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ON TV-HIGH SUBGROUPS OF ABELIAN GROUPS

JOHN M. IRWIN AND ELBERT A. WALKER

In a recent paper [2] the concept of high subgroups of Abelian
groups was discussed. The purpose of this paper is to give further
results concerning these high subgroups. All groups considered in this
paper are Abelian, and our notation is essentially that of L. Fuchs in
[1], Let N be a subgroup of a group G. A subgroup H of G maximal
with respect to disjointness from N will be called an N-high subgroup
of G, or JV-high in G. When N'= G1 (the subgroup of elements of in-
finite height in G), H will be called high in G.

After considering ΛΓ-high subgroups in direct sums, we give a char-
acterization (Theorem 3) of iV-high subgroups of G in terms of a divisi-
ble hull of G. Next we show (Theorem 5) that if G is torsion, iVg G1,
and H is ΛΓ-high in G, then H is pure and (Lemma 7) the primary com-
ponents of any two ΛΓ-high subgroups have the same Ulm invariants
(see [3]). These results generalize the results in [2]. The concept of
I'-groups is introduced, and it is shown that any two high subgroups of
torsion J-groups are isomorphic. Further, torsion I'-groups are char-
acterized in terms of their basic subgroups. Theorem 3 of [2] is generalized
to show that high subgroups of arbitrary Abelian groups are pure. This
leads to the solution of a more general version of Problem 4 of L. Fuchs
in [1], Finally, the question of whether any two high subgroups of a
torsion group are isomorphic is considered, and a theorem in this direction
is proved.

Preliminaries.

LEMMA 1. Let M and N be subgroups of a primary group G
such that M is neat in G and M[p]Q)N[p] = G[p\. Then Mis N-high
in G.

Proof. Suppose M is not iV-high in G. Then there exists an N-
high subgroup S of G properly containing M. Let 0 Φ s + M be in
(SjM) [p]. By the neatness of S in G ([1], pg. 92) we may suppose
that seS[p] . But this contradicts M[p] 0 N[p] = G[p], and so M is
iV-high in G.

As a consequence of Lemma 1, we obtain a standard

COROLLARY. ([3], pg. 24). Let G be a primary group, and Ha pure
subgroup containing G[p]. Then H=G.
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Proof. Purity implies neatness. Now put N= 0 in Lemma 1.
A useful generalization of Lemma 1 to torsion groups is

LEMMA 2. Let M and N be subgroups of a torsion group G such
that M is neat in G and M[p] φ N[p] — G[p] for each relevant prime
p. Then M is N-high in G.

Proof. Use the proof of Lemma 1 with the observation that since
S properly contains M, (S/M)[p] Φ 0 for some relevant prime p.

Concerning ΛΓ-high subgroups in a direct sum, we have

THEOREM 1. Let G = ΣGa be an arbitrary direct sum of torsion
groups, where Ha and Na are subgroups of GΛy and where H& is
Na-high in GΛ for each a. Let N = ΣNΛ. Then H = ΣHa is N-high
in G.

Proof. First notice that H is neat in G. To see this, use the neat-
ness of Ha in Go, for each a (see [2] Lemma 10). Next observe that
G[p] = ΣGJ[p] = ΣHa[p] φ ΣNΛ[p] = H[p] φ N[p] for each relevant prime
p. Now apply Lemma 2 to get H to be ΛΓ-high in G.

An interesting result concerning high subgroups (which are our main
interest) in a direct sum is a corollary of Theorem 1.

THEOREM 2. Let G = ΣGΛ be an arbitrary direct sum of torsion
groups where Ha is a high subgroup of Ga for each a. Then H = ΣHa
is high in G.

Proof. By [2], Lemma 9 we have G1 = Σ(Ga)
1. Now use Theorem

1 and the definition of high subgroup.

Divisible hulls and high subgroups. Now we shall discuss the nation
of a divisible hull for a group G, and the connection of such a hull with
high subgroups. A group E minimal among those divisible groups con-
taining G as a subgroup will be called a divisible hull of G. We need
a few lemmas. The following lemma is almost obvious, and its proof is
omitted.

LEMMA 3. Let E be a divisible hull of a torsion group G. Let
£Ί = ΣEP and G = ΣGP. Then Eλ — E, and Ep is the unique divisible
hull of Gp in E for each relevant prime p.

LEMMA 4. Let D be a divisible hull of a mixed group G, and E
be a divisible hull of the torsion subgroup T of G in D. Then D~E@F
where E is torsion and F is torsion free divisible.
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Proof. Since E is divisible, it is a direct summand of D. Thus
D — E 0 F for some subgroup F of D. That E is torsion follows from
Lemma 3. Next we show that the torsion subgroup TF of F is zero.
To see this, consider TF f) G a TF f] T c E Π F = 0 to get TF n G = 0.
Then by Kulikov's Lemma, ([1], pg. 66) applied to D, TF = 0 and i*1 is
torsion free. That JP is divisible is clear, and the lemma is proved.

The following theorem gives a characterization in terms of divisible
hulls of JV-high subgroups of a torsion group G.

THEOREM 3. Let N be any subgroup of a torsion group G, and E
be a divisible hull of G with D a divisible hull of N in E. Then the
set of N-hίgh subgroups of G is the set of intersections of G with com-
plementary summands of D in E.

Proof. Let H = A Π G, where A φ f l = iS. Now by [2], Lemma
1, and [1] pg. 67, we have for each relevant prime p,

G[p] = E[p] = A[p] 0 D[p] = (A n G)[p] 0 N[p] = H[p] 0 N[p] .

By [1] Pg. 92, H is neat in G, and finally by Lemma 2, H is iV-high in
G. Now for the converse, suppose H is iV-high in G, so that if n N = 0.
Now H 0 D = 0. To see this, notice that (H 0 D) Π N = H 0 N ^= Q,
and by Kulikov's lemma, i ϊ (Ί -D = 0. Since Z) is an absolute direct
summand (see [1]), there exists A containing H with A 0 D = #. But
ί ί c i f l G , and since ( A n G ) ί l i V = 0 , by the maximality of H with
respect to H Π N — 0, we have if = A Π G.

The reader will note that in particular Theorem 3 yields a character-
ization of high subgroups in torsion groups.

In general, a group G may have many high subgroups. It is even
possible that H Π K = 0 for two high subgroups H and K of G. The
following theorem indicates the extent of the non-uniqueness of iV-high
subgroups.

THEOREM 4. Let G be a primary group, let N be a subgroup such

that I N[p] I = I G | and such that [G[p]: N[p] = | G |. Tfeew ίλerβ eαjisί

2iGI distinct N-high subgroups of G. Furthermore, there exists an in-

dependent set {Hώ«eR of N-high subgroups of G such that \R\ = \G\.

Proof. Let H be an iV-high subgroup of G. By [2], G[p] =
H[p] © N[p]. Clearly | ί ί[p] | - | N[p] | = | G |. Let fffo] = Σ.e*O*>
and N[p] - Σβerθβ>. Then | S | = | T~\ = \G\. There exists 21(?1 one-to-
one mappings of S onto T. Let / be such a mapping, and let

Pf — Σ \̂ α> + Vficc)/
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If g is any one-to-one mapping of S onto T such that / Φ g, then it is
easy to see that Pf φ Pg. Let Hf be an iV-high subgroup of G contain-
ing Pf. Then if/[p] = Pf, and since Pf Φ Pg, it follows that Hf φ Hg.
Hence there exist 2m iV-high subgroups of G. Let T = \JβeRTβ, where
I Γβ I = I Γ|, I R I = I T I, and Tβ Π Tδ = φ if β Φ S. That is, partition
T into I TI subsets each of cardinal | T\. Let fβ be a one-to-one mapping
of S onto Γβ, and let Hβ be an JV-high subgroup containing

It is straightforward to verify that {Pβ}βeR is an independent set of sub-
groups of G, that Hβ[p\ = Pβ, and hence that {Hβ}βeR is an independent
set of subgroups such that \R\ = \G\. This concludes the proof.

It is easy to find examples of reduced primary groups G such that

Purity of JV^high subgroups of torsion groups. We now state and
prove a generalization to iV-high subgroups of torsion groups of [2]
Theorem 3, namely that high subgroups of torsion groups are pure.

THEOREM 5. Let N be a subgroup of a torsion group G with Na G\
and let H be an N-high subgroup of G. Then H is pure in G.

Proof. That it suffices to consider the primary case here follows
from the fact Hp is JV,-high in Gp (see [2] Lemma 10 and [2] Lemma
11). So let G be primary. Now by [2] Lemma 1, we have G[p] =
H[p] 0 N[p]. Since G\p] z> N[p], then Gλ[p] = (H n G 1)^] 0 N[p).
Now let Hλ be an (H Π G1) [p]-high subgroup of H. Since JV-high sub-
groups are neat (see [1] c, d pg. 92) and neatness is transitive, we have
that fli is neat in G. By [2] Lemma 1, H[p] = Hλ[p] 0 (if n Gι)[v], so
that G[p] = H\p\ 0 Gι[p]. An application of Lemma 1 yields H, high in
G. Finally, by [2], Lemma 8, Hx contains B basic in G, so that by [2]
Lemma 2, if is pure in G as stated.

Before stating some corollaries, we would like to pose the following
question: characterize all subgroups T of an Abelian group G such that
Γ-high subgroups of G are pure. Suitable examples are easy to find
which show that just any subgroup T will not do.

A couple of corollaries of Theorem 5 are

COROLLARY 1. Let Nλ and N2 be subgroups of a torsion group G
with Nλ gΞ N2 S G1. Then every N^high subgroup of G contains an
N2-high subgroup, and in particular every Nλ-high subgroup K contains
a subgroup H high in G.



ON iV-HIGH SUBGROUPS OF ABELIAN GROUPS 1367

Proof. The proof is similar to the proof of Theorem 5.

COROLLARY 2. Let N be a subgroup of G1 in a torsion group G,
and let S be an infinite subgroup of G with S Π N = 0. Then there
exists a subgroup K pure in G with | K | = | S | and K Π N = 0.

Proof. Substitute N for G1 in the proof of [2], Theorem 2.
This last corollary is a generalization of the solution in [2] of Fuchs'

Problem 4.

I'-groups The following ideas arose from an investigation of the
question of whether or not all high subgroups of a given group are iso-
morphic. A natural query in this direction is: If one of the high sub-
groups of a given group G is a direct sum of cyclic groups, are all of
them direct sums of cyclic groups? The answer for torsion groups is
yes. It is this observation that gives rise to so called I'-groups. Before
discussing this notion further, we need a few lemmas.

LEMMA 5. Let N be a subgroup of a torsion group G with H and
K both N-high subgroups of G. Then ((H(BN)IN)[p] = ((K®N)IN)[p]
for each relevant prime p.

Proof. For heH we have that o(h + JV) = p if and only if o(h) = p.
Suppose h6 H[p]\(K Π H). Then there exists keK, neNwith h — k~
n, whence o(k) = p. Thus h + N = (k + N) e ((iΓ0 N)/N)[p]; and since
p was arbitrary, we have by symmetry that

P θ N)IN)[p] - ((K®N)IN)[p]

as stated.

LEMMA 6. Let N be a subgroup of a torsion group G with NQG1.

Let H be an N-high subgroup of G. Then ((HQ) N)/N) is pure in
GIN.

Proof. Suppose m(g + N) = h + N for some heH, geG, ma non-
zero integer. Then mg — n — h for some neN, and since neG1 and
H is pure (Theorem 5), we have h = mhτ for some hλ e H. Thus h + N =
m(/&! + ΛΓ) and the lemma is proved.

COROLLARY. Let N be a subgroup of a reduced torsion group G
with N £ G1 Φ 0, and let H be an N-high subgroup of G. Then H is
not closed,
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Proof. This follows easily from a theorem of Kulikov and Papp
([1] pg. 117).

LEMMA 7. Let H and K be any two N-high subgroups of a primary
group G with N a subgroup of G1. Then for all positive integers n

(a) pnH is N-high in pnG,
(b) pnH is pure in pnG,
(c) {pn{{H@ N)IN))[p] = (*>»((#θ N)IN))[p]f

(d) H, K, and G have the same nth Ulm invariants (see [3]).

Proof, (a) Use the proof of Theorem 5 (e) in [2] and the fact that
N g pnG for all n.

(b) Use (a), N g (pnG)\ and Theorem 5.
(c) First notice that pn((Hζ& N)/N) = {pnH@ N)jN. Now (c) follows

immediately from Lemma 5 applied to the right sides of this equation
and the corresponding one for K.

(d) The proof is similar to that of Theorem 6 in [2].
The following theorem is a slight generalization of the fact that

any two high subgroups of a countable group G are isomorphic. (See
[2], Theorem 5 (u).)

THEOREM 6. Let N be a subgroup of a countable torsion group G
with N g G\ and G1 elementary. Then any two N-high subgroups H
and K of G are isomorphic.

Proof. Write G = ΣGP9 H = ΣHP, K = ΣKP. Now Hp and Kp are
both Np high in Gp, and Np S G\ for each relevant prime p. Let
Hp = (HP 0 NP)INP and Kp = (Kp 0 Np)/Np. Using Lemmas 5 and 6 and
the fact that G1 is elementary, we get immediately that (pωHp)[p] —
(pωKp)[pl and t h a t (pω+Ήp)[p] =_(pω+1KP)[p] = 0. Thus for_α ^ ωf the

<̂ th Ulm invariants of Hp and Kp are the same. Since Hp ~ Hp and
KP = KP, Lemma 7 (d) implies that Hp and Kp have the same Ulm in-
variants. Since G1 is elementary, H and K are reduced, and Ulm's
theorem yields H ~ K.

REMARK. In Theorem 6, if we take N to be a subgroup of G1 such
that N[p] Φ Gι[p\, then neither H nor K will be a direct sum of cyclic
groups as is easily seen.

A Σ-group is any group G all of whose high subgroups are direct
sums of cyclic groups. This means that in a torsion I'-group every high
subgroup is basic. This implies further that in J-groups, every high
subgroup is an endomorphic image. Examples of I'-groups are ver^ to
easy to find. For instance, direct sums of countable groups turn out to
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be ^-groups. Also, any group G such that G/G1 is a direct sum of cyclic
groups is a Σ-group. (See the proof of Theorem 7.) For a non-I'-group,
see [2], Theorem 5(0-

THEOREM 7. Let H and K be high subgroups of a torsion group
G. Then if H is a direct sum of cyclic groups, so is K. Moreover

Proof. Let S be the image of S under the natural homomorphism
of G onto G/G1. Now H = H, K = K, and by Lemma 5 we have K[p] =
H[p] for each relevant prime p. By [3], Theorem 12, we have that
H[p] is the union of a sequence Pn of subgroups of bounded height in
H. The purity of H (Theorem 5) tells us that Pn has bounded height in
K for each n. Hence by [3], Theorem 12, each Kp is a direct sum of
cyclic groups, so that K is a direct sum of cyclic groups. Thus K, which
is isomorphic to Ky is a direct sum of cyclic groups. Since H and K
are both basic in G, we have H = K. Thus we have shown that in a
torsion group, if one high subgroup is a direct sum of cyclic groups,
they all are, and they are all isomorphic.

From Theorem 7 we see that if in a torsion group G there exist
two non-isomorphic high subgroups, then no high subgroup is a direct
sum of cyclic groups. The next theorem shows that torsion I'-groups
are closed under direct sums.

THEOREM 8. For torsion groups it is true that a direct sum of
Σ-groups is a Σ-group.

Proof. By Theorem 2, a direct sum of highs is high. But such a
direct sum is basic. An application of Theorem 7 completes the proof.

COROLLARY. A direct sum of countable torsion group is a Σ-group.

Proof. It suffices by Theorem 8 to verify that a countable torsion
group is a J-group, and this is very easy.

REMARK. Examples exist of torsion groups G such that G/G1 is a
direct sum of cyclic groups, but such that G is not a direct sum of
countable groups. Therefore, we see that the class of torsion Jt'-groups
properly contains the class of all torsion groups that are the direct sum
of countable groups.

The next theorem gives an interesting characterization of torsion
I'-groups.

THEOREM 9. A torsion group G is a Σ-group if and only if G
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contains a maximal basic subgroup.

Proof. If G is a I'-group, then any high subgroup will be a maximal
basic subgroup of G. Now suppose G contains a maximal basic subgroup
B. Let H be a high subgroup containing B, and suppose B Φ H. By
[1] pg. 114, there exists Bλ basic in H with Bλ > B. Since H is pure
and G/H is divisible, Bλ is basic in G, a contradiction. Therefore B~H,
and G is a I'-group by Theorem 7.

The next theorem is a result concerning the I'-groups of a torsion
group.

THEOREM 10. Every torsion group G contains a Σ-subgroup R pure
in G such that Rι = G1.

Proof. First if G1 = 0, put R = B basic in G. Also if G is a £-
group, but R — G. So suppose that G1 =£ 0 and G is not a I'-group. Let
5 be a basic subgroup of G. Embed ΰ in a high subgroup H of G. By
Theorem 8 and the assumptions on G, H/B Φ 0. 5 is basic in if so that
G/B = i7/£ 0 .#/£, where the divisibility of H/B guarantees that R/B
may be chosen to contain (G 1 0 B)jB. Hence R contains G1. The
purity of R/B in G\B gives us that R is pure in G. Hence iϋ1 = G1.
Now H n i2 = B, so that G[p] - ff[p] 0 Gx[p] and

= (Λ Π IT)[p] θ ^[P]

By Lemma 2, J5 is high in R so that by Theorem 7, R is a I'-group,
and the proof is complete.

We do not know whether every subgroup of a 2"-group is a I'-group.
However, every pure subgroup of a torsion I'-group is a I'-group. In
fact, we have

THEOREM 11. Every subgroup L of a torsion Σ-group G with V —
L Π G1 is a Σ-group.

Proof. Embed a high subgroup HL of L in a high subgroup H
G. Since G is a J-group, H is a direct sum of cyclic groups and hence
so is HL. Now apply Theorem 7 to L to get that L is a J-group.

COROLLARY. Every pure subgroup R of a torsion Σ-group G is a
Σ-group.

Proof. R1 = JR Π G\ and Theorem 11 then yields the desired result.

COROLLARY. Every pure subgroup of a direct sum of countable
torsion groups is a Σ-group.
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High subgroups in mixed groups. In this section we will discuss
some properties of high subgroups of arbitrary Abelian groups and
generalize some of our results for the torsion case. A lemma which is
useful is

LEMMA 8. Let S be any subgroup of an Abelian group G with
S Π G1 = 0. Then for any subgroup T with (Γ/S) Π (G/S)1 = 0, we have

Proof. Suppose T Π G1 φ 0. Then (T/S) n (G/S)1 Ψ 0.

The following theorem was proved in [2] for the torsion case. The
fact that G1 is divisible in the torsion free case makes this case easy, so
we proceed directly to the general case.

THEOREM 12. Let H and K be any two high subgroups of a group
G. Then

(a) GjH is divisible
(b) GjH is a divisible hull of (G1 0 H)/H ~ Gι

(c) G/H^G/K.

Proof, (a) Let T\H be the torsion subgroup of G\H. Now T/H
is divisible, for if not, T\H would have a non-zero cyclic direct summand
L\H. But LjH would be a direct summand of GjH since T/H is pure
in GjH. Hence (L/H) Π (G/H)1 = 0, and Lemma 8 gives us that
L Π G1 ~ 0. Consequently H is not high in G, a contradiction. Thus
we have G/H= T/ H@F/H, where F/H is torsion free. This means
that (F/H)1 is divisible, whence F/H = (F/H)1 © R/H. Now clearly,
(R/H) n (G/H)1 = 0, so that by Lemma 8, R - H, and G/H is divisible
as stated.

(b) As a divisible group, G/H must contain a divisible hull DjH of
(G 10 H)IH. Put G/H = DjH® L\H. Clearly L Π G1 - 0, hence L\H - 0
and (b) is proved.

(c) This follows from (G1 0 H)/H = G1 = (G1 0 K)jK and the fact
that divisible hulls of isomorphic groups are isomorphic. Thus we see
that G/H is a structural invariant of G.

We shall now discuss a generalization to arbirary Abelian groups of
a theorem proved in [2] for the torsion case. Here again, the torsion
free case is easy (G1 is divisible), and for a torsion free group G we see
easily that all high subgroups are isomorphic. First we need

THEOREM 13. Let T be the torsion subgroup of an Abelian group
G, H be a high subgroup of G, and TB be the torsion subgroup of H.
Then Tπ is high in Γ,
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Proof. We need only consider the case of a mixed group G. Let
E be a divisible hull of G with Dπ and Doi divisible hulls in E of H
and G1. Then E=DHQ)DGι (see [2]). Next let DTjf and DTG, be
divisible hulls of TΠ and To\ in D^ and Z^i respectively. Then

E=DH®DGl^ DTn 0 A θ DTθl 0 A = ΰ ^ θ ^ i θ

Applying Lemmas 3 and 4 to DΠ and ZV, we have that TE = DTH(£)TTG1

is the torsion subgroup of E, and A ® A is torsion free. Clearly
(Lemma 3) ϊ ^ is a divisible hull of Γ in E. Now by Theorem 3, it
remains to verify that T Π DTH = TH. To this end put L = T Π DTH.
That TH c L is clear. By Lemma 4, i ϊ Π A ^ = TE. So suppose there
exists te(G\H) Π L. Then by the definition of H, there exists heH
with fe + mt — gx Φ 0, where gΎeGλ. But since L is torsion we have
that he TH. Hence (h + mt) e DTH, and h + mt ~ gλ φ 0 together with
DTn c D^ contradict DΠ Π D î = 0, and TΠ is high in Γ as desired.

COROLLARY. Let H be a high subgroup of G, and let TH be the
torsion subgroup of H. Then TH is pure in G.

Proof. By Theorem 13, TH is high in T, and consequently pure in
T. Since T is pure in G, it follows that TΠ is pure in G.

THEOREM 14. Let H be a high subgroup of an Abelian group G.
Then H is pure in G.

Proof. Let the notation be the same as in Theorem 13. Now by
Theorem 13 T\TH is divisible, so that G\TM= T\TH@R\TB, where R
is chosen such that R/TH contains HjTE. Since TΠ is pure in G, R is
pure in G, and since H is neat in G, HjTH is neat in R\TH. But H/TH

is torsion free and since a neat subgroup of a torsion free group is pure
we have that H\TH is pure in R\TH. Thus H is pure in R, so that H
is pure in G, and the proof is complete.

The following embedding theorem is a generalization to arbitrary
Abelian groups of the solution to Fuchs' Problem 4 (see [l]).

THEOREM 15. Let S be any infinite subgroup of an Abelian group
G with S Π G1 = 0. Then there exists a subgroup K pure in G with
SaK, K 0 ^ = 0, and \K\ - | S | .

Proof. Embed S in H high in G. By [1] pg. 78 N, there exists
a pure subgroup K of H with S a K and | S | = \K\. The purity of
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H implies the purity of if in G, and K Π G1 c H Π G1 = 0, so that
K Π G1 — 0, completing the proof.

An unsolved problem. To conclude the present paper we shall
make a few remarks concerning the question of whether all high sub-
groups of an Abelian torsion group are isomorphic. The reader may
have observed, from the proof of Theorem 6, that this question is a
special case of the more general open question: Given two pure sub-
groups A and B of a primary group G with A[p] — B[p], is it true in
general that A = BΊ The authors feel that an affirmative answer to
this question would have important consequences in the theory of Abel-
ian torsion groups. A step in this direction is

THEOREM 16. Let A and B be pure subgroups of primary group
G with A[p] = B[p], Then G = A © C implies G = BφC and A= B.

Proof. Let G = A φ C. Then G[p] = A[p] φ C[p] = B[p] 0 C[p].
We will show that G = 5 0 C . First notice that A[p] = B[p] gives us
that B n C = 0. To prove G = £ φ C , it suffices to verify that
G c 5 © C. For this purpose it is sufficient that G[pn] c β 0 C for
each n. But this is true if and only if A[pn] c B φ C for each n.
Now we use induction to show that G[pn] c J ? © C for each n. First,
G[p]cB®C by hypothesis. Next suppose that G [ p n ] c B © C , and
let aeA with o(a) = pn+1. Then pna = b e A[p] = B[p]. By the purity
of B, pna = pnbλ with bx e B, and pn(a — bλ) = 0, so that a — b
by the induction hypothesis. Hence a e B φ C, therefore

which means that G[pn+1] c δ φ C . Thus G = Bφ C. Finally A ̂  (?/C
= β, and the proof is complete.

The foregoing theorem suggests the following generalization.

THEOREM 17. Let G be a direct sum of torsion groups, G = ̂ ae/**>
and let {Ta}aeΛ be a family of subgroups pure in G with Ta[p]=GJ[p]
for each relevant prime p and each aeA. Then for any subfamily
{Ta}aes, G = Σi»e8TωζBΣi»*ίβ». In particular, G = Σ«eAT« and Ga=Tω

for each aeA.

Proof. Put T = Σ«6^Γ«. It suffices to show that G = T. We
show as before that for each n we have G[pn] c T. This is true if for
each a e A we have for the primary components Gap, that Ga [pn] c T
for each n. This is accomplished as in the proof of Theorem 16. Finally,
that T« = G# for each a follows as before.



1374 J O H N M . I R W I N A N D E L B E R T A . W A L K E R

REFERENCES

1. L. Fuchs, Abelian Groups, Budapest, 1958.
2. John M. Irwin, High subgroups of Abelian torsion groups, Pacific J. Math., 11, (1961).
3. Irving Kaplansky, Infinite Abelian Groups, Ann Arbor, 1954.

NEW MEXICO STATE UNIVERSITY (UNIVERSITY PARK, N.M.)



PACIFIC JOURNAL OF MATHEMATICS

EDITORS
RALPH S. PHILLIPS A. L. WHITEMAN

Stanford University University of Southern California
Stanford, California Los Angeles 7, California

F . H. BROWNELL L. J. PAIGE

University of Washington University of California
Seattle 5, Washington Los Angeles 24, California

ASSOCIATE EDITORS
E. F. BECKENBACH D. DERRY H. L. ROYDEN E. G. STRAUS
T. M. CHERRY M. OHTSUKA E. SPANIER F. WOLF

SUPPORTING INSTITUTIONS
UNIVERSITY OF BRITISH COLUMBIA STANFORD UNIVERSITY
CALIFORNIA INSTITUTE OF TECHNOLOGY UNIVERSITY OF TOKYO
UNIVERSITY OF CALIFORNIA UNIVERSITY OF UTAH
MONTANA STATE UNIVERSITY WASHINGTON STATE COLLEGE
UNIVERSITY OF NEVADA UNIVERSITY OF WASHINGTON
NEW MEXICO STATE UNIVERSITY * * *
OREGON STATE COLLEGE AMERICAN MATHEMATICAL SOCIETY
UNIVERSITY OF OREGON CALIFORNIA RESEARCH CORPORATION
OSAKA UNIVERSITY HUGHES AIRCRAFT COMPANY
UNIVERSITY OF SOUTHERN CALIFORNIA SPACE TECHNOLOGY LABORATORIES

NAVAL ORDNANCE TEST STATION

Mathematical papers intended for publication in the Pacific Journal of Mathematics should
be typewritten (double spaced), and the author should keep a complete copy. Manuscripts may
be sent to any one of the four editors. All other communications to the editors should be addressed
to the managing editor, L. J. Paige at the University of California, Los Angeles 24, California.

50 reprints per author of each article are furnished free of charge; additional copies may be
obtained at cost in multiples of 50.

The Pacific Journal of Mathematics is published quarterly, in March, June, September, and
December. The price per volume (4 numbers) is $12.00; single issues, $3.50. Back numbers
are available. Special price to individual faculty members of supporting institutions and to
individual members of the American Mathematical Society: $4.00 per volume; single issues,
$1.25.

Subscriptions, orders for back numbers, and changes of address should be sent to Pacific
Journal of Mathematics, 103 Highland Boulevard, Berkeley 8, California.

Printed at Kokusai Bunken Insatsusha (International Academic Printing Co., Ltd.), No. 6,
2-chome, Fujimi-cho, Chiyoda-ku, Tokyo, Japan.

PUBLISHED BY PACIFIC JOURNAL OF MATHEMATICS, A NON-PROFIT CORPORATION
The Supporting Institutions listed above contribute to the cost of publication of this Journal,

but they are not owners or publishers and have no responsibility for its content or policies.

Reprinted 1966 in the United States of America



Pacific Journal of Mathematics
Vol. 11, No. 4 , 1961

A. V. Balakrishnan, Prediction theory for Markoff processes . . . . . . . . . . . . . . . . . . . . . . 1171
Dallas O. Banks, Upper bounds for the eigenvalues of some vibrating systems . . . . . . 1183
A. Białynicki-Birula, On the field of rational functions of algebraic groups . . . . . . . . . 1205
Thomas Andrew Brown, Simple paths on convex polyhedra . . . . . . . . . . . . . . . . . . . . . . . 1211
L. Carlitz, Some congruences for the Bell polynomials . . . . . . . . . . . . . . . . . . . . . . . . . . . 1215
Paul Civin, Extensions of homomorphisms . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1223
Paul Joseph Cohen and Milton Lees, Asymptotic decay of solutions of differential

inequalities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1235
István Fáry, Self-intersection of a sphere on a complex quadric . . . . . . . . . . . . . . . . . . . 1251
Walter Feit and John Griggs Thompson, Groups which have a faithful representation

of degree less than (p − 1/2) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1257
William James Firey, Mean cross-section measures of harmonic means of convex

bodies . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1263
Avner Friedman, The wave equation for differential forms . . . . . . . . . . . . . . . . . . . . . . . . 1267
Bernard Russel Gelbaum and Jesus Gil De Lamadrid, Bases of tensor products of

Banach spaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1281
Ronald Kay Getoor, Infinitely divisible probabilities on the hyperbolic plane . . . . . . . 1287
Basil Gordon, Sequences in groups with distinct partial products . . . . . . . . . . . . . . . . . . 1309
Magnus R. Hestenes, Relative self-adjoint operators in Hilbert space . . . . . . . . . . . . . . 1315
Fu Cheng Hsiang, On a theorem of Fejér . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1359
John McCormick Irwin and Elbert A. Walker, On N-high subgroups of Abelian

groups . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1363
John McCormick Irwin, High subgroups of Abelian torsion groups . . . . . . . . . . . . . . . . 1375
R. E. Johnson, Quotient rings of rings with zero singular ideal . . . . . . . . . . . . . . . . . . . . 1385
David G. Kendall and John Leonard Mott, The asymptotic distribution of the

time-to-escape for comets strongly bound to the solar system . . . . . . . . . . . . . . . . . 1393
Kurt Kreith, The spectrum of singular self-adjoint elliptic operators . . . . . . . . . . . . . . . 1401
Lionello Lombardi, The semicontinuity of the most general integral of the calculus

of variations in non-parametric form . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1407
Albert W. Marshall and Ingram Olkin, Game theoretic proof that Chebyshev

inequalities are sharp . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1421
Wallace Smith Martindale, III, Primitive algebras with involution . . . . . . . . . . . . . . . . . 1431
William H. Mills, Decomposition of holomorphs . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1443
James Donald Monk, On the representation theory for cylindric algebras . . . . . . . . . . 1447
Shu-Teh Chen Moy, A note on generalizations of Shannon-McMillan theorem . . . . . . 1459
Donald Earl Myers, An imbedding space for Schwartz distributions . . . . . . . . . . . . . . . 1467
John R. Myhill, Category methods in recursion theory . . . . . . . . . . . . . . . . . . . . . . . . . . . 1479
Paul Adrian Nickel, On extremal properties for annular radial and circular slit

mappings of bordered Riemann surfaces . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1487
Edward Scott O’Keefe, Primal clusters of two-element algebras . . . . . . . . . . . . . . . . . . 1505
Nelson Onuchic, Applications of the topological method of Ważewski to certain
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