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Introduction. In the case of one complex variable the following
theorems are well known [3]:

1. Let C be a rectifiable oriented Jordan arc or curve and f(¢) an
integrable function defined on C, analytic at a point 2, € C (in case C
is an arc we suppose 2, is different from both endpoints of C). Then
the function

1 Sf©
F = omi S o0& —z d

possesses the left and right limit F(z,) and F.(z,), respectively, when
the point ¢ approaches to the point 2, remaining permanently on one
side of C and the relation

Fy(z) — F, r(zo) =f (zo)

holds.
2. Under the same conditions concerning the curve C suppose f(¢)
satisfies at every point ¢, € C the Holder condition

IfF@Q—-fE)=Me—-&l*, M>0, O0<asl.

Then F'(z) possesses at almost every point z, € C the left and right limit
when the point ¢ approaches to z, along a non-tangent path to C and

Fie) = 5| L dag + Lre,

é‘_zo
_ 1 (@ g1
Fi(z) = ngg_%dc )

The improper integral on the right hand side is taken in the Cauchy
sense.

The aim of the present note is to extend these theorems to the
theory of functions of two complex variables.! We start with Bergman’s
integral formula [1], [2] which generalizes the Cauchy formula for the
case of functions of several variables. It would be very interesting to
obtain similar results starting with other integral formulas which are
similar to Bergman’s formula e.g. A. Weil’s formula [6] or later forms

Received May 12, 1960.
1 Analogous results about the limits of exterior differential forms have been obtained
by C. H. Look and T. D. Chung, see [4].
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of it, see [5].

The case of a bicylinder. Let D be a bicylinder bounded by the
hypersurfaces

2, —eh =90, |z, =1

;€ 10,2
2, — ™ =0, |z <1 ;€[ ﬂ']

and let f(&, &) be an integrable function defined on the distinguished
boundary surface d of D
(7 = 6“1) X (2, = e“\z) .

1. Suppose that f (&, &,) is analytic at a point 2%, 20¢ D. We con-
sider the function

1 /)
) Peos) = g || gt e

Since f(¢,¢,) is analytic at the point 2, 2e d, there exists a small
bicy_linder B which contains 2}, 2} inside and such that f(&, ¢,) is analytic
in B. B is bounded by the hypersurfaces

2 — 2 —re’s=0, 2| < 7 .
o | o, >0, Memel0,21], j=1,2.

2, — 20— retM =0, lz,| €7
Suppose that the point z,, 2z, belongs to DB, the intersection of D

and B. Then using the integral formula for the function f (¢, £.) and
the domain DB we obtain

__ L £ 2
@ Sen = - ey

g e~ E Ve as T Vo
47 JaBlas 47? JayBJasB 47? Ja,Bla B !

where d,, j =1, 2, 3,4 denotes the positive oriented circle z, — e** =0
and z, — 2% — rete =0, j =1, 2, respectively. (The integrands missing
in the formula (2) are equal to that of the first integral.)

From (1) and (2) results

( 3 ) F(z“ 22) - 1 S dé‘l S f(gl’ 52) dCZ N _1—Sd158d2—chB_

47 Jag-aB & — 2, Jay Ly — 2, 47

T sl T sl T
+ f (21, 2,) + i Sali d45+ 17 Vo d35+ 4x? Jayilas

Let 2,, 2z, approach to the point 2%, 25 remaining inside the bicylinder D,
then
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[z, 2) = f(a1, 2)
(4) 1 S g S (€, £)dEdE, 1 S S [ (& £)dEdE,

4m’ 5Ja,B (Cl - zl)(@ - zz) - A7 JaypJas (?1 - Zg)(tz - Zg) '

Using the Cauchy formula for the domain which lies on the z,-plane and
is bounded by the curves d,B and d,B, we obtain

(4') S f(gly §2) dé’ — 27.”‘]('(&’ zz) _ S f(z:u 52) d:

a8 &y — & — 2,

When the point z, 2, tends to 2!, 25 it results from (4')

hm S f(él! 52) dg — 27”f(§1, 0) S f(:v Cz) dg

21, 32_'51 zl dzB CZ d4B é’z 2

The convergence is uniform with respect to &, € d,B, therefore,

(5)  lim —1—5 S FEu &) g,

21, 29-2),25 47* ZAEN) (gl - zl)(Cz - zZ)

— % 4B 52 23

In a similar way we obtain the formula

] 1 f(glv Z:2)
(6) 1121’_!’12 0 472 SdlBSd4B & —2)(&: — 2) 46t

=1 S e omipa 6) — S Sl gl

4r* Jap &y — 23 &H— 2

For the first and second term on the right hand side of (3) we
obtain the limits (2, z,€ DB):

2y, zz—vzo 20 47[ a,—a; B é‘l — 21 ay CZ —_ zz

S e 0

4z c?z — 23

L] Sd) dg}

ay—ayB é‘z - zz

and

@) tm (L [ S g)

23, z2~%z(1) V2 47'(,'2 dlg é‘l — % Jay— dzk §2 — 2y

e R ]

From (3), (4), (5), (6), (7") and (7”) results
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(8) Fy2t,2) = lim F(z,2)=f(@ 2) + 21,§ L&) g
27,29 —-zl g T dl'—dlB a313 é‘l — z1
21.29€ D
1 S S, &) 2:2) de, — 1 S dg,
2ry Jay-ap-as §y — 2 47? Ja-a\8-a8 & — 2%

] €8 g, .

ay—ayB—a8 §y — 2

When the point z,, 2, does not belong to D and tends to 2!, 23, we obtain
three values for the exterior limit Fy (2% 23), k =1, 2,3, (in this case
we need to put 0 instead of f(2,#,) in (2) and similar changes ought to
be made in (7’) and (7))

Fu@®,2) = lim F(z,2)

21,2920.2)
J231>1, l2gi>1
L i [ A6 g,
yra a—4,B-ag8 & — 20 Jag-a,B-a,8 &, — 25

Fu(z, ) = lim F(z,z,)

zl,zz—wzg,zg
l71<1, lzgl>1
__ 1 S ag, S S, &) de,
(9) AT? Ja-ap-agB & — 2 Jay-aE-a, 8 §y — 2,

L{ FEE) g

27t Jay-a,-a8 &, — 25

Fu(z,2) = lim F(z,2)

21, zz—vzo , 20

12211, fzgl <1
4A7? Ja-aB-a38 &) — 23 Jag-ag-a,8 &, — zo

_l_g S, 2) de, .

271 Jay—a a8 & — 29

Therefore

f(é‘ly ) dé—

Fy2), 23) — Fu(2, ) = f(2), 23) —1——S
271 Ja;—a,B—ay8 é‘l — zl
1

S _ _ f(zly C2) d§2 ;

Ty Jag—a,8-a,B L, — 2

Fi(zgv zg) - lz(zu zg) - f(zl, ) %S f(gly 22) dé,l :
T aB-a38 £ — 2

Fy(23, 23) — F(23, 25) = f(», 2%) + ___21 S o S, Czo) de, .
v ~a8-48 £y — 2,

REMARK. The formulas (10) can be transformed as follows.
According to the well-known formula for the function f(&y, 23) of
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one complex variable ¢, which is analytic at the point ¢, = 2!, we have

(see [3])

(0 — 1 Sf (&, 23) 1 f(:l’ zz) 0
GE(2 li d ,
Y@ = zll—l:g 2w Sdl 5 — 2 b= 2w Sdl aB-daB & — 2 dé‘ +flEh 3
lz11<1

Suppose the radius », of the circle d, tends to 0, then

1 S, 29) 2) TR
li d () — f(2, 2)) .
Tlll—r'% 271 S"H a,B~a;8 gl § G (Z) f(z )
Similarly, we have
lim 1 S f(zu fz) dg, = Gz V(@) — £, 7).
r4=0 2T Jdg—ayB—a,B é’z

On the other hand, we have

lim — 1 S f(:u 23) de¢, = G(z () = lim 1 S f(&, 2) de,
n0 274 Ja—a5-a38 £ — 20 o omi Ja, &, — 2,
lzll>1
lim 1 S S@,8) dg, = G(zl)(zO) = lim 1 : g f(z, &) g, .
rg=0 270 Ja—asB-aB &y — 29 sl 200 a3 £y — 2
Izzl>%
Therefore,

Fy(#, 2) — Fu(®, 2) = GF(2) + G (%)
(= f(@, &) + GE() + GI(2Y)
10%)  Fu&, 2) — Fu(@, 2) = G (), (=&, 2) + G2 ()
Fy2, 2) — Fiu(@, 2) = GD@) , (= (2, 2) + G (@) .
2. Suppose now that the function f(¢, ¢,) is not analytic at 27, 22
but satisfies the condition

(11) [f(6n &) —F@,2) | = M| & — 2] — 2™,
M>0,a,>0,5=1,2.
We have

— 1 f(CI’ §2) _ (zlv 22)
(12) Flay2) = = || ZERL LA agay,

1 f (2, )
4z Sgd (Cl - zl)(§2 - zz) dgldg? -

Since f(z:, 2}) is analytic, we can apply the formulas (8) and (9) to the
second term of (12).
According to the assumption (11) the improper integral
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0 A0 —— 1 f(CI!CZ)_f(227Zg)
T = SS Ch-AG -

exists. Let p0,(z,;, d;) be the Euclidean distance of the point z, from the
circle d;, 7 =1,2. We shall show that the limit

3 — i _ 1 f(é‘l! é’2)'_f(z(1)y Zg) — 0 0
lim, T z) = lim {= || FRetd S SO drdef = g6t 2)

ZI,ZZ—VZI,Z;) 21,22—*21,2
exists when the point z,, 2, tends to 2%, 25 in such a way that the rations
|z, — 23| py25 dy), J =1,2, are bounded, i.e.,

(13) 1z =2l 4, A>0,7=1,2.
042y, dy)

In fact, we have

_ 0 50y — 1 [f(gly é‘Z) - f(Z?, Zg)]
e 2) = I )= - )| Mt
. (6, — 2D(E — 2) — (& — 2)(6 — 25)] de.d
(€ — 2)(8: — 2)) Gl

ik {55 F P R U PR W
47 a,B )a,B ay—a,B JayB a,—ayB Jay—dyB dg—dyB Ja,B

(the integrands missing in the formula (14) are equal to that of the
first term). The third term on the right hand side tends to 0 when
2, 2, — 2}, 25. The first term can be written in the form

(15) B Zlggdll}"gdzt? [f((él,fi?)_(_é’{(—zg’z;)g)]
L

Suppose the radii »;,, j = 1, 2, of the bicylinder B are so small that for
¢,ed;B, j=1,2, we have |{, —2}| =8, where & > 0 is an arbitrary
fixed number. Let z,, 2, satisfy the condition (13), then using (11) we
obtain

l _ T}T;S%I;S% [f €y &) — f(2), 2)]

N (A (T )]
' 2, — 2° 2, — 20 z—z"}
. 1 1 2 2 1 1 1 dzdl
{51‘21 + gz—%( + §1_21> fadt
1 |dg, |1 dE, | 1+
<! M4+ aq AS S < const. 871+ ,
= g MAT AT e =2 — e

Therefore, for sufficiently small fixed & > 0 and z,, 2, sufficiently near to
2%, 22 the first and third term on the right hand side of (14) are arbitrary
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small. Similarly, the remaining two terms of (14) tend to 0 when & — 0.

For the difference between the interior and exterior limits of F'(2,?,)
we obtain the same formulas (10), (10*) assuming that 2,2, tends to
2}, 25 in such a way that the conditions (13) are satisfied.

The interior limit F(z}, 2%) is equal to J(z!, 2%) plus the terms of the
right hand side of (8). Similarly, we obtain three values of the exterior
limits F,(z3, 29), j =1, 2, 3, adding J(2!, 2)) to the terms of the right hand
side of (9).

A general domain with the distinguished boundary surface. Sup-
pose the given domain D is bounded by three* analytic hypersurfaces
(for definitions see [1], [2])

¢j(zlr 2y Nj) =0, .7 = 1, 2, 3 ’

and let 2% 2% be a fixed point which lies on the part of the intersection
d,, of the hypersurfaces @,(2,, 2, \\) = 0, @,(2,, 25, \,) = 0 which belongs
to the boundary of D. We assume that 2,2} does not belong to the
hypersurface @,(z,, z,, \;) = 0.

1. Let f(z, 2, be a continuous function defined on the distinguished
boundary surface d of D, analytic at the point 2}, 2. We consider the
function F'(z,, z,) defined by Bergman’s integral formula® |2]

__ 1 S, &)
1 F 19 ®3) — T
( 6) (Z Z) 471'7' SSdn (§1 _ zl)(gz . ZZ)
. {@1(21, é’z /\,1)@2(21, (2N N2) — qjl(zl! Rs) A’1)(02(21v s )\;2)} d§ d§2
O,y 2, MO, 20 \o) ’

g = a )
47’ a3 4A7? dag ’

2, 2, lies outside @,(z,, 2, \,)) =0, 7 =1,2,3, and d,, denotes the part
of intersection of the hypersurfaces @,(z,, 2, \y) =0, @u(2y, 25, ) =0
which belongs to the boundary of D.

Suppose the analytic hypersurface @,(z, 2, \,) = 0 intersects the
hypersurfaces @,(z,, z,, M) = 0, @y(2,, 2, \y) = 0 and define a new domain
Bc D which is bounded by segments of @,(2,, 2, \) = 0, @y(2y, 25y \y) = 0
and @z, 2, \,) = 0. Further, suppose that the point 2z}, 2) does neither
belong to the intersection of @, =0, @, = 0 nor to that of &, =0, ¢, =
0, and lies on the boundary of B. Let B be sufficiently small so that
f(&, &) is analytic in B.

Let 2, 2, be an arbitrary point in B. Using Bergman’s integral

2 For simplicity we assume that the number of the boundary surfaces is 3, but the con-
siderations are valid for the general case.

8 The integrands of the second and third integrals equal to those of the first with @
and @ replaced by @, @; and @, @3, respectively.
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formula representing the function f (2, 2,) in the domain B, we obtain
(comp. footnote 2)

_ i_ f(é‘]v é‘ﬁ)
a7 f@2) = 4z Sgdmé & —2)(& — =)

. {D:(21, Loy M)Do(21, 22y M) — P21 25y M)Dol(21, Loy M)} dg,de
D24, 22y M)Do(21, 22y No) e

=i o 3
4r® Jlayp 4r® JlayB )

Since SS - Sg 4 H it follows from (16) and (17)
a8 dig—djeB

a1

18)  F(z,2) = — _1_55 4 fa )

2
47 dip—dypB

7 Vo 1 Mo~ 7 Ny~ 2 )
+ 47[2 dul_f + 4”2 d24§ 471.2 a3 471-2 ag3 ’

If the point 2,2, lies outside the domain B and the hypersurfaces
®,=0,5=1,...,4, we ought to substitute 0 for f(z, 2z,) in (18).

Consider the integrals on the right hand side of (18). As long as
the point 2, 2, does not lie on any of the hypersurfaces @,z 2, \;) = 0,
Jj=1,2,3,4, we have @,z,z, \;) # 0. According to the assumption
under which the Bergman integral formula was proved (see [2]) the
functions

19 ‘,”jk(zn 2y &1y Eas Ny, i)
— ¢j(zu &y )\’j)¢k(zlf 23 Mg) — (pj(zu 23y 7\,7)@,0(21, Eay M)
(§1 - 21)(2:2 - 22) ’

j,k:]-;""4

are continuous provided that ¢, ¢ ed and 2,2, does not lie on the
distinguished boundary surface d of D. (It can happen that &, =2, or
¢, = 2, but the case ¢, &, = 2, #, is excluded.)

We denote by A\ and )\ the values of the parameters )\, and X\,
which correspond to the point 23, 23, i.e., @,(z}, 23, \)) = 0, @,(z}, 23, \J) = 0.

Let 2z, = 2%, z, = 2}, then the integrals in (18) are improper since
the factors @7%(z, 25, \,) and @;%(z, 23, \,) are indefinite for N, = A} and
A, = A, respectively. The functions (23, 22, &1y &2y My, \y) are continuous
for (¢, ¢,) € dyy — dwB + d,,B + d, B + d,; + dy (according to Bergman’s
assumption) because the point &, £, does not coincide with 23, 2.

In general, the integrals on the right hand side of (18) are divergent
for (2, 2,) = (2}, 29).

Suppose the functions @,(z!, 2, \;), j = 1, 2, satisfy the conditions

(19*) I@j(Zg’zgyx’j)‘zAlhj—)"(}lw9 A>O, O<a<1;
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then F'(2), 2) exists. We denote by p(z,, 2,; 2%, 25) the Euclidean distance
between the points 2, 2, and 2}, 23 and by 0,(2,, 2,; ?,) the distance of the
point z,, 2, to the hypersurface @, =0. If the functions @,(z, 7, \)),
J =1, 2, satisfy the conditions

(20) D21y 25 Np) | = ANy — N7, 0<a<i,

for z,, 2, belonging to 4, where 4 is defined by the inequalities

(20%) 4:0< LEuZiZh2) o M>0,7=1,2,
pj(zn N (Dj)

then

(21) lim F(z,2) = Fi(z), 2)) .

11.22—%1,22
21,29€ D4

The proof of (21) is similar to that given in § 1.
Similarly, if the point 2, 2, lies outside the domain D and tends to
20, 25 there exists the exterior limit

(21%) lim F(z, z,) = Fi(2, 2))

21,22*2?,2g
21,29€D; 29,29€ 4

provided that (20) and (20*) hold. The difference of both limits is equal
to f(21, 23):

(22) Fy(=, 23) — F(2, 20) = (2, 2) .

REMARK. Under the conditions (20), (20*) there exists one interior
and only one exterior limit of the function F'(z, 2, for 2, z, — 2}, 25.

2. Suppose now the function f(&), &) is not analytic at the point
2}, 25 but satisfies the condition

(23) [fCn &) —fRL2) = Alg — 28— 2], A>0.
The function F'(z,, 2,) can be represented as follows

@) Fez= 3 — || 1) — Fe ) + £ 2)
djk

155<ks3 4r*

. ‘l’jk(zly zz’ Cl’ E?! )"jy ch) dgldgz .
D (21, 22y M) D24, 23y Ay)

Since f(2!, 23) = const. is an analytic function, we can apply to the latter

terms in (24) the results obtained in § 1. Under the conditions (20),

(20*) there exists the exterior and interior limit of those terms.
Consider the first term in (24). If the function
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,‘P\m(zg’ 2, 1, Eay M Ny) = D,(2), &5y M)Dy(21, 23, Ag) — Di(2, 25, M)Dy(2Y, &y 7\’2)
(& — 2, — 2)

is continuous for &, ¢, € d,,, the integral

_ 1 [f(é‘u ?2) (zly )] ‘]’12(z1y 23, &1y Ear My, 7\!2)
@~z 0.2t 2 M) D2l 2 M) Aty

exists provided that @,(z!, 25, \,) and @,(z, 23, \,) satisfy the condition
(19*). If in addition yr,(2y, 2,, &1, &2y My Ay) is continuous for ¢, &, € d,, and
2, 2, — 20, 25 and if @,(z,, z,, M), @y(2,, 2., \;) satisfy (20), (20*), there exists
the limit of (25) for z,, z, — 2}, 20. In the case where r,(2,, 25, 1y &y My Ny)
is not continuous for &, ¢, € d,, and 2, 2, — 2}, 25 we use the condition
(23). Then the limit of (25) exists provided that z,, z, — 2, 2) under the
conditions (20), (20%).

Observe that for the difference between the interior and exterior
limit of F'(z,, 2,) we obtain the formula (22).

3. If one of the hypersurfaces @,(z, 2, \;) =0, j=1,2, depends
on one of the variables z,, z,, e.g., if @,(z, 2, \,) is independent from z,

(26) Dy(21,20, M) = 2 — P(Ny)

then the integrand in the first term on the right hand side of (18) can
be represented in the form

(27) ,, f(§1r EN Do 22y Ny) — D21, Eay M) .
(&1 — 2)(& — 22)Dy(21, 25y M)

According to Bergman’s assumption (26) is continuous for ¢, &, e d, & =
2y & #F 2. For 2z, =2), 2, =2 the integral _ in (18) and the

—d B
remaining integrals are improper. If @,(z?, 2, xz) sg,tlsﬁes the condition
(19*) it is sufficient to take into account the singulartiy due to the factor
(& — =)™
According to (26) the first coordinate of every point ¢, & of d be-
longs to the curve C,:z = @(\,). Suppose, the double integral over
d,, — d;,B can be represented as follows

28) Hm_amg")‘2d§1d§“’

— S s S Sy E) D21, 2 Ns) — D2y, &, M)l deg,
0y &) — 2 Jlajp—a;5B1z (é‘z - z2)¢2(z1, % 7\'2) ’

where [d,, — d,,B],, is the projection of the set d,, — d,,B on the z, plane.
Under the conditions (19*) assuming that
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F (& E)Dy(2 25y Ny) — D24, &y Ny)]
Dy(21 23y \y)

is analytic at the point 2!, 2 the integral (28) possesses one interior and

two exterior limits when 2z, 2z, — 2%25. Similarly, the integrals SS and

a

S in (18) possesses one interior and two exterior limits. .
a

“In the case where D.(21y 23y M) = 2, — PN, Py(2y, 2oy Ny) = 2, — Pr(N),
we obtain the same result as for a bicylinder.

REMARK. The Sochocki-Plemelj formula (22) was proved for a
special class of domains-domains with the distinguished boundary surface.
The basic tool was the Bergman’s integral formula (16). It arises the
problem to generalize the Bergman formula for more general domains
with maximal manifold (Bergman-Silov boundary) and to extend the
Sochocki-Plemelj formula for such domains.
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