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THE SOCHOCKI-PLEMELJ FORMULA FOR THE

FUNCTIONS OF TWO COMPLEX VARIABLES

JERZY GORSKI

Introduction, In the case of one complex variable the following
theorems are well known [3]:

1. Let C be a rectifiable oriented Jordan arc or curve and f(ζ) an
integrable function defined on C, analytic at a point z0 e C (in case C
is an arc we suppose z0 is different from both endpoints of C). Then
the function

W 2πiioξ-z

possesses the left and right limit i^(z0) and Fr(zQ), respectively, when
the point ξ approaches to the point zQ remaining permanently on one
side of C and the relation

Fι(z0) - Fr(zQ) = f(z0)

holds.
2. Under the same conditions concerning the curve C suppose f(ξ)

satisfies at every point ξΊ e C the Holder condition

\f(ξ) — f{ζλ) \S M\ζ — £\ I" , ikΓ > 0 , 0 < α ^ 1 .

Then F(z) possesses at almost every point z0 e C the left and right limit
when the point ξ approaches to zQ along a non-tangent path to C and

— z0

oζ-z, 2 " N U /

The improper integral on the right hand side is taken in the Cauchy
sense.

The aim of the present note is to extend these theorems to the
theory of functions of two complex variables.1 We start with Bergman's
integral formula [1], [2] which generalizes the Cauchy formula for the
case of functions of several variables. It would be very interesting to
obtain similar results starting with other integral formulas which are
similar to Bergman's formula e.g. A. WeiPs formula [6] or later forms

Received May 12, 1960.
1 Analogous results about the limits of exterior differential forms have been obtained

by C. H. Look and T. D. Chung, see [4].
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of it, see [5].
The case of a bicylinder. Let D be a bicylinder bounded by the

hypersurfaces

λ e [

and let f(ξ19 ξ2) be an integrable function defined on the distinguished
boundary surface d of D

(Zl = eίλι) x (z2 = e ί λ 2 ) .

1. Suppose that f(ξ19 ξ2) is analytic at a point 2?, z°2e Zλ We con-
sider the function

Since f(ζ19 ζ2) is analytic at the point z°lf z\ e d, there exists a small
bicylinder B which contains z\, z\ inside and such that/(ξΊ, ξ2) is analytic
in B. B is bounded by the hypersurfaces

z1-z°1- r.e^ = 0 , I z2 \ ̂  r2 .

i λ Λ , , ̂  ^ > 0 , λ j+2 e [0, 2τr , j = 1, 2 .
z2 — z\ — r2e

ιλ± = 0 , I ̂ i I ̂  n .
Suppose that the point z19 z2 belongs to DB, the intersection of D

and B. Then using the integral formula for the function f(ζ19 ζ2) and
the domain DB we obtain

(2) f(Zu *,)=-_!_( J
4TΓ2 )ΛXH)Λ

( (
4TΓ2 J d ^ Ja4B 47Γ2

where d ,̂ j = 1, 2, 3, 4 denotes the positive oriented circle z5 — eiλj = 0
and z5 — z) — r3e

iλJ+* = 0, i = 1, 2, respectively. (The integrands missing
in the formula (2) are equal to that of the first integral.)

From (1) and (2) results

4ττ

1 t f + 1 f ( . + 1 j ί ..
4TΓ Jd^U^B 47Γ J(ϊ22ίJ(ϊ3β 4TΓ U3Bjd4B

Let «!, 2;2 approach to the point z\, z\ remaining inside the bicylinder D,
then
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( 4 ) _ M Γ f(ζ1,ξ2)dξ1d^ _ 1 f f f(ξ19 ζ,)dζ1dζ2

4 π 2 Jd 35)d,B (ζλ — Zl)(ζ2 — «2) 4ττ2 Ja 35 JΛ4Λ (ζx — ^°)(ξ 2 — 2°)

Using the Cauchy formula for the domain which lies on the 22-plane
is bounded by the curves d2B and dJB, we obtain

J Vbî  ζi) fly

When the point z19 z2 tends to «?, z\ it results from (4')

lim _ ψ ζ 2
β ζ2 — z\

The convergence is uniform with respect to ζx e dsB, therefore,

(5) lim — f ( £(£IL& dζ,dζ2

*ιΉ-*AA 4TΓ2 Jd2B}a3B (ζχ — Zτ)(ζ2 — Z2)

-r^r
B ζi — z\

In a similar way we obtain the formula

(6) lim _ M ( fiSuM

4TΓ2 J ^ 4 S f2 — #2 ί J Λ 3 a ζl — Z\

For the first and second term on the right hand side of (3) we
obtain the limits (z19 z2 e DB):

(7') lim, „ -
— Z2

4?Γ2 J ^ - ^ B ^ - Zl

and

") lim ί-JLJ _^L_
zvz2-*z\,z\ V 47Γ2 Jc^iS ^ — Z1

— Z2

From (3), (4), (5), (6), (7') and (7") results
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(8) 2^,2©= lim Ffc, * ) = / « , s» + - M _ ,{ ( g l >

f /(g?,r») dς
JΛJ-(!2B-<I4B ξ , — 2° 2

When the point z19 z2 does not belong to D and tends to z\, z\> we obtain
three values for the exterior limit Flk(z°lf 2jj), k = 1, 2, 3, (in this case
we need to put 0 instead of f(z19 z2) in (2) and similar changes ought to
be made in (7') and (7"))

F(zlf z2)

4τr2 J«!-«,*-«

2?, zl) = lim

47Γ2 Jdi-^S-dgB

π i Jd2-d2β-d4ΰ

F(z19 z2)

\Zχ\>\, |

2ττi J^-^ ί-^ ί f, - z\ b l

Therefore

2 π i Jd2-d2JB-d4s f2 — jgj

t JJ&2J2
— Γ\ _ _ — ^
2^:^ J^-dxB-daS ^ — ^

REMARK. The formulas (10) can be transformed as follows.
According to the well-known formula for the function f(ξ19 zQ

2) of
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one complex variable ζ19 which is analytic at the point ζλ = z\, we have
(see [3])

GfHzl) = lim - M {&'*» dξ, = - M _ _ψn^Ldζ1 + f(zl zl) .
β^.0 2π% J*! ζ1 — zλ 2π% UX-Λ^-^B ζ1 — z\

Suppose the radius τx of the circle d3 tends to 0, then

lim - M _ _ { f c ' zl)

o dξ, = G^(«ϊ) - f(zl zζ) .

Similarly, we have

lim

On the other hand, we have

Km - M f(Sl> zl) dζ2 = G{fi(zl) = lim
r^o 2πι J«!-«!»-Λ3B ζλ — z\ z^zo 2π

im [ dζx

^zo 2πi U± ξΊ — z1
| 2 i l > i

lim J _ ( ^ ( z ? ' ^ df, = G,"!»(2S) = lim -±- \ f{^' ^ dζ,
2 J \ H_zo 2πί U2 ζ2 — 22

Therefore,

(10*)

Ff(zϊ, zS) - Fu{zl, zl) =

2. Suppose now that the function f(ξu ξ"2) is not analytic at z\, z\
but satisfies the condition

(11) I f(ξ» r θ - / ( « » «5) \SM'\ζ1-z\\^ \ζ%- zll . ,

Λf > 0, α, > 0, i = 1, 2 .

We have

(12) , z,) = - _L.ίί / / 5 1 > r ' )

z,)

Since /(zj, z°) is analytic, we can apply the formulas (8) and (9) to the
second term of (12).

According to the assumption (11) the improper integral
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J ( Z u Z ϊ ) - ~ - &

exists. Let p3(z3, d3) be the Euclidean distance of the point z3 from the
circle d3, j = 1, 2. We shall show that the limit

lim J(z1,z>) = lim {- - M t f^' ^ -/<*?' f dζ&λ = J{z\,
,z

lim {- - M t f^' ^ -/<*?'

exists when the point zu z2 tends to z\, z\ in such a way that the rations
I zs — z\ I : i0/^^ ^J)J 3 = 1> 2, are bounded, i.e.,

(13) U>ΓZ}\ < A ' A > 0, j = 1, 2 .

In fact, we have

= _ i {( ί _ + ( f _ + f J _ + f \

(the integrands missing in the formula (14) are equal to that of the
first term). The third term on the right hand side tends to 0 when
zl9 z2 —> zΊ, z°2. The first term can be written in the form

Suppose the radii r ί ( j = 1, 2, of the bicylinder B are so small that for
ξj e djB, j = 1, 2, we have | ξ} — z) \ ̂  δ, where δ > 0 is an arbitrary
fixed number. Let zx, z2 satisfy the condition (13), then using (11) we
obtain

l f r [/(ri,r.)-/(z?.gS)i
4π2 J*^JαlB- (ς, - 2j)(r2 - zS)

+ A(1 + A)}\ J -— i π - I ' Γ ^ ,,,„ < const.
J aλB J a2B I ς χ ^j I i I ζ2 ^ 2 | 2

Therefore, for sufficiently small fixed δ > 0 and z19 z2 sufficiently near to
z°lf z\ the first and third term on the right hand side of (14) are arbitrary
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small. Similarly, the remaining two terms of (14) tend to 0 when δ —> 0.
For the difference between the interior and exterior limits of F(z1 z2)

we obtain the same formulas (10), (10*) assuming that z19 z2 tends to
z\9 z\ in such a way that the conditions (13) are satisfied.

The interior limit F4(zJ, z°2) is equal to J(z°19 zj) plus the terms of the
right hand side of (8). Similarly, we obtain three values of the exterior
limits Fl3(z°19 z°2), j = 1, 2, 3, adding J{z[, z°2) to the terms of the right hand
side of (9).

A general domain ivith the distinguished boundary surface. Sup-
pose the given domain D is bounded by three2 analytic hypersurfaces
(for definitions see [1], [2])

Φό{z19 z2, X3) = 0 , j = 1, 2, 3 ,

and let z\9 z\ be a fixed point which lies on the part of the intersection
d12 of the hypersurfaces Φx{z19 z29 λx) = 0, Φ2(z19 z2, λ2) = 0 which belongs
to the boundary of D. We assume that z\, z\ does not belong to the
hypersurface Φ3(z19 z2, λ3) = 0.

1. Let f(z19 z2) be a continuous function defined on the distinguished
boundary surface d of D, analytic at the point zj, z\. We consider the
function F(z19 z2) defined by Bergman's integral formula3 [2]

(ΛGλ T?(<y 7 \ — _ L

„ λ2)

47Γ2

z19 z2 lies outside Φ3{z19 z2} Xj) = 0, j = 1, 2, 3, and djιJc denotes the part
of intersection of the hypersurfaces Φ3{z19 z29X3) = 0, Φjc(zly z29 λΛ) = 0
which belongs to the boundary of D.

Suppose the analytic hypersurface Φ4(z19 z29 λ4) = 0 intersects the
hypersurfaces Φλ{zly z29 \) = 0, Φ2(z19 z29 λ2) = 0 and define a new domain
BaD which is bounded by segments of Φx(z19 z29 \) = 0, Φ2(z19 z29 λ2) = 0
and Φ4(z19 z29 λ4) = 0. Further, suppose that the point zj, z\ does neither
belong to the intersection of Φ1 = O, ΦA = 0 nor to that of Φ2 — 0, Φ4 =
0, and lies on the boundary of B. Let B be sufficiently small so that
f(ξ19 ξ2) is analytic in B.

Let z19 z2 be an arbitrary point in B. Using Bergman's integral

2 For simplicity we assume that the number of the boundary surfaces is 3, but the con-
siderations are valid for the general case.

8 The integrands of the second and third integrals equal to those of the first with Φi
and Φ2 replaced by Φu Φs and Φ2, Φ3, respectively.
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formula representing the function f(z19 z2) in the domain B9 we obtain
(comp. footnote 2)

(17)

i(Zi, ζt, \)ΦάZi, Zt, λ») ~ ^ife, Z2> Mflife, ξ 2, λ2)}

, 23, λ2)

4 T Γ 2
--Mi --^

4 π 2 JJΛ 1 4 B 4T

Since ( ( = ( ( _ + ( ( _ it follows from (16) and (17)
J J a 1 2 j)a12B }}d12-d12B

(18) F(zu z2) = - _L_ ί ί _ + /fe, «,)
+ JL([ +J

If the point zlf z2 lies outside the domain B and the hypersurf aces
φ3 = 0, i = 1, , 4, we ought to substitute 0 for f(z19 z2) in (18).

Consider the integrals on the right hand side of (18). As long as
the point zlf z2 does not lie on any of the hypersurfaces Φj(z19 z2, \3) — 0,
j = 1, 2, 3, 4, we have Φ5{zλ1 z2, \3) φ 0. According to the assumption
under which the Bergman integral formula was proved (see [2]) the
functions

(19) ψ>(Zi, Za, ξΊ, ? a, λ^, λfc)

j , k = 1, --.,4

are continuous provided that ξlfξ2Gd and ^, 22 does not lie on the
distinguished boundary surface d of D. (It can happen that ζx = ^ or
f2 = z2, but the case ξ19 ζ2 = zlf z2 is excluded.)

We denote by λ? and λ̂  the values of the parameters λx and λ2

which correspond to the point zj, zj, i.e., Φλ(zl9 zj, λf) = 0, Φa(z;, zj, λj) = 0.
Let Zx — z?, 2;2 = zj, then the integrals in (18) are improper since

the factors Φΐι{z\, zS, \ ) and Φϊ\z\, zj, λ2) are indefinite for λx = λj and
λ2 = λj, respectively. The functions ψjk(z°19 z°2, ξ19 ζ2, Xj9 λfc) are continuous
for (ξ19 ξ2) e d12 — d12B + d1 4β + dMB + d18 + d23 (according to Bergman's
assumption) because the point ζl9 ζ2 does not coincide with zj, zj.

In general, the integrals on the right hand side of (18) are divergent
for (zlf z2) - (zl zj).

Suppose the functions Φ5{z\9 z°2, X3)9 j = 1, 2, satisfy the conditions

(19*) I Φό{z\} zS, λ,) I ̂  AI λ, - λ} | , A > 0, 0 < a < 1 ,
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then F(z°l9 z°2) exists. We denote by p(zlf z2; z°ly z°2) the Euclidean distance
between the points z19 z2 and z°u z\ and by p3(z19 z2, Φ3) the distance of the
point zlf z2 to the hypersurface Φ5 — 0. If the functions Φ3{z19 z2J X3),
j = 1, 2, satisfy the conditions

(20) I Φ3(zu z21 X3) I ^ A I X, - X) | " , 0 < a < i ,

for z19 z2 belonging to Δ, where Δ is defined by the inequalities

(20*) Δ : 0 < i°(*i> s»; z^ z°) < M § M > 0, j = 1, 2 ,

then

(21) lim F f e , ^2) = Ft(z°, z°) .
;

The proof of (21) is similar to that given in § 1.
Similarly, if the point zlf z2 lies outside the domain D and tends to

zlf z\ there exists the exterior limit

/9 1 *x lim F(z19 z2) = ^(2?, 2;2°)
0 0

provided that (20) and (20*) hold. The difference of both limits is equal
to /(*?, zl):

(22) Ft(zl zl) - Fι(zl zl) = f(z°lf z°) .

REMARK. Under the conditions (20), (20*) there exists one interior
and only one exterior limit of the function F(zuz2) for z19 z2 —> z°19 z\.

2. Suppose now the function f(ζ19 ζ2) is not analytic at the point
z\, z\ but satisfies the condition

(23) \f(ζ19 ξ2) - f(zl zl) I ̂  A I ζx - z\ 11 ζ2 - z\ \ , A > 0 .

The function F(z19 z2) can be represented as follows

(24) F(zlyz2)= Σ --^
4

Since /fe0, ^) = const, is an analytic function, we can apply to the latter
terms in (24) the results obtained in § 1. Under the conditions (20),
(20*) there exists the exterior and interior limit of those terms.

Consider the first term in (24). If the function
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TliK^lf »2l ίl> ί2» AΊ» ^ 2 J 7 7
V b l

is continuous for ξΊ, ξ2 e <212, the integral

(25) - J L f f
4 τ τ 2 J J Λ

exists provided that Φ1{z[, z°2, \) and <P2(«i> «S> ̂ 2) satisfy the condition
(19*). If in addition ^12(^i, z29 ζu ζ2, \, λ2) is continuous for ξ19 ζ2 e d12 and
zlf z2 —> «ϊ, «J and if Φλ{zλ, z2, \), Φ2(zlf z2, λ2) satisfy (20), (20*), there exists
the limit of (25) for z19 z2 —• z[, z°2. In the case where ψ12(zly z29 ζ19 ζ2, \9 λ2)
is not continuous for ζ19 ζ2 e d12 and zlfz2—>z°19 z\ we use the condition
(23). Then the limit of (25) exists provided that z19z2—+ z°19 z\ under the
conditions (20), (20*).

Observe that for the difference between the interior and exterior
limit of F(zlf z2) we obtain the formula (22).

3. If one of the hypersurfaces Φό{zly z29 Xά) — 0, j = 1, 2, depends
on one of the variables zl9 z2, e.g., if Φι(zl9 z2f\) is independent from z2

(26) Φfa^ \) = zλ- φ(\) ,

then the integrand in the first term on the right hand side of (18) can
be represented in the form

(27) ω12 =
(ζi - 2i)(?2 - Z2)Φ2(Z19 Z29 λ 2 )

According to Bergman's assumption (26) is continuous for ξ19 ζ2 e d, ζ2 —

z2J ζτΦ zlm For zλ = z\9 z2 = z\ the integral \ \ in (18) and the
JJβ 1 2-Λ i aB

remaining integrals are improper. If Φ2{z°l9 z\9 λ2) satisfies the condition
(19*) it is sufficient to take into account the singulartiy due to the factor

According to (26) the first coordinate of every point ζ19 ξ2 of d be-
longs to the curve Cx: zx — <p(\). Suppose, the double integral over
d12 — duB can be represented as follows

(28) \\

J^i ?i — Si Jπβi2-*ia«] 19 Z2f λ 2 )

where [d12 — dl2B\2 is the projection of the set d12 — d12B on the ^2 plane.
Under the conditions (19*) assuming that
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f(ζ» ?2)[02(Zi, fr, λ2) - Φ2(zlf ξ2, λ2)]
Φ2(zly z2, λ 2 )

is analytic at the point z°lf z\ the integral (28) possesses one interior and
f Γ

two exterior limits when zlf z2 —* 2J2S. Similarly, the integrals \ \ and
rr # J JcE1 3

I \ in (18) possesses one interior and two exterior limits.
In the case where Φx(zu z29 \) = zλ — <p(\), Φ2(zly z2, λ2) = z2 — ψ(λ 2),

we obtain the same result as for a bicyUnder.

REMARK. The Sochocki-Plemelj formula (22) was proved for a
special class of domains-domains with the distinguished boundary surface.
The basic tool was the Bergman's integral formula (16). It arises the
problem to generalize the Bergman formula for more general domains
with maximal manifold (Bergman-Silov boundary) and to extend the
Sochocki-Plemelj formula for such domains.
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