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1. Introduction. It is easily shown, by means of the Thue-Siegel-
Roth theorem, that the equation

(1) '+ TM* = NV, M=1, N=2

has only a finite number of nonnegative integral solutions x,y. Here
we show that this equation cannot have more than 56 M N integral solu-
tions, and if (M,7N) =1, it cannot have more than 28N solutions.
While these are reasonable upper bounds for the number of solutions,
they are almost certainly excessively large. With appropriate assumptions
on M and N we are able to obtain much smaller bounds.

Previously, Nagell [8] and others [9], {5] showed that the equation
z' 4 7 = 2¢ has exactly five solutions. We show that when N is an odd
integer the equation 2’ 4 7 = N¥ has at most two solutions and it has
no solution unless N is an odd power of a prime.

In the second part of this paper we determine an upper bound, in
terms of M and n, on the number of primitive solutions (i.e. « and y
coprime) of the equation

(2) 2+ TM* = y*, M=1 and n=3.

In making our calculations, we make use of results which were obtained
by means of a p-adic argument.

Nagell has shown that the equation z* + D = y" has at most one
solution when D =2 or 8 [7] and has no solution when D is a square
free integer congruent to 1 or 2 (modulo 4) |6]. Ljungren [3], [4] has
shown that this equation has at most one solution when D= p* (p a
prime) or D =1 + 2% (s and ¢ odd integers = 3.)

2. Notation. Let K = Q(1/—T), where @ is the field of rational
numbers. Let © be the set of algebraic integers in K, then O is a
unique factorization ring having 41 as its only units. Let & denote
the set of rational primes which split in © into the product of two
non-associate conjugate primes. & does not contain 7 = (V' —1)(—V —=1).
Let & be the set of rational primes not in & U (7), then all integers in
& are primes in 0.

Set 0 = (1 +1V'—7), then 2 = p-p’ and p is a root of the equa-
tion * —2+2=0. If pisin &, we write p = 7w, 7).

If p is a rational prime and m is a rational integer, we write || m |,
for the largest rational integer s such that »*|m.
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1064 D.J. LEWIS

A solution shall always refer to one having z = 0, thus distinct
solutions of (1) or (2) have distinet values or # and .

I. The equation z* + 7TM?* = Nv.

3. N divisible by a prime not in &. Let %,y be a solution of (1).
Let d = (x, M). Set x =d2, M =d_«, then (_#/_#) =1 and d?| N".
Furthermore || N?||, > ||d*|, exactly when 2° = _# =1 (mod2), in
which case 4d*| NY. Let

o=@+ MV=T,0—-MV=T=dz+ 2V=T, 2~ 2V=T).

Clearly ¢ = + o', hencg_either o is a rational integer or it is a rational
integral multiple of 1 —7. The latter case occures exactly when 7|2
and 74 . hence

la* + 7TM* ||, = 2[| M|l + 1 = y [[ Nl ,

and hence this can occur for at most one value of .
Suppose that ¢ is a rational integer. Then

T= (L AV = V) = @ 2+ V=T
=Q@QF2 70+ 2 — )
is a rational integer and 7T}t .2 If 2% _# (mod2), then 7 =
(7 2V —=T=1.1f .2 =_# (mod2), thent=2(.77 . 7, +4(.7 — _#))=2f.
Now 2/} f, for otherwise 2|.77 and p|i(2"— _#), hence 4|(ZF —_#)
and so (7] _#) = 2. Similarly, if p is an odd prime then p } f, otherwise
p| . and p|i(:z"+. 41V —T)and hence p|. ~ and (% _.7) > 1. Thus

AV =T if T|.# 2% 7 (mod?),
24V =7 if 7| #=_+ (mod?2),

7= ld it Th.or E 2 (mod 2),
2d if Ty s#=_7 (mod2).

Let v = (x + MV —T)/o, then (7,9") = 1 and hence (p,7) =1 = (p, ')
for all p primes p not in &. Furthermore NY = ¢-.v-7y' and therefore

If z,y is a solution of (1) and p is in Jtheny||N|, =2]d|l, <
2| M|l,. Alsoeither y|| N, =2zl =2|| M}, or y || N|l,= 2|l MJ|, + 1.

Thus if N is divisible by 2 prime not in &, then the number of
solutions is small compared to M. Indeed

If (N, M) =1 and N is divisible by a prime in J or if T7*| N then
the equation (1) has mo integral solutions. While if (N, M) =1 and
N ="T-Tl,eep*» then y =1 s the only solution of equation (1).

Also
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If N="T"1],exp"? then x = 0 is the only possible solution of equa-
tion (1).
For

o+ TM = ] ", < T p'™p < TM2,
PES PES

hence z = 0.

4. N an odd integer. Let z,y, with ¥y = 2z, be a solution of (1).
Set " = N?/d, then .Z*+7.#*= _y* Lete= (2 _14"), thene =1,
for if p is a prime dividing e then p*|7_#* and hence p|_~ giving
(25 2)> 1.

We have

A== =NV +2ZWNN —Z) .
Suppose 2t ._#; then _y~ % .27 (mod2) and
f=(r+2 vr—2)=Q@Hwp v +z)=1.

As 1> 2 > 0, we must have either "+ 2= Tv*and " — 2 = u*
or 4"+ # =wu*and " — 2 = Tv*, where .7 = uv, (u,v) =1=(u, 7).
In either case 2_+" = u* + 7v* and hence _#~ = 0 (mod 4), since % and v
are odd.

On the other hand, if 2|_~ then _4" = 77 (mod2). Furthermore,
since (.7, 2°) =1 we have _+~ = .77 = 1(mod 2) and therefore 7 =0
(mod 4). Thus

If N is an odd integer and 4}t M and +f x,y is a solution of (1)
then y is an odd integer.

Combining this result with those of the previous section, we have

If 4} M and N is an odd integer divisible by an odd power of a
prime in I then the equation (1) has no integral solutions.

If N is odd and M = 2 (mod 4) and x, ¥ is a solution of (1) then x
and y are odd integers and
=2+ TM*= NY= N(mod4) .

Hence
If M=2(mod4) and N = 3 (mod 4) then the equation (1) has mo
integral solutions.

Similarly, if M = N =1 (mod 2) and z, ¥ is a solution of (1) then y
is odd and x is even, hence
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3=0u'+TM*= N"= N(mod 4).
Thus

If M =1(mod2) and N = 1 (mod 4) then the equation x* + TM? = NV
has mo solutions.

5. A factorization of N. In this section assume that all prime
divisors of N are in &. Let ¢(N) denote the number of distinct prime
divisors of N, then N has exactly 2!*-! distinct factorizations of the
form [[,egp*? = N=ad/, (@, ) =1, a = 3(a + b1/—T) with a > 0,5 > 0.
For if p| N then p = =,-m,, where 7, and 7, are conjugate nonassociate
primes of ©. Then for each vector (+--,e,, +++), with ¢, =0 or 1, we
have a factorization of N into relatively prime conjugate factors, namely

]:[ Ef;pepn;f"p(l—ep) and H n-;;p(l—ep)x;#pep
€S PES

and exactly one of those two factors has the property that a and b are
both positive. The vector (---,e,, «-+) and the vector (-++,1 —e,, +++)
give rise to the same a. As there are 2™ such vectors, we get at
most 21 possible factorizations. Because O is a unique factorization
ring, they are all distinct.

If «,y is a solution of (1) then ¢*| N?, therefore p|o only if p|N.
Hence each factorization

N=ada, (a,a)=1
induces a factorization
*=38, (5,8)=1, dla.
Therefore to each solution z,y of

2+ TM* = NY, with N=T]]p*»,
PES
there exists a factorization of N = aa’ such that
x + MV =T
(3) — =F(a@"[d)

g

where Z(c +dV—=T)=|¢c|+|d|V—T.

Now suppose that (M, N) =1 and N = [] ,.peg®*; then o =1. If,
under these assumptions, z, ¥ is a solution of (1) associated with the
factorization N = aa’, where a = a + b1/ —7, we have,

+M = ;} <2% ?{{_ 1>b2¢+1ay—2¢—1(_7)i ,

and hence b|M. Since different factorizations give rise to different b,
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we have

If (M, N)=1 and N = Il,.egp"?, the equation (1) has no integral
solution tf t(N) > 1+ log,d(M), where d(M) denotes the number of
positive divisors of M.

6. The equation «* + 7 = NY, N odd. In view of our discussion
in §3 we may restrict our attention to the case N = [[,.,egp*?. If the
equation
(4) 2 +T=Nv, N=]] p*,

27PES
has a solution z,y we have seen that y is an odd integer and N =
(@ +V=T)a —V—=T)=a*+ 7. It follows that N is an odd power of
an odd prime of the form a® -+ 7 and the maximal number of solutions
occur when N is a prime of this form. In case N is a prime, «a =
a +1'—7 is a root of the equation z* — 2az + N = 0. Set

at = S(k) + T =7, (e =0,1, ),

then S(0) =1, S1) =a, T(0) =0, T(1) =1 and the functions S(k) and
T(k) satisfy the recurrence

Fk +2) = 2af(k + 1) — Nf(k) .

Clearly z,y is a solution of (4) exactly when | T(y)| = 1.
Now T(k) = (a* — a'*)/(a — '), hence if m |n then T (m)| T'(n). Thus
if there is a solution of (4) with ¥ > 1, there is one with ¥ an odd prime.
Since 2|a, one shows by induction that T2k + 1) = 1 (mod 4),
T(2k) =0 (mod4) (k=0,1, ---), hence T(y) # —1. Also, by induction,
we see that T(k) = ka* (mod 7), hence T(Tu) + 1. Also S(k) = a* (mod 7).
Furthermore

T(k) = ka** + <§>akf3(__7) + oeee (=720

hence if ¥ is an odd prime for which T'(y) = 1, then —7 is a quadratic
residue modulo ¥, so ¥ is of the form s® + 7¢?, and in particular 3 = y.
Thus if ¥ is an integer for which T'(y) = 1, we have y = *1 (mod 6).

As T} N, we have 7 }a and hence S(6n) = 1 (mod 7) while T'(6n) =
—na® (mod 7). Thus

TOGn +1)=1—n (mod 7) ,
T®6n 4+ 5) = (6 — n)a* (mod7) .

Now T'(6n + 1) and T (6n + 5) are 7-adic power series in the variable » and
are congruent (modulo 7) to a linear polynomial, and so as shown in [1, § 6]



1068 D. J. LEWIS

there is a unique value of #» such that 7T'(6n + 1) = 1, namely n = 0, and
there is at most one value of n such that T(6n + 5) = 1. Hence the
equation (4), with N a prime of the form a®+ 7, has at most two
solutions. Summarizing we have

If N is an odd integer, the equation x* + 7 = N has no integral
solution unless N 1is either of the form T + 7¢®) or of the form a® + 7
when y = 1 1s a solution; this 1s the only solution unless N is a prime
of the form a®>+ 7 > 7, when there may be one additional solution.

We conjecture that the equation z* + 7 = NY, N odd, has at most
one solution.

7. The equation 2? + 28 = NY, N odd. We may restrict our atten-
tion to the case N = [l,.,eg?"?. Suppose z,¥y is a solution of the
equation

(5) @ +28=N', N= ] p*.

27#PES

It follows from the discussion in § 4 that N =1 (mod 4) and v is an odd
integer. To this solution there is a factorization N = aa’, a = ¢ + dvV —17,
with d[2. It follows that d = 2 (otherwise N # 1 (mod 4)) and (¢, 14) = 1.
Since N has only one factorization, N must be a power (in this case an
odd power) of a prime of the form ¢* 4+ 28. Clearly the maximal number
of solutions occur when N is a prime.

Now a = ¢ 4+ 21 — T is a root of the equation 2> — 2cz + N = 0. Set
ab = S*(k) + T*EW T, (=0,1,++).
Then S*(k) and T*(k) satisfy the recurrence
Sk +2) =2¢f(k + 1) — Nf(k),

where S¥(0) = 1, S*(1) = ¢, T*(0) = 0 and T*(1) = 2. Also T*(k) is even
for all integers k. Clearly z, % is a solution of (5) exactly when | T*(y)| = 2.
By induction, one shows that '

T*(k) = 2kc** (mod7), S*(Kk)=c* (mod7), (k=0,1,--+),
hence 7}ty. We also have
T*6n + j) = 2(J — n)c’™ (mod 7) G=0,1,-..-,5).
If m|n then T*(m)| T*(n). Thus if 3|y then
T*@B) = +2 = 6¢* — 56 ;
or¢ =3, N= 37 and T*(8) = —2. In this case one checks that | T*(9)| # 2,
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hence 3|y only if N =37 and 9}y. Asin the argument in the preceed-
ing section, T*(6n -+ 1) = 2 has the unique solution n = 0, while the
relations T*(6n + j) = 2 and T*(6n + 7) = —2, (§ = 1, 3 and 5) each have
at most solution. Now T*(n + 4) = T*(n) (mod8). As (bn 1) =1
(mod 4), if |T*(y)| =2 then |T*()| =2 only if y = 1; hence every
solution of (5) has ¥ square free. Finally one checks that the equation
x* + 28 = 37Y has at most two solution with 3|y.
Summarizing, we have

If N is an odd integer, the equation x* + 28 = NY has no solution
unless N is either of the form T(4 + Td%) or of the form a*+ 28. If
N ="1T(4 4+ 7d* there is exactly one solution, y =1. If N =37 then
y =1 and 8 are solutions and there are at most three additional solu-
tions. If N =a®+ 28 is a prime + 37, there are at most four solutions.
If N=a*+ 28 is composite, there are at most two solutions.

8. The general case. Assume that z,y is a solution of (1), with
N = Tl,egp*?. Then we have seen that there is a factorization of N =
ac’ with (a, «') = 1 and a factorization of ¢* = 88’ such that 8|a and

(x + MV =T)]c = P (a]5) .
Futhermore

_ a+b/—T7, with (a,b)=2, if 2}N,
T le4+ 5 =7, with (@,b)=1, a=b=1 (mod2) if 2|N.

As T} N, we have Tta.
Set

20 = S(k) + bT(k)V =T, (k=0,1,--+),
then S(k) and T'(k) satisfy the recurrence
(6) fk +2) =af(k + 1) — Nf (k) ,
with S(0) =2, S1) =a, T(0) =0, and T(1) =1. Set
28 = u + v/ =T,

as 7/ N we have 7} o0® and hence 7} u.
Now from (3), we have

o(x + MV =7) = P,
hence

(7) +40M = buT(y) — vS(y) = Fly) .
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Clearly x, y is a solution of (1) exactly when y satisfies (7). F(k) satis-
fies the recurrence (6) and F(0) = —2v», F(1)=bu —av. Let L =
(F(0), FF(1)), then F(k) = LG(k), with G(0) = a*, G(1) = b*. Obviously
(@, Ny=1, 4=a>— 4N = —Tb*, W = }(2b* — a*a) = buL™.

Set »=||L]|, and ¥ =||b|l,. Since 7 }4o, if y is a solution of (7)
we must havey = || M|, = \. As 7 }au, we have x = min(||v]|,, [|b]];) < .
we also have || 4], =2y + 1 and || W||, = x — .

By Theorem 4 of [1] if A = y the multiplicity of the recurrence G(k)
is at most 6. On the other hand, see the proof of Theorem 3 of [1], if
A < x the multiplicity of the recurrence G(k) is less than 2.7**+ and
furthermore 7} G(k), i.e. M = v.

We observe that

2.7(7-7%) < 2.7(Tb) < 4-TVIN .

Obviously 6 < 4-7"V'TN. Hence the number of ¥ such that | F(y)| = 46 M
is at most 8:7*V/7N.

If M="T7 11,0, set Mg = [],eg > Now each solution z,y of
(1) gives rise to a o¢? and to a factorization of N = aa’, and each pair
o, a give rise to a recurrence F(y). Now o0|2Mg and there are 2:%-!
factorizations of N, hence there are at most

d(2M@)2t(N)—1 — d(M@)ZHN) é M@ZHN)

distinct recurrences. It follows that the number of solutions of (1), with
N = Tl ez p*? is less than

8:T"MgV/TN-2:™
As 2™ < VTN, and 7"-Mg < M, we have

If N = [l,egp"?, the number of integral solutions of equation (1)
18 less than 56 M N.

We have seen that when N is divisible by a prime not in &, the
number of solutions of (1) is less than M, hence

The number of integral solutions of the x* + TM* = NV is less than
56 M N.

If (M,7N)=1, then 6 =1 or 2 according as N =1 or 2 (mod 2)
and hence

E (M,7N) =1, the number of integral solutions of (1) is less than
4V TN.2:™ < 28N.

If N is not a quadratic residue modulo 7%, then ¥ = 0 and hence
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If N is not a quadratic residue modulo T° the number of integral
solutions of (1) does mot exceed

12d(Mg)-2:) < 12d(M)-2:™ ;

if in addition (M, TN) = 1 the number of solutions is less than 6.2:™,

Our estimates on the number of solutions could be improved by using
better estimates for d(Mg) and for 2., We have not done so here,
because of the belief that the estimate on the multiplicity of the recur-
rence F'(k) is too crude to justify greater precision later.

9. A generalization. The methods just described enable one to
estimate an upper bound for the number of integral solutions of

(8) B(x* 4+ TM* = C-NY, where BC=1 and N=2.

We sketch the argument.

We may without loss of generality assume that B and C are positive.
If there is a solution there exists a minimal integer, say k, such that
B|(C-N¥). Let C:-N* = AB, then every solution of (8) leads to a solu-
tion of

(9) ®*+TM* = A-NY, where A=1 and N=2.

If there is a p ¢ & such that p| A and p*} (AN, 7TM?) then equation
(9) has at most one solution if p =7 and it has no solution if p e J.
If p|A and p*|(AN,7M?* and if x,y is a solution of (9) we can set
=02 M=9p_ and

Ap~ if p’lA

Y= 1ANp it prA,

then there is a one-to-one correspondence between the solutions of (9)
and the equation & + 7_#*= - NY. In this way we can reduce the
problem to the case where A = [[,egp®». If there is a prime not in &
which divides N we proceed as in the case where A = 1.

Suppose «, ¥ is a solution of (9) with A = [[,egp*?, and N = [],eg p*?.
Write A = A,A,, where A, = (A, N). Now to each factorization of N and
of A; say 4N = aa’ and 44, = vY' into relatively prime factors there are
induced factorizations of 4¢® = 88" and 44, = 77’, with §|ay and 7|av.
Then

+o(x + MV =T = Prydary = S0 + fll’g(y)l/ =17

or

(10) +160M = T¥(y) ,
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where T*#(y) is a linear recurrence of order two. Now using Theorem 3
of [1] one can estimate the number of solutions of (10). There are as
many recurrences as there are factorizations of N and A, and possible o,
One can estimate the number of possible different recurrences and hence
obtain an upper bound on the number of integral solutions of (9) and
hence of (8).

II. The Equation x* + TM? = y~,

10. The solutions with ¥ odd. We shall call an integral solution
2,y of the equation

(2) 2?+TM* =y, with M=1 and n=3,

primitive if  and y are coprime.
If 2,y is a primitive solution of (2) then (x, 7TM) =1 and

’ 1 if y is odd,
g = ™
2 if y is even.

Also, we have seen in the discussion in § 8 that if p ¢ & and p|y then
p|(x, M); hence y = [[,egp*?. Thus

Y=+ wo)(z + wo') = 2" + 2w + 2w,

where the factors on the right are relatively prime integers in ©. Since
(z + wo)(z + wo') = (—2z — wp)(—z — wp'), we may assume that w > 0.
Clearly y is odd only if 1 =2 = w (mod 2). Should 2|y, we may have
either 2|z (in which case 2 } w, since the factors are relatively prime)
or z=w =1 (mod2), whence

2+ wp =+ w — wo.
Thus we may assume that
Y = (z + wo)(z + wp')

where the factors are relatively prime, ¥ = z = w (mod 2) and w > 0.
Furthermore

(z + wo) = F,(z, w) + G.(z, w)p
where

F, .. (z, w) = 2F, (7, w) — 2wG,(z, w) , n=1,2,-.9),
Gn+1(z! ’W) = (Z + w)Gn(zr 'LU) + WFn(zr w) ’ (n = 1; 2’ o ') ’

with F, =1, G, = 0. One easily checks that F, and G, are homogeneous
forms of degree » and that w divides G,.
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Now if y is odd then ¢ =1 and
at + TM* = [(x — M) + 2Mp][(x — M) + 2Mp'],

where the two factors on the right are relatively prime integers in .
Hence, by the unique factorization property of O, +(F, + G,0) must be
equal to one of these two factors.

Now

x— M+ 2Mo' =o + M — 2Mp .

Hence if x,y (with ¥ an odd integer) is a primitive solution of (2) then
z, w (w an even integer) is a solution of

G, (2, w) = £2M .

In this case w is an even divisor of 2M and so there are at most d(M)
possibilities for w. To each choice for w there are two equations in z of
degree m — 1 and therefore at most 2(n — 1) possibilities for z. There-
fore

The number of primitive solutions of (2), with y odd, does mot
exceed 2(n — 1)d(M).

11. The solutions with % even. Suppose z,y (¥ an even integer),
is a primitive solution of (2). Then x and M must be odd integers and
o =2. Also

(@ + TM/4 = [(@ — M)[2 + Mp][(x — M)/2 + Mp'],

where the two factors on the right are relatively prime integers in .
Now 2 divides the lefthand side of this equation. If x = M (mod 4) then
p|l(x — M)/2 + Mp], hence

x2+7M2:[x+M—@—T23—Mlp][x+M—@—_2ﬂ—wlP'],

where the factors on the right are relatively prime and o |(x + M), hence

o devides the first factor. If x #= M (mod 4) then po|[(x + M)/2 — Mp]
and hence

x2+7M2=[M—x+(if23—M)p][M—x+m—zgﬂp']’

where the factors on the right are relatively prime integers in © and
0| (M — x), hence p divides the first factor.

Now, if y is even so is 2z, hence 2| F,(z, w) and therefore by the
unique factorization property of £,

t+ M= =+F, and 3M — 2 = +2G, when x = M (mod4)
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—x+M==xF, and 3M + v = +2G, when 2z == M (mod4).

In either case, we have: if x,y (¥ and even integer) is a primitive solu-
tion of (2) then there exists integers z and w such that

(11) H,(z, w) = Fu(z, w) + 2G,(2, w) = +4M ,

with 2= 0, w >0, (2, w) =1 and 2]z.
One shows by induction that

d F,=nF,_,, -d—Gn =nG,., for n=1,2,..-,
dz dz
and hence
d _ _
—H, =nH,_, =12, "') .
dz
Let

Ln:(FmGn)y (n:()ylv"')-

Clearly L, = L, = 1. Suppose L, =1(j=0,1,---,n). Now L,,,|(wF,,, —
ZGn-I—l)’ i-e' Ln+1 ] (?'U2 + 2w + zz)Gn; alSO Ln+1 ! [(Z + w)Fn+1 + 2WG7H—1] or
L, |@Quw*+ 2w+ 2)F,. As (F,,G,) =1, we have L, | (w* -+ zw + 22,
2w + zw + 2% and hence L, = 1.

The polynomials H, (n = 0,1, ---) have non-vanishing discriminant,
for

d

(Ho 2-H,) = (H,, nH,-) = (Hy, H,-)

= (z + 2w)Fn—1 + 22G,—y, Fey + 2G,)
= (ZWF'/L—D Fn——l + 2Gn-—1)
= (Fn—ly G'n—l) = 1 ¢

The heights of the coefficients of F), and G, are less than 2" and 27,
respectively. Thus the heights of coefficients of H, is less than 2%+2,
Furthermore H,(1, 0) = 0 = H,(0, 1).

Now the following theorem, which was proved in [2], enables us to
estimate the number of solutions for the equation (11), hence of equation

(2).

Let H(z, w) be a binary form of degree m = 3 with integral co-
efficients and non-zero discriminant satisfying F(1,0) = 0 and F(0,1) 0.
Let o be the height of H(z, w); let

— 3 n —_—
a_lglg:l—l(h—f—l_*—h)’ B=at
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and let p,, p,, «++, D, be any finite number of distinct primes. There
are not more than

By _n_
257 (2na) e

log 48an? ] { n n’ > .t }“"‘
t 1[ 2 wi—ont
et + 1) g (x ——1)+ nz-an+1(an+1

pairs of integers z, w satisfying

2#0, w>0, (w=1, F@ w) +0

for which F(z, w) has no prime factor distinct from p,, 0, +++, D;.

Since we are only interested solutions for which z is even, the term
2B+21B-1(2p2q )" B2 can be replaced by (2n’a)™/¢-2,

If 2,y (y an even integer) is a primitive solution of (2) then M is
an odd integer and the number of distinet prime divisors of 4M is
1+ ¢(M). It follows that:

The number of primitive solutions of (2) with y even does not
exceed

4an

(n22n+3)_ﬂ_—~7

log 48a’n ]{ n® ([ m \orenm }W(M)
2+ (M [——————— 2 ' '

12. An extension and a generalization. The methods just demon-
strated may be used to obtain an upper bound on the totality of solutions
of (2) and not just an upper bound on the number of primitive solutions.
We sketch the argument.

Consider the diophantine equation

12) 2+ TM*=A-y*, with A=1 and n=3.

As seen earlier this equation has few solutions if A is divisible by a prime
not in &, hence we assume that A = [],eg p*r.

If z,y is a solution of (12) with (%, y) = (v, M) =1, then ¢ =1 or
2. There are 2!'4 factorizations of A of the form 4 = (¢ + bo)(a + bo').
To each factorization, we have

= (F¥ + Gip)(F) + Gip) ,

where F} + Gip = (a + bp)(F, + G,0) and hence there is a binary form
H} of degree n such that H} = +4M. As previously indicated, we can
estimate the number of solutions of this equation and hence obtain an
upper bound on the number of solutions of (12) with (z, ) = (x, M) = 1.

If z,y is a solution of (12) with (,y) =1 and (x, M) = d > 1 then
d?| Ay", hence d*|A. Set x =d.2Z° M =d_«, and A = d.7 then
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L+ TN 2= o7 y" where (Zy)=1=(2 7).

Since & | A, there are at most d(A) such equations, and hence, using
the estimates just discussed, we can obtain an upper bound on the number
of primitive solutions of equation (12).

Finally let x,y be a solutions of (2). Let g = (x, y) then ¢*|7M*
g/ M., Set x =927 y=9% and M = g_«, then .25 % is a primitive
solution of

2T = Ay

Since g | M, there are at most d(M) such equations and hence one can
compute an upper bound on the number of solutions of equation (2).
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