, ---, m), then there exists a transforma-
tton P, ,(x) on S to B which is of degree at most m — 1, such that
Sor all x in S,

(@) (@) — Po@)| = 8.
Moreover, P,_, is given by the formula
(b) Poi(x) = f(0) + Hy@) + +++ + H,(x),

where each H, is either a rational-homogeneous form of degree k or
else identically zero.

Finally, the H, are given by the formulas:

. 1 _
Hm—l - 1 T T Y o A:Lnx ! ]
@) = lim e 47O
© Hy@) = lim —t {4 r0) - £ £ H©O)}
nos  Jol MmE e e

Jor1<k<m-—2.
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Proof. By Theorem I, Theorem II holds for m = 2, with H(x) =
V(x). We shall proceed by induction. Assuming that the theorem
holds for a given positive integer m, we shall prove it with m replaced
by m 4+ 1. By the hypothesis of the theorem, then,

45, F@ =8

foral x and 2, in S (=1, -+, m + 1).
Put

(14) G, y) =4,f@) =f@+y) —f(@).

Then, treating y as a fixed parameter we take differences with
respect to £ and get

oy G, y) = 4201, F (@),

so that
(15) I147...., G, Y| =B,

for each fixed y and all x and , in S (=1, --+, m).

By the induction hypothesis together with (15) it follows that there
exists, for each fixed y € S, a transformation P(x,y) defined for all
in S which is of degree at most m — 1 in «, such that

(16) 1G(x, y) — P(x, )|l = B
for all x and ¥ in S. Moreover, P(x, y) has the form
17) P, y) =G0,y) + Q,v) + H(x, y),

where H(x,y) is a rational-homogeneous form of degree m — 1 or else
is identically zero, while Q(x, ) is a transformation of degree at most
m — 2 in z, and Q(0,y) = 0. By substituting (14) and (17) into (16) we
have

18)  |If@+y —Sf@—f+50) —Q,y) — H yll =8

for all x and ¥ in S.
Since f satisfies (18), we can apply Lemma 1 to f with &£ = m, and
put H,(x) = m'H(x, x), so that

(19) H,(z) = —lim L 47 £(0)
m! n-e p™

is either identically zero or else a homogeneous form of degree m.
According to Lemma 2, if we put

(20 fi(@) = f(x) — Hy(x) ,
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then the transformation fi(x) satisfies the conditions of Lemma 1 for
k = m — 1; consequently, there exists the transformation H, _,(x) given
by

1 gjm L

(21) H, (x) = =) e e

477 £(0)

= lim 1

lim {42 £(0) — 477 H,(0)}

which is either identically zero or else a homogeneous form of degree
m — 1, ‘
Again by Lemma 2, if we put

(22) filw) = fi@) — Hpa() = f(2) — Hyo(2) — Hul)

then f, satisfies the conditions of Lemma 1 for &k = m — 2, which leads
to the existence of the limit

H, @)= —2 _lim -1 g pw),

ete.
Continuing in this manner; we finally -arrive at a transformation
(23) Sm—o(®) = f(x) — Hy(x) — -++ — Hy(®) ,

where the H,(x) are given by formula (¢) in the statement of our
theorem, and where f,,_, satisfies the inequality

24)  fn-a@ + 1) — Faal®) — Foa®) + fus(0) — Rz, 9) || = 3,

in-which A(zx, y) is either identically zero or a homogeneous form of
degree one in 2. Applying Lemma 1 once more, and putting Hy(x) =
1/2 h(x, x), we have

H(») = 2 lim 1 2.5, .0,
2! n-w 0
which, in view of (23), also agrees with formula (c) of the theorem.

Finally, on putting

(25) Fna(®) = fra(x) — Hy()
= f(x) — Hyx) — Hy(x) — ++- — H,(x),

and applying Lemma 2 for the case k = 2, we get the inequality

(26) I!fmfl(x + ?/) - fmfl(x) - f'nr'l(y) + fmfl(o) ” é 18 ’
for all « and v in S.
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Since f,,_, satisfies (26), it follows from the corollary to Theorem 1
that there exists an additive transformation

(27) H(x) = lim n™"4,, fn.(0)

satisfying the inequality

(28) | fna(®) — fra(0) — Hi(@)|| = B

for all z in S. Obviously H,(x) agrees with formula (¢) by (27) and (25).
By substituting (25) into (28) and observing that f,,-.(0) = f(0), we obtain

MNS@) — F(0) — Hy(x) — Hyx) — --- — Hy(0)|| =8,

which is equivalent to conditions (a) and (b) of our theorem with m
replaced by m + 1. Thus the induction proof has been completed and
Theorem II-established.

4. Uniqueness.

THEOREM III. Let f be a transformation satisfying the hypothesis
of Theorem 1I. Then any two transformations of degree at most
m — 1 which satisfy

(a) If (@) — Pua(@)]l = B

Sfor all x in S differ at most by a constant.

Proof. If P, , and P),_, are any two transformations of degree at
most m — 1 which satisfy (a), then their difference Q(x) = P, .(x) —
P!,_(x) is a transformation of degree at most m — 1 whose norm || Q(x)||
is bounded by 28 for all x in S. This is easily seen to be impossible
unless @ reduces to a constant.

5. A condition for regularity. Let us consider the special case in
which the domain of our given transformation f is an entire normed
vector spase E, and where f is bounded in some open set of E.

THEOREM IV. Let E be a normed linear space, B a Banach space,
and B a fixed positive number. Let f be a transformation on K to B
satisfying the imequality || 47.., f(@)|| =B for all © and all h; in
E(G=1,---,m). If f is bounded in some open set contained in E,
then the tramsformation P, _.(x) of Theorem 11 is a polynomial of

degree at most m — 1. That is, P, _, is continuous at each point of
E.

Proof. By Theorem II, the transformation P,, _, satisfies the inequality
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(@) for all « in E. Since f is bounded in some open set it follows
immediately from this inequality that P,_, is also bounded in this open
set.

By Proposition 11, p. 179 of [7], it follows that P,_.(x) is continuous
at each point of FE.
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