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GROUP MEMBERSHIP IN RINGS AND SEMIGROUPS

GERALD LOSEY AND HANS SCHNEIDER

1. Introduction. Let R be a semigroup or associative ring. A
group G in R is a subset of R which is a group under the multiplication
on R. That is, G contains an idempotent e which acts as a multiplica-
tive identity on G and if a e G then there exists an element af e G such
that oca! = a!a ~ e. An element a of R is said to be a group element
in R if a belongs to some group in R.

The problem of deciding whether a given element of R is a group
element has been investigated in various types of rings in [3], [4], [5],
[6], [10], [11]. The purpose of the present paper is the generalization
and extension of some results of Barnes and Schneider [3], Drazin [4]
and Farahat and Mirsky [6].

Section 2 of this paper extends some results of [6] on the imbedding
of the groups contained in a ring with identity in the group of units of
the ring.

In § 3 use is made of the concept of left τr-regularity. McCoy [9]
introduced the concept of π -regularity, the consequences of which have
developed in [1], [2], and [8]. It imposes a finitness condition satisfied,
for example, by rings with minimum condition, by nil rings, by the
''divided'' rings of [6] and by direct sums of such rings. This condition
is found to be sufficient in many of the cases where [6] uses the condi-
tion that the ring be a direct sum of divided rings. Moreover, the
condition of left τr-regularity is applicable to the case of semigroups.
Under this condition, it is shown that if S is an extension of a semi-
group or ring R, ae R and a is a group element in S, then a is a group
element of R.

Section 4 deals with conditions under which some power of a given
element of R is a group element.

Section 5 gives a necessary and sufficient condition for the same
property in terms of annihilators.

In order to point up the comparative weakness of the condition of
left 7Γ-regularity of a ring necessary and sufficient conditions are given
in § 6 that a left π-regular ring be a direct sum of divided rings.

2 Groups in rings with identity• Throughout this section R will
denote a ring with an identity element 1 and U will denote the group
of units of R.
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LEMMA 2.1. (Farahat and Mirsky [6]) Let G be a group with
idempotent e in R. Then the mapping η: G—* U defined by τj{g) —
g + (1 — e) is an isomorphism of G onto a subgroup Gλ of U. The
idempotent e commutes with every element of G1 and G — eGλ. More-
over, if xeGx then x = ex + (1 — e).

Proof. Let g e G and let gr be its inverse in G. Then

{g + (1 - e)W + (1 - e)} = ggf + (1 - ef = e + (1 - β) - 1 ,

whence g + (1 — e) e U. The verification that ΎJ is an isomorphism is
routine.

If xeGi then x = g + (1 — e) for some g e G. Hence ex — xe — g.
It follows that x — ex + (1 — e) and that G — eGx. Thus the lemma is
proved.

Now let C(e) denote the set of all elements of U which commute
with e. Then, clearly, eC(e) is a group with idempotent e in R. It
follows from Lemma 2.1 that every group with idempotent e in R is
contained eC(e), whence eC(e) is the unique maximal group with idempo-
tent e in R. We set M(e) = eC(e). If we now apply the isomorphism
r] of Lemma 2.1 to M(e) we obtain a subgroup Mi(β) of ί7. It also
follows from Lemma 2.1 that M^e) <Ξ C(e). We shall show that Mλ(e) is
not only a subgroup of C(e), but is, in fact, a direct factor. This will
follow from the more general Theorem 2.2.

If e19 e29 , en are idempotents of R, let C(e19 e2, , en) denote the
set of all elements of U which commute with each of elt e2, , en.

THEOREM 2.2. If elf e2, , en are mutually orthogonal idempotents
in R and eλ + β2 + + en — 1 then

C(e19 e2, , en) = M1(e1) (g) Jlίi(β2) (g) 0 Mλ{en)

Proo/. Let C = C(eu e2y -- ,ew).

( 1 ) We shall first show that if i Φ j then Mx(e^ and M^βj) commute
elementwise. Let x e M^βi) and ye Mλ{eά). Then x — e{x + (1 — e{) and
?/ = βjV + (1 — βj )- T h e r e f o r e

which, by symmetry, is also equal to yx.

( 2 ) Next, C = Mife) x Mχ(β2) x x Λfi(βw). For suppose a eC.
Then e ^ + (1 — e^ e Mx(e^, i = 1, , n. Now



GROUP MEMBERSHIP IN RINGS AND SEMIGROUPS 1091

{etx + (1 - e,)} . . . {enx + (1 - en)}

= exx + + ew# = (βj. + + en)x = x .

( 3 ) We now prove that Mx(e%) Π Π i ^ ^ i ( e i ) = 1- For let x belong
to this intersection. Then

where a?,- e Ϊ7. Hence, from the commutativity of the edXj + (1 — e, ) and
the fact that e^βjXj + (1 — e3)} = ei9 it follows that

e{χ — χe{ — et x e{ x x ^ = e{ ,

and so

x = e ^ + (1 — βi) = βi + (1 — eO = 1 .

From (1), (2) and (3) it follows that C is the direct product of the Mλ(e^.

COROLLARY 2.3. C(e) = Mx(e) (g) Mλ(l - e) ^ Λf(e) (g) M(l - e).

Proof. It is merely necessary to notice that C(e) — C(e, 1 — β).

3* Group elements in extensions of ττ>regular semigroups and rings
In this section R will generally denote a semigroup; results in which R
must be assumed to be a ring will be so indicated.

Let R be a semigroup and a e R. We say that a is left ττ-regular
([8], [2]) if there exists an element x in R and a positive integer n such
that xan+1 = an. The semigroup R is said to be left 7Γ-regular if every
element of R is left π-regular. Similar definitions are made for right
π-regularity. Evidently, if a is both left and right π-regular then there
exist x and y in R and a positive integer n for which xan^ = an — an+1y.

Left π-regularity is a finiteness condition in the following sense:
The element a is left π-regular if and only if the descending sequence
of left ideals Ra Ξ2 Ra2 Ξ> Ro? ΞΞ> terminates in a finite number of
steps. More precisely, xan+1 = an implies that Ran+1 = Ran, and conversely,
ifo:^1 = Ran implies that xan+2 = αw + 1 for some a? e R, and, if i? has an
identity, implies xan+1 — an.

Left π-regularity does not imply right π-regularity and, of course,
conversely. In the case of semigroups this is shown by the following
example. Let σ and τ be two infinite cardinals with τ g σ, and let E
be a set of cardinal σ. Let B be the semigroup of all one-to-one map-
pings of E into itself for which the completement of aE in Έ is of
cardinal τ. It is easy to see that for each a e B there is an x e B such
that xa is the identity map on aE and so xa2 = a, whence B is left
π-regular. But for all integers n and all y e B, an+1yE is properly
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contained in anE and, hence, no element of B is right π-regular. (In
the case that σ — τ — ̂ 0 , the semigoup B is called the semigroup of
Baer and Levi.)

THEOREM 3.1. Suppose R is a semigroup and S is an extension of
R. If ae R is left π-regular and a is a group element in S, then a
is also a group element in R.

Proof. Suppose a is a group element in S. Then there exists a',
e e S such that

ae — ea = a , a'e — ea! — a! , aa! — a! a = e .

Since ae R is left π-regular there exists an element x e R and a positive
integer n for which an — xan+1. Hence e = anafn — xan+1a'n = xae —
xa e R. Moreover, a' = ea! — xaaf — xe e R. Consequently, a is a group
element in R and the theorem is proved.

We note that it follows from this theorem that if S is any
extension of the semigroup B of our example and a e B, then a is not
a group element in S. For if a were a group element in S it would
also be a group element in B and hence right π-regular in B.

An element a of a semigroup R is called cancellable (often called
regular) if a is both right and left cancellable, viz: ax — ay implies
x — y and xa — ya implies x — y. In a ring an element is cancellable
if and only if it is not a proper divisor of zero.

COROLLARY 3.2. Let R be a semigroup and let T be an extension
of R. Suppose

( i ) Every element of R is cancellable in T,
(ii) For each ae R, xe T there exist af e R, x' e T such that ax' =

xa',
(iii) Every element of R is left π-regular in R.

Then T contains an identity and R is a group.
Note that if R is a ring and iϋ* is the set of non-zero elements of

R, then if i?* satisfies (i), (ii) and (iii), the conclusion of the corollary
tells us that R is a division ring.

Proof. By a slight modification of an argument of Jacobson [7],
p. 118, we may form a semigroup of fractions x\a, xe T, ae R. If we
denote this semigroup of fractions by S, we may imbed T, and conse-
quently Ry in S by the mapping x —> xaja. The element a/a is an
identity for Sand, of course, also for T. Every element of R is inverti-
ble in S with respect to 1, namely its inverse is a I a2. In view of (iii)
it follows that 1 e R, and thus to T, and that each element of R has
an inverse in R, whence R is a group.
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We note that if R is assumed to be in the center of T then condi-
tion (ii) is automatically satisfied with a = a' and x — x'.

COROLLARY 3.3. Let R be a ring, finitely generated as a module
over its center C. Suppose

( i ) Every non-zero element of R is cancellable, that is, R has no
proper zero divisors,

(ii) Every element of C is left π-regular in C,
then R is a division ring.

Proof. By Corollary 3.2, C is a field. Thus R is a finite dimensional
algebra over C. But, by (i), this algebra has no zero divisors and a
finite dimension algebra without zero divisors is a division ring.

4 Powering elements into group elements. Under certain conditions
an element a of a semigroup R may not be a group element itself
although some power of it may be. An example of this is the case when
R contains a zero element and a is a nilpotent element of R.

THEOREM 4.1. Let R be a semigroup and S an extension of R such
that for each xe S there is a positive integer m — m(x) for which xm e R.
Suppose ae R and a is both left and right π-regular in S.1 Then an

is a group element in R for some n and conversely.

Proof. Since a is both left and r ight 7r-regular, find xfyeS and

a positive integer n such t h a t xan+1 = an = an+ιy. If p ^ m then it

follows t h a t xap+1 = ap = ap+1y. Find m(x) and m(y) such t h a t xm{x),

ym{y) e R and set p = m(x)m(y)n. Then xv, if e R and xap+1 = ap = ap+1y.
Note that

xap = x2ap+1 = ap+1y2 = apy

and so we may set β = x2pap = α V p and β = #pα:p = tfp2Λ Then β,
e e R and

/9αp = x2pa2p = ί c 2 * - 1 ^ * ^ * - 1 = α ? 2 * - 1 ^ - 1 = . . . = χpap = β .

Similarly α73/^ = e. Also

eα p = xpa2p = xp-1xap>rlap'1 — xp-1a2p~1 = — α2) .

By another similar argument ape = α:23. Further,

e/9 = xpa2py2* =

1 Drazin [4] calls an element which is both left and right π-regular a pseudo-invertible
element.
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and βe = β. Thus, in order to show that ap is a group element, it is
now sufficient to show that e is idempotent. But e2 = xqa2pyp = αp2/p = e.

Conversely, if an is a group element in R and /3 is the group in-
verse of an, then βa2n = cr = α:2Λ/9. Hence, α is both left and right
π-regular in R, and therefore in S.

COROLLARY 4.2. If R is a semigroup, ae R and a is both left and
right π-regular, then an is a group element in R for some n and con-
versely. More precisely, an is a group element if and only if

n+1 = an =xan+1 = an =

for some x,y e R.

Proof. Take S = R is the preceding theorem.

This result appears in a somewhat different guise in a paper by
M. P. Drazin, [4].

COROLLARY 4.3. Let R be a semigroup and an a group element
with identity e in R. Ifea — a then a is a group element in R, and
conversely.

Proof. Let an be a group element with identity β and inverse β.
Then an+1 is also a group element with the same identity and so a =
ea = βan a = βan+1 a product of group elements with idempotent e and
thus a group element itself.

Conversely, if a is a group element with identity / and an is a group
element with identy e, then e — f since an is also a group element with
identity /.

5 Annihilator conditions that a given element be a group element*
In a ring R we define the left and right annihilators of an element

a in the usual manner:

Aj(0, a) = {z e R: za = 0} and Ar(0, α) = {z e R: az = 0} .

So that we may state our next results for semigroups as well as rings
we shall generalize the concept of an annihilator. In a semigroup R we
shall set

At(x, a) = {z e JB: zα: = #α} ,

Ar(x, a) — {ze R: az = <xx} .

Several consequences of these definitions are easily proved (though we
shall makes no use of these properties). The sets A(x, a) are equivalence
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classes modulo the equivalence relation z =ιx defined by za = xa, and
similarly for the sets Ar(x, a). An element aeR is cancellable if and
only if Aτ(x, a) — Ar(x, a) = {x} for all xe R. If R is a ring, then
At(x, a) = x + Az(0, a) and Ar(x, a) = x + A r(0, a). Finally, (and this we
shall need) it is evident t h a t

At(x, a) g Aι(xf a1) s Aτ(x, a3) E

and that AZO, an) = Az(x, α:n+1) implies that A ^ , tfπ) = A ^ , am) for all
m^n, and similarly for the sets Ar($, a), Ar(x, a2), etc.

In analogy with the phrase left π-regular we introduce the following
terminology: An element a of a semigroup R is called left A-regular
in iϋ if there exists a positive integer n for which *m%+1 = zan+1 implies
that xan — zan for all x and z in i?. Thus α: in R is let A-regular if
and only if the ascending chains Az(x9 a) E Aτ(x, a2) E terminate in
finitely many steps for all a? e i?.

It is easy to see that a left π-regular element of a semigroup R is
right A-regular, and a right ^-regular element is left A-regular. In
this connection, a slight generalization of a theorem Azumaya [2] proved
for rings is of interest.

THEOREM 5.1. Let R be a semigroup and a a left π-regular element
of R. If a is left A-regular then a is right π-regular, and conversely.

Proof. Suppose a is left A-regular in R. Then we may choose a
positive integer n such that zan+1 = 2'α:w+1implies zan = z'an for all z,
z' e R and xan+L = an for some xe R. We wish to prove that an+ιy — an

for some y e R. It is clearly sufficient to prove that amxman = an for
m — 0,1,2, •••. Since the case m = 0 is trivial, we proceed by induction.
Thus, assume that amxman — an. Then

whence am+1xmHan = a?α α:n = an.
That the converse is true has already been remarked before the

statement of the theorem.
The second theorem of this section relates the integers n which

occur in the definitions of π-regularity and A-regularity. Let n be a
positive integer and let z and a be elements of the semigroup R. We
shall say that condition A(z, a, n) holds if both At(z9 an+1) = Az(z, an) and
Ar(z, an+1) = Ar(z, an). Thus an element a is both right and left A-regular
if there exists a positive integer n such that A{z, a, n) holds for all z,
and conversely. If R is a ring and A(z, a, n) is satisfied for some z e R
then A(z, a, n) is satisfied for all ze R.

THEOREM 5.2. Let R be a semigroup and let a be an element of R



1096 GERALD LOSEY AND HANS SCHNEIDER

which is both left and right π-regular in R. The following results
hold:

( i ) If an is a group element in R then A(z, a, n) holds for all
zeR.

(ii) // A(a, a, n) holds then anΛ1 is a group element in R.
(iii) If R has identity 1 and A(l, a, n) holds then an is a group

element.

We remark that under the hypotheses of the theorem, an is a group
element for some n and a is both left and right A-regular.

Proof. ( i ) If a% is a group element, then it follows from Corollary
4.2 that xan+1 = an = an+1y for some x,y e R. Suppose that u is any ele-
ment of Aτ(z, an+1) where z e R. Then zan — zan+1y = uan+ιy — uan, whence

u e At(z, a%) which implies Aτ{z, an+1) = At(z, an). The proof of Ar(z,an+1) ==

Ar(z, an) is similar.

(ii) Suppose that A(a,a,n) holds. Since a is let π-regluar there
exists a positive integer m and an x e R such that xam+1 = am. We shall
show that xan+2 — an+1. If m < n + 1, we obtain this equality by
multiplying the previous equality by an~m+1. If m = n + 1 there is
nothing to prove. If m > n + 1 then xtfa™-1 = aam~λ and A(a, a, n)
implies that

xau^2 = xa2an = aan = an+ι .

The existence of an element y e R satisfying an+2y — an+1 is proved
similarly. It now follows from Corollary 4.2 that an+1 is a group element.

(iii) The proof is similar to the proof of (ii). This time it follows
from xam+1 = \am when m n that xan+1 = xaan — lan — an by virture
of A(l, a, n). Hence an is a group element.

6, A criterion that a ring be semi'divided A ring is said to be
divided if it has an identity and every element is invertible or nilpotent.
A ring is semi-divided if it is the direct sum of (possibly infinitely many)
divided rings. The terminology is that of [6], In this section we shall
give necessary and sufficient conditions that a left π-regular ring be
semi-divided.

LEMMA 6.1. Let R be a semigroup both left and right π-regular.
Then every non-nil (left) ideal of R contains a non-zero idempotent.

Proof. Let I be a non-nil left ideal of R and a a non-nilpotent
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element of /. an is a group element with respect to the non-zero idem-
potent e for some n. Let β be the inverse of an. Then e — βan e I.

If e and / are idempotents then we say that e dominates fϊίef —
fe = f. An idempotent e Φ 0 is primitive if it dominates only 0 and
itself. For rings this is equivalent to saying that e is primitive if it is
not the sum of two non-zero orthogonal idempotents.

THEOREM 6.2. Let R be a ring satisfying the following conditions',
( i ) R is left and right π-regular;
(ii) Every primitive idempotent of R is in the center of R)
(iii) Every non-zero idempotent of R dominates a primitive idem-

potent;
(iv) If x e R then xe = 0 for all but finitely many primitive

idempotents e.
Then R is the direct sum of a semi-divided ring and a nil ring, and
conversely. If, in addition, R satisfies the condition:

(v) Every element of R has a left or right identity,
then R is semi-divided, and conversely.

Proof. Let e be a primitive idempotent. Then Re = eR, since e
is in the center of R, and e is the identity of Re. Since e is primitive
e is unique non-zero idempotent of Re. If a e Re is not nilpotent then
an is invertible in Re. But ea = a and so, by 4.3, a is invertible in Re.
Hence Re is a divided ring.

Let {βj be the set of all primitive idempotents of R. eβj = 0 if
βi Φ eό. The sum ΣRe{ is direct; for if x e Re^ Π Σ ^ ^te; then x = xe3- =
Σ&jχieiej = 0 Thus Rx = ΣRβi is semi-divided.

Let R2 be the set of all xe R for which ase* = 0 for all primitive
idempotents e{. R2is an ideal of R. If R2 contains a non-zero idempotent
then, by condition (iii) R2 contains a primitive idempotent e. But then
we would have e = e2 = 0. Hence, by 6.1, JB2 must be nil.

The sum i^ + iϋ2 is direct; for if x Φ 0 is an element of Rλ then
xe{ Φ 0 for at least one e{. Hence, Rλ Π R2 — 0. We now wish to show
that R = Rλ + R2. lΐ x e R then xe{ Φ 0 for only finitely many primitive
eim Hence, x' = x — I 7 ^ is well defined. Moreover, x'e{ = a;̂  — xel = 0
and so x' e R2. Therefore, a? = lΌs^ + x' e Rλ + R2. Hence, R is the
direct sum of a semi-divided ring and a nil ring.

The converse is directly verified.
Now suppose in addition to (i)-(iv) R also satisfies (v). Let x e R2.

Then x has a (say left) identity e = ex + e2, e1eRι,e2eR2, and

x = ex — eλx + e2x — e2x ,

since eλx — 0. But then as = efx for all m ^ 0. Since R2 is nil, βj1 = 0
for some m and so x = 0. Thus iϋ2 = 0 and i2 = i?x, a semi-divided ring.
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Again, the converse is easily verified.
That condition (iv) is actually necessary may be seen from the fol-

lowing example. Let S be the strong direct sum of countably many
copies of Z±, the ring of integers mod 4. Let R be the subring of S
generated by the weak direct sum and the element (2,2, * ,2, •••).
Then R satisfies (i)-(iii) and is not the direct sum of a semi-divided
ring and nil ring.

In conclusion, the authors wish to express their gratitude to M. P.
Drazin for several pertinent criticisms.

BIBLIOGRAPHY

1. R. Arens and I. Kaplansky, Topological representations of algebras, Trans. Amer. Math.
Soc, 6 3 (1948), 457-481.
2. G. Azumaya, Strongly π-regular rings, J. Fac. Sci. Hokkaido University, 13 (1954), 34-39.
3. W. E. Barnes and H. Schneider, The group membership of a polynomial in an element
algebraic over a field, Arch. Math., 8 (1957), 166-168.
4. M. P. Drazin, Psuedo-inverses in associative rings and semigroups, Amer. Math. Monthly,
6 5 (1958), 506-514.
5. H. K. Farahat and L. Mirsky, A condition for diagonability of matrices, Amer. Math.
Monthly, 6 3 (1956), 410-412.
6. H. K. Farahat and L. Mirsky, Group membership in rings of various types, Math.
Zeitschr., 70 (1958), 231-244.
7. N. Jacobson, The theory of rings, Math. Survey II, (1943), American Math. Soc.
8. I. Kaplansky, Topological representations of rings II, Trans. Amer. Math. Soc, 6 8
(1950), 62-75.
9. N. H. McCoy, Generalized regular rings, Bull. Amer. Math. Soc, 45 (1939), 175-178.
10. A. Ranum, The group membership of singular matrices, Amer. J. Math., 31 (1909),
18-41.
11. A. Ranum, The groups belonging to a linear associative algebra, Amer. J. Math., 49
(1927), 285-308.

UNIVERSITY OF WISCONSIN AND

MATHEMATICS RESEARCH CENTER,

U. S. ARMY, MADISON, WISCONSIN



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RALPH S. PHILLIPS A. L. WHITEMAN

Stanford University University of Southern California
Stanford, California Los Angeles 7. California

F. H. BROWNELL L. J. PAIGE

University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS
E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH
MONTANA STATE UNIVERSITY WASHINGTON STATE COLLEGE
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON
NEW MEXICO STATE UNIVERSITY * * *
OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY HUGHES AIRCRAFT COMPANY
UNIVERSITY OF SOUTHERN CALIFORNIA SPACE TECHNOLOGY LABORATORIES

NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners or publishers and have no responsibility for its content or policies.



Pacific Journal of Mathematics
Vol. 11, No. 3 BadMonth, 1961

Errett Albert Bishop, A generalization of the Stone-Weierstrass theorem . . . . . . . . . . . 777
Hugh D. Brunk, Best fit to a random variable by a random variable measurable with

respect to a σ -lattice . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 785
D. S. Carter, Existence of a class of steady plane gravity flows . . . . . . . . . . . . . . . . . . . . 803
Frank Sydney Cater, On the theory of spatial invariants . . . . . . . . . . . . . . . . . . . . . . . . . . 821
S. Chowla, Marguerite Elizabeth Dunton and Donald John Lewis, Linear

recurrences of order two . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 833
Paul Civin and Bertram Yood, The second conjugate space of a Banach algebra as

an algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 847
William J. Coles, Wirtinger-type integral inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . 871
Shaul Foguel, Strongly continuous Markov processes . . . . . . . . . . . . . . . . . . . . . . . . . . . . 879
David James Foulis, Conditions for the modularity of an orthomodular lattice . . . . . . 889
Jerzy Górski, The Sochocki-Plemelj formula for the functions of two complex

variables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 897
John Walker Gray, Extensions of sheaves of associative algebras by non-trivial

kernels . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 909
Maurice Hanan, Oscillation criteria for third-order linear differential equations . . . . 919
Haim Hanani and Marian Reichaw-Reichbach, Some characterizations of a class of

unavoidable compact sets in the game of Banach and Mazur . . . . . . . . . . . . . . . . . 945
John Grover Harvey, III, Complete holomorphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 961
Joseph Hersch, Physical interpretation and strengthing of M. Protter’s method for

vibrating nonhomogeneous membranes; its analogue for Schrödinger’s
equation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 971

James Grady Horne, Jr., Real commutative semigroups on the plane . . . . . . . . . . . . . . . 981
Nai-Chao Hsu, The group of automorphisms of the holomorph of a group . . . . . . . . . . 999
F. Burton Jones, The cyclic connectivity of plane continua . . . . . . . . . . . . . . . . . . . . . . . . 1013
John Arnold Kalman, Continuity and convexity of projections and barycentric

coordinates in convex polyhedra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1017
Samuel Karlin, Frank Proschan and Richard Eugene Barlow, Moment inequalities of

Pólya frequency functions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1023
Tilla Weinstein, Imbedding compact Riemann surfaces in 3-space . . . . . . . . . . . . . . . . . 1035
Azriel Lévy and Robert Lawson Vaught, Principles of partial reflection in the set

theories of Zermelo and Ackermann . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1045
Donald John Lewis, Two classes of Diophantine equations . . . . . . . . . . . . . . . . . . . . . . . 1063
Daniel C. Lewis, Reversible transformations . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1077
Gerald Otis Losey and Hans Schneider, Group membership in rings and

semigroups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1089
M. N. Mikhail and M. Nassif, On the difference and sum of basic sets of

polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1099
Alex I. Rosenberg and Daniel Zelinsky, Automorphisms of separable algebras . . . . . 1109
Robert Steinberg, Automorphisms of classical Lie algebras . . . . . . . . . . . . . . . . . . . . . . . 1119
Ju-Kwei Wang, Multipliers of commutative Banach algebras . . . . . . . . . . . . . . . . . . . . . 1131
Neal Zierler, Axioms for non-relativistic quantum mechanics . . . . . . . . . . . . . . . . . . . . . 1151

Pacific
JournalofM

athem
atics

1961
Vol.11,N

o.3

http://dx.doi.org/10.2140/pjm.1961.11.777
http://dx.doi.org/10.2140/pjm.1961.11.785
http://dx.doi.org/10.2140/pjm.1961.11.785
http://dx.doi.org/10.2140/pjm.1961.11.803
http://dx.doi.org/10.2140/pjm.1961.11.821
http://dx.doi.org/10.2140/pjm.1961.11.833
http://dx.doi.org/10.2140/pjm.1961.11.833
http://dx.doi.org/10.2140/pjm.1961.11.847
http://dx.doi.org/10.2140/pjm.1961.11.847
http://dx.doi.org/10.2140/pjm.1961.11.871
http://dx.doi.org/10.2140/pjm.1961.11.879
http://dx.doi.org/10.2140/pjm.1961.11.889
http://dx.doi.org/10.2140/pjm.1961.11.897
http://dx.doi.org/10.2140/pjm.1961.11.897
http://dx.doi.org/10.2140/pjm.1961.11.909
http://dx.doi.org/10.2140/pjm.1961.11.909
http://dx.doi.org/10.2140/pjm.1961.11.919
http://dx.doi.org/10.2140/pjm.1961.11.945
http://dx.doi.org/10.2140/pjm.1961.11.945
http://dx.doi.org/10.2140/pjm.1961.11.961
http://dx.doi.org/10.2140/pjm.1961.11.971
http://dx.doi.org/10.2140/pjm.1961.11.971
http://dx.doi.org/10.2140/pjm.1961.11.971
http://dx.doi.org/10.2140/pjm.1961.11.981
http://dx.doi.org/10.2140/pjm.1961.11.999
http://dx.doi.org/10.2140/pjm.1961.11.1013
http://dx.doi.org/10.2140/pjm.1961.11.1017
http://dx.doi.org/10.2140/pjm.1961.11.1017
http://dx.doi.org/10.2140/pjm.1961.11.1023
http://dx.doi.org/10.2140/pjm.1961.11.1023
http://dx.doi.org/10.2140/pjm.1961.11.1035
http://dx.doi.org/10.2140/pjm.1961.11.1045
http://dx.doi.org/10.2140/pjm.1961.11.1045
http://dx.doi.org/10.2140/pjm.1961.11.1063
http://dx.doi.org/10.2140/pjm.1961.11.1077
http://dx.doi.org/10.2140/pjm.1961.11.1099
http://dx.doi.org/10.2140/pjm.1961.11.1099
http://dx.doi.org/10.2140/pjm.1961.11.1109
http://dx.doi.org/10.2140/pjm.1961.11.1119
http://dx.doi.org/10.2140/pjm.1961.11.1131
http://dx.doi.org/10.2140/pjm.1961.11.1151

	
	
	

