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Introduction. In their paper [3], Hewitt and Zuckerman study the
measure algebra _# (G) where G is a topological semigroup of the follow-
ing type: G is a linearly ordered set topologized with the order topology, is
compact in this topology, and multiplication is defined by xy = max (x, ¥).
In this study, we will suppose that G has the above properties except
that compactness will be replaced by local compactness. (See § 8.5 [3]).
As the reader will readily observe, we are heavily indebted to Hewitt
and Zuckerman for their initial study of these measure algebras. For
completeness, we have listed, without proof, a few of their results; they
are stated in their paper for compact semigroups but the proofs easily
carry over to locally compact semigroups.

In §2 we study G and G,. The characterization of the Gel’fand
topology on G is somewhat simpler than that of Theorem 5.5 [3]. The
major result of this study is Theorem 8.4, stating that every closed ideal
in _# (G) is the intersection of maximal ideals; i.e., spectral synthesis
holds for _~ (G). Malliavin [7] has recently shown that spectral synthesis
fails for .# (G) when G is a non-compact locally compact commutative
group.® Theorem 3.4 shows that this result cannot be generalized to
locally compact commutative semigroups. In §4, a generalization of
Theorem 6.7 [3] is indicated; see Theorem 4.5. This is used to obtain
additional facts about _Z (G) (§5). In 5.8 we show that our theory is
not a special case of the theory of function algebras.

1. Preliminaries.

1.1. We will be concerned with linearly ordered sets; i.e. sets ordered
by transitive, irreflexive relations < . For elements x and ¥ in such a
set X, we define Jr,y[ ={re X: 2 <2<y} and [z,y]l={2e X: v <z
=< y}. The half-open intervals [z, y[ and ]z, y] are defined analogously.
We also define | — o, 2] ={ze X: 2< 2} and | —, 2] = {ze X: 2 < x}
with analogous definitions for [x, oo[,]x, [, and | — o, «[. The sym-
bols —o and o« will never denote actual elements of X. The order
topology for X is the topology having the family {] — oo, 2[}sex U
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{Jx, [},ex for a sub-base.

For terminology not explained here in measure theory, topology, and
harmonic analysis, see [1], [5], and [6], respectively. If A is a subset
of B, we will write A € B; A C B will mean that A is a proper subset
of B. For sets Aand B, we write A — B={x:2e A,x¢ B}and A4B =
(A— B) U (B— A). The empty set will be denoted by 0. For any set
A, x4 will denote the characteristic function of A.

1.2. STANDING HYPOTHESES. Let G be a set linearly ordered
by the relation <. Suppose also that G has the order topology and that
under this topology G is locally compact. For z,y e G, we define xy =
max (x,y). With this multiplication G is a locally compact topological
semigroup.

1.3. Let €(G) denote the linear space of all complex-valued continu-
ous functions on G that are arbitrarily small outside of compact sets. For
fe C(@), let || f|]| = max,eq | f(®)]|. Let - #Z(G) consist of all countably
additive, complex-valued, regular, finite Borel measures on G. Let €(G)
be the linear space of all complex-valued bounded linear functionals L
on €(G). For each L e €f(G) there is a unique M e _#Z(G) such that

(1.3.1) L(f) = Lf(w)d%(x)

for all fe €(G). Also for each Ne _Z(G), 1.8.1 defines a member of
€¥(G). Under this correspondence, 7 (G) = €F(G). We will associate
L with A, M with p, ete.

Let e _Z(G). Then for Borel sets £ = G, we define

1.3.2) [N|(E)= sup{ il N (Ey) | 2 {E}r, is a Borel partition of E}
k=1

Then the set-function |\ | belongs to _#(G) and
(1.3.3) M= IM(G)=ILI|
where L e €f(G) is defined by 1.3.1. See [2].

1.4. THEOREM. Let L and M be in CF(G). For all f € €(G), let

(L41) LsM(9) = | | Flamavaape)
Then LxM € €(G), and
(1.4.2) | LxM || < || LI -] M| .

1.5. For )\, e #(G), we define Mgt to be the unique measure in
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_#(G) that corresponds to L¥M e €;(G) .

1.6. THEOREM. Under the convolution defined in 1.5 and the or-
dinary linear operations, _#(G) is a commutative Banach algebra.
We omit the proof; see §2 [3].

1.7. For ae G, let ¢, _Z(G) be defined by

171 () lifae E,
A & = .
( ) 0Oifa¢ F,

for Borel sets E S G. For ve _Z(G) and A & G a Borel set, M e _7(G)
is defined by M(E) = M4 N E) for all Borel sets £ < G.
The proofs of the following four lemmas are routine and uninteresting.

1.8. LEMMA. Let ES G be a Borel set and ne _#Z(G). Then
for any ¢ > 0, there exist a,be E such that

(1.8.1) IMEN]—w,a)<e and MEN]D o)<e.

1.9. LeEMMA. Let X be a linearly ordered set and U = X be a finite
union of open intervals. Then U is the pairwise disjoint union of
open intervals:

U=Qlai, b,

where intervals of the form [inf X, b,[, Ja;, sup X, and [inf X, sup X] are
also admissible if inf X or sup X exist. Moreover, a, ¢ U except possibly
in the case where a, = inf X, and b, ¢ U except possibly in the case that
b, = sup X.

1.10. LEMMA. Let X be a compact linearly ordered set and U < X
be an open set. Then U is the pairwise disjoint union of open intervals:

U= U laa, bw[

where intervals of the form [inf X, b,[, ]a,, sup X], and [inf X, sup X]
are also admissible. In addition, a, ¢ U except possibly im the case
that a, = inf X, and b, ¢ U except possibly in the case that b, = sup X.

1.11. LEMMA. Let X be a locally compact linearly ordered set.
Suppose that K = X is compact and that U is an open set such that
KcS U< X. Then there exist finitely many pairwise disjoint closed
compact intervals {[a;, b}, such that U 2 Ur.[a; b] 2 K. Also there

=1
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exist finitely many pairwise disjoint open intervals {lu,, vi[}i-, such that
U2 Ui Jug, v 2 K and each closed interval [u,;, v;] is compact. Inter-
vals of the form [inf X, v,[, Ju;,, supX], and [inf X, sup X] are also
admissible whenever inf X or sup X exists.

2. The spaces G and éo.

2.1. A Dedekind cut {4, B} of G is a pair of subsets of G such that
ANB=0, AUB=G, and # <y whenever 2 ¢ A and ye B. Let G
denote the set of all semicharacters of G.

2.2 THEOREM. Let {A, B}be a Dedekind cut of G such that A # 0.
Then the function

lifxed,

(2.2.1) Vra, 5(2) = 0ifreB

s a semicharacter of G. Conversely, every semicharacter on G has the
form 2.2.1.

2.8. THEOREM. Let {A, B} be a Dedekind cut of G such that A # 0.
Then the mapping

(2.3.1) 200 = MA) = Sa“"" HS@)AN() e _2Z(Q)

18 @ homomorphism of _#(G) onto the complex mumbers. Moreover,
every homomorphism of _#(G) onto the complex numbers has the form
2.3.1.

Proof. This is essentially proved in Theorems 3.2 and 3.3 [3];
however the proof in [3] that 7, is multiplicative can be simplified. Let
N e #(G). According to Theorem 2 [8], Mxp(E) = M x ¢f(x,¥) €G x G:
xy € E} for Borel sets E = G where M x g is the product measure of M
and p¢. Hence if {4, B} is a Dedekind cut of G, then

T Okp) = Mkp(A) = N x f(x, y) € G x G: max (z, y) € A}
=2 x A x A)= MAA) = T (N7T(L).

2.4. THEOREM. The Banach algebra _#(G) is semisimple.
Proof. In virtue of 2.3 we need to prove that if MA) = 0 for all

Dedekind cuts {4, B}, then )\ is identically zero. Suppose that M4) =0
for all Dedekind cuts {4, B}; evidently MI) = 0 for all intervals I. If
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M\ is not identically zero, then MK) # 0 for some compact set K = G.
By regularity there is an open set U 2 K such that |\ | (U — K) < |[MK)].
For each x € K, let I, be an open interval such that x e I, € U. Let
L, -+, I, be a finite subset of {1, },cx covering K. Let V = U~,L; clearly
K< Ve U Byl9, Visthe pairwise disjoint union of a finite number
of open intervals. Hence MV) = 0. Thus

IMV — K)| = [MV) — MK)]
= |ME)| > MU = K) z [M(V = K) = [ MV — K)|

which is a contradiction. Hence )\ is identically zero.

2.5. Theorem 2.3 identifies completely the homomorphisms of _7Z (G)
onto the complex numbers. Relation 2.3.1 associates each homomorphism
w4 0of _# (G) with the semicharacter +r, ;. Hence we will usually consider
G as consisting of the homomorphisms 7,. For M e _7Z(G), we define X
on G by

(2.5.1) M7 = T (V) = MA) (n, €G);

X is the Fourier transform of .

For 7, 7, €G, we will write 7, < 7, if and only if A cC A’
Under this ordering, G is obviously linearly ordered. Evidently G is
isomorphic to the maximal ideal space of _#Z (G). The Gel’fand topology
for G is the weakest topology for which all the functions X are con-
tinuous.

Henceforth we will write 7, for m_. . and m, for 7. o (@ € G).

2.6. DEFINITION. Let G, =G U {m;} where 7, <« for all = e G.
The symbol 7, may be taken to correspond to the zero homomorphism
of _#(G), the zero semicharacter of G, and the Dedekind cut {0, G}.

2.7. THEOREM. The Gel’fand topology on G coincides with the
order topology.

Proof. Let m, € G where A +#G,ne _#Z(G),and ¢ > 0. Using 1.8,
we can find b € A and ¢ ¢ A such that M| (]b, ¢[) < e. Clearly 7, € |7y, 7.
For 7y e |7y, [, we have

IN7@) — N7s) | = [MA) — MB)|
=|MA4B)|=|MA4B)=|M(bc))<e.
Thus X is continuous at 7, € @(A # () in the order topology. Similarly
N is continuous at 7, in the order topology. Hence the Gel’fand topology

is weaker than or equivalent to the order topology.
For b,c e G,b < ¢, it is easy to verify that
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& — & = Yimyp. ol and &, = Ximyp, 7@l »

Hence sets of the form

(2.7.1) Jmp. gl D <e,
and
(2.7.2) 7oy wel s

are open in the Gel’fand topology. All sets of the forms 2.7.1 and 2.7.2
compr1se a basis for the order topology. It follows that the order topology
on G is weaker than or equivalent to the Gel’fand topology on G.

2.8. THEOREM. The set G, with the order topology s a totally
dwsconnected compact Hausdorﬁ' space. For ne _#(G), let X\ be defined
on G, to agree with X on G and such that N(z) = M0) = 0. Then X is
continuous on G,

Proof. Let <# consist of all subsets of @0 of the form:

(2.8.1) I7ags Tl (@ <b),
(2.8.2) [, 7ol
(2.8.3) 7o, 7ol -

Eaclz set in <& i§ open and closed and <7 is a base for the order topology
on G,. Hence G, is totally disconnected. The remainder of the proof
is omitted.

2.9. DEFINITION. Let I be an interval of G, and let & be a continuous
function on G,. Then we define:

290 Vi D)= sup { 5 |h(m) = bw)|: mSmS oo S 7 7T

In particular, we define V(i) = V(h ; G,) and say that % has finite varia-
tion if V(h) < oo.

2.10. Let h be a continuous function on G, and let Ty STy S 00
= Ty, Ta, eG Then

(2.10.1) Vb [T 7al) = Eil Vi [7a 0 Tal) -

Let h be a continuous, real-valued function on @0 of finite varia-
tion. For =, € Gy, let h(w,) = V(h; [7,, 7,]). Let th =h, — h. Thenh,
and h, are continuous, non-decreasing functions on G,.

3. The closed ideals of _Z (G).

3.1. LEMMA. Let 7w, 75 € G,, where T, < 7 and let M e _Z(G).
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Then
(3.1.1) IN(B —A)=VX; [74 ml) .

In particular, ||M| = M (G) = V(N).
Proof. It is easy to show that V(N; [7,7s]) < [N (B — A).

Let ¢>0. Let E, ..., E, be pairwise disjoint non-void Borel sets
whose union is B— A. For 2+=1,-.--,m, let K, S E, be a compact
set for which |M| (E; — K,) < ¢/m. By induction (and using the second
part of 1.11) we obtain pairwise disjoint open sets U,, .-+, U, such that

(i) K,eU,cU, G- (UrinK; U Uj';iﬁy)y
(ii) MU — K;) < ¢/m,
(iii) U, is a finite union of pairwise disjoint open intervals ;

t=1,+-+,m. Now Ur,U, is the finite union of pairwise disjoint open
intervals, say {I}};-,, such that each I} is a subset of some U,. For
J=1,-cc,7r let I, =1I; N (B — A). Evidently Uj-.I, = Ur(U; N (B —
A)); we may suppose that each I, is non-void. Let 4,;,={xeG: x <y
for some y € I}(7 =1, ---, 7). Relabelling if necessary, we may suppose
that A, c A, c --- C A,. Letd,,,={re G:2x <yforallye I,}. Then
Mg STy < Ty STy < Ty, S 000 < Ty, =7 and I, = Ay — Ay, for
j=1,+--,7. Now

VRS o mal) 2 5 1M, — M| = S A — 4D

r

= SIML) 2 3 IMU N (B - 4)

=1

whereas
S IME)| = 3 IME, — K) + MU 0 (B— 4)
— MU, N (B— 4) —K)| = 2 + 3 MU 0 (B— 4)
so that

IME)| = 26 + V(X5 [74 7))

Ms

1

It follows that |\ (B— A)< V(N; [r,, 75]) since {E}, and e are
arbitrary.

1

3.2. LEMMA. Let R be an interval of @0 of the form 2.8.1 or 2.8.3.
Suppose that ne _#(G) and that Nx) # 0 for all = e R. Then there
exists a v e _#(G) such that
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— for re R,
(8.2.1) Y(r) = { Mx)

0 fort¢R.

Proof. Suppose that R = |z, 7, and let X =([z,y[. Evidently
X is a locally compact subsemigroup of G. Throughout this proof, ele-
ments of X will be denoted by 7% ; whenever the symbol 7, occurs, it is
tacitly assumed that A £ X and that {4, X — A} is a Dedekind cut of
X. The functions X will be considered defined on G or X rather than
G, or X,. For Borel sets ES X, let ME) =ME N X) + M] — o, )
&(F). We have X € _#(X). We now show that

(3.2.2) MFED = N ayy oo ) for Toe X .

Indeed x(m) =MA) =MA N X) +M] =0, 2])e(A) =MA) +M]— o0, 2[)
=MAU] =0, @]) = NTay)—wr o). SiNCe T,y1-0rzr € R whenever 7, € X,
it follows from 3.2.2. that

(3.2.3) NE)#0 for #,eX.

By Theorem 4.15.1 (9) [4], X € _#(X) has an inverse ¥ € _#(X). For
Borel sets E = G, let

WE)=UE N X)— ¥(X)e, (E) .

Evidently v e _#Z(G). It is now routine to verify 3.2.1.

If R=]n,,n, we let X =[x, o[ and repeat the preceding proof
with the appropriate modifications.

3.3. NoTATION. For subsets A and B of G (or @0), we write 4 < B
if reAand ye B imply x <y and A< B if x € A and y € B imply
x < y. Note, in particular, that 0 < 4 and A < 0 for any set A. Let

={m,,+++, 7, be a finite subset of @ where T KT oo < T,
We will sometimes write SYX; P) for 3 M) — Mx) |, M € %’(G),

For 7, e Gy, let I, = {\ e _Z(G): N(A) = 0}. Note that I, = _Z(G).
Since each I (m, e @) is the kernel of the homomorphism 7, the set
{I}x,e6 is precisely the set of all regular maximal closed ideals in _Z(G).

The following theorem characterizes the closed ideals in _Z(G).

3.4. THEOREM. Let I S _#(G) be a closed ideal. Let H ={m e Gy
N7 =0 for all v e I}. Then H is closed in G, and

(3.4.1) I=N1I.

TA€EH

Proof. Obviously H = (Nwe(V)(0) is closed and I & N exls
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Let \ be a fixed element of N.,exls LetZ ={meG,: Nx) =0}
Clearly Z is closed in Gy, H< Z,and w, € Z. By Lemma 1.10, the comple-
ment Z' of Z in G, is a pairwise disjoint union of open intervals:

7' = L}] Ta, Tp,|

where one of these intervals may be of the form ]z, , 7;]. Moreover,
m,, € Z for all @ and 7, € Z for all & except possibly when 7, = 7.
We assume in the following that 7, ¢ Z’; elementary modifications are
necessary when 7, € Z'.

We first prove

(3.4.2) V) =X V(N [7a, 7, -

Using 3.1, we have 3>, V(N [7a, 7 ) = S M (By — Au) = [N (G)
=VQ). Let 7, <M, < +++ < Wy, T, € G,, and call this partition P’. Let
P=P U/{n;}. Let a,a, - -+,a, be precisely those a such that
]n:%i, ngm[ NP+ 0. For this paragraph we write A4; for A,, and B, for B,,.
We may suppose that ]z, o IR nﬂm[ (¢t=1,..-,k—1). For
1=1,+-+,k let P,=]r,, 7] NP. Let Z, =[x, 7, ]NP. For 1 =1,
coo bk —1,1et Z, =[5, w4, ] NP. Let Z;, = [75, @] NP. Clearly some
or all of the Z, may be void. Evidently we have:

(1) PZZOUP1UZ1UP2U e UPk—IUZk—IUPkUzk;

(11) Ly PbLL<Z <P < - <Pk—1<Zlc—1<Pk<Zk;

(i) Zn P=ULZ;

(iv) Pcrg, @l (t=1,---,k);

(v) the intervals given in (iv) are pairwise disjoint.
Now let P* =P U {my, Tp,, Tap Tpp *** » Tayy Ts,}. Clearly Z, = {m,} < P,
< {7781} =Z = {TCAZ} <P =227y, {n'Ak} <P < {ﬂsk} =< Z;. Using
the notation established in 3.3, we now get

m

2

—1
1=1

() = Uw)| = SR P) = BR; PY)
=SSR m UP U ()

By 2.9, we have 3 (\; {m,} U P U {ms}) < V(X ; [y, 7))
for 1 =1, .-« , k. Combining these inequalities, we obtain

S R@) = R @) £ 3 VE; 74 ) £ S VES [y, ) -

Since the partition P’ was arbitrary, we have V(X) < S, V(N ; [m4,, 75,])
and hence 3.4.2 is proved.

Let ¢ > 0. We shall ultimately show that there isa g € I such that
[IN— || = 38e. Since ¢ is arbitrary and I is closed, this will prove that
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r el It will then follow that MN.,exls E I, completing the proof. By
3.4.2, there exist a;, +++ , @,, such that 3™, V(X ; [T, %3, ]) + € = VR).
We shall henceforth write A; for A,, and B, for B,,. Then

(3.4.3) VR — 5:‘, V& [z, ma]) < €.

We may suppose that A, c B, A, Cc B,< --- € 4,, C B,. By 1.8, there
exist «;, y; € B; — A, such that

(3.4.4) IMB: — A) — [, y]) < 7’2- (=1, ,m).

Let U; = |z, , @, [ ; obviously U, is open and closed. Note also that
U Slry s, [SZ'. Let U= U™~ U; U is open and closed (and hence
compact). Also U < Z’' £ H' where H’' denotes the complement of H
in G,. Thus for each 7, e U, there is a ), e I such that M(A) =
Ni7,) # 0. Note that 7, ¢ U since 7, ¢ H and 7, ¢ U since 74 ¢ Z'.
By the continuity of %, on G, and Theorem 2.8, there exists an open
and closed set V, such that

(@) mie Vg

(b) 7 e V, implies X () # 0;

() VucU;

(d) V, has the form 2.8.1.2
Since U is compact and U.,esV, = U, there is a finite set {V}!; such
that UV, = U.

For V,, = Ime,r, Mgl , let V3, = [7, wagl and Vi, = Iy, w6l Let
7" be the family of sets consisting of all V,,, V7, and V. For ze U,
let R, =N{VeZ:mweV}. Clearly there exist only finite many distinet
R, — say {R}i.

The following assertions are easily shown:

(@) ULR. =T;

(b’') each R; has the form 2.8.13%

(¢') the family {R;}:., is pairwise disjoint;

(@) for each 1%, there exists a \; € I such that 7 € R; implies X,(7) # 0.
By Lemma 3.2% there are y; e _#(G) such that

1 itrer,
0 if 7¢R;;

1=1,++«, k. Let p= 3 Nxvx\; clearly ¢t e I. Evidently

2 If ng€Z’, then V4 can be of the form 2.8.3.
3 If ng€Z’, then R; can be of the form 2.8.3.
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A(ﬂ_)_{i(n) iftreU,
PO=10 i#zem.

We observe that

0 if 7e U= lm,y, 7l ,
Mr)if c=m,porx=rx

IR

v;] *
Using this, Lemma 3.1, and relation 3.4.4, we have
(3.4.5) V(?V — B [777;5[, 77.‘”]]) = IX(R'%[)] + IX(”WJ)]
M7 ) — M7g) | + [ M7T5,) — M7y,)]
V(N [may, Tp) + VOV [7h0, @s,))
IM(( =,z — A) + INM(Bi— ] —o, )
= |NM(B; — A) — [z, :]) = £ .

m

A A

We also have from 3.1 that
(3.4.6) V(x; [y, 75,]) + V(i 3 [Ty Toyt])
= |N(UB; — A) — [, w:]) = £ .
m

Using 2.10, 3.4.5, and 3.4.6, we obtain

(847 VR — f5[ra, ms]) = VI — 5 [may, m) + VX — i [70,, 0, Tyl
+ V(X - ﬂ; [n'-llt]’ 7Tl‘:f,;l) = V(X ; [TEAU Tczi[])

+wﬁ—mww%m+wmwmmm§%u

We used the fact that f is zero on [z, 7] and [z, 5] since these
sets are disjoint from U. Finally, using 2.10, 3.1, and 3.4.7, we get

V= pll = VR = i) = VR — {5 [7a,,, 7el) + VO — f5 [70, 7))
+ 2 VE = 5[y T + 3 VE = 5[50, 7))

= V& [ 7o) + VO [my ) + 3 VO [, 7))
+ 3 VO = /5 [74 7)) S MG — Ba) + M (A) + 35 M (4 — By
+2e= M (6) — ZIM (B — A) + 2 = V()
— SV [ma m) + 26

Now applying 3.4.3, we obtain |[» — ¢|| < 3¢. This completes the proof.
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3.5. ExAwMPLES. LetG =10, 1] and M € _#Z(G) be ordinary Lebesgue
measure. Then the ideal I = {Mxpt + an: e _#Z(G) and a is a complex
number} is dense in _#Z(G) since X\ vanishes only at 7, I is the ideal
generated by . If G = [0, 1] and )\ is Lebesgue measure, then I = {Mkp:
re #Z(@)} is the ideal generated by A and I is dense in {\ € _Z(G):
M{0}) = 0}

4. The Herglotz-Bochner theorem for _~(G). This section gener-
alizes § 6 [3].

4.1. DEFINITION. Let h be any bounded, real-valued, nondecreasing
function on G,. Let 4 denote a partition {f.};i-, of G where ¢, <, < +-~
< t,. For an arbitrary complex-valued function f on G, let

S(F, 4) = £(t) [1m) — Wm)] + 35 £ [h(m) — bz, )] -

4.2. THEOREM. Let f € €(G) and h be as im 4.1. Then there
exists a unique number L(f) such that for every ¢ > 0 there exists a
4y as in 4.1 with the property that |L(f) — S(f, 4)] < ¢ for all 4 2 4,.
We write this relation as L(f) = lim,S(f, 4).

4.3. THEOREM. The function L defined in 4.2 for all f e €G) is
a bounded monnegative linear functional on €G).

4.4. DEFINITION. Let % be a continuous function on Go and let
T4 Tp € Gy, Ty < Ty Then we define

(4.4.1) Vil 70 7o) = sup {5 Vit [, 7yl
x1§y1<m2§y2< M <xm§ym!
Tu S Ty Typq = Ty [%4, Y] compact} .
In particular, we define V. (h) = Vi (h; |7, 7s]). We also define
(4.4.2) Vc(h; [TEA, TEA]) = 0

for =, € G,.

4.5. Let h be a real-valued continuous function on G, having finite

variation and let Ty STy < ++» =7,. Then
k
(4.5.1) Ve(h; [77A1v ﬁAk]) = % Vih; [nai_ly 71'4,;]) .

4.6. THEOREM. Let h be a continuous function on G, having finite
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variation and such that h(z,) = 0. Then there exists a N € _7(G) such
that X = h if and only if

(4.6.1) V(k) = Vi(h)

The proof is a tedious lengthy extension of the proof of Theorem
6.7 [3] and uses 4.2, 4.8, 8.1, 4.5, and 1.11 in the case that % is non-
decreasing. The general case is proved by applying 2.10.

4.7. EXAMPLES. Let G be the real line under the usual ordering.
Then a function % on @0 is the Fourier transform of some measure
N € _#Z(@G) if and only if % is continuous, has finite variation, and h(x,) = 0.

Condition 4.6.1 is not always satisfied by continuous functions % on
éo having finite variation and satisfying A(w,) = 0. Let G = [0, 1] x ]0, 1]
where (a,b) < (¢,d) if a<c orif a=c¢ and b <d. Let h on G, be
defined by

Mr,) = sup {a € [0,1]: (a,x) € A for some x € ][0, 1[}.

The function % is continuous, V(k) =1, and V, (k) = 0. The linear func-
tional L obtained from 4 in 4.3 turns out to be the zero functional.

5. Some consequences of the Herglotz-Bochner theorem. Theorems
5.1 and 5.2 are routine applications of 4.6.

5.1. THEOREM. Let ¢ be a continuous function jfrom a subset
H 2 {0} of the complex plane to the complex plane such that H(0) =0
and

(5.1.1) for every M > 0, there exists a K, > 0 such that
[p(z) — p(w)| = Ky |2 — w| for z,we H, [2| =M, |[w| =M.

(I.e., ¢ satisfies a Lipschitz condition for arbitrarily large disks.) Then
for every N e _Z(G) for which (range \) S H, there exists a v e _#(G)
such that ¥ = poX.

5.2. THEOREM. Let ¢ be a continuous function from [0, oof to [0, oof
that is mon-decreasing, absolutely continuous on all intervals [0, M],
and such that $(0) = 0. Then for every nonnegative measure » € _7(G)
there exists a monmmegative v € _7(G) such that d = ¢oX.

5.3. COROLLARY. Let )\ € ///(g). Then there exists a v € 7 (G)
such that d(r) = |\(x)| for all « e G,.

5.4. COROLLARY. Let M€ _Z(G). Then there exists a v e (@)
such that D(z) = \Mx) for all & e Gy, here Z denotes the complex conju-
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gate of z. In other words, _#Z(G) s self-adjoint (see page 88 [6]).

5.5. COROLLARY. Let N € _Z(G) be a nonnegative measure. Then
there exists a monnegative v € _7Z(G) such that vxy = \.

5.6. It is natural to ask whether Theorem 5.2 is valid for more
general measures A; one might hope that the result would be valid at
least for » € _#Z(G) for which X\ is nonnegative. If this were the case,
5.5 would also generalize. However, we will see in 5.7 that this is not
the case whenever G is infinite. Theorem 5.7 also shows that the
Lipschitz condition assumed for ¢ in 5.1 cannot be replaced by absolute
continuity. (The function ¢(x) =1 1is absolutely continuous on all
intervals [0, M] but does not satisfy 5.1.1.)

5.7. THEOREM. Suppose that G 1s iwiﬁnite. Then there exists a

e Z(G) such that % is nonnegative on G, and such that \ # vy for
all v e _Z(G).

Proof. Suppose G has an infinite subset {x;}z, such that z=; < x;,,
for all 7. Let )\ be the discrete measure defined by

L if n odd,

"

M{za}) = 1
———— _if n even.
(n — 1)

It can be shown that A satisfies the conclusions of the theorem. If G
does not have an infinite subset as above, then G has an infinite subset.
{x;}z, such that «;, > x,,, for all <. This case is treated in a similar

manner.

5.8. It is evident from 5.7 that _#(G) (G infinite) is not isomorphic
as an algebra to the algebra €(X) for any locally compact space X.
In the contrary case, _~(G) would be isomorphic to €«(G) and the
isomorphism would be M —X. However, if ke GS(,(@) is nonnegative,
then for some h, € (SO(G), we have hi = h.

Finally, the result of 8.3 [3] holds for locally compact G. That is,

5.9. THEOREM. A measure ) € _7Z(G) is idempotent if and only
if N 18 of the form:

(5-9-1) X = 800 - 80 + e + (_1)k€gk

1

where ¢, < ¢, < »+» <Cp.



THE STRUCTURE OF CERTAIN MEASURE ALGEBRAS 737

REFERENCES

1. P. R. Halmos, Measure theory, D. van Nostrand Co., New York, 1950.

2. E. Hewitt, Remarks on the inversion of Fourier-Stieltjes transforms, Ann. of Math.,
(2) 57 (1953), 458-474.

3. E. Hewitt and H. S. Zuckerman, Structure theory for a class of convolution algebras,
Pacific J. Math., 7 (1957), 913-941.

4. E. Hille and R. S. Phillips, Functional analysis and semi-groups, (revised edition) A.
M. S. Colloquium Publ. XXXI, New York, 1957.

5. J. L. Kelley, General topology, D. van Nostrand Co., New York, 1955.

6. L. H. Loomis, An introduction to abstract harmonic analysis, D. van Nostrand Co.,
New York, 1953.

7. P. Malliavin, Imposstbitié de la syntheése spectrale sur les groupes abéliens non compacts,
Publications Mathématiques, Institut des hautes études scientifiques, no. 2, 1959.

8. K. Stromberg, A note on the convolution of regular measures, Math. Scand. 7 (1959),
347-352.

THE UNIVERSITY OF WASHINGTON






PACIFIC JOURNAL OF MATHEMATICS

EDITORS
Ravpu S. PHILLIPS A. L. WHITEMAN
Stanford University University of Southern California
Stanford, California Los Angeles 7, California
F. H. BrowNELL L. J. Paige
University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS

E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS

UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY

CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO

UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH

MONTANA STATE UNIVERSITY WASHINGTON STATE COLLEGE
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON

NEW MEXICO STATE UNIVERSITY * * *

OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY HUGHES AIRCRAFT COMPANY

UNIVERSITY OF SOUTHERN CALIFORNIA SPACE TECHNOLOGY LABORATORIES
NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to

individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,
but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics

Vol. 11, No. 2 December, 1961

Tsuyoshi Ando, Convergent sequences of finitely additive measures. ... .. .. 395
Richard Arens, The analytic-functional calculus in commutative topological

AleDTas. . ... ... 405
Michel L. Balinski, On the graph structure of convex polyhedra in

TU-SPUACE . . et e e et e e e e e e e e et e e 431
R. H. Bing, Tame Cantor sets in E>......................cccceeeiiiiii.. 435
Cecil Edmund Burgess, Collections and sequences of continua in the plane.

P 447
J. H. Case, Another 1-dimensional homogeneous continuum which contains

ARUAFC . vttt e e e et e e e 455
Lester Eli Dubins, On plane curves with curvature ....................... 471
A. M. Duguid, Feasible flows and possible connections ................... 483
Lincoln Kearney Durst, Exceptional real Lucas sequences ................ 489
Gertrude 1. Heller, On certain non-linear opeartors and partial differential

CQUATIONS . . . oottt e 495
Calvin Virgil Holmes, Automorphisms of monomial groups ............... 531
Wu-Chung Hsiang and Wu-Yi Hsiang, Those abelian groups characterized

by their completely decomposable subgroups of finite rank . .......... 547

Bert Hubbard, Bounds for eigenvalues of the free and fixed membrane by
finite difference methods ..........................
D. H. Hyers, Transformations with bounded mth differenc
Richard Eugene Isaac, Some generalizations of Doeblin’s
decompoSItion . .........coouuuieeeiiiiiinnnnnn.
John Rolfe Isbell, Uniform neighborhood retracts. . . .. ..
Jack Carl Kiefer, On large deviations of the empiric D. F.
variables and a law of the iterated logarithm. . . . . ..
Marvin Isadore Knopp, Construction of a class of modula

Nathaniel F. G. Martin, Lebesgue density as a set function
Shu-Teh Chen Moy, Generalizations of Shannon-McMilla
Lucien W. Neustadt, The moment problem and weak conv
Kenneth Allen Ross, The structure of certain measure alg
James F. Smith and P. P. Saworotnow, On some classes of

algebras. ........ ...
Dale E. Varberg, On equivalence of Gaussian measures . .
Avrum Israel Weinzweig, The fundamental group of a uni



	
	
	

