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1. Introduction. Let A be an operator in a Hilbert space H, and
let u(t), 0 <t < o be a strongly continuously differentiable function of
t with values in H such that Awu(f) is continuous. We say that u(¢f) has
property S if, as t — oo, it cannot vanish faster than every exponential,
unless identically zero. A sufficient condition for all solutions of the
abstract differential inequality

(1.1) |2 — au| = oy i, 0<t<w,

dt

to have property S was determined by P. D. Lax [1]. The required
condition is that there exists an infinite sequence of lines parallel to the
imaginary axis whose abcissae )\, tend to — o and on which the resolvent
operator (A — A)™* is uniformly bounded by some constant d~*, and that
sup ¢(t) < d.

In this paper we give another sufficient condition for all of the
solutions of (1.1) to have property S. We require that the operator A4
be symmetric, i.e., (Au, v) = (u, Av), for all v and v in the domain of
A, and that the function ¢(t) be continuous and in L?(0, «), for some
pin1<p <2 Actually, under these conditions, we prove a slightly
stronger result; namely, that there exist constants K > 0 and p¢ such
that the non-trivial solutions of (1.1) satisfy || w(t) || = Ke*.

The restriction in Lax’s result on the size of ¢(t) cannot be lessened
in general. For in the contrary case he constructed a solution of (1.1)
that, as t — oo, behaves like exp (—bt?), b being a positive linear function
of sup ¢(f). It is therefore natural to ask whether there exist solutions
of (1.1) which, as ¢ — oo, tend to zero faster than exp (—2At?), for every
A > 0. We shall show that, at least for symmetric operators, this is
only rossible for the trivial solution. More generally, we obtain results that
relate the rate of decay at infinity of the solutions of (1.1) to the asymp-
totic behavior of the function ¢(t).

In the final portion of this paper we derive similar results for solu-
tions of concrete parabolic differential inequalities. Results concerning
the asymptotic behavior of solutions of parabolic partial differential ine-
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qualities have been obtained recently by M. H. Protter [2].

2. The estimate from below. Throughout this paper A will denote
a symmetric operator in a Hilbert space H, and u(t) will denote a strongly
continuously differentiable function defined for 0 < ¢ < o« with values
in H such that Au(t) to continuous. We shall also assume that ¢(¢) is

a positive continuous function belonging to L?(0, ), for some p in the
interval 1 < p < 2.

THEOREM 1. If wu(t) is a solution of the abstract differential ine-
quality

2.1) |%ﬁ—mw<¢mnwi 0=t< o,

and w(0) #= 0, then there exists K > 0 and p such that
(2.2) lu(@) |l = Ke** , 0=t< oo.

The proof of Theorem 1 requires several lemmas concerning operators
in finite-dimensional Hilbert spaces. Let D be a symmetric operator in
a finite-dimensional Hilbert space F. Since F' is finite-dimensional and

D is symmetric, there is no loss of generality in assuming that D is in
diagonal form.

For any real number A and any vector » in F, denote by P,v the
projection of v onto the subspace of F' spanned by those eigenvectors of

D whose eigenvalues are not less than M. Since D is in diagonal form,
we have

(2.3) (DPyv, Pyv) = )M || P |]* .
Similarly, if we define R = v — P,v, then
(2.9) (DR, Rw) = M| Ry ||* .

Let o be an arbitrary positive number, and define a sequence {t,}

as follows: t, =0, and ¢,, for positive integers 7, is determined from
the relation

(25) | ey = o,

where ¢,., = o if
qu(v)dr/ <p.

LEMMA 1. Let v(t), 0 <t < o, be a differentiable function of t
with values in F such that



ASYMPTOTIC DECAY OF SOLUTIONS OF DIFFERENTIAL INEQUALITIES 1237

(2.6) |%§—Dv|l§¢(tnlvn, 0t< .

Assume that v(0) + 0 and that

(2.7 (| Pyo(t,) || = || Raw(t,) ] .

Then there exists p, > 0 such that for all p < p,

(2.8) 2||Pwllz IR, bhsSt=t,,.
Proof. The set T'= {t: 2|| Rw || = || Pw]|} is closed, and the ine-

quality (2.8) obviously holds for each ¢ in 7. Thus it is sufficient to

prove (2.8) for ¢ in CT, the complement of 7. Since CT is an open set

of reals, it can be represented as a denumerable union of disjoint open

intervals. Therefore it suffices to prove (2.8) for a generic open interval,
a <t <b say, forming this union.

We have
(2.9) I Pow@) Il <2l Bw®) i, a<t<b,
and
(2.10) Il Pyv(a) || = || Byv(a) ]

Since the space F' is finite dimensional, D is a bounded operator (the
bound for D may depend on the dimension of F'), and this implies that
the inequality (2.6) can have only one solution with prescribed initial
value v(0). Thus #(¢) can never vanish since v(0) #= 0. It follows now
from (2.9) that R,»(t) is nonzero in a <t < b, so that we can form the
funection

_ P |
2.11 _ I Po® |
&1 7O = R P
Differentiating f(¢t), we find that
Af : dv

12 1B 5L = 4| Ry | Re( Pro, P2 )

. dv

— 4| P Re(Rw, Rh—&;> .

Since w(f) satisfies the inequality (2.6) and P, and R, are projections,
we can write

(2.13) PA% — D(Pw) + @,

and
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2.14) P2 — DRw) + Q.
dt
where
(2.15) Qi < ¢®) 101l (=1,2).

It follows from (2.13) and (2.15) that

Re( P, P32 = (P, DPo) — 90 0] -

Applying (2.3) to the first term on the right, we obtain

(2.16) Re(Po, P22 ) 2 M| P |l = 90 [0 [

Similarly, we have

(2.17) Re( B, B 32) <\ | B | + (t) | 0|1

Entering the estimates (2.16) and (2.17) into the right side of (2.12),
we find that

2.18) | By ll4% > —8¢(t) | v || .

Here we have made use of the inequalities || Pw || = ||v]|| and || R\ || <
lvl]l. It follows from (2.9) that

Nv|[P=|Pwlf+|Bw|f =5 Rv] .
This inequality and (2.18) imply that

af - _
ar = —200¢(%) ,
and therefore
(219) £(8) = £(@) — 200] 9)dr) -

Now, according to (2.10) and (2.11), f(a) = 1. Therefore if we make
use of (2.5), we conclude from (2.19) that

NP~ 1 _ 9000 = 3,
I Bw@) [ = o=t

provided that 8000, = 3. This completes the proof of the lemma.

LEMMA 2. Let v(t) satisfy the conditions of Lemma 1. If
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(2.20) T =x— 20000, —t,),
then, for all p < 0,
(2.21) | Po(tas) | = [| Bevasa) 1] -

Proof. First, assume that

(2.22) | Po@) || = 2[| Ro@) 1], b o<t <t
Setting

_ 1 Pv@
2.23 b= I Po® 1P
(2.23) g(?) TR
we obtain

4 dg _ . d_’l)
(2.24) 1B l'—- = 41| B ] Re(Pw, P >
2 dv
— 4| Po | Be( R, R"d—t> .

As in the proof of Lemma 1, we have
dv 2 2
(2.25) Re(Roo, RAY) <z || Rov | + $(0) | v |

Inserting the estimates (2.16) and (2.25) into the right side of (2.24), we
conclude that

@26 || Rw w% > 400 — ) || R || P | — 8¢(t) || v | .

Since | P || = || Py ||, (2.22) implies that || v || = 5| R.v ||, which, when
inserted into (2.21), yields

dg o || PP
2.27 =2 = 20004(t, 4, — t,) U2l — 2004(%) .
(2.20) 2 200060 — 107 P — 200900)
Here we have employed the inequality || Rv || = || Rw]||. By Lemma 1,

4||Pwl|*= || Rw |’ so that we obtain from (2.27)

(2.28) j_-‘t’ > 2000(tnss — t,)"* — 2004(t) .

Finally, when we integrate (2.28) between ¢, and ¢,., and apply (2.7)
and (2.23) to the result, we obtain the desired inequality (2.21).

Now assume that there is a value of ¢ <¢,., such that || P,v|| > 2|| R,v||-
Let ¢ be the last such value of t. If ¢ =t,,, there is nothing to prove,
so we assume that ¢ < t,.,. In this situation we have that
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IPo@) Il = 2| Ro@) ], t<t<tu,

and
| Po(t) || z 2| Ro(t) ] .
The reasoning emplyed to prove Lemma 1 can now be used to establish
the inequality
111 _
1P0(t) | = 551 Rt I, E<t=to,,

which certainly implies (2.21).
From the sequence {t,} we form the series

M3

g = (tn+1 - tn)_l .

n

il

0

Our assumption that ¢(t) belongs to L?(0, o), for some p in the interval
1 < p <2, implies that ¢ converges. This is clear when p = 1 since in
this case the series has only a finite number of nonzero terms. Assume
that 1 < p < 2. Applying Holder’s inequality to (2.5), we obtain the
nequality

o= ([ oman) . — e,

n

where p~* 4+ ¢7' = 1. Therefore
1 tpt1 a/p
ton =t = 07 ([0 ean)”

which, since ¢ = p, implies that ¢ converges.

Also, we note here that our assumption that ¢(¢) belongs to L?(0, «),
for some p in the interval 1 < p < 2, implies that there exist constants
C, and C, such that

(2.29) [ #ndn = ct + C,.
From now on we shall assume that o has the fixed value p,.

LEMMA 3. Let v(t) satisfy the conditions of Lemma 1. If

(2.30) Il Pyv(0) || = || Ryw(0) ],
then
(2.31) [[v(@) || = 3¢~ v(0) || e** , 0=t< o,

where pt =\ — 2000,0 — 3C,.

Proof. Set )\, =» — 2000,0. We assert that
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(2.32) 2|1 Pyp@®) 1l = [ Ryo@) ] 0<t< o,

Let ¢t be arbitrary. Then for some =, {, <t =<t,,,. It follows from
(2.30), Lemma 1 and Lemma 2 that

(2.33) 2| Po@) || =z || RBo@) ], by St =St
Hence the inequality
Ppllzl|Pollz 3Rl =3 Ryl

implies (2.32) for this particular value of %.
It follows from (2.32) that

(2.34) To@) Il = 311 Pyv@®) 1] 0<t< .

Set z(t) = P,v(t). Then by (2.34) z(f) is a solution of the differential
inequality

(2.35) |2 — pz|| = 3801121, 0<i< .

Differentiating ||z ||’, and taking (2.35) into account, we get

(2.36) —C;l—t 2| = 2Re<z, —3%) = 2Re(z, Dz) — 6¢(t) || 2 ||* .

Since z(t) = P, v(t), it follows from (2.3) and (2.36) that

(2.37) OV EY
Consequently, if we integrate (2.37), we obtain

2
o(e) [ = 11 2(6) [ = 11 20) [ exo [ 2] 0w — 36GDdn) | 2 e[| 0(0) e,
which is equivalent to (2.31).
To pass from the finite to the infinite dimentional case, we have to
show that the cut-off parameter ) can be selected independently of the
dimension of the space F.

LEmMMA 4. Let v(t) satisfy the conditions of Lemma 1. Then there
exists a N, depending only on || v(0) ||, ||vQ) || and ¢(t), such that
(2.33) [Py |l = [| Row@) || .

Proof. Define w(t) = v(1 —t). Then w(¢) is a solution of the dif-
ferential inequality
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(2.39) “fl—@t‘wpw”gat)uwu, 0<t< oo,

If for some M
| Py || < || By |l

then
(2.40) 1 P_xw(0) || > || B_,w(0) ]| .
Applying Lemma 3 to (2.39) and (2.40), we find that

1o(0) || = Il w) || = 4% [ w(0) || €™ ,
where

= —)» — 200p,06 — 3C, .

Hence
2.41) A,glog[éﬁ%ﬁg?ﬁL ] 2000, — 3C, .

Thus if )\ is chosen smaller than the right side of (2.41), then the desired
inequality (2.38) holds.

3. Proof of Theorem 1. Let % be an arbitrary positive integer.
Using the continuity of the derivative of v(f), one can show that for
any ¢ > 0 there exists a 8 = (¢, k) > 0 such that

3.1) u(t) — ““*m““@H<e

|

for [h| <8 and |t]| £ k.
We subdivide the interval 0 < ¢ < k into equal subintervals of length

4, where 4 < 8, and
(3.2) | Au(t + h) — Au) || < e,

for |h| < 4. We assume that the point ¢ =1 is included in the sub-
division.

Let G be the subspace of H generated by u(0), u(4), u(24), - - -, u(k).
Let A, = EA, where E is the projection of H onto the subspace G.
Clearly, the operator A, restricted to the subspace G is symmetriec.

For any subdivision point 74, we have

@3 | MDD —MID _ gt = (1+ 5 )eED a1,

where M is the infimum of ¢(¢) || u(t) || for 0 < ¢ < k. Let u,(t) be equal
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to u(t) at the subdivision points and be linear in between. Note that
u,(t) has its values in the finite-dimensional subspace G of H.
It follows from (3.2) and (3.3) that

G4 1 Dauft) — Agu0) || = (1 + 2 )a(i) ) |

where D, denotes right differentiation, and j4 <t < (5 + 1)4. By tak-
ing 4 sufficiently small and taking into account the continuity of ¢(2),
Wwe obtain

(3.5) [| Dyuy — Aguto || = 260) || wo || 0st=k.
By Lemma 4, there is a x = X(|| %(0) ||, || (1) ||, 24(¢)) such that
(3.6) || Pruo(1) || = || Bruo(1) ||

Now we observe that the lemmas of the preceding section remain
valid when v(t) has a right derivative everywhere and is continuously
differentiable, except at a finite number of points. Once this observation
is made, we can conclude from (3.5), (8.6) and Lemma 3 that

a1l 2 & 11 w0) | exp | {"wdn] 1<isk,
where
Y()) = X — 4000,0 — 64(7) .
Hence
| ut) || = Ke, 1<t<k.
Letting 4 — 0, we conclude that
lu(t) || = Ke*, 1<t<k,

which is easily seen to imply the inequality (2.2) of Theorem 1.

In the proof of Theorem 1 we tacitly assumed that «(¢) never vanishes.
The proof of this fact is easy. For let ¢, denote the first value of ¢ for
which u(t) is zero. Since u(0) #= 0, t, > 0. According to Theorem 1, we
have || u(t) || = Ke*, for 0 < t < t,, which shows that u(f) cannot possibly
vanish at ¢,.

4. An A priori inequality. In this section we derive an a priori
inequality for a class of functions with a prescribed rate of decay at
infinity.

LEMMA 5. Let y(t) belong to L*0, a), for every a >0, and define

t
0

4.1) B(t) = xg (t — Py .
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Let U(t) be a strongly continuously differentiable mapping from 0 <

t < o with values in H such that AU(t) is continuous. If the support
of U(t) is contained in 0 < e <t < oo and

(4.2) lim | U®) |l expB(t) =0,
Jor every x> 0, then

(4.3) M ez o) || U@ rdt = G

aU 2
—— — A
l 7 U ll dt ,
provided that the left side is finite.

Proof. We may assume that U(¢) vanishes for all sufficiently large
values of t. For in the general case we can approximate U by the se-
quence U,(t) = &,@)U(t), &,.(t) being a C= function equal to one for
t<mn, zero for t=n+1and 0=¢, =<1 in between. As n— o, the
inequality (4.8) for U, goes over into (4.3) for U.

Now consider the integral

I= wezﬁ(t)

lﬂ _ AUszt .
dt
If we make the transformation U(t) = e #®V(¢), then

(4.4) I= g:

AV _ Ay — d—BVH2dt .
at at

It follows from the elementary inequality
(a — by = —2ab
and (4.4) that

(4.5) I= —2S Re< ‘Z‘t’ ‘;f v+ Av)d

We have

R P I
Sy = oL

The first integral on the right vanishes since V(f) has compact support.
Hence

(4.7) —25 Re< ‘Zf ‘ftf )dt - )»S:ezﬁ‘“a,lﬂ(t) | U@) |de .
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In view of (4.5) and (4.7) it is sufficient to prove that

(4.8) S:Re<%tK, AV )it =0.

Taking into account the symmetry of A, we have that

(4.9) (%,AV) :-&%—(V,AV)—<—ddTV,AV),

the bar denoting complex conjugation. Therefore

zRe(%tK,Av) - ;T(V,AV) ,

from which (4.8) follows directly by integration. This completes the
proof of the lemma.

5. A special instance of Theorem 1. As a first application of
Lemma 5, we give a direct proof of a slightly weaker version of Theorem
1 in the case that ¢(¢) belongs to L*0, ).

THEOREM 2. Let u(t) be a solution of the abstract differential in-
equality

5.1) l du

%—Auugcﬁ(t)llufl, 0=<t< o,

where ¢(t) belongs to L0, «). If
(5.2) }im lu(t)]| e =0

Sfor every N > 0, then w has property S, i.e., it vanishes identically for
05t < oo,

Proof. Since ¢ € L*(0, =), it follows from (4.1) that (we take ¥ = ¢)
Bt = M| oy .

Therefore (5.2) implies that

(5.3) lim [ u(t) || exp B(t) = 0

for every A > 0. Let {(t) be a C= function equal to one for 0 < 2 < ¢,
equal to zero for 0 = ¢ < cand 0 < ¢ < 1in between. Set U(t) = &(t)u(z).
Because of (5.3) and the fact that

§:¢2(t)e2ﬁ(t) ” U(t) Ilzdt < o ,
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all of the conditions of Lemma 5 are met, and therefore

M @00 (| (e = |ene

lﬂ - AU”zdt
dt

+ | O lutt) Irae .
If » = 2 then

© * alu
2(4)p28(0) 2 Jt < 2B(¢)
64 [ Fee ue it < [Tero | L0

— AU lIZdt .
Using the monotonic character of B(t), we get from (5.5) that
65 | #0lut) rds = explsee) — oo | LT~ avfar.
Since B(2¢) — B(8s) — — o as N — oo, it follows from (5.5) that
[ lue Pt = 0.
Therefore u(t) =0 for ¢ = 3¢c. Since ¢ is arbitrary, u(t) vanishes identi-
cally for 0 =t < o,

In much the same way we can prove the following result for bounded

.

THEOREM 3. Let u(t) be a solution of the abstract differential im-
equality (5.1), where ¢(t) < const. If

lim || u(t) || exp (\t*) = 0

for every n\ > 0, then u(t) vanishes tdentically.
More generally, we have the

THEOREM 4. Let u(t) be a solution of the abstract differential im-
equality (5.1). Assume that ¢(t) belong to L*0, a) for every a > 0, and

@) = exp 1] ¢ — e,

Jor all sufficiently large t and ). If

lim [[u®)|lexpB(t) =0,
for every N > 0, then u(t) vanishes identically.

6. Parabolic differential inequalities. Let G be a bounded domain
in the real Euclidean n-space E". For two real functions w(x) and v(x)
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belonging to L*G) we denote by
(w, v) = Lu(m)v(x)dx
their real scalar product and by ||« |, = (#, #)"'* the associated norm.

Let H{(G) denote the closure of C;°(G), the C~ functions on G with com-
pact support in G, relative to the norm

2 2 a
tulp = (1@ + 5| 2
Consider the differential operator
a iJ
(6.1) L _uzl o, <a (x)axj> '

where a”(x) = a’(x). We assume that there exist positive constants m
and M such that, for all # in G' and all real vectors & = (,,&,, « -+, &),

(6.2) mB = D @G = ML

Thus L is a real elliptic differential operator.
If we H(G) we say that Lu e L¥G) when {a®’(x)}(0u/0x;) is differen-
tiable with respect to x; (in the sense of distributions) and

] 2
5 (@@ 5 ) € 146
It is not difficult to show that

(6.3) (Lu, v) = (u, L) ,

for v and v in HXG) and Lu and Lv in L*(G), the common value of (6.3)
is

(6.4) (Lu,v):—g<2a 66“ ;’;‘)x

Thus the operator L is formally self-adjoint.
Let I'(t) = exp [vg 1,&2(7])d77], and introduce the function
0

(6.5) ot) = | 10| T ©pdedy .

The function ¢(t) is non-decreasing provided that ¥ and A\ are nonnegative.
We also note that

(6.6) rzdt_[r—l ‘jl‘Z] — At
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If the functions ¢(¢f) and +(¢) e L*0, «), there exists a constant I,
depending on 7, such that

6.7) o) =Nt .

We introduce the norm

ou

Tl = Sag ox;

2
dx ,

which is equivalent to the norm defined above for H{(G).

LEMMA 6. Let ¢(t) and +(t) belong to L*0, ). Let Z(t) be a
strongly continuously differentiable mapping from 0=t < o with
values in HXG) such that LZ(t)e L*(G) is continuous. If the support
of Z(t) is contained in 0 < t, =t < o and

(6.8) lim || Z(t) [Le = 0,

for every \ > 0, then

“ —1 20 ()
SO (e

' Lz %% szt > xrl’—l(t)e‘“"%*"(t) | Z |t
6.9) o b 0
+ mvSo (e oyt || Z |ldt

Proof. The integrals on the right side of (6.9) are finite because
of (6.7) and (6.8). As in Lemma 5, we may assume that Z(t) is identi-
cally zero for all sufficiently large values of . Set Z(t) — e V(t). Then
if J denotes the integral on the left side of (6.9), we have

(6.10) J= —28 1(t)(dV LV + V‘é")d

Integrating by parts and using the fact that V(¢) has compact support,
we find that

6.11) —25 1(t)<dV ydo

T 1y 2o 2 2
p )dt_xsof (t)e=O$ () || Z |dt .

In proving (6.11) we have made use of (6.6).
Since L is real and symmetric, we have

o[ ( LY - [t
(6.12) 2S0r (t)( L ,Lv)dt = —{r L wv.Lvu.
Another integration by parts yields

(6.13) —ZS:l’—l(t)(%—, Lv)dt = —«yS:r—l(t)«pZ(t)( V,LV)dt .
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In view of (6.2) and (6.4) we have (V,LV) < —m|| V||, so that (6.13)
implies that

o
0

o R av -1 20 (2) ]2 2
619 —2(r oeLe LV )at 2 m | T@e w1 Z it
Combining (6.10), (6.11) and (6.14), we get (6.9).

THEOREM 5. Let ¢(t) and (t) belong to L*0, «). Let u(t) be a
strongly continuously differentiable function from 0 <t < o with values
n HAG) such that Lu(t) e L(G) is continuous. If u(t) satisfies the dif-
Sferential inequality

(6.5) |2 = Sr[ = vO1ut s voIur, 0si<e,
and
lim [ u(t) [, = 0.,

for every » > 0, then u vanishes identically.

Theorem 5 follows from Lemma 6 in much the same way that Theorem
2 follows from Lemma 5, and for this reason the proof will be omitted.

If in Theorem 5 we only assume that ¢(¢) is bounded, then we can
deduce from Lemma 6 that only the trivial solution of (6.15) can vanish
faster than exp (—t?), for every » > 0.
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