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Introduction. Let X be a topological space, 4 a sheaf of associa-
tive algebras over X and A a sheaf of two-sided A-modules considered
as a sheaf of algebras with trivial multiplication. It was shown in [1]
that the group F'(4, A) of equivalence classes of algebra extensions of
4 with A as kernel occurs naturally in an exact sequence

- — HY(X, A) — F(4, A) — Ext’(4, A) - HY(X, A) — -+

where H*(X, A) denotes the Cech cohomology of X with coefficients in
A. In this paper the same question will be discussed for the case in
which A has a non-trivial multiplication. It will be shown that under
appropriate hypothese F'(4, A) occurs in a similar exact sequence, except
that in the other terms of the sequence, A must be replaced by the
“bicenter’”” K, of A. A precise statement of the main result of this
paper is given in Theorem 2. The methods used here are an adaptation
of those used by S. MacLane in [2].

1. The extension problem. Let R be a sheaf of rings on a to-
pological space X. If C and D are sheaves of R-modules, then Hom,
(C, D) will denote the sheaf of germs of R-homomorphisms of C into
D and Ext:(C, D) will denote the nth derived functor of Hom, (C, D).
If Ais a sheaf of associative R-algebras, then, as usual, A* will denote
the opposite of R-algebras and A° = A@®,A* will denote the enveloping
sheaf of A. A is a sheaf of A°-modules, the operation of 4° on A being
given by the formula (A& p*)(v) = Mype.

Now, let M} = Hom (A, AP Hom (A, A)

where @ denotes the direct sum. Then M/, being the direct sum of
sheaves of rings, is itself a sheaf of rings and A can be considered as
a sheaf of left and right M’-modules as follows: Let ¢ = (o, ¢,) € M.
Then the left action is given by d(a) = o,(a) and the right action by
(a)g = 0,(a). Let

M, = {0 e M,|a(ob) = (ag) b for all a, b e A}.
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Then M, is a subsheaf of subrings of M;. M, will be called the sheaf
of germs of bimultiplications of A. Note that we cannot assert that A
is a sheaf of Mj-modules since we do not know that (ca)r = d(ar). If
o and 7 satisfy thig relation then they are called permutable bimultiplic-
ations. The natural ring homomorphisms A — Hom, (4, 4A) and A —
Hom (A, A) given respectively by left and right multiplication induce a
ring homomorphism p: A — M, whose image is a sheaf of two-sided
ideals. The kernel K, of ¢ will be called the bicenter of A and the
cokernel P, of pt will be called the sheaf of germs of outer bimultip-
lications of A. P, is a sheaf of rings and K, is a sheaf of left and
right P,-modules. As above, K, is not a sheaf of P;-modules. Elements
6 and T of P, such that (Ga)T = 6(aT) for all @ ¢ K, will be called
permutable. Note that ¢ and T are permutable if and only if represen-
tative elements o and 7 in M, are also permutable.

An extension of a sheaf 4 of R-algebras by a sheaf A of R-algebras
is an exact sequence.

(1) 0—A—oT-"54-0

of sheaves of R-algebras and R-algebra homomorphisms. As in [1], we
shall say that such a sequence is locally trivial if there exists a covering
77 ={U,} of X such that the restriction of the sequence to each U,
splits as an exact sequence of sheaves of R-modules. Hence if (1) is
locally trivial then there exist R-module homomorphisms j,:4| U, —
I'| U, with p j, = identity. Furthermore, since A is a sheaf of two-sided
ideals in I', the map t: A—— M, extends to a map p: I'— M,.
Thus, we may define the composition

0, = (coker p)opt0j,: 4|U, — P,| U, .

Since (Jg — Ju): 4| Uyg—— A| U,s, We see that ; = 6, on U, = U, N U,.
Hence {0,} determines an element 6 € Homg (4, P,). We shall say that
this ¢ is induced by the extension (1). Clearly 6 is an algebra homo-
morphism whose image consists of permutable elements. Note that this
implies that K, is a sheaf of 4°modules via the operation of P, on K,.

If 6 € Hom, (4, P,) is an algebra homomorphism whose image con-
sists of permutable elements, then, with respect to the usual equivalence
relation, we wish to classify the extensions which induce 6 in the
manner described above,

2. The complexes. From [1], we recall that a sheaf B of R-
modules is said to be weakly R-projective if each stalk B, is an R,-
projective module and it is said to be R-coherent if there exists a
covering 7 = {U,} such that for each U, there are integers p and ¢
and R-homomorphisms so that the sequence
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R*|U,—> R U,—> B| U, — 0

is exact. Also, as in [1], C*(X, B) will denote the direct limit over
coverings 7~ indexed by X of the Cech cohomology complexes C*(Z/, B).
If S(4) =R and S,(4), » > 0 denotes the n-fold tensor product of A
with itself, then we define

L*(B) = CYX, Homy (S(4), B)) .

ProprosiTiON 1. If X is paracompact Hausdorff and if A is weakly
R-projective and R-coherent, then, for each n = 0,

0 — L*"(K,) — L*™(4) = L*"(M,) == L**(P,) — 0

is an exact sequence of complexes, the mappings being those induced
by the exact sequence of sheaves

n

0 K, A5 M, P, 0

Proof. In [1] it was shown that if 4 is weakly R-projective and
R-coherent then so is S,(4) and hence the sheaves E=xt: (S,(4), B) =0
for + >0, n =0 and for all B. Hence, for each n = 0, there is an
exact sequence of sheaves

0 —— Homy (S,(4), K,) — Homg (S,(4), A) —— Hom (S,(4), M,)
—— Homy (S,(4), P,) — 0 .

If X is paracompact Hausdorff then C*(X, —) is an exact functor and
hence we get the indicated sequence of complexes.

We would like to consider each of the complexes Li7(—) in the
preceding proposition as a bicomplex in some manner which reflects a
given structure of K, as a sheaf of 4°modules and which coincides
with the usual structure of Homg (S,(4), —) as a complex. This is too
much to ask, but such a structure on L"’(A) can be approximated as
follows: Let 6 € Hom (4, P,) be an algebra homomorphism whose image
consists of permutable elements. If 6 is regarded as an element of
L**(P,), then by exactness there is an element ¢ € L**(M,) such that
w.(0) = 0. Let o be represented by cocycle {o¢,} on some sufficiently
fine covering 2. Given this date, we can define a ‘‘coboundary’’
operator &, on L™"(A) by the following formula. Let ke L™"(A) be
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We shall see that the restriction of 8, to L*/(K,) is in fact a good
coboundary operator.
In order to investigate the properties of 8, and the relations be-

tween J, and the Cech coboundary operator 3, we must introduce some
more notation.

(2.1) To avoid constantly writing variables we make the following
convention: If 7 is a function of p variables and s is a function of ¢
variables, both with values in an algebra, then 7-s is the function of
p» + ¢ variables defined by

8N Npra) = T Np)  S(Npia, . Apig) -

(2.2) m will denote ambiguously the multiplication in all of the algebras
which appear here.

(2.3) Since 6 is an algebra homomorphism,
(040, — 0,0m) = 0 Hence there exists an f e L**(A) which is repre-
sented by a cochain {f,} on % such that

UeSfow =040, — Guom .

(2.4) Since 7, (50) = S7,(0) =0, there exists an he L' (A) which is
represented by a cochain {h,} on Z such that

Iu*hwﬁ = (/8\0')“5 .

(2.5) If ¢ e L*Y(M,) also satisfies 7, (¢') = 6, then 7, (¢ — o) =0 and
hence there exists a 7 € L°*(A) which is represented by a cochain {G,}
on 77 such that

Ui Oou =0, — 04 .
Using these notations the following result in easily checked:

ProposiTION 2. If ke L™"(A) is represented by {k., ...} on 7,
then

(2'6) Sagvkwom.,wm = fwo'kwo ..... @, kmo....,wm’fwo
@.7) 8,0 k)a, = (58, K)ag...apysy —

- (_1)n+1kwl ,,,,, wmﬂhwo,wl

..... wm+1

COROLLARY. L"/(K,) is a bicomplex with respect to the pair of
differential operators 8,8,. The total differential operator is given by
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S=(=1)M8§+5,.

This differential operator depends only on 6.

Finally, we shall need to know something about the behavior of 5
on products of low dimensional cochains, where Cech cochains are
multiplied by multiplying the values (suitably restricted when necessary)
on corresponding elements of the nerve of a covering according to the
convention of 2.1. It is easy to verify the following statements by ex-
plicit calculation.

ProrosiTiON 3. If r € L*?(A) g.nd s € L"(A) are represented on 7/
by {r.} and {s,} respectively, then &(r-s) € L**"(A) and

(2.9) (r+8)ap = (57)ap 80 + 7o+ (88)ap + (O1)ap* (5)as .

If te L'?(A) andAu € L"%(A) are represented on 7/ by {t.s} and {u.}
respectively then d8(t-u) € L***9(A4) and

(2-10) (S(t'u))wsv = (/S\t)aﬂv'uwv + tmv'(gu’)wﬂy + (gt)wﬁy'(gu)wﬁv - twﬂ'uﬁv
_— t‘gy'uws .

Finally, if r € L™?(A) and s e L™%A) then &, satisfies the good co-
boundary formula.

2.11) 8,(r-s) = (8,r)+s + (—1)?r-5,s .

3. The obstruction. We shall regard the complex L'/(K,) as
being filtered by the second degree and we define F*(L) = Y ,,,L"(K)).
In analogy with the proceedings of [1], the classical results for exten-
sions of algebras suggest that each algebra homomorphism 6 € Hom (4,
P,) whose range consists of permutable elements determines an ‘‘obst-
ruction” in H*(F*(L)); this obstruction being zero if and only if there
exists an extension which induces # in the manner described in §1. A

representative cocycle for such a cohomology class would be an element
of L’(K,)@®L"(K.,)DL"*(K,).

Let 0 € L"*(A) satisfy 7,6 = 6 and let

feL'(A) and h e L'*(A) be defined as in 2.3 and 2.4. Then the
components of a representative cocycle of the ‘‘obstruction’’ to 8 are
defined as follows:

(i) Since g, (8h) = 3¢,h = 0, there exists an element a € L*'(K,)
which is represented by a cochain {a,s} on 2/ such that

Gapy = (OR)upy

(ii) A standard elementary calculation shows that (,(5,f) = 0.
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Hence there exists an element ¢ € L°*K,) which is represented by a
cochain {c,} on % such that ¢, = &, f.

(iii) An equally elementary calculation shows that y*[8 f—8:h —
h+h] = 0. Hence there exists an element b ¢ L'*K,) which is repre-
sented by a cochain {b,;} on Z such that

bos = — (B Vap + Sohap + hug s

THEOREM 1. Let's = a@b@ec. Then s is a cocycle of F(L) whose
cohomology class depends only on 6.

DEFINITION. The cohomology class of s will be denoted by Ob(6)
and will be called the obstruction to 4.

THEOREM 2. Let X be paracompact Hausdorff and let A be weakly
R-projective and R-coherent. Then Ob(0) =0 if and only if there is
an extension of A by A which induces 6. If OB(0) =0, then the set
Fy(4, A) of equivalence classes of extensions which induce 6 is in one-
to-one correspondence with the set of elements of the group H*F'K),
and hence the following two sequences are exact.

(1) 0— HYHomj (S.(4), K,)] — Extk (4, K,) — HYX, K,)

— Fy(4, A) — Exti (4, K,) — H¥X, K,) —

(2) 0— H*[Homg (S.(4), K,)] — Fy(4, 4) —>

HY(X, Hom, (4, K,))) —

Proof of Theorem 1. It is clear that Sa = 80 h = 0, and, by 2.6,
that 8,¢c = 8,6,f = 0. Thus, to prove that s is a cocycle we must show
that 8b = 8,a and that 8¢ = —8,b. To derive the first expression, we
have by definition that

(5B)apy = — (88 )apy + (88,h)usy + S(h+h)upy

The first term is zero and the second and third terms can be expanded
by 2.7 and 2.10 respectively. After obvious cancellations, this yields

(B\b)wﬂy = Sa(gh)wﬂv + (Sh)wﬁv'hwv + h’wv'(gh)wﬁv -+ (gh)wﬂv'(gh)mm

Since $h = a € L*(K)), on a sufficiently fine covering multlphcatlon by
(‘o‘h)w,g7 is zero and hence 8b = 8,a. Similarly, since ¢ = 3,1, Sc can be
expanded by the equation, 2.7, for commuting $ and 8,. The resulting
expression can be simplified by using equations 2.6 and 2.11 and the
definition of b in (ii). This yields easily that

(60)ap = 8oL(5F)ap — 8.hup — Pag-hop] = —8,bus -

Thus s is a cocycle.
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The definition of s depends on the choices of b, h, and f. We shall
show that changing any of these changes s by a coboundary and that
any cocycle cohomologous to s can be obtained by such a choice.

Suppose that #' satisfies p.h' = o and f' satisfies ¢, f' = 6.0 — gom.
Then W' —h =h e L'(K,) and f' — f = f e L*¥(K,). If s’ denotes the
cocycle corresponding to ¢, ' and f', then it is easy to see that

8 —s=0+8)+(—8+8)F=8R+ 1.

Conversely, if 2@ f is any 2-cochain of FYL), then h +h and f + f
are admissable liftings of gg and ¢-0 — gom respectively and this change
alters s by 8(h@f). Hence, in this manner we obtain all cocycles
cohomologous to s.

It remains to show that if 7,6’ = 6, then 2’ and f’ can be chosen
so that the corresponding cocycle s’ =a’' 4+ b + ¢ =s. Since 7, (d'-
—0g) = 0, there is a ¢ € L"*(A) such that .6 =06 —a. Let W' =h +
8¢ and f' = f + 8,6 + 6-6. Then it is immediate that A’ and f’ are
liftings of 8¢’ and o'-0’ — o’ m respectively and that o’ = Sk’ = a. The
difference 8. f' — 8.f can be expressed by 2.8. Using 2.6 and 2.11, it
is easily seen that this difference is zero and hence ¢’ =¢. The only
difficult point is to show that ' = b. By definition

~

o= —=8f"+ 8, + RN

Using the definitions of f’ and %' and rearranging terms, we arrive at
the equality

bag' — bup = [8,0Gup — 08,Gag] + [TuTous + Bag T + 0Gop*hap + Pug 8Fug)
- [Gy 8T ap + 00 ap-Gu + 0Gup:8Gas — 8(F+F)ag] -
The third bracket is zero by the formula 2.9 for the Cech coboundary
of a product and the first bracket equals —h,z-0s — Gg:hos by the rule

2.7 for interchanging 8, and 8. Hence the sum of the first two brac-
kets is zero and therefore b’ = b.

Proof of Theorem 2. Suppose 0 A1 254 0 is an
extension. By Proposition 8.1 of [1], the hypotheses imply that any
such extension is locally trivial considered as an extension of sheaves of
R-modules. Hence there exists a covering % = {U,} which carries R-
module homomorphisms j,-4|U,—— ['| U, with p-j, = identity. If
0,:4|\U,— M,| U, is defined by [o.,M)](@) = j.(\)-a and (a)[o. (V)] =
a+j.(\) then {o,} determines an element ¢ € L**(M,) which is a lifting
of the homomorphism 6 induced as in §1 by the given extension. If
we define h,p =75 — jsand f, = JuJs — J.om, then the corresponding el-
ements h e L' '(A) and fe L*>%A) satisfy uh =980 and p.f = o-0 —
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oom. Elementary calculations show that for this choice of # and f
we get that s=a @PbP ¢ =0 and hence 0b(9) = 0.

Conversely, if Ob(@) = 0, then on some sufficiently fine covering 7z,
we may choose {f,} € C%(z/, Homy (S, (4), 4)) and {h,g} € Cl(U Homg (4, A))
so that 8,f, =0, (8 h)egy = 0 and (Sf)wﬁ = 8, Mg + hup-hag. As in [1],
we define I” to be the sheaf which is the quotient of U.(AP 4)| U, by
the relation

(0, + haﬂ()’)r )\’)a ~ (a, >")B for (G,, 7\’) €A 69 Al UaB .
Multiplication in I" is given by the formula
(@ Vet (@', V) = (a0’ + 0,000’ + a0e(N) + Fulr, V), W), .

It is easy to show that this multiplication is associative since 6,f = 0
and that it agrees with the equivalence relation since S f =08h + h-h.

It follows then, exactly as in MacLane [2] that the set of equivalence
classes of extensions which realize a given 6 with Ob(6) = 0 is in one-to-
one correspondence with the set of elements of the group H*F*(L)).
The exact sequences are derived exactly as in [1] from the exact
sequences of complexes

0— F'L F°L E
and 0 F*L F'L E

,0 0
1 0 .

oX o¥%

4. Examples. (1) If K, =0 then all obstructions are zero and
all terms involving K, in the exact sequence containing Fy(4, A) are
zero. Hence there is a unique extension of 4 by A which induces a
given 6 € Hom, (4, P,). As in MacLane [2], this extension can be de-
scribed as the ‘‘graph’ of 6; i.e., the pull-back of the pair of maps 8:
A— P, m: M,—> P,.

(2) If K,= A, then the map p#: A—— M, is the zero map and
hence M, = P,. Consequently, if 8 € Hom, (4, P,) is given, then ¢ may
be chosen equal to 6 and so 8¢ and -0 — gom are both zero. Therefore,
any cocycle fPh € L**(A)P L''(A) is a lifting of these two terms. It
follows that Ob(d) = 0 and that Fy(4, A) = H*(F'L). Thus the results
of [1] are a special case of the results of this paper.

(8) We wish to discuss more thoroughly a remark in § 3.3 of [1].
Let X be paracompact Hausdorff and let 4 be a weakly R-projective
and R-coherent sheaf of R-algebras. Suppose that A is a sheaf of R-
algebras and that

0 A r 4 0

is an exact sequence of R-modules. Let 2 = {U,} be a sufficiently fine
covering of X and let {j.} € C"(2Z, Hom (4,I")) determine the locally
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trivial structure of 7" and let k., = (§ Napg.  An algebra homomorphism
0 € Hom, (4, P,) whose image consists of permutable elements will be
called compatible with the locally trivial structure of I" if there exists
a lifting o € L"*(M,) of 6 which is represented by a cochain {s,} on %
such that p¢.h = So. Furthermore, an element f € L°*(A) will be called
a multiplication compatible with 6 and & if p,f = 6.6 — gom, of =
8:h + h+h and §,f = 0. The set of equivalence classes with respect to
the usual equivalence relation of such multiplications will be denoted by
Fy . (4, 4). We wish to calculate Fj ,(, A).

Proceeding as in §2, let f € L°°(A) be a cochain such that g, f =
0.0 — oom. Corresponding to fE&h there is an obstruction cocycle
s(h) =c@PbP 0. The only relevant changes of s(k) are given by varying
f by an element f e L“*K,). Such a change alters s by a coboundary
in F*L. Hence we obtain the result:

THEOREM. Corresponding to 0 and h, there is an obstruction
cohomology class Ob(0, h) € H¥(F*L) which 1is zero 1f and only if there
exists a multiplication compatible with 6 and h. If Ob(6, h) =0 then
F, (4, A) is in one-to-one correspondence with the elements of the
growp H’[Homy (S.(4), K,)].
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